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Abstract

We study generalization properties of distributed algorithms in the setting of nonparametric
regression over a reproducing kernel Hilbert space (RKHS). We first investigate distributed
stochastic gradient methods (SGM), with mini-batches and multi-passes over the data. We
show that optimal generalization error bounds (up to logarithmic factor) can be retained for
distributed SGM provided that the partition level is not too large. We then extend our results to
spectral algorithms (SA), including kernel ridge regression (KRR), kernel principal component
regression, and gradient methods. Our results show that distributed SGM has a smaller theo-
retical computational complexity, compared with distributed KRR and classic SGM. Moreover,
even for a general non-distributed SA, they provide optimal, capacity-dependent convergence
rates, for the case that the regression function may not be in the RKHS.

Keywords:  Kernel Methods, Stochastic Gradient Methods, Regularization, Distributed
Learning

1. Introduction

In statistical learning theory, a set of N input-output pairs from an unknown distribution is ob-
served. The aim is to learn a function which can predict future outputs given the corresponding
inputs. The quality of a predictor is often measured in terms of the mean-squared error. In this
case, the conditional mean, which is called as the regression function, is optimal among all the
measurable functions (Cucker and Zhou, 2007; Steinwart and Christmann, 2008).

In nonparametric regression problems, the properties of the regression function are not
known a priori. Nonparametric approaches, which can adapt their complexity to the problem,
are key to good results. Kernel methods is one of the most common nonparametric approaches
to learning (Scholkopf and Smola, 2002; Shawe-Taylor and Cristianini, 2004). It is based on
choosing a RKHS as the hypothesis space in the design of learning algorithms. With an appro-
priate reproducing kernel, RKHS can be used to approximate any smooth function.

The classical algorithms to perform learning task are regularized algorithms, such as KRR
(also called as Tikhonov regularization in inverse problems), kernel principal component re-
gression (KPCR, also known as spectral cut-off regularization in inverse problems), and more
generally, SA. From the point of view of inverse problems, such approaches amount to solving
an empirical, linear operator equation with the empirical covariance operator replaced by a reg-
ularized one (Engl et al., 1996; Bauer et al., 2007; Gerfo et al., 2008). Here, the regularization
term controls the complexity of the solution to against over-fitting and to ensure best gener-
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alization ability. Statistical results on generalization error had been developed in (Smale and
Zhou, 2007; Caponnetto and De Vito, 2007) for KRR and in (Bauer et al., 2007; Caponnetto
and Yao, 2010) for SA.

Another type of algorithms to perform learning tasks is based on iterative procedure (Engl
et al., 1996). In this kind of algorithms, an empirical objective function is optimized in an iter-
ative way with no explicit constraint or penalization, and the regularization against overfitting
is realized by early-stopping the empirical procedure. Statistical results on generalization error
and the regularization roles of the number of iterations/passes have been investigated in (Zhang
and Yu, 2005; Yao et al., 2007) for gradient methods (GM, also known as Landweber algorithm
in inverse problems), in (Bauer et al., 2007; Caponnetto and Yao, 2010) for accelerated gradient
methods (AGM, known as v-methods in inverse problems) in (Blanchard and Kramer, 2010)
for conjugate gradient methods (CGM), and in (Lin and Rosasco, 2017b) for (multi-pass) SGM.
Interestingly, GM and AGM can be viewed as special instances of SA (Bauer et al., 2007), but
CGM and SGM can not (Blanchard and Kramer, 2010; Lin and Rosasco, 2017b).

The above mentioned algorithms suffer from computational burdens at least of order O(N?)
due to the nonlinearity of kernel methods. Indeed, a standard execution of KRR requires O(N?)
in space and O(N?) in time, while SGM after T-iterations requires O(N) in space and O(NT)
(or T?) in space. Such approaches would be prohibitive when dealing with large-scale learning
problems. These thus motivate one to study distributed learning algorithms (Mcdonald et al.,
2009; Zhang et al., 2012). The basic idea of distributed learning is very simple: randomly
divide a dataset of size N into m subsets of equal size, compute an independent estimator
using a fixed algorithm on each subset, and then average the local solutions into a global
predictor. Interestingly, distributed learning technique has been successfully combined with
KRR (Zhang et al., 2015; Lin et al., 2017) and more generally, SA (Guo et al., 2017; Miicke
and Blanchard, 2018), and it has been shown that statistical results on generalization error
can be retained provided that the number of partitioned subsets is not too large. Moreover,
it was highlighted (Zhang et al., 2015) that distributed KRR not only allows one to handle
large datasets that restored on multiple machines, but also leads to a substantial reduction in
computational complexity versus the standard approach of performing KRR on all N samples.

In this paper, we study distributed SGM, with multi-passes over the data and mini-batches.
The algorithm is a combination of distributed learning technique and (multi-pass) SGM (Lin
and Rosasco, 2017b): it randomly partitions a dataset of size N into m subsets of equal size,
computes an independent estimator by SGM for each subset, and then averages the local solu-
tions into a global predictor. We show that with appropriate choices of algorithmic parameters,
optimal generalization error bounds up to a logarithmic factor can be achieved for distributed
SGM provided that the partition level m is not too large.

The proposed configuration has certain advantages on computational complexity. For ex-
ample, without considering any benign properties of the problem such as the regularity of the
regression function (Smale and Zhou, 2007; Caponnetto and De Vito, 2007) and a capacity
assumption on the RKHS (Zhang, 2005; Caponnetto and De Vito, 2007), even implementing
on a single machine, distributed SGM has a convergence rate of order O(N —1/210g N ), with a
computational complexity O(N) in space and O(N3/2) in time, compared with O(N) in space
and O(N?) in time of classic SGM performing on all N samples, or O(N3/2) in space and O(N?)
in time of distributed KRR. Moreover, the approach dovetails naturally with parallel and dis-
tributed computation: we are guaranteed a superlinear speedup with m parallel processors
(though we must still communicate the function estimates from each processor).

The proof of the main results is based on a similar (but a bit different) error decomposition
from (Lin and Rosasco, 2017b), which decomposes the excess risk into three terms: bias, sample
and computational variances. The error decomposition allows one to study distributed GM and
distributed SGM simultaneously. Different to those in (Lin and Rosasco, 2017b) which rely
heavily on the intrinsic relationship of GM with the square loss, in this paper, an integral
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operator approach (Smale and Zhou, 2007; Caponnetto and De Vito, 2007) is used, combining
with some novel and refined analysis, see Subsection 6.2 for further details.

We then apply our analysis to distributed SA and derive similar optimal results on general-
ization error for distributed SA, based on the well-known fact that GM is a special instance of
SA.

The original version of this paper is (Lin and Cevher, 2018b). It is an extended version of
the conference version (Lin and Cevher, 2018a) where results for distributed SGM are given
only. In this version, we additionally provide statistical results for distributed SA, including
their proofs, as well as some further discussions.

We highlight that our contributions are as follows.

— We provide results with optimal convergence rates (up to a logarithmic factor) for dis-
tributed SGM, showing that distributed SGM has a smaller theoretical computational
complexity, compared with distributed KRR and non-distributed SGM. As a byproduct,
we derive optimal convergence rates (up to a logarithmic factor) for non-distributed SGM,
which improve the results in (Lin and Rosasco, 2017b).

— Our results for distributed SA improves previous results from (Zhang et al., 2015) for dis-
tributed KRR, and from (Guo et al., 2017) for distributed SA, with a less strict condition
on the partition number m. Moreover, they provide the first optimal rates for distributed
SA in the non-attainable cases (i.e., the regression function may not be in the RKHS),
without requiring any additional unlabeled data.

— Asabyproduct, we provide optimal, capacity-dependent rates for a general non-distributed
SA in the well-conditioned regimes, considering the non-attainable cases.

The remainder of the paper is organized as follows. Section 2 introduces the supervised
learning setting. Section 3 describes distributed SGM, and then presents theoretical results on
generalization error for distributed SGM, following with simple comments. Section 4 introduces
distributed SA, and then gives statistical results on generalization error. Section 5 discusses
and compares our results with related work. Section 6 provides the proofs for distributed SGM.
Finally, proofs for auxiliary lemmas and results for distributed SA are provided in the appendix.

2. Supervised Learning Problems

We consider a supervised learning problem. Let p be a probability measure on a measurable
space Z = X x Y, where X is a compact-metric input space and Y C R is the output space. p
is fixed but unknown. Its information can be only known through a set of samples z = {z; =
(z:,9:)}¥, of N € N points, which we assume to be i.i.d.. We denote px (-) the induced marginal
measure on H of p and p(|x) the conditional probability measure on R with respect to z € H
and p. We assume that px has full support in X throughout.

The quality of a predictor f : X — Y can be measured in terms of the expected risk with a
square loss defined as

E(f) = /Z (f(x) — )2dp(2). 1)

In this case, the function minimizing the expected risk over all measurable functions is the
regression function given by

fol) = /Y ydp(ylz), =z € X. (2)

The performance of an estimator f € L,%x can be measured in terms of generalization error
(excess risk), i.e., E(f) — E(f,). It is easy to prove that

E)—EUL) =IIf = Fll2. (3)
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Here, sz is the Hilbert space of square integral functions with respect to px, with its induced

norm given by [|fll, = £z = (Jx | (@)[2dpx)""*.

Recall that a reproducing kernel K is a symmetric function K : X x X — R such that
(K (uy, u]))f j—1 is positive semidefinite for any finite set of points {u;}_, in X. The reproducing
kernel K defines a RKHS (H, || - ||z) as the completion of the linear span of the set {K,(-) :=
K(z,-): x € X} with respect to the inner product (K., K,)g := K(z,u).

Given only the samples z, the goal is to learn the regression function through efficient
algorithms.

3. Distributed Learning with Stochastic Gradient Methods

In this section, we first state the distributed SGM. We then present theoretical results for
distributed SGM and non-distributed SGM, following with simple discussions.

Algorithm 1 Distributed learning with stochastic gradient methods

Input: Number of partitions m, mini-batch size b < N/m, total number of iterations T, step-
size sequence {n; > 0}L_;, and kernel function K-, ")
1: Divide z evenly and uniformly at random into the m disjoint subsets, z1,- - , Z,.
2: For every s € [m], compute a local estimate via b-minibatch SGM over the sample z,:
f s,1 = 0 and

bt

1
fstr1 = fsr — ey Yo Uerl@egn) = Ysjoi) Kay,, o tE[T]. (4)
i=b(t—1)+1
Here, js.1,js2, ", jspr are i.i.d. random variables from the uniform distribution on [n].

3: Take the averaging over these local estimators: fr= % Yoty fer-
Output: the function fr

3.1 Distributed SGM

Throughout this paper, as that in (Zhang et al., 2015), we assume that! the sample size N = mn
for some positive integers n,m, and we randomly decompose z as z; U zo U --- U z,, with
|zi| = |z2| = -+ = |zm| = n. For any s € [m], we write z; = {(xs;,ys:)}1,. We study
distributed SGM, with mini-batches and multi-pass over the data, as detailed in Algorithm 1.
For any ¢t € N, the set of the first ¢ positive integers is denoted by [t].

In the algorithm, at each iteration ¢, for each s € [m], the local estimator updates its current
solution by subtracting a scaled gradient estimate. It is easy to see that the gradient estimate
at each iteration for the s-th local estimator is an unbiased estimate of the full gradient of the
empirical risk over zs. The global predictor is the average over these local solutions. In the
special case m = 1, the algorithm reduces to the classic multi-pass SGM.

There are several free parameters, the step-size 7, the mini-batch size b, the total number of
iterations/passes, and the number of partition/subsets m. All these parameters will affect the
algorithm’s generalization properties and computational complexity. In the coming subsection,
we will show how these parameters can be chosen so that the algorithm can generalize optimally,
as long as the number of subsets m is not too large. Different choices on 7y, b, and T' correspond
to different regularization strategies. In this paper, we are particularly interested in the cases
that both 7, and b are fixed as some universal constants that may depend on the local sample
size n, while T is tuned.

1. For the general case, one can consider the weighted averaging scheme, as that in (Lin et al., 2017), and our
analysis still applies with a simple modification.
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The total number of iterations T" can be bigger than the local sample size n, which means that
the algorithm can use the data more than once, or in another words, we can run the algorithm
with multiple passes over the data. Here and in what follows, the number of (effective) ‘passes’
over the data is referred to % after ¢ iterations of the algorithm.

The numerical realization of the algorithm and its performance on a synthesis data can be
found in (Lin and Cevher, 2018a). The space and time complexities for each local estimator are

O(n) and O(bnT), (5)

respectively. The total space and time complexities of the algorithm are
O(N) and O(bNT). (6)

3.2 Generalization Properties for Distributed Stochastic Gradient Methods

In this subsection, we state our results for distributed SGM, following with simple discussions.
Throughout this paper, we make the following assumptions.

Assumption 1 H is separable and K is continuous. Furthermore, for some k € [1,00],
K(z,z) < k% VzelX, (7)

and for some M,o > 0,
/Ydep(yI:r) < M?,

[ Got) = 02dp(yle) < 0% px-almost surely (3)
Y

The above assumptions are quite common in statistical learning theory, see e.g., (Steinwart
and Christmann, 2008; Cucker and Zhou, 2007). The constant ¢ from Equation (8) measures
the noise level of the studied problem. The condition [y y2dp(y|r) < M? implies that the
regression function is bounded almost surely,

|folz)| < M. (9)

It is trivially satisfied when Y is bounded, for example, Y = {—1, 1} in the classification problem.
To state our first result, we define an inclusion operator S, : H — Lgx, which is continuous
under Assumption (7).

Theorem 1 Assume that f, € H and
3 1
m< N’ 0<f8< 3

Consider Algorithm 1 with any of the following choices on n;, b and T.

1) ;= (é;fgﬁm forallt € [T,], b=1, and T, = %

2)n = m for allt € [Ty], b= {gL and T,= L\/NlogNJ.
Then,

E|Syfr.+1 — fp||?,§ CisN~Y2log N,

where Cig = CmepH%, + Ci30% + C1uM? and Cia, Ci3, Cia are positive constants depending
only on k%, ||L|| (which could be given explicitly in the proof).
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Theorem 1 provides generalization error bounds for distributed SGM with two different choices
on step-size 7, mini-batch size b and total number of iterations/passes. Its proof relies on the
coming general results, Theorem 2 and Corollary 1. The convergence rate is optimal up to a
logarithmic factor, in the sense that it nearly matches the minimax rate N~1/2 in (Caponnetto
and De Vito, 2007) and the convergence rate N —1/2 for KRR (Smale and Zhou, 2007; Caponnetto
and De Vito, 2007). The number of passes to achieve optimal error bounds in both cases is
roughly one. The above result asserts that distributed SGM generalizes optimally after one
pass over the data for two different choices on step-size and mini-batch size, provided that the
partition level m is not too large. In the case that m ~ /N, according to (6), the computational
complexities are O(IN) in space and O(N'%) in time, comparing with O(NV) in space and O(N?)
in time of classic SGM.

Remark 1 In Theorem 1, the stepsize does not necessarily depend on [ in Case 1). In fact,

if we let ny = m in Case 1), then following from the proof, we have E|S,fr,+1 —

f,,H?,S Ci6N~210g% N, which has an extra logarithmic factor in comparisons. This observation
s also true in the next corollary.

Theorem1 provides statistical results for distributed SGM without considering any further
benign assumptions about the learning problem, such as the regularity of the regression function
and the capacity of the RKHS. In what follows, we will show how the results can be further
improved, if we make these two benign assumptions.

The first benign assumption relates to the regularity of the regression function. We introduce
the integer operator L : L%X — L%X, defined by Lf = [y f(z)K(x,-)dpx. Under Condition
(7), L is a positive compact operator (Cucker and Zhou, 2007, Page 57), and hence £ is well
defined using the spectral theory.

Assumption 2 There exist ¢ > 0 and R > 0, such that |L~°f,||, < R.

This assumption characterizes how large the subspace that the regression function lies in.
The bigger the ( is, the smaller the subspace is, the stronger the assumption is, and the easier
the learning problem is, as £ (L,%X) C ECQ(LI%X) if {1 > (2. Moreover, if ( = 0, we are making
no assumption, and if { = %, we are requiring that there exists some fy € H such that fg = f,
almost surely (Steinwart and Christmann, 2008, Page 151).

The next assumption relates to the capacity of the hypothesis space.

Assumption 3 For some v € [0,1] and ¢y > 0, L satisfies
tr(L(L+A)7Y) < e A7, for all X > 0. (10)

The left hand-side of (10) is called effective dimension (Zhang, 2005) or degrees of freedom
(Caponnetto and De Vito, 2007). It is related to covering/entropy number conditions, see
(Steinwart and Christmann, 2008, Section A). The condition (10) is naturally satisfied with
v =1, since L is a trace class operator which implies that its eigenvalues {o;}; satisfy o; < i7L.
Moreover, if the eigenvalues of £ satisfy a polynomial decaying condition o; ~ i~¢ for some
¢ > 1, or if L is of finite rank, then the condition (10) holds with v = 1/¢, or with v = 0.
The case v = 1 is refereed as the capacity independent case. A smaller v allows deriving faster
convergence rates for the studied algorithms, as will be shown in the following results.

Making these two assumptions, we have the following general results for distributed SGM.

Theorem 2 Under Assumptions 2 and 3, let iy =0 for all t € [T] with n satisfying

< 11
0<n_4f~@210gT (11)

6
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Then for any t € [T] and X = n’~' with 6 € [0,1], the following results hold.
1) For ¢ <1,

. . R+1 1follo0)? o’ M?n
2 < 2 21 ( {2¢<1}il/p _ .
El|Spfir = foll; < ((Ant)™ vV Q7 ,, V 1ogt)[Cs ()2¢ +Cs N\ +Co mb ]
(12)
2) For ¢ > 1,
201 2 2 2
o2 L0 2C )= R g M7
ElS,fir1 — foll2 < (Ant)* V Qqom V (n<<—1/2>m) V log t)[Cs EOES - CSNM + Cho > ].
(13)
Here,
Qo =1V [7(9*1 Alogn)] (14)

and Cs, Cs, Cs, C1g are positive constants depending only on k2, ¢, cy, || L|| which could be given
explicitly in the proof.

In the above result, we only consider the setting of a fixed step-size. Results with a decaying
step-size can be directly derived following our proofs in the coming sections, combining with
some basic estimates from (Lin and Rosasco, 2017b). The error bound from (12) depends on the
number of iteration ¢, the step-size 7, the mini-batch size, the number of sample points N and
the partition level m. It holds for any pseudo regularlzatlon parameter A where \ € [n=11].
When ¢t < n/n, for ¢ < 1, we can choose A= (nt)~!, and ignoring the logarithmic factor and
constants, (12) reads as

1 (nt)”  n

EISpfiss = S0l S oy TN "

Here, we use the notations a1 < ag to mean a; < Cag for some positive constant C' depending
only on k, M,o,||L], | follocs ¢ ¢y, R. The right-hand side of (15) is composed of three terms.
The first term is related to the regularity parameter ¢ of the regression function f,, and it
results from estimating bias. The second term depends on the sample size N, and it results
from estimating sample variance. The last term results from estimating computational variance
due to random choices of the sample points. In comparing with the error bounds derived for
classic SGM performed on a local machine, one can see that averaging over the local solutions
can reduce sample and computational variances, but keeps bias unchanged. As the number of
iteration ¢ increases, the bias term decreases, and the sample variance term increases. This is
a so-called trade-off problem in statistical learning theory. Solving this trade-off problem leads
to the best choice on number of iterations. Notice that the computational variance term is
independent of the number of iterations ¢ and it depends on the step-size, the mini-batch size,
and the partition level. To derive optimal rates, it is necessary to choose a small step-size, and /or
a large mini-batch size, and a suitable partition level. In what follows, we provide different
choices of these algorithmic parameters, corresponding to different regularization strategies,
while leading to the same optimal convergence rates up to a logarithmic factor.

Corollary 1 Under Assumptions 2 and 5, let N > 8, ( <1,2(+~v>1 and
20+v—1
20+~

Consider Algorzthm 1 with any of the following choices on 1y, b and Ty.
1) n = 652 forallt € [Ty, b=1, and T, = {N%ﬂnJ .

m< NP, with0<pj<
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2) ne = ﬁ for allt € [T}], b= [\/n], and T, = LNﬁ\/ﬁJ .

¢
3) me= %Nﬁﬁm forallt € [Ty], b=1, and T\= LN%m_IJ.

_2¢_ 1
4) ’rh: m fOT all t S [T*:I’ b: "N2C+Wm—1-‘, and T*: LN2<17 log NJ '
Then,
r __2¢
ElSpfr+1 — pr,Q, < Ci5N %+ log N,

where C15 = Cra( R+ 1{2<<1}pr||oo)2+01302+014M2, and C12, C13, C14 are positive constants
depending only on k2,(, ¢y, ||L]||, B (which could be given explicitly in the proof).

We add some comments on the above theorem. First, the convergence rate is optimal up to a
logarithmic factor, as it is almost the same as that for KRR from (Caponnetto and De Vito,

2007; Smale and Zhou, 2007) and also it nearly matches the minimax lower rate O(N _%)
in (Caponnetto and De Vito, 2007). In fact, let P(v,¢) (v € (0,1) and ¢ € [1/2,1]) be the
set of probability measure p on Z, such that Assumptions 1-3 are satisfied. Then the following
minimax lower rate is a direct consequence of (Caponnetto and De Vito, 2007, Theorem 2):

—2¢
liminfinf sup Pr (Z c ZN . EHSpr — fp||?) > CN2<+w> =1,
N=oo fN peP(v,)

for some constant C' > 0 independent on N, where the infimum in the middle is taken over all
algorithms as a map Z% 5 z — f~ € H. Alternative minimax lower rates (perhaps considering
other quantities, R and o) could be found in (Steinwart et al., 2009, Theorem 9) for ¢ € (0, %],
and in (Caponnetto and De Vito, 2007, Theorem 3), (Blanchard and Miicke, 2018, Theorem
3.5) for ¢ > % Second, distributed SGM saturates when ¢ > 1. The reason for this is that
averaging over local solutions can only reduce sample and computational variances, not bias.
Similar saturation phenomenon is also observed when analyzing distributed KRR in (Zhang
et al., 2015; Lin et al., 2017). Third, the condition 2¢ + v > 1 is equivalent to assuming that
the learning problem can not be too difficult. We believe that such a condition is necessary for
applying distributed learning technique to reduce computational costs, as there are no means
to reduce computational costs if the learning problem itself is not easy. Fourth, as the learning
problem becomes easier (corresponds to a bigger (), the faster the convergence rate is, and
moreover the larger the number of partition m can be. Finally, different parameter choices leads
to different regularization strategies. In the first two regimes, the step-size and the mini-batch
size are fixed as some prior constants (which only depends on n), while the number of iterations
depends on some unknown distribution parameters. In this case, the regularization parameter
is the number of iterations, which in practice can be tuned by using cross-validation methods.
Besides, the step-size and the number of iterations in the third regime, or the mini-batch size
and the number of iterations in the last regime, depend on the unknown distribution parameters,
and they have some regularization effects. The above theorem asserts that distributed SGM
with differently suitable choices of parameters can generalize optimally, provided the partition
level m is not too large.

3.3 Optimal Rate for Multi-pass SGM on a Single Dataset

As a direct corollary of Theorem 2, we derive the following results for classic multi-pass SGM.

Corollary 2 Under Assumptions 2 and 3, let N > 8. Consider Algorithm 1 with m = 1 and
any of the following choices on 1y, b and T.
1) m= 53w for allt € [T,], b=1, and T,= [N*T].

2) e = 6;;21\/N for all t € [Ty], b= (\/NL and T,= LNQ+1/2J-

3) ne = m]\f_%a forallt € [Ti], b=1, and T\, = [N+ |,
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4) e = m for all t € [T], b= [N?¢?], and T\, = [ N“log N|.
Here,
1

(2¢+7y)Vvi1

Then,
2¢
N 2¢+7 log N, if2¢+v > 1;

17
N—%1og N, otherwise, (a7)

E(S, fr.41 — pr?) < Cx {
where Cy1 = Ci1g(R+ 1{2<<1}pr”oo)Q—i-Cngz—i—C’goMQ, and Cig, Chg, Cog are positive constants
depending only on k2,(,cy, ||L|| (which could be given explicitly in the proof).

The above results provide generalization error bounds for multi-pass SGM trained on a sin-
gle dataset. The derived convergence rate is optimal in the minimax sense (Caponnetto and
De Vito, 2007; Blanchard and Miicke, 2018) up to a logarithmic factor. Note that SGM does
not have a saturation effect, and optimal convergence rates can be derived for any ¢ €]0, o).
Corollary 2 improves the result in (Lin and Rosasco, 2017b) in two aspects. First, the con-
vergence rates are better than those (i.e., O(Nfﬁ log N) if 2¢ +~ > 1 or O(N~*log? N)
otherwise) from (Lin and Rosasco, 2017b). Second, the above theorem does not require the
extra condition m > mgs made in (Lin and Rosasco, 2017b).

4. Distributed Learning with Spectral Algorithms

In this section, we first state distributed SA. We then present theoretical results for distributed
SA, following with simple discussions. Finally, we give convergence results for classic SA.

4.1 Distributed Spectral Algorithms

In this subsection, we present distributed SA. We first recall that a filter function is defined as
follows.

Definition 1 (Filter functions) Let A be a subset of Ry. A class of functions {G) : [0, k2] —
[0,00[, A € A} is said to be filter functions with qualification T (T > 0) if there exist some positive
constants E, F; < 00) such that

sup sup sup |u®Gy(u)|A\ < E, (18)
a€l0,1] AeA u€]0,x2]

and

sup sup sup |(1 — Gy(u)u)|u®A~ < F.. (19)
a€l0,7] AeA u€l0,x2]

Algorithm 2 Distributed learning with spectral algorithms

Input: Number of partitions m, filter function G  » and kernel function K(-,-)
1: Divide z evenly and uniformly at random into m disjoint subsets, z1,22, - ,Zm
2: For every s € [m], compute a local estimate via SA over the samples zg: 2

~ 1o 1 ¢
gis = G)\(’];S)ﬁ Zl yS,iKS,iv 7;(3 = g Zl<7 KISJ)KLES,I'
1= 1=

3: Take the averaging over these local estimators: g5 = % Yo gy

Output: the function g%
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In the algorithm, A is a regularization parameter which should be appropriately chosen in
order to achieve best performance. In practice, it can be tuned by using the cross-validation
methods. SA is associated with some given filter functions. Different filter functions correspond
to different regularization algorithms. The following examples provide several common filter
functions, which leads to different types of regularization methods, see e.g. (Gerfo et al., 2008;
Bauer et al., 2007). Without loss of generality, we assume that F, F. > 1.

Example 1 (KRR) The choice Gy(u) = (u—+ \)~! corresponds to Tikhonov regularization or
the reqularized least squares algorithm. It is easy to see that {G¢(u) : XA € Ry} is a class of filter
functions with qualification T =1, and E = F = 1.

Example 2 (GM) Let {nx > 0} be such that ngx® < 1 for all k € N. Then as will be shown

in Section 6,
Z Mk H 1 —niu)

= i=k+1
where we identify A = (Zzzl nk) "L, corresponds to gradient methods or Landweber iteration
algorithm. The qualification T could be any positive number, E =1, and Fr = (1/e)".

Example 3 (Spectral cut-off) Consider the spectral cut-off or truncated singular value de-
composition (TSVD) defined by

& () ut, ifu > N,
u) =
A 0, ifu<A\

Then the qualification T could be any positive number and £ = F, = 1.

Example 4 (KRR with bias correction) The function Gy(u) = AA + 2)2 + (A + z)!
corresponds to KRR with bias correction. It is easy to show that the qualification T =2, E = 2
and Fr = 1.

The implementation of the algorithms is very standard using the representation theorem,
for which we thus skip the details. We assume the filter function G, is piecewise continuous
throughout.

4.2 Optimal Convergence for Distributed Spectral Algorithms
We have the following general results for distributed SA.

Theorem 3 Under Assumptions 2 and 3, let G be a_filter function with qualification T >
(CV 1), and g% be given by Algorithm 2. Then for any \ = n9=1 with § € [0,1], the following
results hold.

1) For ¢ <1,
) 32 2
EHS,;QK - fp”;% < (Qi?(;/:l v ﬁ)[Cé(R + 1{2§<1}prH00)2 SNS\V] (20)
2) For ¢ > 1,
1-2 32¢ 2
E||Sp fp||2 < (?1/;)/\1 V QqyonV 124)[06}{2)\2{ + C§ ]\7/\7] (21)

Here, Q9. is given by (14), and Ci, Cy and C§ are positive constants depending only on
K, G, E, Fr, ¢y and ||L|| (which could be given explicitly in the proof).

2. Let L be a self-adjoint, compact operator over a separable Hilbert space. G A»(L) is an operator on L defined
by spectral calculus: suppose that {(o,:)}: is a set of normalized eigenpairs of L with the eigenfunctions
{4:}: forming an orthonormal basis of H, then G»(Tx,) = > (o) Y @ 1hs.

10
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The above results provide generalization error bounds for distributed SA. The upper bound
depends on the number of partition m, the regularization parameter A and total sample size V.
When the regularization parameter A\ > 1/n, by setting A=A, ignoring the logarithmic factor,
the derived error bounds for ¢ < 1 can be simplified as

E[S,95% — pri SN+ %R

Here, a1 <

~

az means a; < Clag for some positive constant C' which is depending only on
Ky Ccy,C, M, o, R, ||L]|, E, || fyollo, and Fr. There are two terms in the upper bound. They are
raised from estimating bias and sample variance. Note that there is a trade-off between the
bias term and the sample variance term. Solving this trade-off leads to the best choice on
regularization parameter. Note also that similar to that for distributed SGM, distributed SA
also saturates when ¢ > 1.

1
Corollary 3 Under the assumptions of Theorem 3, let ( <1, 2(+~v > 1, A= N 2+ and the
number of partitions satisfies (16). Then

_ __2¢
EHSp?]/Z\ - fp”2 < CE/)N 2, (22)

Cly = CH(R+ 1paccnyll folloc)? + Cloo?, and Cy, Ciy are positive constants depending only on
k,C, B, Fr ey, || L], 7, B (which could be given explicitly in the proof).

The convergence rate from the above corollary is optimal as it matches exactly the minimax
rate in (Caponnetto and De Vito, 2007), and it is better than the rate for distributed SGM from
Theorem 2, where the latter has an extra logarithmic factor. According to Corollary 3, dis-
tributed SA with an appropriate choice of regularization parameter A can generalize optimally,
if the number of partitions is not too large. To the best of our knowledge, the above corollary

is the first optimal statistical result for distributed SA considering the non-attainable case (i.e.
2¢+v—1
¢ can be less than 1/2). Moreover, the requirement on the number of partitions m < N 2+

201
to achieve optimal generalization error bounds is much weaker than that (m < N%+v) in (Guo
et al., 2017; Miicke and Blanchard, 2018).

4.3 Optimal Rates for Spectral Algorithms on a Single Dataset

The following results provide generalization error bounds for classic SA.

Corollary 4 Under Assumptions 2 and 3, let éA be a filter function with qualification T >
1
(C V1), and g5' be given by Algorithm 2 with A\ = N~ V) and m = 1. Then

__2¢
N2+, if 2 +v > 1;

23
N=2(1Vlog N7), otherwise. (23)

E||Spgf\1 - pr;Q; < Cis {

!/

14 = Cla(R+1pac eyl folloo)? + Clz0?, and C1y, Cly are positive constants depending only on
k,C, E, Fr, ey, ||L]],y (which could be given explicitly in the proof).

The above results assert that SA generalizes optimally if the regularization parameter is well
chosen. To the best of our knowledge, the derived result is the first one with optimally capacity-
dependent rates in the non-attainable case for a general SA. Note that unlike distributed SA,
classic SA does not have a saturation effect.

11
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5. Discussion

In this section, we briefly review some of the related results in order to facilitate comparisons.
For ease of comparisons, we summarize some of the results and their computational costs in
Table 1.

We first briefly review convergence results on generalization error for KRR, and more gen-
erally, SA. Statistical results for KRR with different convergence rates have been shown in, e.g.,
(Smale and Zhou, 2007; Caponnetto and De Vito, 2007; Wu et al., 2006; Steinwart and Christ-
mann, 2008; Steinwart et al., 2009). Particularly, Smale and Zhou (2007) proved convergence

. 2¢
rates of order O(N +2V1)) with 0 < ¢ < 1, without considering the capacity assumption.
Caponnetto and De Vito (2007) gave optimally capacity-dependent convergence rate of order

2
O(N 247 but only for the case that 1/2 < ¢ < 1. The above two are based on integral opera-
tor approaches. Using an alternative argument related to covering-number or entropy-numbers,

¢
Wu et al. (2006) provided convergence rate O(N 712?), and (Steinwart and Christmann, 2008,
2

26
Theorem 7.23) provides convergence rate O(N  @+9V1) | assuming that 0 < ¢ < 1/2, v € (0,1)
and |y| < 1 almost surely. Considering an embedding property assumption, Steinwart et al.

__2¢
(2009) gave optimal rate O(N ™ 2¢+7) for KRR even for ¢ € (0, %] For GM, Yao et al. (2007)
2¢
derived convergence rate of order O(N~ 2¢+2) (for ¢ €]0, 00[), without considering the capacity
assumption. Involving the capacity assumption, Lin and Rosasco (2017b) derived convergence

rate of order O(Nﬁ log? N) if 2¢ + v > 1, or O(N~*log* N) if 2¢ + v < 1. Note that both
proofs from (Yao et al., 2007; Lin and Rosasco, 2017b) rely on the special separable properties
of GM with the square loss. For SA, statistical results on generalization error with different
convergence rates have been shown in, e.g., (Bauer et al., 2007; Caponnetto and Yao, 2010;
Blanchard and Miicke, 2018; Dicker et al., 2017; Lin et al., 2017). The best convergence rate
shown so far (without making any extra unlabeled data as that in (Caponnetto and Yao, 2010))

is O(N_%) (Blanchard and Miicke, 2018; Dicker et al., 2017; Lin et al., 2017) but only for
the attainable case, i.e., ¢ > 1/2. These results also apply to GM, as GM can be viewed as a
special instance of SA. Note that some of these results also require the extra assumption that
the sample size N is large enough. In comparisons, Corollary 4 provides the best convergence
rates for SA, considering both the non-attainable and attainable cases and without making any
extra assumption. Note that our derived error bounds are in expectation, but it is not difficult
to derive error bounds in high probability using our approach, and we will report this result in
a future work.

We next briefly review convergence results for SGM. SGM (Robbins and Monro, 1951) has
been widely used in convex optimization and machine learning, see e.g. (Cesa-Bianchi et al.,
2004; Nemirovski et al., 2009; Bottou et al., 2018) and references therein. In what follows, we
will briefly recall some recent works on generalization error for nonparametric regression on a
RKHS considering the square loss. We will use the term “online learning algorithm” (OL) to
mean one-pass SGM, i.e, SGM that each sample can be used only once. Different variants of
OL, either with or without regularization, have been studied. Most of them take the form

frrr =0 = X)) fe = m(fe(@e) — ye) Koy, t =1--- N,

Here, the regularization parameter A\; could be zero (Zhang, 2004; Ying and Pontil, 2008), or
a positive (Smale and Yao, 2006; Ying and Pontil, 2008) and possibly time-varying constant
(Tarres and Yao, 2014). Particularly, Tarres and Yao (2014) studied OL with time-varying reg-

—2¢
ularization parameters and convergence rate of order O(N%+1) (¢ € [1,1]) in high probability
was proved. Ying and Pontil (2008) studied OL without regularization and convergence rate

3. The results from (Steinwart and Christmann, 2008, Theorem 7.23) are based on entropy-numbers arguments
while the other results summarized for KRR in the table are based on integral-operator arguments.

12
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" . § Local Memory Memory
Algorithm ) Ass. # Processors m Rate & Time & Time
KRR (Smale and Zhou 2007 €)0,1],y=1 1 N~V X N2 & N3
KRR (Caponnetto and De Vito. 2007 C€[3.1), y€)0,1], N > Ns 1 N X -
P — ¢
KRR (Steinwart and Christmann 2008 31 ¢elo, %] ~v€l0,1], ly| 1 1 N 2G)Vi X -
KRR [Corollary 4! ¢€]o,1,2¢(+v>1 1 N~ =+ X -
KRR [Corollary 4] 20+~v<1 1 N—Xlog N7 X -
GM (Yao et al.. 2007) y=1 1 N2 X N & N2Nﬁ
GM (Dicker et al. 2017) ¢ €[5 00 7€]0,1], N> Ny 1 N~ =+ X N &I
GM (Lin and Rosasco. 2017b) 2C+v>1, N> Ns 1 N~ log? N X N & I
GM (Lin and Rosasco. 2017b | 2(+v<1, N> N; 1 N~—Xlog" N X N & N3
GM [Corollary 4 2+ >1 1 N™%H x N & N2N%m
GM [Corollary 4! 2(+~v<1 1 N—Xlog N7 X N & N3
SA (Guo et al. 2017) ¢ € [3.7],7 €10,1] 1 NS X —
SA [Corollary 4! (<7m,2(+v>1 1 N— e X -
SA [Corollary 4] (<n2+~<1 1 N—Xlog N7 X —

OL (Ying and Pontil 2008) y=1 1 N72éﬁ log N X N & N?
AveOL (Dieuleveut and Bach. 2016) (€]0,1],2¢+~v>1 1 N2+ X N & N?
AveOL (Dieuleveut and Bach. 2016) 2(+~v<1 1 N—% X N & N?

SGM (Lin and Rosasco 2017b| 2% +~y>1,N>N; 1 N"% log? N x N & N2N7#
SGM (Lin and Rosasco 2017b) 2(+v<1,N > N;s 1 N-Xlog" N X N & N37
SGM [Corollary 2! 2(+~v>1 1 N~ 2+ X N & NZN%
SGM [Corollary 21 2(+~v<1 1 N—*log N7 X N & N3=7
NyKRR (Rudi et al. 2015 ¢eld1],veo,1], N > N 1 Nz x NEE g N
NySGM (Lin and Rosasco 2017a) ¢€[3.1), y€)0,1], N > Ns 1 T X NEE g
FALKON (Rudi et al.. 2017) Cel 1, yelo,1], N> N 1 x N g N R
 __ 31 — 20+7) 242711 z<+z+s¢
DKRR & DSA (Guo et al. 2017 ¢e L 1],y €0 N#w N N N
— 21 _ 2(1+7) 30+ 20+27+ 2C+2+3y
Localized Nystrsm KRR (Miiecke. 2019) ¢ €]3.1], v €)0,1] N2 N~ %+ N72cH & N2 N e N
DKRR & DSA [Corollary 3! ¢ €]0,1],2¢ +v > 1 NS N~ %4 N%F & N%m N & N
— : 2
DSGM [Corollary 1 (3))] ¢€lo,1,2¢+v>1 N N~ N & NTH N & NS
Table 1

Summary of assumptions and results for distributed SGM (DSGM) and related approaches
including KRR, GM, SA, one-pass SGM (OL), one-pass SGM with averaging (AveOL), SGM,
(plain) Nystrom KRR (NyKRR), Nystrom SGM (NySGM), FALKON, Localized Nystrom

KRR distributed KRR (DKRR), distributed SA (DSA).
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of order O(N 7%5;1) in expectation was shown. Both convergence rates from (Ying and Pontil,
2008; Tarres and Yao, 2014) are capacity-independently optimal and they do not take the ca-
pacity assumption into account. Considering an averaging step (Polyak and Juditsky, 1992) and
a proof technique motivated by (Bach and Moulines, 2013), Dieuleveut and Bach (2016) proved

2
capacity-dependently optimal rate O(N  @+0V1) for OL in the case that ¢ < 1. Recently, Lin
and Rosasco (2017b) studied (multi-pass) SGM, i.e, Algorithm 1 with m = 1. They showed that

SGM with suitable parameter choices, achieves convergence rate of order O(N ~ @tV log” N)
with 8 = 2 when 2a+ v > 1 or 8 = 4 otherwise, after some number of iterations. In compar-
isons, the derived results for SGM in Corollary 2 are better than those from (Lin and Rosasco,
2017b), and the convergence rates are the same as those from (Dieuleveut and Bach, 2016) for
averaging OL when ¢ < 1 and 2¢ + v > 1. For the case 2¢ + v < 1, the convergence rate
O(N~2¢(1Vlog N7)) for SGM in Corollary 2 is worser than O(N~2¢) in (Dieuleveut and Bach,
2016) for averaging OL. However, averaging OL saturates for ¢ > 1, while SGM does not.

To meet the challenge of large-scale learning, a line of research focus on designing learning
algorithms with Nystrom subsampling, or more generally sketching. Interestingly, the latter
has also been applied to compressed sensing, low rank matrix recovery and kernel methods,
see e.g. (Candes et al., 2006; Yurtsever et al., 2017; Yang et al., 2012) and references therein.
The basic idea of Nystrom subsampling is to replace a standard large matrix with a smaller
matrix obtained by subsampling (Smola and Scholkopf, 2000; Williams and Seeger, 2000). For
kernel methods, Nystrom subsampling has been successfully combined with KRR (Alaoui and
Mahoney, 2015; Rudi et al., 2015; Yang et al., 2017), SGM (Lu et al., 2016; Lin and Rosasco,
2017a), and gradient descent plus preconditioning (with explicit regularization) (Rudi et al.,

2017). Generalization error bounds of order O(N %) (Rudi et al., 2015; Lin and Rosasco,
2017a; Rudi et al., 2017) were derived, provided that the subsampling level is suitably chosen,
considering the case ¢ € [%, 1]. Computational advantages of these algorithms were highlighted.
Here, we summarize their convergence rates and computational costs in Table 1, from which we
see that distributed SGM has advantages on both memory and time.

Another line of research for large-scale learning focus on distributed (parallelizing) learn-
ing. Distributed learning, based on a divide-and-conquer approach, has been used for, e.g.,
perceptron-based algorithms (Mcdonald et al., 2009), parametric smooth convex optimization
problems (Zhang et al., 2012), and sparse regression (Lee et al., 2017). Recently, this approach
has been successfully applied to learning algorithms with kernel methods, such as KRR (Zhang
et al., 2015), and SA (Guo et al., 2017; Blanchard and Miicke, 2018). Zhang et al. (2015) first

studied distributed KRR and showed that distributed KRR retains optimal rates O(N _%)
(for ¢ € [%, 1]) provided the partition level is not too large. The number of partition to retain
optimal rate shown in (Zhang et al., 2015) for distributed KRR depends on some conditions
which may be less well understood and thus potentially leads to a suboptimal partition number.
Lin et al. (2017) provided an alternative and refined analysis for distributed KRR, leading to
a less strict condition on the partition number. Guo et al. (2017) extended the analysis to dis-
tributed SA, an proved optimal convergence rate for the case ¢ > 1/2, if the number of partitions

m< N ggTi In comparison, the condition on partition number from Theorem 3 for distributed
SA is less strict. Moreover, Theorem 3 shows that distributed SA can retain optimal rate even
in the non-attainable case. According to Corollary 1, distributed SGM with appropriate choices
of parameters can achieve optimal rate if the partition number is not too large. In comparison
of the derived results for distributed SA with those for distributed SGM, we see from Table 1
that the latter has advantages on both memory and time. The most related to our works are
(Zinkevich et al., 2010; Jain et al., 2016). Zinkevich et al. (2010) studied distributed OL for op-
timization problems over a finite-dimensional domain, and proved convergence results assuming
that the objective function is strongly convex. Jain et al. (2016) considered distributed OL with
averaging for least square regression problems over a finite-dimension space and proved certain

14
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convergence results that may depend on the smallest eigenvalue of the covariance matrix. These
results do not apply to our cases, as we consider distributed multi-pass SGM for nonparametric
regression over a RKHS and our objective function is not strongly convex. We finally remark
that using a partition approach (Meister and Steinwart, 2016; Thomann et al., 2017; Tandon
et al., 2016; Miiecke, 2019), one can also scale up the kernel methods, with a computational
advantage similar as those of using distributed learning technique.

During the review period of our work, there were several works on optimal learning rates
and large-scale learning algorithms, e.g., (Pillaud-Vivien et al., 2018; Carratino et al., 2018;
Fischer and Steinwart, 2019; Pagliana and Rosasco, 2019; Miicke et al., 2019; Jun et al., 2019;
Richards and Rebeschini, 2019). Particularly, making an additional assumption on the so-

__2¢
called embedding property (Steinwart et al., 2009), optimal rates O(N ™~ 2¢+7) (with ¢ < 1 and
v €]0, 1]) have been shown for multiple passes SGM with averaging (Pillaud-Vivien et al., 2018)
and spectral algorithms (Fischer and Steinwart, 2019), which is better than ours for the hard
__2¢
regime 2( ++ < 1. Miicke et al. (2019) provided optimal rates O(N ™ 2%+7) (with { € [3,00) and
v €]0,1]) for both “single effective” and multiple passes SGM with tailed-averaging. Jun et al.
2¢
(2019) gave optimal rates O(N ™~ 2¢+7) (with ¢ € (0,1/2] and v €]0,1]) for the so called “kernel
truncated randomized ridge regression”, without requiring the embedding property.

6. Proofs for Distributed SGM

In this section, we provide the proofs of our main theorems for distributed SGM. We begin with
some basic notations. For ease of readability, we also make a list of notations in the appendix.

6.1 Notations

E[¢] denotes the expectation of a random variable &. || - ||« denotes the supreme norm with
respect to px. For a given bounded operator L : H' — H" | ||L|| denotes the operator norm of L,
Le, L]l = supseny gy, =1 ILf|| . Here H' and H" are two separable Hilbert spaces (which
could be the same).

We introduce the inclusion operator S, : H — L%w which is continuous under Assumption
1. Furthermore, we consider the adjoint operator S : L%X — H, the covariance operator
T :H — H given by T = §;5,, and the operator L : L2 — L2 given by S,5;. It can be
casily proved that Syf = [y K, f(z)dpx(z) and T = fX HK dpx(x). The operators T
and £ can be proved to be positive trace class operators (and hence compact). In fact, by (7),

12l = |7 < t(T) = / tr(Ky © K, )dpx ( / Ko lZdox(x) < 62 (24)

For any function f € H, the H-norm can be related to the L%X—norm by VT : (Bauer et al.,
2007)

IS5l = |VTH], - (25)

and furthermore according to the singular value decomposition of S,,

1£=2S,fll, < |11l (26)

We define the sampling operator (with respect to any given set x C X of cardinality n) Sx
H — R" by (Sxf)i = f(zi) = (f, Kz,) 1, i € [n], where the norm ||-||g» is the standard Euclidean
norm times 1/y/n. Its adjoint operator S} : R” — H, defined by (Sky, f)ug = (y,Sxf)rn for
y € R" is thus given by

* 1 -
Sy == vika. (27)
=1
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Moreover, we can define the empirical covariance operator (with respect to x) Tx : H — H such
that Tx = S5 Sx. Obviously,

x = Ky K,
Tx= ;( nygies
By (7), similar to (24), we have
1Tl < tr(Toc) < 7. (28)

For any A > 0, for notational simplicity, we let T=T+ A, T =Tx + A, and
N =tr(LL+ N1 =te(T(T +N)7H.
For any f € H and x € X, the following well known reproducing property holds:

(f; Ka)i = f(). (29)

and following from the above, Cauchy-Schwarz inequality and (7), one can prove that

[f (@) = |(f, Ko)u| < || fllmllKellm < sl Flla (30)

For any s € [m], we denote the set of random variables {js; }p—1)+1<i<pt bY Jst5 175,15 5,25
<o+ Jsur} by Js, and {Jq,--- ,Jm} by J. Note that js1,7s2, -+ ,Jspr are conditionally inde-
pendent given zg.

6.2 Error Decomposition

The key to our proof is an error decomposition. To introduce the error decomposition, we need
to introduce two auxiliary sequences.

The first auxiliary sequence is generated by distributed GM. For any s € [m], the GM over
the sample set z, is defined by g,1 = 0 and

gsit+1 = Gsit — Tt (E_ggs,t - S;SYS) > t=1,...,T, (31)

where {n; > 0} is a step-size sequence given by Algorithm 1. The average estimator over these
local estimators is given by

1 m
gt = E Z_;gs,t' (32)

The second auxiliary sequence is generated by distributed pseudo GM as follows. For any
s € [m], the pseudo GM over the input set x, is defined by hs1 = 0 and

hs,t+1 = hs,t — (Eshs,t - Exsfp) ) t=1,...,T. (33)

The average estimator over these local estimators is given by

1 m
he=—> hay. (34)
m s=1
In the above, for any given inputs set x C XX, £, - L,%X — H is defined as that for any
f e L3, such that || f]le < o0, )
Laf = 17 2 f @K (35)

Note that (33) can not be implemented in practice, as f,(x) is unknown in general.
We state the error decomposition as follows.
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Proposition 1 We have that for any t € [T},
ElISpfe — follz = EISphe — foll; +ElllS,(g: — he) 2] + ElISp(fr — g)I5- (36)

The error decomposition is similar as (but a bit different from) (Lin and Rosasco, 2017b,
Proposition 1) for classic multi-pass SGM. There are three terms in the right-hand side of (36).
The first term depends on the regularity of the regression function (Assumption 2) and it is
called as bias. The second term depends on the noise level o2 from (8) and it is called as
sample variance. The last term is caused by the random estimates of the full gradients and it
is called as computational variance. In the following subsections, we will estimate these three
terms separately. Total error bounds can be thus derived by substituting these estimates into
the error decomposition.

The proof idea is quite simple. According to Lemmas 5, 19 and 20, in order to proceed the
analysis, we only need to estimate bias, sample and computational variance of a local estimator.
Such an idea has already been implicitly used for distributed KRR in (Zhang et al., 2015).

In order to estimate local bias and local sample variance, as given in Lemma 6, we rewrite
gs,t and hg; as the special forms induced by a filter function G; of GM. The strategy here for
estimating local bias and sample variance is different from that in (Lin and Rosasco, 2017b)
which relies on the iterative relationship motivated by (Yao et al., 2007; Lin and Zhou, 2015).
Instead, in this paper, we use spectral theory from functional analysis and the integral-operator
approach to proceed the estimations for SA, as often done in the literature (Smale and Zhou,
2007; Caponnetto and De Vito, 2007; Caponnetto and Yao, 2010). Our proof borrows ideas from
(Smale and Zhou, 2007; Caponnetto and De Vito, 2007; Caponnetto and Yao, 2010), whereas
the key to get optimal rates in the non-attainable cases (while requiring a less strict condition on

11
the partition number in the distributed setting) are an error bound on ]\7:(5\2 T || from Lemma
17 and an error decomposition for local bias in (47).
Most theoretical analysis using the integral-operator approach involves the estimation of the

11
quantity || 7 :*7:*(|. It was shown that if
6\ -
x| > 64k%c, log? <5) JATTL (37)

1 1
then H’7::5\§’7'5\5 || < v/2 holds with probability at least 1—¢§ (0 < § < 1) (Caponnetto and De Vito,
2007). With this estimation, optimal capacity-dependent rates have been developed for KRR
(Caponnetto and De Vito, 2007) and a general SA (Caponnetto and Yao, 2010; Blanchard and
Miicke, 2018)? for the attainable cases. The condition (37) is further relaxed as
x|

%| > 9x%log <5> /X (38)

see (Hsu et al., 2014) for the matrix case and (Rudi et al., 2015) for the operator case. With

11
the latter result on ||’7;/~\2 T I, optimal rates (with an extra logarithmic factor) based on the
special iterative relationship have been proved for GM in the regimes 2¢ + v > 1, considering
both the attainable and non-attainable cases (Lin and Rosasco, 2017b). In this paper, we will

improve the condition (38) to
c

x| > 9x21 (—7) A\,

%I > 0n%log (1) /
11

and further show a high-probability error bound on the quantity H7;5\2 ’7}\2 || in Lemma 17, which

roughly reads as follows: for any A € [n~!, 1], with probability at least 1 — 4,

_1 1 3 ~ 1
T 272 | < log 2 log(A™" ~+1>.
ITS3T ) < og 2 o )<|s<u

4. Independently, Guo et al. (2017) and Dicker et al. (2017) also provided optimal rates for the attainable cases
using alternative estimation on the quantity.
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For the non-attainable case, we can not use the following strategy (Blanchard and Miicke,
2018; Guo et al., 2017) to estimate the local bias:

1S,Ge(T) Lxc o — Follp = 1 T2 (Ce(T) T = D follmr < | T2(Ge(T) T — DTS 2R,

which only holds when f, € H (( > %) Rather, we introduce an error decomposition for
the local bias in (47)/(98). With this error decomposition, we can estimate local bias for the
non-attainable and attainable cases simultaneously, leading to a deterministic result in Lemma
13 and consequently better rates for the non-attainable cases. The basic idea of (47)/(98) is
to approximate the local bias in terms of Bias.1 and Bias.4. The quantity Bias.4 have been
estimated in (Yao et al., 2007), while the quantity Bias.1 could be estimated using the similar
argument of estimating Sgy — S; f, — Tx7x + T7x for KRR (Smale and Zhou, 2007) and GM
(Lin and Rosasco, 2017b).

The other proof steps are more or less the same as in the literature, e.g., (Smale and Zhou,
2007; Caponnetto and De Vito, 2007; Caponnetto and Yao, 2010; Blanchard and Miicke, 2018;
Dicker et al., 2017; Guo et al., 2017), with simple modifications.

All the missing proofs of propositions and lemmas in this section can be found in Appendix
B.

6.3 Estimating Bias

In this subsection, we estimate bias, i.e., E|S,h; — foll5- We first give the following lemma,
which asserts that the bias term can be estimated in terms of the bias of a local estimator.

Lemma 5 For any t € [T], we have
]EHSth - fp||2 < EH‘Spth - prfr

To estimate the bias of the local estimator, E|S,hq; — pr%, we next introduce some pre-
liminary notations and lemmas.

7, (L) = H:kF:tH(I — L) for t € [T —1] and I}, (L) = I, for any operator L : H — H,
where H is a Hilbert space and I denotes the identity operator on H. Let k,t € N. We use
the following conventional notations: 1/0 = 4o0, H}; =1 and ZZ = 0 whenever k > t.
Nt = Zf:k Niy Mt = (X1)71, and specially Aj; is abbreviated as A;. Define the function
G¢:R - R by

t T
Ge(uw) =Y _me [ (T —mw). (39)
k=1 k=t+1

Throughout this paper, we assume that the step-size sequence satisfies 7, €]0, x~2] for all
t € N. Thus, G¢(u) and II{ (u) are non-negative on ]0, s?]. For notational simplicity, throughout
the rest of this subsection, we will drop the index s = 1 for the first local estimator whenever
it shows up, i.e, we abbreviate h;; as h¢, z1 as z, and Tx, as Tx, etc.

The key idea for our estimation on bias is that {h;}; can be well approximated by the
population sequence {r;};, a deterministic sequence depending on the regression function f,.
The population sequence {r;}, is defined by r1 = 0 and

revr = = T)re + S, fp. (40)
We first have the following observations.

Lemma 6 The sequence {r}; defined by (40) can be rewritten as

rit1 = Ge(T)S, fp- (41)
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Similarly, for any s € [m], the sequences {gsi}t and {hs.}e defined by (31) and (33) can be
rewritten as

gst+1 = Ge(Tx,)Sx. Vs

and

hs,t-I—l = Gt(ﬂs)ﬁxs fp-

Proof Using the relationship (40) iteratively, introducing with 71 = 0, one can prove the first
conclusion. |

According to the above lemma, we know that GM can be rewritten as a form of SA with
filter function Gx(-) = G¢(+). In the next lemma, we further develop some basic properties for
this filter function.

Lemma 7 For all u € [0, k%],

1) u®Gi(u) < A7 Va € [0,1].

2) (1 — uGy(u))u® = I (u)u® < (a/e)*A},  Va € [0, 00].
3) I (w)u® < (afe)*Ay,, Vi keN.

According to Lemma 7, Gy(-) is a filter function indexed with regularization parameter
A = A\, and the qualification 7 can be any positive number, and E = 1, F; = (7/e)”. Using
Lemma 7 and the spectral theorem, one can get the following results.

Lemma 8 Let L be a compact, positive operator on a separable Hilbert space H such that
|L|| < k2. Then for any A > 0,

1) (L +XN2G(L)| < AL+ (A \)), Va €[0,1].
2) II(Z = LGUL))(L + N = [T (L)(L + A2 < 20
9) ML, (L)L) < (fe)* A, Vh,t € N.

De((a/e) + (AMA)Y)A, Vo€ [0, 00].

To proceed the proof, we introduce the following basic lemmas on operators.

Lemma 9 (Fujii et al., 1995, Cordes inequality) Let A and B be two positive bounded linear
operators on a separable Hilbert space. Then

|A*B?|| < [|[AB||®, when0<s<1.

Lemma 10 Let Hi, Hy be two separable Hilbert spaces and S : Hy — Hy a compact operator.
Then for any piecewise continuous function f : [0, ||S|]] — [0, oo,

F(S8%)S = SF(S*S).

Proof The result is well known. It can be proved using singular value decomposition of a
compact operator, see (Engl et al., 1996, (2.43)). |

Lemma 11 Let A and B be two non-negative bounded linear operators on a separable Hilbert
space with max(||Al|, || B||) < &% for some non-negative k*. Then for any ¢ > 0,

14¢ = Bl < CellA = B|M, (42)
where
1 when ¢ < 1,
G = 202 (43)
2(k when ¢ > 1.
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Proof This is a well-known result and the proof is based on the fact that u¢ is operator mono-
tone if 0 < ¢ < 1. While for ¢ > 1, the proof can be found in, e.g., (Dicker et al., 2017). |

Using Lemma 8, one can prove the following results, which give some basic properties for
the population sequence {r;};.

Lemma 12 Let a € R. Under Assumption 2, the following results hold.
1) For any a < (, we have

L7 (Spresr — fo) llp < (€ —a)/e)™* RA;™™.
2) We have
Agta-l if —¢(<a<1-¢,

a—1/2 . t )
1T relle < B {f;?(“a—”, if a>1-¢.

Proof 1) Using Lemma 10,
SpGi(T)S, = 5,Gi(S,5,)8, = Gi(S5,5,)5,S, = GH(L)L,
and by (41), we have
L7YSprie1 — fo) = L7(G(L)L =) fp.
Taking the p-norm, applying Assumption 2, we have
1£7(Sprerr = fo)llp < NLTHGUL)IL — DR = || 57T (L) B.

Note that the condition (7) implies (24). Applying Part 2) of Lemma 8, one can prove the first
desired result.
2) By (41) and Assumption 2,

17l = [T 2GUTIS, foll < TGS, LR
Noting that

|17 2GUT)S, LN = 1T V2GUT)S, L2 S, Gu (T T 2|2
= |GHTT>F2) V2 = |G T T,

we thus have
1T 2re g < |Go(T)TH||R.

fo<(¢(+a<l,ie, —(<a<1-¢, then by using 1) of Lemma 8, we get
1T Y2 lm < AT7'R.
Similarly, when a > 1 — {, we have
1T 2l < |G TIITIC R < 2D,

where for the last inequality we used 1) of Lemma 8 and (24). This thus proves the second
desired result. |

With the above lemmas, we can prove the the following analytic result, which enables us to
estimate the bias term in terms of several random quantities.
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Lemma 13 Under Assumption 2, let X > 0,
z 1/2.—1/2 z
A =TT 1PV A= T - T
and

5= Hﬁx]cp - S;fp — Txris1 + Tresillm-
Then the following results hold.
1) For0< (<1,

1

<\ CV3
A vl -3 Az
|Sphis1 — follp < |1V (&) (ClR(Al)CVQ)\g +2,/A%)\, 2A%).

2) For ¢ > 1,

¢
by _1 1
[Spht+1 = follp < VAT | 1V () (C2RAS + 2, P A3 + C3RA? (A%)C 2N,

At

Here, C1, Cy and C3 are positive constants depending only on  and k.

Proof Using Lemma 6 with s = 1, we can estimate ||S,hi1 — f,l], as

1S,Gi(Tx) Lxfp = follo SN SpGi(Te)lLxfp = Spfp = Tarewr + Tresal

Bias.1
+ 1 SGi(Tx)[Spfp — Tresal llp
Bias.2
+ | Spll — Ge(Tx) Tx]re+1 llp

Bias.3
+ | Spreer — follp
—_——

Bias.4

In the rest of the proof, we will estimate the four terms of the r.h.s separately.
Estimating Bias.4
Using 1) of Lemma 12 with a = 0, we get

[Bias.4||, < (¢/e)*A\; R,

Estimating Bias.1
By a simple calculation, we know that for any f € H,

1S:Ge(T) Fllp < 18,75 2NN 2T 2N 2 G Tl £

Note that

—1/2 — _
18,75 21 = IS, TSl = \Jles ) < 1,

and that applying 1) of Lemma 8, with (28), we have

IT2GUT < (1+ /A2 /V A

Thus for any f € H, we have
. _1
1SpGe(Tx) fllp < (L + /A XA 2 /AT fl -
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Therefore,

~ _1
|Bias.1, < (1+\/A/A)A, 2 /ATAZ, (51)

Estimating Bias.2
By (50), we have

. _1
IBias.2(|, < (1+\/ A/ M)A * /AL Trees — S, foll
Using (with 7= 5,8, and £ = S,S;)
1T rerr = Sy follir = 185(Spreer = fo)lm = £ Spreen = £5) o

and applying 1) of Lemma 12 with a = —1/2, we get

IBias.2||, < (¢ +1/2)/e)T/2(1+ /A/\)/AIXR. (52)

Estimating Bias.3
By 2) of Lemma 7,
Bias.3 = S,IT{ (Tx)rt41.

When ¢ < 1/2, by a simple calculation, we have
. —1/2 1/2 —1 2 1/2
IBias.3[|, <[S,7; AT 2T AN TP (Tl N e
Z1-1/2
<\/AF| T x>uumluH,

where for the last inequality, we used (49). By 2) of Lemma 8, with (28),

TP (T < VA(L/V2e + /3 M), (53)

and by 2) of Lemma 12,
Irealr < BN,

It thus follows that
|Bias.3||, < \/A%(\/A/A; + 1/v/2e) RAS.

When 1/2 < ( <1, by a simple computation, we have
. —1/2 1/24—1/2 1/2 —1/2 1/2— —1/2 1/2—
IBias 3], < [S,7; 2177 2T 0 (T TS 2N T 2T v
Applying (49) and 2) of Lemma 12, we have

By 2) of Lemma 8,
TP (T TS 2 = ITSIE (Tl < ((C/e) + (/A
Besides, by ¢ <1 and Lemma 9,
Liac— 1 1(2¢-1) ane—L
T ) = 1752 < T 2T < (a7

It thus follows that 3
|Bias.3[, < (AZ)S((A/A)S + (C/e)*)RA;.
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When ¢ > 1, we rewrite Bias.3 as
ST B TR T () (2 4 T T T
By a simple calculation, we can upper bound |Bias.3|, by
< |8, T PINT AT  PIIT P  (T) Te 2 I TP (T T 2= 2D T2 .
Introducing with (49) and (53), and applying 2) of Lemma 12,
Bias.3], < /AR (TOTE )+ (1/v36 + A A VAT = T2 R
By 2) of Lemma 8,
1T (T T2 < TSI (Tl < 2571 ((Cfe) + (YA)DAS
Moreover, by Lemma 11 and max (|7, [|7x|]) < #2,
||7-¢—1/2 . 7-x<—1/2|| < (QCHQC_?’)I{?CZB} 1T — 7;”(@“—1/2)/\1

Therefore, when ¢ > 1, Bias.3 can be estimated as

|Bias.3||,
< VBT (27 + (/M + (or e 1/VBs + A VA8 )
From the above analysis, we know that ||Bias.3||, can be upper bounded by
VA% )\/)\t+1/\/>) if ¢ €0,1/2],
(an<((3/x)" + (/e ><>mg, if ¢ €]1/2,1),
VAT <2< ()" + (R0 + (@entytecn (L + i)@(A@“éW) R, if ¢ €]1,00]
(54)

Introducing (48), (51), (52) and (54) into (47), and by a simple calculation, one can prove
the desired results with

= (¢/e)* +2((¢ + )/e)C+2 + ¢V )/e)CV2 +1,

Cy=(2""+1)(¢/e)" +2((¢ + >/e )3 4267,

and  Cs = (2(x%73)12¢23) (1/v/2e + 1).
|

The upper bounds in (45) and (46) depend on three random quantities, A%, A% and A%. To
derive error bounds for the bias term from Lemma 13, it is necessary to estimate these three
random quantities. We thus introduce the following lemmas.

Lemma 14 Let f : X — Y be a measurable function such that || f||sc < 00, then with probability
at least 1 —§ (0<d<1/2),

1Laf — Ll < 2 <2ufuoo . IIpr) g2

X x]
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Lemma 15 Let 0 < § < 1/2. It holds with probability at least 1 — 0 :

6K 2
T —Txllus <

log —.
Vil 7o

Here, || - ||[gs denotes the Hilbert-Schmidt norm.

Lemma 16 Let 0 < § <1 and A > 0. With probability at least 1 — 9§, the following holds:

4K2 2K28
3|x|A x|\’

42N (N) + 1)
Il

|+ 027 =TT+ 072 < 8 =log

The proofs of Lemmas 14 and 15 are based on concentration result for Hilbert space valued
random variable from (Pinelis and Sakhanenko, 1986), while the proof of Lemma 16 is based on
the concentration inequality for norms of self-adjoint operators on a Hilbert space from (Tropp,
2012; Minsker, 2011). For completeness, we give the proofs in the appendix.

We will use Lemmas 14 and 12 to estimate the quantity Aj. The quantity A% can be
estimated by Lemma 15 directly, as |7 — Tx|| < |7 —Tx||z#s. The quantity A% can be estimated
by the following lemma, whose proof is based on Lemma 16.

Lemma 17 Under Assumption 3, let ¢, € (0,1), A = |x|~% for some 6 > 0, and

_ 32k2 4K%(cy + 1) _ 1
w55000) = e (6o (g i) 6

Then with probability at least 1 — 0,

1T + 27V (T + NY2? < (1+ ©ape 5 (e, 0)(1V [x]°7Y), and

T+ N2 (T + 27212 < (1= ) Hapegaq(e,0)(1V 7).
Remark 2 Typically, we will choose ¢ = 2/3. In this case,

4k2(cy + 1 . 1
alx|,5~(2/3,0) = 82 <log ‘W + 6~y min <M,log \x[)) . (56)

We have with probability at least 1 — 9,
(T 4+ MY2(T+ 0720 < Baje,5,(2/3,0)(1V [x[P7).

Proof We use Lemma 16 to prove the result. Let ¢ € (0 1] By a simple calculation, we have
that if 0 <y < ¥=F2=c=2 9+24C 3. then 2u?/3 4+ u < c. Letting | |>\, = u, and combining with Lemma
16, we know that 1f

\/9 + 24c — 3
]X|)\’ 4
which is equivalent to
x> 3223 5= log 421+ N(Y)) (57)
= (VO + 2dc — 3)2) I
then with probability at least 1 — 4§,
T AT =TT | < e (58)
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Note that from (58), we can prove
1T PR < e, 1T PT0 P < (-0t (59)
Indeed, by simple calculations,

1T PTN = W P T T P = I AT =TT 41
<ITAT =TT P+ T < et 1,

and (Caponnetto and De Vito, 2007)
T 2T 212 = I TP Tl 2 = 1 =T AT =TT ) < (1= o)

From the above analysis, we know that for any fixed A’ > 0 such that (57), then with probability
at least 1 — 6, (59) hold.

Now let M = aX when 6 € [0,1) and X = a|x|~! when 6 > 1, where for notational simplicity,
we denote ajy|5~(c,0) by a. We will prove that the choice on A\ ensures the condition (57) is
satisfied, as thus with probability at least 1—4, (59) holds. Obviously, one can easily prove that
a > 1, using 2 > 1 and (24). Therefore, \' > X, and

1T T2 < 1T 2T PN T ;;”nu TR < I AT IV,

where for the last inequality, we used |7, ? 1/2H2 <

7!
< sup,> u+X < 1 and |7, /

SUPy>0 Zﬁ_)j\ < X/A. Similarly,

—1/2 2 2 2
1T 2T < 11T PTEIN N

Combining with (59), and by a simple calculation, one can prove the desired bounds. What
remains is to prove that the condition (57) is satisfied. By Assumption 3 and a > 1,

4R (1 + cya 7 [x|@AD7) < log 4R (1 + ¢y)[x™ = log —4H2(1 + )
ST ST ST

If 9 > 1, or 0y = 0, or log|x| <

consider the case 6 € (0 1), v # 0 and log|x| > 7) In this case, we apply (86) to get

07 5 log [x|170 < 979 i , and thus

B <log + 0~ log |x|.

ﬁ then the condition (57) follows trivially. Now

462(1 + ¢y) . 0y |x|t?

<1
Plog =57 1o .

Therefore, a sufficient condition for (57) is

x[1=%q 4k2(1 4 ¢ 0 _ 32k2
x| "o log U+ cy) T x170 g(e) = 5
g(c) T e(1—10) (V9 + 24c — 3)

From the definition of a in (55),

— a(o) [ 10 4k%(cy +1) O~
=500 (s 4 o )

and by a direct calculation, one can prove that the condition (57) is satisfied. The proof is
complete. |

We also need the following lemma, which enables one to derive convergence results in ex-
pectation from convergence results in high probability.
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Lemma 18 Let F :)0,1] — Ry be a monotone non-increasing, continuous function, and & a
nonnegative real random variable such that

Pri¢ > F(t)] <t, Vte(0,1].

Then )
E[¢] §/0 F(t)dt.

The proof of the above lemma can be found in, e.g., (Blanchard and Miicke, 2018). Now we are
ready to state and prove the following result for the local bias.

Proposition 2 Under Assumptions 2 and 3, we let A = n~ 110 for some 6 € [0,1]. Then for
any t € [T], the following results hold.
1) For0 < ¢ <1,

.
Bl|Sphusr = foll2 < C(R+ Ligaryn I fplloc)? (1 v Ve Alog n>]2<“> e
t

2)For ¢ > 1,

n

2 2 A e (1 (C=2)nt ~1 2
BlSyhens — I < Gort (1 S val (1) e nlogn)] | A
t

Here, C5 and Cg are positive constants depending only on k and (.

Proof We will use Lemma 13 to prove the results. To do so, we need to estimate A, A% and
A%
By Lemma 17, we have that with probability at least 1 — 9,

4r%e(cy + 1)

A% < 3a,5-(1—0) < (1VA[0~" Alogn])24k? log ST

(60)

where a,5,(1 — 0) = ans5,(2/3,1 — 6), given by (56). By Lemma 14, we have that with
probability at least 1 — 9,

20rer1 = folloo | ISpres1 = foll 2
AZ <9 P P plp 1 Z.
2= R < n + Vn 8 1)

Applying Part 1) of Lemma 12 with a = 0 to estimate ||S,ri1 — fpllp, We get that with
probability at least 1 — 9,

88 < 25 (2rier — folloo/n+ (C/)RAS /i) log 2.

When ¢ > 1/2, we know that there exists a fy € H such that S,fy = f, (Steinwart and
Christmann, 2008, Page 150). In fact, letting g = £‘<fp, for ¢ > 1/2, f, can be written as

1 1 1
fo=L9=(85,55)09=8,(S;S,) T2(8:S,) 2859 = SpTC_l/Q(S;Sp)_ES;g.

Choosing fg = TC*%(S;ESP)*% 59, as (8580)7%8; is partial isometric from L2 to H and
¢ >1/2, fu is well defined. Moreover, S, fy = f, and

lre41 = fulle = 1GU(T)S, fp = fulla = 1G(T)S,Spfrr = fulla = (G(T)T = 1) fulla,
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where we used (41) for the first equality. Introducing with fg = 74_13;9, with [lg]l, < R by
Assumption 2,

Irerr = fulle < WG(T)T = DT S;llgll, < GU(T)T = DTS2 R.

Using Lemma 8 with (24), we get

|re41 — frlla < (¢ — 1/2)/6)4_1/2)\5_1/2}2.

Combing with (30),
71 = fplloe =lIress = Srrlloo < kllrers = furllm < w((C = 1/2)/e)2RATH,
When C < 1/27 by Part 2) of Lemma 12, Hrt+1HH < R/\§_1/2' Combining with (30), we have

—1/2
Iresr = Folloo < Bllrecallar + [ folloo < 8AS 2R+ |yl oo-

From the above analysis, we get that with probability at least 1 — 9,

2 < o 2 2k R(26((C — 1/2) /)72 /(\n) + (¢/e)C /v Am) As T2, if ¢ >1/2,
2=7085 2 (26 R/ (An) + 2| folloo(nAe) STYV2 + (C/e) R/VIN) AT if ¢ < 1/2,

which can be further relaxed as
z D — 2 5
AZ < C4R(1V (An) " HAST 2 10g 5 R=RtLcamlfle (61)

where

o < J2R(2R((C=1/2)/e) 2 4 (Cfe)), i (> 1/2,
4 > .
26(26 + 24 (¢/e)°), if ¢ <1/2.

Applying Lemma 15, and combining with the fact that |7 — Tx|| < |7 — Tx|lzs, we have that
with probability at least 1 — 9,

. 6K? 2

For 0 < ( <1, by Pat 1) of Lemma 13, (60) and (61), we have that with probability at least
1 — 26,

- vi
C\/l CVl ~ 1 2 A ¢ 2 1 ¢
1Sphts1—Ffoll, < (3°V2C1Ra, & (1 — 0) +2V3C4Ra2 5 (1 —0)log < | [ 1V | — vV —— | XS,
n,0,y n,0,y 5 )\t n)\t

Rescaling 9, and then combining with Lemma 18, we get

El|Sohes1 = [l

! C\/l CV% \/* % 4 2 5\ 2ot
< ; 3 201@n,5/2,7(1_0)+2 3C’4an76/2ﬁ(1—9)log5 do |1V X v

AXR?.

212
t n)\t

By a direct computation, noting that since A > n~! and 2¢ < 2,

~ 2¢V1 ~ 2
1v A \ L <1lv i
)\t n2)\% B )\t ’
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and that for all b € Ry,
/1 log %dt =T'(b+1), (63)
one can prove the first desired resulto
Cs =2[C?(48k%)XVI(A2VY 1 2) +192k2C3(A(log? 4 + 2 + 2log 4) + log® 4 + 4log 4 + 6)]
5 8k%(cy + 1)e
17

where A = log %. For ¢ > 1, by Part 2) of Lemma 13, (60), (61) and (62), we know that
with probability at least 1 — 34,

”Spht+1 - prp

(64)

<9.44x5 log x 10°,

(S

1 2 A1 1¢c/1 2
< VBR(Ch +2Cy + 65°Cs)al 5 (1 — 6) log H BN A WAL ¢ <n> A
Rescaling 9, and applying Lemma 18, we get
EHSphtH - pr;Q)
1 32¢ (C=3)n1
6 A 1 1_9¢ (1
S 3(02 + 204 + 6/{203)2R2/0 an75/377(1 — 9) 10g2 Sd(s (1 V F V nTA% V )\t < <n> )

This leads to the second desired result with

Cs =242 (Cy + 2Cy + 6k>C3)*((A + 1) log? 6 + 2(A + 2) log 6 + 24 + 6),

2
<6R0(C +1/2)C5HD26 (9¢2160) 1 1og W < 10% (65)
where A = log %, by noting that n=! < \. The proof is complete. ]

Remark 3 In this paper, we did not try to optimize the constants from the error bounds. But
one should keep in mind that the constants can be further improved using an alternative proof
for some special case, e.g., v = 0 (Hsu et al., 2014), or ¢ > 1/2 (Caponnetto and De Vito,
2007), or |y < M. Note also that, the constants from our error bounds appear to be larger than
those from (Hsu et al., 2014; Caponnetto and De Vito, 2007), but our results do not require the
extra assumption that the sample size is large enough as those in (Hsu et al., 2014; Caponnetto
and De Vito, 2007).

Combining Proposition 2 with Lemma 5, we get the following results for the bias of the fully
averaged estimator.

Proposition 3 Under Assumptions 2 and 3, for any X = n= 10 with 0 € [0,1] and any t € [T],
the following results hold.
1) For 0 < ¢ <1,
_ A2 3
M&mﬂbﬁﬁ%@+H«mﬂmufGVvvhw1M%MW“>ﬁ9 (66)
¢
2) For ¢ > 1,

7 2 2 A2 e (1 (¢=3)n1 1 2
ISyl — I < Gort (1 S vaI (1) Ve alogn)] | A (o1
t

n

Here, Cs5 and Cg are given by Proposition 2.
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Proof The result is a direct consequence of Proposition 2 and Lemma 5. |

6.4 Estimating Sample Variance

In this section, we estimate sample variance ||S,(g: — ht)||,- We first introduce the following
lemma.

Lemma 19 For any t € [T], we have
- 1
E|Sp(G = hlly = —ElSp(g1, = o) (68)

According to Lemma 19, we know that the sample variance of the averaging over m local
estimators can be well controlled in terms of the sample variance of a local estimator. In what
follows, we will estimate the local sample variance, E[|S,(g1,s — h1,)]|2. Throughout the rest of
this subsection, we shall drop the index s = 1 for the first local estimator whenever it shows
up, i.e., we rewrite gi; as g, z1 as z, etc.

Proposition 4 Under Assumption 3, let A = n?=! for some 0 € [0,1]. Then for any t € [T,

2 A
E[[Sp(gr+1 — her)|2 < Cs—— [ 1V =V (6~ Alogn]) | .
p n\v At

Here, Cg is a positive constant depending only on k,cy and || T]|.

Proof Following from Lemma 6,

gir1 — hey1 = Ge(Tx)(Sxy — Lxfp)-

For notational simplicity, we let ¢, = y; — f,(x;) for all ¢ € [n] and € = (€)i<i<n. Then the
above can be written as

gi+1 — hipr = Gi(Tx)Sxe.
Using the above relationship and the isometric property (25), we have
Ey[|ISp(ge+1 — hes)ll; = Ey[IS,Ge(Tx) Sxell
= By ||T?Gi(Tx) Sxelli

1 n
=2 > Eyleer] tr (GH(T) TGe(To) Ky @ Ko,) -
Lk=1

Here, E, denotes the expectation with respect to y conditional on x. From the definition of
f» and the independence of z; and 2, when [ # k, we know that Ey[ee;] = 0 whenever | # k.
Therefore,

n

1
Ey [Sp(ge11 — hern) |l = 2 > Eyled] tr (Gu(T) T Gi(Te) Kuy, @ Ka,) -
k=1
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Using the condition (8),
o
Ey1Sp(ge+1 — heta) I} <3 D (GUT) TGH(To) Ky, © Koy

L (1T PTG T T )

2
o —1/2—1/27 | 4-1/2 2 1/2
< (T AT I el TP

2

<IN g 72 e P T )
NG

<P A Rl G T T
2 ~

SJ/X(A)AﬂlJr)\/)\t),

where A¥ is given by Lemma 13 and we used 1) of Lemma 8 for the last inequality. Taking the
expectation with respect to x, this leads to

(14 M/ A)E[AT].

o’ N (A
E[1S,(gr1 — heen)|3 < T

Applying Lemmas 17 and 18, we get

2N (N)

_ 1
ISy (g1 — s < 67 U0V (/) [ s (2/3.1 - 0)ds
0

<o 7M1y (520 v (e nognl),

where C7 = 48k2 log 4'{2({%1)6. Using Assumption 3, we get the desired result with

4K%(cy + 1)e

Cy = 0748&2 log &l

Using the above proposition and Lemma 19, we derive the following results for sample
variance.

Proposition 5 Under Assumption 3, let A =n?~! for some 6 € [0,1]. Then for any t € [T,

0'2 \
E(Sy(Gr1 — her1)|2 < CSN~ (1 Vv (i) V(e A 10%“)]) : (70)

Y
Here, Cy is the positive constant given by Proposition 4.

6.5 Estimating Computational Variance

In this section, we estimate computational variance, E[||S,(f; — 1_1,5)||?,}. We begin with the
following lemma, from which we can see that the global computational variance can be estimated
in terms of local computational variances.
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Lemma 20 For any t € [T], we have

E||S,(fe — a0l = QZEHS (fst = gs)ll7. (71)

In what follows, we will estimate the local computational variance, i.e., E||S,(fs: — gs,t)H%.
As in Subsections 6.3 and 6.4, we will drop the index s for the s-th local estimator whenever it
shows up. We first introduce the following two lemmas, see (Lin and Rosasco, 2017b, Lemmas

20 and 24). The empirical risk &,(f) of a function f with respect to the samples z is defined as

(z,y)€2Z

Lemma 21 Assume that for all t € [T] with t > 2,

= t—1 1
Z o< — (72)
t k=1 k k T 1 i=t—k 4
Then for all t € [T,
8,(0)%}
sup B3 6, f)] < 0% (73)
kelt] et
Lemma 22 For any t € [T], we have
:“i i 1 t 2
EslSpfit = Spgeells < 5 >0t [ TH0 (70| Balatr)) (74)
k=1

Here, Ey denotes the expectation with respect to J conditional on z.

Now, we are ready to state and prove the result for local computational variance as follows.
Proposition 6 Assume that (72) holds for any t € [T] with t > 2. Let A = n=%t! for some
0 €[0,1]. For anyt € [T,

_ _ ¥k
Sy fir1—Spgri1lls < CoM*(1V[y(6~" Alogn)])b 1:11[1)] {ﬁkk} (Z MO\ + Aeg1ae” )+77t2> :
S

Here, Cy is a positive constant depending only on k,cy and || T]|.

Proof Following from Lemmas 22 and 21, we have that,

8/<6 5 i 2 Ek
EJ”SPft+1 - Spgt+1H§ Zn HTQHk+1 ) sup {1]{7} )
k=1 keft] Mk

Taking the expectation with respect to y conditional on x, and then with respect to x, noting
that [, y?dp(y|z) < M?, we get

S o {nkk} ZniE HT2Hk+1(7;c)H2 .

IE||‘5‘;JJ[3:+1 - Sp9t+1\|i < b rell]
€

Note that
2

|7 < 0T T IR I TN < ATITs (T (7))

< AT(ITIL (Tl + ML (To) DI (T | < A (A + X),
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where A7 is given by Lemma 13 and for the last inequality we used Part 2) of Lemma 8.
Therefore,

1 8K2M> 30 i
El|Sp fes1 — PgtJrlH < E[AT] Sup { } an A+ Meyre ™) + |-
b ke Lk

Using Lemmas 17 and 18, and by a simple calculation, one can upper bound E[A%] and conse-
quently prove the desired result with Cg given by

4K%(cy + 1)e
171

The proof is complete. u

Cy = 192k log

Combining Lemma 20 with Proposition 6, we have the following error bounds for computa-
tional variance.

Proposition 7 Assume that (72) holds for any t € [T] with t > 2. Let X\ = n=0! for some
0 €[0,1]. For anyt € [T},

_ 1 Zk
mwAﬁH—@Huﬁ§CbM%1vww*Akngwp{ }(2)%A+AM4W >+ﬁ).
mb e Mk
(75)

Here, Cy is the positive constant from Proposition 6.

6.6 Deriving Total Errors

We are now ready to derive total error bounds for (distributed) SGM and to prove the main
theorems for (distributed) SGM of this paper.

Proof of Theorem 2 We will use Propositions 1, 3, 5 and 7 to prove the result.
We first show that the condition (11) implies (72). Indeed, when 7; = 7, for any ¢ € [T]

= 1 t—1 1
2

72 E n; = - E / —da:—nlogt<

= k(k+1) S k: k 4K?

where for the last inequality, we used the condition (11). Thus, by Proposition 7, (75) holds.

Note also that Agy1.4 = (t ) and Ay = —; as 1 = 1. It thus follows from (75) that
) t—1
M&wﬂ—%mﬁs%M%vww1m%mbb< o )
k=1
Applying
=1 =1 =1k
L ~-<1 —dxr <1+logt
P e S —l—Z/k_lxa:_ + logt,
k=1 k=1 k=2

and (11), we get

_ B 1
E[|S,(fi+1 — §t+1HZ < CoM?(1V [y(07 Alogn)] V At V log t) — 7 <2 + 4/<;2>
Introducing the above inequality, (66) (or (67)), and (70) into the error decomposition (36), by
a direct calculation, one can prove the desired results with
k3 (cy + 1)e

1 4
Cio=0Cy 2+ — | <432x? 1og(7
4K2

7 (76)
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Proof of Corollary 1 We use Theorem 2 to prove the result. In Theorem 2, let A=N ~x
and 6 be such that A\ = n~!. Then, with Condition (16), it is easy to show that 6 € (0,1).
Indeed, according to the definitions of 8 and A, and using N = mn,

_log A 1= 1 logN 1= 1 log N ey

0= = — _
logn 2¢ +v logn 2¢ + vlog N — logm

Therefore, 6 < 1, and moreover, using (16),

1 log N 11
> 1=~ —~ _11>0.
- 2C+710gN—logNﬁ+ 2C+v1—ﬁ+ >0 (77)

We only give the proof for Case 1), and skip the proofs for the other cases, as the arguments
are similar. We first verify that the condition (11) is satisfied. According to the definitions of
n and Ty,

1
2log LNQC” ”J - 210g(Nﬁn)
3n - 3n ’
Note that from (16), we have (2¢ ++)~' <1 — g and N~ < m~!. Thus,

n4k?log T, =

21log(N'=Fn) < 2log(Nn/m) 2logn® 4logn < An <1
3n - 3n ~ 3n 3n " 3ne”
which leads to (11). We thus can apply Theorem 2 and get (12). Obviously, by 2¢ +~v > 1

and n < N,

n4k?log T, <

log T, = log {NﬁnJ < 2log N. (78)
Byk>1,(<1,y<1land N > 8,
1 1 1 1 1
12H2N2c+v <nT, = 6Zn LN2<+an < G?NQCJHY < N2t . (79)
By (77) and v < 1,
Qrom =1V [y(0 ' Alogn)] < ;1 Alog N. (80)

(2¢+7)(1-5)

Denote

c < 1 >—2C'1{2<>1}
n=211- .
2¢+71 - B)
Recall that C5, Cs, Cyg are positive constants depending only on k%, ¢, ¢y, || L] (given by (64),

(69), (76)). Introducing (77), (79) and (80) into (12), plugging with the specific choice of A and
by a simple calculation, we get the desired result for Case 1) with

1 —2(-1{2g>1} 8/4:2(0 +1)e
Cia = C1105(1262)% < 1.9x5(12K%)2%¢ (1 — > 2 106,
) (12+°) @)1= 5) Tl
1 20hEe1  4.52(e, + 1)e
C :CC§096K}2<1— ) B St B A 81
13=Cnle < CE) Tl (81)

4K2%(cy + 1)e
171

log

1 —2C1(2¢51)
62 (1_(2C+7)(1—B)>
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The proof for the other cases are similar, while the result holds with (possibly) different
constants Ci2, C13,C14. In fact, for Cases 2) and 4), the constants are the same as in Case 1),
while for Case 3),

4R2(2¢+1) \*
Cia = 01105< R+ L) >

20(1— ) — By
= 19 (1 (2c+v)(1—6)> xa-p-p) &
o — C11C1o(2¢(1 = B) — Bv)
o= 2k2(2¢ 4 1)
4326%(2¢(1 - B) — ) (1_ L )2““<>” 4r?(cy + De
= 262(2¢ + 1) (2¢+7(1-p) [

and C13 is given by (81).

Proof of Theorem 1 Since f, € H, we know from (26) that Assumption 2 holds with ¢ = %
and R = || f,||z. As noted in comments after Assumption 3, (10) trivially holds with v =1 and
Cy = k2. Applying Corollary 1, one can prove the desired results. For Case 1),

1.05x%
Cra = 5 25;% (5.14+ A) x 105, Cy3 = 96K (244 A), Cyq = 216x*(1 —28) (2.4 + A).
For Case 2),

Cio = 1.576% (5.1 4+ A) x 10°, Cy3 =48k* (2.4 + A), Cy = 144k* (2.4 + A).

Here A = log |

2%
71
Proof of Corollary 2 The proof parallels to the proof of Corollary 1. In Theorem 2, we let
m=1andn=N and A\ = N9 with # = 1 — . Then it is easy to see that

12¢H7)  ae 1
A0 AlogN) < { 1 Ha<o<h
vlog N, otherwise.

Denote

2¢
2¢+ o1 .
Ch7 = 2(206711) , iy <O <, and o — Cs, if (<1,
2 Cs, if¢>1.

, otherwise,
Recall that C5, Cs, Cjo are positive constants depending only on 2, ¢, ¢y, | L] (given by (64),

(69), (76)). Following from (12) or (13), and plugging with the specific choices on 7, T, b, one
can prove the desired error bounds. For Cases 1), 2) and 4),

Clg = 6/017(12H2>2<
1.9x5(1242)% log? 8“2%%” % 106, if ¢ <1,
2
< {1.3(24r2)2 k5 (¢ + 1/2)FFD (9¢2p4—6) Haezs) 1og% x 105, if ¢ > 1,
2
(12x%)2¢ (ﬁ%) 1.9x% log? % x 109, otherwise,

2¢
4/%2(074-1)63>< <2<+7> , if<(<,

019 = 01708 < 0796,‘{2 10g HTH ) L
, otherwise,

(82)
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2¢
2 2¢+y if L
Cap = 01762'10 < 142&2 log 4k (C»y + 1)6 » <2<+771> , if 5 < (<1,
6r 17l 1, otherwise,
while for Case 3),
262(2¢ + 1)\
Cis = dCir <'~@<<§+>>
¢
1.9 log? #0106 if ¢ <1
2 2 ’ Y
< (2& (2§ + 1)> o J1.3169%¢ €+ 1/2)(2C+1) (9C2/{4<_6)1{2(23} log 12%2\\(%{‘—1)8 % 105’ if ¢ > 1,
2¢
(s25) " 1,90 log? 252 <10, otheruise,
2¢
2 2¢+ el
Cy = 751701()( < 432x* log 74H (CV +1e X (24+7—1) , i 2 < ¢<L
r2(20+1) 171 1, otherwise,
and Cg is given by (82). [ |
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Appendix

e In Appendix A, we provide a list of notations commonly used in this paper.

e In Appendix B, we prove some of the lemmas and propositions from Section 6.

e In Appendix C, we prove our main results for distributed SA. We first introduce an
error decomposition, which decomposes total errors into bias and sample variance. We
then estimate these two terms in the following two subsequent subsections. Plugging the
two estimates into the error decomposition, we prove the desired results.

Appendix A. List of Notations

Notation Meaning
H the hypothesis space, RKHS
XY, Z the input space, the output space and the sample space (Z = X x Y)
P, PX the fixed probability measure on Z, the induced marginal measure of p on X
p(-|x) the conditional probability measure on Y w.r.t. x € X and p
N,n,m the total sample size, the local sample size, the number of partition (N = nm)
z the whole samples {zi}fil, where each z; is i.i.d. according to p.
Zs the samples {zs; = (Ts,i, Ys,i) }i=1 for the s-th local machine, s € [m)]
E the expected risk defined by (1)
K2 the constant from the bounded assumption (7) on the hypothesis space H
{fsthe the sequence generated by SGM over the local sample z;, given by (4)
{f:} the sequence generated by distributed SGM, i.e., f = = 3" fo,
b the minibatch size of SGM
T the maximal number of iterations for SGM
Js,i (js,e etc.) | the random index from the uniform distribution on [n] for SGM performing on the s-th local sample set z;
Jst the set of random indices at ¢-th iteration of SGM performing on the s-th local sample set z;
Js the set of all random indices for SGM performing on the s-th local sample set z, after T iterations
J the set of all random indices for distributed SGM after T iterations
Ej, the expectation with respect to the random variables J; (conditional on z;)
Es the expectation with respect to the random variables J (conditional on z)
Ey the expectation with respect to the random variables y (conditional on x)
{n:}+ the sequence of step-sizes
M, o the positive constants from Assumption 1
L?J x the Hilbert space of square integral functions from X to R with respect to px
fo the regression function defined (2)
¢, R the parameters related to the ‘regularity’ of f, (see Assumption 2)
v, Cy the parameters related to the effective dimension (see Assumption 3)
{gs,t}+ the sequence generated by GM (31) with respect to the s-th local sample set zs
{G:}+ the sequence generated by distributed GM (32)
{hs,t}e the sequence generated by pseudo GM (33) over the s-th local sample set zs
{ht}+ the sequence generated by distributed pseudo GM
{r¢}e the sequence generated by population GM (40)
S, the inclusion map from H — L?JX
S, the adjoint operator of S, S, f = [ f(2)Kzdpx ()
L the operator from L2, to La,, L(f) = 8,8, f = [ f(x)Kepx (2)
T the covariance operator from H to H, T = 8,8, = [ (-, Kz) n Kodpx ()
Sx the sampling operator from H to R (S, f): = f(z:),z: € x
Sx the adjoint operator of Sx, Sxy = ﬁ Ell’;ll YiKaz,
Tx the empirical covariance operator, Tx = SxSx = \71I Z‘l’g(, Ky )uKaz,
7, (L) =T—1(I — L) whent € [T — 1] and 1T, = T ift > T
by a pseudo regularization parameter, A>0
T3, Ti=T+ A .
Texs Tex =T+ A
G:(+) the filter function of GM, (39)
Ga() a general filter function
A a regularization parameter A > 0
[t] the set {1,---,t}

41



LIN AND CEVHER

b1 < b b1 < Cbs for some universal constant C' > 0

b1§b2 bz§b1§b2

T, A%, A% the random quantities defined in Lemma 13 (or Lemma 28)
Lx an operator defined by (35)
i1 =S mi (=0ifk>1)
At the regularization parameter of GM (= (Z%)™1)
Akt =) (=cifk>1t)

ax|,5,v(c,0) | the quantity defined by (55)

93 the estimator defined by SA over the s-th local sample set zs, see Algorithm 2
7% the estimator defined by distributed SA, see Algorithm 2
h3e the estimator defined by pseudo SA over the s-th local sample set zs, (91)
h% the estimator defined by distributed pseudo SA, (92)
/BN the function defined by population SA, (94)

Appendix B. Proofs for Section 3

In this section, we provide the missing proofs of lemmas and propositions from Section 3.

B.1 Proof of Proposition 1

For any s € [m], using an inductive argument, one can prove that (Lin and Rosasco, 2017b)

IE:Js\zs [fs,t] = gs,t- (83)

Here Ej, |5, (or abbreviated as Ej,) denotes the conditional expectation with respect to J5 given
z,. Indeed, taking the conditional expectation with respect to J; (given z,) on both sides of
(4), and noting that fs; depends only on Js1,---,Js—1 (given zy), one has

n

1
EJs,t[fs,t+1] = fs,t - ntg Z(fS,t(mS,i) - yS,i)Kws,w

i=1

and thus,

S

n
EJs [f87t+1] = EJs [fS,t] — Mt Z(EJS [fs,t](l's,i) - yS,i)sz,z‘v t=1,...,T,
=1

which satisfies the iterative relationship given in (31). Similarly, using the definition of the
regression function (2) and an inductive argument, one can also prove that

Ey.[9s¢] = hst. (84)

Here, Ey, denotes the conditional expectation with respect to ys given x,.
We have

1Sp e = Follo = 8o fe = Spgell + 1SpGe = Solly + 2(Sp e = Spge: Spge — f)-

Taking the conditional expectation with respect to J (given z) on both sides, using (83) which
implies

_ 1 &
EsSy(fr = g1) = — > SpEa[far = 9a1] =0,
s=1

we thus have
EJHSPft - fp”;% = EJHSpft - Spgtni + HSth - fp||,2)-
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Taking the conditional expectation with respect toy = {y1, - ,ym} (given X = {x1, -+ ,xn}),
noting that

Es||Spge — folly = Egl1Sp(ge — ha)ll7] + [Sphe — foll; + 2(SoBy (g — el Sphe — fo)y

and that from (84),
1 — .
<SpEy[ ht] S ht % Z S IEyS gst — hs,t)yspht - fp>p =0,

we know that
E?EJ”SPJFt - prz = ES'EJHSpﬁ - SpgtH,Q; + ES'[HSp(gt - Bt)”%] + ||Spﬁt - pr;zn

which leads to the desired result. [ |

B.2 Proof of Lemma 5

By Jensen’s inequality, we can prove the desired result:

m

2
1
E Z(Sphs’t - fp)

s=1 P

IE||Spl_1t - fp”z =

1 m
< %EZ HSphs,t - fp”i = EH‘SPth - fp”,%
s=1

B.3 Proof of Lemma 7

1). For a = 0 or 1, the proof is straightforward and can be found in (Yao et al., 2007).
Indeed, for all u € [0,x%], 1T}, (u) < 1 and thus Gy(u) < S_1mk = Ay ' Moreover, writing
nru =1 — (1 — nxu), we have

t t
uGi(u) =Y (meu) g (u) = Y (M (w) = T (w) = 1= () < 1. (85)
k=1 k=1

Now we consider the case 0 < a < 1. We have
u*Gy(u) = [uGy(u)|*|Gp(u)|'~* < AF,

where we used uGy(u) < 1 and Gy(u) < A;! in the above.
2) By (85), we have (1 — uG(u))u® = I (u)u®. Then the desired result is a direct conse-
quence of Conclusion 3).
3) The proof can be also found, e.g., in (Lin and Rosasco, 2017b, Page 17). Using the basic
inequality
1+xz<e” for all x > —1, (86)

with mk? < 1, we get
I, (w)u® < exp{—uXj,,}u®

The maximum of the function g(u) = e™“u® (with ¢ > 0) over Ry is achieved at umax = a/c,
and thus

o «
supe” “u® = (—) . (87)
u>0 ec
Using this inequality with ¢ = E'}g 41, One can prove the desired result. [ |
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B.4 Proof of Lemma 8
1) Following from the spectral theorem, one has

L+ NG < sup_(u+X)*Gelu) < sup_ (u® +X*)Ge(u).

u€0,k2] u€[0,k?]

Using Part 1) of Lemma 7 to the above, one can prove the first conclusion.
2) Using the spectral theorem,

I (L) (L + D) < sup (u+ X)L ().

u€0,k?]
When a < 1,

sup (u+ NI (u) < sup (u® 4+ XN (u) < (a/e)*AE + A%,
u€[0,x2] u€(0,x2]

where for the last inequality, we used Part 2) of Lemma 7. Similarly, when o > 1, by Holder’s
inequality, and Part 2) of Lemma 7,

sup (u—+ M) (u) <2971 sup (u® + AT (u) < 2971 ((a/e)®A® + A%).
u€[0,x2] u€(0,x2]

From the above analysis, one can prove the second conclusion.
3) Simply applying the spectral theorem and 3) of Lemma 7, one can prove the third conclusion.
|

B.5 Proof of Lemma 14

We first introduce the following concentration result for Hilbert space valued random variable
used in (Caponnetto and De Vito, 2007) and based on the results in (Pinelis and Sakhanenko,
1986).

Lemma 23 Let wy, - ,w, be i.i.d random variables in a separable Hilbert space with norm
|- ||. Suppose that there are two positive constants B and o such that

1
E[||w; — E[wi]||] < 5Z!Bl—%?, vl > 2. (88)

Then for any 0 < § < 1/2, the following holds with probability at least 1 — 9,
1 B o 2
— m — E <2 —+4 — | log -.
2o~ Bl <2 (4 o

In particular, (88) holds if
|wil]| < B/2 a.s., and E[|w|?] < o2 (89)

Lemmas 14 and 15 can be proved by simply applying the above lemma.
Proof of Lemma 14 Let & = f(x;) Ky, for i =1,--- | |x|. Obviously,

x|
Luf —Lf = |i| ;@ _Ele)),

and by Assumption (7), we have
€]l < 1 fllool K llr < Al flloo

and

Elll7 < &2IIFI5-

Applying Lemma 23 with B’ = 2k|| f||« and ¢ = k|| f||,, one can prove the desired result. M
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B.6 Proof of Lemma 15
Let & = K, ® K, for all i € [|x]]. Obviously,

x|

T-Tx= |)1(| D (EG] - &),
i=1

and by Assumption (7), |&llms = || Kz |3 < % Applying Lemma 23 with B’ = 2x* and

o' = k%, one can prove the desire result.

B.7 Proof of Lemma 16

In order to prove Lemma 16, we introduce the following concentration inequality for norms of
self-adjoint operators on a Hilbert space.

Lemma 24 Let Xy, - -, X, be a sequence of independently and identically distributed self-
adjoint Hilbert-Schmidt operators on a separable Hilbert space. Assume that E[X;] = 0, and
|X1]| < B almost surely for some B > 0. Let V be a positive trace-class operator such that
E[X2] X V. Then with probability at least 1 — &, (§ €]0,1[), there holds

1 m
m 2%

Proof The proof can be found in, e.g., (Rudi et al., 2015; Dicker et al., 2017). Following from
the argument in (Minsker, 2011, Section 4), we can generalize (Tropp, 2012, Theorem 7.3.1)
from a sequence of self-adjoint matrices to a sequence of self-adjoint Hilbert-Schmidt operators

2Bp 2|V|18 4try
< =1 .
~ 3m * m f=log V|6

on a separable Hilbert space, and get that for any ¢ > % 4 3%7
1 % 4tI‘V _th
( m; - ) - VI Xp<2||V||+23t/3) (90)

Rewriting

4try < —mt? > 5
— —exp| —————— | =
viF =P \2vi+28e3) ~ "
as a quadratic equation with respect to the variable ¢, and then solving the quadratic equation,
we get

2
o B8, \/(196) L2Vl _2B8 | [2IV .

~ 3m 3m m — 3m m

where we used va + b < \/a + v/b,Va,b > 0. Note that 3 > 1, and thus ¢y > L4/ %, By

“m
Pr( Zt*>§Pr< 2t0>,

and applying (90) to bound the left-hand side, one can get the desire result. |

m

1

=1

m

1

=1

Applying the above lemma, one can prove Lemma 16 as follows.
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Proof of Lemma 16 The proof can be also found in (Rudi et al., 2015; Dicker et al., 2017;
Hsu et al., 2014). Unlike the result in (Rudi et al., 2015) which requires the condition A < ||7|,
our results hold for any A > 0. We will use Lemma 24 to prove the result. Let |x| = m and

X = 7}\_1/2(7— 7;i)7}\_1/2, for all ¢ € [m]. Then 7_1/2(7' Tx )7'_1/2 LS~ | &;. Obviously,
for any X = X;, E[X] =0, and

X <E |7 PTT P 4 I P TTR) < 268,
where for the last inequality, we used Assumption (7) which implies

1T AT P < T P = (T T = (T e K < 42/

Also, by E(A — EA)? < EAZ,

EXY? < E(T, P70V =E(T Kx,K T, K @ K, T
2
< SE BT, VK, @ K, T = = T;l’r: v,
Note that ||7;~ T = H"fll L < 1. Therefore, ||V|| < % and
(V) NOITI A+ te(T; ')A _NOITI+6(T) _ R W) +1)
VI 171l - 171l - [ I
where for the last inequality we used (24). Now, the result can be proved by applying Lemma
24. |
B.8 Proof of Lemma 19
Note that from the independence of zy, - - -, z,, and (84), we have
Ey|ISp(g: = he)llo = —3 Z Ey (Sp(9st = hst)s Splgie = Tug))p = —5 ZEySHS (gs.t — hst)|l5-
s,l=1
Taking the expectation with respect to X, we get
1
E||Sy(g: — ha)ll, = ZEHS st — hs)|2 = E]EHSp(gl,t — h1g)|2.
The proof is complete. |

B.9 Proof of Lemma 20
Note that by (83) and from the conditional independence of J, - - - J,, (given z), we have

EglS, ( =gl = m2 Z Eg(Sp(fsr — 9s,)s Sp(fit — qit)) m2 ZEJ |Sp(fst — Qst)Hp
s,l=1 s=1
Taking the expectation with respect to z, we thus prove the desired result. |

Appendix C. Proofs for Distributed Spectral Algorithms

The proof for distributed SGM in Section 3 involves the analysis for distributed GM. In this
section, we will extend our analysis for distributed GM to distributed SA. The proof almost
follows along the same lines as the proof for distributed GM in Subsections 6.3 and 6.4, but
some of them need some delicate modifications, the reason for which lies in that the qualification
7 for GM can be any positive number while it is a fixed constant for a general SA.
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C.1 Error Decomposition

We begin with an error decomposition. To introduce the error decomposition, we define an
auxiliary function, generated by pseudo-SA as follows.Given a spectral function G, for any
s € [m], the function h3* generated by the pseudo spectral algorithm over x is given by

15> = GA(Te) Lx, o (91)

The estimator generated by distributed pseudo-spectral algorithm is the averaging over these
local estimators,
_ 1 &
R ==Y h. (92)
m
s=1
We note that the above algorithm can not be implemented in practice as the regression
function f, is unknown. From the definition of the regression function, similar to (84), we can
prove that

Ey.l95] = h3, (93)
and thus
Ey[g5] = 13,
Using these basic properties, analogous to Proposition 1, we have the following error decompo-

sition for distributed SA.

Proposition 8 We have
E||Spg5 — folly = ElRS — foll7 + ElISy5 — 5 ll5.

The right-hand side is composed of two terms. The first term is called as bias, and the second
term is called as sample variance. In what follows, we will estimate these two terms separably.

C.2 Estimating Bias

Analogous to Lemma 5, we can show that the bias term E|/h% — fp||f, can be upper bounded in
terms of the local bias E[[h5" — f,[2.

Lemma 25 We have E||h% — Folls <E[RS = foll3-

Proof The proof is the same as that in Lemma 5 by using Hélder’s inequality. |

In what follows, we will estimate the local bias E[/h%S" — prZ. Throughout the rest of this
subsection, we shall drop the index s = 1 for the first local estimator whenever it shows up, i.e.,
we rewrite hil as h%, z1 as z, etc. To do so, we need to introduce a population function defined
by B

" = GA(T)S, fp- (94)

The function 7y is deterministic and it is independent from the samples. Since G A(+) is a filter
function with qualification 7 > 0 and constants F, F-, similar to Lemma 8, we have the following
results for a filter function according to the spectral theorem.

Lemma 26 Let L be a compact, positive operator on a separable Hilbert space H such that
IL|| < k*. Then for any >0, 3

1) (L +N*GA(L)|| < BEAY Y14+ (A/N)%), VYa € [0,1].

9) II(I ~ LGAL)) (L 1 1) < F26-D0 X1+ RA/N)),  Va < [0.7].

With the above lemma, analogous to Lemma 12, we have the following properties for the
population function.
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Lemma 27 Under Assumption 2, the following results hold.
1) For any ¢ — 7 < a < (, we have

£~ (Spf)\ - fp) ||p < FTRAC_Q.

2) We have
ACJraila if—CS(JlSl—C,

g2CHa=1) i g >1— (. (95)

T2 < ER'{

Note that there is a subtle difference between Lemma 12.(1) and Lemma 27.(1). The latter
requires a > ¢ — 7 while the former does not, the reason for which is that, the qualification 7
is fixed in the latter while it can be any positive constant in the former. This difference makes
the proof for SA slightly different to the one for GM, when estimating the bias.

Proof 1) According to the spectral theory,

S,GAT)S; = S,GA(S;S,)Ss = GA(S,S))S,S; = GA(L)L.
Combining with (94), we thus have
LTS, — fp) = £ (GAL)L = 1) J,
Taking the p-norm, and applying Assumption 2, we have
1£79(Sox = fo)llp < 1L47(GA(L)L = D R.

Note that the condition (7) implies (24). By a similar argument as that for 2) of Lemma 26,
one can prove the first desired result.
2) By (94) and Assumption 2,

17925, || g = HTa_l/2(~;)\(T)S;prH < HTa_l/QéA(T)SzﬁcuR-
Noting that

[T V2GNT)SL | = | T 2GA(T) S L S, GA(T) T 2|12
= |G3(T) T2+ /2 = | GA(T) T,

we thus have
[T 25 < |GA(T) TR

fo<{(+a<lie, —(<a<1-¢, then using 1) of Lemma 26, we get
|79 Y25\ | < XT*LER.
Similarly, when a > 1 — {, we have
I 25 < IGATT TS R < w26 DER,

where for the last inequality we used 1) of Lemma 26 and (24). This thus proves the second
desired result. [

With the above lemmas, similar to Lemma 13, we have the following analytic result, which
enables us to estimate the bias term in terms of several random quantities.
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Lemma 28 Under Assumption 2, let
z 1/2.—1/2 z
=TT PV A= TR
and
A% = Lxfo—Spfp = Txix+ TPxlln.

Then the following results hold for any A > 0.
1) For0<(¢<1

<\ (V3
18585 = follp < 1v<§> (CLR(ATVAN + 2B /ATA529).

2) For ¢ > 1,

A

¢
ISoh% = follo < A% {1V (A) (CLRAS + 2EA"2 A% + C4RA: (A%)C M),

Here, C, C4 and C% are positive constants depending only on ,k, E, and F.

The upper bound from (97) is a bit worser than the one in (46).
Proof We can estimate ||S,h% — f,||, as

|’Sp(~;>\(7;<)£Xfp - prp SH Spék(ﬁc)['CXfp - S;fp — Txr'x + Tf}\} Hp

Bi;rs.l
1S, GA(TR)ISEfo — Tl
Bias.2
+ | Sl — CA(T) T |l
Bias.3

+ || Spfx = fp ”p'
N—_——

Bias.4

In the rest of the proof, we will estimate the four terms of the r.h.s separately.
Estimating Bias.4
Using 1) of Lemma 27 with a = 0, we get

| Bias.4||, < F, R

Estimating Bias.1
By a simple calculation and (49), we know that for any f € H and any b € |0, %],

IS,GA(T) fllo < I 2T PTG T TS INT S THNT £l

Note that by 1) of Lemma 26, with (28),
1/2 ~ 5 Lo p_1L
ITPGATITEN < B+ (3/A)F2)ab2,
and by Lemma 9, we get

1 1
—b b —3 2 (12b
1752 T < ITE TR
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Therefore, for any f € H and any b € [0, 3],
~ 1
1S,GA(T) fllp < (ADPF2E(L+ (A/A)F2)A 72| T L (100)
Letting f = Lxfp — Sy fp — TxPx + T7x and b = % in the above, we get

|Bias.1||, < E(1+ \/A/A)A "2 /AZAL. (101)

Estimating Bias.2
Thus, letting f =77\ — S, fp, in (100), we have

1 1 -
IBias.2|, < BT T2 (1 + (/N 2N 72| T[T - Spflln

—b+3

< BAD L+ (NN L 28, — fllla-

When C <1 5, we have 7 — (¢ > % since 7 > 1. Letting b = 0, and applying Lemma 27.(1) with

a= 2 , we get

[SoCA(TToA = S fylllp < EF-RIAD)2 (1 + (A/2)2)A°
Similarly, when % < (¢ <1, we choose b = ( — , and applying Lemma 27.(1) with a = ( — 1,
we get

IS, GA(TTE = S5 fllllp < BE-R(ADS(1+ (A/A))A
When ¢ > 1, we choose b = %, and applying Lemma 27.(1) with a = 0, we get
IS,GA(T[Tix = S5 £,lllp < EFRAT(1 4 (A/A)AS

From the above estimate, we get

(L+ A/ NY2)(ANY2 if 0 < <1/2,
|Bias.2|, < EF, R\ x { (1+ (A/A)¢)(A%)¢ if 1/2 < (<1, (102)
(14 X/X)Af if¢> 1

Estimating Bias.3
When ¢ < 1/2, by a simple calculation and (49), we have

IBias.3l, <IS, 75 17375 P IITS(0 = GAT) Tl
VAT - AT T sl
By 2) of Lemma 26, with (28),
T2 = GAT) T < Fr(1+ /A AV, (103)

and by 2) of Lemma 27, ||7s||z < ERA¢~Y/2. It thus follows that

|Bias.3||, < \/A%(1 + \/ \/A\)EE,R\S.

When 1/2 < ( <1, by a simple computation, we have

. ~ S T3 |73 =~ - ¢ c —C..
[Bins.3l, < 15,75 2175 T2 NIT4( = CaTTITS 2T T3 2T Pl
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Applying (49) and 2) of Lemma 27, we have

[Bias.3], < VAT - GATOTOTS T T 2 IER.
By 2) of Lemma 26,

1 ~ _1 -
ITA( — GAT)TOTS 21l < Fr(1+ (MA)A

Besides, by ¢ <1 and Lemma 9,

1¢ (2¢—1),_L(2¢—1) el

ITES TR = BN < e < (aned,

It thus follows that .
| Bias.3||, < (A?)S(1 + (A/N))EF,RX.

When ¢ > 1, we rewrite Bias.3 as
11 1
SoT 2 TET 2 TA(I = GA(TOT(TR 2 + T — T 3)TH 55,
By a simple calculation and (49), we can upper bound ||Bias.3||, by
11 1 ~ - -1 ¢
< TR T MITAU = GATOTOTE 3+ ITAU = GATITINTEE = T2 DITE R .
Introducing with (103), and applying 2) of Lemma 27,
1 ~ - _
IBias.3], < /AT(|TA( - CA(T)T) T2l + F(\A/A + DVAITSV2 - T2 ER
By 2) of Lemma 26,
1 ~ _1 ~
ITA( ~ GAT) T T 21l <ITS (T — CA(T) T
S2TTE (14 (/NN
Moreover, by Lemma 11 and max (|| 7|, [|7x|]) < #2,
T = T2 < (2026 | T — T 6D
Therefore, when ¢ > 1, Bias.3 can be estimated as

|Bias.3||, </A? (24—1(1 + (AN + (20X 3 2eza (/A /A + 1)A(Ag)<<—%>“> EF,R.

From the above analysis, we know that ||Bias.3||, can be upper bounded by

VAT AA + 1A, if ¢ €]0,1/2],
EF, R { (MDA + 1A, if ¢ €]1/2,1],
VAT (24—1(1 + A/ NN+ (2¢RX 3 aezs) (/XX + 1)\5\(A§)(<‘5)“) . if ¢ €]1,00].

(104)

Introducing (99), (101) (102) and (104) into (98), and by a simple calculation, one can prove

the desired results with
Cl F.(1+4F),

) = (1 +2E+2<E)

and  Ch = 2EF,(2(x* %) 223y,

The rest of the proofs parallelize as those for distributed GM.
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Proposition 9 Under Assumptions 2 and 3, we let A = n= 110 for some 0 € [0,1]. Then the
following results hold.
1) For0 < (<1,

z 2 _ 5\2
E|Sph% — folly < C5 (R + Liacenyllfollc) (1 vV [y(0~" Alogn)]* Vv /\2> A%

2)For ¢ > 1,

2 ! P2 5‘2(: 1-2 1 (C_%)/\l 1 2 2
E|Sph% = follp < CeR* [ 1V T3¢ VA ¢ <n> V [y (071 Alogn))? | A%,

Here, Cl and C§ are positive constants depending only on k,(, E, Fr,cy, | T|| and can be given
explicitly in the proof.

Proof We will use Lemma 28 to prove the results. To do so, we need to estimate A%, A% and
A%

By Lemma 17, we have that with probability at least 1 —4, (60) holds, where a,5,(1 —0) =
an,5~(2/3,1 —0) is given by (56). By Lemma 14, we have that with probability at least 1 — 4,

2H7:/\_fp||oo ||Spf>\—fp”p 2
A% <2 log —.
2= 40 < n + vn 5

Applying Lemma 27 with a = 0 to estimate ||S,7\ — f,|,, we get that with probability at least
1-4,

] 2
AZ < 2k (2”7",\ — folloo/n + FTRAC/ﬁ) log .

When ¢ > 1/2, we know that there exists some fg = TC_IS;[,_Cfp € H such that S,fg = f,
(Steinwart and Christmann, 2008) and

175 = folloo < KlIFx = falla < kRS2,

where for the last inequality, we used Lemma 26. When ¢ < 1/2, by 2) of Lemma 27, ||7\||g <
ERX~1/2 which thus lead to

173 = Folloe < wlFANE + [ Fplloc < KERATY2 4[| fy|oc.

From the above analysis, we get that with probability at least 1 — 9,

£ < 1og 2 26 F R(2k/(An) 4+ 1/vVAn) A\SH/2, if ¢>1/2,
oz =
2=085 26 (2kER/(An) + 2| folloo (RA) S 7V2 + FLR/VRA)ASHY2if ¢ < 1/2,
which can be further relaxed as
~ 2 ~
AZ < CLR(1V (An) HXH 2 ]og 5 R=R+1pcylfoll (105)
where
o < 2kF: (26 + 1), if ¢ >1/2,
26(2E + 2+ F;), if(<1/2.

Applying Lemma 15, we have that with probability at least 1 — ¢, (62) holds.
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For 0 < ¢ <1, by Lemma 28, (60) and (105), we have that with probability at least 1 — 24,

<\ (V3
1 ~ 1 2 A 1
|Sphs—foll, < <3<V§CiRai\féfv(1 -0)+ 2\/§EC’2Ra27577(1 —0)log 5) 1v (A) v —~ XS,

Rescaling d, and then combining with Lemma 18, we get

EHSthI - fp”%

1 ) , 9 ~\ 2¢V1
=9 1, ¢vi 1 4 A 1 9
<R /O <3<V2C{an,52/277(1 —60) +2V3EC)a2 s, (1—0)log 5) s | 1v <A> Ve | ‘.

By a direct computation and noting that A >n!and ¢ <1, one can prove the first desired
2

result with A = log W, and

CL =2[C2(48k%) XV A%V 1 T(3)) + 19262CE%(A(log? 4 + 2 + 2log 4) + log? 4 + 4log 4 + 6)]

5 8k%(cy + 1)e

<3.54x*E*F? log 7 x 10°. (106)
For ¢ > 1, by Lemma 28, (60), (105) and (62), we know that with probability at least 1 — 34,
ISphS = follo
2 DU | ! 1 ot
< 3R(CY) + 2ECY + 6K*Ch)ay 5 (1 — 0) log sviev oy A2=¢ <n> NS,

Rescaling d, and applying Lemma 18, we get
E(S,h% — foll2 <9R*(Cy + 2EC) + 6k°C5)?

1 12¢ (C=3)n1
6 A 1 1 2
2 2 1-2¢ 2¢
1-0)1 —dé |1V —V VA — A
X/o anﬁ/gﬁ( )log 0 ( A% A2 <n> ) 7

which leads to the second desired result with A = log % and

Cf =5184k*(Ch + 2EC) + 6k*C4)* (A +1)*(log 6 + 1),

5 1262 (cy + 1)e
171l

by noting that A > n~! and ¢ > 1. The proof is complete. |

<3.2k822 B2 F2(4¢2 k47 0)L2c=3) Jog x 107, (107)

Combining Proposition 9 with Lemma 25, we get the following results for the bias of the
fully averaged estimators.

Proposition 10 Under Assumptions 2 and 3, for any A = n~ 0 with 6 € [0, 1], the following
results hold.
1) For ¢ <1,

_ A2
E||S,hE — Fll2 < Ch (R + Loct | fyllo)? (1 V(O Alogn)VT v V) A (108)
2) For1 < (¢ <,

1
2

z 2 ! D2 S\QC 1-2¢ 1 (C=2)M —1 2 2¢

Here, C} and C§ are given by Proposition 9.
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C.3 Estimating Sample Variance

In this section, we estimate sample variance ||S,(g% — h%)||,. We first introduce the following
lemma.

Lemma 29 We have

T 1
E||S,(35 = P30 = —EIIS, (5" = h3)Il5- (110)
Proof The proof is the same as that in Lemma 19 by applying (93). |

According to Lemma 29, we know that the sample variance of the averaging over m local
estimators can be well controlled in terms of the sample variance of a local estimator. In what

follows, we will estimate the local sample variance, E||S,(g3' — hf\l)H?). Throughout the rest of

this subsection, we shall drop the index s = 1 and write z; as z, x| as x.

Proposition 11 Under Assumption 3, let X =n’~"' for some 6 € [0,1]. Then

z z 02 A —
E(|S,(g5 — h,\)||g <G = (1 V= 3 V(0! Alogn])) .

Here, C§ is a positive constant depending only on k,cy, || T|, E and will be given explicitly in
the proof.

Proof For notational simplicity, we let ¢; = y; — f,(z;) for all i € [n] and € = (¢;)1<i<n. Then
from the definitions of h%* and g¢3*

g5 — h§ = GA(Tx)Sxe.
Using the above relationship and the isometric property (25), we have
By [Sp(ge1 — hest) | = Eyl|S,Ga(Tx) Skl
= By [|T*GA(Tx)Sxel
1 « ~ ~
= — > Byfaed tr (CATITCN T Ky @ K )
1Lk=1

From the definition of f, and the independence of z; and z;, when [ # k, we know that Ey[¢e;] =
0 whenever [ # k. Therefore,

Ey [1S,(ge+1 — her1) 12 22E Fltr (CATITCN T Ky @ Ko, )
k=1

Using Assumption 1,

E[S,(g% — h3)II2 < 22&(@ TGA(Z()KMQQK%)

2

=7t (T(CA(T)?
= tr (T(G,\(ﬂ)) 7;)
2 _1/2 1/2 1/2 ~ 2 1/2
<= (T PTT TGN T |
NN /2~ 24 71/2
< ST AYT O T TS
2/\/’5\ -
< TN At G (Tl G TRTal + MG (T
§E2U N( )AZ(1+>\/)\)
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where for the last inequality, we used 1) of Lemma 26. Taking the expectation with respect to
x, this leads to
o x5
a*N (A N
E[|S,(9% — hi)”g < E2n()(1 + A/ ANE[AT].
Applying Lemmas 17 and 18, we get

2N(N)

1
z z g 3
BIS, (6%~ I < 68T 0y (/) [ s (2731 0)d8

7’ N(N)

<ct
n

LV (A/A) V(67! Alognl)),

where C1 = 48 E?%k?log W. Using Assumption 3, we get the desired result with

4K%(cy + 1)e?

O} = c,48E?K? log 7

(111)

Using the above proposition and Lemma 29, we derive the following results for sample
variance.

Proposition 12 Under Assumption 3, let A = n?~1 for some 0 € [0,1]. Then for any t € [T},

) -
_7 772 o A -1
ElIS,(gx ~ M), < G55 (1 v <A> V(O A logn)]> , (112)
where C§ is given by Proposition 11.

C.4 Deriving Total Error Bounds

Proof of Theorem 3 The proof can be finished by simply applying Propositions 12 and 10
into Proposition 8. n
Corollaries 3 and 4 are direct consequences of Theorem 3 by simple calculations, with

o= (1~ grrme ﬁ))l% o= (1~ e B))l G

Ci, if 2+~ <1, 1, it 2¢ +~v <1,
2¢+ : 2¢+ .
Clp = 24467110(/3’ it ¢>1, Cis = C ggi%, if¢>1,
204y \* o : 201y \ X :
<m> Cy, otherwise, (2<+7_1) , otherwise.
Here, Cf, C§ and C§ are given by (106), (107) and (111). [ |
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