
Proceedings of the ASME 2020 International Design Engineering Technical Conferences &
Computers and Information in Engineering Conference

IDETC/CIE 2020
August 16-19, 2020, St. Louis, MO, USA

DETC2020-16667

TUNING STIFFNESS NONLINEARTY: THEORY AND APPLICATIONS.

Mohamed Zanaty∗

School of Engineering and Applied Sciences
Harvard University

Cambridge, 02138 MA
Email: mzanaty@seas.harvard.edu

Ilan Vardi
Instant-Lab

EPFL
Neuchatel, 2000 Switzerland

Email: ilan.vardi@epfl.ch

Simon Henein
Instant-Lab

EPFL
Neuchatel, 2000 Switzerland
Email: simon.henein@epfl.ch

ABSTRACT
Perfect elasticity is not achievable in real-life situation, so

spring stiffness is not perfectly constant. In this paper, we study
the effect of modifying non-linear stiffness terms while keeping
the nominal stiffness constant. We introduce three methods to de-
sign and tune linear and nonlinear elastic behavior in the con-
text of compliant mechanisms and we present mechanical real-
izations. These designs are modeled using Euler-Bernoulli beam
theory. Numerical simulation and experimental measurement
show a good match with the theoretical model. We then present
applications of our stiffness tuning methods to mechanical meta-
materials, mechanical resonators, and mechanical computation.

1 Introduction
1.1 Non-linear springs

Elastic deformation can be characterized by stiffness, the ra-
tio between an applied force, i.e., stress, and displacement, i.e.,
strain. As was first noted by Robert Hooke, in the ideal one di-
mensional case, stiffness is constant, i.e., displacement is a linear
function of the applied force. In general, this is not the case and
we speak of nonlinear springs since the force-displacement rela-
tion is no longer linear. For small displacements x, we can write
this as a series expansion

k = k0 + k2x2 + · · ·

∗Address all correspondence to this author.

where k0 is the nominal stiffness and k2 represents the first non-
linear term. Note that we have limited our analysis to the case
where the restoring force is symmetric in ±x, so that odd expo-
nents do not appear in the above series expansion. One says that
a spring exhibits a softening effect, when the stiffness decreases
with deformation, i.e., k2 < 0 and a hardening effect, when the
stiffness increases with the deformation, i.e., k2 > 0, as illustrated
in Figure 1.

The buckled bistable beam is an example of the softening ef-
fect [1]. It has two stable states and one unstable state. Figure 2
shows the energy, force, and stiffness displacement relation of a
bistable mechanism. The beam stiffness decreases as the struc-
ture is displaced towards its unstable. Beyond a certain position,
the stiffness becomes zero and then negative. In Ref. [2], the
parallel singularity was utilized to design softening springs. The
cantilever is an example of the hardening effect.

1.2 Compliant mechanisms
The subject of this paper is the design and analysis of struc-

tures where the nominal stiffness k0 and the nonlinear term k2
can be modified or tuned independently. This will be applied to
compliant mechanisms, mechanical structures that perform their
function by the bending of their flexible beams, see [3, 4].

Nonlinear compliant mechanisms have numerous applica-
tions. Metamaterial based on nonlinear stiffness is presented
in [5]. Mass sensing based on the nonlinear stiffness of double
clamped beams is presented in Ref [6]. Energy harvesters based
on bistable mechanisms were discussed in [7].

Tuning the stiffness of compliant mechanisms can be used
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FIGURE 1. Different force displacement relations of compliant
mechanisms, (a) Linear, (b) Nonlinear hardening, (c) Zero stiffness, (d)
Nonlinear softening.

to modify their functionality. Two different methods have been
applied to tune the stiffness. The first method is modifying the
boundary condition of the mechanism. For example, the axial
load on a buckled beam can effectively tune its stiffness. A
second method is to modify mechanism dimensions such as the
beam length. However, these methods modify both the nomi-
nal and nonlinear stiffness terms. This paper will consider tech-
niques which only modify the nonlinear terms.

The paper is organized as follows. First, we start with the
concept of nonlinear stiffness tuning. After that, we present
an example of this family of compliant mechanisms, the T-
mechanism. This includes analytical modeling, finite element
analysis, and experimental setup. Through experimental mea-
surements, we demonstrate all possible combinations of posi-
tive and negative stiffness along with hardening and softening
effects. Finally, we present a few potential applications of our
mechanisms to metamaterial design, mechanical resonators, and
mechanical computation.

2 Nonlinear Stiffness Tuning
We present three methods to tune and modify the elastic be-

havior of mechanical structures within both small and large dis-
placement regions [8]. These methods can be applied to inertia
tuning as will be discussed by the end of this section. We explain

FIGURE 2. Energy, force and stiffness responses of a bistable buck-
led beams with regions of positive (green) and negative (red) stiffness.

our method using a single degree of freedom mechanisms with
rigid elements.

2.1 Method 1: Orthogonally connected springs
For a linear spring of stiffness k0 having a single degree of

freedom along the x axis, the force-displacement relation is given
by

F = k0x.

where x is the spring elongation as illustrated in Figure 3(a).
When preloading the spring with a displacement d0, see Fig-
ure 3(b), the force-displacement relation becomes

F = k0(x−d0).

We add a rigid link in a direction orthogonal to the displacement
of the spring k0 and having length L1. This link is restricted to
a single degree of freedom along the y direction with a force p1
applied as given in Figure 3(c). The amount of strain energy
stored in the mechanism is

E =
1
2

k0x2 + p1(L1 −
√

L2
1 − x2)
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FIGURE 3. Different configurations to tune the elastic response of mechanisms, (a) Linear elastic spring with constant stiffness k0 and displacement
u, (b) Preloaded spring k with a displacement d0, (c) Linear spring k0 with an orthogonal link (L1) with a force p1, (d) Linear spring k0 with an
orthogonal link (L1) with linear spring k1, (e) Preloading spring k1 with displacement d1, (f) Additional rigid link is added along x-direction with force
p2, (g) Replacing p2 with a spring of stiffness k2, (h) Preloading spring k2 with displacement d2.

Assuming small deformations and taking the second derivative,
the stiffness is

ke =
∂ 2E
∂x2 = k0 +

p1

L1
.

Therefore, by modifying the force p1, it is possible to tune the
nominal stiffness. When p1/L1 < −k0, the mechanism has neg-
ative stiffness and when p1 = −k0/L1, the mechanism has zero
stiffness.

Adding one degree of freedom linear spring in the y-
direction as shown in Figure 3(d), gives stiffness

ke = k0 +
k1

2L2
1

x2 +O(x4).

In this case, the mechanism provides the ability to retain the nom-
inal stiffness k0 while the nonlinear stiffness term is modified by
the values of k1 and L1. Negative values of k1, e.g., buckled
beams, lead to softening behavior, otherwise, hardening occurs.
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FIGURE 4. Tunable stiffness rotational mechanism

In Figure 3(e) spring k1 is preloaded by a displacement d1,
so the effective stiffness is

ke = (k0 +
k1d1

L1
)+(

k1

2L2
1
+

k1d1

2L3
1
)x2 +O(x4)

Adding a second rigid link orthogonal to the second spring k2
[not necessarily, the only constrain is to be orthogonal to k2 and
it is independent of the spatial position of k0 ] having one degree
of freedom and a load p2 applied as illustrated in Figure 3(f), the
effective stiffness becomes

ke = k0 +(
k1

2L2
1
+

p2

2L2
1L2

)x2 +O(x4)

In Figure 3(g), we add one degree of freedom linear spring of
stiffness k2 in the x-direction preloaded with displacement d2,
the overall effective stiffness becomes

ke = (k0 +
k1d1

L1
)+(

k1

2L2
1
+

k1d1

2L3
1
+

k2d2

2L2
1L2

)x2 +O(x4)

Using the same concept, it is possible to modify the higher-order
nonlinear stiffness terms. All the previous configurations can be
applied to rotational springs as given in Figure 4.

2.2 Method 2: Parallel connected springs
In this method, we combine linear and nonlinear springs in

parallel, where the linear spring determines the small deforma-

tion elastic response and the nonlinear spring dominates the large
deformation elastic response.

Our mechanism consists of a linear one degree of freedom
spring with stiffness k0 connected in parallel to slender beams.
The slender beams are anchored with angle α with the horizontal
axis as illustrated in given in Figure 5. As the displacement x
is applied, the slender beams deform and their effective length
varies, as illustrated in Figure 5. The stiffness of the beams is
given by

kb =
3EI sin(α)

(`− xcos(α))3 , I =
1

12wt3 .

where `,w, t are the length, width, and thickness of the beam.
The effective stiffness is then

ke = k0 + kb.

The mechanism’s nonlinear stiffness is tuned by modifying the
beam’s angle α with respect to the horizontal axis.

0 < α < π

2
As x is applied, the effective length of the beam decreases,
and the effective stiffness of the beam increases. This leads
to hardening behavior. Figure 5(b,c) shows the deformation
of the mechanism as x is imposed.
π

2 < α < π

As x is applied, the effective length of the beam increases.
Therefore, the effective stiffness of the beam decreases. This
leads to stiffness softening. Figure 5(d,e,f) shows the defor-
mation of the mechanism as x is imposed

2.3 Method 3: Cam follower mechanism
This method uses the cam follower mechanism as shown in

Figure 6. It consists of a linear spring with stiffness k0 connected
in an orthogonal direction to a cam with curvature a, where the
curvature is

a = a0 +a1x+a2x2.

The cam is connected to a single degree of freedom spring of
stiffness k1. Then, the effective stiffness of the mechanism is

ke = k0 + k1a2
1 +4k1a1a2x2 +O(x4)

By selecting the values of a1 and a2, it is possible to tune
the nonlinear stiffness. This method can be similarly applied to
a rotational mechanism as given in Figure 6(b).
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FIGURE 5. Combining linear with nonlinear springs, (a, b, c) repre-
sent the case where 0 < α < π/2 and (d,e,f) represent the case where
π/2 < α < π

2.4 Inertia tuning
The methods introduced in the previous sections can be ap-

plied to tune the effective inertia of the mechanism. On consid-
ering the mechanism given in Figure 3(c), the relation between x
and y is:

y =
x2

2L1
+O(x4)

Assuming the mass of the slider along x-direction 1 is m1
and the slider along y-direction is m2, the kinetic energy of the
mechanism is

K =
1
2

m1ẋ2 +
1
2

m2ẏ2 =
1
2
(m1 +

m2

L2
1

x2 +O(x4))ẍ2

Then, the effective mass of the mechanism is

me = m1 +
m2

L2
1

x2 +O(x4)

FIGURE 6. Stiffness tuning using cam follower mechanism (a) trans-
lational spring, (b) rotational spring.

Then, the value of m2 can be used to tune the nonlinear in-
ertia behavior.

3 Implementation
Rigid mechanical joints can be replaced by compliant

hinges. These hinges have reduced wear, lower friction and
longer lifetime, compared to rigid joints. Figure 7 represents the
different equivalent compliant mechanisms. Figure 7(a, b) gives
the translation and rotational nonlinear stiffness tunable mech-
anisms with one tuning input d1 to modify the nonlinear stiff-
ness term, respectively. Similarly, compliant mechanisms with
two tuning inputs for the translational and rotational compliant
mechanisms are given in Figures 7(c,d) to tune both the nominal
and nonlinear stiffness terms.

3.1 T-mechanism
The T-mechanism was presented in our previous work [9–

11]. It is equivalent to Figure 7(a). It consists of two centrally
connected beams. They are fixed on one extremity and the other
extremity is connected to a parallel stage loaded with d1. Each
beam consists of two rigid links with length `1 and compliant
hinges of length c1. The central block is connected to one ex-
tremity of two other parallel beams with rigid links of length `2
and compliant hinges of length c2. The beams are guided on the
other extremity by a parallel stage, which has a displacement d2,
as illustrated in Figure 8(a).

Based on our previous work, the stiffness of the T-
mechanism can be written as:

ke = κ0 +κ1x2 +κ2x4 +κx6
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FIGURE 7. Compliant mechanism realization of different nonlinear and linear tuning mechanism for (a,c) translational and (b, d) rotational mecha-
nism.

where

κ0 =
48
Γ2

− 576η2Ψ2

5Γ1
d2 +

3456η1η2Ψ1Ψ2

25
d1d2,

− 20736η1η2Ψ
2

1 Ψ2α2
2

125
p3

2,

κ1 =
3456η2Ψ

2
2

25Γ1
− 20736η1η2Ψ1Ψ

2
2

125
d1

+
373248α2

2 η1η2Ψ
2

1 Ψ 2
2

625
d2

2 ,

κ2 =
−2239488α2

2 η1η2Ψ
2

1 Ψ 3
2

3125
d2,

κ3 =
4478976α2

2 η1η2Ψ
2

1 Ψ 4
2

15625
.

Ψ1 =
15−50a01 +60a2

01 −24a3
01

2(3−6a01 +4a2
01)

2

Ψ2 =
15−50a02 +60a2

02 −24a3
02

2(3−6a02 +4a2
02)

2

Γ1 =
1

2a01(3−6a01 +4a2
01)

Γ2 =
1

2a02(3−6a02 +4a2
02)

.

a01 =
c1

`1
, a02 =

c2

`2
.

η1 =
Ir`

3
1

I1`3
r
, η2 =

I1`
3
2

I2`
3
1
, α2 =

`2

`1
.

We will focus on the displacement range, where the stiffness
is sufficiently described by the terms, κ0 and κ1.

3.2 Finite Element Analysis
A finite element model is built to verify the validity of the

elastic behavior of the mechanism. A solid mechanics module is
used where the boundary conditions are modified as a function of
d1 and d2. The total strain energy of the mechanism is calculated.
By taking the second derivative, the stiffness is found. Then from
the stiffness, we extract the linear and nonlinear stiffness terms.
A mesh convergence test is performed to verify the validity of
the solution.

3.3 Experimental Setup
We built an experimental setup to measure the force-

displacement relation for the mechanism under different values
of d1, d2 as given in Figure 8(b). A micro-stage is used to im-
pose the position of the mechanism x, where a force sensor is
mounted. The position of the mechanism represented by d1,d2,x
is measured using laser sensors. A known counter mass is used
to compensate for the negative forces. From the measured force,
we extracted the stiffness of the mechanism.

4 Results
The T-mechanism can exhibit multistability behavior with

the number of stable states varying from 1 to 4 as illustrated in
the programming map in Figure 8(c) deduced in our previous
work [10]. In this article, we will focus on the small displace-
ment deformation such that the first two stiffness terms are suf-
ficient to describe the mechanism elastic behavior. In terms of
small displacement, we find that there are four different stiffness
behaviors as a function of d1, d2 as illustrated in Figure 9.

1. Positive stiffness with hardening effect - k0 > 0,k1 > 0
2. Negative stiffness with hardening effect - k0 < 0,k1 > 0
3. Positive stiffness with softening effect - k0 > 0,k1 < 0
4. Negative stiffness with softening effect - k0 < 0,k1 < 0

In terms of nonlinear behavior, there is a boundary separat-
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FIGURE 8. (a) T-mechanism, (b) Experimental setup for the characterization of the T-mechanism, (c) Stability map of the T-mechanism showing the
relation between the number of stable states and d1 and d2.

FIGURE 9. Different regions of the elastic behavior of the mecha-
nism: positive stiffness with hardening effect, , negative stiffness with
softening effect, positive stiffness with softening effect, negative stiff-
ness with softening effect.

ing the regions of stiffness hardening and softening. This bound-
ary is the root of κ1 and is given as:

dz
1 =

5
6η1Ψ1Γ1

+
18α2Ψ1d2

2
5

This gives the value of d1 to get a zero stiffness second-order
term as a function of d2, as given in Figure 10(a). Along this
boundary, d2 can be used to modify k0 as illustrated in Fig-
ure 10(b) . For small values of d2, the value of κ0 is almost
independent of d2. As the magnitude of d2 increases beyond a

critical value, κ0 varies almost linearly with d2, as illustrated in
Figure 10(b).

Experimental measurements and numerical simulations are
used to verify our concept of stiffness hardening and softening
effect. Figure 11 gives the force-displacement relation of the
mechanism for different values of d1 at d2 = 0 based on experi-
mental and numerical analysis showing a good match.

For our design dz
1 = 0.1[mm] at d2 = 0. For values d1 < dz

1,
the mechanism exhibits a hardening effect. At d1 = dz

1, the mech-
anism shows a linear stiffness response. For d1 > dz

1, the mech-
anism shows a softening effect reaching zero stiffness around
d1 = 0.24[mm]. On the further increase of d1, negative stiffness
occurs.

5 Applications
In this section, we explore the possible applications of

our designs to three different cases, mechanism based meta-
materials, mechanical resonators, and mechanical computation.

5.1 Mechanism based Metamaterial
A mechanism based metamaterial consists of an array of

mechanisms [12]. Based on the elastic and kinematic behavior
of the mechanism, the effective behavior of the material can be
tuned. Mechanical metamaterials can exhibit negative stiffness,
negative Poisson ratio, and large deformation. Our T-mechanism
can be used as building unit of mechanical metamaterial as illus-
trated in Figure 12.

It consists of compliant beams representing the T-
mechanism and those T-mechanisms are combined via rigid
links. Through modifying the boundary conditions of the T-
mechanism, it is possible to tune the elastic behavior of the mech-
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FIGURE 10. (a) Zero κ1 boundary as a function of d2, (b) The rela-
tion between κ0 and d2 at d1 = dz

1.

anism from linear to nonlinear softening and nonlinear harden-
ing.

5.2 Resonant Sensor
The resonance frequency of mechanical structure depends

on their stiffness and mass. As the stiffness of the structure
changes, the resonance frequency varies within their linear re-
gion of deformation. Within the nonlinear region, the resonance
frequency depends on the oscillation amplitude. Based on the
second-order stiffness, the resonance frequency can either in-
crease or decrease with the vibration amplitude. This is described
by [13]

ωd = ω0(1+κX2
0 ), κ =

3k2

8k0

FIGURE 11. Force displacement relation for (a) d1 = 0[mm], (b)
d1 = 0.1[mm], (c) d1 = 0.24[mm], (d) d1 = 0.3[mm] based on numeri-
cal simulations and experimental measurements.

In our design, it is possible to tune k2 and k0 independently.
Therefore, it is possible to tune the vibration frequency and am-
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FIGURE 12. Metamaterial based on the T-mechanism under (a) com-
pression, (b) tension.

plitude based frequency shift. Figure 13 shows the variation of
the resonance frequency as a function of vibration of the ampli-
tude for different values of d1 for d2 = 0. After we performed a
sweep of the d1,d2, it is possible to tune up and down the vibra-
tion frequency. Similarly, the softening and hardening effects are
given in Figure 13(c) as the difference between ωd −omega0.

This way, it is possible to increase the linear range of os-
cillation of mechanical structures. Therefore, the signal to noise
ratio of resonant based sensors can be improved. In addition, our
method can be applied to mechanical watch oscillators to tune
the oscillator isochronism.

5.3 Mechanical Computation
Compliant mechanisms have been used recently to imple-

ment mechanical computation and logic operations [14,15]. The
main advantage of mechanical computers is their reliability in
extreme conditions such as space applications, where working
under high temperatures and high radiation is common. Previous
work was based on the bistability behavior of compliant mecha-
nisms to implement logic functions. In this paper, we propose a
new method to implement the logic operation such that the out-
put of the logic operation is encoded in the material nonlinear
stiffness behavior, i.e., κ1.

Assuming that we have the T-mechanism given in Fig-
ure 8(a), we can implement the logic operation as follows. For
each tuning input, there will be two components, a reconfigu-
ration component r1,r2 and a logic input i1, i2, such that d1 =
r1 + i1,d2 = r2 + i2. The reconfiguration components will set the
operation point of the mechanism close to the boundary dz

1. As
the value of the input i1, i2 are applied, the mechanism either ex-

FIGURE 13. (a) Resonance frequency as function of the vibration
amplitude for different values of d1 for d2 = 0, (b) Normalized reso-
nance frequency of the T-mechanism as a function of d1,d2, (c) Reso-
nance frequency shift at vibration amplitude X0 = 20[mm] as a function
of d1,d2.

hibits a hardening or a softening effect, representing low and high
logic output as illustrated in 14(b). We add a preloaded spring
imposing a known force fs pring, the mechanism will have two
different values of the displacement, depending on which region
it is. Figure 14(c-e) illustrates the behavior of the mechanism as
the output is high or low.

6 Future Work
Our future work is focused on further analysis of the differ-

ent methods for tuning the nonlinear elastic behavior of compli-
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FIGURE 14. (a) T-mechanism implemented as a reconfigurable logic
gate, (b) Output diagram where the red region denotes ’0’ and green
region denotes ’1’, (c) mechanism deformation at ’0’ output, (d) mecha-
nism deformation at ’1’ output, (e) Force displacement relation for both
low and high output.

ant mechanisms. In addition, we are currently building experi-
mental demonstrators for the aforementioned applications.

7 Conclusion
We demonstrated the tuning of the nonlinear elastic behav-

ior of compliant mechanisms while maintaining constant nomi-
nal stiffness. Three different methods were presented based on
mechanical singularity, beam shortening effect and cam follower
mechanisms. We selected an example of tunable stiffness mecha-
nisms. Using analytical calculations, numerical simulations and
experimental measurements, we validated our concept of stiff-
ness tuning. Finally, we provided potential applications of the
presented mechanisms.
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