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Abstract. We consider the finite-time stabilization of homogeneous quasilinear hyperbolic sys-
tems with one side controls and with nonlinear boundary condition at the other side. We present
time-independent feedbacks leading to the finite-time stabilization in any time larger than the
optimal time for the null controllability of the linearized system if the initial condition is suffi-
ciently small. One of the key technical points is to establish the local well-posedness of quasilinear
hyperbolic systems with nonlinear, non-local boundary conditions.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Linear and nonlinear hyperbolic systems in one dimensional space are frequently used in modeling of
many systems such as traffic flow, heat exchangers, and fluids in open channels. The stability and boundary
stabilization of these hyperbolic systems have been studied intensively in the literature, see e.g. [2] and the
references therein. In this paper, we investigate the finite-time stabilization in optimal time of the following
homogeneous, quasilinear, hyperbolic system in one dimensional space

dw(t,z) = S(z,w(t,z))0,w(t, z) for (¢,z) € [0,+00) x (0,1). (1.1)

Here w = (wy, -+ ,wy,)" : [0,400) x (0,1) — R™, 2(-,-) is an (n x n) real matrix-valued function defined
in [0,1] x R™. We assume that X(-,-) has m > 1 distinct positive eigenvalues and k = n —m > 1 distinct
negative eigenvalues. We assume that, maybe after a change of variables, ¥ (z,y) for € [0,1] and y € R™
is of the form

E(x7y) = dlag( - Al(x,y)a e 77)\k(x7y)a )\k+1(x; y)v e 7)\k+7n(xa y))’ (12)

where
—A(zy) <o < =Ap(2,y) <0 < A1z, y) < - Appm (2, 9). (1.3)
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Throughout the paper, we assume
\i is of class C? with respect to z and y for 1 <i <n =k + m. (1.4)

Denote
w_ = (wy,- ,wi)" and wy = Wyt Whem)'.

The following types of boundary conditions and controls are considered. The boundary condition at x = 0
is given by

w_(t,0) = B(w4(t,0)) for t >0, (1.5)
for some

B € (C*(R™))" with B(0) =0,
and the boundary control at x = 1 is

w+(ta 1) = (WkJrlv T aWk+m)T(t) for ¢t > 0, (16)
where Wi41,..., Wiy, are controls. In this work, we thus consider non-linear boundary condition at
z=0.

Set
|
T = ———dz for 1 <i<n, 1.7
and
maX{Tl +Tm+1a"'7T/€+Tm+k}a7—k+1} if m > ka ( )
Topt := 1.8
o max {Tkﬂ,m F Thtls Tht2—m & Tht2y .-« Tk + Tk+m} if m< k.

The main result of this paper is the following result whose proof is given in the next section.

Theorem 1.1. Define
B = {B € RF¥>™: such that (1.10) holds for 1 < i < min{m — 1,k:}}7 (1.9)
where

the i X i matriz formed from the last i columns and the last i rows of B is invertible. (1.10)

Assume that B = VB(0) € B. For any T > Ty, there exist ¢ > 0 and a time-independent feedback control
for (1.1), (1.5), and (1.6) such that if the compatibility conditions (at x = 0) (1.13) and (1.14) below hold
fOT w(oa '):

(Iw(0,) o1 (o) <€) = (w(T,-) =0). (1.11)

Remark 1.1. 1. The feedbacks constructed also lead to the well-posedness of the Cauchy problem for the
closed loop system (see Lemma 2.2) and to the following property: for every n > 0, there exists 6 > 0 such
that, if the compatibility conditions (at x = 0) (1.13) and (1.14) below hold for w(0, -),

([[w(0, Moy < 6) = (llw(t,)ller oy < n, VE € [0,T]) (1.12)

see the proof of Lemma 2.2. Hence, by (1.11) and (1.12), 0 € (C([0, 1]))” is stable for the closed-loop
system and 0 € (C*([0, 1]))" is finite-time stable in time 7T". 2. The feedbacks constructed in this article use
additional 4m state-variables (dynamics extensions) to avoid imposing compatibility conditions at x = 1. In
particular (1.11) and (1.12) are understood with these additional 4m state-variables. 3. The null feedback
law (W41, ,W;Hm)T = 0 also leads to finite-time stability but in a time 77 which can be larger than
T,pt even in the linear case with B € B if m > 2. Indeed for generic B in € B, T1 = T + Ti41 in the linear
case B(-) = B-. Moreover, if one denotes by T} (¢) the smallest value of T' such that (1.11) holds for the null
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feedback law, for every B € R**™, for generic (for the C*-topology) nonlinear B € (C? (]Rm))k such that
B(0) = 0 and VB(0) = B, T1(g) — T + Tky1 as € — 07; it then suffises to point out that 7 + 71 > Tope
with equality if and only if m = 1.

In what follows, we denote, for z € [0,1] and y € R,

Z,(.’E, y) = dlag( - )\1(%, y)7 Ty _)\k(xv y)) and EJr(x? y) = diag()‘k+1(xa y)v Tty )\n(xa y)) .
The compatibility conditions considered in Theorem 1.1 are:
w_(0,0) = B(w4(0,0)) (1.13)

and
Y- (0,w(0,0))0,w—(0,0) = VB(w4(0,0)) 2, (0, w(0,0))dpw. (0,0). (1.14)

Null-controllability of hyperbolic systems with one side controls have been studied at least from the work
of David Russell [16] even for inhomogeneous systems, i.e., instead of (1.1), one considers

dw(t,z) = S(z,w(t.x))d,w(t,z) + C(z, w(t, x)),

nxn

for some C' € (L>([0,1] x R™)) with C(z,0) = 0. For linear systems, i.e., X(x, ) and C(x,-) are
constant for z € [0,1] and B is linear (B(-) = B- with B = VB(0)), the null-controllability was established
in [16, Section 3] for the time 7y + 7%4+1. Using backstepping approach, feedback controls leading to finite-
time stabilization in the same time were then initiated by Jean-Michel Coron et al. in [8] for m = k = 1 and
later developed in [1,4] for the general case. The set B was introduced in [5] and the null-controllability for
the linear systems with B € B was established for T' > T, in [5,6] (see also [17] for the case C' diagonal)
via the backstepping approach. A tutorial introduction of backstepping approach can be found in [11]. In
the quasilinear case with m > k and with the linear boundary condition at x = 0, the null controllability
for any time greater than 7y + 71 was established for m > k by Tatsien Li in [14, Theorem 3.2] (see
also [12]).

This work is concerned about homogeneous quasilinear hyperbolic systems with controls on one side,
and with nonlinear boundary conditions on the other side: (1.1), (1.5), and (1.6). The null-controllability
is obtained in any time greater than 7 + 7441 using the zero controls if the initial data are sufficiently
small. When the boundary condition is linear, the null-controllability was established by Long Hu [9] for
m > k at any time greater than max{7gy1, Tk + Tm+1} if initial data are sufficiently small. In the linear
case [5], for B € B, we obtained time-independent feedbacks for the null controllability at time T, and
showed the optimality of T, if, moreover, (1.10) with ¢ = min{m, k} holds (if this last condition does not
hold, see Remark 1.2). Related exact controllability results can be also found in [5,9,10]. In this work,
for VB(0) € B, we present time-independent feedbacks leading to finite-time stabilization of (1.1), (1.5),
and (1.6) in any time T > T,,; provided that the initial data are sufficiently small. It is easy to see that
B is an open subset of the set of (real) k x m matrices, and the Hausdorff dimension of its complement is
min{k,m — 1}.

The feedbacks for (1.1), (1.5), and (1.6) are nonlinear and inspired from the ones in [5]. The construction
is more complicated due to quasilinear nature of the system. We add auxiliary dynamics to fulfill the
compatibility conditions at z = 1 since C'-solutions are considered. One of the key technical points is
to establish the local well-posedness of quasilinear hyperbolic systems with nonlinear, non-local boundary
conditions, which is interesting in itself. The Lyapunov functions associated with the feedbacks considered
here are investigated in our forthcoming work [7].

Remark 1.2. Consider the linear case: B(-) = B- with B € B, m < k and assume that (1.10) with
i = min{m, k} = m does not hold. Then the optimal time for the null controllability of (1.1), (1.5), and
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(1.6) can be smaller that Ty, Indeed, let

Jo = min {1 < j < k—m+1; the j-th row of B is not in the space spanned by the last m — 1 rows of B}.
Set 7o = Tj, + Tk+1 Where jo = ;rrenjrij if Jp is not empty, and 79 = 0 otherwise. Define

Topt = max {%Oa Tk+2—m + Thk+2, " Tk + Tk+m}- (115)

Then the null controllability is attained for Topt, which might be smaller than T5,,,.
Indeed, we use the same control as in the proof of [5, Proposition 1.6]. Consider first the case where Jy
is not empty. By the definition of jy, it follows that, for jo+1<j<k—m+1,

(Bw4),;(t,0) is a linear combination of (Bwy)g—m+2(t,0),-- -, (Bw4)k(t,0). (1.16)
One then derives from (1.16) that, for jo+1<j <k—m+1,
(Bw);(t,0) =0 for t > Tp 4o

since (Bw)(t,0) = 0 for ¢t > Tkym, ..., (BwW)k—m+2(t,0) = 0 for ¢t > 7442. By the characteristic method,
this implies, for jo+1<j<k—m+1,

wj(t, ) =0 for t > Ty + Thtm—1- (1.17)

On the other hand, from the proof of [5, Proposition 1.6], we have
wl(t’ ) — .. = 'wjo(t’ ) = wk7m+2(t, ) — .. = wk+m(t’ ) — O
for ¢ > max {Tjo + Tha1, Tht2—m + Tka2, s Tk + Tk—i—m}- (1.18)

(One can also view this fact as a consequence of the proof of [5, Proposition 1.6] applied to the system
consisting of the first jo components and the last 2m — 1 components of w). The null-controllability for

Topt now follows from (1.17) and (1.18) in this case.
We next consider the case where Jy is empty. Similar to (1.17), we have, for 1 <j <k —m+1,

wj(t, ) =0 for ¢t > Tk+2 + Tk—m4+1, (119)

and similar to (1.18), we obtain
Wg—m2(t,") = = wrrm(t,-) =0 for t > max {Tk+2_m + Thao, Tk + Tk+m}. (1.20)

The null-controllability for T}, in the case where .Jy is empty now follows from (1.19) and (1.20).

One can also show the optimality of Topt. When Jj is not empty, this follows from the proof of [5,
Proposition 1.6] on the optimality part applied to the first jo components and the last 2m — 1 components
of w after considering the initial data w(t = 0, -) which satisfies wj,+1(t =0,-) = -+ = Wg—m41(t = 0,-) = 0.
When Jj is empty, this follows from the proof of [5, Proposition 1.6] on the optimality part applied to the
components k —m+2, ..., k, k+2, ... k+m.

Let us point out that, if m < k and Topt < Topt, Theorem 1.1 does not hold for T, replaced by Topt
even if (1.10) with ¢ = min{m, k} = m does not hold. In fact, even the local null controllability in any time
T < Topt does not hold for generic (for the C2-topology) nonlinear B € (C? (]Rm))k such that B(0) = 0 and
VB(0) = B where B is any given element of in B, whatever are m > 1 and k > 1.
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The discussion on the case where B € B, m < k, and (1.10) with ¢ = min{m, k} = m is not satisfied
is motivated by exchanged messages with Guillaume Olive, who also informed us that with Long Hu he
recently characterized the optimal time for the null controllability in the linear case and for every B. We
are grateful for the discussions.

2. PROOF OF THE MAIN RESULT

This section containing two subsections is devoted to the proof of Theorem 1.1. In the first subsection,
we establish the local well-posedness of quasilinear hyperbolic systems with nonlinear, non-local bound-
ary conditions. This implies in particular the well-posedness for the feedback laws given in the proof of
Theorem 1.1 associated with (1.1) and (1.5). The proof of Theorem 1.1 is given in the second subsection.

2.1. Preliminaries

The main result of this section is Lemma 2.2 on the well-posedness for quasi-linear hyperbolic systems
related to (1.1) and (1.5). The assumptions made are guided by our feedback controls used in Theorem 1.1.
We first consider the semilinear system, with 7" > 0,

Opu(t,x) = A(t, x)0u(t, ) —|—f(t,m,u(t,x)) in [0, 7] x [0,1],

u_(t,0) = g(t,us(t,0)) for t € 0,77, 1)
uy(t,1) = h(t,u(t,-), uo) for t € [0,T],
u(0,-) = uo(") in [0,1],
for
A(t,z) = diag( — M (t,2), -+, = A (t,2), Amg1 (6 2), -+, Amgi(t, 2)),
where

At z) <o < =An(t,x) <0< Apga(t,z) <o < Apgi(t, ),
and for f : [0,7]x [0, 1] xR™ — R™, g : [0, T]xR™ — R¥, and & : [0,T] x (C([0,1]))" x (C*([0,1]))" — R™.
We have

Lemma 2.1. Assume that A is of class C', f, and g are of class C?,

h(t, o, u0) = h1(t,ug) + ha(t, ¢, ug) with hi(-,up), he are of class C*, (2.2)
lim supsup ([ha(t o)l + 9ia (£ o)) =0, (23)

129 Juoll 1 g0,y < £>0
ft,2,0) = g(t,0) = ha(t,0,-) =0, (2.4)

and the following conditions hold, for some C' >0, a € [0,1), 1 <p < 400, and g9 > 0,

|h(t7 @7 uO) - h(tv 2 u0)| + |ath(t7 957 UO) - ath(tv 2 u0)|

<c(l@- w9 - losoay + 1@ = 9.8 =)o) (25)
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for all o, ¢, ug € (C([0,1]))" with max {||@llc1(o.11) lellor (o, luollor oy } < €0, and

d

. d
dth(svv(tv ')7u0)|82t - 7h(33v(ta ')7UO)|S:t

dt
< C(I((® = V)t ), Buld = v)(t,), 0 (0 = 0)(E,)) leogo.an
(0 = 0)(t), D10 = 0)(t), D0 = 0)(1, ) o0 ) (26)

for all v,v € (Cl([O,T] x [0, 1]))” and ug € (C’l([(), 1]))” with max{||@||Cl([0,T]X[071]), HU”Cl([O’T]X[O)l])}
< g9 and |[ug||cr(po,1]) < €0 There exists € > 0 such that for ug € (C1([0,1]))" satisfying the compatibility

conditions (see (2.7)-(2.9) below) with ||ug||lc1(jo,1]) < €, there is a unique solution u € (C*([0,T] % [0, )"
of (2.1).

We recall the following definition of compatibility conditions for (2.1): uo € (C*([0,1]))" is said to
satisfy the compatibility conditions if

o,—(0) = g(0,u0,4(0)), wuo+(1) = h(0,ue(-),u0), (2.7)

(A(0,0u(0)+ £(0,0.u0(0)) ) = Dug(0, - (0)) + 3., 9(0. - (0)) (A0, 0)up(0) + £(0.0,u0(0)) ) |, (28)

(A(o,1)ug(1) + f(O,l,uo(l))>+ = 0:1(0, ug, uo) + ayh(o,uo,uo)(A<o,1)ug(1) + f(O,l,uo(l))). (2.9)

Here and in what follows, the partial derivatives are taken with respect to the notations f(¢,x,v), g(t, y+),
and h(t,y, up).

Remark 2.1. The conditions a < 1 and p < 400 are crucial in Lemma 2.1.

Proof of Lemma 2.1. Set, for u € (C([0,T] x [0, 1]))”,

— —Lit—Lox A(t 2.1
lullo := max  max ol ui(t, z)| (2.10)
and, for u € (C*([0,T] x [0,1]))",
Jul = mae { o [yl 1ol ). (211)

where Ly and Ly are two large, positive constants determined later.
Set

0. = {v e (C([0,T] x [0,1]))" with v(0, ) = ug,

00(0,1) = A0, 1)uh(1) + £(0,1,u0(1)), and [jv]y < 5}.
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From now on, we assume implicitly that ||ugl|c1([,1]) is sufficiently small so that O, is not empty. For
v € O, let u = F(v) be the unique C*-solution of the system

Opu(t,x) = ( ) u(t,z) + f(t,z,v(t,x)) in[0,7] x [0,1],

= g(t,u(t,0)) for t € 0,77,
(2.12)
uy(t,1) = h(t,v(t,)) for t € [0, T,
u(0,-) = uo(+) in [0, 1].

Here and in what follows, for notational ease, we ignore the dependence of h on ug and denote h(t, v(t,-))
instead of h(t,v(t,-),up). As in the proof of [5, Lemma 3.2] by (2.4) and (2.5), and the fact that f and ¢
are of class C, one can prove that F is contracting for ||-||;-norm provided that L is large and L; is much
larger than Ly. The condition 0 < a < 1 and 1 < p < +oo are essential for the existence of Ly and Lo. 1
The existence and uniqueness of u then follow. Moreover, there exist two constants Cy, Co > 0, independent
of ug such that for |lug||c1(jo,1) < Cie and [|v]|; < €, there exists a unique solution u € (C*([0,77] x [0, 1]))”
and moreover,

lullero,mxo.1) < C2 (||U0||01([o,1]) +sup (|ha(t, uo)| + 0cha (t, U0)|)>~

It follows from (2.3) that for £ > 0 small, there exists a constant 0 < C3(¢) < e small, independent of wy,
such that for [|uo||c1(jo,1)) < C3(e) and v € O, then

IF ()|l < e which implies in particular that F(v) € O,. (2.13)
We claim that, for ||ug||c1(j0,1)) < C3(¢) and ¢ sufficiently small,
F is a contraction mapping w.r.t. || - ||; from O, into O.. (2.14)

Indeed, fix A € (0,1). As in the proof of [5, Lemma 3.2], applying the characteristic method, and using
(2.4) and (2.5), and the fact f and g are of class C!, we obtain

17@) — Fw)llo < Mo — vll, (2.15)
if Ly is large and L is much larger than Lo. Set U(t, z) = Oyu(t, z) for (¢,z) € [0,T] x [0,1]. We have

O U(t,x) = A(t,2)0,U(t,x) + O, A(t,x)A(t,2) U (t, ) + f1(t,z,v) in [0, T] x [0, 1],
U-(t,0) = g1(t) for t € [0, T,
Ui (t,1) = hi(t) for t € [0,T],
U(0,z) = A0, z)ufy(x) + (0,2, uo(z)) in [0,1],

(2.16)

where
filt,z,v) = =9, A(t, ) A7t z) f (¢, z,v(t, @) + Ouf (£, 2, 0(t,2)) + O, f (¢, 2, v(t, z)) O (t, ).

g1(t) = 9eg(t,us(t,0)) + 9y, g(t, ur(t,0))U4(t,0),
hi(t) = Och(t,v(t,-)) + Oyh(t,v(t,-))Oww(t, ).

'We here clarify a misleading point in the definition of F(v) in [5, (3.10)] in the proof of [5, Lemma 3.2]. Concerning this
definition, in the RHS of [5, (3.8)], v;4+x(t,0) must be understood as (F(v));4(t,0) and (F(v)),4+x(t,0) is then determined
by the RHS of [5, (3.6) or (3.7)] as mentioned there. Related to this point, V;(¢,0) for k+1 < j < k+m in [5, (3.14)] and in
the inequality just below must be replaced by (F(v) — F(0));. The rest of the proof is unchanged.
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Note that, with @& = F(¢) and U = 8,4,

Dug(t, s (t,0)) + By, g(t, @r (8, 0)) U4 (1, 0) — Byg(t, u (£,0)) = 9y, g(t, u (8, 0)) U (8, 0)

9602 N
< C(Jar (1,0) = uy (t,0)] + U4 (t,0) — U4 (£,0)]),

and reon
At 2,0) = iltzo)l < C(8(t2) = v(t,2)| + |8t 2) - (L, o))

and by (2.5) and (2.6),

< C(II((ﬁ = 0)(t,), 00 = 0)(t, ), 0 (0 — v)(£,)) o (0,0

(0 = )8, 800 = )t ), 0u0 = 0)(6,) 1001 )

if max {||ull1, [|v||1, l@]l1, [|9]l1} < eo. Again, as in the proof of [5, Lemma 3.2], applying the characteristic
method and using (2.5) and (2.6), we also have, by (2.15),

[0:F (9) — 0 F(v)]lo < Allo —vl|1. (2.17)

Since
O(t—u)(t,x) = A(t,2)0, (0 — u)(t,x) + f(t,z,0(t,x)) — f(t, z,v(t, x)),
and
(b, 5(t,2)) — £(t,,0(t,2))] < Clo(t,2) — o(t, ).
it follows from (2.15) and (2.17) that
IF(0) = Fo)llx < CAlld = vl|x.

Claim (2.14) is proved.
The existence and uniqueness of solutions of (2.1) in (C*([0,7] x [0, 1]))" now follow for ug satisfying
lluollcr(jo,17) < C3(e). The proof is complete. O

We next establish the key result of this section. To this end, we first set, for 7 > 0,

D, = {(2,p,un) € (C(0, +00) x [0,1))" x (CX([0,1)" x (€*([0,1]))"
max { || Ell1 (o, +00) x 0,1, I elle o, lwoller o,y } < T}
and, for T > 0,
D, = {(E,wo); (Z,0,wp) € Dr,2(0,-) = wo(-),Z(t, ) = 0 for t > T,
and the compatibility conditions at « = 0 hold for the system (2.27) below}.

The set D, also depends on T but we ignore this dependence explicitly for notational ease.
We have
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Lemma 2.2. Let T > 0, f : [0,400) x [0,1] x R® — R"™ be of class C* such that f(t,x,0) = 0 for
(t,x) € [0,+00) x [0,1]. Assume that B = VB(0) € B, X is of class C?, and there exist T > 0 and

H :[0,+00) x D, — R™

such that H is continuously differentiable w.r.t. (t,Z, ), and for some C > 0,1 < p < 400, and a € [0, 1),
the following conditions hold, for (2, ¢, wo), (2, $,wy) € Dy with (2, wy), (E,we) € Ds,

H(t,Z,p,wo) = Hy(t,wy) + Ha(t,Z, ¢, wo) with Hy(-,wg), Hy are of class C*, (2.18)
lim sup sup (\Hl(t,uoﬂ + |8tH1(t7uo)|) =0, (2.19)

n—0 \Iuo\lclqo,mﬁ’? t>0
|Hy(t,E, ¢, wo)| < C(”(‘pv(PI)HCO([O,a]) + ||(90a4P/)||LP(0,1))7 (2.20)

|H(taé7¢77w0) —H(t,E,(P,’LU())‘ + |atH( é Sa ) atH(tugaQD7wO)|
< C(J12 = Elleogo+oe o 1Bllcr o, + 16 = Plloooay + 18 = Pllesgo ), (2:21)
(0L H(t, =, . w0). )] < C(Idellongoay + ldellinon) Vdpe (C'0.1))", (222
d — -

%H(& E(t+,0),0,wo)|s=t| < C(HD(t + 5 )ler o, +00)x[0,1]) + H<P||01([o,1])) lellcr o) (2.23)
|Hy(t' wo) — Hy(t,wo)| < p1(en,wo), (2.24)

and, for n >0 and for 0 < [t —t| <, for dp,dp € (C*([0, ]))

d _ . d _
‘dSHZ(Sa .:(S + - ')7 ‘PawO)‘s=t/ o %HQ(S’ :‘(S + ')’ (p7w0)|8=t

+ |<8¢H2(t/7 Ea @7 U}O), d¢> - <8¢H2(ta E7 @, wO)a d@)l
< C(Pl (0777 wO) + P2 (0777 2 957 d@v d@)) ) (225)
for some constant ¢ > 0 and some function p; such that

}gbm(n,wo) =0,

where

p2(n, @, ¢, dp, dp) = H Sup {Isa(y) = @(x)| + |dp(y) — dp(z) }HLP(O,l)

ly—z|<n

s {low) — o)l + o) = de@ ] (2260

ly—z|<n
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Assume also that for all (2,wg) € D, the system

Oyw(t,x) = X(z,=(t, x)) 0 w(t,x) + f(t,z,w(t,z)) in[0,4+00) x [0,1],

w_(t,0) = B(w+(t 0)) fort €0, +00), 227
wy(t H(t,E(t+ ), w(t,-),wp) fort € [0,4+00),
w(0, )—w0() in [0,1]

has a unique C*-solution satisfying w(t,-) = 0 fort > T. There exists € > 0 such that if ||w(0, ety <e
and w(0, ) satisfies the compatibility conditions at x = 0, then there is a unique solution w € (C’l([O,T] X

0,1]))" of (1.1) and (1.5) with

w(t,1) = H(t,w(t+-,),w(t,-),wy) fort € [0,+00). (2.28)
Moreover,
[wllet (o, +00)x0,17) < C <w0|cl([o,1]) +  sup  sup (|H1(t,uo)\ + |3tH1(taU0)|)> ; (2.29)
”uOHcl([o,l])SW t>0

for some positive constant independent of wy and €.
In Lemma 2.2 and what follows, Z(¢+ -, -) denotes the function (s, z) — Z(t+s,x) and w(t+-,-) denotes

the function (s,z) — w(t + s, ).
The compatibility conditions at = 0 considered in the context of Lemma 2.2 are

Wo,— (0) = B(w0,+ (O)) )

and

(2(0, (0, 0))0,w(0,0)+ £(0,0, w(0, 0))) = VB(w4(0,0)) (z(o, =(0,0))0,w(0,0)+ £(0,0, w(0, 0)))
- +
The compatibility at = 1 of (2.27) is a part of the assumption of Lemma 2.2.

Before giving the proof of Lemma 2.2, let us discuss the motivation for the assumptions made. To this

end, we present one of its applications used in the proof of Theorem 1.1. Consider the setting given in
Theorem 1.1; f = 0 in Lemma 2.2 then. For = € (C*([0, +00) x [0,1]))", define the flows

d —_ = = .
7% z5(t,8,6) = ( =(t,s,€),2(t, ;(Ls,f))) and x5 (s,s,§) =& for 1 < j <k,
and
d —_ = = .
p J(t 5,€) = ( =(t,8,6), :( ;(t,s,f))) and  z7(s,5,§) = for k+1<j<k+m.
Here and in what follows, we only consider the flows with z7 =(t,s,€) € [0,1] so that Z is well-defined.
Assume that m > k. Since VB(0) € B, by the implicit theorem and the Gaussian elimination method,
there exist My, : Uy — R, ..., M; : U; — R of class C? for some neighborhoods Uy of 0 € R™~1, ..., U;
of 0 € R™~* such that, for ¥, = (Yrs1, - ,Yrtm)' € R™ with sufficiently small norm, the following facts
hold
(B(er))k = 0if Yrrm = Mr(Yrt1, -+ Yrtm—1)s
(B(y-l‘))k = <B(y+))k—1 =0 if Yk4+m = Mk(yk-i-h e 7yk+7n—1)7 Yk+m—1 = Mk—l(yk-l—ly o ;yk+m—2)a
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B(y+) = 0if Yrym = Mi(Yrt1, - Yrtm—1), -+ Y1 = Mi(Yr41, - Ym).
For T > Typt, set § = T'— Ty Consider ¢; and n; of class C! for k+1 < j < k+m and for ¢t > 0 satisfying

CJ(O) = ’LU()J'(l), Cj(t) =0fort> 5/2, nj(O) = 1, Uj(t) =0fort> 6/2, (230)

and
¢5(0) = A (L, wo(1))wp (1),  1;(0) = 0. (2.31)
For (2, p,wp) € D, with small 7, set

(H(t7 g0, wo))m = Ch4m(t)

+ (1 - 77k+m(t))Mk (SDk+1 (:L’%+1(t, t+ thJrka 0))’ s Pltm—1 (x%+m71(t, t+ t%z+k7 0))>a (2'32)

(H(t,E, @,wo))m_l = Ckrm—1(t)

+ (1 - 77k+m—1(t))Mk—1 (‘Pk—&-l ($%+1(t, i+ t'rEn—Hc—l? O))’ s Phtm—2 ($%+m—2(ta t+ trEn+k—1a 0))>a (233)

(H(ti w,wo))mﬂ_k = G (t)

+ (1 — NIm+1 (t))Ml (@k-i-l ('Tf—i-l(tvt + t'rEn—i-lv O))’ s Pm (l‘i(t, t+ tEm+1’ 0))>’ (234)

and
(H(t.Z p,00)) = Gors(t) for 1< j <m—k, (2.35)
J

where tJE = t?(t) are defined by
ah sttt ) =0, 2T (E+ Tt 1) =0for k+1<j <k+m.

We now show that H satisfies the assumptions given in Lemma 2.2 if ||wol|¢1(jo,1)) < € and ¢ is sufficiently
small (7 is sufficiently small as well). We first note that the solutions of the system (2.27) are 0 for ¢t > T if
IE]l 1 (j0,400)x[0,1]) is sufficiently small. The proof of this fact follows from the choice of M; (see the proof
of (2.67)-(2.68) in the proof of Theorem 1.1). One can easily check that (2.18), (2.20), (2.22), (2.23), and
(2.24) hold. Assertion (2.19) will be a consequence of our construction n; and (; given later. We are next
concerned about (2.21). It suffices to prove that

(1

|H(t7 Ey 2 IUO) - H(t7 é? ®, w0)| + |8tH(t7 Ea ®, ’LU()) - 815H(ta » Py w0)|

IN
Q

—
—

Elleo(jo,400)x [0, l2llcr(o,17)- (2-36)

We claim that, for 1 < j < k+ m.

|25 (t, 5,€) — 25 (¢, 5,€)| < ClIZ — Ell 0o (0,400)x[0,1]) (2.37)
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for (t,s,€) so that both flows are well-defined. We only consider the case k + 1 < j < k + m, the other
cases can be proved similarly. We have
- _ P max{t,s} z, =, ,
|25 (t,5,8) — 25 (t,5,8)| < C|IZ = E[|co[0,4-00)x[0,1]) T C/ lz7 (8", 5,8) — 27 (8", 5,6)| ds

min{t,s}

and (2.37) follows.
Since, for k+1 < j < k+m,

/ Aj (a:j;(s,t, 1), E(t,xf(s,t, 1))) ds=1= / Aj (:cj;(s,t, 1),E(t,xf(s,t, 1))) ds,
t t

it follows from (1.3) and (2.37) that

- _ t+min{t?,t?} N _ R
|t; - t;| Sc/t (|£C;»(S,t, 1) - :C;(57t’ 1)| + ”E - E“CO([O,-&-OO)X[O,I])) ds

<C|1E = Ellco 0,400y x[0.1))- (2.38)

Combining (2.37) and (2.38) yields (2.36). One can also verify (2.25) by direct/similar computations and
by using the fact _ _
|25 (t,s,8") — a5 (t,5,8)| < C(It' —t] + [ — 5| +|§" = £]).

We now give the

Proof of Lemma 2.2. In what follows, for notational ease, we ignore the dependence of H on wg and
denote H(t,Z, p(t,-)) instead of H(t,Z, ¢(t,-),wo). Fix an appropriate w(®) such that (w(®) wy) € D, and
||U)(0)Hc'1([07+oo)><[071]) < Cllwoller(jo,17); we thus assumed implicitly here that ||wollc1(jo,1) is sufficiently
small. For I > 0, let w(*1 be the unique C'-solution of

0w (t, ) = Bz, wh (¢, 2)) 0wV (8, ) + f(t,2,w D (t2))  in [0,+00) x [0,1],

2.39
w V(1) = H(t, wO(t + -, ), wl+D(t, ) for ¢ € [0, +00),
w0, ) = wo(+) in [0, 1],

and set

WO, z) = d,wB(t, z) for (t,z) € [0, +00) x [0, 1].
The existence and uniqueness of w(*1 follows from Lemma 2.1. Indeed, the compatibility conditions at
x = 0 follow from the fact w®(0,-) = wo(-) and the compatibility conditions at x = 1 follow from the
assumption on H for the existence of C*-solutions of the system (2.27). We have

WDt x) = B(x, wO (t, )0, WD (¢, 1)
+f1(t, )Wt 2) 4+ fo(t, z) for (t,z) € [0, +00) x [0,1],
W (1,0) = VB (w0 (£,0) W (£,0) for ¢ € [0, +00),
Wﬁ*”(t, 1) = 0. H (t,wD(t 4 -,-), w D (t,)) + (D= H (£, wD (t 4 -,-), wHD (t,-)), WD (¢t + -,-))
{0 H (t,wO (t + -, ), wHD (2, ), WD (2, ) for t € [0, 400),
WHED(0, ) = (-, wo (x))w () + f(0,2,wo()) in [0, 1],

(2.40)
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where
fit,z) = 0,5z, wh (t,2)) WOt 2) 2 (2, w P (8, 7)) + 0, f(t, 2, 0TI (L, 2)),
and

falt,z) = 6tf(t,:v,w(l+1)(t,x)) — 6y§](x,w(l)(t,x))W(l)(t,x)E_l(x,w(l)(t,x))f(t, m,w(l+1)(t7m)).
We have, since Ha (t,w)(t 4 -),0) = 0 by (2.20),

(2.18),(2.21)
<

|0uH (8w (2 +-,-), w0 (2, )] C(IatHl(t)l + [0l eogpo, o0y <10, 10D (E Do o,y

+ [[(w I ()| ooqo,ap) + (WD (2, ')HLP([O,l]))’ (2.41)

‘<8EH(t7 wB (t+ ), w8, ), WOt + .)>\

(2.23)
< C(”w(l)HCl([O,+oo)><[O,1]) + lw D (&, '>||C1([0,1])) D@ Moo, (2-42)

and

‘<6¢,H(t7w(1)(t +o ), w D)), W, .)>‘

(2.22)
< (I, lcogoay + IWHIE s ).

By introducing || - |0 and || -||1 as in (2.10) and (2.11), and using the above three inequalities, one can prove
that

||U)(l+1)HCl([O,—&-oo)X[O,l]) < C(igg (IHL(8)] + [0 H1(t)]) + HU’O”Cl([OJ]))’ (243)

if ||w(l)Hcl([07+oo)><[071]) < ¢ and ¢ is sufficiently small. The smallness of ¢ is also used to absorbe the
second term of the RHS of (2.41) and the RHS of (2.42). It follows from (2.19) that there exists a constant
0 < Cs(e) < €, independent of wy such that

[w® | 10,400y x[0,1]) < CE, (2.44)

if
lwollcijo,1] < Cs(e) and ¢ is sufficiently small.
This fact will be assumed from now on.
Set, for [ > 1,
VO = w® — = in [0, +00) x [0,1].
We have

8V (1, 2) = S(a, wO (¢, 2))0, VIV (8, 2)
+(E(x, w® (t,z)) — D(z, w2, :c)))@rw(l)(t, )
+f(t, z, wtV (¢, x)) — f(t,z,wD(t,z)) in [0, +00) x [0,1],
VIt (,0) = Bw T (£,0)) — B(w(¢,0)) for t € [0, +0),
VD@ 1) = H(t,w® (4 -, -), w D (8,-)) = H(t,wl=D(t 4 -,-),wD(t, ) for t € [0,+00),
VD (0,-) =0 in [0, 1].
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Note that, by (2.44),

zect
(S w0 (t,2)) = S, 0V (1,2) )0V (k)| S CVO (2],

fect
|ft,z,w D (t2) — f(t 20O (t,2)] < CVED ()],

BeC!
B 0) - B (#0)| < cvITV,0),

‘H(tv w(l) (t + ')a w(l+1) (ta )) - H(ta w(lil)(t + ')a w(l) (ta ))‘

(2.21)
< C(IVOE -+, leoqoroetxtoan + IV enqoay + IVED ) ogo)-

Set

|€—L15—L2:0V(l)(

Y;(t) = max max s, ).

1<i<n (s,z)€[0,t]x[0,1]
It follows that, provided that Lo is large and L; is much larger than Lo,

Vi (t) < /Ot (aml(s) + BYZ(S)) ds + CeYy(T),

for some a, 8 > 0. By multiplying the above inequality with e~X* for some large positive constant L, one
can derive that, for ¢ sufficiently small,

1
Vigi(t)e ™ < - Yi(t)e Ht.
A T O = g g Yo

This implies

w® converges in C°([0, +00) x [0, 1]). (2.45)
Set
pln,w®) =supe T (2w 2) — w0 (1,2)), 0, (O o) — wO(t2) )|
t,x t .z’
[(t,@)—(#,2")|<n
and
p(n,wo) = sup  |wp(a") — wo(x)].
le—a’[<n

Define the flows

%xy)(t“&g) =\ (gc;l)(t7s7§),w(l)(t,xg-l)(t, s,{))) and wy)(s, s,§)=¢&for 1 < j <k,

and
d )
axy)(t,s,{) =) (:rgl)(t,3,5),10([)(t,xg.l)(t,S,f))) and xél)(s,s,f) =¢fork+1<j<k+m.
By (1.3) and the fact ||w(l)‘|cl([o7+oo)><[071]) < Ck, one has, for t,t' < 2T,

0t 5',€) — 25,0 < Or (i —t] +|s — s'| + ¢’ ~ €]). (2.46)
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Recall, in the definition of ps, that a € [0,1) and 1 < p < +oo. Use (2.24), (2.25) and (2.46), and consider
(2.40). As in the proof of [5, Lemma 3.2] (also the proof of Lemma 2.1), one can prove that

p(n, w®) < Cp(Cn,we) + Cn + Cp1(Cn) (2.47)

(see also the arguments in [9, Appendix B| and [13, on pages 58-59, 62-64, 88-90]).
Combining (2.45) and (2.47), and applying the Ascoli theorem, one derives that

w®) converges in (C([0, +00) x [0,1]))".

It is clear that the limit is a C*-solution of (1.1), (1.5), and (2.28).
We next establish the uniqueness. Assume that w and w are two C'-solutions of (1.1), (1.5), and (2.28).
Set u =1 — w in [0, 4+00) x [0,1]. Then

Opu(t, x) = A(t, x)0pu(t, ) + f(t, z, u(t, z)),

where

A(t,z) = X(z, w(t, x)),

ft,zu(t,z)) = (E(w,w(t,x) + u(t,z)) — S(z, wit, x)))@mu?(t, x)

+ f(t,x,w(t,x) —I—u(t,m)) - f(t,m,w(t,x)).

Moreover,
u_(£,0) = glt, s (+,0)) = Bluws (£,0) + uy (£,0)) — B(wy (,0)),
uy(t,0) = h(t,ult+-,)) = Hlt,w+u, w4+ u) — H(t,w,w),
and
u(t=0,-)=0

Note that

|t u(t, 2)| < Clu(t, )],

|9(t, uy (t,0))] < Clu(t,0)],
and

(2.21)
[t ult+-9)) < O<5||UHCO([O,+00)><[O,1]) + llu(t, )lleogo.a) + Hu(ta')HLP([O,l]))
Let U € (C([0, +o0) x [0,1]))", with U(¢,-) = 0 for t > T, be a solution of the system

WU (t,x) — A(t, )0, U(t,x) = f(t,x,u(t,z)) in [0,400) x [0, 1],

U_(t,0) = g(t,U4(t,0)) for ¢ € [0, +00),
Ui (t,0) = h(t,ut+-,-)) for t € [0, 400),
Ut=0,-)=0 in [0, 1],
and set
Y (t) = max max le~trsL2oqr (5 )|
1<i<n (s,2)€[0,] x[0,1]
and

Z(t) = max max e~ Frembay, (s, ).
1<i<n (s,x)€[0,t]x[0,1]
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As in the proof of [5, Lemma 3.2], one can prove that, if Lo is large and L; is much larger than Lo,
t
Y(t) < c/ (Y(s) + 2Z(s)) ds + Ce2(T).
0
By multiplying the above inequality with e~%*, for some large positive constant L, one has

1
max Y (t)e ™ < = max Z(t)e Lt
t€[0,T7] 2 tefo,1]

if ¢ is sufficiently small. As a consequence, by taking U = u, one has, for ¢ sufficiently small,
u=20

and the uniqueness follows. The proof is complete. O

Remark 2.2. The proof of Lemma 2.2 is inspired from [5] using the approach for quasilinear hyperbolic
equations in [13, Chapter 1] and [3, Chapter 3.

2.2. Proof of Theorem 1.1

We consider two cases m > k and m < k separately.

Case 1: m > k. Consider the last equation of (1.5). Impose the condition wy(t,0) = 0. Using (1.10) with
¢ =1 and the implicit function theorem, one can then write the last equation of (1.5) under the form

W (£,0) = My (w0 41(£,0), -+, w1 (1,0)), (2.48)

for some C? nonlinear map M, from U}, into R for some neighborhood Uy, of 0 € R™~! with M (0) = 0
provided that |w4 (¢,0)| is sufficiently small.

Consider the last two equations of (1.5) and impose the condition wy(t,0) = wk_1(¢,0) = 0. Using
(1.10) with ¢ = 2 and the Gaussian elimination approach, one can then write these two equations under
the form (2.48) and

wnL-‘rk—l(ta 0) = Mk—l (wk-‘rl(ta 0)7 Tty wm+k—2(t7 O))7 (249)

for some C? nonlinear map Mjy_; from Uj,_; into R for some neighborhood Uj_; of 0 € R™™2 with
M};—1(0) = 0 provided that |w4(¢,0)| is sufficiently small, etc. Finally, consider the k equations of (1.5)

and impose the condition wy(¢t,0) = --- = wy(¢,0) = 0. Using (1.10) with ¢ = & and the Gaussian
elimination approach, one can then write these k equations under the form (2.48), (2.49), ..., and
Wi (,0) = My (g1 (,0), -+ win(1,0)), (2.50)

for some C? nonlinear map M; from U; into R for some neighborhood U; of 0 € R™~F with M;(0) =
0 provided that |w4(t,0)| is sufficiently small. These nonlinear maps My, ..., M} will be used in the
construction of feedbacks.

We next introduce the flows along the characteristic curves. Set

@aj(t,6) = 3 (505, (b5 (1,5,6) ) and (5,56 = or 1< <k,

and

%J;j(t,s,f) =—\; (xj(t,s,g),w(t,xj(t,s,f))) and  z,(s,s8,§) = for k+1<j<k+m.
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We do not precise at this stage the domain of the definition of z;. Later, we only consider the flows in the
regions where the solution w is well-defined.

To arrange the compatibility of our controls, we introduce auxiliary variables satisfying autonomous
dynamics, which will be defined later. Set § =1 — T;, > 0. For ¢t > 0, define, for k+1 < j <k +m,

¢i(0) = wo (1), ¢j(0) = A;(0,wo(1))wp ;(1), ¢;(t) =0 fort >d/2, (2.51)
and
n;(0) =1, 73(0) =0, n;(t)=0fort>4/2. (2.52)
We will construct the dynamics for ¢; and n; at the end of the proof of Theorem 1.1.

We are ready to construct a feedback law leading to finite-time stabilization in the time T'. Let t,,,4+ be
such that
Tk (t + tmak, t, 1) = 0.
It is clear that t,,44 depends only on the current state w(t,-). Let Dpyr = Dimgr(t) C R? be the open set
whose boundary is {t} x [0,1], [t,t + tmyr] X {0}, and {(s,xm+k(s,t, 1)); selt,t+ tm+k]}. Then D,k
depends only on the current state as well. This implies

Tpt1(tt 4 tmtk, 0)y . oo Thom—1(t, t + tik, 0) are well-defined by the current state w(t, -).

As a consequence, the feedback
Wik (8, 1) = Cnrre(t)
—+ (1 — 77m+k(t))Mk (wk+1 (t, :L'k+1(t, t + tm+k7 O)), ey Wh4m—1 (t, xk-‘,—m—l(ta t + tm+k7 O))) (253)

is well-defined by the current state w(t, -).
We then consider the system (1.1), (1.5), and the feedback (2.53). Let t,,1%—1 be such that

Tpgk—1(t + tmyr—1,t,1) = 0.
It is clear that t,,45—1 depends only on the current state w(t,-) and the feedback law (2.53). Let
Dpik—1 = Dpmyr—1(t) C R? be the open set whose boundary is {t} x [0,1], [t,t + tmik—1] x {0}, and
{(s,xm+k,1(s,t7 1)); se[t,t+ tm+k,1]}. Then D,,,+(—1 depends only on the current state. This implies
Thp1 (&t + tmak—1,0), .o oy Trpm—2(t, t + tmik—1,0) are well-defined by the current state w(t, -).
As a consequence, the feedback

W yk—1(t,1) = Grar—1(t)

(1= b1 ()Mo (w01 (6201 (6 b k1,0)), s Wk (b T 2(tE + bir1,0)))
(2.54)

is well-defined by the current state w(t, -).
We continue this process and finally reach the system (1.1), (1.5), (2.53), ...

Wt2(t, 1) = (ma(t)

+ (1 = Nnga(t)) My (wk+1(t,:uk+1(t,t + tm+42,0)), s W1 (& T (8, €+ tingo, 0))). (2.55)
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Let t,,,4+1 be such that
xm_H(t + tm+1, t, 1) =0.

It is clear that t,,4+1 depends only on the current state w(t,-) and the feedback law (2.53) - (2.55).
Let Dyy1 = Dpi1(t) € R? be the open set whose boundary is {t} x [0,1], [t,t + tms1] x {0}, and

{(57 Tma1(8,t,1)); s €[t t+ tm+1]}. Then D,,,+1 depends only on the current state. This implies

i1t t+ tims1,0), ..o, T (8, + tiny1, 0) are well-defined by the current state w(t,-).

As a consequence, the feedback

Wi+1(t, 1) = G (t)
+ (1 = g1 (1)) My (wkH (t, 2ps1(tt 4 tms1,0))s ooy Wi (8 T (£, €+ tm+1,0))> (2.56)

is well-defined by the current state w(t, -).
To complete the feedback for the system, we consider, for k + 1 < j < m,

w;(t, 1) = ¢(t), (2.57)

We will establish that the feedback constructed gives the the finite-time stabilization in the time T if €
is sufficiently small. To this end, we first claim that

the system (1.1), (1.5), (2.53) - (2.56) is well-posed if ¢ is sufficiently small. (2.58)
Indeed, it is clear to see that the feedback is given by
H(t,w(t+-),w(t,-),w),
where H is given by (2.32)-(2.35). The well-posedness for the feedback law is now a consequence of
Lemma 2.2 through the example mentioned and examined right after it.
From (2.30) and (2.31), we have, for t > §/2,

Gt)y=0for k+1<j<k+m.

It follows that, for ¢t > 6/2, the feedback law (2.53) - (2.56) has the form

Wm+k (tv 1) = Mk (wk+1 (ta xk-‘rl(tv t + tm+k,7 O))7 ey, We4m—1 (t7 xk—‘rnl—l(tv t + tm+ka 0))) ) (259)
Wi k—1(t,1) = M1 (wk:+1 (t, Trg1 (4 b r—1,0)),s - oo Whem—2 (6, Togem—2(E, t + tingr—1, 0))), (2.60)

Wt (t,1) = M, (wk_H (£, @ps1 (EE + tm1,0)), s Wi (£ T (b + 1, 0))). (2.61)
Set
t =max{tpi1,- - thrm},
where fj, for k+1 < j < k+m, is defined by

zi(t; +8/2,5/2,1) = 0.
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It follows from the characteristic method that
wj(t,-) :0fort2£+6/2 fork+1<j<m,
then for j = m + 1, then for j = m+ 2,..., then for j =m + k.
Using the characteristic method again, we have, by the choice of Mj,
wy,(t,0) =0 for t > 6/2 + tyik, (2.62)

by the choice of My and Mj_,

wy_1(t,0) =0 for t > §/2 4+ trip_1, (2.63)

..., and, by the choice of My, My_1, ..., My,

w1 (t,0) =0 for t > 6/2 4 tyy1. (2.64)
Let ty, ..., &1 be such that
:L'k(lgk+5/2+fm+k,5/2+fm+k,0) =1, (265)
.131(7?1+6/2+Em+1,6/2+7§m+1,0):1. (266)
Using the characteristic method, we derive that
wi(t,") =0 for t > 6/2 + tyin + tr, (2.67)
wy(t,) =0 for t >8/2 4ty + 1. (2.68)

The conclusion follows by noting that
it — 71| <d/dfor 1 <j<k+m,
if € is sufficiently small thanks to (2.19) and (2.29).
Case 2: m < k. We consider the following feedback law

wm+k(ta 1) = Cm+k(t)

(1= e () M (w01 (b 21 (8 + b 1,0), o Wt (b Bt (4 g, 0))),

wit2(t, 1) = Ceya(t) + (1 — nrga(t)) Mo (wk+1 (t, 2og1 (b, b + tigo, 0))),

and
Wi41(t, 1) = Q1 (t)-
The conclusion now follows by the same arguments. The details are omitted.

It remains to construct a dynamics for ¢; and 7;. To this end, inspired by [8,15], we write (; = ¢; + ¥;
where ¢; and 1; satisfy the dynamics

/ j ’ ﬁ 7
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with Y = (¢;(0) + ¢;(0)%)"/3,
©i(0) +1(0) =a, —ap;(0)—pB;(0)="bY, (2.70)

where a = wo,;(0) and b = A;(0,wo(1))wg ;(1). Here o and 3 are two distinct real numbers. We now show
that under appropriate choice of o and 3, ¢;(0) and %;(0) can be chosen as continuous functions of a and
b for |(a, b)| sufficiently small. Indeed, consider the equation P, ;(Y) = 0, where

Pop(Y) = (a—B)?Y?3 - (2b2Y2 + 2ab(a + B)Y + a*(a® + 52)). (2.71)
One has, for Y > 0 and P, 3(Y) =0,
Y P, (Y) =2b°Y? + dab(a + B)Y + 3(a” + 5°)a”.

In particular,
" o(Y) > 0if o® + 8% — 40 > 0 and if ab # 0,
and the equation P, ;(Y") = 0 has a unique positive solution in this case. In the case ab = 0 and a’+b% >0,

there is a unique positive solution of P, ;(Y) = 0 and in the case a = b = 0, there is a unique solution
Y = 0. Fix a and 3 such that a? + 8% — 4a8 # 0 and a # 3. Denote Y (a,b) the unique positive solution

in the case a® + b*> > 0 and 0 for (a,b) = (0,0). It suffices to prove that Y (a,b) is continuous with respect
to (a,b) for small |(a,b)|. Since P, (1) > 0 if |(a,b)| is sufficiently small and P, ;,(0) < 0 if a # 0, it follows
that Y is bounded in a neighborhood O of (0,0). Since P, ;(Y) = 0 has a unique non-negative solution for
a # 0, it follows that Y is continuous in O \ {(a,b); a = 0}. Since a? + 3% — 4aB > 0, one has

gb2Y2 + 2ab(a + B)Y + a*(a® + %) > 0.
It follows that 1
Pup(Y) < (a—B)*Y3 — §b2Y2.
This implies the continuity of Y on O N {(a,b);a = 0 and b # 0}. The continuity of Y at (0,0) is a
consequence of the fact Py o(Y) = 0 implies Y = 0.
Similarly, one can build the dynamics for ;. We now have a = 1 and b = 0. we write n; = @; + ¢
where ¢; and ; satisfy the dynamics
Xag;

g;(t) = —W and  j(t) = —

/385,
G

where )\ is a large, positive constant defined later. One can check that ¢;(t) = Ap(At) and Jj (t) = Mp(At)
where ¢; and 1; are solutions of (2.69) and

©;(0) +1;(0) = A"ta, —ap;(0) — B;(0) =0, (2.72)
instead of (2.70). One then can obtain the dynamics for 7; by choosing A large enough. O
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