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Abstract

Multiscale problems, such as modelling flows through porous media or predicting the mecha-
nical properties of composite materials, are of great interest in many scientific areas. Analytical
models describing these phenomena are rarely available, and one must recur to numerical
simulations. This represents a great computational challenge, because of the prohibitive
computational cost of resolving the small scales. Multiscale numerical methods are therefore
necessary to solve multiscale problems within reasonable computational time and resources.
In particular, numerical homogenization techniques aim to capture the macroscopic be-
haviour with equations whose coefficients are computed numerically from the solutions of
corrector problems at the microscale. A lack of knowledge of the coupling conditions be-
tween the micro- and the macro-scales brings in the so-called resonance error, which affects
the accuracy of all multiscale methods. This source of error often dominates the numerical
discretization errors and increasing its rate of decay is crucial for improving the accuracy of
multiscale methods.

In this work, we propose two novel upscaling schemes with arbitrarily high convergence
rates of the resonance error to approximate the homogenized coefficients of scalar, linear
second order elliptic differential equations. The first one is based on a parabolic equation,
inspired by a model employed to compute the effective diffusive coefficients in stochastic
diffusion processes. By using the approximation properties of smooth filtering functions,
the homogenized coefficients can be approximated with arbitrary rates of accuracy. This
claim is proved through an a priori convergence analysis, under the assumption of smooth
periodic multiscale coefficients. Numerical experiments verify the expected convergence rates
also under more general assumptions, such as discontinuous and random coefficients. The
second method originates from the first by integrating the parabolic equation over a finite
time interval. This method is referred to as the modified elliptic approach, because of the
presence of a right-hand side which can be interpreted in terms of continuous semigroups
and can be approximated numerically by Krylov subspace methods. The same convergence
results as in the parabolic approach hold true. As a last step, a convergence analysis of the
resonance error for the modified elliptic approach in the context of equations with random
coefficients is performed. In this case, the resonance error is composed of a variance and
a bias term, which can be bounded from above by a function decaying to zero. Numerical
experiments reveal that the convergence rate of the resonance error for random coefficients
is hampered, in comparison to the case of periodic coefficients, but the modified elliptic
approach nevertheless outperforms standard methods.
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Résumé

Les problemes multi-échelles, comme la modélisation des écoulements dans les milieux po-
reux ou la prévision des propriétés mécaniques des matériaux composites, présentent un
grand intérét dans de nombreux domaines scientifiques. Des modeles analytiques permettant
d’expliquer le comportement macroscopique sont rarement disponibles, et ces problémes
doivent étre traités par des simulations numériques prenant en compte la présence d’échelles
multiples. Cela représente un grand défi computationel, en raison du cofit prohibitif de la
résolution de toutes les échelles. Des méthodes numériques multi-échelles sont donc néces-
saires pour résoudre les problemes multi-échelles dans des délais et des ressources de calcul
raisonnables. En particulier, les techniques d’homogénéisation numérique visent a résoudre
des équations macroscopiques dont les coefficients sont calculés numériquement a partir des
solutions des problemes de correction a la micro-échelle. Un manque de connaissance des
conditions de couplage entre les échelles microscopiques et macroscopiques entraine ce que
I'on appelle I'erreur de résonance, qui affecte toutes les méthodes multi-échelles. Cette erreur
domine souvent celles dues a la discrétisation numérique et 'augmentation de son taux de
décroissance est cruciale pour améliorer la précision des méthodes multi-échelles.

Dans ce travail, nous proposons deux nouveaux schémas de couplage entre les échelles
microscopiques et macroscopiques avec des taux de convergence arbitrairement élevés de
I'erreur de résonance pour I'approximation des coefficients homogénéisés des équations
différentielles elliptiques du second ordre scalaires et linéaires. Le premier est basé sur une
équation parabolique, inspirée par un modele de calcul des coefficients effectifs de diffusion
dans les processus de diffusion stochastique. En utilisant les propriétés d’approximation des
fonctions de filtrage lisse, les coefficients homogénéisés peuvent étre approximés avec des
taux de précision arbitraires. Cette affirmation est prouvée par une analyse de convergence a
priori, sous ’hypothese de coefficients multi-échelles périodiques et lisses. Des expériences
numériques vérifient les taux de convergence attendus également sous des hypotheéses plus
générales, comme des coefficients discontinus et aléatoires. La seconde méthode est issue
de la précédente en intégrant I'équation parabolique sur un intervalle de temps fini. Cette
méthode est appelée approche elliptique modifiée, en raison de la présence d’'un terme dans
le membre de droite qui peut étre interprété a l’aide de semigroupes continus et qui peut étre
approximé numériquement par les méthodes de Krylov. Les mémes résultats de convergence
que dans I'approche parabolique restent valables. En dernier lieu, une analyse de convergence
de l'erreur de résonance pour I'approximation elliptique modifiée dans le contexte des coeffi-
cients aléatoires est effectuée. Dans ce cas, I'erreur de résonance est composée d'un terme de



Résumé

variance et d'un terme de biais, qui peuvent étre borné par une fonction tendant vers zéro. Les
expériences numériques révelent que le taux de convergence de I'erreur de résonance pour
les coefficients aléatoires est fortement ralenti par rapport au cas des coefficients périodiques,
mais I'approche elliptique modifiée reste plus performante que des méthodes standards.

Mots clés : Problemes multi-échelles, méthodes numériques multi-échelles, homogénéisation
numérique, erreur de résonance, problemes des correcteurs, processus aléatoires station-
naires, méthode multi-échelles hétérogene, analyse de convergence a priori.



Notation

We will use the following notations throughout the exposition:
* The Sobolev space W*” (D) is defined as
WkP(D):= {f: DY f € LP (D) for all multi-index y with |y| < k}.

The norm of a function f € W*? (D) is given by

(Ziyi<k [p DY F0)IP dx)""? (1<p<oo)

||f||wk,p(D) =
Y|y|<k €ss supp| D fl (p =00).

e The space H(} (D) is the closure in the WY2-norm of C°(D), the space of infinitely
differentiable functions with compact support in D. The norm associated with H& (D) is

115y = 11Tz ) + IV FIT -
Due to the Poincaré inequality, an equivalent norm in H& (D) is given by
||f||H(}(D) = ”Vf”LZ(D)-

We will use this second notation for the H& -norm.
 We use the notation (f, g)2(p) := || p f& dxtodenote the L? inner product over D.

o H-Y(D) is the dual space of Hé (D). It can be characterized as the set of distributional
derivatives of L2 (D)-functions: For any F € H~!(D), there exist fy, f1,..., fa € L>(D) such
that

(Ev) g1y, i o) = {Jo 2oy + gl(ﬁ»Di V) 12(D)-
e The space Hy;, (D) is defined as
Hgiy(D):={f: feL*(D)]? and V- f € L*(D)}.
The norm associated with H;;, (D) is

2 —— 2 2
”f”Hdtu(D) Lol ||f||L2(D) + ”V.f”LZ(D)



Notation

e The space L3(K) is defined as

Lﬁ(K):{feLZ(K):/ fdx:O}.
K
It is an Hilbert space with respect to the L?-inner product.

* The space W;er (K) is defined as the closure of

{fECSZI(K):/dex=O}

for the H'-norm. Thanks to the Poincaré-Wirtinger inequality, an equivalent norm in
Wper (K) is
”f” Wl (K) ~ ”vf”LZ(K)-

Moreover, Wz}er (K) is an Hilbert space for the inner product

(u, U)W[}er(K) :/ Vu-Vu.
K

* The space W;e, (K)' is the dual space of W;e, (K). It can be identified with the space
— . _ d
{Fe B 00 (B oy, cr.w, 0 = 0 Ve e R}

e Let f belong to the Bochner space L (0, T; X), where X is a Banach space. Then the
norm associated with this space is defined as

T p
I llzr 0,73 = ( / 1% dt)
0

* L?(D) is the space of square-integrable vector functions f: D — R%, f= (f1,--., fa), with
fi € L2(D). L?OC (Rd) is the space of locally square-integrable vector functions.

. L2

2 ot (R?) is the space of vortex-free vector fields:

L2, (R) = {fe L3, (R9): Rdﬁ?—}‘fj —fjg—fi dx=0, VgeC® (Rd)}.

Any vortex-free (or irrotational) field can be expressed as the gradient of a potential
function ue H' (R4): f=Vu.

loc

o L2, (R?) is the space of solenoidal (i.e., divergence-free) vector fields:
O
2 (d) - 2 (md). 09 _ 00 (rd
L2, (R )—{fELloc(R ): | fige =0 Y0eC (® )}
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Notation

e CubesinR? are denoted by K := (—L/2, L/2)%. In particular, K is the unit cube (-1/2,1/2)“.

¢ We will use the notation fD f(x) dx to denote the average ﬁ f D f(x) dx over a domain
D.

s ./ (a,B,D) denotes the class of symmetric matrix-valued function a € L* (D,R%*4)
such that
aléP <|é-a* g, |a*é| s plél, YEeR?, ae xeD, o))

for 0 < a < . In the case D = R the short-hand notation .# (a, ) will be used.
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|§ Introduction

Multiscale phenomena are ubiquitous in many fields of science and engineering. In fact,
several problems studied in physics, chemistry, biology, material sciences and engineering are
characterized by the presence of multiple scales in space or time. Oftentimes, phenomena
taking place at different scales are not independent, but mutually influence each other. As
a consequence, studying a system at a given scale disregarding what happens at smaller
(or larger) scales often leads to wrong physical interpretations or to the need of employing
empirical models.

Multiscale problems can be very different in nature and each can even involve different
physical models. For example, the mechanical behaviour of a solid can be influenced by
its crystalline structure, hence a coupling between the continuum mechanical model and
the discrete solid state physics is needed. The multiple scales can be present in space, but
also in time, as in the case of chemical reactions where the concentrations of reagents differs
of many orders of magnitude and processes evolve at different time scales [127]. The class
of spatially multiscale problems can be separated into two sub-classes, depending on the
local or global nature of the multiscale feature. Locally multiscale problems (denoted as
type A problems in [53]) are those where the small scale heterogeneity is present only on a
small portion of the domain. Typical examples are the evolution of cracks in elastic materials
[128], the rise of boundary layers in fluid flows and small scale structures in fully developed
turbulent flows [112]. This type of problems can be solved by locally refining the mesh or by
using a local small scale model and, then, coupling this information with the macroscopic
solution. Globally multiscale problems (denoted as type B problems in [53]) are those in
which the microscale model is needed everywhere because the small scale pattern is repeated
throughout the domain. For example, groundwater pollution through infiltration of a fluid in a
porous medium [132], the effective properties of composite materials [93, 102], the use of small
scale optical elements to produce meta-materials with negative refraction index [136] and the
mechanical behaviour of porous media such as bones or soft tissue [69] are classical globally
multiscale problems. In this case we cannot use the local refinement strategy and we have
to rely on a macroscopic model in order to capture the solution. However, the macroscopic



Chapter 1. Introduction

constitutive relations may be missing and we need a microscopic model to recover them,
together with a coupling scheme between the two models. This is the idea behind many
multiscale numerical methods, like the Heterogeneous Multiscale Method (HMM) [54]. Other
examples of multiscale and multiphysics models are collected in [4, 53, 64, 65].

The presence of several orders of magnitude between the scale of interest and small scale
features represents a challenge under several aspects. From the analytical perspective, it
may not be possible to derive a model describing the macroscopic behaviour because of the
microscale effects. From the point of view of numerical computations, the need of resolving
all the small scale features on a much larger computational domain dramatically increases the
number of degrees of freedom, thus making the simulation of globally multiscale problems
unfeasible even on modern supercomputers. Usually, the interest is not in capturing all the
small scale variations of the phenomenon, but rather in capturing correctly the macroscopic
behaviour. This is the motivation for developing novel multiscale numerical methods that
could provide a reasonably accurate approximation of the solution with a number of degrees
of freedom not constrained by the small scale. Most of the multiscale numerical methods
suffer from the so-called resonance error, due to the coupling conditions between the micro
and the macro scales, which eventually affects the reliability of the numerical upscaled so-
lution. Therefore, many studies focused on the reduction of the resonance error and on the
improvement of its convergence rate. The goal of the present study is to propose and study
two novel micro-corrector equations with higher convergence rates of the resonance error.

1.1 General framework and multiscale problems

In this thesis we will consider the (globally) multiscale partial differential equation:

~V-(@x)Vuf)=f inDcR?,
ut=0 on 4D,

(1.1)

where the multiscale structure is encoded in the diffusion coefficient a?, i.e. we assume that a®
oscillates at a small scale € < | D|, throughout the entire domain. In Figure 1.1a, an example of
amultiscale coefficient field a® (x) = a(x/¢) with oscillations only at the e-scale is pictured. The
solution uf has a multiscale behaviour in the sense that it varies both at a scale comparable to
the size of D (the macroscale) and at a much smaller scale (the microscale), see Figure 1.1b.
The multiscale behaviour is inherited from the microscale oscillations of the coefficient a®.

The problem of multiple scales: the example of locally periodic coefficients

In connection to the feature of scale separation is the number of scales present in the problem.
In Figure 1.1a we pictured a coefficient field of the form a®(x) = a(x/¢) , with € = 1/16. By
construction, a®(x) oscillates only at the e-scale. However it is possible to enrich the set of
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Figure 1.1 — A multiscale diffusion field with the solution for the problem with f =1.
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Figure 1.2 — A locally periodic coefficient field.

scales of oscillation for a®(x), see, e.g., [29, 38]. In this case, we can assume, for example, that

. X X
ax)=alx,—,...,—|.
€1 EN

When L « 1, we say that the scales of oscillations are well separated. Otherwise, we talk of a
continuum of scales. An example of coefficients varying at multiple well separated scales is

the case of locally periodic coefficients. These are functions of the form
adx)=a (x, f), where a(x, y) is periodic in the y-argument.
€

An example of locally periodic coefficient is depicted in Figure 1.2.

We can take advantage of the scale separation and develop computational methods with
reduced computational complexity. As we will see in Section 2.2, some multiscale numerical
methods are more suitable for scale-separated problems, e.g. the HMM, while others are
designed to solve problems with a continuum of scales, e.g. the Multiscale Finite Element
Method. The present thesis will focus on methods to improve the convergence rate of the

3
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resonance error in HMM, so it is mostly suitable for problems with scale separation.

Periodic, almost-periodic and stationary random structures

Multiscale problems with oscillating coefficients can be classified by the micro-structure
of the coefficients. Periodic problems have micro-structures that are periodically repeated
throughout the domain. Mathematically, it means that a®(x) = a(x/€), where a(y) is periodic.
Almost-periodic coefficients are defined as elements of the closure, in the L°°-norm, of the
space of functions

a(y) =Re (Z ake"‘t"'y), ap€eC, e Rd,
k

which provide a generalization of periodic functions, still retaining some of their most impor-
tant properties. Finally, another possible structural assumption is that the coefficient is the
realization of a stationary random field. Periodic coefficients will be assumed in the analysis
of the two corrector equations of Chapters 4 and 5. Almost-periodic coefficients will only be
employed in numerical tests. Instead, stationary random coefficients will be considered in
Chapters 6 and 7.

1.2 Thesis outline and main contributions

As anticipated above, direct numerical approximations of the multiscale equation eq. (1.1)
are not viable because the mesh size has to be chosen smaller than €, which implies that the
number of degrees of freedom blows up, since € < 1. On the other hand, as € — 0, the fast-
oscillating solution u® converges to a smoother, non-oscillating function, which is denoted
by u°. The function u° represents the macroscopic component of u¢ and solves the so-called
homogenized equation

-V (a®0Vu’)=f inDcRY,

(1.2)
u’=0 ondD,

whose coefficients a? ; are not known a priori. The homogenized equation is independent of €
and can be discretized with a freely chosen mesh size. As a first step, before the discretization
of eq. (1.2), we must approximate the value of a°. The homogenized coefficients are found by
solving local corrector equations that allow to couple the microscale structure to the macro-
scopic behaviour of the original problem. Except for the case of periodic coefficients where
the exact period is known, a resonance error appears in the numerical computation of the
homogenized coefficients. As a consequence, the homogenized coefficients are only approx-
imated up to an error, which is known as resonance error. The resonance error eventually
affects the accuracy of the numerical approximation of u° and can lead to very inaccurate
simulations.

The main contribution of this thesis to the question of high accuracy approximation of the
homogenized coefficients consists in the development and the analysis of two novel corrector

4



1.2. Thesis outline and main contributions

problems to approximate a° with high order convergence rates of the resonance error, thus
allowing to couple accurately the micro- to the macroscale. In particular, we focus on analysing
the corrector problems at the microscale, disregarding the macroscopic behaviour. For this
reason, we have only considered coefficients varying at a single scale, a®(x) = a(x/¢), ignoring
other possible coefficient structures, such as locally periodic coefficients. However, the reader
should bear in mind that the proposed novel approaches can straightforwardly be applied
to those cases: it suffices to apply them to upscale the coefficients bf.c(x) :=a(k,x/€), at each
given point X € D.

A rigorous mathematical derivation of the homogenized problem is given in Chapter 2. This
theoretical approach does not provide a directly applicable method to compute the homoge-
nized coefficients, except in the simple periodic case. Numerical homogenization methods
aim to solve a given corrector problem to approximate a°, but they all suffer from the so-called
resonance error, described in Section 2.4, which often dominates the discretization errors.
Several corrector problems have been studied in the past to improve the rate of decay of the
resonance error, but they either do not reach arbitrary rates or require to solve very costly
models (see Section 2.4.1).

In Chapter 3, a link between a parabolic corrector problem and the standard, elliptic corrector
problem is described. No structural assumptions on the coefficients a®(x) is needed at this
point. Thanks to the link between parabolic and elliptic partial differential equations, we
derive two novel corrector problems: a parabolic and a modified elliptic ones, which can be
used to estimate a°. In Chapter 4, the convergence rate of the parabolic approach is proved
to be of arbitrarily high order. For the proof we assume the periodicity of a® and sufficient
regularity, but numerical tests show that the results hold true also for less regular or stochastic
coefficients. A similar analysis, for a novel modified elliptic problem is given in Chapter 5.
The a priori error bounds of this chapter are established under the same assumptions as in
Chapter 4. Numerical tests for non-periodic, non-smooth cases are performed to demonstrate
the robustness of the approach. For both cases, we analyse the computational cost-accuracy
ratio and compare it to the one of the standard method. The parabolic and the modified
elliptic approach are new in the research field of numerical homogenization and their main
advantage is that they achieve an exponential decay of the resonance error.

The homogenization of stationary random coefficients has been studied since the early '80s,
but the derivation of upper bounds with explicit rates of convergence for the homogeniza-
tion error ||u — u°|| remains mainly unsolved. In Chapter 6 we describe the framework of
homogenization for random coefficients and provide some of the most recent results in quan-
titative stochastic homogenization. Moreover, a review of some of the numerical approaches
proposed to tackle stochastic homogenization problems is outlined.

The last contribution of the thesis is developed in Chapter 7 and it regards the study and the
analysis of the modified elliptic corrector equation for random coefficients. The resonance
error is decomposed in several terms: the boundary, the systematic and the statistical error. A
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priori bounds on the systematic error are proved by exploiting the time decay of the solution
of parabolic equations, without any regularity assumption on the coefficients. Numerical
tests are provided both to support the theoretical results on the systematic error and to verify
experimentally the convergence of the boundary and statistical errors.



Y4 Homogenization theory, multiscale
methods and the resonance error

As we anticipated in the previous chapter, multiscale problems have to be addressed by prop-
erly designed multiscale numerical methods. Although they may be based on several different
design principles, the numerical analysis of such methods cannot leave homogenization
theory out of consideration, as it provides the theoretical foundations for the analysis of differ-
ential problems with fast oscillating coefficients. A priori analysis of multiscale methods shows
that they all suffer from the so-called resonance error, due to the inexact coupling between the
micro and the macro scale. Reducing the impact of such an error is thus crucial to improve
the accuracy of multiscale algorithms.

Outline

In Section 2.1, the main results on the homogenization theory for second order elliptic opera-
tors with periodic coefficients are discussed. A non-exhaustive overview of existing multiscale
numerical methods is given in Section 2.2. One of these methods, the Finite Element Hetero-
geneous Multiscale Method (FE-HMM), is described in more details in Section 2.3. Thanks to
the results of homogenization theory, it is possible to understand the origin of the resonance
error and to derive an a priori bound in the FE-HMM context, see Section 2.3.2. In the last
decades, many works addressed the question of mitigating the effect of the resonance error
and we review some of them in Section 2.4.

2.1 Main results in homogenization theory

Homogenization theory concerns the study of the solutions of PDEs in the regime for ¢ — 0,

where ¢ is the length scale of the oscillations of the coefficients [31, 45, 101]. We begin by

considering a sequence of e-indexed second order elliptic equations on a bounded domain
DcRY, d<3:

-V (at(x)Vué) = in D,

{ / (2.1)

ut=0 ondD,
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with f € H (D). The differential problem (2.1) is well-posed, provided that the tensor
af € (L°(D)% 4 s symmetric, uniformly elliptic and bounded, i.e. there exist a, § > 0 such
that for any € > 0,

]T and

af(x) = [a®(x)

(2.2)
aléP <|é-af (], |afé|<plél, vEeR?, ae xeR?.

Coefficients satisfying the conditions (2.2) belong to the class . (a, §, D). When D = R we will
use the shorthand .# (a, §). For the moment, no further structural assumptions are taken on
af (x), even though we one can think of € as the oscillation length of the coefficients. Structural
assumption on the coefficients will be given later on.

The convergence of the sequence {u*}, c Hj (D) solving (2.1) in the limit for ¢ — 0 can be stud-
ied through the concept of G-convergence, introduced by [129]. The notion of G-convergence
was subsequently extended by [120] to H-convergence for the case of non-symmetric matrices.

Definition 2.1. The sequence {ag } A (@, B, D) is G-convergent fo the matrix a’e M (a, B, D)
if and only if, for every function f € H '(D), the function uf € H(} (D) that solves eq. (2.1)
converges

u® — u® weakly in Hé (D),

where u° is the unique solution of the homogenised problem

(2.3)

-V-(a®x)Vu®)=f inD,
u’=0 ondD.

We will use the following notation to express the G-convergence to a° of a sequence {a*} .
G
a-—a.
In Theorem 2.2 some of the properties satisfied by G-converging sequences are listed.

Theorem 2.2 ([45]). The following properties hold true:

i) (uniqueness) The G-limit of a G-converging sequence {ag}‘€ c M (a, B, D) is unique.
ii) (L? convergence) If{a*}, c M (a, B, D) and a* — a® strongly in (L? (D))dXd, then at S a°.

iii) (compactness) Let {ae } : C M (a,B,D). Then, there exist a G-converging subsequence
EJ
{a }5/.

iv) A sequence {a‘}, c .4 (a,B,D) G-converges if and only if all its G-converging subse-
quences have the same limit.
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v) Let {af}g c . (@, B, D) be a G-converging sequence to a’ € ./ («, B, D). Then

atvut — a®vul in (L2 (D))d. (2.4)

Remark 2.3. It is quite interesting to interpret the G-convergence in terms of convergence of
inverse of elliptic operators. Let

A%, A°: Hy (D) — H Y(D)
be the elliptic operators defined by:
Av=-V-(a*(0)Vv), and A’v=-V-(a(x)Vv),

foranyve H& (D). Then, the G-convergence of the sequence {a*} ¢ IS equivalent to the conver-
gence of (A°)™! f in the H(} (D)-weak topology, for any f € H™1(D):

(A5 F = (A% weakly in HY (D).

The compactness results of (2.2) guarantees the existence of a homogenized equation for
some subsequence {ag/} - Without further assumptions, the G-limit may fail to be unique
for different subsequenc%s and the homogenized equation is not uniquely defined. Even
when the full sequence {a‘}_ G-converges, a closed form for the homogenized tensor is not
available, in general.

Taking further structural assumptions on the tensor a®(-) allows to prove the uniqueness
of the homogenized equation and provides a explicit form for a°. The simplest non-trivial
example is when af (x) = a(x/¢) is Y -periodic over some parallelepiped Y < R?. Under these
assumptions, the homogenized limit is a constant matrix. The same results hold true when
a(-) is quasi-periodic or a stationary ergodic random tensor field. These are simplification
of coefficients of practical interest. For example one may be interested in the asymptotic
behaviour of locally periodic coefficients with multiple scales:a® (x) = a (x, r’(‘g), e ?"(5)), with
lime; =0and lim &2 =0

e—0 €

e—0 i

In this thesis, we make the assumption of single scale oscillations of the original tensor: There
exist a € .4 (a, B) such that

@ (x) = a(g) 2.5)

Two classes of tensors are considered: periodic and stationary ergodic. The results derived for
periodic tensors are described in Chapters 4 and 5, while those for stationary ergodic random
fields are reported in Chapters 6 and 7.
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2.1.1 Periodic homogenization

Here, we briefly recall the convergence result for periodic homogenization. Let us assume that
the multiscale tensor can be written as

at(x) =a(x/e),

where a € 4 (a, ) is Y-periodic over the parallelepiped Y = Hﬁ [0,1;). Then, the corrector
problen:
-V-(a(y)-(Vy'+e;))=0 onYy,

_ , (2.6)
x'is Y-periodic Jyxi=0

has a unique solution y’ € W’;er (Y) and it satisfies
i <L jae; 2.7
| * Wier (Y) a llae;ll 2y 2.7

The homogenized coefficient is computed as:
0 ._ . Jie: - e Jte;
a;;:= ][ e;-a(y) (V)( +e]) dy—][ (V}( +e,)-a(y) (V}( +e]) dy, (2.8)
Y Y

where the second inequality follows from the weak formulation of (2.6). By definition, the
homogenized tensor is constant in space. Then, it is possible to prove that

u® — u’, weaklyin Hy(D), and a‘(x)Vu® — a’Vu’, weaklyin (L (D))d,

where 1 is the weak solution of the homogenized equation (2.3), see [31, 45, 101].

2.1.2 Stochastic homogenization

The homogenization of stochastic fields concerns the study of (2.1) when af is the realization of
arandom field. This research question was first addressed by [123, 104]. Standard assumptions
in this context are the statistical stationarity and ergodicity of the random field a®. Besides
providing a setting for proving the existence of the corrector function, stationarity implies that
the homogenized coefficients are constant. The assumption of ergodicity, instead, implies the
homogenized coefficients to be deterministic. In this setting, the corrector problem is similar
the one of the periodic case eq. (2.6), but it is posed on the whole space:

—V-(a(y,w)-(V)(i+ei)) =0 onRY 2.9)

where we included the variable w € Q, the probability space. It is possible to prove that
the corrector functions y’ are uniquely defined up to an additive constant and that Vy' is a

10
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stationary random field. The homogenized coefficients are computed as
a?j =E [ei -a(:) (V)(j +ej)] :][ e -a(y,w) (V)(j +e]~) ay, (2.10)
Rd

where the second equation follows from assumption of ergodicity. If the ergodicity condition
is dropped, the homogenized coefficients are measurable with respect to the sub-o-algebra of
invariant sets:

a(i)j =E [ei ~a(-) (V}(j +e]-)‘<%,w] .

A more complete description of stochastic homogenization is postponed to Chapter 6.

2.2 Overview of multiscale numerical methods

In this section we give a general introduction to multiscale numerical methods and briefly
describe some of them. A more detailed description of the Finite Elements Heterogeneous
Multiscale Method (FE-HMM) is given in Section 2.3 with the aim of introducing the main
results of FE-HMM in Section 2.3.1 and a description of the resonance error in Section 2.3.2.

In Chapter 1, we anticipated that the aim of multiscale numerical methods is to solve multi-
scale problem with a number of degrees of freedom that is not constrained by the size of the
fine scale heterogeneities. Multiscale problem can be written in general mathematical terms
as

LEut =¥, (2.11)

where £°¢ is the multiscale operator, u° the solution and f represents the forcing term. The
above representation can be thought as a generalization of the model problem (2.1). The
superscript € is a small parameter denoting the size of small scale heterogeneities.

Standard numerical methods may not be applicable to solve this kind of problems. For
example, the Finite Element Method (FEM) is not robust when used to discretize problems
with rough coefficients, [28], as the numerical error between the true and the numerical
solutions does converge to 0 only if the meshsize is sufficiently small, i.e. if H < €. For small
values of g, the condition H < € can only be satisfied with a huge number of degrees of freedom,
that eventually blows up as € — 0, thus making the computation unfeasible. On the other hand,
most of the degrees of freedom are used to resolve the small scale features of the problem,
while we are mostly interested in understanding the macroscopic behaviour, which would
require far less degrees of freedom for problems with homogeneous coefficients.

Multiscale methods aim to propose a strategy to find a solution to eq. (2.11) such that the
convergence results still hold true, without the constraint on the meshsize. So, the goal is to
find a discrete operator £y which is able to capture the large scale behaviour, i.e. such that
the solution uy of

ZLyuy = fu,

11
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converges to the leading order approximation of the multiscale solution u*.

The operator £¢ can be any operator with heterogeneous coefficients. In order to fix ideas,
we consider the second order elliptic operator

FLfv=-V(a*x)Vv).

In this case, the multiscale method will aim to approximate the homogenized operator £°
defined by
Lv=-V(ax)Vv),

where a° is the H-limit of the sequence {a‘},.

A common ingredient of multiscale numerical methods is the need for solving a set of lo-
cal microscale problems in order to extract the microscopic information and pass it to the
macroscale model. As we will see, this implies using artificial conditions at the boundaries of
the microscopic domains. These boundary conditions eventually worsen the overall accuracy
of multiscale methods and improved methodologies with reduced boundary errors are needed
in computations.

Generalised Finite Elements Method (GFEM)

The Generalised Finite Element Method (GFEM) addresses multiscale problems by assembling
the stiffness matrix in a way that takes into account the small scale information. The method
was first proposed in [28] for one dimensional problems, and further elaborated in [23, 24,
25, 26, 27, 130]. The strategy of the method is to partition the computational domain D into
sub-domains D;’s and to introduce local approximation spaces V; in which local solutions
are looked for. The global solution is then sought in the global space S, obtained by “pasting
together” the local spaces V;’s by means of a partition of unity {¢ f}j (in fact, this method is
referred to also as partition of unity method) over the sub-domains D ;. This approach offers a
generalisation of FEM (hence the name) and it is possible to choose the sub-domains and the
local spaces in a way to recover the standard global Finite Elements (FE) space.

The method was originally proposed to solve problems with perforated materials or crack
dynamics, but it was also successfully applied to other multiscale problems.

The Variational Multiscale Method (VMM)

The Variational Multiscale Method (VMM) was proposed in [99, 100] and it is based on a de-
composition of the solution into two terms, u = ugy + t’, the former can be treated numerically
while the latter accounts for all the sub-grid effects and must be modelled. In the same spirit,
the trial space V is decomposed into a finite dimensional space V and a residual space V'
such that

V=VyeV.

12
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One can seek the solution by solving the variational problems: Find uy € Vg and u’ € V' such
that

B(ug+u',vy)=(f,va), VYvweVy, (2.12)
Blug+u',v)=(fv), VeV, (2.13)

where the bilinear from B : V x V is defined as
B(u,v) :2/ Vv-at(x)Vudx.
D

Re-writing eq. (2.13) as
B, V)= (f,v") - Bup,v") = (f — L upn, v,

one can write formally v’ = M(f — £“uy), where M is a bounded linear operator on V'
obtained by restricting f — %£“upy to V', to obtain a variational problem in Vi;:

B(ug,vy) + BIM(f — £fup),vy) = (f,vy) VYvge Vg

For an actual numerical solution, the operator M has to be approximated and localized. The
VMM is equivalent to the residual-free bubble method, as proved in [37].

The Equation-Free Method (EFM)

The equation—free method (EFM) was proposed in [103] as a mean to solve multiscale evo-
lution problems with scale separation and unknown macroscopic model. This method was
conceived in the context of computational chemistry, in which models describing the evo-
lution of the system for short times are available, but running such models for long time
horizons and large domains (which is in the interest of researchers) is not possible due to the
large computational cost. EFM by-passes the derivation of an explicit macroscopic model
by exploiting the scale separation, common to many multiscale problems. It is based on
a lift-evolve-restrict procedure, which is used in the HMM as well. In the lifting process, a
microscale initial condition over small scale patches is reconstructed from the macroscale
distribution. The evolution at the microscale is very fast compared to the evolution at the
macroscale and it is denoted as patch dynamics. The microscale system is evolved according
to the known microscale equation until a time horizon much smaller than the time step size
at the macroscale. As a third step, the evolved microscale solution is used to estimate the
time derivative of the macroscopic variables (restriction). Finally, the macroscopic solution
is interpolated in space and extrapolated in time (by means of the Projective Forward Eu-
ler method) to reconstruct it between the patches and advance of a macro time step. The
lift-evolve-restrict procedure and the extrapolation method in time build up a coarse time
stepper.

13
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The equation-free method has some critical issues, as it is pointed out in [56]. Besides be-
ing applicable only to scale-separated systems, it fails to model problems with macroscale
stochastic nature. In fact, in this case the equation-free method is either unable to capture the
right effect or it is as expensive as the standard discretization scheme.

The Multiscale Finite Elements Method (MsFEM)

The Multiscale Finite Elements Method (MsFEM), described in [58], couples the small scale
features with the macroscopic equation by using a finite element basis of multiscale nature,
VII}’“F EM 'in place of the standard Finite Element space. Each basis element of the multiscale
FE space is constructed by solving local boundary value problems posed over each macro-
mesh element, which allows to take into account the effect of microscopic oscillations. For a
given coarse mesh 9, and for each basis element ®;, i = 1,...,ny, of the ny-dimensional
standard FE space Vg, the i-th multiscale FE basis element ®**5M js defined as the solution
of the variational problem: Find ®M¥EM ¢ v, such that ®MFEM| ;7 = &' and

/a(x)Vd)ﬁ.w“FEM-chhdx:O, Yo € Vy,
T

where V}, is a full resolution (high dimensional) finite element space. The values of the standard
finite element basis function on the coarse mesh are used as boundary conditions for the local
problem, which are discretized by a fine scale mesh of size h < €. Then, the solution of the
problem eq. (2.11) is sought into the space VII}“F EM  defined by linear combinations of the
multiscale FE basis functions: Find uy € VI]{VISF EM gych that

B(UH, UH):(f) UH)» VUHEV[{\I/ISFEM'

This method was first proposed in [96] and later analysed in [97, 133]. The MsSFEM allows
to solve multiscale problem with and without scale separation at a cost that is only weakly
dependent on the ratio |Q|/h, since the local computations are totally decoupled and can be
solved in parallel, while the macro-problem has a cost independent of A.

As reported in [96], the main source of error in MSFEM is due to the resonant effect whose
magnitude scales as £/ h. The resonance error can thus be quite large, especially for problems
without scale separation, for which there will always be a value € matching the mesh size h.
This error represents the greatest challenge for MsFEM and numerical upscaling methods. In
order to mitigate this error several techniques based on non-conforming formulations have
been proposed, such as the use of oversampling [60] or a Petrov-Galerkin formulation of the
finite dimensional problem [98].

14
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The Localized Orthogonal Decomposition (LOD)

Localization of elliptic partial differential equations was first proposed in [114], and further
developed in [88], as an approach to reduce the resonance error in multiscale problems
without scale separation.

The method was first proposed for the solving multiscale linear second order PDEs with sym-
metric coefficients. The solution is sought in the full resolution (i.e., very high-dimensional)
finite element space V;, c H 1(D), which is decomposed into the direct sum:

VhZVHGBWh,

where Vy is a coarse finite element space (with which the macroscopic behaviour is captured),
while W}, is the kernel of a Clément-type quasi-interpolation operator Iy : Vy — Vy. The
subspace W}, contains the fine scale features of Vj, which cannot be captured by the coarse
space V. However, the fact that W, is the kernel of an interpolation operator suggests that
the features of the (high dimensional) space W), could be neglected. Consequently, we can
look for a splitting

V= V;In o wy,,

where dim(VIfI’”) = dim (V) and accurate approximations (in the H !_norm) of u¢ can be
found in V/}*. Hence, we look for the orthogonal complement of W}, in Vj, with respect to
the scalar product B (-, ) associated to the elliptic problem. Let Py, be the B (:,-)-orthogonal
projection on Wy, then one can define

Vi = - Pp) (V). (2.14)

In relation with the construction of the multiscale finite element space VII}/I SFEM \yve see that
in the LOD method we take a substantially different approximation space. Indeed, the space
V¥ can be equally defined as the set of solutions ®7;° of

B ((Dgs,(ph) =0 V(ph € Wh-

The support of the functions ®7}° € V¥ is not local, i.e. it may cover the whole compu-
tational domain D, in contrast to the functions <I>f.w SFEM ' \vhich are local by construction.
This represents a problem from the computational point of view, as, in order to compute
a basis for V}J* it would be necessary to solve a full scale problem. A localization (whence,
the name) technique is then used to mitigate this issue: k-th order patches around vertices
x are introduced and denoted by w, . The vector space of localized functions Wy, (wy, ) is
defined for any patch and the local problems are solved on each patch to compute the basis
elements of V;I"ISC Thanks to the exponential decay in space of the difference between the
global and the local solutions, the localization error is negligible, provided that the patches are
sufficiently large. Consequently, the discretization error can be bounded by the macro-mesh
size H independently of the small scale oscillations.

15
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A discussion of the LOD method in comparison to MSFEM can be found in [90] and an exten-
sion to the semi-linear case in [89]. In [66] the authors describe in details how to practically
implement the LOD method. Like the MsFEM, the LOD method is more suitable for problems
without scale separation. The reason is that each local problem is solved over a domain of size
H with a mesh size h < e. Therefore, there are O ((H/ h)d) >0 ((H/ s)d) degrees of freedom,
per local problem. In the regime for € — 0 the number of local degrees of freedom blows up
and the computation becomes unfeasible.

2.3 TheFinite Elements Heterogeneous Multiscale Method (FE-HMM)

The Heterogeneous Multiscale Method (HMM) is a general framework for designing multiscale
algorithms for both ODEs with multiple time scales and PDEs with rough coefficients [54].
In this thesis, we will focus on applying the HMM to the solution of elliptic PDEs for which
both the micro- and the macro-models are discretized by the FEM. This case is analysed by
the Finite Elements Heterogeneous Multiscale Method (FE-HMM) [2, 14, 54, 55] which was
developed for solving general multiscale problems, for which the G-limit of the fast oscillating
tensor is not known a priori. Extension to the finite difference method [11], elasticity problems
[3], parabolic problems [116, 15] and wave propagation [12, 62, 63] exist in literature. The algo-
rithm may be used to solve problems with scale separation where the macroscopic model and
the microscopic may be of different nature. In this section we describe the main ingredients
of the methods in order to fix the notation and provide the mathematical framework to study
the resonance error.

As the equation-free method, HMM is based on a “reconstruction-compression” paradigm
(called “lifting-restriction” in the equation-free method) and it uses the microscale model
throughout the computation, while other methods such as the VMM use it only to derive the
macroscopic model. Contrarily to other approaches such as the sequential coupling, FE-HMM
allows to derive a priori and a posteriori error estimate of the overall discretization, that also
depend on the accuracy of the reconstruction of the effective operator £°.

In this description we will consider as model problem the weak form of the elliptic equation
eg. (2.1) which is: Find uf € H& (D) such that

B(u®,v) :=/Vv-ae(x)Vude:(f,v)H_l(D)yHé(D), Yve Hy(D).
D

The FE-HMM is composed of two main ingredients: a macro and a micro finite elements
spaces, which are linked through the HMM bilinear form By (-, ) of eq. (2.18).
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Macro Finite Element Space

Let us consider a macroscopic partition 9y of the computational domain D and a finite
element space VP (D,9y) on Iy

VP(D,Tw) = {u € Hy (D) : u”|p € %" (E),YE € Ty}, (2.15)

where ZP (E) is the space of polynomials of total (resp. maximum) degree p over simplicial
(resp. rectangular) elements of . The size H of the macroscopic partition 9 can be chosen
arbitrarily and it is not constrained by the scale of heterogeneities. For any element E € 97, we
consider an index set J, a set of point {x j}je ; © E and weight {w f}j ¢j € (0,+00) constituting a
quadrature formula (QF) {x 0 j} jeJ that exactly integrates polynomials in £ (E) and satisfies
the following conditions:

* Coercivity condition. Using a QF to compute the bilinear form eq. (2.18) does not
guarantee that the coercivity condition is satisfied. Thus, we require that

/Y w;|Vp(xj)| isanorm on the finite dimensional space 27 (E)/%°(E). (2.16)
jeJ

This property holds if the nodes {x j} e

jeJ contain an unisolvent set for the derivatives of

the considered polynomial set [44].

 Approximation condition. Let uy o € VP (D,J}) be the FEM solution of a variational
elliptic problem where the integrals are computed by the numerical QE We will assume
that the QF is chosen such that the standard error estimates for FEM hold. Assuming
enough regularity of the solution u, this reads

|| Uh,QF — Lt”Hl < Chp, Huh,Qp— u||L2 < Chp+1. 2.17)

For p > 1, the condition eq. (2.17) holds true if the QF is exact up to order 2p — 2 (resp.
2p —1) for simplicial (resp. rectangular) elements, while for p = 1 we require the QF to
be exact up to order 1 (resp. 2) for simplicial (resp. rectangular) elements [44].

Next, we consider sampling domains centred at each quadrature point
Ks(xj) = x;+(-8/2,8/2)4,

where d is the dimension and 6 = €. The macroscopic bilinear form is defined:

By (v, w):= ¥ ij][ Vw!-af (Vo] dx, (2.18)
Ks(xj)

Eegy ]
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where the micro function w;?, vj? are defined by the microscale problem eq. (2.23). The FE-

HMM solution of problem eq. (2.1) is u € VP (D, Jy) such that
By (uf,v?) = F(v"), vvHeVvP(D,Iw). (2.19)
The bilinear form By (+,-) is bounded and coercive on V? (D, ) and the functional F(-) is

linear and bounded. Hence, the assumption of the Lax-Milgram theorem as satisfied and the

H

solution " is unique and bounded.

Micro Finite Element Space

Let us define, on each sampling domain, a microscopic partition 97, and a microscopic finite
element space:

SY(Ks(xj),Tp) = {uh € W(Ks(x)): ull, e #(e),Vee ﬂ”h}, (2.20)

where W (K5(x;)) is a Sobolev space whose choice sets the boundary conditions for the cor-
rector problems and thus determines the type of coupling between the micro and the macro
problems. We consider the cases:

W (K5 (x})) = W,,, (Ks(x;)), for periodic boundary conditions, (2.21)
W (Ks(xj)) = Hy (Ks(x;)), for Dirichlet boundary conditions. (2.22)

Other choices for the boundary conditions are possible, but we will focus on these two. The

micro functions are set to satisfy the microscale problem: Find v]’.l such that v]’.l - vﬁnj €
S9(K5(x;),J7) and
/ a* )Vl -Vt dx=0, vz"eS1Ks(x),T), (2.23)
Ks(x;j)
where Uf.’ - is the linear approximation of v* in a neighbourhood of x i
in,j

H

Ulin,j = vH(xj) + (x—xj) -VUH(xj).

A schematic representation of the method is depicted in Figure 2.1, where the red square dots
represent the quadrature points in the macro mesh 9. Around each quadrature point x; a
sampling domain Ks(x;) is defined and discretized by the micro mesh 7.

2.3.1 Afewresults on the a priori error analysis of FE-HMM

Here we recall, without proofs, a few results of the a priori error analysis for FE-HMM. The
numerical error is composed of three terms, respectively accounting for the discretization
error at the macroscale (eprac), the coupling conditions between the two scales (ep;0p) and

18



2.3. The Finite Elements Heterogeneous Multiscale Method (FE-HMM)

I
H - Ks(xj)
n n n x]' I//
n n n I h
TH 1)

Figure 2.1 — Schematic representation of FE-HMM.

the discretization error at the microscale (ep1¢):

|| u’ - uH” =emac temop t+emic,

where ||-|| denotes the H' and L? norms. The second error, ep;op is the resonance error and it
is connected to the reconstruction of the homogenized coefficients!. In order to prove the
error decomposition above, it is sufficient to prove the coercivity of the modified bilinear form
eq. (2.18). Explicit estimates for ey;op and ep¢ are only possible under further assumptions
on the coefficients a?, i.e. local periodicity with macroscopic collocation, [4]. The focus of this
thesis is on the local reconstruction of the homogenized coefficients, so we decided to ignore
the macroscopic variations of the coefficients and only consider the periodic case:

a®(x) = a(x/¢), a€ M (a,P) is K-periodic, (2.24)

where K := [-1/2,1/2]%: However, the upscaling strategies proposed in this thesis can be
exploited in the homogenization of more general coefficients, not only periodic.

We define two “intermediate” solutions u%#

and 2" to split the global error into the three
error terms above. The two intermediate solutions are, respectively, the numerical solution of
the exact homogenized problem eq. (2.3) and the approximate solution obtained by solving
the corrector problem exactly in W(Ks(x;)). Let us define the bilinear form on VP (D,Tg) x

VP (D, Jp) for the homogenised problem eq. (2.3):

Bo (v, w) =Y Y w;a®Vo(x)) - Vw(x)). (2.25)
EeTy jeJ

Ellipticity and boundedness of the G-limit a° and the coercivity condition of the QF imply
coercivity and boundedness of the bilinear form eq. (2.25). Here, any link with a microscale
problem is absent, as we are treating the numerical approximation of the eq. (2.3). The
homogenised tensor is constant, thanks to the assumption in eq. (2.24). Under the sufficient
regularity conditions and accuracy of the quadrature formula we have the classical FEM

I The resonance error is denoted as ej;op in agreement to the notation used in several papers on FE-HMM, e.g.
[4], where this term is called modelling error.
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Chapter 2. Homogenization theory, multiscale methods and the resonance error

convergence result for the homogenized problem:

Proposition 2.4 ([4]). Suppose that u® € HP*Y(D) and let u® € VP (D, Jy) be the solution of
the variational problem: Find u"H e vP (D, T, H) Ssuch that

Bo, (u®f,v) = Fw™), vov e VP (D,Tm). (2.26)

’

Then,

eMAC,H! -= Huo - MO’H”Hl(D) < CHp, eMAC, 2 = ” uO - uO'H”Lz(D) < CHP‘*’I.

The microscopic error accounts for the propagation, at the macroscale, of the corrector
problems’ discretization error, [2]. Let us consider the bilinear form on V” (D, ) x VP (D, 1)
with exact micro solutions:

By (v, w):= Y ij][ a®(x)Vv;j-Vw;dx, (2.27)
EeTyje) I Kslxp)

where vj, w; are the exact solution of eq. (2.23) in the infinite dimensional space W (K5 (x;)).

Coercivity and boundedness of By (-,-) can be proved as for By (:,-), [4]. Hence, the variational
problem: Find afl e VP (D, ) such that

By (a",v") = Fw™), vov e VP (D,gmw), (2.28)

has a unique solution a'!, which is the discrete macro solution with exactly solved micro scale
problem. The micro-error measures the discrepancy between 1/ and ', which uniquely
depends on the discretization error at the microscale.

Proposition 2.5 ([4]). Let u', i € VP (D,9y) be the solutions, respectively, of egs. (2.19)
and (2.28) and based on corrector problems that satisfy the same boundary condition. Ad-
ditionally, suppose that the corrector functions defined in eq. (2.32) satisfy

i q+1,00 . ” a zH < (polal
tp(S’]eW (Ks(x;)), and D Vs 1o (K () <Ce '™,
Then
_H _H h\%4
evic, = @7 —u|| jppy < C e (2.29)

The last error to be estimated is the resonance error, which is defined and bounded in the
following Proposition 2.6. A proof of this result is given in Section 2.3.2 for the periodic case,
and an extension to the locally periodic case is given in Proposition 2.9.

Proposition 2.6 ([4]). Letae W' (R?,R?*%) pe K -periodic. Let u>™ and "' be the solutions
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2.3. The Finite Elements Heterogeneous Multiscale Method (FE-HMM)

of egs. (2.26) and (2.28). Then

0 if6leeNand W(Ks(x)) = Wp,, (Ks(x))),

(2.30)
CE if6le €N and W(Ks(x)) = H} (K5 (x;).

emop = [[u®" - _H”Hl(D) =

2.3.2 Proof of the resonance error bound for periodic tensors

This section is devoted to the proof of the resonance error bound for ey;op. Such an error
arises when the boundary conditions of the micro-problems do not match the values of the
exact solution on the boundary of the sampling domains. The error || a°(x;) - a°| . can only be
estimated in the cases where an exact form of @ is available, for example in the periodic case
which is analysed in this section. Under the periodicity assumption, the resonance error arises
if the boundary conditions of the corrector problems do not fit the periodic settings, e.g. when
Dirichlet boundary conditions are used in problem eq. (2.32). By contrast, if periodic boundary
conditions are considered in eq. (2.32), and ¢ is an integer multiple of €, the homogenized
tensor is reconstructed exactly. In the e-periodic case, we denote the corrector functions as
X 2_ i (x), which solve the problem

/ at(x) (vX§j+ei)-dex=o, Vz € Wpyer (Ke(x;)). (2.31)
Khe (x5) '
We will compare the periodic solution with @5, ; € H& (Ks(x j)) obtained by using homogeneous

Dirichlet boundary conditions.

Before estimating the resonance error, we show that the bilinear form By can be re-interpreted
as a bilinear form at the macroscale (so, it ignores the microscale effects), with modified
coefficients. By linearity, the microscale exact solution v; used in eq. (2.27) can be written as

d ovil
_ o H plin
Vji=Vjtin™* ; ox; Pou
where the local corrector cpgj € W (K5 (x;)) solves
/ a®(x) (V(péj+e,-)-Vzdx=0, Vze W (Ks(xj)). (2.32)
Ks(x;j) ’

If W (K5 (x7)) = Wpe, (K5 (x;)) and 6 = ne, with n €N, then ¢ ,(x) = y ;(x). Thus we have:

By (v, w):= Y ij][ a*(x)Vvj-Vw;dx
Ks(xj)

Eegy je]
d ovi d ow'l.
_ _ £ H Jlin H Jlin g
= Z Zw]][ a (x)V(vj'lin+Z ” (p(s'].)-v(wj_lin+z x Vs i dx
EeTy jej K (xj) i=1 i I=1 l
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d ovtl. ow!.
N N i
=2 2o ) a]x,-m#ﬁg(xqaem(eﬁv"’fﬁ,f)'(e’*v"’é,f) dx
]

Eegyje]  il=1

By the identity V vflin =vvH(x i) and by defining the approximate homogenised matrix at x;,

al(x i), with components
ay; (x;j) ::][ af (x) (ei +V(pgy].)-(el+V(p(l)~yj) dx, (2.33)
Ks(xj)

and the bilinear form By can be rewritten as

By (v",w") =Y Y w;@xpve(x) - vw (x)). (2.34)
EeTy jej
The difference between a° and the true G-limit a° provides a bound for the resonance error
through the following Proposition 2.7.

Proposition 2.7 ([5]). Let u>H and " be, respectively, the solutions of egs. (2.26) and (2.28).
Then
|| uOH L_tH”Hl(D) < sup || do(xj) -d° ||F (2.35)
EEgH
xjeE

where |||  is the Frobenius norm.

Proof. Let w™ := u®" — " From the coercivity of By it follows that there exist ¢ > 0 indepen-
dent of H and ¢ such that

IA

cf u - _H”?JI(D) By (u” —a", w')
- (uO'H, LUH) _ F(wH)
H

B (uO'H,wH)—Bo,H(uO'H,wH).

Il
o

Hence, we conclude that there exists C > 0, independent of H, such that

|BH(L£0’H, LUH) _BO,H(UO'H) wH)'

| —a"| ;ppy<C  sup (2.36)

wHeVr(D,Ty) (L P
We conclude by bounding the right-hand side through

|BH(u0'H,wH)—BO,H(uO’H,wH”= > ij(do(xj)—aO)VuO'H(xj)-VwH(xj)
EEg‘HjE]

< sup | do(xj) -a’ ”F” uO'H”Hl(D) ||wH||H1(D)'
Kegy

XjEK

In conclusion, eq. (2.35) follows from the uniform bound on ||u®"|| ;1 ,, < C|| f| ;-1 given by
the variational problem eq. (2.26). O
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From Proposition 2.7, we see that the resonance error comes from the inaccurate reconstruc-
tion of the homogenized tensor and it is independent of the numerical error at the microscale,
as the analysis is done assuming that the corrector problems are solved exactly. The task is
now to bound the right-hand side of eq. (2.35). This is done by the following statement, already
proved in [55, 5].

Proposition 2.8 ([55, 5]). Let a € WH® (R4, R4*4) be [0,1)9 -periodic, let a° be the G-limit of
a(x/¢), for e — 0 and let a(x;) be given by eq. (2.33) for ¢s j € H, (Ks (x;)) and 6 > €. There
exists a constant C > 0 independent of €,6 such that

sup || @(xj) - a°| . < Cg. (2.37)
EEPIH

x]'EE
Proof. Letus define neN as

. 2| ifsreen,
8_1 iféleeN.

By following a standard procedure to estimate H uf — (uo +e); % )(i)

g e define the bound-
ary layer A := K5 \ Kye and a cut-off function p, € Cj°(Ks) such that

. C
pe(x)=1 in K,,, and ||Vp5||Lm(K§)Sz,

for some C > 0 independent of €. Then, we can define the function 96 =5, Pe Xf.; i solving
the variational problem

/ ag(x)VHé-Vzdx:/ ag(x)V()(éj(l—pg))-Vzdx Vze Hy (Ks(x;)).  (2.38)
Ks(xj) Ks(x;) ’
The Lax-Milgram theorem provides the bound

”veg

whose right-hand side is bounded by using the assumptions on p, and y’ j€ Wb (K5 (x;)):

B i
BG00) - a [v(xi;0-p0)

(K5 (x;))’

Xi

C
+ e ‘
Whe(K)

2 €

)SC|A|1/2|

< HVXé] Xi:j

HV()(;].(I —pg)) 2Ky (%)) ~

(A

From the estimates above and the bound of the volume of the boundary layer |A| = d % |Ksl,

“veg

The difference a, (x;) — a?, is decomposed into two terms, I} and I%. The former stands
for the difference between @5, ; and x% and the latter for the mismatch between the sampling

we deduce that X
< C|Ky|? (g) 2 (2.39)

L2(Ks(x))
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domain and the periodic cell:
-0 0 _q1 , g2
i (xXj) = agp = I+ Ly

Il = ]{( . @ () (ex+ V) (er + Vg ) dx - ]i . a* () (ex + 9 (pexk)) - (e: + ¥ (pet)) dx,

Iizk - ]{(ij) at (%) (ek +V (pgxif)) . (ei +V (pg)(é)) dx— ]{(n at (x) (ek + VXIEC) . (ei + V}(fg) dx.

e (x)

By symmetry of a® and the weak problem eq. (2.38), the term l.lk equals

=1 a@vel-vejdrs f  ato(Vorren) vo)dx
K5 (x)) K5(x;)

[\ J
~~

=0

+][ at(x) (V(p,-+e,-)-V0(')C dx,
Ks(x))

~ )
v~

=0

and it is estimated by the Cauchy-Schwarz inequality and the bound eq. (2.39):

1! |sﬁ;”w9" : <ct, (2.40)
PR ()| 7026 76

The second term, I l.zk is rewritten as

Iizk: m/Aae(x) (ek+V(ng,’.f))-(eﬁV(PaXé)) dx

1 1 / . . ,-
’ - a-(x)|ex+Vy.|-(ei+Vye|dx,
(|K6(xj)| |Kn£(xj)\) Kpe (%)) ( k ) ( )

and it is bounded by using the Cauchy-Schwarz inequality and the fact that y’ € W (K):

2| P _ k . i Al o
i < |Ks (x;)] HekJrv(pEX's) L2(8) el+v(p57(f) LZ(A)+maik
7AY l” H i >
} |Ks ()] ﬁlsslilgd(“c”x oo TIVA L°°(K)) T i -

Since the term inside the parenthesis can be bounded by a constant independent by § and ¢,
we conclude that
€
|I| < Cs, (2.41)

and eq. (2.37) follows from egs. (2.40) and (2.41). O
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So far, we have seen that using Dirichlet BCs in the corrector e-problems for periodic multiscale
coefficients causes a resonance error which decays as €/6. As a matter of fact, the same error
decay holds true if other BCs are used or if the size of the sampling domains does not match
with the period of the coefficients. This result can be extended to the case of locally periodic
coefficients, a®(x) = a(x, x/e) where a(-,-) is Lipschitz continuous in its first argument and
periodic in the second:

Proposition 2.9. Letac W'>(D,L®(K, IR{dXd)) be [0,1)? -periodic in the second variable. Let
u®H and it be the solutions of egs. (2.26) and (2.28). Then

Cé if61e €N and W (K (x})) = Wp,, (K5 (x))),

emop = [ = a"|| i, <
C(5+06) iféle eNand W(Ks(x;))) = Hy (Ks(x;)).

By comparing the error estimates in Propositions 2.6 and 2.9, it can be noticed that approxi-
mating the effective coefficient over a sampling domain of size § has the effect of introducing
an additional error term, which scales as §. However, this term is often negligible with respect
to the £/6 term, thus making the reduction of the latter more crucial.

2.3.3 Reduced basis method for locally periodic coefficients

In connection to the discussion above, we briefly describe here a recently developed strategy
for applying the FE-HMM to problems with locally periodic coefficients. In this case, the micro-
corrector problem should be solved for each quadrature point x;, but this is computationally
very expensive. Such an increase of the computational cost can be avoided by exploiting the
smoothness of a(x, y) with respect to the x-variable and by using the Reduced Basis method
to approximate a°(x i), defined in eq. (2.33), in any arbitrary point x;. Let us assume that the
locally periodic tensor satisfies the affine representation

Q
a(x,y)=)_ 0O4(x)aq(y), (2.42)
=1

where the functions ©,(x) are known and of cheap evaluation and a, € L*®(R**9) are [0,1)9-
periodic. Then, it is possible to compute the a@°(x ) on few locations (the “snapshots” of the
reduced basis method) and to use them to approximate @°(x) on arbitrary locations x. When
the affine decomposition eq. (2.42) is not available, it is possible to approximate it by the
Empirical Interpolation Method (EIM, [30, 113]). The application of the reduced basis method
to the FE-HMM is known as RB-FE-HMM and was first proposed in [10].
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2.4 Theresonance error in FE-HMM and alternative corrector prob-
lems

In Section 2.3 the FE-HMM was discussed and a priori bounds on the approximation errors
were provided. Besides the macro- and micro-errors ,which are due to numerical approx-
imations, the FE-HMM suffers from the resonance error, which comes from the coupling
conditions between the micro- and the macroscales. In particular, the resonance error has
two sources: the mismatching BCs used in the corrector problems and the wrong size of
the sampling domains. We have discussed this error in the FE-HMM framework, but other
multiscale numerical methods show a similar error due to mismatching coupling conditions
between the micro and the macro scales. In the context of the MSFEM, a priori error estimates
are derived in [96, 97].

Under the assumption of periodicity of the coefficients, the resonance error vanishes only
if the corrector problems are solved with periodic boundary conditions on the periodic cell.
When the period of the microstructure is not known exactly and the sampling domains of
size 6 are used to reconstruct it, the resonance error has a magnitude proportional to £/6.
If the periodicity assumption is relaxed, e.g. if a is random stationary ergodic or quasi-
periodic tensor, or in the case of non-linear models, it is not possible to reconstruct exactly the
homogenized coefficients a’, due to the lack of computable microscale models. For example,
if a is a stationary ergodic random field, a° exists but one should solve and average an auxiliary
model over the whole R? in order to evaluate a’. Therefore, the resonance error for non
periodic micro structures is not avoidable. Moreover, there are cases for which the resonant
effect is even worse than the estimate provided in Proposition 2.6. For example, for stationary
ergodic random coefficient, the resonance error scales as (¢/6)", where r depends on the
dimension, but is in general r < 1, [55].

From a computational point of view, the first order decay rate of the error is the efficiency
and accuracy bottleneck of numerical upscaling schemes. Indeed, while the micro and macro
discretization errors can be reduced by simultaneous refinement of the micro and macro
meshes, [2], or by increment of the FE order at both the macro and the micro scales, the
only available strategy to reduce the resonance error is to increase the size of the sampling
domains Ks. This approach is computationally inefficient, as the numerical cost increases as
59, while the error decays as 6", with r < 1 < d, for possibly every quadrature point in the
macro mesh. Hence, in order to reduce the resonance error down to practically reasonable
accuracies, one needs to solve the corrector problem eq. (2.23) over “large” (6/¢ > 1) sampling
domains Kjs. This inefficiency triggered the birth and development of a number of numerical
methodologies aiming at improving the resonance error convergence rate, in order to reduce
it under acceptable accuracies without substantial enlargement of the sampling domains K.
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2.4.1 Existing approaches for reducing the resonance error

Over the last two decades, several interesting approaches have been proposed to reduce the
resonance error. It is worth mentioning that the improvement of the resonance error decay
is an active subject of research in the MsFEM framework, too. Several strategies have been
proposed in this context, such as oversampling [97, 90], Petrov—Galerkin approach [98] and
the Localized Orthogonal Decomposition (LOD) [88, 89, 114, 66]. They are mostly based on
the choice of the FE spaces at the micro scale.

Most of the techniques proposed in the FE-HMM framework rely on modified microscale
models to achieve better accuracies in the estimation of the homogenized coefficients. Some
of these approaches are described below.

From now on, we will use the notation of the rescaled corrector problems, consistently to what
is done in the next chapters and several of the works cited below. Hence, we will not consider
the corrector problem

-Vv. (ag(x) (V(,ofs + ei)) =0 onKj;,

but its e-rescaled version:
—v-(a(y) (vxg+e,~)) -0 onKg, (2.43)

where we have used the rescaling

=z i()—l L(x) andR—g
J’—E, XRJ’—E% ) =

Oversampling and filtering

The first attempt to improve the convergence rate was by modifying the averaging formula
eq. (2.33). In oversampling, the microscopic corrector problem eq. (2.23) is solved over the cell
Kg, while the computation of the homogenized coefficient takes place in an interior domain
KL c KRZ

—Y~(a(y) (Vah+e;))=0 onKg (2.40)
7(;? =0 on 0Kg,

O,RL ._ ) J .
a;; "= /KLe,-a(y) (V}(R+e]),uL(y)dy, (2.45)

where p; is a smooth function of mass one and supported on Kj (the filter). Another at-
tempt is based on exploring the combined effect of oversampling and imposing different BCs
(Dirichlet, Neumann and periodic) in eq. (2.23), see [134]. It has been found that periodic
BCs perform better than the other two. Moreover, the Dirichlet BCs tend to overestimate the
effective coefficients, while Neumann BCs underestimate them. The use of these strategies
becomes questionable if one is interested in practically relevant error tolerances, since there
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is still a need for substantially enlarging the computational domain K to reach a satisfactory
accuracy. Additionally, the weighted averaging of the fluxes is compared with the standard
geometric average of eq. (2.33): thought the weighted average (filtering), does not improve the
convergence rate, it reduces the prefactor in the a priori bound for the resonance error.

Filtered corrector problems

As it was remarked above, the resonance error is due to two factors: mismatch in the boundary
conditions of the corrector problems and the true solution, and the averaging over a bounded
domain. In order to address these issues, a filtered corrector problem to approximate the
homogenized limit of (non-)periodic coefficients was proposed, [33]:

=V-[(ay (VX}.{ +e;)+A)ur()] =0 onKg

. (2.46)
Ji, VXRH=0,

where p,A € R? and p is a filter, a class of functions defined later. The Lagrange multiplier
A allows us to solve eq. (2.46) without imposing any boundary condition. Indeed, it is not
difficult to prove that eq. (2.46) is well posed in the quotient space (following the notation of
33]) H}(Kr)/ R, where

Li(KR) = {u : Kr — R, measurable, /
Kr

d
H\(Kp) = {u € I2(Kp), Vue (Li(KR)) }

u2p < oo}, and

By-passing the use of boundary conditions to solve the corrector problems allows us to get rid
of the first source of the resonance error.

The homogenized coefficients are then approximated by

a?}R::/ (Vxﬁﬁei)-a(y)(VX£+ej),uR(y)dy

Ky . (2.47)

=/ ei-a(y)(Vx§+ej)uR(y)dy-
Kr

The filter ug is used here in order to address the second source of error, i.e. the averaging
over a “wrong” domain. Filters are a class of compact support functions with unit mass, g-th
order regularity up to the boundary and vanishing derivatives up to the order g — 1. This
class of function is a powerful tool to average periodic and quasi-periodic functions, as it
is shown in [39, 40] and in Definition 3.7. Indeed, they allow to approximate the average
of (quasi-)periodic functions with accuracy R™7: Let us consider a quasi-periodic function
f:R%— R and let us define

(f):= lim f(y) ay,
R—o00 KR

28



2.4. The resonance error in FE-HMM and alternative corrector problems

then, there exists C > 0 independent of  such that

f(y)prdy—(f>|<CR™1. (2.48)
Kr

This approach is analysed in [33]. The resonance error |a®® — a°| decays as R~ for one
dimensional, periodic coefficients. By using the multiscale expansion ansatz, a second order
convergence rate R~2 is shown in higher dimension, independently of the order of the filter.
Numerical simulations demonstrate the optimality of the second order rate in dimension
d>1.

An elliptic model with zero-th order term

Another promising strategy is to use an elliptic corrector problem with a small (i.e., converging
to zero) zero-th order regularization term, [78]:

%XiT,R_v'(“(J’) (V}(’.T’R+e,-)) =0on Kg, (2.49)

with suitable boundary conditions to ensure well posedness. This problem is widely used in
stochastic homogenization to prove existence of the corrector functions. In the non-stochastic
case, the cell problem eq. (2.49) allows to reduce the effect that mismatching boundary
conditions have on the values of the solution inside the domain. Indeed, the exponential
decay of the Green’s function for eq. (2.49) entails exponentially fast decay of the boundary
error. The homogenized coefficients are then computed by using the filters of eq. (2.47),
rescaled in order to be supported on the smaller domain K; < K:

a?}R’L'Tzz/ (Vx”T)R+ei)-a(y) (VXJ}_RH]')LLL(J/) dy (2.50)
Kg

This method suffers from a bias (or systematic error) due to added regularization term, which
limits the convergence rate to fourth order. The error bound for this approach is

ORLT _ 0 g1, -2 pl/4 _ IR-1]
a;; aij|sC(L +T°+T exp( c ek (2.51)

If an high order filter (¢ > 3) is chosen and the condition L > v/T holds, then, by choosing

R=3L/2, T=1ILlog(L)™*

?}R'L’T -al ].| < CR™*(logR)®. Numerical simulations in [78] show that the method

requires very large values of R to achieve the optimal fourth order asymptotic rate.

we have |a

In [79], Richardson extrapolation is used to increase the convergence rate to higher orders at
the expense of solving the corrector problem several times with different regularization terms.
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The Richardson iterates are defined by

1
XT,Rk+1= YT (zk)czT,R,k - XT,R,K) .

If the k-th iterate is used in eq. (2.51) to compute the approximate homogenized tensor, the
error bound improves to

ORLT _ 0 —g-1, -2k , 71/4 _IR-1I]
a;; a;; SC(L +T"+T exp( CW .

This last error bound allows to reach arbitrary high convergence rate in the asymptotic regime
R — oo.

The wave equation approach

An interesting idea to cancel the error due to mismatching boundary condition in the cell
problem is proposed in [16, 18]. Here, a second order hyperbolic equation on Kz x (-T/2, T/2)
is solved:

0uxr—V-(a(y) (Vah+e;))=0 inKgx(-T/2,T/2),

Xe=0, in Kz x 0, (2.52)

at)(;'?:O, in Kg %0,

with suitable boundary conditions. The rationale behind this approach is that the boundary
conditions do not affect the solution in any interior subdomain sufficiently far from the
boundary, because of the finite speed of wave propagation. The approximation of a° is
computed by averaging over a subdomain Ky x (=T, T):

T/2
a?}.Rz/ / e;-a‘(y) (V)dptej),uL(y)dyuT(t)dt, (2.53)
-Ti2JK;

where the filtering function u;, and pr belong to the same class of filters used in the sections
above. The choices T = L and L < R— T+/||lall;~ ensure that the boundary conditions do
not pollute the solution in the averaging domain K;. The only error present in the upscaling
algorithm is thus the one connected to the averaging which, by the periodicity of a®, decays as
L™97!, Hence, this method provides an arbitrary rate of accuracy in approximating the G-limit
of periodic media. However, there are a few computational challenges with this method:

¢ the spatial domain size increases linearly with the wave speed;

¢ the solution of the wave equation depends on time, and therefore additional degrees of
freedom are needed to approximate the cell-solution;

e practically, accurate approximations of solutions of the wave equation require high
resolutions per-wavelength, which makes the method less efficient (when compared to
solving an elliptic cell-problem).
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The embedded method

An embedded corrector problem is proposed in [41, 42]. The original tensor a(-) is replaced in
the (infinite) sampling domains by agr(-) defined as

a(y) YeKpg,

ar(y) =+ _ 4
a vy €R*\Kp,

where a € R7*4

coefficients. The embedded corrector problem is

is an a priori unknown constant matrix approximating the homogenized

-V (ary) (xr+¢) =0 ing'(RY). (2.54)

The solution yr to the corrector problem eq. (2.54) can be used to define consistent approxi-
mations of a°. Let us define the vector space

7 ::{veLioc(Rd),vVe (LZ(Rd))d,/Kszo}.

The differential equation eq. (2.54) is the Euler-Lagrange equation for the minimization
problem: Find _#,(a) € R such that

Fp(@) := min (Vv+&-a*(y) Vv+&) dy

vel 2|KR| Kz

+

1
Vv-aVvdy- —/ n-aévdo(y). (2.55)
2|KR| RY\Kg Y |KR| 0Kg d
Next, by linearity of the mapping ¢ — x‘; we know that there exists a matrix G(a) € R%*¢ such
that )
Ef'G(d)f = Ip(@).

The following three approximations of a’ are proposed:

aYf = argmaxTr(G(@), ay®=G@d"), ad*=Gay".
ac (a,p)

Then, it can be proved that a?’R, ag’R — a° as R — oo and that there exist a subsequence

{ag’R"}k such that ag’Rk — a°. The embedded method shows a first order convergence rate for

a(l)’R and a second order of convergence rate for ag’R and ag'R , with respect to the modelling

parameter R.

An iterative method

A new method for efficient computation of the homogenized coefficients was developed in
[119]. The method was originally proposed for the homogenization of stochastic coefficients
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Chapter 2. Homogenization theory, multiscale methods and the resonance error

on random networks and later adapted to the continuous case in [87]. The main goal is
not to provide better convergence rates of the resonance error but, rather, to propose an
iterative scheme to reconstruct the homogenized coefficients and to derive estimates for the
error introduced by the finite number of iterations. Nevertheless, we think that it is worth
to mention this method in this section, as the corrector problems proposed in Chapter 4 are
based on it.

This iterative approach can be seen as the backward Euler discretization in time of the
parabolic operator 9; — V- (aV), where the spatial differential operators are to be meant in a
discrete settings. The first element of the iterative scheme is y_; = V- (a(y)¢), and the k-th
iteration, for k < n, is defined by solving

25—V (ayVyr) =2y inZ (2.56)

By using the properties of the Green’s function, it is possible to prove that the correctors solving
eq. (2.56) can be approximated within an exponentially decaying error by the bounded domain
solutions
2 xre =V (@Vark) =2 i1 inKg,,
Xrk=0 on d0Kp,,

(2.57)

so that the boundary error is negligible compared to the systematic and statistical errors.
These two errors are due to:

¢ the use of a model with the addition of a zero-th order term, and

¢ the computation of the homogenized tensor by averaging over bounded domains:

n
E-a®Rlng .= 4 oaEdy+ ) 2’“][ Xe1Xk+ X5 dy. (2.58)
K, k=0 Ky

In egs. (2.57) and (2.58) we have defined

Lp=2""0G9% and Ry=Li+C(1+n)2s.

In this case, the mean square resonance error is bounded by

1 _d
Elle: (@ - a®®Emel|* < cLy®. (2.59)
2.4.2 Conclusion

As discussed above, many approaches to reconstruct the homogenized coefficients with
reduced resonance error have been proposed in the past years. Some of these methods could
only achieve a reduction of the prefactor in the error bounds, while others improved the speed
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2.4. The resonance error in FE-HMM and alternative corrector problems

of convergence with respect to the size of the sampling domain. High convergence rates for
the resonance error will allow to estimate the homogenized coefficients with better accuracy
and reduced computational cost, thus being valuable for simulating multiscale materials.
However, some of the proposed strategies have limited orders of convergence or the error
decays at the expected rate only in the asymptotic regime, i.e. for sufficiently large values of R.
This motivated us to carry out the research exposed in this thesis.
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8] New parabolic and modified elliptic
corrector problems

Let us consider the second order elliptic equation:

~V(a*(x)Vué) = f inDcR?,
ut =0 on oD,

(3.1

where the tensor a® oscillates at the small scale, denoted by ¢ < 1. The macroscopic behaviour
of this equation is approximated by solving the homogenized problem:

-V (a®x)Vu®)=f inDcRY,
u’=0 on dD.

In general, the homogenized matrix a’ cannot be computed in closed form, thus multiscale
numerical methods are used to approximate it by solving auxiliary equations at the microscale.
However, such methods are affected by the resonance error which strongly limits the accuracy
of multiscale simulations. In the FE-HMM context, the resonance error depends on the size of
the sampling domains and the imposed boundary conditions (BCs) in the corrector problems.
Letting R denote the size of the sampling domain, the resonance error for periodic coefficients
decays as R™1, as proved in Section 2.3.2. Thus, the objective of many alternative corrector
problems, as those presented in Section 2.4.1, is to approximate the correct homogenized
coefficients within an improved decay of the resonance error. In this chapter, we present
two novel methods for computing the effective parameters of linear second order elliptic
PDEs with fast oscillating coefficients. The main advantage of the two methods is that their
resonance error decays with arbitrary rates of convergence.

Outline

First of all, we prove an equivalence result between the periodic elliptic correctors and the
solutions of parabolic PDEs with periodic boundary conditions. This is a fundamental result
that will be used to derive the two new schemes, as well as in the a priori error analysis. A
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Chapter 3. New parabolic and modified elliptic corrector problems

proofis given in Section 3.1.

The first upscaling method is described in Section 3.2. It relies on the solution of parabolic
problems at the microscale, which was already proved to be successful in the context of
stochastic homogenization over discrete networks, [119]. The advantage of using parabolic
corrector problems is that the correctors are minimally affected by mismatching boundary
conditions, thanks to the exponential decay of the Green’s function. This allows to prove that
the convergence rate of the resonance error for this model is arbitrarily high, as it will be
proven in Chapter 4.

As a second step, we derive a modified elliptic corrector problem as the time integral of the
parabolic one in Section 3.3. The integration in time of the parabolic correctors brings a
new term in the right-hand side of the elliptic corrector problem, so we will denote it as the
“modified elliptic” approach. The connection with the parabolic problem allows to transfer
many of its properties to the elliptic problem, for example the exponential decay of the error
due to mismatching boundary conditions. Hence, we can achieve arbitrarily high convergence
rates, as for the parabolic case. The proof of the convergence rate for this method is postponed
to Chapter 5.

The content of this chapter is based on [6].

3.1 Equivalence between the parabolic and the standard elliptic prob-
lems in the periodic setting

In this section, we discuss an approach to compute a° based on parabolic auxiliary problems
and prove its equivalence to the use of periodic correctors. This will allow to derive two
corrector problems suitable for the computation of effective coefficients under more general
assumptions. Let us assume that the multiscale tensor a® satisfies:

i) a®(x) =a(x/e), forae 4 (a, B);

ii) a(-) is K-periodic, with K :=[-1/2, 1/214.

Under assumptions i) and ii), the exact homogenized tensor can be computed as
a?j = ]iei -a(x) (V)(j +ej) dx, 3.2)
where the corrector functions y’ solve the periodic auxiliary problems of Section 2.1.1:

-V-(a(x)(Vx'+e;))=0 inK 53
x! is K-periodic, Jex'=o. .
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3.1. Equivalence between the parabolic and the standard elliptic problems in the
periodic setting

By symmetry of a and the weak form of eq. (3.3), a° is equivalently computed as

aj; = ]i“ij(x) dx—]ivxi'ﬂ(x)vxj dx, (3.4)

where second term of eq. (3.4) is denoted as correction term.

Let us introduce the following parabolic problem with periodic boundary conditions

61)" i .

E—V-(a(x)Vv):O in K x (0, +o0)

vi(, 1) K-periodic,Vt=0 3.5)
vi(x,0)=V- (a(x)e;) in K.

The solution of eq. (3.5) is well-posed in the space L? ([0, +00), Wy, (K)) NC ([0, +00), L3(K)).

Proposition 3.1. Leta€ 4 (a,B) be K-periodic andV - (a(x)e;) € L(z) (K). Then, eq. (3.5) has a
unique weak solution v' such that

vl € 12([0,+00), W, (KD),0,0" € 12 ([0, +00), Wi,., (K)').

It follows that vieC ([0, +00), L% (K)), and there exist constants C > 0 such that the following
bounds hold true:

|

Moreover, v' is Holder continuous in K x (0, +00).

i i

<ClIV-(a(x)e)ll 2k - (3.6)

+
L ([0,+00),L2(K)) | 12(10,400), W, (K))

Here, the space Wr}er(K)’ is the dual space of WI}e, (K) (a characterization of this space can be
found in [45]). Next, we prove that ab, defined as in eq. (3.4), can be equivalently computed
through the solutions v;’s.

Theorem 3.2. Let a(-) € 4 (a, B) be K -periodic, vieC ([O, +00), L% (K)) be the weak solution of
eq. (3.5) and y' € W;er (K) be the weak solution of eq. (3.3). Then, for1 < i, j <d, the following
identities hold

+00

1= / Vi, 0dt  in Wy, (K), 3.7
1 . ’ , e ~
2 / Vx'(x0)-a(x)Vy! (x)dx = / / v (x, v (x, dxdr. (3.8)
2 K 0 K

Proof. We reformulate problem (3.11) as the abstract Cauchy problem in L(Z) (K)

dv'
dt
v'(0)=g', g'(x)=V-(a(x)e;) in Li(K).

+AV =0
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Chapter 3. New parabolic and modified elliptic corrector problems

Here, the operator A : Wr}er (K) — W;er (K)' is defined as Av := =V - (aVv). Then, vi(t) =
tAgl We know that o(A), the spectrum of A, is contained in an open sectorial domain
a+Sy, where a € R, @ >0and

Sw:{zeC: |argz| <w,0<w< z}.
2
Then, the Dunford integral representation

1
e M= — [ e izI- A dz
2

holds, where I' is an infinite curve lying in p(A) := C\ o (A) and surrounding o (A) counterclock-
wise. Then, integrating in time we obtain

+00 . +00 1 .
/ v’(t)dt=/ —,/e‘fz(zl—A)‘lg’dzdt
0 2mi
+00
e PdtzI-A)7"g'd
2711// (z ) g dz

= (z[ A lgldz=A""g"
Zm rz

The first equality is given by the Dunford integral formula. The second equality is obtained
by Fubini’s theorem. The third equality is true because the double integral is bounded,
lim;_. o, e~ ' =0 since Re(z) >0 on I'. The last equality follows from the fact that the function
f(z) =1/zis holomorphic in the interior of a + S,,. Since A is an isomorphism and )(i is the
weak solution of Ay’ = g/, we have that A~'g’ = y’ and (3.7) is proved.

To prove (3.8), we write the weak formulation of (3.3) and choose Xj = f0+°° vl dt as test
function:

vyl . Vyidy=|(V-(ae;),y’
/KR x' -ax)Vy dy ( (ael)x)Lg(K)

+00 i
— . . J
/0 (V (ae;),v )LS(K) dt

Using the semigroup property of e~*4 and the self-adjointness of A we obtain
i . +00 . N
i X J — i, —tA i
/KVX ) a0y () dy /0 (v (,0), e HApi(, 0))L%(K)dt
+oo A A
:/O (v'¢,00, 6734 vl(-,O))Lg(K) dt
+00 . ) . )
- [ (e o o)
0

L3(K)
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3.2. The parabolic corrector problems

+00 X X
= Yo t12), v (812 dt,
A (Ve vie2),

and conclude the proof by the change of variable ¢/2 — ¢. O

Theorem 3.2 implies that a° can equivalently be computed by using the parabolic correctors
vi’s. Indeed, we can either plug eq. (3.8) into eq. (3.4) or eq. (3.7) into eq. (3.2) to get the
equivalent formulations eq. (3.9) and eq. (3.10).

Corollary 3.3. Leta() € 4 (a, B) be K -periodic. Let v € C (1o, +oo),L% (K)) solve eq. (3.5). Then

+00
a?j =][ a;j(x) dx—z/ ][ vix, vl (x, dxdt, (3.9
K 0 K

+00
a?j:][ei-a(x)(/ Vv/(x,t)dt +e;
K 0

The two formulations, egs. (3.9) and (3.10), will be used in Chapters 4 and 5 to prove a priori

dx. (3.10)

estimates for the resonance error.

3.2 The parabolic corrector problems

In this section we propose a parabolic corrector problem to approximate a°. This approach
does not rely on the periodicity assumption for a(-), thus it is suitable for a very general classes
of tensors. The parabolic correctors are defined as the solutions ué, i=1,...,d of the following

problems: .
ut .
a—tR—V-(a(x)Vu}e) =0 inKgx (0,+00)
ub=0 on 0Kz x (0, +00) 8.11)
Uup(x,0) = V- (a(x)e;) in Kg,

The well-posedness of eq. (3.11) is well-known (see, e.g., [111]), and is summarized below.

Proposition 3.4. Letac 4 (a,B,Kg) and ae; € Hy;,,(Kg). Then, eq. (3.11) has a unique weak
solution u;'{, such that

uk € L2 ([0, +00), Hy (Kr)), 0tk € L* ([0, +00), H ' (KR)).

It follows that uﬁ? eC ([0, +00), L2(K, R)), and there exists a constant C > 0 such that the following
bound holds true:

|

Moreover, u}‘, is Holder continuous in Kg x (0, +00).

i ul, <CIV-(ate)ll 2k -

+
L>([0,+00),L?(KR)) ) L12([0,+00), Hy (KR))
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Chapter 3. New parabolic and modified elliptic corrector problems

We now describe how the parabolic correctors can be used to approximate the homogenized
tensor. As a first guess, we could replace K with Kz and v’ (x, t) with ufq(x, ) ineq. (3.9) and
define

+00 .
aO'R'R*"O::][ aij(x)dx—2 / ][ uk (x, up(x, 1) dxdt 3.12)
KR 0 KR

as an approximant of a°, but this strategy does not bring any advantage. The reason is that
the use of the parabolic method is equivalent to the standard approach of eq. (2.43), as the
following Proposition 3.5 and Corollary 3.6 show. The proof is essentially identical to the one
of Theorem 3.2 and is thus omitted.

Proposition 3.5. Let a(-) € .4 (a, ), ué € C([0,+00), L*(KR)) be the weak solution of eq. (3.11)
and X;'{ € H(} (KR) be the weak solution of eq. (2.43). Then, for1 < i, j < d, the following identities
hold

) +oo
X%:/ uh(,0dt  in Hy(Kg),
0

1 ) . +00 . .
—/ V)(%(x)-a(x)VXé(x)dx=/ / up(x, t)u{?(x, Hdxdt.
2 J kg 0 Kr

Corollary 3.6. Let a(-) € .4 (a,B) be K-periodic, a®® be defined by (2.45) and a®®*+> pe

defined by (3.12). Then
O RR+00 _ JOR

Hence, using the classical result stated in Section 2.3.2, there exist a constant C > 0 independent

of R such that

C
“0”F—E'

I OB R+oo _

This result implies that the formula (3.12) must be modified in order to achieve higher conver-
gence orders. This is achieved by truncating the time integral at a finite time 7 and employing
the kernel averages of Definition 3.7.

Smooth averaging functions are commonly used to accurately approximate the mean of K-
periodic function f over a larger domain K. Here, we define a class of averaging kernels
(also known as filters) that can be used to approximate a°. Filters have the property of ap-
proximating the average of periodic functions with arbitrary rate of accuracy, as stated in
Lemma 4.3.

Definition 3.7 (Definition 3.1 in [78]). We say that a function i : [-1/2,1/2] — R* belongs to
the spacelK9, g = 1, if:

i) peC9([-1/2,1/2]) n WItLe°((=1/2,1/2));

i) uP(-1/2)=pu®as2)=0,vke{0,...,q-1};
[
m)/ p(y)dy=1.
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3.3. The modified elliptic corrector problems

For g =0, we define € K° as w() =1 -1/2,1/2,, where 1 is the characteristic function on the
interval I.

In dimension d, a q-th order filter uy : Ky c R — R with L> 0 is defined by

1, (x) :=L‘di:l£[1u(%)y

where 1 is a one dimensional q-th order filter and x = (x1, X2,...,Xg) € R4. In this case, we will
say that uy € K9(Ky). Note that filters uy are considered extended to 0 outside of K.

Hence, we propose to approximate the homogenized matrix by modifying the correction part
of eq. (3.12):

T

a?}.R’L'T = / a;j(x)pr(x) dx — 2/ / wh (x, Oul, (x, O (x) dx dt, (3.13)
Ky 0 JK;

where L < R, 0 < T < +00 and the function p; belongs to a class of filtering functions given

in Definition 3.7. The goal of Chapter 4 is to prove that the resonance error for the parabolic

reconstruction of the homogenized coefficients decays with an arbitrary rate of convergence,

upon choosing L, T = G (R):

emop = |a®®FT - a%|| = C [R_(q”) +e”V z’l"c(l_k")R] . (3.14)

The constants g € N, Ay, ¢,C € R;, 0 < k, < 1 will be specified later.

3.3 The modified elliptic corrector problems

In Section 3.2 we proposed a parabolic corrector problem to compute the homogenized
coefficients. A key-point for achieving better convergence rates in the approximation of a® is
to use a filtering function and integrate over a finiteinterval [0, T] in time. Based on this last
consideration, and in view of eq. (3.10) for computing a®, we will now derive a modified elliptic
corrector problem. The statement of the following Theorem 3.8 is proved by the eigenvalue
decomposition of the operator A: Hy (Kg) — H ™' (Kg) defined by

A:=-V-(aV),

but it could be equally proved by exploiting the Dunford integral representation, as in Theo-
rem 3.2.

Theorem 3.8. Letac 4 (a,B,Kg) and ae; € Hy;,,(Kg). Let ué be the weak solution of eq. (3.11)
and gi (x):=V-(a(x)e;). Then, the function XlT RE H& (KR) defined as the time integral

T
)(iTyR(x) = /0 ub(x, ) dt
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Chapter 3. New parabolic and modified elliptic corrector problems

is the unique solution of

_Y(mmV%muﬂ:#w**fmﬁm” i K. (3.15)
XZT,R(x) -0 on 0Kg,

and it satisfies
||XlTR Il HA(Kg) = = Cllae;]|| Hyiv(Kg)»

where C? =

Proof. Let{pilil, < H& (KR) be the eigenfunctions of the operator A. They form an orthonor-
mal basis in L?(Ky) and the expansion of the solution uf? on such a basis is

ub(t,x)= Y ul(Der(x), uh0,x)=Y giprx),
k=0 k=0

where g]iC = (gi,(pk)Lz(KR) and u;c = <u§3»(pk>L2(KR)- Plugging this expansion into the equation
eq. (3.11), we obtain

© (d . .
Y | = upDer(x) + u (DAgpi(x)| =0, fori=1,...,d,
i=o\d?

where {1x}72, are the positive eigenvalues of A. From the orthogonality of the the eigenfunc-
tions basis, we conclude that

u;c(t)_e—/lkt l(O)_e /,lktgllc

So the semigroup e AT . 12 (Kg) — L?(Kg) can be defined as
_AT l Z e /lkTg]lcy (3.16)

from which it follows that

le™ T g1, k. = Ze 2T gh)? < Zlgklz—llg 12, 3.17)

AT

i.e., the semigroup e™ " is a contraction. By integrating in time, we obtain

) r . 0o T o ] )
X7 (%) ::/ up(t,x)dt=">y_ g,’c(p,-(x)/ eMldr=Yy A—(l—e"l’“T) 81 Pr(x).
0 k=0 0 k=0 "‘k

Moreover, evaluating Ay r g(x) we obtain

k=0 k=0

42



3.4. Conclusion

The Lax-Milgram theorem guarantees the existence and uniqueness of yrr in the space
H& (Kg). By uniform ellipticity of the coefficients a(x) and Hélder inequality we derive that

;o ; CAT i .
a||VXlTyR||Lz(KR) < lae;llr2ky) ||VXZT,R||L2(KR) +le g 22 (k) ||XZT,R”L2(KR);

that, by application of eq. (3.17) and the Poincaré inequality for y 7 r and Young inequality,

leads to the final bound
; 1+C3
”XT,R ”Hé (Kp) = —a2 lae; ”H:ﬁ,,(KR)’

where a is the ellipticity constant and C), is the Poincaré constant. O
. P . i

Remark 3.9. Note that periodicity of a is not necessary for the well-posedness of Y. ..

The modified corrector )(’T r blays the same role as the standard corrector )(fq, but with a

~AT gl at the
right-hand side. By recalling eq. (3.10), we approximate the homogenized coefficient by

reduced influence from the boundary conditions, thanks to the additional term e

a?}.R’L’T = /K e;-a(x) (ej + V)(]TyR(x)) pr(x) dx,
L

where p; is a filtering function as in Definition 3.7. The goal of Chapter 5 is to prove that the

resonance error for the modified elliptic approach decays with an arbitrary rate of convergence,

upon choosing L, T = G (R):

enop = | @1 = @ < C[RT0*2) 4 g VRhO-KIR (3.18)

The constants g € N, Ay, ¢,C € R;, 0 < k, < 1 will be specified later.

3.4 Conclusion

In this chapter we presented two novel corrector models to approximate the macroscopic
coefficients for multiscale second order elliptic problems. The former method relies on the
solution of parabolic equations to compute the effective tensor, even if the original problem
is time-independent, but has the advantage of allowing to achieve arbitrarily high orders of
convergence, as proven in Chapter 4. The modified elliptic model is directly derived from the
parabolic one and it shows similar convergence properties, see Chapter 5 for the proofs. On
the other hand, this approach has the advantage of not requiring to use the additional time
dimension.
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Reduction of the resonance error via

parabolic corrector problems

In Chapter 3 we proposed the use of a parabolic model to approximate the homogenized limit
of the coefficients a® (x) = a(x/¢) for the linear second order elliptic PDE:

—V(af(x)Vuf) = f inDcRY,
u‘g:O OnaD,

The approximation of a° is defined as

T .
a?}.R’L’Tz/ aij(x),uL(x)dx—Z/ / ug(x, t)u{?(x, Hur(x)dxdt, 4.1)
KL 0 KL

where the parabolic correctors solve

ui .
—2 _V.(ax)Vuh)=0  inKgx(0,+00),

ot
ué? =0 on 0Kpg x (0, +00), (4.2
u}'{(x,O) =V-(a(x)e;) in Kg.

In this chapter we carry out the convergence analysis for the presented parabolic approach
and we provide a priori error bounds on the approximation of the homogenized coefficients
given by eq. (4.1). The following assumptions on the multiscale tensor a® are taken:
) a®(x) = a(x/e), for ae M (a, p);
ii) a(-)is K-periodic, with K := [-1/2,1/2]%;
iii) a()e; € Hy;y(K), fori=1,...,d;

iv) a()e [Cl7(Kg)].

By these assumptions,we prove that the resonance error decays with arbitrary convergence
rates, thus significantly improving the accuracy of numerical homogenization methods.
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

Outline
The main contribution of this chapter is the proof of a priori error bounds on the resonance

error for the parabolic method. The proofis carried out in Section 4.1 and it is based on:

* the use of filters to approximate the average of periodic functions with arbitrary rates of
convergence;

« the exponential decay in time of L?-norm of the parabolic correctors;

* the exponential decay in space of the parabolic Green’s function.

As it will be more clear later on, integrating over a bounded time interval is crucial to get
arbitrary convergence rates of the resonance error. Some results for too large final integration
times T are also described. The theoretical convergence analysis is supported by several
numerical experiments, described in Section 4.2. The tests are run also for coefficients that
do not comply with the conditions above. Nevertheless, the same convergence trends are
found, suggesting that the convergence rates are valid under more general assumptions. As a
last step, we discuss the numerical complexity of this approach and compared it against the
standard approach in Section 4.3, and we show that the computational cost for the parabolic
case grows more slowly than the one for the standard approach, thus making the parabolic
method favourable for larger cells.

The content of this chapter is based on [9].

4.1 A priorianalysis of the resonance error

In this section we show how one can reach high orders of convergence for the resonance error
by using the parabolic corrector problems eq. (4.2) and prove the upper bound of eq. (3.18).
The main result of the present chapter is the following Theorem 4.1.

Theorem 4.1. Let Kp c R, withd <3 and R = 1. Let the coefficient matrix a(-) satisfy:

i) a()e M (a,p),
ii) a() is K-periodic,

iv) a(-) € [CI’V(KR)]ddeorsomeO <y<l.

Let a®®LT and a° be defined, respectively, as in eq. (3.13) and eq. (3.4), with ul, satisfying
eq. (3.11) foranyi=1,...,d. Let up e K9(Ky), with0<L<R-3/2and T < % IR L|?, with
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4.1. A priori analysis of the resonance error

¢ =1/(4P). Then, there exists constants Ay(a, d) and C > 0 independent of R, L or T (but it may
depend on d, a(-) and pi(-)) such that

-1 3-d
[~ | 20T | 1 (i) o ( T ) o208
T\yT IR—LI?

O.RLT _ 40 ”

|a F=C . (4.3)

Additionally, if V- (a(-)e;) € W!}e, (K), then there exists a constant C > 0 independent of R, L or
T (but it may depend on d, a(-) and ur () such that

e P e e | M
IR-LI\\/T
1 (R? L2
M (_) R A
IR—-LI“\T
The choice
L=koR, T=krR,
with0 <k, <1 and kr = 2—20(1 — ko) results in the following convergence rate in terms of R
” QORLT _ “O”F <C [R—(q+1) 4 e—\/MT(l—ko)R] , (4.5)

for a constant C > 0 independent of R, Lor T.

Remark 4.2. Note that the exponent in the exponential term \/2Aoc = \/a/  depends on the
contrast ratio.

The term L~(9*V is the averaging error induced by using the filter function p; € K%(K7), and it

can be made arbitrarily small by taking higher values for g. The term e~?4”

originates from
using a finite T for the parabolic corrector problem (3.11). The remaining terms are the errors
due to the boundary conditions, which decay exponentially provided T < |R — L|>. Moreover,
the optimal scaling L = R, T = O(R) are found by equating the exponents of the truncation
and boundary errors. Note that bounds egs. (4.3) and (4.4) are similar to the one obtained in

[78], except for the term T2 that accounts for the effect of using a biased model equation.

4.1.1 Error decomposition

In this section we outline the steps to prove the bound stated in Theorem 4.1:

Step 1: Decomposition the error into four terms:

a?}R'L'T—a?j =/ a;ij(x)pr(x) dx—][ aij(x)dx
K, K

\ J

~
eav(aij)

47



Chapter 4. Reduction of the resonance error via parabolic corrector problems

T T .
+2/ / vi(x, v (x, t),uL(x)dxdt—Z/ / up(x, t)u{?(x, Hur(x)dxdt
N 0 KL 0 KL

~
epc

T T
+2/ ][U’(x, D! (x, t)dxdt—Z/ / vh(x, v (x, Hup(x)dxdt
_Jo JK 0 JK;

J

eav(vivi)

+00 T
+2/ ][ vi(x, v (x, t)dxdt—Z/ ][ vix, v/ (x, dxdt, (4.6)
_Jo K 0 JK

—_—

€TR

by exploiting the fact that the exact homogenized coefficient a° can be equally calculated
by eq. (3.4) or eq. (3.9)

Step 2: Estimation of the averaging errors esy (a;;) and e Av(vi vh) by means of Lemma 4.3.

Step 3: Estimation of the truncation error err by means of the exponential decrease in time
of [[07¢, ] 12 -

Step 4: Estimation of the boundary error egc by means of upper bounds for the fundamental
solution of the parabolic problem and integration over finite time intervals [0, T'].

The coming subsections will be devoted to the derivation of upper bounds for e4y (a; ), epc,
eay (v'v)) and erp.

4.1.2 Averaging errors bounds

The two error terms studied in this subsection originate from the fact that we are approximat-
ing the averages of periodic functions by a weighted average over a bounded domain. For such
a reason, these errors will be referred to as averaging error for a and for v’ and are denoted
by, respectively, eav(a;;) and e Aav(viv)). In order to bound these terms we rely on the fact
that filtering functions approximate the average of periodic functions with arbitrary rate of
accuracy, as stated in the following lemma (see[78] for a proof).

Lemma 4.3 (Lemma 3.1 in [78]). Let uy € K9(Ky). Then, for any K -periodic function f € LP (K)
withl < p <2, we have

[ e 10ds| =l 70,
Kr K

where C is a constant independent of L.

Remark 4.4. The result of Lemma 4.3 was proved in [78] for K -periodic f € L2(K) and, then,
extended to the case f € LP(K),1 < p<2.

Corollary 4.5 is a direct consequence of Lemma 4.3, and therefore the proof is omitted.
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4.1. A priori analysis of the resonance error

Corollary 4.5. Let a € 4 (a, B) be K -periodic. Then, there exists C1 > 0, independent of L, such
that
leav(aij)| < CL™ 9™V j=1,...,d.

Before providing a convergence result for e,y (v’ v/) we recall the following property about
product rule in Sobolev spaces (see [36] for a proof).

Lemma 4.6. Let Q c R? be a domain and u,v € WHP(Q) N L®(Q), with 1 < p < +oo. Then,
uv e WhP(Q) n L>®(Q) and the product rule for derivation holds:

9 (uv) 6uv+u6v =1 d
— =— —, i=1,...,d.
6x,~ 6x,~ ax,-
Lemma4.7. Let a(") satisfy conditions i), ii) and iii) of Theorem 4.1, let v* € L*([0, +00), W}, (K))
be the K -periodic solution of eq. (3.5) and u; € K9(Ky). Then, there exists C3 > 0, independent
of L, such that

‘eAv(Ui l/])| = C3L_(q+1).

Proof. By applying Lemma 4.3 to the function 2v v/ we get:

’eAV(vivj)) S/TC|
0

with 1 < p < 2. Following the proof of Lemma 4.3 (see Appendix A, [78]), we deduce that,
for any g = 2 one can also choose p =1 in the inequality above. Therefore, by the use of

Govie, e ” L+ qq, 4.7
V0|, (4.7)

Cauchy-Schwarz and Hélder inequalities, e v (vEv)) can be estimated as

T
|eAV(Ul v])) < C ” v, Ov (1) L@+ g4
0 LY(K)
T . .
=cL @y ” v, 1) || V(1) dr
0 L2(K) L2(K)
<cL e |yl v .
L2([0,+00), L*(K)) L2((0,+00),[2(K))

The result follows by choosing

Cs:= CHvi vl

L2([0,+00),L2(K)) || L2(0,+00),[2(K))

In the case g € {0, 1} we cannot utilize any more the L'-norm of the product. In view of eq. (4.7),
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

with the choice p = 3/2, it follows that

LD qg

T
)eAV(VlV])‘S/ o LACDLECL] v
0

T
s/ C l/’(-,t)v](-,t)” L@+ gy
0 Wl'l(K)

T
s/ clvien],, olren],, o E
0 Pe’ per

< cra |y

L2([0,+00), Wi, (K)) “ L2(0,+00), Wi, (K)

where the first inequality is a direct application of Lemma 4.3, the second inequality follows
from the continuous inclusion of Wh(K) in L3/2(K), the third inequality comes from the
embedding W, per (K) €« WYL(K) and the validity of Lemma 4.6 for functions v* ' which implies:

T TS T N T

WhL(K) Wi (K)
Finally, the last inequality is the Chauchy-Schwarz inequality. The result follows by choosing

crmc| /

L2([0,+00), W}, (K)) “U 12([0,400), W2, (K)) ©
per ’ »¥Wper

4.1.3 Truncation error bound

In this subsection we derive an a priori estimate for the truncation error, which originates from
the restriction of the time integral in eq. (3.13) on the finite interval [0, T]. As it will be more
clear from the coming analysis, the time truncation is essential for improving the convergence
rate of the resonance error, as large values of T result in a “pollution” of the correctors inside
K;. The spectral properties of the elliptic operator in the space of periodic functions are used
to derive an estimate of the truncation error.

For K-periodic coefficients a € .4 (a, ), the bilinear form B : per (K) x W (K)+— R defined

by

per

B(u, v):/Vu-a(x)Vvdx. (4.8)
K

is continuous and coercive and there exists a non-decreasing sequence of strictly positive

eigenvalues {1 J'}C;io and a L2-orthonormal set of eigenfunctions {¢ ]}C]’o < W, (K) such that

B(pj, w)=Ajlpj, W), Ywe Wy, (K). (4.9)

Based on this result, we can prove the following lemma on the exponential decay in time of
107 0 2y
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4.1. A priori analysis of the resonance error

Lemma 4.8. Let v’ € C([0,00), L?(K)) be the solution of eq. (3.5) and let Ay > 0 be the smallest
eigenvalue of the bilinear form B introduced in eq. (4.8). Then

|

Proof. The variational formulation of eq. (3.5) reads: Find vie? ([O, +oo),Wl}er (K)) and
d,v' e I? ([O, +00), Wy, (K)’) such that

vie, D <e M Yic0)

, a.e.tel0,+00).
L2(K)

L2(K)

(a[y", w) +B(u", w) =0, VYweW, (K,

v'(-,0) = V- (ae;) € L3(K).
By using w = v’ (-, t), the second line becomes

12
i

1d )
L2(K)

2dt

=—B(vi,vi).

Let {A;} joand {oj} j=o be, respectively, the eigenvalues and eigenfunctions of B and let us

denote 1?;'. =l j)12(x)- By orthogonality of the eigenfunctions and Parseval’s identity, it

holds
i12
v

22/102

AR = N Ji|?
B(U,U)ZZAJ' Uj y]. :/10’
j=0 ]

o0

12(K)

Then, by coercivity of the bilinear form B and use of the above inequality, we get

|

So, the following differential inequality is derived:

1d
K  2dt

2
2K’

|

2 o .
= —B(v’, v‘) =-A ”v‘
L2(K)

L2(K) % ”Ui

% ” vl =-A ” v

As proved in [67], || vie, 0 || 12(K) is absolutely continuous in time, and the result is obtained by

12(K) 12(K)

Gronwall’s inequality. O

Remark 4.9. It is easy to prove that 1y = %, where the Poincaré constant for a convex domain
14

KisCp= diamK) - cop [124].

T ’

Lemma 4.10 (Truncation error). Let v’ € C([0,+00), L?(K)) solve eq. (3.5),

+00 . X
eTR::Z/ ][ vix, v/ (x, Hdxdt
T JK
and Ao be the smallest eigenvalue of B. Then, there exist C4 > 0, independent of T, such that
lerrl = Ce~?MT, (4.10)
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

Proof. We start by applying the Cauchy-Schwarz inequality on L?(K):

2 o0 l '3
= . J(.
lernl <7 | ”v 0] ey “v 0] g A 4.11)
Then, we plug the result of lemma 4.8 into eq. (4.11):
2 [ j '
- —2A0L || 5,2 ¢. J(.
lergl < |K|/T et o0, |»/¢.0 o @1
1y , 1
_ . (. — e 2hT
L ] P |70, I
The results follows by choosing
Co=— |v'co . [0
Ao K| e V2109 "z
1! Vv \Y%
-mn (a0edlz@ [|V-(atres)| 2k -
O
4.1.4 Boundary error bound
From the definition,
T : . .
eBc:=/ / (u}?u{q—vlv]),udedt, (4.12)
0o JK

1’;? and v on the

boundary 0Kr. Therefore, we refer to such an error as the boundary error. The boundary error

one can notice that the source of the error egc is the mismatch between u

converges to zero at an exponential rate, as stated in Lemma 4.11.

Lemma 4.11. Let a(:) satisfy conditions i), ii), iii) and iv) of Theorem 4.1, T < % |R—L|?> and

let epc be defined by eq. (4.12). Then, there exist constants C,c > 0, independent of R, L and T
such that
1 ( R )d_l _plron? ( T )3_d _oplR-L?
—=|—= e T + e T
r\vt |IR—L]?

Additionally, if V- (a(-)e;) € W;er(K), then there exist constants C,c > 0, independent of R, L
and T such that

lepcl=C

lepcl=C

1 ( R )d _plr-n? 1 (R ) _pplR-L?
—+1 e ‘T +——|[—]|e T .
IR-LI\VT IR-LP\ T

The proof of Lemma 4.11 directly follows from Propositions 4.16 and 4.18. We need Defini-
tions 4.12 and 4.13 in order to define a boundary error function which will be used in the
estimation of epc.

Definition 4.12 (Boundary layer). Let us define a sub-domain Kz < Kg, where R is defined to
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4.1. A priori analysis of the resonance error

be the largest integer such that R < R—1/2. Theboundary layer is defined as the set A := K\ K.
We observe that|A| = R* — R? < 2d R4~

The boundary layer and Kj; are depicted in Figure 4.1.

Definition 4.13 (Cut-off function). A cut-off function on Ky is a function p € C*°(Kg, [0, 1])
such that

(x) = Lin Kg and |Vp|=C onA
plu= 0 ondKp pPI= ’

where the subdomain K and the boundary layer A are defined according to Definition 4.12.

=

Figure 4.1 - Scheme of the sampling domain Ky and its subsets K;,, Kz and A.

Let us define the boundary error function 0l e L2 ([0, +oo),H(} (KR)) through the relation
0! = ué —pv'. For the analysis it is fundamental that p = 1 in K and that L < R. By the
definition of 67, we write

T
eBC:/ / [vivj(p2—1)+0ivj+vi9j+9i9j]pdedt.
o JK

One readily notice that the first term in the integral vanishes on the integration domain, since
pz(x) = 1for all x € Kz > K1. So, we have to study the integrals

T T
egc::/ / v'6/updxdt, and 916303:/ / 0'60’updxdt. (4.13)
0 KL 0 KL

As both integrals depend on the values that the functions 0 take over the averaging domain K,
we need to provide pointwise estimates for 8’ (x, t) on Ky x [0, T]. This is done in Section 4.1.4
by the use of the fundamental solution of eq. (3.11).
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

Estimates for 6°

Here, we derive an upper bound for 67 on K; x [0, T]. By definition and linearity of the correc-
tors problem, the function 6 satisfies the problem:
00!

STk (a(x)V) =-V(1-px)-ax)Vv' —V-|ax)VQ1-px)v' (4.14)

in Kg x (0, +o00), with boundary and initial conditions

0i=0 on 0K x (0, +00),

. , ) (4.15)
0'(x,0) = v'(x,00(1 — p(x)) in Kg.

As the integrals in eq. (4.13) are performed over a subset Ky of the domain Ky of eq. (4.14),
we are not really interested in estimating the norm of % over the whole K, but rather on
K;. Thus, thanks to the use of fundamental solution for problem egs. (4.14) and (4.15), we
will derive a priori pointwise estimates for i(x,1), for (x,1) € K, 1 % (0, T). The legitimacy of
pointwise estimates for §° is guaranteed by the fact that u’ and v’ are Holder continuous
functions for ¢ >0, and so is #?. Hence, for ¢ > 0, the pointwise values of 8 (x, t) is meaningful.
Moreover, since 0% (x,0) = 0in K, 8% (x, ) is bounded in K} x [0, +00).

Usually, the existence of a fundamental solution for equations like egs. (4.14) and (4.15) and
the derivation of its properties are done for parabolic problems in non-divergence form with
Holder continuous coefficients [71, 105]. In this setting it is possible to prove pointwise
bounds (of the type of eq. (4.29)) on the spatial (up to second order) and time (up to first order)
derivatives of the fundamental solution. The existence result can be extended to the case of
equations in divergence form with discontinuous coefficients, under the only assumption
of uniform ellipticity, see [20]. In this weaker setting it is possible to prove the well-known
Nash-Aronson estimate on the fundamental solution, but there is no proof, to the best of my
knowledge, of the existence of similar bound for the derivative. Therefore, we need to assume
C17 -regularity for a(-) in order to be able to write the equation in non-divergence form and
use the results of [71, 105].

We will denote by I'(x, ;¢,7) € C%Y (Kp x (1, +00)) the fundamental solution of the parabolic
operator with homogeneous Dirichlet boundary conditions

Lun: L*(7,+00), Hy(Kg) — L*([1,+00), H ! (Kp))
u a[u—vx'(d(x)vxu),

i.e. T'(x, t; ¢, 1) satisfies

LixnI'(x,6¢1)=0, (x,¢1)€KpxKgx(r,+00), (4.16a)
glx) = tlim I'(x,t;¢,71)g&)d¢, VgeC(Kp). (4.16b)
—7t Kg
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4.1. A priori analysis of the resonance error

Subscript (x, t) in eq. (4.16a) is to indicate that the differentiation is operated with respect to the
x- and t-variables. Equation eq. (4.16b) can be interpreted as the fact that the initial condition
(given that the initial time instant is ¢ = 7) for the fundamental solution is I'(x, 7;¢,7) = 6 (x - &),
the Dirac’s delta function centred at ¢. In the same way, one can define the adjoint operator,
given the symmetry of g, as

La,s)i Lz((—oo,r],H(}(KR)) —  L%((—oo,7], H 1 (KR))

u — —05u—Vy,-(a(y)Vyu).
The fundamental solution of LZ‘y, ¢ is denoted by I'*(y, s; x, 1) and satisfies
Lo, oT" (18561 =0, (,¢,) € Kg x Kg x (—00,7),
gy = slirp/ I*(y, 56,18 d¢, VgeCKp).
Kr
A well-known result is that the differential problems
Lypu=f and Lz‘y,s) v=f

are well-posed only for ¢ > 7 and s < 7, respectively, where 7 is the time of the initial (resp.
final) condition. Thus, we formally define

[(x,t;&1)=0,fort<t, T*(y,s¢71)=0, for s> 1.

A central property of the two fundamental solutions is
L(x, t;y,8=T"y,sx1t), fors<t. 4.17)

The identity between two fundamental solution is proved in Theorem 17, §3.7 [71] for the
case of Holder continuous coefficients, but it can be extended to the discontinuous case by
following the same proof, as done in [22]. Pointwise a priori estimates for I are derived in [21],
following the results obtained in [121]. Such estimates can be extended to the derivatives of
the fundamental solution under additional regularity assumptions, see, e.g., [71, 105]. The
solution of eq. (4.14) can be written as

ei(x,t)=/ L(x, 5,000 (1,001 - p(y) dy
Kr
t
—/ /F(x,t;y,S)Vy(l—p(y))-a(y)Vyvl(y,S)dsdy
KrJ0

t
+/ /VyF(x,t;y,S)-a(y)Vy(l—p(y))v‘(y,S)dsdy, (4.18)
KrJ0

for any ¢ > 0. Now, we provide a lemma for rewriting eq. (4.18) in the form of boundary flux
integral.
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

Lemma 4.14. Let a(-) satisfy conditions i), ii) and iii) of Theorem 4.1, 0" be the weak solution of
eq. (4.14) and let v' be Holder continuous in Kg x (0, +o0). Then, for any (x,t) € Ky x (0, +00),

t
Bl(x,t)=/ /n'a(y)VyF(x, 5y, v (y,8)dsdoy, (4.19)
0Kz J0

wheren denotes the unit vector orthogonal to 0Ky pointing outward.

Proof. First of all, we derive an integral equality for I'*. Multiplying Lz‘y's)l‘* =0by vi(1-p),

integrating over Kr x (0, f) and using integration by parts, one gets:

t
/ / =0, (3,5 x, V' (1, 9) (1= p(¥))
0 JKp
+V, (vi(y, $1 - p(y))) - a)V,T* (y, 5%, D dyds

t
:// n-a(y)VyF(x,t;y,s)vl(y,s)(l—p(y))dayds, (4.20)
0 JOKp

since V,I'(x, £;y,5) = V,I'*(3,8;x,1) for any s < . Then the second and third integrals in
eq. (4.18) are rewritten as

/K/Ot—F(x,t;y,s)Vy(l—p(y))‘a(y)Vin(y,S)deJ’
+/K /Otvyl“(x, 1,8 ay)\V,(1-p(y)v' (v, 9)dsdy
:/K /ot‘vy [TCx, 653,91 =p)] - aVyv! (v, ) dsdy
+/K /Otvyr(x, t;y,s)-a(y)Vy[(l—p(y))vi(y,s)] dsdy
= /K /0 [r(x, 7,91 -p()sv'(y,s)dsdy
+/1< /Otvyr(x,t;y,s)-a(y)vy[(1—p(y))vi(y,3)] dsdy, (4.21)

where the last equality follows from the weak form of eq. (3.5). Then, we integrate the former
of the two last integrals by parts, thus obtaining

t
//F(x,t;y,S)(l—p(y))OSV’(y,S)dsdy
Kz J0
= lim I'(x, t;y,t—e)vi(y,t—e)(l—p(y))dy
e—0" KR

- / T'(x, 2,000 (1,001 -p(y) dy
Kr
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4.1. A priori analysis of the resonance error

t
- / / AT (x, 1;y, (A — pV (3, 5) dsdy. (4.22)
KrJ0O

From the fact that p(x) = 1 for all x € K; and from the continuity of vi we deduce
lim T(x,t;y,t—¢€) vi(y, t—e)1—-p(y))dy= vix, (- p(x)) =0,

e—0" KR

for any x € K. By putting egs. (4.18), (4.21) and (4.22) together we get

t
ei(x,t)=/ / 0T (x,;, )0 (1,5 A —p(y) dsdy
KrJ0

t
+/ /VyF(x,t;y,S)~a(y)Vy v (3,90 -p()| dsdy.
KrJ0

Finally, from eqgs. (4.17) and (4.20) we conclude that

t
9i(x,t)=/ /n-a(y)Vyl"(x,t;y,s)vi(y,s)dsday.
0Kz J0

From now on we will distinguish two cases in the derivation of the estimates, based on the
regularity of the initial condition v?(-,0) = V- (a(-)e;), i.e. on the regularity of the tensor a(-).

Lemmad4.15. Let a(-) satisfy conditions i), ii), iii) and iv) of Theorem 4.1%, let®' € C([0, +o0), L2 (KRr))
be the solution of eq. (4.14), and let v' € I*((0,+00), W, (K)) be the solution of eq. (3.5). Then,
there exist a constant C > 0, independent of R and L such that

. _ R4-1 : 1 1 o _ L IR-L?
sup’@’(x,t)|SC Hw’ —+—] Pl (4.23)
xek; |IR—L| 2(0,0,12(K) | t  2¢c|R—LJ?

forc=1/4p.
Otherwise, if v € C ([0, +00) Wy, (K)), then

i ~pd-1] i EPYPRN LD SN =
3318’9 (x, t)| <CR ’ v (-,0)’ W,}er(K)e ; S(d+1)/2e s e’ ds, (4.24)

where Ay > 0 is the smallest eigenvalue of the bilinear form B.

Proof. From eq. (4.19) we can write

t
Hi(x,t)‘s// |n-a(y)VyF(x,t;y,s)|‘vi(y,s)‘dayds.
0 Jokg

1 The assumption of Holder continuity of d;.a; j (%) is to ensure the correctness of (4.29).
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

By applying the Holder inequality we get

ds. (4.25)
L2(3Kp)

t
s|6KR|”2/ sup n-a(y)V,I(x, t;y,s)l”v ¢, )
0 yedKg

The value of || vi(,s) || 12(0K) is well defined for any time s > 0 (unless we have a more regular
initial condition, e.g. v'(-,0) € W, er (K), in that case the trace is defined also for s = 0) and we
can estimate it by the following inequality

where Cy, is fixed, thanks to the fact that the distance between K and 0Kp is larger or equal
tol/2. Aspe€ C!(Kg) and Ox, Vi, s) € L2(Kg) the product rule holds and we can write

v, s)

v'(,8)(1-p)

<Cy

i
v, - ” ,
L2(0KR) | I2(0KR) ¢, 1=p) H'(A)

via- =3 N P L7 P 7
” w'a-p) 2 U 2w 1Vl o | v 20
Let us now consider a covering of A, defined as Ag := Uy€5K1m K+y. Then, |[Ax| = c(d) |0KM diam(K) <
. T 2
CRY1. By exploiting the periodic structure of v’ we have that
1/2
’vi S“vi S(M) ‘v‘ ,
L2(A) L*(Ax) K| L2(K)
Ael\1/2 )
”VU SHVUl 18k] ”Vu’ )
2(a) 2o K| [2(K)
Finally, we recall that in the space W. p or (K) the Poincaré-Wirtinger inequality holds:
.. =ce v 4.2
” Ula =PIV | (426
so that
[oieo], <cuc cp('A')”ZHW-
e VE16) 'S tre |K]| ’ (K) (4.27)
<CRT

Now, we go back to the estimation of oL putting together eqs. (4.25) and (4.27) (and recalling
that [0KRg| = 2dR41) we get

t
sCRd_l/ sup |n-a(y)VyF(x, Ly
0 yeaKR

ds. (4.28)
2 K)
Now, we will derive different a priori estimates for different regularity assumption on the initial
condition. Both of them rely on the Nash-Aronson type estimate

P i s

C
VyF(x, LY,S)S ———se " s, (4.29)
(t—s)z
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4.1. A priori analysis of the resonance error

with C = (47@)~%? and ¢ = (48)"". The bound eq. (4.29) is proved in [71, 105] for parabolic
equations in non-divergence form with Hélder continuous coefficients. In [68] the authors
claim that eq. (4.29) is valid also for parabolic equation in divergence form with Hélder
continuous coefficients, but the statement remains unproved.

Case v'(-,0) € L?(K): We apply the Holder inequality in time and the estimates on V yI for
Holder coefficients to get:

n|scRd*“v

¢ 1/2
. 2
Ul su n-a vrx)t, ) dS
on || 2 Imanrin o o)

= CRd_l "d”LOO(K) ||Vvl

t C2 |x y(XI 1/2
' : (1—s)@+h ds| -, (4.30)
L2(0,0,12(K) \ J (t_s)(d+1)

where j(x) = arg | mln |x y|- By the change of variables o = ZCM and the fact that the

primitive functlon of L‘N ~(with NeN) is - Y ¥ M ke, the inequality eq. (4.30) becomes

llall zoo (k) ”Vl’i ”LZ((O,t),LZ(K)) R
@c|x— ) Har2

1
d-1 Y 2\k] 2 Y
(d — 1)' |x — y()C)l x|
L (m’ ‘ et

PW%U|SC

k=0
< lalo [V =
< \/i L*(K) L2((0,0),L2(K)) |x—J7(x)|
1
d-1-k] 2
d-1(7_ 1\ 1 1 okl
(d_l)!Z( K —k(—_z e ¢
P t*\ 2¢|x- 70|
= LD g |0 =
< \/2_(; L>®(K) L2((0,1),L2(K)) |x—J7(JC)|
4 d=1
1 1 2 _CM
_+—2 e o
t 2¢c|x- )| ]

Including all the terms that do not depend on R, L nor  in a single constant C and by the
lower bound inf |x = 7(x)| = IR - L| we deduce
x€K;

_olR-12
c t

p%mn|sé

”Vv’ [—+—] e
IR—L| 2(00,2K) |t 2c|R-L2

Case v'(-,0) e W, er (K): Again, we use the eigenvalues {1 ]} and eigenvectors {¢ ]} of B.
Let us denote ¥ j(t) := (V' (, 0),9) 1211 Then,

ﬁ;(t) = e_Ajt(Vi(',O),(PﬁLZ(K)'

59



Chapter 4. Reduction of the resonance error via parabolic corrector problems

From the above characterization of the components ﬁ; (2) and the coercivity of B we have

. . +oo . 2
o SBVC0,VC01= Y e, |00 120
j=0

a ”w"(-, 0

2
L(

for any ¢ = 0. The Parseval’s identity also holds for ¢ = 0, since v(-,0) € W;er (K), by assump-
tion. So,

2

a“Vvi(~, ) |2

+00
—20t ‘ i )
<e E Ai v (-,0), )2
J J/L*(K)
2(K) )

= e 2MIBIYI(,0), v (-, 0)]

< e 2hot ”Vlli(',O)

2

L2(K)

Thus,

(4.31)

70 0] = (£) vt

I2(K) 2K

Then, we apply again the known inequality for V,I" and the estimate in eq. (4.28) becomes

) 3/2 X t C |-y
0 cx, 1) SRd_l%”vl(-,0)| 1 / e =P R
a Wper(K) 0 (t—S)( +1)/2
3/2 t 2
— Rd—l ﬁ e—ﬂ.o[ Vl( 0) || C e—c%eﬂ,gs dS
all? TIWL, ) o sdDI2 ’

3/2

and we get eq. (4.24) by posing C = CfT and re-using the lower bound

xigleL|x—J7(x)|2|R—L|.

b

Term %

Proposition 4.16. Let the hypotheses of Lemma 4.15 be satisfied. Moreover, let vi e C([0, +00), L2(K)),
0l e L°° (K, % [0,+00)), let egc be defined as in eq. (4.13) and let L/ R be constant. Then, there

exist constants C, p, Cé p €> 0 independent of R, L, T such that

C .
Jebe| = =g [
IR—L|

-1
R o oo (4.32)
12((0,400) W)y (kD \ /T~ 2P

Otherwise, if v (-,0) € W;e,(K) andT < % IR — L|? then there exist constants Cy p, ¢ > 0 inde-
pendent of R, L, T such that
C ; R\ _ e
lebe| <22 |v'c,0] (—) e T (4.33)
T Wyer )\ /T
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4.1. A priori analysis of the resonance error

Proof. Applying Holder inequality on the space integral, we obtain:

vi(x, t)Gj(x, t)uL(x)’ dxdt

vi(x, t)Gj(x, HDur(x)dxdt| <
Kr

0
T
<[]
0

By assumption, uy € L*(Ky) [?(K7) with continuous inclusion, and

KL

i e
v, 0 L2(Ky) ”6 -0 ||L°°(KL) ””L”LZ(KL) dt.

liel 2y < 1K 2] ooy < Cul™ 2.

Next, we estimate || Vi, 1) || 12Ky Since v’, we have for integer L

g ) ) ,
L2(K)

L2(Ky)

while, for non-integer L

i
vt .
0 2@

< md/z)

L2(K1)

v, 1)

|

Finally, we recall the exponential decay of || Vi, 1) H 12(K) and we derive the estimate

vix, 06 (x, Hur(x)dxdt| <

oot
2K /o

<Cu[v'c,0

K

e t)”L sy AL

~Aot
o / e
& Jo

Case v (-,0) € L?(K): We use eq. (4.23) in lemma 4.15 to bound the last integral in eq. (4.34)

< pdl2 ,

0760, At @30

/ “otloi,n| | drs
0 [(Ky)
d-1 T -1
~ IR-L| L2(10,+00), Wi, (K)) J t 2c|R L|2
B ¢ Rd—l ; ] clR=LP L\2
= — v
Ao |IR-L| L2(10,400), W, (K)) T 2c|R 2c|R-L)?
~ da-1
C\ ; 1 R2 R? ] 2 \RTIIZ
= — — e ’
Ao L2(10,+00), W), (K) |R — L] 2c|R—L|2

where we bounded the integral by the L' — L Hélder inequality. Then, by posing

C.C 1
Cop= —— ,andC,,=——— withO<L/R<1,
2 Ao 2(K) b= /ae(1-LIR)
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

we get eq (4.32).

Case v'(-,0) € pe,(K) We can use the estimate eq. (4.24) to bound the last integral in eq. (4.34):

/ Aot
0

‘0](’ )“LOO(KL) !

~ T t |R—L
< C' Rd-1 o2t gd+D)I2 ¢
W, (K) 0 0
Al i d-1 rr 21 d+1)/2 —cBLE 3
:(j’ yl(-,o)“w1 (K)R - / / e 2Mol gy g=(d+1I2 p=c7=7= phos g g
per 0o Js

by Fubini’s theorem. We bound the double integral in time as

T T (YT S | PP PN ST P
e “"dts e s e ds< — s e s e "ds
o Js 20 Jo

1 IR-L|2 r
< ( max s (d+l)/Ze—c 5 )/ e—los ds
20 \s€[0,T] 0

1
27L

(4.35)

T (d+1)/2 —c B

under the assumption that T < % IR — L|?. Thus we get the final bound

/ Aot
0

and the proof is complete by taking

|

0]

”l (R)‘“le 12
L=(K) 272 Woer O\VT) T

CuC
Cop = /12

vi(-,0)

2K

Remark 4.17. The estimates provided in Propositz'on 4.16 for regular initial condition are
subjected to the final time constraint T < d = IR~ LI?. If such a condition is not satisfied, then
the convergence rate of the resonance error is deteriorated as the solution is polluted by the
boundary error for longer times. The analysis for this case is postponed to Section 4.1.6.

Term ej .

Here, we provide estimates for the term ef, - of eq. (4.13) under two regularity conditions. This
term decays faster than eg ¢ and can be neglected.

Proposition 4.18. Let the hypotheses of Lemma 4.15 be satisfied. Moreover, let v' € C([0, +00), L?(K)),
0% € L®(K}, x [0, +00)), let egc be defined as in eq. (4.13) and let L/ R be constant. Then, there
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4.1. A priori analysis of the resonance error

exist a constants Cy ¢, ¢ > 0 independent of R, L, T such that

Coc H i (4.36)

2 (R2 )d_l _ 2¢lR-L?
—_— e T .
|R—LI?

L2([0,+00), Wpe, (KN \ T

legel =

Otherwise, if v' € C([0, +00), W;er (K)), then, there exist constants Cy ¢, ¢ > 0 independent of R,
L, T such that

(4.37)

T 3-d |R-L}2
c —2c——
\eBC| < CZ,C T

2 (
Wher (K \ c|R - LI?

v'(, 0]

Proof. From the positivity of u;, and the fact that its integral is equal to one, we derive the

T
< / sup
0 xeKp

T
<max [ sup
i 0 xeKp

inequality

T
//Gi(x,t)Hj(x,t)pL(x)dxdt
0 K

0 (x, N6 (x, t)) dt/ (1. (x) dx
Kr

; 2
0'(x,0)| dt.

. . ; 2
Then, the task now is to estimate fOT sup |9‘ (x, t)| dt.
xeK;,

Case v'(-,0) € L?(K): By eq. (4.23) we derive

T
/ sup
0 xeKp

2d-1) o
1

X 2 - R
Hl(x,t)‘ dr<C? 2’1/
IR—L|

/T 1 1
0
|[R-L|

By the change of variable o = 2¢*=~- we bound the integral

+—

t 2c|R-LJ?
T
I

I? ([0,+oo),W,}e,(K))
d-1
e

(4.38)

_onlR=L?
2c 7

dt.

d-1
e

d-2 +00 d-1
_ 1 (c+1) o7 do
2c|R-LJ? 212 g2

1 a-2 (9clR—L2 "V (2¢c|R-L2\ 2 [t
<o) () () fawe e
2

1 1

+—
t 2c|R-LJ?

o IR-LP
2c—;

2¢|R—-LJ? T T 212
1 d-2 T d-1 T 3-d  up 2
ol Pra— 1+ 5 > e T
2c|lR-1] 2c|lR—-1]| 2c|lR-1|
C _2cr-L?
< e T, (4.39

Td-1

T T? _
2c|R—L|2) and aR-I7 can be bounded from above by a constant, due to T'< C|R— L|.

By plugging eq. (4.39) into eq. (4.38) we get:

since (1 +
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

r . 2
/0 sup |6’(x, t)| dt

xXeK;

-1 1 _ 2¢lR-L]?
T

+ ( - )
e
L2([0, oo),Wl}e,(K)) 2c|R—-1 |2 ra-1

i

s62|

- 2 R? d-1 1 _ 2cIR-L2
< C2 | 1 - S S
12([0,+00), Who, (k) \ T 2¢|R-LI?

We get eq. (4.36) with C . = g—i
Case v'(-,0) € W,}e,(K ): We recall eq. (4.24) and apply Minkowski integral inequality:

T
/ sup
0 xeKp

v, 0]

. 2 5
o' (x, t)) dt <C2R2d-1) )

2
Wyer (K)

2

et [F —@snre o
/ (e_ Ot/ sdFDI2 g7, Osds) dt
0 0

. 2
l
v (,0 “
( )W;er(K)

T T R L‘Z 1/2
{/ (/ e—ZAOts—(dH)e—Zc - eZ]Losdt) ds}
0 s

. 2
l
v K 0 “
.0 Wper (K)

<(C2R2d-1) )

2

<(2R2d-D) )

T 2
1 _ _ 1/2 _ IR-L?
/ (e 2008 _ uor) §(@+D)/2 =B Aos g6
0 v 2/10

~2
sC—RZ(d‘” )

; 2
20 v(,0 HW

per (K)

2 T |R—L? 2
s-@rnizg=cttE 5 U
Wi (K) | Jo

by the fact that (1 - e 2%(T=%)) < 1. We estimate the integral by the change of variables o =

IR-LI2,
c—t
T 2 a1 +00
_ __IR-L| 1 2 _ _
/ §~(@d+D)/2 p=c ds:( 2) / od=312,-0 4.
0 c|lR-1L| C%
d-1
2

1 +00

= (—2) sup gld=312 / ) e ’do
R—1 IR-L|
cl | ozclRLE 7

T

~2
<& gy )

20 Ui("’o))

< 1 T(3—d)/2e—c%'
clR-LI?

And by plugging the bound for the integral into the bound for fOT sup |6i(x, 3) |2 dt we get

xeK;,
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4.1. A priori analysis of the resonance error

. 2 1 IR-LI?
Ul (.,0) || —T3—de—20 RTL
w,

r ; 2 2
/ sup ’Hl(x, t)| dt < —— R?@-1 | 1 :
0 20 1, (K) c2|R—L|

xeKp

A2 3-d 2(d-1
sl lor) (aomm) o
" 22010 w00 (e |R- L2 c(1-L/R)
: 1 : . c? 1 2(d-1)
since ;7=f;5 Is constant, we get eq. (4.37) with Gy ¢ = 27 (m) O]

4.1.5 Aprioribound on the resonance error for the parabolic approach

We can now prove Theorem 4.1, by recalling the results of Sections 4.1.2 to 4.1.4.

Proof of Theorem 4.1. The decomposition eq. (4.6) implies

Hao,R,L,T _ 0”

3 4
I +)Il.].|).

By using the upper bounds in Corollary 4.5, Lemmas 4.7 and 4.10, and Propositions 4.16
and 4.18 in the above inequality we get

2 1 2
'l = max( | [ 15|+

O,R,L,T_aO ” L—(q+1) + e—ZAOT_'_

R d-1 _ R
—+1 e T

=N

|a F=C

d-1
1 (RZ) 25 | (4.40)

+— —_— T
IR—L2\ T

for some constant C independent of R, L and T. Using the optimal values L = k,R and
T =krR, with0< k,<1and kr =, /2—30(1 — k), we write eq. (4.40) as:

R+ | o= VZhoc0-k)R | (\/EJr 1)d‘1 o~ V2Aoc(1-k,)R

1
” aORLT _ 40 ”F <C =

+ Rd—Se—ZV ZAQC(I—]CD)R ,
The last term is of higher order than the third one, so it can be omitted. Finally, we get

d-1
||a0,R,L,T_d()”FS C R—(q+1) + 1+(\/§+T1) e—\/ZAoC(l—ko)R . (441)

In the case of more regular initial conditions, V- (ae;) € Wr}er(K)’ we have:

d-1 2 3-d 72
L—(q+l)+e—2/10T+(%) %e_cwRTu +(|R Tle) p-2c 1858 }

a7~ =
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

Also in this case, we use L = k,R and T = k7R and omit the last term to get
|a®RET — @), <C [R—(qﬂ) " (1 +R%) e~ V2hoc(-ko)R| (4.42)

Finally, using the fact that R = 1, we can bound the prefactors in front of the exponential terms
in eq. (4.41) and eq. (4.42) by a constant independent of R and get eq. (4.5). O

4.1.6 Effect of integration over long time

Since the estimates provided in Lemma 4.11 for regular initial condition are derived under
the constraint of T < % IR — L|?, we provide here a short analysis for the case where such a
condition is not satisfied.

Proposition 4.19. Let vieC ([0, +00), W;e,(K)) be the weak solution of the parabolic model or

its periodic extension on Kg let®' € 1™ ([0, +00) x KRg) be the solution of eq. (4.14) and let L/ R
be constant. Then, there exist constants C, p, ¢ > 0 independent of R, L, T such that, for any

2 |R-LI* < T < +00,

C
|egc| < 2
IR-LI?

oo

Wer(K)

Proof. From the proof of Lemma 4.11 we know that

l/i(-,O) || Rd—l
w,

T -
. . . ¢
i J Le, R
/0 /Lv (x, N0 (x, ur(x)dxdt| <Cy ”v -,0) 120 22 ” 30

/TS—(d+1)/2e—cRSL2 e MS g
0
We bound the last integral by L' — L Hélder inequality:

T 2 2 +00
_ _cR=LIZ _ _cIR=LIZ _
/ S (d+1)/2€ e /losdss sup s (d+1)/2€ = / e /losds
0 s€[0,+00) 0
da+1
2

- 1 (d+l) 1
“ Ao\ 2ce |IR—L|9+1

Thus, by putting all the results together, we get

/T/ ' (6, 007 (x, Dy () dxt] < —C22 |vc.0)
o Ji, ’ TIR-LEIT T T W, w0
where ~ .

- C.C(d+1)\2 1 a-1,

Cop= = ) ( ) lv'co) .. -

’ 2/10 2ce (1-L/R) 12(K)

O

Remark 4.20. Proposition 4.19 states that if T is chosen too large, then the convergence rate of
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4.2. Numerical experiments

the resonance error is only second order. Such a behaviour was noticed in numerical experiments
and was particularly evident in the one-dimensional simulations, see Section 4.2.4.

4.2 Numerical experiments

In this section we present several numerical tests to support the theoretical results of Sec-
tion 4.1 and experimentally verify the resonance error bound of Theorem 4.1. We illustrate the
expected convergence rates by varying the regularity parameter g of the filters, in a periodic,
smooth setting, as rigorously proven in the previous sections. Additionally, we compare the
convergence rate of the resonance error for the parabolic scheme with that of standard numer-
ical homogenization scheme. We also test non-smooth periodic and stochastic coefficients,
which violate the theoretical assumptions in the analysis. Nevertheless, we obtain results as in
the smooth periodic case.

In order to numerically assess the convergence rate of the resonance error, we compute
the approximations of the homogenized tensor through the described parabolic corrector
problems on domains of increasing size, R € [1,20], and calculate the Frobenius norm of the
difference between such approximations and the exact a°. In the case of periodic coefficients
whose homogenized value could not be known exactly (i.e., without discretization error) the
reference value is computed by solving the standard elliptic corrector problem eq. (3.3) with
R =1 and periodic boundary conditions and using formula eq. (3.4). In the random setting no
approximation is available without some resonance error. In this case, we take as reference
value for the homogenized tensor the one computed from the numerical approximation of
the parabolic correctors over the largest domain R4 = 20.

ORLT e use a Finite Elements (FE) discretization

To compute a numerical approximation of a
for the corrector problems eq. (3.11) in space, and a stabilised explicit Runge-Kutta method
with adaptive time stepping for the time discretization. A high (fourth) order method, [1],
is chosen in order to make the temporal discretization error negligible with respect to the
resonance error. As we use explicit methods in time, we need a mass matrix that is cheap to
invert. This is achieve by using either mass lumping (for low order FEMs) or discontinuous

Galerkin methods (for arbitrary order FEMs).

As a second step, the upscaled tensor is approximated by a double integration in space and
time. The spatial integral of the parabolic correctors is computed by using the FE filtered mass
matrix of components

mij:/K Gi(X)pj(xX)uL(x)dx,

where {¢;}; are the FE basis functions. The integration in time is performed by the use of
Newton-Cotes formulae for non-uniform discretizations.

In order to optimize the convergence rate of the error with respect to the sampling domain
size R, we take the optimal values of Theorem 4.1 for the averaging domain size L (K} < Kg)
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

and for the final time T given by
R-L
V8BAy

where f is the continuity constant of the tensor a and A is the smallest eigenvalue of the

L=koR,and T =

elliptic operator —V - (a(-)V) with periodic boundary conditions. The oversampling ratio,
0 < ko <1, and the order of filters, g, can be chosen freely.

4.2.1 Two-dimensional periodic case

We consider the upscaling of the 2 x 2 isotropic tensor:

(4.43)

( 2+1.8sin(2mx;) 2+sin(2mwxy) )
a(x) =

2+1.8cos(2mx2) 2+1.8cos(2mxy)

for which the homogenized tensor is

~

o [ 2757 —0.002
—0.002 3.425 |

Here, we compare the performances of the described parabolic approach (“par.” in the legends)
and the standard elliptic approach (“ell.” in the legends). In comparing the two methods, we
used a filtered version of (2.45), namely

a?}R’L :=/K e;-a(x) (ej +V)({?(x))uL(x) dx, (4.44)

L

that improves the error constant for the classical approach. However, we recall that the
standard elliptic method provides a first order convergence rate, independently of the use of
oversampling or filtering, as shown in [134]. By contrast, the use of high order filters in the
parabolic scheme improves the convergence rate without affecting the computational cost.
The two approaches are solved using [P finite element discretization in space with 64 points
per periodic cell. Mass lumping has been used in order to perform the time integration, which

is carried out via the ROCK4 method, see [1], with tol = 1075, Finally Simpson’s quadrature
rule is used for computing the time integral defining homogenized coefficients.

Results are depicted in Figure 4.2. As expected, one cannot reach a convergence rate higher
than 1 for the standard elliptic approach, in contrast to the parabolic method. We notice
a longer “flat” region in the convergence plot for small values of k, and high order filters.
Intuitively, for any given R, the region where the filter is “not almost zero” decreases for smaller
k, and larger q. Hence, we need larger values of R for the averaging integral to contain enough
data and the error to decrease with the expected rate.
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qg=1,L=R/3 q=1,L=2R/3
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Figure 4.2 - Comparison of the resonance error in the elliptic and parabolic models for tensor
eq. (4.43).
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

4.2.2 Discontinuous coefficients

In the error analysis, we made the assumption that the initial condition V- (a(-)e;) € L?(Kg).
Nevertheless, the parabolic problem can also be solved for initial condition V- (a(-)e;) €
H~!(Kg) and we are interested in verifying numerically if the provided a priori estimates for
the resonance error hold also for this case. For simplicity, we consider the one dimensional
periodic piecewise continuous coefficient

1 3
1 Z<{X}<Z,

a(x) = (4.45)

3 elsewhere,

where {x} is the fractional part of x, i.e. {x} = x—[x]. The homogenized coefficient, which
can be computed analytically, is a® = % Convergence plots pictured in Figure 4.3 show that
the theoretical results also apply to the case of discontinuous coefficients. The test is done
with P, finite element discretization on a uniform grid of size h = 1/1024 and the ROCK4
time integration scheme with tol = 107°. The results are reported in Figure 4.3 where, for the
sake of completeness, we also pictured the convergence plot for the elliptic scheme without
filtering nor oversampling (this simplifying choice is motivated from the fact that filtering
and oversampling have been proved to be ineffective for improving the convergence rate
in the elliptic case, see Section 4.2.1). Also in this case, if the filter’s order q is increased or
the oversampling ratio k, is decreased, the expected convergence rate will reached for larger
values of R.

10°

1072

10°

1072

X
e ell i 0 !
—%— L=2R/3 Ak 2 —— L=2R/3
10-4 1> L=Rs3 ' i 1074 < L=Rs3
S R—3 ] S R—5
I I
1 10 20 1

Figure 4.3 - Resonance error in the elliptic and parabolic models for the discontinuous tensor
eq. (4.45). The elliptic approximation to a’ is computed without filtering nor oversampling.
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> - 100\ ~ S T T T 1

1 10 20
R

(a) Realization of the field on the square. The (b) Resonance error. L=2R/3.
colour scale is logarithmic.

Figure 4.4 — Log-normal random field eq. (4.46) with u =0, 0® =1 and ¢ = 0.2, and resonance

error for the parabolic ell problem with filter order g and final time T = m+5u.

4.2.3 A stochastic case

In the last numerical test, we provide an example for a stochastic tensor, which does not
comply with the periodicity assumption made in Section 4.1. With this test, we do not aim
at proving any theoretical convergence rate of the error, but rather to verify numerically that
the periodicity assumption is not necessary for achieving fast decaying rates of the boundary
error. We consider a single realization of a stationary log-normal random field with Gaussian
isotropic covariance:

_lz?

loga(:) ~.A (4, Cov(x—y)), Cov(z)=0c%e 22, (4.46)

where p and o2 are the mean and the variance of the field and ¢ is the correlation length. An
example of such a field is depicted in Figure 4.4a. We are not interested in evaluating the
statistical error, but only the boundary error, which is

O,R,L, T _ _0,00,L, T ”F .

|a a

R 0,00,L, T

man LT for the large value Ry, 4x = 20 in place of a
0,Rmax,L, T

In practice, we will consider a® asa

reference for evaluating the resonance error. The new reference a is computed using
the numerical approximation of the parabolic corrector on K, ,. with periodic BCs. The test is
done with a ?; finite element discretization on a uniform grid of size & = 1/20 and the ROCK4
time integration scheme with tol = 1075, In Figure 4.4b we show that the resonance error

decays with a rate comprised between 3 and 4 with respect to R.
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Chapter 4. Reduction of the resonance error via parabolic corrector problems

4.2.4 Numerical tests for long integration time

The aim of this section is to briefly illustrate the numerical results obtained for final integration
time T = 100, so that it does not satisfy the condition T < % IR—L|?. Tt was proved in
Section 4.1.6 that the error terms I l.zj’.b scale as R~2, thus overriding all other terms and limiting

the convergence rate to 2. Since the error term [ ?]'.b affects only the correction part of the
G-limit approximation,
T . ;
ag’(ﬁ’rL’T = —2/ / up(x, 1) ué(x, Hur(x)dxdt,
0 JK
we display the error committed in approximating this term:

T .
€corr,ij = ‘][ ei-a(x)V)(j dx+2/ / uf%(x, t)uf?(x, Hur(x)dxdt|.
K 0 JKg

We tested both a one dimensional case,

a =) 4.47
) 2+sin(2mry) ( )
and a two dimensional case
-1
(3+ sr2iis) 0
_ 8sin(2mwy;)+9
a(J’) - 0 (L Zm )—1 ’ (448)
20 8cos(2my2)+9

for R ranging from 1 to 10, L = 2R/3, T = 100 and with different filter orders q. The second
order convergence rate is mostly clear in the one dimensional example depicted in Figure 4.5a,
but also the convergence plot for the two dimensional case of Figure 4.5b decays more slowly
than the plots of Figure 4.2.

4.3 Discussion over the computational cost

The goal of this section is to provide a theoretical estimate of the scaling of the computational
cost with respect to the error tolerance for the proposed parabolic approach and to compare
it to the standard elliptic approach. Since both discretization and resonance parameters
play a role in the determination of the computational cost, in our analysis we will assume
that both errors are smaller than a prescribed tolerance and we derive the computational
cost under these constraints. Our analysis shows that, for sufficiently high order filters, the
computational cost is lower for the parabolic model than for the elliptic one, i.e. the parabolic
case is asymptotically less expensive.
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107! 7 100
02| |10t E
. | 102f -
107° E g 1
f . 1 1073 .
= H——q=
-4l —x—qg=2 H ——qg=2
10 H—+—q=3 10_4*—o—q:3
[l--- r=2 ~__ g2
107° ‘ 1
2 5 10 1 2 5 10
R R
(a) 1D case eq. (4.47) (b) 2D case eq. (4.48)

Figure 4.5 — Error in the correction term of the homogenized tensor.

4.3.1 Standard elliptic case

Let us consider the standard elliptic homogenization scheme on the rescaled sampling domain
of eq. (2.43). We partition the domain K with uniform simplicial elements of size & and we
introduce a finite elements space Sy H(} (Kg) made of piecewise polynomial functions of
degree s on the simplices. The finite elements discretization of the corrector problem reads:
Find )(;.{,) » € Sp such that

./ au%ngh+quumdx:0, VwyeSy, i=1,....d, (4.49)
Kg '
and the upscaled tensor is defined as

a?}.R’h =]i e;-a(x) (V)d?’h +ej) dx. (4.50)
R

Hence, the total error for the upscaled coefficients is:

ORAh_ 0 25, p-1
Ial.j —a;;| <C(h**+R),
where the first term in the error estimate is the discretization error derived in [4], while the
second term is the resonance error. The finite elements corrector )(1’;? ,, is computed by solving
the linear system

Apvi=b;, fori=1,...,d, (4.51)

where Ay, is a N x N symmetric positive definite matrix and v; and b; are the coordinates of,
respectively, qu, p and —V-(a(x)e;) in the finite element space given a Lagrangian basis. Here,
N =06(R*h~%) is the dimension of the space Sj. The linear system can be solved in several
ways using direct or iterative methods, whose cost depends on N. For example, for sparse
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LU factorization the number of operations is? @ (N*/?) [74], for Conjugate Gradient (CG) it is
O (v/xN), where « is the condition number, while for multigrid (MG) it is @ (N), [125]. In the
following analysis we will assume that the latter method is used for solving the linear system.
We require the total errors to scale as a given tolerance tol, so R = @(tol™") and h = G(tol''?%).
Hence, the total cost is

Cost=G(N) =GR ™) = O (tol %),

4.3.2 Parabolic case with explicit stabilised time integration methods

Let us consider the parabolic corrector problem eq. (3.11) with the upscaling formula eq. (3.13).
As in the elliptic case, one can discretize eq. (3.11) in space and compute an approximation
uil(t) of u]’;?(g t) in the N-dimensional finite elements space Sj,. For simplicity of notation, we
will omit the superscript i. For a given basis of Sy, the function uy(t) is uniquely determined
by the vectorial function wy, : [0, T] — RY, that solve the semi-discrete problem:
d -1
Ewh =—-M, " Apwp. (4.52)
We assume that the mass matrix Mj, is easy to invert (which hold, e.g., in the case of mass
lumping or discontinuous Galerkin FEs), so that the cost of the right-hand side evaluation is
negligible with respect to the solution of the ODE system. The differential equation (4.52) is
solved by an explicit stabilised time integration scheme of order r. Examples of second order
methods are RKC2 [131] and ROCK2 [13], while ROCK4 [1] is a fourth order method. The fully
discrete problem reads
Wi =@, (Wy_y), fork=1,..., Ny,

where the function ®;, identifies the time integration method and N; the number of time
steps. The computed sequence {Wk}jlj;o c RV is an approximation, at times f; = kAt, of
w(t) and it determines (via the finite elements basis) a sequence {Uk}g;() c S;,. The discrete
approximation of the homogenized tensor is
0,R,h,A j
a;; = / a;j(y)pL(x)dx—-22 (/ UkU,ﬁuL(y) dx,At|,
KL KL

where 2(:,At) is a quadrature rule on the discretization #; = kAt of order at least r (where r is
the order of the time integration scheme). Hence, the total error for the upscaled coefficients
is:

a3 A —al | < C (R + Al + RTEOTD), (4.53)
where we have assumed that, for sufficiently large R, the term R~“*!) dominates the exponen-
tial term in the resonance error bound. This is also the convergence rate that we reported in
the numerical examples of Sections 4.2.1 and 4.2.2. Here, the constant C grows linearly with

2The constant in this asymptotic rate depends on the sparsity pattern of the matrix, which is much worse for 3D
problems than for diffusion problems in 2D.
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Corrector problem Parabolic Standard Elliptic
Error R4 pStL L AT R+ h?s
Computational cost RAp=4-1pA¢73 Rip—4
. —d__d+l_ 1 —d-4
Computational cost (tol) tol a+1 s+ 2 tol % s

Table 4.1 — Error and computational cost for the parabolic and standard homogenization
approaches.

the final time T, whose optimal value scales as R — L. However, the ratio (R—L)/+/8BAp is in
general 0 (1), so we can consider T = @(1) in the range of values used for R and L. In order for
the error to scale as tol, we require that all the three summands in (4.53) scale as tol:

R=G(tol ), h=6(t0l#1), At=0(tolr).

The global computational cost is G(NnsN;), where N; = T/At is the number of time steps,
ng is the number of function evaluations (stages) per time step for a stabilised method and
N =G (RYh~%) is the cost of each function evaluation which, in the linear case, is the cost of
multiplying a sparse N x N matrix by a vector in RY. Since we are using a stabilised method
we need to satisfy the weak stability condition pAt = cng, where p is the spectral radius of
the Jacobian of the ODE (4.52) and ng is the number of stages for each time step. As p is the
spectral radius of M, ! Ay, it scales as h™2. Therefore, ng = ©(At''*h™"). From the fact that
T =@ (1) one derives that the total cost is

1

Cost=CR*h A2 At Yy =G (tol a1 s 2r),

4.3.3 Comparison of the parabolic and the standard elliptic methods

Now, we are interested in evaluating under which condition the use of stabilised time inte-
gration methods is more efficient than the regularized elliptic approach. In Table 4.1, we
summarize the dependency of computational cost and the error on resonance and discretiza-
tion parameters, as well as the scaling of the cost for a given tolerance. In order for the
parabolic approach to be competitive with respect to the elliptic one, the condition to satisfy
is:

d d+1 1 d

—+ +—<d+—.
g+l s+1 2r 2s

In Figure 4.6 we display the theoretical increase of the computational cost for the two con-
sidered approaches. We observe that, for high order filters, the elliptic model is much more
expensive than the parabolic corrector problem.
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1020 L] T T rrrry L] T T 1 L TTT I T TT T
—ell.
1015 | ---par,g=3 |

1010 I |

cost

100 Ll Lol Ll Lol |
1076 1075 1074 1073 1072 107!

tolerance

Figure 4.6 — Theoretical computational cost for d = 3, P,-FEM, 4-th order time integration,
q=3,5"7.

4.4 Conclusion

In this chapter, we have discussed an approach for numerical homogenization based on
the solution of parabolic corrector problems. By assuming the coefficients to be sufficiently
smooth and periodic and using Green’s function estimates, we rigorously proved that the
convergence rate of the resonance error can be arbitrarily high. Numerical tests demonstrate
the same rates also for piecewise continuous and non-periodic cases. From the point of view
of the computational complexity, the parabolic approximation obtained by high order filtering
and using stabilised explicit solvers in time is asymptotically more efficient than the inversion
of the discretized elliptic operator, required by elliptic approaches.

Despite the undoubted advantages of this method, it may seem cumbersome to solve a time
independent problem, as eq. (3.1) by a time dependent approach, may it be the parabolic case
presented here or the hyperbolic one proposed in [17, 18]. Besides having to deal with the
fictitious time variable, time integration schemes have to be implemented to solve the local
problems, which are stiff by nature. Moreover, the smooth periodic case is of purely academic
interest, as realistic simulations often deal with materials with some degree of randomness.
For this case, the analysis that is carried out in this chapter is not complete, as additional
eITOrS arise.

These issues motivated us to:

1. Develop an elliptic approach with arbitrary order of convergence, based on the results
of this chapter and discussed in Chapter 5;

2. Explore the case of random media from both the theoretical and computational points
of view, as done in Chapter 7.
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modified elliptic corrector problems

In Chapter 3 we discussed a novel elliptic corrector problem, with a modified right-hand
side, to approximate the homogenized limit of multiscale coefficients in linear second order
elliptic PDE. The new correctors, which can be equivalently constructed as time integral of the
parabolic solutions of eq. (3.11), solve the equations:

{ ~V-(a()Vyh,) = 8'0 - 1e™4Tg(x) in K, (5.1)

XlT r=0 on 0Kg,
where gi (x) =V-(a(x)e;). Then, the effective coefficients at the macroscale are computed as

QORLT / e a(x)(e;+ Vi) 4(0)) p(x) dx. (5.2)
K

The arbitrary convergence rate of such a modified elliptic model is derived under the same
assumptions on the multiscale tensor a® as in the parabolic model, i.e.:
) a®(x) = a(x/e), forae 4 (a,B);
ii) a(-) is K-periodic, with K := [-1/2,1/2]%;
iii) a(-)e; € Hy;,(Kg),fori=1,...,d;

iv) a() e [CVY (Kp)] .

As in the parabolic case, we prove arbitrary convergence rates of the resonance error for the
modified elliptic model.

Outline

The main result of this chapter is that the resonance error for this method decays with arbitrary
convergence rate. The proof is given in Section 5.1 and it is based on previous results for
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the parabolic case. In Section 5.2, we discuss some numerical techniques to pre-compute
the additional term e~47 g’ without solving a time dependent PDE. This can be done by
computing the matrix exponential, for which many algorithms are currently available, see [118].
This pre-computation step increases the computational cost of the model, but the gain in
accuracy makes it more efficient than the standard elliptic method, as we discuss in Section 5.3.
The theoretical convergence analysis is supported by several numerical experiments, see
Section 5.4. The arbitrary convergence rate is also found for coefficients not satisfying the
assumptions above, suggesting that they hold true under more general assumptions.

The content of this chapter is based on [8].

5.1 A priorianalysis of the resonance error

The main result of this chapter is the following theorem, which gives an error bound for the
difference between the exact homogenized coefficient a° and the approximation eq. (5.2) for
a periodic coefficients a(x).

Theorem 5.1. Let Kp c R, withd <3 and R = 1. Let the coefficient matrix a(-) satisfy:

) a() e (a,p),
ii) a() is K-periodic,
iii) a(-)e; € Hy;, (Kg),i=1,...,d,
i) a() e [CYY (Kp)]“*? for some0<y<1.
Let a®®LT and a® be defined, respectively, as in eq. (5.2) and eq. (3.4). Let uy € K9(K;) be a

q-th order filter, with0< L<R—-3/2 and T < % |R— L|?, with c = 1/(4p). Then, there exists a
constant C > 0 independent of R, L or T (but it may depend on d, a(:) and pr(-)) such that

d-1p%54

Ja®RET — ) < C|VTL @ 4 el p B LT malti )
IR—LI°
where ¢y = “T”Z and ¢, = ﬁ. Moreover, the choice
L=k,R, T=krR,
with0<k, <1, and kt = i—f(l — ko) results in the following convergence rate in terms of R

1
” aO,R,L,T _ 610||F < C(R—q—é +Y(R)e—\/61€2(1—ko)R),

da-3
2

wherey(R) = (R + 1), and C is a constant independent of R.
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5.1. A priorianalysis of the resonance error

Remark 5.2. Note that the exponent in the exponential term, \/c1¢2 = \/ &/ B, depends on the
contrast ratio. So, the exponential part of the resonance error will be dominant for high contrast
problems.

In Theorem 5.1, The error vVTL™*D is the averaging error, which is obtained by using a
filter u; € K9(Ky). The order g of the filter can be chosen arbitrarily large with no additional
computational cost. This allows to have better convergence rates for the resonance error.
However, for higher order filters we witness a plateau in the convergence plot of the error,

T

which is not present for low order filters, e.g., see Figure 5.3. The error e™“!" is related to the

solution of the parabolic PDE eq. (4.2) for a finite T. Note that eq. (4.2) is introduced only for

the analysis, but in practice, we don't solve it. The term e °" 7 ~ along with its prefactor is an

upper bound for the boundary error, and it will decay exponentially fast only if T < |R — L|?.

The proof of Theorem 5.1 is split in four steps, in a way similar to the one adopted in the proof
of Theorem 4.1. The four steps are:

Step 1: Decomposition of the resonance error into four terms:

O,R,L,T 0 . J
Y —a;j|=eav(aij) +eav(xyp) +err+epc.

Step 2: Estimation of the averaging errors ey (a;j) and ey ( X]T ) by means of Lemma 4.3.
Step 3: Estimation of the fruncation error erg.

Step 4: Estimation of the boundary error egc by means of upper bounds for the function 6’
derived in Section 4.1.4.

5.1.1 Error decomposition

The aim here is to show that the error can be split as

ORLT _ 0

J
a;; a;j| < eav(aij) +eav(xrp) +epc+err. (5.3)

The terms ey (a;;) and eay ( )(]T p) are the averaging error which decreases by using filters
11 € K9(Kp) with higher values for g. The error ey is associated with truncation in time of the
solutions of parabolic cell-problems. The boundary error ep¢ quantifies the effect of boundary
conditions. To see this, we use Theorem 3.8 and write

a‘l?}.R'L'Tzz/ a;j () (x) dx+/ e; - a()Vy ] p(x)p(x) dx
KL KL

T .
:/ a;ij(x)pr(x) dx+/ / ei-a(x)Vué(x,t)pL(x) dxdt,
KL 0 KL
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where u{? is the solution of the parabolic corrector problem eq. (4.2). In the same way, by
Theorem 3.2, the exact homogenized coefficient can be rewritten as

(l?j =][ a;j(x) dx+][ei-a(x)V)(j(x) dx
K K

=][ a;j(x) dx+/ ][ei-a(x)ij(x,t) dxdt,
K 0o JK

where v/ is the periodic parabolic solution in eq. (3.5), and y/ is the solution to the periodic
corrector problem eq. (3.3) We exploit this equality to further decompose the error as follows

ORLT _ 0

. <
ij ij

|a

/ a;j(xX)pr(x) dx—][ a;j(x)dx
K; K

[\ J

-~
eav(aij)

T . T .
/ / eioa(x)Vué(x, Hpr(x) dxdt—/ / e;-a(x)Vv! (x, )ur(x) dx dt
0 KL 0 KL

+
J ~ |
T . T .
+/ /ei-a(x)va(x,t)uL(x)dxdt—/ ][ei-a(x)Vv](x,t)dxdt
0o JK; 0 JK
eAV(X;-’R)
T . w .
+ / ][ei~a(x)Vv1(x, 13} dxdt—/ ][e,--a(x)Vv](x, Hdxdt|]. (5.4)
0 JK 0o Jk

€TR

In the following steps we give bounds for all the errors.

5.1.2 Averaging errors bounds

We now give an a priori estimate on Vv’, based on the spectral properties of the periodic
cell-problem. This will be used in the proof of Lemma 5.4.

Lemma 5.3. Let a € 4 (a, ) be K-periodic, v’ € C([0,+00), L3(K)) be the weak solution of
eq. (3.5) and let g' (x) := v’ (x,0) € W;er(K). Then, there exist C(a, B) > 0 such that

“Vvi

Proof. Let us define the bilinear form B : W, (K) x W, (K) — R as

(5.5)

=C HVgi
L1([0,+00);L2(K))

2K

B (w, ) :=/VLD(x)~a(x)Vw(x)dx, w,lI/EW;e,(K),
K

and let us denote the eigenvalues and eigenfunctions of B (,-) by {Ax}72, and {@k}P2, re-
spectively. It is well known that the sequence of eigenvalues is positive and non-decreasing,
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5.1. A priorianalysis of the resonance error

ie.,
0<Ag=<A;=<Ay,....

The eigenfunctions {¢};” , are orthonormal in the L2-sense and they satisfy:
B (@i, v) = Al W 2y, YV € W, (K). (5.6)

Since the eigenvalues form a basis of W;e, (K), we can write the function v (, x) = oo v,ic(t)(p k().

By plugging this expression into eq. (5.6), we conclude that the components of v decay expo-
nentially in time:

Akt 0

v,i(t) =e 8 where g,’; = (gi,(pk)Lz(K). (5.7)

By eq. (5.7) and by coercivity of the bilinear form, we obtain

a ||v1/i(t, ) e—(/lk+ﬂ.[)t

0

8.8B ¢k 90)

izm <B(v',v') () =

et

k

k

T8

o0
kAN i i oAty i (2
e M gl g Al ) 20 = Y, € M Ig Ak
0 k=0

Hence,

+00 i
= ”VU’(t,-) dt
L1 ([0,400);L2(K)) 0 L2(K)

+00 1 o0 . 1 o0 12 +00
<[RS et as 2 8 gl [ etrar
0 a o a o 0
a—l/z - - ﬁ 1 .
V/Blghg) =1/ E—|vg’
AO (g ’g ) = alo H g

“wi(t,-)

2K’

O

The main result of this section is summarised in the following lemma.

Lemma 5.4. Let a € ./ (a,p) be K-periodic, ae; € Hy;, (K) and eay(a;j) and eAV()(]% r) be
defined as in eq. (5.4). Then, there exists a constant C > 0 independent of R, T, L (but it depends
on a and pp)such that

CVTL 97! ifV-(ae;) € [*(K),

eav(aij)+ea () )<
ij X1Rr CcL-9-1 ifV-(ae;) € W]z}er(K)'

Proof. By Lemma 4.3, we can immediately see that

/ a;ij(x)pr(x) dx—][ aij(x)dx
K K

<CL " Ma;jllpzg < CAL™ 7L

eav(a;j) =
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Moreover,

eAV(XJT,R) = /0 (/K e;-a(x)Vv! (x, t)ur(x) dx—]éeya(x)Vv](x, 13} dx) dt

T T
sCL“H/ le; - ax)Vo! (£, 2k dtsCL“Hﬁ/ IV V! (2,12 i) dt.
0 0

If the tensor a(x) has higher regularity, i.e. V- (ae;) € W;e,(K), we can directly estimate

||VUj||L1(0,T;L2(K)) = fOT IIva(t, ) ||L2(K) dt by eq. (55) in Lemma 5.3 and obtain
eav(xy) < CBL 97|V - (ae;) lws,, -

Otherwise, if V- (ae;) € L2(K) only, we will apply Cauchy-Schwarz inequality which yields

T
/ IVl (2,920 dE < VTIVV 20,7320 -
0
Then, by employing Equation (3.6) in Proposition 3.1, we obtain

eav(xyp) <CBVTL T V- (ae;) 2 (k).

5.1.3 Truncation error bound

Lemma5.5. Letae 4 (a, ) be K-periodic and ae; € Hy;,, (K). Then the truncation error err
defined in eq. (5.4) satisfies the estimate

_ar’
err<Ce d°,

where « is the coercivity constant and C is a constant independent of T (but it depends on «
andd).

Proof. By using integration by parts and the Cauchy-Schwarz inequality we have

/ ][ei-a(x)ij(t,x)dxdt’
T JK

/][V-(ae,-)uj(t,x)dxdt’
T JK

o0
S/ IV-(ae) | 2ol v! (&) 2 dt
T

eTR =

(o,0)
=V (ae;) ||L2(K)/ e MV - (ae)) 2k dt
T
1 _
= “V‘(aej)”LZ(K) ”V'(aei)”LZ(K)A—Oe AOT,
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Where Ao = aCy(K)72, and C,(K) is the constant of the Poincaré-Wirtinger inequality in
p r (K), which can be bounded by

di K d
¢, (k) < Ham&) _ vd,
T T
see [124]. Hence, Ag = “7”2 and the final result follows. O

5.1.4 Boundary error bound

Lemma 5.6. Let a € ./ (a,B) be K-periodic, a(-) € [Cl’V(KR)]dXd for some 0 <y <1 and
ur € K9(Kp) with L < R, where R is the largest integer such that R < R—1/2. Then, there
exists a constant C > 0 independent of R, L and T (but it depends on a and p) such that the
boundary error epc defined in eq. (5.4) satisfies

Rd_1T¥ R-L|?
egc < C—e‘c‘ ™ ,
IR-L3

1

where c = 5"

Proof. To estimate the boundary error, we define 6/ = u/ — pv/, where the smooth function
p € C°(KR) is a cut-off function of Definition 4.13. Then, (u{? - vj) (x,8) =07 (x, 1) forany >0
and x € K; < K3, hence

eBC =

e;-a(x)V (u;e - vj) (x,Hur(x)dxdt

Ky

e;- a(x)Ve/ (x, Hur(x)dxdt|.

K

Next, by integration by parts it follows that

eBcs/ |V-(aeiuL)| dxsup/ 109 (x, )| dt
Kp

X€eK;

< lpcliwrz)laeill gy, «) sup/ 107 (x, )| dt
xeKp JO

T
< Cu L™ 1Y% ae;ll 1, 0 sup/ 167 (x, )| dt.
0

xeKy

By using the bound for sup g, |Bj(x, t)| of Lemma 4.15, we bound sup,.g, fOT |6j(x, t)| dt

Ay
using the change of variable s = c@

o RI-1 ; 1 IR-L12
sup/ |9](x, t)| dt<C VY1l 2 0 ).Lz(K))/ (—+—) e ¢ 1 dt
xek; Jo IR—1L| 0% o \t 2c|R-LJ?

da-1
2
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d-1
. © (s+3)7
< CRd_llR—LIZ_dIIVgJIILz(K)/ —2 e ds

c\R;L\Z s

T2 c|R—L|2+l)% -
d-1 2—d i T 2 —s
<CR*“|R-L Vg! e ds
| | Vg r2x ZR—L* /

cIR-L|2

5-d
d-1p7>% _C\R—le
T

=< C”Vg] ||L2(K)We

O

Remark 5.7. We emphasize here that one of the key arguments in proving an exponentially
decaying error bound for epc is the requirement that L < R, as done in Chapter 4.

5.1.5 A prioribound on the resonance error for the modified elliptic approach

We can now prove Theorem 5.1, by recalling the results of Sections 5.1.1 to 5.1.4.

Proof of Theorem 5.1. The decomposition eq. (5.4) implies

|a®®LT - a° | = d? III,I%]!X(|€AV(dij)| + ‘eAV(X]%,R)’ +lerrl+ |eBC|)-

By using the upper bounds in Lemmas 5.4 to 5.6 in the above inequality we get

5-d
_ _ Rd_1 Tz g2
”aO,R,L,T _ a()”F < C ﬁL (q+1) +e CIT + e C T

IR-L]3

for some constant C independent of R, L and T. O

5.2 Approximation of the exponential operator e~ 74

From a computational perspective, the right-hand side e~ 74g’ in eq. (5.1) must be approxi-

~TAgl a5 the solution

mated in order to compute the modified corrector )(’T g- One canlook at e
at time T of a parabolic PDE with initial data g’. Then, the naive approach would be to, first,
discretize the equation in space and, then, solve the ensuing evolution problem by some time
discretization scheme. With such a procedure, the approximation of e~ 74

suffer from the discretization error in both space and time and it would not lead to any gain in

g’ would a priori

the computational cost in comparison to the parabolic approach described in Chapter 4. We
will not discuss the parabolic approach further, instead, we will describe other approaches
that aim to approximate e~ 74 g’ without the use of time-advancing schemes.

One can look for an approximation of the exponential operator before or after the semi-
discretization in space of the corrector problem. In the first case, the approximation of e~ 74 g’

is sought in a finite dimensional subspace V;,, c HO1 (KR) of dimension m. In the other case, we
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5.2. Approximation of the exponential operator e~ 74

have to approximate the matrix exponential e~ 74", where the matrix A;, e RV*Y depends on
the discretization, and V,,, c RY.

The subspace V;;, can be chosen in several ways: an approach based on a continuous analogue
of the Krylov subspace method has recently been proposed in [76]. The continuous Krylov
subspaces are constructed by iterative action of the operator A on the initial condition g’ and
of properly chosen projection/preconditioning operators that are meant to ensure that the
product Ag’ does always make sense. In Section 5.2.1, we discuss an alternative approxima-
tion, based on spectral truncation, where Vp, is generated by m eigenvalues of the second
order operator A.

In the discrete setting, i.e. when the corrector problem is discretized and has the form of a
linear equation in RY, the right-hand side term is a matrix exponential, which depends on
the chosen discretization technique. For example, if the Finite Difference Method is used, the
semi-discrete parabolic corrector problem eq. (3.11) will be

~TAp

—wp=-Apwy, = wp(I)=e

i
dt S

RN*N is the stiffness matrix and gj, € RY is the evaluation of the

where wy, : R* — RN, Ay €
initial condition gi on the mesh nodes!. Hence, the term wy,(T) will be used in the discrete
version of (5.1) in place of e~ TA gi. Instead, if the Finite Element Method is chosen to discretize
the parabolic corrector problem, the following ODE system arises:

-TM;' Ay

d
Mh%wh = —Ahwh, - Wh(T) =e

8

where we have to consider also the mass matrix Mj,. The computation of the matrix exponen-
tial is crucial in many applications, such as the development of exponential time integrators
for ODE systems [95]. Several methods are available to compute the matrices exponential,
or more general matrix functions, see [85, 92, 117, 118, 125]. However, these methods may
not be directly applicable due to the large size of A; (and M},), and approximations of the
product e~ "41gl (or e= "M 1“‘hg;;) must be sought in smaller subspaces V;,, c R"V. The space
Vim can be chosen as the m-th dimensional Krylov subspace generated by (Ay,g;), [94], or the
rational/extended Krylov subspaces, [49, 50, 72, 86]. The convergence of the rational Krylov
subspace method does not depend on the spectral radius of the matrix (which is linked to its
size) but requires to solve m linear systems. In Section 5.2.2 we analyse the use of the standard

Krylov subspace method to approximate e~ 4",

5.2.1 Spectral truncation

Here, we discuss a technique to approximate the exponential operator e~4” by spectral de-
composition. This method can be used for any operator A with compact, self-adjoint and

IWe dropped the i superscript in gy, for the sake of simplicity in notation.
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Chapter 5. Reduction of the resonance error via modified elliptic corrector problems

positive definite inverse A™!, so we will not need to assume the coefficients a to be periodic.

-AT

The correction term e~47 g’ in eq. (5.1) corresponds to the solution (at time T') of the parabolic

PDE, eq. (4.2), which can be expressed as

1

e Tg'(x):= ) e_’lkTg’/.c(Pk(x), with g := (8", ) 12
k=0

where {14172, € R* and {(pk}f:o c H(} (Kg) are the eigenvalues and eigenfunctions of the
operator A. If T is not too small, most of the modes in the expansion can be neglected due
to the exponential decay with respect to the eigenvalues. Hence solving a more expensive
parabolic PDE can be avoided at the expense of computing a few dominant modes of the
operator A. To this end, let

. m_l .
[Smg'1(x0):= Y e M glpr(x).
k=0
Then, the cell-problem eq. (5.1) can be approximated by

V- (aVrhy,,) =U-Sw g’ inKe,

(5.8)
)(]TR'mzo on 0Kp.
Similarly, the homogenized coefficient of eq. (5.2) is approximated by
QoRLTm /K ei-a(x)(ej +Vipp ) we(x) dx. (5.9)
L

In the discretized version of eq. (5.9), the spectral truncation is performed on the matrix

_TM! . .
TM, 4n), not on the exponential operator. However, the a priori error

exponential e T4 (ore
analysis for the continuous, spectrally truncated cell-problem in eq. (5.8) allows to derive error
bound which are independent on the discretization. In the following lemma, we give a bound
for the spectral error, defined as the difference between a%®57 ORLTM of

eq. (5.9).

ofeq. (5.2) and a

Lemma5.8. Letae ./ (a,B,Kg), ae; € Hy;,(Kg), and iy € K9(Ky). Moreover, let a®®LT and
a%®LTm be defined as in eq. (5.2) and eq. (5.9) respectively. Then

a
R\2 cam?'4T
.| ORLT  ORLTm s _Ca
esp .= al.j al.j SC(L) Rexp( —R2 (5.10)
where C(a, B,d, ur) and cg are constants independent of R, L, T and m.

Proof. Let

. m . . m_l .
e Tg 1) =Y e M glor(x), [Smg'l) =Y e glpi(n),
k=0 k=0
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5.2. Approximation of the exponential operator e~ 74

where {1}, ¢ j(x)}‘]’.‘;0 are the eigenvalue-function pairs of the operator A = -V - (aV) with
Dirichlet boundary conditions on the domain K. Moreover, let E,,, := e 4T g/ — S,, g%, with
g’ :=V-(ae;). The eigenvalues of second order symmetric elliptic operators satisfy

A = Cde/d|KR|_2/d = Cde/dR_z, (5.11)

where cg is a constant that depends on the dimension? d and the ellipticity constant a, see
[110, 126]. Then

) e cqu!dildyr j
T 72 oL
”Em”LZ(KR)S Z e R g[gk<(pf(pk>L2(KR)
lk=m
00 2cqk2d T iz 2cgm?d T ;o
— - 2 o T RZ
- Z e R |gk| =e R ”g ”LZ(KR)-
k=m

Taking the square root of both sides, we arrive at

com2ldr

1Emllizky <e  ®  18' lzuy-

Moreover, since the difference y := XIT R )("T’ r,m Satisfies =V a(x)Vy (x) = Ep,(x) with homo-
geneous Dirichlet BCs, standard elliptic regularity yields

. . C,(KR)
P
1X7,R _XlT,R,m”Hg(KR) =" IEm |l 12 k)

comldr

< CRe_ R2 ”gl ||L2(KR)

Lad gl
=CR "ze ®& |aeilu,,

where we have used the fact that the Poincaré constant C,(Kg) is bounded by Cj,(Kg) <
diam(Kg)/n = R2YV4 7 see [124], and ||gi||Lz(KR) < |Kg!2| ae; I ,,,(x)- Finally,

ORLT _ORLTm|_ . i i
a;; —a;; —/K e;-a(x) (V}(T'R VXT,R,m):uL(x) dx
L

. , 1
< alK "IV - VTRl 206 77 1Bl =000

d
Rl+E _Cdmz/dT

<C e R

d

L2
This completes the proof. O
In Theorem 5.1, the optimal value for the parameter T is T = @ (R). In order to get an expo-

nential decay rate, such as e~“% for some positive c, in Lemma 5.8, we then need to compute
m = 0 (R%) eigenmodes. This growth of the number of eigenmodes with respect to the dimen-

2The constant ¢; may depend on a and § too. The value of ¢; can be approximated by computing a few
eigenvalues 1 and finding the largest constant so that the relation eq. (5.11) holds.
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Chapter 5. Reduction of the resonance error via modified elliptic corrector problems

sion is the main drawback of the naive spectral truncation leading to a high computational
burden in higher dimensions. Therefore, in the next subsection we propose a much more
efficient method based on the Krylov subspace projection, and we show that the cost of the
method will scale linearly in terms of the number of degrees of the freedom, while retaining
the desired exponential accuracy for the approximation of the homogenized coefficient.

5.2.2 Approximation by the Krylov subspace method

In this section we discuss the computation of the matrix exponential e~74#g;, which is the

NxN comes from the Finite Difference

discrete counterpart of e"74g’. The matrix A, € R
discretization in space of a partial differential equation and, thus, it is of large dimension and
sparse. For these conditions, standard methods for computing e~ 74", like those reviewed
in [117], may be very inefficient. Iterative methods based on the Krylov subspace method
have successfully been applied to many problems involving large sparse matrices. When the
modified corrector problem is discretize through the Finite Elements Method, the matrix
exponential to be computed is e~ TM' An | as anticipated before. In this case, the sparsity
property is lost, because M,:l is full. Hence, one may recur to mass-lumping in order to keep
the sparsity pattern. We will not discuss the issues due to the presence of the mass matrix any
further, instead we will focus on exploiting Krylov subspaces to approximate e~ 4rg;,.

The Krylov subspace method allows to find an approximation of f(A;)g;, (for any matrix
function f, matrix A, € RV*N and g;, € RY) within the subspace

Vin = spani{gp, Angn, Aigh, o A;l"_lgh},

with m < N. A basis of V,,, is constructed by the Arnoldi algorithm?® which gives the decompo-
sition:
ApQm=QmHpy + hm+1,mqm+1ez;l S er;lAth = Hy,

where Q;, € RVN*™ has orthonormal columns, H,, € R"™*™ is an upper-Hessenberg matrix
(tridiagonal, if Ay, is symmetric), Q41 € Vipt1 © RN is orthogonal to the basis Q,, and e, is
the m-th basis vector of R”. The term e~ ’4"g;, can then be approximated by

e TAhgh ~ Qme_THmel,g;
where e g = |gh| e; € R™. Therefore, computing the computationally expensive exponential
matrix function e~ 74" of size N x N is avoided by instead computing e~/ with a smaller

computational cost. The calculation of e~7#» can be performed, e.g., by the scaling and
squaring algorithm.

An important question regards the approximation error coming from the Arnoldi algorithm.
The following theorem from [94] provides an upper bound for such an approximation.

3In our case, it is more appropriate to use the Lanczos algorithm, as Ay, is symmetric and positive definite.
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5.2. Approximation of the exponential operator e~ 74

Theorem 5.9. (Hochbruck and Lubich [94]) Let B € RN*N be a Hermitian positive semi-definite
matrix with eigenvalues in [0, p]. Moreover, let Hy, = QL BQ,, be a unitary transformation of B
via an Arnoldi procedure with H,, € R"™*™ and Q,, € RN*™. Then, for any t = 0, it holds that

10|gh|e_4m2/(5p”, VPT<ms %,
—7B ~TH,,
le ™ gn— Qme " me ] < 4O|gh|e—pf/4(ﬂ)m _ ot (5.12)
oT am 2

Corollary 5.10. Let Ay, € RN*N be a second order centred finite difference approximation of the
operator —V - (aV) on the domain Kr with homogeneous Dirichlet boundary conditions and let
p(Ap) < cph‘2 be its spectral radius. Let Hy, = QL A;,Q,, be a unitary transformation of Ay, via
an Arnoldi procedure with Hy, € R™™, Q,,, € R"*N_ Then the following estimate holds

| gy — Qe Tney | < 10|gy| e~ 47,

for\/p(AR)T < m < p(Ap) T /2. Moreover, when m = \/p(Ay) T 12, the estimate reads as

e g, — Qe "Hey g| <10|gy|e "%, for Tz 4. (5.13)

Proof. The matrix Ay is symmetric and positive definite, so Theorem 5.9 can be directly
applied and the proof follows from the fact that the spectral radius of A is bounded by
coh™2=c,N?/4R2, O

The advantage of using an approximation for the exponential correction term via the Arnoldi
approach is that the number of basis functions required in the Arnoldi iteration is independent
of the dimension of the problem. In other words, denoting the numbers of degrees of freedom
in d-dimensions by N = 0 ((R/ h)d), only m = (,/c,T)/(2h) basis functions are needed to
obtain an exponentially accurate approximation for the exponential correction e” 4" g up to a
discretization error, see the estimate of eq. (5.13). Moreover, an estimate for a fully discrete
approximation of the homogenized coefficient can also be derived similar to the analysis in the
spectral section, where the upper bound will include the exponential estimate in Corollary 5.10
in addition to an error coming from the spatial discretization.

Remark 5.11. The error estimates of Theorem 5.9 depend on the spectral radius p of the matrix
Ay,. Thus, the error estimates deteriorates for h — 0, since p = ©(h™2), and the dimension
of Vi, must increase accordingly. This is related to the fact that the iterate application of
the operator A: H} (Hg) n H?(Kg) — L*(Kg) may not be possible if g' ¢ H} (Hg) n H*(Kg) (or
Aldgl¢ H&(H r) N H?(KR) for some q = 1). The use of rational/extended Krylov subspaces is
known to mitigate this issue, as it is possible to derive error estimates like eq. (5.12) that are
independent on the spectral radius, [50, 86]. The extended Krylov subspaces are defined as

V,,Yw = span{(yl_Ah)‘q“gh,_,,,()/I—Ah)_lgh,gh,Ahgh,...,AZ’_lgh},
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Chapter 5. Reduction of the resonance error via modified elliptic corrector problems

and their use has been extended to the approximation of continuous operators in [72] with
applications in exponential integrators.

5.3 Discussion over the computational cost

The Arnoldi iteration of Section 5.2.2 can be used in different ways to approximate, in the
subspace V;;, the solution of the modified elliptic PDE eq. (5.1). A standard Finite Difference
discretization of the problem eq. (5.1) results in the following system*

ApwWp =8p— e_TAhgh. (5.14)

Here we present two different ways based on the Arnoldi iteration to solve eq. (5.14).

Approach 1. Let fi(z) = e”'%, then the system eq. (5.14) can be approximated by

Apwp = 8n— Qmfi (Hm) Qm ™ gh. (5.15)

Approach 2. Let f>(z) = z71(1 - e7'%), then the system eq. (5.14) can be approximated by

Wi, = Qmfa(Hp) Qm ™ 8n- (5.16)

The matrix function f>(Ay) can be approximated by the Krylov subspace method with the
same convergence properties of fj (Ay): as a matter of fact, the results of Theorem 5.9 holds
if e~ T4n jg substituted with f>(Ap), as stated in [94]. Moreover, this second approach has the
additional advantage of avoiding to solve the large linear system with the sparse matrix Ay,.

Assuming that the systems in the approach is inverted by a linearly scaling algorithm, such
as the multigrid, the overall computational costs of both formulations are dominated by
computation of the Krylov subspace. The Arnoldi algorithm consists of an outer loop for
j =1:m, where in total m <« N sparse matrix vector multiplications of the form Agj, are
needed. Moreover, there is an orthogonalisation process which occurs at an inner loop for
i =1: j, where the essential cost is due to a row-column vector multiplication. The overall
cost of the Arnoldi iteration, exploiting the inherent sparsity of Aj, becomes

m
Costarnoldi Z
j=1

J
CaN+4) N) =0(Nm?).
i=1
If m is fixed a priori instead of following the scaling of Corollary 5.10, then the cost of the
algorithm will grow linearly with N. A more rigorous analysis can be done by using the
analysis in Section 5.2.2, where the optimal value of m for the approach 1 has been presented.
Following the result of Corollary 5.10, we find that m? = @(T?h~?2). Hence, using the relation

4For simplicity all the indices are skipped in this discussion.
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5.4. Numerical experiments

Corrector problem Modified Elliptic Standard Elliptic
Error R 97124 ps R+ n?s
Computational cost R¥*dp—d-2 Ripd
] _2d+4 _ d+2 —d-d
Computational cost (tol) tol 2a+1 s tol 25

Table 5.1 — Error and computational cost for the modified and standard homogenization
approaches.

N = R?h~% and the quasi-optimal choice T = @(R), the overall cost becomes
CoStarnoiai =0 (Nm?) =0 (R T*h™472) =0 (R h~472).

In the same way, the computational cost of the standard elliptic upscaling approach is esti-
mated as G (R*h~%), see Table 5.1. The global errors, which are composed of the resonance
and the discretization errors, are also reported in Table 5.1. The resonance error scales as
R~9712 for the modified elliptic approach, see Theorem 5.1, while it decays as R~! for the
standard elliptic case, according to eq. (2.43). The discretization error is assumed to be of
order @ (h*) in both cases. In order to derive the scaling of the cost with respect to the accuracy,
we impose the global error to be smaller than a prescribed tolerance tol. So, for the modified
elliptic case, we choose R and h such that R"97Y2 = tol and h® = tol, while R™! = tol and
h?S = tol for the standard elliptic case. Therefore, the modified elliptic approach has a lower
cost to reach a certain tolerance to! when

d+2 d+2 d
+ <d+—,
q+1/2 S 2s

which is easily achieved by using filters with better regularity properties (large g), as well as
high order numerical methods for the approximation of the elliptic PDE. In conclusion, the
scaling of the computational cost in comparison to the tolerance for the standard elliptic, the
parabolic and the modified elliptic methods is depicted in Figure 5.1 .

5.4 Numerical experiments

In this section, we provide examples in two dimensions to verify the theoretical results stated
in Theorem 5.1. We illustrate the expected convergence rates by varying the regularity pa-
rameter q of the filters, in a periodic, smooth setting. Moreover, additional numerical tests
are provided to show that the method performs equally well even when the regularity and
structural assumptions of the theorem are violated. In particular, the test cases include a
periodic medium, a discontinuous layered medium, a quasi-periodic medium, as well as a
random medium. These results are discussed in separate subsections below. We compute
the approximations of the homogenized tensor through the described modified elliptic cell
problems on domains of increasing size, R € [1,12], and calculate the Frobenius norm of the
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Figure 5.1 — Theoretical computational cost for d = 3, P,-FEM, g = 5.

difference between such approximations and the exact a°. In the case of periodic coefficients
whose homogenized value could not be known exactly (i.e., without discretization error) the
reference value is computed by solving the standard elliptic corrector problem with R =1
and periodic boundary conditions. In the random setting, for which an exact, computable
formulation for the homogenized coefficients does not exists, we took as reference value
for the homogenized tensor the one computed from the numerical approximation of the
parabolic correctors over the largest domain R;;, 4y = 12.

O,R,L, T

To compute a numerical approximation of a , we use a Finite Difference (FD) discretiza-

tion that allows us to compute the micro correctors through the second approach of Section 5.3,
since the mass matrix is the identity.

In order to optimize the convergence rate of the error with respect to the sampling domain
size R, we take the optimal values of Theorem 5.1 for the averaging domain size L (K} c Kg)
and for the final time T given by

L=k,R andT=——. [£R-1)
o+tYH 2\/3 ﬁ »

where a, § are, respectively, the ellipticity and continuity constants for the tensor a. The
oversampling ratio, 0 < k, < 1, and the order of filters, g, can be chosen freely.

5.4.1 A smooth periodic example

As our first example, we consider the following two-dimensional coefficient
2
a(x) =[] (2.1+sin@nx)) 1, (5.17)
j=1
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(a) a(x) ofeq. (5.17) (b) The resonance error.

Figure 5.2 — A two dimensional smooth medium.

where [ is the 2 x 2 identity matrix, see the left picture in Figure 5.2 for a graphical representa-
tion of a. In this case, the homogenized coefficient is constant and given by®
a =(21v2.12-1)1.

In Figure 5.2, the upscaling error |a®®%T — g°||r is shown for increasing values of R. The
parameter values T and L are chosen optimally as stated in Theorem 5.1, with ko = %, a=
min,ex a(x), f = maxyeg a(x). The number of basis functions in Arnoldi algorithm to approx-
imate the right hand side is m = min(700, N 1/dy (where N is the total number of degrees of
freedom) for all values of R since the Arnoldi’s error is typically much smaller than the rest
of the errors. Two different kernels with g = 2 and g = 5 are used in the simulations. The
cell-problem eq. (5.8) is approximated by a second order finite difference scheme with the
stepsize h = 1/120. The numerical results show that the overall error is dominated by the
filtering error even for moderate values of R, and that arbitrarily high convergence rates are
obtained by using kernels with better regularity properties.

5.4.2 Discontinuous coefficients

The second example is a layered medium characterised by the coefficient

_ . _ % 0<x1< %,
a(x)=a(x)I, with a(x)= -
i 3 <x<l1
1 . -1
5The diagonal component of a° can be computed by a;; = (][ (2.1+sin@rx;))” dxl-) ][ 2.1+
0 0

sin@mx;)dx;jfori# j
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(a) a(x) of section 5.4.2 (b) The resonance error.
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Figure 5.3 — A two dimensional periodic discontinuous medium

Such a choice is to test the generality of the method when the regularity assumption on the
coefficient is relaxed. The exact homogenized coefficient is again constant and given by

o [(1/3 0
a = .
0 3/8
All the numerical parameters are chosen identical to those in example 1, with an obvious
adaptation of ¢ and f. Similar to example 1, higher order convergence rates are achieved

upon using higher order kernels, showing the generality of the method also for problems in
discontinuous media.

5.4.3 The quasi-periodic case

To test the applicability of the method beyond the periodic setting, we consider a quasi-
periodic coefficient given by

4+ cos(2m(x1 + x2)) +Cos(2ﬂ\/§(x1 + X)) 0

. (5.18
0 6 + sin® 2mxy) + sin® (27 \/Exz) ( )

a(x) =

The very same coefficient has been used also in the elliptic approach proposed in [78]. In
this paper, such a choice for the coefficient has been intentional as it allows for a comparison
between the two methods. In this particular setting, the homogenized coefficient is not easy to

O.R.LT \ith the largest R is used instead of a® (similar to

compute and therefore the value of a
[78]). All the parameter values are chosen identical as in Section 5.4.1. Figure 5.4 shows a fast
decay of the error down to 10~ for moderate values of R, i.e., R = 10. It is worth mentioning

that such an error tolerance is achieved only for R = 40 in the zero-order approach from [78].
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Figure 5.4 — A two dimensional quasi-periodic medium

5.4.4 Random coefficients

As yet another example of a non-periodic medium, we construct a random medium as follows:
we start by choosing a large computational grid, which corresponds to a discretization of the
domain Kg_, with Rpnax = 40. We then generate a sequence of uniformly distributed random
variables taking values in the interval [1, 2], and assign these random numbers on each grid
point. Next, we set a correlation length o (here o = 0.25 is chosen), and construct the random
coefficient at each discretization point x; € Kg (for a given R < Rpax) by taking the average of
the generated random values associated to the points x; € B, (x;). Since, the interest here is
not to study the statistical error, we compute only the error

O,R,L, T 0,Rmax, L, T

egc:=la"™"" —a [z

which sees the deterministic part of the overall error only. In Figure 5.5, the generated random
coefficient along with the boundary error is depicted. All the parameter values except & = 1/40,
a =1, and B = 2 are the same of Section 5.4.1. An exponential decay for the boundary error is
observed for three different choices of filters, consistently with the fact that the observed error
corresponds to the boundary error, and not the filtering error.

5.5 Conclusion

In this chapter we used the properties of the parabolic model of Chapter 4 to construct elliptic
corrector problems to approximate the homogenized coefficients. Such corrector problems
are characterised by the presence of an additional term, which is the solution of the parabolic
model at time T, i.e. the action of the semigroup e 47 on g’ = V- (ae;).

Under the same regularity assumptions of Chapter 4, we can derive an upper bound of
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Figure 5.5 — A two dimensional random medium

the resonance error for periodic coefficients. The error bound is composed of three terms
depending on the averaging domain Kj, the truncation at time T and the mismatching
boundary conditions on K. The first term decays with an arbitrary rate L™9, while the other
two show exponential decays, so their contribution is eventually negligible for sufficiently
high values of R and T. Finally, by balancing all the terms, we show that the quasi-optimal
parameter scaling is obtained for L, T = O(R).

Several numerical experiments supported the theoretical results. We tested the modified
elliptic method also for coefficients not satisfying the assumptions used in the theory, e.g.
discontinuous, quasi-periodic and stochastic coefficients. The results for these cases are in
agreement with the theoretical bounds, showing that it could be possible to relax the regularity
assumptions on the coefficients.

~AT gl in the corrector problem needs to be pre-calculated to derive a

The additional term e
full space discretization. Many strategies are available for this task, also thanks to the double
interpretation of the additional term. One strategy is based on the use of time-advancing

~AnT can be

schemes for the parabolic equation, up to time 7. The exponential matrix e
computed exactly (up to finite arithmetic errors) only for small matrices, while in our case Ay
is a large, sparse matrix. The use of standard/extended Krylov subspaces method allows to
accurately approximate the exponential matrix, with a limited computational cost. The cost
of this latter approach is compared to one of the standard elliptic and parabolic strategies.
The parabolic one is the most efficient, provided that we use a sufficiently high order time
integration scheme. The difference between the computational costs of the modified and
standard elliptic methods is less striking, even though the modified one still performs better.
The reason for such a small difference is mainly due to the assumption that the linear system

can be solve in @ (N) operations, which may not always be the case.
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5.5. Conclusion

With this chapter we conclude the study of homogenization of periodic media, as we will
consider the case of random media in Chapters 6 and 7.
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Homogenization of diffusion prob-
lems in random media

In this chapter we consider the homogenization of multiscale equations with random coeffi-
cients. Let us consider the partial differential equation on the domain D c R%:

(6.1)
uE =0 on aD,

{—v-(af(x,w)wf) - f inD,
where f € H™1(D) and af € L? (Q, L (D))?*? is symmetric, uniformly elliptic and bounded.
The multiscale diffusion coefficient is the realization of a random field and it oscillates at the
e-scale, i.e.

at(x,w) = a(f,w).
£

i . G o .
Under suitable assumptions, one can prove that a® = a° in the limit for £ — 0. Under the
assumptions of stationarity and ergodicity, the sequence of random coefficients converges

0

almost surely to a deterministic, constant tensor a’, i.e., at the large scale, the heterogeneous

random medium appears as a deterministic homogeneous medium.

The corrector equations to reconstruct a° can be derived heuristically through the standard
asymptotic expansion procedure: we suppose that the solution u? satisfies the asymptotic
expansion
e X 2 X 2
uf (x,w) = up(x) + €y (x, —,w) +&°Uy (x, —,w) +o(e%). 6.2)
€ £

The change of variables y = x/¢ leads to three differential problems at different orders of
magnitude:
-V, (a(y,w)Vyup) =0, @ (e7%))

~Vy-(a(y,0)Vyu)-Vy-(a(y,0) Vi) = Vi (a(y,w) Vyup) =0, @ (')
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Chapter 6. Homogenization of diffusion problems in random media

-Vy-(a(yw)Vyuz) = f+Vy-(a(y,w) Viur) +Vy-(a(y,0) Vyur) + Vi (a(y0) Viu).
@ (1))
Having assumed that uy does not depend on y, the first equation eq. (G (¢72)) is directly
satisfied. Moreover, by linearity, we can write the solution u; of eq. (G (s‘l)) as

d . ou
u (x,y,0)= )1 (o) 5 >0,
i=1 Xi

where ¥’ solves
V- (a(no) (Vyr' +ei)) =o0. (6.3)

At this point, in the periodic setting one would solve eq. (@ (¢71)), plug the solution into
eq. (0 (1)) and, by imposing the solvability conditions, find that the leading order term 1
satisfies the homogenized equation eq. (2.3) with a° defined as in eq. (2.8). In the stochastic
setting this procedure is not as straight-forward as in the periodic case because it is still unclear
in which sense we solve the corrector equation eq. (6.3) and we do not have any solvability
condition yet for eq. (€ (1)). Then, the problem reduces to the analysis of the general stochastic
partial differential equation:

—V'(a(y,w) V}(i) =gy w),

with a and g stationary random fields. In the coming sections we will provide the abstract
framework to derive the solvability conditions for the stochastic corrector problem.

Outline

This chapter is structured as follows: in Section 6.1 we provide the mathematical framework
in which stochastic homogenization is studied. The first qualitative results in stochastic
homogenization are due to the pioneering works [104, 123] and extensions to non-linear
equations were later provided by [46, 47]. In Section 6.2 the main results in quantitative
stochastic homogenization is described. Besides being interesting per se quantitative results
are useful in deriving efficient numerical methods to estimate the homogenized coefficients.
Some of these methods are discussed in Section 6.3.

6.1 The mathematical framework

In this section we explain our notation and provide a precise formulation of the proposed
corrector problems in the stochastic setting. Let (Q2,.%, P) be a probability space and let R?
be endowed with the Borel o-algebra 8. We denote as random variables all the measurable
functions X : (Q, %, P) — R and as random fields all the measurable functions f: (Rd,@) X
(Q,%,P) — R and we define stationarity as follows.

Definition 6.1. A random field f : R% xQ — R is said stationary if, for any h € R? and any
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6.1. The mathematical framework

points yi,...,yn € R4,
(fOor0),..., fynw) and (fn+hw),...,f(ya+h o)

have the same joint distribution.
Definition 6.2. Atranslation group (or d-dimensional dynamical system) is a family of inverti-
ble measurable maps, indexed by x € R%, 1, : Q. — Q such that

) Tx+y=TxTy, To = 1d;

ii) T preserves the measureP: P(tF) = P(F), for any F € & and any x € R%;

iii) for any random variable X : Q — R, the function X(ta(-)) is R xQ measurable with
respect to the product o -algebra.

Then, Definition 6.1 can be rephrased as
Proposition 6.3. A random variable f(y,w) is stationary if and only if, for any h € R%,

fythw)=f(y+hw), ae yEIRd,[P’-a.s.

We now introduce the concept of ergodicity and explain how this property is used in stochastic
homogenization.

Definition 6.4. A measurable set F € & is called invariant if 7. F c F and a random variable
X :Q— R is called invariant if X (7 yw) = X (w) almost everywhere in Q.

A translation group Ty is called ergodic if the only invariant sets F have either P(F) = 0 or
P(F) =1 or, alternatively, if all invariant random variables are constant almost everywhere in
Q.

If arandom field f(-,w) is generated by a stationary extension f (0, 7,w) through an ergodic
dynamical system, then we call f an ergodic random field. An important tool of ergodic theory
is the Birkhoff’s ergodic theorem, see Theorem 6.5, which establishes the equivalence between
the probabilistic and the spatial averages of a stationary ergodic random field f.

Let f e L}OC(IR”’). We denote the mean value of f as M(f) given by

M(f):= lim][ fx)dx, (6.4)
R—o0 KR

where, for simplicity, we considered Ky := (—R/2, R/2)? as integration domain, but one can
equally use any domain Qg = {x € R%, x/R € Q} that is the homothetic dilatation of a given
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Chapter 6. Homogenization of diffusion problems in random media

measurable set Q c R?. Let us define f.(x) = f(x/¢); we say that f; € L;’oc (IR{"’) has the mean

value property if
e—0

fe = M(f), weaklyin L (R%). (6.5)

The Birkhoff’s ergodic theorem states that, for stationary random variables defined through
ergodic translation group, the spatial and probability averages are identical.

Theorem 6.5 (Birkhoff’s ergodic theorem). Let f € LP(Q), p = 1. Then, for almost all w € Q,
the realization f (t,w) possesses the mean value property. Moreover, the mean value M (f (T xw))
considered as a function of w € Q is invariant and

E[f]:= / f(w)dP :/ M(f (T w))dP.
Q Q
In particular, if T is ergodic, then

E[f] = M(f(rxw)), P-as.

With the space Q) we aim to take into account all possible realizations of a random coefficient
field. Therefore, it is convenient to identify the space Q with the set of all possible coefficients
a(x) that allow the solvability of eq. (6.1), i.e.

Q=4(a,p).

Then, we endow Q with Borel set-indexed family of o-algebras & generated by

{aeQ-—»/ a;j(x)p(x)dx,p € CX(B),i,j= 1,...,d}.
[Rd

The largest of these o-algebras is denoted by %; thus, two realizations ¢ and a are considered
identical if they differ only on a set B < R of vanishing measure.

Finally, we take the translation group 7, defined by:
Txa(y):=alx+y).

Remark 6.6. The random tensor field x — a(x) is stationary.

The basis to study the correctors in stochastic homogenization is given by the extension of the
Weyl decomposition of square-integrable functions into their potential and solenoidal parts.
However, in the present situation we deal with stationary random vector fields. Stationary
random fields can be represented by their values at a given point (for instance, the origin) and,
then, extended to the whole R through the mapping f (x,) = f(0, 7 xw). From now on, with a
slight abuse of notation we will denote in the same way the random variable f (7 w) and its
stationary extension f(x,w). Let Uy be a d-parameters strongly continuous group of unitary
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6.1. The mathematical framework

operators in L?(Q) associated with 7y :
(Uef) @) = frxw),  feL*Q.

The infinitesimal generator of Uy along the i-th direction are the closed and densely defined
operators 0. :

f(The;w) — fw)
7 .

The domains 2; of the operators 8. are dense in L?(Q), and so is their intersection, see [51]
which is denoted by:

(af;)f) (w) := Ilji_r%

d
7= 2:. (6.6)
i=1

Thus, we can define the stochastic gradient and divergence for functions f, g1,...,84 € 2:

d .
Vof = (a}uf,...,ag’,f), and V,-g=)Y 0. g;.
i=1
Since the group Uy is unitary, the infinitesimal generators !, are skew-symmetric operators,
thus,
E [Gi)fg] =-E [f@fug] , andin particular, E [Ofuf] =0 forf,ge2.

Moreover, the stochastic derivatives of a random variable are related to the spatial derivative
of its stationary extension:

(@’;f ) (Txw) = 61 (faxw).

Xi

So, we can say that f(:) € A if and onlyif f(r4) € HY(D) P-a.s.

Let us introduce the spaces of, respectively, potential and solenoidal random fields:

Ly, (Q) = {fe 12 (Q) :f =V, u, for some u € 7'},

d
L, (@) = {fe Q2i: Vo -f:O},

i=1

where the overline symbol means the closure in L2 (Q). From the closedness of the operator
Vfo, it follows that

EIf)=0forall fe12,,(Q) and [E[f,-ai)g]:[E[fja(’;Jg] fori,j=1,...,d.

We have now provided a setting in which the auxiliary problem eq. (6.3) can be solved. One

can write the weak form of eq. (6.3) as: Find ¢ € Lf) ot () such that

[E[(p~a(wi+ei)] =0, Vpel?, (). 6.7)
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Chapter 6. Homogenization of diffusion problems in random media

The auxiliary stochastic problem eq. (6.7) has a unique solution, as a consequence of the
Lax-Milgram theorem on the Hilbert space Li ot (). We underline that the bilinear form in
this case is
B: L5, (@xL3, (Q — R
(0. 9) — Ef[p-ay],

and the coercivity condition is satisfied thanks to the ellipticity of a(-):

a ”‘P”iZ(Q) <E[¢-ax)gp)].

This bilinear form does not involve the weak (stochastic) gradients of #!-functions and the
reason is that the Poincaré inequality is not valid in this setting. In contrast to the periodic
case, we cannot write the corrector problem in a way to ensure the existence and uniqueness
of the correctors )(i as defined in eq. (6.3). As a matter of fact, the correctors )(i cannot be
uniquely defined, as they are defined up to additive constants. In the following theorem we
summarize the well-posedness of eq. (6.7) and explain how one can select in a unique way the
corrector y'.

Theorem 6.7 ([123]). Let a(-) be a stationary and ergodic tensor field. Then, for any direction
ei,i=1,...,d, there exists a uniquey' that satisfies

E [(p -a(x) (w" +el-)] =0, Vpell, (.

Moreover, there exist uniquely defined processes xi (x,w) € H}OC(Rd, L2(Q)) such that

0.0 O e
1'(0,w) =0, and ax.(x,w) =y ;(Tyw),
j

so that the gradients of y' are stationary, but not the functions themselves. Additionally, the
correctors ' grow sub-linearly at infinity: for every compact set K < R%,

lim supk =0.

R—00 xek

Sl
R

Remark 6.8. In the general case, the corrector x' is not statistically stationary. It is possible
to prove (see, e.g. [19, Chapter 4] or [83]) that, in dimensions d > 2, there exists a stationary
corrector y', uniquely defined by the condition E[y'] = 0.

The G-limit of the stationary ergodic random tensor a®(x) of eq. (6.1) has components:
0 —Fle;- Iye:ll= . j ;
aij =[E [el a(x) (1// +e])] ]éd e;-a(x) (V}( (x,w) +e]) dx, (6.8)

where the second identity follows from the Birkhoff’s ergodic theorem. The first identity can
also be written as

a?j =[E[(1//i+ei)-a(x) (wj+ej)].
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6.2. From qualitative to quantitative results in homogenization of random media

Finally, it is possible to prove the convergence u¢ — u°, for € — 0.

Theorem 6.9 (Weak convergence, [123]). Let a(-) be a stationary ergodic random tensor field.
Let u* € H}(D) solve eq. (6.1) with f € H™ (D). Then, u® — u° weakly in Hy (D), where u° €
H} (D) solves

-V-(a®Vu®)=f inD,

(6.9)
u’=0 onadD.

Theorem 6.10 (Strong convergence, [123]). Let u® € H& (D, L*(Q)) be the solution of eq. (6.1),
and let u® € H&(D) be the solution of eq. (6.9). Then

lgl})ﬁ[i| uf — uOHLZ(D)] =0, and

da . au0
. e .0 _ [ i —
}E%E u —-u ekEZIX (8)6xk 0.

H}(D)

6.2 From qualitative to quantitative results in homogenization of
random media

Up to now, we only have shown that the solution uf converges to the solution u° of the
homogenized problem, but we have not discussed the rate of convergence, i.e. whether the
difference || ut —u° H 12 can be bounded as a function of ¢. Quantifying such bounds is the
goal of quantitative stochastic homogenization. In connection to this problem (or, as an
intermediate step to solve it) one can also investigate the error rate in the approximation of a°.
Besides the theoretical interest, this is important also from the numerical point of view. Indeed,
the stochastic auxiliary problems are stated in an abstract probability space, thus it does not
give any practical recipe for constructing or approximating the effective coefficients. This is in
contrast to the periodic case for which many efficient numerical homogenization procedures
are available. The rate of convergence of the homogenization procedure is therefore a key tool
to derive convergence rates for multiscale numerical methods.

An important result in the derivation of convergence rate in stochastic homogenization was
obtained in [135], where boundary value problems for a second order divergence form operator
were studied and, under proper mixing condition, polynomial bounds for the convergence
rate were achieved.

A widely used mathematical technique to derive a priori bounds on the correctors and, conse-
quently, on the approximations of a° is the addition of a zero-th order term in the corrector
equation:

%X"T—Vay(a(x) (Vw)(’£r+e,-)) =0. (6.10)

This problem has a unique solution in xiT € A, differently to the problem eq. (6.7). The
random variable )(‘T can, then, generate a stationary random field that satisfies the spatial
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version of eq. (6.10)': Find y}. € I*(Q, H}, (R%)) such that

=0, vpel?(,c(RY). (6.11)

1. ,
[E[/Rd ?XZT(p-FV(p-a(x) (V)(’T+el~) dx

In contrast, the correctors y’ of eq. (6.3) are not stationary. Since the modified correctors )(’T
exist and are unique, they can be used to define the first order approximation:

ou°

axi

d .
ug(x):uo(x)+€Z)(’T(f) (x)+o(e).
i=1 €

Yurinskii [135] provided the first result in quantitative homogenization by proving that there
exist C,y > 0 such that

<CT7,

[t 4]y =7 a0 el )] -

where y depends on the dimension d and on the exponent of the uniformly strong intermixing

condition: 1 1
|E[¢n] —E[EIE[n]| = Cr "E[&2]2E[n?]?, 6.12)

where { is a 7 (A)-measurable function, 1 is a # (B)-measurable function, r = _inf |x—y]
x€A,yE

and A, B cR%. This condition is satisfied, for instance, by random chequerboard structures.
This result allows to derive an a priori convergence bound to the homogenized limit:

-y oul

d
e_ 0 _ i Y
Efle —u Ei§:1XT(5)axi < Ce"?,

H' (D)
upon choosing T = £~%%9, for sufficiently small § > 0.

Neither the auxiliary problem eq. (6.10) nor its stationary extension can be solved directly by
numerical methods, since the former is posed over the abstract space /! and the latter over
the whole space R%. Therefore, the discrepancy in various cut-off approximation procedures
must be considered. In numerical applications, under the same intermixing conditions as
above and by Green’s function estimates, [35] proved a priori bounds on the approximation
error for the auxiliary problem eq. (6.10) when it is posed over a bounded domain with
homogeneous Dirichlet, homogeneous Neumann or periodic BCs are proved in [35]. The
bounds for the cut-off error in eq. (6.10) can then be used to prove

1
B[ -a’|3]* <cr, (6.13)

lWe denote in the same way the random variable and its stationary extension in order to keep the notation
simple.
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6.2. From qualitative to quantitative results in homogenization of random media

0,R

where a>" is computed through the cut-off auxiliary equation

~V-(atx,0) (Vah+e))=0 inkp + BCs. (6.14)

The error estimate eq. (6.13) is proved upon choosing T = Rz_‘s, for sufficiently small § > 0. We
remark that, in the analysis, one has to “pass through” the penalized equation eq. (6.10) on
cut-off domains Ky because the gradient of the correctors, V}(fq, (and the correctors as well)
are not statistically stationary, which is a handicap from the analytical point of view. A priori
bounds similar to eq. (6.13), but with explicit exponents, were derived in [55] to estimate the
HMM resonance error for random media.

In order to simplify the analysis, several authors focused on the problem of stochastic homog-
enization over discrete networks with random conductances. This can be seen as a Finite
Difference approximation of eq. (6.11) and it has several advantages in comparison to its
continuous version. For example, one can define the conductances over the edges as i.i.d.
random variables, which directly entails stationarity and ergodicity of the coefficients. In
[81, 82], the authors consider the regularised problem eq. (6.11) over a 7% lattice with random
conductances defined on the edges e € E c Z% x 74, which reads: Find )(’T :Z% — R such that

L i i
—w+ Y ae) ()(T(x) — )+ 1) -0, 6.15)
T yezd,|x-y|=1

where e is the edge connecting x and y. In order to be practically computable, the model
needs to be defined over a bounded network of size R, but, thanks to the exponential decay of

the related Green’s function, the cut-off error decays exponentially with respect to % and it

is thus negligible for sufficiently large R, in the regime v/T < R — L. Thus, the whole-domain
problem is analysed, knowing that it can be approximated with arbitrary accuracy orders by
bounded domain solutions. For the estimation of the error, the total mean square error is first
split into two contributes, a variance term (the statistical error) and a bias term (the systematic
error):

|

where y; is the sampling on the vertices of Z¢ of a smooth averaging function vanishing

1 1

ok <Var Z(e,-+V)(iT)-a(e) (ej+VX]7.~)HL 2

e

Xe:(ei + VX’T) -ale) (e]- +VXJ%) UL — “?j

) atofrs o)

outside K; N Z% and such that ¥ « ML = 1. The main result of [81] is the proof of the following
inequality: there exist an exponent g(«, f) > 0 and a constant C > 0, independent of L and T,
such that:

L2+T %) (logT)? ford=2,
_cll )(log)?for (6.16)

Var
L‘d(1+%) ford>2;

Z (e,- +VXiT) -ale) (ej + VX]%)HL
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Chapter 6. Homogenization of diffusion problems in random media

in the regime of interest, L < T < I?, the two bounds can be simplified as L=2(log T) and L™¢,
respectively. The proof of eq. (6.16) is based on the use of a spectral gap estimate to control the
variance of random variables { € L?(Q):
(7o)
daf(e)

This type of estimate can be seen as a sort of Poincaré inequality with mean value zero with
respect to the infinite product measure that describes the distribution of the coefficients. In

Var[X]<C) E

e

the discrete setting, the spectral gap inequality is a direct consequence of the independence
of the conductances values (see Lemma 2.3 in [81]). An estimate for the systematic error is
derived in the companion paper [82]: there exist an exponent g(«, ) > 0 and a constant C > 0,
independent of T, such that:

T‘l(logT)" ford =2,
|[E[(vx"T-vxi).a(e)(vxf}_vxi)”sc ;_z/lzogT zzzj (6.17)

T2 for d > 4.

Hence, in the regime T ~ L?, the total mean square error for the homogenization of random
network can be bounded by:

L '(logL)? ford =2,

1
) . 21z | p-di2 for3<d<7,
E[ ei+Vyl| ale)|e;+Vyl|ur—al, ]

Xe:( l T) ( ! T) Y L™*logl  ford=4,

L™ for d > 8.

Further results can be found in [80], whose main findings is the proof of an optimal decay
in time of the semigroup associated with the corrector problem (i.e. of the generator of the
process called “random environment as seen from the particle”). As a corollary the existence
of stationary correctors (in dimensions d > 2) is recovered and new optimal estimates for
the penalized correctors (in dimensions d = 2) are proved. These convergence rates were
confirmed numerically in [61].

In [83] the results of [80, 81, 82] are adapted to the continuum context. Like in the discrete
case, the mean square error for the approximation of the homogenized coefficients by the
zero-th order regularised corrector problem eq. (6.10) is split into a statistical and systematic
error terms:

1
272

<Var

/KL (el- +VXiT) -ale) (e]- +VX§) UL :

[ v

E H/KL (e +Vxh)- ate) (e + Vi) ) p -

-~
statistical error
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6.2. From qualitative to quantitative results in homogenization of random media

+JE [(vxh- V') -ate) (Vi) —vxf)H.

systematic error

As in the discrete case, we can neglect the error due to the boundary conditions because it
converges with an exponential rate in 'R—\/_TL'. The systematic error is controlled by the same
upper bound of the discrete case, eq. (6.17):

71 ford =2,
T-3/2 ford =3,
T=2logT ford=4,
T2 for d > 4.

‘[E (Vi - V') -ate) (vxfT—vxf)” <C

and the proof follows from the spectral properties of the operator —V,, - (a(x)V,). On the other
hand, the statistical error can be bounded as

Var

Z (ei +V)(iT) -ale) (ej +Vx]%)pL

e

-2 VT _
s L log(2+ L) ford =2,
L4 for d > 2.

This bound can be proved by using a spectral gap inequality, which, in the continuum context,
takes the form:

Definition 6.11. A probability space (Q, % ,P) satisfies the Spectral Gap if there exists p > 0 and
¢ < oo such that for all random variables { € L2(Q) we have

2
Var[(] < l/ E ( 0sc ()
P JRga alp, (2

where (l)sc { denotes the oscillation of the random field { with respect to the values of a(x) on
alBy(2)

the ball By(z):

dz, (5G)

( 0sc () (a(x)) = ( sup () (a(x)) —( inf () (a(x))

alB[(ZJ (llgg(z) a By(2)
=sup {{(a) 1A €Q, dlga\g, ) = ale\B[(z)}

~inf{{(a): a € Q, gt g, z) = Algtpy 0}

The condition eq. (SG) is stronger than ergodicity, as stated below.
Lemma6.12 (Lemma 2.3 in [83]). If(Q, %,P) satisfies eq. (SG), then the translation group 7 is

ergodic.

The assumption that the probability space satisfies a spectral gap inequality can be by-passed
by taking stronger assumptions such as the mixing condition of eq. (6.12), or the unit range of
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(a) Poisson random inclusions. (b) Smoothed Gaussian noise

Figure 6.1 — Two examples of random media with finite range of dependence.

dependence, as in [19]:

Z 4 and Zp are P-independent for every pair A, B c RY
of Borel subsets such that dist(A, B) = 1.

Classes of random coefficient fields that satisfies the unit range of dependence (and thus the
spectral gap inequality) are, for example, the Poisson random inclusions (where spherical
inclusions are randomly placed in a uniform matrix) or the smoothed Gaussian noise, depicted
in Figure 6.1. The main drawback of the corrector problem eq. (6.11) is that the reconstruction
of a° yields an error that saturates at T~/ (T2 for dimension d = 4). In order to reduce this
drawback, Richardson iterates are proposed in [79, 84]. They are defined as:

X11=XT>
) 1 e .
Xrie1 = k-1 (2 X;T,k_xlT,k)'

This allows to reduce the systematic error to

742 for2<d<5,
|[E (Ve — V') - ate) (vx’fk—vxf)” <C{ T 3log(T) ford=6,
T3 for d > 6,

with an improvement of one order of convergence with respect to the case without the Richard-
son iteration. Albeit this method allows to improve the decay rate, it is not as effective as in
the periodic case where the improvement was from 772 to T~2k,

The recent contribution [19] provides new results in stochastic homogenization for what con-
cerns the existence and uniqueness of correctors, the convergence rates for the approximation
of a® and bounds on the homogenization error.
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6.3 Computational approaches in stochastic homogenization

The aim of numerical upscaling schemes is to compute the best approximation of a° with
the least possible computational cost. Above, we described how the regularised corrector
problem eq. (6.11) can be used to compute approximate homogenized matrices and discuss
the convergence rates of such an approach. In the context of stochastic homogenization, the
main source of error is due to the statistical error, with the exception of the standard cut-off
model (T = o0) for d < 2. In [77], the author adopts a Monte Carlo (MC) approach to reduce
the statistical error and addresses the problem of optimizing the computational cost. The
homogenized coefficients are approximated by averaging the upscaled coefficients obtained
by N independent samplings of the conductances. The problem is solved for both the case of
a single processor and of multiple processors and the optimal value of N will depend on the
number of available processors.

6.3.1 The embedded method

We have already discussed the use of embedded corrector problems to approximate a° in
Section 2.4.1. The method [41, 42] was developed for materials with random inclusions, as the
one depicted in Figure 6.1a, where the size of the inclusions may vary as well. The embedded
corrector problem is

-V (ar) (xr+¢) =0 ino'(RY). (6.18)

where the coefficient tensor ag(y) is defined as

a(y) YeKpg,

ar(y) = 4
a yER \Kg.

The constant matrix @ € R?*? is a priori unknown, as it approximates the homogenized matrix.

For any a € R%*¢, the matrix G is defined by ¢ - G(@)¢ := 2 #y(a), where _#,(a) is a functional
defined in Section 2.4.1. The following three approximations of a° are proposed:

atl)’R = argmax Ir (G(a)), ag'R = G(a(l)’R), ag’R = G(ag’R).
ac(a,p)

Numerical tests for randomly arranged inclusions showed that the errors for the second and
third method are smaller, and we have less oscillations in the convergence to a°. However,
convergence rates are difficult to evaluate in this setting.

6.3.2 Variance reduction techniques

Since the variance error is often the dominant source of error, several works addressed the
problem of reducing it. Many of those adapted variance reduction techniques to the context of
homogenization of random media, see e.g. [106]. In [34], three variance reduction techniques
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Chapter 6. Homogenization of diffusion problems in random media

are presented:

¢ The method of antithetic variables, proposed in [32, 109], achieves a reduction of the
upscaled coefficients’ variance by sampling from an “antithetic” random coefficient
field, i.e. a random variable with the same distribution as the original field, but such
that their covariance is negative. For example, if we sample a random conductivity field,
a(x) from a log-normal distribution, an antithetic variable can be its inverse, 1/a(x).
This approach has a substantial efficiency, but is also limited in particular because the
technique does not fully exploit the specifics of the problem considered.

¢ The method of control variates, proposed in [108], requires a better knowledge of the
problem at hand. In this approach, a surrogate problem, simpler to simulate and close
to the original problem, has to be considered and concurrently solved. The technique
uses that knowledge to, effectively, obtain a much better reduction of the variance in
comparison to the method of antithetic variables. For example, in the case of periodic
structures with random defects, the surrogate model is the periodic problem without
defects, which can be solved easily on a single periodic cell.

¢ The method of special quasi-random structures, proposed in [107], consists in selecting
only some realizations of the random environment. For instance, one may discard
realizations of the random field if the empirical statistics (e.g., the spatial average or
the volume fraction) are sufficiently far from the moments of the random field. Mathe-
matically, this selection of suitable configurations among all possible ones amounts to
replacing the computation of an expectation by that of a conditional expectation. This
approach allows to neglect, via a cheap pre-evaluation, to compute the solution for a
very unlikely configuration and, consequently, reduces the overall cost of the Monte
Carlo sampling. This approach has been fully analysed in [70].

A different approach, to reduce the MC sampling cost, is to adopt a Multi Level Monte Carlo
(MLMC) approach, [59]: many inexpensive computations with the smallest cell size are com-
bined with fewer expensive computations performed on larger cells. An important remark is
that MLMC approaches are interesting when the exact homogenized properties are stochastic,
therefore, the MLMC approach is preferable for non-ergodic random fields?. In the case of
ergodic coefficients, the homogenized matrix is deterministic and the MLMC cost equals the
MC’s one. The mathematical reason is that the variance of the estimators of a° decays not
only with the number of MC samples, but also with the cell’s size as R~ as a consequence of
the Central Limit Theorem.

6.3.3 Aniterative method

In Section 2.4.1, we described an iterative approach to approximate the homogenized limit
of random coefficients which was developed in the context of random networks, [119], and

2Wiener processes are examples of non-ergodic random fields.
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later adapted to the continuous case, [87]. The aim of [119] is to develop a method for the
computation of the homogenized coefficients with optimal computational complexity, having
proved that no algorithm can output an approximation a; of a° with error

[E[|a5—a0|2]% <96,

with less than @(572) operations. The iterative scheme proposed reaches this limit and is,
thus, optimal under the point of view of computational complexity. A bounded domain
problem is proposed for practical purposes as an approximation of the original one eq. (2.56),
which is posed on the entire Z¢. The approximation error due to the spatial cut-off, which
is of exponential order and can thus be neglected. The peculiarity of this method is that the
computational domain can be reduced as the iterations go on. The auxiliary problems take
the form:

2"“)@% -V (a(y)V)(;’k) = 2‘k)(%,k_l in Kg,,

XR,kZO onaKRk,

where
. k
xi, =V-(ae;), and Re=2""G"9%Lca+np2z.

The homogenized coefficients are reconstructed as

n . .

O,R,L,n ,_ k j j

a; n,_][ aij(y)dy+22 ][ X;?,k—lxi?,k-i_xé?,kxi?,kdy'
K, k=0 Ky,

with
k
Li =R - C(1+n)2z.

In this case, the mean square resonance error is bounded by

1
212 _d
a?. —a®®En " <cL,?, (6.19)

E ij ij

which is referred as the Central Limit Theorem error.

6.4 Conclusion

The subject of stochastic homogenization is far more complicated than the periodic case. First
of all, first order correctors cannot be uniquely defined. Additionally, further assumptions are
needed in order to derive convergence rates of the approximation error, for example the mixing
condition or the finite range of dependence. Even in such a case the rates of convergence are
not explicitly known, [135]. A way to overcome this gap is the use of a regularised corrector
problem, for which explicit convergence rates for the bounds on the statistical and systematic
errors were proved by Gloria and Otto, under the assumption of spectral gap inequality. The
recent monograph [19] gives a broad overview of the analysis of stochastic homogenization.
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Chapter 6. Homogenization of diffusion problems in random media

These last researches indicate that the best approximation error estimate that can be achieved
in this context is given by the Central Limit Theorem and scales as R~4/2,

From the computational point of view, many past studies focused on verifying the error bounds
derived analytically, without proposing alternative numerical schemes to solve stochastic
multiscale problems. Legoll et al. [34, 106, 107, 108, 109] proposed several variance reduction
approaches to reduce the statistical error in the approximation of a°, with the aim of reducing
the computational cost, rather than improving the convergence rates.
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gd Modified elliptic corrector problems
for random media

As discussed in Chapter 5, the modified elliptic corrector problem eq. (5.1) can be used to
approximate the homogenized coefficients with higher convergence rates of the boundary
error. The analysis in Chapter 5 only covers periodical deterministic micro-structures, so we
aim to extend those results to the homogenization of stationary ergodic random media. Our
final goal is to assess the convergence rate of the error associated to the approximation of a°
via the modified elliptic scheme and compare it to the standard corrector problem (6.14). For
the latter case, we already know that accuracy scales at most as R™! [35, 135].

Let £ R, |¢| = 1 and e~ 47 be the semigroup, evaluated at time T, generated by the second
order elliptic operator A: H(} (Kr) — H™!(Kg) defined by Au:= -V (a(x)Vu). Let us consider
the cell problem

{ =V (ax) (Vyrr+¢)) =-e T [V-(a(0))] inKg, 1)

XiT,R(x) =0 on 0Kp,

where the diffusion coefficients a; j(x) are the realization of a stationary ergodic random tensor
field, as seen in Chapter 6. The choice of homogeneous Dirichlet boundary conditions is
completely arbitrary; as a matter of fact, we could replace it by, e.g., periodic or homogeneous
Neumann boundary conditions, provided that the space from which A operates is changed
accordingly. We will assume that, as proved in the periodic setting, the modified corrector over
the bounded cell, yr, 7, approximates with an infinite order of accuracy the modified corrector
over the unbounded cell, y 7, which is defined as the solution of

~V-(a() (Vyr+¢&))=-u(,T), inRY (7.2)

where u(-, T) is the solution of the Cauchy problem (7.3), evaluated at time T

ou . d

— —V:-(ax)Vu)=0 in R* x(0, +00),

ot (7.3)
u(x,0) = V- (a(x)¢) in RY.
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The modified corrector functions y g r and y 7 are employed to upscale the multiscale tensor
by the corrector average formulas:

£-aPPLTE = 4 (Vypr+€)-ax) (Vygr +€) dx, and (7.4)
K

E-a®bTe = (Vxr+¢&)-ax) (Vyr+¢)dx, (7.5)
Kr
where the restriction over the smaller box K7, is necessary in order to achieve the exponential
decay of the boundary error, whose upper bound depends on (R — L), as proved in Chapter 5
for the periodic setting.

Outline

In Section 7.1, we prove the well-posedness of the modified corrector problem on the un-
bounded domain (7.2) in the space of stationary random fields. An a priori upper bound

0T — g% (@®T being defined in (7.18)) is proved in Section 7.2 as a

on the systematic error a
consequence of the time decay of parabolic solutions. Along with the systematic error, the
statistical error is discussed as well. Finally, we demonstrate the decay of the global resonance

O.RLT _ 4% by means of numerical experiments in Section 7.3. In particular, this makes it

error a
possible to choose optimal values for the parameters T, R, L in the model problem (7.1), which
is needed for computationally efficient and accurate approximations of the homogenized

tensor in random media.

The content of this chapter is based on [7].

7.1 Well-posedness of the corrector problem

In this section we prove that the corrector problem eq. (7.2) is well-posed and that Vyr is a
stationary random field. The well-posedness proof is based on the equivalence between the
gradient of the modified corrector Vy r and the time integral of Vu, for which we rely on time
decay properties of parabolic solutions. The stationarity of Vy 7, which can be compared to
the stationarity of Vy of eq. (6.3), is essential for applying the ergodic theorem in the definition
of a®T. In this chapter we will use the following notation:

« %2 denotes the space of stationary extension of square-integrable random variables:

P?= {ux,0) =u(ryw):ue LZ(Q)}.

2
* Lo

variables:

denotes the space of stationary extension of square-integrable potential random
LR ={vix,0) =vir0) ve L2, (@)

116



7.1. Well-posedness of the corrector problem

« 7! denotes the space of w-differentiable random variable, as defined in eq. (6.6).

Theorem 7.1. LetueC ([0, +00), 22) be the solution of eq. (7.3). Then, there exists a unique
Vyre z;m such that

~V-(aVyr+&)=-u(,T), in2'RY), P-a.s.. (7.6)

Remark 7.2. In [19] the authors proved that for Vu and Vy as above the following relation
holds true:

+00
V)((x)=/ Vulx,t)dt, P-a.s.
0

This identity entails the stationarity of Vy, as a consequence of the stationarity of Vu. Moreover,
the identity does not hold true for u and x, because the time integral of u does not converge. We
will use a similar identity to prove Theorem 7.1.

The proof of Theorem 7.1 is based on the decay in time of the parabolic solution u, which are
collected in Section 7.1.1.

7.1.1 Decay of parabolic solutions

In this section we collect some results about the decay in time of the solutions to parabolic
PDEs in R with stationary random coefficients. The decay properties will eventually be used
in the proofs of Theorems 7.1 and 7.9. Existence and uniqueness of the solution u to eq. (7.3)
is a classical results of the theory of linear parabolic partial differential equations, [71]. First of
all, we recall a classical result on the time decay of the solutions to parabolic problems and
deduce the results of Lemma 7.4. These results are not new, for example they are proved in
[19] for the case of Z%-stationary random fields. The proof is based on writing the solution
u(x, t) as a time integral involving the fundamental solution I'(x, y, t):

u(x, t,a) = —/d V,I(x,y,0)-a(y)¢dy. (7.7)
R

We recall that the I'(x, y, t) solves:

ot
F(;J/»O) :6)/(')) F(x,-,O) :5x(');

6_1“(_ )= Vx-(@x)ViI'(, ) =0 a—F( 5) = Vy-(a(y)V,I'(x,-)) =0
al_ ;y; X ax X ;J’» - ’and x); y ay y x;; — Y

where 6, is the Dirac delta function centered in z € R4,
Lemma 7.3. Let u be the solution of eq. (7.3). Then, there exists a constant C(a, §,d) > 0 such

that, for every t >0,
1 _1
“u(’ t)”Loo(Rd) +12 ”Vu() t)”Lm([Rd) =Ct 2. (78)
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Lemma 7.4. Let u be the solution of eq. (7.3). Then, u is a stationary random field and

Elu(x,£)]=0, Vt>0VxeR%. (7.9)

Proof. Step 1. We prove the stationarity of u. Let us recall that u can be expressed by formula
eq. (7.7). Then, by the fact thatI'(x + z, y + z, t,a) =T'(x, y, t, T ;a)

u(x+z,t,a)=—/ Vi,I'(x+z,yta)a(y)Sdy
Rd
:—/ VyI(x+z,y+zt,a)-aly+z)cdy
Rd
:—/ ViI(x,y,6,72a) T a(y)édy = ulx, t,74).
IRd

Step 2. Let By < R? be the unit ball centred in 0, v € C§° (By) with unit mass in L'(B;) and
Wwr(x) := R-%y(x/R). Let us write eq. (7.3) in weak form with ¢ as test function and integrate
intimefor0< ) <t<fy:

= lim E
R—+00

Elu(, 0)] —E[ul, )]

2]
/ / Vu(x, t)-a(x)Vygr(x)dxdt
n JRY
By the Holder inequality, we bound the absolute value of the right-hand side from above:

<E

b 1)
‘[E [/ /qu(x, 1) a(x)Vyr(x)dxdt / BIVuUC, Ol o gay [ VYR 11 ey dt]
nh JR h

[2)
<R ||Vy| e E [/ IV2(, D)l oo ety dt]
15

1

The term E [ft? IVuc, ol [o®RY) dt] is uniformly bounded in R thanks to the decay of [ Vu(:, 1) ”Loo(Rd)
of Lemma 7.3. So,

1)
lim [E[/ / Vu(x, t)-a(x)Vygr(x)dxdt| =0,
n JRY

R—+400

and we deduce that E[u(:, )] is constant in time. From the fact that ||u(, ©)|| [o®RY) decays
to zero and from the stationarity of u, we conclude that E[u(x, £)] = 0 for any ¢ > 0 and any
xeR4, 0

Time decay rates of E [|u|”] and E[|Vu|”] for homogenization problems over discrete networks
were proved in several works, e.g. [80, Theorem 1] and [119, Lemma 9.7]:

1
[E[Iulp]% <C(t+ 1)_(%+%) forany p>1 and [E[IVuIZ] 2<C(t+ 1)_(“%).

More recently, similar estimates were also derived for the continuous case in [19]. Theorem 7.5
and Corollary 7.6 provide time decay bounds on the moments [E [|u/|”].
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7.1. Well-posedness of the corrector problem

Theorem 7.5 ([19, Theorem 9.1]). For every o € (0,2), there exists a constant C(o,d, &, f) < +0o
such that the following holds. Let a(-) € L°(R?) be a stationary random field such that, for every
x€R?, a(x)¢ is F -measurable and let u € C (10, +00), £?) be the solution of eq. (7.3). Then, for
every t € [1,+00) and x € R%,

Elexp((C7 4 jucx, t)I)U)] <2. (7.10)

Corollary 7.6. Let the assumptions of Theorem 7.5 be satisfied. Then, for any p = 1, there exists
a constant C(p, d, a, ) < +oo such that, for every t € [1,+00) and x € R?

+

-l

) (7.11)

(NI

E[jutx, 0IP]7 < Cr(

Proof. From Theorem 7.5, by taking o = 1, we know that there exist C(d, a, B) < +oo such that
E [exp (C_1 1245 |ux, t)l)] <2

for every t € [1, +o0) and x € R?. Since the exponential of a random variable X grows faster than
|X|? for any p, the integrability of eX implies the integrability of any power of X. Therefore,
there exists a constant C(p) < +oo such that

E[IXI”] < C(p)E[e*].

By taking X = C! £+ |u(x, )| in the previous inequality we conclude that there exists a
constant C(p, d, a, B) < +oo such that

E[jutx, n|P]7 < CrG+9),

Corollary 7.6 shows that there is a clear difference between the time decay of parabolic so-
lutions set in bounded domains (as, for instance, in the case of periodic correctors) and in
unbounded domains (as in the stochastic homogenization setting). Indeed, in the periodic
(or bounded domain) setting, the Poincaré inequality entails exponential decay in time of
the spatial L?>-norm. Such a property is fundamental in the derivation of exponential order
convergence rates of the resonance error in Chapters 4 and 5. In the stochastic setting we do
not necessarily have such an inequality in .#!.

Proposition 7.7. Let u be the solution of eq. (7.3) with V- (a(x)¢) € %2, Then

we L*((0,+00), #') N C ([0, +00), £7).

Proof. We first prove that u € L ((0, +00), #') and, then, that u € C ([0, +00), £?).
Step 1- ue L2((0, +o0), #'):
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We already know from Lemma 7.4 that u(., t) is stationary for any ¢ = 0. So, we only have to
prove that

+00 +oo
/ E[u(, %] dt<+oo, and / E[IVu(, t)|*] dt < +oo.
0 0
The function E [u(-, t)z] is decreasing in time, indeed, from eq. (7.3),

d o2
E[E[u | =2E[ud;u] = —2E[Vu- a(x)Vu] <0.

So, we can bound the integral using V- (a(x)¢) € %2 and the result of Corollary 7.6:

+00 1 +oo
/ E[ut,0?] dts/ E[uC,0?] dt+/ E[u(, 0] dt
0 0 1

e (7.12)
da
<E[IV-(a(x)&)*] + C/ 1%%) gt < +o0.
1
Next, from the ellipticity of a(-), we have:
2 1d 2
aE[IVu(, 017 <E[Vu-a(x)Vul = —=—E[u(, 1)7].
2dt
So, since E [u(-, £)?] vanishes for ¢ — +oo,
+00 1
/ E[IVu(, p*] dt < 5o F [u(-,0)?] < +oo. (7.13)
0

From eq. (7.12) and eq. (7.13) we conclude that u € L* ((0, +o0), #).
Step 2 - ue C([0,+00), £?):

Let ¢ > 0. Since f(z) = y/z is continuous in [0, +00), it is sufficient to prove the continuity of
E[u?]:

t+h d
E[u(, t+h)?] —E[u(, 0] =/ —E[ut, 0% dt
t
t+h
:—/ E[Vu-a(x)Vu] dt — 0,
¢ h—0

and the proofis concluded. O

Now, we state a result on the time decay of the second moment of Vu. The proof follows from
the one of [119, Lemma 9.7].

Proposition 7.8. Let a(-) € Q and let u be the solution of eq. (7.3). Then, there exist a positive
constant C(d, a, ) < +oo such that, for every t € [2,+00) and x € R4,

1
E[IVulx, 02]? < G0, (7.14)
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Proof. Let us begin by proving that the map ¢t — E[Vu(x, ?) - a(x)Vu(x, t)] is nonincreasing.
Indeed, its time derivative can be expressed as:

0:E[Vu(x,t)-ax)Vu(x, t)] =2E[V(O;u)(x, t) - a(x)Vu(x, t)]
=2E[V(V-(a(x)Vu(x, 1)) a(x)Vu(x, )]
= —2E[|IV-(a(x)Vu(x, H)[*] <0.

Thus, from the weak formulation of eq. (7.3) with u as test function and inequality eq. (7.11)
for t/2 =1 and p = 2, we can write

t
E[Vu(x,t)-a(x)Vu(x, 1)] < gt/ E[Vu(x,s)-ax)Vu(x,s)l ds

1 [t
S—;/ dt[E[Iu(x,s)lz] ds
3

2 alE
<-|E 07| —E , =
[Elhee 0] € ful o) H
<Cr @D,
Then, eq. (7.14) follows from the assumption of uniform ellipticity of the coefficients. O

Now we are ready to prove that the differential problem of eq. (7.2) is well-posed.

Proof of Theorem 7.1. Let us define the stationary function
T
‘P::/ Vu(-,t)dt. (7.15)
0

Then, ¥ € (£¢%)¢. Indeed, by Minkowski integral inequality and Proposition 7.7 we have:

T
/ Vu(x,t)dt
0

The weak form of eq. (7.3) is: Find u € L? ((0, +00), #!) such that

213

1 T 1
E[I®x)*]?:=E 5/ E[IVu(x, 01?]? dt < +oo.
0

%[E [up] +E[Vp-a(x)Vu] =0, Ype A"
By integration in time and eq. (7.15), we get
E[Ve-alx) (W +&)]=—E[u(, T)¢], VYpes'

To conclude, we have to prove that ¥ € P2

ot The function VW is trivially vortex-free, since it is

the gradient of fOT u(-, t) dt. Hence, we are allowed to define ¥ as Vy .
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The uniqueness of Vy r trivially follows from uniqueness of solution for the standard corrector
problem eq. (6.3), proved in [123]. O

7.2 A priorierror bounds

In this section we will discuss the a priori bounds on the resonance error. The error can be
measured in a strong sense, by the L?(Q)-norm, or in a weak sense, as the absolute value of
the mean difference. The difference between the two is the presence/absence of the so-called
statistical error, which accounts for the fact that the we have a random approximation of a°.

7.2.1 Error decomposition

We define two measures of the resonance error: the mean square resonance error and the
mean resonance error, respectively defined as

eps:= sup ([E[(6-(a°’R'L'T—aO)£)2])%, and

EeRY,|I€]|1=1
ev:= sup [&-E[a®PDT-a%¢].
EeR?,[|€]|=1

Both errors can be decomposed into several contributions that can be estimated separately.
By the triangle inequality, the mean square error can be decomposed as

D=

([E [(,5 (ao,R,L,T _ ao)g)z]) < ([E [(f_mo,R,L,T _ aO,L,T)f)Z])%

+ (E [(6 (@%b T - aO'T)E)Z])% + ([E [(f a7 - ao)f)z]) ,

N

O,R,L, T 0,L, T

where a®7 is defined in eq. (7.18). The difference a - a” accounts for the error
due to mismatching conditions of the corrector functions on 0Kg. Such an error has been
analysed for the periodic deterministic case and computed numerically for the periodic and
the stochastic cases [8]. The rate of convergence of the boundary error is exponential, whose
exponent depends on the contrast of coefficients. We assume that the error a®®% T — g0 T
be bounded by a deterministic bound depending on R, L, T and we denote it by egp (R, L, T).

Hence, the mean square error is thus bounded by the sum:

a can

ems<egp(R,L,T)+ sup /Var[¢-a®TLE]+ sup |&-(a®" -ad)é.
EeRY,||E)I=1 EeRY,||E]=1

J

~- ~-
statistical error systematic error

The advantage of the error in mean is that it allows to remove the statistical error as the
difference in mean can be bounded by:

|§.[E[a0,R,L,T_aO]£| < |€_[E[aO,R,L,T_ao,L,T]€|
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7.2. A priorierror bounds

+|&-E[a®T - a®T) ¢ +|¢-E[a®T - a®]¢].

=0, by eq. (7.18)

So, the error in mean can be bounded by

em<epp(R LT+ sup [¢é-(a®" -a%¢. (7.16)
EeRY,|E)=1

J

—_—

systematic error

In Section 7.2.2 we prove an a priori bound for the systematic error, while in Section 7.2.3 the
statistical error is discussed.

7.2.2 Systematic error

The systematic error is

esys:= sup |€-(a0’T—a0)€|. (7.17)
EeRY,||E]=1

We will rely on the result on the time decay of Vu(:, t) and on the definition of Vy and Vy 1 as
time integral of Vu(:, t) in order to bound the systematic error.

Theorem 7.9 (systematic error). Let a(x) € Q, a® and a®" be defined, respectively, as in eq. (6.8)
and by

¢-aT¢:= lim o (Vyr+¢)-a) (Vyr+¢)dy=E[¢-a”"¢]. (7.18)

L—+o00 K
Then, there exists a positive constant C(d, a, B) < +oo such that

sup |- (@7 -a%¢|<CT 8, (7.19)
£eR?,¢l1=1

Proof. We first notice that the two identities contained in eq. (7.18) follow from the stationarity
of a(-) and the Birkhoff ergodic theorem. Next, we prove that

& @®T —a"é=E[(Vyr-Vy)-at) (Vyr—Vy)]. (7.20)

By definition of a®” and a°,

E@T —aéE=E[(Vyr+¢&)-al) (Vyr +&) = (Vy +¢&)-al) (Vy +¢)]
=E[(Vxr+¢)-al) (Vxr+&) - (Vx+¢)-at) (Vyr +¢)]
+E[(Vxr+¢&)-a() (Vy+&) = (Vx+¢&)-al) (Vy+§)]
=E[(Vyr-Vy)-a0) (Vyr+&)+(Vyr—Vy)-a() (Vy +&)]
=E[(Vxr—Vx)-a() (Vxr+&) - (Vxr—Vyx)-al) (Vx+§&)]
=E[(Vyr-Vx) a0 (Vyr-Vy)],

123
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where the fourth inequality comes from
E[(Vr—Vx)-a) (Vy+&)] =0=—E[(Vyr-Vx)-ato (Vx+<)],
forany x e R4, Thus, by the uniform boundedness of a(-) and the Holder inequality we have:
¢+ (a7 - a%)¢] < BE[|Vyr - Va[].
Now, we recall that

+00 T
V)(:/O Vu(,t)dt, andV)(T=/O Vu(,t)drt,

we subsitute these equivalences in the expression above and use the Minkowski integral
inequality to switch the two integrations:

+00
‘/ Vu(,t)dt
T

Finally, from the time decay result for Vu(:, f) eq. (7.14) we conclude that

2 2

|¢-(a™" - a®)¢| < BE sﬁ(/ CE[IVut 0] di

T

+o00o

2
t‘(f“)dt) <CT™%.

¢ (a®T - a%)¢| sc(/

T

and eq. (7.19) follows from the fact that C does not depend on ¢. O

7.2.3 On the bound of the statistical error

In this section, we describe a possible approach to bound the statistical error for the presented

homogenization model. By following a technique proposed in [83], we rely on the spectral gap

inequality eq. (SG) of Definition 6.11, applied on the random variable ¢ - a®&7¢:

2
( 0sc é-aO'L'Tf) dz. (7.21)

a|Bg(z)

1
Var[f-aO'L'Tf]s—/ E
P JRrd

Unfortunately, the approach that we followed was not successful to determine a priori bounds
on the statistical error, due to a lack of control on

/Bi(x)

resulting in incomplete estimates. Nonetheless, we describe here the followed approach to

2

osc Vyr(»| dy,

ﬂ|B[(z)

stimulate further research in this direction or to warn other researchers on following the same
path.

1To prove it, one can test the standard corrector equation against 8(y 1 — y), where 6 € Ccg° ([Rd) is such that
0 =1 on the ball Bg, then, pass to the limit for R — +o0o and use the ergodic theorem.
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7.2. A priorierror bounds

In order to estimate the right-hand side of the spectral gap inequality we need to provide a
preliminary bound on the quantity [, ., [Vxr+¢ °.

Lemma 7.10. LetacQ and letVyr € fﬁgot be the unique solution of eq. (7.6). Let us assume
that there exists a positive C(a, 3, ) < +oo such that

/ V-(a(y)f—c“z(y)é)2 dy=<C.
By(z)

Then, there exists C > 0 independent of L and T such that

sup/ IVyr(y) +¢|? dysC(1+/ IVyr| dy+/ IVyr|* dy). (7.22)
By (x) By (x) B¢ (2)

alp,

Proof. Let us consider a variation of a(-) over By(z), let us denote it by d(-) and the corre-
sponding corrector function by yr. We start by estimating | B,(x) |V X -Vir(y) |2 dy. The
difference yr — ¥ r satisfies

=V-[a@V(xr-F1)] =-V-[(ax) —ax) (Vir+&)] +ulx,T)-alx,T), (7.23)

and the difference u — i satisfies:

di(u—)-V-(ayVw-m)=V-((a-a)(y)Va),

(7.24)
(u—a)(y,0=V-((a-ay)¥).

The right-hand side of eq. (7.23) is bounded in the H “1(R4) -norm, hence the difference yr—¥r
is well defined in H! (R%). The weak form thus becomes:

[ (Wxr =) a0 (Vi i) dy

=/d (Vxr—Vir)-(ay) —ay) (Vir+<¢) dy+/Rd (uy, D= aly, D) (xr ()~ 1r(») dy.
R
(7.25)

By application of the Cauchy-Schwarz and Young inequalities we can bound the first term on
the right hand side as

(Vxr=Vir)- (ay)—ay) (Vir+¢) dy
IRd
<2p ”VXT - VQZT”LZ(W) ”va + gt”LZ(B[(Z))

< 2 vyr - virl? 26 1 gp 4 gl 26
—Z” xT— XT||L2(Rd)+7” XT+€”L2(B4;(Z))' (7.26)

The last term can be bounded by the weak form of eq. (7.24) with yr — ¥ r as test function:
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T
/d (u(y, )=y, D) (xr W) - X)) dy+/ /d a(y) (Vu(y, ) -Vvay,0) (Vxry) - Vir(y) dydt
R 0 R
T
=/d (a(y)—am)E(Var» -Viry) dy+/ /d (ay)—ay)Valy, o) (Vxr(y)—Vir(y) dydt.
R 0 R

By recalling that fOT Vu(,t)dt = yr and fOT Vii(-, t) dt = ¥ and from uniform ellipticity and
continuity of a, we derive that

/ W D =ay, D) (xr ) = Fr () dy
R

<2B1Be|"?||Vyxr - Vir ”LZ(B[(Z)) +2p ”VZT”IP(B[(Z)) IVxr- VXT”LZ(BAZ))
282

a -2 Zﬁz -2 a ~ 12
o Bl + 1 IVxr- VXT”LZ(Bg(z)) L ”vxT”Lz(Bg(z)) t7 IVxr=Virl @ . @27

<
The ellipticity of a(:), eqs. (7.25) to (7.27) lead to the bound

al|Vyr-vir ”iz(Bg(x)) <a|Vyr-Vir ”iZ(W)

a ~ 262 _
= 1 IVxr- VXT”iZ([Rd) + o IVir +€”iz(3[(z))
282

a ~ o2 Zﬁz -2 a ~ 12
Y |Bel + 1 IVar- VXT”LZ(Bg(z)) Y ”vXT”LZ(B;(z)) Ty IVxr- VXT”LZ(W) .

Thus,
1Vxr = VA1 fe, 0 = CIVIT+El 25,00 + Cl@. B, £, ). (7.28)

Finally, by the triangle inequality we have that

/ |VXT+£|2dys/ |V)ZT+§|2dy+/ V-Vl dy.
B (x) B (x) B (x)

We conclude by plugging eq. (7.28) into the line above. O

We can now prove a first result to bound the statistical error. Such a result is not conclusive in
the sense that the upper bound on the statistical error are not derived explicitly with respect
to the parameters L and T.

Theorem 7.11 (statistical error). Let a®"" be defined as in eq. (7.5), and let

2 1/2

osc Vyr(y) dy)

61|B[(2J

1/2
S(x,z):= ( sup / |V)(T(y) +E|2 dy) , and O(x,z):= (/
By (x) By (x)

a|B[(z)

Then, there exists C > 0, independent of L and T, such that

Var [¢-a®TLE] < L2 / / / S(x,2)0(x,2)S(x',2)0(x', 2) dx dx' dz + / S(z,2)%dz
RYJKL JKL R4
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7.2. A priorierror bounds

Proof. We first estimate osc ¢-a®"L¢ and, then, use the spectral gap inequality eq. (7.21). We

d|B,(z)

0.T.L a5 the homogenized version of tensor @ which is a random field that

start by defining a

coincide with a (-) outside the ball B;(z) (we will omit the subscript of (l)sc ), and we evaluate
alp,(2)

the difference

&(aTE— gl = p (Var+¢)-ax) (Vyr+¢&) dx— ]i (Vir+&)-ax) (Vir+¢) dx

=][ (Vxr+¢&)-ax)(Vyr—Vir) dx+][ (Vir+¢)-ax) (Vyr—Vir) dx
KL KL
+][ (Vxr+¢)-(ax)—ax) (Vir+¢) dx.
K

Hence, we have the bound

|- (a%"F - a®Th) ¢ < C(][ |Vxr+¢&|(osc V)(T)dx+][ |Vir+¢|
Ky alg,( KL

0sc V)(T) dx

a|B[(z)

+— (Vxr+&) (Vir+¢) dx).
IKLl J By

Before taking the supremum over all coefficients such that Glga, g, (,) = dlga\p, () We introduce
the new variable y in the first integral term via the bound f dx<Cfy [ () dydx, in order
to use the estimate of Lemma 7.10, and then we use Cauchy-Schwarz inequality:

1/2
oscf'ao'”ésc][ (sup/ |VxT(y)+€|2dy) (/
alpy @ Ky \alg, @/ Be(x) Be(x)

C
+— sup/ |V)(T+<f|2 dx. (7.29)
|KL| alg, J Bey

2 1/2
dy) dx

osc Vyr(y)

“|B,(z)

By definition of S(x, z) and O(x, z), we conclude that

C
0scC €'aO'T'L§ < C][ S(x,2)0(x,z2)dx+ —S(z, 2).
alp, K IKLl

Then, by applying the spectral gap inequality, we conclude:

C
///S(x,z)O(x,z)S(x’,z)O(x',z)dxdx'dz+/ S(z,2)%dz
R4 JK, JK; R4

E
|KLI?

Var [¢-a®T¢] <

O

The lack of explicit estimates for the term

E / / / S(x,z)O(x,z)S(x’,z)O(x’,z)dxdx’dz+/ S(z,2)%dz
R4 JK; J Ky R4
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Chapter 7. Modified elliptic corrector problems for random media

prevents us to bound the statistical error explicitly in terms of L and T. Nevertheless, from
numerical test, we expect the convergence rate of the Central Limit Theorem:

Var [¢-a®TEe] < L™,

Thus, we make the following conjecture:

Conjecture 1. Let S(x, z) and O(x, z) be defined as in Theorem 7.11. There exists C > 0, inde-
pendent on T and L such that

2
/(/ S(x,z)O(x,z)dx) dz
R4 \JK;

7.3 Numerical experiments

E +E <CI®.

/ S(z, z)2 dz
Rd

In this section we collect the results of numerical experiments performed in order to verify
numerically the correctness of the proved bound on the systematic error, Theorem 7.9, and to
compare the convergence of the global resonance error for the standard numerical homoge-
nization scheme and for the modified elliptic approach. In the coming numerical test we plot
the mean resonance error, with the aim to eliminate the statistical error. This allows to display
only the contribution of the boundary error, which is of higher order, and of the systematic
error. Computing exactly the error in mean is not possible, because it requires to solve the
integrate over the probability space Q, but we approximate it by computing the empirical
average
1 N
GORLIN _ < aORLTE (7.30)
k=1
ORLT)

, by the weak law of large numbers. Upon choos-
ORLTN and E[aORLT]

which converges in probability to E [a
ing a sufficiently large number of samples, N, the difference between a
becomes negligible. Computing the mean average does not take into account the effect of
stochastic variability of the approximations of a°, and it does not allow to conclude anything
about the convergence in the probability space. The strong resonance error includes the
convergence in the probability space, at the cost of having the additional statistical error term
in the upper bounds. The mean square error cannot be computed exactly, so we approximate
it by its empirical version

YN | a@RLTk — g0||?
SRL TN = \/ i N_1 ”F, (7.31)

where ||| denotes the Frobenius norm.
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7.3. Numerical experiments

7.3.1 The covariance function of random fields

For simplicity, we will consider only isotropic media, for which the heterogeneous tensor can
be written as a(x) = f(x)I, where f:R% — R and I € R%*¢ is the identity matrix. With a slight
abuse of notation we will denote both the matrix of coefficients and the function f above by
a(x). Stationarity of the random fields implies that E [a(-)] = I x4 does not depend on the
spatial variable x and that the covariance (matrix-valued) function Cov(x, y) defined as

Cov(x,y) :=E[a(x)a(y)] - u?

only depends on the distance |x - y|. So, for stationary random fields, there exist a function
r:R% — R such that
Cov(x,y) =r(x—-y).

When the function r(-) is radial, i.e. r () = r(|¢]) the medium is said to be statistically isotropic.
Several choices for the covariance function are possible. For example, widely used classes
of covariance functions for one dimensional isotropic random fields are the exponential
covariance function:

r(t) = Uze_m,

and the Matern covariance function:

r(t) = 02; (\/Z ;

F(v)2¥! ) o (\/ﬂ

1
l )
where ¢ is the variance, [ is the correlation length, I is the gamma function, K, is the modified
Bessel function of the second kind and v is a smoothness parameter. Another choice is the

long-range covariance function:
() =A+1eh 2 (7.32)

All random fields considered in the numerical experiments are generated by the circulant
embedding method described in [48].

7.3.2 Optimal scaling of T vs. R

Here we briefly discuss the optimal scaling of the T parameter as a function of R (and L)
with the aim of maximizing the rate of decay of the error in mean. We will assume that the
boundary error term decays exponentially, as in the periodic case:

1 72
E[|laO,R,L,T_a0,L,T||i] * Z ¢y exp(—(:glR L )’

T

for some constants Cy, ¢, > 0. Then, we find the regime under which none of the boundary
and systematic errors is dominating but the two are (approximately) equal by imposing that
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they are equal:

Cie ( c | _le) C T’g = Tlo (—1)5 T —202 IR — L|?
X] - = = —_ .
1€xp —— 2 g G /

The constants Cj, C, are unknown and problem-dependent, but we can conclude that the
optimal scaling is obtained for

c|lR-LI<T<C|R-LJ?, (7.33)

with ¢, C > 0. In the numerical experiments we will use these scaling values for T, and we take
L=kyR,with0< k, < 1.

7.3.3 One dimensional logit-normal random coefficients

We test the convergence of the approximate homogenized coefficient for a random diffusion
coefficient distributed according to the logit-normal law. A logit-normal random field is an
isotropic random field a(-) € Q of the form

b+ e KZ(0)-2)
a(x) =

where b, ¢,x,zp € R and Z is a Gaussian random field of zero average. For this example, we
setb=2,c=1,x=1and xy = 0 and used a Gaussian random field with Matérn covariance
function of order v = 3/2. A representation of such a field is depicted in Figure 7.1b. In the
one dimensional case, the homogenized coefficient can be computed by the harmonic mean:
a’=E [a(~)_1]_1. Hence, in the logit-normal case,

-1
a’ = (/ ay ' fz(y) dy) ,
R

where f7 is the Gaussian probability density function.

We computed the approximation to the homogenized coefficients by Finite Elements (FE)
discretization on a grid with mesh size h = 278. The modified auxiliary problem eq. (7.1) is
solved over the domainis K := (—R/2, R/2) with periodic boundary conditions, with the values
of R ranging from 5 to 500. The other parameters are L = 2R/3, for the size of the averaging
domain K;, and T, for the modified forcing term. The approximation to the homogenized
coefficients are computed as in eq. (7.4). As an approximation of the quasi-optimal scaling
eq. (7.33), we choose

_IR-LP

~ 100
The right-hand side of eq. (7.1) is approximated in the FE space by the exponential matrix

_MEIATg, where g is the vector of components of the projection of g(:) = %a(-) in the FE

e
space, My, is the lumped mass matrix and Ay, is the stiffness matrix. The exponential matrix is
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7.3. Numerical experiments

not computed exactly, but it is approximated in the Krylov subspace generated by M,:lAhg and
computed by the Lanczos method (M, 1 Aj, is symmetric and positive definite) as proposed in
[94]. The maximum number of Krylov basis elements is 2000. The error in mean between the
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Figure 7.1 — Logit-normal random field with Matérn covariance function of order v = 3/2.

approximate and the exact homogenized coefficient eq. (7.16) is plotted in Figure 7.1a. Since

the expected value of a

O.RLT cannot be computed exactly, we approximate it by the empirical

average eq. (7.30) with N = 1000 i.i.d. samples. The red line shows the error decay for the
standard auxiliary problem with periodic BCs and no oversampling. In this case, the only
source of error is due to the BCs. The error for the modified elliptic approach is represented
by the blue line. In this other case, the global error is the contribution of the boundary and
systematic error. As one can see, the red curve in Figure 7.1a decays at a slow rate of R™z.The

blue curve in Figure 7.1a follows a faster convergence trend of, approximately, @(R™1), thanks
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to the scaling of T. Figure 7.1a also displays the error in mean when N = 10° Monte Carlo
samples are chosen. The plot does not show any difference with respect to the other cases, so
we conclude that the error decay does not depend on the number of samples.

In Figure 7.1c we report the mean square resonance error. It decays as R~%/2, following the
Central Limit Theorem trend. This means that the statistical error dominates the other errors
and that it satisfies the Conjecture 1.

7.3.4 One dimensional lognormal random coefficients

We test the convergence of the approximate homogenized coefficient for a random diffusion
coefficient distributed according to the lognormal law. A lognormal random field is an isotropic
random field a(:) € Q for which there exist b, ¢ > 0 such that

a(x) = ceP?W™,

where Z is a Gaussian random field of zero average and long range covariance function given
in eq. (7.32). For this test, we have chosen b = ¢ =1; an example of the field in shown in
Figure 7.2a. The model of lognormally distributed random coefficients is widely used in the
environmental engineering community, see e.g. [52, 57, 115]. However, such a coefficient does
not belong to .4 (a, ), so it is not guaranteed that it follows the theoretical estimates that we
derived in the previous sections. In the one dimensional case, the homogenized coefficient
can be computed by the harmonic mean: a®=E [6l(~)_1 ] _1. Hence, in the lognormal case,

-1

aoz(/“(y)_lfz(y)dy =ce™?,
R

where f is the Gaussian probability density function. We computed the approximation to
the homogenized coefficients by FE discretization on a grid with mesh size h = 278, The
modified auxiliary problem eq. (7.1) is solved over the domain is K := (—R/2,R/2) with
periodic boundary conditions. The values of the R parameter vary from 5 to 500. The other
parameters are L =2R/3, for the size of the averaging domain Kj, and 7, for the modified
forcing term. The approximation to the homogenized coefficients are computed as in eq. (7.4).
Since the lognormal random field does not belong to the class .# («, ), it is not possible to
choose the value of the T parameter according to the optimal scaling derived in eq. (7.33). So,
in our computations, we choose the value of T as

IR—LJ?

Tlog(T) =
08(1) =755

The right-hand side of eq. (7.1) is approximated in the FE space as in the previous example.

The error in mean between the approximate and the exact homogenized coefficient eq. (7.16)
is plotted in Figure 7.2b. The expected value of a®®LT
drawing N = 1000 samples of the lognormal random field. The red line of Figure 7.2b shows

is approximated by independently

132



7.3. Numerical experiments

100 ——— I ————— .
101 ; 72 L \\\ S N
I ﬂ ﬂ/‘m 1 .
b s ST *
\/‘W\ //!\ N’f MWM \v'\w\m | [ / ~ \\ .
100 1 | = e
r N
" ~ i
2
I = —1=2, Tlog(n) = Frg
= el ewh
-1 B -1\
10 A g 10 [| —<— L=R, T = oo (standard)
|- w2
| | | | | T T T TTT T T T TTTT Il Il
-4 -2 0 2 4 10! 10
b R
(a) Two realizations of the field. (b) Error in mean for the standard and modified elliptic
methods.
TT\TTTT[ T T T T T 117170 T T T 1 TTT\T\TT[ T T T T T 11717 T T T 1
— 0L : . 1092 - N
= 10 ]
& I N
~
: A l 100} 2
£ -1L .
g 10 E E E
5 | G100z 1
~
Z 1072 1@
& £ ]
! - 2 1 10704 =
= [ =3, Tlog(n) = g ] >
N 10_3 || —— L=R, T = oo (standard) N — L= %, Tlog(T) = ‘RI_TQ
L ow™Y 110708 1y SE
s o o I ] T T T TTTT T T T T T TTTT | L1
10! 10 10! 10
R R
(c) Boundary error for the standard and modified elliptic (d) Mean square error.
methods.

Figure 7.2 — Lognormal random field with covariance function r(f) = (1 +[¢])~'/2.

the error decay for the standard auxiliary problem with periodic BCs and no oversampling,
while the blue line displays the decay of the error for the modified elliptic method. In the first
case, the only source of error are the BCs, while in the second case the error is made up of two
contributions: the boundary error which converges exponentially and is more visible in the
range of small domains (R < 100), and the the systematic error dominating for larger values of
R.

Next, we show the decay of the boundary error. The boundary error is defined as the dif-

ORLT _ aO’L’T] and it is supposed to be controlled by an exponentially decaying
0,L,T

ference E [a
deterministic upper bound. The values of a are not directly accessible (they involve

the solution of the corrector problem over the infinite domain), so we approximate them
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0,Rmax, LT  40LT O,R,LT 0,Rmax,L, T

by a , with Ry, 4, = 500. Additionally, we average a and a over

N =1000i.i.d. samples. The exponentially decaying (in R) difference between the empirical

—O,R,L, T,N Ovaaer) T>N

averages a and a is depicted in Figure 7.2c.

1/2

We conclude by underlying that the statistical error decays with the expected rate of R~/ also

in this case, Figure 7.2d.

7.3.5 Two dimensional lognormal field with exponential covariance

As alast numerical test, we study the convergence for a two dimensional lognormal random
field with exponential covariance function, such as the one depicted in Figure 7.3a. The field
is sampled by generating a Gaussian random field over the uniform grid

R R
{(xi’yj)GKRixiZZh—E,yj:]h_E},

coinciding with the set of vertices of the structured mesh of stepsize h = 27° on Kp. Also in this
case we have chosen the parameters b = ¢ = 1, as in Section 7.3.4. The covariance function of
the Gaussian field is exponential. Two representations of the field are depicted in Figures 7.3a
and 7.3b.

The correctors are computed by the finite element method with P, -elements, and the right-
hand side is calculated by the Krylov subspace method with up to 2000 basis elements. The
average is approximated by drawing N = 200 i.i.d. samples of the lognormal field. The
convergence behaviour of the mean error is pictured in Figure 7.3c for both the method
discussed in this work and the truncated domain approach of eq. (6.14). The choice of the
modelling parameters R, L, T is reported in Figure 7.3a, and R ranges from 5 to 32. In this case
we notice that the convergence rates improve to 1 and 3/2 for, respectively, the standard and
the modified elliptic approaches. Figure 7.3d proves that the statistical error decays as R~%/2,

7.4 Conclusion

In this chapter we addressed the problem of estimating the systematic error for the modified
elliptic model, defined as the difference between the true effective coefficient a® and its
approximation by the corrector problem eq. (7.6) over the infinite domain R and we discussed
an attempt to bound the statistical error. By exploiting the time decay properties of solutions

T-4'2 where T

of linear parabolic equations, we found that the systematic error scales as
is the final time. The parabolic solution, evaluated at time T, enters as a source term into
eq. (7.2). Through the same time decay properties, it is possible to prove the existence of a
corrector Vyr € 250 ;- In comparison to the standard approach, the numerical experiments

show that the modified elliptic method slightly improves the error convergence rate with
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Figure 7.3 — Lognormal random field with exponential covariance function.

respect to the cell size R and upon choosing the final time T such that

clR-LI<T<C|R-L?,

for some ¢, C > 0. Moreover, the theoretical bound of Theorem 7.9 is verified.
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Conclusion and outlook

8.1 Conclusion

The present study aimed to develop novel upscaling techniques to reduce the resonance
error which affects numerical homogenization methods and limits the accuracy of multiscale
simulations. If the standard correctors are employed, the resonance error decays as R~!, where
R is the size of the domain of the corrector problem, see Chapter 2. Improving the convergence
rate is thus crucial for achieving accurate solutions with a reasonable computational cost.

In this thesis, we presented, developed and analysed two novel micro-corrector problems,
defined by egs. (4.2) and (5.1), to improve the convergence rate of the resonance error for
second order linear elliptic equations with fast oscillating coefficients. The two methods are
based on the relations derived in Theorem 3.2 that interprets the solution and the energy of
an elliptic equation as time integrals of the solution and energy of a parabolic problem. The
convergence rates of the resonance error associated to the two models were derived under the
assumptions of both periodic and stationary random coefficients in Theorems 4.1, 5.1 and 7.9.

The first approach consists in approximating a° by solving the parabolic corrector equation
eq. (4.2) and employing eq. (4.1). The approximation of a° and the a priori error bound on the
resonance error depend on the modelling parameters: the size of the corrector cell, denoted by
R, the size of the support of the filtering function, L, and the final time, T. Our analysis holds
under the assumption of periodicity of the coefficients, but the method that we propose can
be applied also to non-periodic structures. The use of g-fold differentiable filtering functions,
together with the weak dependence of the solution on the boundary conditions, allows to
prove a priori upper bounds on the resonance error with arbitrary convergence rate with
respect to L, T and |R— L|?/ T. By the optimal scaling L, T = @ (R), it is possible to achieve
arbitrary convergence rates in R, as we proved in Theorem 4.1. The proof is based on three
results:

i) the approximation property of filtering functions stated in Lemma 4.3;
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ii) the exponential decay in time of the [%-norm of the periodic correctors;

iii) the exponential decay in space of the Green’s function for parabolic problems, as stated
by the Nash-Aronson inequality.

The parabolic approach inspired the development of a modified elliptic approach where, in
addition to the standard elliptic corrector equation, the right-hand side e"74g’ is present.
A prioriresonance error bounds for this homogenization approach were derived using the
results of Lemma 4.15 on the exponential decay of the boundary layer functions 6%’s. This
approach overcomes the use of a time integration scheme to solve the parabolic equation, but
the right-hand side e~ 74 g’ must be pre-computed. This is the main computational issue of
the modified elliptic approach and we addressed it by computing the exponential of a properly
chosen matrix, A,. Many techniques are available to approximate e~ 74", among which we
chose the Krylov subspace method. The modified elliptic approach is endowed with the same
convergence results as the parabolic scheme, as proved in Theorem 5.1. Many numerical
experiments supported our theoretical results, even for more general class of coefficients. Both
the parabolic and the modified elliptic methods significantly improve the convergence rates of
the resonance error, in the periodic and quasi-periodic case. Moreover, they can also be used
to alleviate the boundary error in problems with stationary random coefficients. Additionally,
these novel approaches show a more favourable cost-accuracy ratio, in comparison to the
standard method: our theoretical analysis revealed that the growth of the computational cost
for increasing desired accuracy is slower for the two approaches than for the standard one.

As a last step, we focused on a more challenging question: estimating the resonance error
for the modified elliptic approach in the framework of stochastic homogenization. Finding
efficient ways to compute the effective coefficients for random micro-structures still represents
a great challenge from the mathematical, computational and practical points of view, and
it could have tremendous applications in material sciences and engineering. In this setting,
specific micro-models and numerical techniques have to be developed, since the tools that are
employed in the periodic context, such as filtering functions, cease to be useful in the random
case. The recent monograph [19] could provide a deeper understanding of the mathematical
structure of stochastic homogenization and could be of help in the analysis of novel numerical
upscaling methods.

In Chapter 7, the resonance error is decomposed into a systematic and a statistical error

(variance) and the two terms are studied separately. The error analysis that we have carried out

reveals that the truncation/systematic error decays as 7~%/2

-aT

, while it shows the exponential
convergence e in the periodic case. Therefore, the decay of the resonance error in the
random case is severely hampered, independently from the use of filtering functions. On
the other hand, the statistical error can be reduced by Monte Carlo iterations or by variance
reduction techniques, as described in Chapter 6. The ergodic assumption allows to reduce the
variance of the (random) upscaled coefficients by taking larger cells for the corrector problem.

L—d/z

Numerical tests show that the statistical error decays as allowing us to conclude that
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less Monte Carlo iterations are needed when larger cells are considered.

8.2 Outlook

Within the scope of the present study, many objectives are achieved and the accomplishments
are presented above. However, several challenges remain to be addressed and we suggest that
further research could focus on the aspects which are detailed below.

* In this work, we have focused on the derivation of homogenized coefficients for scalar
equations with symmetric coefficients. Further research may involve the extension
of the two approaches to systems of differential equations, such as linear elasticity
problems, or to equations with non-symmetric coefficients. In both cases the theory is
well-developed, e.g. [45], but it would be necessary to employ the heat kernel bounds
for parabolic systems, which could be found, e.g., in [43, 75] and references therein.

* Multiscale non-linear differential equations are of great interest from the point of view of
mechanical applications [73] and of mathematical theory [122]. Further research could
address the extension of the parabolic and modified elliptic methods to quasi-linear and
non-linear problems, in order to evaluate their error convergence properties. This task
could be quite challenging, as the homogenized equation is not explicitly constructed
but is defined as the G-limit of a sequence of (non-linear) operators.

* In Chapters 4 and 5, the cost-accuracy ratios are derived by theoretical speculations
on the computational cost of the time integration scheme (for the parabolic case)
or the solution of the linear system (for the modified elliptic method). This approach
explains how the cost scales with the desired accuracy, but it cannot predict the wall- and
CPU-times. In practical situations, if a rough accuracy is accepted, using the standard
upscaling scheme over a small cell could reveal more efficient than other approaches.
Computational experiments could address the question of evaluating for which values
of the cell size it is more convenient to use the standard approach or the ones that we
propose. Optimized implementation in interpreted programming language (such as
C/C++) may be necessary to conduct this study.

* In the stochastic analysis of Chapter 7, we proved numerically that the statistical error
decays as L~%/2, but a rigorous proof is still missing, though we proposed a way to
address it. Future research could focus on proving this bound.

* The resonance error in the numerical homogenization of random coefficients cannot
convergence faster than L~42 (see [119]), due to the statistical error. In order to make
sure that this optimal convergence behaviour is attained, it is crucial to design novel
corrector equations with high decay rates of the systematic and boundary errors, as the
one proposed in Chapter 7. However, the use of alternative corrector equation with a
faster convergence of the systematic error can be beneficial and would allow to achieve
the optimal convergence rate.
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* In connection to the point above, although the convergence rate of the statistical error
cannot be improved, several works attempted either to mitigate the computational
effort or to reduce the variance of the approximation [59, 108]. The convergence rate of
the Quasi-Monte Carlo method for scalar diffusion equations with lognormal random
diffusion fields has been analysed in [91]. This technique could be successfully applied
to improve the convergence rate with respect to the number of samples in the context of
modified elliptic corrector problems for numerical homogenization, but research works
in this direction are still missing.
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