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Foreword 

Ultra-High Performance Fiber Reinforced Cementitious composite materials (UHPFRC) 

have high potential to strengthen effectively reinforced concrete structures and to develop 

into an own building method for new constructions, while reducing significantly the 

environmental impact compared to traditional reinforced concrete construction.  

Cast as a relatively thin layer on existing reinforced concrete members to form a monolithic 

composite element, UHPFRC acts as an external reinforcement, increasing the ultimate and 

fatigue resistances. UHPFRC elements, complemented by steel reinforcement bars or 

prestressing, are relatively thin and allow for the construction of cost-effective lightweight 

structures. An additional benefit is that UHPFRC has extremely low permeability that 

provides outstanding durability. 

In Switzerland, the UHPFRC technology is implemented on a larger scale for more than 10 

years to enhance existing concrete structures and to build new structures, leading to more 

than 150 field applications by now. The UHPFRC technology transfer in Switzerland is 

based on the targeted research activity by the MCS group at EPFL. The present doctoral 

thesis by Xiujiang Shen is part of this 20 year-long research effort.  

In his doctoral thesis, Xiujiang Shen investigated the failure process in thin slab elements of 

UHPFRC under quasi-static and fatigue loading. Such elements are increasingly been used 

worldwide for innovative new structures as well as for rehabilitation and strengthening of 

reinforced concrete members to increase their ultimate and fatigue resistances as well as the 

durability. Novel experimental methods have been developed to observe and characterize the 

tensile and fatigue behaviour of UHPFRC under uniaxial and equi-biaxial tensile stress state. 

The biaxial fatigue testing and the determination of fiber orientation effects by means of 

non-destructive testing are original and new. Consequently, novel knowledge regarding 

material characteristics of UHPFRC and their implementation in structural engineering are 

gained. 

Xiujiang Shen provides the proof of his capabilities to conduct a scientific study and to solve 

complex scientific questions. In the name of the whole MCS Team, I thank him for his 

constant and thorough investment to the thesis topic as well as for his professional skills and 

personal qualities. 

Lausanne, April 2020 Professor Eugen Brühwiler 
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Summary 

Cast-in-place thin layers of Ultra-High Performance Fiber Reinforced Cementitious Composites 

(UHPFRC) on the specific zones of existing reinforced concrete (RC) bridge decks has been 

demonstrated to be a technically efficient and economic rehabilitation and strengthening method. 

In these applications, the UHPFRC layer with typical thickness of 30 to 50mm, serving as tensile 

reinforcement, increases the bending and shear resistance of UHPFRC-RC composite members 

through its in-plane tensile resistance and deformability. Bridge deck slabs are the most fatigue 

loaded structural elements in bridges, and the actual stress state caused by wheel loading is nearly 

equi-biaxial and far from uniaxial. Bridge decks are expected to be subjected to a high number of 

fatigue stress cycles, which may exceed several hundred million. Accordingly, this thesis is devoted 

to study experimentally and analytically the static and fatigue flexural response of UHPFRC slab-

like element subjected to biaxial stresses. 

For a given UHPFRC mix, there are no intrinsic tensile properties. The representative behavior, 

especially the strain-hardening response, is dependent on the fiber distribution characterized by 

the fiber volume fraction 𝑉𝑓 , fiber orientation 𝜇0  and fiber efficiency 𝜇1  within the UHPFRC 

element. The present thesis introduces firstly the uniformity factor 𝜇2 for considering the local 

fiber distribution within an UHPFRC element. Accompanied with the fiber orientation factor 𝜇0 

and efficiency factor 𝜇1 , the influence of 𝜇2 on the strain-hardening response of UHPFRC under 

uniaxial tension is investigated quantitatively by means of experimental campaign and mechanical 

analysis. The direct tensile test (DTT) was carried out on dumbbell specimens, extracted from a 

UHPFRC slab element, to characterize the tensile behavior of UHPFRC. Before tensile testing, 

actual fiber distribution of each specimen was measured by the non-destructive test (NDT) 

method using a magnetic probe. During DTT, the initiation and propagation of matrix 

discontinuities and the fictitious crack were monitored visually by the digital image correlation 

(DIC) system. Based on the present results and available literature, it is concluded that 𝜇2  is 

relevant to characterize the tensile strain-hardening response, especially the hardening strain 𝜀𝑈𝑡𝑢 

and matrix discontinuities energy 𝑔𝑈𝑓  of the tested UHPFRC. Additionally, 𝜀𝑈𝑡𝑢  and 𝑔𝑈𝑓  are 

found to vary linearly with 𝜇0𝜇1𝜇2 for a given UHPFRC mix. The average 𝜇2 value is proposed 

to be applied for scaling the representative tensile response in the design of UHPFRC structural 

elements. Finally, the most likely 𝜇2 values are determined for UHPFRC layers with different 

thickness. 

In a next step, the biaxial flexural response of strain-hardening UHPFRC circular slab elements 

using ring-on-ring test method is investigated. The DIC system is applied to capture the 3D full-

field strain and deflection of the tensile surface through the whole loading process. Based on the 

testing results, a quasi-elastic limit is introduced to characterize the flexural response of UHPFRC 

under biaxial stress condition. The random and uniform distribution of matrix discontinuities in 

the quasi-elastic domain, as well as multiple fictitious cracks in the hardening domain of structural 

specimen response, is highlighted. In addition, an in-depth comparison between ring-on-ring test 
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and 4-Point-Bending-Test (4PBT) results, with special emphasis on flexural strength and matrix 

discontinuity development, is conducted. The results show considerably higher ultimate flexural 

strength and energy absorption capacity under ring-on-ring test, and almost the same flexural 

strength at the quasi-elastic limit for both tests. An original analytical inverse analysis method for 

determining the biaxial tensile properties of strain-hardening UHPFRC from ring-on-ring test is 

developed based on yield line and slab bending theories. The inverse analysis results are validated 

against the experimental evidence, particularly based on DIC analysis. It shows a 18% lower elastic 

limit stress, and almost equivalent tensile strength of UHPFRC subjected to biaxial stresses, 

compared with the corresponding values from uniaxial stress. And a relatively small biaxial 

hardening strain is highlighted.  

Finally, four series of biaxial flexural fatigue tests under constant amplitude fatigue cycles up to 

Very High Cycle Fatigue (20 million cycles) are conducted using circular slab-like elements. The 

fatigue stress level S (ratio of the maximum fatigue force to the ultimate quasi-static resistance of 

the slab specimen) is ranging from 0.50 to 0.68, targeting at the fatigue endurance limit and fatigue 

behavior of strain-hardening UHPFRC material under biaxial stress condition. The fatigue damage 

evolution is analyzed in terms of central deflection as well as development of fictitious crack 

propagation and opening. Based on the fatigue test results, a fatigue endurance limit at 20 million 

cycles is found at the stress level S=0.54 for UHPFRC circular slab elements under biaxial flexural 

fatigue. At this force level, the specimen is in the final part of its quasi-elastic domain of quasi-

static flexural response, where a network of matrix discontinuities is largely developed in the 

UHPFRC material. And four phases of fatigue damage evolution characterize the fatigue behavior 

of UHPFRC specimens showing fatigue failure, while only the first two phases are identified for 

run-out specimens. Moreover, linear fatigue damage accumulation occurs in UHPFRC slab 

specimens showing fatigue fracture, irrespective of the fatigue loading level. The constant fatigue 

damage rate d𝐷𝑛/d𝑁𝑛 is determined to be 0.26, which is 27% slower than the corresponding 

value obtained from direct tensile fatigue tests 

Keywords: Strain-hardening UHPFRC, Fiber distribution, Uniformity factor, Matrix 

discontinuity, Direct tensile test (DTT), Ring-on-ring test, Biaxial stress condition, Digital image 

correlation (DIC), non-destructive test (NDT), Inverse analysis, Very high cycle fatigue (VHCF), 

Quasi-elastic limit, Thin slab element 

SUMMARY
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1. Context 

The concept of sustainability is nowadays respected in modern civil engineering projects relating 

to construction and rehabilitation of infrastructures (e.g. bridges and buildings), where minor 

environmental impact and low economic costs are required [1–6].   

Globally, one-third of the final energy consumption is related with bridges and buildings, which 

contributes to almost one-quarter of greenhouse gas (GHG) emission worldwide [3]. This 

consumption becomes increasingly large attributed to two main facts. One comes from the 

population and traffic volume growth, suggesting the increase demand of new infrastructures. On 

the other hand, some existing structures are either reaching the end of their service life or become 

structurally deficient due to premature deterioration [7]. This is particularly so in the case of bridges. 

For example, 35% of bridges in Europe are older than 100 years [6]; 39% of bridges in US are 

more than 50 years old, of which 9.1% exhibit significant damage with considerable risk of failure 

[7]. These infrastructures thus need to be rehabilitated and improved to comply with current 

requirements in terms of ultimate, serviceability and fatigue limit states. In this regard, developing 

advanced materials and innovative construction technologies for construction and rehabilitation 

is of paramount importance. 

Tensile strain hardening Ultra High-Performance Fiber Reinforced Cementitious Composites 

(UHPFRC) possess very appealing features to improve the effectiveness, durability and 

sustainability of new and existing structures, shown to be an advanced material towards the 

fulfilment of the concept of sustainable development. UHPFRC has extremely low permeability, 

relatively high strength (compressive strength ≥ 180 MPa, tensile strength ≥ 10 MPa) and good 

ductility in tension [8,9]. In addition, it is well acknowledged that UHPFRC shows fatigue 

endurance limit up to multimillion cycles under uniaxial tensile, flexural and compressive fatigue 

[10]. Currently, UHPFRC is available at an industrial scale and successfully applied in practice. 

Regarding new structures, slenderness and lightweight generally represent UHPFRC structural 

elements for bridge and building applications (Figure 1). Worldwide, UHPFRC applications on 

innovative new structures develop rapidly under the impulse of pioneering countries such as 

Switzerland [8], China [11] and Malaysia [2]. As benefited from the high strength and ductility in 

tension, UHPFRC thin structural elements provide good resistance against bending, shear and 

fatigue resistance even without ordinary reinforcement [9,10,12]. Moreover, they often are 

prefabricated and transported easily, hence allowing a very fast construction on-site. Maintenance 

is largely reduced during the service life, given the high durability of UHPFRC materials. 

Consequently, significant material and energy savings are achieved when lightweight UHPFRC 

elements are applied. 

UHPFRC is used to rehabilitate and strengthen structural members of reinforced concrete bridges 

with respect to resistance and durability. This method is based on the research works at 

MCS/EPFL since 1999 [8,13] (Figure 3) and has made its proof in engineering practice in 

Switzerland (Figure 2). The original concept is placing a relatively thin UHPFRC layer (with typical 

thickness of 40 to 60mm) on the top surface of specific zones of existing reinforced concrete (RC) 
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elements subjected to severe mechanical and environmental actions [8,13]. This technique is 

spreading widely in Switzerland (over 100 applications) under the impulse of MCS, and more 

recently in Slovenia, France, Japan and Germany under the supervision of MCS. This type of 

intervention, considered as “once for all” solution, can be accomplished in a rather short time 

frame, thus minimizing traffic interruptions, as well as reducing the environmental impact to lower 

than 50% compared with traditional methods as shown by Life Cycle Assessment (LCA) [4]. 

   

   

Figure 1  New structure using UHPFRC:                                                                                                                    
(a) Le Bouveret footbridge in Switzerland; (b) Republic road bridge in Montpellier, France;                
(c) footbridge and façade elements in UHPFRC of the MUCEM building in Marseille, France 

 

(a) (b) 

(c) 

(a) 
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Figure 2 Rehabilitation using UHPFRC:                                                                                                                     
(a) Chillon viaduct after strengthening; (b) UHPFRC casting finisher 
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2. Motivation and problem statement 

A notable feature of UHPFRC subjected to uniaxial tension is the significant deformation capacity 

including hardening strain up to 5‰, where only matrix discontinuities in the bulk matrix are 

observed before reaching the tensile strength. Afterward, the pronounced softening behavior is 

characterized by the formation of one fictitious crack with major fracture energy dissipation. 

Figure 4 shows the schematic representation of uniaxial tensile response of strain-hardening 

UHPFRC.  

 

Figure 4 Schematic representation of the tensile response of strain-hardening UHPFRC (not in scale) 

For a given UHPFRC mix, there are no intrinsic tensile properties, especially strain hardening 

response. The representative behavior is strongly dominated by the fiber distribution characterized 

by fiber volume fraction 𝑉𝑓, fiber orientation 𝜇0 and efficiency 𝜇1 within the UHPFRC specimen. 

Dispersion of tensile properties in UHPFRC thin elements is due to the wide range of 𝜇0 and 𝜇1 

as determined by analysis of the fracture surface. This has been highlighted and investigated by 

several researchers [9,21–27]. Current studies mostly focused on the fiber orientation and 

efficiency factors 𝜇0 and 𝜇1 at the fracture surface and their influence on the tensile strength 𝑓𝑈𝑡𝑢 

under the assumption of uniform fiber distribution within UHPFRC volume. Only few studies 

considered the intrinsic heterogeneity of local fiber distribution, although it plays a key role in the 

strain hardening response of UHPFRC in tension. Thus, to identify the representative tensile 

properties in UHPFRC thin elements, the influence of local fiber distribution combined with fiber 

orientation and efficiency should be investigated quantitatively. 

UHPFRC is generally used in slab-like structural applications with relatively thin thickness typically 

of 50mm. Such structural UHPFRC systems are subjected to biaxial stresses [28], exhibiting 

important stress redistribution capacity with high fracture energy dissipation. Moreover, in the 

case of bridge applications of UHPFRC as tensile reinforcement layer for existing RC bridge deck 

slabs and deck slabs of new UHPFRC bridges, a high number of repetitive loading due to passing 

vehicles occurs, typically exceeding several hundred  million during the service life [29]. In this 
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context, comprehensive understanding of the biaxial static and fatigue behavior of slab-like 

UHPFRC elements representing actual structural conditions is necessary. However, to the best of 

the author’s knowledge, only few studies have been carried out on the biaxial flexural behavior of 

UHPFRC slabs, and the biaxial fatigue behavior of UHFRC has not yet been investigated. 

3. Objectives

With regards to the structural application of strain-hardening UHPFRC for bridge decks, the main 

objectives of this thesis is to understand and model the static and fatigue biaxial flexural behavior 

of UHPFRC slab elements representing actual structural conditions at both material and structural 

levels. This work is a continuation of 20 years of research on the topic at MCS/EPFL (Figure 3). 

The following objectives are involved: 

(1) To define quantitatively the local fiber distribution in strain-hardening UHPFRC thin slab

element, and identify its influence combined with fiber orientation and efficiency on the

tensile properties of UHPFRC with special emphasis on the strain-hardening behavior;

(2) To investigate the biaxial flexural behavior of strain-hardening UHPFRC thin slab elements

using the ring-on-ring test method;

(3) To develop an analytical inverse analysis method based on ring-on-ring test results to

determine the biaxial tensile properties of strain-hardening UHPFRC;

(4) To conduct an in-depth comparison between uniaxial and biaxial tensile properties of

strain-hardening UHPFRC;

(5) To understand the biaxial flexural fatigue behavior of UHPFRC thin slab element at very

high cycle fatigue (VHCF), typically exceeding 5 million fatigue cycles.

4. Methodology

As illustrated in Figure 5, four experimental campaigns are carried out, in which the strain-

hardening UHPFRC thin slab-like element represents typical UHPFRC application on bridge 

decks as reinforcement layer or new structural element. The small UHPFRC plates extracted from 

thin slab elements are used for characterization of uniaxial tensile and flexural responses of 

UHPFRC by means of direct tensile tests (DTT) and four-point-bending tests (4PBT), respectively. 

Ring-on-ring tests are conducted to investigate the static and fatigue flexural behavior of UHPFRC 

slab elements subjected to biaxial stresses. Besides, the Digital Image Correlation (DIC) technique 
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is applied to capture the full-field damage propagation on the surface of specimens over the entire 

loading process. 

Non-destructive test (NDT) method using a magnetic probe is applied to identify the local fiber 

distribution for each dumbbell specimens before conducting DTT. In order to prevent specimen 

eccentricities producing bending effects, the specimens are fixed in the testing machine by means 

of a special metallic device instead of conventional clamping. 

Regarding the ring-on-ring test method, the circular slab element is simply supported on a ring 

support and loaded through a force transmitting ring. Thus, uniform tensile stress is introduced 

on the bottom surface of the slab within the force transmitting ring area, where biaxial stress 

condition is assumed. Totally, four quasi-static biaxial flexural tests are carried out; and fourteen 

biaxial flexural fatigue tests under constant amplitude fatigue cycles up to 20 million cycles are 

conducted with varying maximum fatigue stress level S (ratio of maximum fatigue stress to ultimate 

static resistance) ranging from 0.50 to 0.70. 

An analytical inverse analysis method to determine the biaxial tensile properties of strain-hardening 

UHPFRC from the ring-on-ring test results is proposed based on the elastic slab bending and yield 

line theories. Ring-on-ring test and 4PBT results are compared with special emphasis on strength, 

ductility and characteristics of matrix discontinuity and fictitious crack development, according to 

experimental evidences and inverse analysis results. 

The fatigue endurance limit of UHPFRC slab element under biaxial flexural fatigue is determined 

from the S-N diagram. Two types of fatigue test results (fatigue failure and run-out) are 

characterized individually based on DIC analysis in terms of central deflection, matrix 

discontinuity and fictitious cracks development. The scant modulus obtained from the force – 

deflection curve of each loading cycle is introduced as damage variable describing fatigue damage 

evolution. 

 

Figure 5 Experimental campaigns and analysis methods applied in present work 
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5. Outline 

The thesis manuscript is presented as four distinct papers those have been published or submitted 

to internationally peer-reviewed scientific journals, accompanied with the introduction and 

conclusions chapters. 

The four papers are: 

I. Influence of Local Fiber Distribution on Tensile Behavior of Strain Hardening UHPFRC 

using NDT and DIC (Cement and Concrete Research 132 (2020): 106042.) 

 This paper treats objective (1).  

 

II. Flexural Response of Strain-Hardening UHPFRC Circular Slab Elements Subjected to 

Biaxial Stresses Construction and Building Materials, Volume 255, 20 September 2020, 119344) 

 This paper treats objectives (2) and (4) experimentally.  

 

III. An Analytical Inverse Analysis Method to Determine the Biaxial Tensile Properties of 

Strain-Hardening UHPFRC from Ring-on-Ring Test (Submitted to Materials and Structures) 

 This paper treats objectives (3) and (4) analytically. 

 

IV. Biaxial Fatigue Flexural Behavior of Strain-Hardening UHPFRC Thin Slab Elements 

(Submitted to International Journal of Fatigue) 

 This paper treats objective (5).  
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Paper I 

Influence of Local Fiber Distribution on Tensile Behavior of 

Strain Hardening UHPFRC using NDT and DIC  

Reference: X. Shen, E. Brühwiler, Influence of Local Fiber Distribution on Tensile Behavior of 

Strain Hardening UHPFRC using NDT and DIC. Cement and Concrete Research 132 (2020): 106042. 

 

ABSTRACT 

This paper introduces the uniformity factor 𝜇2 for considering the local fiber distribution within 

elements made with Ultra-High Performance Fiber Reinforced Cementitious Composites 

(UHPFRC). The influence of 𝜇2 on the strain-hardening response of UHPFRC under uniaxial 

tension is investigated quantitatively by means of experimental campaign and mechanical analysis. 

The uniaxial direct tensile test (DTT) was carried out on dumbbell specimens, extracted from a 

slab, to characterize the tensile behavior of UHPFRC using digital image correlation (DIC) system. 

Before DTT, actual fiber distribution of each specimen was measured by non-destructive test 

(NDT) method. Based on the present results and available literature, it is concluded that 𝜇2 plays 

a significant role in tensile strain-hardening response, especially hardening strain 𝜀𝑈𝑡𝑢 and matrix 

discontinuities energy 𝑔𝑈𝑓, of UHPFRC. The average 𝜇2 value for a given UHPFRC structural 

element is proposed to be applied for scaling the representative tensile response to intended 

applications. 

 

KEYWORDS: strain-hardening UHPFRC, direct tensile behavior, matrix discontinuity, local fiber 

distribution, non-destructive test (NDT)
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1. Introduction 

The tensile behavior of Ultra-High Performance Fiber Reinforced Cementitious Composites 

(UHPFRC) reveals strain-hardening response with non-visible multiple fine micro-cracks, 

hereafter called matrix discontinuities, with energy dissipation gUf, subsequently called hardening 

energy, in the bulk matrix before reaching the tensile strength 𝑓𝑈𝑡𝑢 . Afterward, cracking 

concentrates in the fracture process zone while the specimen parts outside this zone are unloading; 

i.e, the softening behavior is characterized by the formation of a single discrete crack, hereafter 

called fictitious crack following the classical definition by Hillerborg [1], with significant fracture 

energy dissipation GUf [2,3]. A real crack is reached when the crack opening reaches about half of 

the fiber length (lf/2). Figure 1 shows the schematic representation of tensile response of strain-

hardening UHPFRC.  

 
Figure 1 Schematic representation of tensile response of strain-hardening UHPFRC (not in scale) 

Cast-in-place UHPFRC layer with typical thickness of 25~50mm is applied to specific zones of 

existing reinforced concrete (RC) elements subjected to severe mechanical and environmental 

actions. This strengthening method has been proven to be effective to enhance structural members 

in terms of resistance and durability [2,4] (Figure 2). In such applications, the UHPFRC layer, 

serving as tensile reinforcement, resists bending and shear forces in the UHPFRC-RC composite 

elements through its in-plane tensile resistance and deformability [2,5,6]. As a general rule, the 

serviceability of the composite structure is defined by a criterion for the deflection and 

impermeability of the UHPFRC layer. In the case of elements with requirement of water-tightness 

of severely exposed structural elements like bridge deck slabs, the allowable deformation in strain-

hardening UHPFRC is limited to 1.3‰, as proposed by Charron et al. [7]. For design purposes, 

this threshold is set to be 1.0‰ at serviceability limit state (SLS) in UHPFRC standard SIA 2052 

[8]. At ultimate limit state (ULS), the flexural resistance of composite elements is dominated by 

the yielding of steel rebars in UHPFRC layer [6,9], in which most parts of the UHPFRC cross 

section is in the strain-hardening domain. The strain-hardening response of UHPFRC is thus of 
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utmost importance in both SLS and ULS of composite elements, and therefore it needs to be 

characterized representatively and accurately. 

UHPFRC
R-UHPFRC

Reinforced Concrete Reinforced Concrete

R-UHPFRC

Reinforced Concrete

    

Figure 2 Application of UHPFRC as thin tensile reinforcement layer [2] 

For a given UHPFRC mix, there are no intrinsic tensile properties. The representative behavior is 

strongly dominated by the fiber distribution characterized by fiber volume fraction 𝑉𝑓 , fiber 

orientation 𝜇0 and efficiency 𝜇1 within the UHPFRC element. The fiber distribution depends on 

the casting method, flow direction of fresh mixture, finishing process, geometry and dimension of 

formworks [9–16]. 

As summarized in Table 1, the large dispersion of tensile properties in UHPFRC elements due to 

the wide range of fiber orientation and efficiency factors 𝜇0 and 𝜇1 as determined by analysis of 

the fracture surface, have been highlighted and investigated by several researchers [9–13,17–19]. 

In most studies, the tested specimens have small thickness (≤ 50 mm), and are extracted from large 

UHPFRC panels fabricated using various casting methods. These casting methods were found to 

be representative for numerous UHPFRC applications, e.g., tensile reinforcement layer for existing 

RC structure or thin precast elements [2,4,20]. Fiber orientation and efficiency factors certainly 

avoid overestimating the available strength and deformation in real structural applications since 

favorable fiber orientation in narrow laboratory specimens are normally regarded as an upper 

bound [15]. Currently, reduction factors for tensile strength 𝑓𝑈𝑡𝑢 considering this well-known fiber 

orientation aspect are introduced in UHPFRC design standards like SIA 2052 [8] and NF P18-710 

[21].  

However, current studies mostly focused on the fiber orientation and efficiency factors 𝜇0 and 𝜇1 

at the fracture surface and their influence on the tensile strength 𝑓𝑈𝑡𝑢 of UHPFRC under the 

assumption of uniform fiber distribution. Only few studies considered local fiber distribution 

within UHPFRC. The intrinsic heterogeneity of local fiber distribution, as well as its influence on 

the tensile response, is already verified and highlighted for fiber reinforced cementitious 

composites in [22–24]. Pimentel et al. [25] also detect similar heterogeneity of fiber distribution 

within UHPFRC layer based on NDT method, and find that it is necessary to consider the local 

fiber distribution in order to reproduce accurately the structural response of UHPFRC layer under 

flexure. Hadl et al. [26,27] show that the large scattering in flexural behavior of UHPFRC members 

mainly results from the variation of local fiber volume fraction in the UHPFRC element. To the 

best of the authors’ knowledge, the local fiber distribution has not yet been characterized 

quantitatively, and no extensive research is available in the literature about its influence on the 

strain-hardening response of UHPFRC in tension. These aspects are of paramount importance 
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for better understanding the tensile fracture mechanism, as well as permeability [7], of UHPFRC 

subjected to tensile stress.  

Table 1 Review of experimental fiber orientation factors and related tensile parameters a

Reference 
Specimen 

Fabrication 

Straight 

steel fibers Testing 

methodb 

Orientation 

effect 
Tensile parameters 

𝑽𝒇 

(%) 

𝒍𝒇  

(mm) 

𝒅𝒇 

(mm) 
𝝁𝟎 d 𝝁𝟏 e 

𝒇  𝒖

(MPa) 

𝜺  𝒖 
(‰) 

𝑮𝒇 

(kJ/m2) 

Abrishambaf 

et al. [17] 

Individual specimens 

Orient fibers in a 

magnetic field     

430×40×30 mm 

3.0 

9.0 

0.175 

DTT 

Image 

analysis 

0.45 

~ 

0.71 

0.89 

~ 

0.98 

6.38 

~ 

14.05 

1.3  

~ 

4.7 

4.10 

~ 

17.07 12.0 

Bastien-

Masse et al. 

[10] 

Extracted specimens 

Horizontally cast panel 

from one edge 

580×580×50 mm 

1000×1000×50 mm 

3.0 13.0 0.16 

DTT 

Eq.(1) 

0.39 

~ 

0.60 

0.86 

~ 

0.95 

5.50 

~ 

9.20 

0.28 

~ 

2.01 

- 

4PBT 

Eq.(1) 

0.37 

~ 

0.89 

0.85 

~ 

1.00 

5.50 

~ 

14.60 

0.54 

~ 

5.08 

- 

Duque et al. 

[11] 

Extracted specimens 

Horizontally cast panel 

from one end 

3048×914×50.8 mm 

2.0 12.7 0.20 

DTT 

Image 

analysis 

0.37 

~ 

0.72 

0.84 

~ 

0.99 

6.60 

~ 

13.0 

2.30 

~ 

7.80 

- 

Oesterlee  [9] 

Extracted specimens 

Vertically cast panel 

from top end 

3000×1500×50 mm 

3.0 13.0 0.16 

DTT 

Image 

analysis 

0.19 

~ 

0.79 

0.48 

~ 

1.00 

2.90 

~ 

14.90 

3.30 

~ 

6.10 

- 

Zhou et al. 

[12,13] 

Extracted specimens at 

different angles 

Horizontally cast 

circular panel  from 

center Φ1200×50mm 

2.0 15.0 0.20 

3PBT 

Image 

analysis 

0.09 

~ 

0.57 

0.23 

~ 

0.94 
- - - 

Nunes et al. 

[18,19] 

Individual specimens 

Orient fibers in a 

magnetic field     

304×150×25 mm 

3.0 

9.0 

0.175 

DEWS c 

test 

NDT 

0.28 

~ 

0.81 

0.72 

~ 

1.00 

16.54 

~ 

3.27 

- - 

12.0 

a only the testing data of strain hardening UHPFRC in this review 
b tensile test method and fiber orientation measurement method 
c Double-Edge Wedge Tensile test 
d The fiber orientation factor 𝜇1 is determined using equation (2) according to the number of fibers provided 
in [12,13] 
e The fiber efficiency factor 𝜇1 is determined based on Figure 3(b) 

The objective of present study is to determine and investigate quantitatively the influence of local 

fiber distribution on the tensile behavior of UHPFRC. Special emphasis is given on the strain-

hardening response, by means of an extensive experimental campaign using a specific UHPFRC 

mix. Firstly, the NDT method using a magnetic probe is applied for investigating the local fiber

distribution within a 50mm thick slab element. Afterward, the representative tensile response is
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characterized using direct tensile test (DTT) method and Digital Image Correlation (DIC) system. 

The test results are used to characterize the degree of uniformity of local fiber distribution in 

UHPFRC by introducing the uniformity factor 𝜇2 . Then the influence of 𝜇2  on the strain-

hardening response of UHPFRC is investigated and validated against literature data. Finally, the 

representative uniformity factor and tensile behavior are determined for the UHPFRC layers with 

different thicknesses. 

2. Strain-hardening response of UHPFRC 

2.1 Overview 

A notable feature of UHPFRC in uniaxial tension is the significant strain-hardening domain, where 

only smeared discontinuities in the bulk matrix appear. This domain is characterized by tensile 

stress varying between the elastic and tensile strength, the corresponding hardening strain, as well 

as the number and spacing of matrix discontinuities, matrix discontinuity opening, and energy 

absorption [3,17,28]. 

In the following, these parameters characterizing the strain-hardening domain and fiber 

distribution of UHPFRC are described briefly, and the uniformity factor accounting for the degree 

of uniformity of local fiber distribution is introduced. 

2.2 Tensile strength 

2.2.1 Basic formulation 

For a given strain-hardening UHPFRC, the tensile strength is determined by the well-known fiber 

orientation factor 𝜇0  and efficiency factor 𝜇1  valid for the fracture zone. The corresponding 

Equation 1 is proposed and applied by different authors [29,30]: 

𝑓𝑈𝑡𝑢 = 𝜇0𝜇1𝜏𝑓𝑉𝑓
𝑙𝑓

𝑑𝑓
                                                         (1) 

where 𝜏𝑓 is the maximum pull-out stress or bond strength between fibers and the cementitious 

matrix, 𝑉𝑓 is the fiber volume fraction, and 𝑙𝑓 𝑑𝑓⁄  is the aspect ratio of fibers.  

2.2.2 Fiber orientation factor 

The fiber orientation factor 𝜇0 is defined as the probability of a single fiber being intersected by a 

considered section, obtained by the ratio between the real number of fibers crossing a unit area 

𝑛𝑓 and the nominal one (Equation 2), where 𝐴𝑓 is the cross section of a fiber [10,31]: 

𝜇0 = 𝑛𝑓
𝐴𝑓

𝑉𝑓
                                                                (2) 

Based on stereological analysis [10,31,32], 𝜇0 =  .  is for unidirectional fibers in the tensile 

direction (1D), and 𝜇0 = 2/𝜋 is for fibers oriented randomly in an ideal plan (2D). 𝜇0 =  .5 is 
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for fibers oriented randomly in volume (3D). A wide variation of 𝜇0 values is observed (Table 1), 

and average values are found to be in the range of 0.53~0.60 for UHPFRC specimen with a 

thickness of 50mm [10]. 

2.2.3 Fiber efficiency factor 

The fiber efficiency factor 𝜇1 is defined as the expected value of the fiber efficiency function 

according to Equation 3, where 𝑔 𝜃  is the ratio between the pull-out force of an inclined fiber 

with angle 𝜃 with respect to the main stress direction and that of a perfectly aligned one, and 𝑓𝑖 𝜃  

is the probability density function of the orientation angle 𝜃 of the fibers crossing the considered 

section: 

𝜇1 = ∫ 𝑔 𝜃 𝑓𝑖 𝜃 
𝜋

2
0

𝑑𝜃 (3) 

As shown in Table 1, a relatively small variation of 𝜇1  values is observed for thin UHPFRC 

specimens. This is attributed to the fact that the orientation angle 𝜃 in a wide range influences little 

the pull-out force, as shown experimentally by several researchers (Figure 3a) [3,9,29,33]. One 

simplified function, proposed by C. Oesterlee [9], is plotted in Figure 3a: 𝑔 𝜃 =  .  when 𝜃 ≤
𝜋

3
; 𝑔 𝜃 = −(

6𝜃

𝜋
) + 3  when 

𝜋

3
< 𝜃 ≤

𝜋

2
. The calculated 𝜇1  based on [9], hereafter, is called 

average fiber efficiency factor 𝜇1 . Bastien-Masse et al. [10] established a relation between the 

average efficiency factor 𝜇1  and the orientation factor 𝜇0  based on stereological principles, as 

illustrated in Figure 3b. Note that the influence of 𝜇1 on the tensile strength decreases gradually 

when 𝜇0 ≥  .2 ; and once 𝜇0 ≥  . 5, the influence is negligible when 𝜇1 is equal to 1.0. 

 Figure 3 (a) Fiber efficiency depending on the pull-out angle; (b) relation between 𝝁𝟎 and 𝝁𝟏 [9,10] 

(a) (b) 

𝑔 𝜃 
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2.2.4 Estimation of 𝜇0 and 𝜇1 

To determine the representative values of 𝜇0 and  𝜇1 for a given UHPFRC specimen or element, 

the method of image analysis on cut specimen surfaces was extensively applied in the literature [9–

11,16–18,34–37], although it is time-consuming. Alternatively, several non-destructive testing 

(NDT) methods, including magnetic measurement [18,19,38,39], electrical resistivity measurement 

[40] and AC-impedance spectroscopy [37,41], have been developed for fast estimation of 𝜇0 and 

𝜇1 in both UHPFRC laboratory specimens and structural elements. These NDT methods have 

potential for quality control in UHPFRC applications. In this paper, the NDT method using a 

magnetic probe, developed in [19,42], is applied in section 3.2.  

2.3 Matrix discontinuities  

As proposed by several researchers [30,38,39], the spacing (𝑆𝑟 ) of matrix discontinuities is 

associated directly with the equivalent fiber anchorage length (ℓ𝑡𝑟) required to transmit tensile 

force. 𝑆𝑟 varies between ℓ𝑡𝑟 and 2ℓ𝑡𝑟, and is generally set as 1.5ℓ𝑡𝑟. 

Following the assumption by Aveston et al. [43], the tensile stress is sustained by fibers only once 

matrix discontinuities form (beyond the elastic limit). Thus, at each matrix discontinuity: 

∑ ℓ𝑡𝑟𝜋𝑑𝑓𝜏𝑓,𝑖
𝑁𝑓

𝑖=1
= 𝑓𝑚𝑡𝐴𝑈( − 𝑉𝑓)                                             (4) 

where 𝑁𝑓 is the absolute number of fibers at the surface of the considered matrix discontinuity, 

and proportional  to fiber orientation factor 𝜇0, see Equation 2; 𝜏𝑓,𝑖 is the pull-out stress of i-th 

fiber, and proportional to fiber efficiency factor 𝜇1, see Equation 3; 𝑓𝑚𝑡 is the tensile strength of 

the matrix, and 𝐴𝑈 is the cross-section area. 

With Equations 2 and 3, Equation 4 transforms as follows to obtain the anchorage length ℓ𝑡𝑟 for 

the considered matrix discontinuity: 

𝑛𝑓ℓ𝑡𝑟𝜋𝑑𝑓𝜇1̅̅ ̅𝜏𝑓 = 𝑓𝑚𝑡( − 𝑉𝑓)                                                (5) 

ℓ𝑡𝑟 =
𝑓𝑚𝑡𝑑𝑓 1−𝑉𝑓 

4𝜇0𝜇1̅̅̅̅ 𝜏𝑓𝑉𝑓
                                                         (6) 

Then, the potential spacing 𝑆𝑟,𝑖 for i-th matrix discontinuity is determined: 

𝑆𝑟,𝑖 =  .5ℓ𝑡𝑟,𝑖 =
3𝑓𝑚𝑡𝑑𝑓 1−𝑉𝑓,𝑖 

8𝜇0,𝑖𝜇 ,𝑖𝜏𝑓𝑉𝑓,𝑖
                                               (7) 

where ℓ𝑡𝑟,𝑖, 𝑉𝑓,𝑖 , 𝜇0,𝑖 and 𝜇1,𝑖 are determined from the surface of considered matrix discontinuity. 

Since the local fiber distribution varies within UHPFRC [25–27], the anchorage length and spacing 

differ at each matrix discontinuity. In addition, the matrix discontinuities are expected to appear 

mainly on the local weak zones with relatively unfavorable fiber distribution, while the matrix 

discontinuities at the remaining part cannot fully develop since the tensile strength is reached at 
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one or several of the weak zones. Thus, the average spacing 𝑆𝑟 largely depends on the degree of 

uniformity of local fiber distribution. Considering this, an uniformity factor 𝜇2 is introduced to 

obtain 𝑆𝑟 : 

𝑆𝑟 =
𝑆𝑟,𝑐

𝜇2
=

3𝑓𝑚𝑡𝑑𝑓 1−𝑉𝑓

8𝜇0𝜇1𝜇2𝜏𝑓𝑉𝑓
        (8) 

where 𝑆𝑟,𝑐 is the spacing determined from the critical matrix discontinuity leading to the final crack 

of the specimen.  

As illustrated schematically in Figure 4, 𝜇2 =  .  when all fibers within UHPFRC are oriented 

and spaced equally, referring to homogeneous material in loading direction; otherwise 𝜇2 <  .  

(anisotropy). A similar concept was proposed simply in [35,36] to consider the discontinuous fiber 

distribution, where a constant value of 0.4 was introduced. The uniformity factor 𝜇2 has direct 

impact on the spacing and number of matrix discontinuities, and thus the deformation capacity of 

UHPFRC under tension.  

Figure 4 Schematic representation of the uniformity factor: (a) 𝝁𝟐 = 𝟏. 𝟎; (b) 𝝁𝟐 < 𝟏.𝟎. 

2.4 Energy absorption 

Following the basic concept introduced by Hillerborg [45], the energy absorption of UHPFRC in 

tension is divided into two different parts, namely matrix discontinuities energy 𝑔𝑈𝑓 and fracture 

energy 𝐺𝑈𝑓, as illustrated in Figure 1. 𝑔𝑈𝑓 is defined as the amount of dissipated energy to generate 

matrix discontinuities per unit volume. This energy depends on the number of matrix 

discontinuities, and can be regarded as a parameter evaluating the strain-hardening performance 

of UHPFRC [3,46]. 𝐺𝑈𝑓 is the dissipated energy per unit fracture surface during softening. The 

two energy values are determined as follows: 

𝑔𝑈𝑓 = ∫ 𝜎 휀 𝑈𝑡𝑢

0
𝑑휀 −

1

2

𝑓𝑈𝑡𝑢
2

𝐸𝑈𝑢
(9) 

(a) (b)
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 𝐺𝑈𝑓 = ∫ 𝜎 𝛿 
𝑙𝑓 2⁄

𝛿𝑈𝑡𝑢
𝑑𝛿 +

1

2

𝑓𝑈𝑡𝑢
2

𝐸𝑈𝑢
𝐿𝑀𝐸𝐴                                                     (10) 

where 𝐸𝑈𝑢 is the unloading modulus when the tensile strength is reached, it can be determined 

according to [3]: 𝐸𝑈𝑢 =     𝑉𝑓 + 39   [   ]; 𝐿𝑀𝐸𝐴 is the mearuement length. 

 

3. Experiments      

3.1 Specimen design and preparation 

The tested UHPFRC is an industrial premix containing 3.8% by volume of straight steel fibers 

with length of 13mm and diameter of 0.175mm, and its water to cement ratio is 0.15 (Table 2). At 

28 days, the UHPFRC has average elastic modulus of 49GPa and compressive strength of 185MPa, 

measured on cylinders of 70mm diameter. One slab element (T1) with dimensions of 1100mm × 

1100mm × 50mm was fabricated.  

Table 2 Composition of UHPFRC 

Components Quantity 

Premix (cement. Additions, quartz sand) 

kg/m3 

1970 

Water 175 

Specific superplasticizer 29 

Steel fibers (𝑙𝑓/𝑑𝑓 =  3/ .  5, 𝑉𝑓 = 3. %) 298.3 

 

The fresh self-compacting UHPFRC (with slump flow of 700mm) was poured on the center area 

of the formwork from where it has flown (without any pulling or vibration) to fill entirely the 

formwork. After casting, a plastic sheet was pulled over the slab to allow for curing. The formwork 

was removed 24 hours later. The slab was then kept under moist curing conditions at 20℃ and 

100% humidity during the following seven days, and subsequently was stored inside the laboratory 

until testing. The age at testing was more than 60 days when over 90% of the UHPFRC final 

material properties were attained [6,47]. 

At the age of 60 days, five dumbbell specimens for DTT were cut from the slab as shown in Figure 

5. Each specimen had a length of 880mm with a constant cross section of 80mm × 50mm that 

extended over 240mm in the central part. The wider end zones were prepared for fixing the 

specimen in the testing machine. The Neuber’s spline [48] was adopted to design the transition 

from the wider end zone to the central width of the specimen.         

3.2 Non-destructive testing (NDT) using a magnetic probe 

A high-precision Agilent E4980A LCR Meter with test frequency of 20Hz and signal level of 2V 

(AC) was used to measure inductance using a magnetic probe. Inductance measurements were 

performed on the slab before cutting the DTT specimens (Figure 6). The inductance measurement 
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was conducted largely on the central area of the specimens on both surfaces along two orthogonal 

directions (X and Y). It should be mentioned that the casting surface of the slab was polished 

ahead to remove the uneven part. The distance between each measurement point was 25mm in X 

direction and 30mm in Y direction (based on the size of the magnetic probe). Totally, 48 pairs of 

measurements were carried out for each DTT specimen along both orthogonal directions. The Y-

direction was selected to be aligned with the main tensile force direction. The inductance 

measurement along two directions and, for the purpose of reference, in the air are defined as Lx, 

Ly and Lair, respectively. Accordingly, the relative magnetic permeability in two directions is given 

by 𝜇𝑟,𝑥 = 𝐿𝑥/𝐿𝑎𝑖𝑟 and 𝜇𝑟,𝑦 = 𝐿𝑦/𝐿𝑎𝑖𝑟 .      

Figure 5 Dumbbell specimens for DTT cut from quadratic slab element (unit: mm) 

Figure 6 Inductance measurement using a magnetic probe: 
(a) location and direction of measurements; (b) test setup (unit: mm)

(a) (b) 

LCR Meter 

Magnetic probe 
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3.3 Direct tensile test (DTT) 

In order to prevent specimen eccentricities producing bending effects in the specimen due to 

clamping of the specimen in the test machine, the DTT specimens were fixed in the testing 

machine by means of a special metallic device for specimen fixation described in [49]. As illustrated 

in Figure 7, the space between specimen and metallic device was filled out with epoxy resin glue. 

Prior to applying the glue, the metallic surface was coated with release agent avoiding adherence 

between glue and metallic device. Thus, through interlocking, the tensile force was introduced to 

the UHPFRC specimen via the teeth formed by the glue along the lateral surface. Both the bottom 

and top steel base plates were tightly bolted on the machine’s heads without any hinge. In this way, 

the boundary condition of the DTT specimen at its ends was of full fixity to allow for stable 

propagation of matrix discontinuities and fictitious cracks under uniform tensile deformation.  

In order to avoid specimen failure in the transition zone and following an idea proposed by 

Graybeal et al. [17,50], four tapered aluminum plates were affixed on the sides of  each specimen’s 

wider heads. These plates were 4 mm thick and were tapered linearly to 0.5mm of thickness at tip 

over a length of 50mm (Figure 8). 

Figure 7 Device for the fixation of the DTT in the testing machine (unit: mm) 

Figure 8 DTT specimen strengthened in the transition zone using aluminum plates (unit: mm) 

The DTT was performed on a servo-hydraulic testing machine with a capacity of 1000kN. The 

3D Digital Image Correlation (DIC) system and two different series of sensors were adopted to 

measure the deformation and fracture process of UHPFRC during testing (Figure 9): 

(1) By means of the DIC technique, full-field strains and fracture process were observed during

the whole test. Two digital cameras were placed vertical to the specimen at a distance of
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0.45m and an angle of 20 degree to the horizontal plane. The targeted area was 150mm × 

80mm on the sheathed surface at the central part of the specimen. During preparation, this 

surface was painted with matte white paint, and then sprayed to obtain a black speckle 

pattern with a size of about 0.5mm. For the present case, the expected DIC measurement 

accuracy was about 0.5μm. 

(2) Two short Linear Variable Displacement Transducers (LVDTs) with a measuring base of

240 mm were placed on both narrow sides of the specimen to measure the global

deformation over the central part of the specimen with constant width;

(3) Two long LVDTs with a measuring base of 500 mm were fixed on both narrow sides of the

specimen to measure the global deformation over the total length of the specimen.

The test was displacement-controlled using the average value of the 2 short LVDTs to obtain 

stable specimen response during the entire test. The displacement rate was 0.05 mm/min in the 

pre-peak domain. In the post-peak domain, it was increased to 0.1 mm/min. The recordings of 

the two cameras of the DIC system were synchronized via wired computer control with a 

frequency of 0.2 Hz, while the recording by the other sensors was 5 Hz. 

Figure 9 DTT setup and instrumentation of the specimen (unit: mm) 

4. Test results

4.1 Local fiber distribution within UHPFRC specimens 

For a given UHPFRC with steel fibers, Nunes et al.[18,42] determined the mean relative magnetic 

permeability ( 𝜇𝑟,𝑚𝑒𝑎𝑛 ) and the fiber orientation indicator ( 𝜌𝑋 − 𝜌𝑌 ) from the inductive 

measurements in two orthogonal directions. The two properties have linear relationship with the 
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fiber volume fraction 𝑉𝑓 and orientation factor 𝜇0, respectively. The corresponding formulations 

are shown in Equations 10 to 13, where the equation 12 is slightly adapted by using a value of 4.55 

as obtained by calibration, because of the different magnetic probe applied in the present study. 

Then the efficiency factor 𝜇1 is determined based on the curve shown in Figure 3(b) [10]. Note 

that local fiber distribution within each measured area (25×30mm) is assumed to be uniform, and 

the results based on Equations 11 to 14 are approximate estimation. 

                         𝜇𝑟,𝑚𝑒𝑎𝑛 =  𝜇𝑟,𝑋 + 𝜇𝑟,𝑌 /2                                                    (11) 

𝑉𝑓 =  𝜇𝑟,𝑚𝑒𝑎𝑛 −   / .55                                                     (12) 

 𝜌𝑋 − 𝜌𝑌 =  .5
𝜇𝑟,𝑋−𝜇𝑟,𝑌

𝜇𝑟,𝑚𝑒𝑎𝑛−1
                                                     (13) 

𝜇0 =  .5 +  . 5 𝜌𝑋 − 𝜌𝑌                                                  (14) 

Accordingly, Figures 10 and 11 show the contour maps of local fiber volume fraction 𝑉𝑓 , 

orientation factor 𝜇0 and efficiency factor 𝜇1 for each specimen based on NDT measurements 

from both casting and sheathed surfaces. Besides, the corresponding mean values and coefficient 

of variations 𝑐�̂� for each specimen and the whole slab are summarized in Table 3. It should be 

mentioned that the measured average fiber volume fraction in the slab is 3.7%, close to the nominal 

value 3.8%. 

Compared with 𝜇0 and 𝜇1, the local fiber volume fraction 𝑉𝑓 scatters in a smallest range, giving 

 .2% ≤ 𝑐�̂� ≤  2. % (Figure 10). The slightly higher and more uniform distribution of 𝑉𝑓 from 

the sheathed side measurement than those from casting side can be attributed to: (1) fibers in the 

bottom part of the slab element tended to settle parallel to the bottom due to wall effect, and (2) 

fibers in the upper part were oriented slightly vertically due to the flow of fresh UHPFRC as also 

reported in [6].  

As illustrated in Figure 11, the most significant anisotropy    .9% ≤ 𝑐�̂� ≤ 22.5%  is observed 

for the fiber orientation factor 𝜇0 within the slab. Specimens T1-2, T1-3 and T1-4 cut from the 

area around the pouring point of fresh UHPFRC show larger scatter of 𝜇0. Whereas T1-1 and T1-

5 with longest distance from the pouring point show small scatter and higher mean values of 𝜇0, 

indicating progressive fiber rotation with preferential alignment perpendicularly with respect to 

the flow direction. The fiber efficiency factor 𝜇1 shows similar trends with 𝜇0, although the scatter 

is smaller. 

Assuming uniform local fiber distribution (𝜇2 =  . ) within each measured area (25×30mm) using 

the magnetic probe, the parameter 𝜆 = 𝑉𝑓𝜇0𝜇1is introduced here as a scalar description of local 

fiber distribution for each measured area in UHPFRC with respect to the tensile loading direction. 

The contour maps of normalized 𝜆 values are illustrated in Figure 13, where a low value refers to 

a weak zone in terms of tensile performance based on Equation 1. Similarly, large variation of 𝜆 

can be observed in T1-2 to T1-4, whereas relatively uniform and high values of 𝜆 are found in T1-
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1 and T1-5. It should be noted that a linear weak zone crossing the whole section in T1-5 and a 

large weak zone in T1-3 on the casting surface are observed, as indicated by red dashed lines in 

Figure 13(a). Furthermore, the expected fracture process zone with the discrete softening crack of 

each specimen is predicted according to the smallest values of 𝜆 within the central specimen zone, 

for both specimen surfaces, as indicated by grey bold lines in Figure 12.  

Figure 10 Contour maps for fiber volume fraction 𝑽𝒇: (a) casting surface; (b) sheathed surface. 

Figure 11 Contour maps for fiber orientation factor 𝝁𝟎: (a) casting surface; (b) sheathed surface 
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Figure 12 Contour maps for fiber orientation factor 𝝁𝟏: (a) casting surface; (b) sheathed surface 

Figure 13 Contour maps of normalized 𝝀 = 𝑽𝒇𝝁𝟎𝝁𝟏:(a) casting surface; (b) sheathed surface 

Figure 14 Location of discrete softening cracks of all DTT specimens (marked by red lines):         
(a) casting surface; (b) sheathed surface
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4.2 DTT results 

4.2.1 Location of the discrete softening crack 

Figure 14 shows the location of discrete softening cracks leading to specimen fracture for all DTT 

specimens. These crack locations coincide well with the predictions from NDT results (Figure 13). 

All discrete cracks occurred in the central constant zone of specimen, and distributed along the 

flow direction of fresh UHPFRC, as expected. These results validate the design of the DTT 

specimen shape and testing method, and the test results characterize objectively the tensile 

performance of UHPFRC.  

4.2.2 Stress – strain response 

The DTT results are presented in terms of stress vs. strain (ε-σ) curves, in which the thick black 

line corresponds to the average response (Figure 15). The stress is defined as the measured force 

divided by the constant cross-section area (50mm × 80mm), while strain is the average value 

measured from the two short LVDTs divided by the measurement base length.  

Table 4 summarizes the main tensile parameters for each specimen, including elastic modulus EU, 

elastic limit (stress  𝑓𝑈𝑡𝑒 and corresponding strain 휀𝑈𝑡𝑒, ultimate limit (tensile strength 𝑓𝑈𝑡𝑢 and 

hardening strain 휀𝑈𝑡𝑢. The elastic modulus EU is determined by the secant modulus of ε-σ curve 

from   .3𝑓𝑈𝑡𝑒 to  .6𝑓𝑈𝑡𝑒, such as to eliminate the initial nonlinear stress carrying effects [51]. The 

inverse analysis method recommended in SIA 2015 is applied to determine the elastic limit [8,52]: 

the elastic limit corresponds to the starting point where the first irreversible reduction of the secant 

modulus of more than 5% occurs. Similarly, the first irreversible reduction of more than 2% of 

the force is applied to determine the ultimate limit. This method effectively avoids underestimation 

of the hardening strain, considering the slight fluctuations of stress within a large portion of the 

strain-hardening domain in this study. 

Besides, the maximum pull-out stress 𝜏𝑓 is assumed to be 7MPa following the experimental test 

results from Wuest [35], who used similar steel fibers and cementitious matrix. Then the fiber 

orientation factor 𝜇0 and efficiency factor 𝜇1 at fracture surface are estimated based on Equation 

1, in which the relation between 𝜇0 and 𝜇1 based on Figure 3(b) is assumed and the nominal 𝑉𝑓 =

3. % is applied. These results are also summarized in Table 4. 



PAPER I 

30 

 Figure 15 Stress - strain response of 5 specimens 

As shown in Figure 15 and Table 4, the DTT results show the range of possible tensile response 

of UHPFRC as obtained from the thin slab with a thickness of 50mm. All specimens exhibit 

significant strain-hardening behavior (𝑓𝑈𝑡𝑢 𝑓𝑈𝑡𝑒⁄ ≥  . 5) with 𝑓𝑈𝑡𝑢 being in the range of 9.49 to

12.85MPa and 휀𝑈𝑡𝑢 being in the range of 0.82‰ to 3.84‰. This variation of 𝑓𝑈𝑡𝑢 can be explained 

mainly by the range of fiber orientation and efficiency (𝜇0 and 𝜇1) as determined for the fracture 

surface, which depends on the flow distance of fresh UHPFRC mixture from the pouring point. 

Note that the specimens T1-3 to T1-5 show significant variation of 휀𝑈𝑡𝑢 , although they have 

similar values of 𝜇0 and 𝜇1. This is related to the variation of local fiber distribution within the 

specimen (Table 3), and is discussed in the next chapter. 

4.2.3 Energy absorption 

The strain hardening energy 𝑔𝑈𝑓 and fracture energy 𝐺𝑈𝑓 of UHPFRC, according to Equations 8 

and 9, for each specimen are summarized in Table 4.  

Obviously, the strain hardening energy is related to the measured hardening strain: specimens T1-

2 to T1-4 have similar value of strain hardening energy, while T1-1 has a very pronounced strain 

hardening behavior with 𝑔𝑈𝑓,𝐴  of 31.81kJ/m3. On the contrary, T1-5 has almost no strain 

hardening and thus 𝑔𝑈𝑓,𝐴 is only 1.29kJ/m3. Again, it can be stated that strain hardening behavior 

is directly dependent on local fiber distribution. Already some local unfavorable fiber distribution 

becomes critical for the whole specimen as the remaining parts of the specimen cannot develop 

their strain hardening capacity. The DTT is thus discriminating defects in local fiber distribution.  
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Compared with strain hardening energy 𝑔𝑈𝑓, the variation of fracture energy 𝐺𝑈𝑓 (12.40~25.28 

kJ/m2) is smaller. This is reasonable since the fracture process zone leading to final fracture of the 

specimen is dependent on the fiber distribution over the fracture surface with a variation being 

smaller than the one of local fiber distribution within UHPFRC specimen, as shown in Table 4. 

4.2.4 DIC analysis 

4.2.4.1 Matrix discontinuities 

Based on DIC analysis using VIC-3D, the whole fracture process of each specimen under testing 

was captured. Note that initiation and propagation of matrix discontinuities in the strain-hardening 

domain are invisible to the naked eye and could not be measured using traditional sensors, but are 

detected on DIC strain maps. On this basis, the DIC strain map at ultimate limit state for each 

specimen is presented in Table 4, where the lines stand for matrix discontinuities. Accordingly, the 

number 𝑛, average spacing 𝑆𝑟 = 𝐿𝑀𝐸𝐴 𝑛⁄  and pattern of matrix discontinuities are detertemined to 

characterize the strain-hardening response of each specimen. Wide ranges of 𝑛 and 𝑆𝑟 values are 

observed in Table 4. 

Besides, the uniformity factor 𝜇2, serving as a scalar indicator of uniformity degree of local fiber 

distribution within UHPFRC, is determined for each specimen using Equations 7 and 8. As 

expected, a wide range of 𝜇2 (0.11~0.64) is obtained, but each single value is consistent for the 

corresponding specimen, as shown in Figure 13. 

4.2.4.2 Fracture process 

Figure 16 shows three graphs of representative fracture processes from specimens T1-1, T1-3 and 

T1-5, respectively. In each graph, point A’ refers to the moment when the first matrix discontinuity 

is activated based on DIC analysis, point A and B correspond to the elastic limit and ultimate limit 

(as determined in section 4.2.2), and point C is a random point on the softening branch. 

All graphs show that there is only one short matrix discontinuity generated at point A, after which 

the number of matrix discontunities increases rapidly. It should be mentioned that the initiation 

of matrix discontinuity (point A’) occurs before point A. However, the propagation of matrix 

discontinuity from point A’ to A is insignificant, and therefore the specimen can still be considered 

as elastic material. This indicates that point A, as determined based on the criteria described in 

section 4.2.2, is an objective threshold. Point B is characterized by the formation of the fracture 

process zone with formation of the single localized fictitious crack by grouping of several matrix 

discontinuities. Afterward, the opening fictitious crack is increasing, while stress is decreasing, until 

maximum crack opening of 𝑤 = 𝑙𝑓 2⁄ . Simultaneously, the parts outside the fracture process zone,

including matrix discontinuities, are unloading. 
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Figure 16 Fracture processes of specimen (a) T1-1, (b) T1-3, (c) T1-5 
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4.2.4.3 Development of matrix discontinuities and fictitious crack opening 

Using the virtual extensometers of the DIC analysis tool, the opening response of every single 

matrix discontinuity and fictitious crack is recorded over the entire test. The virtual extensometers, 

with measurement length of about 3mm, are set separately to be aligned to the tensile direction 

and are located at the center of the specimen width. In order to obtain actual opening values, the 

contribution from the elastic deformation within the measurement length is deduced. All 

specimens show similar opening vs. stress (w-σ) curves as illustrated in Figure 17 for Specimen T1-

1, where the red line represents the fictitious crack and the blue lines refer to the different matrix 

discontinuities.  

Figure 17 shows openings of the matrix discontinuities ranging from 8 to 26μm with an average 

opening �̅�𝑖 =  3μm  at the ultimate limit. For the other specimens, the determined values of 

matrix discontinuity opening mainly range from 10 to 30μm, although one single high value of 

50μm is recorded for specimen T1-3. The average opening �̅�𝑖 for each specimen is in the range 

of 13 to 21μm, and the average value of all specimens is 15μm (Table 4). This is slightly lower than 

reported average values �̅�𝑖 = 22μm for other UHPFRC types with lower fiber volume fraction 

(𝑉𝑓 = 2.5 𝑡𝑜 3. %, 𝜏 =  2   ) in [3] and �̅�𝑖 =   μm (𝑉𝑓 = 3. %, 𝜏 =      ) in [17]. Such 

difference may be attributed to the assumed low fiber pull-out stress (𝜏 =     ) and high fiber 

volume fraction (𝑉𝑓 = 3. %,) in this study. This aspect is not further studied here.  
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Figure 17 Representative stress – opening curve of UHPFRC specimen T1-1: 
(a) overview, (b) zoom on opening values up to 0.03mm.

Based on the aforementioned testing results, the considerable variation of local fiber distribution 

within UHPFRC, as quantitatively characterized by uniformity factor 𝜇2, is confirmed. Compared 
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5. Influence of local fiber distribution on tensile behavior of UHPFRC

Similarly, the local fiber distribution is characterized by the local fiber volume fraction, local 

orientation factor and efficiency factor in this study. And the uniformity factor serves as a scalar 

indicator of uniformity degree of local fiber distribution. The influence of uniformity factor on 

strain hardening response of UHPFRC is highlighted and analyzed in this chapter. 

5.1 Matrix discontinuities 

As shown in Table 4 and Figure 16, characteristics of matrix discontinuities observed on specimens 

differ from each other. This phenomenon is explained by the degree of uniformity of local fiber 

distribution within UHPFRC (as described in section 4.1). 

Specimen T1-1 (Figure 16-a) with relatively uniform distribution of preferential alignment of fibers 

in the tension direction as evidenced by 𝜇2 =  .6 , large amount of matrix discontinuities appear 

in the strain-hardening domain (A-B). Due to important deformation redistribution along the 

specimen, the matrix discontinuities pattern changes continuously with increasing force: many 

matrix discontinuities appear in groups, accompanied by multiple branches. Some of them initiate 

separately from one edge, cross each other or merge when propagating toward the other edge. 

When reaching the ultimate limit (B), the matrix discontinuities are distributed uniformly over the 

specimen length with small spacings (�̅�𝑟 =  𝑚𝑚). Smeared matrix discontinuities may be assumed, 

and therefore the specimen is still considered to behave as a homogeneous material. Consequently, 

high hardening strain and hardening energy values (휀𝑈𝑡𝑢 = 3.  ‰, 𝑔𝑈𝑓 = 3 .   𝑘𝐽/𝑚3) are

obtained. 

In specimen T1-3 (Figure 16-b), two large clusters of matrix discontinuities occur along the 

specimen length, and between them, there are several matrix discontinuities with relatively large 

spacing (> 𝑙𝑓) distributed ramdonly (𝜇2 =  . 3). In this case, several local weak zones, which do 

not extend through the whole specimen width, are found based on NDT analysis. Matrix 

discontinuities initiate and propagate mainly in these areas, although slight stress distribution is 

observed. As a consequence, several clusters of matrix discontinuities form in specific zones in the 

strain-hardening domain. 

Regarding specimen T1-5 (Figure 15-c), the obvious weak zone crossing the section width (𝜇2 =

 . 3) results in concentration of matrix discontinuities. Subsequently, localized fictitious crack is 

formed with extremely low hardening strain and matrix discontinuity energy (휀𝑈𝑡𝑢 =  . 2‰,

𝑔𝑈𝑓 =  .29 𝑘𝐽/𝑚3).

It can be stated that the local fiber distribution within the specimen has an important influence on 

the strain-hardening behavior of UHPFRC in tension. It is obvious that higher degree of 

uniformity of local fiber distribution results in more pronounced matrix discontinuities, and 

subsequent higher hardening strain and matrix discontinuities energy at ultimate limit. On the 

contrary, the matrix discontinuities concentrate largely in the local weak zones, leading to one or 

several clusters of matrix discontinuities at ultimate limit.  
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5.2 Analytical model and comparison with data from literature 

According to equation 8, the average spacing of matrix discontinuities 𝑆𝑟  is proportional to 

 / 𝜇0𝜇1𝜇2  for a given UHPFRC mix. The hardening strain 휀𝑈𝑡𝑢, hence, can be assumed to vary 

linearly with 𝜇0𝜇1𝜇2 considering an average opening of matrix discontinuity �̅�𝑖 . In order to verify 

this assumption, experimental results from a previous study [53] and other researchers [3,17,28,35] 

using different UHPFRC mixes are reviewed, and the corresponding uniformity factors are 

calculated, as summarized in Table 5. Based on a statistical regression analysis, a regression line is 

determined for the relation between 휀𝑈𝑡𝑢 and 𝜇0𝜇1𝜇2𝜏𝑉𝑓/ 𝑑𝑓𝑓𝑚𝑡  for different UHPFRC mixes. 

The relatively high correlation coefficients R2 confirm the linear relation between 휀𝑈𝑡𝑢  and 

𝜇0𝜇1𝜇2 for a given UHPFRC mix (Figure 18a). Similarly, a linear relation is also found between

𝑔𝑈𝑓 and 𝜇0𝜇1𝜇2 (Figure 18b). 

Figure 18 Relation between local fiber distribution and (a) hardening strain 𝜺  𝒖; and (b) matrix 
discontinuity energy 𝒈 𝒇 
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Following the fictitious crack model by Hillerborg [1,35], the total elongation 𝛿𝑈𝑡𝑢 of UHPFRC 

at tensile strength is related to the opening 𝑤𝑖  of each matrix discontinuity and the elastic 

deformation of the remaining part. Thus, the hardening strain 휀𝑈𝑡𝑢  can be calculated using 

Equation 15: 

휀𝑈𝑡𝑢 =
𝛿𝑈𝑡𝑢

𝐿𝑀𝐸𝐴
=

∑ 𝑤𝑖 𝑓𝑈𝑡𝑢 𝑛
𝑖=0

𝐿𝑀𝐸𝐴
+

𝑓𝑈𝑡𝑢

𝐸𝑈
  (15) 

By assuming an average matrix discontinuity opening �̅�𝑖 for a given UHPFRC mix, Equation 15 

is transformed to: 

휀𝑈𝑡𝑢 =
𝑛∙�̅�𝑖 𝑓𝑈𝑡𝑢 

𝐿𝑀𝐸𝐴
+

𝑓𝑈𝑡𝑢

𝐸𝑈
= 𝜇2

�̅�𝑖 𝑓𝑈𝑡𝑢 

𝑆𝑟,𝑐
+

𝑓𝑈𝑡𝑢

𝐸𝑈
   (16) 

The comparison between the measured 휀𝑈𝑡𝑢 and calculated 휀𝑈𝑡𝑢,𝑐𝑎𝑙  using Equation 16 is 

illustrated in Figure 19, where a good agreement with R2=0.93 is observed. 

Figure 19 Comparison between hardening strain as obtained analytically 𝜺  𝒖

and experimentally 𝜺  𝒖,𝒆𝒙𝒑 
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applications.  
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As proposed in [9,10,51], the representative tensile response should correspond to the average 

local fiber distribution within the considered structural UHPFRC element as shown in the next 

chapter. 

6. Application to a UHPFRC layer

In the following, the average fiber orientation factor 𝜇0 =  .5 , efficiency factor 𝜇1 =  .95, and 

uniformity factor 𝜇2 =  .39 determined from the present experimental campaign are used for the 

50mm UHPFRC layer using a different mix in [10]. The calculated hardening strain 휀𝑈𝑡𝑢,𝑐𝑎𝑙 =

 .6 ‰, calculated according to Equation 15, is close to that of testing result (휀𝑈𝑡𝑢 =  .  ‰), 

as given in Table 6.  

Table 6 Prediction of hardening strain considering local fiber distribution within the UHPFRC layer 

Ref. 
𝑽𝒇 𝒍𝒇/𝒅𝒇

𝒉 𝑬 𝝉 𝒇  𝒖 𝒔𝒓,𝒄 �̅�𝒊 
𝝁𝟎 𝝁𝟏 𝝁𝟐

𝜺  𝒖 𝜺  𝒖,𝒄𝒂𝒍

(%) (mm) (GPa) (MPa) (MPa) (mm) (μm) (‰) (‰) 

Present 3.8 13/0.175 50 48.2 7 10.7 4.26 

15 

0.58 0.95 0.39 2.36 2.16 

[10] 3.0 13/0.16 
50 40.3 

40.3 

6.7 

6.7 

8.0 5.56 0.58 0.95 0.39 1.71 1.68 

25 9.5 3.74 0.6 0.96 0.58 2.59 2.54 

[9] 3.0 13/0.16 40 40.3 6.7 9.8 4.17 0.57 0.95 0.52 2.25 2.19 

This suggests that the average 𝜇2 within UHPFRC is thickness dependent, similar with 𝜇0 and 𝜇1

as proposed in [10]. Thus the average 𝜇2 for UHPFRC layers with thickness of 25mm and 40mm 

are determined to be 0.58 and 0.52, considering 𝜇0 and 𝜇1from the corresponding testing results 

in [10] and [9], respectively. The results are also summarized in Table 6 and validate the proposed 

analytical model using the uniformity factor. 
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7. Conclusions

This paper introduces the uniformity factor 𝜇2 for considering the degree of uniformity of local 

fiber distribution within UHPFRC elements. Accompanied with the fiber orientation and 

efficiency factors 𝜇0 and 𝜇1, the significant influence of 𝜇2 on the strain-hardening response of 

UHPFRC under uniaxial tension is investigated quantitatively. The main conclusions are: 

(1) Important variation of local fiber distribution, including fiber volume fraction 𝑉𝑓 ,

orientation 𝜇0 and efficiency 𝜇1, is observed within a UHPFRC slab element based on

NDT analysis. Among the relevant parameters, fiber orientation factor 𝜇0  shows the

largest variation    .9% ≤ 𝑐�̂� ≤ 22.5% .

(2) The uniformity factor 𝜇2  as determined by the spacing of matrix discontinuities, is

proposed to characterize quantitatively local fiber distribution within a UHPFRC element.

It is observed that high 𝜇2-value is the result of more pronounced formation of matrix

discontinuities, leading to higher hardening strain 휀𝑈𝑡𝑢 and matrix discontinuities energy

𝑔𝑈𝑓 values at ultimate limit.

(3) Compared with the 𝜇0 and 𝜇1 factors, the uniformity factor 𝜇2 exhibits a wider range

(0.13 to 0.64) within the tested UHPFC slab and has a stronger influence on the strain-

hardening response of UHPFRC. Based on present testing results and compared to results

in the literature, 휀𝑈𝑡𝑢 and 𝑔𝑈𝑓 vary linearly with 𝜇0𝜇1𝜇2 for a given UHPFRC mix.

(4) For a given structural element, average values of 𝜇2, 𝜇0 and 𝜇1 factors should be used to

determine the representative tensile response of UHPFRC for the intended application.

(5) For a given UHPFRC layer, the uniformity factor 𝜇2  is thickness dependent: for

UHPFRC layers with thickness of 25mm, 40mm and 50mm, the determined 𝜇2-factors

are 0.58, 0.52 and 0.39, respectively.

(6) The NDT method using the magnetic probe allows fine and reliable contour mapping of

the actual fiber distribution in UHPFRC element. It is shown to be an efficient method

to determine local fiber distribution in a UHPFRC element, thus eventually replacing

fracture testing.
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Paper II 

Biaxial Flexural Behavior of Strain-Hardening UHPFRC Thin 

Slab Elements 

Reference: X. Shen, and E. Brühwiler, Biaxial Flexural Response of Strain-Hardening UHPFRC 

Thin Slab Elements. Construction and Building Materials, Volume 255, 20 September 2020, 119344. 

 

ABSTRACT 

The biaxial flexural response of strain-hardening UHPFRC circular slab element is investigated 

experimentally and analytically using the ring-on-ring test. The Digital Image Correlation (DIC) 

technology is applied to capture the 3D full-field of strain and deflection of the tensile surface 

through the whole loading process. Based on DIC analysis, a quasi-elastic limit is determined 

additionally to characterize the flexural response of UHPFRC under biaxial stress condition. The 

random and uniform distribution of matrix discontinuities in UHPFRC in the quasi-elastic domain, 

as well as multiple fictitious crack formation in hardening domain, is highlighted. In addition, ring-

on-ring test and Four-Point Bending Test (4PBT) results are compared with special emphasis on 

flexural strength and characteristics of matrix discontinuity development. The results show higher 

ultimate flexural strength and energy absorption capacity at ultimate limit from the ring-on-ring 

test, and almost same flexural strength at the quasi-elastic limit for both tests. Finally, a simplified 

inverse analysis is proposed for the ring-on-ring test based on the elastic slab bending and yield 

line theories. The calculation results indicate a 19% lower tensile elastic limit stress of the 

UHPFRC, while an almost equivalent value of tensile strength is obtained from the ring-on-ring 

test, compared with the 4PBT results. 

 

KEYWORDS: strain-hardening UHPFRC; circular slab element; ring-on-ring test; biaxial flexural 

response; Digital Image Correlation; quasi-elastic limit; matrix discontinuity; fictitious crack. 
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1. Introduction 

Tensile strain-hardening  Ultra High Performance Fibre Reinforced Cementitious Composite 

(UHPFRC) materials show relatively high tensile strength (≥ 10MPa) and ductility [1]. A 

notable feature of UHPFRC under uniaxial tension is the strain-hardening response with non-

visible multiple fine micro-cracks, hereafter called matrix discontinuities, in the bulk matrix 

before reaching the tensile strength [2]. Afterward, damage concentrates in the fracture process 

zone characterized by the formation and propagation of a single discrete crack (macrocrack), 

hereafter called fictitious crack following the classical definition by Hillerborg [3] (Figure 1). 

 

Figure 1 Schematic representation of tensile response of strain-hardening UHPFRC (not in scale) 

UHPFRC is used in slab-like applications with relatively thin thickness typically of 50mm 

subjected to biaxial stresses. Typical structural applications include cast-in place UHPFRC 

layer for strengthening of reinforced concrete slabs [1,4], slabs of new bridges and buildings 

as well as shells [5,6].  Such structural UHPFRC systems are subjected to biaxial stresses [7], 

exhibiting important stress redistribution capacity with high fracture energy dissipation. 

Consequently, a test method is required to characterize accurately the biaxial stress state in 

slab-like UHPFRC elements representing actual structural conditions. 

UHPFRC standards like SIA 2052 [8] and NF P18-710 [9] recommend uniaxial test methods, 

either direct tensile test (DTT) or four-point bending test (4PBT), using standardized 

specimens for material characterization or specimens cut from plates for suitability tests to 

determine the tensile response of UHPFRC. These specimens are in the uniaxial tensile loading 

condition and do not represent thin UHPFRC elements subjected to biaxial tensile stress.  

As reported by Kim et al. [7], the ultimate flexural strength and energy absorption capacity of 

UHPFRC are stress state dependent, where considerably higher values have been found under 

biaxial stress condition. Unlike specimens for uniaxial testing typically showing one fracture 

plane, complex cracking pattern with large crack surfaces and fracture energy dissipation is 

observed in UHPFRC elements subjected to biaxial stresses [6,7,10–12]. This reveals 

significant stress redistribution capacity resulting from fiber bridging effect in various 

directions. 
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Furthermore, uniaxial testing results, in particular from extracted specimens, exhibit large 

scatter due to variation of fiber distribution within the UHPFRC specimen [2,13–16]. Besides, 

the intrinsic heterogeneity of local fiber distribution would penalize considerably the tensile 

response of UHPFRC when small-scale specimen is applied [17,18]. Fortunately, this 

unfavorable influence can be considerably compensated when large cracking surfaces are 

involved in the fracture process due to stress redistribution during testing, which is well 

documented for fiber reinforced concrete (FRC) [18–25]. Consequently, a structural 

redistribution factor was introduced in the fib Model Code 2010 for structural FRC application 

[26,27].  

To the best of the authors’ knowledge, UHPFRC tensile properties have not yet been 

characterized under biaxial stresses. Unfavorable misinterpretation of the tensile properties of 

UHPFRC for structural applications is likely to occur, since the scatter and characteristic values 

from the uniaxial tests are not representative of UHPFRC slab-like elements.  

Regarding biaxial flexural test, the centrally loaded circular slab element test with three support 

points at 120°, has been widely used to characterize FRC properties [7,12,21,24,25,28–30]. 

This methodology with circular slab element having a diameter of 800mm and a thickness of 

75mm is standardized by ASTM C.1550 for measurement of flexural toughness of FRC [31]. 

Different studies indicate that the circular slab element test has the advantage of formation of 

multiple crack pattern and high precision of determining post-cracking behavior of FRC with 

small scatter.  

Recently, this method was extended to UHPFRC panels [12] using two different loading 

methods: one according to ASTM C.1550, the other one has a ring support and central loading 

ring originated from ASTM C.1499-05 for ceramics and glass [32], hereafter called ring-on-

ring test. It was found that the UHPFRC circular slab elements using the first method always 

generated three major cracks located between the support points, owning to the triple 

axisymmetric stress distribution. In the ring-on-ring test, a uniform tensile stress field was 

observed within the loading ring on the bottom surface of the panels, leading to random 

initiation and distribution of fictitious cracks. Compared with the first test, larger crack 

surfaces and higher number of fictitious cracks were observed in the ring-on-ring test, which 

is expected to better reflect the material volume and failure mechanism in UHPFRC structural 

elements. Furthermore, to the best of the authors’ knowledge, no studies are available in the 

literature focusing on the tensile strain-hardening response of UHPFRC under biaxial stress 

condition, which is of utmost importance both under service conditions and at ultimate limit 

state of UHPFRC elements. 

Only few analytical models are available in the literature to predict the flexural behavior of 

UHPFRC slabs. Most of them [6,11,33] focused on the determination of the ultimate flexural 

resistance using yield line methods which have been applied for FRC slabs [21,34–37]. 

Spasojevic [6] observed a plastic behavior of UHPFRC slabs of various thickness (40~60mm), 

similar to RC slabs. The resistant plastic moment was calculated by assuming pseudo-plastic 

yielding in tension of UHPFRC. However, this assumption neglects the contributions from 

both the stress increase in the strain-hardening domain and from fictitious cracks in the tensile 

softening domain, leading to underestimate the flexural resistance.  
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The present research has the objective to investigate experimentally and analytically the biaxial 

flexural response of strain-hardening UHPFRC circular slab elements, with special emphasis 

on the tensile strain-hardening behavior of UHPFRC. First, the biaxial flexural response of 

circular UHPFRC slab elements is characterized by means of the ring-on-ring test. The fracture 

process, in particular the development of matrix discontinuities, is studied using digital image 

correlation (DIC) analysis. Then, a simplified inverse analysis based on slab bending and yield 

line theories is proposed to determine the tensile properties of strain-hardening UHPFRC 

under biaxial stress condition. Finally, the flexural and tensile responses as obtained from the 

ring-on-ring test and 4PBT results are compared. 

2. Experimental investigation

2.1 Material and specimen preparation 

The tested UHPFRC is an industrial premix containing 3.8% by volume of straight steel fibers 

with length of 13mm and diameter of 0.175mm. The water to cement ratio is 0.15 (Table 1). 

At 28 days, the UHPFRC has an average elastic modulus of 49GPa and compressive strength 

of 185MPa, measured using cylinders of 70mm diameter. 

Table 1 Composition of UHPFRC 

Components Quantity 

Premix (cement. Additions, quartz sand) 

kg/m3 

1970 

Water 175 

Specific superplasticizer 29 

Steel fibers (𝑙𝑓 =  3𝑚𝑚, 𝑑𝑓 =  .  5𝑚𝑚, 𝑉𝑓 = 3. %) 298.3 

Table 2 gives an overview of different types of specimens used in the present experimental 

program, in which 4 circular slab elements with diameter of 1200mm and thickness of 50 mm 

are used for the ring-on-ring test, and 14 extracted plates from one circular slab element for 

4PBT (Figure  3-c). A thickness of 50mm is representative of the thin elements as found in 

numerous UHPFRC applications.  

Table 2 Overview of tested specimens 

Test Method Dimension Number of specimens Fabrication 

Ring-on-ring test Φ1200×50 mm 4 
Cast from the center in the 

circular formwork individually 

4PBT 500×100×50 mm 10 
Extracted from one circular 

slab element 

Regarding the casting for circular slab elements, the fresh self-compacting UHPFRC (with 

slump flow of 700mm) was poured on the center area of the formwork from where it has 

flown (without any pulling or vibration) to fill entirely the formwork (Figure 2-b). After casting, 

a plastic sheet was pulled over the slabs to allow for curing. The formworks were removed 24 

hours later. The slab elements were then kept under moist curing conditions at 20℃ and 100% 
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humidity during the following seven days, and subsequently were stored inside the laboratory 

until testing. The age at testing was more than 60 days when over 90% of the UHPFRC final 

material properties were attained [38,39]. 

Figure 2 Specimen preparation: 
(a) circular formwork; (b) casting method; (c) extracted plates for 4PBT

2.2 Test method and procedure 

2.2.1 Ring-on-ring test 

Figure 3 shows the full test setup and instrumentation for the ring-on-ring test. The circular 

slab element was simply supported on a support ring with R=500 mm (span l=1000mm) and 

thickness of 50 mm. The loading was imposed by a hydraulic jack under displacement control, 

acting at the center of the slab through a force transmitting ring with r=150 mm and height of 

30mm. Based on slab bending theory [40], the inner part of the UHPFRC slab is under pure 

bending by a uniformly distributed unit moment 𝑚𝑖 given by equation (1): 

𝑚𝑖 =
𝐹𝑖

8𝜋
[
 1−𝜈 (𝑅2−𝑟2)

𝑅2 − 2  + 𝜈 ln
𝑟

𝑅
]         (1) 

As derived from a liner elasticity theory [40,41], the maximum flexural strength 𝜎𝑖  at the 

bottom surface of the slab under biaxial stress condition is equal to 

𝜎𝑖 =
3𝐹𝑖

2𝜋ℎ2 [
 1−𝜈 (𝑅2−𝑟2)

2𝑅2 −   + 𝜈 ln
𝑟

𝑅
]   (2) 

where 𝐹𝑖 is the recorded force, 𝑣 is the Poisson’s ratio and h is the thickness of the specimen. 

The slabs were tested with the casting surface facing up, allowing the observation of tensile 

crack propagation on the smooth sheathed surface. Before testing, the casting surface was 

polished using a hand-held grinding machine, and a mortar layer was placed between the 

support ring and the bottom surface to level out both surfaces. Two rubber pads (thickness of 

10 mm, E=500 MPa) were positioned between the slab surfaces and the two rings to distribute 

the force evenly. 

During testing, all the UHPFRC slabs were subjected first to three loading–unloading cycles 

to 15 kN with an actuator displacement rate of 1.0 mm/min. Afterwards, a monotonic loading 

with the same displacement rate was applied up to the maximum force. Then, a rate of 4.0 

(a) (b) (c)
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mm/min was applied until the actuator displacement reached 80 mm or the steel plate above 

the force transmitting ring touched the specimen. A force cell installed between the jack and 

the specimen was used to record the force with a frequency of 5 Hz. 

The 3D Digital Image Correlation (DIC) system and two series of LVDTs were adopted to 

measure the damage processes and deflection during the whole testing: 

By means of the DIC technique, full-field strains and fracture process were observed during 

the whole test. Two digital cameras were placed underneath the slab at a distance of 0.5m and 

an angle of 23 degrees to the vertical. The targeted area was about Ø600mm on the on the 

sheathed surface at the slab center. During preparation, this surface was painted with matte 

white paint and then sprayed to obtain a black speckle pattern with a size of about 0.5mm. For 

the present case, the expected DIC measurement accuracy was about 1μm. 

On the top surface of the slab, one Linear Variable Displacement Transducers (LVDT) was 

placed at the center to measure the central deflection, and three LVDTs at an angle of 120 

degrees were placed above the position of rubber pad to record the corresponding 

deformation.  

The recordings of the two cameras of the DIC system were synchronized via wired computer 

control with a frequency of 0.2 Hz, while the recording by the LVDTs was 5 Hz. All deflection 

measurements were made with respect to the strong floor. 

Figure 3 Schematic description of test setup and devices 

2.2.2 Four-point bending test (4PBT) 

The extracted plates for 4PBT were tested and instrumented according to Figure 4, with a span 

l=420mm. Based on the liner elasticity theory, the flexural strength 𝜎𝑖 at the bottom surface of 

the plate under uniaxial stress condition is determined using equations (3): 

Concrete 

block 
Concrete 

block 
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𝜎𝑖 =
𝐹𝑖𝑙

𝑏ℎ2         (3) 

During testing, the plates were placed with their sheathed surface down where under the tensile 

stress, similar with the UHPFRC slabs for ring-on-ring test. Besides the two symmetrical 

LVDTs measuring the central deflection, the DIC was applied to record the damage process: 

the targeted area was 160×100 mm on the sheathed surface covering the constant moment 

part of the plates during the whole testing. The speckle size was around 0.5mm, and the 

corresponding DIC measurement accuracy can reach around 1με. The 4PBT was performed 

on a servo-hydraulic testing machine with displacement rate of 0.5 mm/min pre-peak and 5 

mm/min post-peak.  

Figure 4 4PBT setup and instrumentation for rectangular plates (unit: mm) 

3. Experimental results and discussion

3.1 Ring-on-ring test results 

3.1.1 Force-deflection response 

The ring-on-ring test results of four UHPFRC circular slab elements are presented in terms of 

force vs. central deflection (F-δ), in which the thick curve refers to the average response 

(Figure 5). Accordingly, Table 3 summarizes the characteristic flexural parameters for each 

slab, including the elastic limit (corresponding to force 𝐹𝑒 and deflection 𝛿𝑒), peak point (𝐹𝑝 

and 𝛿𝑝). Here, the deflection values are determined by DIC analysis on the bottom surface, 

excluding the deformation of rubber pad measured from three LVDTs on the top surface. 

The recorded force values are modified considering the real thickness of each slab by using 

the term  ℎ ℎ𝑖⁄  2 , where ℎ = 5 𝑚𝑚  is the nominal thickness and ℎ𝑖  is the measured

thickness of each slab. The average curve is obtained through averaging the four curves, which 

are normalized by each ultimate limit, respectively. The determination of elastic limit (point A, 

corresponding to 𝐹𝑒 and 𝛿𝑒) is determined when an irreversible decrease of 5% of the moving 

scant modulus of F-δ curve is observed firstly. This result is validated against the DIC analysis 

results in section 3.1.3, where the first matrix discontinuity is detected. 

(a) two application points of the displacements;
(b) reference wafer fixed on the upper specimen surface;
(c) metallic frame placed at mid-height of the specimen.
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As shown in Figure 5 and Table 3, all slabs show consistent flexural responses with small 

scatter under ring-on-ring testing. In the elastic domain (O-A), a linear F-δ response is 

observed, and the elastic limit is in the range of 0.18 Fp ~ 0.22 Fp with average of 0.20Fp. 

Afterwards, a large non-linear part until the peak limit (point C) is highlighted, where 

significant stress redistribution in the slab is expected. It is noted that the scant modulus of 

the curve decreases slightly at the beginning of this domain, hereafter called quasi-elastic 

domain (A-B). The determination of the quasi-elastic limit (point B) is based on DIC analysis, 

as described in the following section. The rest of the non-linear part (B-C) with significant 

deflection hardening behavior is called hardening domain in this study. Beyond maximum 

force, during the softening domain (C-D), the slabs exhibited important ductility with high 

residual resistance. D is a random point at the end of the softening domain. 

Figure 5 Force-deflection response from ring-on-ring tests 

Table 3 Biaxial flexural parameters from ring-on-ring tests 

No. 
Fe σe(fUte) δe we Fqe σqe δqe wqe Fp σp fUtu δp wp 

n 
h 

(kN) (MPa) (mm) (mm) (kN) (MPa) (mm) (mm) (kN) (MPa) (MPa) (mm) (mm) (mm) 

S1 
25.43 

(0.18Fp) 
8.31 0.40 0.014 

75.15 

(0.54Fp) 
24.61 2.20 0.089 138.66 45.42 14.21 31.75 3.60 8 50.30 

S2 
28.89 

(0.20Fp) 
9.46 0.53 0.011 

83.70 

(0.59Fp) 
27.41 2.65 0.087 142.64 46.72 14.62 19.06 1.70 7 51.81 

S3 
28.23 

(0.20Fp) 
9.17 0.45 0.011 

74.14 

(0.51Fp) 
24.29 2.14 0.087 144.38 47.29 14.80 25.01 2.85 6 50.48 

S4 
29.40 

(0.22Fp) 
9.62 0.66 0.009 

82.40 

(0.56Fp) 
26.99 2.08 0.067 146.74 48.07 13.35 29.46 4.63 7 46.43 

Average 
27.99 

(0.20Fp) 
9.14 0.51 0.011 

78.85 

(0.55Fp) 
25.83 2.27 0.083 143.11 46.87 14.08 26.32 3.20 - - 

Std. dev. 1.77 0.58 0.11 0.002 4.90 1.60 0.26 0.01 3.14 1.12 0.30 5.59 1.24 - - 

CV 0.06 0.06 0.22 0.18 0.06 0.06 0.11 0.13 0.02 0.02 0.02 0.21 0.39 - - 
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3.1.2 Failure mode 

All UHPFRC slabs failed in flexural fracture mode with pronounced cracking, characterized 

by several randomly distributed dominant fictitious or real cracks surrounded by multiple fine 

fictitious cracks. Figure 6 illustrates the cracking pattern (visible by the naked eyes) on the 

bottom surface of the four UHPFRC slabs at the end of testing, in which the thick lines refer 

to dominant fictitious cracks or real cracks and the thin ones stand for fine fictitious cracks. 

Notably, in all UHPFRC slabs, the fictitious and real cracks are largely concentrated within the 

area surrounded by the force transmitting ring; the numbers of dominant fictitious cracks and 

real cracks (n) are similar, ranging from 6~8 (Table 3). However, the cracking patterns, 

especially the distribution of fine fictitious cracks, are random and the propagation paths of 

cracks are irregular. This enables the slight variation in F-δ curves once the fictitious cracks 

start to propagate (after B). For example, compared with the rest, S1 generated the most 

amount of fine fictitious cracks, allowing for more contribution from fiber bridging effect, and 

consequently, leading to the highest deflection hardening behaviour given δp=31.75mm (65% 

more than that from S2 with least number of fine fictitious cracks).  

Figure 6 Final fracture patterns after testing (a) S1, (b) S2, (c) S3, (d) S4 

3.1.3 Fracture process 

Based on DIC analysis using VIC-3D, the whole fracture process of each UHPFRC slab under 

testing was captured. Note that initiation and propagation of matrix discontinuities are 

invisible to the naked eye and could not be measured using traditional sensors, but are detected 

on DIC strain contours. Figure 7 shows the fracture process observed on slabs S3 and S4, 

(a) (b) 

(c) (d) 
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considered to be representative. Several DIC strain contours are selected to illustrate the 

fracture characteristics in different phases in terms of F-δ curve. The white dashed circle marks 

the position of the force transmitting ring on the bottom surface of UHPFRC slab, and the 

lines with different colors mark the matrix discontinuities and fictitious cracks. On this basis, 

the elastic limit (point A) can be validated by the first existence of matrix discontinuity, shown 

on the DIC strain contour. The quasi-elastic limit (point B) is determined when the strain 

concentration starts on one or several matrix discontinuities, represented by the green lines on 

the DIC strain contour in this study. The corresponding values (Fqe and δqe) are also given in 

Table 3. Fqe is in the range of 0.51Fp to 0.59Fp with an average of 0.55Fp. 

It was observed that all the slabs under ring-on-ring test show similar fracture process (Figure 

7), characterized as follows: 

(1) Once the elastic limit (A) is reached, single or several matrix discontinuities indicated

by the blue lines, initiate randomly on the bottom surface of the slab within the force

transmitting ring area, where pure bending moment is acting. Afterwards, these matrix

discontinuities propagate irregularly, and a large amount of new matrix discontinuities

are produced and distributed randomly within the force transmitting ring area in this

quasi-elastic domain.

(2) At the quasi-elastic limit (point B), one or several fine fictitious cracks (green lines) are

firstly detected by DIC analysis, and more appear as the force increases. These fine

fictitious cracks develop from some of previous matrix discontinuities in Phase II.

They concentrate within the force transmitting ring area.

(3) At ultimate limit (point C), several fictitious cracks become dominant, and cannot be

covered by DIC strain contours due to the large opening. They propagate radially from

the center to the edge in the subsequent softening domain (phase IV). No more new

matrix discontinuities or fictitious cracks appear in this domain.
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Figure 7 Fracture process of UHPFRC slab under ring-on-ring test: (a) S3; (b) S4 

3.1.4 Development of matrix discontinuities and fictitious cracks opening 

Using the virtual extensometers of the DIC analysis tool, the opening response of every single 

matrix discontinuity and fictitious crack is recorded over the entire testing duration. The virtual 

extensometers, with measurement length of about 15mm, are set separately to be 

perpendicular to the propagation path and located at the critical part of each target. In order 

to obtain actual opening values, the contribution from the elastic deformation within the 

measurement length is deduced. All UHPFRC slabs show similar opening development 

responses, Figures 8 and 9 present the opening vs. force (w-F) and opening vs. deflection (w- 

δ) curves from slab S3 as example.  

A large amount of matrix discontinuities and fictitious cracks with a wide range of openings is 

observed, and three characteristic types of opening responses can be identified. The green lines, 

referring to the development of matrix discontinuities, has maximum opening less than 0.1mm, 

and start to close partially before ultimate limit. It is noted that the residual openings of matrix 

discontinuities at the end of testing are all less than 0.05mm. Part of the fictitious cracks with 

maximum opening less than 1.5mm, indicated by the blue lines, nearly stop development once 

reaching the peak limit. The others (black lines) become dominant fictitious cracks and develop 

rapidly with increase in deflection in the softening domain. 

In accordance with the F-δ response and cracking process (Figure 7), the opening development 

responses can be subdivided into four phases. The maximum openings at different 

characteristic limits (𝑤𝑒, 𝑤𝑞𝑒 and 𝑤𝑝) are determined for each slab, as summarized in Table 3. 

In the elastic domain, all curves nearly coincide together, and only the deformation of matrix 

is measured. The curves in the quasi-elastic domain show almost linear responses although 

lower scant modulus is found compared with the elastic domain. Only the matrix 

discontinuities are observed, and the maximum opening is less than 0.1mm in this domain. 

Afterward, the hardening domain is characterized by propagation of multiple fictitious cracks 

r 

(b)
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developed from previous matrix discontinuities. Some of these fictitious cracks become 

dominant once the specimen is reaching its maximum resistance, and propagate rapidly in the 

softening domain. 

  

Figure 8 Representative opening – force response (w-F) of UHPFRC circular slab element:                                                                                 
(a) overview, (b) zoom in the crack opening up to 0.14mm 

  

Figure 9 Representative opening – deflection response (w-δ) of UHPFRC circular slab element:                                                                                         
(a) overview, (b) zoom in the crack opening up to 0.25mm 

 

3.2 4PBT results 

The force-deflection curves from different UHPFRC plates under 4PBT are shown in Figure 

10, where a four-domain response can be identified. The characteristic flexural parameters for 

each plate are summarized in Table 4. The determination of these parameters is based on the 

aforementioned methodology used for ring-on-ring tests. In addition, the DIC strain contours 

on tensile surface within the constant moment zone are given for all plates at the elastic limit 

point B, quasi-elastic limit point C and end of testing (point D), respectively. In general, the 

flexural responses from different plates agree well until reaching the quasi-elastic limit, and 

afterward, varying largely in terms of force-deflection curve and cracking pattern with increase 

of deflection.  

(a) (b) 

(a) (b) 
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Figure 10 Force-deflection responses from 4PBT 

With respect to the fracture process and opening response, all UHPFRC plates show 

consistent responses under 4PBT. The example of specimen B1 is illustrated in Figures 11 and 

12. The first matrix discontinuity initiates randomly at elastic limit (Fe ≈ 0.31Fp). Afterward,

the multiple matrix discontinuities develop in the quasi-elastic domain. Once reaching the

quasi-elastic limit (at Fqe ≈ 0.70Fp), the strain starts to concentrate on one or several adjacent

matrix discontinuities, and propagate from one edge to the other of the plate, evolving into

one single fictitious crack (or narrow fracture zone) at maximum force (Fp). It’s interesting to

note that the force-opening curves change sharply at around Fqe, as shown in Fig12(b). During

the softening domain, the single fictitious crack develops rapidly in terms of opening, while

the other matrix discontinuities unload partially with residual opening less than 0.02mm at the

end of testing.

Figure 11 Representative fracture process of UHPFRC plate under 4PBT (B1) 
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Figure 12 Representative force – opening (F-w) curve of UHPFRC plate: 
(a) overview, (b) zoom in the opening up to 0.1mm

3.3. Comparison between ring-on-ring test and 4PBT results 

Based on previous testing results, the flexural strength, fracture process (including 

development and opening of matrix discontinuities and fictitious crack), and energy absorption 

capacity are compared in different characteristic domains. For direct comparison, the flexural 

strength vs. normalized deflection referring to the span length (σ-δ/l) curves from two 

different tests are shown in Figure 13. The flexural strength under ring-on-ring test and 4PBT 

are calculated using equation (2) and (3), respectively. The corresponding values at different 

characteristic limits are summarized in Tables 3 and 4.  

Figure 13 Equivalent flexural tensile stress vs. normalized deflection (σ-δ/l) curves 
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In the elastic domain, the flexural responses in terms of σ-δ/l curves from both tests almost 

coincide with little scatter, as shown in Figure 13. It appears, however, that the flexural strength σe 

at elastic limit from ring-on-ring test is in average around 19% smaller than the one from 4PBT. 

This can be attributed to the fact that a large zone of circular slab element is under pure bending 

field in arbitrary directions, while a relatively small zone of the rectangular plate is under pure 

bending field in only one direction. Thus, it is plausible that the initiation of the first matrix 

discontinuity occurs earlier in the ring-on-ring test, given the stochastic nature of UHPFRC 

material. However, this finding does not coincide with Kim et al. [7] who reported a lower value 

of σe from 4PBT. 

Regarding the quasi-elastic domain, the flexural response under 4PBT varies slightly among the 

different plates due to the variation of matrix discontinuities distribution (Table 4). This mainly 

results from the intrinsic heterogeneity of local fiber distribution, as reported by [17,18,42]. In the 

case of the ring-on-ring test, the influence of heterogeneity can be largely compensated by the 

stress redistribution in the circular slab elements, where a nearly uniform network of matrix 

discontinuities at quasi-elastic limit is observed (Figure 7). The consistent response thus is obtained 

in this domain in the ring-on-ring test. It is noted that the matrix discontinuity openings at quasi-

elastic limit (wqe) from the ring-on-ring test is in the range of 0.050mm to 0.089mm with average 

of 0.08mm, more than two times larger than the one from the 4PBT (0.029mm≤wqe≤0.041mm with 

average of 0.03mm); while the corresponding flexural strength (σqe) from both tests are nearly 

identical in average. 

During the hardening domain, only single fictitious crack form in the 4PBT. Large scatter of 

flexural response is obtained due to the variation of fiber distribution in the different plates. Similar 

experimental evidence is reported from different studies [13–16,43,44]. In contrast, the circular 

slab elements show stable results in the hardening domain, and are characterized by much larger 

fracture zones with multiple fictitious cracks. This implies the important stress redistribution 

owing to the fiber bridging effect in different directions. Regarding ultimate flexural strength at 

ultimate limit Fp, the average value from the ring-on-ring test is 46.87MPa, comparable to the 

average value (50.77 MPa) reported in [12], where a different UHPFRC mix (Vf=2.0%, 

lf/df=19.5/0.2) and circular slab element geometry (Φ=480mm, h=48mm) was used. This value is 

roughly 28% higher than the one from the 4PBT. Furthermore, the corresponding average energy 

absorption capacity at Fp is more than 3 times higher than the one from the 4PBT (36.47 MPa). 

Furthermore, the corresponding average energy absorption capacity at Fp is more than 3 times 

higher than the one from the 4PBT. 
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4. Simplified inverse analysis

Different inverse analysis methods based on the force-deflection curve from 4PBT have been 

proposed as an indirect method for characterizing the uniaxial tensile behavior of UHPFRC [45–

49], and even standardized in UHPFRC codes [8,9]. It appears, however, that inverse analysis of 

ring-on-ring test results has not yet been conducted. 

Stating that the flexural tensile stress obtained from the elastic limit of the force-deflection curve 

is equal to the elastic limit stress of UHPFRC material (as described in section 3.3), this chapter 

focuses on the determination of the tensile strength of UHPFRC based on inverse analysis from 

both types of testing. The inverse analysis of 4PBT results standardized in [8] is briefly described 

[30], and the inverse analysis of ring-on-ring test results is proposed based on the yield line theory 

[50,51]. 

4.1 Four-point bending test (4PBT) 

Based on a series of finite element analysis for strain hardening UHPFRC under 4PBT [13,45], it 

has been observed that the position of the neutral axis of a bending specimen at maximum force 

𝐹𝑝 is consistently at  . 2ℎ from the tensile surface. Thus, the tensile strength of UHPFRC is 

calculated according to equation (4) following the stress distribution shown in Figure 14(b): 

𝑓𝑈𝑡𝑢 =  .3 3
𝐹𝑝𝑙

𝑏ℎ2 (4) 

Figure 14 Sectional distributions of stress: (a) at elastic limit; (b) at maximum force 

4.2 Ring-on-ring test 

Based on the static boundary conditions of the UHPFRC circular slab element under ring-on-ring 

test, radial and circumferential yield lines are assumed as illustrated in Figure 15. This yield lines 

correspond to actual failure modes presented in section 3.1. 
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The external work 
extW  for the virtual displacement 𝛿𝑝 at ultimate limit 𝐹𝑝 is 

𝑊𝑒𝑥𝑡 = 𝐹𝑝𝛿𝑝      (5) 

Based on the assumed yield lines, the internal work 
intW  is 

𝑊𝑖𝑛𝑡 = 2𝜋𝑚𝑟
𝑢𝜑 + 2𝜋 𝑅 − 𝑟 𝑚𝑡

𝑢𝜑 = 2𝜋𝛿𝑝 𝑚𝑟
𝑢 𝑟

𝑅−𝑟
+ 𝑚𝑡

𝑢         (6) 

where  𝜑 =
𝛿𝑝

𝑅−𝑟
 is the rotation angle of single segment, u

rm and u

tm are the moments per unit 

length along the radial and tangential directions, respectively.

Thus, considering energy balance 𝑊𝑒𝑥𝑡 = 𝑊𝑖𝑛𝑡, the 
pF is obtained:

𝐹𝑝 = 2𝜋 𝑚𝑟
𝑢 𝑟

𝑅−𝑟
+ 𝑚𝑡

𝑢         (8) 

Figure 15 Assumed yield lines 

As reported by Baril et al. [11], the flexural plastic moment per unit length of thin UHPFRC slab 

element at ultimate limit is close to the one from bending beam under 4PBT. Thus, following the 

sectional stress distribution given in Figure 14(b) for 4PBT: 

𝑚𝑟
𝑢 = 𝑚𝑡

𝑢 =
1

2.3
ℎ2𝑓𝑈𝑡𝑢       (9) 

Combining equations (8) and (9), the biaxial tensile strength of UHPFRC is obtained: 

𝑓𝑈𝑡𝑢 =  . 5
𝐹𝑝

𝜋ℎ2

𝑅−𝑟

𝑅
       (10) 
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4.3 Comparison 

The calculated values of uniaxial and biaxial tensile strength 𝑓𝑈𝑡𝑢  of UHPFRC material using 

respectively equations (4) and (10) are given in Tables 3 and 4. It is observed that the ring-on-ring 

test yields consistent results, while 4PBT shows considerable variation. The average value of biaxial 

tensile strength from the ring-on-ring test is almost equivalent to the uniaxial tensile strength 

obtained from the 4PBT as determined from inverse analysis. 

5. Conclusions

The biaxial flexural response of strain-hardening UHPFRC circular slab elements is investigated 

experimentally and analytically using the ring-on-ring test. By means of DIC analysis, the full 

fracture process of UHPFRC circular slab element is captured. Particularly, the quasi-elastic limit 

is determined, and the development of matrix discontinuities in the quasi-elastic domain is studied. 

Additionally, ring-on-ring and 4PBT testing results are compared based on experimental evidence 

and simplified inverse analysis. The ring-on-ring test yields stable results towards a consistent 

characterization of the biaxial flexural response of UHPFRC.  

The main conclusions are: 

(1) The quasi-elastic limit, representing the initiation of strain concentration based on DIC

analysis, corresponds to roughly 55% of maximum force under ring-on-ring testing

condition, while it is at 70% of maximum force under 4PBT. The corresponding flexural

tensile stresses at the quasi-elastic limit as obtained from both tests, are nearly identical.

(2) At the quasi-elastic limit, a larger number of matrix discontinuities with maximum opening

of 0.08mm is observed on the UHPFRC slab element under ring-on-ring testing, while

less matrix discontinuities with maximum opening of 0.03mm are found for the 4PBT.

This implies that the strain-hardening behavior of UHPFRC is further developed under

biaxial stress condition compared with uniaxial stress condition.

(3) The flexural strength at ultimate limit under ring-on-ring testing is roughly 28% higher

than the one obtained from 4PBT. The corresponding energy absorption capacity under

ring-on-ring testing is more than 3 times higher than the one from 4PBT, suggesting

significant strain redistribution capacity of UHPFRC.

(4) The biaxial flexural responses from the ring-on-ring tests show random distribution and

uniform network of matrix discontinuities in the quasi-elastic domain, as well as multiple

fictitious cracks in the hardening domain. This represents realistically the large volume

involved and fracture mechanism of real UHPFRC structural elements.
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(5) According to the simplified inverse analyses based on, respectively, the slab bending

theory and the yield line theory, the elastic limit of strain-hardening UHPFRC under

biaxial tensile stress condition is in average around 19% smaller than under uniaxial stress

condition, while the tensile strength is almost equivalent to the one obtained under

uniaxial condition.
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An Analytical Inverse Analysis to Determine Biaxial Tensile 

Behavior of Strain-Hardening UHPFRC from Ring-on-Ring Test 

Reference: X. Shen, E. Brühwiler, E. Denarié, and W. Peng. An Analytical Inverse Analysis to 

Determine Equi-Biaxial Tensile Properties of Strain-Hardening UHPFRC from Ring-on-Ring 

Test. Submitted to Materials and Structures 

 

ABSTRACT 

The equi-biaxial tensile properties of strain-hardening UHPFRC is determined and investigated 

based on an original analytical inverse analysis of results from ring-on-ring tests. First, the analytical 

inverse analysis method is developed based on the elastic slab bending and yield line theories. 

Using this method, a new objective criterion for the determination of the elastic limit stress of 

strain-hardening UHPFRC is provided, and a point-by-point inverse analysis is used to obtain the 

strain value at the end of hardening. This method reduces uncertainties regarding assumptions and 

avoids any iterative procedures. The inverse analysis results are put into perspective with 

experimental evidence, particularly based on DIC measurements. Moreover, the uniaxial tensile 

properties are also derived from the inverse analysis of 4PBT results and compared with the equi-

biaxial tensile properties from the proposed inverse analysis. The inverse analysis results show a 

18% lower elastic limit stress, and almost equivalent tensile strength of UHPFRC subjected to 

equi-biaxial stresses, compared with the corresponding values from uniaxial stress. Moreover, a 

relatively small equi-biaxial strain at the end of hardening is highlighted. 

 

KEYWORDS: inverse analysis, strain-hardening UHPFRC; equi-biaxial tensile properties, ring-on-

ring test
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1. Introduction

The precise and reliable knowledge of tensile properties and constitutive laws of materials is most 

important for structural design and safety verification. This is particular so for tensile strain-

hardening Ultra-High Performance Fiber Reinforced Cementitious Composites (UHPFRC), 

which exhibit relatively high elastic limit stress (≥ 8 MPa), high tensile strength (≥ 10 MPa) and 

significant deformation capacity with strain up to 5‰ at the end of hardening when subjected to 

uniaxial tension. Taking benefit from these properties, UHPFRC are generally used for thin slab-

like structural elements, which provide the required resistance against bending, shear and fatigue 

even without ordinary steel reinforcement bars [1–3]. Typical structural applications include cast-

in place UHPFRC layers for strengthening of reinforced concrete slabs [4,5], slabs of new bridges 

and buildings as well as shells [6,7]. These innovative applications are now spreading rapidly 

worldwide under the impulse of pioneering countries such as Switzerland [4,5], China [8], Malaysia 

[9] and others. Such structural UHPFRC systems are generally subjected to multiple-axial stresses

[10], hereafter called equi-biaxial stresses, where different tensile properties may be expected

compared to uniaxial stress condition. Thus, the equi-biaxial tensile response of UHPFRC needs

to be known and characterized accurately.

It is well known that there is no unique tensile response for discontinuous fiber reinforced 

cementitious composites, especially for strain-hardening UHPFRC with relatively high fiber 

volume content (Vf ≥ 3.0%), which is influenced largely by the action of the fibrous skeleton in 

materials [11–13]. In the case of equi-biaxial tensile response, such influence may even be more 

significant, given that the effect of fiber distribution in different directions is involved. Swanepoe 

[14] conducted biaxial direct tensile tests (DTT) on strain-hardening cement-based composites

(SHCC). The confinement effect was proven to occur due to the action of fibers in both directions,

leading to different failure mechanism compared with that under uniaxial condition. Similar

findings were observed by Yoo et al. [10,15] for UHPFRC specimens under equi-biaxial flexure,

where considerably higher flexural strength and normalized energy absorption capacity were

observed under equi-biaxial stresses condition compared to those under uniaxial stress condition.

The DTT appears to be the most suitable and straightforward method to quantify the tensile 

behavior of materials. The uniaxial DTT has been applied extensively for characterization of the 

uniaxial tensile response of UHPFRC by different researchers [16–19]. However, few studies to 

characterize the biaxial tensile response of UHPFRC are available. This can be attributed to the 

various difficulties in preparing and performing biaxial DTT, since at least two actuators in both 

perpendicular directions and a large frame are generally necessary. In addition, many challenges 

pertaining to uniform load distribution, frictional effect, accurate boundary condition and load 

control need to be addressed carefully. Ple et al. [20] investigated experimentally and numerically 

the biaxial tensile behavior of Reactive Powder Concrete (RPC, one specific type of UHPFRC) 

using an original biaxial cruciform specimen under a systematic program. However, the strains 

measured from two orthogonal directions were not symmetrical despite symmetric loading, which 

could be attributed to the asymmetry of rigidity between the specimen and the machine. Besides, 

the study in [20] was restricted to the linear behavior. 
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On the other hand, the flexural test provides an easy-to-conduct method to derive indirectly the 

tensile response of materials based on the inverse analysis of test results. This method is generally 

performed by means of either analytical solutions or numerical approach through reproducing the 

flexural measurement results like force-deflection curves. Currently, various inverse analyses have 

been widely applied to characterize the uniaxial tensile properties of UHPFRC [11,21–25] using 

four-point bending testing (4PBT), and some of them are even standardized in UHPFRC 

standards like SIA 2052 [26] and NF P18-710 [27].  

In addition, a flexural test using circular slab specimen (circular slab test) was described as valuable 

alternative to the 4PBT and square slab test for fiber reinforced concrete (FRC) [28]. Based on a 

general theoretical approach considering the random fiber distribution and successive softening 

by fiber pullout, an effective flexural tensile strength and a fracture energy parameter were 

proposed to characterize the strength and toughness of FRC. Compared with the results from 

4PBT and square slab test, the circular slab test provided more reliable results. This method is also 

standardized in the recommendation SIA 162/6 for FRC [29,30]. 

More recently, the ring-on-ring test similar to the one used to characterize ceramics and glass 

according to ASTM C. 1499-05 [31], has been applied successfully to investigate the equi-biaxial 

flexural behavior of UHPFRC [15,32]. A circular slab specimen is simply supported on a ring 

support and the external loading is uniformly distributed on a central loading ring from the top. 

Thus, the central part of the specimen is in pure bending condition, produced by a uniformly 

distributed moment according to the elastic slab bending theory [33]. Unfortunately, there is no 

study available in the literature concerning an inverse analysis from this test. 

The principle objective of the present study is to determine the equi-biaxial tensile properties of 

strain-hardening UHPFRC based on an original inverse analysis method for the ring-on-ring test 

configuration. First, the analytical inverse analysis of the ring-on-ring test, extending from [11] for 

4PBT, is developed based on the elastic slab bending and yield line theories. This method provides 

a new objective criterion for determining the elastic limit stress of strain-hardening UHPFRC, and 

a point-by-point inverse analysis is used to obtain the strain at the end of hardening of UHPFRC. 

Afterward, the inverse analysis results are validated against the experimental evidence, especially 

based on DIC analysis. Moreover, the uniaxial tensile properties are derived from the inverse 

analysis of 4PBT results and compared with the equi-biaxial tensile properties as obtained from 

the proposed inverse analysis of ring-on-ring test results. 

2. Proposed analytical inverse analysis method

2.1 Overview 

In this section, the proposed analytical inverse analysis, following the approach from [11] using an 

uniaxial flexural test (4PBT), is developed first based on the force-deflection response from a equi-

biaxial flexural test (ring-on-ring test). Figure 1 shows the typical force–deflection curve of 

UHPFRC specimen under flexure, where points A’ and C’ stand for the elastic limit and peak force 
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of flexural response, respectively. It is well known that part of the UHPFRC material close to the 

tensile surface of the specimen is already in the strain softening domain at point C’. Thus, a damage 

localization point, hereafter referred as point B’ in Figure 1, is expected between point A’ and C’, 

from which the softening response of UHPFRC specimen enters into play. 

Figure 1 Typical force-deflection curve under flexure 

The principle of the proposed method is to convert pairs of measured force 𝐹𝑖   and deflection 𝛿𝑖 

at characteristic points under equi-biaxial flexure into corresponding pairs of equi-biaxial tensile 

stress and strain at the surface of the specimen in the constant moment zone under tension. This 

is achieved based on: (1) the hypotheses of the classic elastic slab bending theory [33], and (2) the 

equilibrium of moments and normal forces in a sectional analysis. In addition, the strain 

distribution in the sectional analysis is considered as linear; and the compressive behavior of 

UHPFRC is assumed to be linear elastic. The curvature in the constant moment zone is assumed 

to be identical in all directions. 

2.2 Analytical basis 

As for the ring-on-ring test, the circular slab is simply supported on a ring with radius of R, and 

the recorded force F as a result of the imposed vertical actuator displacement is uniformly 

distributed along a small ring with radius r from the top. The notations and sign conventions used 

in the analysis are shown in Figure 2. Dividing the slab into two parts as shown in Figure 2 (b) and 

(c), it may be seen that the inner portion of the slab is in the condition of pure bending produced 

by the uniformly distributed moment 𝑚𝑖 per unit length and that the outer part is bent by 𝑚𝑖 and 

the shearing force 𝑞𝑖 per unit length.

δ (mm)

F (kN)

δi

Fi

C’

B’

A’
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Figure 2 Schematic description of ring-on-ring test 

Based on the elastic slab bending theory [33], the uniformly distributed moment 𝑚𝑖 per unit length 

acting on the inner portion of slab is given by equation (1): 

𝑚𝑖 =
𝐹𝑖

8𝜋
[

(1−𝜈)(𝑅2−𝑟2)

𝑅2 − 2(1 + 𝜈) ln
𝑟

𝑅
] (1) 

with the central deflection 𝛿𝑖 : 

𝛿𝑖 =
𝐹𝑖

8𝜋𝐷
[

(3+𝜈)(𝑅2−𝑟2)

2(1+𝜈)
+ 𝑟2 ln

𝑟

𝑅
]    (2) 

where 𝑣 is the Poisson’s ratio. The value of 𝑣 is assumed as a typical value of 0.2 for UHPFRC 

during elastic domain and set as 0 after elastic limit in present study. The value 𝐷 =
𝐸

1−𝜐2

ℎ3

12
 is the 

elastic flexural stiffness of the slab. 

2.3 Determination of equi-biaxial tensile elastic modulus and elastic limit stress 

The determination of equi-biaxial tensile elastic modulus and elastic limit stress requires using the 

elastic limit point A’ under flexure. The point A’ generally corresponds to the loss of linearity in 

the force-deflection curve. However, point A’ is not easy to be obtained directly from the curve 

due to the high ductility of UHPFRC [11,21], and thus, a reliable and representative criterion to 

determine the elastic limit is necessary. In this section, a criterion based on an irreversible decrease 

of the moving average elastic modulus 𝐸𝑚𝑖, similar with the one defined in [11], is introduced. 

Transformed from equation (2), the elastic modulus 𝐸𝑖 for each pair of measured force and central 

deflection (𝐹𝑖, 𝛿𝑖) is: 

𝐸𝑖 =
3(1−𝜐2)

2𝜋ℎ
3

(𝐹𝑖−𝐹0)

(𝛿𝑖−𝛿0)
[

(3+𝜈)(𝑅2−𝑟2)

2(1+𝜈)
+ 𝑟2ln

𝑟

𝑅
]       (3) 
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where (𝐹0, 𝛿0)  is the reference point at the beginning of the force-deflection curve. 

Then the moving average 𝐸𝑚𝑖 is calculated from at least 10 values of 𝐸𝑖 in the elastic domain after 

the initial domain of specimen response, and plotted as a function of the measured deflection 𝛿𝑖 . 

The point A’ (corresponding to force 𝐹𝑒  and deflection 𝛿𝑒 ) thus is determined when an 1% 

irreversible decrease of 𝐸𝑚𝑖 is observed firstly, and the value of 𝐸𝑖 given by equation (3) for 𝐹𝑒 

and 𝛿𝑒 is defined as the equi-biaxial tensile elastic modulus 𝐸𝑈 of the UHPFRC material. 

As derived from liner elasticity theory [33,34], the stress distribution in cross-section at point A’ is 

assumed according to Figure 3 (a). Thus, the corresponding equi-biaxial tensile elastic limit stress 

𝑓𝑈𝑡𝑒 for 𝐹𝑒 and 𝛿𝑒 is equal to 

𝑓𝑈𝑡𝑒 = 𝜎𝑈𝑡𝑖 =
3𝐹𝑒

2𝜋ℎ
2 [

(1−𝜈)(𝑅2−𝑟2)

2𝑅2 − (1 + 𝜈) ln
𝑟

𝑅
]     (4) 

Figure 3 Stress and strain distribution of cross-section at: 
(a) elastic limit; (b) ultimate limit; (c) damage localization point
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2.4 Determination of equi-biaxial tensile strength 

The ultimate limit point C’ characterizes the maximum force measured during the ring-on-ring test 

of the UHPFRC slab. As demonstrated by several authors [7,35,36], the flexural resistance 𝐹𝑝 of 

UHPFRC thin slab can be estimated using yield line theory [37,38]. Based on the boundary and 

loading conditions of UHPFRC circular slab under ring-on-ring test configuration, the crack 

pattern consisting of radial and tangential yield lines is assumed as shown in Figure 4, which will 

then be verified against the actual failure modes as observed from the test results. 

The external work done, giving the virtual displacement 𝛿𝑝 at 𝐹𝑝 (point C’), is 

𝑊𝑒𝑥𝑡 = 𝐹𝑝𝛿𝑝      (5) 

and the internal work done is 

𝑊𝑖𝑛𝑡 = 2𝜋𝑚𝑡
𝑢𝜑 + 2𝜋(𝑅 − 𝑟)𝑚𝑟

𝑢𝜑 = 2𝜋𝛿𝑝(𝑚𝑟
𝑢 𝑟

𝑅−𝑟
+ 𝑚𝑡

𝑢)      (6) 

with: 

𝜑 =
𝛿𝑝

𝑅−𝑟
    (7) 

where 𝜑  is the rotation angle of single segment, 𝑚𝑟
𝑢  and 𝑚𝑡

𝑢  are the ultimate resistance

moments per unit length along the radial and tangential directions, respectively.   

Considering energy balance, 𝑊𝑒𝑥𝑡 = 𝑊𝑖𝑛𝑡, the flexural resistance 𝐹𝑝 is determined: 

𝐹𝑝 = 2𝜋(𝑚𝑟
𝑢 𝑟

𝑅−𝑟
+ 𝑚𝑡

𝑢)       (8) 

Figure 4  Assumed yield lines 
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At point C’, multiple fictitious cracks are largely developed with relatively small stress transfer 

between fictitious crack surfaces, and a considerable part of the tensile zone of UHPFRC enters 

into the softening domain. Following [11], the stress distribution in the cross-section can thus be 

assumed as illustrated in Figure 3(b), in which 𝛼𝑝ℎ is the height of neutral axis. As reported by 

Baril et al. [35], the maximum plastic moment of the UHPFRC slab is similar to the one obtained 

from beam bending under 4PBT configuration. Thus, the value of 𝛼𝑝 is set as 0.82 at point C’, 

following [11,12] based on non-linear finite element analysis. This leads to: 

𝑚𝑟
𝑢 = 𝑚𝑡

𝑢 =
1

2.3
ℎ2𝑓𝑈𝑡𝑢                                                   (9) 

Combining equations (8) and (9) allows to obtain the equi-biaxial tensile strength: 

𝑓𝑈𝑡𝑢 = 1.15
𝐹𝑝

𝜋ℎ2

𝑅−𝑟

𝑅
                                                          (10) 

 

2.5 Determination of equi-biaxial strain at the end of hardening 

The damage localization point B’ is required for the determination of equi-biaxial strain at the end 

of hardening. In present method, an additional criterion linked to the equi-biaxial tensile strength 

as determined using equation (10) is introduced. Noting that the inverse analysis is invalid beyond 

point B’. 

In the central portion of UHPFRC slab under the force transmitting ring, considering the 

uniformly distributed moment 𝑚𝑖 per unit length, the values of curvature 𝜒𝑖 are given by equation 

(11); they are assumed to be identical in all directions. 

𝜒𝑖 =
𝑚𝑖

𝐷(1+𝜈)
                                                               (11) 

Combined with equations (1) and (3), the curvature 𝜒𝑖 from equation (11) in the central portion 

of slab is obtained for every pair of measured force and central deflection (𝐹𝑖, 𝛿𝑖) according to: 

𝜒𝑖 =
2(1−𝜈)(𝑅2−𝑟2) 𝑅2⁄ −4(1+𝜈) ln

𝑟

𝑅

(3+𝜈)(𝑅2−𝑟2)+2𝑟2(1+𝜈) ln
𝑟

𝑅

𝛿𝑖                                          (12) 

It should be noted that equation (12) is based on elastic structural mechanics and considered as 

reasonably valid for nonlinear behavior. Similar approach is adopted in [11,24,25]. 

For the points between the elastic and ultimate limits, the sectional stress and strain distribution 

in a section is determined according to Figure 3 (c). By assuming that 𝐸𝑈  is constant in all 

directions, the stress is thus expressed as a function of depth 𝑧 from tensile surface, the yielding 

zone height 𝛼ℎ and 𝜎𝑈𝑡𝑖 
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𝜎(𝑧) = {
𝜎𝑈𝑡𝑖          𝑖𝑓 0 ≤ 𝑧 ≤ 𝛼ℎ

𝜎𝑈𝑡𝑖 +
(𝑧−𝛼ℎ)𝜒𝑖𝐸𝑈

1−𝜈
 𝑖𝑓 𝛼ℎ ≤ 𝑧 ≤ ℎ 

(13) 

Consequently, the distributed axial force 𝑁𝑖  and moment 𝑚𝑖  per unit length in a section are 

obtained using equation (14) and equation (15), respectively:  

𝑁𝑖 = ℎ𝜎𝑈𝑡𝑖 +
1

2
(1 − 𝛼)2ℎ2 𝜒𝑖

1−𝜈
𝐸𝑈 (14) 

𝑚𝑖 =
1

2
ℎ2𝜎𝑈𝑡𝑖 + (

1

3
−

𝛼

2
+

𝛼3

6
)2ℎ3 𝜒𝑖

1−𝜈
𝐸𝑈         (15) 

Based on the equilibrium of forces in sectional analysis, namely 𝑁𝑖 = 0: 

2𝛼3 − 3𝛼2 + 1 −
12(1−𝜈)𝑚𝑖

ℎ3𝜒𝑖𝐸𝑈
= 0     (16) 

Based on the equilibrium of moments in sectional analysis, namely combining equation (16) with 

equation (1), the value of 𝛼𝑖 is determined. Subsequently, the equi-biaxial tensile stress Uti  and

deformation Uti  at the tensile surface of the central part of slab are determined using equation

(17) and equation (18), respectively:

𝜎𝑈𝑡𝑖 =
1

2
(1 − 𝛼𝑖)2ℎ

𝜒𝑖

1−𝜈
𝐸𝑈       (17) 

휀𝑈𝑡𝑖 =
(1−𝜈)𝜎𝑈𝑡𝑖

𝐸𝑈
+ 𝛼𝑖𝜒𝑖ℎ         (18) 

The inverse analysis then is performed for a series of points evenly distributed between the force 

range of 0.50𝐹𝑝 to 0.80𝐹𝑝. The first point "j" for which the calculated stress 𝜎𝑈𝑡𝑗 is larger than 

the value of 𝑓𝑈𝑡𝑢 according to equation (10) gives an estimate of the equi-biaxial strain at the end 

of hardening of the UHPFRC, namely 휀𝑈𝑡𝑢 = 휀𝑈𝑡𝑗. 

3. Results of inverse analyses

3.1 Experimental campaign 

Two experimental campaigns are conducted to investigate the uniaxial and equi-biaxial flexural 

behavior of UHPFRC elements. A total of four circular slabs (diameter of 1200mm, thickness of 

50 mm) are used for the ring-on-ring test; the metallic support ring and force transmitting ring 

have a radius of R = 500 mm and r = 150 mm, respectively. Ten rectangular plates (length of 500, 

width of 100mm and thickness of 50 mm), extracted from a circular slab of same fabrication, are 

used for 4PBT with a span of 420mm. The real geometry, especially the thickness, of each 

specimen has been measured precisely before testing. Figure 5 shows the full test setups and 

instrumentations for both tests. The net central deflection under ring-on-ring test is determined 
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by digital image correlation (DIC) analysis on the bottom surface, excluding the deformation of 

rubber pad measured from three LVDTs on the top surface. The net mid-span deflection under 

4PBT is directly obtained from DIC analysis. 

The tested UHPFRC is an industrial premix containing 3.8 % by volume of straight steel fibers 

with length of 13 mm and diameter of 0.175 mm. At 28 days, the UHPFRC has compressive 

strength of 185MPa, measured using cylinders of 70 mm diameter and 140 mm height. 

The experimental details are reported in [32]. Only the main testing results are summarized in the 

following. 

Figure 5 Schematic description of test setup and devices: (a) Ring-on-ring test; (b) 4PBT 

3.2 Inverse analysis results from ring-on-ring test 

3.2.1 Experimental results 

The force versus central deflection (F-δ) curves of four UHPFRC circular slabs from the ring-on-

ring test are presented in Figure 6, where the thick curve refers to the average response. Based on 

digital image correlation (DIC) analysis, Figure 7 shows the fracture process observed on bottom 

surface of slab S3 as representative example, in which the white dashed circle marks the position 

of the force transmitting ring. 

In general, the ring-on-ring test yields consistent equi-biaxial flexural response. Four characteristic 

domains in terms of F-δ curves can be distinguished, namely, the elastic domain (OA), quasi-elastic 

domain (AB), hardening domain (BC) and softening domain (CD), as marked with letters A-D in 

Figure 7. Based on the DIC strain contours, the elastic limit (described by  𝐹𝑒, 𝛿𝑒  and 𝑤𝑒 at point 

A) is determined when the first matrix discontinuity is detected, while the quasi-elastic limit

(described by 𝐹𝑞𝑒, 𝛿𝑞𝑒 and 𝑤𝑞𝑒 at point B) refers to the start of strain concentration on one or

several matrix discontinuities, implying the formation of first fictitious cracks. Accordingly, Table

1 summarizes the characteristic parameters, including force, deflection and maximum opening, at

the end of each domain (point A, B and C) and for all slabs.

(a) two application points of the displacements;

(b) reference wafer fixed on the upper specimen surface; 

(c) metallic frame placed at mid-height of the specimen.

(a) (b) 
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Figure 6 Force- central deflection (F-δ) curves from four quasi-static ring-on-ring tests 

Figure 7 Example of cracking and fracture process on the tensile surface of the UHPFRC slab under 
quasi-static ring-on-ring testing (S3) 
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Table 1 Equi-biaxial flexural parameters from ring-on-ring tests 

No. 
h Fe δe we Fqe δqe wqe Fp δp wp 

(mm) [kN] [mm] [mm] [kN] [mm) [mm] [kN] [mm] [mm] 

S1 50.30 
25.74 

(0.18Fp) 
0.40 0.014 

76.06 

(0.54Fp) 
2.20 0.089 140.34 31.75 3.60 

S2 51.81 
31.02 

(0.20Fp) 
0.53 0.011 

89.87 

(0.59Fp) 
2.65 0.087 153.16 19.06 1.70 

S3 50.48 
28.77 

(0.20Fp) 
0.45 0.011 

75.56 

(0.51Fp) 
2.14 0.087 147.14 25.01 2.85 

S4 46.43 
25.35 

(0.22Fp) 
0.66 0.009 

71.04 

(0.56Fp) 
2.74 0.067 126.51 29.46 4.63 

Average 49.75 
27.72 

(0.20Fp) 
0.51 0.010 

78.13 

(0.55Fp) 
2.43 0.083 141.74 26.32 3.20 

 

3.2.2 Inverse analysis results from ring-on-ring test 

Figure 8 illustrates the determination of elastic limit (point A’) from specimen S3 as example. 

According to the description in section 2.2, the evolution of moving average secant modulus 𝐸𝑚𝑖 

as a function of central deflection 𝛿𝑖  is calculated using equation (6). Thus, following the 1% 

irreversible decrease criterion, the elastic limit is determined at a deflection of 0.46 mm and force 

of 28.77 kN, corresponding to equi-biaxial elastic limit stress of 9.17 MPa and elastic modulus of 

57’500 MPa.  

Figure 9 shows the determination of damage localization point B’ from specimen S3. Considering 

that the experimentally determined quasi-elastic limit is at a force level of 0.55 Fp, a total of 20 

interpolated points are selected between 0.50 Fp to 0.80Fp, as indicated by the red circles Figure 9 

(a). The corresponding values of stress and strain based on equation (17) and (18) are given in 

Figure 9 (b). The equi-biaxial strain at the end of hardening 휀𝑈𝑡𝑢 corresponding to the calculated 

equi-biaxial tensile strength (fUtu = 14.24 MPa) is determined to be 1.62‰.  

   

Figure 8 Example of determination of elastic limit:                                                                                        
(a) elastic modulus as a function of deflection; (b) position of elastic limit 
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Figure 9 Example of determination of damage localization point:  
(a) test results with interpolated points; (b) corresponding tensile properties

Finally, all results from inverse analyses of the ring-on-ring tests are summarized in Table 2, where 

FA’ and FB’ refer to the force at elastic limit and at damage localization point as determined using 

the proposed inverse analysis method. In general, the equi-biaxial tensile properties are consistent 

within the four slab specimens, although a relatively low value of εUtu is observed for S4. The equi-

biaxial elastic modulus is 59’000 MPa in average. It is noted that the determined elastic limit (point 

A’) agrees well with the experimental result (point A), where the first matrix discontinuity is 

observed from DIC analysis. Value FB’, corresponding to 0.63 Fp in average, is around 16% higher 

than the quasi-elastic limit (point B, Fqe) as determined experimentally. For direct comparison, the 

position of point B’ is marked in Figure 7 for S3. The corresponding DIC strain contours at points 

B and B’ are given in Figure 10 for each UHPFRC slab specimen. It is observed that at point B, a 

network of matrix discontinuities is formed in the central tensile area of the slab. Afterward, this 

network resists cooperatively the increasing load, although slight strain concentration (red lines in 

the DIC strain contours) is observed. Beyond point B’, the strain concentrates largely and locally 

to form several fictitious cracks. Therefore, point B’ as determined from inverse analysis matches 

well with the damage localization point as obtained from experiments. 
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Table 2 Equi-biaxial tensile properties from inverse analysis of ring-on-ring test 

No. 
EU FA’ fUte FB’ εUtu fUtu 

[MPa] [kN] [MPa] [kN] [‰] [MPa] 

S1 57’700 
25.90 

(0.18Fp) 
8.31 

89.52 

(0.64Fp) 
1.23 13.67 

S2 56’000 
31.27 

(0.20Fp) 
9.46 

98.03 

(0.64Fp) 
1.28 14.07 

S3 57’500 
28.77 

(0.20Fp) 
9.17 

96.75 

(0.66Fp) 
1.62 14.24 

S4 64’500 
30.55 

(0.26Fp) 
9.62 

76.05 

(0.61Fp) 
0.94 14.35 

Average 59’000 
29.12 

(0.21Fp) 
9.14 

90.09 

(0.63Fp) 
1.27 14.08 

Std. dev. 3793 - 0.58 - 0.28 0.30 

CV 0.06 - 0.06 - 0.22 0.02 

Figure 10 Comparison between quasi-elastic limit (B) and fictitious crack localization point (B’) of 
slabs: (a) S1; (b) S2; (C) S3; (D) S4 

(c) (d) 

(a) (b) 

r 
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3.3 Inverse analysis results from 4PBT 

3.3.1 Experimental results 

The force-deflection curves from different UHPFRC plates under 4PBT are shown in Figure 11, 

where a four-domain response can be identified. Based on DIC analysis, Figure 12 shows the 

fracture process observed from plate B1 as representative example, in which the damage 

propagation on the bottom surface of the constant moment zone (between loading points) are 

presented. 

The determination of corresponding uniaxial flexural parameters is based on the same 

methodology as for the ring-on-ring tests. In general, the flexural responses from different plates 

agree well until reaching the quasi-elastic limit, and afterward, varying largely in terms of force-

deflection curve and cracking pattern with increase of deflection. 

Table 3 Uniaxial flexural parameters and uniaxial tensile properties from 4PBT 

No. 
h Fe Fqe wqe Fp wp EU FA’ fUte FB’ εUtu fUtu 

(mm) [kN] [kN] [mm] [kN] [mm] [MPa] [kN] [MPa] [kN] [‰] [MPa] 

B1 51.80 
6.12 

(0.30 Fp) 

14.82 

(0.73 Fp) 
0.031 20.42 0.07 48’750 

6.61 

(0.30Fp) 
10.35 

19.27 

(0.87Fp) 
3.10 13.16 

B2 52.53 
6.40 

(0.28 Fp) 

16.41 

(0.73 Fp) 
0.029 22.47 0.06 46’000 

7.19 

(0.29Fp) 
10.94 

23.23 

(0.94Fp) 
6.20 14.49 

B3 53.30 
6.15 

(0.31 Fp) 

14.36 

(0.71 Fp) 
0.039 20.15 0.12 47’380 

6.67 

(0.29Fp) 
9.86 

21.16 

(0.92Fp) 
4.90 12.97 

B4 53.77 
6.19 

(0.35 Fp) 

12.72 

(0.72 Fp) 
0.035 17.70 0.18 46’100 

7.81 

(0.38Fp) 
11.35 

16.08 

(0.78Fp) 
1.50 11.43 

B6 53.83 
7.10 

(0.36 Fp) 

12.98 

(0.66 Fp) 
0.025 19.52 0.20 47’000 

7.02 

(0.31Fp) 
10.18 

20.07 

(0.89Fp) 
3.40 12.56 

B7 53.61 
6.71 

(0.29 Fp) 

16.34 

(0.71 Fp) 
0.040 23.16 - a 47’760 

7.63 

(0.29Fp) 
11.15 

24.28 

(0.92Fp) 
5.00 14.94 

B8 53.07 
6.70 

(0.31 Fp) 

14.94 

(0.69 Fp) 
0.041 21.57 0.12 46’180 

7.31 

(0.30Fp) 
10.90 

22.29 

(0.91Fp) 
4.70 13.91 

B9 52.47 
7.79 

(0.30 Fp) 

17.00 

(0.66 Fp) 
0.036 25.70 0.20 47’540 

8.02 

(0.28Fp) 
12.23 

26.70 

(0.93Fp) 
7.30 16.56 

B10 51.90 
7.61 

(0.31 Fp) 

16.38 

(0.66 Fp) 
0.025 24.69 0.13 51’000 

8.67 

(0.33Fp) 
13.52 

24.10 

(0.92Fp) 
4.40 15.90 

Average 52.92 
6.75 

(0.31 Fp) 

15.11 

(0.70 Fp) 
0.033 21.71 0.13 47’523 

7.44 

(0.31Fp) 
11.16 

21.90 

(0.90Fp) 
4.50 13.99 

a Crack localizes out of the DIC measurement zone; 
b B5 with strain-softening behavior is not considered in this study. 
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Figure 11 Force-deflection responses from 4PBT 

Figure 12 Example of fracture process of UHPFRC plate under 4PBT (B1) 

3.3.2 Uniaxial tensile properties from 4PBT 

The inverse analysis is conducted individually based on the force-deflection response of each 

specimen under 4PBT condition, following the method proposed by Denarié et al. [11]. The 

inverse analysis results of 4PBT are summarized in Table 3. A considerable variation of uniaxial 

tensile properties, especially the uniaxial strain at the end of hardening, is observed. This is 
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attributed to the large variation of fiber distribution in the slab where 4PBT specimens were 

extracted, as also reported in [1,12,13,39].  

Similar with the findings from the inverse analysis of the ring-on-ring test results (section 3.2), 

point A’ corresponds well to the elastic limit, where the first matrix discontinuity exists. Point B’ 

represents the initiation of large damage concentration on single fictitious crack, as illustrated in 

Figure 12 as an example.  

4. Discussion

Based on the inverse analysis results obtained from the ring-on-ring test and 4PBT, the equi-biaxial 

and uniaxial tensile properties (in average) of strain-hardening UHPFRC are compared. It is found 

that under equi-biaxial stresses, the average elastic modulus is 59’000 MPa, approximately 24% 

higher than the one obtained under uniaxial stress, while the equi-biaxial elastic limit stress (9.14 

MPa) is 18% smaller than the uniaxial elastic limit stress (11.16 MPa) in average. This may be 

attributed to the fact that a large zone of the UHPFRC slab specimen in ring-on-ring test 

configuration is under pure bending in all directions, while a relatively small zone of the rectangular 

plate in 4PBT is under pure bending in only one direction. Thus, it is plausible that the formation 

of first matrix discontinuity occurs at lower stress in the ring-on-ring test, given the stochastic 

nature and inherent variability of fiber distribution in the UHPFRC material. On the other hand, 

the relatively high value of equi-biaxial elastic limit may be explained by the confinement effect 

due to multiple axial tension under ring-on-ring testing. The same effect was reported by Swanepoe 

[14] for SHCC under biaxial DTT.

As for the damage localization point B’ where the fictitious cracks start to propagate significantly, 

the corresponding force FB’ represents 90% of the flexural resistance (0.90 Fp) under 4PBT 

condition. This is slightly lower than values (FB’ ≥ 0.95 Fp) reported in the literature [21,25], in 

which different strain-hardening UHPFRC mixes and specimen sizes were used. However, in the 

study of López et al. [21], point B’ was proposed empirically without experimental validation. In 

the study of Baby et al. [25], a pair of staggered LVDTs were installed on the tensile surface of the 

specimen, and the point B’ was identified at the bifurcation of deformation measurements from 

the two LVDTs. However, the result depends largely on the measuring length and position of 

LVDTs, given that the matrix discontinuities before point B’ are not distributed uniformly but are 

concentrated in specific zones in the constant moment length, as illustrated in Figure 12. This 

implies that the apparent bifurcation is not determined accurately, leading to an overestimation of 

strain at the end of hardening [11]. The full-field strain measurements using the DIC technique in 

the present study allow to determine point B’ with high accuracy.  

On the other hand, point B’ from the ring-on-ring test corresponds to 0.63 Fp, which is much 

lower than the corresponding values obtained from the 4PBT. This is explained by the significant 

stress distribution since complex cracking pattern with large crack surfaces are observed (Figure 

7) beyond point B’ under the ring-on-ring test configuration, resulting in a considerable increase

of the flexural resistance. Besides, the analytical equi-biaxial strain at the end of hardening is 1.27‰,
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while the uniaxial strain is as high as 4.50‰. This large difference can also be observed visually at 

point B’ from Figure 7 and Figure 10 for the ring-on-ring test and Figure 12 for 4PBT, where 

more compact distribution and higher amount of matrix discontinues per unit surface are detected 

on the tensile surface for the 4PBT. This may be explained by inhomogeneous fiber distribution 

in one specific direction of the UHPFRC slab, where damage localizes early and the restrains 

further development of matrix discontinuities over the remaining part of the slab. Similar 

experimental results were reported in [20] using biaxial DTT, in which the biaxial strain at the end 

of hardening was determined to be 0.17‰, while the uniaxial strain was 0.25‰ for the same type 

of UHPFRC. Conversely, the equi-biaxial tensile strength (14.08 MPa) is almost equivalent to the 

uniaxial tensile strength (13.99 MPa). 

5. Conclusion

An original analytical inverse analysis method for determining the equi-biaxial tensile properties of 

strain-hardening UHPFRC from the ring-on-ring test is proposed based on elastic slab bending 

and yield line theories. The inverse analysis results are validated against experimental evidence 

obtained from DIC analysis. Moreover, the uniaxial tensile properties of the same UHPFRC are 

obtained from the inverse analysis of 4PBT, following the method proposed in [11]. Uniaxial and 

equi-biaxial tensile properties of strain-hardening UHPFRC are then compared. 

The main conclusions are: 

(1) The proposed inverse analysis offers a simple method to determine the equi-biaxial tensile

properties of strain-hardening UHPFRC based on the experimental force-deflection

curves from the ring-on-ring test. The method does not require extensive iterative

procedures and can be implemented in a ready-to-use spreadsheet.

(2) The determination of elastic limit based on the criterion of 1% irreversible reduction of

the moving average of the secant elastic modulus is proven to be objective, as validated

experimentally based on DIC analysis. The corresponding equi-biaxial elastic limit stress

(9.14 MPa) is 18% smaller than the uniaxial elastic limit stress (11.16 MPa); while the equi-

biaxial elastic modulus (59’ 000MPa) is 24% higher than that under uniaxial stress

(3) The damage localization point corresponds to 63% of flexural maximum resistance under

the ring-on-ring testing condition, while 90% under 4PBT condition. The corresponding

equi-biaxial strain at the end of hardening is 1.27‰, which is only 28% of the uniaxial

strain. This difference can also be observed visually on the DIC strain contours at point

B’, where more compact distribution and higher amount of matrix discontinues per unit

surface are detected on the tensile surface for 4PBT, compared with the corresponding

findings from the ring-on-ring test.
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(4) The equi-biaxial tensile strength (14.08 MPa) is almost equivalent to the uniaxial tensile

strength of cut-out of larger plates 4PBT strips (13.99 MPa) as determined by invers

analysis.
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Biaxial Flexural Fatigue Behavior of Strain-Hardening 

UHPFRC Thin Slab Elements 

Reference: X. Shen, E. Brühwiler, Biaxial Flexural Fatigue Behavior of Strain-Hardening 
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ABSTRACT 

The biaxial flexural fatigue behavior of circular slab elements made of strain-hardening Ultra High 

Performance Fiber Reinforced Cementitious Composite (UHPFRC) is investigated experimentally 

by means of the ring-on-ring test method. Fourteen flexural fatigue tests under constant amplitude 

fatigue cycles up to the Very High Cycle Fatigue domain (20 million cycles) are conducted with 

varying maximum fatigue stress level S ranging from 0.50 to 0.68. Digital Image Correlation (DIC) 

technology is applied to capture the 3D full-field strain contours on the tensile surface through 

the entire fatigue test. Test results presented in the S-N diagram reveal a fatigue endurance limit 

under biaxial flexural fatigue at S=0.54. Fatigue tests exhibiting failure show four distinct phases 

of damage evolution, while only the first two phases are observed in the case of run-out tests. DIC 

analysis reveal formation and propagation of multiple fine fictitious cracks that dominate the stable 

fatigue propagation phase with slow rate, representing the longest part of fatigue life of the 

UHPFRC specimen. Finally, the secant modulus of deflection and fictitious crack opening with 

respect to fatigue cycles is found to characterize quantitatively fatigue damage evolution. 

 

KEYWORDS: biaxial flexural fatigue behavior, strain-hardening UHPFRC, circular slab element, 

ring-on-ring test, digital image correlation (DIC), fictitious cracks, Very High Cycle Fatigue
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1. Introduction

Tensile strain-hardening Ultra-High Performance Fiber Reinforced Cementitious Composites 

(UHPFRC) possess extremely low permeability, relatively high strength (compressive strength 

≥ 180MPa, tensile strength ≥ 10MPa). A notable feature of UHPFRC subjected to uniaxial 

tension is the significant deformation capacity including hardening strain up to 5‰, where 

only matrix discontinuities in the bulk matrix are observed before reaching the tensile strength. 

Afterward, the pronounced softening behavior is characterized by the formation of one 

fictitious crack with major fracture energy dissipation, as illustrated in Figure 1 for uniaxial 

tensile response. Regarding the fatigue behavior of UHPFRC, a fatigue endurance limit up to 

multimillion cycles exists under uniaxial tensile or flexural fatigue [1–5]. These characteristics 

make UHPFRC fundamentally different from high performance concrete or fiber reinforced 

concrete, and suitable for the application on fatigue sensitive structural components [6,7]. 

Figure 1 Schematic representation of tensile response of strain-hardening UHPFRC (not in scale) 

Application of UHPFRC to specific zones of structural members subjected to severe 

mechanical and environmental actions, such as bridge deck slabs, has been proven to be an 

effective method to improve (strengthen) structural members with respect to resistance and 

durability. The original concept is placing a  relatively thin UHPFRC layer (with typical 

thickness of 50mm) on the top surface of the reinforced concrete (RC) after preparation of 

the substrate surface by water jetting [6,8].  

In the case of bridges, deck slabs are the most fatigue loaded structural elements. The actual 

stress state caused by wheel loading is nearly equi-biaxial and far from being uniaxial [9]. And 

during the service duration (of more than 100 years), bridge decks are expected to be subjected 

to a high number of repetitive loading, which may exceed several hundred  million [10]. In this 

context, comprehensive understanding of the fatigue behavior of bridge deck slabs under 

biaxial conditions and Very High Cycle Fatigue (VHCF) is essential in the fatigue design of 

UHPFRC strengthening of existing RC bridge deck slabs and of deck slabs of new UHPFRC 

bridges. 

As summarized in Table 1, only few experimental studies have been conducted on the fatigue 

behavior of strain-hardening UHPFRC by means of either uniaxial direct tensile test (DTT) 
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or bending tests, in which UHPFRC shows fatigue endurance limit at a certain number of 

loading cycles [1–5]. An empirical determination of the fatigue endurance limit is introduced 

in UHPFRC design codes like SIA 2052 [11] and NF P18-710 [12].  

Makita et al. [1] carried out three series of fatigue tests using specimens subjected to different 

initial loading conditions, including specimens with preloading into the elastic domain, the 

strain hardening domain and the softening domain of UHPFRC, respectively. Different fatigue 

endurance limits were obtained for all three domains in direct tension after 10 million cycles. 

Significant redistribution of local deformation and stress due to strain-hardening behavior in 

the UHPFRC bulk material was observed in all test series. This redistribution capacity 

enhanced the fatigue behavior. Smooth fatigue crack surface, analogous to the one known 

from steel, was observed for UHPFRC specimens showing fatigue failure.  

Furthermore, the fatigue endurance limit of UHPFRC strengthened with steel reinforcement 

bars (hereafter called R-UHPFRC) was determined to be at 54% of the resistance of direct 

tension test (DTT) specimens, suggesting that the UHPFRC fatigue behavior was in the strain-

hardening domain [2]. This phenomena can be attributed to the significant strain hardening 

capacity of UHPFRC and pronounced stress redistribution from UHPFRC to the steel 

reinforcement bars, when compared with plain UHPFRC tested by DTT [7].  

In the case of bending tests, Parant et al. [3] determined a fatigue endurance limit at 65% of 

the equivalent flexural tensile strength (corresponding to maximum tensile strains of 1.27‰) 

after 2 million fatigue cycles for a specific UHPFRC subjected to 4-Point-Bending-Testing 

(4PBT). It should be noted that at this fatigue stress, only part of the specimen cross section 

under bending is in the strain hardening domain. Similar findings were reported in the study 

by Farhat et al. [5], in which the fatigue endurance limit was determined to be at 85% of the 

flexural strength of small beam specimens subjected to 3-Point-Bending-Testing (3PBT) up 

to 1 million cycles.  

Similar to fatigue damage process known for other materials, Rossi et al. [13] characterized  

the fatigue damage evolution of UHPFRC under 4PBT into three stages in terms of deflection 

and openings, namely (1) the micro-cracking stage with rapid increase of deflection and strain, 

(2) the stable stage with slow and linear increase of deflection, and (3) unstable stage to failure.

Given that actual UHPFRC structural elements often are subjected to flexural tension instead 

of pure tension, the fatigue bending test may better characterize the tensile fatigue behavior of 

UHPFRC in structures. In addition, considering that the strain-hardening behavior is more 

pronounced in the tensile zone of bending specimens than in pure tension specimens [14], the 

stress and deformation redistribution capacity of strain-hardening UHPFRC may be 

underestimated. Consequently, the fatigue resistance of UHPFRC may be underestimated 

when characterized using the DTT.  

Large variation of values describing the fatigue endurance limit of UHPFRC is reported in the 

literature, and the applied number of loading cycles was often limited to only 2 million (Table 

1). Thus, there is a need to validate the fatigue endurance limit for Very High Fatigue Cycles 

(VHFC) domain (N ≥ 10×106). Additionally, to the best of the authors’ knowledge, no 

extensive research was conducted to investigate the development of strain hardening response 

of UHPFRC under fatigue loading, although it is of utmost importance to understand the 
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fatigue behavior of this material. Additionally, the biaxial flexural fatigue behavior of UHPFRC 

has not yet been studied. 

The fatigue strength is generally represented in the S-N diagram with the maximum relative 

stress level S as a function of the number N of fatigue cycles until failure, presented using a 

logarithmic scale. In the case of fatigue in bending, S denotes the ratio between the maximum 

fatigue stress and the flexural strength as obtained from the quasi-static testing. The 

dimensionless term S can effectively eliminate differences in loading configuration, material 

properties and testing conditions, as reported by various experimental campaigns [15].  

To the best of the authors’ knowledge, UHPFRC standards do not provide S-N curves because 

of limited available fatigue test data. Besides, a critical issue in evaluating fatigue test results 

based on S-N curves is the relatively large scatter of data, as reported in [1,5,16]. This is mainly 

attributed to the scatter of the UHPFRC’s tensile strength resulting from rather large fiber 

distribution [17–19]. Consequently, the maximum stress level S in each test cannot be exactly 

determined when the average tensile strength from previous quasi-static testing is used as a 

reference. Therefore, consistent and rigorous specimen preparation and testing procedure 

should be carefully conducted in fatigue testing of UHPFRC. 

Recently, the ring-on-ring test similar to the one used to characterize ceramics and glass 

according to ASTM C. 1499-05 [20], has been applied successfully to investigate the biaxial 

flexural behavior of UHPFRC [21,22]. A circular slab specimen is simply supported on a ring 

support and the external loading is uniformly distributed on a central loading ring from the 

top. Thus, the central part of the specimen is in pure bending condition, produced by a 

uniformly distributed moment according to elastic slab bending theory [23]. Consistent test 

results reported in [21,22] validate the ring-on-ring test as being suitable for fatigue testing. 

This paper investigates experimentally the biaxial flexural fatigue behavior of circular slab 

elements made of strain-hardening UHPFRC, using the ring-on-ring test method. Fourteen 

biaxial flexural fatigue tests under constant amplitude fatigue cycles up to 20 million cycles are 

conducted with varying S (stress level being the ratio between the maximum fatigue load and 

the quasi-static flexural resistance of the slab specimen) ranging from 0.50 to 0.68 in order to 

determine the fatigue behavior of UHPFRC at VHFC in terms of S-N curve and fatigue 

damage evolution due to biaxial flexural fatigue. The fatigue fracture process, particularly the 

formation and development of matrix discontinuities and fictitious cracks, are analyzed based 

on digital image correlation (DIC) analysis. 
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2. Experimental investigation

2.1 Material and specimen preparation 

The tested strain-hardening UHPFRC is an industrial premix containing 3.8% by volume of 

straight steel fibers with length of 13mm and diameter of 0.175mm, and its water to cement ratio 

is 0.15 (Table 2). At 28 days, the UHPFRC has an average elastic modulus of 49GPa and 

compressive strength of 185MPa, measured on cylinders of 70mm diameter. 

Table 2 Composition of UHPFRC 

Components Quantity 

Premix (cement. Additions, quartz sand) 

kg/m3 

1970 

Water 175 

Specific superplasticizer 29 

Steel fibers (𝑙𝑓/𝑑𝑓 =  3/ .  5, 𝑉𝑓 = 3. %) 298.3 

The circular slab element, with a radius R0=600mm and a thickness h=50mm, is used as test 

specimen in the present experimental campaign. During casting, the fresh self-compacting 

UHPFRC (with a slump flow of 700mm) was poured on the center area of the formwork from 

where it had flown (without any pulling or vibration) to fill entirely the formwork. Afterward, a 

plastic sheet was pulled over the elements to allow for curing. The formworks were removed 24 

hours later. The slab elements were then kept under moist curing conditions at 20℃ and 100% 

humidity during the following seven days, and subsequently were stored inside the laboratory until 

testing. The age at testing was more than 90 days when over 90% of the UHPFRC final material 

properties were attained [24,25]. 

2.2 Test method 

The ring-on-ring test is performed to investigate the biaxial flexural fatigue behavior of UHPFRC 

slabs. Figure 2 shows the full test set-up and instrumentation applied in this experimental campaign. 

The slab is simply supported on a steel support ring with R=500mm and width of 50mm, and the 

force from a hydraulic jack acts on the center of slab through a steel force transmitting ring with 

r=150mm and width of 30mm. Thus, uniform tensile stress is introduced on the bottom surface of 

the slab within the force transmitting ring area, where biaxial stress condition may be assumed. 

Before testing, the actual thickness of each UHPFRC slab is measured using Faro Arm (3D 

measuring arm device) [26]. The slabs are tested with the casting surface facing upwards, allowing 

the observation of tensile damage propagation on the smooth sheathed surface. Before testing, 

the casting surface is polished and a mortar layer is placed between support ring and bottom 

surface to level out both surfaces. Two rubber pads (thickness of 10mm, E=500MPa) are 

positioned between the slab surfaces and the two rings to distribute the force evenly. 
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As illustrated in Figure 2, Digital Image Correlation (DIC) technique [27] is applied to observe the 

full-field fatigue damage propagation during the whole fatigue test. Two digital cameras are placed 

underneath the slab at a distance of 0.5 m and an angle of 23 degrees to the vertical. The tensile 

surface of the slab is painted with matte white paint, followed by spraying a black speckle pattern 

with size less than 1 mm. The targeted area, which is visible to the DIC, is of 500mm in diameter 

on the slab center. In this case, the DIC measurement accuracy reached about 5με. In addition, 

two series of LVDT systems are installed on the top surface to measure the central deflection of 

slab and deformation of rubber pad, respectively. All deflection measurements are performed with 

respect to the strong floor. Further details about the ring-on-ring test used in this study can be 

found in [22]. 

Figure 2 Schematic description of test setup 

2.3 Testing program 

A total of eighteen UHPFRC circular slab elements are prepared: four quasi-static tests are carried 

out first to characterize the biaxial flexural behavior, and fourteen fatigue tests with S ranging from 

0.50 to 0.70 are performed to investigate the biaxial flexural fatigue behavior of the UHPFRC slab 

elements. 

For the quasi-static test, monotonic loading with a displacement rate of 1.0 mm/min was applied 

up to the peak force, followed by a rate of 4.0 mm/min until the actuator displacement reached 80 

mm. The recordings of the two cameras of the DIC system were synchronized via wired computer

control with a frequency of 0.2 Hz, while the recording by the LVDTs was 5 Hz.
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The fatigue testing procedure is described in Figure 3. First, all the specimens are subjected to 

three loading-unloading cycles up to 15kN with an actuator displacement rate of 1.0mm/min for 

loading preparation. Afterward, monotonic loading with the same displacement rate is applied up 

to the targeted maximum fatigue load Ffat,max and unloaded to the corresponding minimum fatigue 

load Ffat,min. This quasi-static loading-unloading part aims to precisely predict the flexural resistance 

of each slab. Then the sinusoidal cyclic loading with constant amplitude is imposed with a 

frequency of 5Hz. The transition period from quasi-static to constant amplitude fatigue loading 

regime needs roughly 1min.  

A smart DIC measurement program is developed and applied during the fatigue tests as also 

illustrated in Figure 3. At the early age of fatigue loading, the DIC measurement is activated at 

every selected number of cycles with frequency of 50Hz. Thus, enough data can be recorded to 

characterize the rapid first fatigue phase. Then the DIC measurement is activated at each 5’000th 

cycle during the second stable fatigue phase and at each 100th cycle during the final unstable fatigue 

phase. Additionally, continuous measurements with a frequency of 100Hz of the actuator 

displacement and LVDTs are performed during the fatigue test. 

F
O

R
C

E

TIME

Ffat,max

Ffat,min

15kN

1 min

Ffat,mean

DIC
Frequency

Light

0.2Hz
50Hz for every selected 

numbers of cycles 

50Hz for each 

100th cycles

up to 45 days

Constant light Flash light for 1s

Loading 

preparation

Quasi-static 

loading

Increasing 

phase
Stable fatigue phase

2 min

50Hz for each 

5’000th cycles

Unstable

phase

Figure 3 Qualitative fatigue loading history and DIC measurement program 

In this study, the values of Ffat,max vary between 50% and 70% of the flexural resistance of the 

UHPFRC slab. Considering that the self-weight causes small stress in structural slabs, the specific 

ratio R=Ffat,min/Ffat,max is chosen as 0.1, similar to [2,3,28]. The fatigue endurance limit is defined as 

the stress level below which no fatigue failure occurs up to 20 million cycles. With respect to deck 

slabs of bridges, 20 million extreme force cycles are considered to be realistic to be reached during 

the service life for heavily trafficked bridges. Besides, the number of 20 million cycles belongs to 



PAPER IV 

106 

the range of the VHCF domain [2,29]. Fatigue failure is defined as the event when the imposed 

maximum load Ffat,max can no longer be resisted by the specimen.  

3. Experimental results

3.1 Quasi-static biaxial flexural behavior of the UHPFRC circular slab 

The force versus central deflection (F-δ) curves of four UHPFRC circular slabs from the ring-on-

ring test are presented in Figure 4, in which the thick curve refers to the average response. Here, 

the central deflection values are determined by DIC analysis on the bottom surface, excluding the 

deformation of rubber pad measured from three LVDTs on top surface. The recorded force values 

are modified considering the real thickness of each slab by using the term (h/hi)2, where h is the 

nominal thickness (50 mm) and hi is the measured thickness of each slab.  

As observed from the F-δ curves accompanied with DIC analysis [22], the ring-on-ring test yields 

consistent biaxial flexural response of the UHPFRC slabs. Four distinct domains can be 

distinguished, namely, the elastic domain (OA), quasi-elastic domain (AB), hardening domain (BC) 

and softening domain (CD), as marked with letters A-D in Figure 4. Accordingly, Table 4 

summarizes the main parameters, including force, deflection and maximum opening, at the end of 

each domains (point A, B and C) and for all slabs. Based on the DIC strain contours, the elastic 

limit (corresponds to Fe and δe at point A) is determined when the first matrix discontinuity is 

detected, while the quasi-elastic limit (corresponds to Fqe, δqe and wqe at point B) refers to the start 

of strain concentration on one or several matrix discontinuities, implying the initiation of fictitious 

cracks.  

In the following, the biaxial flexural response of the UHPFRC circular slab element is described 

according to the four different domains shown in Figure 4: 

(1) Elastic domain (Phase I, OA): A linear F-δ response is observed, and the elastic limit is

obtained when the force reaches about 20% of ultimate resistance (0.20Fp).

(2) Quasi-elastic domain (Phase II, AB): The UHPFRC in the most deformed tension zone

shows tensile strain hardening behavior. The biaxial flexural response is thus dominated

by random development of matrix discontinuities on the bottom surface mainly within

the force transmitting area. At the end of this phase, a uniform network of matrix

discontinuities is formed with maximum openings less than 0.1mm. The force Fqe at the

quasi-elastic limit corresponds to 0.55 Fp in average. It should be noted that a considerable

portion of the bending resistance develops with little loss of flexural stiffness, and the

force-deflection curve remains almost linear in this phase.

(3) Hardening domain (Phase III, BC): UHPFRC deformation gradually increases, entering

also into the tensile softening regime. Multiple fictitious cracks develop from some of the
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previous matrix discontinuities and propagate. There is a very significant increase in 

deflection while the flexural resistance increases by about 45%. 

(4) Softening domain (Phase IV, CD): At maximum force (point C), several fictitious cracks

become dominant, and keep propagating radially from the center to the edge. No more

new matrix discontinuities or fictitious cracks appear. The real cracks (w≥6.5mm) appear

only at the very end of testing with large deflection of more than 40mm, exhibiting

pronounced post-peak behavior of the UHPFRC slab element.

Figure 4 Force- central deflection (F-δ) curves from four quasi-static ring-on-ring tests 

Table 3 Biaxial flexural parameters from the quasi-static ring-on-ring tests 

No. 
Fe δe Fqe δqe wqe Fp fUtu δp wp 

(kN) (mm) (kN) (mm) (mm) (kN) (MPa) (mm) (mm) 

S1 
25.43 

(0.18Fp) 
0.40 

75.15 

(0.54Fp) 
2.20 0.089 138.66 14.21 31.75 3.60 

S2 
28.89 

(0.20Fp) 
0.53 

83.70 

(0.59Fp) 
2.65 0.087 142.64 14.62 19.06 1.70 

S3 
28.23 

(0.20Fp) 
0.45 

74.14 

(0.51Fp) 
2.14 0.087 144.38 14.80 25.01 2.85 

S4 
29.40 

(0.22Fp) 
0.66 

82.40 

(0.56Fp) 
2.08 0.067 146.74 13.35 29.46 4.63 

Average 
27.99 

(0.20Fp) 
0.51 

78.85 

(0.55Fp) 
2.27 0.083 143.11 14.08 26.32 3.20 

Std. dev. 1.77 0.11 4.90 0.26 0.01 3.14 0.30 5.59 1.24 

CV 0.06 0.22 0.06 0.11 0.13 0.02 0.02 0.21 0.39 

0

30

60

90

120

150

0 10 20 30 40 50

F
o

rc
e 

(k
N

)

Deflection δ (mm)

S1 S2

S3 S4

Average

A

B

C

D

I II III IV

I: Elastic domain

II: Quasi-elastic domain

III: Hardening domain

IV: Softening domain



PAPER IV 

108 

3.2 Biaxial flexural fatigue behavior of the UHPFRC circular slab 

3.2.1 Fatigue life and S-N curves 

The results of biaxial flexural fatigue tests on UHPFRC circular slab elements are summarized in 

Table 4 and on the S-N diagram shown in Figure 5. For F-S12, F-S13 and F-S14, the first fatigue 

loading was stopped before 20 million cycles because no more increase in central deflection was 

observed. The second fatigue loading at higher S level was applied until failure occurred. It should 

be noted that the ultimate flexural resistance Fp,cal of each slab is again determined by scaling the 

average value from quasi-static tests using the term (hi/h)2.

From the overall test results including all run-out tests, the fatigue endurance limit of UHPFRC 

slabs under biaxial flexural loading is estimated to be at the S-level of 0.55, as indicated by the 

dashed line in Figure 5. It is noted that there is a clear gap of fatigue life (Nf) between the tests 

showing fatigue failure and run-out tests. The slab specimens either failed before 3.53 million 

cycles or sustained fatigue loading up to 20 million cycles. Moreover, based on the previous quasi-

static test results (section 3.1), the force level at S=0.54 almost corresponds to the quasi-elastic 

limit of biaxial flexural response, where a network of matrix discontinuities is fully developed on 

tensile surface of the slab. 

Figure 5 also shows the best fit for the linear relation between S and log(Nf) for results showing 

fatigue failure: 

𝑆 = − . 3 2 log(𝑁𝑓) +  .   2         (1) 

The accuracy of this relation is represented by a correlation coefficient of R2=0.81, which is 

considerably higher than the ones reported in [2,3,28]. This can be attributed to the fact that in 

most of fatigue studies, the average value of ultimate strength (resistance) as determined from the 

preceding quasi-static campaign is used for calculating the fatigue stress level S. For a given 

specimen, the quasi-static resistance is not known, and the value of S is either higher or lower than 

the corresponding precise S-value of the given fatigue test specimen which cannot be known 

precisely. This resulted in a relatively poor correlation coefficients. In the present study, the flexural 

resistance of each slab is determined with the consideration of real thickness, leading to a rather 

reliable S value for each fatigue testing. Similar finding is reported in [30]. 
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Table 4 Results of biaxial flexural fatigue tests on circular slab specimens 

No. 
h Fp,cal Ff,max Ff,min 

R S 
Nf wA wB wC

RMK 
(mm) (kN) (kN) (kN) (million) (mm) (mm) (mm) 

F-S1 49.50 140.26 96.00 10.00 0.10 0.68 0.01 - - - 

F-S2 50.50 145.99 89.00 10.00 0.11 0.61 0.26 0.12 0.51 1.29 - 

F-S3 49.80 141.97 82.00 7.30 0.09 0.58 1.58 - - - - 

F-S4 54.00 166.92 98.00 8.00 0.08 0.59 0.25 0.13 0.55 1.75 - 

F-S5 51.50 151.83 76.00 10.00 0.13 0.50 21.90 0.20 0.47 - run-out

F-S6 55.00 173.16 112.00 10.00 0.09 0.65 0.01 - 0.83 1.45 - 

F-S7 53.20 162.01 98.00 10.00 0.10 0.60 0.11 0.14 0.90 - - 

F-S8 49.50 140.26 79.00 7.00 0.09 0.56 0.43 0.19 0.67 1.30 - 

F-S9 51.00 148.89 85.00 9.00 0.11 0.57 0.53 0.20 - 1.49 - 

F-S10 49.00 137.44 
70.74 6.00 0.08 0.51 17.57 0.18 0.49 - run-out

76.00 7.00 0.09 0.55 2.63 - 0.85 1.59 - 

F-S11 51.00 148.89 87.50 7.00 0.08 0.59 0.88 0.15 0.63 1.46 - 

F-S12 51.00 148.89 
80.00 7.00 0.09 0.54 15.08 0.22 0.43 - run-out

85.00 7.60 0.09 0.57 3.53 - 0.79 1.23 - 

F-S13 49.50 140.26 
75.00 7.20 0.10 0.53 20.58 0.13 0.22 - run-out

85.00 7.70 0.09 0.61 0.81 - 0.67 1.10 - 

F-S14 49.50 140.26 79.00 6.90 0.09 0.56 3.13 - - - - 

Figure 5 S-N diagram showing fatigue test results from UHPFRC circular slab elements. 
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3.2.2 Cracking pattern after fatigue failure 

Figure 6 shows typical cracking patterns (visible by the naked eye) on the bottom surface of 

UHPFRC specimens after fatigue failure occurred, for various S-levels ranging from 0.57 to 1.0 

(quasi-static testing). The black thick lines refer to the dominant fictitious cracks, and the thin fine 

lines indicate fine fictitious cracks. It is observed that all slabs failed in flexural fracture mode, 

characterized by multiple fine fictitious cracks and several dominant fictitious cracks with large 

opening. The number of dominant fictitious cracks is similar for all specimens, while the number 

of fine fictitious cracks reduces with decreasing fatigue stress level. Similar observation is reported 

for other fiber reinforced cementitious materials under uniaxial fatigue tension and flexure in 

[31,32]. 

(a) S=1.0 (quasi-static test) (b) S=0.68 (Nf=6000) (c) S=0.61 (Nf=0.26×106)

(d) S=0.58 (Nf=1.58×106) (e) S=0.56 (Nf=3.13×106)

Figure 6 Typical cracking patterns of specimens after testing at various S levels. 
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4. Fatigue damage evolution based on DIC analysis

4.1 Overview 

Using results from DIC analysis, the fatigue damage evolution of UHPFRC specimens under 

biaxial flexure is discussed in terms of central deflection as well as fracture process as described by 

matrix discontinuities and fictitious cracks. The fatigue damage evolution from both specimens 

showing fatigue failure and run-out tests is analyzed. The influence of creep on fatigue damage 

evolution is assumed to be negligible considering that time dependent deformation of UHPFRC 

largely stabilizes [33] after 90 days when the UHPFRC specimens were tested. 

4.2 UHPFRC slab with fatigue failure 

Figure 7 shows the typical fatigue damage evolution of specimen F-S11 considered as 

representative for UHPFRC specimens showing fatigue failure. The curves in Figure 7(a) stand 

for the maximum and minimum central deflection (δmax,i and δmin,i) in each loading cycle, respectively. 

Several DIC strain contours are selected to illustrate the fracture characteristics observed on the 

tensile surface of UHPFRC slab under fatigue testing, as illustrated in Figure 7(a). The white 

dashed circle marks the position of the force transmitting ring, and the lines with different colors 

mark the matrix discontinuities and fictitious cracks.  

Moreover, using the virtual extensometers of the DIC analysis tool, the opening response of every 

single matrix discontinuity and fictitious crack is recorded over the entire duration of testing. The 

virtual extensometers, with a measurement length of roughly 30mm, are set separately to be 

perpendicular to the propagation path and located at the critical part of each target. In order to 

obtain actual opening values, the contribution from the elastic deformation within the 

measurement length is deduced. Correspondingly, the maximum and minimum openings are given 

in Figure 7(b). 

In general, an inverted S-shaped response with four phases is observed for all the damage evolution 

curves. The different phases are determined based on the apparent change of the evolution rate 

of central deflection and opening, as marked with the letters A-D in Figure 7. Moreover, based on 

the strain contours from DIC analysis, point A corresponds to the initiation of opening 

concentration on one or several fictitious cracks, represented by the orange lines on the DIC strain 

contours in this study. And point B refers to the grouping of several fictitious cracks within the 

central zone of the specimen and initiation, while other fictitious cracks are partly unloaded. 

Beyond point C, this group of fictitious cracks becomes dominant (w≥1.3mm generally, hereafter 

called dominant fictitious crack) and develops rapidly, leading to final failure. Accordingly, the 

values of opening at point A, B and C (wA, wB and wC) are given in Table 4 based on DIC analysis. 

The characteristic response of each phase is described as follows: 

(1) Phase I (OA): rapid initial evolution to stabilization: A network of matrix discontinuities

and one or several fine fictitious cracks are produced on the tensile surface of the

UHPFRC slab after the initial quasi-static loading, given that the specimen enters into the
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hardening domain at the loading level Ff,max>0.55 Fp. In the following fatigue cycles (less 

than 5% of Nf), deflection and fictitious crack opening increase rapidly. This may be 

attributed to multiple fine fictitious cracks that developed from matrix discontinuities due 

to interface degradation between fibers and matrix, as also reported in [13]. Afterward, 

the number of fine fictitious cracks stabilizes, and interface degradation is dominating 

progressively the damage propagation with increasing number of fatigue cycles. This leads 

to decreasing evolution rate. The maximum fictitious crack opening at point A (wA) is in 

the range of 0.12mm to 0.22mm. 

(2) Phase II (AB): stable evolution with slow rate: Phase II is characterized by moderate,

constant and linear increase of central deflection and fictitious crack opening with

increasing number of fatigue cycles up to roughly 65% of Nf. Fictitious cracks evolve

gradually in terms of opening, accompanied by minor creation of new matrix

discontinuities and fictitious cracks. Several fictitious cracks individually propagate as

indicated by red lines on the DIC strain contours (Figure 7-a). At the end of Phase II

(point B), several fictitious cracks group together within the central zone of the specimen.

The maximum fictitious crack opening at point B (wB) is in the range of 0.51mm to

0.90mm.

(3) Phase III (BC): stable evolution with high rate: Fatigue damaging process concentrates on

the group of fictitious cracks which propagate radially from the center to the edge of the

slab, while matrix discontinuities and fine fictitious cracks are gradually unloading.  This

phase still exhibits stable and nearly linear evolution up to almost 90% of Nf, although a

higher evolution rate compared with that in Phase II (more than 2 times higher in terms

of deflection evolution rate and 4 times higher in terms of opening evolution rate) is

observed. The maximum opening of fictitious cracks at the end of Phase III (wC) ranges

from 1.29mm to 1.75mm.

(4) Phase IV (CD): rapid deterioration to failure: The dominant fictitious cracks (w≥1.3mm

generally) in the group increases rapidly, leading to failure after a relatively short number

of fatigue cycles corresponding to approximately 10% of Nf.
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Figure 7 Fatigue damage evolution of specimen F-S11 (S=0.60, Nf=0.88×106):             
(a) central deflection evolution and fracture process; (b) evolution of fictitious crack opening.

4.3 UHPFRC specimens without fatigue failure (run-out tests) 

Run-out specimens show only two phases related to fatigue damage evolution. Typical evolution 

curves are illustrated in Figure 8 in terms of central deflection and opening of fictitious cracks: 

Phase I is the rapid initial evolution of deflection and fictitious crack opening. The number of fine 

fictitious cracks is significantly smaller than in the case of specimens with fatigue failure.  

(a) 

(b)



PAPER IV 

114 

Phase II exhibits stable increase of deflection and fictitious crack opening with much lower rate, 

particularly for opening evolution rate, compared with that from fatigue failure testing. For 

example, the average deflection evolution rate of specimen F-S13 is 6.80×10-8 mm/cycle, 

comparable to the values (2.09×10-8~4.52×10-8 mm/cycle) reported in [3] under uniaxial flexural 

fatigue. However, the evolution rate in Phase II decreases gradually with increasing number of 

fatigue cycles. It is noted that almost no damage increase is determined during the last several 

million fatigue cycles (Nf>17×106), suggesting that no fatigue failure is expected.  

At the end of the run-out test, the maximum fictitious crack openings are in the range of 0.25mm 

to 0.49mm, which are smaller than the ones at point B (wB) of the fatigue failure tests. These values 

are significantly larger than 0.1mm as determined from four-point bending fatigue testing [28] and 

0.24mm from direct tensile fatigue tests [13].  

(a)
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Figure 8 Fatigue damage evolution of specimen F-S13 (S=0.55, Nf=20.58×106):
(a) central deflection evolution and fracture process; (b) evolution of fictitious crack opening

5. Fatigue damage analysis

Fatigue is a process of damage accumulation and mechanical property degradation in materials 

under cyclic loading. Fatigue finally leads to failure by fracture if a certain threshold of damage is 

reached [34,35]. A representative damage variable is of outmost importance to characterize 

quantitatively fatigue damage and fatigue life.  

In the following, the secant modulus obtained from the force – deflection curve of each 

loading cycle is introduced as damage variable describing fatigue of the tested UHPFRC 

slab specimens under biaxial bending. Similar concept was applied in [36,37], where the 

modulus of deformation under direct tension was used. In the present investigation, the secant 

modulus 𝐸𝑈,𝑓𝑎𝑡,𝑖 at i-th cycle is determined as: 

𝐸𝑈,𝑓𝑎𝑡,𝑖 =
𝐹𝑓,𝑚𝑎𝑥,𝑖 − 𝐹𝑓,𝑚𝑖𝑛,𝑖

𝛿𝑓,𝑚𝑎𝑥,𝑖 − 𝛿𝑓,𝑚𝑖𝑛,𝑖
(1) 

And the fatigue damage variable 𝐷𝑛 derived from secant modulus is expressed as: 

𝐷𝑛 =  −
𝐸𝑈,𝑓𝑎𝑡,𝑖

𝐸𝑈,𝑓𝑎𝑡,0
   (2) 

where 𝐹𝑓,𝑚𝑎𝑥,𝑖  and 𝐹𝑓,𝑚𝑖𝑛,𝑖  are the measured maximum and minimum forces at the i-th cycle; 

𝛿𝑓,𝑚𝑎𝑥,𝑖  and 𝛿𝑓,𝑚𝑖𝑛,𝑖  are the measured maximum and minimum deflections at the i-th cycle; 

𝐸𝑈,𝑓𝑎𝑡,0 is the initial secant modulus of the UHPFRC slab specimen. 

(b)
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Figure 9 shows the damage evolution curves as obtained from all fourteen UHPFRC slab 

specimens subjected to biaxial flexural fatigue. The normalized number of fatigue cycles 𝑁𝑛 

referring to the number of cycles at fatigue failure 𝑁𝑓 of each test is used for direct comparison 

between the specimens with various fatigue loading levels as well as fracture and run-out events at 

the end of the test. Figure 9 also includes the run-out specimens that were subsequently subjected 

to higher fatigue loading until failure. 

The fatigue damage level of Dn = 0.50 subdivides into two distinct domains. Below this level, there 

is no fatigue failure, and no significant additional damage occurs after the initial phase. Above this 

level, fatigue damage is continuously accumulated until fatigue failure occurs. The damage level of 

Dn = 0.50 corresponds to the fatigue loading of S = 0.55 determined in Section 3.2.1 to be the 

fatigue endurance limit. Consequently, the test results analyzed in terms of the fatigue damage 

variable Dn confirm the existence of a fatigue endurance limit of the UHPFRC slab specimens 

under biaxial fatigue.  

Figure 9 also reveals a linear relation between the fatigue damage variable Dn and the normalized 

number of fatigue cycles to failure, for the range between 𝑁𝑛=0.07 and 0.9 for all fatigue failure 

tests irrespective of damage degree. In this range, the average rate 𝑑𝐷𝑛/𝑑𝑁𝑛 is determined to be 

0.26 for specimens showing fatigue fracture. For the run-out tests, the damage level Dn is less than 

0.40 in the initial domain of 𝑁𝑛 ≤  .   prior to the linear damage accumulation domain, while 

for the tests with fatigue failure, the value Dn is in the range of 0.45 to 0.56, suggesting a significant 

damage accumulation already at the early stage of fatigue.  

Figure 9 Damage evolution of UHPFRC slab specimens subjected to biaxial flexural fatigue 

Similar results have been reported for UHPFRC specimens subjected to direct tensile fatigue in 

[36], where the fatigue damage variable was characterized by the deformation modulus of the 

specimen. However, the value of d𝐷𝑛/d𝑁𝑛 determined in [36] was 0.33, or about 27% higher 

than the value found in the present study.  
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This may be explained by the network of fine fictitious cracks in the case of biaxial stress state 

allowing for redistribution of deformation and thus damage in the UHPFRC specimen during 

stable fatigue damage evolution. On the contrary, only a limited number of fine fictitious cracks 

mainly develop in the orthogonal direction to the principle tensile stress direction in the case of 

the direct tension specimen [3,28] leading to higher fatigue damage accumulation.  

Consequently, biaxial fatigue stress condition allows to redistribute deformation from weaker 

localized zones to stronger ones, thereby retarding the fatigue damage evolution in UHPFRC. This 

also confirms the significant stress and deformation redistribution capacity of the UHPFRC 

material.  

6. Conclusions

The biaxial flexural fatigue behavior of strain-hardening UHPFRC thin slab elements with various 

levels of fatigue loading including the VHFC domain is investigated experimentally using the ring-

on-ring test method. The main conclusions are: 

(1) The fatigue endurance limit at 20 million cycles of the UHPFRC slab specimens tested

under biaxial flexural fatigue is equal to the fatigue loading level S=0.54. This loading level

almost corresponds to the quasi-elastic limit of the same UHPFRC specimen as determined

by quasi-static testing.

(2) For the UHPFRC specimens showing fatigue fracture, four fatigue damage phases are

determined. In Phase I, a network of fine fictitious cracks is formed on the tensile surface

of slab during a small part of the fatigue life. Phase II is characterized by slow propagation

of fine fictitious cracks. In Phase III, fatigue damage process concentrates on several

dominant fictitious cracks with partial unloading of the remaining ones. Phases II and III

show stable fatigue damage evolution comprising more than 80% of the fatigue life. Finally,

rapid fatigue damage until fracture occurs in Phase IV.

(3) For run-out UHPFRC specimens, only the first two phases are observed. Multiple fine

fictitious cracks are little pronounced in Phase I, and there is no more additional fatigue

damage at the end of Phase II.

(4) The secant modulus is a representative fatigue damage variable to describe biaxial flexural

fatigue of UHPFRC slab specimens. Derived from the secant modulus, the fatigue damage

level of Dn = 0.50 defines the fatigue endurance limit in terms of fatigue damage in

UHPFRC.

(5) Linear fatigue damage accumulation occurs in UHPFRC slab specimens showing fatigue

fracture, irrespective of the fatigue loading level. The constant fatigue damage rate

d𝐷𝑛/d𝑁𝑛 is determined to be 0.26, 27% slower than the corresponding value obtained
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from direct tensile fatigue tests which may be due to the higher redistribution capacity in 

UHPFRC when subjected to biaxial fatigue stresses. 
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1. Overview

This thesis contributes to a better understanding of the static and fatigue biaxial flexural responses 

of strain-hardening UHPFRC thin slab elements at both material and structural levels, with specific 

aim for application in bridge rehabilitation and design. In total, four experimental campaigns are 

carried out and provide the basis for the development of analytical models. The present chapter 

serves as a summary of main contributions of this thesis, and provides the potential topics 

pertaining to UHFPRC material and structure for extending this research. 

2. Contributions and conclusions

2.1 Representative tensile behavior of strain-hardening UHPFRC thin slab element 

The uniformity factor 𝜇2 is introduced to determine quantitatively the influence of local fiber 

distribution on the tensile behavior of strain-hardening UHPFRC, with the objective to 

characterize the representative tensile behavior of thin slab elements. Firstly, the Non-Destructive 

Test (NDT) method using a magnetic probe is applied for investigating the local fiber distribution 

within a 50mm thick slab element. Afterward, the representative tensile response is characterized 

using the direct tensile test (DTT) method and the Digital Image Correlation (DIC) system. The 

main conclusions are: 

(1) Based on NDT analysis, important variation of local fiber distribution, including fiber

volume fraction 𝑉𝑓, orientation 𝜇0 and efficiency 𝜇1, is observed within a UHPFRC slab

element. Among the relevant parameters, the fiber orientation factor 𝜇0 shows the largest

variation (11.9% ≤ 𝑐�̂� ≤ 22.5%). Subsequently, the uniformity factor 𝜇2 as determined

by the spacing of matrix discontinuities, is proposed to characterize quantitatively local

fiber distribution within the UHPFRC element.

(2) Compared with the 𝜇0 and 𝜇1 factors, the uniformity factor 𝜇2 exhibits a wider range

(0.13 to 0.64) within the tested UHPFC slab and has a stronger influence on the strain-

hardening response of UHPFRC. Based on the testing results from the present

experimental campaign and the literature, hardening strain 휀𝑈𝑡𝑢 and matrix discontinuities

energy 𝑔𝑈𝑓 vary linearly with 𝜇0𝜇1𝜇2 for a given UHPFRC mix.

(3) For a given UHPFRC mix, there are no intrinsic tensile properties. The representative

behavior is strongly dominated by the fiber distribution in the structural element. Thus,

the average values of 𝜇2 , 𝜇0  and 𝜇1  factors should be used to determine the

representative tensile response of UHPFRC for the intended structural application. This

can be achieved using the proposed meso-mechanical model.
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(4) In a given UHPFRC layer, the uniformity factor 𝜇2 is thickness dependent: for UHPFRC

layers with thickness of 25mm, 40mm and 50mm, the determined 𝜇2-factors are 0.58,

0.52 and 0.39, respectively.

(5) The NDT method using the magnetic probe allows fine and reliable contour mapping of

the actual fiber distribution in UHPFRC elements. It is shown to be an efficient method

to determine local fiber distribution in a UHPFRC element, thus eventually replacing

fracture testing in the future.

2.2 Biaxial flexural and tensile responses of strain-hardening UHPFRC thin slab element 

The biaxial flexural and tensile responses of strain-hardening UHPFRC thin slab elements are 

investigated experimentally and analytically. A total of four ring-on-ring tests and ten 4PBT (4-

Point-Bending-Tests) are carried out using circular slab elements and small rectangular plates, 

respectively. Moreover, an analytical inverse analysis method for analyzing the ring-on-ring test is 

proposed originally to determine the biaxial tensile properties of strain-hardening UHPFRC. Ring-

on-ring test and 4PBT results are then compared with special emphasis on strength, ductility and 

characteristics of matrix discontinuity and fictitious crack development, according to experimental 

evidence and inverse analysis results. The following conclusions are drawn: 

(1) A four-phase structural response characterizes for biaxial flexural response of UHFPRC

slab elements under ring-on-ring testing condition. In particular, the quasi-elastic limit,

representing the initiation of strain concentration based on DIC analysis, is introduced. It

corresponds to roughly 55% of flexural resistance, while it is 70% under 4PBT. However,

the corresponding flexural strength at the quasi-elastic limit as obtained from both tests,

are nearly identical. Moreover, at the quasi-elastic limit, a larger number of matrix

discontinuities with maximum opening of 0.08mm is observed on the UHPFRC slab

element under ring-on-ring testing, while less matrix discontinuities with maximum

opening of 0.03mm are found for the 4PBT. This implies that the opening of matrix

discontinuity of UHPFRC is further developed under biaxial stress condition compared

with uniaxial stress condition.

(2) The ultimate flexural strength from ring-on-ring testing is roughly 28% higher than the

one obtained from 4PBT. The corresponding energy absorption capacity under ring-on-

ring testing is more than 3 times higher than the one from 4PBT, suggesting significant

strain redistribution capacity of UHPFRC under biaxial stress condition.

(3) The biaxial flexural response from the ring-on-ring test shows random distribution and

uniform network of matrix discontinuities in the quasi-elastic domain, as well as multiple

fictitious cracks in the hardening domain. This represents realistically the large volume

involved and fracture mechanism of real UHPFRC structural elements. In addition, the

ring-on-ring test yields stable results towards a consistent characterization of the biaxial

flexural response of UHPFRC slab.
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(4) Based on the yield line and slab bending theories, an original analytical inverse analysis

method from ring-on-ring test has been developed and applied successfully to determine

the biaxial tensile properties of strain-hardening UHPFRC. The inverse analysis results

are validated against the experimental evidence, particularly based on DIC analysis. It has

been proved that the proposed inverse analysis offers a simple method to identify the

biaxial tensile properties of UHPFRC based on the experimental force-deflection curve.

The method does not require complicated iteration procedure and can be accomplished

using a spreadsheet.

(5) The damage localization point corresponds to 63% of flexural resistance under ring-on-

ring testing condition, while 90% under 4PBT condition. The corresponding biaxial strain

at the end of hardening is 1.27‰, which is only 28% of the uniaxial strain. Such difference

can be observed visually on the DIC strain contours at point B’, where more compact

distribution and higher amount of matrix discontinues in unit surface are detected on the

tensile surface for 4PBT, compared with that from ring-on-ring test. The biaxial tensile

strength is almost equivalent to the uniaxial tensile strength.

(6) The objective determination of the elastic limit of UHPFRC slab elements from ring-on-

ring testing is proposed based on the criteria of 1% irreversible decrease of the moving

average elastic modulus. This method is properly justified by the DIC analysis

corresponding to the appearance of a first matrix discontinuity. It is observed that the

elastic limit of UHPFRC subjected to biaxial tensile stress is around 18% smaller in

average than that under uniaxial condition. This can be attributed to the fact that a large

zone of the circular slab element is under pure bending in arbitrary directions, while a

relatively small zone of the rectangular plate is under pure bending field in only one

direction. Thus, it is plausible that the initiation of the first matrix discontinuity occurs

earlier in the ring-on-ring test, given the stochastic nature and inherent variability of fiber

distribution in the UHPFRC material.

2.3 Biaxial flexural fatigue behavior of strain-hardening UHPFRC thin slab element 

The biaxial flexural fatigue behavior of circular slab elements made of strain-hardening UHPFRC 

is investigated experimentally by means of the ring-on-ring test method. Fourteen flexural fatigue 

tests under constant amplitude fatigue cycles up to the Very High Cycle Fatigue domain (20 million 

cycles) are conducted with varying maximum fatigue stress level S ranging from 0.50 to 0.70. The 

following conclusions are drawn: 

(1) The fatigue endurance limit at 20 million cycles of the UHPFRC slab specimens tested

under biaxial flexural fatigue is equal to the fatigue loading level S=0.54. This loading level

almost corresponds to the quasi-elastic limit of the same UHPFRC specimen. At this

loading level, the network of matrix discontinuities is fully developed on the tensile surface

of the slab, as determined by quasi-static testing. This implies that the matrix
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discontinuities on tensile surface of UHPFRC slab will not lead to detrimental damage 

under biaxial flexural fatigue. 

(2) For the UHPFRC specimens showing fatigue fracture, an inverted S-shaped response

with four fatigue damage phases are determined. In Phase I, a network of fine fictitious

cracks is formed on the tensile surface of the specimen during a small part of the fatigue

life (less than 5% of Nf). Phase II is characterized by moderate, constant and linear

increase of central deflection and fictitious crack opening with increasing number of

fatigue cycles up to roughly 65% of Nf. In Phase III, fatigue damage process concentrates

on several dominant fictitious cracks with partial unloading of the remaining ones. This

phase still exhibits stable and nearly linear evolution up to almost 90% of Nf, although a

higher evolution rate compared with that in Phase II (more than 2 times higher in terms

of deflection evolution rate and 4 times higher in terms of opening evolution rate) is

observed. Finally, rapid fatigue damage until fracture occurs after a relatively short number

of fatigue cycles corresponding to approximately 10% of Nf in Phase IV.

(3) For run-out UHPFRC specimens, only the first two phases are observed. Multiple fine

fictitious cracks are little pronounced in Phase I. Phase II exhibits stable increase of

deflection and fictitious crack opening with much lower rate, particularly for opening

evolution rate, compared with that from fatigue failure testing.  There is almost no more

additional fatigue damage at the end of Phase II, suggesting that no fatigue failure is

expected.

(4) The secant modulus obtained from the force – deflection curve of each loading cycle is

introduced as a representative fatigue damage variable to describe biaxial flexural fatigue

of UHPFRC slab specimens. Derived from the secant modulus, the fatigue damage level

of Dn = 0.50 defines the fatigue endurance limit in terms of fatigue damage in UHPFRC.

(5) Linear fatigue damage accumulation occurs in the range between 𝑁𝑛=0.07 and 0.9 for all

UHPFRC slab specimens showing fatigue fracture irrespective of the fatigue loading level.

The constant fatigue damage rate d𝐷𝑛/d𝑁𝑛 is determined to be 0.26, 27% slower than

the corresponding value obtained from direct tensile fatigue tests which may be due to

the higher redistribution capacity in UHPFRC when subjected to biaxial fatigue stresses.

(6) For the run-out tests, the damage level Dn is less than 0.40 in the initial domain of 𝑁𝑛 ≤

0.07 prior to the linear damage accumulation domain, while for the tests with fatigue

failure, the value Dn is in the range of 0.45 to 0.56, suggesting a significant damage

accumulation already at the early stage of fatigue.
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3. Implementation in practice

3.1 UHPFRC properties 

3.1.1 Uniaxial strain at the end of hardening 휀𝑈𝑡𝑢 

In an UHPFRC new structural element or reinforcement layer, the characteristic value of uniaxial 

strain at the end of hardening 휀𝑈𝑡𝑢 is given by: 

휀𝑈𝑡𝑢 = 𝜇2
�̅�𝑖(𝑓𝑈𝑡𝑢)

𝑆𝑟,𝑐
+

𝑓𝑈𝑡𝑢

𝐸𝑈
(1) 

- 𝜇2: uniformity factor accounting for the variation of local fiber distribution. In general, a

series of suitability tests representing the structural element in the real stress states must

be conducted, and the average value of uniformity factors should be used to scale the

tensile response to the dimensions of the structural elements of the intended application.

The values of 0.58, 0.52 and 0.39 are suggested for the UHPFRC thin layers with thickness

of 25mm, 40mm and 50mm, respectively.

3.1.2 Inverse analysis to determine the equi-biaxial tensile properties 

The principle of the inverse analysis method is to convert pairs of measured force 𝐹𝑖   and 

deflection 𝛿𝑖 at characteristic points under ring-on-ring testing into corresponding pairs of equi-

biaxial tensile stress and strain at the surface of the specimen in the constant moment zone under 

tension. 

(1) The equi-biaxial elastic modulus 𝐸𝑈 is given by:

𝐸𝑈 =
3(1−𝜐2)

2𝜋ℎ3
(𝐹𝑒−𝐹0)

(𝛿𝑒−𝛿0)
[
(3+𝜈)(𝑅2−𝑟2)

2(1+𝜈)
+ 𝑟2ln

𝑟

𝑅
]       (2) 

- 𝐹𝑒, 𝛿𝑒 : the measured force and deflection at the end of the linear-elastic behavior

of the specimen under ring-on-ring testing.

(2) The equi-biaxial elastic limit stress 𝑓𝑈𝑡𝑒 is given by:

𝑓𝑈𝑡𝑒 =
3𝐹𝑒

2𝜋ℎ2
[
(1−𝜈)(𝑅2−𝑟2)

2𝑅2
− (1 + 𝜈) ln

𝑟

𝑅
]        (3) 

(3) The equi-biaxial tensile strength 𝑓𝑈𝑡𝑢 is given by:

𝑓𝑈𝑡𝑢 = 1.15
𝐹𝑝

𝜋ℎ2
𝑅−𝑟

𝑅
(4)
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(4) The equi-biaxial strain at the end of hardening is given by:

휀𝑈𝑡𝑢 =
(1−𝜈)𝑓𝑈𝑡𝑢

𝐸𝑈
+ 𝛼𝑢𝜒𝑢ℎ  (5) 

- 𝛼𝑢: ratio of the height of the yielding zone and the total height of the specimen at

damage localization point under ring-on-ring testing;

- 𝜒𝑢: the curvature at damage localization point under ring-on-ring testing;

- The details about the determination of damage localization point can be found in

the section 2.5, Chapter 4.

3.2 Verification of fatigue safety 

The fatigue safety verification of UHPFRC new structural element or reinforcement layer under 

biaxial flexure consists of two-item check: strain level check and secant modulus level check. 

(1) At strain level check, the maximum biaxial strain at the most tensioned surface of the

UHPFRC element need to be checked according to:

휀𝑈,𝑓𝑎𝑡,𝑚𝑎𝑥(𝑄𝑓𝑎𝑡) ≤ 휀𝑈𝑡𝑢𝑑        (6) 

- 𝑄𝑓𝑎𝑡: characteristic value of fatigue loading;

- 휀𝑈𝑡𝑢𝑑: design value of biaxial strain at the end of hardening.

(2) At secant modulus level check, the secant modulus of UHPFRC element need to be

checked according to:

𝑛𝑓𝑎𝑡 =
𝐸𝑈,𝑓𝑎𝑡,𝑟𝑒𝑠

0.5∙𝐸𝑈,𝑓𝑎𝑡,𝑑
≥ 1.0        (7) 

- 𝑛𝑓𝑎𝑡: fatigue safety index;

- 𝐸𝑈,𝑓𝑎𝑡,𝑟𝑒𝑠: examination value of residual secant modulus of UHPFRC element;

- 𝐸𝑈,𝑓𝑎𝑡,𝑑: design value of original secant modulus of UHPFRC element

4. Perspectives and future works

4.1 UHPFRC properties 

(1) Improve and systemize the NDT method

Reliable and systematic NDT methods using magnetic probe should be further developed

to determine the tensile response of UHPFRC efficiently and representatively, thus

eventually replacing the fracture testing in the future. Firstly, the quantitative relationship
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between tensile properties, in particular tensile strength and hardening strain, and 

inductance values from NDT measurement should be determined for the given family of 

UHPFRC materials. Secondly, different sizes of magnetic probes should be fabricated to 

fit various geometries of UHPFRC elements, e.g. large slab cast-on-site and prefabricated 

elements with complex geometry. 

(2) Investigate the influence of local fiber distribution on the tensile behavior of UHPFRC

using FEA

The present study introduces the uniformity factor 𝜇2  for considering the local fiber

distribution in UHPFRC specimens. The significant influence of  𝜇2  on the tensile

response, especially the hardening strain, is highlighted. However, the amount of tested

specimens and range of 𝜇2 is limited. Thus, an extensive finite element analysis (FEA) is

expected to validate the proposed meso-mechanical model, and establish the direct

relationship between local fiber distribution and the uniformity factor 𝜇2. In this regard, a

valid numerical model should be conducted firstly to fit with the experimental evidence in

terms of stress-strain response and cracking behavior. Afterward, a wide range of

quantitative degrees of variation of local fiber distribution, which can be represented by

variation of the tensile strength, can be applied to the numerical model.

4.2 Ring-on-ring test to characterize UHPFRC 

(1) Ring-on-ring test using small slab specimen

The ring-on-ring test yields representative and stable results allowing for consistent

characterization of the biaxial flexural response of UHPFRC slab elements. However, the

circular slab used in the present study has a large size with diameter of 1200mm and

thickness of 50mm (≈140kg), which is not easy for handling and placing. Moreover, such

geometry of specimen cannot fit in standard servo-controlled testing machines. Therefore,

a smaller circular slab specimen is proposed for the ring-on-ring test.

(2) Evaluate the structural redistribution coefficient using a numerical approach

The unfavorable influence of intrinsic heterogeneity of local fiber distribution on the

fracture response can be considerably compensated when large cracking surfaces are

involved in the fracture process due to stress redistribution. This is particularly so in the

case of strain-hardening UHPFRC under biaxial flexural testing, given that a large network

of matrix discontinuities and multiple fictitious cracks are observed. Therefore, a

coefficient (structural redistribution factor) should be introduced to take into account the

reduced variability of mechanical bearing capacity when associated with a large volume

involved in the failure process and/ or when the structure is able to redistribute stresses

significantly, thus favoring the average rather than the minimum strength. In this context,

a numerical procedure taking into account a wide range of heterogeneity of the mechanical
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characteristics in the UHPFRC slab can be conducted to evaluate the redistribution factor 

based on the ring-on-ring testing results. 

4.3 Fatigue behavior of UHPFRC 

(1) Fatigue behavior of UHPFRC under variable amplitude

In bridge deck slabs, the amplitude of fatigue loading caused by vehicles is generally

variable. The present experimental study, however, is limited to the biaxial flexural fatigue

behavior of UHPFRC slab under constant amplitude fatigue loading. Hence, the fatigue

behavior of UHPFRC under variable amplitudes, as well as fatigue stress reversals, should

be investigated.

(2) Fatigue behavior of UHPFRC considering fiber distribution

It has been demonstrated that the local fiber distribution has significant influence on the

strain-hardening response of UHPFRC under direct tension. However, its influence on

the tensile fatigue behaviour is not yet clear, which still needs to be investigated

experimentally. Moreover, great care is required during alignment and installation of the

specimen for direct tensile fatigue testing to avoid initial eccentricities before testing.

Otherwise, the specimen may be pre-damaged, leading to significant underestimation of

the fatigue strength of UHPFRC.
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