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Abstract. We report on the impact of anisotropy to tokamak plasma configuration
and stability. Our focus is on analysis of the impact of anisotropy on ITER pre-
fusion power operation 5 MA, B = 1.8 T ICRH scenarios. To model ITER scenarios
remapping tools are developed to distinguish the impact of pressure anisotropy from
the change in magnetic geometry caused by an anisotropy-modified current profile.
The remappings iterate the anisotropy-modified current-density profile to produce the
same q profile with matched thermal energy. The analysis is a step toward equilibria
that are kinetically self-consistent for a prescribed scenario. We find characteristic
detachment of flux surfaces from pressure surfaces, and an outboard (inboard) shift
of peak density for T‖ > T⊥ ( T‖ < T⊥). Differences in the poloidal current profile
are evident, albeit not as pronounced as for the spherical tokamak. We find that the
incompressional continuum is largely unchanged in the presence of anisotropy, and the
mode structure of gap modes is largely unchanged. The compressional branch however
exhibits significant differences in the continuum. We report on the implication of these
modifications.
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1. Introduction

It is well known that the introduction of auxiliary heating in tokamak plasmas can
introduce toroidal and poloidal flows, and pressure anisotropy. Studies in MAST suggest
that the beam injected anisotropy is as much as p⊥/p‖ = 1.7 [1], while in JET ICRH can
cause anisotropies of p⊥/p‖ = 2.5 [2]. Despite this the vast majority of plasma scenario
codes solve the static isotropic Grad-Shafranov equation for two flux profiles and either
a free or fixed boundary. The formulation of the anisotropic flowing equilibrium has
been studied by many authors. [3, 4, 5, 6, 7, 8, 9, 10, 11] In one such formulation based
on an enthalpy formulation [5], the flow-modified MHD equations read

∇ · (ρv) = 0, (1)

ρv · ∇v = J×B−∇ · P (2)

∇ ·B = 0, (3)

μ0J = ∇×B, (4)

∇× (v ×B) = 0 (5)

together with

P = p⊥I+ΔBB/μ0, (6)

Δ =
μ0(p⊥ − p‖)

B2
(7)

If one assumes a frozen-in flux condition, neglects poloidal flow, assumes toroidal
symmetry and assumes a two-temperature Bi-Maxwellian model

p‖ =
kBρT‖
m

(8)

p⊥ =
kBρT⊥
m

=
kBρT‖
m

B

B −Θ(ψ)T‖
(9)

then the generalised Grad Shafranov equation becomes:

∇· (1−Δ)∇ψ

R2
= −F (ψ)F ′(ψ)

(1−Δ)R2
−μ0ρ

[
T ′
‖(ψ) +H ′(ψ) +R2Ω(ψ)Ω′(ψ)−

(
∂W

∂ψ

)
ρ,B

]
(10)

with five constraints: {F (ψ),Ω(ψ), H(ψ), T‖(ψ),Θ(ψ)}. The function F (ψ) =

RBφ/(1 − Δ), with Bφ the toroidal field. Equation (9) can be solved explicitly for
Θ(ψ), yielding Θ(ψ) = B(T⊥ − T‖)/(T⊥T‖). Here, ρ is the mass density, m the fluid
mass, kB Boltzman’s constant and μ0 the permeability of free space. In the enthalpy
formulation of the generalised Grad Shafranov equation the flux function H(ψ) is related
to the enthalpy W (ρ,B, ψ) and the toroidal rotation angular frequency Ω(ψ) through

H(ψ) = W (ρ,B, ψ)− 1

2
Ω2R2. (11)

with

W (ρ,B, ψ) = T‖ ln
T‖ρ
T⊥ρ0

, ρ = ρ0
T⊥
T‖

exp
H + 1

2
R2Ω2

T‖
(12)
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and where ρ0 is a mass density normalisation. This problem has been solved
by the magnetic reconstruction code EFIT-TENSOR [9], the fixed boundary code
HELENA+ATF [10], as well as the poloidal-flow enabled equilibrium code FLOW [7]
and multi-species code FLOW-M [8]. We have used these codes to explore the impact
of anisotropy and rotation in MAST.

In Hole et al [1] we computed MAST equilibria with anisotropy and flow using
FLOW, assuming a 100% fast particle fraction. We showed that the unconstrained
addition of anisotropy, obtained by modifying the pressure and rotation profiles,
produced a change in q0 from 1 to q0 ≈ 2.2 . This is much larger than the change in q

profile due to the change in toroidal Alfvénic Mach flow from MA,φ = 0 to MA,φ = 0.3

. In [12] a proxy for the change in MHD stability for the same discharge , and due
to anisotropy, was determined by using isotropic MHD stability codes CSCAS [13] and
MISHKA [14] with an equilibrium for which the q profile was remapped to match the
q profile of the anisotropic plasma. They found that reverse shear associated with
anisotropy created a core localised odd TAE with harmonics of opposite poloidal mode
number m. Using the variational treatment of Smith [15] the CAE mode frequency
was also computed for both isotropic and anisotropic plasmas, and the computed
frequencies found to span the observed frequency range. The most extensive study
of anisotropy is the treatment by Layden et al [16], in which EFIT-TENSOR and
EFIT++ reconstruction codes are used to find solutions with and without anisotropy,
respectively. The safety factor profile in the isotropic reconstruction is reversed shear
while the anisotropic reconstruction gives monotonic shear; the isotropic TAE gap is
much narrower than the anisotropic TAE gap; and the TAE radial mode structure is
wider in the anisotropic case. These lead to a modification in the resonant regions of
fast-ion phase space, and produce a 35% larger linear growth rate and an 18% smaller
saturation amplitude for the TAE in the anisotropic analysis compared to the isotropic
analysis.

The above studies showed that the variation of additional free parameters
(anisotropy and flow) in general produce different magnetic configurations. Such
variation is only meaningful if the differences are the result of different reconstruction
codes that determine optimal fits to the data. In contrast, the unconstrained variation of
input profiles {F (ψ),Ω(ψ), H(ψ), T‖(ψ),Θ(ψ)} can generate solutions that are either not
fully self-consistent with an imposed constraint (like density), and/or it is the inferred
quantities (e.g. q profile) that are effectively constrained (by control of current profile).
For these cases a remapping choice must be made. In this work we implement a mapping
that remaps the toroidal flux profile and pressure scaling to preserve the q profile and
stored energy, respectively. The procedure enables a systematic study of the impact of
toroidal flow and anisotropy for the same magnetic configuration (q profile) and stored
energy.

The approach taken in this work is different to the "q-solver" approach as detailed in
[17], [18], [19] and [11]. In those works the q profile, q = dΦ/dψ, with the Φ the toroidal
flux, can be expressed in terms of computed properties of the equilibrium solution,
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including flux surface averages. The equation can be subsequently re-arranged for F (ψ).
Our choice of modification for F (ψ), as detailed in the next section, is implemented by
remappings external to the HELENA+ATF code.

2. Equilibrium Mapping

We have implemented remapping procedures by external iteration of HELENA+ATF,
a fixed boundary solver for Eq. (10). HELENA+ATF takes as input a bound-
ary profile (R,Z), five normalised flux profiles VF2 = F (ψ)2

F (0)2
, VTE =

T‖(ψ)
T‖(0)

, VOM2 =

Ω(ψ)2

Ω(0)2
, VH = H(ψ)

H(0)
, VTH = Θ(ψ)

Θ(0)
, together with the scalars B = μ0ρ0

kBa
2

miε2
T‖(0)
F (0)2

, HOT =

mi

kB

H(0)
T‖(0)

, ε = a/R0, R0, B0, OMGOT = mi

kB

R2
0Ω(0)2

T‖(0)
and THTOF = R0Θ(0)

T‖(0)
F (0)

. Here
F (0), T‖(0),Ω(0), H(0), and Θ(0) denote on-axis values, a is the minor radius, R0 and
B0 the geometric axis and field strength at the geometric axis. In the case that the
constant ρ0 is selected to be the on-axis density, B = β(0)/2. Next, we outline the
procedure for constraining a HELENA+ATF to a Grad-Shafranov solver, and adding
the physics of anisotropy and flow.

1. A commonly used file format for Grad-Shafranov solvers like EFIT is the eqdsk or
gfile format, which supplies the plasma boundary, the isotropic toroidal flux f(ψ) (in
the isotropic limit F (ψ) = f(ψ)) and thermal pressure p(ψ) profiles. The first step
involves prescribing F (ψ)2/F (0)2 = f(ψ)2/f(0)2 and T‖(ψ)/T‖(0) = p(ψ)/p(0). The
three remaining flux functions OM2, H and TH can be arbitrarily set providing the scalar
flags HOT = OMGOT = THTOF = 0. The solution is fully constrained with the inclusion
of B0, the vacuum field strength at the plasma magnetic axis R0, and the aspect ratio
ε = a/R0, with a the minor radius, and B = p(0)μ0

R2
0

f(0)2
= β(0)/2.

2. With the addition of anisotropy or flow the density profile must be supplied to
constrain H(ψ). If ni(ψ) and T‖(ψ) are consistent with an isotropic Grad-Shafranov
solution, with the thermal closure condition p(ψ) ∝ ni(ψ)T‖(ψ) then no further scaling
for T‖(ψ) is required. If however p(ψ) ∝ T‖(ψ) as in step (1), then T‖(ψ) is rescaled such
that T‖(ψ) ∝ p(ψ)/ni(ψ) to preserve the pressure profile. To complete the specification
of H a value of ρ0 is required. We have selected ρ0 = ρ(0)/2, which implies H(0) �= 0,
and places the sign change in H(ψ) away from ψ = 0. The former is important as H(0)

is scaled in the code to be 1. The latter is important as it is evident through Eq. (11)
and (12) that a change in ρ0 will change H(ψ) and possibly its zero crossings. If the
zero crossing is near ψ = 0 then the maximum of H(ψ) across the domain becomes
extremely large. Finally, the parameter HOT = mi

kB

H(0)
T‖(0)

is calculated.

3. Nonzero anisotropy is specified either by an overall constant scaling or a pro-
file. A constant scaling can be implemented through THTOF = RmΘ(0)T‖(0)/F (0) =

(1 − T‖(0)/T⊥(0)) with Θ(ψ)/Θ(0) = 1. A profile is constructed by taking Θ(ψ)/Θ(0)
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from the moments of an ICRH or NBI computed distribution function: for off-axis
peaks we have normalised the magnitude of Θ to its peak value Θ = Θ/Θmax, and
renormalised THTOF → THTOFmax(VTH)/V TH(0). The parameter Θ(0) can be solved
for T⊥(0)/T‖(0) giving T⊥(0)/T‖(0) = 1/|1 − Θ(0)| so that to lowest-order the stored
energy will be preserved using B → 3B/(2×T⊥(0)/T‖(0)+1). Initialisation is completed
using HOT → HOT+ log(1−Θ(0)).

4. We have undertaken two parameter scans to preserve the thermal energy to the
isotropic value. First, HELENA+ATF equilibria are iterated with a simple shooting
method for B (by adjusting B) until the stored thermal energy, Wthermal, matches the
isotropic value. Second, we have modified F 2 to achieve a match with either current or
q profile. The toroidal current can be written:

Jφ = − F (ψ)F ′(ψ)
(1−Δ)Rμ0

− ρ

[
T ′
‖(ψ) +H ′(ψ)−

(
∂W

∂ψ

)
ρ,B

]
(13)

Next, we have assumed that

(1−Δa)Rμ0Jφ,a + Fa(ψ)F
′
a(ψ) ≈ (1−Δi)Rμ0Jφ,i + Fi(ψ)F

′
i (ψ) (14)

where the subscript labels ’a’ and ’i’ denote anisotropic and isotropic respectively, and
computed∫ ψn

1

〈Jφ,a(1− αΔa)R− Jφ,iR〉μ0(ψa − ψ0)dψn ≈ [−F 2
a (ψn) + F 2

i (ψn)
]ψn

1

= − δF 2(ψn) + δF 2(ψn = 1). (15)

where ψn is a normalised flux with ψn = 0 the core and ψn = 1 the edge, and ψn a dummy
variable of integration. The approximation Eq. (14) is a choice. At low Δ and large
aspect ratio Qu et al [10] decomposed Jφ into the sum of components from the toroidal
field, parallel and perpendicular pressure components, and a nonlinear term associated
with ∇ · (Δ∇ψ/R2) on the left hand side of Eq. (10). They found that for low Δ and
large aspect ratio Jφ was dominated by the toroidal field and perpendicular pressure
components. In this work we have elected to remap the toroidal field contribution with
the other profile terms left fixed. A remapping of p⊥ would have been an alternate
choice to enable current or q profile matching.We have implemented two choices of α. If
α = 0 then flux-surface averaged term in integrand in the left hand side of Eq. (15) is
〈Jφ,aR − Jφ,iR〉, representing the difference in toroidal current. If α = 1 then the right
hand side is a change in F 2. Finally, the toroidal flux function is then updated

F 2(ψn) → F 2(ψn)− λδF 2(ψn). (16)

where λ is a relaxation parameter. We have computed the two metrics δq and δJφ given
by

Δq =

∫ 1

0

(qtarget − q)2dψn (17)

ΔJφ. =

∫ 1

0

(Jφ,i − Jφ,a)
2dψn (18)
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The remapping continues until either a target metric is met, δF vanishes or a set iteration
count is reached.

3. ITER scenario

We have demonstrated the equilibrium remapping technique for a pre-fusion power
operation H plasma at 1/3 field (B = 1.8 T) and current (5MA). This is scenario shot
#1000, run 3 in the ITER/IMAS public database [20]. A poloidal cross-section together
with flux profiles is shown in Fig. 1. We have applied steps 1 and 2 to reproduce this
configuration in HELENA+ATF.

0 5
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P
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(c)

(b)

Figure 1. ITER equilibrium scenario #1000003 in the IMAS database. Panel (a)
shows the poloidal cross-section, and (b) and (c) the q profile and pressure profile
respectively.

As illustration, we have next computed the equilibrium mapping for T‖/T⊥ =

0.8(THTOF = 0.2). Figure 2 shows the variation in parameters with iteration. Panel (a)
shows the change in δF 2(ψ) profiles for different iteration numbers. The analysis shows
δF 2 < 0 everywhere, and peak on-axis. This corresponds to shifting current inward,
lowering the q profile. This is consistent with earlier work in which the unconstrained
addition of anisotropy produced an increase in on-axis safety factor [1]. Figure 2(b) and
2(c) shows the variation of stored energy Wth and metrics Δq and ΔJφ with iteration
loop over Eqs. (15) - (16) for α = 1, λ = 0.4. Convergence in the stored energy is clear,
as is convergence in the two metrics δq and δJφ.

The equilibrium solution for T‖/T⊥ = 0.8(THTOF = 0.2) with mapping selection
α = 0 is shown in Fig. 3. In general, the inclusion of anisotropy and rotation means
the physical profiles are no longer functions of flux surface. As such, we have plotted
quantities across a mid-plane chord. Figures 3(a) and (b) show the q profile and ψ

surfaces are identical for the two cases, demonstrating that the remapping techniques
have worked. Figure 3(c) shows the density profile is shifted outboard for the anisotropic
case. For constant T‖ profile the widened density profile has led to an increase in
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Figure 2. Iteration dependancy of (a) δF 2/F 2 with ψn, showing the first iteration
(blue) and last (black), (b) variation of Wth and (c) Δq and ΔJφ with iteration loop
number

parallel and perpendicular pressure, shown in Fig. 3(d). Figure 4 shows contours of
constant density, parallel and pressure overlaid on constant flux surfaces. The peak
density, parallel and perpendicular pressure have all shifted outboard. This departure
of pressure from flux surfaces was also observed in the analytic treatment of Cooper
et al [3]. In that work tensor pressure equilibria were solved analytically for D-shaped
cross-sections. Density, parallel and perpendicular pressure surfaces shifted inboard for
the cases studied, for which T‖ > T⊥. As the beam became more perpendicular the
magnitude of shift decreased. We have performed a systematic scan of density shift as
a function of Θ0, shown in Fig 5. Our results confirm the inboard shift seen in Cooper,
but show significantly larger outboard shift for T⊥ > T‖.

So far, we have examined the impact of changing the central anisotropy. The
anisotropy of the distribution function can be computed using a combination of ray-
tracing or global wave codes and Fokker Planck or Monte-Carlo code. The ICRF
modelling code PION [21] uses simplified models of the power deposition and velocity
distributions to provide a time resolved distribution function. It has been extensively
compared against experimental results for a large variety of ICRF schemes on JET,
AUG, DIII-D and Tore Supra. Recently [22], PION was incorporated into the ITER
Integrated Modelling and Analysis Suite (IMAS) [20], and used to compute velocity
distribution functions in the ITER non-activated phase. This affords computation of
the moments of the fast ion distribution function give the density n, parallel speed u‖,
and parallel and perpendicular pressures:

n =

∫ ∞

0

∫ 1

−1

f(E, λ)dλdE, (19)

nu‖ =
∫ ∞

0

∫ 1

−1

v‖f(E, λ)dλdE, (20)
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Figure 3. Solutions of isotropic (black) and anisotropic (red) equilibrium for T‖/T⊥ =

0.8. Panels (a) through (e) show profiles of q, ψn, ρ, P and Jφ respectively. The bold
red line in panel (d) is the summative pressure (2p⊥ + p‖)/3.
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Figure 4. Plots of (a) density ρ, (b) parallel pressure p‖ and (c) perpendicular pressure
p⊥ contours overlaid with magnetic flux surfaces (white) for the case T‖/T⊥ = 0.8.

p‖ = m

∫ ∞

0

∫ 1

−1

(v‖ − u‖)2f(E, λ)dλdE, (21)

p⊥ =
m

2

∫ ∞

0

∫ 1

−1

v2⊥f(E, λ)dλdE, (22)

(23)

where E is the energy and λ = v‖/v⊥ the pitch angle. We have used the velocity
distribution functions from PION, computed moments to obtain fast ion P‖ and P⊥ as
a function of flux surface, summed the thermal and ion resonant populations to obtain
a measure of the total anisotropic pressure. Our focus case is T.a and T.b in Arbina et
al [22], which are IMAS scenarios #100014-1 and #100015-1, respectively. These both
correspond to 1/3 field strength B = 1.74 T, with ne = 0.5nG and ne = 0.9nG, with nG
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Figure 5. Calculation of density ρ, parallel pressure p‖, and perpendicular pressure
p⊥ peaks from magnetic axis as a function of Θ = 1− T‖/T⊥.

the Greenwald density. Figure 6 shows the computed pressure components as a function
of poloidal flux. Here we have used the kinetic energy closure pfast = (2p⊥ + p‖)/3.

0 0.2 0.4 0.6 0.8 1
s = n

0

50

100

150

200

250

300

P
 (

kP
a)

P

P
||

P
fast

(a)

0 0.2 0.4 0.6 0.8 1
s = n

-10

0

10

20

30

40

P
 (

kP
a)

P

P
||

P
fast

(b)

Figure 6. ICRH pressure PION simulation for (a) Case T.a of [22] with ne = 0.5nG
and (b) case T.b of [22] with ne = 0.9nG. In both cases B=1.74 T. These are IMAS
scenarios #100014-1 and #100015-1, respectively

To enable a study of the impact of anisotropy for case T.b we have fitted Gaussian
profiles to the ICRH pressure components, with mean selected on-axis at ψn = 0. This is
shown in Fig. 7, in which the fast ion components are shown. Also shown is the thermal
pressure profile for the simulation, and finally the summative anisotropic pressure. The
summative anisotropic pressure has been used in the remapping steps in Sec. 2. to
construct the ITER scenario with anisotropic pressure, as shown in Fig. 8.

Finally, we have implemented the remapping steps in Sec. 2 to case T.b giving
the equilibrium solution shown in Fig. 8. An immediate feature of the solution is that
the fast ion pressure in the plasma core has displaced the pressure and density off-axis.
Indeed, the density peak has shifted to R=6.56m, an outboard shift of 0.16m from the
magnetic axis. A change in the toroidal current profile adjacent to the magnetic axis
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Figure 7. Fitted and total pressure for case T.b of [22] with ne = 0.9nG. The ICRH
simulated data from PION is light, and the fitted profiles bold .

is also visible: this arises from step 4 of the equilibrium remapping to compensate the
addition of the ICRH pressure gradient term.
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Figure 8. Solutions of isotropic (black) and anisotropic (red) equilibrium for the
ICRH pressure derived from case T.b of [22]. Panels (a) through (e) show profiles of
q, ψn, ρ, P and Jφ respectively.

4. MHD Continuum modes

As a first step to exploring the mode spectrum we have computed the shear Alfven
(incompressional) and compressional continuum for isotropic and anisotropic plasmas
using CSMIS_AD, which is the continuum solver in the anisotropic MHD stability code
MISHKA-AD [23]. Figure 9 overplots the n = 1 shear Alfvén continuum for T‖/T⊥ = 0.8

and T‖/T⊥ = 1.2. The shear Alfven continuum are virtually identical for the two cases.
We have examined each solution for a candidate global mode, and found an n = 1 TAE
global mode at ω/ωA = 0.4226 for T‖/T⊥ = 0.8, and ω/ωA = 0.4234 for T‖/T⊥ = 1.2.
Figure 10 overplots the eigenfunction of the two n = 1 TAE modes. The mode structure
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is identical. Our conclusion is that the shear Alfvén branch, mode frequencies, mode
structure is unaffected by anisotropy. As the magnetic geometry for the two cases is
identical and the frequency the same the resonance condition for particles will also be
identical, and hence the linear mode drive and ensuing nonlinear dynamics will be the
same. Our analysis complements recent work by Gorelenkov and Zakharov, who added
the impact of fast ion orbit width to a pressure anisotropy and toroidal flow formulation.
They showed that the inclusion of finite orbit width effects reduces the Shafranov shift
with increasing beam injection energy. Consequently, the upshift in TAE frequency due
to the Shafranov shift decreases and TAEs experience reduced continuum damping.
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Figure 9. Shear Alfvén continuum for n = 1 with T‖/T⊥ = 0.8 (blue) and T‖/T⊥ = 1.2

(red). Also shown is the TAE frequency (black). The case for which T‖ = T⊥ is IMAS
scenario #1000003.
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Figure 10. Overplotted TAE modes for ω/ωA = 0.4226 for T‖/T⊥ = 0.8, and
ω/ωA = 0.4234 for T‖/T⊥ = 1.2.

We have also computed the compressional branch, with the adiabatic index γ = 5/3.
Figure 11 shows the n = 1 continuum. In contrast to the shear continuum, significant
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shift is evident in the Alfven-acoustic continua. This suggests modification to the
compressional beta-induced Alfven eigenmodes (BAEs) and beta-induced Acoustic
Alfven eigenmodes (BAAEs).
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Figure 11. Compressional Alfvén continuum for n = 1 with T‖/T⊥ = 0.8 (blue) and
T‖/T⊥ = 1.2 (red).

5. Conclusions

In this work we have computed the impact of anisotropy to ITER pre-fusion power
operation scenarios. To undertake this calculation a series of remapping techniques
were developed to resolve the impact of pressure anisotropy as compared to the
change in magnetic field configuration. Scans were conducted as a function of varying
central anisotropy. The impact of anisotropy was to shift the density and pressure
contours from flux surfaces: we found an outboard (inboard) shift of peak density for
T‖ > T⊥(T‖ < T⊥). Computation for a realistic ITER scenario with ICRH computed
fast ions has been undertaken. This showed the impact of dominantly core anisotropy
with P⊥ > P‖ produces an outboard shift of the density 0.16 m off-axis. In separate
working we demonstrated that the impact of anisotropy on the shear (compressional)
continuum is small (large). For the shear branch, we demonstrated that Alfven gap
modes do not change in frequency or mode structure. In contrast, the frequencies of
the compressional branch of the continuum are substantively changed. This suggests
modification to BAE and BAAE modes.

Our results suggest a number of directions for further research. The shift in
density is purely due to pressure anisotropy, not flow. It would be useful to explore
experimentally whether shift from the magnetic axis can be resolved between toroidal
flow and anisotropy. We have undertaken a study of only one ITER scenario with
ICRH. A more complete study over the full range of proposed ITER scenarios, with
both ICRH and NBI would be informative. We have demonstrated that the impact
of anisotropy on the shear (compressional) continuum is small (large). The former
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suggests that the stability of Alfvén gap modes is unaffected by anisotropy, while the
frequency and stability of compressional modes such as the BAE and BAAE could be
affected. Experimentally, the latter could be investigated by examining the impact of
varying external heating on compressional modes. Confirmation that the shear branch is
unaltered could be performed by undertaking several experiments with similar q profiles
but different heating.

Finally, there are a number of numeric improvements that could be made to the
algorithm. Most importantly, would be replacement of the F 2 remapping of step 4
with a "q-solver" formulation internal to HELENA+ATF. The thermal energy shooting
method could also be made internal to HELENA+ATF. Such an implementation is
likely to lead to a more robust and faster solver.
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