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SIMPLE AND PROJECTIVE CORRESPONDENCE FUNCTORS

SERGE BOUC AND JACQUES THEVENAZ

ABSTRACT. A correspondence functor is a functor from the category of finite
sets and correspondences to the category of k-modules, where k is a commu-
tative ring. We determine exactly which simple correspondence functors are
projective. We also determine which simple modules are projective for the
algebra of all relations on a finite set. Moreover, we analyze the occurrence of
such simple projective functors inside the correspondence functor F' associated
with a finite lattice and we deduce a direct sum decomposition of F.

1. INTRODUCTION

In the present paper, we continue to develop the theory of correspondence func-
tors, namely functors from the category of finite sets and correspondences to the
category of k-modules, where k is a commutative ring. Assuming that & is a field,
we showed in [BT2| how to parametrize the simple correspondence functors Sg g v
by means of a finite set F, an order relation R on E, and a simple k Aut(FE, R)-
module V' (up to isomorphism). Here, we determine which of them are projective
(or equivalently injective).

We say that a poset (E, R) is a pole poset if it is obtained by stacking posets
having either cardinality one or cardinality two with two incomparable elements
(see Section[2] for details).

Theorem 1.1. Let k be a field and let Sg,r,v be the simple correspondence functor
parametrized by a finite set E, an order relation R on E, and a simple k Aut(E, R)-
module V. The following conditions are equivalent:
(a) Sg R,V is projective.
(b) The poset (E, R) is a pole poset and V is a projective k Aut(E, R)-module.
(c) Fither (E,R) is a totally ordered poset or (E,R) is a pole poset and the
characteristic of k is different from 2.

Since the group Aut(E, R) of automorphisms of a pole poset is a 2-group, (b)
and (c) are easily seen to be equivalent. However, it requires much more work to
prove that (a) implies (b), and also that (b) implies (a) (see Section[4]). In the case
when (E, R) is totally ordered, the projectivity of Sg rv was already proved in
Corollary 11.11 of [BT3].

Every simple functor Sg g, has a precursor Sg g, called the fundamental functor
associated with the poset (E, R) (see Proposition[3.4). This functor Sg g has the
advantage of being defined over any commutative base ring k. In analogy with the
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theorem above, we prove in Section [5]that Sg g is projective if and only if (E, R)
is a pole poset.

As in |[BT4], the theory of correspondence functors has consequences for the
representation theory of the monoid algebra kR x, where R x is the monoid of all
relations on a finite set X. We show in Section [6] that, whenever |E| < |X|, the
evaluation Sg r v (X) is a projective kR x-module if and only if the simple functor
Se,r,v is projective. This provides a criterion, again in terms of pole posets, for
the projectivity of a simple module for the monoid algebra kR x.

Associated with a finite lattice T, there is a correspondence functor Fr which is
defined over an arbitrary commutative ring k£ and which plays a crucial role in the
theory, see |BT3lBT4]. We know in particular that Fr is projective if and only if
the lattice T is distributive, for instance if T is a pole lattice. Also, the assignment
T — Frp is known to be a fully faithful functor by [BT3].

If T is arbitrary, we show that Fp has direct summands corresponding to pole lat-
tices appearing inside T', by means of suitably constructed idempotents in End(Fr).
Actually, most of the work is done in End(T) (where morphisms between lattices
are defined to be k-linear combinations of join-morphisms), and then corresponding
results for End(Fr) are obtained using the fully faithful functor T'— Fr. The con-
struction of idempotents in End(T") is quite technical (see Section[7)) but it provides
an explicit description of the part of End(7") which corresponds to pole lattices (see
Section [S)).

In Section[9] we analyze the special case of a pole lattice @ (see Theorem[9.1] for
details).

Theorem 1.2. Let Q be a pole lattice. Then End(Fg) is isomorphic to a direct
sum of matriz algebras

End(Fg) 2 End(Q) = @) M, q,p)(k Aut(P))
P

where P varies among pole lattices inside Q@ and n(Q, P) is some explicit integer.

From this, we obtain a decomposition of F; as a direct sum of projective functors
(Theorem[9.4) and each summand is also simple when k is a field (Corollary [0.11)).
Finally, if T' is an arbitrary finite lattice, we describe a projective direct summand
of Fr corresponding to all pole lattices which appear inside 7' (Theorem [9.12)).

2. POLE POSETS, POLE LATTICES, AND OPPOSITE MORPHISMS

We first recall some standard facts about lattices and fix the terminology and
the notation. If T is a finite lattice, we denote by V its join, A its meet, and < its
order relation. When the context is clear, we simply write < instead of <p. The
unique minimal element is written 0 and the unique maximal element 1. We let
T°P denote the opposite lattice, such that

x<ry < Yy <ror L.

A join-irreducible element in T is simply called irreducible. We write Irr(T") for the
full subposet of irreducible elements of T'. Recall that 0 is an empty join, hence is
not irreducible. Similarly Tis an empty meet. If e € T is irreducible, then the half-
open interval [6, e [r has a unique maximal element, written r(e). In other words,
r(e) = sup{x € T | z < e}. Similarly, if a is meet-irreducible (i.e. irreducible in
the opposite lattice T°P), then we define s(a) = inf{x € T | a < z}. Any finite
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poset A is isomorphic to the full subposet of irreducible elements of a lattice, e.g.
the lattice I} (A) of all subsets of A closed under taking smaller elements.

Now we introduce one of the main concepts for the present a paper. Let A and
B be two finite posets. Define A * B to be the poset whose underlying set is the
disjoint union A U B and whose order relation is the union of the order relation
of A, the order relation of B, and the requirement that a < b for all a € A and
be B. If Ay,..., A, are finite posets, then A; x Ay x...x A, is defined inductively.

A pole poset is a poset of the form A * As x ... x A, where each A; either has
cardinality one, or consists of exactly two incomparable elements. If a € A;, then
clearly a has height ¢ — 1 (with the usual convention that the minimal elements,
that is, those in Aj, have height 0). The definition implies that there are two types
of elements in a pole poset P :

(a) If A; = {a} has cardinality one, then a is comparable to every element of P.

(b) If A; = {a,b} has cardinality two, then a is comparable to every element

of P — {b}. In that case, b will be called the twin of a and written a. In
particular, i =a.

Notice that a totally ordered poset is a pole poset (with no twins). We write P;
for the set of elements of the first type (the ‘totally ordered’ part of P) and P; for
the set of elements of the second type (the ‘twin’ part of P).

A pole lattice is a lattice whose underlying poset is a pole poset. Whenever
a and a are incomparable elements of height ¢ in a pole lattice P, then they are
both join-irreducible and meet-irreducible. In this case, there is a single element
of height ¢ — 1, namely r(a) = a A @, and a single element of height ¢ 4+ 1, namely
s(a) = aV & Clearly r(a) = r(d) and s(a) = s(d). Also, 0 is the unique element of
height 0 and 1 is the unique element of maximal height. Finally, we note that this
discussion easily implies that any pole lattice is distributive.

Lemma 2.1. Let P be a pole lattice and let X = {0} U {s(a) | a € Py}. Then
P — X is the set of irreducible elements of P.

Proof. This is easy and is left to the reader. O

We aim to show that pole posets can be characterized by an internal condition
which will be useful later in Section [4] Recall that a relation R on a set X is a
subset R C X x X and that the opposite relation R°P is defined by :

(z,y) € R?? < (y,z) € R.
Moreover, the product of two relations S and T is the relation defined by
ST :={(z,z) € X x X | Jy € X such that (z,y) €S and (y,z) €T }.

Let X x be the symmetric group of all permutations of X. Associated with a
permutation o € X x, there is the relation

Ay i={(o(z),z) e X x X |z € X}.
In particular, we write Ax := Ajq for the identity morphism of the object X.
The map o — A, is a monoid homomorphism and A, is invertible for every

o € Y x. The symmetric group ¥ x acts on relations by conjugation: we write
R =A,-1RA, and °R = A,RA,-1.

Proposition 2.2. Let P be a finite poset and let R C P x P be its order relation
(i.e. (x,y) € R < x<y). Let R= (P x P)— R. The following are equivalent:
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(a) P is pole poset.
(b) There exists a permutation T of P such that

Vez,ye P, if x Ly, theny < 7(x).

(¢) There exists a permutation T of P such that R”A,-1 CR.

Moreover, if (b) holds, then T can be chosen to be an automorphism of the poset P
and, in that case, it is unique and it satisfies 7(a) = a for all twins a € Ps.

Proof. First note that the equivalence of (b) and (c) follows immediately from the
definitions, because

rLy < (y,x)eR”

while we always have (z,7(x)) € A -1.

Suppose that (a) holds and define 7 to be the permutation that preserves heights
and satisfies 7(a) = a for all twins a € P,. Let z,y € P such that x € y. If x
is the unique element of its height, then x is comparable to all elements of P and
7(z) = x. It follows that y < = 7(z). If z and & are distinct elements of the same
height, i.e. twins, then z is comparable to every element of P — {#}. Therefore, if
y # &, then y < x, hence also y < & = 7(x), while if y = &, then y = 7(x). This
proves that we get y < 7(z) in all cases, hence (b) holds.

We assume now that (b) holds and we want to prove (a). We proceed by induc-
tion on the size of P, starting from the obvious case when |P| = 1. Suppose first
that P has at least two distinct maximal elements w and z. Since w £ z, we have
z < 7(w) by (b), hence z = 7(w) by maximality of z. Similarly, w = 7(z). Now if
r £ w, then w < 7(x) by (b), hence w = 7(x), so that z = 77 !(w) = z. In other
words, if z # w and x # z, then x < w. Similarly, if z # w and x # z, then x < z.
Therefore w and z are the unique maximal elements of P and P = Q*{w, z}, where
Q=P —{w,z}.

If x,y € @ and © £ y, then y < 7(x) by (b). But the permutation 7 exchanges
w and z, so it restricts to a permutation of Q. Therefore (b) holds for the poset Q
and, by induction, @ is a pole poset. It follows that P is a pole poset, as required.

Suppose now that P has a single maximal element w. If x # w, then w £ x by
maximality, hence z < 7(w) by (b). If 7(w) = w, then 7 restricts to a permutation
of @ = P — {w} and again we are done by induction.

So we assume now that our single maximal element w satisfies 7(w) # w. The
condition x < 7(w) obtained above means that 7(w) is the unique maximal element
of P — {w}. Assume by induction that w > 7(w) > ... > 7%(w) and that 77(w)
is the unique maximal element of P — {w,..., 7/ Y (w)}, for every j = 1,...,i.
Then if © # w,7(w),...,7(w), we have 7i(w) £ z, hence x < 77t (w) by (b).
But 7 (w) # 7(w), ..., 7 (w), otherwise 7¢(w) € {w, T(w),..., 7" (w)} which is
impossible by our induction assumption. Therefore, either 707! (w) is the unique
maximal element of P — {w,...,7"(w)} and we continue our induction argument,
or 7 (w) = w.

Our induction argument must stop and we let » > 2 be the smallest integer
such that 7"(w) = w. Then w > 7(w) > ... > 7" }(w) and 77(w) is the unique
maximal element of P — {w,..., 797 (w)}, for every j = 1,...,r — 1. Moreover,
setting @ = P — {w, ..., 7" }(w)}, we obtain

P=Qx+{r" Y w)}*...x{r(w)} * {w}
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and @) must be invariant under 7. By our main induction procedure, @) is a pole
poset. It follows that P is a pole poset. This proves (a) and we are done.

In order to prove our additional statement, we continue the analysis of the permu-
tation 7, as above. In the case when P has two maximal elements w and z, then we
have seen that 7(w) = z. Moreover 7 restricts to a permutation of Q@ = P — {w, z}.
By induction, 7)o can be replaced uniquely by an automorphism « of the pole
poset @ such that o exchanges all the twins of Q. Extending « to P by requir-
ing that o exchanges w and z (as it must, as we have seen for 7), we obtain an
automorphism of P having the additional required properties.

In the case when P has a single maximal element w, then we have seen that
7 permutes cyclically the subset S = {w,7(w),..., 7" 1(w)} for some r > 1, and
it restricts to a permutation of @ = P — S. By induction, 7 can be replaced
uniquely by an automorphism « of the pole poset ) such that o exchanges all the
twins. Extending « by the identity on S, we obtain an automorphism of P having
the additional required properties. O

A join-morphism from a lattice T to a lattice 77 is a map f : T — T’ which
commutes with joins, i.e. such that

(Va)=V s

a€A acA
for any subset A of T'. Similarly, a meet-morphism is a map which commutes with
meets. It is easy to see that a join-morphism is order-preserving, by considering
the join t1 V to in the case where t; <p t2 in the lattlce T. Moreover, the case
= () shows that a join-morphism maps 0€Tto0eT. The following result is
Well known.

Lemma 2.3. Let P and T be finite lattices. Suppose that P is distributive and
let E = Irr(P). Then any order-preserving map ¢ : E — T extends uniquely to a
join-morphism ¢ : P — T.

Proof. For any p € P, we can write uniquely

=V

eck
e<p

and then define the extension of ¢ by

ap) =\ #le).

ecE
e<p

To check that ¢ is a join-morphism, we use the fact that, for any e € E and
p,p’ € P, we have

e<pVp < e<por e<yp.
This is because, if e < pVp', then, e = eA(pVp') = (eAp)V(eAp') by distributivity,
hence by irreducibility, either e = e Ap, ie., e <p,ore=eAp’ ie,e<p. O

Notation 2.4.

(a) We let £ be the category whose objects are the finite lattices and where,
for any finite lattices P and T', Hom, (P, T) is the set of all join-morphisms
from P to T.
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(b) We denote by Inj,(P,T) the set of all injective join-morphisms P — T.
(c) We denote by Sur (T, P) the set of all surjective join-morphisms 7' — P.

Recall from Section 8 of [BT3| that, for any join-morphism f : T — P, there is
an opposite morphism f°P : PP — T°P defined by

rw) =\ ot
Ft)<p
Lemma 2.5. Let P and T be finite lattices and let f : T — P be a join-morphism.
(a) f°P: P°P — T°P is a join-morphism. In other words, for any subset A of P,

PPN @)= N 17

acA acA

(because the meet A is the join in the opposite lattice).
(b) If g : P — Q is a join-morphism, then (gf)°P = fPg°P.
(c) (fr)r=f.
(d) If f is surjective, then ff°P =idp. In particular, f°P is injective and, for
any p € P,
Py =\/ t=sup(f'(p).
f)=p
(e) If f is injective, then f°Pf =idp. In particular, f°P is surjective.
(f) Passing to the opposite induces bijections Inj,(P,T) — Sur, (TP, P°P) and
Sur (T, P) — Inj(P°P, T°P).

Proof. (a), (b) and (c) are proved in Section 8 of [BT3].

(d) Let p € P. The equality V)<, t = V ()=, t follows from the fact that f is
surjective and order-preserving. Moreover, it is clear that \/ ., _,t = sup (f~1(p)).
Since f is a join-morphism, we get f(sup (f’l(p))) = p, hence ff°P =idp.

(e) This follows from (b), (c), and (d) by passing to opposite morphisms.

(f) This follows from (d) and (e). O

For later use, we now prove a specific result in the case when P is a pole lattice.

Lemma 2.6. Let T be a finite lattice and let P be a pole lattice. Then there is a
bijection between Inj,(P,T) and Surg (T, P).

Proof. Associated with the pole lattice P, there is the set
E2 = {a17d17a27d27 e 7anydn}

consisting of all the twins a;, @;, indexed in such a way that a; < as < ... < ay.
Here n is a positive integer (which is zero whenever P is totally ordered). We define

w; = a; N a;, vy =a; Va;, (1<i<n),

and we also set vg = 0 and Wpt1 = 1. Just above the pair of twins a;, @;, there is a
totally ordered interval [v;,w;4+1]. Also, we have a totally ordered interval [vg, w;]
below the pair a1, @1, and a totally ordered interval [v,,, w,+1] above the pair a,,, a.,.
Note that we may have v; = w;41.

Let A € Inj,(P,T). We want to define an injective meet-morphism A : P — T
associated with \. First we set

Mai) = Mai),  Mag) = Aa;)  (1<i<n).
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Since A is a join-morphism, we have
A(vo) =0, Avi) = Mai) VA@) (1<i<n).
Note also that
Mwi) < Ma) AXM@)  (1<i<n),  Mwngr) <1

We have to define A on each interval [vic1,w;], 1 <4 <n+1, and there are two
cases for each 1.

If 1 <4 < mn, either A(w;) = A(a;) A Xa;) or AM(w;) < A(a;) A A(d;). In the first
case, we simply set

X(:c) = \z), Ve [vi—1,w],

while in the second, we set

Az) = A(s(x)) Ve [vi—1,wi, and Mw;) = Mag) A A (a;),

where s denotes the shift upwards in the totally ordered interval [v;_1,w;], that is,
s(x) =inf{y | z < y}.

Similarly, if i = n + 1, either A(wn41) = 1 or A(wpy1) < 1. In the first case, we
simply set

X(m) = \z), V& € [vn, Wnt1),

while in the second, we set

AMz) = A(s(z)) V€ [vn, wnt1], and Awn 1) = 1.

It is easy to see that \is order-preserving and injective, and moreover

Mai A dg) = Mwi) = Mai) AA@) = Mag) AAa;).

In view of the structure of pole lattices, this means that NP> Tisa meet-
morphism, or in other words a join-morphism A : P°? — T°P. Therefore A\ €
Inj(P°P,T°P) and this defines a map

Qpr:Injs (P, T) — Inj, (P, T?), A Al

In the other direction, we proceed as follows. The same construction, applied to
P°P and T°P, defines a map

Qpos or : Inj (PP, T) — Inj (P, T)

and it is elementary to check that {2por 70» maps A to A, because the shift upwards
x +— s(z) in the opposite [v, w]|°P of a totally ordered interval corresponds to the shift
downwards x — r(z) in the original interval [v,w]. In other words the composite
Qpopr 7or 0 Qp 7 is the identity. Similarly, Qp 7 o Qpop 7or is the identity and it
follows that €2 por 7or is a bijection.

Now it suffices to compose with the bijection Inj,(P°?,T°?) — Sur,(T, P) of
Lemma [2.5]to obtain a bijection between Inj,(P,T) and Surs (T, P). O
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3. CORRESPONDENCE FUNCTORS

We recall the basic facts we need about correspondence functors and we refer
to Sections 2—4 of [BT2| and Section 2 of [BT3| for more details. We denote by
C the category of finite sets and correspondences. Its objects are the finite sets
and the set C(Y, X) of morphisms from X to Y (using a reverse notation which is
convenient for left actions) is the set of all correspondences from X to Y, namely
all subsets of Y x X. A correspondence from X to X is also called a relation on X.
Given two correspondences R C Z x Y and S C Y x X, their composition RS is
defined by

RS :={(z,2) € Zx X | 3y €Y such that (z,y) € R and (y,x) € S},

and this generalizes the product of relations, defined in Section [2]

For any commutative ring k, we let kC be the k-linearization of C. The objects
are again the finite sets and kC(Y, X) is the free k-module with basis C(Y, X). In
particular, kR x := kC(X, X) is the monoid algebra of the monoid Rx of all rela-
tions on X. A correspondence functor is a k-linear functor from kC to k-Mod. We
let Fj be the category of all correspondence functors (for some fixed commutative
ring k). We define a minimal set for a correspondence functor F' to be a finite
set X of minimal cardinality such that F'(X) # {0}. For a nonzero functor, such a
minimal set always exists and is unique up to bijection.

The first instances of correspondence functors are the representable functors
kC(—, E), where FE is a finite set, and more generally the functors

LE,W = kC(—7E) ®kRE w

where W is a left kR g-module. Actually, the functor W +— Lg v is left adjoint of
the evaluation functor

]‘—k—>k}RE—MOd, F*—)F(E)

The correspondence functor Lgw has a subfunctor Jgw defined on any finite
set X by

Jew(X) = {Z@ ®@w; € Lpw(X) [ VY € kC(EaX)aZ(l/@i) TwWi = 0}~
We shall work with the functor Lg w /Jgw for some specific choices of kR g-
modules W.

Recall from Section 5 of [BT1| or Section 3 of [BT4] that, for a suitable two-sided
ideal I, there is a quotient algebra kPgr = kRg/I, called the algebra of permuted
orders because it has a k-basis Pg consisting of all relations on E of the form A, R,
where ¢ runs through the symmetric group X g and R is an order relation on E. The
product of two order relations R and S in the basis Pg is the transitive closure of
RUS if this closure is an order relation, and zero otherwise. This product, together
with the conjugation action of permutations on relations, describes completely the
algebra structure of Pg.

Among the kR g-modules, there is the fundamental module kPg fr, associated
with a poset (E, R), where FE is a finite set and R denotes the order relation on E
which defines the poset structure. Here fr is a suitable idempotent in kPg, de-
pending on R, and kPg fr is the left ideal generated by fr. The main thing we need
to know about the fundamental module kPg fg is its structure as a bimodule. This
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is described in the next result, which combines Corollary 7.3 and Proposition 8.5
of [BT1].

Proposition 3.1. Let E be a finite set and R an order relation on E.

(a) The fundamental module kPgfr is a (kRg,k Aut(E, R))-bimodule and the
right action of k Aut(E, R) is free.

(b) kPrfr is a free k-module with a k-basis consisting of the elements A, fr,
where o runs through the group X of all permutations of E.

(c) The action of the algebra of relations kRE on the module kPg fr is given
as follows. For any relation Q € R,

Q- Ay fp = Ao fr if 37 € Xg such that Ap C A,—1Q C R,
o/R= Y otherwise.

Moreover, T is unique in the first case.

Using the bimodule structure on kPg fr, we define

Tryv = kPEfr O aut(e,R) V,

where V' is any k Aut(E, R)-module. Then Ty v is a left kR g-module for the action
induced from the action of kR g on kPg fr described in Proposition[3.1labove. The
main thing we need to know about Ty is the following result, which is part of
Theorem 8.1 in [BT1].

Proposition 3.2. Assume that k is a field. If V is a simple k Aut(E, R)-module,
then Tr v is a simple kKR g-module.

Associated with the above kR g-modules, we can now define some specific corre-
spondence functors, as in [BT2]| and [BT3|. Using the fundamental module kPg fg,
we define

SE.R = LEkPpfr/JEkPstn
and we call it the fundamental functor associated with the poset (E, R). Using the
module Ty, we define

SE,R,V = LE7TR,V/JE1TR,V'

Note that SE,C’R = SE,R and SE,GR, oy = StyE*7R7\/'7 for any permutation o € Xp.
Our next result is Proposition 2.6 in [BT3|.

Proposition 3.3.
(a) The set E is a minimal set for Sg.r and Sg r(E) = kPrfr as left kRg-
modules.
(b) The set E is a minimal set for Sg g v and Sg,ryv(E) = Tryv as left kREg-
modules.
(¢) Ifk is a field and V' is a simple k Aut(E, R)-module, then Sg g v is a simple
correspondence functor.

It is proved in Theorem 4.7 of [BT2| that, when k is a field, any simple functor has
the form Sg v for some triple (E, R, V) and that the set of isomorphism classes
of simple correspondence functors is parametrized by the set of isomorphism classes
of triples (E, R, V) where F is a finite set, R is an order relation on E, and V is a
simple k Aut(E, R)-module.

We note that the fundamental functor Sg g is a precursor of Sg g v, in the sense
of the following result.
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Proposition 3.4. Suppose that V' is a simple k Aut(E, R)-module, hence in par-
ticular generated by a single element v.

(a) Consider the surjective morphism of correspondence functors
®: Lpiporr — LETR Y
induced by the surjective homomorphism of k’Pg-modules
¢ kPpfr — kPefr @raweE.r V =Tr v, aa®o.
Then ® induces a surjective morphism of correspondence functors
Se,r — SERV-
(b) @ induces an isomorphsim

Se.r @k auwt(E,R)V = SERV-

Proof. (a) is Lemma 2.7 in [BT3|, while (b), which is far from being obvious, is
Theorem 7.9 in [BT4]. O

In short, it it is possible to recover Sg gr,v from Sg g by simply tensoring with V.
Consequently, the fundamental functors play a crucial role throughout our work.

Another important construction of correspondence functors is obtained from
finite lattices (see [BT3| for details).

Definition 3.5. If T is a finite lattice and X is a finite set, define Fr(X) = kT,
the free k-module on the set 7 of all functions X — T. Given ¢ : X — T and a
correspondence S € C(Y, X), then Sp : Y — T is defined by the formula

So)w) =\ o).

(y,x)es
Then Fr becomes in this way a correspondence functor.

We want to recall two main properties of this construction but we first need
some notation. Let £ be the category of finite lattices and join-morphisms, as in
Notation[Z4] The k-linearization kL of £ has the same objects and Homy (T, T")
is the free k-module k Hom,(7T,T") with basis Hom,(T,T"). The composition of
morphisms in kL is the k-bilinear extension of the composition in £. The following
results appear in Theorems 4.8 and 4.12 of [BT3].

Theorem 3.6.

(a) The assignment T — Fr extends to a k-linear functor Fy : kL — Fy,.
Moreover, Fy is fully faithful.

(b) If T is a finite lattice, then Fp is projective in Fy, if and only if T is dis-
tributive. In particular, if P is a pole lattice, then Fp is projective.

This provides a fruitful method for handling correspondence functors. Any en-
domorphism in k£ induces an endomorphism in Fj. In particular, any idempotent
endomorphism of an object 7" in kL produces a direct summand of the correspon-
dence functor Fr. This mechanism will be exploited in Sections[7][8] and [9]

Our next lemma gives another realization of the functor Fr in a special case.
Let E be a finite set and R an order relation on E (i.e. (F, R) is a finite poset). As
in [BT3|, let I, (E, R) be the lattice of all subsets of E closed under taking smaller
elements with respect to R. Then (E, R) is isomorphic to the poset of irreducible
elements of I (E, R) via the map e — E<. = {x € E | z < e}. Notice that
r(F<e¢) = E<. in the lattice I} (E, R).
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Lemma 3.7. Let (E,R) be a finite poset and let T = I (E,R). For any finite
set X, define a map

px : Froo(X) — kC(X,E)R,  px(p) ={(z.¢)| e ¢ p(x)} C X x E,

where ¢ : X — TP is any basis element in Fpop(X). Then this induces an isomor-
phism of correspondence functors p : Froo — kC(—, E)R.

Proof. The result can be obtained by combining Proposition 4.5 and Remark 8.7
in [BT3|, using the isomorphism, via complementation, I} (E, R°?) = I (E, R)°P.
We provide instead a direct proof.

Since px () is a subset of X x E, it is an element of C(X, F). It is right invariant
by R because if (z,¢e) € px(p), i.e. e ¢ p(x), and if (e, f) € R, then (z, ) € px ()
because f ¢ ¢(x) (otherwise we would have e € ¢(x) since ¢(x) is closed under
taking smaller elements). Hence px(¢) = px(p)R € C(X, E)R. Tt is elementary
to check that p is a morphism of functors. Moreover, it is an isomorphism because
there is an inverse morphism mapping S € C(X, E)R to the function pg : X — TP
defined by

ps(z) ={e€ E | (z,e) ¢ S}.
The fact that S is right invariant by R implies that ¢g(x) is closed under taking
smaller elements. Details are left to the reader. 0

There is a direct connection between the functors associated with lattices and
the fundamental functors. This is Theorem 6.5 in [BT3].

Theorem 3.8. Let (E, R) be a finite poset. There is a unique surjective morphism
© : Fi,(g,ro») — SE.R
mapping the inclusion map j : E — I (E,R°?) to fr € Sg,.r(E) = kPgfr.
We now recall another main result from [BT3|, which will be used in Section [4]

(and also in Theorem[0.7). Let T' = I|(E, R) and, as in Section 9 of [BT3|, consider
the element

(3.9) vri= Y (=1)An € Pro(E).
ACE
Here % : E — T°P is the map defined by
0/ ) m(E<e)=FE.. if ec A,
nA(e) - { Ege if e ¢ 147

with values in the lattice T', but viewed as elements of T°P.

Theorem 3.10. Let (E, R) be a finite poset and let T = I, (E, R). The subfunctor
of Fro» generated by vyt is isomorphic to the fundamental functor Sg r. Moreover,
the isomorphism

<’)/T>(E) — SEyR(E) > kPrfr
maps yr to fr.
Proof. The first statement is Theorem 9.5 in [BT3|. The second statement can be
traced in the proof of that theorem. More precisely, if j : E — I} (E, R°?) denotes
the inclusion map, it is shown that vz € Fro»(E) is the image of j € F (g, ror)(E)
under a morphism

§: Fr (B,Ror)y —> Fror.
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On the other hand, by Theorem above, there is a surjective morphism
O: FIL(E,RDP) — SE‘,R
mapping the inclusion map j to fr € Sg r(E) = kPgfr. Both morphisms ¢ and

O are proved to have the same kernel and this induces the required isomorphism
<yr> = Sk gr. It follows that this isomorphism maps yr to fr. O

4. CHARACTERIZATION OF SIMPLE PROJECTIVE FUNCTORS

Throughout this section, assume that the base ring k is a field and let (E, R) be
a finite poset. Our aim is to characterize the triples (E, R, V) such that the simple
correspondence functor Sg gy is projective.

Since Sg,g,v is isomorphic to a quotient of the fundamental functor Sg r (see
Proposition [34]), we shall actually work with the latter. We have Sg p & <yr> by
Theorem [3.10] where T = I (E, R) and ~yr is defined by (3:9). We let

CI <yr> — Frop
be the inclusion morphism. We also let
p: Frop — kC(—,E)R
be the isomorphism of correspondence functors described in Lemma [3.7] and we
define
0 :=pC(yr) = p(yr) € kC(E, E)R.
In view of the isomorphism p, the subfunctor <§> of kC(—, E)R generated by § is

isomorphic to <yr>, hence to Sg r. We shall work with § and we first need its
precise description as a linear combination of relations.

Lemma 4.1. Let § := p(yr) € kC(E, E)R, where vyr is defined by [39), and let A
be a subset of E.
(a) p(n%) = R UAy, where R = (E x E) — R and Ay = {(a,a) | a € A} C
ExFE.
(b) 6= 4cp(-D)ME"UAL).
(¢) R(R”UAL) =R"UAL.
(d) Ryr =~r and Rd = 0.

Proof. Throughout this proof, we write x <y for (z,y) € R.
(a) By Lemmal[3.7] we have

i) = (e e Ex Eleg sy ={ FROERxTIef i) e ch

But {(f,e) e ExE|e% f} =R”. If e € A, we need to add to R the element
(e, e), because e £ e. Therefore p(n9) = R” U A, as required.

(b) This follows from (a) and the fact that § = p(yr) = ZAQE(—l)‘A‘p(n%).
(c) Since Ag C R, we have an inclusion

B” UM = Ap(R” UAL) C RETUAL).
In order to prove the reverse inclusion, we let (a,c) € R(EOP UAy4). Then there
exists b € E such that a < b and (b,¢) € R U A4.

If (b,c) € R”, that is, ¢ £ b, then ¢ £ a, otherwise we would have ¢ < a < b.
Therefore (a,c¢) € R,
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If (b,c) € A4, then b = ¢ € A and there are two cases. If a = b, then (a,c¢) =
(a,a) € Ay. If a # b, then a < b = ¢, hence ¢ £ a, that is, (a,c) € R”.

This completes the proof that R(ROF UA4) C R” U Ay, hence equality.

(d) It follows from (b) and (c) that RJ = 0, hence also Ryr = yr because p is an
isomorphism mapping vy to 6. The latter equality was also proved in Lemma 9.3
of [BT3]. O

We also need some technical computations involving §.

Lemma 4.2. As above, consider 6 = ZAQE(—l)M'(ROpUAA). Let S € C(E,E)R
(that is, S C E x E and S = SR).

(a) S¢ # 0 if and only if there exists a permutation o € ¥ such that S = A, R.

(b) If S = RS and S§ # 0, then there exists an automorphism o € Aut(FE, R)
such that S = A, R.

(¢) If (E,R) is a pole poset and if (R”" UAL)8 # 0, then

A=F, and RPUA, = A R,

where T is the automorphism of (E, R) satisfying 7(a) = a for all a € Fs
(the twin part of E) and 7(a) = a for all a € Ey (the totally ordered part

of E).

Proof.
(a) The condition S # 0 is equivalent to Syr # 0 (because p maps yr to J),
hence also to Sfr # 0 by Theorem [3.10l By Proposition [3.1] we obtain

S§#0 < Sfr#0 = 3Jo € X suchthat Ap CAJISCR
= Jo €Xp such that RC AJISRC R?
= JoeXp suchthat RCAJISCR
—> do € ¥ such that S = A R,

using the equalities S = SR and R? = R (by transitivity and reflexivity of R).
Conversely, if S = A, R, then, by Lemmal[Z1] we obtain

S8 = Ay RS = Ayd #0,

because ¢ # 0 since it generates a nonzero subfunctor.

(b) We have S = A,R by (a) and since S = RS, we obtain RA,R = A,R,
or in other words R°R = R, where R = AJ'RA,. Since Ap C R, we get
R? C R°R = R, hence R° = R because both relations have the same cardinality.
This means that A, commutes with R, that is, ¢ is an automorphism of the poset
(E,R).

(¢) By (b) applied to S = R”” UA 4 (which satisfies S = RS by Lemmal[ZI), we
have

Eop UA4 = AR

for some automorphism o € Aut(E, R). Since (E, R) is a pole poset, o is the identity
on E; and interchanges some of the twins e, & € E», so in particular o = o~ 1.

If e € E5 and ¢ is its twin, then é £ e, hence (e, ¢é) € R C A,R. Therefore
(e,o(e)) € A, and (o(e),é) € R, that is o(e) < é. This shows that o(e) cannot be
equal to e, i.e. o(e) = é. Thus o interchanges all the twins, that is, it is equal to
the automorphism 7 of the statement.
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If e € Fy, then (e,e) € A, and (e,e) € R, so (e,e) € A,R. If conversely
(e,e) € AR, then (e,0(e)) € A, and (o(e),e) € R, that is, o(e) < e. This cannot
hold if e € Es, because o(e) = € £ e, and therefore e € E;. It follows that

e€ B, < (e,e) € AR < (e,e) e R UA, < (e,e) €Ay < e€ A,

the third equivalence using the fact that (e,e) ¢ R~ because e < e. This shows
that A = F; and completes the proof. 0

One of the key parts of the proof of the main result is contained in the next
lemma, which will also be used again in Section [5]

Lemma 4.3. Suppose that k is a field. Let Sg g be the fundamental functor asso-
ciated with a finite poset (E, R) and let M be a nonzero direct summand of Sg g.
If M is projective, then (E, R) is a pole poset.

Proof. Since Sg g = <vyp> by Theorem [3.10] we can view M as a direct summand
of <yr> and we let w : M — <7yp> be the inclusion morphism. As above, we
let ¢ : <yp> — Frpopr be the inclusion morphism and p : Fre» — kC(—, E)R be
the isomorphism of correspondence functors described in Lemma [3-7] Finally let

a:M — kC(—,E)R

be the composite a = pdw.

Since M is projective and the base ring k is a field, M is also injective, by
Theorem 10.6 in [BT2|. Therefore the injective morphism « splits, that is, there
exists a surjective morphism

o:kC(—,E)R — M
such that oo = id. Thus ao is an idempotent endomorphism of kC(—, E)R. Since
R € kC(E,E) is a generator of kC(—, E)R, its image ¢ := o(R) € M(FE) is a
generator of M. Now ~yp generates <yp>, so we can write w(c) = vy for some
v € kC(E, E). We know that Ryp = yp by Lemmal[ZI]and therefore vyr = vRyr.
Replacing v by vR, we can assume that v = vR and we do so. Thus v € kC(E, E)R.
Note that ¢ # 0, hence vy # 0.
Now for any u € kC(X, E), we have

a0 (uR) = wao(R) = wale) = uwpCw(c) = wpC(vyr) = uv-pC(yr) = wvé,
where 6 = p((yr) = p(yr) as in Lemma In particular, using the fact that
0 = 0R (because § € kC(F, E)R), we obtain
ao(d) = ac(dR) = dvd.
Since vyr is nonzero, so is its image vd = p((vyr) under the injective morphism p¢
and therefore

0 # v5 = ao(R) = (a0)*(R) = ac(vd) = v-ac(§) = vévd,

from which it follows that dvd # 0.
Summarizing, we have proved that, under the assumption that M is projective,
the element 6 = p(yr) € kC(E, E)R satisfies:

(4.4) Jv € kC(E,E)R with dvd # 0.

Our aim is to show that (4.4) implies that (E, R) is a pole poset.
The condition dvd # 0 implies that there exists a relation S (in the expression
of v € kC(E,E)R as a linear combination of relations) such that 656 # 0. In
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particular S6 # 0, hence S = A, R for some 7 € ¥, by Lemmal[4.2] In view of the
expression of § obtained in Lemmal[4.1] there exists a subset A C E such that

(R UAA)ARS #0.
Again, this implies that the relation (R” U A4)A,R has the form
(R UALAR=ALR

for some ¢ € Y, by Lemma [42] Since the left hand side is invariant under
left multiplication by R (by Lemmal4.1), part (b) of Lemma implies that A,
commutes with R (i.e. 0 € Aut(E, R)). It follows that

(R UAA)A, 1 R=R.
In particular, we deduce that
FOpAw CR, where 1 := 7oL

By the characterization of Proposition[2.2] this implies that (E, R) is a pole poset,
as was to be shown. d

Theorem 4.5. Let k be a field and let Sg,r,v be the simple correspondence functor
parametrized by a finite set E, an order relation R on E, and a simple k Aut(E, R)-
module V. The following conditions are equivalent.

(a) The simple correspondence functor Sg gy is projective.

(b) (E,R) is a pole poset and V is a projective k Aut(E, R)-module.

(c) Fither (E,R) is a totally ordered poset or (E,R) is a pole poset and the
characteristic of k is different from 2.

Proof.

(b) <= (c¢). For a pole poset (F,R), the group Aut(FE,R) is a 2-group (ele-
mentary abelian), generated by all the possible transpositions of twins. In case
(E, R) is totally ordered, this group is trivial and the unique simple k-module k
is automatically projective. In case (F, R) is a pole poset but is not totally or-
dered, then Aut(E, R) is nontrivial and the characteristic of k comes into play. If
char(k) # 2, then all simple k Aut(E, R)-module V are projective (by Maschke’s
theorem). If char(k) = 2, then the unique simple k& Aut(E, R)-module is the trivial
module, which is not projective (by the converse of Maschke’s theorem).

(a) = (b). Since Sg g v is projective by assumption and isomorphic to a quotient
of the fundamental functor Sg g by Proposition [34] it is isomorphic to a direct
summand of Sg r. Therefore Lemmal[Z:3] can be applied and it follows that (E, R)
is a pole poset.

We also have to prove that V' is a projective k Aut(F, R)-module. Let

T =Trv =kPrfr @k aur,r V

be the simple kC(E, E)-module appearing in the definition Sg ryv = Lgr/JEe 1.
By adjunction, there is an isomorphism

Endz, (Lgr) = Homyep, gy (T, Le,r(E)) = Endiep,p) (T)

and this is a skew field by Schur’s lemma (it is actually the field k). This has no
nontrivial idempotent and so Lg 7 is indecomposable. But the surjective morphism

m:Lgr — Lgr/Jer =SERV
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splits because Sg g,y is projective by assumption. Therefore 7 is an isomorphism,
by indecomposability of Lg 1, hence L 1 is projective.

Evaluating this projective functor at the finite set F, we obtain a kC(E, E)-
module

Ler(E) =T =FKkPefr @k au(Er V

which must be projective, by Lemma 10.1 in [BT2|. Now kPgfr @k aut(e,r) V 18
actually a module for the quotient algebra kPr = kRg/I (see Section[3). It follows
that kPpfr @k aut(z,r) V is a projective module for the algebra kPg, because of
the splitting of the composition of surjective homomorphisms

kRg — kP — kPrfr @k au(p,R) V-
Finally, by Theorem 7.5 in [BT1], there is an isomorphism of algebras

kPp = [ [ M, (k Aut(E, R))
R

for some integers ng, where R runs over all order relations on E up to isomorphism
(see also Remark 3.4 in [BT4]). Thus there is a Morita equivalence

kPp-Mod = [] kAut(E, R)-Mod
R

and the bimodule inducing the equivalence is @ kPg fr (see Remark 7.6 in [BT1]).
Therefore kPg fr @ aut(e,r) V corresponds to the k Aut(E, R)-module V' under
this equivalence. Since projectivity is preserved by a Morita equivalence, V is a
projective k Aut(E, R)-module, as required.

(b) = (a). We assume that (F, R) is a pole poset and, as before, we write <y
for (z,y) € R. Our aim is to compute §% and show that it is an idempotent. In
view of the expression of § in Lemma [4.1} we have to consider terms of the form
(EOP UA,)d. By Lemmal[4.2] this can be nonzero only if A = F; and RPUA, =
AR, where 7 € Aut(E, R) is the automorphism exchanging all twins e, & € F5 and
fixing £y = F — E5 pointwise.

Thus R U A g, is the only term which can come into play and we now show
that it is indeed equal to A;R. For any a € FEj, we have (a,7(a)) € A, and
7(a) = a < a, hence (a,a) € A.R. Therefore Ag, C A, R. Since (E, R) is a pole
poset, Proposition [2.2]implies that R” C RA, = AR, using the fact that 7 is an
automorphism of (E, R). So we obtain

R”UAgp, C AR

In order to prove the reverse inclusion, we let (a,7(a)) € A, (since 7 = 771) and
(t(a),b) € R,ie. 7(a) <b. If a € Es, then 7(a) = G, hence @ < b. Then b £ a, that
is, (a,b) € R”. If a € E), then 7(a) = a, hence a < b. If a = b, then (a,b) € Ap,,
while if a # b, then a < b, hence b £ a, that is, (a,b) € R”. This shows the
required reverse inclusion and therefore

Fop U AEl = AR,
as claimed. In particular (ROP UApg, )0 = A;R6 = A6 by Lemmal[4I] Therefore

3* = 3" (-D)MIERT U AL = (-1)PRT U AR ) = (1) PrAS.
ACE
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Since 7 permutes all the subsets A C E and preserves their cardinality, we have
A6 = 6A,. Consequently

((—1)‘E1|AT§)2 = (—=1)2F1IA252 = 52 = (—1)/ Bl A LS,

so we obtain an idempotent.

Right multiplication by this idempotent defines an idempotent endomorphism
of the correspondence functor kC(—, E)R (notice that both A, and § commute
with R). The image of this endomorphism is the subfunctor generated by the ele-
ment (—1)/F1/A§, that is, the subfunctor generated by § because A, is invertible.
But we know that <> is isomorphic to the fundamental functor Sg r. Therefore
Sg,r is isomorphic to a direct summand of kC(—, E)R, hence a direct summand
of kC(—, E) because R* = R is idempotent. Since kC(—, E) is a projective functor
by Yoneda’s lemma, we conclude that Sg g is projective.

Our assumption (b) also says that the k Aut(E, R)-module V is projective. By
Proposition[3.4] SE,r,v is isomorphic to Sg,r @k, aut(r,r) V', Which is in turn a direct
summand of Sg g ® Aut(g,r) K Aut(E, R) = Sg r. Therefore Sp g v is projective,
proving (a). O

Another proof of the implication (b) = (a) will be given later in Corollary

5. PROJECTIVITY OF FUNDAMENTAL FUNCTORS

Given a poset (E, R), we know from Proposition [3.4] that every simple functor
Sk,r,v has a precursor Sg g, called the fundamental functor associated with the
poset (E, R). This is actually defined over any commutative base ring k. The main
result of this section is analogous to Theorem [4.5]

Theorem 5.1. Let (E,R) be a finite poset. Then Sg r is a projective functor if
and only if (E, R) is a pole poset.

Proof. Assume first that Sg g is a projective functor. We allow the base ring k
to vary and we write a superscript (k) to emphasize that a functor belongs to the
category JFj of correspondence functors defined over the base ring k. Let m be
a maximal ideal of k and let C' = k/m be the corresponding field. The scalar
extension functor

Fr — Fc , F—=C®,F

is left adjoint of the scalar ‘restriction’ functor, which is obviously exact. Therefore,
scalar extension sends projective objects to projective objects. In particular, we see
that C' ®p, S%C)R is projective.

By Theorem 6.6 in [BT4], the evaluation Sg’)R(X ) at a finite set X has an explicit

k-basis Bx. This basis is defined independently of k, so that it remains a k’-basis
for any ring extension k — k’. Therefore, the natural surjection

C @1 Sp(X) — S H(X)

is an isomorphism. Since this holds for any X, we have C' ® S%?R = SSEC:;% and it

follows that SSEC:})% is projective. Now the functor M := Sg}{ satisfies the assump-

tions of Lemma and this lemma then asserts that (E, R) is a pole poset, as was
to be shown.
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For the converse, we use the proof of (b) = (a) in Theorem This proof
(except the last paragraph) tells us precisely that, whenever (E, R) is a pole poset,
the fundamental functor Sg g is projective. O

Another proof of the projectivity of Sg g whenever (E, R) is a pole poset will be
given later (see Remark[9.9).

6. SIMPLE AND PROJECTIVE MODULES FOR THE ALGEBRA OF RELATIONS

In this section, we assume that k is a field and we use the close link between
simple correspondence functors and simple modules for the monoid algebra kR x =
kC(X, X), in order to determine all the simple kR x-modules which are projective.
Let us first recall this link, which is Theorem 8.1 in [BT4].

Theorem 6.1. Let X be a finite set and let k be a field.

(a) The set of isomorphism classes of simple Rx-modules is parametrized by
the set of isomorphism classes of triples (E, R, V'), where E is a finite set
with |E| < |X|, R is an order relation on E, and V is a simple k Aut(E, R)-
module.

(b) The simple module parametrized by the triple (E, R, V) is Sg,r,v(X), where
Se.r,v 15 the simple correspondence functor corresponding to the triple
(E,R,V).

Pole posets appear again in the main result of this section.

Theorem 6.2. Assume that k is a field. Let X be a finite set and let (E, R, V) be
a triple as in Theorem[6.1] above. The following conditions are equivalent.

(a) The simple kR x-module Sg rv(X) is projective.
(b) The simple correspondence functor Sg rv is projective.
(¢) (E,R) is a pole poset and V is a projective k Aut(E, R)-module.

Proof. By Theorem[Z5] we already know that (b) and (c) are equivalent.
(a) => (b). Let W = Sg rv(X). By the adjunction mentioned in Section [3]
the identity map W — Sg g v (X) gives rise to a morphism

m: Lxw — Sg,RV,

which is surjective by simplicity of Sg g 1. Since, by assumption, the kR x-module
W is projective and indecomposable, the functor Ly y is projective and indecom-
posable (see Lemma 2.4 in [BT2|) and is therefore the projective cover of Sg g v.
By Theorem 10.7 in [BT2|, we have

Se,.ryv = Lxw/Rad(Lx w) = Soc(Lx,w).

Suppose that Lx w is not simple. Then the simple functor Sg ry appears at
least twice in a composition series of Lx y . Therefore, the simple kR x-module
W = Sg.r,v(X) appears at least twice in a composition series of the kR x-module
Lxw(X). But Lxw(X) = kRx ®Qxry W = W is simple and we obtain a con-
tradiction. It follows that Lx y must be simple and so 7 : Lx,w — Sg,gr,v is an
isomorphism. Since Lx y is projective, so is Sg g v, as was to be shown.

(b) = (a). The simple functor Sg, gy must be generated by its nonzero eval-
uation Sg g v (X) and it is projective by assumption. Therefore, by Lemma 7.3
in [BT2|, the kR x-module Sg r v (X) is projective. O
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7. MORPHISMS AND IDEMPOTENTS CORRESPONDING TO POLE LATTICES

In this section, we construct explicit families of morphisms in the category kL of
finite lattices, where k is a commutative ring, in particular orthogonal idempotent
endomorphisms of a fixed lattice T. They involve a pole lattice P and they have
remarkable properties which will be used in Section [§]to obtain structural results
about the endomorphism algebra Endy(T'). By means of the fully faithful functor
T + Fr, we will then see in Section [9] how to deduce structural results about the
correspondence functor Frr, and in particular about projective direct summands
of FT.

Our results generalize those obtained in [BT3] in the special case when P is a
totally ordered lattice. We follow the same line of development, but with many
necessary additions and technical adaptations.

We first fix a pole lattice P and a surjective join-morphism 7 : T'— P. Recall
that P; denotes the subset of elements p € P such that p is comparable to every
element of P, while P5 denotes the subset consisting of all twins. Let E = Irr(P) be
the set of irreducible elements of P, described in Lemmal[2.1] We write By = ENP;
and Fy = EN P, (so that in fact Fy = Py).

Notation 7.1. We define a notation associated with the surjective join-morphism
m:T — P.
(a) For every p € P, let b7 = 7°P(p) = sup (7~ '(p)). Whenever 7 is fixed, we
write simply b, = by.
(b) B = Im(n°?) = {b, | p € P}. Notice that B is a subposet of T°P which
is join-closed, hence a subposet of T" which is meet-closed and isomorphic
to P.
(c) For every e € Ey, let by = by () and b} = b., where r(e) = supl0, e[p.
(d) For every e € E5 and if € is the twin of e, let b, = b, and b} = by(.), where
s(e) = infle,1]p = e V .
Remark 7.2. The definition in (c) and (d) is not uniform since we have b, = b7
in one case and b. = b_ in the other. This strange behavior will be explained in
Remark [T.10] where a uniform explanation will be given.

For every e € E, choose a. € [b,,bf]7 (where the subscript 7' emphasizes that

e re

the interval is taken within the lattice T'). This defines a family A = (a¢)ecr with
the following property.

Lemma 7.3. Let A = (a¢)ccr be a family of elements of T such that a. € [b., b} ]
for every e € E. Then, whenever e, f € F,

e<pf = ae <T ay.

Proof. If e € E9 and f € FE; with e <p f, then e <p s(e) <p r(f) <p f and
therefore

e <7 b5 = by(e) <7 bo(py = by <ray.
The other cases are easier and are left to the reader. O

By Lemma[2.3] since P is a distributive lattice, the order-preserving map £ — T,
e — ae, extends to a join-morphism

ja:P—1T, D= Gp.
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Explicitly, we have ag = 0 and aeve = A V ag whenever e € Fy with twin ¢ (these

are the only non-irreducible elements of P by Lemma [2.1). Note that ;7 is not

necessarily a section of 7 (see the beginning of the proof of Proposition [7.9)).
Define the family B~ = (b. )ccr and write

wB™,A) = H p(be ; ac)
ecE
where pu(—, —) denotes the M&bius function of the lattice T. Allowing the family
A to vary (i.e. a, varies in [b7,b1]7 for each ¢ € E), define

er’e

(7.4) "= (~1)P Y (B, 4) 5.
A

This is a k-linear combination of join-morphisms, hence an element of kL(P,T).
The morphisms j™ have remarkable properties, in particular when j™ is composed
with the surjection m. We are going to explore those properties in a series of
propositions. We first start with a lemma.

Lemma 7.5. Let A = (ac)ecp and A = (d.)eer be two families as above and fix
some g € E. Suppose that G, = ae for all e € E — {g}. Then the following are
equivalent:

(a) j%(p) = ja(p) for allp € P —{g}.
A
(b) If g € By, then ay V az = a4 V ay where § is the twin of g.

Proof. Suppose that (b) holds. If p = e € E — {g}, then a. = a. by assumption,
that is, j%(e) = ji(e). If p =0, then j%(0) = 0 = j3(0). If now p € P — E and

p# 6, then p = uV 4 for some u € Fso, by the definition of a pole lattice. If g # wu, 1,
then
J%(p) = j5(uV i) =ay Vag = ay Vaz = ji(uV i) = ja(p).
If g = u, then the assumption (b) implies that
szrf(p) = sz;“(g Vg)=ayVag=agVa;=asVa;=3ji(gVg)=3ilp),

proving (a).
Assume conversely that (a) holds. If g € Ej, then condition (b) is empty and
there is nothing to prove. So suppose that g € Fs. Then

agVag=agVa;=ji(gVg)=7jilgV3) =ayVay,
proving (b). O
Definition 7.6. Associated with the subset E = Irr(P), there is a subfunctor

Hp of Fp defined as follows. For any finite set X, the evaluation Hp(X) is the
k-submodule of Fp(X) generated by all functions ¢ : X — P such that E € ¢(X).

This subfunctor is important in the theory of correspondence functors (see Sec-
tion 5 of [BT3| for details).

Proposition 7.7. Let m € Sury (T, P) and let j™ : P — T be the morphism defined
in (7.4).

(a) For any finite set X and any function ¢ : X — P such that E € ¢(X), we
have j7¢ = 0.
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(b) j™ induces a morphism Fj~ : Fp — Fr vanishing on Hp, hence induces in
turn a morphism

Fj‘rr IFP/HP — Frp.

Proof. Since (b) immediately follows from (a), it suffices to prove (a). We have

Mo = (=D T u(BT, AR = Y (—1)‘E1‘< > M(B’,A))w.
A :X—T
Jae=1
For a fixed 1, we have to prove that the inner sum over A is zero. If this inner
sum is empty, then the sum is zero and we are done. Otherwise, we can choose
A such that j5¢ = 1. Let g € E be such that g ¢ ¢(X). Then we can modify
the family A into A, by changing only the image Jalg) = ag € [b,,bf]r into
i%(9) = ag4 € [bg,by]r, with the extra condition that @, V ay = ag4 V ay in case
g € F5. The point of such a modification is that it is precisely the only kind which
does not change the equality j5¢ = ¢, by Lemma [T.5] We set A" = (ac)ecr—{g}

and B'™ = (b7 )ecp—{g} and we let

€
jv:E-{¢} — T, €+ Qe

which we extend to a join morphism j7%, : P — {g} — 7. We obtain

S WE A= Y B A ulty)
LA A g
Jap=y Jare=1v
where the inner sum runs over all a, € [b
gV ag =agVayin case g € Es.

If g ¢ Es, then the sum runs over all @, € [b,,bf]r and this is zero by the
definition of the Mébius function (because b, = by (g <7 by = b}). If g € Ey, then
the extra condition is equivalent to a4V (by V ay) = a, V ay (because b, = b, < ay),
so a4 runs over the interval [bg, ay V ag|r with the condition that its join with the
fixed element b, V ay is equal to the top element a4V ay. By a well-known property
of the Mobius function (Corollary 3.9.3 in [Stal2]), the corresponding sum

> pldy , ag)

ag€[bg,agVaylr
agV(bgVag)=agVay

b ]r, with the extra condition that

is zero, provided the fixed element b, V ay is not equal to the bottom element b,.
But this is indeed the case since by V ag >7 by V by >1 by, the latter inequality
coming from the fact that 7(by Vby) = gV § >p g = mw(by). It follows that the
coefficient of every v is zero, hence j7¢ = 0. O

Now we want to compute the composite 7;57. For any subset Y of F, we define
e ifeey,
(7.8) py : E— P, py(e)=1qr(e) if e€FE,edg?,
s(e) if e€ Ey,e¢Y.
It is easy to see that py is order-preserving (because, if e € Fy, f € Fjp, and

e <p f,thene <p s(e) <p r(f) <p f, while the other cases are easier). Therefore,
by Lemma py extends to a join-morphism py : P — P because the pole
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lattice P is distributive. Note that py (p) = p for any p ¢ E. This is clear if p = 0.
Otherwise p = e V & for some e € Ey by Lemmal[2.1]and

p=eVE<p py(e)V pr(®) <p s(e) Vs(®) =pVp=p,
forcing equality and py (p) = py(e) V py (&) = p.
Proposition 7.9. Let m € Surz(T, P) and let j7 : P — T be the morphism defined

(a) mj™ = ZQQYQE(—lﬂE’Y‘py, where py is defined by (T.8).

(b) If Y # E, then E € py(P).

Proof. For simplicity, we write < instead of <p and < instead of <p.

(a) If e € By and by < x in T, then r(e) < m(x) because b,y = sup{t € T |
n(t) = r(e)}. Thus if x €]b(c), be]r, we get r(e) < m(x) < e, hence 7(z) = e.
Similarly, if e € Ey and x € |be, by(ey]7, then w(z) = s(e). It follows that

e if e € By and j73(e) €]b;,bF 0 =]br(e), be] T,
e if e € By and j%(e) = b, = b,
r(e) if e€ Ey and jj(e) = by = by(e),
s(e) if e € Ey and j%(e) € ]b bF]r =]be, bs(e)]r-

e’”’e

mjale) =

We see that mj7% = py for a suitable subset Y C E and therefore

mT = 3 DS wBA)py
A

0CYCE i
TJA=PY

For a fixed subset Y, in order to realize the condition 7j3 = py, we have the
following possibilities:

e If e € Y N E), then j%(e) can run freely in |b, , bF|7.

o If e € Y N Ey, then j7(e) must be equal to b, = be.

o If e € (£ —Y)N Ey, then j7(e) must be equal to by = by(c).

o If e € (E—Y)N Ey, then j7(e) can run freely in ]be 08 .
It follows that the coefficient (—1)/F11 3> A (BT, A) is equal to

TrJA PY
eI (X wena) I (X wtia)
e€YNEL  qg,elbs b r e€(E-Y)NE2 qa.clb; bd]r

= (—D)IBl . (—pYNEL () (B=Y)NE:|
= (—1)IE=YINE] L (_q)l(B=Y)NE:|
= (-1
using the fact that
0= Z u(be ac) =1+ Z p(be ; ac).
ac€ [bz bz ac€lbe bz
This shows that

as required.
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(b) Suppose that Y is a proper subset of E and let ¢ € F be maximal such
that g ¢ Y. We want to prove that g ¢ py (P). We let p € P and we prove that
py (p) # 9.

If p > g, then p € Y and py(p) = p # g, while if p = g, then py(g) # g.

Assume now that p #? g and g € Fy. Then p < g and py (p) < py(g9) =r(g) < g.

Assume now that p 2 g and g € Es. Then either p < g or p = g, the twin of g.

If p < gand p € Ey, then py(p) < p < g. I p < gand p € Es, then
py (p) < s(p) < g. But s(p) is reducible since s(p) = p V p, while g is irreducible.
Therefore s(p) # g, hence py (p) < g.

If p = g, then p € Es and py (p) is either p or s(p). But neither p nor s(p) is
equal to g.

We have proved that py (p) # ¢ in all cases, as was to be shown. O

Remark 7.10. In the special case when T = P and 7 = id, we find that j'9 is
a linear combination of the maps py. It turns out that ji¢ is actually an avatar
of the element ypor € Fp(E®) which is defined in (3.9), where E° = Irr(P°P).
We know that the element ~p plays an important role throughout the theory of
correspondence functors (see Section 9 of [BT3]| and Section[dlof the present paper).
The advantage of ypo» is that it has a uniform definition, contrary to j© (as observed
in Remark [7.2]).

To make this explicit, let E = Irr(P), viewed as a subposet of P and EY =
Irr(P°P), viewed also as a subposet of P (so that it is actually (E°)°? which is
the subposet of irreducible elements of P°P). Since P is a distributive lattice, it
is isomorphic to the lattice I} (E) of all subsets of E closed under taking smaller
elements. The passage to complements induces an isomorphism I|(E) = IT(E)P,
where IT(E) is the lattice of all subsets of E closed under taking greater elements.
On restriction to F, this induces an order-preserving isomorphism o : £ — E°,
which turns out to map e € E; to r7(e) € EY (in the totally ordered part) and
e € Es to its twin é € EY (in the twin part).

Now 7por is a linear combination of maps E° — P and we precompose it with
at, where 7 : E — F exchanges all the twins and fixes all the other elements. We
obtain a linear combination of maps £ — P and, after an explicit computation, it
turns out that

Ypor T = £ §i4,

the sign being actually (—1)|E1 . (This computation appears explicitly in the proof
of Theorem [0.7] using a bijection w : E® — E which is actually the inverse of at.)
The definition of py in (Z.8) was not uniform and, accordingly, j'¢ has a rather
strange behavior. However, by means of the isomorphism a7, the translation of all
this in terms of ypor becomes uniform.

Unfortunately, we need to work with j'9 rather than ypor. The reason is that
ypor € Fp(E®) is a linear combination of maps E° — P, whereas, after composing
with a, we obtain order-preserving maps £ — P which are extendible to endomor-
phisms P — P (because P is a distributive lattice, see Lemmal[23). The key fact
is that endomorphisms are better because they can be composed, in particular it
makes sense to consider idempotent endomorphisms.

We can now prove a main result concerning the composite j™7 and obtain con-
sequences for the correspondence functor Fp associated with the pole lattice P.
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Proposition 7.11. Let 7 € Surg(T,P) and let j™ : P — T be the morphism
defined in . Let g : Fp — Fp/Hp be the canonical surjection, where Hp is
defined by (7.6)).
(a) j™ is an idempotent endomorphism of T.
(b) The composite of Fjw : Fp/Hp — Fp and qF; : Fp — Fp/Hp is the
identity morphism of Fp/Hp.
(c) Fjw : Fp/Hp — Fr is injective and embeds Fp/Hp as a direct summand
Of FT,
(d) Fj=Fx is an idempotent endomorphism of Fr whose image is isomorphic
to FP/HP .

Proof.

(a) This follows from (d), which is proved below, because the functor F» : kL —
Fy, is fully faithful by Theorem [3:6] Alternatively, it is not difficult to compute
directly

j‘n'ﬂ,jrr :jﬂ Z (_1)‘E7Y|p fj ldP+ Z \E Y\ % :jﬂ-,
OCYCE YAE
because E € py(P) if Y # E by Proposition [Z.9] hence j7py = 0 by Proposi-
tion[77] Then the equality j77j™ = j™ implies that ™7 is an idempotent.
(b) By Proposition[7.9] for any finite set X and any function ¢ : X — P,

FrFyr(p) =m0 = > (=) Vpvp=0+ > (-1)FVpye.
PCYCE YAE

But E € py(P) if Y # E by Proposition [7.9] hence E Z py(X). In other words,
pyy € Hp(X), so that

FFye(9) = ¢ (mod Hp(X)).

Composing with the canonical map ¢ : Fp(X) — Fp(X)/Hp(X) and writing
q(¢) = P, we obtain

qFFj=(p) = qF- Fj=(¢) = q(¢) = P,

as was to be shown.

(c) This follows immediately from (b).

(d) This follows immediately from (b) and the obvious equality Fj~qF, =
Fj«F,. 0

One of our aims is to show that the idempotents j™m are orthogonal. In order
to understand the product of two idempotents %6 and ™7 we need to have more
information about 85™. This is the purpose of our next three propositions, but we
first need a lemma.

Lemma 7.12. Let Q be a pole lattice, let 6 € Surs(T,Q), and let [t1,t2]r be an
interval in T'. For every q € Q, define

UT=07"(q) N [tr, t2]r = {a € [t1,ta]7 | 0(a) = )} C [t1, 2]z

Let g1 = 0(t1) and assume that U% is not reduced to the singleton t;. Then for
each q € Q, we have ), ;q p(t1,a) = 0.
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Proof. The result is obvious if U? = (), so we assume that U? is nonempty. Since
all elements of U? have the same image under 6, so has their join and therefore U?
has a supremum

u? = sup(U?) € U1.

Now we have [t1, t2]r = UzeqU? and, by assumption, U = [t1, u? ]y is a nontrivial

interval, so that
Z p(t,a) = 0.
acUN

This is the starting point of an induction argument. We fix ¢ € @ and we assume
by induction that ) ;- pu(t1,a) = 0 for every r € @ such that ¢; <r < ¢. Then
we obtain

0 = Zae[tl,UQ]T /‘L(t17 a’) = qugrgq ZanT /‘L(t17 a’)
ZaEU‘Z ,U/(th (I) + Zq1§r<q ZaGU" M(th CL)
Zanq :u(th a)7

using the induction assumption. This completes the proof. 0

Proposition 7.13. Let 7 € Surg (T, P) and 0 € Surg(T,Q), where P and Q) are
pole lattices, and let §™ : P — T be the morphism defined in (Z4). Suppose that
057 # 0. Then the restriction of 6 to the subset B = Im(w°P) is injective. In
particular, |P| < |Q)|.

Proof. Let E = Irr(P). By the definition of j™, we have
0j" = (-0 (B 0= 3 (0N wBm ).
A

P A
e 055=
Now fix some morphism v : P — @ and, for every e € F and every q € @), define

U =07 (q) N [bz,b8]r = {a € [b7 . bf]r [ 0(a) = @)}  [b2, b ]

ere er’e €

Here, we write B = {b,, | p € P}, as before. Then, since a join-morphism from P is
entirely determined on E = Irr(P), we have

0j% =1 <= ji(e) eUY O Veec E < a, e UY VecE.

In particular, if ¢ appears in the expression of 5™, then Uy(e) # ) for every e € F.
It follows now that the coefficient of v is, up to sign, equal to

Soumm =T ( X nera).
A

€€E , cpt(©

0ja=v
Suppose that §jp : B — @Q is not injective. Then we want to prove that the
coefficient of 1 is zero. This is the case if Ul ©) — § for some e € FE, because we

get an empty sum, which is zero. So we assume that Uép(e) # () for every e € E.
The noninjectivity of 6| p implies that there exist two adjacent elements w < y in P
such that 6(b,) = 6(b,). There are three cases.

Case 1. y € Fy and w = r(y). Then b, = b, and b, = b;r. Choosing a € U;f’(y),
we obtain

0(bw) = 0(b,) <q 0(a) <q 0(by) = 0(by),
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hence (b, ) = 0(a) = 6(b/}). Since 8(a) = ¥ (y), it follows that the whole interval

[b, ;b I is mapped to ¥ (y) under 0, that is, [b, , b, ]r = U;f}(y). But then

Z M(by_7 ay) = 07
ayGU;p(y)

by the definition of the Mébius function (because b, # b,). Therefore the coeffi-
cient of v is zero.

Case 2. w € Ey and y = s(w). Then b, = b, and b, = b. Choosing a € AR
we obtain

0(bw) = 0(b,,) <q 0(a) <q 0(by,) = 0(by),
hence 6(b,,) = 6(a) = 6(bf). Since 8(a) = (w), it follows that the whole interval
[b,b]7 is mapped to ¢(w) under 6, that is, [by,bt]r = US™. But then

Z /’L(b;n a’w) =0,
awEUfﬁ(w)
and the coefficient of v is zero.
Case 3. y € Ey and w = r(y). Let z = ¢ be the twin of y, so that b, =b,. Since
w < z, we have b,, < b, and
O(by Vb)) =0(by) VO(b,)=0(by,)VOb,)=0(b,Vb,)=106(b,).
Letting g1 = 6(b,), we see that UZ* contains both the minimal element b, = b, of

the interval [b7, b} ] and another element b, Vb, because b, < b, Vb, < by, = b}.

zr7z

Thus the assumption of Lemma[7.12]is satisfied and it follows that
Z u(b ,az) = 0.
a,eU¥®
Again the coefficient of 1) is zero and we are done.

This completes the proof of the injectivity of 6p : B — (). Since 7°° is injective
(by Lemma [2.5)), its image B has cardinality |P| and therefore |P| < |Q|. O

Let @ be a pole lattice and x € Sur. (T, Q). Using a slightly abusive notation, it
is convenient to define Ker(jX) to be the kernel of left composition with jX. More
precisely, for our fixed lattice P, we let Ker(5X) be the kernel of the k-linear map

kL(P,Q) — kL(P,T), W = jX).
We use this notation in the rest of the present section.
Proposition 7.14. Let w € Surz (T, P) and 6, x € Surg (T, Q), where P and Q are
pole lattices. Suppose that jX05™ # 0.
(a) There exists a unique isomorphism 7 : P — @Q of lattices such that
05" =7 (mod Ker(jX)).
(b) Moreover, 0(b,) = 7(p), for all p € P (where b, = b} = 7°P(p), as before).

Proof. We assume that jX6j™ # 0, and in particular 65™ # 0. Let F = Irr(P) and
write first

05" = (0PI wBm ) 0n = > (0P wBT,A)e.
A

P:P—Q
0ja=y
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Let v : P — @ be a map appearing with a nonzero coefficient in the expression
of 5™ and let A be such that 6% = . Since jX0;57 # 0, we can also assume that
1) is such that jX1) # 0. Proposition implies that the function ¢ : P — Q) must
satisfy Irr(Q) C ¥ (P). Since 9 = 647 is a join-morphism and Irr(Q) generates Q,
the map v : P — Q must be surjective. By Proposition[7.13] 657 # 0 implies that
|P| < |Q|. Therefore |P| = |@Q|. It follows that ¢ is a bijective join-morphism,
hence an isomorphism of lattices.

Proposition [7.13] also asserts that the map O : B — Q is injective. Since
|B| = |P| = |Q|, it is a bijection and therefore there is a unique isomorphism
T : P — @ such that

0(bp) = 7(p), Vpe P
For any e € E, we have ¢(e) = 057 (e) = 0(a.) for some a. € [b_,bf]r. If e € E},
then b = b, hence
b(e) = 0(a.) <q O(be) = 7(e).
Therefore e <p 1~ 7(e), so that ¥y "'7(e) = e because 1)~ is an automorphism
of P, hence height-preserving. Similarly, if e € Eo, then b, = b., hence

7(e) = 0(be) <q 0(ac) = ¥(e),

so that 1~!7(e) <p e and ¥~ '7(e) = e. This shows that Y| = T|g, hence ¢ = 7.
Therefore, whenever A is such that jX857% # 0, then 657 = 7. It follows that the
functions ¥ which appear with a nonzero coefficient in the expression of 5™ are T
and maps P — @ lying in Ker(5%). O

In the situation of Proposition[7.14] we can replace 6 by 6’ := 7714 and jX by
le := jX 7. The effect of this is that we are reduced to the case where Q = P and
T = idp, that is,

0(by) =p, VpeP.

For simplicity, we use this reduction in our final result, which is the key for under-
standing the composition of the morphisms we have introduced.

Proposition 7.15. Let 7,0,y € Surs(T, P), where P is a pole lattice. Suppose
that 6(b,) = p for all p € P (where b, = b = 7°(p), as before).
(a) If j7X65™ £ 0, then 0 = 7.

(b) We have
jxejﬂ: jX Zf9:ﬂ-7
0 ifbo#m.
Proof.
(a) By Proposition [7.14] we have 65" = idp (mod Ker(jX)), because the auto-

morphism 7 is the identity by assumption. Moreover, as in the proof of the previous
propositions, the coefficient of idp in the expression of 857 is equal to

G SRRV IECIE | (D SRTC)]

ecE a.€U,
03 =idp

where we write simply
Ue :=Us ={a € b, bl]r | 0(a) = e} C b, b7

e e er’e

Since the coefficient of idp in the expression of @57 is nonzero (it is 1), every sum
> a,cv, (g, ac) is nonzero, and in particular U, # 0.
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As in the proof of Lemma[7.12] U, has a supremum u, € U,. We also define
Ve:={a € [b;,0]r | 0(a) <p r(e)}

so that [b,, ue]r = Ve U U,, because any a < u,. satisfies 8(a) <p e, hence either
O(a) < r(e) or f(a) = e. There are two cases.

Case A. V. = (). Then U, = [b;,ue]r. The nonzero sum »_, i, u(b;,ae) forces
b, = ue, hence U, = {b_ }.

Case B. V, # (0. Then again V., must have a supremum v, € V,, so that V, =
[b- ,ve]r and ve <7 u.. In that case, we obtain

0# > plbsa0)= Y plbia) — Y plbya0) == D ulb;,ac),

ac.€U, ac€[bZ sue]r a.€Ve a.€Ve

because the sum over [b, , ue]r is zero since b, < v, <7 u.. Therefore

Z p(b, ,ac) = Z u(be ,ac) #0

ac€be elr ae€Ve
and this forces b, = v., hence U, =|b, , u.].

By assumption, we know that 8(b.) = e for all e € E, hence b. € U,. If e € Es,
then b, = b_, hence b € U.. This forces to be in case A and therefore we obtain:

Case A. U, = {b.} if e € Ej.
If e € Ey, then b, = b, hence b} € U.. This forces to be in case B with
moreover u, = bT. Since b, = by(c), we get:

Case B. Ue =]by(c), be] if e € Ey.

Let ¢, = 0°P(p) = sup (§~*(p)) (that is, ¢, = b using Notation [ZI). Since
we assume that 6(b,) = p, we have b, <rp ¢, for all p € P. We now prove that
b, = ¢, by descending induction in the lattice T, starting from the obvious equality
by, = 1r = ¢i,,- For simplicity, we write < and < for the order relation in 7.
Suppose now that p € P and b, = ¢, for every ¢ > p. We have to discuss three
cases.

Assume that p = r(e) with e € Ey. Then b, < ¢, < ¢. = b, hence ¢, €
[br(eys be]T = {bp} LU, (Case B). But 0(c,) = p # e, so ¢, ¢ U.. Therefore c, = by,.

Assume that p € Fy. Then

by =bp < cp < Cagp) = bsp) = by

Therefore ¢, € [b,,bf]r = Uplb, , b7 (Case A). Since 6(c,) = p, we have ¢, €
U, = {b,}, hence ¢, = b,.

Assume now that p = e A € where e € E5 with twin €. Then b, = ¢, and bg = cg.
Thus we obtain

bp:be/\é =be Nbs = ce N Ci = Cene = Cp,

as was to be shown. We have now covered all cases, completing the proof that
b, =cp forall p € P.

Now we obtain 0°P(p) = ¢, = b, = w°P(p) for all p € P, hence §°7 = 1°P. Passing
to the opposite, it follows that 6 = 7, as was to be shown.

(b) We now know by (a) that § = m whenever jX0;™ # 0. Moreover, in that
case, Proposition implies that 757 is the sum of idp and an element of Ker(jX),
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using our assumption that 6(b,) = p, for all p € P. Applying jX, it follows that
JjXmg™ = jx. [

Keeping our fixed finite lattice T', we now allow the pole lattice P to vary.

Notation 7.16.
(a) Polr is a set of representatives of isomorphism classes of pole lattices P
such that Surg (T, P) is nonempty (hence in particular |P| < |T'|, so that
Polyr is finite).
(b) For any P € Poly, the group Aut(P) acts on Surz(T, P) (by composition)
and we let Sur, (7T, P) be a fixed chosen set of representatives of the orbits.
(c) If x,0 € Sur, (T, P) and 7 € Aut(P), we define

fxro=g%10:T — T.
In particular, fridp.« = j7m is the idempotent of Proposition[7.11]

Remark 7.17.

(a) Let X' = ox € Surg(T, P) be the image of x under the action of o, for
some o € Aut(P). Then jX/ = jXo~!. This is proved by going back to
Notation [T.I]and using the associated elements bX = x°?(p), respectively

by = xX'"(p) = X0 (p) = X0 (p) = BX 1),
from which the associated morphism jX, respectively jX/, is constructed, as
in (74). It is then elementary to check that jX = jXg~1.

(b) Changing the choice of orbit representatives has the following effect. Let
X' =ox € Surz(T, P) and ¢ = pf € Surs(T, P), where o,p € Aut(P). It
follows from (a) that we obtain jX orp= 10" = jX70.

(¢) In particular, friqa,,» = 777 is independent of the choice of 7 in its Aut(P)-
orbit.

Now we come to the crucial relations among the endomorphisms f, ;.

Theorem 7.18. Let T be a finite lattice and let P,Q € Polr.

(a) Let x,0 € Surg(T,P) and 7 € Aut(P). Let also m,x € Surg(T,Q) and
o € Aut(Q). Then

0 otherwise .

fxroe Y P=Q and =,
fx,‘r,e f‘ir,o‘,/-c - { X

(b) When P varies in Poly and w varies in Surz (T, P), the idempotents fridp =
are pairwise orthogonal.

Proof. Let x' = 77 Yx € Surz (T, P), so that jX = jX7, by Remark [[.17) If P # Q,
there is no isomorphism between P and @, by our choice of Poly. Therefore we
obtain jX 65 = 0, by Proposition It follows that

Fxr6 fron = 70§70k = X070k = 0.

So we now assume that P = Q. Suppose that f, r¢ fr.or 7 0. In particular,
JXT03™ #£ 0, that is, §X 5™ # 0. By Proposition[7.14] there is a unique isomorphism
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p: P — P such that 05" = p (mod Ker(jX')). Let # = p=0 and x" = p~1y/,
hence jXN = jX/p = jX7p. Then we obtain
0 # X057 = jXT05™ = jXrpp~ 05" = X0
Moreover, since 657 = p + h with leh = 0, we have jX”pflh = 0. Therefore
0'j" = p~ 05" =idp+p 'h=idp (mod Ker(jX")).
The uniqueness of the automorphism in Proposition also implies that we have
¢'(by) = p for all p € P (where b = 7°P(p), as before).

We are now in the assumptions of Proposition[7.15lfor 7, ', and x”. We deduce
that ' = m, so that 6 and 7 belong to the same orbit under the action of Aut(P).
But ¢ and 7 belong to a chosen system of representatives Surg (7, P). Thus we
must have p =idp and 0 = 7.

It now follows that we can write ;™ = idp +h, where jX/h =0, that is, jX7h = 0.
Therefore

fX,T,G fTr,a,H = jXTejWO'K: = jXT(idP —|—h)0’l*€ = .jXTO'K/ = fX,TU,fm

as was to be shown.
(b) This follows from (a). O

8. SUBALGEBRAS CORRESPONDING TO POLE LATTICES

In this section, we show how the results of Section [7] imply some precise in-
formation about the structure of the endomorphism algebra Endy.(T) of a finite
lattice T, where k is a commutative ring.

We continue to use Notation [7.16] so P is a pole lattice running through the set
Polr and Sur. (T, P) denotes a set of representatives of Aut(P)-orbits in Sur. (T, P).
Let M, (r,py(k Aut(P)) denote the matrix algebra of size n(T, P) = |Sur(T, P)|,
with rows and columns indexed by the set Sur, (T, P), and coeflicients in the group
algebra k Aut(P). If x,0 € Surg (7T, P) and 7 € Aut(P), we let m, ¢ denote the
elementary matrix having coefficient 7 in position (x, 6) and zero elsewhere.

With this notation, we can now state a main result, which was already obtained
in [BT3| in the special case when P runs over totally ordered lattices.

Theorem 8.1. Let T be a finite lattice. For each P € Polr, let Sury (T, P) be a set
of representatives of the orbits for the action of the group Aut(P) on Surg(T, P)
and let n(T, P) = |Surs(T, P)|.

(a) The map
IT : @ Mn(T,P)(k Aut(P)) — EndkL(T) s My,7,0 — fX7T19
PePolr

is an algebra homomorphism (without unit elements).

(b) Zp is injective.

(¢) The image of Ir is equal to the subalgebra Er (without unit element) of
Endy . (T) having a k-basis consisting of all join-morphisms T — T whose
image is a pole lattice.

Proof.
(a) Let P,Q € Polp. If P # @), then m,, - 9 and my , , are not in the same block,
so their product is 0, while the product fy -6 fro . is also zero. If P = @, then
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the relations of Theorem|7.18|are the standard relations within a matrix algebra of
size n(T, P) with coefficients in the group algebra k Aut(P).

(b) Since the elements m, o form a k-basis of D pepyi, Mn(r,p)(k Aut(P)), it
suffices to prove that their images f, r ¢ are k-linearly independent. Suppose that

Z /\XJ—,Q fx,T,G =0,

X570

where Ay -9 € k. Multiplying on the left by fria, . and on the right by fr ,», we
are left with the terms for which y = x and § = 7. Therefore we obtain

E /\R,T,Tr fﬂ,idp,ﬁ fR,T,TI' fﬂ',o,ﬂ = § )\5,7',77 fﬂ','ra,ﬂ' =0.
T T

Now, by Definition frrom = j"Tom is a linear combination of distinct maps
T — T, one of them being j%_7Tom, appearing with coefficient £1, where we use
Notation [71] and set B~ = (b, )ecp. We claim that the functions j%_7o7 are
pairwise distinct when 7 varies. This implies that each coefficient A, ;. must be
zero, proving the required linear independence.

To prove the claim, we write for simplicity p = 7o and we allow p to vary. The
group Aut(P) is isomorphic to Cy x Co X ... x Cq, where each C5 acts by exchanging
two twin elements of Ey and fixing the others (where E = Irr(P), as before). So
we consider some e € E5 and we let € be its twin. Then we get

) ] _ b, if ple) =e,

JB-pm(be) = jg-ple) = bp(e) = {bz it ple) = &.
We see that the functions j%_pm are pairwise distinct when p varies, proving the
claim.

(c) It is clear that &p is a subalgebra. Moreover, every map j is a join-morphism,
where A is a family as in Lemma [3] Therefore jX76 is a join-morphism whose
image is a pole lattice, by construction. It follows that f, -4 = jX76 belongs to Er
and hence Im(Zr) C &r.

Now we want to show that £ has a k-basis consisting of all morphisms ¢y ; »
described as follows. First we fix P € Poly and we let

O\ re = ATT,

where m € Surg(T,P), 7 € Aut(P), A € Inj.(P,T), and where Inj,(P,T) de-
notes a set of representatives of Aut(P)-orbits in Inj,(P,T). If o : T — T is a
join-morphism whose image is isomorphic to P, it is the composite ¢ = A7 of a
surjection ™ € Surz(T, P) and an injection \e Inj-(P,T). By our choice of orbit
representatives, we have 7 = 77 where m € Surg (T, P) and 71 € Aut(P), and
similarly A = Ay where A € Inj(P,T) and 75 € Aut(P). Then ¢ = A\t7 = @ rr,
where 7 = mp77. It follows that

{orrr | TmESWL(T,P), € Inj.(P,T), T € Aut(P)}

is a k-basis of the submodule &7 p generated by all endomorphisms whose image is
isomorphic to P. Allowing P to vary in Polr, we deduce that

B= |J {orrn|meSu,(T,P), A€ nj (P, T), 7 € Aut(P)}
PePolr

is a k-basis of Er = ®P€P01T Erp.
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On the other hand, it follows from (a) and (b) that

U {fx.r0 | x,0 € Surg (T, P), 7 € Aut(P)}
PePolr

is a k-basis of Im(Zr). By Lemma [2.6] there is a bijection between Inj,(P,T)
and Surg (T, P). We can also choose representatives to obtain a bijection between
Inj,(P,T) and Surz(T, P), because Aut(P) acts freely on each side. Therefore B
and B’ have the same cardinality. In other words Im(Z7) and Er are free k-modules
of the same rank. We want to prove that the inclusion Im(Z7) C &7 is an equality
(which is obvious if k is a field since the dimensions are equal).

We now allow the base ring k to vary and we write a superscript (k) to emphasize
the dependence on k. Thus we have an injective algebra homomorphism

IV P Mur,py(kAut(P)) — Y C Endye(T)
PePolr

and we let X*) := 5}16) / Im(I(Tk)), so that we have a short exact sequence

0—=Im(ZP) Lo g _PEs ) 0,

where ji is the inclusion map and pg the canonical surjection. In the case of the
ring of integers Z, we see that X% is a finite abelian group, because Im(IT(«Z)) and
SZ(FZ) are free Z-modules of the same rank. Tensoring with k is right exact, so we
obtain an exact sequence

1®7z 7) 1®pz
% E®

k@ Im(T) —% L kex® .

Using the canonical bases B and B’ of Im(IPEFIC ) and Erfpk) respectively, we see that

ko Im(ZP) 2 Im(z¥)  and  ke&® =gl

Moreover the map 1 ® jz corresponds, under these isomorphisms, to the inclusion
map ji. In particular, considering the prime field F,, for any prime number p, we
obtain an exact sequence

Im(I(]Fp)) E(F 1®pz IF ®X(Z) Y

Since F), is a field and the dimensions are equal, the inclusion map jp, is an equality.
Therefore F), ® xX® = = {0} and this holds for every prime p. Thus we must have
X% = {0}, because X(Z) is finite, so that the inclusion map jz : Im(I(TZ)) — S}Z) is

an equality. Tensoring with k, it follows that the inclusion map jy, : Im(IT(«k)) — Eq(wk)
is an equality as well, as required. (]

Remark 8.2. Let B and B’ be the two bases of Er = Im(Zr) described in the proof.
The change of basis from B to ' is not obvious. By construction, every map jX76
belongs to B, but beware of the fact that if § and x belong to Surz (7T, P), then jX76
may be a composite T — P’ — T for some pole lattice P’ smaller than P. This
is because, in the construction of j%, the family A = (ac)ccr does not necessarily
consist of distinct elements (where E = Irr(P) as before).

The image under Z7 of the identity element of @ pcpyy,. Mn(r,p)(k Aut(P)) is
an idempotent er of Endy.(T) and er is an identity element of 7. We now prove
more.
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Theorem 8.3. For every finite lattice T, let Ep = Im(Zr) be the subalgebra
of Endy.(T) appearing in Theorem [8.1) and let er be the identity element of Ep.

(8) er =3 pepoly 2ancSus (TP I midp -

(b) For any finite lattice T' and any morphism o € Homy,(T,T"), we have
aer = epra. In other words, the family of idempotents ep, for T € L, is a
natural transformation of the identity functor idg,.

(¢c) er is a central idempotent of Endy.(T).

(d) The subalgebra Er is a direct product factor of Endgs(T), that is, there
exists a subalgebra D such that Endy.(T) = Ep x D (where Er is identified
with Er x {0} and D with {0} x D, as usual).

Proof.
(a) The identity element of €D pepy, Mn(r,p)(k Aut(P)) is equal to

E § My idp,n-

PePolr 7cSur, (T, P)

Taking its image under Zp yields the required formula.

(b) We have seen in the proof of Theorem[8.I]that every element of the canonical
basis B of & has the form ¢ » . = Arw, where 7 € Surg (T, P), A € Inj.(P,T)
and 7 € Aut(P). Passing to the opposite, we obtain

op __ ., op_opyop __ ,_op,_—1yop
Oxrm = TETPAP = P70 X

with 7°P € Inj,(P°P,T°P) and A°P € Sur(T°P, P°P). It follows that the opposite of
the canonical basis element @y ; » of &7 is the canonical basis element @ op -1 yop
of Erop. Therefore, the opposite of the identity element ey of & must belong
to Eror. Moreover, it must be the identity element of Erop, because taking opposites
behaves well with respect to composition. Therefore (e7)°P = eqop.

Now if a: T — T” is a join-morphism (i.e. « is in £), then the image of a pole
sublattice of T is a pole sublattice of T". It follows that composition with o maps
er to a linear combination of join-morphisms with a pole lattice as an image, hence
invariant under the idempotent element ey . In other words, we have

aer = erraer.

Applying this equation to T'°", T°P, and the morphism «° : TP — T°P, we
obtain a®? epror = epor AP errop. Passing to opposites and using the above equality
(er)P = eqop, we get
errxer = ey Q.

The two displayed equations yield aer = epr«. This holds as well if « is replaced
by a k-linear combination of join-morphisms (i.e. « is in kL), as was to be shown.

(c) This is a special case of (b).

(d) This follows immediately from (c). O

9. CORRESPONDENCE FUNCTORS FOR POLE LATTICES

In this section, we first consider the special case of the endomorphism algebra of
a pole lattice Q. We determine completely the structure of this algebra. Applying
then the fully faithful functor 7' — Fp, we deduce a direct sum decomposition of
the correspondence functor F, providing an explicit description of Fy for any pole
lattice @. In particular, when £ is a field of characteristic different from 2, Fg is
semi-simple. At the end of the section, we return to an arbitrary finite lattice T
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and describe direct summands of Fp corresponding to pole lattices inside 7. The
results are generalizations of those obtained in [BT3] in the special case of totally
ordered lattices.

Theorem 9.1. Let Q be a pole lattice.
(a) The homomorphism of k-algebras of Theorem [81]

IQ : @ Mn(Q’p)(k Aut(P)) — EHdkL(Q) , My, 7.0 — fX1T79’
PePolg

is an isomorphism.
(b) In particular, if k is a field and if either Q is totally ordered or if k is a
field of characteristic different from 2, then Endy,(Q) is semi-simple.

Proof.

(a) Since any join-morphism ¢ : Q — @ has an image which is a pole lattice, the
subalgebra &g of Endy.(Q) appearing in Theorem [8.1] is the whole of Endyz(Q).
Therefore, the homomorphism Zg is surjective. By Theorem 1y is injective,
hence an isomorphism.

(b) If @ is totally ordered, then so is each P and Aut(P) is the trivial group. Thus
we get matrix algebras M, g, py(k). If Q is not totally ordered, then each Aut(P)
is a 2-group (and at least one of them is nontrivial, namely Aut(Q)). The group
algebra k Aut(P) is semi-simple when the characteristic of k is different from 2
(Maschke’s theorem). Therefore any matrix algebra M, (k Aut(P)) is semi-simple
and it follows that the direct sum is semi-simple as well. O

Now we consider the central idempotents of Endg,(Q) corresponding to the
above decomposition into matrix algebras.

Notation 9.2. For any pole lattice P € Polg, set
BQ,P = Z fﬂ',idp,ﬂ"

wESurs (Q,P)

In particular, when P = @, then Sur,(Q, Q) = Aut(Q) and Sur.(Q, Q) is a single-
ton which can be chosen to be {idg}. We then define

£qQ = Bg,@ = fidg.ida,ido = jie = Z (=) E Y py,
OCYCE

using Proposition|7.9] with E = Irr(Q) and py € End,(Q) defined by (7.8).
g Prop [2.9] P y

Proposition 9.3. The elements 8o p, for P € Polg, are orthogonal central idem-
potents of Endgc(Q), and their sum is equal to the identity. In particular, the
central idempotent € satisfies

£Q EHdkL(Q) >~k Aut(Q)

Proof. For every m € Surg(Q,P), the inverse image of frid, » under the alge-
bra isomorphism Zg of Theorem [91] is the matrix My idp,» Of the component
M,y q,py(k Aut(P)) indexed by P. Summing over all 7 € Sur.(Q, P), it follows that
the inverse image of 8q p under Zg is the identity element of M, o p)(k Aut(P)).
The first statement follows.

In the case P = @, we know that Sur,(Q, Q) is a singleton, so that the cor-
responding matrix algebra has size 1. The inverse image of €g under Zg is the
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identity element miq, idg,ido Of the component M; (k Aut(Q)) = k Aut(Q). Clearly
e Endp.(Q) = M (kAut(Q)) = k Aut(Q). O

We want to use the fully-faithful functor F» : kL — Fj, (see Theorem to
deduce information on the correspondence functor Fy. We already know that Fy
is projective, because the pole lattice @ is distributive (see Theorem[3.6). We apply
the functor F» : kL — Fj to the map ;™ € Homy, (P, Q) defined in (7.4), where
7 € Surz(Q, P). By Proposition [7.7|we obtain a morphism

Fjw Fp— FQ

which vanishes on Hp, where Hp is defined by (Z.6). By Proposition [Z11] this

induces an injective morphism

an ZFP/HP —>FQ

which embeds Fp/Hp as a direct summand of Fg, corresponding to the idempotent
fridp,x = j7m. In particular, for P = Q, we have fia, idg,ido = jlde = eq and we
obtain an idempotent endomorphism F;, of Fp with kernel Hg,.

Theorem 9.4. Let QQ be a pole lattice and define Sqg = Fg/Hg, where Hg is
defined by (Z.6).

(a) Sq is a projective correspondence functor.
(b) There are isomorphisms of correspondence functors

FEQFQ = Sg,
Fg, n FQ SSL)(Q’P), for each P € Polg,

~ n(Q,P
Fo = @ spen.
PEPOIQ

1%

Proof.

(a) Since the pole lattice @ is distributive, Fy is projective (Theorem[3.6]). There-
fore so is its direct summand Sg.

(b) Since the functor Fy : kL — Fy, is fully faithful (Theorem [3.6), it induces an
isomorphism of k-algebras

EndkL(Q) = End g, (FQ)

Now the idempotents fr idp .~ of Endgc(Q), for m € Surg(Q, P) and P € Polg, are
orthogonal and their sum is equal to the identity, by Theorem It follows that
the endomorphisms Fy,_,, _ of Fq are orthogonal idempotents, and their sum is
the identity. Hence we obtain a decomposition of correspondence functors
Fo = @ Ffﬂ,idp,w(FQ)'
PEPOIQ
wE€Surs (Q,P)

By surjectivity of m : @ — P, the image of Fy_,, = = Fj=Fr : Fg — Fg is
equal to the image of Fj» : Fp — Fg. Therefore Fy_,, (Fg) = Fj=(Fp). By
Proposition [7.11] the image F}j~ (Fp) is isomorphic to Sp = Fp/Hp and it follows
that

Ffﬂ',idP,w (FQ) ~Sp.
Taking P = @ and fia,,idg.,ido = ji9e = £, we obtain the first isomorphism
F.,Fg = Sq. Summing over all 7 € Surg(Q, P) for a fixed P, we obtain the
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second isomorphism. Finally, summing over all P € Polg and all 7 € Surz(Q, P),
we obtain the third isomorphism. O

Corollary 9.5. Let P and P’ be pole lattices. Then

~ [ {0} ifpP# P,
Homp, (Sp,Sp) = { kAut(P) ifP =P
Proof. Since Sp = F._Fp, the case P = P’ follows from Proposition Now if
P % P, it is easy to choose a large enough pole lattice @ such that Surz(Q, P) # 0
and Surz(Q, P’) # 0. Using the central idempotents g p and Sg pr of Proposi-
tion [0.3] we obtain

HOm]:k (FBQ.PFQ’ FBQ,P’ FQ) =~ HOII]]:k (SP,SP/)”(QJD)’H(Q’P’)
Since Fpg, , and Fpg, ,, are central idempotents of Endr, (Fg), and since they are
orthogonal if P % P’, it follows that Homz, (Fg, , Fq, Fp, .. Fo) = 0if P % P/,
hence Homgz, (Sp,Sp/) = {0}. O

Remark 9.6. Corollary [9.5] actually holds for the fundamental functors associated
with any two finite posets. This more general result will be proved in another paper.

Now we prove that the functor Sg is actually isomorphic to a fundamental functor
and we compute the ranks of all its evaluations.

Theorem 9.7. Let QQ be a pole lattice and let R be the order relation on the set
E =Trr(Q) of irreducible elements of Q. Let Sg = Fgo/Hg.

(a) Sq is isomorphic to the fundamental functor Sg, gor.
(b) For any finite set X, the k-module Sq(X) is free of rank

JCEOL

|Z|

rank(Sq(X)) = Z(—l)i(

=0

|E]
i
Proof.

(a) We use the elementl vgor € Fg(EY) defined in (3.9), where EY = Irr(Q°P).
By a well-known result of lattice theory (Theorem 6.2 in |Ro|), the distributive
lattice QP is isomorphic to I} (EY, RY), where R is the order relation on E° viewed
as a subset of QP, so that (E°, R") is the poset of irreducible elements in Q°P. Note
that the isomorphism Q% =2 I (E° R°) can also be checked easily and directly
because Q°P is a pole lattice. Recall that

Yoor = Y (=D,
ACE®
where 719 : E® — Q denotes the same map as 14 : E° — Q° and 74 is defined by
0 0 0y _ 5(60) if 60 S A,
Ve EE,WA(e)—{eo if€0¢A,
because 7(e°) in the lattice QP is equal to s(e") in the lattice Q.
Now we define w : E® — Q by
on [ s(e%) ife e EY,
w(e)—{ eV if ® € EY,
and we notice that w is actually a bijection between E° and E = Irr(Q), because
in a pole lattice we have E; = s(EY) and E; = ES (by an easy application of
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Lemma[2.1). Then w € Fo(E®) and when we apply the idempotent F;, we claim
that we obtain

(9.8) Feq(w) = (=1)1Ptlygon.
The definition of e¢ (see Notation[0.2) yields
Fp(w) =equw= Z (=DIE Yy w.
YCE
The definition of py in (Z8) splits into two cases. If ¢° € EY, then
(o)) = pr () = { 1) _ o0 Holes) 57
If now € € EY, then
(v o)) =or(@) ={ S0y Treo gy
For each Y C E, we define A C E° by
Y NE; =s(ANEY) and Y NEy=FEy— (AN Ey).
Thus we have decompositions
Y=(YNE)U(YNE,) CE and A=(ANE)U(ANEY) CE°
and A runs through all subsets of E° when Y runs through all subsets of E. If
e’ € EY, then
s(eeYnNE, < L cANEY
while if e” € EY, then
e ¢YNE, — € ANE).
Therefore the two cases merge into one and we obtain
v o)) ={ o) oot

so that py w =nj3.
As far as the signs are concerned, we have

|E—=Y|= B~ (YNE)|+|B: — (YN Ey)| = |E} — (AN EY)| + |AN B3],
hence
(=D)IEYT = ()l () ANELL L (L) IANESL — (_p)IEal L ()l

It now follows that

Fow) = ZYCE(_U‘ELY'PYW
= (-7l ZAQEU(_l)IA‘nil
= (=1)Frlyger.

This proves Claim [9.8] above.

Now Fg is generated by w € Fg(E°), because it is generated by ¢ € Fg(F)
(where ¢ : E — @ is the inclusion), hence also by any injection from the set E°
to @, by composing ¢ with a bijection between E° and E. Since F¢,, is an idempotent
endomorphism of the correspondence functor Fg, we see that F., F is generated by
F.,(w). In other words, in view of Claim[0.8]above, F;, Fg is generated by yqor €
Fg (E®). Now Theorem [3.10] asserts that the subfunctor of Fg generated by vyger
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is isomorphic to Sgo_go, where (E°, RY) is the poset of irreducible elements in Q7.
But (E° R°) = (E, R°P) via the map w : E® — E described above. Therefore,
using the isomorphism of Theorem[9.4] we obtain

Sq = F. Fq = (vqeor) = Sgo.ro = Sk, Ror-

(b) By Definition the canonical k-basis of Sq(X) = Fo(X)/Hg(X) is the
set Z(X) of all maps ¢ : X — @ such that E C ¢(X) C Q. Therefore Sq(X) is free
of rank |Z(X)|. The number of maps in Z(X) has been computed in Lemma 8.1
of |BT2| and the formula is actually well-known. The formula asserts that this rank

is equal to
|E|

201 =L () oar -
=0
as required. O

Remark 9.9. In view of the projectivity of Sg (Theorem [0.4), the isomorphism
Sg = Sg,rer provides another proof of the projectivity of the fundamental functor
Sk, rer whenever (E, R°P) is a pole poset. This was first proved in Theorem [5.1]

Remark 9.10. The formula for the rank in Theorem is a special case of the
general formula proved in [BT4] for the rank of the evaluation of any fundamental
functor. We have given here a direct proof in the case of a pole lattice because it
is easy, while the proof in the general case is much more elaborate.

When £ is a field, we get even more.

Corollary 9.11. Let k be a field. Let Q be a pole lattice and let (E, R) be the poset
of irreducible elements in Q.

(a) For any simple k Aut(Q)-module V', the functor Sq @y aut(q) V is simple,
isomorphic to Sg rer v .

(b) The correspondence functor Sq is projective and injective.

(¢c) If either Aut(Q) is trivial (which occurs if Q is totally ordered) or if the
characteristic of k is different from 2, the correspondence functor Sg rer v
is simple, projective, and injective.

(d) Under the assumption of (¢), Sg decomposes as a direct sum of simple (and
projective) functors

Sq = @ SE,Rov,V
%

where V' runs over simple k Aut(Q)-modules up to isomorphism.
(e) Under the assumption of (¢), Fg decomposes as a direct sum of simple (and
projective) functors

Fo = @ @(SEP,R;”,VP)n(Q’P)a

PEPOIQ Vp

where (Ep, Rp) denotes the poset of irreducible elements in P and where
Vp runs over simple k Aut(P)-modules up to isomorphism.

Proof.

(a) Using Lemma it is easy to check that Aut(Q)=Aut(E, R)=Aut(E, R?),
so Vis a k Aut(E, R°?)-module. Recall that the fundamental correspondence func-
tor Sg,rer has a right k Aut(E, R°?)-module structure (in the sense that each eval-
uation Sg per(X) is a right k Aut(E, R°?)-module, in a compatible way with all



262 SERGE BOUC AND JACQUES THEVENAZ

morphisms, which act on the left). Moreover, by Proposition[3.4] we know that the
simple functor Sg grer,v is obtained from the fundamental functor Sg rer by simply
tensoring with V:

SE.Rov v = SE Rovr @Aus(E,Ror) V that is, SE,Ror,v = Sq @k Aut(@) Vs

as required.

(b) Sg is projective by Theorem Since k is a field, it is also injective by
Theorem 10.6 in [BT2].

(c) When either Aut(Q) is trivial or the characteristic of k is different from 2,
k Aut(Q) is semi-simple and every simple k Aut(Q)-module is projective. Moreover,
every simple k Aut(Q)-module has dimension 1 because Aut(Q) is an elementary
abelian 2-group (the only roots of unity needed are +1). Therefore we have an
isomorphism of k Aut(Q)-modules

FA@Q = @ V.

V simple

where V' runs over all simple k£ Aut(Q)-modules up to isomorphism. It follows that

Sq 2 S @k au@) FAW(Q) = ) So @rawi)VE P Serev.

V simple V simple

Since Sq is projective and injective by (b), so is each of its simple direct summands
SB,Rov,V -

(d) The decomposition of Sg was proved above.

(e) The decomposition of F follows immediately from (d) and Theorem[0:4] O

In the special case of totally ordered lattices, the results of Corollary [9.11] were
already obtained in Corollary 11.11 of [BT3|. Also, notice that (c) provides another
proof of the implication (b) = (a) in Theorem

Our last purpose in this section is to find, for any finite lattice T, all the direct
summands of Fp isomorphic to a functor Sp corresponding to a pole lattice P.
Recall that er denotes the central idempotent of Endy,(T) which is an identity
element for the subalgebra Er (see Theorem[8.3)).

Theorem 9.12. Let T be a finite lattice. For every finite set X, let FTpOIC(X) be
the k-submodule of Fr(X) generated by all the maps ¢ : X — T such that o(X) is
a pole subposet of T'.

(a) FP2'° = F, (Fr) and this is a subfunctor of Fr.

(b) FTpOIe s a projective direct summand of Fr, isomorphic to

F;Ole o~ @ SP _ @ SZL;(TJD).

PePolr PePolr
weSurg (T,P)

c is a pole lattice, the image of any morphism — Fr in Fy is con-
(¢) If Q is a pole lattice, the image of any phism Fgo — Fr in Fj 4

tained in FTPOIC. In particular, any subfunctor of Fr isomorphic to the

functor S¢ is contained in FR°.
(d) Homz, (F2°, Fiq —ep (Fr)) = {0} and Homz, (Fi —c, (Fr), F27°) = {0}.
(e) The splitting of the surjection F,, : Fr — FTpOle is natural in T.
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Proof.

(a) Let ¢ : X — T be a map such that ¢(X) is a pole subposet of T. Let @ be
the join-closure of ¢(X), so that ¢ = j1, where ¢ : X — @ and where j: Q — T
is the inclusion map. It is easy to see that @) is a join-closed pole lattice. Thus
j € Homy.(Q,T) and so j = jeg because eg € Endi.(Q) is the identity morphism
by Theorem[9.1] Now jeg = erj by Theorem[8.3] hence j = erj. Therefore

o =jv =erjip = erp = Fe, (),

proving that ¢ € (Fe,. (Fr))(X).

Conversely, if ¢ € (F.,.(Fr))(X), then we can write ¢ = F,,.(¢) = epy) where
1 is a k-linear combination of maps X — T. Since er is, by construction, a
linear combination of maps whose image is a pole poset, so is ert, proving that
¢ € FP(X).

This shows that F2° = F,(Fr) and the latter is a subfunctor of Fr.

(b) As in the proof of Theorem|[9.4] we apply the fully faithful functor kL — Fj,
defined by T'— Fp. There is a direct sum decomposition of functors

Fr = Fep(Fr) @ Fd e (Fr) = F2O° @ Fa _e, (Fr).

The idempotent er is the sum of the orthogonal idempotents fr id, » of Endgz(T),
for 7 € Surg(T,P) and P € Polp. It follows that the endomorphisms Fy_| dpo
of Fr are orthogonal idempotents with sum F,,.. Hence we obtain a direct sum
decomposition of correspondence functors

F]piole _ FeT (FT) = @ Ffﬂ,idp,ﬂ' (FT)

PcPolp
weSurg (T,P)

By Proposition [T.I1] the image of Fy_,, = Fj=r is isomorphic to Fp/Hp = Sp
and is projective by Theorem [9:4] proving the result.

(c) Let o : Fg — Fp be a morphism of correspondence functors where @ is a
pole lattice. Since the functor T'— Fr is full, « is the image of a morphism Q — T
in kL, which is in turn a linear combination of join-morphisms f : Q@ — T. Any
such f has an image which is a pole subposet of T. Therefore, for any function
@ X — @, the image of fy is a pole subposet of T'. It follows that the image of
the map Fy(X) : Fo(X) — Fr(X) is contained in F?OIG(X). Therefore, the image
of the map Fy is contained in FTpOlC and so the image of « is contained in FTPOIC.

The special case follows from the fact that Sg is a subfunctor of Fg, by Theo-
rem[9.4]

(d) The first statement is a consequence of (b) and (c), while the second one
follows from a dual argument. Details are left to the reader.

(e) By Theorem [83] the family of idempotents ey, for T' € L, is a natural trans-
formation of the identity functor idg,. Therefore the family of idempotents F.,.,
for T' € L, is a natural transformation of the identity functor idz, . O

Corollary 9.13. Let F be a correspondence functor and let FP'® be the sum of all
the images of morphisms Fp — F, where P varies among pole lattices.

(a) The subfunctor FP°'° is the image of an idempotent natural transformation
er: F — F, so that FP°'° is a direct summand of F.
(b) Homg, (FPo, (id—ep)(F)) = {0}.
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(¢) The idempotent ep is natural in F. In other words, when F wvaries among
correspondence functors, the family of idempotents ep is a natural transfor-
mation of the identity functor Fr — Fi.

Proof. We only sketch the main arguments of the proof. By Yoneda’s lemma applied
to a set of generators of F', there is some index set I and a surjective morphism
from a direct sum of representable functors

e @kC(—,Ei) — F
icl
and each kC(—, F;) is projective. Moreover, kC(—, E;) is isomorphic to Fr, for some
distributive lattice T; (by Lemma[3.7). It follows that there is an exact sequence

®j€JFUj—>®i€IFTiW—>F—>O

where U; is again a distributive lattice for each j in some index set J. Let us
write € for the direct sum of the idempotent endomorphisms of Theorem [9.12]
independently of the lattices involved. Thus we have a commutative diagram

®j€JFUj—>®i€IFTiW—>F—>O

R
EBjeJFUj —@Djer 1y ——=F—=0

where ep : F — F is induced by e. It is easy to check that er is an idempotent
morphism and that Im(er) C FP°®, because Im(er) = Im(7¢e) and this is the image
under 7 of correspondence functors associated to pole lattices, by Theorem
Moreover, any pole lattice P is distributive, so Fp is projective. Therefore any
morphism Fp — F' lifts to a morphism Fp — @, ; Fr, whose image must be
contained in Im(¢). Thus FP°' is contained in 7(Im(¢g)) = Im(er).

The proofs of (b) and (c¢) are similar. O

REFERENCES

[BT1] Serge Bouc and Jacques Thévenaz, The algebra of essential relations on a finite set, J.
Reine Angew. Math. 712 (2016), 225-250, DOI 10.1515/crelle-2014-0019. MR3466554

[BT2] Serge Bouc and Jacques Thévenaz, Correspondence functors and finiteness conditions, J.
Algebra 495 (2018), 150-198, DOI 10.1016/j.jalgebra.2017.11.010. MR3726107

[BT3] Serge Bouc and Jacques Thévenaz, Correspondence functors and lattices, J. Algebra 518
(2019), 453-518, DOI 10.1016/j.jalgebra.2018.10.019. MR3873948

[BT4] Serge Bouc and Jacques Thévenaz, The algebra of Boolean matrices, correspondence func-
tors, and simplicity, J. Comb. Algebra 4 (2020), no. 3, 215-267, DOI 10.4171/JCA /44.
MR4162291

[Ro] Steven Roman, Lattices and ordered sets, Springer, New York, 2008. MR2446182

[Stal2] Richard P. Stanley, Enumerative combinatorics. Volume 1, 2nd ed., Cambridge Stud-
ies in Advanced Mathematics, vol. 49, Cambridge University Press, Cambridge, 2012.
MR2868112

CNRS-LAMFA, UNIVERSITE DE PICARDIE - JULES VERNE, 33, RUE ST LEU, F-80039 AMIENS
CEDEX 1, FRANCE
Email address: serge.bouc@u-picardie.fr

INSTITUT DE MATHEMATIQUES, EPFL, STATION 8, CH-1015 LAUSANNE, SWITZERLAND
Email address: jacques.thevenaz@epfl.ch


https://www.ams.org/mathscinet-getitem?mr=3466554
https://www.ams.org/mathscinet-getitem?mr=3726107
https://www.ams.org/mathscinet-getitem?mr=3873948
https://www.ams.org/mathscinet-getitem?mr=4162291
https://www.ams.org/mathscinet-getitem?mr=2446182
https://www.ams.org/mathscinet-getitem?mr=2868112

