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In this article we develop an analog to the SSH model in tight-binding chains of resonators and an innovative
Hermitian matrix formulation to describe the topological phases induced by multiple scattering at subwavelength
scales in one-dimensional structured and locally resonant metamaterial crystals. We first start from a set of
coupled dipole equations capturing the nature of the wave-matter interactions, i.e., hybridization between locally
dispersive resonances and a continuum as well as infinite long range multiple scattering coupling, to analytically
derive a matrix operator HMS, which is found to be Hermitian when evaluated on propagative bands. This
new operator straightforwardly highlights how the composition, structure, scattering resonance, and Bloch
periodicity together set in the chain macroscopic properties, in particular its topology. We analytically confirm the
existence of a structure based topological transition in chiral-symmetric biperiodic metamaterial crystal chains,
characterized by a winding number. We further demonstrate that chiral symmetry breaking in metamaterial
crystal chains prevents us from defining a proper topological invariant. We finally numerically confirm, in the
microwave domain, the existence of the topological transition in a chiral symmetric metamaterial crystal chain
through the study of topological interface modes and their robustness to disorder.
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I. INTRODUCTION

Currently, one of the most intriguing and exciting con-
cept in condensed matter lies in the recent discovery of
topological order [1,2]. Topological insulators [3], especially,
have attracted a lot of attention due to their ability to sup-
port dissipationless electronic transport on their edges despite
the presence of disorder, impurities, and fabrication uncer-
tainties. These developments have lately triggered a search
for their classical analogs first in photonics and phononics
[4–7], motivated by the exciting possibility to achieve ro-
bust backscattering [8] or disorder-immune wave propagation
[9,10]. Since topology stems from a crystalline-driven ef-
fect, previous proposals for classical waves have mainly been
based on photonic crystals (PCs) [11] that can be seen as
an appropriate platform to mimic topological properties in
composite media. PCs indeed reproduce the crystalline nature
of materials and exploit a multiple scattering phenomenon on
periodic wavelength-scaled structures [12], similar to electron
propagation that periodically encounter atoms in crystals [13].
Engineering propagation and topological phase properties in
such media hence amounts to carefully designing the micro-
scopic structure of its unit cell to engineer the material spatial
dispersion. However, contrarily to atomic lattices, PCs suffer
from severe limitations as their wavelength-scale structure
makes them inherently diffraction limited and prevent them
from being used for low frequency waves.

On the other hand, there is another class of composite
media, namely resonant metamaterials (MMs), which are
organized at spatial scales much smaller than the wave-
length. Their macroscopic propagation properties usually
stem from designing the temporal dispersion through modi-

fications of the resonant nature of their artificial elementary
constituents, the so-called meta-atoms (MAs) [14]. However,
the commonly resorted spatially nondispersive (local) ho-
mogenization approaches to describe MMs [15] generally
prevent us from wholly exploiting the spatial organization
of MAs as one potential degree of freedom to tailor MMs
properties. They have hence not been fully considered as
valuable platforms to study structure-based topology. Yet,
the primordial role of the nonlocal response in some sub-λ
resonant structures was previously underlined, evidencing a
strong analogy between the physics of wave propagation in
PCs and in most MMs, especially uncovering the importance
of multiple scattering at subwavelength scales [16]. Conse-
quently, it was shown that propagation properties of locally
resonant metamaterials with polaritonic dispersion relations
can be engineered by carefully designing both the unit cell res-
onant composition and sub-λ structure [17]. This work led to
defining the novel concept of metamaterial crystals (MMCs):
resonant metamaterials with deep sub-λ crystalline organi-
zation for which both the composition (local or temporal
dispersion) and the structure (nonlocal or spatial dispersion)
of the unit cell together set the material’s macroscopic proper-
ties. MMCs then pave the way of transposing and exploiting
the tremendous diversity of atomic lattices properties while
being the perfectly appropriate platform to bring concepts
from solid-state physics to classical waves. This hence opens
new perspectives for classical wave propagation control at
the deep sub-λ scales from both fundamental and applicative
points of view, especially regarding topological properties.

Though topology with resonant inclusions was already
considered, mainly using tight-binding (TB) lattices of res-
onators, such studies fail at unleashing the full potential of
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resonant media to uncover topological properties as it only
represents a restricted subclass of resonant systems. In the
latter indeed, the wave propagation as well as the topological
properties are solely based on short-range evanescent cou-
plings between inclusions. It then completely discards the
largely underestimated role of the multiple scattering phe-
nomenon as a potential degree of freedom to bring about
different topological phases. Consequently, despite dawning
studies [18–20], the possibility to achieve topological phases
at the sub-λ scale by tailoring the metamaterials unit cell
structure and the associated new physics have been left widely
unexplored. Especially, investigations on topology in MMCs
suffer from a severe deficiency of appropriate theoretical
tools. Indeed, the minimal definition of topology in resonant
media usually relies on a two-band Hermitian tight-binding
Hamiltonian, characteristic of evanescent couplings, and that
most generally neglects the resonance linewidth of the isolated
resonators. Such a model is however obsolete when it comes
to topological properties of MMCs, since propagation in the
latter is much more complex due to two key features. First,
the role of multiple scattering carrying infinite long-range in-
teractions implies no more than two but an infinite number of
dispersion bands and second, the locally dispersive response
of the MAs cannot be discarded, inducing an intrinsic disper-
sive response even before considering any periodicity.

In this article we demonstrate that, analogous to evanes-
cently coupled resonator media, the topological properties of
one-dimensional MMC chains can be studied by solving a
Hermitian eigenvalue problem that appropriately considers
the larger complexity of metamaterials presenting both lo-
cal (resonance) and nonlocal (multiple scattering) dispersion.
We further show how this new analytical model can be ex-
ploited to study mode symmetry inversions along the bands
[20], assess the existence of a topological phase transition,
and define a topological invariant, depending on the meta-
material unit cell structural properties. We then evaluate the
incidence of chiral symmetry breaking on the different topo-
logical phases. Finally, we validate the results evidenced by
our model through the numerical study of a topological edge
mode at the interface between two MMC chains with different
topological nature and explore its robustness to disorder.

II. DESCRIPTION OF ONE-DIMENSIONAL MMCS FROM
A HERMITIAN EIGENVALUE OPERATOR

Before considering the case of MMCs, let us first briefly re-
mind the current analytical Hamiltonian model that describes
topology in resonant lattices with identical neighboring res-
onators and alternating near-field evanescent couplings, the
so-called Su-Shrieffer-Heeger (SSH) chain. It will indeed act
as a reference model we will rely on to build an analogous
model for MMC chains. For one-dimensional media, the case
we focus on in this paper, it consists of solving the following
Hermitian eigenvalue problem [Eq. (1)]:

HTB(kB)|�〉 = ω(kB)|�〉. (1)

Where the tight-binding Hamiltonian HTB(kB) [Eq. (2)] is
defined for each Bloch wave number kB in the reciprocal
space from the resonators intrinsic frequency ω0 and the ef-
fective complex coupling strength K + Je jkBA between both

inclusions in the unit cell:

HTB(kB) =
[

ω0 K + Je− jkBA

K + Je jkBA ω0

]
.

(2)

The Hamiltonian eigenvalues directly set the two bands
of the chain dispersion relation ω(kB), centered on a limited
frequency range around ω0 [Fig. 1(a)] and the kB-dependent
associated eigenvectors capture the symmetry of the two
corresponding modes. Depending on the relative coupling
strength |K/J|, the mode symmetry along the band may or
may not drastically change, inducing a different topological
nature for the chain. This model is extremely convenient and
well documented to study topology in many resonant chains
and it has been successfully applied to numerous classical
systems, in photonics [21], plasmonics [22], polaritonic media
[23], or mechanical lattices [24]. Though it only describes a
restricted subclass of resonant media, some efforts have been
made to extend it to more complex cases. For instance, longer-
range interactions have been considered through next nearest
neighbor couplings [25,26] or retardation effects, larger scale
unit cells have been discussed [27], and local dispersion was
introduced through the resonator’s polarizability [28] or in-
ducing an additional strong light-matter coupling [29].

Even refined, this model cannot however be applied as
it is to MMCs because the physics of wave propagation is
inherently different, due to different coupling mechanisms.
To underline the fundamental divergences, let us consider
the case of a MMC chain that, analogous to the SSH chain,
present a dimerized unit cell due to biperiodicity (two differ-
ent geometrical scales A and d), bidispersity (two different
resonance frequencies ω1 and ω2), or both, as schemed in
Fig. 1(b). Contrarily to the SSH chain and its two dispersion
bands, the dispersion relation of such medium is polaritonic
and supports an infinite number of bands [17], whose origin
come from two phenomena: first the hybridization between
the two resonators in the unit cell and the incoming propaga-
tive wave that materialize in the three low frequency bands,
and second the infinite long-range multiple scattering interac-
tions of the wave with the periodic structure carried by the
propagative field and accounting for the higher Bragg har-
monic branches [not represented in Fig. 1(b)]. Hence, instead
of dealing with the sole two modes of the SSH chain, we have
in MMCs an infinite number of modes for each wave number
kB. This translates to the fact that each resonator is now not
only directly coupled to its two closest neighbors but to every
resonator of the chain, through multiple scattering. Moreover,
describing this system also requires considering that the prob-
lem is highly dispersive, given the frequency dependence of
the MAs individual resonant polarizabilities and of the mul-
tiple scattering phenomenon (through Green function terms).
Both these long-range couplings and local dispersion imply
that the propagation in the chain cannot be readily described
as a Hermitian eigenvalue problem as in Eq. (1), which is
the usual starting point to study the topological properties in
standard tight-binding resonators chains. Therefore, it seems
crucial to develop an adequate model to understand how the
unit cell design can eventually bring about various topological
phases in MMCs.
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FIG. 1. (a) Scheme of the SSH chain (top) and corresponding dispersion relation (bottom). Isolated dimer of identical resonators coupled
through a near field interaction of strength K (inset, left) and coupled resonators dimer in the SSH chain unit cell of subwavelength size A with
intra and extra cell couplings respectively K and J (inset, right). (b) Scheme of the MMC chain of asymmetric dimers with intra and extra cell
multiple scattering interaction related couplings Min and Mext (top) along with the first three bands of the corresponding polaritonic dispersion
relation (bottom). Isolated asymmetric dimer of resonators separated by a subwavelength distance d , coupled through a propagative incident
field conveyed multiple scattering interaction (inset, left) and unit cell of the MMC chain of subwavelength dimension A embedding this dimer
(inset, right).

To that aim, we focus on the most general case of dimer-
ized metamaterial crystal chains whose unit cell contains a
metamolecule composed of two MAs, with individual res-
onance frequencies ω1,2 = ω0 ± δω/2, which are separated
by an arbitrary distance d < A (A � λ0) with λ0 the free
space wavelength associated with the resonators mean reso-
nance frequency ω0 and A the chain periodicity [Fig. 1(b)].
We furthermore define the structural dimerization parameter
δ = 2d/A − 1, which is negative (positive) when the meta-
molecule dimension d is smaller (larger) than half the unit
cell size. We then suggest applying the same strategy as for
the tight-binding chain of resonators, which is to start from
coupled dipole equations at the scale of the unit cell to derive
a matrix formulation that would describe the wave propaga-
tion in the chain as an eigenvalue problem. Analog to the
SSH model, we consequently start with the isolated unit cell
dimer and write the set of two coupled dipole equations for
resonators positioned in x1 and x2:

ω2

c2
α1(ω)−1P1 − g(ω, d )P2 = E (x1), (3a)

ω2

c2
α2(ω)−1P2 − g(ω, d )P1 = E (x2)a, (3b)

where α1,2(ω) = 2c�/(ω2
1,2 − ω2 − j�ω) is the lossless po-

larizability of the each resonator (� is the radiation linewidth),
P1,2(ω) its dipolar moment, and g(ω, d ) = jc

2ω
e jk0d is the

Green function coefficient characterizing the free space loss-
less propagation between points separated by a distance d =
|x2 − x1| with k0 = ω/c. E (x1,2) is finally the incident field
value at the resonators position [Fig. 2(a)]. This leads to the
compact form of Eq. (4):

H0(ω)

(
P1

P2

)
=

(
E (x1)
E (x2)

)
. (4)

Resorting to the point scatterer formalism [30], the opera-
tor H0 of the isolated dimer is

H0(ω) = jc

2ω

[
1/t1(ω) −e− jk0d

−e− jk0d 1/t2(ω)

]
. (5)

Where t1,2(ω) = jωα1,2(ω)/2c is the wave radiated by each
resonator after interacting with the incident field. This op-
erator contains the whole physics of the isolated dimer
metamolecule, which is the individual resonant responses of
both constituting MAs, and their coupling through multiple
scattering [Fig. 2(b)]. At this point we can already grasp some
fundamental differences with the tight-binding isolated dimer
(J = 0 in HTB). First, the far-field coupling that is carried by
an incident-propagating wave induces a supplementary term
E (x) in Eqs. (3a) and (3b) that prevents us from directly
solving the isolated metamolecule as an eigenvalue problem.
This expresses the fact that this 2 × 2 operator contains infor-
mation about the interaction between three entities instead of
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FIG. 2. (a) Unit cell of the studied MMC chain stressing out the
resonators dipolar moments P1 and P2, the incoming and outgoing
field amplitude at the unit cell boundaries (a1,2, b1,2), and the value
of the external incident field at the resonators position. Schematic
interpretation of the multiple scattering eigenvalue operator HMS

with (b) H0 relating to intradimer multiple scattering (red arrows)
and resonators intrinsic polarizabilities included in t1,2, (c) GA,d

relating the multiple scattering phenomenon between meta-atoms of
different unit cells, (d) T 0 stemming from a free propagation at the A
size unit cell scale, and (e) B accounting for the Bloch periodicity
applied to the incoming and outgoing field amplitude at the unit
cell boundaries (a1,2, b1,2). In (c), g± stand for the Green function
coefficients related to distances (A ± d )/2.

two in the SSH model, namely the two meta-atoms in the unit
cell and an incident plane wave. Second, H0 is not a Hamilto-
nian since its coefficients are not directly energies. Hence, the
antidiagonal Green function term cannot be strictly associated
with a coupling between the MAs, as it is the case for the
SSH near-field coupling K . Finally, we clearly see that each
term in H0 is dispersive [the resonant response of individual
meta-atoms t1,2(ω) and the propagation related coefficients],
even if there is yet no periodicity, hence no spatial dispersion.
This already underlines part of the complexity dealing with
MMC chains rather than SSH tight-binding couplings.

Then, from these isolated metamolecule equations, we now
want to move on to the periodic infinite chain and see if
it could be somehow described as a Hermitian eigenvalue
problem. In other words, we want to find out if a Hermitian
multiple scattering operator HMS(kB,ω) satisfies

HMS

(P1

P2

)
= 0 . (6)

It amounts to writing out the equation as a two-body prob-
lem while hiding in this new operator the contribution of the
incident wave. To do so, we focus on the chain unit cell of
size A and call upon the transfer matrix approach, commonly
resorted to deal with periodic one-dimensional systems, which

links the incoming (outgoing) waves amplitudes a1,2 (b1,2)
at the left and right boundaries of the unit cell [Fig. 2(a)].
The incident field at the resonators position in the cell can
be extracted from these amplitudes by expressing the Green
function matrix GA,d of propagation from the unit cell limits
to the resonator’s positions x1,2 [Fig. 2(c)]:(

E (x1)
E (x2)

)
= 2ω

jc

[
g
(

A−d
2

)
g
(

A+d
2

)
g
(

A+d
2

)
g
(

A−d
2

)] (
a1

a2

)
= 2ω

jc
GA,d (ω)

(
a1

a2

)
.

(7)

Furthermore, the outgoing field amplitudes b1,2 can be
decomposed on contributions from the incoming amplitudes
a1,2 and the waves radiated by each MA that propagate from
its position to the cell boundaries:(

b1

b2

)
= GA,d (ω)

(
P1

P2

)
+ T 0(ω)

(
a1

a2

)
. (8)

With the free space propagation operator on the unit cell
dimension T 0 [Fig. 2(d)]:

T 0(ω) =
[

0 e jk0A

e jk0A 0

]
. (9)

In order to uncover an eigenvalue problem [Eq. (6)], we
must express the amplitudes a1,2 solely from the MA dipo-
lar moments. To do so, we call upon the Bloch condition
that accounts for the chain periodicity and implement it to
the forward and backward wave amplitudes at the unit cell
boundaries [Fig. 2(e)]:(

b1

b2

)
= B

(
a1

a2

)
. (10)

With B the Bloch operator and kB(ω) the MMC chain
Bloch wave number

B[kB(ω)] =
[

0 e− jkB (ω)A

e− jkB (ω)A 0

]
. (11)

Finally, combining Eqs. (4), (7), (8), and (10), we have the
following expression independent of the incident propagating
wave:

H0(ω)

(
P1

P2

)
= 2ω

jc
GA,d (ω)[B(kB) − T 0(ω)]−1GA,d (ω)

(
P1

P2

)
.

(12)

It leads to the definition of the multiple scattering
eigenvalue operator describing the properties of the dimer
metamolecule embedded in the infinite MMC periodic chain:

HMS[ω, kB(ω)] = H0 − 2ω

jc
GA,d (B − T 0)−1GA,d . (13)

The whole physics of the propagation in the MMC chain
is included in the compact analytical expression HMS that
expresses how propagation and periodicity act as a perturba-
tion of the isolated metamolecule. We indeed first recognize
the isolated dimer operator H0 accounting for the resonant
response and multiple scattering between both MAs of the unit
cell metamolecule [Fig. 2(b)]. The second term comprises the
Green function operator GA,d [Fig. 2(c)] relating the multiple
scattering phenomenon between MAs from the adjacent unit
cells, T 0 [Fig. 2(d)] conveys information on the lossless free
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space propagation of the incident wave over the length of the
unit cell, and B accounts for the periodicity [Fig. 2(e)].

The multiple scattering operator HMS, despite its relative
complex analytical expression, can be numerically estimated
knowing the unit cell structure (A, d), MAs resonance param-
eters t1,2(ω) (from the point scatterer model [30]), and the
infinite periodic chain dispersion relation kB(ω). The latter
[Eq. (14)] can be extracted either by solving det(HMS) = 0
or more traditionally directly from a transfer matrix approach
[31], using the transmission coefficient T of the isolated meta-
molecule when excited by an incident plane wave [32]:

cos (kBA) = �
(

1

T
e− jk0(A−d )

)
. (14)

Note again that, as for H0 and contrarily to the SSH
model, the multiple scattering eigenvalue operator HMS is
not a Hamiltonian, so that the dispersion relation is not given
by the operator eigenvalues. Another fundamental difference
with the SSH model lies in the dispersive nature of HMS that
makes it easier to solve the problem for fixed ω instead of
fixing kB. Indeed, each frequency is solely associated with two
modes ±kB(ω), while a given Bloch wave number is linked to
an infinity of modes.

We now would like to explore the potential topological
behavior of the MMC chains with this dimer metamolecule
unit cell. Again, the idea is to refer to the well-documented
SSH model and see if some analogy can be derived, despite
the physical differences between tight-binding and multiple
scattering driven wave propagation, leading to the previously
exposed differences in the analytical definition of the eigen-
value problems. Generally, topological properties of a given
medium are evaluated from a topological invariant, which
is an appropriately defined, potentially symmetry-protected,
parameter exhibiting a discontinuous variation at topological
phase transitions. In the SSH model, this topological invariant
is the bulk winding number w. It can be geometrically defined

from the vector
−−→
hTB stemming from the decomposition of

the Hermitian Hamiltonian HTB on the Pauli matrices and
identity matrix [Eq. (15)], which form a base of the real vector
space of 2 × 2 complex Hermitian matrices:

HTB(kB) = h0(kB)I + hx(kB)σx + hy(kB)σy + hz(kB)σz.

(15)

While h0 is a simple gauge term and hz is null for chiral-
symmetric chains (the most commonly studied topological
system, namely the case of identical resonators in the unit

cell), the whole information on topology is contained in−−−−−→
hTB(kB) = [hx(kB), hy(kB)]. Due to periodicity, it forms a

closed contour as kB spans the reciprocal space, which here
simply shapes as a circle. The winding number w is then
an integer that geometrically corresponds to the number of
times this contour wraps around the origin. In the SSH model,
it can take two values (0 or 1) depending on the relative
coupling strengths K and J and can only change when the
band gap closes, for |K/J| = 1, as any proper topological
invariant. When |K/J| > 1 (w = 0), the chain is referred to
as topologically trivial while when |K/J| < 1 (w = 1) it is
topologically nontrivial [Fig. 4(b)]. The existence of these
two different topological phases has a straightforward phys-
ical interpretation related to the mode symmetry evolution on
the dispersion bands. In chiral-symmetric chains, the latter
is solely captured by the phase difference φ(kB) between
the eigenvectors complex components u1,2, related to wave
function complex amplitude on both resonators of the unit cell
[33]: (

u1

u2

)
kB

=
(

e jφ(kB )

1

)
. (16)

Depending on the topological phase, φ(kB) along each of
the two dispersion bands can emphasize either a symmetry
conservation (|K/J| > 1) or a symmetry inversion (|K/J| <

1) while kB varies from 0 to π/A, as graphically displayed in
Fig. 3(a). In topologically trivial chains, each band correspond
to a rather monopolar [φ(kB) close to 0] or rather dipolar
[φ(kB) close to π ] mode. In topologically nontrivial chains,
φ(kB) varies from 0 to π (or inversely) along the two bands.
Of course the topological nature of a chain with fixed coupling
strengths is no absolute property since it depends on which
coupling is considered as intracell or extra cell [Fig. 3(a)],
hence strongly pertaining to the elementary unit cell choice.

We now would like to study the case of MMC chains.
While the Hermiticity of HMS is not self-evident, we can
however demonstrate that for lossless propagation media and
lossless resonators, the operator is Hermitian for (kB, ω) pairs
corresponding to propagative bands (kB ∈ R) [34]. This
property is crucial to explore the potential topological behav-
ior of subwavelength multiple scattering chains of resonators
while formally defining a topological invariant, analogous to
SSH chains. It alone indeed allows the decomposition of HMS

on the Pauli matrices. We can then define
−→
hMS[ω, kB(ω)] =

[h0(ω), hx(ω), hy(ω), hz(ω)] the vector resulting from this de-
composition that writes as follows, with k± = k0 ± kB:

h0(ω) = jc

4ω

{
1

t1(ω)
+ 1

t2(ω)
− je jk0A

[
e− jk−A/2

sin (k+A/2)
− e− jk+A/2

sin (k−A/2)

]}
, (17a)

hx(ω) = c

2ω

{
sin (k0d ) + 1

2
cos (k0d )

[
cot

(
k+A

2

)
+ cot

(
k−A

2

)]}
, (17b)

hy(ω) = − c

4ω
sin (k0d )

[
cot

(
k+A

2

)
− cot

(
k−A

2

)]
, (17c)

hz(ω) = jc

4ω

[
1

t1(ω)
− 1

t2(ω)

]
. (17d)
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Those coefficients have more complex analytical expres-
sions than in the SSH chain. Indeed, we can see that they are
highly dispersive, as expected from HMS dispersive nature.

Moreover, contrarily to the SSH chain for which
−→
hTB cor-

responds to the complex coupling strength between the two

resonators of the unit cell,
−→
hMS cannot relate to a simple phys-

ical interpretation, though its contour can be as well plotted,
as we will see later.

For a more physical insight, the mode symmetry evolution
on the dispersion bands, (P1(ω)

P2(ω)) can as well be extracted from
the model, by numerically evaluating the matrix elements
HMS(1, 1) and HMS(1, 2) of the multiple scattering eigen-
value operator HMS:

P2(ω) = −HMS(1, 1)[ω, kB(ω)]

HMS(1, 2)[ω, kB(ω)]
P1(ω). (18)

Furthermore, we can arbitrarily set P1(ω, kB) = 1, leading
to the mode description at each frequency for an arbitrary
MMC chain:

(
P1

P2

)
ω,kB

=
(

1
|P2(ω, kB)|e jφ(ω,kB )

)
. (19)

In what follows, we use this new analytical model to ex-
plore, analog to SSH chains [35], different topological phases
that can be achieved in MMC chains. Contrarily to SSH chains
however, we do not have access to direct coupling strengths to
drive a possible topological transition. We nonetheless know
that both structural and resonance properties of the unit cell
(δ, ω1, ω2) shape the wave propagation so that we expect it
might as well have an effect on the modes symmetry (P1

P2
) and

on an eventual topological invariant.
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III. THE MMC BIPERIODIC CHIRAL SYMMETRIC CHAIN

For the sake of simplicity as well as to relate to the
common chiral-symmetric SSH chain, we first focus on
chiral-symmetric biperiodic MMC chains (δ �= 0, δω = 0)
and explore the revealing mode symmetry evolution in the
Brillouin zone, depending on the structural dimerization pa-
rameter δ. As we know that the topological phase of a given
near-field coupled resonators chain strongly depends on the
unit cell choice [Fig. 3(a)], we first fix the biperiodic chain
structure |δ| and compare the mode symmetry along the bands
as the chain is described from a unit cell containing either the
small (δ = −|δ|) or large (δ = |δ|) dimension metamolecule
[Fig. 3(b)]. For the sake of simplicity and since topological
properties are mainly defined across a band gap, we here only
focus on the first two bands of the dispersion relation. In
Fig. 3(b) we display the result for a biperiodic MMC chain
with a structural dimerization parameter |δ| = 0.9 and MAs
resonance set to ω0 = 9.4248108 rad s−1 (λ0 = 2m). The pe-
riod is fixed to A = 0.5148 m (∼λ0/4). We can numerically
demonstrate that because chirality is preserved, |P2(ω)| = 1
independently of the frequency ω so that the mode symmetry
is only carried in the phase difference φ(ω) between the
responses of both meta-atoms in the unit cell.

We observe that, analog to the SSH model, the mode sym-
metry strongly depends on the choice of unit cell. For the
δ = −0.9 unit cell indeed, it remains close to a monopole
(dipole) as φ(ω) sticks close to 0 (π ), overall the first (sec-
ond) band, with pure monopolar (dipolar) symmetry at the
Brillouin zone center and edges. This mode symmetry evo-
lution on bands is analog to what is observed in the SSH
chain described from the topologically trivial unit cell. On the
other hand, describing the chain from the δ = 0.9 unit cell
emphasizes a symmetry inversion, from monopole to dipole
(or inversely) in both first and second dispersion bands as kB

spans the Brillouin zone. This behavior seems to relate to the
nontrivial topological phase of the SSH chain. Beyond this
first observation of different mode symmetry evolution from
different chain descriptions, we can further demonstrate that
the existence of the symmetry inversion depends on the sign
of the dimerization parameter δ. To do so, we observe φ along
the Brillouin zone as the size of the unit cell metamolecule
increases, from δ = −0.95 to δ = 0.95 [Fig. 3(c)]. The re-
sulting curves are displayed in bluish (reddish) tone for the
first (second) band. It shows that as δ < 0 (solid lines), the
original band symmetry is preserved on each band, while if
δ > 0 (dotted lines), a symmetry inversion occurs. This behav-
ior, formally evidenced using the chiral-symmetric Hermitian
multiple scattering operator, seems to confirm previously nu-
merical and experimental observations [19,20] suggesting that
it might be possible, in the MMC chain as in the SSH one, to
induce a topological phase transition. We can then presume
that the structural dimerization parameter would play a role
analog to |K/J| to drive a topological phase transition. How-
ever, formally validating this assumption requires two criteria
to be met. First, such transition is expected to happen as the
band gap between the two studied bands of the dispersion
relation closes and second, it must correspond to a discontinu-
ity of a well-defined topological invariant. The first condition
is obviously achieved since the symmetry inversion happens

as δ = 0 which corresponds to the case of a MMC chain
with a single meta-atom elementary unit cell of size A/2. Yet
describing its dispersion as if it was still biperiodic leads to a
folding degeneracy (i.e., band gap closing) at kB = π/A [36].

Regarding the topological invariant, we suggest to explore

the relevance of the previously defined
−→
hMS[ω, kB(ω)] vector

while displaying its contour evolution with δ, analogous to
the SSH model. To do so, let us first consider some interest-
ing features that can be stressed from the vector analytical
expression in Eqs. (17). First, as in the SSH chain, h0 is
the decomposition coefficient of HMS on the identity matrix.
It is a simple gauge term that does not influence the chain
topological nature. Indeed, while the structural parameter δ

seems to drive the mode symmetry inversion, h0 has no di-
rect dependence on d [only an indirect dependence through
the dispersion kB(ω)]. Moreover, analog to SSH chains, the
coefficient hz only depends on the resonant nature of the
unit cell meta-atoms and is null when both meta-atoms in
the unit cell are identical (α1 = α2), which is equivalent to
preserving the chiral symmetry of HMS. The remaining two
components [hx(ω), hy(ω)] thus define the topology. As for
the SSH model, they lead to a 2D contour, whose dependence
on both d and A (hence on δ) predicts the key role on defin-
ing the MMC chain topological properties. At this point, it
is important to stress another substantial difference between−→
hTB(kB) and

−→
hMS[ω, kB(ω)]. Indeed, the first one is calculated

while fixing the wave number kB in the Brillouin zone. Each
point of the contour then contains information simultaneously
on the two dispersion bands. Hence, there is only one contour
to explore the whole properties of the two-band system. In the

MMC chain however, the dispersive nature of
−→
hMS makes it

easier to observe while fixing ω. A contour is then defined
for each dispersion band while spanning its entire frequency
range and the whole Brillouin zone is explored by considering
the pairs [ω,±kB(ω)]. Hence, the 	h contour is no longer a
global property of the system, but rather a local property of
a given band. However, for a given MMC chain described
by a given unit cell choice, the information extracted from
the contour of different dispersion bands across a band gap is
redundant [37] so that we can simply focus on one band.

We choose to plot the contours [hx(ω), hy(ω)] on the first
dispersion band as kB spans the reciprocal space for both
unit cells δ = ±0.9 of the MMC chain of Fig. 3(b) as well
as for the presumed transition parameter δ = 0 [Fig. 4(a)].
Consistently with Bloch theorem, we observe a closed contour
whose shape is however much more complex than the SSH
model circles resorting to the corresponding trivial, nontrivial,
and transition cases [Fig. 4(b)]. This can be attributed to the
multiple scattering operator dispersive nature that makes the
contour highly directive, breaking the previous isotropy. It
is moreover not straightforward to determine if the contour
encloses or not the origin, the geometric condition to define
the topological nature of given SSH chains. To overcome this
issue, we choose to display the normalized contour (h̃x, h̃y )

where h̃x,y = hx,y/

√
|hx|2 + |hy|2. As demonstrated for the

SSH model [Fig. 4(d)], this amounts to projecting the contour
on the unit circle that can be traveled across either totally or
partially as the initial contour encloses or not the origin. The
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FIG. 4. (a) Vector
−→
hMS plot for the biperiodic chiral MMC chain with structural dimerization parameter δ = −0.9 (blue), δ = 0 (green),

and δ = 0.9 (red). (b) Vector
−→
hTB plot for SSH chains with trivial unit cell K/J = 2 (blue), topologically nontrivial unit cell K/J = 0.5 (red)

and single resonator unit cell K/J = 1 (green). (c) Plot of the normalized vector
−→̃
hMS corresponding to a projection of (a) plots on the unit circle

(dashed black). (d) Plot of the normalized vector
−→̃
hTB corresponding to a projection of (b) plots on the unit circle (dashed black). In (c) and (d),

θ is the angle spanned by the normalized contour in the normalized plane (h̃x,h̃y) as the Brillouin zone is explored.

winding number is then null if the spanned angle θ ∈ [0, π [
and 1 if θ = 2π . In the case of the biperiodic MMC chain, we
observe that, despite the initial contour relative complexity, its
normalized counterpart presents the same features as in the

SSH chains [Fig. 4(c)]: when δ < 0,
−→̃
hMS maps a portion of

the half unit circle so that θ < π , leading to a null winding
number. Then θ increases until π as δ = 0 and finally reaches
2π for δ > 0, incrementing the winding number to 1. This
winding number, defined analogous to the SSH chain from
the decomposition of the multiple scattering operator on the
Pauli matrices, analytically confirms the topological phase
transition, driven by the structural dimerization parameter δ

in chiral subwavelength MMC biperiodic chains.

IV. THE MMC CHAIN WITH BROKEN
CHIRAL SYMMETRY

Up to now, we only explored the role of the unit cell
structure in the topological phase transition, though we know
its composition also plays a role in the MMC chain macro-
scopic propagation properties [17]. We could then legitimately
wonder if this additional degree of freedom, namely a finite
detuning δω between the unit cell meta-atoms that amounts
to breaking the unit-cell metamolecule chiral symmetry (hz �=
0), acts as well on the chain topological nature. Prior to any
formal investigation, let us remind the well-documented SSH
case. From this model we know that breaking the mirror
symmetry while imposing an in situ potential (i.e., a detun-
ing) prevents us from properly defining the modes symmetry
on the monopole/dipole base, making irrelevant the notion
of symmetry inversion and a fortiori of topological phases.
Hence, modifying the coupling strengths in chiral-symmetry
broken SSH chains cannot lead to a topological phase transi-
tion. This explains easily resorting to the topological invariant
notion because chiral-symmetry breaking imposes a finite

nonzero hz = ω2 − ω1, lifting the contour off the (hx, hy )
plane, inhibiting the definition of the winding numbers as
a proper topological invariant by prohibiting any band gap

closing. The latter indeed requires canceling |−−→hTB| (as the
contour should cross the origin) for a given kB in the reciprocal
space.

Analogous to the SSH resonators chain, we can intuitively
doubt the possibility to induce a topological transition with
a nonzero δω in MMC chains. Indeed, closing the band gap

requires canceling |−−→hMS|, a condition that can only be met, in
a given chain, if there is a (ω, kB) parameter set for which all

components of
−−→
hMS are null. Yet from the analytical expres-

sion of
−−→
hMS [Eqs. (17)], we see that the hz component depends

on the unit cell resonators intrinsic complex responses t1(ω)
and t2(ω). We can show that it never cancels if both resonators
have distinct resonance frequencies, whatever the detuning
strength, or when it does it does not correspond to a band gap
closing [34]. This is physically explained because a necessary
condition to close the band gap of a MMC chain described
with a two meta-atom unit cell requires that its irreducible unit
cell actually contains a single meta-atom, condition that can
only happen when (δ = 0, δω = 0), hence totally precluding
having two different resonators (δω �= 0). This impossibility
to drive a topological phase transition in chains with broken
chiral symmetry can be illustrated while investigating how
the resonator’s detuning affects the modes symmetries, which
were previously crucial to separate topological phases. Let
us for instance consider the previously studied modes of the
biperiodic chain |δ| = 0.9 whose elementary unit cells (δ =
±0.9) were defined as topologically trivial and nontrivial, and
further add a fixed detuning δω/ω1 = −0.05 [Fig. 5(a)]. For
each unit cell we monitor the amplitude and phase response
[|P2(ω, kB)|, φ(ω, kB)] of the second meta-atom characteriz-
ing the mode symmetry evolution, focusing again on the first
band of the dispersion relation [Figs. 5(b) and 5(c)]. We see

134303-8



HERMITIAN FORMULATION OF MULTIPLE SCATTERING … PHYSICAL REVIEW B 102, 134303 (2020)

(a)

11- 0

kB [ /A] 

1

2

1.40

-1 0
kB [ /A] 

(c)

(e)

(b)

= - 0.9= - 0.9 = 0.9= 0.9

in phasein phase

phase oppositionphase opposition

1.8

1.6

(d)

= 0.9
= 0.9

= - 0.9= - 0.9

1.2

AchiralAchiral

=
 -

0
.9

=
 0

.9

Bandgap

0

TRIVIAL TOPO
topological phase transitiontopological phase transition

topology

C
H

IR
A

L 
S

Y
M

M
E

T
R

Y
 B

R
E

A
K

IN
G

clo
sin

g

1

hz 

hy hx ~

~

~

ChiralChiral

= + 0.9,   = 0)

= - 0.9,   = 0)

= + 0.9,   = -0.05

= - 0.9,   = -0.05

= + 0.9,   = 0)

= - 0.9,   = 0)

= + 0.9,   = -0.05

= - 0.9,   = -0.05

phase oppositionphase opposition

FIG. 5. (a) Scheme of the achiral biperiodic MMC chain with |δ| �= 0 and δω �= 0. (b) and (c) Evolution of the mode symmetry on the
first dispersion band encoded in the phase difference (b) and amplitude ratio (c) between both resonators of the unit cell for the achiral chain
δω = −0.05ω1 and |δ| = 0.9. The mode symmetry is plotted for both elementary unit cells δ = 0.9 (orange) and δ = −0.9 (cyan). As a
comparison, the mode symmetry of the chiral chain with equivalent |δ| is also plotted (dashed blue and red). (d) Scheme of the parameter plane
(δ, δω) describing all possible two-element unit cell MMC chains. The topological phase transition can occur along the δ axis where the mode

symmetry is properly defined. The colored dots highlight the chains studied in (b) and (c). (e) Normalized
−→̃
hMS contour now lying in the 3D

space and projected on the unit sphere for all four studied chains. The chiral chain contours lie as expected in the hz = 0 plane while breaking
the chiral symmetry lifts the contour off the plane.

that while the imposed detuning has no effect on the res-
onators phase difference [Fig. 5(b)], which depends on the
unit cell structural parameter δ only [38], it however largely
impacts the resonators amplitudes, which are no longer equal
[|P2(ω, kB)| �= 1, Fig. 5(c)]. This prevents the interpretation
of the modes as pure monopoles or dipoles, hence making it
hard to define a proper symmetry, and a fortiori a symme-
try inversion. Hence, breaking the chiral symmetry not only
precludes driving a transition because no band gap closing
can occur, but also prevents a proper separation of mode
symmetries in terms of mode symmetry inversion [Fig. 5(d)].
Another way to emphasize this is to think about the impos-
sibility to geometrically define the topological invariant as a

winding number carried by the
−−→
hMS contour. As the chiral

symmetry is broken and hz(ω) �= 0, the latter now travels
along the three-dimensional [hx(kB, ω), hy(kB, ω), hz(kB, ω)]
parameter space. Though its actual geometric path is not
easy to interpret, its normalized counterpart lies at the sur-
face of the unit sphere, as represented in Fig. 5(e) for both
unit cells of the (|δ| = 0.9, δω = −0.05ω1) chain and their
chiral counterparts. Here the problem is that, even if we can
always mathematically define all sorts of winding numbers
(for instance the one around the h̃z axis), it would not be a
proper topological invariant as it would be possible to change
its value without closing of the band gap, which can only
happen if the contour crosses the point at h̃x = h̃y = h̃z = 0,
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an impossible scenario for a closed contour on a sphere.
To illustrate this, we provide an example similar to the one
known for the tight-binding SSH model, in which a transi-
tion from a trivial chiral symmetric chain to a nontrivial one
can be driven without closing the band gap by lifting the−−−−−→
hTB(kB) contour out of its initial [hx(kB), hy(kB)] plane in

the [hx(kB), hy(kB), hz(kB)] parameter space [33]. An example
is schemed in Fig. 6(a), where the topological transition is
led by varying the coupling ratio |K/J| from 0.1 to 2 while
hz simultaneously spans the interval [0:1:0]. As it undergoes
the transition from trivial (red) to nontrivial (dark blue), the
normalized contour, which now lies at the surface of the unit
sphere, never crosses the origin [Fig. 6(c)], avoiding a band
gap closing. This chiral symmetry broken transition can as
well be implemented in MMC chains while detuning the unit
cell resonators meanwhile modifying the unit cell structure,
as the example displayed in Figs. 6(b) and 6(d). While δ

shifts from −0.9 to 0.9, leading the topological transition, δω

slightly lifts the contour off plane transitioning from 0 to 0.04
to 0.

V. IMMUNITY OF TOPOLOGICAL EDGE
STATES TO DISORDER

In the previous paragraphs we analytically demonstrated
that dimerized MMC chain with preserved chiral symmetry
can be attributed a topological nature that can be modified
through the unit cell geometrical features. In what follows, we

highlight the physical consequences of such topological fea-
tures in terms of interface mode generation, according to the
bulk-edge correspondence [39,40], and observe its robustness
against disorder. To do so, we numerically study, using the
finite element software COMSOL Multiphysics, a quasi-one-
dimensional microwave electromagnetic MMC consisting of
resonant quarter-wavelength slits made of PEC walls con-
nected to a single mode waveguide. The latter provides the
one-dimensional wave propagation that carries the long-range
multiple scattering interaction. The slits length and width are,
respectively, h0 = 3 cm and w = 1 mm (w ≈ λ0/124) cor-
responding to a resonance pulsation ω0 = 15.24 × 109 s−1.
The unit cell of subwavelength size A = 2 cm (≈λ0/6) hosts
a metamolecule of size d . The studied chain is formed of a
topologically trivial MMC subchain composed of N = 41
cells with structural dimerization parameter δ1 = −0.2 fol-
lowed by an equally long MMC subchain with a structure
characterized by δ2 [Fig. 7(a)]. To first evidence the topo-
logical transition, we explore the eigenmodes of the finite
system around the band gap between the two first bands of the
dispersion relation as δ2 varies from −0.9 (trivial MMC) to
0.9 (nontrivial MMC). Indeed, we expect an interface mode
to appear as the two subchains exhibit different topological
indices. We see in Fig. 7(b) that, while δ2 < 0, that is when
both subchains are topologically trivial, the MMC chain only
have eigenfrequencies in the propagative bands. On the other
hand, as δ2 > 0, two new modes appear in the band gap. The
first one (red dots) correspond to an interface mode between
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FIG. 7. (a) Scheme of the simulated MMC chain of subwavelength chiral dimeric resonant slits composed of two juxtaposed subchains.
Subchain 1 (green area) has in intracell dimer distance δ1 = −0.2 corresponding to a topologically trivial phase while subchain 2 (blue area)
exhibit a variable distance δ2. The interface between the two subchains is highlighted in red. Boundary conditions at the waveguide sides are
perfect magnetic conductor (PMC) and perfect electric conductor (PEC). (b) Eigenfrequencies of the chain in (a) around the first band gap of
the polaritonic dispersion relation including the higher modes of the first band and the entire second band. Each column represent a given value
of δ2 and green (blue) area stresses the parameter values for which both subchains have the same (different) topological nature. Blue and red
dots correspond to modes lying in the band gap whose symmetry is presented in the mode profile insets (right)

the nontrivial subchain and the air-filled waveguide at the right
edge of the chain and the second one (blue dots) correspond to
a confined interface mode between the two MMC subchains
[Fig. 7(b), right]. Both edge mode profiles are represented in
insets. It confirms that the second MMC subchain changed
its topological nature as the unit cell structural dimerization
parameter δ crosses 0.

In order to complete the demonstration, we finally verify
another classical feature of such interface modes in topologi-
cal media, namely their ability to be topologically protected
and robust to disorder. This property is responsible for the
tremendous enthusiasm towards topology, particularly in 2D
media to design disorder immune waveguides. In 1D systems,
the property could lead to new types of filters with increased
robustness to geometrical variations [41]. It is however not

valid for every interface mode. For instance, we clearly see in
Fig. 7(b) that the mode between the nontrivial subchain and
air sinks into the first band of delocalized modes for large
enough δ2 values and is therefore a regular (trivial) edge mode
with no topological protection. The interface mode between
the two subchains with different δ however always lie in the
band gap and we can verify that it remains unaffected while
inducing random chirality-preserving disorder levels that do
not close the band gap. To do so, we then numerically com-
pute the eigenfrequencies of the MMC chain composed of
the topologically trivial subchain δ1 = −0.2 juxtaposed to a
topologically nontrivial subchain δ2 = 0.2. Some disorder δdi

is then added to the intracell metamolecule size d , where δdi

is randomly picked in the interval [−σ ; +σ ] for each unit
cell of the MMC chain, σ being a fixed disorder strength
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varying the disorder strength (averaged over 21 realizations of disorders).

[Fig. 8(a)]. We observe that, when σ = 0 (no disorder), the
spectrum shows the two distinct bands of propagative waves
and the interface mode stuck in the band gap (blue dot). We
then progressively increase the disorder strength, averaging
each simulation over 21 realizations of disorder. We see that
as the disorder strength increases, propagative bulk modes
start filling the band gap, progressively decreasing its width
until completely closing it for large enough disorders. In the
meantime, the interface mode sticks to the band gap, at a
steady frequency despite some slight statistical broadening, if
the latter remains opened [Fig. 8(b)]. This is a quite clear sig-
nature of the mode topological robustness to disorder, which
can be attributed to the different topological nature of the
MMC subchains along the interface. Another demonstration
of the interface mode robustness consists of applying the po-
sitional disorder on the two cells bordering the interface only
[Fig. 8(c)]. This amounts to maintaining the MMC subchains
properties, hence the band gap opened, but simulating how
the interface geometry itself affects the mode eigenfrequency.
Figure 8(d) displays the corresponding spectrum as the dis-
order strength σ varies and evidences the robustness of the
interface mode eigenfrequency that again sticks to its position

within the band gap, confirming its topological protection by
the subchains natures.

VI. CONCLUSION

In this article we investigated the topological properties of
one-dimensional metamaterial crystal chains composed of lo-
cally resonant scatterers embedded in a propagating medium.
In such systems, drastically different from conventional tight-
binding scenarios, the propagation depends not only on the
meta-atom resonances but also on the unit cell structure,
due to the important role of multiple scattering interactions.
This makes the analytical study of topological properties in
MMC chains much more complex than what has already
been studied in resonators chains whose properties are driven
by near-field tight-binding interactions, interpreted from the
well-known SSH model. Indeed, both the infinite range in-
teractions and the dispersivity of the local resonance and of
the multiple scattering phenomenon must be considered. We
here however successfully manage to take into account these
specificities while deriving a Hermitian eigenvalue problem,
analog to the one developed in the well-known SSH model,
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and analytically express a Hermitian multiple scattering op-
erator that contains the whole physics of a MMC chain,
including its topological properties. Analog to the winding
number, a geometrical topological invariant was emphasized
that allowed exploring the structural topological transition in
biperiodic chains as well as the impact of chiral-symmetry
breaking. Finally, a topological interface mode and its robust-
ness to disorder were numerically studied. We believe that
this new model, developed in the simplest case of dimer-
ized one-dimensional chains, helps understanding the role of
geometrical and resonance parameters in MMC topological
properties. Though it was limited to 1D metamaterials and
numerically demonstrated in microwaves, it can be transposed
to other frequency ranges or waves as acoustics for instance.

It furthermore paves the way to the study of more complex
unit cells in one-dimensional metamaterials that may be in-
vestigated using a similar model in order to induce eventual
new topological phases and even inspire designs in higher
dimension metamaterial.
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