BOUNDARY STABILIZATION OF FOCUSING NLKG NEAR UNSTABLE
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EQUILIBRIA: RADIAL CASE

JOACHIM KRIEGER AND SHENGQUAN XIANG

ABSTRACT. We investigate the stability and stabilization of the cubic focusing Klein-Gordon
equation around static solutions on the closed ball of radius L in R®. First we show that
the system is linearly unstable near the static solution u = 1 for any dissipative boundary
condition u; + au, = 0,a € (0,1). Then by means of boundary controls (both open-loop and
closed-loop) we stabilize the system around this equilibrium exponentially under the condition
V2L # tan+/2L. Furthermore, we show that the equilibrium can be stabilized with any rate

less than 2—‘/5 log }t‘;, provided (a, L) does not belong to a certain zero set. This rate is sharp.
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2 JOACHIM KRIEGER AND SHENGQUAN XIANG

1. INTRODUCTION

In this paper we consider a model customarily studied on R3, the focusing energy subcritical
Klein-Gordon equation

(11) DU+UZU3, D:&gt—A.

This model admits static solutions, namely solitons W (z) (see for example [10, 46]), which are
unstable equilibria [40]. The instability comes from the linearization around W which admits
a negative eigenmode, leading generically to exponential growth for the corresponding wave
flow. As one of the core problems of dispersive PDEs, the long time behavior of solutions of a
number of related problems has been extensively studied in the last twenty years and has led
to fruitful theories. Let us mention some of them: the work on scattering by the Kenig-Merle
method [25] on the energy critical focusing nonlinear wave equations, the stability of special
solutions using the center manifold method by Krieger-Nakanishi-Schlag [28, 29] in the context
of the one-dimensional Klein-Gordon equation, and the soliton resolution for the energy critical
wave equation by [20]. See also the book by Tao [48] on an excellent introduction on dispersive
equations.

1.1. The damping stabilization of the wave equation and the NLKG equation. It
is natural to ask if unstable static solutions can be stabilized with the help of control terms:
indeed, in control theory, this is the so called stabilization problem. When we restrict wave
equations to bounded domains, control terms can be naturally implemented on the boundary
of the domain, resulting in boundary control (or boundary stabilization). The controllability of
wave equations has been extensively studied in the literature, in particular the linear systems
that will be dealing with are exactly controllable. This property can be shown via different
approaches, for example the multiplier method [55], Carleman estimates [49, 50], as well as
microlocal analysis [4], and the references therein. We also note that the closely related unique
continuation problem for wave operators is studied by Tataru, Hérmander, Robbiano—Zuily
[23, 51, 42] as well as others.

To study the issue of stabilizing an unstable solution in the context of (1.1), we briefly
discuss some static solutions for it in the context of a bounded domain. For example, imposing
a Neumann boundary condition, a positive static solution solves the following elliptic Klein-
Gordon equation,

(1.2) ~Au+u—u®=0inQ,
(1.3) u, = 0 on 0f2,
(1.4) u > 0in Q.

To simplify the model and reduce the difficulty, in this paper we shall only work with the
equation in a radial setting, and from now on we let

the domain €2 denote the closed ball B, /3(0) as subset of R3,

where the extra v/2 is added for normalization reasons to simplify the calculations. Clearly
(1.2) - (1.4) admits the constant solution u = 1, but in general it is not unique. We refer to
6, 3, 39, 38, 47] for the same problem with Dirichlet boundary conditions. In our specific case,
one has the following result due to Lin-Ni-Takagi:

Proposition 1.1 (Lin-Ni-Takagi, [36]). There exist numbers Ry and Ry satisfying 0 < Ry < Ry
such that,

(i) of L < Ry, then Equations (1.2)—(1.4) only admit the unique solution u = 1;
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(ii) if L > Ry, then Equations (1.2)-(1.4) also admit another non-trivial solution u(x) =
Wi (x).

Indeed, in [36] the authors considered the more general system —Au + pu — u® = 0 with a
general parameter p > 0. Moreover, when the nonlinearity is close enough to the critical value,
Rey-Wei [41] showed that this non-trivial solution W}, can be obtained by departing from the
unique soliton solution W of the same equation in the unbounded domain.

In this paper, we focus on the stabilization problem around the simplest solution u = 1. It
is easy to prove the instability around this equilibrium at the linear level by considering the
linearization

Ou — 2u =0 in €,
, = 0 on 0.
See Theorem 1.2 below concerning a variant of this instability result.

Various methods have been introduced to stabilize different wave equations, including the
Gramian method [27], the Riccati method [1], the backstepping method [45], the Lyapunov
approach [17, 32|, the duality method [44], the damping method [4, 7, 8, 31, 33, 56|, to just
name a sample. Let us comment more on the so called damping method, which is probably the
most investigated method on the stabilization of dispersive equations. Its idea is to replace the
Neumann boundary condition by a dissipative boundary condition,

u; + au, = 0 on 0F2,

and to show that the new system is stable. To explain this in more detail, consider the model
equation

Ou =0 1in ,
u; + au, = 0 on ON2.
Define the energy of the wave equation by

1
(1.5) Br(ult]) = 2/ (9l + |Vul?) (2)de, Vult] = (u, u) € H(S),
Q
and perform a simple integration by parts. We thereby get the following “decay” property
d 1
1.6 —F ——/ —— |uy(z)|*dz < 0.
(1.6) Gl == | ()

It remains to understand how “fast” the solution decays. For example, does the solution decay
exponentially? This is equivalent to showing the following observability inequality: there exist
some T > 0 and C > 0 such that the solution satisfies,

/ / —|ut J2dzdt > CE (u]0]), Yul0] € H'(Q) x L2(€).
[2)9]

The proof of such an observablhty inequality is non-trivial, and different methods have been
introduced for this purpose, for example the multiplier method. Based on the latter Lagnese
characterized sufficient conditions on the choice of the “damping function” a(z) for exponential
stabilization in [31]. Other related works include for example Zuazua [56] on the local inter-
nal stabilization of semilinear wave equations. Another method, based on microlocal analysis,
relates this problem to the propagation of singularities: in the seminal work [4] Bardos-Lebeau-
Rauch introduced the Geometric Control Condition (GCC) which provides an almost sharp
condition for the controllability and the dissipative boundary stabilization of the linear wave
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equation (see also Burq-Gérard [8] and Burq [7] for improvements and simplifications). This
powerful method has been widely used for the study of other linearized dispersive equations
and nonlinear dispersive equations (but in a defocusing setting; as we shall see later on our
focusing system is unstable even with dissipative boundary control). For example, Laurent [33]
proved the local stabilization of critical defocusing Klein-Gordon equations using internal con-
trol, and Dehman-Lebeau-Zuazua [19] proved the local boundary stabilization of the subcritical
semilinear wave equation. Furthermore, even when GCC is not satisfied, Lebeau-Robbiano [35]
proved asymptotic stability. Finally, we remark that all these results are proved in a general
non-radial setting.

Let us now return to the equation arising upon linearizing (1.1) around the equilibrium u = 1,
with dissipative boundary condition:
Ou —2u =0 in €,
u; + au, = 0 on 0.
Defining the energy

1
(1.7) o (uft]) = 2/ (0eul? + [Vul® — 20ul?) (x)de, Vult] € H'(Q),
Q
we obtain the “decay” property,
d 1 ,
. — = — —_ < 0.
(18) FE0) =~ [ @)l <o

However, since the energy Fjy is not positive definite (this comes from the focusing nature of
(1.1)), the decrease of the value of Ey does not imply the decay of the solution. Indeed, as we
shall prove later on in Theorem 1.2, this system is also unstable despite the dissipative bound-
ary condition. Heuristically, we observe that the instability ought to come from low-frequency
modes of the system, since the high-frequency modes are expected to be stable according the
above mentioned theories on the wave equation.

To remedy this, our idea is to add a suitable control on the boundary,
ut + auy, = b in )

to stabilize those finitely many unstable modes. In general terms,

e based on explicit calculations we show that the spectrum of the operator generating the
wave flow under the dissipative boundary condition has an asymptotic line in the left
half complex domain (see Section 3.1, Lemma 3.2 and especially its proof for details);

e using resolvent estimates we further prove that the high-frequency part of the system
is exponentially stable with explicit decay rates (see Sections 3.2-3.5 for details);

e we show that by adding suitable controls the low frequency part can be stabilized. This
step is achieved via a holomorphic extension approach (see Section 2 and Section 3.6
for details).

This strategy will be further explained in Section 2. Remark that the idea of exploiting the
high-frequency stability of a system has been previously used by other authors. For example,
Ammari-Duyckaerts-Shirikyan proved a general exponential stabilization result on damped de-
focusing like equations with internal controls in [1], where they adapted the Riccati approach
to stabilize the low frequency part. We emphasize that our stabilization approach appears
different from the existing ones and provides explicit feedback laws with sharp decay rate.
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1.2. The main results. In this paper, our goal is to investigate the controllability of the
unstable static solution u = 1 of the focussing NLKG equation by means of a very direct and
explicit method related to resolvent estimates, yielding an essentially sharp result.

First, the fact that this solution is (lineary) unstable follows from

Theorem 1.2. Let L > 0. Let a € (0,1). The cubic focusing Klein-Gordon system
Ou4u—u® =0, inQ,
ug + au, = 0, on 0L,

is linearly unstable around the equilibrium (1,0).

As illustrated above the main purpose of this paper is to add some control term on the
dissipative boundary, i.e. u; + au,, = b(t), to stabilize those unstable modes. To reduce the
difficulty, in this paper we only consider the radial case, i.e. both initial data and boundary
conditions are radial, which forces solutions be radial. It is to be expected, though, that the
methods and results of this paper can be extended to the non-radial framework, at considerable
technical expense.

Let us denote by H! the space of radial function pairs

(19) = { (1) sue Hhu@o e L),

and endow it with the norm

(1.10) ||(u,v)||3{1==/ (IVul® + o] + [ul?) (x)da.
Q

The solution of the nonlinear Klein-Gordon equation with boundary control term b(¢) and given
initial data (ug,vo) is a function u(t,x) € C([0,T); H') that satisfies the equation in the classical
transportation sense, where T € R U {+o0} is the blow up time, and throughout we use the
boundary condition from before u;+awu, = b(t). This definition of solution, introduced by Lions
[37], is commonly used in control theory, see the book by Coron [12] for an nice introduction
to this subject.

The first main result of this paper is the following one concerning open-loop stabilization of
NLKG.

Theorem 1.3. Let L > 0 such that L # tanL. Let a € (0,1). There exist some effectively
computable constants . > 0,Cg, > 0,e5, > 0,Ng, € N and smooth functions {b(t) ]kvﬁl

compactly supported on the time interval (2,4) such that, for any radial initial state (ug,vo)! €
H' satisfying
(w0, v0)" — (1,0)" I3 < €.,
Ng

we are able to find a smooth real control function b(t) as a linear combination of {by(t)}, 2,
N ~
b(t) =) In(uo, v0)bi(t),
k=1

with l~k(u0,vo) € R depending continuously on (ug,vo)? € H' satisfying
N

> [Tk (uo, v0)| < 2Cp.[(o, v0) = (1,0)l21,
k=1
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such that the unique radial solution of the nonlinear equation

Ou+u—u =0 in Q,
ut + au, = b(t), on 0N
u(0,z) = up, ut(0,x) = vy,
satisfies
(u(®), u ()" = (1,0)" |pn < 2C5, || (uo, vo)" = (1,0)" [l3g1, Yt > 0.
\f 14+a

Moreover, the same conclusion obtains for any B € (0, 37 log 175) replacing B, provided a
does not belong to a certain zero measure set A(L) (see (3.24) for its definition,).

Remark 1.4. The condition L # tan L is assumed to ensure that 0 is not an eigenvalue of the
wave operator, and is a limitation of our method for technical reasons. We do not know whether
it is possible to stabilize the system with the help of nonlinear terms even if the linearized system
s not stable, as it is the case for many other models, for example phantom tracking for Euler
equation [11, 22], and power series expansion for KdV with critical length [16] etc.

Remark 1.5. In terms of the distribution of eigenvalues in relation to the asymptotic line
flog 14a

1—a’

value of ‘[log H‘“ tends to +o00; thus in some sense we can understand this result as rapid
stabilization, i.e. exponentza,l stabilization with the decay rate being arbitrarily large. Indeed, by
taking a = 1 this paper already presents the rapid stabilization. The case a > 1 can be treated
similarly leading to an analogous result.
It is noteworthy that the study of the essential spectrum for the damped wave equation in a
general geometric setting is more involved. This is related to the stability of the damped wave
equation: by contrast to our situation there is no need to add extra control terms to stabilize
the system. We refer to the works of Koch—Tataru [26], Lebeau [34] and the references therein
i this direction.

our result s presumably sharp. Moreover, observing that when a tends to 1~ the

Remark 1.6. We can replace the support (2,4) by any other compact interval, which only

affects the choices of the constants Cg,eg, and the functions {bk(t)},ivﬁl, but not the dimension
of the control Ng that we use.

Notice that Theorem 1.3 is an open-loop stabilization result, which is less robust to dis-

turbances compared with closed-loop stabilization for engineering applications and realistic
situations. Generally speaking, it is hard to pass from an open-loop stabilization result to a
closed-loop stabilization result, since the open-loop control that we choose may be non-local in
time while closed-loop feedback (except for some time-delay feedbacks) should only depend on
the current state and time. However, we observe from Theorem 1.3 that the control is chosen
from a finite dimensional space which, in particular, is also compactly supported. This essential
observation makes it possible to derive from Theorem 1.3 a closed-loop stabilization theorem
by means of time periodic feedback laws.
For this purpose we need to add some “observers”, which are introduced in order to observe the
current state, more precisely, to determine the value of [; that appears in Theorem 1.3. This
is a standard, and in many circumstances a necessary trick for stabilization problems, see for
example [15, 18, 53].
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Therefore the state becomes (u, u;ly,l, ..., ZNB) € H' x RV8, and one needs to stabilize the
following new system

Ou(t,z) + u(t,x) —ud(t,z) =0, t € (s,+00), € Q

ug(t, ) + auy(t,x) = bs(t), t € (s,400),x € 09,

Ik(t) =0, Vk € {1,2,...,Ng},t > s,t € [NT,(N + 1)T),N € Z,
It(NT) = I (w(NT),us(NT)), Vk € {1,2,..., N3}, NT > s,N € Z,

with the help of some time periodic feedback law by(t) that depends on the state (u, u; (1,12, ..., In,)
and time t. In fact, observing from the last two condition in the preceding formula, one only
needs to stabilize (u,u¢)(t). More precisely, we have the following closed-loop stabilization
result.

Theorem 1.7. Let L > 0 such that L # tan L. Let a € (0,1). Take the values of 5 and Ng,
fmm Theorem 1.3. For any €9 > 0 small enough there exist effectively computable constants

C > 0,>0,T > 0, smooth functions {by(t )}k * compactly supported on (2,4), and T-periodic
feedback laws that depends on the value of (ll,lg, oy Ing, ) (t) and time t:

Ng,

br(t) = by (Li(t), l2(t), ... In,, (¢ sz )b <t— (=] ),VteR,

such that, for any s € R, for any radial initial state (uo, vo; 19,19, ..., l?vﬁ ) € H xRNs- satisfying
the smallness condition

(w0, v0) " — (1,0)" < &

and the compatible condition
lg = flvk(uO,vo), vk € {1, 2, ceey Ng*},

where the continuous function I, and the smooth functions {bk(t)}]kvﬁl are chosen directly from
Theorem 1.3, the unique radial solution (u,ut;l1,la, ..., Ing, )(t) of the nonlinear equation,

Ou(t, z) + u(t,x) — ud(t,z) = 0,t € (s, +00),z €

w(t, x) + auy (t,z) = bs(t),t € (s,4+00), 2 € 09,

Ix(t) =0,Vk € {1,2,..., N, },t > s,t € [NT,(N + 1)T),N € Z,
(NT) = It (w(NT), us(NT)),Vk € {1,2,...,N3.}, NT > s,N € Z,
u(s, ) = ug, u(s, x) = vo,

I(s) =10,Vk € {1,2,...,Ng, 1,

satisfies

(u(t), ue(t)" = (1,0)" gn < Ce™ P20 [ (ug, vg) — (1,0) |31, ¥t > s,
N,
> lk(t)] < 2Ce™ P20 (ug, v9) — (1,0) |31, VE > s.
k=1

Moreover, the same conclusion obtains for any 3 € (0, ‘2€ log }‘*‘Z) replacing By, provided a does

not belong to a certain zero measure set A(L).
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Remark 1.8. We do not know whether adding Ng integral terms is “optimal”, as the con-
trollability and stabilization with reduced control terms is among one of the central problems in
control theory, especially for nonlinear systems for which the nonlinearity may provide plenty
of extra information rather than linear systems, see for ezample [13] concerning local exact con-
trollability of three dimensional Navier-Stokes equations with only one controlled component.

To the best of our knowledge, this appears to be the first attempt to stabilize multi dimen-
sional unstable focusing dispersive equations using resolvent estimates, and this stabilization
result also shares the advantage of explicit feedback with a sharp decay rate.

We note that under the radial assumption on solutions the NLKG can be more or less regarded
as a one dimensional wave equation, for which the understanding of controllability, stability and
stabilization is more complete, to be compared with the more complicated higher dimensional
case. For example local controllability and global controllability even with different type of
nonlinearities has been obtained by Zuazua [55, 57] (see also [12] for an introductory proof
of the local controllability), exponential stabilization using Lyapunov functions is obatined by
Coron-Trélat [17] , or by the backstepping method [45] (this general approach has been applied
to different types of models, see for example the heat equation [14] and KdV equation [54]).

Nevertheless, though benefiting from the simplicity of the radial setting, we do not use any
other specific one dimensional structures in this paper, which suggests the possibility to extend
things to the multi-dimensional non-radial case.

This paper is structured as follows. In Section 2 we introduce some general facts concerning
the linear inhomogeneous problem as well as our strategy of stabilizing unstable modes. Section
3 is the main part of the paper; we prove that under the radiality assumption via explicit
resolvent estimates the static equilibrium is unstable (Theorem 1.2) and that with the help
of some control term on its linearized system the solution will decay exponentially (Theorem
3.1). This is followed by a section on open-loop stabilization of the nonlinear system concerning
Theorem 1.3 as well as a section on closed-loop stabilization concerning Theorem 1.7. In the
end, in Section 6 we comment on some interesting further questions, and furnish some technical
proofs in Appendix A and Appendix B.

2. INHOMOGENEOUS LINEAR PROBLEM AND OUR STABILIZATION STRATEGY

In this section we introduce our stabilization strategy for general linear wave equations with
potential terms and boundary controls

(2.1) Ou — Vu = h(t,z) in Q,
(2.2) (ut + auy)(t) = b(t) on 09,
(2.3) u(0, ) = up, u(0,x) = vy,

where the potential V' is assumed to be radial, bounded and smooth, and a € (0, 1) throughout.
Also, the function b(t) is always assumed to be C*° and compactly supported.

2.1. Our stabilization strategy. In this subsection we briefly comment on our strategy of
getting stabilization, and leave the more detailed explanations to Section 2.2-2.3. It is essen-
tially composed of two parts:

e Transform the evolution problem into an elliptic one via Fourier transformation in time.
This procedure gives some function U(w, z) that is well-defined if — Im w is large enough;

e Extend the function U(w, ) holomorphically to a larger domain with the help of control
terms if necessary, and perform resolvent estimates for U(w, x).
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We note that the idea of using the Fourier transform in time has been used for the study
of the stability problem of damped wave equations in different settings. Let us mention, for
example, the works by Lagnese [31], Burq-Zworski [9], Duyckaerts-Miller [21] and the refer-
ences therein. Remark that in most of the literature one deals with stable linearized equations,
thus holomorphic extension is always possible, and one mainly concentrates on the resolvent
estimates. Indeed, in this circumstance the damped wave equation is exponentially stable.
However, in our framework, as we shall see later on in Section 1.2, the damped wave equation
is unstable and holomorphic extension is only guaranteed by working with well-chosen controls.

Let us now briefly present the idea of Fourier transform in time. Let us define the partial
Fourier transform

+00 )
(2.4) Up(w, ) :== / e “hy(t, z)dt,
0

where u is assumed to be a solution of (2.1)—(2.3). Straightforward calculation implies that Uy
satisfies an elliptic equation

(2.5) AUy + (V +w?)Uy = —Hy in Q,
(2.6) wlUpy + (LU(]J/ = By on 01,

Then, at least formally, for w = a + i with some fixed negative valued 8 we can define for
t>0

“+oo

(2.7) Plug(t,z) = 1/ e Ug(a +iB,2)da =: F(B,t, ).
27 J_ o

That the preceding expressions make sense for 5 a negative number of sufficiently large absolute

value follows from Lemma 2.1. Therefore, in this circumstance the preceding formula is exactly

the inverse Fourier transformation, and the value of ug(t, ) coincides the unique solution of

the wave equation u(t,x).

If furthermore, we are able to extend the definition of Uy(w, x), F(S,t, ), to much larger sets
of the complex parameter w, in particular to the region where 8 > 0, and to prove for some
Bo > 0 that

(2.8) 1E'(Bo, t, )l < C(Bo), Vt € [0, +00),

then we get the required exponential decay of u.

This requires us to extend Uy(w, x) holomorphically from the region of 3 sufficiently small to
the region 8 < fy. Note that generally we are not allowed to extend Uy via the definition (2.4),
since the integral may not be well-defined. Instead we shall perform the extension by solving
(2.5)—(2.6). We shall see later in subsection 2.3 that these equations need not admit a solution
for certain specific values of w (namely the poles), unless Hy and By satisfy a suitable com-
patibility condition. Notice that the value of By is directly related to the values of the control
term b(t) (see Equation (2.20)), while Hy is directly related to the initial states (see Equation
(2.19)). Our strategy is to exhibit this compatibility condition on (Hy, By), or equivalently to
find suitable controls b(t), such that one can solve Uy holomorphically in the complex region
Imw < fy. Consequently, the function ug(t, x) defined in (2.7) is analytically extended to the
larger region 5 < (o, and still coincides with the unique solution of the wave equation u(t, x).
In the following when there is no confusion we shall simply denote ug(t,x) by u(t, x).
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Finally, we obtain the required estimate (2.8) using resolvent estimates (see subsections 3.4
3.5 for details).

2.2. Relating the stability question to elliptic problems. As a simple starting point, we
state the following lemma. Let us define the energy of the system,

1
E(t) ;:2/Q(|atu12+\vU|2+|u12) (t, 2)d

and

(2.9) E(t) := E(t) + clz/o /69 ul(s, z)dods.

Lemma 2.1. There exists some C = C(V,Q) such that for any given (ug,vo)’ € H1, the unique
solution of (2.1)—(2.3) satisfies

(BE®)* s e (E0)3 + /0 €U (([A(s, )2+ b(s)| + 6"(s)]) ds, V¢ € [0, +o0).

Proof. At first we consider the case b(t) = 0. Direct calculation yields

d ~
CE(r) = /Q<(1+V)utu+uth)dx<0E B+ EO I ) )

d\/E < OB + 15, )2y

which implies the lemma via Gronwall’s inequality.

As for the case b(t) # 0, by taking the difference of u and g(x)b(t) with some smooth function
g(x) satisfying g(L) = 0,9,(L) = a~! we transform the term b(t) into the source term, which
can then be handled by the above inhomogeneous free boundary control case. This concludes
the required estimate. O

thus

Remark 2.2. Observe from the energy estimate that the boundary trace has temporal derivative
bounded in the L? sense, while the usual trace formula only provides its continuity. This is
indeed a hidden inequality that comes from the boundary value problems, and sometimes such a
kind of hidden inequality is the key to prove controllability results (see for example [43, 30] for
KdV). Moreover, we shall also benefit from this trace estimate in our stabilization problem.

In order to take advantage of the inverse Fourier transformation, we need to extend u(t) by
0 on ¢t < 0 via a smooth truncation. Let x € C°°(R) satisfies x(t) = 0 for t <1, and x(¢) =1
for t > 2. Define w := xu, it satisfies

(2.10) Ow — Vw = xpu + 2x:us + xh = hg in £,
(2.11) wy + aw, = xb+ xiu = by on 0f2,
(2.12) w(0,z) = w(0,x) = 0.

Let us assume that the control b(t) that we will choose later on satisfies that
(2.13) supp b(t) € (2, +00).

Thanks to this assumption, we know that u(t, z)|;c(2) is uniquely determined by (ug,vo)(%)
and h(t,7)|;c(0,2). Therefore, the boundary term bo(t)|;c(0,2) is given by xiu(t, z)lie(0,2), and
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the source term hg(t,x) is fixed irrespective of the choice of b(t). Moreover, since the energy
and the trace of u(t) are bounded by

t 2
E(t) S E0)+ </0 Hh(s,-)Hde8> ,Vt € (0,2),
t 2
u(t, D)]? < E(0) + ( / ||h<s,->udes> Ve (0,2),

/Ot ui(s,L)ds < E(0) + </Ot||h(s, -)|]L2ds>2 WVt € (0,2),

we know that

t 2
1ho()1172 S A7+ oI+l vol I+ </0 1A (s, ')||L2d5> vt € (0,2).

It suffices to stabilize w = xu via a good choice of by(t) keeping in mind that on the time
interval [0, 2] this function is given by w(t) = x/(t)u(t, L).

By defining
+o0 . +oo .
(2.14) U(w, ) ::/ e “h(t, x)dt :/ e “hw(t, x)dt,
0 —00

thanks to Lemma 2.1, we know that for any complex number w satisfying Imw < —C(V, Q)
both Up(w,z) and U(w, z) are well-defined and belong to the H! space. Thanks to the inverse
Fourier transform, for w = « + if satisfying 5 < —C(V,Q), the function w(t, z) satisfies

1 [t
(2.15) Plu(t, ) = o / U (z, o+ if)da,
m —00
1 [t ,
(2.16) Pty (t,z) = 5 / (i = B)e' U (z, a + if)dex.

In the following if there is no confusion we will call w(t) (or sometimes u(t)) the function
corresponding to U(w). Then, we derive the following relations via integration by parts:

+(X> . . +(>o .
/ e~ “hpdt = e_“"twt|6r°° + iw/ e “lwydt = —w?U(w, ),
0 0
+o0 ) o0 )
alU, = a/ e ", (t, L)dt = / e (—wy(t, L) + bo(t))dt
0 0
+o0 )
= —iwU —I—/ e~ "“thy(t)dt.

0

All of these relations are valid as long as Imw < —C(V,). In that same region for the
parameter value w, direct calculation shows that U can be characterised by an elliptic boundary
value problem:

(2.17) AU + (V+w?)U = —H in Q,

(2.18) iwU + aU, = B on 092,
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where H and B are the Fourier transforms of hg and by respectively:

+oo
(2.19) H(w,z) = / e “thy(t, z)dt,
0

(2.20) B(w) := /0 o e “hy(t)dt.

The preceding elliptic boundary value problem is to be understood in the following variational
sense: U € H1(Q) is a solution if for every W € H*(Q) we have that

_ _ ; _ _ 1 _
(2.21) /VUVde—/(V—FwQ)Ude—i—M UWdO':/HWdl‘—I-/ BWdo.
Q Q a Joq Q a Jon

Consider now the unbounded operator Py (w) defined as follows,

Py (w) : D(Py(w)) C L?,,(Q) — L?,4(9),

rad rad

U (A+V +w),

with domain
D(Py(w)) :={U € H,4(2) : iwU + aU, = 0}.

As in [31, page 174], Py (w) is an m-sectorial operator associated with the sesquilinear form on
the left hand side of (2.21), which is sectorial for any w € C according to the following Lemma.
Its proof can be found in Appendix A.

Lemma 2.3. For any w € C, we define the sesquilinear form p, as follows,

Do - Hlad(Q) X Hv}ad(Q) - C?

r

(U, W) H/VUVde—/(V+w2)UWd:x+M/ UWdo,
Q Q a Joq
where the same assumptions on the potential V' as before are in force. Then the sesquilinear
form p,, is sectorial.

We conclude (see e.g. [24]) that the operator valued function Py (w) is resolvent-holomorphic,
which means that for any A € C, the operator valued function

(A= Py(w) "

is holomorphic in a sufficiently small neighborhood of any wy € C with the property that
A € p(wp). In particular, this holds for A = 0.

The resolvent being a compact operator (see. e. g. [31]), we infer that the non-invertibility
of Py(w) is equivalent to the existence of a non-trivial function in its kernel. The elementary
Lemma 2.6 below (and proved in the appendix) implies that all such values of w in the lower
complex half plane for which Py (w) is not invertible lie on the imaginary axis, and standard
theory implies that they form a discrete set there.

Definition 2.4. We call w € C a pole, provided Py (w) is not boundedly invertible on L?(S2).
If w is not a pole, we call it reqular. Moreover, a pole wy € C is called of order n if the operator
valued function (w — wo)"(Pv(w))_l is holomorphic around wy and (w — wo)™* (Pv(w))_l is

not holomorphic around wy.

As we shall see later on, the first inequality of Lemma 2.6 implies that all the poles in the
lower half plane are in fact simple(of order one).
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Remark 2.5. Let us remark here that the poles coincide with the eigenvalues of the following
unbounded operator A defined on the Hilbert space H', which is the infinitesimal generator of
the semigroup associated to the damped wave equation:

A:D(A) C H' = H,
()~ (a2 o) (2),

D(A) := { <Z> € H2 () x H- (Q) : v+ au, =0 on asz} .

with

Since the operator A has compact resolvent, its spectrum reduces to the set of eigenvalues.
Suppose that for some w € C and (w,w;)’ € H*(Q) x HY(Q) there is

namely,
w = wy = iww in §,
Wy = wy = Aw + Vw = iwwy in €,
wy + aw, = 0 on 0L,

then simple calculation yields

Aw + Vw + w?w =0 in Q,

ww + aw, = 0 on IN.

This observation automatically gives the criterion for the stability of the linearized equation:
stable if and only if there is no pole in the lower half plane.

2.3. Holomorphic extension. From the preceding section, assuming that the function w
satisfies (2.10) - (2.12), for some bg(t) compactly supported and hg bounded! in H'(Q), say, we
know that, at least for Imw < —C(V,Q) the function(U(w, ), H(w, ), B(w, z)), defined via
(2.14), (2.19), (2.20), respectively, is well-defined in H' x H! x C, and holomorphic with respect
to w, and its components solve (2.17)—(2.18). As illustrated in Section 2.1, the relations (2.15)—
(2.20) remain valid for 5 < fy provided that there is a holomorphic (with respect to w) function
U(w, z) solving (2.17)-(2.18) in the region Imw < y. Now we intend to holomorphically extend
the solution of this elliptic equation to more general complex values w, and more specifically,
we strive to extend it up to the line Imw = By with some [y positive. This will imply the
exponential stability of the system.

However, it is not always possible to analytically extend the solution of the elliptic problem
(2.17)—(2.18), due to the presence of poles. Indeed, suppose that wy is a pole, i.e. the preceding
operator Py (wp) is not invertible, and there exists some non-trivial solution U; of the following
equation,

AU; + (V4 wd)U; =0 in Q,
iwoUy + aUy, = 0 on 092.

Un fact later we make much stronger exponential decay assumptions on hg.
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The equations (2.17)-(2.18) may not even admit a solution at this pole wp. Indeed, if W is a
radial function on 2 satisfying

(2.22) iwW 4+ aW, = B on 09,

then U being a solution of (2.17)—(2.18) is equivalent to X := U — W being a solution of
(2.23) AX +(V+wd)X =Y in 9,

(2.24) iwpX 4+ aX, =0 on 09,

(2.25) Y= —H — AW + (V 4+ wd)W.

The preceding equation need not admit a solution since Py (wyp) is not invertible. On the other
hand, there is a subset Z(wp) of L?,,(€2) such that for any Y belonging to Z(wy), the preceding
equation admits a solution X (but the solution will not be unique).

Observe from the preceding equation that W only depends on the value of b(¢) (which de-
termines B), which is exactly the control term. Therefore it is natural and reasonable to ask
whether there is a good choice of b(t) such that for any pole wy the above defined function Y
takes its value from the set Z(wg). This guarantees the existence of a solution for Equations
(2.17)—(2.18) for any pole wp. In fact, the precise condition required is given by (iv) in the
Assumption 1 on b below. It remains to show that under this assumption there is a holomor-
phic extension for U(w,z) beyond any pole. This will be done in Lemma 2.8. Note that the
motivation for (iv) below is that if wg is a pole, then for any given radial function H, all radial
H'-solutions U of the inhomogenous problem

(2.26) AU + (V +wd)U = —H, in Q,
have the same boundary value
(2.27) iwoU + aU, on 0€).

We now specify the precise technical assumptions we shall make on b. An actual construction
of a function b satisfying these conditions, and in the context of a nonlinear iterative scheme,
will be accomplished in Lemma 3.15.

Assumption 1: We say that a function b(t) satisfies this assumption if the following conditions
on by(t) defined as xb + xiu hold:

(i) Compatibility condition:
bO(t) = X/(t)U(t,L) on [07 2]

(Remark: this condition comes from the assumption (2.13) on b(t)).

(ii) Real valued condition: by(t) is real valed.
(Remark: notice that for any pole w = a+if with 8 > 0 the value of « is not necessarily
0, which may cause some difficulty for finding real controls b, but this is resolved by the
fact that w and —w appear in pairs).

(iii) Support property: bg(t) is compactly supported
(Remark: this condition is imposed to ensure that B is always defined, as well as the
decay).

(iv) Compatibility on poles: for any simple pole w; satisfying Imw; < B, we have that B(w;)
coincides with the value of iw;U +aU,, for any one (and hence for all solutions according
to the observation on (2.26)—(2.27)) of the radial H'-solutions U of the elliptic equation

AU+ (V +wJ2)U = —H(w;) in Q.
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Indeed, once a function by(t) that satisfies such four properties is chosen, one shall select b(t)
as follows

o, ifte(0,2),
(2.28) b(t) := {bo(t), if t € [2, +00).

Below we shall see that if we assume that there is no pole on the line Imw = Sy and the
above assumptions hold, and furthermore all poles are simple, then the solution U = U(w, x) of
the above elliptic problem can be holomorphically extended to a neighbourhood of the domain
Imw < fy. Again, we emphasize that when w = w; is a pole, the problem

AU, + (V +w]2)U1 = —H(wj) in €,
iw;jUy +aUy, = 0 on 09

may not admit any solution. This can also be compared to a similar issue for the simple ODE
model:

Ugy = f(x)v ’LL(O) = O?u(ﬂ-) =0,
which does not necessarily admit a C? solution. The preceding strategy shall be rendered rigor-

ous below in Lemma 2.8, and the precise choice of the control term by that satisfies Assumption
1 shall be found in Section 3.6.

We now present the details, starting with some properties concerning the kernel of Py (wp):
any potential pole that lies in the lower half plane can only appear on the imaginary axis,
moreover, these poles cannot accumulate in this region, and are simple. The following lemmas
closely mimic ones in [31], and the proofs can be found in Appendix A:

Lemma 2.6. The point w = « + if is reqular if 5 < 0, # 0. Furthermore, for a # 0 and
B e (—C(V,Q),0) the unique solution of

(2.29) AU + (V +w?)U = —H in Q,
(2.30) iwU + alU, =0 on 01,
satisfies

11 0y 81 1000y e 17
and
1U z @) U 2200) S U | 22(0)-
We also record the following basic

Lemma 2.7. There are finitely many poles w; = if; with —3; € (0,C(V,Q)), and they are
simple poles.

In fact, the simplicity of the poles in the lower half plane is a direct consequence of Lemma 2.6.
Armed with the preceding lemmas and a good choice of b(t), we can holomorphically extend
U, interpreted as function of w, to all of the lower half plane or even further.

Lemma 2.8. Suppose that there is only a finite number of simple poles* under the line Imw =
Bo. Assume that H(w,x) depends holomorphically on w in a neighbourhood of the domain
Imw < By. Then, for any fived by(t) satisfying Assumption 1, the unique function U(w,x)

2In particular, we assume there are no higher order poles
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which solves (2.17)—(2.18) for regular points w can be holomorphically extended to all w in the
domain Imw < fy, thus also including the poles, namely, U(w, x) is holomorphic in this domain
and solves Equations (2.17)—(2.18).

Proof. Thanks to the choice of b(t), we know that for any regular w such that Imw < 3 the
elliptic equation (2.17)-(2.18) admits a unique solution U(w, x). It suffices to show that U(w)
can be holomorphically extended to any simple pole w;. Since w; is in the spectrum, we can
expand the resolvent (A + V + (w; + w — w;)?)~! with the boundary condition iwU + aU, = 0
as

(w—w) " A+ Qw),
where the image of A is of one dimension (the kernel of the operator for w;), and the regular

part Q(w) is bounded and holomorphic near w;.
Now let U(w;) be any one H!-solution of the problem

AU + (V 4+ w)U = —H (w;).
According to (iv) of the basic conditions for b, we then have
iw;U(w;) + aly(wj) = B(wj).
For any w close to wj, we set the difference
Au = U(w) = Ulay),
which satisfies

(A+V +uwHA, = —(w? - w]z)U(wj) — H(w) + H(wj), in €,

iwAy, +a(Ay)y = i(w — wj)U(wj, z) + B(w) — B(wj), on 0.
As usual we split A, by V,, + W with W given by
W(w,z) := g(z) (i(w — w)U(w), )o + B(w) — B(wj)),
where the smooth function g(z) verifies glan(L) = 0, ¢'|sa(L) = a=t. Thus V,, satisfies

(A+V +uwHV, = —(w? - w]z)U(wj) — H(w) + H(wj)

— (z(w —w)U(wj, L) + B(w) — B(wj))(A +V + w2)g(x),
= (w - Wj)R(U.)),
iwVy, +a(Vy), =0,

where R(w) is holomorphic near w;j. Thanks to the resolvent expression of (A +V + w?)~!, we

know that
Vo = AR(w) + Q(w)(w — wj) R(w),
which is of course holomorphic around wj. O

Remark 2.9. The lemmas stated in this section actually hold beyond the radial context.

According to Lemma 2.6, we only have information about poles that are below the real line.
However, in the next section for a specific potential function V' = 1 with the help of explicit
calculations we will be able to extend the function U(w,x) significantly above the real line.
In particular, the preceding construction can be extended to any strip in the upper half-plane
where only finitely many poles exist, under a suitable non-degeneracy condition.
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3. STABILIZATION AROUND UNSTABLE EQUILIBRIA

This section is devoted to the stabilization of the system around the static solution u = 1,
more precisely, the stabilization of its linearized system,

Ou — 2u = h, in €,
uy + au, = b(t), on 9.
Let us perform the following simple change of variables
t

a(t,z) = u (\% 55) B(t) = \}ib <\/§> L 0= BL(0).

For ease of notations, if there is no risk of confusion we still denote the new variables by « and
f, which therefore verify

Ou—u=h, in Q,
ug + au,, = b(t), on 09,
(0, z) = up, ut (0, ) = vo.
For any given § € R, we define and works with the following space for the triple (h,ug,vp),
(3.1) B = B(B) := {(h,uo,v0) : h(t,z) € L' (0, +00; L*(Q)), (uo, vo) € H'},

with its norm given by

+oo
(3.2) (b, o, v0) l5:= /0 At ) gyt + 11 (wo, v0) o1

In the end of this section, we will achieve the theorem that we present in the following.
Remark that this result only deals with the case that a € (0,1)\.A(L) (see (3.24) for the precise
definition of this set that contains countably many numbers), while when a takes its value from
A(L) the same argument leads to exponential stabilization with decay rate S, for some number
B« that is sufficiently close to 0 such that there is no pole in the strip Imw € [0, 8,] (as stated
in Theorem 1.3).

Theorem 3.1. Let L > 0 such that L # tan L. Let a € (0,1) \ A(L) (see (3.24) for a precise
definition). For any (B € (0, i log 3£2) | there exists a constant Cpg effectively computable such

1—a
that, for any radial triple (h,ug,vo) € B we are able to find a smooth real function b(t) compactly
supported in interval (2,4) satisfying

(B[, [V'(B)] < Csll(h, uo, vo)ll

such that the solution u verifies
t
Ju(®)lls < Cpe™ ( /0 (e, ) gyt + ||(u0aU0)HH1> fort <2,

“+oo
||u(t)HH1 < Cgefﬂt </0 (3515Hh(t7 ')HL?(ﬁ)dt + ||(U0,Uo)”H1> , fort>2.

Moreover, the real function b(t) is in fact chosen from a fized finite dimensional space N :=

span {bi(t),....,bn(t)}

N
b(t) =D Ikbk(t)
k=1
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with Iy, = l(h,uo,v0) € R depending linearly and continuously on (h,ug,vy) € B:
N

Z |lk(h7u077)0)’ < CBH(h7u07UO)”B'
k=1

As it corresponds to the case of V = 1 in the preceding section, we study the operator
P(w) := P;(w) that we introduced in (2.17)-(2.20): for any function U € D(P;(w)),

P,U :=(A+1+w)U in Q,
iwU +alU, =0 on 9f).

Since we are working with radial functions, it is standard to consider the following function on
r € [0, L]:

(3.3) W(r) =rU(r).

Then, the preceding operator on U becomes the following one acting on :
QW) : D(Qw)) € L*(0,L) — L*(0, L),

(3.4) ¥ 29+ (1+ W),

with its domain of definition as

(3.5) D(Q(w)) := {¢ € H*(0,L) : ¥(0) = 0, (iLw — a)y(L) + aLyy'(L) = 0}.

We again observe that all solutions of (2.26) have the same boundary value (2.27) if wy is a
pole: suppose that wy is a pole and that Equation (2.26) has two different solutions Uy and Us
having different boundary behaviors, then U := U; — U, is a solution of Equation (2.26) with
H = 0. Thus ¢ := rU satisfies

b + (1 + W)t =0,
¥(0) = 0, (iLwo — a)(L) + aly' (L) # 0.
Therefore, the unique solution of the second order ODE
O+ (L+wh)w =0, $(0) = 0,4,:(0) = 1,
satisfies
(iLwo — a)(L) + aly' (L) # 0.
This is in contradiction with the assumption that wq is a pole.

3.1. Spectral properties. We want to find those non trivial pairs (w, ) € C x D(Q(w) that
satisfy Q(w)y = 0. Observe that this is related to the following unbounded operator A defined
on the Hilbert space L%(0, L),

A:D(A) c L*(0,L) — L*(0, L),
1) _ L\ (1
)= oeen (),
with its domain of definition given by
D(A) :={(¢1,42)" € H*(0,L) x H'(0, L) : ¢h2(0) = 0, —awp1 (L) + aLpi (L) = —Lapa(L)},

Note that the spectrum of A coincides the spectrum of the operator A that is defined in Remark
2.5.
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Since the operator A has real coefficients, its eigenvalues appear in pairs. Suppose that
(iw,1,19) is a pair of eigen modes for the preceding operator, then we easily get from its
definition that

Yo = iwipy, in
(02 + 1)1 = iwpy = —w?y, in Q
¥1(0) = 12(0) =0
—atp1 (L) + aLy)(L) = —Lapo(L) = —iLwipy (L)
Hence, (w,1) is a pair constituting a non trivial solution of (3.4)—-(3.5). It suffices to find all
eigenvalues of A; in fact, we are more interested in their asymptotic behavior, i.e. when k tends
to 0o, the value of iwy.
Asymptotically, formally neglecting lower order terms, we reduce to study the simpler oper-

ator A,
()= )
P2) — \O7 (Y
¥2(0) = 0, ay (L) = —o(L),
whose spectrum is explicit:
1—a krm

1
— Z
2L +zL,k‘6 ,

thus
1 l1+a kn

ke Z.
2L l—a L’
Hence, the following lemma is quite natural. In fact, exploiting the radiality assumption, we
are able to sharpen Lemma 2.6 and Lemma 2.7 in the preceding section as follows.

Lemma 3.2. In the radial case, the operator P(w) is invertible except on a discrete set {wy},

(i) there exist only finitely many poles wy, such that Im(wy) < 0, and these poles are simple
and purely imaginary. Moreover, if wy is a pole then so is —y;
(i) there is no pole wy on the real line if L # tan L;

(iii) for any B < 2L log %*‘Z, there are only finitely many poles which are under the line

Imw = 3. Indeed, 8 = log ﬁg 1s the asymptotic line for poles.

In particular, there emsts v > 0 such that in the strip 0 < Im(w) <~ there is no wy.
(iv) for any L such that tan L # L, there exists a set A(L) containing at most countably

many elements such that for any a € (0,1) \ A(L) there are only simple poles.

Proof. The first property and (i) follow from Lemma 2.6 and Lemma 2.7. We continue with
the proof of properties (i), (i7i) and (iv).

Recall that a complex value w being a pole is equivalent to the existence of a non-trivial
solution of the equation

(3.6) O+ (L+w)y =0,

(3.7) $(0) =0, (iLw — a)b(L) + Ly (L) = 0.

From now on we shall denote (w)? := w? + 1, and define (w) as a square root of (w? + 1) as

follows: if w ¢ [—i,14], let (w) be the unique square root of (w? + 1) closest to w. Furthermore,
for w € [—i,4], given by w = isinp, p € R, set (w) = |cosp|. Then |w — (w)| < 1. Also, for
w ¢ [—1i,1i], we have
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Now assume® w # =i, and notice that the solutions of
O+ (1+w)y =0, (0) =0
are given by Cvy with
P1(r) i= W — 7w,
Therefore, (3.6)—(3.7) admits a non-trivial solution if and only if
(iLw — a)r (L) + aLf (L) = 0,
which is further equivalent to

(iLw — a) <ei<w>L — e*iwL) +iaL(w) <ei<w>L + e*iwL) =0.

This implies that w € C\ {7, —i} is a pole if and only if
2iwyr _ Hlw —a —ial(w)

"~ iLw —a +ial{w)’

(3.8) e

or equivalently,

(3.9) (iLw — a)sin({(w) L) + aL{w) cos({w)L) = 0.

Setting w = 0, we see that the condition L # tan L implies that it is not a pole, as asserted in
(ii).

Next, we prove (iii). At first we show that there is a uniform upper and lower bound for the
imaginary part of poles. Assume that w = « + i is a pole such that |w| > N for some N

large enough to be chosen later on. Since |w — (w)| < 1, we know that on the left-hand side of
Equation (3.8)
(310) 672L(1+5) < |621'(w)L| < 62L(17ﬁ)'
Moreover, by the definition of (w) there is
(w)

. 1
= 1+ 7, with |r,| < N

Hence the right-hand side of (3.8) is equivalent to

iLw —a —iaLl{w) 7iL<1_a<%>> o AL ((1—a) —ary) —

a
(3.11) : : = = - w
iLw—a+ial{w) 1, (1+a@>—ﬂ iL((1+a)+are) =
w w
Inspired by the preceding formula we shall choose N := N, 1, as
2a(1+ L)
3.12 Ny = ——+—7.
(3.12) T (1-a)L
Such a choice of N, ;, indeed guarantees
, a alL a L(1—a)
L((1—a)—ary)— —|>L(1—a)— - >
L (1= a) —ar) — £ 2 L0 —a) - = - > S
, a alL a L(1+ 3a)
L((1 ——|>L(1 — — > .
liL ((1+a) + ary) w’ >L(1+a) Noi NaiZ 5
Thus
(3.13) L(1—a) < iLw— a—iaL{w) < 2L(1+ 2a) + 2a

2L(1+ 2a) + 2a ~ |iLw — a + iaL{w) L(1+3a)

3t is easily seen that w = =i are not poles
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which combined with (3.10), yields an effectively computable constant C, j, such that
(3.14) |B] < Cy,1, for any pole w satisfying |w| > Ng 1.
Consequently, there exists some constant Cy; > 0 such that

(3.15) |B| < Cy for any pole w € C.

Next we give an asymptotic expansion for poles such that a > N, 1. Keep in mind that for
any pole w = a + i which satisfies this condition, its imaginary part is smaller than C, . By

writing (w) = & + ig, one easily gets?

~ 1 1 ~ 1 1 1
a:a+%+0(§), ﬁ=5+0($), {w) :WJr%ﬁLO(@),
. . . 1 . 1
Hw)r _ jiwr fwr (1) — piwr -
e e +e O(a) e —i—O(a).
Since (w) = a + 5= +if + O(é) we further get
(3.16) ei(w)r _ ei(a+i+i5+0(ﬁ))7’ _ eiwr + eiwr;l + I‘(’I“, Oé)
(0%

with .
lr(r,a)| S ol Vre[0,2L],a > A.

Thanks to (3.16), the left-hand side of (3.8) is

. . . 1
(317) 62z(w>L _ 621L(a+i+zﬁ) + O(?)
On the other hand, since (w)/w =1+ O(1/a?), the right-hand side verifies
ilw—a—ial({w) iL(1-a)—% 1 1—a 1
3.18 = 2+ 0(—) = O(—).
(3.18) ilw—a+ial{w) iL(14+a)—2 (a2) 14—(1+ (a)
By combining the preceding two equations we conclude that
, 1—a 1
3.19 2iL(at5e) =208 — —— % 4 92y,
( ) ¢ e 1+a + <a)
By comparing the absolute values of both sides of the equation we immediately obtain
1 1+a 1
2 =1 -
(3:20) f=5rlog o +0(2)

which implies (iii).

Finally, we present the proof of Property (iv). Notice from Equation (3.9) w is a pole if and
only if

(3.21) S(a,w) := (iLw — a) sin({(w) L) + aL{w) cos({(w)L) = 0,

thus it is a double pole if and only if in addition the derivative S, (a,w) at w satisfies
.L 2

(3.22) (i — aLw) sin({w)L) + = cos({w)L) = 0.

{w)

4Recall our choice of (w).
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See also the definition of ¢, and 1 by Equation (3.28) in the next subsection. Therefore, w is a
double pole if and only if it satisfies both (3.21) and

(3.23) L(a® — 1)w?® — 2iaw?® 4+ a*Lw — ai = 0.
Take w = iy and deduce that w is a solution of (3.23) if and only if y is a solution of
f(y):== (1 —a®*)Ly® + 2ay* + a*Ly —a =0

Clearly for any fixed a € (0,1) the preceding equation admits three complex valued solutions
yi(a),y2(a) and y3(a). We first notice that f(0) = —a < 0 and that f(1) = L +a > 0, thus
there exists at least one solution in the interval (0,1). Indeed, there is exactly one solution in
this interval: suppose there are at least two solutions, then we deduce from the values of f(0)
and f(1) that all the three solutions should be inside (0, 1), which is incompatible with the fact
that

2a
y1+y2+y3:—(7<0.

1—a?)L

From now on we shall denote such a unique solution in (0, 1) by y1(a). For any ag € (0, 1) there
exist a closed ball around ag, B(ag) C C, as well as a simply connected domain around y; (agp),
say D(ag) C C\{%1} such that y; : (0,1) N B(ag) — (0,1) can be holomorphically extended to
y1 : B(ag) — D(ao).

We claim that the other two solutions y2(a) and y3(a) both have negative real part. We know
from the preceding equation that Re(y2 + y3) < 0 and Im(y2 + y3) = 0. If one of them is
real valued, then both are real valued, and in this case both are negative, since their product is
positive. If ys 3 are not real valued, then they are complex conjugate numbers having the same
negative real part.

Recall from Lemma 2.7 that there are only simple poles below the real axis; hence we know
that we := iy2(a) and w3 := iys(a) are not double poles. Consequently, a € (0,1) admits double
poles if and only if wy(a) := iy;1(a) satisfies Equation (3.21). For any ag € (0,1) we shall define
the following function on B(ap):

F(a) := (iy1(a) ™" - S(a, iy (a)),

which is holomorphic by the choice of the simply connected domain D(ag). Therefore, there
are at most finitely many a inside B(ag) that admit double poles, and we shall define the set
of these values of a as Ajg,,.

Finally the set A(L) is given by

(3.24) AL) = ] Aypn(0,1),

ap€(0,1)

which only admits countably many elements. More concretely, some number a € (0,1) belongs
to A(L) if and only if it satisfies

(3.25) (Ly?(a) + a) sin (Lw /1— y%(a)) —aly/1 —43(a) cos <L\/1 — y%(a)> ,

where y;(a) is the unique solution inside (0, 1) of the cubic equation

(3.26) (1 —a*)Ly® + 2ay* + a®Ly — a = 0.
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3.2. Asymptotic resolvent estimate: the inverse R(w) = P(w)~!. In this Section we only
work with w € C such that Imw € [-1,Cy + 1] (recall from the preceding section that Cp is
the uniform upper bound of the imaginary part of poles). For w = a + i ¢ {wy}, the operator

P(w) is invertible on L2 ,. One of the essential goals here is to characterize the resolvent

asymptotically in terms of «, which will be used later on in the following sections concerning
energy estimates. For f(z) € L2 ,(Q), thus rf(r) € L?, and R(w)f = U = r~ 14 satisfies,

rad
O+ (L +wyy = rf(r),
$(0) =0, (iLw — ayp(L) + aLy/(L) =0,

which can be obtained by solving Sturm-Liouville’s problem with the help of Green’s function:

L
Rw)f =r"typ=r7" /0 I(r,s;w)sf(s)ds.

Let us now concentrate on the Green’s function which subject to the above ODE is of the
form

Loi(s r), forr > s
(3.27) T(r,s) = {lz;ES;Z?Er; o S:
where for w ¢ {4}
P1(r) == % (ei<“>r - e‘i<‘*’>7“) ,
(3.28) po(r) := % (ei<w>r _ e4<w>r) + (ei(w>r + e*i<w)r)’
cg 1= ¢1(0)¢5(0) — ¢1(0)¢2(0) = —i{w)n,

with some value 7 to be fixed later on such that ¢o(r) verifies the right-hand side boundary
condition, namely, (iLw — a)¢2(L) + aLgh(L) = 0.

| o

Remark 3.3. Let us remark here that R(—w) = R(w). Indeed, by the definition of (w), we
know that (—w) = —(w). Then successively, we have ¢;(—w;r,s) = Gi(w;r,s), cg(—w) = 4(w),

[(—w;r, s) =T'(w;r,s), which implies the required conjugacy property.

For ease of notations we only consider o > A for some A big enough (actually it suffices to
take A =1).

Remark 3.4. In the following calculation we only deal with the case that o > A, fora < —A
we also identify (w) with w+ 5= + O(%) and all the calculations that follows remain the same.
Moreover, throughout this paper we do not detail the case that —A < a < A, since all the
estimates that we will be dealing with are uniformly bounded on this compact interval.

Let 5 € [-1,Cy + 1]. Since ¢9 verifies the right-hand side boundary condition, we have
0 =(iLw — a) (" = THIE) 4 (10 4 i)

+ taL{w) <<ei<‘“>L + 6_i<w>L) +n (ei<“’)L — e_i<w>L>> ,

thus
1

(1 _ eiQwL) _ a(l + ei2wL) + O(a

A . 1
) — <(1 + ezQwL) _ a(l _ ez2wL) + O()) n.
o
It is easy to obtain the existence of ¢,C > 0 such that n € (¢,C). Unfortunately, we are
not able to present 7 by series expansion with respect to é, due to its periodicity. For some
further reasons, we need to perform explicit first order expansion of a on 7. Thanks to precise
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calculations, the details of which can be found in Appendix B, there exist /L periodic functions
(with respect to the « variable) ng(«),n1 () such that

j_Tlbdeel e 1

1
Z+0(=),
+0(=5)
where dy and dy are constants depending on the value of § with dy satisfying

77—770+ﬂ+0(

a2 1+ doe—2Le " (14 doe—2La)2 o

1—a
d P < 1.
T 1¥a
Remark 3.5. The above value of dy can be compared with property (iii) of Lemma 3.2, in fact,
from the definition of dy we easily observe an asymptotic line of poles: B = %log %J_rg, which
corresponds to the case that dy = 1. We also emphasize here that the fact that dy be smaller
than 1 is crucial, as this allows us to perform series expansion on n;. Indeed, simple calculation

yields

1 1+ dge 2L > Y
R =IO S B

n=1
; o0
m _ —i2Lo 1 +d0€712La _ n _—2ilna
77—(2] =de (1= dye—ZLayZ — di | 1+ nE:1(2n + 1)dge .

Next, we characterize the other terms asymptotically. To simplify the notations we denote
et = et (r) := ™" £ e,
Hence

T r
a2’ )

oz)'

Then, for a € [A,4+00), s,r € [—L, L], via some direct calculation, successively we are able to
obtain

ST _ milwr o= 4 76 FO(L), et 4 emitr — ot 1 o=y o
2a 2a

n=no+@+0($),
B B . Bno + 1

cg=—ina|l+—+0(=) ] =—ia|n +0() ),
201(r)=e + ;’—(ﬁ + O(%),
241 (r) = iw <e+ + ;;e_) + O(é),

o+ +o b - o

209(r) =€ + 55 ¢ +n <e + 55" > +O(@2),
265(r) = i (¢ 4 e ) nle + 5meh) ) +O().

Thanks to the preceding asymptotic expansion, we can further expand the kernel function I' by

AL(r, 5) =a%7( L= D)g1(s)n(r) + £(1 = D)a(s)(e + g5e7)(r) + O(55),
=o€ (5) (€ (r) +moe™(r)) + ( az), fors<r,
A0(r,s) = go(1= D)a(s)dr(r) + £(1 = D)du(r) (et + 55¢7)(s) + Ol ),
)

071
s) +noet(s)) + O (%) for r <s,

(3.29) (
= e (r) (e (
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3.3. Instability despite dissipative boundary condition: Theorem 1.2. We have seen
in Remark 2.5 that the linearized system is stable if and only if there is no pole in the lower
half plane.

Here we are interested in the low frequency case, i.e. the existence of w = —is with s > 0
such that equation (3.8) holds, which clearly implies the instability of the nonlinear system.
Note that it is not sufficient to show the existence of w = —is, s > 0. For example, if the unique
non-positive eigenvalue is given by s = 0, then this eigen mode may generate a center manifold
for the nonlinear system, which stabilizes the system.

Equation (3.8), for w = —is with s > 0 reads
S2LVTST _ Ls —a—ial\/1— 52.
Ls —a+ialyV1 — s?

Observe that in (3.30) both sides have absolute value 1 if s < 1, hence it suffices to find s € (0, 1)
such that the argument of both complex numbers coincide, which is further equivalent to

L\/1—s?2 =arg(Ls —a —ial\/1 — s?),

(3.30)

or also

LVI— 52
(3.31) tan(Ly/1 — s2) = %

Let us define

A6) = tanEV T ), o) o= 2V

a— Ls
Here we have to exclude the case s = 1, which corresponds to w = —¢, which is not a pole
anyways.
In the following we will prove the existence of unstable eigenmodes, w = —is with s € (0,1),

by considering different cases.

(1) When L = 1, we look at equation (3.30), the goal is to find a solution s that is between
0 and a. Indeed, when s varies from 0 to a, the argument of the right hand complex
number increases from 7 to m and the argument of the left decreases from 2 to 2v/1 — a2
Therefore, there exists some s € (0, a) such that these two arguments coincide. Actually,
this strategy easily adapts to the case when 2L € [§, 7] mod 2.

(2) For the general case that L > 1, again by looking at Equation (3.30) we let s vary from
0 to 1. Simple calculation shows that when s varies from 0 to 1, for (3.30) the argument
of the right hand complex number turns from 7 for (s = 0) to 7 for (s = a), then to 27
for (s = 1), and the argument of the left hand side decreases from 2L to 0. As they are
rotating from different directions, thanks to the fact that

3
2L+§22w,

we get the existence of some s € (0,1) such that Equation (3.30) holds.
(3) When 0 < a < L < 1, we turn to the formula (3.31) instead. Since

f1(0) = f2(0) = tan(L) — L > 0, SEIE— f1(s) = fa(s) = —o0,

there exists some point so € (0, ¢) such that fi(sg) = f2(s0).
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(4) When 0 < a =L < 1, since

fals) = 1y 1

we also concludes the existence of so such that fi(so) = fa(so).

(5) When 0 < L < a < 1, we notice that
f1(1) — f2(1) =0.

and in fact both f; and f> tend to 0 as s — 1. However, considering the convexity of
f1— fo2, we have

— 400, when s = 17,

R e e B WV e R Py

Ls ( a 1 ) al?V1 — s2
V1—s2\a—Ls cos?(LV1— s?) (a — Ls)? ~

Letting s tend to 1~ we notice that the preceding expression tends to +o00. Therefore
(f1 — f2)'(s) > 0 for s € (1 —¢,1), which, combined with the fact that (f; — f2)(0) >

0, (fi—f2)(1) = 0, implies the existence of some point sy € (0, 1) such that (f1—f2)(s0) =
0.

— A ( aLs Lv1 — 32>
) alL ,

Remark 3.6. This approach actually gives the existence of poles that lie on the interval i(—1,0),
and with the help of more explicit (which is of course much more complicated) study we are even
able to completely characterize the number of poles on this interval. One still needs to investigate
the situation on i(—C,—1) to obtain the exact number of poles in the lower half plane.

3.4. Energy estimates: inhomogeneous problems. Both this section and the next are
devoted to the energy estimates for the solution u corresponding to the elliptic equation (2.17)—
(2.20). In this section we are interested in inhomogeneous problems with null boundary condi-
tion (while homogeneous problems with controlled boundary are reserved for the next section),
which will eventually lead to the decay property that we are seeking.

3.4.1. The main estimate. More precisely, we want to bound the energy of u as follows.
Proposition 3.7. Let 8 > 0 such that there is no pole on the line Imz = §. If the radial
function U wverifies
o0 )
AU +U +w?U = / e M f(t,z)dt in Q,
0
iwU +alU, =0 on 01,

forw=a+if on the line Imz = 3, then the related radial function w(t,z) = w(t,r) given by
the inverse Fourier transformation (2.15) satisfies

—+00
(3.32) lw(#)ll1 ()< Ce® /0 ¢8| (rf) (o)l 2 lto.

The following lemma is essential to the proof of the preceding result.

Lemma 3.8. Let 8 > 0 such that there is no pole on the line Im z = §. If the radial function
U wverifies

AU + U + WU = e f(z) in Q,
iwU +alU, =0 on 09,
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for w = a+if on the line Imz = (3, then the radial function w(t,x) = w(t,r) given by the
inverse Fourier transformation (2.15) satisfies

/OL ((rw)2 +w? + (rw)? + (rw)%) (t,r)dr < Ce 2P /(]L(rf)zdr,

where the left hand side is equivalent to the H'(Q)) norm, and where the constant C is inde-

pendent on the choice of f and ty. Moreover, if in the elliptic equation we replace the function

eleto py emTtO, then the same estimate still holds.

Proof of Proposition 3.7. Suppose that U is the unique solution of the equation (recall that
w = a+1if is not a pole, thus the solution is unique). We decompose U by

“+oo
U:= / Uy, dto
0

with Uy, the solution of

AU, + Uy + w20y, = 700 f(tg, ) = ePloe™ 0% f(¢g, 2), in Q,
iwUsy + a(Uyy), =0, on 9.

Thanks to Lemma 3.8 we know that
[wy ll20 < Ce PP ||(r f) (to) | 2, V¢, to € RT,
thus
+oo
Julla< Ce [T %)t pdto, e < R
0

O

In the rest of this section we focus on the proof of Lemma 3.8. For ease of notations, we only
prove the case with ¢ty = 0, while the other cases can be adapted by the same proof. From now
on, we denote rf(r) by F(r). By assuming f(z) € L2 ; we have F(r) € L%

L L

fA(z)dr = C’/ r2f2(r)dr = C’/ F2(r)dr,
B, 0 0
L
/ IV f(z)2dx = c/ 2 f2dr.
B, 0
From the previous section, we know that
L
(3.33) R(w)f = 7’_1/ [(r,s;w)F(s)ds =: r ' Ro(r;w).
0

Therefore, thanks to the radiality of the function, it only remains to prove the following propo-
sition to conclude Lemma 3.8.
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Proposition 3.9. Let a € (0,1). Let g < 2L log 7 ixa such that there is no pole on the line

—a

Imw = B. There exists C' > 0 such that, for any t € R+
2

L +oo
(3.34) / / e Ro(r;w)da| dr < C||F|)3,
0 —00
L +oo 2
(3.35) I/ 6mRo(7“;w)dOé> ar < CIF|.
0 —00 r
L “+00 1
(3.36) / / . " Ro(r; w)da dr < C||F|3,
0 —00
L 400 ) 2
(3.37) / / ae™Ry(r;w)da| dr < C||F|3..
0 —00

Observe that (Rp), gives an extra « for high frequency, thus in some sense (3.35) also implies
(3.34) and (3.37). In the following parts of this section, we will prove those estimates one by
one, with a main focus on the proof of (3.35), as this almost describes all technical difficulties.

Moreover, because those kernels are uniformly bounded on the domain a € [—A, A],r,s €
[0, L], e.g. T'v(r, s;w), Ty (r, s;w)/r, we only concentrate on the proof of the related inequalities
with integral domain (—oo, —A) U (4, +00).

3.4.2. A technical lemma. Look at the expansion of I' by (3.29) and the definition of the
kernels that are given in (3.34)—(3.37), basically we are dealing with

+o0 1
/ — ! tErE)agy  with k= 0,1,2,3...

k
oo O

Thus it is natural to present the following lemma concerning the estimates on such a kernel.

Lemma 3.10. Let A > 1. There exists C > 0 such that for any function S(r,s) satisfying
|S| <1 for any r,s € [0, L], the following estimates hold,

[ stes) [ et dar s)isii < O,
1
I / S(r,s) / Ze! ) G0 B (s)ds|| 2 < C||F|| 12,
0 A O "

L —+o00 1 .
I / S(r,s) / ae’(tiris)adaF(s)dsHLg < C||F| 2.
r A

Proof. The first inequality is trivial, it suffices to consider the rest. Let us consider the following
two special integrals h(p) and k(p) given by

+o0 1
(3.38) h(p) = / £ o,

(3.39) L / / T L ginagy / +oolsm(pa)d

The function k(p) will turn out to be useful later on. Via a simple change of variable, they
satisfy

1 .
[1(p)| < max{Co, [log pll}, #'(p) = ",

k(p)l, K (p)| < Co.
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Indeed, for h(p) with p > 0, we know from a simple change of variables that

too too Ly, tooq
/ e’po‘da:/ ew‘da:/ ew‘da+/ —e"%da,
A G Ap @ pA & 1 o

which concludes the properties of h(p). The same idea also holds for k(p), while thanks to the
fact that sin(pa)/av is continuous at a = 0, both k(p) and k/(p) are uniformly bounded.
Therefore, for example, by taking ¢t + r + s we have

Go(r, 5)] = |/ Leitttrt9aga| < Gy + |log |t + 1 + s||.
We extend Go(r,s) from s < r to 0 < s,r < L, then we have
/Gors s)ds, ¥r € [0, L]

satisfies
3 L, L 3
llg(r HL2< </ / Go(r, s) ds]%lr) S/ </ G%(r,s)dr) |f(s)|ds,
0 0

lg(r)llz2< Cllfllzr, for t € [-4L,4L].

thus

On the other hand, if t ¢ [-4L,4L] then |G| is uniformly bounded, hence
lg(P)llz2< Cllf Nz,

which combined with the preceding case yields

lg(r)ll2< Cllfllzr, vE € R.

(]
3.4.3. On the estimate of (3.34). This part is devoted to the proof of the L? estimate (3.34):
+oo
/ e Ro(r;w)da € L2

Thanks to Lemma 3.10 and the expansmn of I’ glven by Equation (3. 29), we can remove the
O( ) terms by regarding I'(r, s) as I'(r,s) + O( >), where the function I' is defined by

AT(r,5) == € (5)e7(r) + ge(s)e (r), ifs <,
e (s)e (r)+ e (r)ef(s), if s >
Furthermore, thanks to Lemma 3.10 again, the kernel

+Oo . ~
/ " (r, s;w)da

A

defines a bounded operator on L?. The other parts can be estimated in the same way.



30 JOACHIM KRIEGER AND SHENGQUAN XIANG

3.4.4. On the estimate of (3.35). We study, in this part, the derivative of the kernel K (r, s)

given by
—A +00 ]
K(r,s):= (/ +/ ) T (r, s;w)dov.
—o0 A

Reduce K (r,s) as K(r,s).

Notice that I' contains several non-explicit parts, which prevent us from using oscillate in-
tegration directly. However, observe that those terms are asymptotically small, therefore, we
select and only work with the main part of K:

K(r,s) = ( / :+ /A m) T (r, s;w)da.

After some careful calculation, the details of which can be found in Appendix B, we have the
following expansion of 4T',.(r, s) — 4T'.(r, s),
; 1 1
— (set(r) (¢7(s) +me™(s)) + re” (M) () +net (5)) + = Tpe* (r)e” () + O(5),

2o and

for the region r < s, and
_ _ _ 1 _ 1
=50 (T 0) + 77 () + e (e () 4 e (1) + et (e (5) + O ),
0

for the region s < r. B N

Now we prove that the kernel I', — I, generates a bounded operator on L?. Indeed I, — T,
is composed of two parts: we denote by R; for the O(%) part, and by Ry for the rest part.
Suppose that F(s) is a L? function, then consider

L +oo
/ F(s) / e"(Ry + Ry)dads.
0 A

At first, for Ry we know that
L +oo 1
/0 F(s)/A e’taO(@)dozds

is uniformly bounded, which implies the required L? estimate.
Next, for GGo we notice that all the terms are of the form

too 1 |
S(T, S)dg / 7ez(t—2nL:|:7‘:|:s)ada’
A (]

where |S(r, s)| is uniformly bounded, and where the index —i2Lna on the exponential term
comes from the series expansion of n% Therefore, G generates a bounded operator from L' to

L? with its norm given by

4IS(r, 8)|L=C(2+2C> dp +C Y _(2n+ 1)dy) < +oc.

As a consequence, in the following, it suffices to work with the reduced kernel

Ko(r,8) == <</:—|—/A+OO)eimf(r,s;w)da>r.
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Thanks to the explicit expression of f(r, s), we directly calculate K and IN(T by decomposing r
into two parts I'y and I's:

fl — Le—(s)e— (’I“) + i <ei(a+iﬁ)(s+r) - e—i(a+iﬁ)(s+r)> 7

aTo «
Tyi= - <_ei(a+zﬂ><r—s> + ei(a+iﬂ)(s—r)) Cifs <
«

f2 — l <€i(a+i5)(r75) o ei(aJriB)(sfr)) ’ ifs>r
(6%

In the following we shall treat fl and fg one by one.

On the estimate concerning I'y(, s).
Concerning I'y, thanks to the series expansion of n%’ each of the composing terms has the form

i . ,
7d7016 12nLo¢ez(iris)(a+zﬁ) )

As the sum of djj converges, thanks to an argument similar to the one used for G, it suffices
to obtain a uniform bound on

leitoaei(iris)(oHriﬁ)7 Vto € R.
(67

Let

+oo | 1 . ) too 1 )
H, (’I”, 8) — / ez(t—l—to)oc 761(:|:r:|:5)(a+zﬁ)da _ / 7€zta€z(:|:r:ts)(a+zﬂ)da'
A « A «

Then, via direct calculation, we obtain

+w v ~
Hy(r,s) = e(ﬂis)ﬁ/ lel(ti’dis)o‘da = ¢~ (Fr£s)8 (Co+h(t£r+£s)).
A «

In order to understand the derivative in the distributional sense, we write

+oo o~
H, (7,7 S) = lim e(iris)ﬁ/ lez(tiris)afsadC%
A

e—=0+ o
and so
- 1 .
Hy)(r,s) = e~ FEIB (Cy + h(t+ 7+ 5)) £ lim e_(iTiS)EN—el(tiris)A’
H)r(r,8) = F6 ( 0 ( )) e—0+ tEr+s+ie
g 7 1 . .
_ —(Er9)B (0 . itA L i(drds)(A+iB)
= t+Pe +h(t£r+s)) £ lim "< e 7
T3 (Co + h( ) B T S——
g 7 1
= IFBe_(iris)B (Co +h(t+r+ s)) + lim €ZtA~—e(:t’r‘:|:s)z’

e—0+ ttr+ts+ie

where A, 5, and z = — + iA are fixed numbers. Thanks to Lemma 3.10, the first part of the
preceding formula is a kernel that generates a bounded operator on L? with a uniform norm.
It only remains to consider the second part, more precisely, the distribution valued kernel

lim %e(ﬂis)z = P.V.(;
=20+t +r+s+e t+r+ts

—im - do(t £ 7 £5),7,5 € [0,L].

e(:l:r:ts)z)
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The second term on the right clearly leads to an operator which is L?-bounded. As for the first
term on the right, thanks to a symmetric change of variable, it suffices to consider

1

N (o= =) F- 0.L1.
t—i—rj:se ,’I“,SG[, ]

For F(s) € L?, we define

L
1
— (r£s)z
G(r) /0 P F(s)ds,

thus

L
e "G(r) = /0 b (e™¥F(s)) ds,

t+r+ts

which can be treated by means of the following lemma.

Lemma 3.11. There exists C > 0 such that for any t € R, we have

Lo
[ s

Proof. Observe that the preceding formula is of Hilbert transform type. Extend f(s) trivially
to the whole line and by abuse of notation denote the resulting function by f(s). Then for
r € [0, L] we have

L +o00 1 +ool
g(r):/o Hiisf(s)ds:/oo t—i—rj:sf(s)dsz/oo gf(t—FT:Fs)ds.

< Cllf(s)llz20.1)-
L2(0,L)

We extend ¢(r) by the same formula to the whole line and still denote it by g(r). As this is
exactly a Hilbert transform, we get

lg(r)l[ 2= [ f ()] £2-
O

On the estimate concerning fg(r, s).
Concerning I'y(r, s), we know that (recall the proof of Lemma 3.10 for the definition of the

function k)
—+o0
Ko(r, s) (/ / ) Ty (r, 5)do,
+o0 ;
(for s <) </ / > it _eilatiB)(r=s) 4 e—i(aﬂ‘ﬁ)(r—s)) ’

= 2e "kt 41 — s) - Qe(r_s)ﬁk(t —r+s),

+o0 ;
(for s > r) (/ / ) ai eilatiB)(r—s) _ l(aﬂﬂ)(T*S)) ,

= —2e ("Bt 4+ — s) + 2"kt — 1 + 5).

Simple calculation shows that |(K3),(r,s)| is uniformly bounded in the domain 7, s € [0, L],
which of course generates a bounded operator on L?. This simple symmetric structure also
holds for I';.
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3.4.5. On the estimate of (3.36). To be compared with Equation (3.34), the estimate (3.36)
admits an extra 1/r, however, as we will demonstrate later on, which does not produce any

singularity at » = 0. Similar to the previous sections, we reduce the kernel I' by [ that is given
by
% — o%yoe_ (s) (em(r) +moet(r)) = AF, for s <r,

Le=(r) (e (s) + moet (s) + d2et(s) + moiZe(s)), fors>r

atjo

In fact, it is allowed to consider [ instead of I', thanks to those techniques that we performed
in previous sections as well as the following facts,

(1) inT" — F those terms of type -5 can be easily bounded;
(2) for |a] > A, we have |e=(r)] < C]ar\,
(3) inequality (3.44), which will be proved later on.

Therefore, it suffices to consider the kernel
1 —A tooy <
= (/ +/ )eZtO‘F(r,s;w)da.
r —00 A

Lemma 3.12. The following integrations

(3.40) i(/_A + /A+oo )eitaée_(s)e_(r)da, for s <,

It remains to show that

L1
(3.41) e’to‘ae_ (s)eT (r)da, for s <,

r /_ o7 /;OO)
(3.42) i(/_:+/A+OO)eimie—(s)e—(r)da, forr <s,
1 /A+/+oo>

o1
(3.43) e —e~(r)et (s)da, forr < s,
«

1 —A +o00 ) 1

(3.44) (/ +/ )e’to‘ﬁe_(r)ei(s)da, forr <s
r —00 A (0%

are uniformly bounded fort € R, s,r € (0,L).

Proof of Lemma 3.12. Now we present the proof of Lemma 3.12, the essential idea is to derive
an extra r from e~ (1) (or e (s) if s < 7). We only need to show (3.41), (3.43) and (3.44).
For inequality (3.43), we have

/ / Brewzr o eﬁreflar) (efﬁsezas + eﬁsefwzs> dOé,

thus by symmetry we only need to treat

—-A fooy 1 . . ,
/ +/ eztozi e—Brezar _ eBre—zar> e—Bsezasda
+0<> " 1 ) . )
/ / - Brezar _ eﬁre—zar> et doy.
[0
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Recalling the definition of k(p), (3.39), we get

+°° A . A
/ / Brezocr _ eﬁre—zon"> e doy

= T( 5’”k(t+s+r)—e5’“k(t+s—r)>

where

T gina
k) = [ K < C. k() — kp)| < Clps = ol
p

Therefore
1
Z (B ePr _
7«( k(t+s+7)— Tkt + s 7‘)>
1
_7( Brht+s+r)—k(t+s+r)+k(t+s+r)—k(t+s—r7)
T

—l—k:(t—ks—r)—eﬁ""k:(t—l—s—r)),

Q

For mequahty (3.41), we benefit from the fact that s <r,

+°0 ) , . ‘
/ / Bsezas _ 6Bs€—zas> (e—ﬁrezar + eﬁre—zar) deov.

Similar to (3.43), we only prove

+0<> 1 . ) .
/ / Bsezas _ eﬁse—zas> ezarda7
(6]

thus

( BK(t 41 +5) — Pkt +r — s)) ,

,_.ﬁ\v—\

<

( Bkt 4r+s)—k(t+r+8)+k(t+r+s)—k(lt+r—s)
+k(t+r—s)—e'gsk(t+r—s)>,

<ci<o
r

As for the last estimate (3.44), thanks to the same reasons as the previous two inequalities
we only consider

i(/A+A+m>e;gr)eiasda: % (67'374@(75+S+r)—eBTQ(tJrg_T))’

+oo
(e

which, similar to k(p) and h(p), satisfies

Q(p)| < C, 1Q(p)] = 2[k(p)| < C.
This completes the uniform boundedness of (3.40)-(3.44).

with

O

This implies that the kernel L(r, s) is uniformly bounded, thus generating a bounded operator
on L?.
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3.4.6. On the estimate of (3.37). Thanks to the preparation in previous sections, the proof
of (3.37) is straightforward since the proof of the inequality (3.35) already presented the main
difficulty. Indeed, thanks to the decomposition of I" under the O(=5) order term, the kernel

1:
—A 400 )
K(r,s):= </ —i—/ ) e T (r, s;w)da,
—0o0 A

1 1
k1 + ak‘z + O(@),

can be written by

while kp is similar to the leading term that appear in K,, ékz and O(ﬁ) can be handled by
Lemma 3.10.

3.5. Energy estimates: boundary problems. In this section, we further prove the energy
estimates for the homogeneous equation with boundary controls. The idea is to transform such
a boundary controlled problem into an inhomogeneous one.

Proposition 3.13. Let § > 0 such that there is no pole on the line Imz = (. If the radial
function U satisfies

AU +U +w?U =0 inQ,
400 )
iwU + al, = / e “h(t)dt on 09,
0

for w = a +if on the line Imz = (3, then the radial function w(t,x) = w(t,r) given by the
inverse Fourier transformation (2.15) satisfies

+o0 ¢
w0 < Ce—ﬁf/ P (|b(to)| + |b’(t0)|)dt0+0‘/ b(s)ds| + C|b(t)|, ¥t > 0.
0 0

Let the radial smooth function g(x) be satisfying g(L) = 0, ¢'(L) = 1/a. Let as decompose
U as

U=V +bw)g(z).
Then, the function V satisfies,
AV +V 4w’V = —b(w)(Ag + g) — wb(w)g(z) in Q,
wv +aV, =0 on 0.

Because the preceding source term can be written as
~ too
He)(Bg+a)a) = [ b0+ ) )t

Fw) == [ e dtg(a),

thanks to Proposition 3.7, we obtain

+oo
o)< Ce [ e ()] + 10" dio
0

Actually, we can further reduce the regularity of b(¢) in the preceding formula. Indeed, one
needs to consider some function g(w,z) instead of g(z), more precisely, let
¢(z)

g(w,a:) = iw
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provided that the smooth function ¢ satisfies ¢(L) = 1,¢'(L) = 0. Let
U=V +bw)gw,z).
Then, the function V satisfies,
AV +V +w?V = —M(A(ﬁ + ¢) + iwb(w)g(z) in Q,
1w —l—l;uV,, =0 on 0f.

Because the source term can be written as

N w —+o00 efitw
") (ag+.0) = /0 (1) (A + ) ()

iwb(w)o :/ e~ Y (t)dt o,
0
by applying Proposition 3.7 and Lemma 3.8 we get
+oo
Jo(®)ly < Ce / €199 ([b(to) | + [V (to)) dto, ¥t > 0.
0

On the other hand, for [ := u — v that satisfies

b(w)
l 2%
w) =o,
we have
ﬂt +o0 . 0+00 —zase,Bsb 400 ptoo za —s) 8
I(t gi)/ P a-gf)/ / dae b(s)ds.
Because

+00 eia(tfs)
/ - da
oo lx—p
is uniformly bounded, we know that

“+o00
()] < et / % [b(s)|ds.
0

Concerning the term e?*l;(t), one needs to estimate

+o0 400 eia(tfs)
Bs
/0 (/_OO m_ﬁda)te b(s)ds.
400 eia(t—s)
(/_oo (ia—pyia™),

is uniformly bounded, by taking the difference it suffices to estimate

—A oo\ gia(t—s)
</ + / > da |
— 00 A (6 '

which, thanks to the function k(p), equals to k'(t —s), therefore is obviously uniformly bounded.

Because the term
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Thus, combining the preceding estimates on [ and v, we get

—+o00
u®lla S e [ e (o) + (e deo, vt = 0.
0

Remark 3.14. [t should be pointed out that by the choice of b(t), it is essential to let

(3.45) xeu(t, L), € LY,

for u, some solution of

(3.46) Ou —u = h(t,z) in §,
(3.47) (ug + auy) =0 on 09,
(3.48) u(0, ) = ug, ut(0,x) = vy.

Indeed, this is exactly the trace estimate that we have previously proved in Lemma 2.1.

3.6. Construction of feedbacks: exponential stabilization of the linearized system.
Thanks to the energy estimates in the preceding two sections, we are in a position to conclude
the following bound for the solution u|( 2 of (3.46)—(3.48) and the solution w = yu of (2.10)-
(2.12).

For ¢ < 2, thanks to Lemma 2.1, there is

t
(3.49) ||U”H1§/O 17(s, )l 2@y ds + lluoll g gy +lvoll f2q) -

For t > 2, thanks to the estimates that obtained in Section 3.4-3.5, we get exponential decay
of u with a decay rate :

[z = w201,
+00 +oo
S 6_ﬂt/ esﬁHho(S)Hm@)ds + S_Bt/ e (|b0(5)| + |b6(5)|) ds,
0 0

+oo
seﬁt(/o () o ds + uoll i +Hvo||L2(m)
2
o ( [ eI sys + ol +Hvo||L2(m)
o [ e (b b'(s)]) d
te e ([b(s)] + ¥ (5)]) ds,
0
<o ([T h(s b v (s)|)d 5 5
et ([ e (16 OO + 69 ds + ol Hivol s )

provided that the control b(t) satisfies Assumption 1 that is raised in Section 2.3. To be more
specific:
(i) b(t) =0 on the time interval t € [0,2];
(ii) b(t) is real valued;
(iii) b(t) and b'(t) decreases exponentially;
)

(iv) for any pole w; satisfying Imw; < B, we have that B(w;) coincidences the value of
iw;U + aU, for the solution U of

AU+ (14 w})U = —H in Q.



38 JOACHIM KRIEGER AND SHENGQUAN XIANG

We mainly concentrate on the choice of b(t) such that the property (iv) holds, as the others
are simple to achieve. Actually, by taking ¥ = rU we get

+0c0 )
R+ (1 + )= —r /0 e~ It (X (D) (t) + xuu(t) + 2xiue(t))dt,

+oo
¥(0) =0, (iLw — a)p(L) + aly)'(L) = L* /0 e~ it (b(t) + xeu(t)) dt.

Assume that there are exactly N poles in the region Im z < 3, and there are given by {w; }évzl
Because w = wj is a pole, the above equations admit solutions only for some well-chosen
boundary values. More precisely, for any given f(r) we need to find the unique value I(w;) such
that

OFv + (1 +wj) = f(r),
$(0) =0, (iLwj — a)y(L) + aLy)'(L) = l(w;),

has a C? solution. Since w;j is a pole such that the above equations with f = [ = 0 admit
non-trivial solutions, we are allowed to set ¢’(0) = 0. Therefore, the function v satisfies

O + (1 +wi)p = f(r),
¥(0) =’ (0) =0, (iLw; — a)(L) + aly' (L) = l(w;).
By ignoring the third boundary condition and solving the preceding ODE, we obtain
()| S rllfllez, [0 S N flle,

thus the value [ satisfies
H(wi)l S 11l z2-
Therefore, the value on right hand side should linearly depend on (h, ug, vg):

+oo )
(w) = Lu, <—r / et (x()A(t) + xerult) + 2xeur(t)) dt) —: L], (h,u,v0),
0
which also means that

oo too
/0 <b<t>+xtu<t>>dt'§ r /0 e I (X(BR(E) + Xaru(t) + 2xeue(1)) dt

Ly

Moreover, the functionals also satisfy the conjugate property: (—@;) = l(w;), El_@j = ij.
On the other hand, by the definition of x;u(t) we have
400 ) +o0 )
L? / e it (b(t) + xpu(t)) dt =: L / e ity (t)dt + Eij (h,ug,vo),
0 0

thus
e —iw;t 1 1 2
e ’ b(t)dt - ﬁ (‘ij (h7 uo, UO) - ij (h,U(),’U())) = Tu; (h,U(),’UO),
0

with r,,; linearly depending on (h,ug,v0), such that r_;, =T,,.
Because

+oo )
eu(t, L) + ||r / et (pult) + 2xeu(8)) de
0

12

2
< [0, v0) e+ / (s, )l 2 e s,
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we obtain
+oo ) +o0 )

/ ewjtb(t)dt‘ < ’ / e~ it h(t)dt
0 0

Therefore, condition (iv) means that for every pole w; there is

2
+mmwww+AnMawp@w

L2(Q)

+00 )
(3.50) /0 e ith(t)dt = ru, (h, uo, vo)

with the functional r.,; satisfying conjugate property and linearly depending on (h,ug, vo),

400 2
[res; (7, uo, o) 5/0 [t )| 2yt + H(UOvUO)HHH’/O 175, )l L2 (0 ds
+o00 .
5A P (2, )| gyt + Il (a0, ) 13
Hence, there exists some constant Cpy such that
|t (R, uo, vo)| < Cn||(h, uo, vo)lls, V(R uo,vo) € B, Vi € {1,2,..., N}.

Now we prove the following lemma which eventually will lead to the feedback b(¢) that we
are seeking for. Recalling (3.2) on the norm for the triple (h,ug,vo), we have

Lemma 3.15. There exists some Cy > 0 such that for any (h,up,vo) € B, we can find some
control b(t) € R compactly supported in (2,4) that verifies

(i) o e (Ib(s)] + [V (s))ds < Coll(h,uo, vo) | 55
(ii) f+°° e~ ith(t)dt = 1y, (h, ug, v0),Vj € {1,2,...,N}.

Proof. This is indeed a moment problem that usually appears in control theory, except that here
we only have finitely many moments while the moment problem concerning exact controllability
of partial differential equations is always composed of infinitely many moments (see [52, 5, 2] for
the moment theory). However, normally the moment problem on bi-orthogonal sequences only
provides complex-valued functions, here we need to select a real-valued control term as we are
working on dispersive equations. Generally speaking, this is not possible, as for conjugate pairs
(wj, —@;) the integrals [e~™!b(t)dt should be conjugate for real controls b(t), while, on the
other hand, the moments r,,; are not necessarily selected to verify the same conjugate property.
For us, however, it is exactly the conjugacy fact g, = 7y, that allows us to solve this problem,
and that is the reason why we always ensured this conjugation property before.

Observing the conjugacy on (wj;, —w;), it suffices to verify the condition on those w such that
their real part is non negative. Indeed, after simple calculation we are allowed to divide {w;}
and {ry, } into two sets:

Tw; = 1ig; = r(j), for j € {1,2,..., K},
Tw; = Ta;+if; =T L) +ir*(4),a; #0, for j € {K +1,...,J},
T o, =T—aytip, =1 (j) —ir*(j), o #0, for j € {K +1,...,J}.
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We are able to show the existence of real-valued smooth functions b;(t), bjl- (1), b?(t) supported
n (2,4) such that

+o0 .
/ e b (t)dt = Gk, Vi, k € {1,2,..., K},
0
400 . too
[ et [ e 10
0 0
+00 .
/0' e_lwktb]l(t)dt = 05,k \V/] S {K + 17 (S J}7k € {1’2’ T J}’

400 .
/0 e M (t)dt = id;5, Vi € {K +1,.... T} k€ {1,2,..., J}.

Indeed, for example, for {(ax, Bk)}k<n given with oy, > 0 and (o, 8;) # (a5, B;), we need to
find b(t) supported on (2,4) such that

4 4
/ et cos(ant)b(t) = 1, / ePtsin(aqt)b(t) = 0,
2 2

4 4
/ Pkt cos(agt)b(t) = 0, / Pt sin(agt)b(t) = 0, k > 2.
2 2

This is possible thanks to the fact that {e’k* cos(at)|(2,4), ePrt sin(axt)|(2,4) bk are linearly inde-
pendent.

Therefore, by the above choice of {b;, bjl, b?} the control term b(t) that satisfies the moment

problem (i7) can be selected as a combination of them:

K J
=D r@bm+ Y (66 +770)))
j=1

j=K+1
which of course verifies

J

+o00 K
/0 e (1b(s)] + [t/ (s)])ds < C Z + 3 UG+ IO

Jj= Jj=K+1
Col| (R, uo, vo) |-

O

As a consequence of the above lemma, we immediately derive the exponential decay of the
energy by selecting the control term concerning the lemma.

t
@)l £ /0 1At ) oyt + o o)l for ¢ < 2,

“+oo
()l S e Pt ( /0 Ut )| oyt + ||<uo,uD>uH1> , for t > 2.

4. OPEN-LOOP STABILIZATION OF THE NLKG

In this section, we stabilize the nonlinear Klein-Gordon equation around the static solution
u = 1. The idea is, as usual, to regard the nonlinear term as a perturbed forcing term and to
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use the linearized stabilization. By considering © = 1+ v as well as the same change of variables
as in Section 3,

o) =0 (g 55) B0 = b () 0= B0, T = o

and still denoting the new variables by the old ones if there is no risk of confusion, we derive
the following nonlinear equation

Ou —u= 2u +1u in Q,
ut + au, = b(t) on 9L,
u(0,2) = ug, ut (0, z) = vo,
where the initial state (ug,vp) is small. We will show that for sufficiently small initial data, we
can find control b(t) that is supported on (2,4) such that the solution of the above nonlinear
equation decay exponentially with a decay rate §: if a belongs to A(L), then g is chosen
sufficiently small (as the value f, stated before the statement of Theorem 3.1); if a does not
belong to A(L), then § can be chosen as any positive number that is strictly smaller than
log 1+a
Slnce We are dealing with sub-critical nonlinear terms, we perform the classical fixed point
argument benefiting the linearized result Theorem 3.1 to get the solution. Let us introduce a
new function space,

D= {u € CO((0, +00); H}og(2)) N C([0, +00); L2,0(22) :

T

iggeﬁt(!\U( M) Hlue(®)ll 22(0)) < +oo}

with its norm given by

I£(2,z)l[p:= sup P ([l o) Hllue (8)]] 2 (@), Vf € D.

Let us select some positive number €3 that will be fixed later on, and let € € (0,e3). For any
given initial state (ug,vo) such that

||(UO,UO)H’H1S &,
and for any function v € D(2C3¢), i.e
[o(t, 2)[p< 2Cge,
we define the map 7 that maps v(¢,x) to u(t,z) as the solution of
Ou—u = §02+ 3 3inQ
ug + auy, = b (302 + 303, ug, v) (¢) on 0L,
u(0, ) = uo, ut(0, ) = vo,

where b (3v% 4+ $v3, ug, vg) (¢) is chosen by Theorem 3.1 in order to stabilize the linear system.
We will show that for a good choice of €5 the map 7 is actually a contraction on the Banach
space D(2Cge), hence admit a fixed point u € D(2C3¢) as a solution of the nonlinear system,
and which decays exponentially.

First, we show that
T : D(2Cse) — D(2C3¢).
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Indeed, for any v € D(2Cg¢) , thanks to Theorem 3.1, the solution u = 7 (v) satisfies

+oo
lu(®) |20 < Cge™™ </0 (s | 2 eyt + II(UO,UO)!W) ,
where h = %1)2 + %113. Therefore,
[u(@®)llp = sup ™ [[u(®)]| 41 ),
>0
400 ’
<supCs ([ P hie )yt + o) ).
>0 0

+oo 1

=Cjg (/0 5tH v? + q;3||L2 )dt + H(UO,UO)H’Hl)
oo 1613 2 3

<05 ([ Gl oI+ <),

0

+oo 1
< Cg ( / eﬂt(%(efﬂtzacgﬁ + 5(efﬁtzgcﬁ)i‘>)czt + g> ,
0
20253
+ +e | <2Cge,
B
provided that

B
(4.1) T+

where we used the Sobolev embedding H*(Q) < L%((Q).

Next, we show that under a suitable choice of ¢, the map 7T is indeed a contraction. We
select two functions v, vy € D(2Ce) and suppose that u;, i = 1,2, are solutions of

Ou; — u; = %Uf + 51)@3 in €,
Uit + AUy = b( C+ 2 17UO)UO) (t) on aQ,
u; (0, ) = uyp, ult(O,x) = 9.

By considering the difference u := u; — ug, thanks to the fact that b is linear with respect to
(h,up,vo), we get

Ou—wu=h, in €,
u¢ + au, = b(h,0,0) on 01,
u(0,2) = 0,u(0,z) =0,

where

3 1
h = 5(1}1 —v2)(v1 + v2) + 5(01 — v2)(v} + v1v2 + v3).
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Therefore,

Ju(®)lp,
+oo st
<supCy ([ Mt st + 10,01 ).
t>0 0
Too g3 1 2 9
= Cjp e HQ(UI —v2)(v1 + v2) + 5(1}1 —v2)(v] + viva + ’U2)||L2(§)dt ,
0
+oo . 3
<0 ([T G0~ ea lon(®) + w2l

#3100 = vaOlim o1(0) + o)y )

+oo 3 1
<Cjp (/ eﬁt(g(e_ﬂtélsqg)e_ﬁtﬂvl — vg|]p+§(e_ﬁt4505)2)e_ﬁtHU1 — v2||pdt> ,
0

1205 8C%e? 1
e °CB

< |lvr = v2||pCs ( 3 5| < 3 llvr = v2lip,

provided that
2 3.2
12C5e N 8Ce - 1
& g2
Condition (4.2), together with (4.1), characterize the choice of eg > 0. Then, by Banach’s fixed

point theorem we find a fixed point u € D(2Cze) which is exactly the solution. Thus for initial
data (ug,vo) that satisfies ||(uo,vo)||31= €, the unique solution v € D(2Cze) verifies

(4.2)

(@) | 1+ [lue (£)][ L2 < €= P2Cge.
Moreover, by the definition of the control, b(t) verifies

N
b(t) =) li(uo, v0)br(t)
k=1

with I (uo, vo) depending continuously on (ug,vo) € H! satisfying
N

~ +oo 1
S it < Ca ([ 130+ 0l <2:05
k=1 B

5. CLOSED-LOOP STABILIZATION OF THE NLKG

We are now in a position to prove the stronger closed-loop stabilization result. Without loss
of generality, we assume that s € [(M;)T, MTp) for some integer M. The proof will be divided
into two parts, in the first part for ¢ € (s, MT3) we use trivial a priori energy estimate as the
feedback during this period is not the one that provides decay stabilization, while in the second
part for ¢ > MTp we apply Theorem 1.3 on each interval [KTj, (K + 1)1g), K > M such that
the energy of the solution decay at least e 75 in each of them.

The well-posedness of the closed-loop system is trivial, as in each interval ¢ € (s, MT}3) and
[KTg,(K + 1)1)), K > M the value of [, does not change, which implies that the system
can be regarded as an open-loop system, hence, of course, admit an unique solution. In the
following, we only focus on the stability issues.
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For any given (3, thanks to Theorem 1.3, we get the value of Uz > 0,654 > 0 and smooth

functions {bk(t)}ivj .- Let us also select some constant T3 > 0 that will be chosen explicitly
later on. Without loss of generality, we assume that s € [(M — 1)Tg, MTj).

In the first part t € (s, MTg), for ease of notations we work on (u — 1,u;) instead of (u,uy),
while still use the notation of (u,u;). For t € (s, MTp), lx(t) = 1Y and the system on (u,u;)
reads as

Ou(t,z) — 2u(t,z) = 3u(t,x) + u3(t,x),t € (s, MTs),z € Q
u(t ) + auy(t,2) = SN, 98, (t - [Tiﬁ]Tﬁ) te (s, MTy),z € 0Q,
u(s,x) = up — 1, u(s, x) = vp.

We then extend this equation on the time interval (s, s+ 7). By regarding the nonlinear term
as a source term (thanks to the sub-critical setting) and by applying the direct energy estimate
Lemma 2.1, we know that the energy

Sl < Eult) = el +; [ [ odmayiods

satisfies

d
@l < Cllu®) o +3u®)lp+lu®l3a+C D liRl,
k

< Cllu(t)llpa+3]u(®) o +lut)l|32+2CCsll (uo, vo) — (1,0)ll341,
= Cllu(t)llpa+3[lu(t)l30+ut) 52 +2CCpllu(s) 2

Though evolve as a nonlinear equation that may blow up for any nontrivial initial state, for
any given bounded time interval we are allowed to set the initial data small enough such that
the solution grows exponentially in that interval. More precisely, we will be selecting T3 and
gTB by that

(5.1) |u@) s < 1,9t € (5,5 + Tp), if |Ju(t)|lzp < e7y,

which is possible by choosing €7, for any given Tj. If the above condition holds, then for any
[u(s)ll41 < €T, We have that

[u(®)ll32 < Crgllu(s)llgr, t € (5,5 + Tp)-

Therefore, by changing back the notation of (u,u;), we have proved that for any T3 there exists
éry > 0 and C7, > 0 such that, for any initial state satisfying

[(uo — 1, v0)|l31 < €.
we know that the solution of the closed-loop system verifies

(5.2) [[(u, ue) () = (1,0) |30 < Oy || (wo = 1, v0) [l301, t € (s, MT).

Next, we turn to the stabilization part. In this part, we will call directly the exponential
decay Theorem 1.3. In fact, we only work on the first periodic interval [MTjs, (M + 1)T}), for
which the “initial state” is (u(M7Tp),u(MTp)). By the definition of [;,(MT}s), in this interval
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lp(t) = l(w(MTg, us(MTp), then the system becomes

Ou(t,z) + u(t,z) —ud(t,x) = 0,t € [MTs, (M + 1)Tj),z € Q
ug(t, z) + auy (t,z) = Zgjlﬁ(ﬁo,ﬁo)bk(t — MTg),t S [MTQ, (M + I)TQ), x € 09,
w(MTg,x) = ug, us(MTp,z) = 0.

Observe that the preceding equation is exactly the equation that appears in Theorem 1.3
with initial time MT}j and initial state (4o, Vo). Hence, once the initial state is smaller than eg
we will be able to apply the decay theorem, which is fulfilled if (ug,v) is selected to be smaller
than some e, < €7, such that

ETB CTB <e B-
Thus we have the following exponential decay result, Vt € [MTs, (M + 1)T}3),
(), ue(t)) = (1,0) [l < 2Cpe= =M (g, To) — (1, 0) |31
Notice that the constant C'z is independent of Tz, we will select T large enough such that
(5.3) 2CsePTh < e~ (B=e0)Ts

which is of course possible as g9 > 0.

Since u((M+1)Tp) is even smaller than u(MT}p), we are allowed to repeat the same procedure
in [(M+1)Tp, (M +2)Tg) to achieve exponential decay. By repeating this piecewise exponential
decay procedure, we let the solution tends to 0. To be more precisely, we have the following
decay result

t—MTﬁ

[—=]
”(u7ut)<t) - (17 O)H’Hl < CT,B (ei(ﬁigo)TB> " 205“(7‘077)0) - (L O)H’Hlv
< Cge™ B0 (ug, vg) — (1,0) 1341, ¥t > 5.

The decay of [, then obviously comes from its definition.

6. FURTHER COMMENTS

We believe that this paper presents more interesting open questions than answers. Even if
we do not ask about other typical stabilization problems such as rapid stabilization or finite
time stabilization, the following questions come naturally.

As we can see from Theorem 1.2 that the system around simple positive static solutions
with any dissipative boundary condition is unstable, it is already of significant importance
to understand the stability analysis for dispersive equations around soliton-like solutions, for
instance for the easiest case, is the system around u = 1 always unstable with dissipative
boundary condition ui(z) + a(z)u,(x) = 07 It is natural expect instability when a(x) close
enough to a. What about other cases, like a(z) compactly supported in a part of the boundary?
What about blow up situations?

As stated in the introduction, we start by considering the focusing subcritical Klein-Gordon
in the radial setting around the simplest static solution v = 1. We hope that our method
that gives quantitative stabilization can be generalized to non radial cases (still close to the
static solution). Of course, it will be further important to stabilize focusing systems around
soliton-like static solutions, for which the specific situation could become more complicated and
so would the analysis.

Due to the focusing setting, we are not able to adapt the famous Bardos-Lebeau-Rauch
theory, and also as we can see in Theorem 1.2 that the dissipative boundary stabilization fails
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(maybe also fails for other focusing cases), it is thus natural to ask whether we can stabilize
the system by adding some control term on a part of the dissipative boundary under suitable
geometric conditions.

APPENDIX A. PROOF OF LEMMA 2.3 AND LEMMA 2.6
Proof of Lemma 2.3. Consider

(6, 9) - /|v¢\ d:v—/ (V +w?)|o| dx+— Q\¢\2da,wec

Our aim is to exhibit for each w € C a real constant v as well as a positive constant C' with
the property that for each ¢ in the domain of p, (¢, $) we have

| Imp.,(¢,6)| < C- [Repu(@,6) — 7] ¢]).

Writing w := « + i3, we claim that in fact
2
7 =—20"+[[V] o) + )
for sufficiently large C' = C(, a, L) works. Observe that

Re po (¢, 6) — ||| /Q|v¢\2dx+(c+a2+52)/ﬂ\¢| dx—/ 6| do.

It remains to estimate the third term on the right. Observe that given ¢ € H'(Q), which we

assume real-valued for simplicity, there is 7, € [%, %] with the property that

[@(ro] < Cu(L) - [[@]] 2

and then using the Cauchy-Schwarz inequality and the fundamental theorem of calculus we
infer

1
6 < fotra + | [ 6u(s)- o(s)as
< CHD) - [8]1 520y + o) - [|l] 11y - 1] 20
Applying the AGM inequality to the last term, we infer that
I6] 1
a /BQ !¢\2d0 = 9" H(b”ill((z) +C3(8,a,L) - quHi%Q)
If we now define

C .= Cg(ﬁ,a, L) +1,

we conclude that
Rep, (¢, ®) fquﬁH /Q\v¢\2da:+(1+a2+52)/ﬂ\¢\2dx.

To conclude the proof of the lemma, it suffices to combine the preceding estimate with the
following one:

. . 2dz+ 2. 2d
[ tp(6.6)] < 20l [ [Vol*ao+ |2 [ Jofds

< Cy(a,a, B,L) - HﬁbHifl(Q)
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Proof of Lemma 2.6. Assume that for some U we have that
AU 4 (V 4+ w?)U =0, in Q,
wU + aU, =0, on 0.
First we treat the case when g =0 and « # 0. Via direct calculation we get

0= (AU + (V + w?)U,U),

:/|VU|2+(V+a2)|U|2da:+/ 0,UUdo,
Q

:/—\VU|2 (V 4+ o?)|UPdz — a/ \U|*do,
Q

which clearly implies that U = 0, 8,U = 0 on the boundary 0f2. This in turn implies U = 0 by
unique continuation.
Next consider the case when 5 < 0 and « # 0. By using the same integration by parts we have

0= (AU + (V +w?)U,U),

:/—|VU|2+(V+a2—52+2ia6)|U|2dx—|—/ 2, UUdo,
Q o)

:/—\VU!2+(V+a2—52+2z'a5)]U\2dx—Za_ﬁ/ \U|2do.
Q a a0

Now we consider the imaginary part of the preceding formula, which leads to

1
0:/22a6|U\2dx— |U| do =i« </ 2ﬁ|U|2d1‘—/ |U|2d0>.
a Q a Joq

Because a > 0 and 8 < 0, we know that U =0.
To get the bounds for the inhomogeneous problem, by taking the same calculation we observe

that
_ 1
Im/Hde=a</ —25|U2dx+/ U|2da>,
Q Q a Jon

which, together with the Cauchy-Schwartz inequality, yields

U <
H ”L2 Q)= 2| /8| H HL2(Q)7

1
a 2
101200, (5 ) V2o

In the end, when w = if with 5 € (—C,0), we have
/ VU?dx = / |VU|? 4 B*U%dx — 5 U?do,
Q o0
which leads to
U1 S U1 L2(0)-
It appears that we can only get a < ﬁ bound for the trace, however, as we are working in the

radial setting, the H' bound of U gives the H}! bounded of rU(r), which further implies the
trace bound

ILUL)| < [rU()lleo,n S U m S 1Ula @) S U@
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APPENDIX B. ON THE ASYMPTOTIC ESTIMATES ON 1 AND T,

B.1. The explicit asymptotic estimate of 7. By the definition of n we have
(iLw — a) <62i<‘”>L - 1) + iaL{w) <62i<“>L + 1)

— (iaL(w) <€2i(w>L — 1) + (iLw — a) <e2i<w>L + 1)) )

thus,
: LB+a [ iorw il iope, 1 - i 1
. <6i2Lw L1+ %eiQLw _’_O(O}Q)) ,
_ o LBbta [ or. L or 1 . 8 1
= n(((zL - )(e +1+ ¢ +O(a2) +zaL(1+a+O(a2))
) L 1
. (612Lw — 14+ %812Lw + O(ag)>)
therefore,

K a i2Lw ﬂ i2Lw 1 @ 1
(1+a(ﬂ+L))<e 1+ae +O(a2)>+a(1+a+0(a2))
.<ei2Lw+1+ZL€i2Lw+O(12)>’
Q@ «
_ % a i2Lw ﬂ i2Lw i f i
= n((1+a(,8+L))(e +1+ae +O(a2)>+a(1+a+0(a2))

, L, 1
'(BZQLW —14+ %612110.; —|—O())> )

a2

To simplify the notations, we denote e by e, which gives
] a 1
e—1+a(e+1)+ = ((B—i—z)(e—1)+Le—|—a5(e+1)+aLe) +0(-5),

:n<e+1+a(e1)+;((ﬁ+;)(6+1)+L6+05(61)+aL€>+O(;2)>-

Therefore, n =19 + L + O(-;) satisfies
e—1l4+ale+1l)=—-n(e+1+ale—1)),
(B+ %)(e— 1)+ Le +aB(e+1) +aLe

=im(e+1+ale—1))—no ((3 + %)(e +1)+Let+aBle—1)+ aLe) + O(%),

thus
l—a—e(l+a) 1—cpe 1+a
o = = y €0 = )
l—a+e(l4+a) 1+ce l—a
e

e a a 1
- 4+ L+al — - ) =
M= "0 oe)? (5+L+ +al +af —co(B + L)+coa5 =0 T xoe)?
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where ¢, ¢; are constants. Hence, there exist 7/L periodic functions g, n; such that

m 1
= L1 o(=),
n=mo+-+0(-)

1—cge e 1 1
= —_ O _
1+coe+cl(1+coe)2a (a2)’
-1 —I—d e—iQLa d e—iQLa 1 1
= O—'2L : Loz - T 0(7)
1+ dge—?2be (1 + dpe=12Le)2 o Q

where constants d; satisfies

1-a 1—a\?
do=——e*"P <1, dy = LB,
0 1—|—a€ y a1 =C1 1ta €

B.2. On the estimate of I'.. Here we present the explicit calculation on I',. For r < s, we
have

an ano n\(w) o

= L () et () 4 x( ) e (6 40t ()4 O()) — e (e () + e () )
— o2+ O () (8) + O 5)6n(r)oas).

= L (0 + 52 0) +1(r0)O(2) + (e () +1(ra)) (e () + 1t (0) )
= 22+ 0 () () + O(5)6(r)oas).

_ 7%@@) <;Ze+(s) N ,721'26(8)> _ ain%e*(r)(e*(s) +net(s)) + %Z—ée*(r)e’@) + 0(5),
= g (5T (€76 +1e™(5)) +7e ()7 () +me ¥ (5)) + g€ (e (5) + O(5)
For s < r, we have
4T(r, s) — AL (r, s)
_ ain (¢1()a(r) — e~ (s)(e™(r) + e (1)) — é(nio - %)6_“)6_(5) * % ((wl> - ;> () (r),
_ ain (0(;) () +0e* () + 4 (e () e (1) + x(r, )

950+ Fx(re) ) = Z% T+ Ol )e (e (6) + O 5 )n(5)on(r),
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hence

1]

[15]
[16]
[17]

18]

AT, (r,s) — 4T (r, s),
1,18 1

= (2t () +x(s, ) (€7 () +net (1) + S (eH () e (1) +2(r,0))

an 2« 2c
1 1
L0 (e ()

1

e () (5o (e () + e () +x(ra)) - (

= L ) e (1) = e () () + e (1) + 5 a1 (s) + O,

REFERENCES

Kals Ammari, Thomas Duyckaerts, and Armen Shirikyan. Local feedback stabilisation to a non-stationary
solution for a damped non-linear wave equation. Math. Control Relat. Fields, 6(1):1-25, 2016.

Sergei A. Avdonin and Sergei A. Ivanov. Families of exponentials. Cambridge University Press, Cambridge,
1995. The method of moments in controllability problems for distributed parameter systems, Translated
from the Russian and revised by the authors.

A. Bahri and J.-M. Coron. On a nonlinear elliptic equation involving the critical Sobolev exponent: the
effect of the topology of the domain. Comm. Pure Appl. Math., 41(3):253-294, 1988.

Claude Bardos, Gilles Lebeau, and Jeffrey Rauch. Sharp sufficient conditions for the observation, control,
and stabilization of waves from the boundary. SIAM J. Control Optim., 30(5):1024-1065, 1992.

Karine Beauchard. Local controllability of a 1-D Schrédinger equation. J. Math. Pures Appl. (9), 84(7):851—
956, 2005.

Haim Brézis and Louis Nirenberg. Positive solutions of nonlinear elliptic equations involving critical Sobolev
exponents. Comm. Pure Appl. Math., 36(4):437-477, 1983.

N. Burq. Contrdlabilité exacte des ondes dans des ouverts peu réguliers. Asymptot. Anal., 14(2):157-191,
1997.

Nicolas Burq and Patrick Gérard. Condition nécessaire et suffisante pour la contrélabilité exacte des ondes.
C. R. Acad. Sci. Paris Sér. I Math., 325(7):749-752, 1997.

Nicolas Burq and Maciej Zworski. Geometric control in the presence of a black box. J. Amer. Math. Soc.,
17(2):443-471, 2004.

Charles V. Coffman. Uniqueness of the ground state solution for Au — u 4 u® = 0 and a variational charac-
terization of other solutions. Arch. Rational Mech. Anal., 46:81-95, 1972.

Jean-Michel Coron. On the null asymptotic stabilization of the two-dimensional incompressible Euler equa-
tions in a simply connected domain. SIAM J. Control Optim., 37(6):1874-1896, 1999.

Jean-Michel Coron. Control and nonlinearity, volume 136 of Mathematical Surveys and Monographs. Amer-
ican Mathematical Society, Providence, RI, 2007.

Jean-Michel Coron and Pierre Lissy. Local null controllability of the three-dimensional Navier-Stokes system
with a distributed control having two vanishing components. Invent. Math., 198(3):833-880, 2014.
Jean-Michel Coron and Hoai-Minh Nguyen. Null controllability and finite time stabilization for the heat
equations with variable coefficients in space in one dimension via backstepping approach. Arch. Ration.
Mech. Anal., 225(3):993-1023, 2017.

Jean-Michel Coron and Laurent Praly. Adding an integrator for the stabilization problem. Systems Control
Lett., 17(2):89-104, 1991.

Jean-Michel Coron, Ivonne Rivas, and Shengquan Xiang. Local exponential stabilization for a class of
Korteweg—de Vries equations by means of time-varying feedback laws. Anal. PDE, 10(5):1089-1122, 2017.
Jean-Michel Coron and Emmanuel Trélat. Global steady-state stabilization and controllability of 1D semi-
linear wave equations. Commun. Contemp. Math., 8(4):535-567, 2006.

Jean-Michel Coron and Shengquan Xiang. Small-time global stabilization of the viscous Burgers equation
with three scalar controls. Preprint, hal-01723188, 2018.



[19]
[20]
21]
[22]

[23]

[24]
[25]
[26]

[27]

STABILIZATION OF FOCUSING KLEIN-GORDON EQUATIONS 51

Belhassen Dehman, Gilles Lebeau, and Enrique Zuazua. Stabilization and control for the subcritical semi-
linear wave equation. Ann. Sci. Ecole Norm. Sup. (4), 36(4):525-551, 2003.

Thomas Duyckaerts, Hao Jia, Carlos Kenig, and Frank Merle. Soliton resolution along a sequence of times
for the focusing energy critical wave equation. Geom. Funct. Anal., 27(4):798-862, 2017.

Thomas Duyckaerts and Luc Miller. Resolvent conditions for the control of parabolic equations. J. Funct.
Anal., 263(11):3641-3673, 2012.

Olivier Glass. Asymptotic stabilizability by stationary feedback of the two-dimensional Euler equation: the
multiconnected case. SIAM J. Control Optim., 44(3):1105-1147, 2005.

Lars Héormander. On the uniqueness of the Cauchy problem under partial analyticity assumptions. In Ge-
ometrical optics and related topics (Cortona, 1996), volume 32 of Progr. Nonlinear Differential Equations
Appl., pages 179-219. Birkhduser Boston, Boston, MA, 1997.

Tosio Kato. Perturbation theory for linear operators. Classics in Mathematics. Springer-Verlag, Berlin, 1995.
Reprint of the 1980 edition.

Carlos E. Kenig and Frank Merle. Global well-posedness, scattering and blow-up for the energy-critical,
focusing, non-linear Schrodinger equation in the radial case. Invent. Math., 166(3):645-675, 2006.

Herbert Koch and Daniel Tataru. On the spectrum of hyperbolic semigroups. Comm. Partial Differential
Equations, 20(5-6):901-937, 1995.

Vilmos Komornik. Rapid boundary stabilization of linear distributed systems. SIAM J. Control Optim.,
35(5):1591-1613, 1997.

Joachim Krieger, Kenji Nakanishi, and Wilhelm Schlag. Global dynamics above the ground state energy for
the one-dimensional NLKG equation. Math. Z., 272(1-2):297-316, 2012.

Joachim Krieger, Kenji Nakanishi, and Wilhelm Schlag. Global dynamics away from the ground state for
the energy-critical nonlinear wave equation. Amer. J. Math., 135(4):935-965, 2013.

Joachim Krieger and Shengquan Xiang. Cost for a controlled linear Kdv equation. Preprint,
arXiw:1911.03661, 2019.

John Lagnese. Decay of solutions of wave equations in a bounded region with boundary dissipation. J.
Differential Equations, 50(2):163-182, 1983.

Irena Lasiecka and Daniel Tataru. Uniform decay rates for semilinear wave equations with nonlinear and
nonmonotone boundary feedback, without geometric conditions. In Differential equations in Banach spaces
(Bologna, 1991), volume 148 of Lecture Notes in Pure and Appl. Math., pages 129-139. Dekker, New York,
1993.

Camille Laurent. On stabilization and control for the critical Klein-Gordon equation on a 3-D compact
manifold. J. Funct. Anal., 260(5):1304-1368, 2011.

Gilles Lebeau. Equation des ondes amorties. In Algebraic and geometric methods in mathematical physics
(Kaciveli, 1998), volume 19 of Math. Phys. Stud., pages 73-109. Kluwer Acad. Publ., Dordrecht, 1996.
Gilles Lebeau and Luc Robbiano. Stabilisation de ’équation des ondes par le bord. Duke Math. J., 86(3):465—
491, 1997.

C.-S. Lin, W.-M. Ni, and I. Takagi. Large amplitude stationary solutions to a chemotaxis system. J. Differ-
ential Equations, 72(1):1-27, 1988.

Jacques-Louis Lions. Contrélabilité exacte, perturbations et stabilisation de systémes distribués. Tome 2,
volume 9 of Recherches en Mathématiques Appliquées [Research in Applied Mathematics]. Masson, Paris,
1988. Perturbations. [Perturbations].

P.-L. Lions. The concentration-compactness principle in the calculus of variations. The locally compact case.
I. Ann. Inst. H. Poincaré Anal. Non Linéaire, 1(2):109-145, 1984.

P.-L. Lions. The concentration-compactness principle in the calculus of variations. The locally compact case.
11. Ann. Inst. H. Poincaré Anal. Non Linéaire, 1(4):223-283, 1984.

Kenji Nakanishi and Wilhelm Schlag. Invariant manifolds and dispersive Hamiltonian evolution equations.
Zurich Lectures in Advanced Mathematics. European Mathematical Society (EMS), Ziirich, 2011.

Olivier Rey and Juncheng Wei. Blowing up solutions for an elliptic Neumann problem with sub- or super-
critical nonlinearity. I. N = 3. J. Funct. Anal., 212(2):472-499, 2004.

Luc Robbiano and Claude Zuily. Uniqueness in the Cauchy problem for operators with partially holomorphic
coefficients. Invent. Math., 131(3):493-539, 1998.

Lionel Rosier. Exact boundary controllability for the Korteweg-de Vries equation on a bounded domain.
ESAIM Control Optim. Calc. Var., 2:33-55 (electronic), 1997.

David L. Russell. Controllability and stabilizability theory for linear partial differential equations: recent
progress and open questions. STAM Rev., 20(4):639-739, 1978.



52
[45]
[46]

[47]

(48]

JOACHIM KRIEGER AND SHENGQUAN XIANG

Andrey Smyshlyaev, Eduardo Cerpa, and Miroslav Krstic. Boundary stabilization of a 1-D wave equation
with in-domain antidamping. SIAM J. Control Optim., 48(6):4014-4031, 2010.

Walter A. Strauss. Existence of solitary waves in higher dimensions. Comm. Math. Phys., 55(2):149-162,
1977.

Michael Struwe. Variational methods, volume 34 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3)
[Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, second edition, 1996. Applications
to nonlinear partial differential equations and Hamiltonian systems.

Terence Tao. Nonlinear dispersive equations, volume 106 of CBMS Regional Conference Series in Mathemat-
ics. Published for the Conference Board of the Mathematical Sciences, Washington, DC; by the American
Mathematical Society, Providence, RI, 2006. Local and global analysis.

Daniel Tataru. A priori estimates of Carleman’s type in domains with boundary. J. Math. Pures Appl. (9),
73(4):355-387, 1994.

Daniel Tataru. Boundary controllability for conservative PDEs. Appl. Math. Optim., 31(3):257-295, 1995.

Daniel Tataru. Unique continuation for solutions to PDE’s; between Hormander’s theorem and Holmgren’s
theorem. Comm. Partial Differential Equations, 20(5-6):855-884, 1995.

Marius Tucsnak and George Weiss. Observation and control for operator semigroups. Birkhduser Advanced
Texts: Basler Lehrbiicher. [Birkhduser Advanced Texts: Basel Textbooks]. Birkhiauser Verlag, Basel, 2009.
Shengquan Xiang. Small-time local stabilization for a Korteweg-de Vries equation. Systems & Control Let-
ters, 111:64 — 69, 2018.

Shengquan Xiang. Null controllability of a linearized Korteweg-de Vries equation by backstepping approach.
SIAM J. Control Optim., 57(2):1493-1515, 2019.

Enrique Zuazua. Exact controllability for the semilinear wave equation. J. Math. Pures Appl. (9), 69(1):1-31,
1990.

Enrique Zuazua. Exponential decay for the semilinear wave equation with locally distributed damping.
Comm. Partial Differential Equations, 15(2):205-235, 1990.

Enrique Zuazua. Exact controllability for semilinear wave equations in one space dimension. Ann. Inst. H.
Poincaré Anal. Non Linéaire, 10(1):109-129, 1993.

BATIMENT DES MATHEMATIQUES, EPFL, STATION 8, CH-1015 LAUSANNE, SWITZERLAND
E-mail address: joachim.krieger@epfl.ch

BATIMENT DES MATHEMATIQUES, EPFL, STATION 8, CH-1015 LAUSANNE, SWITZERLAND
E-mail address: shengquan.xiang@epfl.ch.



