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Abstract

A local adaptive discontinuous Galerkin method for convection-diffusion-reaction equations
is introduced. Departing from classical adaptive algorithms, the proposed method is based
on a coarse grid and iteratively improves the accuracy of the solution by solving local elliptic
problems identified by an a posteriori error control. An a posteriori error analysis based on
fluxes reconstruction shows that the local adaptive method is robust in singularly perturbed
regimes. Numerical comparison with a classical adaptive algorithm illustrate the efficiency of
the new method.
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1 Introduction

Solutions to partial differential equations that exhibit singularity (e.g. cracks) or high variations
in the computational domain are usually approximated by adaptive numerical methods. There is
nowadays a large body of literature concerned with the development of reliable a posteriori error esti-
mators aiming for mesh refinement in regions of large errors (see e.g. [5, 6, 7, 27]). However, classical
adaptive methods are usually based on iterative processes which rely on recomputing the solution
on the whole computational domain for each new mesh obtained after a refinement procedure.

In this paper we present a scheme which solves local problems defined on refined regions only.
Local schemes have been proposed in the past, we mention the Local Defect Correction (LDC)
method [18], the Fast Adaptive Composite (FAC) grid algorithm [22] and the Multi-Level Adaptive
(MLA) technique [8]. At each iteration, these algorithms solve a problem on a coarse mesh on
the whole domain and a local problem on a finer mesh. The coarse solution is used for artificial
boundary conditions while the local solution is used to correct the residual in the coarse grid. In [7]
the LDC scheme has been coupled with a posteriori error estimators which are used to select the
local domain.

In [1] we proposed a Local Discontinuous Galerkin Gradient Discretization (LDGGD) method
which decomposes the computational domain in local subdomains encompassing the large gradient
regions. This scheme iteratively improves a coarse solution on the full domain by solving local
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elliptic problems on finer meshes. Hence, the full problem is solved only in the first iteration on a
coarse mesh while a sequence of solutions on smaller subdomains are subsequently computed. In
turn iterations between subdomains are not needed as in the LDC, FAC or MLA schemes and the
condition number of the small systems are considerably smaller than the one of large systems (which
describe data and mesh variations on the whole domain). The LDGGD method has been shown to
converge under minimal regularity assumptions, i.e. when the solution is in Hg(£2) and the forcing
term in H~1(Q) [1]. However, the marking of the subdomains this scheme did so far rely on the a
priori knowledge of the location of high gradient regions.

The main contribution of this paper is to propose a posteriori error estimators and derive an
a posteriori error analysis for the LDGGD method, which can be used to identify the subdomains
to be refined. This is crucial for practical applications of the method. The LDGGD relies on the
symmetric weighted interior penalty Galerkin (SWIPG) method [17, 12] and we consider linear
advection-diffusion-reaction equations

—V-(AVu)+ B -Vu+pu=f in Q, (1.1a)
u=0 in 092, (1.1b)

where 2 is an open bounded polytopal connected subset of R¢ for d > 2, A is the diffusion tensor,
B3 the velocity field, p the reaction coefficient and f a forcing term. In [16] the authors introduce
robust a posteriori error estimators for the SWIPG scheme based on cutoff functions and conforming
flux and potential reconstructions. Following the same strategy, we derive estimators for the local
scheme by weakening the regularity requirements on the reconstructed fluxes. The new estimators
inherit two main properties of the estimators introduced in [16]: they are robust in singularly
perturbed regimes and free of unknown constants. Furthermore, they are employed to define the
local subdomains and provide error bounds on the numerical solution of the LDGGD method.

The outline of the paper is as follows. In Section 2 we describe the local scheme, in Section 3
we introduce the a posteriori error estimators and state the main a posteriori error analysis results.
Section 4 is dedicated to the definition of the reconstructed fluxes and proofs of the main results.
Finally, various numerical examples illustrating the efficiency and versatility of the proposed method
are presented in Section 5.

2 Local adaptive discontinuous Galerkin method

In this section we introduce the local algorithm based on the discontinuous Galerkin method. We
start by some assumptions on the data and the domain, before introducing the weak form corre-
sponding to (1.1). We assume that @ C R? is a polytopal domain with d > 2, B8 € W1 >(Q)4,
€ L>®(Q) and A € L=(Q)?*4, with A(x) a symmetric piecewise constant matrix with eigenvalues
in [\, ], where A > A > 0. Moreover, we assume that 4 — +V -3 > 0 a.e. in Q. This term p— V-3
appears in the symmetric part of the operator B(,-) defined in (2.2) and hence the assumption
w— %V - B > 0 is needed for coercivity. Finally, we set f € L?(£2). Under these assumptions, the
unique weak solution u € Hg(€2) of (1.1) satisfies

B(u,v) = /va dx for all v € Hj (), (2.1)

where

B(u,v) = /Q(AVU Vo + (8- Vu)v + puv) de. (2.2)



Figure 1. Example of possible meshes for three embedded domains 1, Q2, Q3.

2.1 Preliminary definitions

We start by collecting some notations related to the geometry and the mesh of the subdomains,
before recalling the definition of the discontinuous Galerkin finite element method.

Subdomains and meshes

Let M € N and {4}, be a sequence of open subdomains of 2 with ; = Q. The domains ), for
k > 2 can be any subset of §2, in practice they will be chosen by the a posteriori error estimators
(see Section 2.2). We consider {Mk}ﬂ/le a sequence of simplicial meshes on Q and Fj, = Fpp U Fi i
is the set of boundary and internal faces of My. The assumption below ensures that My is a
refinement of My, inside the subdomain €.

Assumption 2.1.
1. Foreach k=1,...,.M, Q; = UKGM,C’Kcﬂk?.
2. Fork=1,...,M —1,
a) {K eMpy1 : KCQ\ Qe ={KeMp: KCQ\ U1},

b) if K,T € My with K C Qgy1, T C Q\ Qky1 and 0K NOT # 0 then K € My,
c) if K € My and K C Qp1, either K € My, or K is a union of elements in My, 1.

Let /\//\lk ={K e My : K CQ}and fk = ]?k-,b U ﬁ;“ the set of faces of /\//Tk, with ]?k,b and
]?k,i the boundary and internal faces, respectively. Condition 1 in Assumption 2.1 ensures that M\k
is a simplicial mesh on . Condition 2 guarantees that in 2\ Q447 and in the neighborhood of
0011 \ O the meshes My and My, are equal and that My is a refinement of My in Q1.
An example of domains and meshes satisfying Assumption 2.1 is illustrated in Figure 1.

Discontinuous Galerkin finite element method

The local adaptive discontinuous Galerkin method will solve local elliptic problems in € by using
a discontinuous Galerkin scheme introduced in [17], which we recall here. In what follows, ¥ =
(D, M, F) denotes a tuple defined by a domain D, a simplicial mesh M on D and its set of faces



F = Fp, UF;. In practice we will consider Ty = (Q, My, Fx) or ‘fk = (Qk,ﬂk,fk). For ¥ =
(D, M, F) we define

V(T)={ve L*D) : v|g € P(K), VK € M}, (2.3)

where Py (K) is the set of polynomials in K of total degree ¢. As usual for such discontinuous Galerkin
methods we need to define appropriate means, jumps, weights and penalization parameters. For
K € M we denote ng the unit normal outward to K and Fx = {c € F : ¢ C 0K}. Let 0 € F;
and K,T € M with 0 = 0K N 9T, then n, = nx and

T T
(5}(70 = ’I‘I,U14|KTL[,—7 6T70' = nUA|Tn(,.

The weights are defined by

WKo = 6T,0' Wy = 6K,U
7 6K,O’ + 5T,0’ ’ 7 5K,a‘ + (;T,O'
and the penalization parameters by
5K 06T o 1
g = 23— —2— Vg = — T Ng|.
gl . 518 1|

If o € 7, and K € M with 0 = 9K N9dD then n, is np the unit outward normal to 0D and
1
5K,o:nIA|Kna7 WK,o =1, Yo :51(,07 Vo = §|/6ncr|

Let g € L?(0D), we define the means and jumps of v € V(%) as follows. For o € F, with ¢ = dKNdD
we set

1
{v}o.o =ik, {vhoo = §(U|K +9), [v]g.0 = vk — g
and for o € F; with 0 = 0K NOT
1
{{U}w,a = WK,UU|K +WT,0’U|T7 {U}}g o = ( ‘K + rU‘T) Hvﬂg,a = U|K - v|T~

We define [-], := [Jo,c and {-}+ := {-}o,o- A similar notation holds for vector valued functions
and whenever no confusion can arise the subscript ¢ is omitted. Let h, be the diameter of ¢ and
1, > 0 a user parameter, for u,v € V(%) we define the bilinear form

B(u,v,%,g) = / (AVu-Vo+ (p—V - Bluv —ufB - Vov)de

- / [W]§AVu}e - 1o + [u]{AVOD, - 1,) dy (2.4)
ceFYO

+ 3 [ (2 + )l [e] + 8o b oD .
ocF

where the gradients are taken element wise. The bilinear form B(-,-,%,g) will be used to approx-
imate elliptic problems in D with Dirichlet condition g. This scheme is known as the Symmetric
Weighted Interior Penalty (SWIP) scheme [17]. The SWIP method is an improvement of the In-
terior Penalty scheme (IP) [4], where the weights are defined as wx,, = wr, = 1/2. The use
of diffusivity-dependent averages increases the robustness of the method for problems with strong
diffusion discontinuities. The bilinear form defined in (2.4) is mathematically equivalent to other
formulations where v3 - Vu or V - (Bu)v appear instead of u3 - Vv (see [17] and [12, Section 4.6.2]).
Our choice of formulation is convenient to express local conservation laws (see [12, Section 2.2.3]).



2.2 Local method algorithm

In this section we present the local scheme. In order to facilitate the comprehension of the method,
we start with an informal description and then provide a pseudo-code for the algorithm. We denote
uy, the global solutions on {2 and 4y the local solutions on €2, which are used to correct the global
solutions.

Given a discretization ¥ = (Q, M1, F1) on  the local scheme computes a first approximate
solution u; € V(%1) to (2.1). The algorithm then performs the following steps for k = 2,..., M.

i) Given the current solution wuy_1, identify the region ; where the error is large and define a
new refined mesh My, satisfying Assumption 2.1 by iterating the following steps.

a) For each element K € Mj_; compute an error indicator nas,x (defined in (3.5)) and
mark the local domain €, using the fixed energy fraction marking strategy [13, Section
4.2]. Hence, Q is defined as the union of the elements with largest error indicator nas, x
and it is such that the error committed inside of 2, is at least a prescribed fraction of
the total error.

b) Define the new mesh My by refining the elements K € Mj_; with K C Q.

c) Enlarge the local domain €} defined at step a) by adding a one element wide boundary
layer (i.e. in order to satisfy item 2b of Assumption 2.1).

d) Define the local mesh M\k by the elements of M inside of .

ii) Solve a local elliptic problem in Q4 on the refined mesh M k using ug_1 as artificial boundary
conditions on 99y \ 9. The solution is denoted 4y, € V(Ty), where T = (Qk, My, Fi).

iii) The local solution 4 is used to correct the previous solution uy_; inside of ; and obtain the
new global solution wy.

The pseudo-code of the local scheme is given in Algorithm 1, where xq\q, is the indicator function
of @\ Q and (-,-)x is the inner product in L?(Q). The function LocalDomain(ug, %) used in
Algorithm 1 performs steps a)-d) of i).

Algorithm 1 LocalScheme(%;)

Find u; € V(%) solution to B(u1,v1,%1,0) = (f,v1)1 for all v; € V(%7).
for k=2,...,M do
(Ek,§k) = LocalDomain(ug_1, Tx—_1).
gr = up—1Xo\Q, € V(Zk).
Find 1y € V(%k) solution to B(ﬂk,vk,§k,gk) = (f, Uk)k for all vy, € V(%k)
up = gr + up € V(Tp).
end for

3 A posteriori error estimators via flux and potential recon-
structions

The error estimators used to mark the local domains 2 and to provide error bounds on the numerical
solution wu,, are introduced here.



In the framework of selfadjoint elliptic problems, the equilibrated fluxes method [3, 7] is a tech-
nique largely used to derive a posteriori error estimators free of undetermined constants and is based
on the definition of local fluxes which satisfy a local conservation property. Since local fluxes and
conservation properties are intrinsic to the discontinuous Galerkin formulation, this discretization is
well suited for the equilibrated fluxes method [2, 11]. In [14, 20] the Raviart-Thomas-Nédélec space
is used to build an Hyg;y(€2) conforming reconstruction ¢, of the discrete diffusive flux —AVuy,. A
diffusive flux ¢;, with optimal divergence, in the sense that it coincides with the orthogonal projec-
tion of the right-hand side f onto the discontinuous Galerkin space, is obtained. In [16] the authors
extend this approach to convection-diffusion-reaction equations by defining an Hy;y (2) conforming
convective flux g; approximating Bu; and satisfying a conservation property.

We follow a similar strategy and define in the next section error estimators in function of diffusive
and convective fluxes reconstructions #x, gy for the local scheme, as well as an H{(f2) conforming
potential reconstruction s of the solution wy.

3.1 A posteriori error estimators

The error estimators in function of the potential reconstruction s, approximating the solution uy, the
diffusive and convective fluxes t; and qi approximating —AVwu; and Buyg, respectively, are defined
in this section.

Following the iterative and local nature of our scheme, we define the diffusive and convective
fluxes reconstructions as

te = tho1xov, + s a4k = gr—1X0\Q, + dk, (3.1)

where ty = qo = 0 and t, g, are Hgiy (Q4) conforming fluxes reconstructions of —AViy, By,
respectively, and where 4y, is the local solution. They satisfy a local conservation property and are
defined in Section 4.1. We readily see that this definition allows for flux jumps at the subdomains
boundaries, while giving enough freedom to define #;,q) in a way that a conservation property
is satisfied. The fluxes reconstructions are used to measure the non conformity of the numerical
fluxes. In the same spirit we define a potential reconstruction s € Hg () used to measure the non
conformity of the numerical solution. It is defined recursively as

Sk = Sk—1Xa\Q, T Sk, (3.2)

where so = 0 and §; € H'(Qy) is such that sz € HZ(2). More details about the definitions of #,
gr. and §; will be given in Section 4.1, for the time being we will define the error estimators.
Let K € My, v e HY(K),

1
lloll = 1142 V0l 2200 + 1 = 5V - B) 20l Fa (3-3)

and my, MK, Mg, Dt Ko, €3,k > 0 some known constants which will be defined in Section 4.2.
The non conformity of the numerical solution uy is measured by the estimator

e,k =luk — skllx- (3.4a)

The residual estimator is

ek =millf =V -ty =V -q — (= V- BlugllL2(k), (3.4b)



which can be seen as the residual of (2.1) where we first replace u by wuy, then —AVuy by i, Buy by
gr and finally use the Green theorem. The error estimators defined in (3.4c) to (3.4j) measure the
error introduced by these substitutions and the error introduced when applying the Green theorem
to ti, qx, which are not in Hg;y ().

The diffusive flux estimator measures the difference between —AVuy and ti. It is given by

NpFx = Min{Npp i, Nhp i b Where
NDF K =[|AY2Vuy + A_1/2tk||L2(K)d,
Nhrx =mi||(Z —m)(V - (AVug + )| L2 (x) (3.4¢)

+ Z Ctl,/lg,o”(Avuk +11) - nollL2 (o),
ceFK

7o is the L%-orthogonal projector onto Po(K) and Z is the identity operator. Let o € F and 7 o
be the L2-orthogonal projector onto Po(c). The convection and upwinding estimators measure the
difference between Bug, Bsi and g and are defined by

no,x =mg|(Z —m0)(V - (qx — Bsi)) |l 2 (k) (3.4d)

Ho2.x =32V - B) s — 342 (3.40)

fica,x =mil|(Z —m0)(V - (ax — Buk))||L2(x) (3.4f)

nu,K = Z Xoma”?To,a{[Qk — Bsi}- nUHL2(0)7 (3.4g)
o

ok = Y, XoMolmoofar — Bur} - nollr20), (3.4h)
ceFx

where x, =2 if 0 € Fjp and x, =1 if 0 € F} ;. Finally, we introduce the jump estimators coming
from the application of the Green theorem to t; and g (see Lemma 4.4). Those are defined by

1 _ .
ok =5 (1 Kles ) V2T moelar] - ol (3.4i)
o€ FkNFk,i
1 .
ek =5 > Dikolllts]l - mollz2(o). (3.4j)
0 €EFKkNFik,i

We end the section defining the marking error estimator 7,7, x used to mark €, in the LocalDomain
routine of Algorithm 1, let

M,k =NMNC,K + MR,k + aNprx + Nc,1,k + Nc,2,k + anu

~ i (3.5)
+ 01,5 +Nr2,k + N1,k MU

The weight o appearing in (3.5) is due to the fact that nprx and ny x are the principal error
indicators. In the numerical experiments we use a = 5.

3.2 Main results

We state here our main results related to the a posteriori analysis of the local scheme, in particular
we will provide error bounds on the numerical solution u; which are robust in singularly perturbed
regimes and free of undetermined constants.



We start defining the norms for which we provide the error bounds, the same norms are used in
[16]. The operator B defined in (2.2) can be written B = Bg + B4, where Bg and B4 are symmetric
and skew-symmetric operators defined by

Bs(u,v) = /Q(AVu Vo4 (n— %V - Buw) de,

1 (3.6)
Ba(u,v) = / (B-Vu+ i(V - B)u)vde,
Q
for u,v € H*(Mj},). The energy norm is defined by the symmetric operator as
1
loll* = Bs(v,0) = [AY2V0 72 + (1 — SV B)' 20220
observe that ||v][|? = Do KeM, [lv[l3 with || - |« as in (3.3). Since the norm || - || is defined by the

symmetric operator, it is well suited to study problems with dominant diffusion or reaction. On the
other hand, it is inappropriate for convection dominated problems since it lacks a term measuring
the error along the velocity direction. For this kind of problems we use the augmented norm

Iolllg = lllvllf + sup (Ba(v,w) + B;(v,w)), (3.7)
weH(Q)
lllewlll=1

where

By(v,w) =— Z [Bv] - no{mow} dy

o€FL i g

is a term needed to sharpen the error bounds. The next two theorems give a bound on the error of
the local scheme, measured in the energy or the augmented norm.

Theorem 3.1. Let u € H}(Q) be the solution to (2.1), ux € V(Tx) given by Algorithm 1, s €
V(Tk) N HY(Q) from (3.2) and (4.6) and ti, qx € RTN,(My,) be defined by (3.1) and (4.2). Then,
the error measured in the energy norm is bounded as

1/2 1/2
o=l <n=1{ > mkex| +| D mx| -
KeMy KeMy
where M,k = MR,k +MpF,K + N1,k + N2,k +Nu,K + 1,1,k + 1,2,k -
Theorem 3.2. Under the same assumptions of Theorem 3.1, the error measured in the augmented
norm is bounded as
1/2
~ 2
o —wklle <i=2n+ | > mx| -

KeMy

with n from Theorem 3.1 and N2 k = NMr,k +MpF,K + TNc1,k + T,k + 01,k + 10,2,k -

The error estimators of Theorems 3.1 and 3.2 are free of undetermined constants, indeed they
depend on the numerical solution, the smallest eigenvalues of the diffusion tensor, on the essential
minimum of p — %V - 3, the mesh size and known geometric constants.



(a) Sequence of domains (b) Set G = {G1,G2,G3} with (c) Skeleton I's with

91:[] Qgig Q3:[[U. G1:, GQ:D, G3:.. 9G1NOG2 = , 0G1NOG3 = ... ’
4 2 0Go NOGs= - - .

Figure 2. Ezample of sequence of domains Q1,Q2,Q3, set Gz and skeleton I's.

4 Potential and fluxes reconstructions, proofs of the main re-
sults

In this section, we will define the potential, diffusion and advection reconstructions, define the
geometric constants appearing in the error estimators defined in (3.4a) to (3.4j) and finally prove
Theorems 3.1 and 3.2.

4.1 Potential and fluxes reconstruction via the equilibrated flux method

We define here the fluxes reconstructions #, g, of (3.1) and the potential reconstruction &, of (3.2).
In what follows we assume that My has hanging nodes only on the interface 9 \ 99 since it
simplifies the analysis, however we can follow [16, Appendix] to drop this requirement.

We start defining some broken Sobolev spaces and then the potential and fluxes reconstructions.
Fork=1,...,Mlet G, ={G,|j=1,...,k}, where G, = Q and

Gi=Q\U_, Q@ forj=1,... k-1

In Figures 2(a) and 2(b) we give an example of a sequence of domains €, and the corresponding set
Gr. We define the broken spaces

Hyio(Gr) = {v € L2 (Q)? : v|¢ € Hai(G) for all G € G},
H* (M) = {v, € L*(Q) : w|x € HY(K) for all K € M},

the divergence and gradient operators in Hgi, (Gr) and H'(M}) are taken element wise. We extend
the jump operator [-], to the broken space H'(M}). We call Ty, the internal skeleton of Gy, that is

Fk:{aGlﬁaGﬂG“Gj ng,i?éj},

an example of 'y, is given in Figure 2(c). For each v € T, we define F, = {0 € F ;|0 C v} and set
1., the normal to v, as n,|, = n,. The jump [-], on v is defined by [-],|c = [‘]o-

In [16] the reconstructed fluxes live in Hgiy(€2). For the local algorithm we need to build such
fluxes using the recursive relation (3.1). This leads to fluxes having jumps across the boundaries



of the subdomains, i.e. v € T'g, hence they lie in the broken space Hgiy(Gr). In the rest of this
section we explain how to build fluxes which are in an approximation space of Hg;v(Gy) and satisfy a
local conservation property. We start by introducing a broken version of the usual Raviart-Thomas-
Nédélec spaces [23, 25], which we define as

RTN (M) :={vi € Haiv(Gk) : vi|k € RTN,(K) for all K € M}, (4.1)

where 2€ {{ —1,¢} and RTN (K) = P,(K)¢ + zP,(K). In order to build functions in RTN ,(M})
we need a characterization of this space. Let vy € L?(Q)¢ such that vi|x € RTN,(K) for each
K € My, it is known that v, € Hqg;,(Q) if and only if Jvg], -1, = 0 for all o € Fi; (see [12, Lemma
1.24]). Since we search for fluxes vy in Haiy(Gy), we relax this condition and allow [vy], - 1y # 0
for v € T'.

Lemma 4.1. Let vy, € L?(Q)? be such that vi|x € RTN,(K) for each K € M, then v, €
RTN,(My,) if and only if [vi]s - e =0 for all o ¢ U er, Fy.

Proof. Following the lines of [12, Lemma 1.24]. O

The diffusive and convective fluxes t;, g € RTN ,(M},) are defined recursively as in (3.1), where
tr, gr € RTN (M), with

RTN,(M},) := {vi € Hain () : vi € RIN,(K) for all K € M},

are given by the relations

[t mamdy = [ (gAY 0 a2 i e dy,

(4.2a)
/ 4r - nop dy Z/(ﬁ ‘g g, + volin]g, )pr dy
for all o € .7/-:k and py € P,(0) and
/ ik -rpde = — / AVﬂk -rrdx + Z /WK,U[[ak]]gkA‘Kf'k cNg dy,
K K 0cEFK " (42b)

/(jk-’f‘kde/ ﬁkﬂ”f;@dx
K K

for all K € M\k and 7, € P, ;(K)? Since fk|K ‘Mg, Grlk - My € P,(0) (see [9, Proposition 3.2])
then (4.2a) defines x|k - o, Gr|x - o on 0. The remaining degrees of freedom are fixed by (4.2b)
[9, Proposition 3.3]. Thanks to (4.2a) we have [[fk]] ‘n, = 0and [§x] -n, =0for o € ]?k,i and hence
ti, 4r € RTNZ(/\//Y;{). By construction it follows tx, qx € RTN ,(My).

Let K € My and 7, be the L?-orthogonal projector onto P,(K), the following lemma states a
local conservation property of the reconstructed fluxes. The proof follows the lines of [16, Lemma
2.1]

Lemma 4.2. Let up € V(%) be given by Algorithm 1 and ti,qr € Haiv(Gr) defined by equa-
tions (3.1) and (4.2). For all K € My it holds

(Vb +Veqe +m((n— V- Bluk)) |k = mof [k (4.3)

10



Proof. Let K € Mpand j =max{j=1,...,k : K C$;}, then K € M\j, tilx = fj|K, qrlx = 4jlx
and ug|x = U;|k. Let v; € P,(K), by the Green theorem we have

/(V-fj+V-(jj)vjdw:—/(fj+(jj)-ijdw+ Z vi(t; +d;) nixdy (4.4)
K K cEFK VY

and using B(iij,v;,%;,9;) = (f,v;); it follows
/ f’Uj dx :/ (AVfL] - Vv, + (,u -V ,6)’[1,]'1}3‘ - 1%,6 . ij) dx
K K

o Z /([[vj]]{AVﬂj}w Mg+ [[ﬁj]]gj {{Avvj}}w : n(,) dy

o€FK VY

vy

((%Zl + vo)[i5]g, [v5] + B - nofii; B, [vs]) dy.
ocEFK VY 7

Since {AVv; }o, = wk - A|xk Vv and [vj]n, = v;|knk, using (4.2) and (4.4), we obtain
/ f’Uj d:B:/ (V@‘FV(L +(M*V',6)ﬁj)”0j dx (45)
K K

and the result follows from V - fj,V -q; € PK), te|lx = fj\K, arlx = Gj|x and ui|x = w;|x. O

In order to define the Hg () conforming approximation sy, of uj, we will need the so-called Oswald
operator already considered in [19] for a posteriori estimates. Let T = (D, M, F), g € C°(0D) and
consider Oz, : V(T) — V(T) N HY(D), for a function v € V(%) the value of O 4v is prescribed at
the Lagrange interpolation nodes p of the conforming finite element space V(T)NH'(D). Let p € D
be a Lagrange node, if p ¢ 0D we set

Osgl0) = i 3 vl

P KeMp

where M, = {K € M : p € K}. If instead p € 9D then Oz 4v(p) = g(p), where g is the Dirichlet
condition at dD. The reconstructed potential s € V(Ty) N HE(Q) is built as in (3.2), where
S =0z U (4.6)

ThySk—1

4.2 Constants definition and preliminary results

Here we define the constants appearing in (3.4a) to (3.4j) and derive preliminary results needed to
prove Theorems 3.1 and 3.2.

Let K € My, and 0 € Fg, we recall that | K| is the measure of K and |o| the d — 1 dimensional
measure of 0. We denote by ca x the minimal eigenvalue of A|x. Next, we denote by cg .k the
essential minimum of 4 — $V -3 > 0 on K. In what follows we will assume that 4 — 3V -3 > 0
a.e. in 2, hence cg, x > 0 for all K € M, and provide error estimators under this assumption.
We explain in Section 4.4 how to overcome this limitation slightly modifying the proofs and error
estimators.
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The cutoff functions mg,myx and m, are defined by

myg = mm{Cl/ZhKcAli/(z,cﬁl#/ZK} (4.7a)
my =min{(C), + Cl/Q)hKcA e hi cﬁ it cﬁlﬂ/chAll/(2/2} (4.7b)
2 = min{ mae {3dlolI% K|~ ezl h, g {lollKT e, i} (4.7¢)

where C, = 1/7? is an optimal Poincaré constant for convex domains [24]. We next state the
following bounds

lv — mov|| L2 (k) < mx||v|x for all K € My, (4.8a)

lo — 700l l|2(0) < Cphe oiil vl for all o € Fj, and K € M,, (4.8b)

movlllce@y < me > llvlllx for all o € Fy, (4.8¢)
KeM,

where M, = {K € M, : 0 C 0K} and C} g, is the constant of the trace inequality
||H|K||i2(0') < Ct7K7U(hI_(1HU||%2(K) + ||UHL2(K)||VU||L2(K)d)~ (4.9)

It has been proved in [26, Lemma 3.12] that for a simplex it holds Cy i » = |o|hk /| K]|.

Let us briefly explain the role of constants (4.7) and how the bounds (4.8) are obtained. We
observe that for each bound in (4.8) the cut off functions take the minimum between two possible
values, allowing for robust error estimation in singularly perturbed regimes. For (4.8a), using the
Poincaré inequality [24, equation 3.2] we have

v = movll L2y < Cp/*hicl| Vvl 12 (sc)a

_ _ (4.10a)
< G i NAP 0l eye < G e i el
Denoting (-, )k the L?(K) inner product, it holds
[lv — 7T0U||2L2(K) = (v —mv,v — mV)k = (v — MV, v)k < |Jv — TV L2(k) V]| L2 (),
hence
~1/2 1 ~1/2
lv = movll 2y < Iollzzoy < capiell (= 5V - B) 20l a) < el icllollx (4.10b)

and (4.8a) follows. The choice between bounds (4.10a) and (4.10b) depends on whether the problem
is singularly perturbed or not. Bounds (4.8b) and (4.8¢c) are obtained similarly, see [10, Lemma 4.2]
and [28, Lemma 4.5]. Finally, for K € M}, and o € Fg we define

1/2

Cix CB,u,K
Digo=|=—""211 1+ h2 A2 , 4.11
. 2hk e,k ( T cAK (4.11)

which is used to bound ||v|k||z2(,) in terms of |[v||x in the next lemma.

Lemma 4.3. Let vy, € H'(My), for each K € My, and o € Fi it holds

lvelk L2 (o) < Dexcollvellx-

12



Proof. Let v, € H*(M}) and € > 0. Applying Hélder inequality to the trace inequality (4.9) we get

_ 1 €
||Uk|K||2Lz(a) < Ct,K,o((hKl + Z)HkaQL%K) + §||Vvk||2L2(K)d)-

Hence, if there exists D; i, > 0 independent of v, such that

_ 1 €
Crro((hg + Q*G)HUk||%2(K)+§vak||2m(x)d) (4.12)

< DtQ,K,a(CA,K||VUk||2Lz(K)d + Cﬁ,u,K||Uch2L2(K))
then [|vx|k[|72(,) < Di ko llvell% and the result holds. Relation (4.12) holds if

€

1
—1 2 2
Crrolhi +5.) < DikoCpuK, Cikog < Dikocar

and hence D? - , = max{Cy r o(h' + 3)¢5., x» Ct.ic.05¢a k }- Taking e such that the maximum
is minimized we get D; k » as in (4.11). O

The proof of the following Lemma is inspired from [16, Theorem 3.1], the main difference is that
we take into account the weaker regularity of the reconstructed fluxes.

Lemma 4.4. Let u € H}(Q) be the solution to (2.1), u, € V(%) given by Algorithm 1, s, € H}(Q)
from (3.2) and (4.6), ti,qrx € Haiv(Gr) defined by (3.1) and (4.2) and v € HZ (). Then

1/2

|B(u — wg,v) + Baug — s, 0) < | D mi (il
KeMy

with m k = Nr,xk +Mpr.x +Nc,1,x + N2,k +NMu,x + 101,k + 102,k
Proof. Since u satisfies (2.1), using the definition of B and Ba

B(u—uk,v)+BA(uk—sk,v)z/ﬂ(f—(u—V-,@)uk)vdm—/ﬂAVuk-Vvdcc

~ [ 37 B~ svda— [ V- (Bsua,

Q

Using vty € Hgiv(Gi), from the divergence theorem we have

/(UV-tk—l—Vv-tk)daz: Z/V~(vtk)daz= Z/ vty - ngg dy
Q G oG

Gegy GeGy
= Z /[[vtkﬂ ‘n,dy = Z /[[tk]] -nyvdy
yery "7 yery ”7

and hence

B(ufuk,v)+BA(uk—sk,v):/Q(f—v~tk—v~qkf(usgB)uk)vdm
7/91(V~,6)(ukfsk)vd;v+/QV~(qkfﬁsk)vd:c (4.13)

2
—/(AVuk—ktk) -Vode + Z /[[tk]] -nyvdy.
Q ¥

YET K
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From Lemma 4.2 we deduce

/Q(f—v'tk—v'%—(M—V~,3)uk)vd:n

= /Q(f— Vety—V-q.—(n—V-Bug)(v—mov)de (4.14a)
< Y nrxllvllx-
KeM,

Similarly, we get

< 3 morxlvll,

KeMy

/ (AVuy, + tg) - Vode
Q

(4.14b)
1
[ 378w = svde| < 3 neaxllvllx.
Q
KeMy
Since [ty]o = 0 for o € Fi; \ Uyer, Fr, it holds
1
Z /[[tk]] ‘nyvdy = Z [te] - novdy = B Z Z [tx] - novdy.
yeTl'y v 0CEFg,i g KeMy ocFrNFk,i g
Using Lemma 4.3 we obtain
1
> [l npdy <5 Y S ] nale ol
~elr, 7Y KeMy c€EFkNFy,i (4.140)
< 3 okl
KeMy
It remains to estimate [, V- (g — Bsi)vda. For that, we use
/ V- (qr — Bsk)vdx = Z / (T —70)V - (qr — Bsk)(v — mov) d
Q KeMy K
+ > /((Ik — Bsg) - ngmovdy
KeMyo€Fg "7
and from [16] we get
3 / (T—m0)V - (ax — Bsi) (v — mov)dz| < 3 nowxllollx. (4.14d)
K

KeMy KeMy

For the second term we write

> > /(Qk — Bsi) mxmovdy = Y [ [7o,0(gr — Bsr)mov] - oy dy

KeMyoeFr“° oceF, Yo
=S / {mov}[mo.0 (g — Bsi)] - 1o + [mov]{mo 0 (g — Bsi)} - mo dy
0EFk,: "7
+ Z /WOUWO,U(Qk*ﬁSk)'ngdy:I+II+IH
O’E]'_k,b g
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and we easily obtain, since [3s;] = 0,

I= % Z Z /Wole[[Wo,UQk]] ‘n,dy.

KeMy G'G]:Kﬁ]:k,i g

|71/2

Using [movlxc| = K]~ /2/|mov]l 2y < 1K~ 2I0ll 2y < (1K e i) 20l we gt

1 _
<3 > Y (Klepur) llmocar] - nollmollvlls = Y mraxlloll  (4.140)
KeMy D'E]:Kﬁ]‘—k,q, KeMy
Let M, ={K € My, : ¢ C K}, using (4.8c) for the second term we have
1< Y molmoefiar —Bse}-nollizey Y lvllx

o€ FL,i KeM,

= > > melmoofar - Bsk} - nollLzo vl

KeMy o€ FrNFi,i
For the last term we similarly obtain
1< Y Y molwos(a - Bsi) - mollizellollx
KeMy o€ FkNFkb

and hence

I+11< > Y xomelmoofar — Bsk} - noll2@llvllc = Y nuxllvllx, (4.14f)
KeMy ceEFKk KeMy

where x, =2 if 0 € Fip and x, = 1 if 0 € F ;. Plugging relations (4.14a) to (4.14f) into (4.13) we
get the result. O

In Lemma 4.4 we use Lemma 4.2 to deduce that
/(V~tk+V~qk+(,u—V~,8)uk)dw:/fd:c (4.15)
K K

and hence (4.14a). However, when the mesh has hanging nodes inside of the local domains Lemma 4.2
is not valid. Indeed, if M k has hanging nodes, the fluxes t, G, must be constructed on a refined, free
of hanging nodes, submesh M, of M, otherwise they may fail to be in Hg;, (Q). The constructed
fluxes will satisfy relation (4.5), but since V - £,V - ¢, € P,(K’) for K’ € M), and M), is finer than
M, then we cannot conclude as we did in Lemma 4.2. Nonetheless, (4.5) still implies (4.15), which
is enough to prove Lemma 4.4.

4.3 Proof of the theorems

Here we prove Theorems 3.1 and 3.2. We will consider B : H}(Q) x H}(©2) — R defined in (2.2) for
functions in H(My,).

Proof of Theorem 3.1. It has been proved in [15, Lemma 3.1] that for any uy € V(%) and u,s €
H} () it holds

lhw = el < Mg = sll + 1B — g, v) + Ba(ur - s,0)],

with v = (u—$)/||u—s||. Choosing u as the exact solution to (2.1), ux given by Algorithm 1, s = s
from (3.2) and using Lemma 4.4 gives the result. O
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Proof of Theorem 8.2. Since u € H}(Q2) it holds By (u,w) = 0 for all w € H}(2), using B4 < B+|Bs|
we get

e — urlll < 2llu —urll+  sup  (Blu—u, w) = By(up, w)).

wEHé(Q)
llwllf=1
To conclude the proof we show that
1/2
2
sup  (B(u — ug,w) — By(ug,w)) < Z M3, K . (4.16)
weH (Q) KEM,

lllwll=1

Following Lemma 4.4, we easily get

B(u—wg,w) — By(up,w) < > (rx +1prx +icak + ez lwllx
KeM,y

+ Z Z mow(qr — Buk) - ni dy — By(ug, w).

KeMyo€Fk 77

The two last terms satisfy

> [ Irow(gr — Bur)] - no dy — By (ug, w)

oceFL Y
= Z Xa/[[ﬂow]]ﬂo,o{{% = Bur} -n,dy + Z /{{Wow}}[[ﬂo,a%]] Ny dy
o€ Fy e 0EFk: "7
< > (v + e s)llwlx,
KeMy
where in the last step we followed again Lemma 4.4. O

4.4 Alternative error bounds

Our aim here is to explain how to avoid the assumption cg, x > 0 for all K € M, made in
Sections 3.1 and 4.2. This assumption is needed to define nr 1 x, 7r2,x but can be avoided if
(4.14c) and (4.14e) are estimated differently. For (4.14c), using the trace inequality (4.9) we get

1
3 / [t movdy <5 > Y I molla ol e
~eT 2l KGMkUGmefk,i (417)
< 3 il + hiclloll oo IVl 2002,
KeMy

where

5 1 —1/2 ~1/2
2K =5 DRt er - | (A R e
O'E]“Kﬂ]'—k,i
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Setting 72 o = > e, 2.1 it yields
1/2

Z /[[tk]] ‘nyvdy| <irs Z ||UH2L2(K) + hillvllL2 () VOl 2 ()4
KeMy

yely ¥ 7
~ ) 1/2
< iz (0320 + hans ol 2@ Vol 2y ) -
<

Using the Poincaré inequality [[v||r2(q) < dal|Vv|[12(q)e, where dg is the diameter of Q, we get

. - ) 1/2 (g 1/2
> [ Itk] - nyvdy| <dire (d& + hagda) IVl zai@ye < firacy’” (dé + hagda) o]l
yely 7

where cy4 is the minimal eigenvalue of A(x) over §2. The same procedure can be used to replace

(4.14e) by a relation avoiding the term cglﬂ/

of Theorems 3.1 and 3.2 and obtain error estimators when p — %V - B > 0 is not satisfied.

QK. The new bounds can be used to modify the results

5 Numerical Experiments

In order to study the properties and illustrate the performance of the local scheme we consider
here several numerical examples. First, we look at the convergence rates of the error estimators,
focusing on the errors introduced by solving only local problems. Second, we compute the effectivity
indexes of the error estimators and investigate the efficiency of the new local algorithm. To do so,
we compare the local scheme against a classical adaptive method, where after each mesh refinement
the problem is solved again on the whole domain. The classical method we refer to is given by
Algorithm 2.

Algorithm 2 ClassicalScheme(%;)

Find w; € V(%) solution to B(w1,v1,%1,0) = (f,v1)1 for all v; € V(%7).
for k=2,...,M do

(%Tk, Tk) = LocalDomain (a1, Tp—1)-

Find uy, € V((Ek) solution to B(ﬂk,vk,Tk,O) = (f, Uk)l for all vy, € V(‘Ek)
end for

In all the experiments we use P; elements (£ = 1 in (2.3)) on a simplicial mesh with penalization
parameter 7, = 10, the diffusive and convective fluxes ty, g are computed with 2= 0 (see (4.1)).
Furthermore, 3 is always such that V- 3 = 0. These choices give nc1, xk = 1c,2,xk = flc,1,k = 0. For
an estimator 7, x we define n? = >, 72§ Similarly to [16], if A = eI, and 3 is constant then
for vy, € HY(M}) the augmented norm is well estimated by

okl < orller =lllvell + & 2IBl2llvel 2o
o\ 1/2

1 ~1/2 ~1/2
5 2 S w20 okB - nallie

KeMy \c€EFkNFk,i
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Hence, in the numerical experiments we consider the computable norm ||| - ||¢/. The effectivity
indexes of the error estimators n and 7 from Theorems 3.1 and 3.2 are defined as

n and "

S R— S — (5.1)
llw — ] llw — uklller

respectively. For the solution @ of the classical algorithm we use the error estimators n and 7
from [16]. They are equivalent to the estimators presented in this paper except that for @, we have
nra,x = N2,k = 0, as in this case the reconstructed fluxes are in Hg;,(€2). The effectivity indexes
for Wy, are as in (5.1) but with ug replaced by %g. The numerical experiments have been performed
with the help of the C++ library 1ibMesh [21].

5.1 Error estimators rate of convergence

In this first example, taken from [16], we solve (1.1) in Q = [0,1] x [0,1] with A =ely, 8= (1,0)7
and g = 1. The force term f is chosen so that the exact solution reads

u(z) = %xl(m 1w — 1)(1 — tanh(10 — 202,)), (5.2)
see Figure 3(a). The purpose of the current experiment is to investigate the convergence rate of the
error estimators for different values of ¢ € {1,1072,10~%}, i.e. for problems ranging from diffusion to
advection dominated. In this example the local domains are fixed a priori, we define three domains
01,09,Q5 as follows: Q1 = Q, @ € Oy if 7 € [0.25,1] and € Qg if z; € [0.375,0.75], see
Figure 3(b).

(a) Solution u. (b) Domains Q, k=1,2,3.

Figure 3. Solution u(x) in (5.2) and local domains.

Let h be the grid size of M\l, then the grid sizes of /T/l\g and /\//73 are h/2 and h/4, respectively.
For different choices of h we run Algorithm 1 without calling LocalDomain, since the local domains
and meshes are chosen beforehand. After the third iteration we compute the exact energy error and
the error estimators. The results are reported in Tables 1 to 3 for e =1, ¢ = 1072 and € = 1074,
respectively. We recall that nyc measures the non conformity of uy, ng measures the error in the
energy conservation, npp the difference between —AVuy and the reconstructed diffusive flux #,
Ny, Mg are upwind errors and 7r 1, 7r 2 measure the jumps of £, i across subdomains boundaries.

We see that the energy error converges with order one, as predicted by the a priori error analysis

of [1]. On the other hand, the error estimators nr; and 7r 2 measuring the reconstructed fluxes’
jumps across subdomains’ boundaries have a rate of convergence of 0.5, of lower order than the
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h llu—wull  n~ve NR npF nu flu nro1 nr,2

24 le—2 2.6e—3 1.9e—3 1.3e—2 3.9e—4 3.6e—4 5.8¢—3 3.5e—2
275 5e—3 1.3e—3 4.8¢—4 6.7e—3 1.3e—4 1.3e—4 4.1e—3 2.4e—2
26 2.5e—3 6.3e—4 1.2e—4 3.4e—3 4.6e—5 4.6e—5 2.9e—3 1.7e—2
277 1.3e—3 3.1le—4 3e—5 1.7¢e—3 1.6e—5 1.6e—5 2.1e—3 1.2¢e—2

Order 1 1 2 1 1.5 1.5 0.5 0.5

Table 1. Section 5.1: convergence rate of error estimators for e = 1.

h lu —urll  nne nR npF nu v nr,1 nr.,2

24 le—3 2.7e—4 6.8e—4 1.4e—3 4e—3 3.6e—3 5.8e—3 4.8¢—4
275 5.1le—4 1.3e—4 1.7e—4 6.8e—4 1.3e—3 1.3e—3 4.1le—3 2.7e—4
276 2.5e—4 6.2e—5 4.2e—5 3.4e—4 4.7e—4 4.6e—4 2.9e—3 1.8e—4
277 1.3e—4 3.1le—5 1l.le—5 1.7e—4 1.6e—4 1.6e—4 2.1le—3 1.2e—4

Order 1 1 2 1 1.5 1.5 0.5 0.5

Table 2. Section 5.1: convergence rate of error estimators for e = 1072,

h llu —uell  nve nr npr o v nr.1 nr.2

24 1.1e—4 7.1le—=5 6.1le—3 2.5e—4 9.1le—3 T7.4e—3 5.9e—3 1.9e—5
275 5.2e—5 3.1le—5 1.6e—3 1.2¢e—4 5.6e—3 5e—3 4.1e—3 9.3e—6
276 2.6e—5 1.4e—5 4.1le—4 5.6e—5 3.6e—3 3.5e—3 2.9e—3 5.6e—6
277 1.3e—5 5.8e—6 le—4 2.6e—5 1.7e—3 1.6e—3 2.1le—3 3.5e—6

Order 1 1 2 1 1.5 1.5 0.5 0.5

Table 3. Section 5.1: convergence rate of error estimators for e = 104,

other estimators and the true error. Hence, the local domains must be chosen so that the jumps at
their interfaces are small and thus 7r 1, nr 2 are negligible compared to the other estimators. This
is guaranteed taking subdomains covering the large error regions.

5.2 Reaction dominated problem

In our next example we consider a symmetric problem and want to compare the local and classical
schemes (Algorithms 1 and 2) in a singularly perturbed regime. We investigate the efficiency mea-
sured as the computational cost and analyze their effectivity indexes. The setting is as follows: we
solve (1.1) in Q = [0,1] x [0,1] with e = 1075, A = eI, 8 = (0,0)", u = 1 and we choose f such
that the exact solution is given by

1—e ™ 1—e 6
— pT1tx2 _ N —
u(x) =e (xl = ) (a:g T ) , (5.3)

where ¢ = 10%. The solution is illustrated in Figure 4(a).

Since the problem is symmetric we have || - || = || - [, but their related error estimators 1 and
7], respectively, satisfy 77 > n and hence the effectivity index of n will be lower (see Theorems 3.1
and 3.2).
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(a) Solution u. (b) First local domains Qi, k=1,...,4.

Figure 4. Solution u(zx) in (5.3) of the reaction dominated problem and first local domains chosen by the error
estimators.

Starting from a coarse mesh (128 elements), we let the two algorithms run for k =1,...,20. In
Figure 4(b) we show the first four subdomains 2 chosen by the local scheme. The first iterations
are needed to capture the boundary layer and reach the convergence regime, hence we will plot the
results for £ > 7. The most expensive part of the code is the solution of linear systems by means
of the conjugate gradient (CG) method preconditioned with the incomplete Cholesky factorization,
followed by the computation of the potential and fluxes reconstruction and then by the evaluation
of the error estimators. In the local scheme, the time spent doing these tasks is proportional to
the number of elements inside each subdomain 2. For the classical scheme, the cost of these tasks
depends on the total number of elements in the mesh. Since the CG routine is the most expensive
part, we take the time spent in it as an indicator for the computational cost.

In Figure 5(a), we plot the simulation cost against the error estimator 7, for both the local and
classical algorithms. Each circle or star in the figure represents an iteration k. We observe that the
local scheme provides similar error bounds but at a smaller cost. The effectivity index of 1 at each
iteration k is shown in Figure 5(b), we can observe that the local scheme has an effectivity index
similar to the classical scheme.

10! b E =
- E E Q
: | g 4 |
~  100F E =
w0 = B or—
8 - ] Z o9l i
8 101 —— Local = —— Local
g | - Classical E . | —#— Classical
22 23 24 - 10 15 20
Error estimator n Iteration k
(a) CG cost versus n. (b) Effectivity index of n.

Figure 5. Section 5.2, reaction dominated problem. Computational cost vs. n and effectivity index in function of the
iteration number.
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In Figure 6(a) we exhibit the cost against the exact energy error and we notice that for some
values of k the mesh is refined but the error stays almost constant. This phenomenon significantly
increases the simulation cost of the classical scheme without improving the solution. In contrast,
the cost of the local scheme increases only marginally. Dividing the two curves in Figure 6(a) we
obtain the relative speed-up, which is plotted in Figure 6(b). We note that as the error decreases
the local scheme becomes faster than the classical scheme. In Figure 7 we plot the effectivity index

23
— 10'E = — Speed-up
8 B i o
= i ’ 5
+ 100 E & 92 |
o} r R g
© 5 ) 2,
8 107 ¢ —— Local 2
F | —#— Classical 2t | ]
24 275 26 2—4 275
Energy norm error. Energy norm error.
(a) CG cost versus energy norm error. (b) Speed-up in function of the error.

Figure 6. Section 5.2, reaction dominated problem. Computational cost vs. energy morm error and speed-up in
function of the error.

of 7. As expected, for this symmetric problem, it is worse than the effectivity of 7.

=15
S
g
E 10 - .
2
B b
= —— Local
3 —— Classical
50 ‘

10 15 20

Iteration k&

Figure 7. Section 5.2, reaction dominated problem. Effectivity index of 1.

5.3 Convection dominated problem

In this section we perform the same experiment as in Section 5.2 but instead of choosing 3 = (0,0)"
we set 3 = —(1,1)", hence we solve a nonsymmetric singularly perturbed problem. The linear
systems are solved with the GMRES method preconditioned with the incomplete LU factorization.
As in Section 5.2, we investigate the effectivity indexes and efficiency of the local and classical
schemes.

For convection dominated problems, the norm || - ||, is more appropriate than || - || since it
measures also the error in the advective direction. In Figure 8(a), we plot the simulation cost
versus the error estimator 77, we remark that again the local scheme provides similar error bounds
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at smaller cost. The effectivity index of 7 is displayed in Figure 8(b), we note that the local and
classical schemes have again similar effectivity indexes.

g 10t
& = =
= F 1
& 100 E
© - E
%J F 1
g 1071 —— Local
5 L | | —#— Classical
27 26 25 24 23

Error estimator 7

(a) GMRES cost versus 1j.

Effectivity index of 7

15
—— Local
10l —— Classical
5 - |
| | |
0 10 15 20

Iteration k&

(b) Effectivity indez of 7.

Figure 8. Section 5.3, convection dominated problem. Computational cost vs. 7 and effectivity indez in function of

the iteration number.

In Figure 9 we plot the simulation cost versus the error in the augmented norm || -

lle

relative speed-up. We again observe that the local scheme is faster.

§ 10! ;*‘ E
g q0f )
© = B
2 & 1
e 1071 —6— Local

(ED B | | s Classical

25 24 23 22 21
Aumented norm error.

(a) GMRES cost versus augmented norm error.

and the

23
—— Speed-up
22 - |
21 L |
\ \ \ \
25 24 23 22

Augmented norm error.

(b) Speed-up in function of the error.

Figure 9. Section 5.3, convection dominated problem. Computational cost vs. augmented norm error and speed-up

in function of the error.

For completeness, we plot in Figure 10 the effectivity index of 7. We see that it is completely off.
This illustrates that this estimator does not capture the convective error and is hence not appropriate

for convection dominated problems.

5.4 A smooth problem

In our last example, we want to apply the local scheme to a smooth problem. We solve (1.1) with
Q=1[0,1x[0,1], A=1I, 3= —(1,1)T and p = 1. The forcing term f is chosen such that the exact

solution is given by

22
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800

—— Local
—x— Classical

00| &€ 8
400 |
200 |

Effectivity index of n

o

10 15 20
Iteration k&

Figure 10. Section 5.3, convection dominated problem. Effectivity index of n.

(a) Solution u. (b) First local domains Qi, k=1,...,4.

Figure 11. Solution u(x) in (5.4) and first local domains chosen by the error estimators.

with £ = 10. An illustration of the exact solution is given in Figure 11(a). We run the local and
classical schemes for £ = 1,...,15 starting with a uniform mesh of 128 elements. The first four
subdomains chosen by the local scheme are shown in Figure 11(b). For this problem, the error
estimators 7r 1, 7r 2 measuring the reconstructed fluxes’ jumps dominate the other estimators and
the effectivity index of the local scheme is larger than the index for the classical scheme (that
approaches 1.5 for k = 15). However, the error estimators of the local scheme are still efficient in
choosing the appropriate regions to be refined. In Figure 12(a) we show the computational cost in
function of the energy errors. We observe that the local method achieves a similar accuracy at a
smaller cost. In Figure 12(b) we highlight the relative speed-up of the local scheme and observe
that it gets faster as the error decreases. We deduce that the local scheme can be employed also for
smooth problems and if a tight estimation of the errors is needed then a full solve at the end of the
iteration can be performed.

6 Conclusion
We provide a posteriori error estimators for a local adaptive discontinuous Galerkin method. The

scheme, defined in Section 2.2, relies on a coarse solution which is successively improved by solv-
ing a sequence of localized elliptic problems in confined subdomains, where the mesh is refined.
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Figure 12. Section 5.4, smooth problem. Computational cost vs. error and speed-up in function of the error.

Starting from error estimators for the symmetric weighted interior penalty Galerkin scheme based
on conforming potential and fluxes reconstructions, we allow for flux jumps across the subdomains
boundaries and derive new estimators for the local method in Theorems 3.1 and 3.2. Two important
properties of the original estimators (for non local schemes) are conserved: the absence of unknown
constants and the robustness in singularly perturbed regimes. Numerical experiments confirm the
error estimators’ robustness for convection-reaction dominated problems and illustrate the efficiency
of the local scheme when compared to a classical adaptive algorithm, where at each iteration the
solution on the whole computational domain must be recomputed.
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