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a b s t r a c t

The tensile behavior under low loading rates governs to a large extend the mechanical response of Strain
Hardening Ultra High Performance Fiber Reinforced Concretes (SH-UHPFRC) at early age and long term, in
applications of rehabilitation. A viscoelastic-viscohardening model was developed and applied to predict
the tensile response of two types of SH-UHPFRC; Mix I with pure type I cement, silica fume and steel
fibers and Mix II with 50% replacement of cement with limestone filler and a similar fibrous mix, and
compare their time dependent performance. Different tensile loading conditions were investigated,
including the behavior under restrained shrinkage deformations, the effect of very low monotonic strain
rates, and linear and non-linear relaxation and creep tests. The predictions of the model were also com-
pared with experimental results from literature. The interaction of ageing, hydration, early age volume
changes, viscoelastic phenomena and damage and their influence on the overall tensile behavior of
UHPFRC was discussed.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Strain Hardening Ultra High Performance Fiber Reinforced
Concretes (SH-UHPFRC) are very effective for rehabilitation or
reinforcement applications of existing RC structures, due to their
outstanding mechanical and durability properties (high tensile
strength over 12 MPa, significant strain hardening, robust in
the range between 1 and 5‰, and sorptivity most often below
50 g/m2h0.5). In composite UHPFRC-concrete structures, a new
layer of UHPFRC applied on existing reinforced concrete is
subjected to early age volume changes such as autogenous
shrinkage deformations, thermal deformations and drying
shrinkage in certain situations, leading to the development of
tensile eigenstresses in the material, under the restraint of the
underlying substrate. These deformations, which take place at very
low strain rates of about 1 � 10�8 1/s–1 � 10�11 1/s, are restrained
to different extents, depending on the relative stiffness of the new
layer and of the existing substrate and depending on the boundary
conditions of the support. More generally, the asymptotic tensile
properties of SH-UHPFRC under very low loading rates are also of
primary importance for applications where deadweight dominates
(buildings), without significant fatigue loading.

The tensile response of SH-UHPFRC subjected to very slow rates
of deformation is influenced by various mechanisms as shown in
Fig. 1.
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Fig. 1. Mechanisms affecting the overall tensile response of UHPFRC.
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The mechanism of ageing of the material influences the devel-
opment of the microstructure, the bond strength between the
fibers and the matrix and the onset and growth of microcracks.
These meso-scale changes, in turn affect the response at the macro
scale, including the development of stiffness of the material, the
time dependent phenomena of creep and relaxation and the auto-
genous deformations like shrinkage, swelling and thermal defor-
mations. However, these mechanisms are interdependent and
their complex couplings influence the overall tensile response of
the material.

Ageing is more prevalent in the younger material and [1,2]
showed that most of the evolution of the degree of hydration of
UHPFRC of types CM22 and CM22_TKK occurred during the first
8 days after contact of binders with water. The ongoing hydration
in the early age significantly influences the early age autogenous
shrinkage and viscoelastic response. [3,4] showed that the applica-
tion of a thermal treatment which accelerated the hydration reac-
tions, also led to a significant acceleration in the development of
autogenous shrinkage and creep deformations, thereby confirming
the influence of hydration on the autogenous shrinkage and vis-
coelastic response. Moreover, [5] showed that the viscoelastic
response of UHPFRC of type CM22_TKK was much higher at an
age of 2 days when compared to that at 7 days, and attributed this
behavior to an ‘‘early age hydration induced” non-linearity. The
influence of time dependent phenomena on the strength and
deformability of cementitious materials was shown by [6–9] for
normal concrete and more recently for SH-UHPFRC under tension
by [10], with the general conclusion that the strength properties
increase with an increase in the rate of loading. However, the trend
of effect of strain/stress rate on the strain at tensile strength (de-
formability) is not fully understood. [11–16] reported an increase
in the strain at tensile strength with an increase in the strain rate
whereas [6,10,17] reported a decrease. Furthermore, at higher
stress levels, the non-linear viscoelasticity is influenced by damage
[18–22], thereby exhibiting a much higher relaxation response
along the failure envelope (non-linear) when compared to that at
lower stress levels. Using single step and incremental loading tests,
[5] showed that SH-UHPFRC of type CM22_TKK showed non-linear
creep/relaxation responses for a stress level of more than 60% of
the tensile strength. Moreover, [5] also showed a much higher
non-linear viscous response at a stress level of 90% when compared
to that at 60%, thereby confirming the pronounced influence of
damage on the non-linear viscoelasticity.

Using the solidification theory, Bazant et al. [23,24] showed the
influence of ageing and hydration on the viscous behavior of nor-
mal concrete. Mazzotti et al. [25] proposed an isotropic damage
model, where the combined effects of non-linear and viscous strain
evolution and crack nucleation and propagation at high stresses
was considered, by introducing the concepts of stress rate reduc-
tion factor and effective strain for creep damage after [26]. Similar
approach was followed by [27,28] for the modelling of interaction
of creep and damage. Some other works that considered the inter-
action of creep and damage include [29,30]. Another common way
to model the viscoelastic behavior of cementitious materials is
using rheological models with springs and dashpots in series or
parallel. De Schutter [31] considered that depending on the devel-
opment of hydration, the parameters of the spring and dashpot of a
Kelvin-Voigt model evolve and can be used to predict the creep
behavior of early age concrete. The use of this model was extended
by [32] by using several Kelvin-Voigt chains in series with different
springs and dashpots.

In literature, the viscoplastic response of cementitious materials
is mainly dealt, using two types of modelling approaches; the Per-
zyna model [33] and the Duvaut Lions model [34]. The interaction
of creep and damage was modelled using a viscoelastic-
viscoplastic rheological model by [35] using the concepts of the
Duvaut Lions model, whereas similar studies were carried out
using the Perzyna approach by [36,37]. [38,39] used an affinity
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hypothesis to compare the linear and non-linear compressive
creep responses for normal concrete. Some first efforts in the mod-
elling of viscoelastic response of UHPFRC were carried out in
[1,27,40–43]. Modelling of the basic creep response of UHPC was
carried out in [43–45] and that of the autogenous shrinkage of
UHPC was discussed in [46,47]. A hygro-thermo-chemo-
mechanical model for the prediction of the early age behavior of
UHPC was discussed in [48,49]. However, the Perzyna or the
Duvaut Lions model has only a single chain (single relaxation time)
in the non-linear domain to predict the viscous response. Experi-
mental tests under very low strain rates require more number of
chains with different retardation times, even in the hardening
domain for better predictability.

In this paper, a new viscoelastic-viscohardening model is pre-
sented and applied to predict the tensile response of two types
of SH-UHPFRC; Mix I with pure type I cement, silica fume and steel
fibers and Mix II with 50% replacement of cement with limestone
filler and a similar steel fibrous mix. The parameters of the model
were calibrated using three different types of tests; full restraint
tests in the Temperature Stress Testing Machine (TSTM), uniaxial
tensile tests at three different strain rates (1 � 10�5 1/s, 1 � 10�7

1/s and 1 � 10�8 1/s) and relaxation tests in the non-linear (hard-
ening) domain. After calibration, the model was used to study the
effect of different degrees of restraint on the eigenstresses develop-
ment, to compare the linear viscoelastic behavior of Mix I and II
and to predict the experimental tests under creep loading. The pre-
dictions of the model were also compared with experimental
results from literature. The interaction of the various mechanisms
like ageing, hydration, early age volume changes, viscoelastic phe-
nomena and damage and their influence on the overall tensile
behavior of UHPFRC was discussed.

2. Viscoelastic – Viscohardening model

2.1. Overview

Many studies in literature consider a viscoplastic behavior of
cementitious materials in the domain after the elastic limit. How-
ever, most of these works are done for non-hardening materials
like normal concrete where the viscoplasticity mainly occurs in
the softening domain [35,36]. To the best of author’s knowledge,
not many works have been done to predict the tensile viscous
response in the hardening domain of strain hardening fiber rein-
forced cementitious materials [37]. The hardening response in
[37] has been simplified as a linear hardening one. For stress devel-
opment under very low strain rates, as in the case of eigenstresses
development under restrained shrinkage, the influence of viscosity
is expected even in the hardening domain of cementitious materi-
als, and therefore needs to be considered.

The viscoelastic-viscohardening model in the present study is
similar to that of the Duvaut-Lions model, with the exception that
the Duvaut Lions model has only a single chain to predict the relax-
ation response in the non-linear domain. The experimental tests in
the present study take place at very low strain rates and therefore
need more than one chain with different retardation times in the
non-linear domain, for better prediction of the responses. As such,
more retardation times were incorporated in the non-linear
domain, and hence the present model could be considered as a
‘‘Generalized Duvaut-Lions” model for predicting tests under very
low strain rates. The effect of ageing on the non-linear viscous
response could also be implemented depending on the age at test-
ing and duration of the tests.

As such, an ageing viscoelastic-viscohardening model based on
generalized Maxwell schemes (VE-VH model) was developed to
predict the tensile response of the material under different loading
conditions. The material was assumed to behave as homogenous
both in the elastic domain as well as in the hardening domain.
Two sets of Maxwell chains were used to predict the overall behav-
ior of the material, as shown in Fig. 2, with a trilinear tensile
response. Note that the two sets act neither in series nor in parallel,
but act one after the other. Below the elastic limit, only the first set
of chains (M1) was active, which captures the ageing viscoelastic
behavior, whereas above the elastic limit, only the second set of
chains (M2) was active which predicts the viscous hardening
behavior. The model can be considered as a generalized version
of the Duvaut-Lions scheme [34], with generalized Maxwell mod-
els before and after the elastic limit (5 chains each in the present
study). Additionally, to represent the progressive change of the
hardening slope after the elastic limit, the hardening modulus
(El) in M2 were made strain dependent. Moreover, for simplifica-
tion of the model, the history effect on the stresses before the elas-
tic limit (in M1) was not considered on the stresses after the elastic
limit (in M2).

The elastic limit fUte is the stress level until which the tensile
stresses are proportional to the strains. The fUtu and eUtu corre-
spond to the coordinates of the peak stress in the tensile response.
Fig. 2 shows that in the elastic domain before fUte the tensile
response has a single slope which correspond to the elastic modu-
lus of the material, whereas in the hardening domain after fUte, two
slopes are considered depending on the strain level, both of which
are generalized as hardening slope in this study, to adequately rep-
resent the investigated materials. The tensile properties like fUte,
fUtu and eUtu are sensitive to the applied strain rate/ stress rate.
The influence of very low strain rates on the tensile properties of
the mixes in the present study was discussed in detail in [10].
The elastic limit is the point that separates the activation of M1
and M2, and therefore it is very important to include the effect
of strain rates on the elastic limit in the model. This was done by
using experimental results from [10] as discussed later in section
4.4. The influence of strain rates on the other mechanical proper-
ties and the possible effects in the model are also discussed in
Section 4.4.

In Fig. 2,
Ek = stiffness of the spring element in Maxwell unit k in M1;
El = stiffness of the spring element in Maxwell unit l in M2;
sk = retardation time of the dashpot element in Maxwell unit k

in M1;
sl = retardation time of the dashpot element in Maxwell unit l in

M2;
In the VE-VH model, if e, eVE (M1) and eVH(M2) represent the total

strain, viscoelastic strain in M1 and viscohardening strain in M2
respectively and ifr, rVE(M1) andrVH(M2) represent the total stress,
stress in M1 and stress in M2 respectively, then the total strain and
stress at any point is given by,

e ¼ eVEðM1Þ þ eVHðM2Þ ð1Þ

r ¼ rVEðM1Þ þ rVHðM2Þ ð2Þ
Below the elastic limit, eVH(M2) = 0 and rVH(M2) = 0; therefore,

e ¼ eVEðM1Þ ð3Þ

r ¼ rVEðM1Þ ð4Þ
Above the elastic limit, eVE(M1) = eUte and rVE(M1) = fUte ;

therefore,

e ¼ eUte þ eVHðM2Þ ð5Þ

r ¼ f Ute þ rVHðM2Þ ð6Þ



Fig. 2. Schematic representation of the Viscoelastic-Viscohardening model with M1 acting below the elastic limit and M2 acting above the elastic limit.
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2.2. Incremental constitutive relationship

An incremental constitutive relationship after [50] was used to
predict the development of the eigenstresses, by applying Boltz-
mann’s superposition principle. Eq. (7) shows the stress develop-
ment in a single Maxwell chain using the incremental procedure.
Assuming a constant incremental strain rate of Dei in a time inter-
val from ti to ti+1, the stress at the end of the interval is given by the
sum of the stress at the beginning of step i, decaying according to a
Maxwell model, and the stress due to the effect of a strain incre-
ment Dei applied linearly from time ti to time ti+1.

riþ1
k ¼ sk

Dt
:

Eiþ1
k þ Ei

k

2

 !
: 1� e�

Dt
sk
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:Dei þ ri
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where,riþ1
k = stress in Maxwell unit k at the end of the time interval

Dt;ri
k = stress in Maxwell unit k at the beginning of the time inter-

val Dt;Eiþ1
k = stiffness of the spring element in Maxwell unit k at the

end of the time interval Dt;Ei
k = stiffness of the spring element in

Maxwell unit k at the beginning of the time interval
Dt;Dei = strain increment in time Dt;Dt = duration of the time
interval;

Hence, for a generalized Maxwell model with m Maxwell units,
the total stress is given by,
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2.2.1. Below the elastic limit
Below the elastic limit, the material behaves as viscoelastic and

only M1 is active. Due to a strain increment of Dei ¼ DeiVEðM1Þ in
time interval Dt, the total stress at the end of the time interval
Dt, riþ1 is given by,
riþ1 ¼
Xm
k¼1

sk
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k þ Ei

k
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2.2.2. Above the elastic limit
The stress development in M2 can be derived in the same way

as that of M1 and is shown in Eq. (10). In this domain, the strain
increment in any time interval Dt is given by,Dei ¼ DeiVHðM2Þ. Using
Eqs. (6) and (8), the total stress, in the domain above the elastic
limit is given by,

riþ1 ¼ f Ute þ
Xn
l¼1

sl
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2.3. Summary

Eq. (9) can be used to predict the viscoelastic behavior under
the elastic limit and Eq. (10) can be used to predict the viscohard-
ening behavior above the elastic limit. The model was extended to
include the effect of degree of restraint acting on the system, as
shown in Appendix B and discussed in section 5.1. The calibration
of the parameters of the model for the mixes in the present study
will be described in detail in section 4.

3. Materials

The developed model was used to predict the tensile response
of two types of Strain Hardening UHPFRC mixes; Mix I and Mix II
both from the CEMTECmultiscale� family. Mix I was a UHPFRC of
type CM22_TKK_b, which has a matrix composed of cement
(CEM I 52.5 HTS from Le Teil, Lafarge), white microsilica (SEPR,
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BET = 14 m2/gr), superplasticizer (Zementol Zeta Super S from TKK,
Slovenia) and water. However, the degree of hydration of Mix I was
only about 30% after one month [2,51], and therefore 50% of the
cement in Mix I was replaced with inert limestone filler to produce
Mix II, which was a UHPFRC of type CM22_TKK_LF. Mix II contains
two types of limestone fillers: Betoflow D� and Betocarb SL�

(OMYA), of different gradings. Both mixes had a fibrous mix con-
taining two types of steel fibers; microfibers and macrofibers, with
a total dosage of 9% by volume after the concepts developed by
Rossi et al. [52]. The detailed compositions of Mix I and II are given
in Table 1 and the properties in the fresh state are given in Table 2.
More details regarding the mechanical properties and the chemical
compositions of the mixes could be found in [51].

4. Calibration of the model

4.1. Overview

The experimental tests that were used for the calibration of
these parameters are shown in Table 3 and explained in Sections
4.2–4.6.

From Eqs. (9) and (10), the parameters for the prediction of the
stresses in the material include, at a given age,

a) The development of the stiffness of the material, Etot,M1 for

M1 such thatEtot;M1 ¼ Pn
k¼1

Ek

b) The Maxwell chain parameters Ek and sk for M1
c) The slope of the response in the hardening domain or hard-

ening modulus, EL,M2 for M2 such thatEL;M2 ¼Pn
l¼1

El
Table 1
Compositions of Mix I and II.

Material Mix I Mix II
[kg/m3] [kg/m3]

Cement, CEM I 52.5 le Teil 1467.0 733.7
Silica fume, SEPR 381.4 293.5
Limestone filler 1 (Betocarb SL�) – 223.0
Limestone filler 2 (Betoflow D�) – 510.6
Steel fibers (straight macro fibers; lf = 10 mm,

df = 0.2 mm and microfibers/steel wool)
706.5 706.5

Total water 225.8 217.9
Superplasticizer from TKK, Slovenia;

Zementol zeta super S; polycarboxylate;
25% solid content; (total amount)

20.5 14.7

Table 2
Properties of Mix I and II in the fresh state (average value from 4 tests).

Property Units Mix I Mix II

Workability (ASTM – spread after 25 blows) mm 179 146
Specific weight kg/m3 2834 2695
Air content % 3.2 4.7

Table 3
The list of parameters of the VE-VH model and the tests used for their calibration.

Parameter Test used for calibration

Stiffness of the material, Etot,M1 Vibration resonance frequen
M1 parameters; Ek and sk Full restraint tests in Tempe
Hardening modulus, EL,M2 Uniaxial tensile tests in KAP
M2 parameters; El and sl Relaxation tests in the harde
Strain rate sensitivity of elastic limit Uniaxial tensile tests in KAP
d) The Maxwell chain parameters El and sl for M2, where El is
considered to be dependent on the strain level in the hard-
ening domain.

The calibrated parameters are given in Appendix A

4.2. Calibration of Etot,M1 – Vibration resonance frequency tests (VRFT)

The development of stiffness or elastic modulus of the mixes
were studied using the Vibration Resonance Frequency test. The
automatic setup was developed by [2,53] following the works of
[54]. Cylindrical specimens 140 mm in length and 70 mm in diam-
eter, kept in a climate room maintained at 20 �C +/� 1 �C, were
used for the tests. The specimens were hit at their centers, at one
end, with a spherical steel ball, that produced longitudinal vibra-
tions in the specimens, which were measured using an accelerom-
eter fixed on the other end of the cylinder. Using an analytical
procedure developed by [54], the elastic modulus was determined
at different ages. Two tests were conducted for each mix and the
respective average curves were considered to obtain the vales of
Etot,M1. Fig. 3 shows the development of the elastic modulus for
both mixes. Detailed discussion regarding the trends of the same
could be found in [51].

4.3. Calibration of M1 parameters, Ek and sk – Full restraint tests in
TSTM

In order to determine the ageing viscoelastic parameters of M1,
tests under full restraint of shrinkage deformations were per-
formed using a Temperature Stress Testing Machine (TSTM). More
details regarding the test setup can be found in [5,55]. A closed
loop procedure was developed, to impose full restraint conditions
on the material, and to measure the corresponding development
of eigenstresses. Two full restraint tests were conducted for each
mix (Mix I-20C-FR1, Mix I-20C-FR2, Mix II-20C-FR1, Mix II-20C-
FR2) in the RS setup and the associated free autogenous deforma-
tions were measured in the FS setup. The average elastic limit in
the eigenstresses development for Mix I was calculated as
12.5 MPa, whereas for Mix II the eigenstresses did not reach the
strain hardening domain even at the end of three months, but only
approached it. Fig. 4 shows the development of autogenous defor-
mations in the TSTM.

The average of the eigenstresses development in the full
restraint tests below the elastic limit, was considered for the cali-
bration of the respective parameters of M1; Ek and sk for both
mixes. The values of the retardation times sk were considered in
such a way so as to cover the entire duration of the tests. As such,
five Maxwell chains were selected with the respective retardation
times of 1, 10, 100, 1000 and 10,000 h. The calibration of Ek was
done using a least square fit regression analysis so that the devel-
opment of eigenstresses in the TSTM tests were closely predicted

by the model using Eq. (9), with the condition Etot;M1 ¼ P5
k¼1

Ek, where

Etot,M1 was obtained as explained in Section 4.2. The DeiVEðM1Þ in
Eq. (9) for the full restraint tests was obtained from the average
cy tests (VRFT)
rature Stress Testing Machine (TSTM)
PA 250 DS electromechanical test setup from ZWICK/ROELL
ning domain in KAPPA 250 DS electromechanical test setup from ZWICK/ROELL
PA 250 DS electromechanical test setup from ZWICK/ROELL



Fig. 3. Development of elastic modulus for Mix I and II at 20 �C from the VRF tests.

Fig. 4. Evolution of autogenous deformations (zeroed at the end of swelling) in the FS setup of TSTM at 20 �C for a) Mix I, b) Mix II.
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development of the autogenous shrinkage as shown in Fig. 4. Figs. 5
and 6 show the development of the eigenstresses under full
restraint in Mix I and II respectively, along with the predictions
of the viscoelastic part of the VE-VH model (below the elastic
limit).
4.4. Calibration of EL,M2 and the influence of strain rates– Uniaxial
tensile tests

For the calibration of slope of the tensile response in the hard-
ening domain EL,M2, uniaxial tensile tests under different mono-
tonic strain rates were used. These tests were chosen for the
calibration of EL,M2 as the tests were done until the end of harden-
ing domain unlike the full restraint tests. The tests were carried out
on dumbbell specimens with a center cross section of
50 mm � 30 mm, at three different strain rates; 1 � 10�5 s�1 (quasi
static strain rate), 1 � 10�7 s�1 (low strain rate) and 1 � 10�8 s�1

(very low strain rates), at an age of 14 days. More details regarding
the test setup and specimen preparation could be found in [10].
Table 4 summarizes the results of the uniaxial tensile tests and
the overall response of both mixes under different strain rates
were simplified into trilinear responses as shown in Fig. 7. With
a decrease in the strain rate, the elastic limit was found to decrease
whereas the strain at tensile strength was found to increase. The
elastic modulus and tensile strength were found to be insensitive
to the strain rate. More details and discussions regarding the test
results could be found in [10].

Using the experimental results of elastic limit at different strain
rates in Table 4, general equations were proposed for the elastic
limit of both mixes, given by Eqs. (11) and (13), Table 5. A similar
equation was also proposed for eUtu of Mix I, as given by Eq. (12).
However, a general equation was not proposed for eUtu of Mix II,
even though it showed a trend of increasing values with decreasing
strain rate, due to the very large scatter in the results. Because of
the observed strain rate insensitivity of elastic modulus and tensile
strength in the studied range of strain rate, no general equations
were proposed.

As indicated earlier, EL,M2 accounts for the slope of the tensile
response in the hardening domain after the elastic limit. Due to



Fig. 5. Model prediction of the development of eigenstresses in Mix I under full restraint conditions below the elastic limit, along with the experimental full restraint tests for
Mix I at 20 �C; a) overall trend, b) early age behavior.

Fig. 6. Model prediction of the development of eigenstresses in Mix II under full restraint conditions below the elastic limit, along with the experimental full restraint tests for
Mix II at 20 �C; a) overall trend, b) early age behavior.

Table 4
Tensile mechanical properties of Mix I and II under different strain rates.

Mix Strain rate (1/s) Elastic limit, fUte (MPa) Stress at 0.4‰ of strain (MPa) Tensile strength, fUtu (MPa) Strain at tensile strength, eUtu (‰)

Mix I at 20 �C 1 � 10�5 12.3 ± 1.7 14.8 ± 1.3 18.0 ± 3.1 1.64 ± 0.44
1 � 10�7 10.0 ± 1.3 12.8 ± 1.6 16.4 ± 4.0 1.70 ± 0.71
1 � 10�8 9.6 ± 0.9 12.7 ± 1.2 15.8 ± 3.0 1.75 ± 0.40

Mix II at 20 �C 1 � 10�5 11.1 ± 1.9 13.4 ± 1.7 15.1 ± 2.7 1.27 ± 0.51
1 � 10�7 10.3 ± 0.9 13.2 ± 1.1 16.4 ± 2.7 1.75 ± 0.29
1 � 10�8 10.2 ± 1.7 13.8 ± 1.3 17.2 ± 1.9 2.05 ± 0.61
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the formation of microcracks after the elastic limit, the stiffness of
the material is reduced. The damage and the corresponding reduc-
tion in the stiffness becomemore as the strain level (or stress level)
increases along the hardening domain, and as such EL,M2 was con-
sidered as a function of the strain level, in the model. However, for
the ease of implementation in Eq. (10), the time corresponding to a
particular strain level was found out using linear interpolation. EL,
M2 was calibrated using a least square fit regression analysis, so
that the experimental tensile responses of the mixes in the harden-
ing domain at three different strain rates (1 � 10�5 1/s, 1 � 10�7 1/s
and 1 � 10�8 1/s), as shown in Fig. 7, were closely predicted. How-
ever, since these tests were conducted only at an age of 14 days,
the observed parameters are applicable only after this age. More
discussions regarding the observed trends at different stain rates
will be carried out in sections 5.6 and 5.7, along with a parametric
study at strain rates lower than 1 � 10�8 1/s.



Fig. 7. Prediction of the tensile response under different strain rates for; a, b, c) Mix I and d, e, f) Mix II.
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4.5. Calibration of M2 parameters, EL and sl – Non-linear relaxation
tests in the hardening domain

For the calibration of the M2 parameters; El and sl, non-linear
relaxation tests were carried out in the electromechanical testing
machine, KAPPA 250 DS from ZWICK/ROELL. The specimen used
was the same as that of the uniaxial tests, with a center cross sec-
tion of 50 mm � 30 mm. A monotonic strain rate of 1 � 10�5 1/s
was applied on the specimen until a strain level of 0.8‰, which
is in the strain hardening domain of the tensile response. The spec-



Table 5
General equations for the elastic limit and strain at tensile strength for Mix I and II.

Mix Property General equation

Mix I Elastic limit f Ute ¼ 0:412 � lnðe: Þ þ 16:957 (11)
Strain at tensile strength eUtu ¼ �0:016 � lnðe: Þ þ 1:459 (12)

Mix II Elastic limit f Ute ¼ 0:140 � lnðe: Þ þ 12:696 (13)

M.A. Hafiz, E. Denarié / Construction and Building Materials 255 (2020) 119338 9
imen was then kept at the same strain level of 0.8‰ and the relax-
ation in the stresses was measured. Two tests were carried out only
for Mix I at an age of 14 days, out of which one test had to be
stopped abruptly due to a power failure.

The values of sl were considered one order smaller than that of
the M1 in order to predict the higher viscous responses. Five Max-
well chains of retardation times 0.1, 1, 10, 100 and 1000 h were
considered. The values of the parameter El were determined using
a least square fit regression analysis such that the experimental
non-linear relaxation test as shown in Fig. 8 was closely predicted.
However, the test was conducted only for Mix I at an age of 14 days
and a strain level of 0.8‰. Due to the lack of experimental results,
it was assumed that the parameters are the same for other strain
levels along the hardening domain. It should be noted that, if
experiments were done at other strain levels in the hardening
domain and the corresponding parameters were calibrated as
before, the changing trend of non-linear relaxation along the hard-
ening domain at different strain levels could also be predicted
using the model. Furthermore, since no experimental tests were
done to study the relaxation behavior in the non-linear domain
for Mix II, the same parameters as obtained for Mix I were assumed
for Mix II, as a very crude approximation.
4.6. Combination of M1 and M2 applied to TSTM results

Fig. 9 shows the development of eigenstresses under full
restraint for Mix I at 20 �C, along with the prediction of both M1
and M2 of the VE-VH model. For the test Mix I-20C-FR2, the eigen-
stresses development has crossed the elastic limit of 12.5 MPa, and
has proceeded further into the hardening domain. As such, the pre-
diction of the eigenstresses have a combination of the predictions
Fig. 8. Experimental test and prediction of relaxation response of Mix I in the
from M1 (below 12.5 MPa) and M2 (above 12.5 MPa). There is a
close correlation between the experimental results and the model
prediction.
5. Applications and discussions

5.1. Effect of degree of restraint on the development of eigenstresses

5.1.1. Modelling of tests with partial restraint
The effect of different degrees of restraint acting on the speci-

mens was implemented in the VE-VH model using an additional
restraint spring with a stiffness of E0, which acts in series with both
sets of Maxwell chains, as shown in Fig. B1 in Appendix B. The
derivation of the incremental constitutive relations for the same
is detailed in Appendix B.

The predictions of the model were compared to experimental
results under a finite restraint, two partial restraint tests were also
conducted using the TSTM for Mix I at 20 �C; Mix I-20C-PR1 and
Mix I-20C-PR2. The partial restraint tests were conducted using a
passive stroke control method as explained in detail in [51]. Using
Eq. (14), the degree of restraint in a partial restraint test in the

TSTM was calculated, whereefreefreeis the free deformation measured

in the FS setup and efreeres is the free deformations measured in the
RS setup in a partial restraint test. More details regarding the
derivation of Eq. (14) can be found in [56]. The degree of restraint
acting in the two partial restraint tests were calculated to be 50% ±
6%.

l ¼ 1� efreeres ðtÞ
efreefreeðtÞ

ð14Þ

In order to predict these experimental results, the stiffness of
the restraint spring E0 was chosen such that the value of m in Eq.
(B7) becomes 50%. Fig. 10 shows the predictions of the model
under the average degree of restraint of 50% along with the scatter
band. The experimental results from the Mix I-20C-PR1 and Mix I-
20C-PR2 tests are also shown in the figure.

Fig. 10 shows that the results from the experimental tests fall
well inside the scatter band of the prediction of the model.
non-linear domain, loaded at an age of 14 days to a strain level of 0.8‰.



Fig. 9. Prediction of the eigenstresses development under full restraint for Mix I at 20 �C, above and below the elastic limit using M1 and M2 of the VE-VH model.

Fig. 10. Model prediction of the development of eigenstresses under partial restraint conditions, along with the experimental partial restraint tests for Mix I at 20 �C.
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However, the kinetics of the eigenstresses development is slightly
different, which can be attributed to the possible difference in the
kinetics of development of autogenous deformations in the FS and
RS setup of the TSTM. In the full restraint tests (which were used to
calibrate the model), the entire autogenous shrinkage contributes
to the development of the eigenstresses so that the kinetics of
development of eigenstresses follow that of the autogenous defor-
mations. This is evident from Fig. 6b, where the eigenstresses even
show a decrease just after 20 h, which corresponds to the decrease
in the autogenous shrinkage at a similar age. However, in the par-
tial restraint tests, only a part of the autogenous shrinkage con-
tributes to the development of the eigenstresses, and as such, the
kinetics of eigenstresses development is different from that of
the autogenous shrinkage, and therefore also different from the
kinetics of the eigenstresses development in full restraint tests.

5.1.2. Parametric study – Effect of degree of restraint
A parametric study was made to predict the eigenstresses

development under various degrees of restraint. [57] shows that
depending on the stiffness of the existing structure, the degree of
restraint in the new layer of UHPFRC will vary from about 40% to
90% and more. Fig. 11 shows the predictions of the model under
these restraint conditions for both Mix I and II. The resistance
curves of elastic limit as well as the tensile strength, measured
from experimental fracture tests at 1, 14 and 30 days are also
shown. The eigenstresses after one month for Mix I are much



Fig. 11. Prediction of the development of eigenstresses under different restraint conditions for; a) Mix I, b) Mix II. The resistance curves of fUte and fUtu are also shown.
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higher than that of Mix II, and even reaching close to the quasi-
static resistance curve of the elastic limit for a degree of restraint
of 90%. However, for Mix II, even at a degree of restraint of 90%,
the developed eigenstresses are much lower than the resistance
curves at the end of one month.
5.2. Relaxation behavior before the elastic limit

5.2.1. Comparison with literature
The predictions of the VE-VH model were compared with

experimental relaxation test results, for tests done in the linear
domain by [5]. The UHPFRC used in [5] of type CM22_TKK, was clo-
sely related to Mix I in the current study (with the exceptions of
very small quantity of sand and slightly higher dosage of super-
plasticizer in CM22_TKK). The relaxations were done at an age of
3 days at a stress level of 30% of the tensile strength at that age.
The experimental results are shown in Fig. 12 along with the pre-
dictions of the current VE-VH model, which shows a good correla-
tion. The scatter in the relaxation response in the experiments is
evident, with specimen FL_19 and FL_22 showing a relative relax-
ation of 18% and 35% respectively at an age of 24 h after loading.
5.2.2. Parametric study
In order to compare the relaxation responses at different ages of

loading for Mix I and II, a parametric study was carried out. Fig. 13
shows the model predictions of the relaxation responses in the lin-
ear domain of Mix I and II at different loading ages. The relaxation
decreases as the loading age increases, which could be attributed
to the ongoing hydration process and the ageing effect that leads
to a gradual reduction in the viscous response over time. Fig. 14
shows the comparison of the relaxation responses of Mix I and II
at different loading ages, which shows a significantly higher relax-
ation for Mix II at every age. The trend is similar to that observed in
tensile creep tests wherein Mix II shows a much higher creep
response than Mix I, when loaded under similar stress levels, in
[51]. The relaxation of Mix II is considerably higher than Mix I in
the early ages, whereas the difference between the two reduces
as the loading age increases.
5.3. Relaxations in the linear and non-linear domain

Fig. 15 shows the model predictions of the relative relaxations
in the linear and non-linear domain, along with the experimental
test data in the non-linear domain. Since the test for calibrating
the model was done at an age of 336 h (14 days) and also only at
a strain level of 0.8‰, the prediction of the model is shown only
for this loading age and strain level. The gradual increase in the
relaxation response in the non-linear domain could be included
in the model by obtaining the parameters for relaxation tests at
different strain levels in the hardening domain. The model predicts
a significantly higher relaxation in the non-linear domain when
compared to that in the linear domain, with a very steep drop in
the beginning as was seen in the experimental test.

5.4. Tensile creep

The developed models were used to predict the tensile creep
responses of both mixes. In order to validate the predictions of
the model, tensile creep tests were conducted on prismatic speci-
mens of dimensions 1000 mm � 70 mm � 40 mm, at different
stress levels at an age of 14 days. The details regarding the tensile
creep rigs and the test setup can be found in [41,58]. The linear
creep curves from the tests were transformed into linear relaxation
curves with the help of Bazant’s algorithm [59], for comparing with
the results from the developed VE-VH model. Fig. 16 shows the
predictions of the model for both mixes along with the trans-
formed linear relaxation curves from the respective creep tests
(stress level of 5.4 MPa, linear domain), and it can be seen that
the model predicts the creep response reasonably well. The slight
difference in the prediction and the experimental results could
be attributed to the difference in the specimens used in the TSTM
(from which the model was calibrated) and in the tensile creep
rigs. The difference could also be because of the fact that for the
TSTM specimens, the LVDTs for deformation measurements were
inserted into the specimen whereas for the creep specimens the
deformations were measured on the surface of the specimens
[41]. The results were similar to that of [5] who showed that in a
similar TSTM setup, for low load levels in the viscoelastic domain,
the viscous potential from both relaxation and creep tests were in



Fig. 12. Experimental results of linear relaxation response of CM22_TKK, for a loading age of 3 days to a stress level of 30% of the tensile strength [5], along with the prediction
of the VE-VH model.

Fig. 13. Prediction and comparison of the linear relaxation response at different ages of loading for; a) Mix I, b) Mix II (t0 represents the loading age).
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the same scatter band (20% to 35% relaxation after 24 h) for a load-
ing age of 3 days.

5.5. Incremental relaxation tests and loading history effect

Switek et al. [5] conducted incremental relaxation tests on
UHPFRC mix of type CM22_TKK, which is the predecessor of Mix
I in the present study. Due to the difference in the volumes of
the superplasticizer used in both mixes, the setting time of
CM22_TKK was approximately 24 h, whereas it was 17 h for Mix
I. The loading pattern of the incremental relaxation test is shown
in Fig. 17 and the experimental and predicted relaxation responses
are shown in Fig. 18.

Fig. 18 shows that the trend of the relaxation response is very
well predicted by the model, except for a slight shift in the values
of the relative relaxation, with the model predicting slightly lower
relative relaxation at every step of loading. This can be attributed
to the slight difference in the setting time of the mixes with Mix
I, used for calibration, having an earlier setting time leading to a
lower relaxation response at every loading step because of a higher
‘‘apparent age after setting”. The difference could also be attributed
to the changes in the viscous potential of both mixes due to the
slight changes in the composition or to the possible scatter in the
relaxation response in the experiments as discussed in Section 5.2.
Nevertheless, the trend of the relaxation was captured well by the
model showing a decrease in the relative relaxation as the load
level increases, which is attributed to the combined effect of ageing
and history of loading [5]. Even though the experimental loading in
[5] was not continued into the non-linear domain, the model was
used to predict the relaxation response, had the loading been con-
tinued further into the non-linear domain. It can be seen that the
same model, which predicted a gradually decreasing relaxation



Fig. 14. Comparison of the linear relaxation response of Mix I and II at a loading age of; a) 24 h, b) 48 h, c) 168 h and d) 672 h.

Fig. 15. Comparison of the relative relaxations in the linear and non-linear domains of the tensile response.
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response until the 6th step of loading in the linear domain because
of the ageing and history effect, predicts a much higher relaxation
during the 7th step as it was loaded into the non-linear domain,
because of the influence of damage on the non-linear
viscoelasticity.
5.6. Effect of early age hydration on the tensile response

In this section, the interaction of early age hydration and
the viscous phenomena will be discussed with the help of the
model, without considering the influence of the early age



Fig. 16. Transformed relaxation curves from tensile creep tests (stress level of 5.4 MPa) using the Bazant algorithm [59], along with the predictions of the model for; a) Mix I,
b) Mix II.

Fig. 17. Loading pattern in the incremental relaxation tests.
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autogenous deformations. The model was used to predict the
tensile responses of Mix I at an age 1 h after the setting time
of 17 h under different strain rates, which is shown in Fig. 19.
Since the elastic limit at an age 1 h after setting was not known,
only the domain under a stress level of 7 MPa was considered,
assuming that the elastic limit may not be reached at or below
this stress level.

When loaded at an age of 1 h after the setting time, at a strain
rate of 1 � 10�5 1/s, the stiffness of the tensile response was very
low, reaching a stress of 5.3 MPa at a strain of 2‰. This is because
the elastic modulus of the mix is still very low as can be seen from
the VRF tests in Fig. 3. For strain rates of 1 � 10�7 1/s and 1 � 10�8
1/s, there is a ‘‘hydration induced non-linearity” in the tensile
response which is attributed to similar shape of the elastic modu-
lus development at that age as can be seen in Fig. 3. The eigen-
stresses vs shrinkage strain responses of the full restraint tests
for Mix I also shows a similar trend in the beginning, as seen in
Fig. 20. However, as the strain rate decrease further below
1 � 10�9 1/s, this effect becomes negligible as the elastic modulus
development becomes faster than the stress development under
the imposed slow loading rates. As the strain rates decrease further
below, the viscous effects start to appear, leading to the gradual
reduction in the elastic modulus just as discussed in detail in
section 5.7.



Fig. 18. Experimental relaxation response at each step of loading in the incremental relaxation test along with the predictions of the VE-VH model; a) shows the first three
steps of loading, b) shows the final four steps of loading.

Fig. 19. Predictions of the tensile response of Mix I, under different strain rates, loaded at an age 1 h after the setting time.
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5.7. Parametric study on the effect of very low strain rates on the
tensile response.

The model can also be used to predict the effect of very low
strain rates on the tensile response of both mixes at an age of
14 days (ageing in terms of elastic modulus development almost
over). In [10], the influence of very low strain rates on the tensile
mechanical properties of Mix I and Mix II was studied. However,
the minimum strain rate that was investigated was 5 � 10�9 1/s.
With the current VE-VHmodel, the tensile response for strain rates
even lower than 5 � 10�9 1/s can be predicted. Since the retarda-
tion times of the 5th chains of M1 and M2 were 10,000 h and
1000 h respectively, they can predict the tensile response until
100,000 h (11.4 years) and 10,000 h (1.1 years respectively). Table 6
shows the times needed to reach a strain level of 2‰ under differ-
ent strain rates.

In order to calculate the rate dependency on the elastic limit,
which is the transition point fromM1 to M2 in the model, the elas-
tic limit at various strain rates were calculated using Eqs. (11) and
(13) for Mix I and II respectively. It was also assumed that the elas-
tic limit for any strain rate might not drop below 75% of that cor-
responding to a quasi-static strain rate. The strains at tensile
strength under different strain rates were calculated using Eq.
(12) for Mix I. However, as explained in section 4.4, because of



Fig. 20. Eigenstresses vs shrinkage strain curves for the full restraint tests of Mix I.

Table 6
Table showing the time needed to reach a strain level of 2‰ under various strain
rates.

Strain rate (1/s) Time to reach a strain level of 2‰

1 � 10�5 3.6 min
1 � 10�7 5.6 h
1 � 10�8 2.3 days
1 � 10�9 23 days
1 � 10�10 230 days
1 � 10�11 6.3 years
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the significant difference in the strains at tensile strength of Mix II
at the three different strain rates, no general equation was pro-
posed for the same and the tensile responses were predicted until
a strain of 2‰.

The CEB model code [60] recommends a quasi-static strain rate
of 3 � 10�6 1/s for a uniaxial tensile test. Using Eqs. (13) and (15),
the elastic limits for Mix I and II at a strain rate of 3� 10�6 1/s were
found to be 11.72 MPa and 10.91 MPa respectively and the corre-
sponding 75% lower limits were calculated to be 8.79 MPa and
8.18 MPa respectively. Fig. 21 shows the effect of very low strain
rates on the tensile behavior of mixes I and II.

For Mix I, Fig. 21a shows that the elastic modulus is almost sim-
ilar until a strain rate of 1 � 10�8 1/s and starts to decrease for
lower strain rates. This was similar to the trends found in [10],
where the elastic modulus was found to be insensitive to the inves-
tigated strain rate range of 1 � 10�5 1/s to 1 � 10�8 1/s. The model
shows that for Mix I, the strain rate sensitivity of elastic modulus
due to the viscous effects will start to appear only if tested at strain
rates lesser than or equal to 1 � 10�9 1/s. This explains the trend in
the locus of the elastic limit, with the tests up to 1 � 10�9 1/s
showing a slightly lower strain at the elastic limit. However, the
case was different for Mix II, wherein a clear change in the elastic
modulus was seen even at a strain rate of 1 � 10�8 1/s. This could
be attributed to the higher viscous potential of Mix II [51], as dis-
cussed earlier.

Another interesting observation is the effect of non-linear vis-
cosity on the hardening moduli (slope of response in the hardening
domain) at different strain rates for both mixes. Fig. 21 shows that
for both mixes, the hardening moduli decrease with a decrease in
the strain rate. This is contradictory to the experimental results
found in [10], where the hardening modulus was found to be strain
rate insensitive in the range of strain rates tested. As the strain rate
decreases, the relaxation due to non-linear viscosity becomes more
dominant, thereby reducing the hardening moduli. For both mixes,
at a strain rate of 1 � 10�11 1/s, the tensile response resembles that
of a softening UHPFRC. It should be noted that the maximum retar-
dation time in M2 is 1000 h and therefore it can predict the tensile
response in the hardening domain only up to 10,000 h. For the pre-
dictions at a strain rate of 1 � 10�11 1/s, it will require more than
10,000 h to reach the strain level of 2‰, and therefore the predic-
tions were not done until the same, but were done only until the
strain level at 10,000 h (from the elastic limit in M2). At these very
low strain rates, the relaxation due to non-linear viscosity becomes
more dominant than the hardening, thereby reducing the stresses
immediately as the material enters the ‘‘hardening domain”. As
such, it is the combined effect of hardening and a more dominant
non-linear viscous relaxation, which makes the overall response
resemble that of a strain softening material. This trend might indi-
cate that under extremely low loading rates, similar to static fati-
gue, the strain hardening response of UHPFRC might vanish in
unfavorable cases.

However, the present approach is based on the assumption that
the material would remain homogenous even in the hardening
domain, and a decrease in the strain rate would lead to an increase
in the viscous response, which even leads to a ‘‘softening case”
under extremely low strain rates. However, as discussed in Table 4
and in [10], the tensile strength and the hardening modulus did not
show a significant sensitivity to the strain rates investigated. Just
as in the dynamic domain, one would assume that a decrease in
the strain rate might lead to a decrease in not only the elastic limit,
but the tensile strength and hardening modulus as well. However,
it is possible that this assumption does not hold true when the
strain rates studied are significantly lower than the quasi-static
strain rate, as seen in the experimental results in [10]. The first
major explanation of the strain rate insensitivity of the tensile
strength is the possible influence of fiber orientation and grouping,
which counteract the effect of strain rate thereby making the final
response strain rate insensitive. However, another explanation for



Fig. 21. Predictions of the tensile response of a) Mix I, b) Mix II, under different strain rates, loaded at an age of 14 days.
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the strain rate insensitivity as pointed out by [61], is the possible
difference in the imposed strain rate on the overall specimen and
the strain rate imposed along the crack planes for the pullout of
the fibers, in the hardening domain. It is possible that the strain
rates imposed on the fiber pullout is much higher than that
imposed overall on the specimen, thereby leading to a cancellation
of the effect of strain rate as assumed apriori. This effect, if present,
becomes more significant as the strain rates decrease, as the corre-
sponding reduction in the elastic limit, makes the fibrous response
in the hardening domain more efficient. Therefore, it is also possi-
ble that with the reduction in the elastic limit, the hardening mod-
ulus could increase, as the overall strain rate effects are biased with
more and more crack planes along the specimen.
This effect was also visible in the full restraint tests as shown in
Fig. 9. It can be seen that after about 900 h, the model predicts an
almost zero hardening slope under the imposed restrained shrink-
age strain rates whereas the experiment shows a slightly higher
hardening slope. As such, a closer look into the fracture domain
to determine the ‘‘actual strain rates” acting across the crack planes
would be needed as a next step in the modelling.
6. Conclusions

A viscoelastic-viscohardening model was developed using gen-
eralized ageing Maxwell models for two types of SH-UHPFRC
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mixes; Mix I with pure type I cement, silica fume and steel fibers
and Mix II with 50% replacement of cement with limestone filler
and a similar steel fibrous mix. The model was calibrated using
three independent sets of experiments; full restraint tests in the
TSTM, uniaxial tensile tests under different monotonic strain rates
and relaxation tests in the non-linear domain.

� The model was able to accurately predict the experimental
eigenstresses development under a degree of restraint of 50%.
A parametric study on the development of eigenstresses under
different restraint conditions revealed that for Mix II, the eigen-
stresses developed after one month, even at a degree of
restraint of 90%, was significantly lower than the resistance
envelopes of the elastic limit and tensile strength.

� The model was able to predict the experimental linear relax-
ation responses at an age of 3 days [5], and was well within
the scatter band of experimental results. It predicted a much
higher relative relaxations in the non-linear domain when com-
pared to that in the linear domain.

� The model closely predicted the experimental creep response of
the mixes loaded at an age of 14 days in tensile creep rigs, by
converting the creep curves into corresponding relaxation
curves using the Bazant’s [59] algorithm.

� The ageing and history effects in incremental relaxation tests
from [5] were predicted reasonably well by the model, with
the model showing a decreasing relaxation response for every
consecutive loading step in the linear domain.

� The influence of very low strain rates on the tensile behavior of
both mixes were predicted. It was seen that at a strain rate of
1 � 10�11 1/s, the model predicted an apparent strain softening
response, attributed to the combined effect of hardening and a
more dominant non-linear viscous relaxation. However, it was
also suggested that it may be possible to have a higher harden-
ing modulus at lower strain rates because of the difference in
the strain rates being applied on the overall specimen and the
crack planes where fibers are pulled out.

� The tensile response of the mixes exhibited a ‘‘fast hydration
rate induced non-linearity” when loaded under the strain rates
in the range of 1 � 10�7 1/s-1 � 10�8 1/s at an age 1 h after set-
ting, which was attributed to the non-linearity in the develop-
ment of elastic modulus at the same age. This effect became
negligible as the strain rates were reduced further below
1 � 10�9 1/s.
Table A1
Parameters of first set of Maxwell chains for Mix I.

Mix I First set of chains, M1 s1 (hours) s2 (hour
1 10

Age (h) Etot,M1 (GPa) E1ðM1Þ
EtotðM1Þ

E2ðM1Þ
EtotðM1Þ

0 0.05 0.20 0.18
16 2.8 0.20 0.18
20 14.2 0.20 0.18
22 26.5 0.20 0.18
24 34.7 0.20 0.18
26 38.1 0.17 0.08
28 40.6 0.17 0.08
30 42.2 0.17 0.08
36 44.9 0.17 0.08
48 46.7 0.17 0.08
60 47.4 0.17 0.08
72 48.0 0.15 0.08
84 48.6 0.15 0.08
96 49.2 0.15 0.08
168 50.6 0.15 0.08
336 51.2 0.04 0.07
672 52.0 0.04 0.07
87,600 53.0 0.04 0.07
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Appendix A

The parameters of the viscoelastic-viscohardening model for
both mixes are given below. For Mix I, Table A1 shows the param-
eters of the first set of Maxwell chains (M1), whereas Table A2
shows the same for the second set of Maxwell chains (M2). For
Mix II, the parameters of M1 and M2 are shown in Tables A3 and
A4 respectively.

Appendix B

In Section 2, the VE-VH model was presented without consider-
ing any effect of the degree of restraint acting on the system. In this
section, an additional restraint spring with a stiffness E0 is consid-
ered acting in series with M1/ M2 as shown in Fig. B1. Incremental
constitutive relations are derived for the same, below and above
the elastic limit, as discussed in the sections below.
s) s3 (hours) s4 (hours) s5 (hours)
100 1000 10,000
E3ðM1Þ
EtotðM1Þ

E4ðM1Þ
EtotðM1Þ

E5ðM1Þ
EtotðM1Þ

0.17 0.20 0.25
0.17 0.20 0.25
0.17 0.20 0.25
0.17 0.20 0.25
0.17 0.20 0.25
0.18 0.24 0.33
0.18 0.24 0.33
0.18 0.24 0.33
0.18 0.24 0.33
0.18 0.24 0.33
0.18 0.24 0.33
0.18 0.14 0.45
0.18 0.14 0.45
0.18 0.14 0.45
0.18 0.14 0.45
0.14 0.07 0.68
0.14 0.07 0.68
0.14 0.07 0.68



Table A2
Parameters of second set of Maxwell chains for Mix I.

Mix I Second set of chains, M2 s1 (hours) s2 (hours) s3 (hours) s4 (hours) s5 (hours)
0.1 1 10 100 1000

Age (hours) Strain level ‰ EL,M2 (GPa) E1ðM2Þ
ELðM2Þ

E2ðM2Þ
ELðM2Þ

E3ðM2Þ
ELðM2Þ

E4ðM2Þ
ELðM2Þ

E5ðM2Þ
ELðM2Þ

t0.2‰ 0.2 21.0 0.50 0.03 0.23 0.17 0.07
t0.3‰ 0.3 14.0 0.50 0.03 0.23 0.17 0.07
t0.4‰ 0.4 10.0 0.50 0.03 0.23 0.17 0.07
t0.5‰ 0.5 6.0 0.50 0.03 0.23 0.17 0.07
t0.6‰ 0.6 4.0 0.50 0.03 0.23 0.17 0.07
t0.7‰ 0.7 3.5 0.50 0.03 0.23 0.17 0.07
t1.1‰ 1.1 3.5 0.50 0.03 0.23 0.17 0.07
t1.2‰ 1.2 2.5 0.50 0.03 0.23 0.17 0.07
t2.0‰ 2 2.5 0.50 0.03 0.23 0.17 0.07

Table A3
Parameters of first set of Maxwell chains for Mix II.

Mix II First set of chains, M1 s1 (hours) s2 (hours) s3 (hours) s4 (hours) s5 (hours)
1 10 100 1000 10,000

Age (hours) Etot,M1 (GPa) E1ðM1Þ
EtotðM1Þ

E2ðM1Þ
EtotðM1Þ

E3ðM1Þ
EtotðM1Þ

E4ðM1Þ
EtotðM1Þ

E5ðM1Þ
EtotðM1Þ

0 0.05 0.70 0.26 0.00 0.02 0.02
16 12.4 0.70 0.26 0.00 0.02 0.02
20 27.1 0.70 0.26 0.00 0.02 0.02
22 31.0 0.70 0.26 0.00 0.02 0.02
24 33.5 0.70 0.26 0.00 0.02 0.02
26 35.2 0.40 0.26 0.24 0.08 0.02
28 36.6 0.40 0.26 0.24 0.08 0.02
30 37.7 0.40 0.26 0.24 0.08 0.02
36 40.2 0.40 0.26 0.24 0.08 0.02
48 43.4 0.40 0.26 0.24 0.08 0.02
60 45.2 0.18 0.26 0.36 0.12 0.08
72 46.3 0.18 0.26 0.36 0.12 0.08
84 46.9 0.18 0.26 0.36 0.12 0.08
96 47.5 0.18 0.26 0.36 0.12 0.08
168 48.6 0.18 0.00 0.45 0.24 0.13
336 51.2 0.18 0.00 0.45 0.24 0.13
672 52.0 0.10 0.00 0.22 0.24 0.44
87,600 53.0 0.10 0.00 0.22 0.24 0.44

Table A4
Parameters of second set of Maxwell chains for Mix II.

Mix II Second set of chains, M2 s1 (hours) s2 (hours) s3 (hours) s4 (hours) s5 (hours)
0.1 1 10 10 1000

Age (hours) Strain level ‰ EL,M2 (GPa) E1ðM2Þ
ELðM2Þ

E2ðM2Þ
ELðM2Þ

E3ðM2Þ
ELðM2Þ

E4ðM2Þ
ELðM2Þ

E5ðM2Þ
ELðM2Þ

t0.2‰ 0.2 17.0 0.50 0.03 0.23 0.17 0.07
t0.3‰ 0.3 15.0 0.50 0.03 0.23 0.17 0.07
t0.4‰ 0.4 11.8 0.50 0.03 0.23 0.17 0.07
t0.5‰ 0.5 3.0 0.50 0.03 0.23 0.17 0.07
t0.6‰ 0.6 2.5 0.50 0.03 0.23 0.17 0.07
t0.8‰ 0.8 2.5 0.50 0.03 0.23 0.17 0.07
t1.1‰ 1.1 2.0 0.50 0.03 0.23 0.17 0.07
t2.0‰ 2.0 1.5 0.50 0.03 0.23 0.17 0.07
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Below the elastic limit:
Below the elastic limit, the material behaves as viscoelastic and

only M1 is active, coupled in series with the restraint spring E0.
Assuming that the strains induced in M1 and the restraint spring
E0, due to the strain increment Dei ¼ DeiVEðM1Þ in time interval Dt,

are Dei1 and Dei0 respectively, if ri
0 and riþ1

0 are the stresses in the
additional spring E0 at ti and ti+1 respectively and ri

1 and riþ1
1 the

same in M1, then,

Dei ¼ Dei1 þ Dei0 ðB1Þ
riþ1
0 ¼ riþ1

1 ¼ riþ1 ðB2Þ
From Eqs. (B1) and (B2), for the spring E0,

riþ1
0 ¼ E0:Dei0 ¼ riþ1

1 ðB3Þ

Dei0 ¼ riþ1
1

E0
ðB4Þ

The total stress at the end of the time interval Dt in M1 is there-
fore given by,



Fig. B1. Schematic representation of the Viscoelastic-Viscohardening model with the restraint spring with stiffness E0 acting in series with M1 or M2.
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riþ1
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Xm
k¼1

sk
Dt

:
Eiþ1
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k

2

 !
: 1� e�

Dt
sk

� �" #
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� �þXm

k¼1

ri
k:e

�Dt
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From Eqs. (B2), (B4) and (B5),

riþ1 ¼

Pm
k¼1

sk
Dt :

Eiþ1
k

þEik
2

� �
: 1� e�

Dt
sk

� �� 	
:Dei þPm

k¼1
ri

k:e
�Dt
sk

1þ
Pm
k¼1

sk
Dt:

Eiþ1
k

þEi
k

2

� �
: 1�e

�Dt
sk

� �h i
E0

ðB6Þ

Comparing Eqs. (8) and (B6), it can be seen that, the stress in a
finite restraint system can be obtained by multiplying the stress in
the case of an infinitely restrained system by a factor m correspond-
ing to the age dependent uniaxial degree of restraint, given by,

l ¼ 1

1þ
Pm
k¼1

sk
Dt:

Eiþ1
k

þEi
k

2

� �
: 1�e

�Dt
sk

� �h i
E0

ðB7Þ

By varying the stiffness E0 of the restraint spring, the develop-
ment of tensile stresses under various degrees of restraint can be
predicted.

Above the elastic limit:
The stress development in M2 can be derived in the same way

as that of M1, and an equation similar to (B6) can be used to pre-
dict the stresses in M2,. If ri

2 and riþ2
2 are the stresses in M2 at time

ti and ti+1 respectively, then,

riþ1
2 ¼ riþ1

¼ f Ute þ

Pn
l¼1

sl
Dt :

Eiþ1
l

þEil
2

� �
: 1� e�

Dt
sl

� �� 	
:Dei þPn

l¼1
ri

l:e
�Dt
sl

1þ
Pn
l¼1

sl
Dt:

Eiþ1
l

þEi
l

2

� �
: 1�e

�Dtsl
� �h i

E0

ðB8Þ
The Eqs. (B6) and (B8) can be used to predict the effect of degree
of restraint on the development of eigenstresses as discussed in
Section 5.1.
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