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Abstract

A useful robot is one that fulfils its intended function. In a factory setting, where robots have been used

successfully for decades, this function is often singular and clearly defined. Similarly, the surroundings

of the robot are mostly known, sterile, and unobstructed. Taking robotic systems out of these conditions

and into the real world comes with numerous challenges that are non-existent in factory cages. We

want personal robots to cope with the uncertain and dynamic environments we inhabit, while at the

same time managing and solving diverse tasks. Reconfigurable robots aim to achieve this by changing

shape and function to address a variety of applications, environments, and users.

While reconfigurable robots carry a lot of promise, finding a balance between the system’s adapt-

ability, the extent to which it can alter shape and function, and the added complexity is difficult.

Research efforts have largely focused on proof-of-concept studies with limited reconfigurability and

application range, avoiding the increasingly overwhelming mechanical, computational, and electronic

complexities. This thesis introduces a new paradigm to the world of reconfigurable robotics with

an inherent adaptability through simplification of the underlying structure. Approximating physical

structures through polygon abstractions, similar to computer graphics, such systems can assume

a wide range of structural or functional three-dimensional shapes. Based on this paradigm, it also

presents a new robotic platform combining the concepts behind both modular and origami robotics,

as well as reconfigurable mechanisms and polygon meshing.

In order to take advantage of this new paradigm, a diverse set of problems must be investigated,

spanning multiple robotic disciplines. With an increasing degree of reconfigurability, both within

a module and the overall system, the growing physical and mechatronic requirements need to be

analysed and addressed accordingly. New reconfiguration algorithms and control strategies need to be

developed to cope with the large, and constantly changing, number of degrees of freedom. These must

then be synchronised and scaled appropriately, leveraging modularity at multiple levels, to accomplish

diverse sets of tasks and functions.

Addressing the challenges associated with this new robotic paradigm and proving its viability provides

the context for this thesis. In a first phase it outlines the initial conception, studying scalability and

applicability through the combination of modularity and origami robots with a first prototype and its

use in multiple scenarios. It continues with the development and analysis of several building blocks of

modular origami robots, both mechanical and algorithmic, analysing mechanisms for the coupling

between modules and the reconfiguration process. In the second phase the proposed paradigm is

elaborated into its full form, integrating and examining reconfigurable mechanisms and polygon

meshing. The resulting morphological and functional flexibility is validated through the development
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Abstract

and testing of a highly sophisticated modular robotic system. Individual modules can alter their

own triangular shape, drive towards and attach to each other, and transform into functional three-

dimensional configurations. The conceptual and physical systems developed and studied in this

thesis answer some of the challenges posed by this new paradigm and underline the potential of

reconfigurability in robotics.

Keywords: reconfigurable robots, modular robots, origami robots, polygon meshing, reconfiguration

algorithms, mechanical design, control.
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Résumé

Un robot utile est celui qui remplit sa fonction. Dans un environnement industriel où des robots ont

été utilisés avec succès depuis des décennies, cette fonction est souvent unique et clairement définie.

De même, l’environnement des robots est généralement connu et sans obstacle. Sortir les systèmes

robotiques de ces conditions et les placer en situations réelles crée de nombreux défis qui n’existent pas

en industrie. Notre objectif est de permettre aux robots personnels de faire face aux environnements

incertains et dynamiques dans lesquels nous vivons, et en même temps gérer et résoudre des tâches

diverses. Pour ce faire, les robots reconfigurables changent de forme et de fonction pour prendre en

charge une variété d’applications, d’environnements et d’utilisateurs.

Bien que les robots reconfigurables soient prometteurs, il est difficile de trouver un équilibre entre

l’adaptabilité du système, dans quelle mesure il peut changer de forme et de fonction, et la complexité

ajoutée. Les efforts de recherche se sont largement concentrés sur des études de vérification de principe

avec une reconfigurabilité et un domaine d’application limités, évitant ainsi les complexités méca-

niques, informatiques et électroniques de plus en plus écrasantes. Cette thèse introduit un nouveau

paradigme dans le domaine de la robotique reconfigurable avec une adaptabilité inhérente par la sim-

plification de la structure sous-jacente. En se rapprochant des formes physiques avec des abstractions

de polygones à la manière de l’infographie, ces systèmes peuvent prendre une large gamme de formes

structurelles ou fonctionnelles en trois dimensions. Basée sur ce paradigme, cette thèse présente

également une nouvelle plateforme robotique combinant les concepts de la robotique modulaire et

origami, ainsi que des mécanismes reconfigurables et du maillage de polygones.

Afin de tirer parti de ce nouveau paradigme, il faut étudier un ensemble de problèmes divers, couvrant

de multiples disciplines robotiques. En améliorant la reconfigurabilité, à la fois d’un module et de

l’ensemble du système, les exigences physiques et mécatroniques augmentent et doivent être analysées

et traitées. Il faut développer de nouveaux algorithmes de reconfiguration et des stratégies de contrôle

pour faire face au grand nombre de degrés de liberté qui changent continuellement. Ceux-ci doivent

ensuite être synchronisés, en exploitant la modularité à plusieurs niveaux, pour accomplir diverses

tâches et fonctions.

Le but de cette thèse est d’aborder les défis associés à ce nouveau paradigme robotique et de prouver

sa viabilité. Dans un premier temps, elle présente la conception initiale et étudie son évolutivité et

son applicabilité, en combinant robotique modulaire et origami dans un premier prototype et son

utilisation dans plusieurs scénarios. Cette étude se poursuit avec le développement et l’analyse, à la fois

mécanique et algorithmique, de plusieurs composantes élémentaires de robots d’origami modulaires,

en analysant les mécanismes de couplage entre les modules et le processus de reconfiguration. Dans
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Résumé

un second temps, le paradigme proposé est élaboré dans sa forme complète, intégrant et examinant les

mécanismes reconfigurables et le maillage des polygones. La flexibilité morphologique et fonctionnelle

résultante est validée par le développement et les tests d’un système robotique modulaire sophistiqué.

Les modules individuels peuvent modifier leur forme triangulaire, se rapprocher, se combiner et

se transformer en configurations fonctionnelles en trois dimensions. Les systèmes conceptuels et

physiques développés et étudiés dans cette thèse résolvent certains problèmes posés par ce nouveau

paradigme et mettent en avant le potentiel de reconfigurabilité en robotique.

Mots-clés : robots reconfigurables, robots modulaires, robots origami, maillage de polygones, algo-

rithmes de reconfiguration, conception mécanique, contrôle.
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1 Background: Setting the scientific
scene

Robots. To the casual observer, a science-fiction dream of fully autonomous machines may come to

mind – cute, terrifying, or otherwise. An engineer may think of a highly sophisticated system fulfilling

repetitive tasks with high precision. To a researcher, the thought of a clumsy prototype successful in

one out of ten trials is certainly inevitable. These are some of the many and often vastly different views

that shape society’s overall perception of robotics. For decades, due to the minute number of actual

functioning systems, an idea is all that we had when it came to robots. Recent years, however, have

seen a surge in the rate of adoption of a much bigger variety of robotic systems.

While robots and automated machinery found their first adopters amongst experts in industry, where

tasks and operating conditions are clearly defined, progress outside of the industrial setting has been

slow – for good reason. Taking robotics out of the factory and into the real world, whether it be our

homes, public spaces, workplaces, or even space, requires addressing numerous challenges that are

non-existent in factory cages. These challenges stem from the uncertain and dynamic environments

we inhabit and demand our robots to cope with, natural, urban, and domestic. Various research areas

are solely aimed at finding solutions to deal with these complexities by developing computer vision

and localisation algorithms, control methods, physical sensors, actuators, and materials. Significant

progress in these fields has allowed research efforts to focus on developing fully integrated systems

that are capable of dealing with and adapting to the world around them, essential to realising the full

potential of robotics [1].

In addition to coping with our dynamic surroundings, a robotic system needs to fulfil certain tasks

or functions. In a factory setting robots tend to carry out a single or a small set of pre-programmed

jobs with specific instructions. In the real world, however, the required task or function can vary as

much as the environment itself. Rather than building a separate robot for each and every circumstance

that may be encountered, researchers are developing robots that can change their shape and function

depending on both the task and the environment at hand – enter reconfigurability. Similar to numerous

appearances in popular film productions, various approaches to reconfigurable robots are being

studied and implemented including modular systems and shape-shifting structures.

Sections 1.2 and 1.3 in this chapter contain material adapted from the following publication:

[2] C. H. Belke and J. Paik, “Mori: A Modular Origami Robot,” IEEE/ASME Transactions on Mechatronics, vol. 22, pp.2153-2164,
oct 2017, DOI: 10.1109/10.1109/TMECH.2017.2697310
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Chapter 1. Background: Setting the scientific scene

This thesis introduces a new paradigm to the field, fusing multiple disciplines and concepts within

the realm of reconfigurability, such as modularity and origami, to address the challenges associated

with the development of physically adaptable robots. This chapter continues with a more general

analysis of reconfigurability with respect to robots, followed by two sections detailing the background

and state-of-the-art in both modular and origami robotics. As some of the technical terms used, such

as modular and reconfigurable, can be interpreted and classified in various ways, the following sections

each begin with a brief description of our understanding of each term.

1.1 Reconfigurability in robotics

Rather than defining a set configuration in advance, in the design or assembly process, reconfigurability

implies a functional or structural transformation that a robot can undergo repeatedly during its

functional life. Due to the abstract nature of the idea, it has not been qualified as a field of its own

but instead spans across a multitude of disciplines. Although certain types of reconfiguration can

be achieved solely through non-physical control architectures [3–7], this chapter focuses on physical

reconfiguration and highlights several examples spread across the scientific community.

As the functions of robotic systems vary greatly, so do the types of reconfigurations. The reconfig-

uration process tends to either widen the spectrum of a single function [8–10], combine multiple

functions [11, 12], or serve as the function itself [13]. Whether automated, such that the robot carries

out the transformation itself [14], or extrinsic through manual adjustment or external stimuli [15],

reconfigurability adds both versatility and complexity to the system. Considerable effort has been

placed on studying reconfiguration processes in theory, in terms of kinematic analyses [16–18] and

transformation algorithms [19, 20], while practical robotic systems, albeit abundant, continue to focus

primarily on initial, proof-of-concept implementations with limited applicability. This is largely due

to the soaring complexities and requirements encountered when up-scaling such efforts [21]. Criti-

cal factors, such as force or torque requirements, sensing capacities, power supply and distribution,

alignment issues, and computational loads, quickly become overwhelming as the number of entities

or degrees-of-freedom (DoFs) in a reconfigurable system increase. While this study also begins with

proof-of-concept studies of the new paradigm, the second phase details the development of a system

designed to be scalable to an extent where practical applications can be studied.

1.2 Modular robots and systems

Reconfigurable modular robots are self-contained robotic units that, in combination with each other,

form robotic systems with the ability to change shape, configuration, and function. While some robotic

systems employ a degree of modularity in the form of modular attachments, linkages, or control

architectures, this section focuses on systems where the entities of the modular architecture are self-

contained robots. These are classified by how modules are connected to one another, as well as by the

type of modules within the system. Systems can be considered mobile, chain-type, or lattice-type [21]

and individual modules can be homogeneous or heterogeneous [22]. These classifications are by no

means exclusive [23] and many robots show overlapping features. Mobile-type reconfigurable robots,

being the first such type presented in literature [24], are characterised by individual modules being

highly mobile [25]. They are often closely related to the study of self-assembly and swarm robotics [26],

where a large number of independent mobile robots can fulfil tasks independently or work together

through simple attachments such as grippers [27].

4



1.3. Origami and robots thereof

Chain-type reconfigurable robots have a characteristic serial architecture amongst modules with a

common possibility of tree-type configurations [28, 29]. Being the first to practically show the potential

of reconfigurability, these robots are versatile in terms of locomotion patterns but computationally more

demanding [21]. They typically have one or two degrees of internal actuation including bending and

twisting. Resulting possibilities in gait patterns include side-winding, rolling, transforming, and walking

amongst others [30–34]. Lattice-type reconfigurable robots, on the other hand, can be connected in

a regular pattern either in 2D such as hexagons [35] or in 3D such as cubes [36]. This allows for a

higher degree of reconfigurability and simpler alignment but complicates locomotion. More recent

reconfigurable robots tend to combine these classifications into hybrid-type systems [37, 38].

Modules in reconfigurable robotic systems can be homogeneous [39], with all units being the same,

or heterogeneous, with differing modules that can embody different functions [40]. Homogeneous

systems are simpler overall and allow for modules to be replaced easily, while heterogeneous systems

can have specialised modules with allocated functionalities, making individual modules simpler. Fur-

thermore, systems can make use of passive modules to, for example, provide structural elements [41].

Another addition to the capabilities of reconfigurable modular robots that has been studied since their

inception is the ability to self-reconfigure [42]. Rather than manually attaching and detaching individual

modules, systems can achieve various morphologies autonomously. This requires an automated

attachment mechanism, of which various types have been demonstrated, including hook systems [43],

magnets [44], self-soldering [45] and hot melt adhesives [46]. The versatility of reconfigurable modular

robots is yet to find its limits as researchers are producing various applications including furniture [47],

space exploration [48], education [49], adaptive tools [46], and search and rescue [50].

1.3 Origami and robots thereof

From appearances in nature [51], computational geometry [52, 53], to potential applications in engi-

neering [54–56], the art of paper folding, origami, provides insight and inspiration in various fields.

Recently, it has proven a useful tool in the field of robotics and has been implemented in several ways,

utilising the transformation of light-weight two-dimensional (2D) structures into three-dimensional

(3D) shapes to change morphologies and address diverse tasks. The folding pattern can be used to

achieve specific behaviours of the structure, while embedded actuators and sensors can provide the

tools for versatile robots that can perform in diverse environments [57]. The low thickness and weight

of origami robots make them easy to store, transport, and deploy as needed.

Self-actuating robotic sheets with a pre-defined crease pattern and embedded actuators can fold

into a number of morphologies [58], closely embodying a true robotic conception of origami. Other

approaches have focused on utilising origami characteristics in the form of passive parts to guide

actuation [59–61], vary actuation [62] and to provide the means for external actuation [63]. Origami

has been realised structurally to create complete robots from pre-cut foldable sheets [64] as well as in

combining structure with actuation to create novel robotic concepts [65–67].

Smart materials have played a significant role in the development of self-folding robots [68–71] by

reducing complexity of the mechanical assembly. Aside from traditional actuators in pre-assembled

origami robots, fully integrated self-folding origami robots have been predominantly created using heat-

activated shape memory materials [72–75]. These allow for a much lower thickness of the overall system

compared to traditional actuators. Furthermore, 2D layer fabrication techniques can provide origami

robots with distributed actuation and sensing to accommodate feedback and control systems [76–78].
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Chapter 1. Background: Setting the scientific scene

1.4 A new robotic paradigm

This thesis introduces a new paradigm to the world of reconfigurable robotics, taking advantage of the

concepts behind modular and origami robots, reconfigurable mechanisms, and polygon meshing. It

presents a framework for shape-shifting, quasi-two-dimensional polygon modules that combine and

transform into three-dimensional structures. The resulting paradigm represents an approach towards

a universal robotic system capable of assuming a wide range of structural or functional shapes. The use

of origami principles results in quasi-2D and light-weight structures, a self-contained modular archi-

tecture allows assemblies to reconfigure, and polygon meshing provides a global structural framework.

While such a universal robotic system is unlikely to outperform any uni-functional robot at a particular

task, its true benefit lies in the ability to carry out an abundance of tasks.

Although the ability to reconfigure into a multitude of functional assemblies can be advantageous

in a wide range of situations, it is particularly so when transporting or storing a number of robots

each executing a single function is not feasible, or when the exact applications or requirements are

unknown in advance. In space applications, for instance, the high costs and difficulty of transportation,

along with the limited spatial availability, demand space stations to be equipped with highly functional

systems. Figure 1.1 presents a conceptual vision of how the new paradigm can be implemented in the

form of a universal assistive system on-board a space station, addressing a variety of tasks. Robotic

arms of various configurations work both independently and alongside astronauts, mobile structures

transport and monitor throughout the station, while larger collections form interactive displays, spatial

dividers, and nets.

In addition to transportation and storage, the unknown environments encountered when exploring

extraterrestrial objects are difficult to account for in the design process. Figure 1.2 shows a conceptual

vision of the paradigm in the form of a universal extraterrestrial exploration system, with mobile,

structural, and functional elements based on the same framework. Quadrupedal, snake-like, rolling,

Figure 1.1 – Conceptual vision of the new paradigm in form of a universal assistive system for space. A modular
robotic structure based on polygons configures itself into a variety of robotic arms, mobile systems, structural
objects, and interactive 3D displays.
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1.4. A new robotic paradigm

Figure 1.2 – Conceptual vision of the new paradigm in form of a universal extraterrestrial exploration system.
A modular robotic structure based on polygons configures itself into a variety of mobile and structural assemblies
such as domes, quadrupeds, snakes, and drones.

and flying configurations address the varying complexities of the terrain, while another set of modules

forms temporary structures of varying shape and size, serving as housing and protection for scientific,

communication, and maintenance equipment.
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2 Outline: What to expect

Following the general introduction and background to the robotic paradigm above, this chapter

provides a blueprint for the thesis. It begins with a description of the general challenges in the field,

followed by a detailed structural outline along with the contributions contained within each chapter as

well as the thesis as a whole. The chapter concludes with a few inspirational thoughts on the outlook of

the paradigm in the form of application-oriented scenarios.

2.1 Problem statement

Reconfigurable robotics aims to create multi-functional systems that can adapt themselves to address

different applications, environments, and users through physical transformations. While traditional

robots oftentimes fulfil their function through some form of physical change, such as a robotic arm

extending or contracting to reach different positions, their underlying kinematic structure remains

unchanged during operation. By making the overall morphology of a robot adaptable, in addition to its

operational features, numerous challenges are introduced that must be integrated with its augmented

functionality.

With an increasing degree of reconfigurability, both within an individual entity and the overall system,

the growing physical and mechatronic requirements need to be analysed and addressed accordingly.

What design approaches, reconfigurable mechanisms, and geometric structures enable morphological

transformations of such systems to address different functions?

Reconfigurable structures inherently consist of high numbers of joints, linkages, actuators, and con-

straints that must be synchronised and adapted appropriately to ensure the system’s functionality.

What are the reconfiguration algorithms and control approaches that can cope with the large, and

constantly changing, number of degrees of freedom?

An increasing degree of morphological adaptability results in a larger set of possible functions the

system can fulfil. At the same time, however, it adds a growing amount of complexity to each reconfig-

urable robot and the overall system. How can this added complexity be balanced with the range and

performance of the resulting functionality?

As the desired adaptability depends on the intended set of functions and environments for the robotic

system, the balance between complexity and functionality should be matched accordingly. Adjusting it

in either direction based on expected and unexpected circumstances, both in the design process or

9
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during operation, requires studying and developing the constituent technological building blocks with

an inherent adaptability in mind. This forms part of a framework for a range of robotic systems with

varying degrees of reconfigurability and applicability.

2.2 Structure and contributions

This thesis aims to advance the promising prospect of reconfigurable robotics by addressing some of

the above challenges through the scientific and technological development of a new paradigm and a

universal robotic framework. Following an introduction to the scientific endeavour in this first part,

Part II covers various studies addressing the complexities arising from morphological flexibility. Part III

provides a detailed account of the proposed paradigm and presents a robotic platform embodying our

approach towards a universal robot. Part IV summarises the thesis and provides an outlook for the

new paradigm and our robotic developments in the context of reconfigurable robotics. The various

chapters in each of the subsequent parts are described in more detail below, including a summary of

the contributions contained within.

Part II A Conceptual Study

In this part, we present three studies of different building blocks of reconfigurable robots that address

the underlying challenges of introducing morphological flexibility. We develop and analyse scalability,

design and control approaches, and reconfiguration algorithms for such systems as well as their impact

on applicability.

Chapter 3: Combining origami and modularity in robotics

The fields of origami and modular robotics individually address different aspects of reconfigurability. In

this chapter we propose and study the combination of origami and modularity in robotics and present

a robotic platform addressing applicability, control methods, and scalability. The concept merges

the advantages of both robot types into a mobile, quasi-two-dimensional, lattice-type reconfigurable

modular origami robot, Mori. A detailed description and analysis of the concept is validated by the

presentation of a first prototype that incorporates the key functionalities of the system. The modular

robot prototype is mobile, can be connected to other modules of its kind, and fold up to create

task-specific three-dimensional reconfigurable structures. We present three implementations using

the prototype in different configurations in the form of individual modules, modular reconfigurable

surfaces, and its application to closed-loop object manipulation. The experiments verify the capabilities

and advantages of the system with respect to modularity, origami-folding, mobility, and versatility. The

contributions of this chapter can be summarised as follows.

• Introduction, study, and analysis of a new reconfigurable modular robot that is specifically designed

to enhance flexibility and applicability.

• Experimental results of two open-loop, application-oriented implementations that highlight the

system’s characteristics in terms of modularity, origami-like folding, and mobility.

• Modelling and validation of a floating three-DoF platform using Mori along with a demonstration of

closed-loop object manipulation.
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Chapter 4: Automatic coupling mechanisms for modular systems

Continuing to focus on the complexities of morphological flexibility, in this chapter we study one of the

fundamental building blocks of modular systems, the coupling between individual entities. We analyse

the overall requirements of automatic coupling mechanisms and address the challenges resulting

from the high number of linkages and kinematic conditions in such systems. A novel safety feature

for modular couplings is introduced that disengages two entities at a predefined torque threshold. A

detailed analytical model of this overload protection mechanism is validated by testing two materials

and fabrication methods. We further apply this mechanisms and the identified requirements to the

coupling of a modular origami robot. A functional prototype of the genderless coupling is demonstrated

by two modular robots driving towards one another, automatically connecting and disconnecting,

detecting the connection, communicating in the process, and sensing the angle between them. The

coupling as well as the embedded technologies and mechanisms present essential steps towards

enabling fully self-reconfigurable robots combining modular and origami features, while advancing

the process of introducing modularity into a wide range of robotic systems. The contributions of this

chapter can be summarised as follows.

• Analysis of the requirements and functional challenges of the coupling mechanism in modular

robotic systems, along with the design of an automated, self-centring, and genderless coupling.

• Introduction, modelling, and experimental validation of a novel mechanical overload protection

mechanism for use in modular robotic systems.

• Demonstration and validation of a functional prototype of the automatic coupling mechanism with

mechanical overload protection, incorporating connection detection, synchronisation, and angular

sensing.

Chapter 5: Reconfiguration algorithms based on origami principles

Completing the initial conceptual study of the complexities in reconfigurable systems, this chapter

addresses the challenges of planning and executing the reconfiguration process of modular robots.

Utilising the principles behind origami structures folding from 2D configurations into 3D shapes, we

develop and analyse different reconfiguration algorithms, minimising energy consumption and con-

nectivity changes. The algorithmic framework includes and compares two approaches, an automatic

modelling algorithm as well as a heuristic algorithm. It consists of an energy-optimal reconfiguration

planner that generates an initial 2D assembly pattern and an actuation sequence for the modules. We

further demonstrate the effectiveness of our method by applying the algorithms to modular origami

robots in simulation. Our results show that the heuristic algorithm yields reconfiguration schemes

with good performance compared with the automatic modelling algorithm, simultaneously saving

a considerable amount of computational time and effort. The contributions of this chapter can be

summarised as follows.

• Development, study, and evaluation of reconfiguration algorithms for modular robots based on the

principles of origami folding.

• An automatic modelling algorithm generating the kinematic model, dynamic derivation and energy

consumption of modular assemblies, represented by the hierarchical structure of a rooted tree.

• A heuristic algorithm for energy-optimal folding of modular robots, consisting of a 2D-layout and a

folding sequence planner.

• Demonstration and assessment of the proposed algorithms using several 3D configurations of a

modular origami robot.
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Part III Towards a Universal Robot

Following the initial conceptual study of the complexities of morphological flexibility in robotic systems,

in this part we present our efforts towards a universal robot, first conceptually and then practically. Our

approach addresses existing limitations of reconfigurable robots in terms of morphological flexibility

by changing the underlying architecture and provides a framework for balancing complexity and

functionality.

Chapter 6: Augmenting robotic reconfigurability through polygons

In this chapter we elaborate the new robotic paradigm into its full form, merging the initial concept

of a modular origami robot with polygon meshing and reconfigurable mechanisms. We analyse the

limitations of existing reconfigurable system, focusing on morphological transformations, and present

a framework for a new class of reconfigurable robots with an inherent morphological flexibility. By

approximating physical structures through polygon abstractions, similar to computer graphics, such

systems can assume a wide range of structural or functional 3D shapes in the form of physical polygon

meshes. We provide a detailed analysis of the key characteristics and features of the framework,

intended to serve as building blocks that can be adapted, extended, and reduced to suit any given

requirements. We finally outline the challenges that need to be addressed in order to take full advantage

of the proposed paradigm. The contributions of this chapter can be summarised as follows.

• Introduction of a new robotic paradigm merging modular and origami robots, reconfigurable

mechanisms, and polygon meshing to endow morphological and functional flexibility.

• Analysis and evaluation of the characteristic features and underlying challenges associated with

this proposed paradigm.

Chapter 7: A polygon-based modular robotic platform

Following the conceptual introduction and analysis of the proposed paradigm, in this chapter we

detail the development of a robotic platform taking advantage of its core features. We present a highly

sophisticated modular robotic system addressing various challenges posed by the paradigm, and in

reconfigurable robotics in general. The platform consists of self-contained triangular robotic modules

that can change their own shape, drive towards and attach to each other, and transform into functional

3D configurations. The inherent morphological flexibility is validated by incorporating and testing new

mechanisms as well as mechatronic, communication, and control architectures. The system serves as a

platform designed to study various key characteristics of the paradigm and to be extended and adapted

towards a variety of functional requirements. The contributions of this chapter can be summarised as

follows.

• Development of a novel self-reconfigurable robotic module for the physical representation of poly-

gon meshes, where individual modules alter their triangular shape to modify the overall geometric

assembly.

• Functional testing of the platform’s building blocks including reconfiguration mechanisms and

mobility, verifying control methods and models.

• Experimental design to validate the key characteristics of the platform in terms of functional

adaptation, morphological flexibility, and optimisation.
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Part IV Towards a Robot Universe

The last part summarises the contributions and developments towards reconfigurable robotic systems

contained in this thesis and provides an outlook for the future of such robots.

Chapter 8: Conclusion and outlook

In this final chapter of the thesis we review the scientific and technological advancements of the

overall thesis. We summarise the challenges that are addressed and contributions that are contained

within each chapter. The chapter concludes with a general outlook for the paradigm, the short-term

future endeavours based on the robotic platform presented in Chapter 7, and a long-term vision of its

potential and applicability. The main contributions of this thesis can be summarised as follows.

• Geometric and functional analysis of the challenges and potential of incorporating reconfigurability

in robotic systems, addressing morphological and functional flexibility, complexity, and scalability.

• Study and development of key building blocks of reconfigurable modular systems, including recon-

figuration mechanisms and algorithms through prototypes and simulation.

• Introduction and analysis of a novel reconfigurable robotic platform with an inherent morphological

flexibility, merging the concepts of modular and origami robotics with polygon meshing.

2.3 Application scenarios

The paradigm introduced in this thesis reflects our approach towards a universal robotic system. Similar

to computer graphics, where a collection of variable polygons can represent virtually any 3D object, we

envision systems of polygon-shaped modular robots that can assemble into a wide range of structural

or functional shapes.

To illustrate the value and versatility of the concept, the following scenarios hint at the potential realm

of applications that can be addressed through our paradigm. While some of these scenarios may require

different scales, features, and technologies, they are all implementations of the same framework. No

existing robot architecture can be applied to such a wide spectrum of applications, while some of the

implementations are not at all possible with current systems or concepts. Figure 2.1 depicts some of

the structural and functional shapes described.

Scenario A In a domestic setting, a compact stack of robotic modules is stored in a cupboard. In-

dividual modules drive out of the stack, connect to one another, and assemble into a four-legged

configuration. The robot trots into the bathroom, transforms into a long chain in order to reach the

medicine cabinet, and picks up the user’s daily ration by representing a robotic arm. It then makes

its way to the user’s workplace, turning into a variety of structures as needed to traverse the urban

environment, such as rolling wheels and legged configurations of different size and shape.

Scenario B A design engineer is working on a new set of products in virtual reality. As they conceive

the idea, a physical representation consisting of flat robotic modules assembles itself on the table

next to them. Changes to the various parts of the design are automatically reflected by the robot. The

designer can then directly view and interact with the physical model to refine the products.

Scenario C On a foreign planet, an abundance of robotic modules arrives in a spaceship. A first set

of modules assembles into temporary structures of varying size and shape, serving as housing and

13
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(a) (b) (c) (d)

Figure 2.1 – Examples of structural and functional shapes utilising the new robotic paradigm. (a) shows tempo-
rary housing and storage structures of varying shape and size, (b) shows examples of mobile assemblies including
a quadruped and a snake robot, (c) shows an interactive 3D surface display, and (d) features multiple robotic arms
of different configurations.

protection for scientific, communication, and maintenance equipment. A second set of modules begins

exploring the planet, transforming into various mobile structures such as quadrupeds, snakes, balls,

and drones as necessary. Meanwhile, an astronaut monitors and directs the operation by interacting

with a shape-shifting assembly of robotic modules displaying the planet’s surface in 3D. This scenario

is also illustrated in Figures 1.1 and 1.2.

The development of such truly reconfigurable systems, yielding versatile tools that can address a myriad

of functions while coping with our dynamic society and environment, is as much an engineering

challenge as it is a scientific endeavour. While this thesis focuses on the scientific progress towards a

universal robotic system, it also aims to highlight the value of thorough engineering in science.
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3 Combining origami and modularity in
robotics

Reconfigurable modular robots are a promising solution to systems that can address a multitude

of applications and augment human-robot interaction. Assembling a collection of self-contained

modules into different configurations allows a single robotic system to adapt to different circumstances

and achieve a diverse set of functions. As there is no theoretical limit to the number of units comprising

a modular robotic system, recent research efforts are focusing on extending their potential. This has

been facilitated by advancements in the building blocks of reconfigurable modular robots, including

actuator and sensor development, computing capacities, materials, and fabrication methods. Similarly,

the development of robotic origami, taking inspiration from the art of paper folding, has also been

permitted by these advancements. It utilises the transformation of light-weight two-dimensional (2D)

structures into three-dimensional (3D) shapes to change morphology and address different tasks. The

folding pattern can be used to achieve specific behaviours of the structure, while embedded actuators

and sensors can provide the tools for versatile robots that can perform in all sorts of environments.

The low thickness and weight of origami robots make them easy to store, transport, and expand into

functional robots when needed. The flexibility arising from a large number of degrees-of-freedom

(DoF) allows robotic origami to easily mould to and interact with an object’s surface such as the human

body.

Although both modular and origami robots are inherently reconfigurable, the underlying architec-

ture of existing systems limits their scalability and applicability. Modular robots are predominantly

bulky collections of kinematic linkages that realise 3D structures by approximation using volumetric

blocks, considerably limiting the morphological flexibility of assembled structures, with few exam-

ples countering the trend although with reduced functionality. Functional implementations have

therefore mainly consisted of chains and branches that replicate kinematic structures of conventional

robots. Conversely, robotic origami frequently features complex kinematic structures, taking advantage

of constraints and linkages to achieve specific behaviours. However, similar to a sheet of paper, it

is constrained to the dimensions of the folding structure. Once the overall dimensions, folds, and

cut-outs of an origami sheet are defined, it cannot be separated and re-joined elsewhere to allow

for different morphologies without damaging the structure. This implies that such robots are only

configurable to morphologies that have been accounted for in the design process, greatly limiting their

The material presented in this chapter has been adapted from the following publication:

[2] C. H. Belke and J. Paik, “Mori: A Modular Origami Robot,” IEEE/ASME Transactions on Mechatronics, vol. 22, pp.2153-2164,
oct 2017, DOI: 10.1109/10.1109/TMECH.2017.2697310
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adaptability to dynamically changing tasks. Furthermore, the materials and actuators comprising the

kinematic elements of origami robots are principally ‘soft’. Although beneficial for interacting with the

environment and avoiding singularities, this greatly reduces controllability and scalability.

In this chapter we address the individual limitations of such reconfigurable systems by studying the

combination of origami and modularity in robotics. We analyse the requirements and scalability of this

approach and present a new reconfigurable robotic system that takes inspiration from both concepts:

Mori, a modular origami robot. A modular origami robot merges the features inherent to origami robots,

namely low thickness, simplicity, and reconfigurability through folding, with the versatility achieved by

modularity. The proposed concept consists of quasi-2D robotic modules that, when combined with

one another, can fold up on each other to create versatile 3D configurations and fulfil tasks accordingly.

We further present a first prototype, which has been implemented in multiple configurations, where

each module is an equilateral triangle of thickness 6 mm, side length 80 mm, and a weight of 26 g. We

finally validated the applicability of the novel concept and the accompanying prototype through three

distinct, application-oriented implementations.

3.1 Conceptual analysis

A modular origami robot can fold like origami but is also entirely modular and reconfigurable. The

proposed system consists of self-contained robotic modules that, when connected, can fold up on one

another. When multiple modules are connected, the resulting system behaves like origami, transform-

ing from 2D elements into various 3D configurations. While ‘modular origami’ has been explored as a

way of achieving more complex folded paper-structures by joining smaller folded elements [79], our

concept does not rely on this principle as individual modules are quasi-2D rather than pre-folded 3D

elements. We propose an origami robot that is modular, a modular origami robot.

Figure 3.1 – Conceptual illustration of a modular origami robot. Left: single entities in the shape of equilateral
triangles come together to form a modular reconfigurable surface. Such a surface can take the shape of an
underlying object or serve as a stand-alone surface that can change its shape. Right: a stack of individual modules
can be turned into a desired, task-specific shape such as a gripper, a platform, or a tube. The geometric concept
illustrated in this figure is used in the development of the robot presented herein.

For a modular system to be fully reconfigurable, all modules need to be of an identical form that allows

for a repeatable pattern, a lattice. While there are several 2D shapes that allow for this, including

equilateral triangles, squares, and hexagons, we propose the use of equilateral triangles. This reduces

the complexity of individual modules and results in a high degree of reconfigurability, as highlighted in

Figure 3.1.
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n = 1

n = 2

n = 3

n = 4

(b) (c)(a)

Figure 3.2 – Structural elements for analysing scalability with respect to torque requirements using the pro-
posed geometry of modular origami robots (the folding axis is indicated by a red line): (a) an equilateral triangle
actuated at the longest internal vertex where n = 1 contains four modules; (b) a hexagon actuated at the central
vertex where n = 1 contains six modules; (c) a sheet of undefined size made up of modular robotic elements, where
the fold is actuated by a single vertex and n = 1 lifts a single adjacent vertex.

3.1.1 Scalability

Complex assemblies and structures cannot be generalised in terms of physical requirements as these

greatly depend on a variety of case-specific factors such as geometry, assembly sequence, and other

reconfiguration strategies; therefore, they are often subject to optimisation. It is, however, possible

to generalise the scalability of modular robotic systems on the basis of simple scenarios that are

likely to pertain in a variety of cases. Figure 3.2 highlights three such scalable structures of a modular

origami robot. Considering the geometries of these structures we can formulate the scaling of torque

requirements, i.e. given the unscaled torque requirements we can determine the torque requirements

for any scaling factor. Considering the proposed geometry of our modular robotic concept, for a scaling

factor, n, the maximum torque per joint, τmax , for the three example structures in Figure 3.2 is given by

τmax
n=i = τmax

n=1 ∗n2, i ∈Z+ (3.1)

The maximum torque requirements of scaled elements can be reduced dramatically by optimising

folding sequence and actuation pattern. Folding of elements in Figures 3.2a and 3.2b for n > 1 can be

optimised by folding external vertices first, while folds along larger sheets such as in Figure 3.2c can be

further optimised by actuating multiple vertices at once.

3.1.2 Features and requirements

Taking advantage of origami robots, on the one hand, requires a lightweight, reconfigurable, and low-

profile architecture to allow for the transformation between quasi-2D to 3D configurations. Making a

system fully modular, on the other hand, demands a coupling mechanism that allows any side of one

module to be connected to any side of another, i.e. it must be genderless. Furthermore, while modular

robotic systems rely on the combination and interaction of modules to fulfil tasks, the more self-

contained each module is, the higher the versatility of the whole system. This may include attributes

such as single module mobility, on-board sensing, and on-board control. Consequently, the overall

requirements of a system combining modular and origami robotics can be summarised as follows. A

modular origami robot needs

• to be reconfigurable at each interface with genderless mechanisms for attachment and actuation,

• to have an actuation system at each interface that allows folding over the coupling axis,

• each module to have a regular polygonal shape with a quasi-2D structure to maximise folding

possibilities and range,

• to be mobile and largely self-contained.
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While some of these core requirements apply to other modular reconfigurable systems, their com-

bination constitutes the unique characteristics of a modular origami robot. Figure 3.3a provides an

illustration of the requirements by a module in the shape of an equilateral triangle. Identical, genderless

coupling and actuation mechanisms protrude at each edge, allowing any side of one module to be

connected to another, as implemented in Section 3.2. The coupling mechanism serves as a hinge,

restricting connected modules radially and axially but not in rotation. The actuation mechanism can

fold and unfold connected modules and is also used for a single module to move independently when

disconnected. The triangular body of the proposed modular origami robot houses all other necessary

components including electronics, sensors, control components, and actuators.

Coupling
axes

Low-
profile

body

On-board
components

such as sensors,
com ports, actuators,

electronics, etc.

Genderless
actuation

mechanism

Genderless 
coupling
mechanism

(a)

Three rotational DoF to allow for folding
along the coupling axes when

attached to other modules 

Two translational DoF when 
a module is not connected to any others, 

allowing planar movement

R3

R2

R1
T1

T2

(b)

Figure 3.3 – Schematic illustration highlighting the core requirements of a modular origami robot: (a) a robotic
module in the shape of an equilateral triangle with genderless mechanisms at each coupling axis and various
on-board components; (b) each module has three rotational DoF, R, when connected to other modules and two
translational DoF, T, when not connected to other modules, allowing for planar motion.

Given that the design includes a genderless and standardised coupling mechanism, additional features,

components, and attachments can easily be implemented and used in tandem. This may be in the

form of task-specific tools, modules with varying geometry or external support structures. The use of

passive modules, simple connections between active modules where no actuation is needed, is also

possible as demonstrated in Section 3.3.1. These passive modules can then be used to carry additional

components, such as power supplies, or serve as structural support. Furthermore, the top and bottom

faces of a module can be used to mount extra components, tools or additional modules directly to a

module without affecting the geometric structure of a reconfigurable surface, as shown in Section 3.3.3.

This greatly extends the potential of the modular origami concept as multiple structures, which may

not be possible to combine into a single surface, can easily be joined together.

As highlighted in Figure 3.3b, the proposed concept has three rotational DoF as well as two translational

DoF stemming from a single actuation system. When two modules are connected, the actuators

provide rotation about the coupling axis in order to fold the two modules. However, when a module

is not connected, the same actuators can drive across flat surfaces and make the robot mobile, as

demonstrated in Section 3.3.2. These two modes of actuation from a single system greatly extend the

robot’s capabilities while maintaining mechanical simplicity.
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3.2. System overview

3.2 System overview

Following the conceptual analysis of a modular origami robot this section describes our functional

prototype, Mori, shown in Figure 3.4a. Its design parameters were carefully selected to address the

challenges and limitations of reconfigurable robots, featuring low thickness, simplicity, and actuation

at each interface of an equilateral triangle in order to achieve origami-like reconfigurability, modularity,

and mobility.

10 mm
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Figure 3.4 – The first functional prototype of Mori, a modular origami robot: (a) Full module with dotted lines
indicating the coupling axes for attachment and folding. Two genderless mechanisms allow any side of one module
to be connected to another (their sequences are shown in arrows and are numbered): (b) the drive mechanism
serves both translational motion of an individual module as well as folding of two attached modules; (c) the
coupling mechanisms is used to attach two modules to each other.

3.2.1 Structure and mechanisms

The first prototype of Mori is a flat robot of triangular shape. It is mobile on flat surfaces, can be

attached to other modules of its kind and turn from quasi-2D shapes into 3D structures. Furthermore,

the prototype is self-contained with on-board control, actuation, and sensor integration, with the

exception of power supply. The robotic origami system achieves modularity through the coupling and

actuation mechanisms, which in their combination account for the key characteristics of the robot,

namely modularity and origami folding. Each side of a module contains both protruding and receiving

elements of both mechanisms, allowing any side of one module to be connected to any side of another.

The two genderless mechanisms are illustrated in Figures 3.4b and 3.4c.

As a low profile is necessary in origami robots to maximise the folding range, component selection

focuses on minimising the overall thickness of the robot. The remaining dimensions are primarily

defined by a minimal design that houses all necessary mechanisms and components at a minimum

weight. Mori’s main body has a thickness of 6 mm and the side-length of the equilateral triangle formed

by the coupling axes is 80 mm. It is fabricated using a multi-jet 3D printer (Objet Connex 500). The total

weight of Mori’s prototype is 26 g, of which over two thirds are consumed by the actuation mechanisms

in Figure 3.4b.
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Actuation is provided by a stepper motor fixed in parallel to the coupling axis (Faulhaber FDM0620,

6 mm diameter, 0.25 mNm holding torque, 18◦ step angle). A stepper motor was chosen as it has a

fixed step size, permitting open-loop position control, provides a holding torque, and can be free to

rotate if necessary. A planetary gearhead with a ratio of 256:1 is attached to increase the effective torque

and reduce the step size. A secondary gear system consisting of three spur gears with ratios 1:1:1.2 is

installed to translate the actuation from the motor to the coupling axis. A slotted pivot is attached to

the final gear in the transmission system, forming the active part of the actuation mechanism. This

u-shaped pivot forms the counterpart for the insert, which is firmly attached to the housing. The

engagement of actuation between two modules is denoted by 1© in Figure 3.4b. The passive part of one

module is inserted into the pivot of another such that when a torque is applied to the pivot it causes

the two modules to fold up on one another, denoted by 2© in the same figure.

The coupling mechanism, which is operated manually, consists of a spring-loaded pin that enters the

socket of another module. The pin is first retracted, denoted by 1© in Figure 3.4c, and the two engaging

modules are brought together by aligning their coupling axes, denoted by 2©. The pin is then released

so that the spring-loaded mechanism locks the two coupling axes to one another, denoted by 3© in

the same figure. A hinge is thereby formed, restricting motion radially and axially, so that only folding

about the coupling axis is possible when two modules are connected.

3.2.2 Electronics and control

The unique concept behind Mori requires a special electronics design to account for the specific

components and computational needs of the robot. In order to have full control over the behaviour of

the three stepper motors, each motor requires 4 PWM channels that are transformed into the necessary

signals for the motor windings through H-bridges. Furthermore, the on-board controller must be

powerful enough to compute live kinematics and apply closed-loop control.

We use a 16-bit microcontroller, PIC24EP512GP806 from Microchip, with 64 leads and dimensions

of 9 x 9 x 0.9 [mm] running at 3.3 V. It is configured to provide 12 PWM outputs (4/motor), two

reconfigurable communication ports (UART, I2C, etc.), three digital input and three digital output pins,

three analogue input pins and two status LEDs. The PWM channels are connected to three motor

driver chips, Texas Instruments DRV8835. All electronic components are mounted on two triangular

PCBs, placed on top of each other in the centre of Mori’s body. The current prototype consumes around

600 mA when all three motors are active and requires four external connections to operate; two for

power and two for serial communication. Current draw from the motors can be reduced by adjusting

and optimising their on-time, which is necessary when incorporating internal power supply. Presently

available batteries with a high current-drain that fit the current housing (with modifications to the PCB)

can provide 50 mAh for a motor-runtime of 5 minutes with the current firmware at a weight of 1.2 g.

Application specific components, such as accelerometers and proximity sensors in Section 3.3.3, can

easily be connected to the existing communication ports. The six digital pins are accessible but uncon-

nected in the current version to allow for synchronisation and communication amongst neighbouring

modules in the future. For this purpose a communication protocol needs to be established which

synchronises actuation and provides information about neighbouring modules.

Mori’s electronics allow for various forms of closed-loop control to be implemented depending on the

task and configuration at hand. Angular position sensors can be added to provide position feedback

of the motors or the folding pivots, other on-board sensors can provide position feedback based
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on the device’s kinematics, or external sensory systems can be implemented to provide the relevant

control signals. The latter two methods are demonstrated in Section 3.3.3 in the form of an on-board

accelerometer and a proximity sensor, as well as an external camera tracking system.

3.2.3 Performance

Each module is self-contained and has three separate actuation systems. The motor signals for each

actuation system are updated at a frequency of 800 Hz resulting in a maximum motor speed of 200

steps/s (one step is 0.06◦) or 2 rpm. The effective driving torque at the coupling axis of a module

is around 30 mNm, accounting for gear ratios and transmission efficiencies. Therefore, when two

modules are connected and their actuation is synchronised, the effective torque at the hinge is 60 mNm.

Considering a weight of 26 g and a moment arm of 23 mm, the required torque to lift one module

from a horizontal position is 5.9 mNm. Connecting two further modules to the remaining edges of

the module being lifted, the torque required to lift them from a horizontal position rises to 30 mNm.

Lifting a total of six modules connected in a hexagon from one of its external edges would require a

total torque of 106 mNm per hinge, which exceeds the capabilities of the current system.

However, reconfiguration strategies can be adjusted to minimise the maximum torque experienced by

each joint at any given time, increasing the likelihood of a target shape being achievable. For example,

connecting three modules to a central one yields an equilateral triangle of double the side length,

which is used in Sections 3.3.2 and 3.3.3. If all four modules are fully assembled, the total weight of the

configuration is 104 g. The corresponding torque required to lift the central module from a horizontal

position using only one of its neighbouring modules is 70 mNm, exceeding the capacity of the current

system. However, this can be overcome by initially using multiple neighbouring modules to lift the

centre and subsequently lowering the remaining joints until the target position is achieved. Thus,

the possibility of transforming from a 2D or 3D configuration into another 3D shape is subject to

optimisation.

3.3 Case studies

Reconfigurable modular robots are intended to provide system that can adapt their shape and function

depending on a desired task [22]. Thus, a specific modular robot does not have a unique task it is

designed for and it is difficult to evaluate the performance of such a system by means of a single

function. This would diminish the significance of other potential tasks and thereby unjustly bias the

robot’s evaluation. By contrast, a singular modular robotic system can be evaluated by means of a

number of different scenarios that demonstrate a multitude of functionalities, with specific attention

to the set of key attributes of the robot.

The following three application-oriented implementations of our prototype were selected to demon-

strate the versatility of the system and highlight the features that define it. The first implementation

displays the robot’s origami-inspired reconfigurability and modularity in the form of a reconfigurable

modular surface, followed by a demonstration of its mobility on flat surfaces and manoeuvrability in

small spaces. Finally, the prototype of our modular origami robot is integrated within a closed-loop

manipulation experiment, where a ball is balanced on a floating three DoF platform assembled from

the robot’s modules.
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3.3.1 Modular reconfigurable surface

The concept of a modular origami robot, as proposed in Section 3.1, combines both modular and

origami robotics to enhance the system’s flexibility and applicability. In the following demonstration

the two defining aspects of Mori, namely modularity and origami, are highlighted. Six modules are

connected in a closed chain, forming a modular reconfigurable surface in the shape of a hexagon, which

then folds up on itself to create multiple structures. Two fully functional Mori prototypes are used

along with four passive ones, which consist of Mori’s frame and only have the components for the

coupling mechanism embedded. This allows testing of the modularity and reconfigurability of the

system without the need to produce larger quantities of fully functional robots. The two active modules

are connected opposite one another in order to separate the two uncontrolled rotational joints, which

become constrained through symmetric actuation of the active modules.

The connection sequence of the modular hexagon is shown in subset M1-M3 of Figure 3.5. This six-

piece element forms the only possible configuration of modules around a single vertex that is entirely

flat (valency equal to six) and can be extended indefinitely by adding further modules. It is thus the

base element for reconfigurable surfaces made up of modular origami robots. Once connected, the

surface is controlled manually to re-create three combinations of origami folds as shown in subset

R1-R3 of Figure 3.5. R1 represents a simple mountain fold, R2 combines one mountain fold with two

valley folds, and R3 shows a combination of three reverse folds. These configurations are examples of a

large number of possible shapes that a reconfigurable surface of modular origami robots can assume.

We have hereby developed a modular robotic system that is capable of reproducing surfaces in 3D.

While most physical displays capable of re-creating surfaces do so in 2.5D with protruding linear

actuators, our robot is capable of producing surfaces in full 3D with a relatively low surface thickness.

This can be used to interactively visualise computer generated surfaces and structures. Increasing the

number of modules in the system improves the approximation of surfaces while altering the number of

modules around a single vertex enables the re-creation of more complex and non-developable surfaces

Modular
Surface

Reconfigurable
Surface

40 mm

Active

Passive

R1 R2 R3

M1 M2 M3

One mountain 
fold

Combination of three 
reverse folds

One mountain and 
two valley folds

Figure 3.5 – Modularity and origami demonstration using two active modules along with four passive ones.
The top row shows how the 6 pieces come together to form a modular reconfigurable surface in form of a hexagon.
The bottom row shows three surface configurations that are achieved by the modular robotic system using the
origami principle of folding surfaces to create 3D structures by manually controlling the active modules.
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Active Passive

Figure 3.6 – A configuration of four Mori modules forming a pyramid. Three images with different angles
between the modules are shown. The configuration has one active degree of freedom, such that one active module
is enough to fully control the shape of the pyramid.

and structures. Figure 3.6 shows a configuration of four modules around a single vertex, forming a

four-sided pyramid without a bottom face. As the number of effective degrees of freedom is reduced to

one, a single active module is enough to fully control the configuration.

This demonstration emphasises the advantages gained by bringing together modularity and origami

folding in our robot. Modularity allows the system to be assembled into any formation desirable while

origami-inspired folding permits it to reconfigure from 2D modules into various 3D structures.

3.3.2 Mobility demonstration

Reconfigurable modular robots typically operate and fulfil tasks in collaboration with one another.

However, it is also desirable for a single entity to be mobile, as this further increases the system’s

versatility and possible functions, as discussed in Section 3.1.2. The current prototype is turned into a

mobile-type reconfigurable modular robot by incorporating rubber o-rings into each rotating pivot,

turning them into wheels that slightly protrude the device’s thickness. This allows a single module to

drive in different directions on flat surfaces by using combinations of rotational speeds and directions

of the three wheels, M1-M3, as illustrated in Figure 3.7. Initial tests of the robot’s driving performance

on a relatively smooth MDF surface showed a speed of around 3.5 mm/s.

M2

M1

M3

20 mm

Wheel

(a) (b)

Figure 3.7 – Mori turns mobile – a single Mori module with three motors can travel across flat surfaces: (a) a
rubber o-ring is attached to each rotating pivot and serves as a wheel; (b) a module can then travel between tasks
or configurations by combining different rotational speeds and directions of the three wheels.
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Being mobile not only allows a module to travel between locations where it is coupled and used as part

of a larger structure, but also to access small spaces and perform manoeuvres within. As a result of its

low thickness and quasi-2D profile, the robot is able to drive through gaps as small as 7 x 70 [mm]. We

have prepared the following demonstration to highlight our prototype’s mobility and manoeuvrability:

A module enters a room through the gap underneath a door and is thereafter used to pick up an object,

connect to three other modules, and reconfigure into a container.

The module is controlled using a joystick by a user who first steers the robot from one room into the

other. The user subsequently drives the robot towards an object, in this case a Lego figure, which is

considered to be located out of the user’s reach, such as underneath a bed. The object is then moved

onto the robot’s surface using environmental constraints and driven towards three other, passive

modules, which are attached by the user. The configuration of four modules is then folded up to form a

modular container in form of a three-sided pyramid, a regular tetrahedron. Figure 3.8 shows a sequence

of frames taken during the demonstration.

00:00Active 
module

00:37Object to pick
up and store

Gap in
a wall

01:27
Joystick

02:14 03:33 04:10Modular
container

100 mm

Passive 
modules

Manual
attachment

Figure 3.8 – Demonstration of Mori’s mobility and manoeuvrability: A module is steered through a gap in a
wall from one room into another and used to pick up an object from outside of the user’s reach. The robot is
subsequently driven towards three other modules, which are attached by the user. The four modules are then
folded into a container in form of a regular tetrahedron. As seen in the images, the prototype is connected to an
external joystick and a battery.

This implementation of our robot illustrates the importance of mobility in modular robotic systems

and highlights the advantages of a modular origami robot in comparison with other types of robots.

Due to its small size and low profile the prototype is able to pass through unknown and small openings

while its modularity enables large volumetric expansions and dimensional reconfigurations.

3.3.3 Closed-loop manipulation

In the final implementation using our prototype, Mori is coupled with an external camera system to

manipulate an object. This scenario provides an example of our modular origami robot being applied

to a real-life situation where it is automatically controlled and interacts with its environment and

objects within. For this purpose three passive modules are attached to a central active one and fold

down such that the central module is lifted. A floating platform with three DoF is thereby formed

which is then used to balance a ball on its surface. A kinematic analysis of the system is followed by a

ball-balancing experiment using our current prototype.
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Figure 3.9 – Illustrations and notations used in the kinematic analysis of the floating three DoF platform. Due
to the platform floating on a low-friction surface, forward and inverse kinematics use two different notations that
are directly relatable. Please note that the figures in (a) and (b) are not to scale, nor do the two depictions represent
the same set of variables. (a) In the forward kinematics the centre of the platform is the origin, OP , and the three
leg endpoints [A1, A2, A3] form the planeΠ, which represents the floor but has no fixed frame of reference. (b) The
inverse kinematics denote point PP as the centre of the platform, which is defined by the three control parameters
α, β, and h, and the origin OG is the point where the normal to the platform connects point PP to the ground. (c)
The workspace of the platform shows the possible combinations of the three control parameters. Green points
denote maxima and red points minima of the enclosed envelope.

Although conceptually similar to a simplified Stewart platform [80], its kinematics are distinctive due

to the lack of a fixed frame of reference for the base. Therefore, the centre of the platform is taken to

be the origin, OP , for developing the forward kinematics, as shown in Figure 3.9a. The ground plane,

Π, is formed by the endpoints of the legs, [A1, A2, A3], whose coordinates are given by Equation (3.2)

in terms of the length of each leg, l , and the angles between the legs and the platform, θi=1,2,3, where

90◦ ≤ θi ≤ 180◦.

A1 =

l (1/3−cos(θ1))

0

−l sin(θ1)

 , A2 =

 (l /2)(−1/3+cos(θ2))

(l
p

3/2)(1/3−cos(θ2))

−l sin(θ2)

 , A3 =

 (l/2)(−1/3+cos(θ3))

(l
p

3/2)(−1/3+cos(θ3))

−l sin(θ3)

 (3.2)

The three parameters of interest for the kinematic analysis are α and β, the angles about the x- and

y-axis respectively, as well as the height of the platform, h, which is the shortest distance between the

origin and the plane Π. A plane equation for the plane Π can be found by determining the normal

vector,~n = [a,b,c], through the cross product of two lines between coordinates A1, A2 and A3, yielding

ax +by +cz = d , where d = axi +byi +czi and i = 1,2,3. The coordinates of the intersection point, PG ,

of the line orthogonal to planeΠ passing through the origin is then given by

PG =

0

0

0

+~ns =

as

bs

cs

 (3.3)

where s can be found by substitution into the plane equation such that s = d/(a2 +b2 + c2). The three

relevant kinematic parameters are then given by

α= arctan(b/c),

β= arctan(a/c),

h =
√

(as)2 + (bs)2 + (cs)2

(3.4)
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In order to implement closed-loop control based on the position of the platform, the three kinematic

parameters need to be inversely related to the three control output angles θ1, θ2 and θ3. An arbitrary

point on the ground plane is taken as the origin, OG , to establish a fixed frame of reference for the

ground. Given parameters α, β and h, the coordinates of point PP , illustrated in Figure 3.9b, can be

found by substituting xp , yp , and zp for as, bs, and cs respectively in (3.4). Finding xp , yp , and zp

yields the plane equation for the platform, xp x + yp y + zp z = h2. Substituting the expressions for the

coordinates of points Ai from (3.2) into this plane equation yields three equations for the three output

angles θ1, θ2, and θ3, given by

xp l (1/3−cos(θ1))− zp l sin(θ1) = h2

(xp l/2)(−1/3+cos(θ2))

+ (yp l
p

3/2)(1/3−cos(θ2))− zp l sin(θ2) = h2

(xp l /2)(−1/3+cos(θ3))

+ (yp l
p

3/2)(−1/3+cos(θ3))− zp l sin(θ3) = h2

(3.5)

Given a set of desired variables α, β, and h, the bisection method can then be used to solve the

expressions in (3.5) above to yield the three desired angles θ1, θ2, and θ3 for closed-loop control, since

the interval for its value is known. A workspace analysis has been performed, depicted in Figure 3.9c,

showing the possible range of motion in terms of α, β, and h.

The practical implementation of this three DoF platform using our modular origami robot is shown in

Figure 3.10. The control loop is closed by attaching an accelerometer to the top of the central module

(ST LSM303D), returning angles α and β, and a proximity sensor to the bottom of the central module

(ST VL6180X), returning height h. The platform is then coupled with a Simulink model and a camera to

balance a ball on its surface. A 100 x 100 [mm] wooden plate is placed on the centre module to provide

an even surface and slightly enlarge the balancing area.

x

y

ex

ey

Simulink

(ex, ey)

20 mm

(frame)

Target

Markers

Ball

Camera

Ball

3-DoF platform
with 4 Mori modules

Removable plate

Markers

Figure 3.10 – Testing setup to evaluate the floating three DoF platform consisting of modular origami robots.
One central module is connected to three passive ones and a flat plate is mounted with coloured markers; a camera
feeds image frames into Simulink, which analyses the errors in x and y of the distance between the ball and the
centre of the module. The errors are passed to the central module, which performs closed-loop control of the tilt
angles to ensure the ball is balanced on the surface.
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The Simulink model determines the location of the central module by tracking three coloured markers

(one green and two red) as well as the location of a blue ball, depicted in Figure 3.10. The markers

are identified by extracting a binary version of the input image with separate colour outputs of red,

green, and blue, with auto-threshold and blob analysis in place. The model continues to calculate the

distance of the ball to the centre of the module in terms of x and y , ex and ey respectively. The two

resulting values are sent to the module via serial communication at a frequency of roughly 15 Hz.

The ball coordinates ex and ey are used by the module as the error signal for PD control, controlling the

angle of the platform, in order to balance the ball on its surface. The height of the platform, h, is kept

at a constant 25 mm and the angles of the platform are changed according to the position of the ball.

The module calculates the change in angle of each leg based on a change in the angles of the platform

by using the inverse kinematics described previously. Since the range of motion during balancing is

within ±5◦ for both α and β, the change in leg angle relative to the platform angles is taken to be linear

(real errors of a linear fit are less than 5%).

The following test validates the capabilities of the balancing platform: a ball is placed in one of the

corners of the platform while it is even. The centre of the triangle, indicated by the three markers,

serves as the target position and the platform moves the ball to the centre. Figure 3.11a shows the mean

error and standard deviation of all ten repetitions while Figure 3.11b shows the recorded trajectory

from five selected samples. An accepted error band of 15 mm was introduced, both in the control and

in the figures, to account for a slight roughness of the surface and unevenness of the ball. The ball was

successfully balanced on the surface in all ten repetitions of the test and reached the accepted error

band in less than 7 s.

This ball-balancing experiment effectively demonstrates how our prototype of a modular origami robot

can be configured to manipulate objects, further manifesting its ability to change shape and function

depending on the task at hand. The incorporation of external sensing systems and additional on-board

sensors into a closed-loop application highlights the versatility of the system towards a viable modular

robotic framework that can tackle even more complex engineering problems. While its performance

with respect to the balancing task cannot be compared with dedicated, single-purpose systems, it does

show that our robot is highly reconfigurable towards a multitude of functions.
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Figure 3.11 – Testing results of the modular origami robot platform balancing a ball: (a) errors ex and ey of one
sample trial, mean and standard deviation, STD, of all trials and 15 mm target zone; (b) trajectory of five selected
samples from starting point to final position in terms of errors ex and ey .
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3.4 Discussion

In this chapter, we address the challenges of morphological flexibility in modular robots in terms of

scalability, as well as design and control approaches. By studying the combination of the concepts

behind both modular and origami robots, we demonstrate the enhanced versatility and applicability of

modular origami robots and overcome their individual limitations. We provide a detailed analysis and

implementation of the concept through a modular origami robot that is quasi-2D, light weight, and at

the same time fully reconfigurable, modular, and mobile, greatly extending its potential use in various

fields such as human-robot interaction.

Along with the conceptual introduction and analysis, we present Mori, a first prototype of a modular

origami robot. Mori has a low-profile triangular structure with a manual coupling mechanism and

a folding actuation mechanism at each edge. It is mobile on flat surfaces, can be attached to other

modules of its kind and fold into any 3D configuration desirable. Three functional implementations

using the current prototype are presented in order to demonstrate, analyse, and evaluate its key

characteristics.

The first demonstration highlights the modularity and origami-inspired reconfigurability of the system

by implementing it in form of a modular reconfigurable surface. Similarly, the demonstration of

mobility highlights the advantages of modular systems being mobile and effectively uses modularity to

achieve large volumetric expansions. The final experiment consolidates the versatility of the modular

robot by configuring into a floating three DoF platform for object manipulation. Integrating on-board

sensors and an external camera allows the robot to balance a ball on its surface and shows how this

system consisting of relatively simple entities can realise more complex engineering solutions.

While the individual implementations of our robot may not match the performance of dedicated single-

purpose systems, the potential of reconfigurable modular robots lies in the ability to change shape and

function depending on the task at hand. Such systems are therefore best evaluated by considering how

well they can adapt their functionality for different purposes and successfully accomplish a variety of

tasks. This, however, bears the risk of overlooking the practicality of modular robots in real scenarios,

as the ability to carry out a range of tasks does not imply general superiority over individual systems for

each function. While the focus of this work is to study and analyse new methods and architectures for

reconfigurable systems in order to promote their viability, the underlying limitations of each approach,

and modular robots in general, must be carefully considered.

Although combining the concepts behind both modular and origami robots addresses a variety of

challenges in reconfigurable systems, it is accompanied by new obstacles. The increased flexibility of

the overall structure, transforming from 2D modules into 3D configurations, confines the possibilities

in terms of mechatronic design and thereby the functional performance of the system. Merging the

coupling mechanisms and kinematic joint between neighbouring modules, although it simplifies

the fundamental structure, further complicates design and operational requirements. An equilateral

triangular shape allows each edge of one module to connect to any other, but also limits possible shapes,

configurations, and kinematic structures that the system can assume. Furthermore, some general

restrictions of modular robots remain, such as requirements in terms of force, power, computation,

and control, which limit the overall scalability of such systems.

These challenges and drawbacks confine the possibilities of our approach, and reconfigurable robots

in general, while the underlying potential of systems that can address a wide range of tasks and

functions prevails. The concept of a modular origami robot represents an advancement towards this
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goal, simplifying the underlying architecture and improving the structural and functional versatility.

This promising outlook calls for further work on such systems, including control strategies, analysis of

the structural possibilities of the platform, as well as hardware extensions such as automated coupling

and power autonomy.
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4 Automatic coupling mechanisms for
modular systems

A modular origami robot, as proposed in the previous chapter, addresses scalability and applicability

of reconfigurable systems by merging the low profile, simplicity, and flexibility inherent to origami

robots, with the versatility of modular robotic systems. In this chapter we further address the challenges

associated with reconfigurable robots by studying the coupling between entities in a modular system.

We analyse the overall requirements of automatic couplings and further explore the possibilities of

modular origami robots by presenting a novel mechanism that greatly extends the system’s capabilities

and provides solutions to a number of key concerns in modular systems in general.

As modular robots are intended to fulfil tasks by combining multiple entities into specific structures,

the mechanism by which modules connect to one another is one of the crucial aspects that define the

system’s characteristics and behaviour. The interface between modules must fulfil a multitude require-

ments to ensure the functionality of the overall system and thus poses significant challenges [22]. Given

a particular architecture of the system, the coupling mechanism must address and cope with kinematic

and kinetic constraints, embedded actuators and sensors, and the transfer of various mechanical and

electronic interactions.

4.1 Coupling features

Couplings can either be gendered [81], with distinct sets of complementary features and reduced

functionality, or genderless (hermaphroditic), such that any side of one module can connect to any side

of another [82–84]. Genderless couplings greatly extend the reconfigurability of a modular system but

are generally more bulky and complex due to the need to incorporate both male and female features

into each interface. Bulky couplings reduce the range of motion of the robot and complex mechanisms

elevate the demand for high precision. Various coupling methods have been proposed including

mechanical [85], magnetic [49], solder-based [45], and pneumatic [86], with the majority utilising either

mechanical or magnetic systems [23].

The material presented in this chapter has been adapted from the following publication:

[87] C. H. Belke and J. Paik, “Automatic Couplings With Mechanical Overload Protection for Modular Robots,” IEEE/ASME
Transactions on Mechatronics, vol. 24, pp.1420-1426, jun 2019, DOI: 10.1109/TMECH.2019.2907802
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Magnetic connectors have been implemented as passive couplings using permanent magnets [88],

as a guide during the reconfiguration process [89], and as active couplings using electromagnets [90].

To overcome the high power-consumption of electromagnets, semi-permanent magnets have been

used as a semi-permanent interface [91]. Magnetic connectors are a relatively simple solution and

fulfil various requirements of couplings such as automatic alignment. However, the low strength

provided is oftentimes a disqualifying characteristic as it must be balanced with the ability to disengage

modules and misalignment under load. Mechanical couplings are more common in self -reconfigurable

systems [90] and are usually based on hooks or latches. While they are generally more complex

than magnetic couplings, they offer more design freedom for the embedded mechanisms and their

specifications. Their components are most commonly driven by DC motors although some systems

utilise shape-memory alloy (SMA) actuators [92]. Many mechanical couplings also have self-alignment

features that centre connectors during the docking process [93]. Some mechanical couplings are further

able to perform single-sided disconnects when a module fails [83].

Besides a mere physical connection, couplings of modular robots provide the only physical interface

to communicate with and sense neighbors. While many systems utilise wireless communication [90],

a physical communication stream can provide a simple way to identify neighbors and their orienta-

tion [83]. Such a connection can also serve to synchronise neighbors and validate their status during

locomotion of multiple modules [22] and when multiple units drive the same joint.

Each type of modular robot comes with a distinct set of challenges that depend largely on the overall

design of the system and can vary greatly. In most modular robots the coupling mechanism is separated

from any active DoF that changes the robots morphology. By contrast, in a system of light-weight quasi-

two-dimensional (2D) modules that reconfigures by folding into three-dimensional (3D) structures [2,

68, 94] the coupling axis is also the active folding axis between two modules. The coupling mechanism

must thus be fully integrated within the actuation mechanism of the folding link, while maintaining a

compact, slender architecture. The mechanism presented herein has a specific design resulting from

the unique requirements of a modular origami robot. Its functionalities and novel features, however,

are applicable to a large spectrum of modular and reconfigurable systems.

Due to the large number of DoFs in modular robotic systems, individual modules are prone to damage

as small forces are amplified through kinematic chains and singularities. More complex, single-purpose

robots generally employ an abundance of sensors, both external and within the drive system, to ensure

the system’s limits are not exceeded. This, however, is not feasible in multi-robot systems due to the

added complexity of individual modules, the necessary computational power, and the remaining

danger from failure of the control system.

In this work we propose the use of mechanical overload protection features embedded in each active

DoF of a module. Such a mechanism does not interfere with the robots functionality during normal

operation and thus does not weaken the robot. Instead, it intervenes only when a force threshold is

surpassed, outside of the normal operating conditions. Mechanical overload protection has previously

been proven useful in human robot interaction [95] and damage prevention in humanoids [96]. Modu-

lar robots with magnetic interfaces automatically have some degree of overload protection built in, as

the coupling disengages when magnetic forces are exceeded. There is, however, a trade-off between

the strength of the coupling, and hence the ability to build larger structures, and the maximum force

required to disengage modules. In this chapter we present a novel overload protection mechanism for

mechanical couplings that does not interfere with the system during normal operation and at the same

time ensures that no excessive forces are present.
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4.2 System overview

Taking full advantage of modular robots requires each module to be equipped with an automatic cou-

pling mechanism allowing the system to self-assemble and reconfigure into any desired configuration.

The coupling must incorporate various features that ensure full functionality of the system such as

sensing and actuation of the connection mechanism and any associated DoFs. Additional features

may furthermore be required depending on the overall design of the modular robot and any imposed

constraints. In this section we discuss a variety of coupling elements and present a design for a modular

origami robot that fulfils these requirements while also providing the technological building blocks for

a wide range of modular robotic systems. The design of the coupling is depicted in Figure 4.1.
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Figure 4.1 – Design overview of the automatic coupling mechanism with mechanical overload protection. Top:
visualisation of a whole module (excluding internal components) and a single edge with one complete coupling
mechanism. Bottom: visualisation of coupling, detailed section view of the overload protection, and actuation
system.

4.2.1 Functional features

A modular robotic systems exhibits the greatest amount of flexibility in terms of reconfiguration and

module allocation if any edge or face of one module can connect to any edge or face of another module.

This can be achieved by incorporating both male and female coupling features (or other types of

matching elements) into each edge or face, effectively making the coupling mechanism genderless (or

hermaphroditic). Each edge in our design is identical and contains all functional features, as shown in

the full module illustration in Figure 4.1, resulting in a genderless mechanism.

A modular origami robot has a quasi-2D structure with hinges that enable origami-like folding about

the coupling axis. In order to maintain this low thickness, all components that must be aligned with

the coupling axis (i.e. cannot be moved to the center of a module) must be contained within a cylinder
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of a diameter equal to the device’s thickness. This includes actuation elements of the coupling and of

the rotational DoF, sensing of the angle, and electronic connections.

The design of the coupling mechanism incorporates various mechanical elements that greatly extend

the capabilities of modular origami robots. In order to incorporate these features and to reduce the cost

of a single module, the overall size compared to our previous prototype [2] is about 67% larger while

maintaining the same slenderness ratio. The length of the coupling axis is 133 mm and the thickness

of the design is 10 mm. The main body of a module is fabricated using a multi-jet 3D printer (Objet

Connex 500), allowing us to incorporate detailed mechanical features into the body and to reduce the

number of parts. The mechanical design of the coupling mechanism includes the following features.

Coupling mechanism

The first version of our modular origami robot was specifically designed to enhance flexibility and

applicability, but could only be connected to other modules manually by retracting a spring-loaded

pin, and only when modules were at 180◦ to one another. In this design we overcome these limitations

by using a similar mechanism of connection, with a retractable element that engages with another

module, as shown in the coupling illustration in Figure 4.1, but with a new approach to the method of

retraction as well as additional features.

A retraction-based coupling mechanism switches between two states or positions during a coupling

process, one state allows for coupling and decoupling, while the other ensures a steady connection

between two modules. Since a module is likely to be in the latter state most of the time, whether it

is connected to another module or not, an automatic coupling mechanism should be designed to

minimise, or eliminate, power consumption in this state. In this design we employ an SMA spring,

which provides a contractile force when heated, in order to retract the coupling element to an open

state. The use of a joule-heated SMA actuator allows us to greatly simplify the retraction mechanism,

minimise its size compared to traditional actuators, partly thanks to their high force-density, and

eliminate power consumption when closed.

The coupling element, or slider, runs on a rail of square cross-section attached to the main body, with

minimal clearance, which allows sliding along the coupling axis but forbids rotation. A passive spring

placed around the square pin ensures the coupling element returns to a closed state once the SMA

spring goes back to a cold state and looses its contractile force. The maximum extension is restricted by

a string connecting the coupling element to the base of the square shaft. These design elements are

depicted in the overload protection illustration in Figure 4.1.

The front face of the coupling element has specially designed radial teeth, the design of which are

covered in more detail in Sections 4.2.1 and 4.3. The teeth of the coupling element engage with identical

teeth on a pivot of another module and thus transmit the rotational actuation. A radial design not only

ensures a smooth mesh during operation, it also makes the coupling elements self-centring. When

the distance between the axes of the two opposing elements is within a certain error-band, the two

axes automatically align during the engagement process. This misalignment tolerance is addressed in

Section 4.4.
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Actuation

In order to minimise the size of a module, the rotational actuator is embedded in the main body of the

module, away from the coupling axis. Three gears transmit the torque from the motor to a pivot on the

coupling axis. The actuator is a DC motor with a 297.92:1 reduction ratio from Pololu and the three

gears have a module of M0.3 with 20, 30, and 20 teeth respectively.

The gearbox is precisely located and reinforced using two CNC-machined polyacetal (POM) plates, one

on each side of the gears. The motor is mounted to one of the plates, which has a location boss for

both the motor and the main body. The shaft of the middle gear is mounted between both POM plates,

ensuring alignment along the drivetrain. The final gear is fixed to a cantilevered shaft that is held by

two bearings, one of which is press-fit into the POM plate, the other into the main body. The pivot

with radial teeth fits onto the hub of the final gear and is held in place by its grub screw. The actuation

mechanism is shown in Figure 4.1.

A single module is furthermore mobile on flat surfaces when no other module is connected to it, thanks

to a wheel incorporated into each pivot. Two modules can therefore drive towards one another, retract

the coupling mechanisms, align their axes, and successfully couple without user intervention. When a

configuration of multiple modules is assembled, the wheels of unconnected edges can also be used to

make the overall assembly mobile.

Overload protection

Due to the high number of DoFs and kinematic constraints in modular robotic systems, modules

and couplings are prone to damage. In order to protect the mechanical assembly of the modules

from damage, and make them safer for human interaction, we have developed a mechanical overload

protection mechanism. This mechanism disengages two connected modules when the coupling

experiences a torque higher than a certain threshold. The threshold is defined by a number of design

parameters of the coupling, introduced in Section 4.3, and can therefore be easily adjusted.

The overload protection mechanism is incorporated into the design of the coupling such that it shares

most of the mechanical features with the retraction mechanism. The two engaging pieces of the

coupling, namely the pivot and the slider shown in Figure 4.1, have radial teeth with angled faces such

that a torque applied to the coupling also produces an axial force away from the coupling interface.

When this axial force overcomes the frictional forces both on the teeth and between the slider and the

square rail, the slider moves to an open state. A detailed analysis of this mechanism is presented in

Section 4.3.

4.2.2 Electronics and control

An automatic coupling for modular robots not only requires an actuated mechanism to connect to

another module, it must also be able to detect whether a connection is made, active, or lost. When

coupled, a module must furthermore be aware of its state relative to the connected module. We propose

the following solutions, implemented in our design, as follows.
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Sensing

As soon as a connection between two modules is made, each module must be aware of the absolute

angle between them. This means that the sensing source cannot be on the same module as the

corresponding sensor as this would only provide information about the rotation of the pivot. A passive

sensing source, such as a permanent magnet, is therefore ideal, as it reduces the number of electronic

connections between modules. In our design we use a cylindrical, diametric magnet fixed inside the

housing, with the same orientation in each module. An absolute magnetic encoder (AS5048B from

AMS) on another module can then sense the angle between the two modules as soon as their axes are

aligned.

Synchronisation

Since all sides of a module are identical, there are two actuators driving the same link when two modules

are connected. If the actuation of these modules is not synchronised, there will be an increase in power

consumption and potentially damage to the drive mechanism. It is therefore vital to synchronise the

actuation of two such modules when driving the same link. In order to do so we have incorporated

electronic connections into the coupling elements, the slider and the pivot, with one input and one

output for each side of a module, as shown in Figure 4.1.

The electronic connection consists of a cylindrical sponge that compresses to ensure a stable contact

and a copper layer glued to the surface. Since the pivot can rotate continuously, an additional brush

is used to connect the electronic contact of the pivot to the controller. This brush also consists of a

sponge and a copper layer, which is in contact with a copper strip attached to the outside of the pivot. A

communication protocol based on interrupts has further been developed for these electronic contacts

based on serial communication. This allows a module to detect when another module is connected or

disconnected, as well as to synchronise the actuation of the link to control the angle between them.

4.3 Mechanical overload protection

The novel overload protection mechanism introduced in this work presents a simple and compact

method of preventing damage to robotic joints. It is integrated into the coupling mechanism of our

modular origami robot, requiring no additional components, and obtains its functionality from a

special, parametric design. The mechanism automatically disengages the coupling between two robots

when the applied torque exceeds a predefined threshold, which lies outside of the normal working

conditions of the robot. This threshold can be modified through a single design parameter such that

the mechanism is easily adjusted towards a multitude of applications, scales, and user groups. In

this section we provide a detailed analysis of this overload protection mechanism by modelling its

behaviour and testing multiple parameters, materials, and fabrication methods.

4.3.1 Modelling

The overall concept of the mechanism is based on a number of functional requirements and fuses

existing mechanical features and functions. The actual coupling consists of two complimentary

pieces with identical radial teeth that mesh to transmit rotational actuation. Below the predefined

torque threshold the coupling behaves like a positive clutch, which couples two pieces by mechanical

interference and cannot slip. Thus, the mechanism does not weaken the robot or hinder performance
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4.3. Mechanical overload protection

during normal operation. When the torque threshold is reached, however, the slider retracts and causes

the coupling to disengage. This effect comes from the angular design of the teeth producing an axial

force on the slider, which overcomes frictional and spring forces at a threshold.

The design is centred around a variable torque threshold, τthr esh , which is dependent on a number of

design parameters. In the following analysis we develop an expression for τthr esh such that it can be

adjusted by modifying a single parameter. For this purpose we first consider the geometry of the radial

teeth, depicted in Figure 4.2c. The teeth have similarities to those of a Hirth joint, a locked mechanical

coupling for shafts, although with an altered design and a different purpose. The faces of each tooth

span between two radial lines, resulting in a varying angle of the face along the radius, unlike a Hirth

joint. This allows for a planar, rather than a conical, design of the coupling mesh. The varying angle

of the face is one of the key factors determining the torque threshold and is dependent on the tooth

arc angle, θar c , and the height of the tooth, h. The angle spanned by half a tooth, γ, is defined by the

number of teeth, n, as γ= π/n, limiting the maximum value of θar c . The contact area between two

teeth is then fully defined through the inner and outer radii, Ri and Ro respectively.
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Force plane
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Coupling axis
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2
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Square contact

Figure 4.2 – Modelling diagrams for the two contact points in the overload protection model. (a) shows the
force plane of a tooth face and the forces acting on it. (b) shows the contact forces between the slider and the
square rail. (a) and (b) are used to calculate the torque threshold τthr esh . (c) Radial tooth design schematic. The
tooth face is the interaction surface between two teeth. The design parameters in this schematic can be altered to
change the torque at which the coupling disengages.

Considering the overall geometry of the radial teeth we can establish a force plane, orthogonal to the

radius, to evaluate the interaction forces between two teeth, illustrated in Figure 4.2a. The force plane

creates a cross-sectional profile at radius r with an angle α between the face and the coupling axis

given by tan(α) = a/h, where a is the distance between the two radial lines, fully defining the face at

radius r . Using the equilibrium of forces both along the surface and orthogonal to the surface we can

establish expressions for the frictional force between two teeth, F f , given by

F f = Fτ sin(α)− (Fs +Fq )cos(α) (4.1)
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and the reaction force resulting from the opposite tooth, Fn , given by

Fn = Fτ cos(α)+ (Fs +Fq )sin(α) (4.2)

where Fτ is the force orthogonal to the radius resulting from the torque, τ, applied to the coupling such

that τ= r Fτ, Fs is the force exerted by the passive spring, and Fq is another frictional force resulting

from a force on the square rail due to the applied torque.

The spring force, Fs , is given by Fs = kxs , where k is the spring stiffness and xs is the pre-loaded

distance, while the frictional force from the square rail, Fq , can be determined as follows. Due to a small

clearance between the slider and the square rail, the torque applied to the coupling can be translated to

a force towards the corner of the square cross-section, Fqτ = (r /rq )Fτ, as shown in Figure 4.2b, where

rq is the distance between the point where Fqτ is applied and the centre of the slider. The resulting

reaction force, Fqn , creates a frictional force that resists the motion of the slider, Fq , which can be

approximated using Coulomb friction as

Fq =µ r

rq
Fτ cos(β) (4.3)

where µ is the static coefficient of friction and β is the angle between the force Fqτ and the normal to

the surface.

We can now find an expression for the torque threshold, τthr esh , by relating Equations (4.1) and (4.2)

using Coulomb friction and Equation (4.3), given by

τthr esh = Fs (µsin(α)+cos(α))

sin(α)−µcos(α)−λcos(α)−µλsin(α)
(4.4)

where the tooth arc angle θar c can be related to the torque threshold using the face angle α =
arctan(2r sin(θar c /2)/h) and λ=µ(r /rq )cos(β) is used for simplification.

We have chosen the tooth arc angle θar c as the key design parameter, keeping all other parameters

constant. Given a desired torque threshold τthr esh and specific design, we can adjust θar c to yield the

required behaviour of the mechanism.

4.3.2 Testing

Given the above model we can design the overload protection mechanism by choosing parameters that

meet the overall specifications of the robot and adjusting θar c to yield the desired torque threshold. The

global design parameters established during the design process presented in Section 4.2 are presented

in Table 4.1.

In order to verify both the feasibility of the overload protection mechanism and the model thereof

we utilised two materials and fabrication methods to manufacture test pieces. One set of test pieces

was made out of VeroWhite using a multi-jet 3D printer, while the other set was CNC-machined out

of polyacetal (POM). The VeroWhite pieces were printed with a glossy finish and a layer height of 16

µm, and the POM pieces were CNC machined with a resolution of 15 µm. The remaining modelling

parameters for the two materials measured after fabrication are given in Table 4.2.

We fabricated six test pairs and one square contact for each material with arc angles increasing in

2◦ intervals from 10◦ to 20◦, as well as one final test pair that matches the desired torque threshold
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4.3. Mechanical overload protection

Table 4.1 – Global design parameters for the mechanism incorporated into the automated coupling of a mod-
ular origami robot.

Parameter Symbol Value

Number of teeth n 7
Tooth height h 2 mm
Inner radius Ri 2.5 mm
Outer radius Ro 5 mm
Pre-load distance xs 5.4 mm
Spring stiffness k 0.33 N mm-1

Table 4.2 – Material- and fabrication-dependent parameters for the model of the overload protection mecha-
nism.

Parameter Symbol VeroWhite POM

Friction coeff. µ 0.25 0.19
Slider angle β 50.6◦ 52.3◦
Slider radius rq 2.95 mm 2.77 mm

using the 3D-printer with an arc angle of 15◦. The samples were placed in a test frame that mimics

the placement within a coupling with a manual drive wheel for the pivot. A torque sensor (ATI Nano

17) was attached to the pivot such that the torque could be gradually increased until the overload

protection was triggered and the test pieces disengaged. This was repeated at least 20 times per sample

set to obtain an average value for the real torque threshold.

Figure 4.3 shows the test results for the two sets of test pieces, the corresponding modelling results from

Section 4.3, sample test pieces, and the testing set-up. The modelling results approach asymptotes

at 13.08◦ and 9.76◦, reflecting the self-locking condition that occurs when the axial force produced

by the torque acting on the angled teeth can no longer overcome the frictional forces acting on the

slider. This self-locking condition was confirmed during the test as the mechanism did not disengage

up to the limit of the torque sensor (0.5 Nm) at arc angles of 10◦ and 12◦ for the 3D-printed test pieces.

The machined test-pieces with an arc angle of 10◦ did expectedly also not disengage up to the limit

of the torque sensor since the modelled threshold is several times larger. The remaining test pieces

confirm the expected behaviour of the mechanism, disengaging at values close to the predicted torque

thresholds. Although errors in the torque threshold of 10-20% are significant, the test validates the

functionality and efficacy of the overload protection mechanism.

While these errors are acceptable in our implementation and can be accounted for in the design, some

applications may demand more precise threshold values from the mechanism, which can be achieved

in a number of ways. Errors become larger as the value for the arc angle approaches the self-locking

condition, as small variations in geometry and surface finish have a bigger impact on the torque

threshold. Therefore, designing the system such that the desired torque threshold occurs at an arc angle

value significantly higher than the self-locking condition improves the effective precision. Alternatively,

mechanical improvements can reduce errors such as tightening tolerances in the machining process,

adjusting the CNC cutting profile to better reflect the path of moving elements, or using different

materials for interfacing parts in order to improve sliding properties. 3D-printed pieces, although used

by the authors in this instance for ease of manufacture, are less predictable due to the quality of the

UV-cured, glossy surface finish.
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Figure 4.3 – Results from modelling the overload protection mechanism and from testing the model on two
materials and fabrication methods. The torque at which the coupling disengages is plotted agains the tooth arc
angle, θar c , a design parameter of the radial teeth. VeroWhite was 3D-printed and used in the final design of the
coupling mechanism, while the polyacetal pieces were CNC-machined.

The desired torque threshold for the final design of our modular origami robot is determined by the

recommended maximum torque value of the DC motors, given as 25 oz-in (or 177 mNm) by the

manufacturer. This corresponds to a tooth arc angle of 15◦, which was verified during testing as shown

in Figure 4.3. In case the intended application, user group, or motor specifications for the coupling

change, the torque threshold can easily be adjusted by replacing the two coupling elements in each

hinge of the robot.

4.4 Coupling demonstration

Following the modelling of our proposed overload protection mechanism this section presents our

prototype of the automatic coupling for modular robots and a demonstration thereof. The design

presented in Section 4.2 has been implemented in form of a functional prototype with features that

greatly extend the capabilities of modular origami robots, as depicted in Figure 4.4. The features of

the prototype fulfil the requirements of couplings for self-reconfigurable modular robots and can be

extracted to fit a variety of designs and systems.

We have manufactured two identical prototypes of the coupling, each containing a single edge of a

modular origami robot. This allows us to test all functions of the mechanism without manufacturing

the full robot. Each prototype is controlled using an Arduino Uno running identical programs with no

physical connections between them. The only communication between the two controllers occurs

through the electronic contact within the coupling. This simulates the functionality of a fully mobile

modular origami robot with no external connections.

During the testing of the coupling mechanism we place the two prototypes opposite one another

such that the two edges are aligned, but a small distance away from each other. This ensures that the

prototypes engage when moving forward since a single edge only has one degree of freedom while

moving (a full module has three wheels such that it can manoeuvre freely on flat surfaces). Once aligned,
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(a) (b)

(c)

1 cm

Figure 4.4 – Prototypes of the coupling mechanism with mechanical overload protection on modular origami
robots. (a) Two modules with coupling mechanisms engaged. (b) Actuation mechanism and electronic brush sys-
tem of a single mechanism. (c) One full edge of a modular origami robot with the automatic coupling mechanism.

we simultaneously command the two modules to initiate a coupling sequence consisting of retracting

the slider, moving forward, and releasing the slider. If a connection is not detected immediately after

releasing the slider, the pivots start rotating back and forth by small amounts until an electronic contact

is made to ensure both couplings engage properly, which accounts for the flat face at the end of each

tooth.

Once two modules are properly coupled and have confirmed that they are synchronised, both modules

actively maintain the desired angle of the coupling through closed-loop control. In our test we ensure

that both modules receive the same desired angle at all times by using a single potentiometer con-

nected to both module controllers (and connecting grounds). The position of the potentiometer then

determines the absolute angle of the coupling. This can be altered to other forms of angle input in the

future, such as wireless communication, depending on the intended application and the global control

system. In order to disengage the coupling we simultaneously command the prototypes to initiate a

decoupling sequence consisting of returning to an absolute angle of zero, retracting the sliders, and

moving away from each other. Figure 4.5 shows key frames from a single test that encompasses all of

the coupling’s functionalities, as described above.

We further tested the mechanisms ability to account for misalignment of two couplings. Couplings

should approach one another in a direction perpendicular to the coupling axis during the coupling

process in order to avoid collisions, which is possible in most conceivable scenarios and configurations.

For the purpose of testing misalignment tolerance during this process we place the two edges onto

separate rigs and increase misalignment in both the radial and angular direction, the latter being the

angle between the two coupling axes. The coupling process was repeated five times at each interval

and the resulting misalignment tolerance stems from the largest misalignment where all trials were

successful. The radial dimension was increased in steps of 0.5 mm and the angular dimension in steps

of 1◦.
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4.5. Discussion

Table 4.3 – Misalignment tolerance results obtained from testing the prototype of the automatic coupling.

Direction Value Percentage

Radial ±2.5 mm ±25 %
Axial +1.2 mm, -0.5 mm +1.1 %, -0.5 %
Angular ±3◦ n/a

The testing results for the misalignment tolerances of our coupling are summarised in Table 4.3. The

misalignment tolerance in the axial direction results from the travel of the slider creating a gap between

the two coupling elements, and additional chamfers and clearances that guide the couplings. The

relatively large misalignment tolerance of 25 % in the radial direction, the most critical for a modular

origami robot, arises from self-centring design of the radial coupling teeth, as outlined in Section 4.3.

4.5 Discussion

The design of couplings for modular robots presents various challenges and requirements that must be

solved and fulfilled to create fully functional reconfigurable systems. These comprise, amongst others,

a robust mechanism design, actuation and sensing of the connection and associated DoFs, ease of

coupling and alignment, as well as communication and synchronisation. In this chapter, we present

a genderless automatic coupling mechanism with embedded mechanical overload protection that

overcomes some of the challenges associated with modularity in a wide range of robotic systems. The

coupling contains various unique features that can be applied to other systems individually or as a

whole to improve the reconfigurability of robots.

The coupling utilises SMA actuators to automate the docking process and DC motors to actuate the

rotational DoF. A special electronic connection embedded in the coupling not only enables each

module to detect the state of the coupling and to gather information about the neighboring module,

but also serves as a means of synchronisation. Mechanical overload protection incorporated into the

coupling protects the robots from damage. It consists of a friction-based positive clutch mechanism

that is triggered when a pre-defined torque threshold is reached. Thanks to a parametric, self-centring

design this threshold can easily be adjusted to meet the varying requirements. Along with the design,

modelling, and testing of the proposed coupling we present a working prototype thereof. Using a single

edge of two modules we demonstrate a coupling process with automatic coupling and decoupling,

detecting and synchronising the connection, as well as closed-loop control of the rotational DoF. We

furthermore validate the self-centring design by testing misalignment tolerances.

While this chapter addresses some of the challenges in coupling modular robots, and in particular

modular origami robots, there are several critical factors and difficulties that must be accounted for.

As the coupling is one of the crucial elements that allow modular systems to function, its reliability

and robustness affect the overall performance. Merging the coupling mechanism and the kinematic

joint between neighbouring modules further escalates the physical and functional requirements that

must be met. Mechanical strength, manufacturing tolerances, and other factors impacting the system’s

scalability were not addressed in the prototype presented in this chapter. The embedded overload

protection mechanism relies on mechanical friction between components in the coupling and small

changes in these properties can have a considerable impact on the torque threshold. Furthermore, as

frictional forces increase under load, the ability to retract the coupling and disengage modules could
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Chapter 4. Automatic coupling mechanisms for modular systems

be affected, thereby limiting the system’s ability to reconfigure in larger assemblies. These limitations

must be taken into account and addressed in order to take full advantage of the potential benefits.

Despite these drawbacks, the coupling mechanism represents one of the advancements necessary

to realise a fully functional modular origami robot. While the design of the mechanism is directed

towards modular origami robots, our approaches to actuation, coupling, overload protection, sensing,

and communication represent building blocks that can be used to incorporate modularity into other

robotic systems.
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5 Reconfiguration algorithms based on
origami principles

In addition to functional and mechanical challenges in realising modular robots able to address a

diverse set of tasks, controlling such systems is highly demanding. When planning and executing

the reconfiguration process of modular assemblies, for instance, control, power, and computational

requirements stemming from large numbers of individual entities and degrees of freedom must be

overcome. In this chapter we address some of these challenges by developing algorithms for efficiently

reconfiguring modular robotic structures.

Several approaches to optimising this process have been proposed thus far, which can be grouped

into two main categories. The first category considers a target configuration by dividing the modular

architecture into different sets of modules to simplify the reconfiguration process. A task-oriented

optimisation has been implemented by minimising the number of DoFs of different types of modules in

the configuration [97]. A multi-objective optimisation problem has been addressed with a concurrent

design approach that splits the architecture into different levels [98], a neural network approach that

finds the optimal design [99], as well as a genetic algorithm [100]. The relationship between morpho-

logical design and motion planning has been established and analysed by using the implicit function

theorem to optimise design parameters [101]. The aforementioned approaches facilitate the optimal

design of the final configuration for specific tasks, but do not address the dynamic reconfiguration

procedure in modular robots.

The second category of optimising the reconfiguration process aims to minimise the number of

connectivity changes when transforming from an initial shape into the desired configuration. The

challenge of such a combinatorial optimisation problem lies in its inherent NP-completeness [102],

even for chain-type modular robots [103], yielding the need for heuristic solutions with some guarantee

of performance. A graph-based planning algorithm has thus been proposed to generate a near-optimal

transforming sequence in polynomial time [104].

Although some of the above reconfiguration planners target a reduction in the number of connectivity

changes, all of the approaches require some form of coupling and uncoupling between modules in

The material presented in this chapter has been adapted from the following publications:

[105] M. Yao, C. H. Belke, H. Cui and J. Paik, “A reconfiguration strategy for modular robots using origami folding,” The
International Journal of Robotics Research, vol. 38, pp.73-89, jan 2019, DOI: 10.1177/0278364918815757.

The original contributions of C. H. Belke were conceptual work, methodical development, result analysis, and partial writing.

47



Chapter 5. Reconfiguration algorithms based on origami principles

the process. Connectivity changes complicate the overall transformation, are time-consuming, and

can lead to failure resulting from commonly experienced alignment errors [106, 107]. Consequently,

they cast high demands on control algorithms and hardware implementations to detect and overcome

misalignments [108]. It is thus desirable to minimise or even remove any connectivity changes from

the reconfiguration process.

This chapter introduces a planning algorithm for the reconfiguration of modular robots that does not

require any connectivity changes during the transformation, but only before motion begins and after it

is completed. For this purpose, we make use of the fact that in task-specific scenarios modular robots

commonly transform from a collection of modules on a surface to a functional 3D configuration. We

can therefore simplify the reconfiguration process by turning a 2D pattern into a 3D shape, given that

a corresponding 2D pattern exists [109]. This process, in its conceptual form, can be related to the

principles behind origami [12, 72, 110]. Furthermore, by also considering the inverse of this process we

can find a way of transforming from one 3D configuration into another with an intermediate 2D phase

during which all connectivity changes occur, greatly reducing the possibility of misalignment errors.

The optimised method for planning the reconfiguration of modular robotic systems introduced in this

chapter draws similarities to the concept of folding in origami. While utilising origami principles to

plan the reconfiguration process eliminates the need for connectivity changes during transformation, a

remaining critical aspect for modular systems is energy consumption. Since most systems have an on-

board power-supply, minimising power consumption is vital, particularly during the highly demanding

reconfiguration process. The overall reconfiguration planning problem can thus be formulated as

follows: given a desired 3D target configuration, find the 2D layout and the corresponding actuation

sequence that will result in the lowest energy consumption.

The energy consumption during reconfiguration depends on the initial planar pattern as well as the

actuation sequence of different modules, both of which are essential considerations in the field of

computational origami [68], committed to designing algorithms that compute the folding process

of origami structures. Computing the initial crease pattern of a sheet of paper, corresponding to

an initial planar pattern of modular robots, has been optimised for paper models using tree-based

algorithms [111], while the rigid foldability of objects, where only flat sections can exist between hinges,

is subject to mathematical conditions [112]. The rigid origami model applies directly to our approach

since it omits the properties of paper creases, allowing direct kinematic translations between tiles or

modules [53, 113, 114].

While the aforementioned approaches assume zero thickness structures, additional constraints need to

be applied when the folding object has a non-zero thickness [115, 116]. Automating the folding process

of both zero and non-zero thickness structures requires planning the sequence of folding steps. This has

been demonstrated by means of a robot capable of folding origami [117] as well as self-folding robotic

sheets [118]. Previous approaches to modelling algorithms for folding origami structures consider

a wide range of problems and scenarios, but they do not consider energy consumption during the

reconfiguration process.

Here we present a new approach to reconfiguration for modular robotic systems inspired by origami

principles, as well as the first algorithmic framework for planning an energy-optimal reconfiguration

scheme of folding in modular robots. In our approach we determine an optimal initial planar con-

figuration and an optimal actuation sequence, both NP-complete problems where the candidates

of reconfiguration schemes grow exponentially with the number of modules in the system. Since

the optimisation scheme cannot be validated without enumerating the search space, we develop an
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automatic modelling algorithm for modular robots based on the work of [119–122], as well as a heuristic

algorithm for generating energy-optimal folding schemes. The proposed methodology is validated by

demonstration on the platform of the modular origami robot Mori.

5.1 Planning strategies

In this section, we address the complexities of reconfiguring modular robotic systems by presenting

the first algorithmic framework for planning an energy-optimal reconfiguration scheme using origami

principles, eliminating connectivity changes during reconfiguration. An overview of the method is

shown in Figure 5.1 with the framework composed of two main approaches, an automatic modelling

algorithm and a heuristic algorithm. A target 3D shape is given as an input to the algorithms, which

can generally be achieved through a large number of different folding schemes, consisting of an initial

planar layout and a folding sequence.

Due to the NP-completeness of the reconfiguration planning problem, enumeration processes are

needed to search for an optimal solution. An intuitive and direct approach is to calculate the required

torque of different folding schemes, and we propose an automatic modelling algorithm (Section 5.1.1)

to follow through this approach. In this algorithm, joint motion is first computed for each module

in the pre-folding pattern, considering constraints resulting from the physical structure of a module.

The forward kinematics of the modular architecture is then automatically generated with its geometry

modelled as a hierarchical structure of a rooted tree. The joint dynamics of the configuration is

then derived using the recursive Newton–Euler (RNE) formulation, and energy consumption of the

reconfiguration is calculated with the predefined folding sequence.

A less straightforward approach is to design a heuristic algorithm (Section 5.1.2) to evaluate the torque

requirements of different folding schemes, by utilising some measure to assess energy consumption

based on the derived joint dynamics. The proposed algorithm includes two heuristic planning proce-

dures. The first is a two-step planning process to determine the pre-folding pattern with minimum

energy consumption, by first defining a unified folding sequence eliminating the coupling effect of

the actuation order and layout in the required torque, followed by an optimal layout planner. The

second procedure determines the optimal folding sequence for the energy-optimal layout generated

before, by implementing an optimal folding sequence planner. The output of the two approaches is an

energy-optimal reconfiguration scheme with both and optimal layout and an optimal actuation order.

Input

Automatic modelling
algorithm

Heuristic algorithm

Output
3D

shape

Possible
folding schemes

-Layout
-Folding sequence

-Joint motion planning
-Kinematics modelling
-Dynamics derivation

Energy consumption

-Unified folding
  sequence
-Optimal folding
  sequence

Folding sequence
planner

Energy-optimal
layout planner

-Layout
-Folding sequence

Optimal 
folding scheme

Figure 5.1 – Overview of our method for energy-optimal reconfiguration of modular robots. It consists of two
two approaches, an automatic modelling algorithm and a heuristic algorithm, based on the principles of origami.
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5.1.1 Automatic modelling

In modelling modular robotic systems the numerous approaches for fixed-structure robots cannot be

applied directly as the number of configurations grows exponentially with the number of modules [123].

For this reason, automated modelling techniques have been proposed and developed to address the

increased modelling complexity [120–122]. The dynamic model for modular robots is generally derived

using the RNE method. Most approaches are based on Lie theory [124] where adjoint mapping is

conducted on the Lie group SE(3) of homogeneous transformations. The adjoint representation in the

derived wrench and torque is a compact expression of a matrix, which complicates the derivation and

estimation for energy consumption of joint actuators, usually in an integration form with time [34, 100].

In this section, we develop an automatic modelling algorithm for modular robots following [119] to

calculate the energy consumption of folding schemes during the reconfiguration process. The overall

procedure is shown in Algorithm 1 and the algorithmic inputs and step-by-step modelling techniques

of the algorithm are explained in detail as follows.

Algorithm 1 Automatic modelling algorithm.

Input: 3D shape and folding scheme (pre-folding pattern and folding sequence);
Output: Energy consumption of the folding scheme;

1: Joint motion planning with angle constraints;
2: Automatic kinematic modelling of the modular architecture;
3: Automatic dynamic derivation of joint motion;
4: Computation of energy consumption in folding sequence;
5: return Energy consumption of the reconfiguration process.
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Figure 5.2 – A pre-folding pattern with a root node and its corresponding rooted tree. Left: a planar layout with
a designated root node representing the base. Right: the rooted tree creates a hierarchical structure of the layout.
Important components in the architecture include leaf, path, as well as parent–child and ancestor–descendant
relations. The tree layer describes the distance between a vertex and the root node along its path.

Input shape

The inputs of Algorithm 1 are the mesh of the 3D target shape and a folding scheme consisting of a

pre-folding pattern and a folding sequence. In general, there are numerous planar patterns that can

fold into a given 3D configuration. The reciprocal process of reconfiguration, unfolding a 3D structure

into 2D layouts [125], is used to generate the pre-folding patterns. The general procedure is to produce

a graph representation of the 3D configuration, followed by spanning trees and corresponding rooted

trees generated by the represented graph. A rooted tree stands for a pre-folding pattern of the 3D

structure with a designated root and can be generated via traversal algorithms such as breadth-first

search (BFS) and depth-first search (DFS). The connected structure of a rooted tree remains unchanged

50



5.1. Planning strategies

during the reconfiguration as no connectivity changes are required in our approach. The rooted tree

thus represents the intermediate quasi-2D shape and desired 3D configuration simultaneously. A

pre-folding pattern with a root node and its corresponding rooted tree are shown in Figure 5.2. The root

node is the ancestor of all other modules, shapes the unique tree structure in the kinematics modelling,

and is the origin of the inertial frame in the dynamics derivation and torque computation. Different

root nodes selected as the robotic base result in variations of the required torque and must thus be

specified. The shape of a modular unit in the pre-folding pattern is secondary, and can be anything

from cubic to hexagonal. In our analysis we use an equilateral triangular shape, the simplest regular

polygon, to simplify the overall structure.

Joint motion planning

The first step of the algorithm is to plan joint trajectories for all modular units in time intervals

consistent with the folding sequence. As the torque requirements vary with different joint motion

profiles, even with the same folding scheme, we use a unified joint motion planner for every module

in each time period to guarantee a fair comparison between different folding schemes. With the

discussion on time periods and folding schemes detailed in Section 5.1.2, here we focus on the joint

trajectory planning as follows.

To generate a joint trajectory passing through several path control points, predefined nodes on the

trajectory, a series of polynomials are usually used to interpolate the path [126]. The joint angle

qi (t) of module i varies from zero in the initial pattern to its final position θ̂i in time period Tk ∈
[tk−1, tk ], k ∈ Z+, as qi (tk−1) = 0 and qi (tk ) = θ̂i , with default zero boundary conditions for velocity

and acceleration, q̇i (tk−1) = q̇i (tk ) = 0 and q̈i (tk−1) = q̈i (tk ) = 0 respectively. The folding angle θ̂i is

the dihedral angle between module i and its parent in the 3D structure and can be computed using

the algorithm presented in [127]. Since there are six path control points resulting from the boundary

conditions, a fifth-order polynomial is needed for the interpolation.

The joint angle is restricted due to the non-zero thickness, d , of a module. The threshold value of the

joint angle, the minimum dihedral angle, is denoted asϑ and can be calculated using sin(ϑ/2) = (d/2)/r ,

where r is the radius of the hinge. The joint angle qi (t ) is thus restricted by{
−π< qi (t ) <−ϑ
ϑ< qi (t ) <π (5.1)

Kinematics modelling

The next step in the automatic modelling algorithm is to generate a kinematic model of the configura-

tion and the folding motion for each module, including position, velocity, and acceleration, given a

set of joint trajectories produced in Step 1 [122]. In a modular architecture modelled as a hierarchical

structure defined by a rooted tree as shown in Figure 5.2, the kinematic transformationΦ starting from

root node R to each of the descendant modules i in path j can be recursively formulated as

Φi = A
P j ,2

P j ,1
, A

P j ,3

P j ,2
, · · · , A

P j ,s

P j ,s−1
(5.2)

where Ak ′
k is a 4×4 homogeneous matrix describing the relative pose of neighbouring modules (k,k ′),

and can be calculated as presented in [122]. P j is the set of modules in the j th path of the rooted tree,

and P j ,1 = R, P j ,s = i .
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Dynamics derivation

In Step 3 of the algorithm, the dynamics of the configuration is automatically derived using a modified

RNE formulation and the required torque is calculated for each folding scheme. We assume zero ground

interactions to simplify the mathematical derivation, common practice in related work [120–122]. The

initialisation and backward recursion are similar to the standard RNE [119]. In backward recursion,

where the generalised velocity and acceleration of each module are propagated from the root node to

the leaves of all paths, the motion is not influenced by multiple connections due to the uniqueness of

the parent module. In forward recursion, however, where forces and moments are propagated from the

leaves to the root node R, multiple connections must be accounted for. The forward recursion forces

and moments exerted on module i can be derived as:

fi =
|Ci |∑
j=1

fCi , j +Fi

ni =
|Ci |∑
j=1

(nCi , j +pi × fCi , j )+Ni + (pi + r ∗
i )×Fi

τi = zi ·ni

(5.3)

where Fi = mi r̈i and Ni = Ii ω̇i +ωi × (Iiωi ). The remaining parameters are given in Table 5.1. In this

formulation base coordinates are used as the reference frame, an implicit expression compared to the

more commonly used link coordinates, considered to be more efficient. The formulation using base

coordinates, however, reveals the direct relations between the required torque and the link motion,

including position and orientation in the inertial frame. This helps in the evaluation and estimation of

energy consumption in the heuristic algorithm design in Section 5.1.2.

Table 5.1 – Variable and parameter notations used in Sections 5.1.1 and 5.1.2.

Variables

fi Force exerted on module i by its parent;
ni Moment exerted on module i by its parent;
τi Input torque of the actuator along zi ;
zi Actuating axis of module i , the coincident edge of module i and its parent;
Fi Total external force on module i ;
Ni Total external moment on module i ;
pi Vector from DH coordinate origin i −1 to coordinate origin i ;
ri Vector from the base coordinate origin to the centre of mass (CM) of module i ;
r̈i Acceleration vector of ri ;
r∗

i Vector from DH coordinate origin i to CM of module i ;
r̂i Distance between robotic base (root node R) and CM of module i , and r̂i (t ) = ∣∣ri (t )

∣∣;
ωi Angular velocity of module i ;
ω̇i Angular acceleration of module i ;
Ci The set of children of module i ,

∣∣Ci
∣∣ is the number of components in Ci .

Module parameters

l Side length of each modular unit;
mi Mass of module i ;
Ii Inertia tensor of module i about its CM.

Other parameters

λs s = 1,2,3,4, constants defined as λ1 = ∥∥Ii
∥∥, λ2 = l/2

sin(π/3) mi , λ3 = mi , and λ4 = ∣∣pi
∣∣= 0 or l ;

κs s = 1,2,3, design parameters, κs > 0.
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Energy consumption

The final step is to evaluate the energy consumption of the reconfiguration scheme, with modules

folding in series. This depends on physical motor parameters and is expressed as the product of torque

and angular velocity of each joint [100]. To simplify the computation, we assume that the total energy

consumed by all motors is based on the accumulated value of torque input to all joints. We also assume

that no energy is required to hold the position between two modules. The energy consumption of a

folding scheme, ε, with n modules in the configuration, during folding time t ∈ [t0, tp ], is then given by

ε=
n∑

i=1

∫ tk
tk−1

|τi |d t

tk − tk−1
=

n∑
i=1

∫ tp
t0

|τi |d t

tp − t0
(5.4)

5.1.2 Heuristic algorithm

The automatic modelling algorithm outlined above is a direct, but computationally heavy method of

generating energy-optimal folding schemes. Here we propose a heuristic algorithm consisting of two

planning processes: an optimal pre-folding pattern and a folding sequence of modules with minimum

energy consumption.

Energy-optimal layout planner

Firstly, we aim to establish an initial planar layout of modules that will result in minimum energy

consumption when folding into a 3D target shape. Inspired by a process for creating optimal cut-out

sheets of 3D paper models [125, 128], where weight functions are put forward with some optimum

criteria and assigned to edges of a representative graph, here we design a cost function that evaluates

energy consumption of a pre-folding pattern during its reconfiguration.

In a rooted tree structure as depicted in Figure 5.2, the edge between a parent and a child can be

assigned a weighted value measuring energy consumption of actuating the child to its final position.

We define a weight function of edge ei : (i , i ′), where i
′

is the parent of module i , as $(ei ). The overall

energy consumption for a pre-folding pattern can be evaluated using a cost function, χ, the sum of

weights of all edges in the rooted tree:

χ=
n−1∑
i=1

$(ei ) (5.5)

A measurement of energy consumption in actuation time Tk ∈ [tk−1, tk ] of module i can be realised by

integrating |τi | twice with time, ε′i =
∫ tk

tk−1

∫ tk
tk−1

|τi |d td t . Using Eq. 5.3, this gives

ε′i =
∫ tk

tk−1

∫ tk

tk−1

∣∣|zi | · |ni | · cos(ϕi )
∣∣d td t (5.6)

where ϕi is the vector angle between zi and ni . The actuating axis zi can be written as zi = Φ′
i z0,

whereΦ
′
i is a orthonormal rotation matrix, the upper 3×3 of the kinematic transform matrixΦi . Here,

z0 = [0 0 1] is a unit vector in the z-direction, thus |zi | = 1. Using cos(ϕi ) ≤ 1, Equation 5.6 can be

written as

ε′i ≤
∫ tk

tk−1

∫ tk

tk−1

|ni |d td t (5.7)
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DefiningΛi as the upper limit of Equation 5.7,Λi =
∫ tk

tk−1

∫ tk
tk−1

|ni |d td t , and Γi as the double integral of

force fi , Γi =
∫ tk

tk−1

∫ tk
tk−1

∣∣ fi
∣∣d td t , we can formulate an estimation of the energy metric as follows.

Theorem 1 The energy metric of actuating module i to its final position θ̂i , ε′i , can be estimated byΛ∗
i ,

defined as the maximum ofΛi, andΛ∗
i is derived from Equation 5.3 as

Λ∗
i =

|Ci |∑
j=1

(Λ∗
Ci , j

+λ4 ·Γ∗Ci , j
)+λ1 · (κ2

∣∣θ̂i
∣∣+κ3

∣∣θ̂i
∣∣2

)+λ2κ1 |r̂i (tk )− r̂i (tk−1)| (5.8)

with Γ∗i , the maximum of Γi, given by

Γ∗i =
|Ci |∑
j=1
Γ∗Ci , j

+λ3κ1 |r̂i (tk )− r̂i (tk−1)| (5.9)

Related variables and parameters are listed in Table 5.1 and a proof for this theorem can be found in

Appendix A. Computation requires updated position data of the configuration, term r̂i (t), which is

determined by the actuation order detailed in Section 5.1.2).

This procedure is inherently a kinematic propagation rather than an integration of joint torque with

respect to time as in Equation 5.6. Hence, the simplified estimation in Equation 5.8 substantially

reduces computational costs. The energy metric, defined as the double integral of the torque magnitude,

is equivalent with the energy consumption defined in Equation 5.4 when comparing and ranking

different reconfiguration schemes. It allows us to derive its upper bound, Λ∗
i , and calculate it using

variables such as joint angle and inertial distance, instead of their derivatives and second derivatives.

This can significantly reduce computational loads and simplify the optimisation process. We can use

Equation 5.5 to evaluate the energy consumption of a pre-folding pattern with $(ei ) =Λ∗
i , enumerate

all possible layouts, and obtain the one with minimum cost.

Folding sequence planner

When planning the reconfiguation of an assembly, actuating all modules in a configuration simulta-

neously results in the shortest time. However, this is not necessarily an energy-optimal process. In

this section we propose two algorithms with asynchronous folding sequences, a unified framework

for generating the actuation order in different layouts and an energy-optimal sequence planner with

time-saving consideration.

For a pre-folding pattern with n modules, there are n −1 modules to be actuated with p folding steps

in series. Each folding step spans from time tk−1 to tk , in time period Tk ∈ [tk−1, tk ], k = 1,2, · · · , p. We

assume that the length of each time period is equal, ∆t , so that tk = tk−1 +∆t and tp = t0 +p∆t . To

save time overall, the number of modules folding up in each time period should be as large as possible.

The goal of a folding sequence planner is to determine which nk (nk > 0) modules of a layout are to be

folded up in time period Tk with minimum energy consumption and sequence number p. To simplify

computation, we assume no collisions occur during reconfiguration.

We first present a unified sequence planner to decouple the effect of the folding sequence from the

pre-folding pattern in terms of energy consumption. If modules are in the same path, the energy

consumption of a single module can change depending on when it is folded relative to another. We

therefore assume that modules in the same path of the rooted tree of a layout are actuated in separate
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time periods. If module i is a leaf, then |Ci | = 0, the joint torque of module i can be simplified to

τi = zi ·
[

Ni + (pi + r ∗
i )×Fi

]= zi ·
[

Ii ω̇i +ωi × (Iiωi )+ (pi + r ∗
i )×mi r̈i

]
(5.10)

which shows that torque τi is only determined by the movement and position of module i . Since the

leaves of a rooted treeΥ, denoted as lea f (Υ), are in different paths, they can all be actuated in the first

time period, T1. As they have now assumed their final position relative to their parent, they can be

removed fromΥ and a new rooted tree is obtained. In the next time period, T2, all new leaves ofΥ are

folded, and so on. The procedure is summarised in Algorithm 2.

Algorithm 2 Unified folding sequence planner.

Input: Rooted treeΥ of a pre-folding pattern;
Output: Sets of modules folding in series;

1: Initialisation: k ← 1, n ←|Υ|,Ωk ← Ø;
2: while n > 1 do
3: Ωk ← lea f (Υ), leaves ofΥ are modules to be actuated in time period Tk ;
4: Υ←Υ−Ωk , remove lea f (Υ) and obtain a new rooted tree;
5: n ←|Υ|
6: k = k +1
7: end while
8: returnΩ1,Ω2, · · · ,Ωk , · · · ,Ωp

This unified sequence planner takes advantage of the independence of leaves in a rooted tree. For

modules that are not leaves, however, the energy consumption is coupled with the configuration and

position of its descendants. In order to determine the optimal folding sequence for a specific layout in

terms of energy consumption, every possible folding sequence has to be evaluated.

Algorithm 3 Rearrangement of folding sequence.

Input: S = [s1, s2, · · · , sn];
Output: Ω1,Ω2, · · · ,Ωk , · · · ,Ωp ;

1: Initialisation: k ← 1, n ←|S|,Ωk ← Ø;
2: while n > 1 do
3: Ωk ←Ωk ∪ {s1}
4: for i = 2 → n do
5: P

′
i ← Ø

6: for j = 1 →|Ωk | do
7: a ←Ωk ( j )
8: P

′
i ← P

′
i ∪ {a}

9: end for
10: if si ∉ P

′
i then

11: Ωk ←Ωk ∪ {si }
12: end if
13: end for
14: k ← k +1
15: S ← S −Ωk

16: n ←|S|
17: end while
18: returnΩ1,Ω2, · · · ,Ωk , · · · ,Ωp
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Assuming descendants modules are locked, the motion of a module can be described as rigid-body

rotation about the actuating axis under the influence of gravity. The actuation torque is thus given by

τi = Ji q̈i −Mg ,i , Ji q̈i =

∣∣∣D ′
i

∣∣∣∑
j=1

I
′
j ,i q̈i , Mg ,i =

∣∣∣∣∣∣∣∣∣∣
rg ,i ×

zi ×
(∑∣∣∣D ′

i

∣∣∣
j=1 m j g × zi

)
|zi |2

∣∣∣∣∣∣∣∣∣∣
(5.11)

where D
′
i = {Di , i } is a set of modules including module i and its set of descendants, Di , Ji is the moment

of inertia of D
′
i with respect to zi (fixed during movement of module i ), Mg ,i is the moment due to

gravity of D
′
i relative to zi , I

′
j ,i is the moment of inertia of module j with respect to zi , g = [0 0 -9.8] m2/s

is the gravitational acceleration vector, and rg ,i is a perpendicular vector from zi to CM of D
′
i .

Applying the work-energy principle in terms of rotational kinetic energy, the net work of module i , Wi ,

is given by

Wi =Wτ,i +Wg ,i =
1

2
Ji q̇i (tk )2 − 1

2
Ji q̇i (tk−1)2 (5.12)

where Wτ,i and Wg ,i are the work due to τi and gravity during time period Tk , respectively, given by

Wτ,i =
∫ q(tk )

q(tk−1)
τi (t ) d q, Wg ,i = (

∣∣∣D ′
i

∣∣∣∑
j=1

m j )(rg ,i (tk ) ·g − rg ,i (tk−1) ·g ) (5.13)

Joint velocity at the beginning and end of each time period is zero, so that Wi = 0, and Wτ,i =−Wg ,i .

The energy consumption of a folding sequence is therefore Wτ = ∑n
i=1

∣∣Wτ,i

∣∣, and we can design an

evaluation function, χ′, given by

χ′ =Wτ =
n∑

i=1

∣∣Wg ,i

∣∣= n∑
i=1

∣∣∣∣∣∣∣(
∣∣∣D ′

i

∣∣∣∑
j=1

m j )(rg ,i (tk ) ·g − rg ,i (tk−1) ·g )

∣∣∣∣∣∣∣ (5.14)

to evaluate different folding schemes and find an optimal one through enumeration.

Since the motion of a module in a different path to module i does not affect the joint torque, energy

consumption of various folding schemes will be identical. Modules in different paths can be actuated

in the same time period without changing energy consumption. Although the number of permutations

of the folding order of n modules in a layout are as many as n!, the number of schemes can be

reduced significantly. Given an array of module sequences S = [
s1, s2, · · · , si , · · · , s j , · · · , sn

]
, si , s j ∈

{1,2, · · · ,n} , si 6= s j , it can be rearranged into p folding steps instead of n. The procedure for rearranging

a vector of folding order into folding steps is presented in Algorithm 3, where the rearranged folding

sequence is denoted as
{
Ω1,Ω2, · · · ,Ωp

}
and P

′
i represents the set of modules in the same path as

module i .

5.2 Simulation and results

To evaluate the performance of the proposed reconfiguration method for modular robots, we utilise

different configurations of the modular origami platform introduced in Chapter 3. We apply both

the automatic modelling and the heuristic algorithm to generate energy-optimal reconfiguration
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schemes and provide comparative results. The physical parameters for the simulation are taken from

the first prototype of Mori, with a side length of 80mm, a thickness of 6mm, a weight of 26g, and

the inertia tensor I = 10−2 × [−3.09,−3.09,−6.15,0.67,8.32×10−2,2.30×10−16]g .mm2. The relevant

Denavit-Hartenberg parameters are given in Table 5.2.

Table 5.2 – Denavit-Hartenberg parameters for the modular origami platform.

ζ1 Offset along previous z to common normal of previous and new z ζ1 = 0 or l
ζ2(q) Angle about previous z , from old x to new x Joint variable
ζ3 Length of the common normal ζ3 = 0 (axis intersection)
ζ4 Angle about common normal, from old z to new z ζ4 = 60◦

We have chosen three configurations, a tetrahedron, an octahedron, and a quadruped, representing

two structural and one functional shape. All possible 2D layouts are generated through the unfolding

process outlined in Section 5.1.1, some of which are depicted in Table 5.3. Different arrangements with

the same 2D shape, such as tetrahedron L1 and L13, are taken as unique layouts due to the effect of the

root node and the arrangement.

Table 5.3 – Target 3D configurations and corresponding pre-folding patterns.

3D shape Possible layouts (L for Layout)

2

3

4

1

2

3

4

1

2

3

4

1

Tetrahedron Tetrahedron L1 Tetrahedron L7 Tetrahedron L13

2

3

4

5
6

7

8

1

2

3

4

5
6

7
8

1

2

3

4

5
6

7

8

1

Octahedron Octahedron L1 Octahedron L160 Octahedron L320

1

2

3

4

6

7
8

9

10

11
12

13

14

15

16 17
18

5

2
3

4
5

6

7
8

9
10

11
12

13
14

15
16

17
18

1

2
3

4
5

6

7

8
9

10

11
12

13
14

15
16

17
18

1

Quadruped Quadruped L35 Quadruped L70 Quadruped L105

5.2.1 Optimal layout

We first evaluate the proposed heuristic algorithm in terms of the torque requirements of the generated

optimal layout compared to the automatic algorithm, which enumerates all possible layouts. The

parameters used for Theorem 1 are λ= [6.15×10−11,0.0012,0.026,0 or 0.08] and κ= [3,1,2]. The results

are shown in Table 5.4, including a ranking that places the output of the heuristic algorithm among all

possible layouts. The corresponding layout, rooted tree, and folding sequence are shown in Table 5.5.

To give a more realistic comparison of the two methods in terms of performance, we generate energy-

optimal layouts on a Windows PC with Intel Core i7, 2.6 GHz, and 12GB RAM, and measure the

computation time. We further use two performance indicators to compare the two methods, for each

root node R among n modules, R = 1,2, · · · ,n. Firstly, we measure the equivalence of the heuristic

algorithm in terms of optimality by taking the number of optimal layouts identical to those generated
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Chapter 5. Reconfiguration algorithms based on origami principles

by the automatic algorithm, n1, and calculating Rate 1 = n1
n ×100%. Secondly, we count the number of

optimal layouts generated by the heuristic algorithm with less required torque than the median of all

layouts with root node R, to calculate Rate 2 = n2
n ×100%. The results are presented in Table 5.6.

Table 5.4 – Comparison between the energy-optimal layout generated by each algorithm in terms of required
torque. The ranking places the heuristic algorithm among all automatically generated layouts.

3D shape Method Optimal layout Torque [N m] Max. torque [N m] Ranking

Tetrahedron automatic L3 (R = 1) 0.016 0.321 —

heuristic L3 (R = 1) 0.016 1/16

Octahedron automatic L331 (R = 5) 0.240 2.328 —

heuristic L6 (R = 5) 0.294 14/384

Quadruped automatic L1 (R = 5) 0.990 4.892 —

heuristic L1 (R = 5) 0.990 1/108

Table 5.5 – Energy-optimal layouts generated by both algorithms, along with the corresponding rooted tree
and the unified folding sequence.

Tetrahedron L3 (R = 1) Octahedron L331 (R = 5) Octahedron L6 (R = 5) Quadruped L1 (R = 5)

2

3

4
1

1

2

3
4

6
7

8

5

1
2

3

4

6 7

8

9
10

11
12

13

14

15

16 17
18

5
1

2
3

4
6

7
8

5

1

3 42

2

5

6

17

1815

3

4

131

11 14

8

9

10

7

12 16

5

6 8 1

472

3

5

6 8 1

472

3

1 2 7 8 12 14 16 18

2 10 11 13 15 17

3 1 3 9

4 4 6

2 3 41 2 3 4 8

1 7

6

1

2

3

3 4 7

1 2 8

6

1

2

3

Table 5.6 – Performance comparison between the two methods to generate energy-optimal layouts in terms
of computation time two performance indicators.

3D shape Modules Layouts Method Computation time (s) Performance

Total Layout Rate 1 Rate 2

Tetrahedron 4 16 automatic 36 0.563 — —

heuristic 0.7 0.011 100% 100%

Octahedron 8 384 automatic 6435 2.090 — —

heuristic 12.5 0.004 0% 88%

Quadruped 18 108 automatic 13723 7.060 — —

heuristic 20 0.010 6% 61%
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5.3. Discussion

An increase in complexity of the 3D shape in terms of number of modules and layouts diminishes

the performance of the heuristic algorithm. However, the computation time is reduced significantly,

thanks to the estimation of the required torque, while still providing decent performance with respect

to generating a layout with low energy consumption.

5.2.2 Optimal folding sequence

The optimal folding order for a 2D layout is generated by enumeration using Equation 5.14 and

rearranged using Algorithm 3. The sequences for the optimal layouts generated by the heuristic

algorithm are shown in Figure 5.3a, with the tetrahedron omitted as there is only one step for Layout L3.

As the number of possible folding sequences for the modular origami platform is at least (dn/3e)!, we

use the Monte-Carlo method to verify the optimality of the generated folding sequences. Arrays of

folding orders are generated randomly, rearranged, and the torque requirements calculated using

Algorithm 1. We compare the performance of the folding sequence generated for the optimal layout,

and the three layouts from Figure 5.3, with k randomly generated ones. Counting the number of

randomly generated layouts with higher torque requirements, k1, we obtain a measure of performance

for the optimal folding sequence, Rate = k1/k ×100%. The results are plotted in Figure 5.3b.
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Figure 5.3 – Optimal folding sequence and performance for the optimal octahedron and quadruped layout.
(a) shows the folding motion and folding sequence generated by the optimal folding sequence planner; (b) shows
the performance rate of the folding sequence for the optimal layout and three more layouts compared to randomly
generated folding sequence through the Monte-Carlo method.

5.3 Discussion

Planning and executing the reconfiguration process of modular robots, transforming from one func-

tional configuration to another, is highly challenging due to the high number of individual entities

and DoFs. A viable approach for practical systems must take into account physical limitations such

as motor torques and misalignments, as well as limited resources such as power and computational

capacity. In this chapter we address these challenges by proposing an algorithmic framework for the

NP-complete reconfiguration planning problem utilising the concept of origami folding.
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Chapter 5. Reconfiguration algorithms based on origami principles

Given a target 3D shape of a modular robot, our approach consists of determining the optimal initial 2D

layout and the optimal folding sequence of modules. We first present an automatic modelling approach

as a baseline, which enumerates the energy consumption of all possible 2D layouts to determine the

optimal one. We then propose a heuristic algorithm that uses several assumptions along with a cost

function to evaluate energy consumption. Testing the approach by utilising the concept of a modular

origami robot, the results obtained from simulating three structural and functional 3D shapes validate

its performance, producing optimal or near-optimal reconfiguration schemes. Although the heuristic

algorithm did not produce the absolute optimal solution in all cases, it consistently resulted in good

performance with drastically reduced computation time.

Our approach to the reconfiguration process specifically focuses on minimising energy consumption

during reconfiguration and reducing computational loads in the planning stage. Utilising origami

principles to define the overall procedure removes connectivity changes during reconfiguration but also

limits the type of relevant reconfiguration scenarios, primarily addressing the assembly of a collection

of individual modules to 3D structures. Although it is possible to use our approach to reconfigure from

one 3D shape to another, by unfolding to 2D, reorganising, and folding back to 3D, this is unlikely to

represent an ideal process for all but a few unique cases. Furthermore, applying the concept of folding

restricts the type of kinematic architectures of modular robots that can take advantage of it.

While these characteristics limit the scenarios and architectures that can be addressed, the overall

methodology can be adapted and applied to wide range of systems. As the reconfiguration process is

highly complex and yet crucial to enable fully functional implementations of modular robots, consider-

able effort is still required to address the multitude of remaining challenges.
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6 Augmenting robotic reconfigurability
through polygons

The previous part of this thesis studies several building blocks of reconfigurable robots and describes the

initial conception of a robotic system based on quasi-2D modules that can assemble into a multitude

of shapes and structures. Leveraging the concept of origami, folding 2D sheets into 3D shapes, and

modularity, subdividing the system into stand-alone robots, the conceptual study of modular origami

robots addresses some of the challenges associated with creating reconfigurable systems.

This chapter elaborates the initial concept into a new robotic paradigm for the development of robotic

systems with an inherent morphological flexibility. By redefining the underlying structure of reconfig-

urable systems as shape-changing polygons, the paradigm enables the conception and creation of a

wide range of multi-functional robots and structures. It proposes a framework for adopting and imple-

menting the characteristic features at varying levels in order to address a spectrum of requirements,

applications, and environments. The key features represent building blocks that, in combination,

define the system’s adaptability and can be adapted, extended, or reduced as required. The inherent

ability to recreate a wide range of structural or functional 3D shapes results in an ideal candidate

for assistive robots, human-robot interaction, and space exploration. The chapter begins with the

background and motivation for the paradigm, focusing on morphological flexibility, followed by an

in-depth description of the framework along with its challenges.

6.1 Morphological flexibility

In the context of robotics, morphological flexibility is the ability of a system to adapt its shape and

structure to address different tasks or environments. This section begins with a general analysis of

morphological flexibility in origami and modular robots and continues with a description of polygon

meshing in this context.

6.1.1 Modular and origami robots

Origami robots utilise the concept of folding paper to create a single or multiple 3D shapes from

quasi-2D structures. They are often made of multiple functional layers [57, 129] and regularly interface

with additional functional components that are not embedded in the flat structure [130]. They use

physical properties of living hinges and mechanical linkages created by folds and panels to achieve

different functions [131, 132]. Some origami robots utilise the same configuration to achieve multiple
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Chapter 6. Augmenting robotic reconfigurability through polygons

functions such as different types of locomotion [133], while others reconfigure into different functional

shapes [58].

While the fabrication methods form one of the key benefits of origami robots, due to the low cost and

simplicity of printing or stacking multiple layers, the morphological flexibility is determined in the

design process and cannot be altered subsequently. Unlike a sheet of paper, which can be folded along

infinitely many lines, robotic origami structures are limited to the fold lines and actuators embedded in

advance. Furthermore, similar to a sheet of paper, the size and outline of the overall structure are fixed.

One cannot simply enlarge parts of the robot or detach sections in one place and reattach somewhere

else.

Although increasing the number of fold lines can make a structures more adaptable, managing these

becomes evermore challenging. In order to take advantage of the structural flexibility arising from large

numbers of living hinges, the resulting kinematic chains, whether closed or open, must be actively

controlled, requiring numerous actuators and sensors, as well as significant power and computational

capacities. Most origami robots therefore focus on a limited number of applications and structural or

functional shapes, with the minimum number of components and embedded systems.

Modular robots, on the other hand, are based on the concept of attaching and detaching individual

entities to form functional structures [134–136]. Their morphological flexibility is only partially defined

in the design process through the number of ways modules can attach to each other as well as the

number of degrees of freedom in each module. This flexibility can then be scaled by the number of

entities in the overall system and is theoretically unlimited.

In practice, however, physical and computational restrictions apply to the morphological flexibility.

This is in large part due to the system design and architecture of modular robots, requiring large

numbers of entities to realise and assemble functional and structural 3D shapes. The architecture of an

individual module commonly features a number of actuators that form a kinematic chain. The overall

structure of those chains remains unchanged, so that the morphological flexibility of the system is

limited to that of the kinematic chains formed in the configuration.

Furthermore, modular robots with sufficient functionality in terms of coupling, actuation, power, and

control are generally bulky, heavy, and do not scale well beyond a small quantity. They most commonly

resemble either tree-type links or cubic 3D pixels, greatly reducing the adaptability of more complex

3D assemblies.

6.1.2 Polygon meshing

The conceptual study of modular origami robots in Part II of this thesis begins to overcome the indi-

vidual drawbacks of the two robotic concepts discussed above by creating a modular robot consisting

of quasi-2D modules that can fold up on each other. However, the desired homogeneity of individual

entities, resulting in equilateral triangles, limits the ability to approximate 3D shapes and thereby the

flexibility of the system. Even with an increase in the number of units, singularities in the collection of

closed chains contained in the system greatly reduces the adaptability of 3D structures. This has been

shown with polygon meshes, used extensively in computational modelling and computer graphics.

Polygon meshing simplifies complex virtual 3D models to reduce computational loads [137]. Vertices

are distributed across the 3D model, connected by edges to form polygon faces, which in turn constitute

the 3D surface of the resulting mesh. Various meshing and remeshing algorithms have been developed
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to address different needs in terms of computational requirements, accuracy, and graphical perfor-

mance [138, 139]. Reducing the number of polygons generally reduces the accuracy of the resulting

mesh but improves computational demands, and vice versa. This can be counteracted to an extent by

increasing the density of vertices in critical regions and reducing it in areas with little variation.

When remeshing a model towards a set of homogeneous equilateral triangles, while maintaining the

polygon count, the distortion of the resulting 3D mesh increases dramatically as the variation in edge

length approaches zero. A small variation in edge length, however, can result in a smooth overall mesh

that closely resembles the original model while only consisting of very similar triangles [140, 141]. The

amount of variation necessary to maintain a close resemblance depends on the size of the triangles

relative to the size of the model and its curvature range. This form of remeshing can be applied with a

range of parameters to address different functional and morphological needs and forms the basis for

the robotic paradigm proposed here.

6.2 A new robotic paradigm

Extending the initial concept of modular origami, this section elaborates the paradigm into its full

form, incorporating polygon meshing and varying degrees of reconfigurability. Since, theoretically,

any structure or shape can be represented by a polygon mesh in a virtual form, a robotic platform

based on this concept could equally recreate any structure or shape in a physical form, although

limited by physical and practical considerations. Merging the constituent polygons of such meshes

with quasi-2D robotic entities leads to a framework for developing a new range of robotic systems that

greatly advances the potential of morphological and functional flexibility.

The paradigm suggests a conceptual framework for a new class of robots by simplifying the underlying

structure of the modular building blocks and approximating physical and functional structures through

polygon abstractions. Depending on the range of intended applications of the system, different

aspects of the paradigm can then be adopted and extended to suit the requirements and optimise the

overall functionality. The inherent adaptability in terms of shape, structure, function, and application

encompasses an approach towards developing a universal robot.

6.2.1 Characteristic features

The shapes of faces in a polygon mesh are defined by the edges connecting different vertices. Although

polygons with higher numbers of edges are possible, they are most commonly triangles or quadrilater-

als. Since any polygon can be divided into a number of triangles, it provides the base unit for a face

in this paradigm. It can either be considered as a standalone entity, or individual edges that can be

assembled into a number of different polygons. While some robotic platforms utilise extending edges

and connecting nodes, such as the heterogeneous modular robot Odin [142], articulated meshes [85],

and tensegrity structures [143], the underlying architecture limits their reconfigurability and applicabil-

ity. Introducing a physical representation of polygon meshing, in form of quasi-2D, shape-changing

modules that cover the area between edges, overcomes these limitations and results in an inherent

morphological flexibility. The concept of this new paradigm is illustrated in Figure 6.1.

The shape of a robotic polygon can be fixed and homogeneous, as is the case with the modular origami

robots considered in Part II, fixed and heterogeneous with an arbitrary number of different shapes, or

flexible with edges of a polygon changing in length, maximising adaptability. The flexible shape of a
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Robotic modules with
changing shape and size

Functional or structural configurations

Different polygonsIndividual edges

Range of possible shapes

Figure 6.1 – Conceptual illustration of the new robotic paradigm. A reconfigurable modular robotic system
based on polygons made up of individual edges able to alter in length, or any simplification or extension thereof.
Approximating physical structures through polygon abstractions, similar to computer graphics, such systems can
assume a wide range of structural or functional three-dimensional shapes.

polygon can be controlled actively or serve as a passive, compliant element, with any amount of active

or passive modules contained in a system.

Connecting individual polygon robots or structures to one another at the edges forms a physical mesh

in any desired shape or form. The connection between two polygons forms a rotary degree of freedom

that can be actively controlled by one or both modules or left as a compliant hinge. The interface

between two modules along the edge can be a passive or active coupling, as implemented in Chapters 3

and 4 respectively, or a pre-assembled hinge as part of a functional assembly. While polygon meshes

generally consist of faces that are combined to form surfaces, where each edge of a polygon connects

two faces, this could be extended by allowing potentially three or four polygon modules to connect on

a single edge.

The aforementioned features define the architecture of the robotic structure, generating its morpholog-

ical flexibility. They also have an impact on the functional flexibility as they determine the possible

functional shapes that can be realised. The remaining functional factors are contained in the techno-

logical building blocks embedded in the system. These can include actuators, sensors, and controllers

for the various degrees of freedom, power, computation and communication networks, additional

end-effectors, and user interfaces.

The versatility of the framework can be further enhanced by incorporating various levels of modu-

larity in the system, either extending or simplifying individual robots or the overall assembly. The

architectural modularity, with individual edges making up polygonal modules, can be extended with

technological or structural plug-ins. Systems can take advantage of heterogeneous modules with

dedicated functions, creating modular computation, power, or sensing arrangements. Distributing
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technological and algorithmic building blocks throughout the numerous entities of an assembly im-

proves global performance and efficiency.

Overall, the paradigm provides a framework for creating a wide range of reconfigurable systems based

on polygon meshes. They can be utilised to recreate 3D shapes through a polygon abstraction or

arranged in functional structures taking advantage of the high degree of morphological flexibility.

6.2.2 Associated challenges

While this paradigm brings a new level of adaptability to robotic systems, realising them poses signifi-

cant challenges and new approaches in terms of mechanical design, control, and electronics need to

be established. The extent of these challenges encountered by a specific system depends on the range

of intended applications, defining the complexity of the underlying structure. Advances in any of these

areas will develop the integrity of the framework and enlarge the range of possible systems.

Along with the set of intended applications and environments, the physical and mechanical require-

ments for each module are defined by the number of modules within a system. Unlike traditional

systems where only external factors change during operation, as the number of units in a reconfig-

urable structure grows, so do the forces and moments encountered. These need to be matched by the

materials and mechanical properties of each module as well as the embedded actuators.

The physical structure of a single module, as well as the number of connected modules, determines the

degrees of freedom in the overall structure. With fixed-shape polygons, every connection between two

modules adds one degree of freedom, not considering closed chains and coupled hinges. By introducing

flexibility in the shape of a polygon, an additional degree of freedom is added for each flexible edge in a

module. Regardless of whether these degrees of freedom are active or passive, each of them needs to be

incorporated into the body of a module with a suitable range of motion. Additionally, any misalignment

in the structure is amplified through the large number of degrees of freedom, necessitating an intricate

mechanical design and tight tolerances throughout.

The complexity introduced by large numbers of degrees of freedom also applies to the control of

such systems, which is further complicated by the various closed chains constituting a polygon mesh.

Adjusting just one vertex or edge in a mesh will often result in a large number of modules actively

controlling their kinematic components. Firstly computing these kinematic chains and subsequently

synchronising the system requires significant computational and communication capacities, whether

distributed among the modules or aided by an external system. Due to the interconnected architecture,

some active modules inevitably require more power, computation, and communication capacities

than others. These systems must be further developed to account for the discrepancy and to allow for

local and global synchronisation and distribution of resources.

Once the building blocks that allow a specific polygon-based robotic system to function and reconfigure

have been established, it needs to be able to cope with a range of possible tasks. Each of these tasks

will have a number of common and unique features, both computational and physical, that must be

managed and controlled. Although some applications can make use of predetermined procedures,

in order to take full advantage of the morphological flexibility, it must be complemented with a high

degree of functional adaptability. For this purpose, modular control blocks and distributed networks

need to be realised along with intelligent algorithms that are able to address new and varying tasks.
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6.3 Discussion

The implementation of reconfigurability permits a single robotic system to address a multitude of

applications, environments, and users. While the combination of two or more uni-functional robots

into a single system can result in reconfigurable robots able to carry out multiple distinct tasks, such as

a quadrotor tilting its propeller assembly to serve as wheels, they remain limited to functions actively

incorporated in the design process. Reconfigurable modular robots address this constraint through the

use of individual entities that can be assembled into a theoretically infinite number of formations. The

underlying architecture of existing modular systems, however, greatly restricts the kind and scale of

functional structures that can be realised as well as their adaptability once assembled.

This chapter proposes a new paradigm to reconfigurable robotics with an inherent morphological flexi-

bility. By approximating physical structures through polygon abstractions, it enables the development

of robots that can assume a wide range of structural or functional 3D shapes. Analysing the charac-

teristic features and underlying challenges, we present a framework for developing a broad spectrum

of robotic systems with varying degrees of modularity, adaptability, and applicability. This promising

perspective of a universal robotic system calls for the development and study of implementations

thereof, addressing the ample challenges outlined above and advancing the potential of reconfigurable

robots in general.

While the proposed paradigm enhances the ability of robotic systems to change shape, configuration,

and function, some of the fundamental drawbacks of modular robots remain. These need to be taken

into account when developing, evaluating, and using such systems, in addition to the distinct chal-

lenges outlined in Section 6.2.2. As the number of individual entities in an assembly of modular robots

increases, mechanical, electronic, and computational demands multiply, thereby diminishing the feasi-

bility and performance of carrying out real tasks. This is further accentuated by the trade-off between

the overall size of each entity and the embedded functionality. Although the simplified underlying

architecture of this paradigm aims to improve the balance between reconfigurability and functional

complexity, the ability to change the shape of each module potentially increases the complexity of plan-

ning and executing the overall reconfiguration process. In comparison to fixed-morphology modular

robots, however, this added complexity is counteracted by the reduced number of entities needed for a

given task resulting from the enhanced flexibility of shape-changing polygons.
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7 A polygon-based modular robotic
platform

Following the detailed description and analysis of the proposed paradigm, this chapter discusses the

implementation of polygon-based robotic systems. It first covers a number of design considerations

and possible ways of implementing such robots, before presenting the development of a modular

robotic platform that addresses some of the key challenges. While the inherent morphological flexibility

of the paradigm greatly enhances reconfigurability, it introduces a large amount of complexity in terms

of mechanism and system design, electronics, and control. In addition to the already high number

of entities and degrees of freedom in ordinary reconfigurable robots, the ability to change the shape

of a module further increases the number of mechanisms working in tandem, demanding a precise

and robust design. Moreover, the underlying architecture of an assembly of modules, similar to the

concept of polygon meshing, is accompanied by kinematic dependencies that must be computed and

controlled in synchronisation to ensure functionality of the overall system.

The robotic platform presented in this chapter provides a comprehensive solution to these issues

and presents a sophisticated robot that closely resembles a highly automated implementation of the

framework introduced in Chapter 6. It lays the groundwork for a versatile robotic system that can

be applied to a wide range of tasks and scenarios, such as space exploration, personal robotics, or

interactive 3D displays. It is intended to prove the viability of the paradigm and validate its underlying

morphological and functional flexibility. The chapter outlines the mechanical advances and technolog-

ical designs of the new robotic module, followed by results from initial functional testing. It further

presents an experimental design consisting of application-oriented demonstrations, experiments, and

testing procedures to validate the key characteristics of the platform in terms of functional adaptation,

morphological flexibility, and optimisation.

7.1 Design considerations

The concept of polygon-based robots, as introduced in Chapter 6, utilises collections of morphologically

flexible polygons to form robotic systems that are highly adaptable in shape and function. While

Section 6.2.1 discusses the characteristic features of the paradigm and the range to which they can be

adopted and extended, the physical implementation of such systems poses numerous challenges and

can vary greatly. From largely passive systems with predefined configurations of fixed-morphology

polygons to shape-shifting modules that autonomously assemble, the implemented features of the

paradigm are defined by the intended range of functions and applications.
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Chapter 7. A polygon-based modular robotic platform

As the number of active features and components increases, so does the control over the resulting

morphology as well as the mechanical and functional complexity of the robot. The main elements

that are either active or passive include the length of each edge, the connection between polygons,

and the hinge formed at each edge. The system can be designed with different numbers of edges per

polygon and different numbers of distinct polygon types, determining the morphological adaptability

and possible types of configurations. Changing the size or shape of a polygon alters the lengths of each

edge as well as the angles between them. The adjustable edge length of a physical polygon represents a

linear sliding joint along the axis of the edge, while the angle between edges forms a rotary joint around

the connecting vertex with an axis perpendicular to the two edges. The six parameters making up a

triangular polygon, three edges and two angles, can be fully described by defining three of those values.

A polygon with four edges, on the other hand, requires defining five parameters to fully determine its

shape and size, further increasing the mechanical complexity.

The implementation of a polygon-based robot requires careful analysis of the required functionalities

and morphologies for a given set of applications. Each aspect of the paradigm comes with a range of

possible approaches that determine the performance and flexibility of the underlying structure, while

embedded technologies impact the functions and functionality of the overall system. For instance,

actively shape-changing polygons can be controlled by telescopic edges or rotary hinges, with hydraulic,

pneumatic, electromechanical, or piezo actuation, depending on the desired scale, range, and forces.

The choice of passive elements, whether in a fully controlled or partially compliant robotic systems,

completes and establishes the integrity of each polygon and the resulting physical mesh. Maintaining

this mesh integrity over the entire flexible range of a system is crucial in enabling desired morphological

changes.

The remainder of this chapter describes an implementation intended to validate the underlying

morphological flexibility of the paradigm, while at the same time demonstrating a range of possible

functions. It consists of a robotic platform of actively controlled reconfigurable polygons such that the

overall system’s morphology can be fully manipulated, widening the realm of applications. The design

process and resulting choices for each aspect of the polygon robot are described in detail below.

7.2 System overview

The robotic platform embodies a modular system consisting of shape-changing, self-contained robotic

triangles that can automatically connect to one another and assemble into a desired physical polygon

mesh. Independent modules can automatically assemble into a configuration, while flat polygons

with changing edge lengths enable the system to resemble and alter a wide range of 3D-shapes. This

underlying morphological flexibility greatly enhances the applicability of the platform, as it can poten-

tially realise a myriad of tools, structures, or mobile robots, provided that physical and practical limits

are met. The mechanical and electronic design parameters were determined based on a number of

planned experiments and demonstrations highlighting the potential of the paradigm, as outlined in

Section 7.4.

Individual robotic modules are highly functional and incorporate many of the attributes introduced

in Chapter 6. Various features are constructed to be expanded, reduced, or translated into a variety

of other systems in the future with different applications and functions in mind. For instance, active

modules can be combined with passive ones, reducing the number of actuators but maintaining some

functionality, potentially featuring functional extensions. The system embodies a universal platform

that can be adapted to suit a wide range of requirements.
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7.2.1 Mechanical advances

The ability of this robotic platform to realise and alter polygon meshes in a physical form relies on the

ability of each module to change its own polygonal shape. The range of possible shapes is defined

by the relative change in length of each edge, which in turn defines the geometric and kinematic

reconfigurability of the overall system. Adjusting the length of each edge requires a linear DoF along

its axis as well as hinges that allow the angles to adjacent edges to change. As the vertices of coupled

robots are shared, these hinges need to be offset from their rotary axis. This can be achieved through

mechanical linkages or through arced features with the axis perpendicular to both edges as its centre.

To ensure a system of polygon modules remains functional at all times, no features of one module

can protrude into the working range of an adjacent one in any state. This impacts the spectrum of

possible shapes a module can assume, as widening the range of shapes implies an increase in the

range of motion of the linear rails as well as the offset hinges. The larger the range of motion, the more

space is taken up by the rotary hinges and linear rails, so that less space is available in the body of

a module to house functional components. We have developed an implementation of a triangular

module that addresses this trade-off between range of motion, morphological flexibility, autonomy,

and functionality of the overall system. It integrates new approaches to mechanical design, electronics,

and control, necessary to realise the framework introduced in Chapter 6. A render highlighting the

overall module design and the main functional features and components is shown in Figure 7.2.

Individual modules have a triangular base shape with each edge able to independently increase in

length, illustrated in Figure 7.1a. The three extending edges, Edge 1-3, and three hinges with axes

through the vertices and perpendicular to the edges, R1-R3, form a kinematic chain with three degrees

of freedom. Changing the length of any edge results in the three angles between the edges, α, β, and

γ, to change without affecting the length of the other edges. Simultaneously increasing all three edge

lengths at the same rate leaves the angles unchanged but increases the area of the triangle.

Once two modules, A and B, are connected, one edge of module A shares an axis with an edge of module

B, EdgeA2 and EdgeB1 as illustrated in Figure 7.1b. The resulting rotational link between the modules

is the reference for their relative position, controlled using the angle between any two hinge axes, e.g.

RA2 and RB2, denoted as δ. The dihedral angle between the two polygons is then π−δ. When a module

is not connected to another, it can move freely on flat surfaces using the same actuation that controls δ

R1

R2

R3

Edge 1

Edge 2

Edge 3

α

β

γ

(a) (b) (c)

Wheel 1

Wheel 2

Wheel 3

θ

x y

EdgeA2

A

B

δ

π-δ
EdgeB1

RB2

RA2

Figure 7.1 – Degrees of freedom and notations in different operational states of a module. (a) shows the kine-
matic chain of a single module formed by the three edges; (b) shows two coupled modules, the shared edge, and
the resulting rotational joint; (c) shows the mobile degrees of freedom of a single module on flat surfaces resulting
from the three wheels.
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7.2. System overview

in a coupled state. As the lines from the contact points of the three wheels, Wheels 1-3 in Figure 7.1c,

perpendicular to the edges, do not cross the centre of the polygon, a module has three translational

degrees of freedom, x, y , and θ.

The integrity of a polygon mesh relies on the stability of vertices that are shared by connected polygons.

For a physical implementation, the endpoints of two adjacent edges must remain connected at all

possible angles and extension values. As the rotary axes between adjacent edges are shared by multiple

modules, their hinges must be offset from vertex. We have developed a unique implementation that

enables this shape change of a module, consisting of arced, interconnecting t-slots embedded in the

two main pieces making up each edge, as shown in Figure 7.3. They provide a smooth hinge for the

kinematic chain and rigidly couple the edges to each other. The two main pieces of a module are

machined out of POM containing 13% PTFE to improve sliding properties for both the offset hinge and

the linear rail. This t-slotted, sliding design reduces the mechanical complexity compared to other

approaches, such as arced ball bearings, and provides a more rigid structure compared to mechanical

linkages, although with a reduced range or motion.

The extension of each edge is guided by two linear steel shafts and additional features embedded in the

main pieces. It is driven by an anti-backlash leadscrew assembly, Haydon Kerk NTG, coupled to a 6mm

diameter DC motor with a reduction of 699.5:1, Precision Microdrives 206-108. A round, smooth disk

mounted to the leadscrew axial sits in a cut-out on the main piece containing the motor and is held

in place by a threaded POM sleeve, axially supporting the assembly. The motor itself is glued into a

slot and supported by a cover that diagonally slides into place. Implementing a leadscrew provides a

reasonable trade-off between force and speed that can be easily implemented into the mechatronic

system compared to other telescopic approaches such as pistons or piezo actuators, although it is not

backdrivable. The base length of each edge, the distance between two vertices, is 180 mm and can

increase by 7.5%, limited to 6.7% when two edges are fully extended, while the overall thickness of the

robot is 12 mm. One fully assembled module consisting of three edges and all functional and electronic

components weighs 237 g in total.

Some unique design concepts are inherited from the two prototypes presented in Chapters 3 and 4.

The coupling mechanism, featuring mechanical overload protection, and rotary actuation system,

transferring motion from the body of the module to the edges, have been adapted to match the required

precision, properties, and functionality of the new platform. The coupling mechanism consists of the

same radial tooth design presented in Section 4.3 with a matching hexagonal sliding joint machined

out of POM, greatly improving mechanical properties and tolerances, actuated by a joule-heated SMA

Replaceable foot

Hinge axis

Polygon edge Female t-slotMale t-rail

Coupling slider
Passive spring

T-slot arcs

Figure 7.3 – Offset hinge design enabling the shape change of a polygon robot. It consists of arced, intercon-
necting t-slots that change the angle between two edges of a polygon, while maintaining the integrity of the mesh
during morphological transformations.
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Rough alignment,
male feature

Fine alignment,
male feature

Fine alignment,
female feature

Rough alignment,
female feature

Axial
alignment

Axial
alignment

12 mm

Figure 7.4 – Mechanical features addressing misalignment during the coupling of two modules. Rough align-
ment is achieved through protruding features holding electronic components. Final precise alignment is ac-
complished by the wheel of one module entering a curved slot in another module, shown in more detail in
Figure 7.5.

spring. The mechanical, retraction-based coupling results in a robust connection between modules

and does not require power in its closed state. SMA springs provide a high force to size ratio compared

to DC motors and are easily incorporated compared to piezo actuators. Both opening and closing of

the coupling takes less than 3 s at no load and room temperature.

The rotary component of the coupling joint is driven by a DC motor with a reduction of 256:1, Maxon

DCX 8 M and GPX 8, connected to a custom gearbox consisting of two stages of 28:12, resulting in an

overall reduction of 1393.8:1. The actuation system is used to both fold two connected modules, with a

range of angles between them of π−δ=±120◦ as defined in Figure 7.1, and drive a single module or

collection of modules across flat surfaces. The wheels incorporated into the rotary part of the coupling

have a diameter 15 mm with a silicon insert, slightly protruding the device’s thickness. This high

reduction ratio of the gear train provides the required torque output in larger configurations but results

in slow locomotion of individual modules.

The stability of the physical polygon mesh furthermore relies on the structural integrity of each module

as well as the connection between them. In addition to the interconnecting t-slots that connect a

polygon’s edges, its mechanical features ensure that deflections and misalignments within the various

mechanisms remain in an acceptable range even under high loads. All forces and moments acting

on two connected modules are transferred solely through the coupling elements. The rotary part

is coupled to the final shaft of the gear box, which sits firmly in one of the two main pieces. The

retracting coupling assembly in turn is attached to an aluminium bracket that is glued and screwed to

the other main piece, reinforcing the overall assembly and ensuring structural integrity under load.

This aluminium bracket also provides the matching hole for one of the linear shafts, lubricated by a

thin PTFE bushing, further strengthening the connection between the two main pieces, while the other

shaft sits directly in the main piece.

To ensure successful coupling during the reconfiguration process, vital to the system’s functionality,

further mechanical elements have been incorporated into each edge to aid the alignment between two
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Pogo contact plate

Magnet holder

Magnetic encoder

Pogo pins

Accelerometer

Coupling teeth

Fine alignment

Rough alignment

Passive components and features

Electronic components

Figure 7.5 – Electronic and physical elements of the coupling mechanism of the polygon-based robot. It in-
cludes contact pins embedded in the coupling pieces, the absolute magnetic encoder, and the accelerometer. The
physical coupling consists of a spring-loaded retracting element and a rotating pivot, both with radial, meshing
teeth.

modules. Protruding features housing electronic components have angled features as a preliminary

guide for larger offsets. The final precise alignment is accomplished through a rounded slot with

angled ridges that the wheel of another module occupies when coupled. The self-centring design of the

toothed coupling elements ensure slot and wheel engage during the coupling process. The alignment

features are detailed in Figures 7.4 and 7.5, with testing results of the misalignment capabilities provided

in Section 7.3.

The polygon mesh structure of the robot can inherently only feature two coupled modules per edge,

and thus two closed surfaces cannot be joined at a single edge. However, the faces of two modules can

be attached to one another to combine multiple surface meshes. Although this is not an automatic

feature, the body of the robot contains mounting holes so that two modules can be fixed to one another

at any distance or angle without using any of the couplings. These mounting holes, located near the

three corners, can also be used to attach other physical features or interfaces to the face of a module.

These corners also features attachment points for replaceable feet that can be adapted to a given

application or locomotion mode.

7.2.2 Electronics and control

The polygon-based modules are designed to serve as a platform for the implementation of a variety

of robotic polygon meshes. For the system to be adapted and its features to be adopted as required,

the electronics and control systems must address the underlying morphological flexibility as well as

promote and extend the various levels of modularity. We have addressed these challenges through an

intricate electronics design that accommodates the higher numbers of DoFs, actuators, and interfacing

components. Various control systems are integrated into the platform and are designed to study control

and reconfiguration algorithms, with provisions in place for adaptations and extensions.

Each module holds a total of 24 individual PCBs connected by 81 wires and 17 physical contacts. The

main electronics consist of two stacked PCBs that are located in the centre of a module, suspended

by 6 extension springs. The bottom board contains the main micro-controller, a 16-bit Microchip

dsPIC33EP512GM604, responsible for coordinating all functions of a module, motor, SMA, and LED

drivers, a DAC, and the solder connections for all cables. The three Maxon motors are driven by two

Texas Instruments (TI) DRV8834 chips and the maximum current output is set by a TI DAC5574. The

three extension motors are driven by two TI DRV8836. The coupling SMAs are activated by an LED
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(a) (b)

12 mm 12 mm

Suspension
springs

Pin headers Suspension
pins

Battery

WiFi

MCU

Figure 7.6 – Central electronic control boards of the polygon based robot. (a) shows the bottom PCB featuring
the main controller, and motor and LED drivers, as well as all the solder points; (b) shows the top PCB including
power and WiFi systems and the battery suspended in a module.

driver, TI TLC59208F, which also sets the colour and brightness of the six RGB LEDs located on both

faces of a module. The top board is plugged into the bottom one with nine connections and contains

the power and wireless communication electronics. A single cell, 150 mAh battery plugs into the top

board resulting in a standby time of roughly 1.2 h and runtimes of around 25 m and 10 m under medium

and maximum loads respectively. The battery provides 3.7V directly to the SMAs and the extension

motors, a boost converter, TI TPS61030, supplies 5V to the three Maxon motors, and a MaxLinear

SPX3819 regulates the 3.3V logic level. An Espressif ESP8266EX adds wireless communication and

high-level control to each module. The electronics are depicted in Figure 7.6.

To account for a modular control architecture, several communication streams have been included

in the design of the robotic platform that address the challenges associated with controlling and

synchronising modules. Using the wireless chip, each module can communicate directly with another,

as well as external computers providing global commands. In addition to this, electronic connections

have been embedded in the coupling system. Spring-loaded pogo-pins in the centre of the rotary

coupling element make contact with two rings on the sliding element of another module. As the rotary

element can spin continuously, two spring-loaded levers are in turn used to connect it to the main body.

They provide a ground connection shared by all modules and direct serial communication between

neighbouring modules. Through a custom communication protocol, each module can interpret the

commands directly, or pass them on until they reach the addressed module as instructed. These

physical connections are also used to synchronise the actuation of the degrees of freedom shared by

two neighbouring modules.

(a) (b)

Figure 7.7 – Battery-powered plug-ins for passive modules with a fixed morphology. It features an accelerome-
ter, a microcontroller, and an RGB LED to visualise the curvature profile of a surface. (a) the colours of the three
LEDs are equal as all modules are horizontal. (b) three different colours resulting from different orientations.
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The extension of each edge is measured by a linear potentiometer, ALPS RDC1014A09, coupled to one

of the linear shafts. The angle between two connected modules is measured by an absolute magnetic

encoder, AMS AS5048B, sensing the magnetic field of a permanent magnet on the coupled module. The

two sets of three values are actively controlled by PI-loops running at 20 Hz and 100 Hz respectively. An

accelerometer, NXP MMA8452Q, aligned to one of the edges, provides the static, spatial orientation of a

module. This can be used to provide feedback on the overall configuration in an assembly and be fused

with other sensor data to more accurately determine its state. For instance, in combination with the

coloured LEDs on a module, the intensity of different wavelengths of light can change depending on the

overall orientation of a module. We have demonstrated this by developing a simple battery-powered

plug-in for passive modules of fixed morphology, resembling the architecture used in Part II, where the

colour change visualises the curvature profile of a surface as illustrated in Figure 7.7.

When a module is not connected to another and the rotary coupling elements are used as wheels,

the module computes the input to each motor based on a desired direction and trajectory. While the

asymmetry of the wheels gives the robot an additional DoF, making the system holonomic and thereby

greatly improving manoeuvrability, it also implies asymmetry in the speed it can achieve in different

directions. Given a module drives in a direction perpendicular to one of the edges, following trajectories

of the same radius to the left and to the right will result in different overall speeds. This must be taken

into account when planning navigation profiles. We have developed a model to compute the wheel

speeds for a given trajectory, taking the three extension values into account. It can translate user inputs

of speed and steering angle to simplify user interactions, or combined with an external sensing system

to automatically drive modules from one location to another. The model is derived as follows.

Given a triangular robot with vertices A, B , and C and opposing edge lengths a, b, and c, the angle

between the vertices, α,β, and γ are given by

α= arccos
b2 + c2 −a2

2bc
, β= arccos

a2 + c2 −b2

2ac
, γ=π−α−β. (7.1)

We take the edge opposing vertex A as the reference such that any trajectory of motion is tangent to the

perpendicular at the centroid of the triangle. Taking the vertex with a fixed distance to the wheel on the

edge opposing vertex A as the origin, the coordinates of the vertices and the centroid, P , are given by

A =
[

b cosγ

b sinγ

]
, B =

[
a

0

]
, C =

[
0

0

]
, P = A+B +C

3
. (7.2)

A wheel is located on each edge at a fixed distance dw from the closest vertex clockwise and perpendic-

ular to the edge. The coordinates of the three wheels, Wa , Wb , and Wc , are then given by

Wa =
[

dw

0

]
, Wb =

[
(b −dw )cosγ

(b −dw )sinγ

]
, Wc =

[
a −dw cosβ

dw sinβ

]
. (7.3)

Each wheel exerts a force in a direction perpendicular to its edge when rotating, as shown in Figure 7.8.

In order to compute the inputs for each wheel given a desired trajectory, we calculate the sum of

moments about the centroid. To do so, we first find the shortest distances between the centroid and a

77



Chapter 7. A polygon-based modular robotic platform

A

BC
Wa

Wc

Wb

P

T
ra

je
c

to
ry

Sc

Sb

Sa

a
dw

b
c

α

βγ

Figure 7.8 – Notations used in the derivation of the input speeds for the three motors given a desired trajectory.
Left: the curved trajectory of a module, perpendicular to edge a at point P , is determined by a combination of
relative rotational speeds S of the three wheels as well as the shape of the polygon. Right: maximum curvatures to
the left and to the right.

line perpendicular to each edge going through its wheel coordinates, da , db , and dc , given by

da = ∣∣Px −Wa,x
∣∣ ,

db =
∣∣(Ŵb,y −Wb,y

)
Px −

(
Ŵb,x −Wb,x

)
Py +Ŵb,xWb,y −Ŵb,y Wb,x

∣∣√(
Ŵb,y −Wb,y

)2 + (
Ŵb,x −Wb,x

)2

dc =
∣∣(Ŵc,y −Wc,y

)
Px −

(
Ŵc,x −Wc,x

)
Py +Ŵc,xWc,y −Ŵc,y Wc,x

∣∣√(
Ŵc,y −Wc,y

)2 + (
Ŵc,x −Wc,x

)2

(7.4)

where Ŵb and Ŵc are arbitrary points on that line such as

Ŵb =
[

Wb,x −cos
(
π/2−γ)

Wb,y + sin
(
π/2−γ)] , Ŵc =

[
Wc,x +cos

(
π/2−β)

Wc,y + sin
(
π/2−β)] . (7.5)

As the interaction between the wheels and the ground is difficult to predict and changes significantly

from surface to surface, we only aim to find a relationship between rotational speeds of the three

wheels resulting in a given trajectory, adjusted through dimensionless factors to account for different

conditions. We thus define relative input speeds to the wheels, Sa , Sb , and Sc , where −1 < S < 1, positive

values result in forces away from the triangle, and negative values towards it. We assume that wheels on

edges b and c are never stationary, Sb 6= 0 and Sc 6= 0. We can then use a virtual, dimensionless moment

about the centroid, M , to relate the rotational speeds to a trajectory.

M = Sada +Sbdb +Sc dc (7.6)

Since we are interested in trajectories perpendicular to a reference edge, we can say that the virtual,

dimensionless sum of forces, F , parallel to the reference edge is equal to zero.∑
Fx = Sc cos

(
π/2−β)−Sb cos

(
π/2−γ)= 0 (7.7)
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Taking Sa as the reference value defining the overall speed of the robot, we can combine Equations 7.6

and 7.7 to give the required input for the other wheels resulting in a trajectory with a curvature

determined by M as follows.

Sc = M −Sada

db
cos(π/2−β)
cos(π/2−γ) +dc

, Sb = Sc
cos

(
π/2−β)

cos
(
π/2−γ) (7.8)

To account for different surfaces we can implement an offset, Mo to the virtual moment such that the

input moment Mi = M +Mo = 0 results in a straight trajectory. The resulting relative speeds Sb and

Sc can further be scaled by a multiplication factor to maximise the range of possible curvatures of a

module.

7.2.3 An adaptable platform

The robotic module is designed as an implementation of a fully functional robotic platform utilising the

proposed paradigm. Its various features can be adjusted, extended, or reduced to address a variety of

applications and scenarios. The modules are constructed in a modular fashion so that individual parts,

such as the couplings, electronics, or actuators, can be replaced easily. Mounting holes can be used to

attach additional features or devices to individual modules, such as mechanical linkages, force-sensing

plates for human interactions, or end-effectors for robotic arms.

Furthermore, the design itself is easily adaptable to produce varying modules with specialised functions.

For instance, removing the rotary actuators and gearbox from a module retains the ability to alter the

shape of the polygon and couple with another, while freeing up space in the centre. This reduces the

torque of connections to fully functional modules by half and implies a loss of mobility. However, the

added space can be used to produce specialised modules that can be distributed across an assembly

featuring extra batteries, computational power, or additional sensors such as cameras. It can also

interface with other technologies, such as fans to move around in micro-gravity environments or

compressors to supply soft robotic actuators, all embedded within the same robotic framework.

Overall, the platform provides a fundamental system to study the potential of the proposed paradigm.

The existing robot integrates the core features and functions to examine and further develop its

core technologies including control schemes and reconfiguration algorithms. It is also designed to

be extended to address the challenges of implementing such systems in a wide range of possible

applications.

7.3 Functional testing

The robotic platform has been developed based on the framework presented in Chapter 6 and is de-

signed to validate the morphological flexibility inherent to the new paradigm. In this section we verify

the individual functional aspects of the robot including shape change and mobility. The adaptable

morphology of an individual module provides the platform with its unique ability to physically resem-

ble polygon meshes. Controlling the trajectory of individual modules travelling across flat surfaces

augments the system’s ability to assemble into any configuration and transform from a collection

of individual 2D polygons into complex 3D shapes. By demonstrating these two functional aspects

of the robot, we prepare for the validation and testing of the platform’s morphological flexibility in

application-oriented experiments.
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Chapter 7. A polygon-based modular robotic platform

7.3.1 Adaptable morphology

The shape of a polygon is defined by the number of edges and the length of each edge. The platform

of robotic polygonal modules with adjustable edge lengths can change its own shape to address the

requirements of its individual state or the overall physical mesh. Given the relative adjustability of

each edge, the range of possible shapes of the resulting polygon can be determined, as shown in

Figure 7.9a. We have tested the robotic module, utilising the combination of offset hinges and linear

rails as highlighted in Figure 7.9b, to verify its adaptable morphology. Each edge of a module can extend

the distance between its virtual vertices from 180 mm to 193.5 mm, or 192 mm when two edges are

fully extended. The time for an edge to fully extend from a closed position is around 10 s, independent

of any other edge. The motor driving the extension has been chosen to maximise the force exerted by

the assembly along its axis, resulting in relatively slow movement. The resulting shapes of the polygon

robot are depicted in Figure 7.9c.

(b)(a)

(c)

Fully closed

Fully open 3 cm

Polygon range

LED colors reflect
the extension
of each edge

Extended

Contracted

Linear guides

Figure 7.9 – Testing the adaptable morphology of the polygon-based robot. (a) shows the range of possible
shapes of a polygon module; (b) shows an edge fully retracted and fully extended; (c) shows frames with maximum
and minimum extension of edges in different combinations.
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7.3.2 Mobility

A modular robotic system consisting of mobile entities results in enhanced reconfigurability due to the

ability to automatically detach individual modules from an assembly and reattach elsewhere without

the need for manual intervention. The polygon-based robotic platform obtains its mobility from the

rotational DoFs at each edge, translating to three translational DoFs on flat surfaces. We have tested

and verified the module’s mobility as well as the control over its trajectory utilising the model presented

in Section 7.2.2. The wheels of the module feature a silicon insert to improve frictional properties.

This insert can be replaced to suit different environments and surfaces encountered in a given set

of applications. We have tested a smooth silicon insert using DragonSkin 30 on a smooth surface

to evaluate its performance. The results of our test and the corresponding model are visualised in

Figure 7.10.

The test features eight combinations of wheel speeds tested on a module with equal extension values.

The primary wheel, A, rotates at maximum speed and the wheels B and C are varied across the range.

As the length of each edge is the same, wheels B and C rotate at the same speed. The module travels

along a trajectory perpendicular to edge A, tracked using a green marker at the centroid of the triangle.

Three trials were carried out at each combination with the position recorded at 10-second intervals

and plotted alongside the modelled trajectory.

The difference in the range of possible radii between trajectories to the right and to the left is a result

of the position of wheels along the edge. All wheels are shifted away from the centre of each edge

in a clockwise direction, resulting in an additional DoF as well as an asymmetric trajectory range, as

discussed in Section 7.2.2. As a module can rotate about its centroid and the drive model is primarily

intended to improve controllability with an external tracking system, the model is simplified by ignoring

resistance due to friction, resulting in diminished performance at smaller radii.

0 cm 5 353025201510-5-10-15-20-25-30-35

0

5

30
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Wheel speed (%)
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100

100

100

A

-13.6

-25.6

-37.8

-50.1

-62.4

-74.6

-86.9

-99.2

B,C

Model Trial 1,2,3, ,

A

B

C

3 cm

Figure 7.10 – Modelling and testing results of a module’s mobility on a smooth surface using silicon inserts.
The modelled trajectory for different combinations of wheel speeds is plotted alongside tracking points of three
trials with positions recorded at 10-second intervals.
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(b)(a)

Figure 7.11 – Illustrations of the functional and structural configurations in the proposed experiments. (a)
shows examples of locomotion assemblies including a four-legged robot, a snake, and a pyramid using the wheels
of three unconnected edges; (b) shows two robotic arms branching off a closed chain of modules wrapped around
a pole.

7.4 Proposed experiments

The functional testing outlined above verifies the core functionality of the robotic platform. In this sec-

tion we propose a number of application-oriented demonstrations, experiments, and testing schemes

that highlight the advanced level of reconfigurability inherent to the paradigm. They are designed to

focus on and validate the key characteristics of the robotic system while highlighting the advantages

and potential of the platform. All of the experiments that follow are possible with the robotic platform

presented above, while they can also be used to validate other systems based on the paradigm.

7.4.1 Functional adaptation

In order to show the platform’s ability to fulfil a variety of functions, we propose demonstrations

in which a number of modules transforms from one functional state to several others, followed by

experiments and testing procedures that validate the system’s performance. These experiments focus

on the two core functions of robots in general, namely locomotion and manipulation.

Locomotion

To demonstrate the system’s adaptability in terms of locomotion, the following scenario highlights a

number of distinct locomotion types that may be required during operation. A number of modules is

tasked with retrieving an object from a distant location inside a habitable structure. At first, modules

individually drive out of a room through a small gap under the door. Once on the other side, modules

connect to one another and transform into a four-legged assembly. The quadruped makes its way

down a hallway towards the object, located on top of a table. Once arrived, the systems transforms into

a long chain, allowing it to climb onto the table. Several modules form an enclosure around the object

and interface with mobile assemblies to carry it to the desired location. The quadruped, snake, and

track are illustrated in Figure 7.11a.

The various types of locomotion can be selected and altered depending on a number of environmental

and functional requirements such as terrain or speed. Additional types include, amongst others, closed
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(a) (b) (c)

Figure 7.12 – Illustrations of modules around a single vertex transforming from a flat to a 3D surface. (a) shows
six modules of equilateral shape around a single vertex; (b) shows the same modules with the inner edges extended
to form an out-of-plane curvature; (c) shows a larger curvature after one modules is ejected.

polygon assemblies morphing and shifting the centre of gravity in order to roll, and closed chains of

varying width forming tracks that propel themselves. In order to classify these locomotion schemes we

intend to test each of them on various types of terrain and compare their performance based on power

consumption, speed, the ability to carry loads, and the number of entities. Additional specifications,

such as control complexity and communication requirements, can be evaluated to produce a database

of all parameters, simplifying the decision process during operation. We further plan to study the

impact on the overall performance of altering the shape of polygons in order to fine-tune different

locomotion schemes.

Manipulation

To demonstrate the platform’s ability to address a range of different manipulation tasks, the following

scenario features a user working in a remote environment assisted by a collection of modules. The

modules assemble into a chain and wrap around a rigid object such as a tree or lamp post, closing

the chain to ensure a tight grip. Additional modules form a second chain and attach to this now fixed

reference frame, resulting in a robotic arm that assists the user. A single chain attached to the frame first

serves as an extra contact point holding onto object the user is installing. Additional chains attach to the

frame to form two end effectors that independently position an object as per the user’s request. Further

modules form branches on existing arms to support their weight or form kinematically constraining

linkages. An example of two robotic arms attached a closed chaing wrapped around a pole is illustrated

in Figure 7.11b.

To assess the platform’s performance in such scenarios we propose to compare the ability to wrap

around differently sized and shaped objects, considering open and closed chains, power consumption,

and surface properties. The workspace of robotic arms with different numbers of entities can further be

evaluated, both with fixed-shape and adjustable modules, as well as the interference between multiple

arms working in tandem.

7.4.2 Morphological flexibility

While in the previous two scenarios the shape-change of polygons can improve the performance of

otherwise possible tasks, with the exception of closed, morphing polygon assemblies, the following

83



Chapter 7. A polygon-based modular robotic platform

scenario relies entirely on that ability. A user is manipulating a polygon mesh through a computer

interface, such as virtual or augmented reality, while a collection of polygon modules recreates the

shape in a physical form. As individual vertices are modified in the virtual environment, the shapes of

polygons alter to reflect that change. For instance, six modules connected in a chain around a single

vertex is flat when all polygons are regular, while extensions of the inner edges result in a concave

shape. When the maximum extension is reached, the system can eject one or more modules in order to

increase the effective curvature of the resulting shape, thereby greatly increasing the accuracy of the

represented mesh. This process is illustrated in Figure 7.12. Similarly, as the virtual model is extended

or reduced, modules are automatically added or removed.

This general approach can be applied to wide range of scenarios where modular polygons assemble

into any desired functional or structural shape. We propose to assess the performance of the platform

at recreating such physical polygon meshes by comparing the ability to approximate 3D shapes of

modules with varying ranges of possible shapes. This can further be compared to the performance of

other types modular robotic systems in order to prove the versatility and superiority of the polygon-

based platform.

7.4.3 Extensions and optimisation

In addition to experiments analysing the functional and morphological flexibility of the platform,

several extensions and alterations of modules along with optimisation of key elements can be imple-

mented and tested, further improving its overall performance. Different modules are likely to have

vastly different power requirements in specific functional assemblies, such as the body of a quadruped

versus its limbs. We plan to study power-sharing systems and algorithms to optimise the operational

time of a group of modules. These can be tested in different configurations and application scenarios

to compare and optimise the overall power usage of the system.

The robotic platform has several communication streams embedded in the system, such as global

wireless and local serial communication, with different specifications and performance. Local serial

communication has low latency and is used to synchronise modules and exchange information about

their neighbours, while global wireless communication can address a range of modules and subsets,

and allow distant modules to communicate. We intend to study these communication streams, along

with different data-transfer protocols, and test different combinations and implementations to optimise

overall information exchange based on different applications and morphologies.

Integrating extensions and specialised modules, as outlined in the Section 7.2.3, can greatly improve

performance and applicability of the overall system. There are is wide range of additional components

and dedicated modules that can be incorporated and we propose to verify the general benefit of

this approach through a variety of general scenarios and specific components. Modules with extra

battery packs, processing power, or sensors, although reduced general functionality, should be tested

at different densities within configurations, evaluating the overall loss of functionality versus operation

and computing time. Supplementary components attached to fully functional modules can further be

assessed in distinct scenarios such as force plates and displays for human-robot interaction, or end

effectors for manipulation tasks.
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7.5 Discussion

Despite the promising potential of multi-functional robots, increasing reconfigurability and versatility

poses various conceptual, functional, and engineering challenges. Following the introduction of a

new robotic paradigm that provides a framework for addressing these challenges in Chapter 6, this

chapter covers the implementation of such systems and details the development of a polygon-based

modular robotic platform based on the paradigm. The platform’s novel architecture, based on polygons,

holds the potential to recreate a wide range of polygon meshes in a physical form, greatly surpassing

the potential of existing self-reconfigurable modular robots. While specific sets of intended tasks and

operations may require distinct scales, features, and technologies, the underlying framework yields a

versatile reconfigurable tool that can service a myriad of applications.

The prototype of the platform presented in this chapter is designed to study and validate the versatility

of the new paradigm. It addresses various challenges associated with it in terms of mechanical design,

as well as power, communication, and control architectures. Triangular modules can transform their

own shape, attach to other modules and assemble into structural and functional configurations. Initial

functional testing of the prototype verifies its flexible morphology and mobility. A selection of proposed

demonstrations and testing procedures is further provided to validate the functional and morphological

flexibility of the platform and analyse further extensions and optimisations.

Due to the versatile nature and objective behind self-reconfigurable modular robots, the sheer quantity

of unique aspects in each system renders a direct quantitative comparison ineffective. However, a

qualitative analysis of the overall possibilities contained within each system in terms of reconfigurability,

versatility, and applicability can provide a comparative overview of their potential. Table 7.1 summarises

the characteristic features of a select number of such systems with distinct architectures, highlighting

the differences of the polygon-based robotic platform, Mori 3.

First and foremost, the architecture of this new modular robot sets it apart from any existing system in

terms of morphological and functional adaptability. It balances the complexity of a highly reconfig-

urable modular robot with six DoFs in each entity with a simplified kinematic architecture of adjustable

polygons. While most self-reconfigurable modular robots are based on a lattice or tree-type designs,

whose kinematic linkages limit their ability to alter the shape of an assembly, Mori 3 is only restricted

by the range of possible polygon shapes, the need for continuous surfaces, and physical limits. The

correlation to polygon meshing not only results in a larger range of how a collection of modules can

configure and connect to one another, it also implies that an assembly of modules can change shape

without impacting its kinematic chains.

In addition to the unique architecture, the polygon-based module incorporates essentially all features

of the most sophisticated systems, such as Smores-EP, to combine its morphological flexibility with

a high degree of applicability. In contrast to some systems that are primarily intended to showcase

and study the process of reconfiguration such as 3D M-Blocks, Mori 3 is designed to carry out a range

of functional tasks and operations as described in Section 7.4. It resembles an approach towards a

universal robotic framework that can assume a wide range of structural or functional shapes and fulfil

diverse tasks.

Although this system provides a new level of morphological and functional flexibility, several limitations

and drawbacks remain, some of which are inherent to modular robots in general while others are

unique to this platform. The design of the polygon modules is based around a number of experiments

and demonstrations intended to highlight the potential and versatility of the paradigm, demanding
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7.5. Discussion

specific levels of performance from individual elements. These performance factors define the physical

and functional limits of the platform such as the number of modules that can be manipulated under

the influence of gravity, the range of possible shapes an assembly can reach, the time a collection

of modules can operate for, or the maximum speed of different kinematic linkages. Reducing the

functionality with respect to some applications or functions may allow a wider range of possibilities in

another.

The architecture based on physical polygon meshes increases the flexibility of assembled structures,

but greatly complicates the control of individual modules and the overall configuration due to the

increased kinematic dependencies. This is further complicated by the high accuracy needed to main-

tain the integrity of individual polygons and the resulting meshes. While some demonstrations and

experiments can be carried out using simplified models, any convoluted shapes or larger assemblies

require sophisticated algorithms and considerable computational power. Some practical applications

may take advantage of distributed compliant elements that replace otherwise active joints to reduce the

redundancy in larger assemblies, but this limits autonomy and the number of possible reconfigurations.

The fundamental 2D structure of each module and resulting 3D surface meshes restrict the ability to

create complex volumetric configurations. While cubic modular robots, for example, are less flexible in

larger structures, the ability to connect modules to one another at different interfaces in 3D implies

a larger range of possible volumetric configurations. Although this can be circumvented by merging

two polygon modules at their face, or using additional connecting structures, the primary geometric

reconfigurability is bound to continuous surfaces.

Once a larger surface of polygon modules is assembled, replacing or adding modules away from the

edge of the configuration becomes more difficult. For instance, adding a number of modules to the

centre of a dome-shaped assembly requires opening the surface at several locations by decoupling

two edges of select modules to provide anchor points that can pass modules across. This may impact

the structural integrity of the assembly and must be accounted for when planning the reconfiguration

process. Furthermore, each module only features sensors to detect its neighbours, their relative

position, and its own absolute orientation in space. Configurations of modules are thus fully aware of

their own state and can pass modules from one border module to another, while separated modules or

structures require additional sensors to assemble or connect.

The development of Mori 3 lays the groundwork for exploring the potential and studying the efficacy

of the polygon-based paradigm. It introduces a new type of modular robotic system to the field

that has distinct advantages over other approaches and addresses various aspects of reconfigurable

robotics. While the creation of such systems constitutes a significant achievement, applying, testing,

and implementing them remains a considerable challenge. This chapter provides a blueprint for an

implementation of the paradigm, which we aim to validate through experiments and demonstrations

in the near future. We hope that it encourages further work in the community in order to bring us closer

to robotic systems that are not bound to specific tasks, environments, and users.
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8 Conclusion and outlook

The overarching objective of this thesis, and reconfigurable robotics in general, is the development of

robotic systems that are not bound by a fixed morphology and not bound to a unique set of environ-

ments and tasks. Adapting the shape of a single robot can allow it to cope with different surroundings

and fulfil multiple functions. Changing the configuration of different parts or modules of a robotic sys-

tem can alter its behaviour and capabilities to address vastly different applications. Adjusting physical

and mechanical properties of different joints, actuators, or links can shape the way a robot handles and

interacts with its environment. Controlling and managing these properties, configurations, and shapes

using varying methodologies provides the final building block to enable such versatile robotic systems.

While reconfigurable robots are designed to addresses a multitude of use cases, they are not intended

to replace or compete with dedicated, single purpose systems. When designing a robot to operate

in a unique environment and carry out a single, pre-defined task, the development can focus on

reducing the system to a minimum that achieves the best possible result. Conversely, incorporating

the technologies and features required to obtain flexibility in terms of form and function increases the

overall complexity and potentially lowers accuracy and efficiency. This flexibility, however, is highly

desirable in situations where the form and requirements of a task are not known in advance, or where

the use of a different robot for each and every task is impractical.

Several approaches towards reconfigurability in robotics have been presented and studied in literature,

such as origami and modularity, addressing a number of functional needs of a wide range of systems.

Origami robots utilise the transformation of 2D structures into multiple 3D shapes to achieve particular

behaviours. Reconfigurable modular systems employ a number of self-contained entities to assemble

various structures with specific objectives. These approaches highlight the potential of embedding

multiple functions into a single system. The fundamental architecture of existing reconfigurable robots,

however, greatly limits their morphological and functional flexibility.

This thesis aims to overcome these limitations through the development of a new paradigm for highly

versatile systems, taking advantage of both origami and modular robots, reconfigurable mechanisms,

and polygon meshing. It provides a framework for the development of a new class of robotic systems

with an inherent morphological and functional flexibility. These advances are validated through studies

of various building blocks of reconfigurable robots and different prototypes thereof. The thesis presents

a new approach towards reconfigurability in robotics and provides a robotic platform embodying its

key characteristics to further study and take advantage of it. This chapter provides a summary of the

work presented in this thesis, including the novel concepts it introduces, the challenges it addresses,
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and the contributions it holds, followed by a discussion thereof and an analysis of the future potential.

The main contributions of the thesis can be summarised as follows.

• Geometric and functional analysis of the challenges and potential of incorporating reconfigurability

in robotic systems, addressing morphological and functional flexibility, complexity, and scalability.

• Study and development of key building blocks of reconfigurable modular systems, including recon-

figuration mechanisms and algorithms through prototypes and simulation.

• Introduction and analysis of a novel reconfigurable robotic platform with an inherent morphological

flexibility, merging the concepts of modular and origami robotics with polygon meshing.

8.1 Summary and contributions

Providing the first conceptual analysis towards the new paradigm, we studied two fundamental ap-

proaches in reconfigurable robotics, modular and origami robots. Both reconfigurable systems in

their own right, they encompass a multitude of concepts for changing the morphology of a robotic

system. Modular robots have been developed to assemble a variety of functional structures from a set

of self-contained entities, while origami has been utilised to change the shape of a robot for different

purposes. A first combination of these two approaches in literature, the initial version of the Mori robot

combines various features of the two approaches and overcomes some of their individual limitations.

Utilising this unique system we analysed conceptual challenges in reconfigurable systems, such as scal-

ability, control methods, and necessary features. We studied the feasibility of modular origami robots

and validated its functional versatility through three distinct demonstrations and experiments that

address the requirements of modular systems. By assembling different numbers of active and passive

Mori modules in various configurations, we showed the first example of a true 3D representation of a

modular reconfigurable surface. We further demonstrated a modules mobility with three translational

DoFs in a mission-based scenario, highlighting the benefits of the quasi-2D design. We finally showed

how this relatively simple architecture, compared to other modular robots, can be used in complex ap-

plications through closed-loop object manipulation, balancing a ball on a floating platform with three

DoFs. Using this first prototype of Mori, we addressed and studied several challenges of reconfigurable

systems in terms of design and control approaches, as well as functional versatility.

Following the initial conception of a modular origami robot, we further studied mechanical require-

ments and functional challenges in the automatic coupling of modular robots. Due to the high number

of degrees of freedom, the increasing loads in larger assemblies, and the distribution of mechatronic

and control systems, accounting for the failure of any constituent element and unexpected events

is crucial. We developed the first mechanical overload protection mechanism for modular robots,

which guards both the robotic system and any subject or object it interacts with from excessive forces.

Designing and modelling a parametric, self-centring design of this mechanism results in an adjustable

torque threshold and an ideal candidate for a multitude of modular robots and systems.

To complete the conceptual study of modular reconfigurable robots, we focused on the challenges

associated with planning and executing the reconfiguration process. Due to the large number of

entities and degrees of freedom in modular systems, determining how to assemble into a given 3D

shape is computationally demanding and time-consuming. In order to optimise this process, we

devised reconfiguration methods based on origami, determining optimal 2D layouts of modular

robots and finding optimal folding sequences to achieve a target 3D shape. Our unique approach

eliminates connectivity changes during the reconfiguration process, reducing the risk of failure due to
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misalignment. We verified this procedure by simulating different structural and functional shapes and

comparing results to automatic modelling schemes relying on enumeration. Although the performance,

in terms of optimality, diminished with larger numbers of modules and possible 2D layouts, the viability

of our methods for real-time reconfiguration planning was validated through dramatically reduced

computation time along with above-average performance.

Following the conceptual study of various challenges in reconfigurable robotics, we elaborated the

new robotic paradigm from an initial concept into its full form, incorporating polygon meshing and

reconfigurability at varying degrees. We analysed morphological flexibility in modular and origami

robots as well as in virtual polygon meshing to highlight the underlying possibilities and limitations.

We then provided a detailed description of the proposed paradigm with its characteristics and asso-

ciated challenges. By approximating physical structures through polygon abstractions, a system of

shape-changing polygons can be devised that is able to assume a wide range of structural or functional

3D shape. It provides a universal framework for polygon-shaped modular systems with an inher-

ent morphological and functional flexibility that surpasses existing concepts due to the underlying

architecture.

The development of the new paradigm culminated in the development of new robotic platform of

shape-changing polygonal modules. The system incorporates the core features of the framework with

an inherent morphological flexibility and underlying architecture based on polygon meshing, distinct

from any existing self-reconfigurable modular robots. The robotic platform provides a new degree

of structural and functional reconfigurability that surpasses the possibilities of any existing system.

Self-contained robotic modules can alter their own triangular shape, drive towards and attach to each

other, and transform into functional three-dimensional configurations. It is designed as a platform to

further study the building blocks necessary to fulfil its functional flexibility, such as control methods,

reconfiguration algorithms, and power and communication networks. The different components of

the platform can be extended, reduced, and interfaced with additional and complementary systems to

address a variety of application-specific needs. It resembles an approach towards a universal robotic

system that can assume a myriad of structural or functional shape and fulfil a variety of different tasks.

8.2 Discussion

The combination of modularity and origami, studied from the outset of this work, overcomes some

of the limitations of the two underlying robotic concepts. It advances the functional versatility of

origami robots and provides a new level of morphological flexibility in modular robots. At the same

time, however, some of their unique advantages are lost due to necessary compromises when fusing the

two systems. For instance, conventional origami robots utilise the concept of folding more accurately

and effectively than is possible in a modular origami robot. Flexible and compliant hinges, although

their behaviour is not as straight-forward to predict and control, result in kinematic joints with a

larger range of motion and can frequently be folded flat. These are commonly combined with smart

material actuators that lead to unique capabilities. Layer-by-layer, 2D construction is furthermore rapid

and much less costly compared to traditional subtractive or additive manufacturing. Moving away

from flexible hinges towards fixed axes facilitates the implementation of modularity, but complicates

production. It does, however, enable an automatic coupling process and provides a clearly defined

kinematic joint to reconfigure and control assemblies of modules.

In comparison to existing modular robots, the combination of modularity and origami improves the

range of motion between modules and simplifies the kinematic structure and underlying architecture.
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It promotes the functional versatility, already with small numbers of modules, but also limits the ways

in which modules can be attached to one another, and thereby the resulting possible shapes. Moving

from rigid triangular modules to shape-changing polygons greatly enhances the overall morphological

flexibility of such systems and overcomes some of the tight kinematic constraints. The additional DoFs,

however, complicate construction and highlight one of the key limitations and challenges of modular

robots. While traditional, fixed-morphology robots can be constructed with functional requirements

such as force and accuracy that match a desired task, these factors limit the scalability of modular

systems. As the number of entities, and thus DoFs, grows, overall misalignments, force and power

requirements, and computational loads escalate, raising costs and limiting applicability. Furthermore,

the fundamental trade-off between the range of possible functions of modular robotic system and their

performance at each individual task remains and must be taken into account.

8.3 A reconfigurable future

The robotic framework proposed in this thesis provides a new perspective on reconfigurability in

robotics. By studying various features associated with such systems and addressing some of their

challenges, we lay the groundwork for developing universal robotic systems based on polygon meshes.

The platform introduced in Chapter 7 is designed to initially verify the inherent morphological flexibility

and to subsequently study and develop various technological and scientific areas in the field. Although

the robotic platform is an ideal tool for this purpose, advances can equally be made using theoretical

and simulative analyses as well as practically using other robots and platforms that share the conceptual

basis.

First and foremost, the reconfiguration process is the most essential factor in realising and utilising

these robots. It is not only required for most functional configurations that take advantage of the

adaptable morphology, but also for assembling any such configuration and transforming from one

functional state into another. Initial studies with small numbers of modules can be carried out using

manual and hard-coded procedures, but as the number of modules increases, automated models and

controllers are inevitable. The reconfiguration process needs to be planned, controlled, and executed,

for all of which new strategies and approaches are required to address the large number of degrees of

freedom, not just resulting from the joints between modules, but also from the adaptability of modules

themselves.

Building up on an established reconfiguration scheme, whether theoretical or with a functional plat-

form, extensions to the system and its functionality can greatly enhance flexibility and efficiency.

Modules with adapted functions and features in a heterogeneous system should be examined, such

as extra sensors, computing power, communication systems, passive modules, or interfaces for other

technologies. Distributing these modules in a configuration can result in different behaviour profiles

and localised properties. Distributing non-physical elements, such as power and computation, can

also improve overall performance and intelligence in the system. Physical and virtual interfaces such

as coupling points or camera systems can be added to provide an improved infrastructure in specific

environments.

Addressing these conceptual and functional challenges will pave the way towards practical imple-

mentations of the paradigm. We envision a universal robotic framework of shape-changing polygon

modules at various scales and complexities. Based on the ability to recreate a wide range of 3D shapes

or structures in the form of a physical polygon mesh, the realm of possible applications is vast. In

personal robotics for instance, it ranges from a 3D computer display that users can physically interact
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with to a universal assistive system that transforms into locomotion structures, robotic arms, or other

tools as desired. Similarly, in space exploration it can serve as the architectural building block for any

mobile, stationary, or functional system. Depending on the intended set of functions, the embedded

technologies and features of a robotic system can vary greatly, while the underlying structure remains

the same, providing an inherent morphological flexibility.

Figure 8.1 – An artist’s rendition of a system of modular origami structures used on an extraterrestrial body. It
is drawn in acrylic on a sheet of paper folded into the miura-ori origami pattern © Anna I. Popescu.
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A Energy metric derivations

1. Derivation for leaf modules
If module i is leaf, then |Ci | = 0, from Eq. 5.3 the dynamic terms fi and ni are written as

fi = Fi = mi r̈i

ni = Ni + (pi + r ∗
i )×Fi = Ii ω̇i +ωi × (Iiωi )+ (pi + r ∗

i )×Fi
(A.1)

Integrate
∣∣ fi

∣∣ twice with time, Γi is written as

Γi =
∫ tk

tk−1

∫ tk

tk−1

|mi r̈i |d td t = mi
∣∣ ¯̈ri

∣∣ (tk − tk−1)2

= miκ1 ||ri (tk )|− |ri (tk−1)|| = miκ1 |r̂i (tk )− r̂i (tk−1)|
(A.2)

where
∣∣ ¯̈ri

∣∣ is average value of |r̈i (t )| in time t ∈ [tk−1, tk ], and κ1 > 0 is a constant. Integrate ni twice

with time,Λi is written as

Λi =
∫ tk

tk−1

∫ tk

tk−1

|ni |d td t

≤
∫ tk

tk−1

∫ tk

tk−1

|Ii ω̇i |d td t +
∫ tk

tk−1

∫ tk

tk−1

|ωi × (Iiωi )|d td t +
∫ tk

tk−1

∫ tk

tk−1

∣∣(pi + r ∗
i )×mi r̈i

∣∣d td t

(A.3)

For each term in Eq. A.3,∫ tk

tk−1

∫ tk

tk−1

|Ii ω̇i |d td t ≤ ‖Ii‖ ·
∫ tk

tk−1

∫ tk

tk−1

|ω̇i |d td t

= ‖Ii‖ ·
∣∣ ¯̇ωi

∣∣ (tk − tk−1)2 = ‖Ii‖ ·κ2 ||θi (tk )|− |θi (tk−1)||
(A.4)

where
∣∣ ¯̇ωi

∣∣ is average value of |ω̇i (t )| in time t ∈ [tk−1, tk ] and κ2 > 0 is a constant; and θi (t ) is the vector

of generalised joint coordinates. The term∫ tk

tk−1

∫ tk

tk−1

|ωi × (Iiωi )|d td t =
∫ tk

tk−1

∫ tk

tk−1

∣∣|ωi | · |Iiωi | · sin(ϕi ,1) · n̂i ,1
∣∣d td t

≤
∫ tk

tk−1

∫ tk

tk−1

|ωi | · |Iiωi |d td t ≤ ‖Ii‖ ·
∫ tk

tk−1

∫ tk

tk−1

|ωi |2 d td t

(A.5)

where ϕi ,1 and n̂i ,1 are vector angle and normal vector ofωi and Iiωi .
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To derive the term
∫ tk

tk−1

∫ tk
tk−1

|ωi |2 d td t , reminding q̇i as angular velocity of module i rotating about zi ,

and
∣∣q̇i

∣∣= |ωi |, with unified joint motion planning (Sec. 5.1.1), it is deduced that

q̇i (ξ1) · q̇i (ξ2) ≥ 0, ξ1, ξ2 ∈ [tk−1, tk ] (A.6)

then it can be derived as∫ tk

tk−1

|ωi |2 d t =
∫ tk

tk−1

∣∣q̇i (t )
∣∣2 d t = ∣∣q̇i (ξ)

∣∣∫ tk

tk−1

∣∣q̇i (t )
∣∣d t

= ∣∣q̇i (ξ)
∣∣ · ∣∣∣∣qi (tk )

∣∣− ∣∣qi (tk−1)
∣∣∣∣ , ξ ∈ [tk−1, tk ]

(A.7)

and ∫ tk

tk−1

∫ tk

tk−1

|ωi |2 d td t =
∫ tk

tk−1

∫ tk

tk−1

∣∣q̇i (t )
∣∣2 d td t

= ∣∣q̇i (ξ)
∣∣ · (tk − tk−1) · ∣∣∣∣qi (tk )

∣∣− ∣∣qi (tk−1)
∣∣∣∣ (A.8)

Since q̇i (ξ) is a constant with predefined joint motion, define ω̄i as average angular velocity of q̇i in

time t ∈ [tk−1, tk ], then∣∣q̇i (ξ)
∣∣ · (tk − tk−1) = κ3 |ω̄i | · (tk − tk−1) = κ3

∣∣∣∣qi (tk )
∣∣− ∣∣qi (tk−1)

∣∣∣∣ (A.9)

where κ3 is a constant and κ3 > 0. Therefore it is derived that∫ tk

tk−1

∫ tk

tk−1

|ωi |2 d td t = κ3
∣∣∣∣qi (tk )

∣∣− ∣∣qi (tk−1)
∣∣∣∣2 (A.10)

then Eq. A.5 can be expressed as∫ tk

tk−1

∫ tk

tk−1

|ωi × (Iiωi )|d td t ≤ ‖Ii‖ ·
∫ tk

tk−1

∫ tk

tk−1

|ωi |2 d td t

= ‖Ii‖ ·κ3
∣∣∣∣qi (tk )

∣∣− ∣∣qi (tk−1)
∣∣∣∣2

(A.11)

Since for each module,
∣∣(pi + r ∗

i )
∣∣= l /2

sin(π/3) is constant as, and another term in Eq. A.3,∫ tk
tk−1

∫ tk
tk−1

∣∣(pi + r ∗
i )×mi r̈i

∣∣d td t , is derived as follows, according to Eq. A.2

∫ tk

tk−1

∫ tk

tk−1

∣∣(pi + r ∗
i )×mi r̈i

∣∣d td t =
∣∣∣∣∣∣(pi + r ∗

i )
∣∣ ·∫ tk

tk−1

∫ tk

tk−1

|mi r̈i |d td t · sin(ϕi ,2) · n̂i ,2

∣∣∣∣
≤ l/2

sin(π/3)
miκ1 |r̂i (tk )− r̂i (tk−1)|

(A.12)

where ϕi ,2 and n̂i ,2 are vector angle and normal vector of pi + r ∗
i and r̈i .

With |θi (t )| = ∣∣qi (t )
∣∣ and the boundary conditions of qi (tk−1) = 0 and qi (tk ) = θ̂i , Λ∗

i defined as the

maximum ofΛi can be expressed as

Λ∗
i =

∣∣∣∣∫ tk

tk−1

∫ tk

tk−1

Ii ω̇i d td t

∣∣∣∣+ ∣∣∣∣∫ tk

tk−1

∫ tk

tk−1

ωi × (Iiωi ) d td t

∣∣∣∣+ ∣∣∣∣∫ tk

tk−1

∫ tk

tk−1

(pi + r ∗
i )×mi r̈i d td t

∣∣∣∣
= ‖Ii‖ ·κ2 |θi (tk )−θi (tk−1)|+‖Ii‖ ·κ3

∣∣∣∣qi (tk )
∣∣− ∣∣qi (tk−1)

∣∣∣∣2 + l/2

sin(π/3)
miκ1 |r̂i (tk )− r̂i (tk−1)|

= ‖Ii‖ · (κ2
∣∣θ̂i

∣∣+κ3
∣∣θ̂i

∣∣2
)+ l /2

sin(π/3)
miκ1 |r̂i (tk )− r̂i (tk−1)|

(A.13)
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2. Derivation for non-leaf modules
For modules that are not leaves, Γi andΛi are derived as

Γi =
∫ tk

tk−1

∫ tk

tk−1

∣∣∣∣∣|Ci |∑
j=1

fCi , j +Fi

∣∣∣∣∣d td t

≤
|Ci |∑
j=1
ΓCi , j +

∫ tk

tk−1

∫ tk

tk−1

|mi r̈i | d td t ≤
|Ci |∑
j=1
Γ∗Ci , j

+miκ1 |r̂i (tk )− r̂i (tk−1)|
(A.14)

thus Γ∗i is written as

Γ∗i =
|Ci |∑
j=1
Γ∗Ci , j

+miκ1 |r̂i (tk )− r̂i (tk−1)| (A.15)

Since ∫ tk

tk−1

∫ tk

tk−1

∣∣∣∣∣|Ci |∑
j=1

pi × fCi , j

∣∣∣∣∣d td t ≤
|Ci |∑
j=1

∣∣∣∣∣∣pi
∣∣ ·∫ tk

tk−1

∫ tk

tk−1

∣∣∣ fCi , j

∣∣∣d td t · sin(ϕi , j ) · n̂i , j

∣∣∣∣
≤

|Ci |∑
j=1

∣∣pi
∣∣ ·ΓCi , j

(A.16)

where ϕi , j and n̂i , j are vector angle and normal vector of pi and ΓCi , j . Λi can be written as

Λi ≤
|Ci |∑
j=1
ΛCi , j +

∫ tk

tk−1

∫ tk

tk−1

∣∣∣∣∣|Ci |∑
j=1

pi × fCi , j

∣∣∣∣∣d td t +
∫ tk

tk−1

∫ tk

tk−1

∣∣Ni + (pi + r ∗
i )×Fi

∣∣d td t

≤
|Ci |∑
j=1
ΛCi , j +

|Ci |∑
j=1

∣∣pi
∣∣ ·ΓCi , j +

∫ tk

tk−1

∫ tk

tk−1

∣∣Ni + (pi + r ∗
i )×Fi

∣∣d td t

≤
|Ci |∑
j=1

(Λ∗
Ci , j

+ ∣∣pi
∣∣ ·Γ∗Ci , j

)+‖Ii‖ · (κ2
∣∣θ̂i

∣∣+κ3
∣∣θ̂i

∣∣2
)+ l /2

sin(π/3)
miκ1 |r̂i (tk )− r̂i (tk−1)|

(A.17)

Define λ1 = ‖Ii‖, λ2 = l/2
sin(π/3) mi , λ3 = mi , and λ4 = ∣∣pi

∣∣ = 0 or l , and the maximum of Λi can be

expressed as

Λ∗
i =

|Ci |∑
j=1

(Λ∗
Ci , j

+λ4 ·Γ∗Ci , j
)+λ1 · (κ2

∣∣θ̂i
∣∣+κ3

∣∣θ̂i
∣∣2

)+λ2κ1 |r̂i (tk )− r̂i (tk−1)| (A.18)

with the maximum of Γi written as

Γ∗i =
|Ci |∑
j=1
Γ∗Ci , j

+λ3κ1 |r̂i (tk )− r̂i (tk−1)| (A.19)

Therefore, the estimation of torque consumption ε′i =
∫ tk

tk−1

∫ tk
tk−1

|τi |d td t can be represented byΛ∗
i as

in Eq. A.18.
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