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Abstract

Assessing building damage after earthquakes requires a visual inspection of the damage, indicated by maps of the

cracking pattern on walls, which could be standardized via automated algorithms. To quantitate this damage,

fractal dimensions of these crack maps could be computed by the box-counting algorithm to capture the complexity

and irregularity of the pattern. When using the box-counting method, however, the computed fractal dimensions

depend on several parameters that can render the measurement ambiguous: the box size interval, the scale factor

for the box sizes, the choice of breakpoint location, and the grid disposition and orientation. This paper, therefore,

uses a literature search and an evaluation of crack map databases to investigate the sensitivity of the measured

fractal dimensions of crack maps on reinforced concrete and unreinforced masonry walls to these four parameters.

It then formulates recommendations for the choice of these factors. Because the value of the estimated fractal

dimension varied by up to 0.5 depending on the assumed parameters, it is therefore important to use the same set

of assumptions when comparing the fractal dimensions of crack patterns.
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1. Introduction
The first step in assessing the safety of buildings after earthquakes is a visual evaluation of the damage [1], which

will likely be automated in the future through high-resolution cameras mounted on unmanned aerial vehicles

(UAVs). This is currently done instead via an expert assessment of the appearance of cracks in structural elements

to determine the extent of the damage and to understand the behaviormode of the element and the damage severity

[1–3]. To successfully apply unmanned imaging techniques to this evaluation, however, the extraction of the

damage pattern and the interpretation of the damage should be done automatically. Towards this end, various

approaches have been developed to detect cracks on images [4–8]. To automatically interpret the extracted crack

patterns and estimate the effect of the cracks on the properties of the structural elements, it is necessary to

quantitatively characterize the crack pattern. When visually evaluating these patterns, physical characteristics of

cracks, including the orientation, length, and width, are used [9,10].When a visual inspection is replaced by image-

based inspection, these crack characteristics can be complemented by other measures, such as fractal dimensions,

which can only be evaluated using computational tools. A growing body of research in civil engineering involves

investigating the applicability of fractal dimensions for characterizing crack patterns [11–20], as using fractal

dimensions rather than a classical visual inspection can reduce the subjectivity of a visual assessment, which often

depends heavily on the experience and expertise of the inspector [21,22].

The notion of a fractal can be traced as far back as studies in the 1800s to early 1900s by Hilbert [23].

However, it was Mandelbrot [28] in the 1980s who found that mathematical fractals have some common features

with natural shapes [29]. The concept of fractal dimensions has been applied in a variety of research domains,

including plant science [30–32], neuroscience [33], architecture [34], porous structures [35–37], crack maps

[21,22,38], etc., and is being used as a quantitative approach to describe the complexity, irregularity, and space-

filling of objects [28,30,31,39–41]. In general, there is not a universal definition of fractals [42], and different

values of the fractal dimensions can be obtained for a particular set based on the applied concept [39].

In deterministic fractal geometries that are generated based on a construction process, like in Fig. 1(a), a

small portion of the pattern exactly resembles the larger portion (exact self-similarity) [42]. Real-life crack

patterns, however, are only statistically or approximately self-similar, like in Fig. 1(b). Although crack maps are

not perfect fractals, the notion of fractal dimensions can still be used to describe them. For example, some recent

studies relate the fractal dimensions of crack maps on both concrete and masonry walls to some structural

properties, like stiffness loss, strength loss, and the peak drift ratios [21,22,38,43,44]. To compute each fractal

dimension, there are various approaches, including box-countingmethods, gliding box algorithm, fractal Brownian
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motion, area measurement methods, wavelet methods, and so on [45,46]. All of these methods have some

advantages and drawbacks, which may restrict their applicability to certain types of problems [45]. In addition to

the classical fractal dimension, which shows the space-filling and complexity characteristic of patterns, further

types of fractal dimensions have been put forward to describe other aspects of patterns on images. Among these

are the lacunarity, showing the distribution of gaps in patterns [28,47], and the succolarity, representing the

connectivity of the pattern [28,48], though these dimensions have not yet been used for characterizing crack

patterns of structural elements and will not be discussed further in this paper.

(a) (b)

Fig. 1 Exact vs. statistical fractal.
(a) Box fractal (image adopted from [42]) and (b) a typical crack map on a concrete wall surface [49].

To evaluate the fractal dimension of crack patterns of structural elements [21,22,38,43,44], existing

studies have used the box-counting method, which—due to its ease of calculation—is the most common [50].

When applying this method, several choices need to be made [33] related to the grid position and orientation with

regard to the crack pattern, the box sizes used, and the box size interval over which a straight line is fitted to the

resulting log-log graph, which relates the number of boxes that contain a pattern pixel and the size of the boxes. It

has been demonstrated that slight changes in the considered methodological factors might lead to different fractal

dimension estimations [31,32,34,51–58]. The objectives of this paper are (i) to investigate how sensitive the fractal

dimensions of crack patterns are to these choices and (ii) to formulate some recommendations for these parameters.

For this purpose, we review both the parameter choices in existing crack-pattern studies and recommendations for

these parameters that have been made for patterns other than crack maps. For this purpose, we analyze crack

patterns from reinforced concrete and unreinforced masonry walls. The paper begins with the definition of the

fractal dimension and an explanation of the box-counting method. Afterward, we tested the sensitivity of the fractal

dimensions of crack patterns to the various parameters of the box-counting method. Finally, we investigated a
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database of crack maps of brick masonry and concrete walls tested at EPFL [59,60] to determine the extent of the

influence of each parameter and provide suggestions for the standardization of these parameters.

2. Key Definitions
2.1 Fractal Dimension

The goal of this paper is to determine the parameters required for calculating the fractal dimension (short:

dimension) of a crack map, which is considered the “set” in our fractal studies. There are various methods for

determining the dimension of a set, though the common point in all methods is that dimensions measure the set at

various scales and investigate how these measurements change as the scale tends to zero [50]. For fractal

geometries and approximately self-similar patterns such as crack patterns, this dimension is a fractional number

between 1 and 2, which can be computed using the box-counting method explained in the following section.

2.2 The Box-Counting Method
A box-counting algorithm is a way of computing the fractal dimension of both exactly and approximately self-

similar patterns [33,42]. For approximate (statistical) self-similar patterns, the fractal dimension is obtained over

a given range of scales [41,42]. In the field of image processing, to investigate the dimension of binary patterns,

i.e., black and white images, the pattern is covered by a set of grids with box sizes of r, and the number of boxes

𝑁 (𝑟) that contain at least one black pixel is counted. The relation between 𝑟 and 𝑁 (𝑟) is defined as follows [42]:

𝑁(𝑟) = 𝑘 (
1
𝑟
)𝐹𝐷 , (1)

where 𝑘 is a constant, and 𝐹𝐷 is the fractal dimension. In practice, to compute the fractal dimension of a binary

image, such as skeletonized crack patterns, these steps need to be followed:

1. Creating a grid: To create a grid, an arbitrary point (a) is assumed as the point where the grid is created,

which is denoted as the origin of the grid [34,61]. In the following, it will be shown that the origin of the

grid position and the orientation of the grid with regard to the crack pattern can influence the estimated

fractal dimension.

2. Placing the pattern on the grid: In the second step, the bounding box, which is the smallest enclosing

box that includes the pattern on the image [61,62], illustrated by the red box in Fig. 2, is defined. The

minimum and maximum sizes of the wall and bounding box are wmin, wmax and bmin, bmax, respectively.

Then, a fixed point of the bounding box, the bottom left corner in this example, is placed on the origin of

the Cartesian coordinate system O. For illustration, these procedures are depicted in Fig. 2.
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Fig. 2 Placing a bounding box on a grid with a box size of r.

3. Finding the slope: Grids of different sizes, for example, 𝑟 = 1, 2, 4, 8, … , 2𝑛 (scale factor of 2), are

created according to step (1), and the number of boxes intersecting the object 𝑁 (𝑟) is counted. To

estimate the fractal dimension, log𝑁 (𝑟) is plotted against log 𝑟, and a line is fitted, typically using the

least-squares method, to the points over the range where the points lie approximately on a straight line.

The absolute value of the slope of the line is the estimation of fractal dimension, FD. Fig. 3 illustrates the

diagrams of log𝑁 (𝑟) versus log 𝑟 for two different cases. In Fig. 3(a), the pattern can be delineated by

reporting just one fractal dimension (FD1) since there is only one scale interval (𝑟1 < 𝑅1 < 𝑟2) wherein

the plot is linear. However, the pattern in Fig. 3(b) ismore complex, and two dimensionsmust be reported

(FD1 and FD2) [29,62], because there are two intervals 𝑟1 < 𝑅1 < 𝑟2 and 𝑟3 < 𝑅2 < 𝑟4 wherein points

fall on a straight line. As will be outlined later, one challenge is to determine over which range of scales

the plot is approximately linear. In other words, the upper and lower limits of each interval, i.e.

𝑟1 , 𝑟2 , 𝑟3 , 𝑟4, are referred to as cutoffs and must be determined. It has been shown that the choice of scale

factor and the cutoffs influence the fractal dimensions of crack maps.

(a) (b)
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Fig. 3 Plot of log𝑁(𝑟) versus log 𝑟.
(a) Pattern with one FD and (b) pattern with two FDs.

With a deterministic monofractal, i.e., generated by a series of repetitive operations, a diagram like Fig.

3(a) is obtained, and the absolute slope will be the estimation of the fractal dimension that can also be calculated

analytically. However, as alluded to earlier, the box-counting method can also be applied to patterns that are not

deterministic fractals [33]. For crack maps, the fractal dimensions is obtained for the interval 𝑟3 < 𝑅2 < 𝑟4 in Fig.

3(b), which is referred to as the fractal regime [44], are suitable for characterizing the complexity of crack patterns.

The fractal dimension obtained for the interval 𝑟1 < 𝑅1 < 𝑟2 in Fig. 3(a) and Fig. 3(b) tends toward 1 if the crack

pattern consists only of lines and not of patches (e.g. due to crushing of the material). Thus, it cannot describe the

space-filling property of the crack patterns. In summary, Fig. 4 shows different dimensions associated with

different scale intervals [22,44]. In this figure, regions one and two are denoted as the Euclidean regime (where

the fractal dimension is one at small scales) and fractal regime, respectively. 𝑅𝐸 is the scale at which the behavior

of the pattern changes from Euclidean to fractal and is associated with the spacing between the objects in an image

[63]. 𝑅𝐹 is the maximum size of the bounding box for which only one box is needed to intersect the pattern. Thus,

the fractal dimension becomes zero in region three [22,44].

FD=0

1 2 3

RFRE

Fig. 4 Observed behavior of crack maps according to various scale intervals (adopted from [22,44]). Region 2
is a fractal regime, and regions 1 and 3 are non-fractal regimes. The range between 𝑅𝐸 and 𝑅𝐹 is the interval

over which a fractal dimension can be defined.

By following these steps, it is possible to compute different FDs for the same image because some factors,

like the position of the grid origin, the orientation of the grid, scale intervals, and scale factor, influence the results

[31,32,34,51–58]. Moreover, other factors, like the thickness of the crack segments, can have a bearing on the

estimated fractal dimension [64]. We will, therefore, show that it is necessary to report the estimate of a fractal

dimension that is computed by the box-countingmethod together with the following information: 1) whether crack

patterns were skeletonized or not; 2) grid position and orientation; 3) set of box sizes (or scale factor), and 4) box
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size interval. Parametric studies on crack patterns of masonry and concrete walls provide recommendations for

each factor to adjust the box-counting algorithm for obtaining the fractal dimension of crack patterns.

2.3 Set of example crack maps
The crack maps used as examples in this study have been obtained from three sets of experiments conducted at

EPFL ( Fig. 5) [49,59,60]. All three sets are quasi-static cyclic tests on walls:

a) Tests on large-scale brick masonry walls (PUP Series): Tests on six brick masonry walls (PUP1-6) with

dimensions of 2010 mm × 2250 mm were carried out by applying different axial load ratios and shear spans,

resulting in flexural, shear, and hybrid failure of the walls [59].

b) Tests on small-scale brick masonry walls (PUM Series): Tests on five brick masonry walls (PUM1-5) with

dimensions of 1005 mm × 1113 mm were conducted to examine the influence of scaling masonry specimens

on stiffness, strength, and failure mechanisms [60].

c) Tests on thin reinforced concrete walls (TW Series): Five thin reinforced concrete walls (TW) were tested to

investigate the in-plane and out-of-plane behavior. Test units TW1-TW4 and TW2-TW3-TW5 measured

2620 mm × 2000 mm and 2580 mm × 2000 mm, respectively. The spacing of the horizontal

reinforcement was 200 mm and 130 mm, respectively [49].

(a) (b) (c)

Fig. 5 (a) Test setup, (b) masonry walls [59,60], and (c) concrete walls [49].

Based on images taken during the tests (Fig. 6), skeletonized binary crack patterns were drawn in

AutoCAD [65] at a scale of 1 pixel = 1 mm. In this study, 83 and 45 crack maps of masonry and concrete walls,



8

respectively, obtained at the maximum drift levels and zero forces were utilized. All of the images and results have

been documented and are available online (https://eesd.epfl.ch/data_sets).

(a) (b) (c)

Fig. 6 Images that served as the basis for the crack maps. (a), (b) Masonry walls [59,60] and (c) concrete walls

[49].

3. Fractal Dimension Sensitivity to Various Parameters
3.1 Grid Position and Orientation

Studying the various approaches regarding how to choose the grid position can be of critical importance; the origin

of the grid position and orientation of the grid are effective factors for determining FD because they affect the

number of boxes intersecting the pattern [31,51,53–55,64,66]. Some researchers (e.g. [55]) stated that to satisfy

the boundary condition defined by Hausdorff [26], the minimum number of boxes intersecting the object should

be determined for each box size. To do so, every possible position and orientation of the pattern must be examined

at each scale, and the position in which the number of boxes is the smallest must be considered. In FracLac [61],

a plugin for ImageJ [67] that is used for fractal analysis [33], however, a finite number of grid positions is randomly

considered, and the value of FD at each grid position and orientation is computed. Gonzato et al. [64] suggested

taking at least 20 random positions and reporting the average FD as the estimation of the fractal dimension. More

recently, optimization techniques have also been used to find the rotation and location of the grid where the number

of boxes intersecting the pattern reaches a minimum [31]. According to Falconer [50], there are two approaches

for counting 𝑁(𝑟) for practical applications while the grid elements are rectangular: i) the number of boxes

intersecting the pattern, and ii) the minimum number of boxes that cover the pattern. In the former method, there

is no need to find the minimum number of boxes. In the latter, however, at each scale (r), the position and

orientation of the grid at which the number of boxes intersecting the pattern is minimalized must be determined.
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To show the effect of grid orientation and position of the origin of the grid, an image on which there is a

diagonal line is examined inFig. 7. In the initial configuration (Fig. 7(a), eight boxes are intersected. By changing

the position of the origin of the grid in Fig. 7(b) and rotating the grid in Fig. 7(c), the number of intersected boxes

changes to seven. Therefore, these two factors influence the number of intersected boxes.

(a) (b) (c)

Fig. 7 Illustration of the influence of the origin of the grid position and the orientation of the grid.
(a) Initial position, 𝑁 = 8; (b) changing the position of the grid, 𝑁 = 7; and (c) changing the orientation of the

grid, 𝑁 = 7.

For crack maps, as the size of the bounding box is not necessarily a multiple of the scale, the position of

the origin of the grid can also influence the FD. To investigate this effect, the origin of the grid has been considered

as the bottom right corner, bottom left corner, top right corner, and top left corner of the bounding box, and the

orientation of the grid is assumed to be parallel to the sides of the wall. Fig. 8 shows the difference between the

maximum and minimum of the computed FDs for the crack patterns contained in the concrete and masonry

databases that have a fractal behavior. Among the available crack maps, 61/83 for masonry walls and 30/45 for

concrete walls show fractal behavior, i.e., the slope of the interval 𝑟3 < 𝑅2 < 𝑟4 in Fig. 3(b) is greater than 1.0. It

can be observed that the choice of the origin of the grid location can change the fractal dimension up to 0.5. Fig.

8 shows that the effect was stronger for masonry walls than for concrete walls.

ooo
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(a) (b)

Fig. 8 Influence of the grid position (without rotation) on the obtained FD.
(a) Masonry walls, wherein 61/83 showed fractality [59,60], and (b) concrete walls, wherein 30/45 showed

fractality [49].

Besides taking the four corners, choosing a random point inside the bounding box as the origin of the grid

is possible, and based on the obtained results in the previous analysis, it is expected to change the FD. To tackle

this issue, one solution is that researchers must report at least the origin of the grid position and grid orientation—

its influence is addressed at the end of this section—in any studies establishing correlations between estimated

fractal dimensions and some physical properties. Another solution involves calculating the mean value of the

fractal dimension by considering multiple random positions [61]. Fig. 9 illustrates the change in the mean value

of FDs due to considering 1, 5, 10, 15, 20, 25, and 30 random positions inside the bounding box (the mean is

normalized by the value obtained at 30 random positions). It is observed that for both databases, the mean values

of fractal dimensions steady at around 25 random positions. The final possible solution is to find the minimum

number of boxes intersecting the cracks, which requires exhaustive search or optimization procedures.

Unfortunately, in most of the papers conducting the fractal analysis of crack patterns on walls, the origin of the

grid position has not been mentioned, making their results not reproducible.
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(a) (b)

Fig. 9Mean FDs calculated using a # of random grid positions as specified on the X-axis (a) Masonry walls

[59,60] and (b) concrete walls [49].

To explore the impact of grid rotation on the estimation of fractal dimension, the bounding boxes encompassing

the crack patterns were rotated with respect to the horizontal axis with angles ranging from 0° to 180° (with the

step of 10°). From Fig. 10, it can be concluded that whereas the maximum range in the masonry database is greater

than in the concrete database, this factor is more influential for the concrete crack maps since the computed range

is around 0.4 for more than half of the database. This can be due to the higher randomness in the crack spacing of

concrete walls compared to the masonry walls where the crack spacing of multiples of one brick height dominate.
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(a) (b)

Fig. 10 Influence of the grid rotation on FD.
(a) Masonry walls, wherein 61/83 show fractality [59,60], and (b) concrete walls, wherein 30/45 show

fractality [49].

3.2 Scale Factor for Box Sizes
Several studies have been conducted to find the influence of the various sampling strategies (e.g. [34,56]) on the

computation of the estimated fractal dimension by the box-counting method. It was determined that white areas

around the pattern affect the results [34]. In general, any white spaces added to the pattern during the covering

procedure might lower the accuracy of the box-counting method [42]. Additionally, a sequence of discrete box

sizes, typically multiples of a basic box size, must be chosen [34], and enough box sizes must be considered to fit

the straight line, as shown in Fig. 3 [56]. Often, a scale factor of 2 is chosen, and the powers of 2 (𝑟 =

1, 2, 4, 8,… , 2𝑛 ) are taken as the set of sampling sizes [29]. This approach has also been used in previous studies

addressing the fractal dimensions of crack patterns [21,22,44].However, it is not always the best sampling strategy,

especially if the given image has dimensions that are not powers of 2 [52].

The relative size of the bounding box and the size of the elements of the pattern can assist in the choice

of an appropriate scale factor. For example, Fig. 11(b,c) demonstrates the impact of the scale factor for the box

sizes on the estimated value of the fractal dimension of the box fractal (Fig. 11 (a)), whose exact fractal dimension

is 1.4647. The smallest elements in this binary image are 3×3 filled squares with the dimension of 81×81 pixels.

According to the Fig. 11(b), the FD is close to the exact fractal dimension when the scale ratio is three and the set

of box sizes r = 1, 31, 32, 33, 34. However, if a scale factor of 2 is used and the set of box sizes is r = 1, 21, 22, 23,

24, 25, 26, the obtained FD is lower than the true fractal dimension (Fig. 11 (c)). As demonstrated in Fig. 13, this

difference in the scale factor can affect the results (up to 0.5 difference in the estimation of FD); in the example,

the difference in computed FD is, however, relatively small (2.9%).
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Fig. 11 Influence of the scale factor on estimating the fractal dimension of the (a) “box fractal” (image
adopted from [42]). Scale factor of (b) 3 and (c) 2.

Along with the scale factor, there have been some suggestions for how to include the appropriate number

of points to fit the linear line to reduce errors [34,68]. To test this, a wide range of scale factors, including 1.1, 1.2,

1.3, 1.4142 (~√2) … 2, has been assumed to evaluate the effect of scale factor on the estimation of fractal

dimensions [34]. Among these scale factors, the square root of 2 is advised by some authors [34,64]. In another

more recent attempt, So et al. [52] developed a new sampling method in which the number of boxes intercepted

by the black pixels could be a non-integer number as opposed to the conventional box-counting algorithm. By

considering non-integer box numbers, the estimation of fractal dimensions wasmore precise for fractal geometries.

For non-mathematically fractal structures such as crack maps, however, there is no benchmark withwhich

to compare the results of the computed FD. In these cases, by implication, it is advisable to assume a scale factor

that provides more points that deviate only minimally from the line for the linear fitting, since insufficient sampling

sizes and narrow intervals might lead to anomalous results [52,69]. Fig. 12 compares the results obtained by

assuming two different scale factors for one of the crack maps in the masonry database. It is evident that with the

scale factor 2, there are only two points in the fractal region that can be used to fit the line, which is not suitable,

whereas the scale factor √2 gives three points to fit the line. Fig. 13 shows the distribution of the range of FDs for

different scale factors, including 1.1, √2, 1.6, and 2. It is evident that for bothmasonry and concrete crack patterns,

changing the scale factor could change the FD up to 0.5, which shows the high sensitivity of FD to this factor.

(a)
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Fig. 12 Comparison of the scale factors (b) 2 and (c) √2 on the FD of a crack map (a) of the masonry wall
PUP6 at a drift level of 0.10% [59]. As can be seen from the blue-fitted line, the scale factor of 2 only

provides two points to fit the line, whereas a scale factor of square root 2 provides three.

(a) (b)

Fig. 13 Influence of scale factor on FD.
(a) Masonry walls, wherein 61/83 show fractality [59,60], and (b) concrete walls, wherein 30/45 show

fractality [49]. The high differences between the FDmax and FDmin show the sensitivity of estimating FD to the
choice of the scale factor.

3.3 Box size Interval
Calculating the fractal dimension of crack maps can be affected by the box size interval, which is the interval over

which a self-similarity of the crack pattern is assumed, i.e., the range of scales over which log𝑁(𝑟) - log(𝑟)

graphs, such as those shown in Fig. 3, are assumed as linear. Complex patterns often cannot be described by

reporting just one dimension for the whole range of scales. Therefore, for each range of scales that follows a linear

trend, the corresponding dimension must be determined as shown in Fig. 4. For crack maps of unreinforced
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masonry and reinforced concrete walls, we have observed patterns that can be described either by one or by two

fractal dimensions (Fig. 3(a) or Fig. 3(b)). In general, when there are a few unconnected cracks like Fig. 17, the

results will be like Fig. 3(a); alternately, as the cracks grow and spread over the whole wall, the graph will be

similar to Fig. 3(b). In the following, some suggestions are made for choosing the global minimum cutoff 𝑟1 in

Fig. 3, the global maximum cutoff 𝑟2 in Fig. 3(a) and 𝑟4 in Fig. 3(b), and the location of breakpoint 𝑟2 or 𝑟3 in Fig.

3(b) when determining the fractal dimensions of crack maps. In practice, the scales 𝑟2 and 𝑟3 can also be assumed

to be equal. Further details about this assumption are explained in section 3.4.

For the value of the global maximum cutoff, some studies have used 25% of the shorter side of the

bounding box (bmin) [34,70,71]. Harrar and Hamami [57] used twice this global maximum cutoff (0.5 bmin) to

calculate the fractal dimension of gray-scale images. Roy et al. [55] also considered 0.5 bmin when computing

fractal dimensions of fracture systems. For the global minimum cutoff, Foroutan-pour et al. [53] proposed a range

of one to five pixels. They expressed that the best minimum size is the point, after which there is a deviation from

the fitted straight line and verified their suggestions by analyzing some well-known fractal geometries. Koch [70]

proposed that 0.03 bmin should be considered as the global minimum cutoff [34]. Roy et al. [55] suggested plotting

the standard deviation of the slope of the fitted line versus box sizes, wherein the minimum cutoff would be where

the graph constantly remains at zero.

Specifically for crack maps, Farhidzadeh et al. [22] assumed the maximum cutoff based on the maximum

crack length, and for the minimum cutoff, they considered the point where the fractal changes to the Euclidean

regime. Dolatshahi and Beyer [44] used the wall size as the global maximum for finding the structural fractal

dimension of crack patterns on masonry walls because the cyclic loads caused the cracks to spread over the whole

wall. Carrillo and Avila [38] used the software Benoit [72] to compute the fractal dimensions of cracks on concrete

walls. In most of the studies in this field, the effect of the global maximum cutoff, which is determined by the size

of the bounding box, was not investigated. Table 1 summarizes differentmaximum and minimum cutoffs that have

been used in different articles.

Table 1. Maximum and minimum cutoffs proposed for non-mathematical fractal patterns in literature.

Reference Minimum cutoff Maximum cutoff
Ostwald [34], Cooper and

Oskrochi [71]
0.03 bmin 0.25 bmin

Roy et al. [55]
Using the derivative of the
standard deviation of FD

0.5 bmin

FracLac plugin for ImageJ
software [61]

Variable 0.2-0.5 bmin
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Foroutan-pour et al. [53] One to five pixels 0.25 bmin

Farhidzadeh et al. [22]
Change of fractal to

Euclidean
Maximum size of the object

(crack)
Dolatshahi and Beyer [44] One pixel Wall size

3.4 Breakpoint Location
For some patterns, such as the crack maps depicted in Fig. 14, there is an apparent slope change in the

log-log plots (Fig. 3[b]), meaning two fractal dimensionsmust be reported to characterize the complexity. As long

as the value of the coefficient of determination is high, it is feasible to assume one breakpoint location, i.e., 𝑟2 =

𝑟3 in Fig. 3(b). To determine the fractal dimension of crack patterns, the location of the breakpoint and the global

minimum and maximum cutoffs must be defined. It is shown that the breakpoint of crack maps is related to the

crack spacing (also reported in previous studies like [44]). In brick masonrywalls, the crack spacing is very regular

because it is determined by the brick size [44]. In concrete walls, it is somewhat less regular. For this reason, the

breakpoint location for masonry and concrete crack maps is investigated separately.

When crack patterns in the masonry database showed apparent fractality over a range of scales, two

different plots representative of a portion of the database were obtained, as depicted in Fig. 14. In both types of

crack maps, the fractal dimension is 1 in thefirst part of the graph, meaning that the pattern does not show fractality

in this range. In the second part, however, the pattern shows fractal behavior, and FD is a fractional number

between 1 and 2. The location of the breakpoint relates to the vertical/horizontal distances between cracks [44].

For brick masonry walls, it was postulated [44] that the breakpoint location is roughly equal to the smaller

dimension of the bricks [44]. In fact, as bricks have a uniform size and cracks mainly follow joints, the crack

spacing in these walls is approximately uniform [44]. In Fig. 14, the black, blue, and red dashed lines highlight

the location of the breakpoint, 0.5 bmin, and bmin, respectively. In some crack patterns, all points after the breakpoint

fall on the same line, as shown in Fig. 14(a). However, an arrow at the last point in a graph in Fig. 14(b) indicates

it does not follow the fitted line and should therefore not be considered. It should be pointed out that all analyses

in this section have been conducted with the following assumptions: the origin of the grid is the left bottom corner

of the bounding box, the orientation of the grid is considered to be parallel to the wall sides, and the scale factor is

presumed to be √2, i.e., 𝑟 = 1, √2, √2
2
, … ,√2

𝑛
.
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Fig. 14 Box size interval and the breakpoint location for walls in the masonry database [59,60]. (a) Crack map
of the brick masonry wall PUP6 at a drift level of 0.15%, and (b) crack map of the brick masonry wall PUP3

at a drift level of 0.30%.

To demonstrate the difference that the global maximum cutoff can make on the calculations, Fig. 15(a)

compares the histograms of FD computed under two assumptions for the global maximum cutoff: 0.5 bmin and

bmin. This analysis was conducted only for the crack patterns that have a fractal regime in their plot, like Fig. 3(b);

there are 83 crack maps in the masonry database, of which 61 show statistical fractality. The other 22 crack maps

contain too few cracks for a fractal dimension to be defined (see discussion at the end of this section). It is evident

that in both cases, the value of the coefficient of determination is high (Fig. 15(b)), although the results can be

quite different (Fig. 15(a)). Indeed, the differences between the maximum and minimum FDs are around 0.2 (Fig.

15(c)). Moreover, the mean of the distribution, as demonstrated in Fig. 16, is 1.00, which means that the choice of
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the current breakpoint location and the choice to consider the global minimum to be greater than one pixel—i.e.,

excluding the first point where 𝑟 = 1—are appropriate assumptions.

(a) (b)

(c)

Fig. 15 For brick masonry walls, the influence of global maximum cutoff on (a) FD of masonry database and (b)
the coefficient of determination. (c) The distribution of the difference between FD computed with a maximum

cutoff of 0.5 bmin and FD computed with a maximum cutoff of bmin.
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Fig. 16 Histogram showing the distribution of FD in the Euclidean regime for walls in the masonry database
[59,60].(This result obtained by setting the global minimum to 𝑟 = 1 and the breakpoint location to the height

of the brick.)

As mentioned previously, Fig. 15 represents only 61/83 crack patterns within the masonry database. If

the crack maps contain only a few cracks, no fractal behavior can be observed, and these patterns were therefore

not included in the analysis of Fig. 15. Two examples of the 22 images of crack maps not showing fractality and

their corresponding log𝑁(𝑟) - log(𝑟) plot are shown in Fig. 17. In these plots, there is only one linear trend in the

graph (like Fig. 3(a)) related to the Euclidean dimension, which is not capable of representing the complexity of

the crack patterns. In these cases, other fractal dimensions, like an extended fractal dimension that captures the

visual complexity of a pattern, could be more useful [39,73].
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Fig. 17 Examples of crack maps lacking fractality [60]. (a) Crack map of the masonry wall PUM4 at the drift
level of 0.20%. (b) Crack map of the masonry wall PUM5 at the drift level of 0.15%.

To account for the less-regular crack patterns in concrete walls, the effects of cutoffs on their calculated

fractal dimension are now addressed. Like crack maps in brick masonry walls, the global maximum cutoff for

crack patterns showing fractal behavior in concrete walls can either be 0.5 bmin or bmin (Fig. 18). Thus, the

maximum cutoff can be determined according to the number of points that fit the straight line and the value of the

coefficient of determination. Moreover, Fig. 18 represents only a group of crack maps in the concrete database

due to unconnected cracks that lack fractal behavior in several of thewalls. Out of 45 crack patterns in the concrete

database, 30 maps show statistical fractal behavior.

Because the crack spacing is not as uniform in concrete walls as in brick masonry walls, determining the

breakpoint location is more difficult for concrete. As mentioned previously, the breakpoint location pertains to the

crack distance. In concrete walls, the horizontal crack spacing is often controlled by the spacing of the horizontal

reinforcement. For this reason, the smallest crack spacing typically occurs in the boundary elements where the

spacing of the horizontal reinforcement is smaller than in the web, i.e., in between the boundary elements.

Investigating the plots obtained for the crackmaps showing fractality, the point where the regime changes is mostly

associated with the spacing of transverse reinforcements. This can be verified by investigating the histograms that

show the frequency of the crack distances (vertically). It can be observed that most of the crack distances are lower

than 200 mm and 130 mm—the values corresponding to the spacing of the transverse reinforcements—for the

crack maps in Fig. 18(a) and Fig. 18(b), respectively.
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Fig. 18 Box size interval and breakpoint location for the walls in the concrete database [49]. (a) Crack map of
the concrete wall TW1 at a drift level of 0.25%. (b) Crack map of the concrete wall TW5 at a drift level of

0.12%.
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(a) (b)

(c)

Fig. 19 For concrete walls, the influence of global maximum cutoff on (a) the FD of walls in the concrete database
[49] and (b) the coefficient of determination. (c) The distribution of the difference between FD computed with a

maximum cutoff of 0.5 bmin and FD computed with a maximum cutoff of bmin.

From Fig. 19(c), it can be deduced that, formost cases, the estimated fractal dimensions of concrete crack

patterns are not hugely affected by the choice of the maximum cutoff. In the masonry database, the ranges (Fig.

15[c]) were more variable and, on average greater than those of concrete crack maps, meaning that the estimated
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fractal dimension of the masonry crack patterns is more sensitive to the global maximum cutoff. As depicted in

Fig. 20, the mean value of the Euclidean FD is 1.04, which is quite close to 1.

Fig. 20 Histogram showing the distribution of FD in the Euclidean regime for walls in the concrete database
[49].

4. Conclusions
In this study, the box-counting method that is generally used to estimate the fractal dimension of both deterministic

and non-deterministic fractals is reviewed. Various parameters affecting the results, including sampling sizes,

maximum and minimum cutoffs, grid position and orientation, and breakpoint location are investigated. For each

of these factors, suggestions provided by previous studies, which have been obtained mostly by exploring

mathematical fractal geometries, are indicated. Furthermore, some new recommendations for exploring the

fractality of crack maps are introduced by analyzing two databases containing 45 and 83 crackmaps from concrete

and masonry wall surfaces, respectively, that were tested at EPFL [49,59,60]. The results from these investigations

are summarized in the following.

Box size interval: The box size interval is the interval over which a self-similarity of the crack pattern is assumed,

i.e., the range of scales over which log𝑁(𝑟) - log(𝑟) graphs are assumed as linear. To determine the maximum

size of the interval, the results when taking 0.5 bmin and bmin as the maximum limit were compared. Based on the

obtained high values for the coefficient of determination, it was shown that both values can be used as the global

maximum cutoff. It should be pointed out that for a group of crack maps, however, one must consider 0.5 bmin,

since the points after this limit might not fall on the same line as others.
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Breakpoint location: For some crack maps, there is an apparent slope change in the log-log plots, meaning two

fractal dimensions must be reported to characterize the complexity. Because only the part of the log𝑁 (𝑟) versus

log 𝑟 plot indicating fractal behavior is of concern, one must define the location where the behavior of the crack

maps changes from Euclidean regime to fractal regime. This point pertains to the crack spacing. The crack spacing

in brick masonry walls is almost uniform because the cracks mainly pass through the joints, so the brick height

can be considered as the breakpoint location. For concrete crack maps, the distance of the transverse reinforcement

is suggested as the breakpoint location. It is important to point out that in both crack map databases, a portion of

the patterns does not show any fractal behavior (FD=1), so other dimensions like extended-box counting could be

used for evaluating the visual complexity of these patterns [39,73].

Sampling strategy: The sampling strategy refers to the sequence of discrete box sizes r, for which N is evaluated.

Typically multiples of a basic box size are chosen, and the ratio of two consecutive box sizes is referred to as scale

factor. The considered scale factor for the box sizes should provide enough points, at least three, that can be used

to fit the line. For the examined crack map databases, the scale factor of √2 was the best, as was also suggested by

previous studies concerning fractal geometries [34,64]. The box sizes should, therefore, be

1, √2
1
, √2

2
, √2

3
, … , √2

𝑛
.

Grid disposition and orientation: The origin of the grid position and orientation of the grid with regard to the wall

edges affect the computed FD. Based on the considerable differences that can be measured by changing the

variables involved in the box-counting method, the origin of the grid position and the orientation of the grid must

be reported for each analysis to make the results comparable. Moreover, it is possible to either choose different

grid positions and orientations and take the mean value of the computed fractal dimensions or to find the optimum

grid configuration, which is considered as the grid position that leads to the lowest FD [31,61,64].

In summary, non-deterministic fractal patterns, like crack maps, do not have a benchmark with which to compare

the results of the estimated fractal dimensions. Therefore, it is of the upmost concern that any parameters used in

the analysis are clearly defined. In this study, general suggestions are provided to aid in the choice of the scale

factor, grid position and orientation, breakpoint location, and the cutoffs. For the crack maps of brick masonry and

concrete walls that were investigated here, it was shown that the fractal dimension computed bymeans of the box-

counting method is particularly sensitive to assumptions with regard to the grid orientation and the scale factor.

The computed fractal dimensions were less sensitive for the grid position with regard to the wall edges and the

global cut-off, i.e., the maximum box size considered. However, further studies addressing databases containing
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more crack patterns are needed to deeply investigate the influence of each parameter on the fractal dimension of

crack patterns. This study also showed that crack maps have only fractality if the crack map contains a certain

number of cracks. If the crack maps contain too few cracks, by applying the box-counting method and plotting

log𝑁 (𝑟) vs. log 𝑟, there will be only one slope to report as the fractal dimension, which is constant (equal to

unity); thus, other fractal dimensions, like an extended fractal dimension that captures the visual complexity of a

pattern, could be more useful and should be explored in future works.
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