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Abstract
A yield curve is a line plotting bond yields (i.e. interest rates) as a function
of their maturity date (their “expiration date”). When on a national scale,
the yield curve represents the underlying interest rate structure of a country’s
economy. It is fundamental in many areas of finance as it helps understand
the expected evolution of an asset’s value, and therefore serves as a basis for
pricing various assets and their derivatives, valuations of capital, determination
of risk and more. Furthermore, yield curves are widely considered as a general
indicator of a country’s overall economic health.

During this study, we conducted a series of quantitative comparisons of var-
ious yield curve models, specifically on the MINT (Mexico, Indonesia, Nige-
ria, Turkey) economies. We implemented the one-step and two-step Dynamic
Nelson-Siegel methods as well as traditional time-series models such as vec-
tor autoregressions with single and multiple lags and autoregression, using the
random walk as a benchmark for comparison.

The results confirm what was perhaps to be expected: forecasting yield curves
is no easy tasks, and in some cases the random walk cannot be outperformed
by the selected methods. There are, however, other cases where the presented
methods thrive. In these situations, the Dynamic Nelson-Siegel methods in
particular, both one-step and two-step, proved to be considerably superior to
the random walk.
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Chapter 1

Introduction

The aim of this chapter is to clarify the meaning and the importance of yield
curves, and therefore why it is so useful to forecast them. This chapter will
then explore why the MINT (Mexico, Indonesia, Nigeria, Turkey) economies in
particular were chosen to conduct this study.

Furthermore, it will include basic interest rate theory as well as a mathematical
foundation of state-space models, which will be used in subsequently introduced
concepts.

1.1 An Economic Approach
The inversion of the US yield curve in March 2019 lead to many headlines.

The US bond yield curve has inverted. — CNBC (Srivastava, 2019)

The U.S. Yield Curve Just Inverted. That’s Huge. — Bloomberg
(Chappatta, 2018)

YIELD CURVE INVERTS: Recession indicator flashes red for first
time since 2005 — Yahoo Finance (Cheung, 2019)

Those of us who are not financial analysts may not understand the hype around
this event. Why is something like this so important? What does it influence?
Even, what is a yield curve?

The following subsection aims to explain, in a non-mathematical way, the basics
of yield curves and their importance.
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1.1.1 Yield Curve Questions
What is a yield curve?

There is another question that needs answering first: what is a bond?

Companies or governments issue bonds to the market in order to fund their
businesses or activities. By buying a bond, which is actually a contract, the
bondholder lends the amount he pays for the contract to the entity, which
promises to pay back the face value at maturity (all this is specified in the
terms of the contract). In addition, some bonds can also pay a fraction of their
value at pre-specified dates between the time of purchase and the maturity.
These partial reimbursements are known as coupons. A bond with no coupons
is called a zero-coupon bond. In this case, the price paid for the bond directly
reflects the interest rate (i.e. the percentage of the full price that equal the
profit) to be paid to the lender.

A yield curve is a line plotting bond yields (i.e. interest rates) as a function of
their maturity dates. An example can be found in Figure 1.1. Usually, the bonds
that are considered are zero-coupon government bonds. The corresponding yield
curve can be viewed as a summary of the country’s interest rates and an indicator
of overall economical health. It is used as a benchmark for pricing many financial
assets and their derivatives as well as valuations and risk determination.

Traditionally, a yield curve can take one of three shapes:

1. Normal: an upwards sloping curve, i.e. the bonds with long-term maturi-
ties have higher interest rates than the ones with short-term maturities.

2. Flat: all bonds have similar interest rates.

3. Inverted: a downward sloping curve, the bonds with short-term maturities
have higher interest rates than the ones with long-term maturities.

Figure 1.1: Plot of the linear interpolation of the US Treasury yields on 1st

November, 2011. The measured yields are marked in red. The x-axis represents
the maturities (in years) and the y-axis represents the zero-coupon bond yields
(in percentage points).
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The answers to the questions that follow were inspired by Goldstein and Romer
(2019) and Garcia and Vanek Smith (2019).

How is it determined?

Take the country’s public lending and borrowing scene — the bond market.
It operates, like any other market, according to classical supply and demand
dynamics: if there are many borrowers and not many lenders, there will be
high interest rates. Conversely, less borrowers and more lenders lowers interest
rates. One can therefore imagine that the market needs to find the “magical”
interest rate at which the amounts people are willing to lend are in balance with
the amounts people are looking to borrow. This is called the neutral/natural
interest rate.

The country’s central bank, which issues the yield, is basically tied to this
neutral interest rate. A move away from this neutral level would have severe
consequences.

If the central bank decided to set their official interest rate below the neutral
rate, borrowers would flock to it, borrow much more than needed and would
subsequently overspend with the probable outcome of rising inflation.

In the opposite scenario of interest rates being set significantly above the neu-
tral rate, nobody could afford to borrow and the risk would be an economic
slowdown.

Why is everybody so preoccupied with inverted yield curves?

It is a common assumption — at least in US treasury bonds — that an inverted
yield curve leads to a recession.

This is again simply due to classic supply and demand dynamics. As seen
previously, bond issuers increase yields if there are not enough lenders in order
to make the purchase of such a bond more attractive. An increase in short term
yields is therefore seen as being catalysed by a reluctance to invest in the short
term economy. Conversely, one can establish similar reasoning regarding the link
between a decrease in long term yields and a preference to invest in the long-
term. Put in a nutshell, an inverted yield curve represents general misgivings
about the short term economy, as opposed to the long term economy.

However, many economists remain sceptical. Even though yield curve inversion
is synonymous with an impending recession, there are too few observations to
develop a conclusive theory around the consequences of such an inversion. This
subject will be of particular interest in the coming months as the yield curve
inverted in March 2019 and became normal again in November 2019. As a
result, the next few months may disprove rather than confirm current theories
around these relationships.
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Can a yield be negative?

Yes, it can. Even the data we will be working with contains negative yields.

At first glance, this seems completely counterintuitive. Why would somebody
pay for a bond which at maturity will actually pay back less than the original
price? Why not just “keep the money under the mattress” instead?

It is a fact that in an ageing society, people save more, simply because they
need to accumulate a larger amount of capital to fund a longer retirement.
This implies that the supply side of the bond market is increasing — there is
more money to lend out. On the demand side, companies are borrowing less:
physical goods cost less, and many of today’s giants are heavily technology-
based, meaning that, in comparison to more traditional industrial companies,
their physical asset base is significantly reduced. This combination is driving
interest rates down, to the extent that they are becoming negative.

Supply and demand is not choking out these negative rates because even though
it can be acceptable to keep a few hundred dollars in cash, it is not safe to hold
a lot more. Physically storing cash costs money — for example, one might need
access to a vault or to hire a security team. Interest rates can therefore become
slightly negative, just because people are still prepared to pay a small amount
for keeping their money safe instead of “buying the vault” themselves. Another
solution could be to store assets in a bank, which the bank basically considers
as a loan. Doing this results in credit risk, the risk associated with a borrower
failing to repay. If the credit risk is considered to be lower for a trustworthy
government (famous examples include Switzerland or Germany), then investing
with negative yield in this government’s bonds could be preferred.

1.1.2 The MINT Economies
MINT is an acronym for Mexico, Indonesia, Nigeria and Turkey. Popularised in
2013 by Jim O’Neill, who also coined the BRICS (Brazil, Russia, India, China,
South Africa) acronym, they are considered to be the next compelling emerging
markets to invest in. Why? O’Neill claims that

“Mexico, Indonesia, Nigeria and Turkey all have very favorable de-
mographics for at least the next 20 years, and their economic prospects
are interesting.” (O’Neill, 2013)

Moreover, they are a subset of the “Next Eleven”, 11 countries deemed by
Goldman Sachs in 2005 to have the highest potential of becoming the world’s
most important economies of the 21st century.

Furthermore, as pointed out by Mexican Foreign Minister Jose Antonio Meade
Kuribrena on BBC News (2014), their advantageous geographical positions rep-
resent some of the major power positions for global trade in years to come.

For example, Mexico’s situation between Latin America and the US is a perfect
liaison between two continents, while Turkey has one foot in Europe and one
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foot in Asia. Indonesia is an economy close to China but finds itself in the
Middle of South-East Asia. Nigeria is perhaps not an obvious contender, but as
Africa’s most populous country, one can imagine how it might disproportionately
benefit from a strongly growing pan-African economy and the implementation
of multiple trade programmes on the continent.

1.2 A Mathematical Approach
1.2.1 Economic Fundamentals

A dollar today is worth more than a dollar tomorrow.

This is the financial principle of the time-value of money and the one that
underpins the constructs developed in this paper. Simply put, it indicates that
if a dollar is kept for a day, the same dollar loses part of its earning potential
over this period.

Interest Rates

This section serves to define terms and quantities of basic interest-rate theory
upon which we will base further chapters.

Roughly speaking, interest is money charged to a borrower for the use of a
lender’s money over a period of time. If an invested amount P0 accumulates an
interest i per year, and we denote PFV(n) as the future value of the investment
at time n years, then

PFV(n) = P0(1 + i)n. (1.1)

In practice, the term “annual nominal interest rate”, denoted here by i(m), often
arises. It represents the “as stated” rate without adjustment for the full effect
of compounding m-thly. This term is used when the compounding frequency
(which is m below) is not the specified one. For t in years, we then have

PFV(t) = P0

(
1 + i(m)

m

)mt
. (1.2)

If i is the continuous compounding rate (i.e. m → ∞), Equation (1.2) can be
extended to

PFV(t) = P0e
ti. (1.3)
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Yield Curves

The definitions and constructs here are taken from Diebold and Rudebusch
(2013), Chapter 1, Section 2.

Definition 1.3. The discount curve P (τ) is defined as the price of a $1 face
value zero-coupon bond with maturity τ .

Note P (τ) denotes the present value of $1 dollar at time τ , i.e. the amount
that needs to be invested at time 0 (P0 in the previous section) in order to have
PFV(τ) = 1.

Definition 1.4. The forward rate curve is defined as

f(τ) = −P
′(τ)

P (τ) , (1.4)

which we can interpret as the instantaneous profit (proportionally to the price).

Definition 1.5. The yield curve, plotting the yield of a bond as a function of
its maturity τ , is defined as

y(τ) = 1
τ

∫ τ

0
f(u)du. (1.5)

Note The yield can therefore be seen as “the average of the instantaneous
profits”.

These three curves are ultimately inter-related. The knowledge of one provides
the basis to all of them, and therefore, without loss of generality, one can choose
to work with any one of them. Definitions 1.4 and 1.5 furthermore imply

P (τ) = e−τy(τ), (1.6)

i.e. that y(τ) is the continuously compounded yield for a $1 face value zero-
coupon bond with present value P (τ).

In particular, P (τ) satisfies

lim
τ→∞

P (τ) = 0, P (0) = 1, (1.7)

which fits economic theory: the price of a bond with an infinite maturity is 0
and the price of a $1 bond of maturity 0 is equal to it’s face value of $1.
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Yield curve construction

In practice, the yields are unobservable. The actual bond prices are however
available for certain maturities. If a discount (or forward rate) curve is deter-
mined, the yield curve easily follows (with Equation (1.6)).

The discount curve is determined by interpolation or approximation of the avail-
able prices. Two families can be distinguished: the spline and the parametric
methods. The latter is also known as the parsimonious family and provide a
good solution when high precision is not paramount. If this is necessary, the
former may be a better choice.

There are many publications about both. Acclaimed methods include

• for the spline family: McCulloch (1971), who uses polynomial splines
(whose long-term oscillation is not a desirable property) and Vasicek and
Fong (1982), who use exponential splines instead. See Diebold and Rude-
busch (2013), Section 1.2 for more details.

• for the parametric family: Nelson and Siegel (1987) and Svensson (1994)
(an extension of Nelson-Siegel).

We will not expand on these but will discuss the Nelson-Siegel approach in depth
later.
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Chapter 2

The Dynamic Nelson-Siegel
Model

2.1 The Static Nelson-Siegel Model
2.1.1 Definition
The static Nelson-Siegel model smoothly fits the yield curve at a fixed time
t ∈ {1, . . . , T} as

y(τ) = β1 + β2

(
1− e−λτ

λτ

)
+ β3

(
1− e−λτ

λτ
− e−λτ

)
, (2.1)

where (β1, β2, β3, λ) are parameters to be determined.

Even though such a specific model may seem arbitrary, it actually presents a
number of elegant properties:

It fits economic theory, namely two important constraints:

1. P (0) = 1: the price of a bond with maturity 0 must be $1.

2. limτ→∞ P (τ) = 0: as the maturity becomes infinitely long, the price must
be zero.

The yield converges as τ →∞, and limτ→∞ y(τ) = β1. This will in fact be
defined further on as the level of the yield curve.

It only has four parameters and therefore is sparse, making it easier to
understand, less prone to over-fitting and smoother (which is desirable as yield
tends to be a very smooth function of maturity). Furthermore, contrary to
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other models, the number of parameters does not increase when the number of
maturities does.

It is (a priori) flexible as it can be increasing, decreasing, U-shaped and
more depending on the parameter choice. However, it cannot have more than
one optimum. Even though this is traditionally not thought of as an important
restriction because regular markets such as the US do not have multiple optima,
we will see that the markets we are considering do. Therefore, the Nelson-Siegel
model presents a noticeable limit in our setting.

2.1.2 Interpretation
A maturity-dependent interpretation

Each βi influences different parts of the curve:

β2 scales (1−e−λτ )(λτ)−1, a function that will start at one but rapidly decrease
towards 0. As it will mostly affect only short-term yields, β2 is known as “the
short-term factor”.

β3 scales (1−e−λτ )(λτ)−1−e−λτ , which increases from zero (not affecting short
maturities), peaks and then rapidly decreases again. It is therefore known as
“the medium-term factor”.

β1 is a constant and the only term that does not decay to zero when the maturity
increases, which is why it is “the long-term factor”.

A plot of each function can be found in Figure 2.1.

Figure 2.1: Plot of each factor loading as a function of the maturity (with λ = 1).
The purple curve represents short-term factor loading, the brown curve the
medium-term factor loading and the orange curve the long-term factor loading.

A shape interpretation

Diebold and Li (2006) are the first to note the influences (β1, β2, β3) have on the
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shape of the yield curve: β1 is the level, β2 is the slope, and β3 is the curvature.

Figures 2.2 – 2.4 illustrate the influence each of the three factors has on the
curve.

Figure 2.2: A change in level. We plot three NS curves at a given time with
(λ, β2, β3) = (1,−1, 1) as a function of the maturity. The blue curve is the NS
parametrisation with β1 = 0, the green curve with β1 = 1, the red curve with
β1 = −1.

Figure 2.3: A change in slope. We plot three NS curves at a given time with
(λ, β1, β3) = (1, 0, 1) as a function of the maturity. The blue curve is the NS
parametrisation with β2 = 0, the green curve with β2 = 3, the red curve with
β1 = −3.
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Figure 2.4: A change in curvature. We plot three NS curves at a given time
with (λ, β1, β2) = (1, 0,−1) as a function of the maturity. The blue curve is the
NS parametrisation with β3 = 0, the green curve with β3 = 5, the red curve
with β3 = −5.

Note Even though we will refer to the second factor as the slope, we can see
in Figure 2.3 that it actually represents the "negative slope" in early maturities,
i.e. a positive β2 equates to a decreasing curve, whereas a negative β2 leads to
an increasing curve.

With these interpretations in mind, the notations are changed to

y(τ) = l + s

(
1− e−λτ

λτ

)
+ c

(
1− e−λτ

λτ
− e−λτ

)
. (2.2)

Interpretation of λ

Figure 2.5 illustrates the effect the parameter λ has on the NS curve parametri-
sation.
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Figure 2.5: We plot three NS curves at a given time with (β1, β2, β3) = (0,−1, 4)
as a function of the maturity. The orange curve is the NS parametrisation with
λ = 0.1, the purple curve with λ = 5.24, the brown curve with λ = 0.5.

We can see from the graphs in Figure 2.5 that λ is the parameter determining
the location of maximal curvature. We will discuss how this is used in the
estimation of the model in Subsection 2.1.3.

2.1.3 Estimation
Given a vector of observed yields y = (y(τ1), . . . , y(τp))′, the parameter estima-
tion becomes simple when λ is known. It is sufficient to conduct a least-squares
regression of y on

(
1, (1− e−λτi)(λτi)−1, (1− e−λτi)(λτi)−1 − e−λτi

)p
i=1.

Diebold and Li (2006) determines λ by observing that it determines the location
of maximal curvature.

Let τmax ∈ {τ1, . . . , τp} be a reasonable maturity for the maximum to be
attained (can be observed numerically in the coordinates of y). This directly
leads to finding a viable λ for our model by finding

λ̂ = arg max
λ∈R

(
1− e−λτmax

λτmax
− e−λτmax

)
, (2.3)

i.e. setting the term multiplied by ct to be maximal at τmax (lt does not affect
the maximum and we assume st does not significantly affect the Nelson-Siegel
yield curve when the maturity is significantly non-zero).

A common practice (see for example Diebold and Li (2006) or Diebold and Rude-
busch (2013)) is to consider that the theoretical maximal curvature is attained
at τ = 30 months, and therefore sets λ̂ = 0.0609. When working in cases that
do not necessarily follow the traditional structure, one could also estimate an
appropriate λ with a non-linear fitting method. A possible procedure, following
a least-squares approach, is described in the following:
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For each time t = 1 . . . T , choose λ̂t satisfying the minimum of

OLSNS
t (λ) = min

(l,s,c)∈R3

p∑
i=1
‖y∗t (τi)− yt(τi, l, s, c)‖2

2,

where y∗t (τi) denotes the true yield with maturity τi at time t and yt(τi, l, s, c)
denotes the Nelson-Siegel parametrisation in Equation (2.2).

For robustness and because λ is assumed fixed in time, we take the mean of
λ̂t, t = 1, . . . , T . The final the final estimation of λ is therefore

λ̂ = 1
T

T∑
t=1

(
argmin
λ∈R

OLSNS
t (λ)

)
.

We will hereafter assume that λ is known and fixed.

2.2 The Dynamic Approach
2.2.1 Definition
Even though the model above is proven to fairly accurately describe the yield
curve at one given moment, it lacks in one crucial aspect: time dependency.

The Dynamic Nelson-Siegel (DNS) model therefore considers that for a fixed t,
the curve would be fitted with the static Nelson-Siegel model, but that (l, s, c)
would vary in time, i.e.

yt(τ) = lt + st

(
1− e−λτ

λτ

)
+ ct

(
1− e−λτ

λτ
− e−λτ

)
, t = 1, . . . , T. (2.4)

Note The parameter λ is considered to be an inherent property of the model
and therefore does not vary with t.

Note The nature of (lt, st, ct) changes here — we now consider them as time-
series, and not parameters.

For the theoretical model to explain the empirical data yt(τi), i = 1 . . . p, we
introduce a stochastic error εt.

Equation (2.4) becomes

yt = Λft + εt, (2.5)
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where

yt =

yt(τ1)
...

yt(τp)

 , ft =

ltst
ct

 , εt =

εt(τp)...
εt(τp)


and

Λ =


1 1−e−λτ1

λτ1
1−e−λτ1

λτ1
− e−λτ1

...
...

...
1 1−e−λτp

λτp
1−e−λτp

λτp
− e−λτp

 .

2.2.2 Estimation
The theoretical model above is sufficient to explain a cross-section of the data
but the values ft and a model for its evolution in time are still unknown. In this
subsection, we will explore two different methods to estimate ft and understand
how it evolves.

Two-Step DNS

We could consider the data as a p-dimensional time-series (see the vector autore-
gression method described in Chapter 3). However, the strength of the Nelson-
Siegel model is that it reduces into only three factors, (lt, st, ct), irrespectively
of the number of maturities. Two-step DNS is a simple and numerically stable
method to fit this three-variable model to the data at hand.

Step One: a static fitting

Step One fits the static Nelson-Siegel model on each time period t = 1 . . . T . As
stated previously, this can be done using a simple least squares regression that
outputs {(l̂t, ŝt, ĉt)}Tt=1.

Step Two: introducing dynamics

Consider now a three-dimensional time series {lt, st, ct}, of which we have a
sample from Step One. A suitable model can then be found using methods such
as three dimensional (Gaussian) vector autoregression (VAR),

ft = A+
q∑
i=1

Bift−i + εt, (2.6)

where q ∈ Z+ is the lag of the process, A ∈ R3 is the offset, Bi ∈ R3×3 are the
matrices of VAR coefficients and εt

i.i.d.∼ N (0,Σ), t = 1, . . . , T . The estimation
of the parameters is realised by the Yule-Walker equations.

The forecast of the set of yields at time T + h, ŷT+h is then simply
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ŷT+h = Λf̂T+h, (2.7)

where f̂T+h is the estimation of fT+h with the VAR model that was estimated
using Equation (2.6).

One-Step DNS

If the Dynamic Nelson-Siegel model is assumed to follow a state-space represen-
tation

yt = Λft + εt,

ft = Tft−1 + c+ ηt,

f1
i.i.d.∼ N (a1, P1),

(2.8)

where εt
i.i.d.∼ N (0, H) and ηt

i.i.d.∼ N (0, Q) then we can also apply the Kalman
Filter (or Smoother) in the frame described in Subsection A.1 to estimate the
unobservable factors ft, t = 1, · · · , T and the Expectation-Maximisation algo-
rithm to estimate T, c,H,Q, a1 and P1. The framework of the state-space models
including Kalman Filter and Expectation-Maximisation algorithms is explained
in the appendix to this report.

The forecast of the set of yields at time T + h, ŷT+h, is then simply

ŷT+h = Λf̂T+h, (2.9)

where f̂T+h is the estimation of fT+h using the VAR component of the State-
Space model in Equation (2.8) with the parameters estimated using the EM
algorithm.
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Chapter 3

Contending models

This chapter details the models that will be compared in the quantitative study
conducted in this paper, which will follow similar specifications to Brechtken
(2008) and Caldeira et al. (2019).

3.1 Random Walk
The random walk is the simplest of the models and will serve as a benchmark
for evaluating how well other models perform. For τ the maturity corresponding
to the yield y(τ), the random walk supposes that

yt+1(τ) = yt(τ) + εt(τ), t = 1, . . . , T, (3.1)

where εt(τ) i.i.d.∼ N (0, σ2(τ)).

If {yt(τ)}Tt=1 is the available set of yields at maturity τ , the forecast at time
T + h is simply

ŷT+h(τ) = yT (τ). (3.2)

The value we predict at time T + h is just the latest known value, i.e. the value
at time T .

The random walk model is a common benchmark in literature for comparing
yield curve models (see for example Caldeira et al. (2019), Brechtken (2008) or
Mönch (2006)) because it is considered non-trivial to consistently outperform.

18



3.2 Autoregression
Autoregression (AR) is a traditional time-series modelling method. It considers
that the available data {yt(τi)}Tt=1, i = 1 . . . p are p separate time-series. A new
model is estimated for each maturity and the yields are forecast separately, and
therefore this method completely overlooks any dynamics between yields with
different maturities.

Recall that a (Gaussian) AR process with lag order q ∈ Z+, usually denoted as
AR(q), is defined as

yt (τi) = α+
q∑
j=1

βjyt−j (τi) + εt(τi) t = 1, . . . , T, (3.3)

where εt(τi)
i.i.d.∼ N

(
0, σ2(τi)

)
, α ∈ R, βj ∈ R, j = 1, . . . , q.

If the parameters α, βj are unknown and we can produce suitable estimators1,
say α̂, β̂j , for them, the one-step ahead forecast of the yield at maturity τi,
ŷT+1 (τi), is given by

ŷT+1 (τi) = α̂+
q−1∑
j=0

β̂jyT−j (τi) . (3.4)

In the context of yield curve modelling, the lag q is usually chosen to be unity.
This means that the forecast for time T + h is simply

ŷT+h (τi) = (1 + β̂ + β̂2 + · · ·+ β̂h−1)α̂+ β̂hyT (τi) .

The estimation of the parameters is realised by the Yule-Walker equations.

3.3 Vector Autoregression
Contrary to the methods previously cited in this chapter, vector autoregression
(VAR) takes into account dependencies between maturities as well as depen-
dencies through time to model the available data {yt}Tt=1 where yt ∈ Rp. A
(Gaussian) vector autoregression process with lag order q ∈ Z+, usually de-
noted as VAR(q), is defined as

yt = A+
q∑
j=1

Bjyt−j + εt, t = 1, . . . , T, (3.5)

1An easy way in this case to produce suitable estimators for α̂, β̂j is to use maximum
likelihood estimation, which is equivalent to an ordinary least-squares regression here, on the
available data. Python’s method AR.fit() fits the unconditional maximum likelihood.
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where εt
i.i.d.∼ N (0,Σ) for some covariance matrix Σ ∈ Rp×p, A ∈ Rp, Bj ∈ Rp×p,

j = 1, . . . , q.

If the parameters A,Bj are unknown and we can produce suitable estimators2,
say Â, B̂j , for them, the one-step ahead forecast, ŷT+1, is given by

ŷT+1 = Â+
q−1∑
j=0

B̂jyT−j . (3.6)

Like in autoregression, yield curve models with vector autoregression only con-
sider a single lag. In this context, the forecast at time T + h is

ŷT+h = (1 + B̂ + B̂2 + · · ·+ B̂h−1)Â+ B̂hyT .

Once again, the estimation of the parameters is realised by the Yule-Walker
equations.

3.4 Comparing Forecasting Accuracy
The purpose of this study is to determine how well the various models described
in the previous sections forecast MINT yield curves. This section describes
various methods to achieve this. Recall that this paper will always use the
random walk as a benchmark.

Root Mean Square Error Ratios
Definition 3.5. Let {ŷt(τ)}Tt=1 be the forecasts of {yt(τ)}Tt=1, the actual yields
at maturity τ . The Root Mean Square Error (RMSE) of these forecasts is defined
as

RMSE (τ) =

√√√√ 1
T

T∑
t=1

(yt(τ)− ŷt(τ))2
. (3.7)

The RMSE assesses the performance of a model without regard to a benchmark.
When comparison is needed, the ratio of RMSEs corresponding to two different
forecasting schemes can be used to measure relative performance. This is, for
example, used in Brechtken (2008). However, it is hard to find significance levels
of over-/underperformance.

In order to justify significant over-/underperformance, the popular Diebold Mar-
iano, and Harvey, Leybourne and Newbold, tests will be preferred.

2for example an OLS fitting, like in Python’s method VAR.fit().
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The Diebold Mariano Test
The Diebold Mariano Test (Diebold and Mariano, 1995) is a common method
to compare accuracy of forecasts.

Let {yt}Tt=1 be the actual values that we want to forecast and {ŷ1t}Tt=1, {ŷ2t}Tt=1
be two forecasts of these values we want to compare. The forecast errors are
therefore

eit = ŷit − yt, i = 1, 2. (3.8)

The loss differential between two forecasts is defined as

dt = g(e1t)− g(e2t), (3.9)

where g(·) is the chosen loss function (in our case, the squared loss).

Definition 3.6. Two forecasts are said to have equal accuracy if

E (dt) = 0.

Note We suppose that E (dt) does not depend on t.

Comparing accuracy of two forecasts can therefore be done by testing

H0 : E (dt) = 0

and declaring that {ŷ1t}Tt=1 are more/less accurate than {ŷ2t}Tt=1 ifH0 is rejected
because E (dt) is actually negative/positive respectively.

Diebold and Mariano (1995) state that
√
T (d̄− µ) −→ N (0, 2πfd(0)) , (3.10)

where

d̄ = 1
T

∑T
t=1 dt is the sample mean of the loss differential,

µ = E (dt) is the actual mean of dt,

fd(0) = 1
2π
∑+∞
k=−∞ γd(k) is the spectral density of d at frequency 0,

γd(k) = E [(dt − µ) (dt−k − µ)] is the autocovariance of d at lag k ≤ t.

Definition 3.7. The Diebold Mariano test statistic is defined as

DM = d̄√
2πf̂d(0)

T

, (3.11)

where f̂d(0) is a consistent estimator of fd(0).
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In practice, it is sufficient to use

f̂d(0) = 1
2π

(
γ̂d(0) + 2

M∑
k=1

γ̂d(k)
)
, (3.12)

where M = T 1/3 and γ̂d(k) = 1
T

∑T
i=k+1

(
dt − d̄

) (
dt−k − d̄

)
.

The result in (3.10) implies that, for a large sample of forecasts, DM approxi-
mately follows the N (0, 1) distribution and we can therefore base a statistical
test for H0 : E (dt) = 0 on this distribution.

The Harvey, Leybourne and Newbold Test (1997)
Diebold and Mariano (1995) show through simulations that the normal approx-
imation can be very poor, as it rejects the null hypothesis too often. Harvey
et al. (1997) propose a correction to this.

Definition 3.8. Let h be the number of steps ahead that {ŷ1t}Tt=1, {ŷ2t}Tt=1 are
forecast. The Harvey, Leybourne and Newbold Test statistic is defined as

HLN =
√
T + 1− 2h+ h(h+ 1)

T
DM. (3.13)

Harvey et al. (1997) claim that HLN approximately follows a tT−1, where tT−1
denotes the Student Distribution with T − 1 degrees of freedom. It is then easy
to construct a test with the HLN statistic that compares accuracy of different
forecasts. This is the method of choice for comparison in this paper.
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Chapter 4

Quantitative Data Analysis

4.1 The Datasets
The MINT data was sourced from the Reuters Database at CEDIF - UNIL.
The United States data was taken from the U.S. Department of the Treasury
Resource Center.

This paper assesses the performance of previously mentioned models on the
set of daily zero-coupon government bond yields in MINT countries (Mexico,
Indonesia, Nigeria, Turkey) from January 1st 2011 to October 31st 2019. The
methods are also applied to the United States Treasury data in order to under-
stand how the methods perform in a more traditional setting.

The maturities, which vary from country to country, are specified in the monthly
plots of the datasets below (see Figures 4.1 – 4.5). Each figure represents yield
curves in three dimensions evolving over time. It plots beginning-of-the-month
yields of the country mentioned in the caption. The maturities (in years) are
specified on the x-axis, the years of measurement on the y-axis (each plot spans
from November 2011 – October 2019) and the yield (in percentage points) on the
z-axis. Furthermore, descriptive statistics per country were included in order to
give some numerical context for the data (see Tables 4.1 – 4.5). The statistics
that were computed are specified in the header of each table, and are all rounded
to two decimal points.

Note that to account for missing data on non-business days, the missing values
are taken to be equal to the last known value (e.g. the weekend’s yields are equal
to Friday’s).
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United States

Figure 4.1: Monthly plot of the United States yield curve data. The structure
of this plot can be found in Section 4.1.

Maturity Mean St. D. Minimum Maximum ρ(1) ρ(12)
1 month 0.62 0.82 0.00 2.51 0.67 0.45
3 months 0.66 0.84 0.00 2.49 0.70 0.49
6 months 0.75 0.86 0.02 2.58 0.73 0.52
1 year 0.84 0.86 0.09 2.74 0.74 0.54
2 years 1.03 0.80 0.20 2.98 0.64 0.45
3 years 1.22 0.74 0.28 3.05 0.54 0.35
5 years 1.62 0.61 0.56 3.09 0.36 0.17
7 years 1.95 0.52 0.91 3.18 0.25 0.05
10 years 2.26 0.43 1.37 3.24 0.17 -0.02
20 years 2.71 0.40 1.69 3.72 0.14 -0.02
30 years 2.98 0.38 1.94 3.96 0.12 0.01

Table 4.1: Descriptive Statistics - United States Data.
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Mexico

Figure 4.2: Monthly plot of the Mexico yield curve data. The structure of this
plot can be found in Section 4.1.

Maturity Mean St. D. Minimum Maximum ρ(1) ρ(12)
1 month 1.52 2.59 -4.46 11.78 0.86 0.59
6 months 1.59 2.20 -2.89 8.93 0.90 0.66
9 months 1.65 1.95 -1,98 7.27 0.93 0.71
2 years 1.91 1.36 -0.35 4.99 0.98 0.80
5 years 2.48 0.99 0.39 4.72 0.97 0.74
9 years 2.90 0.76 1.00 4.68 0.96 0.57
10 years 2.96 0.75 1.02 4.66 0.96 0.58
15 years 3.24 0.67 1.26 4.90 0.92 0.53
25 years 3.85 0.47 2.12 5.13 0.83 -0.50

Table 4.2: Descriptive Statistics - Mexico Data.
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Indonesia

Figure 4.3: Monthly plot of the Indonesia yield curve data. The structure of
this plot can be found in Section 4.1.

Maturity Mean St. D. Minimum Maximum ρ(1) ρ(12)
1 month 5.07 1.56 -1.88 10.59 0.84 0.30
1 year 6.08 1.05 3.27 8.17 0.94 0.29
2 years 6.57 1.09 4.03 9.32 0.94 0.26
3 years 6.86 1.15 4.27 9.86 0.94 0.24
6 years 7.26 1.12 4.73 10.06 0.93 0.16
9 years 7.51 0.99 5.30 9.99 0.92 0.08
10 years 7.60 0.96 5.46 9.98 0.91 0.06
12 years 7.79 0.98 5.77 10.00 0.90 0.03
15 years 8.10 0.84 6.23 10.26 0.89 -0.01
20 years 8.60 0.84 6.69 10.75 0.90 -0.03
25 years 8.95 0.94 6.77 11.18 0.89 0.00
30 years 9.12 1.19 6.51 11.94 0.85 0.09

Table 4.3: Descriptive Statistics - Indonesia Data.
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Nigeria

Figure 4.4: Monthly plot of the Nigeria yield curve data. The structure of this
plot can be found in Section 4.1.

Maturity Mean St. D. Minimum Maximum ρ(1) ρ(12)
1 year 14.77 2.99 5.40 8.17 0.88 -0.32
2 years 14.53 2.07 7.87 9.32 0.88 -0.33
3 years 14.46 1.73 9.12 9.86 0.88 -0.29
4 years 14.48 1.61 9.88 9.32 0.87 -0.25
5 years 14.52 1.57 10.33 9.32 0.86 -0.22
6 years 14.57 1.55 10.51 10.06 0.85 -0.20
7 years 14.62 1.55 10.59 9.32 0.85 -0.19
8 years 14.67 1.54 10.67 9.32 0.84 -0.18
9 years 14.70 1.53 10.70 9.99 0.84 -0.17
10 years 14.72 1.52 10.70 9.98 0.84 -0.16
12 years 14.73 1.49 10.76 10.00 0.84 -0.14
15 years 14.67 1.44 10.94 10.26 0.84 -0.08
20 years 14.42 1.70 8.75 10.75 0.75 -0.00

Table 4.4: Descriptive Statistics - Nigeria Data.
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Turkey

Figure 4.5: Monthly plot of the Turkey yield curve data. The structure of this
plot can be found in Section 4.1.

Maturity Mean St. D. Minimum Maximum ρ(1) ρ(12)
1 month 11.31 5.31 3.71 30.44 0.94 0.38
3 months 11.42 5.18 3.92 29.09 0.96 0.40
6 months 11.53 5.05 4.21 28.45 0.97 0.42
9 months 11.59 4.96 4.37 27.92 0.97 0.43
1 year 11.62 4.88 4.50 27.78 0.97 0.43
2 years 11.58 4.60 4.93 28.84 0.96 0.44
4 years 11.35 4.07 5.49 27.67 0.96 0.45
6 years 11.13 3.60 5.88 25.34 0.95 0.47
10 years 10.81 2.81 5.77 19.70 0.95 0.50

Table 4.5: Descriptive Statistics - Turkey Data.
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4.2 Implementation
All methods in this paper have been implemented in Python (Spyder 3.3.6 -
Anaconda).

The statsmodels and pykalman packages were particularly useful in the cod-
ing process as they have implementations of the main methods used, such as
ordinary least-squares regression, autoregression, vector autoregression and the
Kalman Filter with Expectation Maximisation.

As in Caldeira et al. (2019), we use the rolling window method described in
Algorithm 1 to determine the accuracy of each method using the random walk
model as a benchmark.

Notations Let

• M = {τ1, . . . , τp} be the set of maturities,

• D = {y1, . . . , yT } be the data set at hand, where yt ∈ Rn is the vector of
yields at time t ∈ {1, . . . T},

• method ∈ {RW, DNS+VAR(1), DNS + KF, AR(1), VAR(1)} be the model used
(see following section for description of each model),

• i ∈ {7, 30, 90, 180, 360} 1 be the horizon (in days) we want to forecast at.

The rolling window process is described in Algorithm 1.

Algorithm 1 Rolling Window
Input: (method, i) . described in Notations
Output: matrix of all predictions i days ahead with method method

procedure Rolling Window(method, i)
ŷmethod
t ∈ R(T−1080)×p

for t = 1, . . . , T − 1080 do
Wt ← {yt, · · · , yt+719}
model← estimate_model (Wt, method)
ŷmethod
t ← forecast(model, i)

return ŷmethod

procedure Estimate_Model(Wt, method)
return model estimated using method on Wt

procedure forecast(model, i)
return forecast using model, i days in advance

We then compare {ŷmethod
t }T−1080

t=1 with {ŷRW
t }T−1080

t=1 (from Algorithm 1) using
the Harvey, Leybourne, Newbold test to determine if method outperforms RW.

1The 360-day calendar is adopted, which is common in financial markets. One year consists
of 12 months of 30 days each.
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Model Notation and Description

Recall that method ∈ {RW, DNS+VAR(1), DNS + KF, AR(1), VAR(1)}. This section
clarifies to which method each acronym refers to. The following notations will
also be used in the results tables and their analysis.

• RW: random walk.

• DNS+VAR(1): two-step Dynamic Nelson-Siegel method using a VAR(1)
process to model the DNS factors obtained by an ordinary least squares
linear regression.

• DNS+KF: one-step Dynamic Nelson-Siegel using the Kalman Smoother to
estimate the states, and the Expectation Maximisation algorithm to esti-
mate the transition matrix, transition offset, transition covariance, obser-
vation offset, observation covariance and initial state mean and covariance.
The observation matrix and the observation offset are fixed as per the
Nelson-Siegel scheme. The selection matrix is supposed to be the identity
matrix. Recall that the initialisation of the parameters to be estimated in
the EM algorithm is essential. We initialised

– the transition matrix and transition offset as the transition matrix
and transition offset estimated in DNS+VAR(1) (see description above),

– the transition covariance as 0.1 × I3 (where I3 denotes the three-
dimensional identity matrix),

– the observation covariance as 0.1×Ip where p is the dimension of the
maturity vector,

– the initial state mean as the OLS fit of the first observation in the
window,

– the initial state covariance as 0.1× I3.

• AR(1): separate AR(1) processes on {(yt)i}t for i = 1, . . . , p, similarily to
Caldeira et al. (2019).

• VAR(1): VAR(1) process on {yt}t, similarly to Caldeira et al. (2019).
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Note The methods DNS+VAR(1) and DNS+KF require the choice of a parameter
λ. The implemented selection of λ is the non-linear least-squares estimation
described in Subsection 2.1.3, using a grid search with step 0.001 in [0.001, 2] to
find

λ̂t = argmin
λ∈R

OLSNS
t (λ) , t = 1, . . . , T. (4.1)

4.3 The Results
The results of the implementation discussed in Section 4.2 can be found in
Tables 4.7 – 4.11.

The first column lists the RMSE for the random walk, which we will use as our
benchmark. Each column after that presents the RMSE ratio for the method
listed in the header (rounded to two decimal points) in the prediction scheme
described above the table. A ratio greater than unity indicates that the method
fails to outperform the random walk. The RMSE ratio is italicised and in bold /
italicised if the HLN test declares that the method outperforms the random walk
at a 5%, 10% level respectively. The ratio being replaced by × × × indicates
that it is superior to 50. This arises as some methods produce defective forecasts
due to nonstationarity of the dataset. In this case, we do not apply the HLN
test either as it is of no use in these extremes.

A summary of the results obtained with the non-linear least squares computation
of λ can be found in Table 4.6. Note that the estimation could have generated
a value outside [0.001, 2]. We do not take this into account as values in these
bounds already fit the data well, and most estimated values are in these bounds.
Furthermore, the theory around the Nelson-Siegel framework was not developed
with more extreme values in mind — recall Diebold and Rudebusch (2013)
chooses λ = 0.0609 — and the model is robust to the choice of λ.

United States
Mean St. D. Min. Max.
0.496 0.291 ≤ 0.001 1.796

Mexico Indonesia
Mean St. D. Min. Max. Mean St. D. Min. Max.
0.518 0.440 ≤ 0.001 ≥ 1.999 0.299 0.378 ≤ 0.001 ≥ 1.999

Nigeria Turkey
Mean St. D. Min. Max. Mean St. D. Min. Max.
0.355 0.447 ≤ 0.001 ≥ 1.999 0.783 0.529 ≤ 0.001 ≥ 1.999

Table 4.6: Descriptive statistics of the λ computation per country, rounded to
three decimal points
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Results of the Quantitative Comparison of the Selected
Methods
United States

1 week horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.05 1.41 2.10 1.28 1.86
3 months 0.04 1.42 1.42 1.31 2.18
6 months 0.04 2.44 1.98 1.28 2.21
1 year 0.04 2.66 1.08 1.23 2.04
2 years 0.06 1.64 1.38 1.17 1.68
3 years 0.08 1.15 1.06 1.10 1.45
5 years 0.10 1.27 1.25 1.05 1.29
7 years 0.10 1.38 1.34 1.04 1.27
10 years 0.10 1.30 1.26 1.04 1.28
20 years 0.10 1.36 1.23 1.04 1.31
30 years 0.09 1.42 1.47 1.04 1.28

1 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.08 1.44 1.36 1.89 2.39
3 months 0.08 1.94 1.01 1.80 2.62
6 months 0.09 2.37 1.17 1.66 2.49
1 year 0.10 2.36 1.23 1.62 2.39
2 years 0.12 1.75 1.10 1.54 2.00
3 years 0.15 1.38 1.01 1.32 1.67
5 years 0.18 1.31 1.08 1.16 1.42
7 years 0.19 1.31 1.10 1.13 1.34
10 years 0.18 1.25 1.04 1.13 1.34
20 years 0.18 1.27 1.04 1.12 1.32
30 years 0.17 1.21 1.22 1.11 1.27

3 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.18 1.80 0.93 2.14 2.25
3 months 0.18 1.98 0.81 1.95 2.29
6 months 0.19 2.23 0.89 1.90 2.28
1 year 0.19 2.28 0.94 1.95 2.31
2 years 0.22 1.87 0.97 1.84 1.98
3 years 0.24 1.59 0.99 1.58 1.73
5 years 0.27 1.39 1.06 1.32 1.47
7 years 0.29 1.28 1.06 1.22 1.31
10 years 0.29 1.13 0.98 1.16 1.20
20 years 0.31 1.13 1.05 1.10 1.13
30 years 0.29 1.07 1.25 1.05 1.05
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6 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.33 1.70 0.84 1.93 1.90
3 months 0.32 1.82 0.84 1.84 1.95
6 months 0.33 1.94 0.90 1.80 1.94
1 year 0.34 1.93 0.96 1.81 1.92
2 years 0.37 1.67 1.05 1.69 1.69
3 years 0.39 1.46 1.10 1.50 1.51
5 years 0.40 1.26 1.16 1.27 1.32
7 years 0.41 1.13 1.13 1.14 1.16
10 years 0.42 0.96 1.07 1.06 1.05
20 years 0.43 0.98 1.17 1.00 1.01
30 years 0.40 0.95 1.43 0.94 0.94

12 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.60 1.48 1.20 1.57 1.55
3 months 0.60 1.51 1.26 1.54 1.55
6 months 0.62 1.54 1.43 1.50 1.52
1 year 0.64 1.47 1.45 1.44 1.45
2 years 0.66 1.31 1.61 1.32 1.30
3 years 0.65 1.20 1.69 1.22 1.21
5 years 0.62 1.07 1.73 1.07 1.08
7 years 0.60 0.97 1.69 0.97 0.98
10 years 0.60 0.87 1.60 0.92 0.92
20 years 0.59 0.91 1.74 0.92 0.93
30 years 0.53 0.90 2.14 0.89 0.90

Table 4.7: Rolling window results - United States. The structure of the table is
explained in Section 4.3.
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Mexico

1 week horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.78 0.96 1.01 0.99 0.94
6 months 0.54 1.00 1.05 1.00 0.97
9 months 0.40 1.04 1.10 1.01 1.00
2 years 0.18 1.68 1.77 1.10 1.26
5 years 0.14 1.91 1.60 1.05 1.20
9 years 0.13 1.26 1.20 1.07 1.20
10 years 0.14 1.21 1.26 1.10 1.19
15 years 0.20 1.08 1.16 1.12 1.02
25 years 0.13 2.34 2.18 0.99 1.05

1 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 1.31 0.92 0.99 0.98 0.90
6 months 0.95 0.97 1.02 1.03 0.95
9 months 0.75 0.99 1.05 1.05 1.00
2 years 0.33 1.36 1.29 1.35 1.45
5 years 0.24 1.67 1.36 1.23 1.40
9 years 0.20 1.26 1.11 1.34 1.48
10 years 0.21 1.16 1.07 1.45 1.48
15 years 0.24 1.03 1.04 1.60 1.37
25 years 0.20 1.83 1.68 1.01 1.09

3 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 2.11 0.85 0.89 0.90 0.85
6 months 1.63 0.88 0.90 0.96 0.86
9 months 1.33 0.92 0.92 1.01 0.93
2 years 0.57 1.37 1.13 1.42 1.42
5 years 0.37 1.64 1.30 1.43 1.47
9 years 0.30 1.30 1.10 1.48 1.53
10 years 0.29 1.22 1.05 1.62 1.59
15 years 0.30 1.08 0.99 1.64 1.50
25 years 0.32 1.34 1.25 0.79 0.85
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6 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 2.91 0.83 0.84 0.86 0.83
6 months 2.25 0.86 0.83 0.91 0.87
9 months 1.81 0.91 0.84 0.97 0.92
2 years 0.71 1.50 1.11 1.56 1.53
5 years 0.46 1.69 1.32 1.56 1.53
9 years 0.38 1.25 1.09 1.47 1.45
10 years 0.37 1.19 1.06 1.57 1.52
15 years 0.36 1.08 1.04 1.52 1.46
25 years 0.41 1.03 1.02 0.58 0.64

12 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 2.21 1.21 0.95 1.23 1.22
6 months 1.69 1.33 1.00 1.36 1.35
9 months 1.40 1.44 1.05 1.48 1.46
2 years 0.89 1.64 1.21 1.65 1.64
5 years 0.58 1.76 1.41 1.63 1.61
9 years 0.45 1.37 1.18 1.55 1.53
10 years 0.45 1.27 1.11 1.58 1.55
15 years 0.40 1.19 1.12 1.59 1.56
25 years 0.42 1.11 1.09 0.68 0.67

Table 4.8: Rolling window results - Mexico. The structure of the table is ex-
plained in Section 4.3.
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Indonesia

1 week horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.54 1.20 1.26 1.31 0.94
1 year 0.19 1.41 1.14 1.10 1.09
2 years 0.18 2.32 2.00 1.05 1.15
3 years 0.19 2.37 2.11 1.03 1.13
6 years 0.21 1.15 1.12 1.02 1.10
9 years 0.22 1.40 1.49 1.01 1.09
10 years 0.22 1.60 1.67 1.01 1.08
12 years 0.22 1.83 1.85 1.01 1.08
15 years 0.22 1.77 1.71 1.00 1.08
20 years 0.20 1.18 1.05 1.01 1.08
25 years 0.27 1.17 1.21 1.01 0.94
30 years 0.52 1.13 1.18 0.98 0.86

1 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.66 1.09 1.31 1.76 0.94
1 year 0.34 1.36 1.26 1.37 1.22
2 years 0.36 1.60 1.36 1.16 1.23
3 years 0.39 1.59 1.38 1.11 1.21
6 years 0.40 1.11 1.05 1.07 1.17
9 years 0.40 1.14 1.19 1.05 1.13
10 years 0.40 1.21 1.26 1.05 1.12
12 years 0.41 1.29 1.33 1.03 1.09
15 years 0.40 1.24 1.26 1.02 1.07
20 years 0.39 1.02 1.02 1.02 1.04
25 years 0.45 1.04 1.05 1.09 0.97
30 years 0.73 1.00 1.00 1.09 0.95

3 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.72 1.11 1.29 1.69 1.05
1 year 0.56 1.23 1.22 1.38 1.20
2 years 0.64 1.29 1.20 1.16 1.20
3 years 0.69 1.27 1.18 1.11 1.19
6 years 0.69 1.08 1.07 1.07 1.15
9 years 0.66 1.08 1.15 1.05 1.11
10 years 0.65 1.10 1.19 1.05 1.10
12 years 0.64 1.13 1.22 1.02 1.07
15 years 0.62 1.09 1.18 0.98 1.02
20 years 0.62 0.94 1.05 0.96 0.96
25 years 0.71 0.92 1.02 1.02 0.90
30 years 0.98 0.91 0.99 1.03 0.83
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6 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.82 1.09 1.24 1.47 1.09
1 year 0.79 1.12 1.21 1.21 1.10
2 years 0.93 1.09 1.13 1.04 1.07
3 years 1.00 1.06 1.09 1.00 1.05
6 years 0.99 0.96 1.04 0.98 1.03
9 years 0.91 0.97 1.10 0.96 1.00
10 years 0.89 0.99 1.12 0.96 0.99
12 years 0.86 1.01 1.14 0.94 0.96
15 years 0.84 0.97 1.09 0.90 0.92
20 years 0.85 0.85 0.91 0.86 0.85
25 years 0.96 0.82 0.85 0.85 0.81
30 years 1.23 0.83 0.86 0.89 0.79

12 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 0.93 1.15 1.63 1.35 1.19
1 year 0.93 1.14 1.46 1.16 1.09
2 years 1.10 1.05 1.28 1.04 1.03
3 years 1.19 0.99 1.20 0.99 1.01
6 years 1.17 0.89 1.15 0.94 0.96
9 years 1.08 0.92 1.21 0.91 0.93
10 years 1.05 0.94 1.24 0.91 0.92
12 years 1.00 0.95 1.26 0.89 0.89
15 years 0.95 0.92 1.24 0.86 0.86
20 years 0.93 0.79 1.09 0.80 0.79
25 years 1.02 0.76 0.99 0.79 0.76
30 years 1.27 0.78 0.93 0.84 0.78

Table 4.9: Rolling window results - Indonesia. The structure of the table is
explained in Section 4.3.
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Nigeria

1 week horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 year 0.91 1.29 1.20 1.04 1.36
2 years 0.61 1.11 1.06 1.01 1.33
3 years 0.50 1.18 1.11 1.00 1.22
4 years 0.46 1.14 1.09 1.00 1.14
5 years 0.44 1.06 1.07 1.00 1.10
6 years 0.43 1.02 1.08 1.00 1.07
7 years 0.42 1.02 1.10 1.00 1.06
8 years 0.42 1.04 1.11 1.00 1.06
9 years 0.43 1.06 1.11 1.00 1.07
10 years 0.43 1.07 1.10 1.01 1.09
12 years 0.43 1.09 1.08 1.01 1.13
15 years 0.46 1.07 1.05 1.03 1.17
20 years 0.77 1.04 1.06 1.05 1.01

1 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 year 1.70 1.21 1.12 1.12 1.33
2 years 1.17 1.06 1.03 1.04 1.27
3 years 0.96 1.04 1.04 1.01 1.20
4 years 0.89 1.04 1.05 1.01 1.15
5 years 0.85 1.03 1.06 1.00 1.12
6 years 0.82 1.02 1.07 1.00 1.10
7 years 0.80 1.02 1.08 1.01 1.10
8 years 0.79 1.02 1.09 1.02 1.10
9 years 0.78 1.01 1.08 1.03 1.11
10 years 0.79 1.01 1.06 1.03 1.11
12 years 0.81 0.99 1.00 1.04 1.11
15 years 0.89 0.95 0.92 1.07 1.07
20 years 1.19 0.93 0.86 1.17 0.98

3 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 year 3.14 1.04 1.07 1.01 1.10
2 years 2.21 0.97 1.07 0.94 1.03
3 years 1.88 0.91 1.06 0.92 0.97
4 years 1.74 0.89 1.06 0.90 0.94
5 years 1.65 0.88 1.06 0.90 0.93
6 years 1.59 0.89 1.07 0.90 0.93
7 years 1.54 0.90 1.08 0.91 0.94
8 years 1.51 0.91 1.08 0.92 0.95
9 years 1.50 0.91 1.08 0.92 0.96
10 years 1.49 0.92 1.07 0.93 0.97
12 years 1.50 0.92 1.05 0.94 0.97
15 years 1.56 0.91 1.01 0.95 0.96
20 years 1.84 0.84 0.92 0.93 0.88
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6 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 year 4.46 0.88 1.06 0.88 0.90
2 years 3.05 0.84 1.11 0.83 0.85
3 years 2.49 0.80 1.10 0.81 0.81
4 years 2.24 0.78 1.09 0.81 0.80
5 years 2.09 0.78 1.08 0.81 0.80
6 years 2.00 0.79 1.08 0.81 0.81
7 years 1.95 0.80 1.08 0.82 0.81
8 years 1.94 0.80 1.07 0.82 0.82
9 years 1.94 0.80 1.07 0.82 0.82
10 years 1.96 0.81 1.06 0.82 0.82
12 years 2.02 0.80 1.05 0.82 0.82
15 years 2.11 0.80 1.04 0.80 0.81
20 years 2.33 0.77 1.02 0.76 0.78

12 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 year 5.56 0.70 1.18 0.71 0.71
2 years 3.70 0.67 1.32 0.67 0.66
3 years 2.88 0.65 1.39 0.64 0.64
4 years 2.50 0.64 1.41 0.64 0.63
5 years 2.31 0.64 1.41 0.65 0.64
6 years 2.21 0.65 1.40 0.66 0.66
7 years 2.17 0.67 1.39 0.67 0.67
8 years 2.16 0.68 1.38 0.68 0.68
9 years 2.18 0.69 1.37 0.69 0.69
10 years 2.21 0.70 1.35 0.70 0.70
12 years 2.28 0.71 1.32 0.70 0.70
15 years 2.38 0.71 1.29 0.70 0.70
20 years 2.60 0.71 1.21 0.71 0.71

Table 4.10: Rolling window results - Nigeria. The structure of the table is
explained in Section 4.3.
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Turkey

1 week horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 1.09 1.04 1.02 1.17 1.35
3 months 0.85 1.12 0.98 1.17 1.65
6 months 0.62 1.29 0.94 1.17 2.22
9 months 0.52 1.42 1.00 1.15 2.67
1 year 0.51 1.46 1.12 1.12 2.80
2 years 0.57 1.43 1.25 1.09 2.69
4 years 0.58 1.62 1.04 1.11 2.59
6 years 0.57 1.61 0.98 1.10 2.39
10 years 0.48 1.29 1.45 1.05 1.79

1 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 1.88 1.09 0.85 1.42 1.41
3 months 1.62 1.18 0.84 1.41 1.59
6 months 1.38 1.32 0.95 1.35 1.83
9 months 1.28 1.41 1.15 1.28 1.98
1 year 1.25 1.44 1.33 1.24 2.04
2 years 1.28 1.42 1.62 1.24 2.00
4 years 1.34 1.36 1.49 1.20 1.80
6 years 1.26 1.32 1.40 1.17 1.70
10 years 0.82 1.27 1.94 1.24 1.62

3 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 2.54 1.32 1.47 1.61 1.37
3 months 2.41 1.35 2.28 1.59 1.42
6 months 2.35 1.35 3.34 1.47 1.43
9 months 2.39 1.33 4.06 1.33 1.41
1 year 2.46 1.29 4.52 1.24 1.38
2 years 2.63 1.20 5.14 1.17 1.28
4 years 2.63 1.12 4.70 1.11 1.18
6 years 2.35 1.12 4.33 1.10 1.17
10 years 1.42 1.25 5.17 1.29 1.34
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6 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 3.49 1.34 12.70 1.48 1.35
3 months 3.33 1.37 21.75 1.49 1.38
6 months 3.27 1.35 32.88 1.43 1.36
9 months 3.30 1.32 40.51 1.34 1.33
1 year 3.38 1.27 45.44 1.25 1.28
2 years 3.54 1.16 52.65 1.14 1.17
4 years 3.44 1.07 48.77 1.06 1.08
6 years 3.07 1.06 44.28 1.05 1.06
10 years 1.98 1.18 48.41 1.21 1.19

12 month horizon
Maturity RW DNS+VAR(1) DNS+KF AR(1) VAR(1)
1 month 5.60 1.13 × × × 1.16 1.14
3 months 5.43 1.14 × × × 1.16 1.14
6 months 5.28 1.14 × × × 1.16 1.14
9 months 5.20 1.13 × × × 1.14 1.13
1 year 5.16 1.12 × × × 1.12 1.12
2 years 4.97 1.08 × × × 1.08 1.08
4 years 4.45 1.05 × × × 1.06 1.06
6 years 3.85 1.06 × × × 1.07 1.06
10 years 2.64 1.17 × × × 1.18 1.17

Table 4.11: Rolling window results - Turkey. The structure of the table is
explained in Section 4.3.

4.4 Results Analysis
This section analyses the performance of the presented methods with respect to
three main axes: the horizon, the maturity, and, most importantly, the method.

United States

We conducted the analysis on the United States yield curve data to serve as
a benchmark for expected performance. The following subsection analyses Ta-
ble 4.7.

Horizon analysis

The random walk proves to be virtually impossible to beat in 1 week and 12
month ahead forecasts. Different interpretations can be made in each case.

In the former case, it is obvious that the performance of the random walk is
likely to increase when the horizon becomes shorter — this is reflected in the
RMSEs. As mentioned previously, it is already non-trivial to beat the random
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walk. The 1 week ahead scheme is therefore almost impossible to beat. Diebold
and Li (2006) reaches the same conclusion.

In the latter case, all methods at all maturities failing to beat the benchmark
is not due to the random walk’s strength but rather to the weakness of the
other models. For example, when the US yield curve exhibits significant oscil-
lations, long-term forecasts for two-step DNS explode. This is reflected in the
high ratios for 12 month horizons. Even though Diebold and Li (2006) presents
considerably better results, it is important to note that they studied US Trea-
sury data recorded between January 1985 and December 2000. Discrepancies
between the two results are therefore likely to have been caused by the high
variations present in our data that did not appear in previous decades.

The methods seem to perform better at medium horizons (1 month – 6 months).
Equal performance/outperformance is undeniable particularly in 1 month and
3 month ahead forecasts as the HLN test indicates that all methods — AR(1)
aside — do not significantly fail to outperform the benchmark for many of the
maturities.

Maturity analysis

Significant outperformance is achieved in short maturities (≤ 6 months) for
medium horizons for most methods (again, it is not the case for AR(1)), and
sometimes also in long maturities (≥ 10 years), but virtually never in medium
maturities (1 – 7 years). A plot of yields with various maturities can be found
in Figure 4.6. It doesn’t seem impossible for models to extract a pattern in
the oscillations of long-term maturity yields or understand the smooth short-
term maturity yields. The medium-term maturity yields, however, seem much
harder to understand to the human eye and this is reflected in the results of
the quantitative comparison of methods. This is a very loose interpretation.
Developing a solid theory as to why this happens would call for in-depth analysis.

Figure 4.6: Plots of the US yields’ evolution over time (in percentage points)
at various fixed maturities. The blue curve represents yields with 1 month
maturity, the red curve 5 years, and the green curve 25 years.
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Method analysis

Firstly, it is very important to note that here, even though the implementation
of DNS+VAR(p) enables a lag p larger than unity, it always chooses p = 1. This
is particularly interesting as yield curve models rarely consider a larger lag (see
for example Diebold and Rudebusch (2013)) and if models are developed around
US data, this is understandable.

The DNS models perform reasonably in medium horizons. It is reasonable to
acknowledge that DNS+KF is the best performer of the three methods, especially
in the 6 and 12 month horizon cases. These methods are, however, neck and
neck with VAR(1), which performs very well, particularly in medium horizons.
It is also the only method that manages to significantly outperform the random
walk in long maturities (see the 3 month horizon).

We mentioned previously that ratios in the two-step DNS methods, and some-
times in AR(1), skyrocket. This is because they involve (vector) autoregressions.
Usually, (vector) autoregression processes require stationary data as if not the
forecasts are likely to diverge. Therefore, when the rolling window is on the first
side of a peak and we are computing long-term forecasts, the ratios explode on
the other side. In the two-step DNS case, shocking values are mostly present in
yields with low and medium maturity. Figure 4.7 shows that both factors that
govern yields with low and medium maturities are nonstationary. This could
explain the particularly abnormal ratios for yields with lower maturities.

Figure 4.7: Plots of the OLS fitted factors’ evolution over time (in percentage
points). The orange curve is the level, the purple curve is the slope and the
brown curve is the curvature.

Unlike the two-step DNS methods, AR(1) and VAR(1) seem immune to such
blatant divergences. Figure 4.6 shows that the yields with lower maturities only
start to exhibit a significant upward trends at a later stage. The fact that the
extracted Nelson-Siegel factors display trends early on could explain why the
ratios are significantly higher than the other autoregression based models.
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The Kalman filter, however, does not pose stationarity restrictions and this is
reflected in the RMSE ratios. Even though it does not outperform the random
walk (when forecasting 12 months ahead), it is still not drastically wrong like
the two-step methods.

Mexico

The following subsection analyses Table 4.8.

Horizon analysis

The methods seem to perform slightly better in extreme horizons than in the
US case.

In the 1 week horizon case, the HLN test shows that all methods match the
benchmark for low maturities — even AR(1). This is better than expected if
we compare to the US results. As the Mexican yields are slightly more volatile
than the US yields, this is not necessarily surprising.

In the 12 month horizon case, different methods exhibit different forecasting
qualities but the presence of outperformance of the random walk contrasts with
the US case.

Like in the US case, the medium-length horizons are the ones that exhibit more
equal performance to or outperformance of the random walk.

Maturity analysis

Significant outperformance is mostly achieved in short maturities (≤ 9 months),
and the DNS methods even perform at least as well as the random walk for
all horizons in the shortest maturities. As the yields with short maturities
are very volatile (see Figure 4.8), drastic outperformance is to be expected.
Even though such a consistent outperformance cannot be observed for longer
maturities (≥ 9 years) – which is normal as they are a lot more stable than yields
with short maturities (again, see Figure 4.8) – some matching of performance
on the DNS methods can be noted. However, if forecasting the yields with the
longest maturity is the aim, one should prefer VAR(1) as it always surpasses
the other methods and considerably outperforms the random walk for a 25-year
maturity at long horizons.
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Figure 4.8: Plots of the Mexican yields’ evolution over time (in percentage
points) at various fixed maturities. The blue curve represents yields with 1
month maturity, the red curve 5 years, and the green curve 25 years.

Again, all methods noticeably fail to match the performance of the random walk
at medium maturities (2 – 5 years) for all horizons.

Method analysis

The Dynamic Nelson-Siegel models and the vector autoregression seem to be
particularly favourable methods for this dataset, especially in the low maturities,
where they exhibit significant outperformance of the random walk.

There seems to be little difference between the DNS methods and therefore, in
this case, one might prefer to work with DNS+VAR(1) for simplicity. The use
of VAR(1) could be justified in some select cases, for example when forecasting
yields with 25-years maturity at long horizons.

As seen previously, AR(1) does not count as a serious contender, even though it
can be noted that its’ performance in the low maturities sometimes equals that
of the random walk. Figure 4.8 shows that the yields with the longest maturities
in particular exhibit clear nonstationarity, which is why we have skyrocketing
ratios. Note that from now on we will not comment on the performance of
AR(1) as it is overall very poor. We will only mention it in passing if the results
show otherwise in specific cases.

Indonesia

The following subsection analyses Table 4.9.

Horizon analysis

The observations that can be made are similar to the US case, with two no-
ticeable exceptions: VAR(1) and DNS+KF significantly outperform the random
walk for yields with 30 years maturity in the 1 week and 12 month horizons
respectively.
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Maturity analysis

Contrary to the first two datasets, the methods prove to be more effective in
longer maturities (≥ 20 years). Forecasting short and medium maturity yields
is visibly a weak spot for the methods considered, which only match the random
walk’s performance in a few select cases. This is not without reason: the higher-
than-average random walk RMSEs can be used as an indicator as to where the
methods might perform similarily or outperform the benchmark. Figure 4.9 also
showcases why the random walk does not perform as well in long maturities.

Figure 4.9: Plots of the Indonesian yields’ evolution over time (in percentage
points) at various fixed maturities. The blue curve represents yields with 1 year
maturity, the red curve 9 years, and the green curve 30 years.

Method analysis

In this context, and in contrast with the US, it could be interesting to look at
more than 1 lag for the two-step DNS methods. Indeed, choosing DNS+VAR(p)
over DNS+VAR(1) is questionable, as sporadic indicators of (marginal) superior
performance of the former appear. However, at this stage, to declare significant
outperformance would call for further examination.

Nonetheless, there is a case to be made for superiority of DNS+KF, especially
when the horizon lengthens, as it matches the random walk’s performance more
often and the outperformance is clearer. It is also the only method to outperform
the benchmark in the 12 month horizon.

It is important to note that VAR(1) matches the results for DNS+KF in most
cases. It is also the only method up until now to outperform the benchmark at
the 1 week horizon. The choice between the two methods is again not clear-cut
— it essentially depends on the forecasting horizon.

Nigeria

The following subsection analyses Table 4.10.
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Horizon analysis

In this case, the methods fare better as horizons lengthen. The Nigerian yields
oscillate much more than in the previous cases, which explains why the random
walk’s performance worsens for longer horizons.

The consistent outperformance of the two-step DNS methods in the 6 and 12
month horizons could be surprising when compared with the previous countries’
results if it were not for the clear difference in the random walk’s RMSEs.

Maturity analysis

There is less of a pattern to extract than in previous examples. This can be
explained by Figure 4.10, where we can see that yields with short, medium and
long maturities mostly oscillate in a similar manner.

Figure 4.10: Plots of the Nigerian yields’ evolution over time (in percentage
points) at various fixed maturities. The blue curve represents yields with 1 year
maturity, the red curve 7 years, and the green curve 20 years.

Note The Nigerian yields flat-lining between July 17th and October 29th 2012
is not without meaning. The country experienced significant floods during this
period (NASA Earth Observatory, 2012), probably preventing the updates of
yield curve data.

Method analysis

There are clear overall winners in this case: the two-step DNS methods. They
outperform consistently and significantly more than any other method, including
DNS+KF, which was a good contender in previous cases. The plot in Figure 4.10
indicates that the data here presents more stationarity and this could be one of
the reasons two-step DNS methods fare this well in comparison to the one-step.
That being said, there is definite presence of diverging estimations in VAR(1).
The factor extraction of the Nelson-Siegel model is therefore a great asset in
this case.
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Without further examination, one could not declare either one of the two-step
methods to be superior. At this stage, DNS+VAR(1) should be chosen for sim-
plicity. Nevertheless, both seem to be very good choices in the set of models we
consider here.

Turkey

The following subsection analyses Table 4.11.

Horizon analysis

The results show that all methods struggle in this case. If promising ratios
appear, they appear when forecasting short-term. The HLN test, however,
still rejects any significant outperformance of the random walk, whatever the
forecasting scheme.

Obvious divergence appears with all methods, as ratios shoot up when the
horizon lengthens.

Maturity analysis

The divergences that appear are quickly understood when looking at Figure
4.11.

Figure 4.11: Plots of the Turkish yields’ evolution over time (in percentage
points) at various fixed maturities. The blue curve represents yields with 1 year
maturity, the red curve 7 years, and the green curve 20 years.

As can be seen, all yields, be it with short, medium or long maturities, suddenly
increase in mid-2018 and become extremely volatile.
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Method analysis

There is not much more to add here as it is clear that all methods fail by quite a
margin to outperform the random walk. This does not mean that Turkish yields
have always been, or will always be, impossible to model with these methods.
It simply indicates that the task is near impossible in a transition period such
as the one we have selected.

Figure 4.11 showcases the considerable change in regime which is responsible for
divergence of the long-term forecasts. Even the Kalman Filter cannot cater for
the shift. Incidentally, AR(1) is the least affected. This is perhaps explained by
the fact that the model does not display as many inter-dependencies as others,
thus moderating growth.

General Observations

The following subsection airs some final remarks that apply to all the cases
above.

Firstly, it is important to note that determining λ is not a straightforward task.
As can be seen in Table 4.6, our non-linear least-squares method is not selecting
anything close to λ = 0.0609, the theoretical value proposed by Nelson-Siegel.
Even though the Nelson-Siegel parametrisation is robust to the λ selection, the
variance in our method remains very high (see Table 4.6). In order to better
capture these fluctuations, a further study could consider comparing this fixed
scheme with one where λ is a time-varying parameter.

Secondly, we must take into account one of the big limitation of the Nelson-
Siegel parametrisation: the constraint of a single optimum. Traditional yield
curves may not present multiple optima, but the ones we consider do. The plots
in Figure 4.12 show the noticeable failure of DNS methods to properly fit the
curve, even when forecasting only 1 week in advance.
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(a) Mexico (b) Indonesia

(c) Nigeria (d) Turkey

Figure 4.12: Plots at selected cross-sections of 1 week ahead yield forecasts (in
percentage points) generated by the implementation described in Section 4.2
against their maturity (in years). The true yield curve is in green, the forecasts
using DNS+VAR(1) are in purple and the forecasts using DNS+KF are in orange.
The country they originate from can be found in the caption of each figure.

4.5 Conclusion
Firstly, as can be seen in the results, forecasting yield curves is no easy task
and in some cases the random walk cannot be outperformed by the methods we
compared. In fact, when forecasting a short period of time ahead, it is almost
certain that nothing will outperform the random walk. Diebold and Li (2006)
showed that classical time-series methods and the Dynamic Nelson-Siegel model
produced reasonable forecasts prior to the year 2000 in the US market. As we
analysed the US data in a period of economic instability (due to the aftermath
of the financial crisis and more), the methods perform poorly in comparison to
previous studies, hinting that unpredictability of the yield curves is worsening.
As MINT economies are still emerging, there is more instability in their yield
curves as well. This induces noticeable failures to forecast.

Choosing one overall superior method for all countries is impossible. We can,
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however, draw meaningful conclusions as to which methods should be used in
which situations.

The Turkish case is a prime example of a significant challenge to forecast yields.
The plots of the original data show a considerable change in regime towards
the end of the time-frame we studied. This made the data almost impossible
to model. While studying the effect of external economic factors on yield curve
forecasting is out of the scope of this project, it must not be forgotten that the
yield curve values are driven by external economic factors. In this case, it is
perhaps wise to study how the yield curve depend on macroeconomic variables
or on other yield curves, instead of latent factors, in order to obtain better
forecasts. Diebold et al. (2006) and Prasanna and Sowmya (2016) give two
examples of what can be done. The former studies the effect of macroeconomic
variables on the US yield curve while the latter studies the effect the US yield
curve has on the yield curve in India.

The use of vector autoregression can be justified in some select cases (e.g. Mex-
ican yields with long maturities at long horizons) but it generally does not
outperform the DNS methods. Moreover, contrary to DNS methods, the num-
ber of parameters varies with the number of maturities considered. For these
reasons, we do not recommend using a simple vector autoregression unless abso-
lutely necessary. The use of a simple autoregression is obviously not encouraged
either.

Yields that exhibit good stationarity (e.g. Nigerian yields) should be modelled
with two-step DNS. The sparsity of the Nelson-Siegel parametrisation coupled
with the qualities of vector autoregression modelling in stationary cases make
it an unbeatable method. There seems to be no significant improvements when
using more than one lag, and therefore we recommend using the DNS+VAR(1)
model in this case.

Nonstationarity (e.g. Indonesian yields with long maturities) is well captured by
the Kalman Filter. The fact that it is not constrained to stationary cases there-
fore makes DNS+KF an overall strong and safe method to use. It usually performs
as well or better than two-step DNS methods and therefore, if stationarity is to
doubt, we recommend the one-step DNS method DNS+KF.

Finally, although not studied in similar papers to this one (e.g. Brechtken (2008)
or Caldeira et al. (2019)), another possibility to relax the stationarity constraints
would be to consider some nonstationary classical time-series models such as
vector ARIMA (Autoregressive Integrated Moving Average).

51



Appendix A

Estimation and Prediction
in State-Space Models

A.1 General Linear State-Space Models
The definitions and constructs in this subsection are taken from Durbin and
Koopman (2012), Chapter 4.

The State-Space setting is useful to model many different scenarios, as it can
model a situation where yt can be observed but αt cannot.

Definition A.2. For t = 1, . . . , T the general linear Gaussian State-Space model
is a process of the form

yt = Ztαt + dt + εt,

αt = Ttαt−1 + ct +Rtηt,

α1 ∼ N (a1, P1),
(A.1)

where εt
i.i.d.∼ N (0, Ht), ηt

i.i.d.∼ N (0, Qt)1.

The first equation in (A.1) is called the space equation. We will refer to

yt ∈ Rp as the observation vector,
Zt ∈ Rp×m as the observation matrix,
dt ∈ Rp as the observation offset,
Ht ∈ Rp×p as the observation covariance (symmetric positive definite).

1N (µ,Σ) denotes the normal distribution with mean µ and covariance matrix Σ
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The second equation in (A.1) is called the state/transition equation. We will
refer to

αt ∈ Rm as the (unobserved) state vector,
Tt ∈ Rm×m as the transition matrix,
ct ∈ Rm as the transition offset,
Rt ∈ Rm×r as the selection matrix,
Qt ∈ Rr×r as the transition covariance (symmetric positive definite).

The inital state α1 follows an m-dimensional normal distribution with mean a1
and covariance P1.

Note For simplicity, it is possible to define η∗t = Rtηt, implying η∗t
i.i.d.∼ N (0, Q∗t )

where Q∗t = RtQtR
′
t and R′t denotes the transpose of matrix Rt. In practice

Rt is often the identity matrix. Durbin and Koopman (2012) prefers to keep
the notation in Definition A.2 as it is possible that r < m, which causes η∗t to
be singular while ηt stays non-singular. As mentioned, Rt is often called the
selection matrix, The reason for this is that its’ columns are a subset of the
identity matrix’s columns.

The General Linear Gaussian State-Space model is therefore composed of a
VAR(1) process (described in Section 3.3) for yt, and a regression of yt on αt for
a fixed time t. Structures like these mean that various useful tools have been
developed to work with State-Space models. The Kalman Filter in particular is
practical and popular to work with.

A.3 The Kalman Filter
A.3.1 Derivation of the Recursion
The Kalman filter is a recursive estimator of the unobservable states {αt}Tt=1.
The following section describes the derivation of this algorithm. For simplicity
we will assume in this derivation that ct = 0, dt = 0 ∀t, and that a1 and P1 are
known. The construction bases itself on Lemma (A.4).

Lemma A.4. Let X,Y be jointly normally distributed random vectors such that

E
(
X
Y

)
=
(
µX
µY

)
, Var

(
X
Y

)
=
(

ΣX,X ΣX,Y
Σ′X,Y ΣY,Y

)
,

where ΣY,Y is non-singular. Then

X | Y ∼ N
(
µX + ΣX,Y Σ−1

Y,Y (Y − µy) ,ΣX,X − ΣX,Y Σ−1
Y,Y Σ′X,Y

)
. (A.2)
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Proof. Let Z = X − ΣX,Y Σ−1
Y,Y (Y − µY ). Then

E (Z) = µX , (A.3)
Var (Z) = E (ZZ ′)− µXµ′X

= Var (X)− 2ΣX,Y Σ−1
Y,Y Σ′X,Y + Var

(
ΣX,Y Σ−1

Y,Y Y
)

= ΣX,X − ΣX,Y Σ−1
Y,Y Σ′X,Y . (A.4)

Furthermore,

Cov(Y,Z) = E
[
(Y − µY ) (Z − µX)′

]
= Σ′X,Y − E

[
(Y − µY ) (Y ′ − µ′Y ) Σ−1

Y,Y Σ′X,Y
]

= 0.

Z is a linear transformation of X and Y , and therefore is also normal. Because
uncorrelated Gaussians are independent, Z | Y ∼ N (µZ ,ΣZ) where µZ and ΣZ
are given in (A.3) and (A.4). The definition of Z implies that the conditional
distribution of X given Y is also normal, with mean and variance as stated in
Lemma A.4.

Let Yt−1 = {y1, . . . , yt−1} be the set of previous observations. We suppose that
Y0 indicates that there are no previous observations. Let

at|t = E (αt | Yt) , at+1 = E (αt+1 | Yt) ,
Pt|t = Var(αt | Yt), Pt+1 = Var(αt+1 | Yt).

Because we assumed that the error terms εt, ηt were normally distributed, αt,
yt and Yt are also normally distributed and therefore

αt | Yt ∼ N
(
at|t, Pt|t

)
, (A.5)

αt+1 | Yt ∼ N (at+1, Pt+1) . (A.6)

The aim from this point on is therefore to understand the recursion structures
for at|t, at+1, Pt|t, Pt+1. The states αt can then be estimated with the computed
at, where Pt is an accuracy indicator of this estimation.

Let

vt = yt − E (yt | Yt−1) .

The definition of the space equation yields
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vt = yt − E (Ztαt + εt | Yt−1) = yt − Ztat.

Notice that in particular for s = 1, . . . , t− 1

E (vt | Yt−1) = E (Ztαt + εt − Ztat | Yt−1) = 0 =⇒ E (vt) = 0, (A.7)
Cov (ys, vt) = E (ysv′t)− E (ys)E (vt)′

= E
(
ysy
′
t − ysE (yt | Yt−1)′

)
= 0. (A.8)

Because if Yt is known then so are Yt−1 and vt,

at|t = E (αt | Yt) = E (αt | Yt−1, vt) , (A.9)
at+1 = E (αt+1 | Yt) = E (αt+1 | Yt−1, vt) . (A.10)

With Equation (A.9), the application of Lemma A.4 to the joint distribution of
αt and vt given Yt−1, coupled with (A.7) and (A.8) gives

at|t = E (αt | Yt−1) + Cov (αt, vt) [Var (vt)]−1
vt. (A.11)

Note The variance and covariance in Equation A.11 refer to the joint distribu-
tion of αt and vt given Yt−1.

We can simplify Equation A.11 to

at|t = at + PtZtF
−1
t vt, (A.12)

where Ft = Var (vt | Yt−1) = ZtPtZ
′
t+Ht is assumed to be non-singular 2. This

result can be derived by substituting the definition of at into (A.11) and noticing
that

Cov (αt, vt) = E
[
αt (Ztαt + εt − Ztat)′ | Yt−1

]
= E [αt (αt − at)Z ′t | Yt−1] = PtZ

′
t

and

Var (vt | Yt−1) = Var (Ztαt + εt − Ztat | Yt−1) = ZtPtZ
′
t +Ht.

A similar reasoning can be applied to derive the recursion of Pt|t:

2This is usually a reasonable assumption. However, if it is not the case, the procedure to
relax this assumption can be found in Durbin and Koopman (2012), Section 6.4.
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Pt|t = Var (αt | Yt) = Var (αt | Yt−1, vt)
= Var (αt | Yt−1)− Cov (αt, vt) [Var (vt)]−1 Cov (αt, vt)′

= Pt − PtZtF−1
t ZtPt. (A.13)

It now remains to develop at+1 and Pt+1:

at+1 = E (αt+1 | Yt) = E (Ttαt +Rtηt | Yt)
= TtE (αt | Yt)
= Ttat|t, (A.14)

Pt+1 = Var (αt+1 | Yt) = Var (Ttαt +Rtηt | Yt)
= TtVar (αt | Yt)T ′t +RtQtR

′
t

(A.13)= TtPt (Tt −KtZt)′ +RtQtR
′
t, (A.15)

where Kt = TtPtZtF
−1
t . Note that at+1 = Ttat + Ktvt. For this reason, Kt is

known as the Kalman gain.

The full recursion can be summarised as

vt = yt − Ztat, Ft = ZtPtZ
′
t +Ht,

at|t = at + PtZ
′
tF
−1
t vt, Pt|t = Pt − PtZ ′tF−1

t ZtPt, (A.16)
at+1 = Ttat|t, Pt+1 = TtPt (Tt −KtZt)′RtQtR′t.

This is what is known as the Kalman Filter recursion. As mentioned previously,
(A.16) assumes ct = 0, dt = 0. We can, however, adapt all of the above reasoning
to cater for non-zero offsets, yielding

vt = yt − Ztat − dt, Ft = ZtPtZ
′
t +Ht,

at|t = at + PtZ
′
tF
−1
t vt, Pt|t = Pt − PtZ ′tF−1

t ZtPt, (A.17)
at+1 = Ttat|t + ct, Pt+1 = TtPt (Tt −KtZt)′RtQtR′t.

Note If it is assumed that Zt = Z, Tt = T,Ht = H,Qt = Q ∀t, then Pt+1 will
converge to P̄ satisfying

P̄ = T P̄T ′ − T P̄Z ′F̄−1ZP̄T ′ +RQR′. (A.18)

By finding P̄ , we can therefore forego the computation of Ft,Kt, Pt|t, Pt+1.

Note The Kalman Filter does not use the data optimally as it only uses past
states in each recursion. Another recursion, the Kalman Smoother, also estab-
lishes recursions but instead of basing itself only on Yt at step t, it uses the full
dataset YT in all steps. We will not derive the recursion here, however Durbin
and Koopman (2012) do in Chapter 4, Section 4.4.
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A.4.1 The Expectation Maximisation Algorithm
The following method is taken from Durbin and Koopman (2012), Chapter 7,
Subsection 7.3.4. and Dehaene and Obozinski (2019).

Up until now, we have assumed that the structure of the state-space model was
established, i.e. Zt, Tt, ct, dt, Ht, Qt were known. However, it is possible that
they are not. This is the case in particular in this paper. The Expectation
Maximisation Algorithm provides a method to remedy this by iteratively max-
imising the log-likelihood. It should be noted that the algorithm converges to a
local maximum of the log-likelihood and therefore good parameter initialisation
is essential.

General Derivation of the Expectation-Maximisation Algorithm

Let ψ be the vector of parameters we want to estimate (in the State-Space model
scenario it could, for example, be all entries in Zt, Tt). The aim of the algorithm
is to maximise

l(ψ) = log p (Yn | ψ) , (A.19)

which can often be a complicated, non-convex optimisation problem.

The following constructions will be used to build the Expectation-Maximisation
Algorithm.

Let α ∈ {αi}i∈I be an unobservable latent factor with distribution q (·) for I a
certain set. Then

l (ψ) = log p (Yn | ψ)

= log
[∑
αi

p (Yn, αi | ψ)
]

= log
[∑
αi

q (αi)
p (Yn, αi | ψ)

q (αi)

]

= log Eq
[
p (Yn, α | ψ)

q (α)

]
≥ Eq

[
log p (Yn, α | ψ)

q (α)

]
=: L (q, ψ) , (A.20)

where Eq denotes the expectation taken with respect to probability distribution
q (·) and (A.20) is obtained by applying Jensen’s Inequality, as the logarithm is
a concave function.

Definition A.5. The Kullback-Leibler divergence between two probability func-
tions in the same probability space, p(·) and q(·), is defined as
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KL (p ‖ q) =
∫ ∞
−∞

p(x) log
(
p(x)
q(x)

)
dx.

The Kullback-Leibler divergence is a measure of how different one probability
distribution is from another. It is also sometimes known as the relative entropy.
An interesting property that will be used in this context is

KL (p ‖ q) ≥ 0 with equality if and only if p = q. (A.21)

Note that
L (q, ψ) = log p (Yn | ψ)−KL (q ‖ p (. | Yn, ψ)) , (A.22)

and therefore if q̃(α) = p
(
α | Yn, ψ̃

)
for a certain fixed ψ̃, then L(q̃, ψ) is a lower

bound for l (ψ) which touches l (ψ) at ψ = ψ̃.

With these observations in mind, the Expectation-Maximisation Algorithm ini-
tialises ψ̃ at ψ0 chosen by the user before iterating the E- and M-steps (described
below) until convergence of ψ̃.

The E-step: Computing the Expectation

Let q̃(α) = p
(
α | Yn, ψ̃

)
. We then define

g̃(ψ) = L (q̃, ψ) . (A.23)

The M-Step: Maximising the Expectation

Note that

g̃(ψ) = Eq
[
log p (Yn, α | ψ)

q̃ (α)

]
(A.24)

= Eq̃ [log q̃ (Yn, α | ψ)]− c (Yn, α) , (A.25)

where c (Yn, α) does not depend on ψ. Equation (A.25) implies that maximising
g̃ is equivalent to finding

ψ̃new = argmax
ψ∈R

Eq̃ [log p (Yn, α | ψ)] . (A.26)

A graphic representation of the EM algorithm can be found in Figure A.1. We
can see that the second step will choose a parameter ψ̃new very close to the true
parameter ψ∗.
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Figure A.1: Image taken from Misra (2019). Two steps of the EM algorithm
when ψ (x-axis) is one-dimensional. The red curve is the true log-likelihood and
ψ∗ is the true parameter. The blue and green curves represent the E-Step of the
first and second iterations respectively. The M-Step in the first iteration finds
ψ̃new.

It can be shown that

1. the EM algorithm never decreases the likelihood,

2. maxima in L correspond to maxima in l.

For these reasons, the EM algorithm is a good estimator for the Maximum
Likelihood Estimator. It is important, however, to remember that the algorithm
converges to a local maximum. Therefore, good parameter initialisation is key.

Derivation of the log-likelihood in State-Space Models

The algorithm derived above is the general EM algorithm. It now remains to
adapt it to the State-Space framework by expliciting l(ψ).

Note that
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l(ψ) = log p (Yn | ψ)

= log
[
p(y1)

n∏
t=2

p (Yt | ψ)
p(Yt−1 | ψ)

]

=
n∑
t=1

log p (yt | Yt−1, ψ) ,

where recall that Yt = {y1, . . . , yt} and p (y1 | Y0) = p(y1).

If α1 ∼ N (a1, P1) where a1 and P1 are known, then E (yt | Yt−1) = Ztat and
Var (yt | Yt−1) = Ft, where at and Ft are calculated by the Kalman Filter using
the parameter ψ. It then follows that

yt | Yt−1 ∼ N (Ztat, Ft) . (A.27)

This implies that

l(ψ) = −np2 log 2π − 1
2

n∑
t=1

(
log|Ft|+ v′tF

−1
t vt

)
,

where recall that n is the number of observations, vt = yt − Ztat, p is the
dimension of yt and |Ft| denotes the determinant of Ft.

The derivation of the log-likelihood when a1 and P1 are unknown can be found
in Durbin and Koopman (2012).
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