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In the current work we present two generalizations of the Parallel Tem-
pering algorithm, inspired by the so-called continuous-time Infinite Swap-
ping algorithm. Such a method, found its origins in the molecular dynamics
community, and can be understood as the limit case of the continuous-time
Parallel Tempering algorithm, where the (random) time between swaps of
states between two parallel chains goes to zero. Thus, swapping states be-
tween chains occurs continuously. In the current work, we extend this idea
to the context of time-discrete Markov chains and present two Markov chain
Monte Carlo algorithms that follow the same paradigm as the continuous-
time infinite swapping procedure. We analyze the convergence properties of
such discrete-time algorithms in terms of their spectral gap, and implement
them to sample from different target distributions. Numerical results show
that the proposed methods significantly improve sampling efficiency over
more traditional sampling algorithms such as Random Walk Metropolis and
(traditional) Parallel Tempering.

1. Introduction. Modern computational facilities and recent advances in computational
techniques have made the use of Markov Chain Monte Carlo (MCMC) methods feasible
for some large-scale Bayesian inverse problems (BIP), where the goal is to characterize the
posterior distribution of a set of parameters § which models some physical phenomena con-
ditioned on some (usually indirectly) measured data y. However, some computational diffi-
culties are prone to arise when dealing with difficult to explore posteriors, i.e., posterior dis-
tributions that are multi-modal, or that concentrate around a non-linear, lower-dimensional
manifold, since some of the more commonly-used Markov transition kernels in MCMC algo-
rithms, such as random walk Metropolis (RWM) or preconditioned Crank-Nicholson (pCN),
tend to encounter difficulties on the geometry of the posterior distribution. This in turn can
make the computational time needed to properly explore these complicated target distribu-
tions arbitrarily long. Some recent works address these issues by employing Markov transi-
tions kernels that use geometric information [4]; however, this requires efficient computation
of the gradient of the posterior density, which might not always be feasible, particularly when
the underlying computational model is a so-called “black-box”.

In recent years, there has been an active development of computational techniques and
algorithms to overcome these issues using a tempering strategy [15, 23, 28, 35]. Of particular
importance for the work presented here is the Parallel Tempering (PT) algorithm [15, 28]

MSC 2010 subject classifications: Primary 60J22, 60J20, 62F15; secondary 65C05
Keywords and phrases: Bayesian inversion, parallel tempering, infinite swapping, Markov chain Monte Carlo,
uncertainty quantification


http://www.imstat.org/aap/
mailto:jl2160@cam.ac.uk
mailto:juan.madrigalcianci@epfl.ch
mailto:fabio.nobile@epfl.ch
mailto:{raul.tempone@kaust.edu.sa, tempone@uq.rwth-aachen.de}
mailto:{raul.tempone@kaust.edu.sa, tempone@uq.rwth-aachen.de}

2

(also known as replica exchange), which finds its origins in the physics and molecular dy-
namics community. The general idea behind such methods is to simultaneously run K inde-
pendent MCMC chains, where each chain is invariant with respect to a smoothed (referred to
as tempered) version of the posterior of interest 1, while, at the same time, proposing to swap
states between any two chains every so often. Such a swap is then accepted using the stan-
dard Metropolis-Hastings (MH) acceptance-rejection rule. Intuitively, chains with a larger
smoothing parameter (referred to as temperature) will typically be able to better explore the
parameter space. Thus, by proposing to exchange states between chains that target posteriors
at different temperatures, it is possible for the chain of interest (i.e., the one targeting 1) to
mix faster, and to avoid the undesirable behavior of some MCMC samplers, to get “stuck” in
a mode. Moreover, the fact that such an exchange of states is accepted with the typical MH
acceptance-rejection rule, will guarantee that the chain targeting p remains invariant with
respect to such probability measure [15].

Tempering ideas have been successfully used to sample from posterior distributions arising
in different fields of science, ranging from astrophysics to machine learning [11, 15, 28, 34].
[25, 36] have studied the convergence of the PT algorithm from a theoretical perspective
and provided minimal conditions for its rapid mixing. Moreover, the idea of tempered dis-
tributions has not only been applied in combination with parallel chains. For example, the
simulated tempering method [26] uses a single chain and varies the temperature within this
chain. In addition, tempering forms the basis of efficient particle filtering methods for sta-
tionary model parameters in Sequential Monte Carlo settings [5, 6, 20, 21, 23] and Ensemble
Kalman Inversion [8]. A generalization over the PT approach, originating from the molecular
dynamics community, is the so-called Infinite Swapping (1S) algorithm [14, 29]. As opposed
to PT, this IS paradigm is a continuous-time Markov process and considers the limit where
states between chains are swapped infinitely often. It is shown in [14] that such an approach
can in turn be understood as a swap of dynamics, i.e., kernel and temperature (as opposed
to states) between chains. We remark that once such a change in dynamics is considered,
it is not possible to distinguish particles belonging to different chains. However, since the
stationary distribution of each chain is known, importance sampling can be employed to
compute posterior estimators with respect to the target measure of interest. Infinite Swap-
ping has been successfully applied in the context of computational molecular dynamics and
rare event simulation [13, 24, 29]; however, to the best of our knowledge, such methods
have not been implemented in the context of Bayesian inverse problems. In light of this,
the current work aims at importing such ideas to the BIP setting, by presenting them in a
discrete-time Markov chain Monte Carlo context, and analyzing the theoretical properties of
such samplers. We will refer to these algorithms as Generalized Parallel Tempering (GPT).
We remark, however, that these methods are not a time discretization of the continuous-time
Infinite Swapping presented in [14], but, in fact, a discrete-time Markov process inspired by
the ideas presented therein. We now summarize the main contributions of this work.

First, inspired by the work in [13], we propose two discrete-time MCMC generalizations
of the PT algorithm in the Bayesian inverse problem setting. Indeed, we introduce a common
MCMC framework for both PT the proposed methods.

Then, we analyze the convergence of both proposed algorithms and prove some of their
theoretical properties, such as reversibility, existence of a positive Ly-spectral gap, and ge-
ometric ergodicity. While the reversibility guarantees that the chain is targeting the desired
invariant probability measure, the existence of an Ly-spectral gap and geometric ergodicity
quantify the speed of convergence of an MCMC chain to its invariant measure, and pro-
vide non-asymptotic error bounds for an ergodic estimator based on the samples from such a
chain. We note that our estimates for convergence for the GPT algorithms presented herein
are not based on temperature analysis or domain decomposition, as done for PT in [36], for
instance. Improving on such analysis will be the subject of a future work.
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Finally, we implement the proposed GPT algorithms for simple Bayesian inverse prob-
lems and compare their efficiency to that of Random walk Metropolis (RWM) and PT. Even
for these simple experiments, we have achieved improvements in terms of computational
efficiency of GPT over RWM and PT, thus making the proposed methods attractive from
both a theoretical and computational perspective. The rest of this paper is organized as fol-
lows. Section 2 is devoted to the introduction of the notation, Bayesian inverse problems, and
Markov chain Monte Carlo methods. In Section 3, we provide a brief review of (traditional)
PT (Section 3.2), and introduce two versions of the GPT algorithm in Sections 3.3 and 3.4).
In Section 4, we recall some of the standard theory of Markov chains in Section 4.1 and state
the main theoretical result of the current work (Theorem 4.6) in Section 4.2. The proof of
such a theorem is given by a series of Propositions and Lemmata in Section 4.2. We present
some numerical experiments in Section 5, and draw some conclusions in Section 6.

2. Problem setting.

2.1. Notation. Let (W, ||-||) be a separable Banach space with associated Borel o-algebra
B(W), and let vy be a o-finite “reference” measure on . For any measure g on (W, B(W))
that is absolutely continuous with respect to vy (in short p < vy), we define the Radon-
Nikodym derivative 7, := dcllfjv .

Let Q : W — R be an integrable function with respect to a measure p < vy, which we
call quantity of interest. We define the expected value of Q with respect to u by

Q) i=E,[Q) = /W Qdy = /W Omduy.

Let now Wy, W5 be two Banach spaces with reference measures vy, , vyy,, and let ) <
vy, , b2 < v, be two probability measures, with corresponding densities (with respect to
vw,, for k=1,2) given by m,m2. The product of these two measures is defined by

p,(A) = (,ul X Mg) (A) = //A 7T1((91)7T2(92)VW1(C191)UW2 (d92), VAe B(Wl X WQ).

In general, we will write product measures (and their respective product densities) with a bold
symbol. Central to the work presented here is the concept of the Markov transition kernel,
defined as follows:

DEFINITION 2.1 (Markov transition kernel, [32]). A Markov kernel on a Banach space
W is a function p: W x B(W) — [0, 1] such that

1. For each A in B(W), the mapping W > 0 +— p(6, A), is a B(W )-measurable real-valued
function.

2. For each 6 in W, the mapping B(W) > A +— p(#,A), is a probability measure on
(W, B(W)).

Loosely speaking, p(6, A) can be interpreted as the (conditional) probability of moving to
aset A € B(W) given that the chain is in a current state 6 € W.

We denote by M (W) the set of real-valued signed measures on (W, B(W)), and by
M(W) C M(W) the set of probability measures on (W, B(W)). Throughout this work, we
will make the distinction between Markov kernel, denoted by lower case p or ¢, and Markov
operator, written with an upper case P or (). The Markov operator associated to a Markov
kernel is defined as follows:



DEFINITION 2.2 (Markov operator, [30]). Letp: W x B(W)+— [0,1] be a Markov ker-
nel on a Banach space W, let f : W — R be a measurable function on (W, B(WV)), and let
v € M(W). We denote by P the Markov transition operator, which acts to the left on mea-
sures, v — v P € M(WW), and to the right on functions, f +— P f, measurable on (W, B(WW)),
such that

(WP)(A) = / p(0, Aw(d), VA€ B(W),
/ F()p(0,dz), VOEW.

Additionally, throughout the work presented herein, we will consider the tensor product
between Markov operators, defined as follows:

DEFINITION 2.3 (Tensor product Markov operator). Let Wy, W5 be two separable Ba-
nach spaces and Py, k = 1,2, be Markov transition operators associated to kernels py, :
Wi x B(Wy) — [0,1]. We define the tensor product Markov operator P := P} ® P as the
Markov operator associated with the product measure p(0,-) = p1(61,-) x p2(f2,-), 6 =
(01,02) € Wy x Wa. In particular, vP is the measure on (W7 x Wo, B(W; x Ws)) that sat-
isfies

(VP)(Al X A2) :// W p1(91,A1)p2(02,A2)1/(d01,deg),

forall A; € B(W1) and Ay € B(W3). Moreover, (P f): W; x W5 — R is the function given
by

(Pf)(e // f(z1,22)p1(01,dz1)p2 (02, d22),
W1 XWQ
for an appropriate f: Wi x Wy — R.

In practice, P can be understood by independently applying two Markov kernels p;, po to
the components represented by some measure v.

We say that a Markov operator P (resp. P) is invariant with respect to a measure v (resp.
v)if vP =v (resp. vP = v ). A related concept to invariance is that of reversibility:

DEFINITION 2.4 (Reversibility). A Markov kernel p: W x B(W) +— [0, 1] is said to be
reversible (or v-reversible) with respect to a measure v € M(W) if

(1) /Bp(Q,A)I/(dH):/Ap(Q,B)V(dG), VA,B e B(W).

Clearly, if a Markov kernel is reversible with respect to a measure v, then the associated
Markov operator P has v as an invariant measure. The reverse is not true, in general. For two
given v-invariant Markov operators P, P», we say that Py P> is a composition of Markov op-
erators. We remark that, in general, P; P> # P) ® P». Furthermore, given a composition of K
v-invariant Markov operators P, := P, P ... Py, we say that P, is palindromic if P, = Pk,
Po=Pg_q,..., Pk=Pr_k11, k=1,2..., K. Itis known (see, e.g., [7, Section 1.12.17])
that a palindromic, v-invariant Markov operator P, has an associated Markov transition ker-
nel p. which is v-reversible.
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2.2. Bayesian inverse problems. Let (©,]-|g) and (Y,|-||y;) be separable Banach
spaces with associated o-algebras B(©), B(Y), and let us define the forward operator
F :© — Y. In inverse problems, we use some data y € Y, usually polluted by some ran-
dom noise 7 ~ pneise, 1 € Y, to determine a possible state § € © that may have generated the
data. Assuming an additive noise model, the relationship between 6 and y is given by:

(2) y= ]:(9) + 17, N~ Mnoise;

for some measure fi,0ise assumed to have a density mpeise With respect to some reference mea-
sure vy on Y. Here, 6 can be a set of parameters of a possibly non-linear Partial Differential
Equation (PDE) modeled by F, for example. On a Bayesian setting, we consider the param-
eter 0 to be uncertain and model it as a random variable with a given prior measure fiprior
on (©,B(©)). Such a prior measure models the knowledge we have on the uncertainty in
0, before observing the data y. If we further assume that the noise 7 and 6 are statistically
independent (when seen as random variables on their respective spaces), then, we have that
P(y — F(0) € -|0) =P(n € ), i.e., y — F(f) conditioned on # has the same distribution as
n). Thus, we define the likelihood function

w(y!9) = 7Tnoise(y - f(e))

Throughout this work, we assume that the likelihood is strictly positive fiprio-a.s. and often
write its density in terms of a non-negative potential function ®(0;y) : © x Y +— [0, 00):

3) ®(0;y) = —log [Mnoise(y — F(0))] .

The function ®(6;y) is a measure of the misfit between the recorded data y and the pre-
dicted value F(6), and often depends only on Hy — F(0) HY Assuming that the prior mea-
sure fiprior has a density 7p,ror With respect to some o-finite measure g, we have from Bayes’
Theorem (see, for example, [22, Theorem 2.5]) that

“4)
7(0) = 7(0ly) = ey~ F(O)psion(0), with 2= [ exp(=@(650) i 6).
O

where p (with corresponding vg-density m) is referred to as the posterior measure. The
Bayesian approach to the inverse problem consists of updating our knowledge concerning
the parameter 6, i.e., the prior, given the information that we observed in Equation (2). One
way of doing so is to generate samples from the posterior measure p. However, it is generally
not possible to directly sample from p given that the normalization constant Z is usually
not known and intractable to compute. A common method for performing such a task is
to use Markov chains Monte Carlo (MCMC) algorithms, as detailed in the next section.
Once samples {6"}_, drawn approximately from 1z have been obtained by some MCMC
algorithm, the posterior expectation E,,[Q] of some pi-integrable quantity of interest Q : © —
R can be approximated by the following ergodic estimator

N
~ 1
EJQ~ Q=5 3 Q0™), 07 ~p
n=1

2.3. Markov Chain Monte Carlo and tempering. The main idea behind using Markov
chain Monte Carlo methods to sample a measure of interest 1 on (0, 5(0)), is to create a
Markov chain whose initial state #° has some distribution v € M(©) and whose Markov
operator P is invariant with respect to y, i.e., uP = p. The Markov chain {0" TJLO is then
generated by sampling 0" ~ p(#"~1,.),¥n € N. One of the most common approaches for
performing such a task is the Metropolis-Hastings algorithm [19, 27]. Let gprop : © X B(©) —
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[0,1] be an auxiliary kernel. The Metropolis-Hastings algorithm works as follows. For n =
1,2,..., a candidate state 0" is sampled from gprop (0™, -), and proposed as the new state of
the chain at step n + 1. Such a state is then accepted (i.e., we set "1 = §*), with probability
OMH,

apmu(0™,6%) = min {1 (0" ) qprop (0%, 0™) }

7(6) qprop (6™, 6*)

otherwise the current state is retained, i.e., "' = ™. The Metropolis-Hastings algorithm
induces the Markov transition kernel p : © x B(0) — [0, 1]

p(6,4) = /A ottt (0,07 peop (6, 40%) + 55(A) /@ (1 — on1(6.6°))pnop (646,

for every §# € © and A € B(©). In most practical algorithms, the proposal state 6* is
sampled from a state-dependent auxiliary kernel gprop(6™,-). Such is the case for ran-
dom walk Metropolis or preconditioned Crank Nicolson, where gprop(0™,-) = N (0", %) or
Gorop(0™,-) = N(1/1 — p20™, pX), 0 < p < 1, respectively. However, these types of localized
proposals tend to present some undesirable behaviors when sampling from certain difficult
measures, which are, for example, concentrated over a manifold or are multi-modal [15]. In

the first case, in order to avoid a large rejection rate, the “step-size”

‘El/QH of the proposal
kernel must be quite small, which will in turn produce highly-correlated samples. In the sec-
ond case, chains generated by these localized kernels tend to get stuck in one of the modes. In
either of these cases, very long chains are required to properly explore the parameter space.

One way of overcoming such difficulties is to introduce tempering. Let p, fiprior be prob-
ability measures on (©,5(0)), k=1,..., K, such that all u, are absolutely continuous with
respect to fiprior, and let {Tk}fle be a set of K femperatures suchthat 1 =17 <Tp < --- <
Tk < 0o. In a Bayesian setting, fiprior corresponds to the prior measure and pu, k=1,..., K
correspond to posterior measures associated to different temperatures. Denoting by 7 the
Hprior-density of pi,, we set

e—2(6:)/ T
(%) Wk(e) = . 0€80,
Zy
where 7, := f@ e~ 20:)/Tx Lprior(d€), and with ®(6; y) as the potential function defined in
(3). In the case where T = 00, we set jLx = [prior- NOtice that p11 corresponds to the target
posterior measure.

We say that for k =2, ..., K, each measure py, is a tempered version of ;. In general, the
1/T}, term in (5) serves as a “smoothing” factor, which in turn makes y easier to explore
as Ty, — oo. In PT MCMC algorithms, we sample from all posterior measures j, simultane-
ously. Here, we first use a p-reversible Markov transition kernel py, on each chain, and then,
we propose to exchange states between chains at two consecutive temperatures, i.e., chains
targeting pux, k11, k € {1,..., K — 1}. Such a proposed swap is then accepted or rejected
with a standard Metropolis-Hastings acceptance-rejection step. This procedure is presented
in Algorithm 1. We remark that such an algorithm can be modified to, for example, propose
to swap states every Ny steps of the chain, or to swaps states between two chains f;, 15, with
i,j chosen randomly and uniformly from the index set {1,2,..., K }. Notice that Algorithm
1 only considers pairwise swaps. In the GPT framework we effectively consider all K! pos-
sible swaps, and accept the proposed swap with probability 1. The construction of the GPT
framework will be discussed in the next section.
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Algorithm 1 Simple PT.

function SIMPLE PT(N, {pr }o_1, {7k }o1, fprior)
Sample 0,21) ~ fprior, kK=1,..., K
forn=1,2,...,N —1do > Do one step of MH on each chain
fork=1,...,Kdo
Sample 00" ~ pi (08,
end for > Swap states
fork=1,2,..., K —1do

oM p(ntD)
Swap states 0,&"“) and HliT[l) with probability aswap = min {1, B Oy a0y ) }

”k(e;(cn+1))7"k+l(9;(citl>)
end for
end for
Output {6{"}1,
end function

3. Generalizing Parallel Tempering. Infinite Swapping was initially developed in the
context of continuous-time MCMC algorithms, which were used for molecular dynamics
simulations. Here, we use PT to, for instance, simulate a system’s energy at different tem-
peratures and to prevent a critical slow down if the temperature is small. In continuous-time
PT, the swapping of the states is controlled by a Poisson process on the set {1,..., K'}. Infi-
nite Swapping is the limiting algorithm obtained by letting the waiting times of this Poisson
process go to zero. Hence, we swap the states of the chain infinitely often over a finite time
interval. We refer to [14] for a thorough introduction and review of Infinite Swapping in
continuous-time. In Section 5 of the same article, the idea to use Infinite Swapping in time-
discrete Markov chains was briefly discussed. Inspired by this discussion, we present two
Generalizations of the (discrete-time) Parallel Tempering strategies. To that end, we propose
to either (i) swap states in the chains at every iteration of the algorithm in such a way that the
swap is accepted with probability one, which we will refer to as the Unweighted General-
ized Parallel Tempering (UGPT), or (ii), swap dynamics (i.e., swap kernels and temperatures
between chains) at every step of the algorithm. In this case, importance sampling must also
be used when computing posterior expectations since this in turn provides a Markov chain
whose invariant measure is not p. We refer to this approach as Weighted Generalized Paral-
lel Tempering (WGPT). We begin by introducing a common framework to both PT and both
versions of GPT.

Let (O, ||-||g) be a separable Banach space with associated Borel o-algebra 5(©). Let us

define the K-fold product space ©F := X£<=1 ©,with associated product o-algebra BX :=
sz1 B(©), as well as the product measures on (©% BK)

K
(6) pi= X g,
k=1

where pup k=1,..., K are the tempered measures with temperatures 1 <77 <Ts <13 <
-+ < Tk < oo introduced in the previous section. Similarly, we define the product prior

measure fprior ‘= ><,€K:1 Lprior- Notice that g has a density 7r(8) with respect to feprior given
by

K
w(0) = [[m(6x), 6:=(01,....0k) € OF,
k=1

with 7;(0) added subscript given as in (5). The idea behind the tempering methods presented
herein is to sample from g (as opposed to solely sampling from 1) by creating a Markov
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chain obtained from the successive application of two p-invariant Markov kernels p and q,
to some initial distribution v, usually chosen to be the prior °. Each kernel acts as follows.
Given the current state added subscript 8" = (67,...,07%), the kernel p, which we will call
the standard MCMC kernel, proposes a new, intermediate state 8"+ = (GN?H, e ,énKH),
possibly following the Metropolis-Hastings algorithm (or any other algorithm that generates
a p-invariant Markov operator). Typically, p is a product kernel, meaning that each compo-
nent 0, k =1..., K, is generated independently of the others. Then, the swapping kernel
q proposes a new state 0"+ = (9711 ... ") by introducing an “interaction” between
the components of 6("+1) This interaction step can be achieved, e.g., in the case of PT,
by proposing to swap two components at two consecutive temperatures, i.e., components k
and k£ + 1, and accepting this swap with a certain probability given by the usual Metropolis-
Hastings acceptance-rejection rule. In general, the swapping kernel is usually applied every
N steps of the chain. We will devote the following subsection to the construction of the
swapping kernel q.

3.1. The swapping kernel q. Define Sk as the collection of all the bijective maps from
{1,2,..., K} to itself, i.e., the set of all K! possible permutations of id := {1,...,K}. In
addition, let S C Sk be any subset of Sk closed with respect to inversion. We denote
the cardinality of Sk by |Sk| < K!. Let 0 € Sk be a permutation, and define the swapped

state Oy := (05(1), - - -, 0,(K)), and the inverse permutation o7l €Sk suchthat c oo™ =

o~ ! oo =id. To define the swapping kernel q, we first need to define swapping ratio and

swapping acceptance probability.
DEFINITION 3.1 (Swapping ratio). We say that a function 7 : ©% x S+ [0,1] is a
swapping ratio if it satisfies the following two conditions:
1. VO € ©K, (8, ) is a probability mass function on Sx.
2. Vo € Sk, r(-,0) is measurable on (0% BK).

DEFINITION 3.2 (Swapping acceptance probability). Let @ € ©K and o, 07! € S. We
call swapping acceptance probability the function ogwap : OF x Sk + [0,1] defined as

w(0,)r(0,,07 1)
w(0)r(0,0) ’

Qgwap(0,0) = min { 1,

We can now define the swapping kernel q.

DEFINITION 3.3 (Swapping kernel).  Given a swapping ratio r : © x S+ [0,1] and its
associated swapping acceptance probability agwap : Of x Sk + [0,1], we define the swap-
ping Markov kernel q : ©% x BE 1 [0,1] as
(7
a(6,B)= > 1(6,0) [(1 - swap(6,5))06(B) + tswap(6,0)00,(B)], 60", BeBX,

oc€SK
where dg(B) denotes the Dirac measure in 6, i.e., dg(B) = 1 if @ € B and 0 otherwise.

The swapping mechanism should be understood in the following way: given a current state
of the chain @ € ©F | the swapping kernel samples a permutation o from Sy with probability
r(6,0) and generates 6,,. This permuted state is then accepted as the new state of the chain
with probability ciswap (0, o). Notice that the swapping kernel follows a Metropolis-Hastings-
like procedure with “proposal” distribution (@, o) and acceptance probability cxwap(6,0).
Moreover, such a kernel is reversible with respect to p, since it is a Metropolis-Hastings type
kernel.
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PROPOSITION 3.4. The Markov kernel q defined in (7) is reversible with respect to the
product measure p defined in (6).

PROOF. See Appendix A.1. O

This generic form of the swapping kernel provides the foundation for both PT and GPT.
We describe these algorithms in the following subsections.

3.2. The Parallel Tempering case. We first show how a PT algorithm that only swaps
states between the 7" and j*" components of the chain can be cast in the general framework
presented above. To that end, let o; ; € Sk be the permutation of (1,2,..., K), which only
permutes the i*" and 5" components, while leaving the other components invariant (i.e., such
that (i) = j, 0(j) =1, and o(k) = k, k # i,k # j). Define the PT swapping ratio between
components 7 and j by rf;T) 10K x Sk 10,1] as

WD (f,0):= {0 =
7 0 otherwise.
Notice that this implies that TEET)(OO, o )= (PT)(H o) since a;jl =0, and TEET)

not depend on @, which in turn leads to the swapping acceptance probability agagg 10K x

Sk + [0,1] defined as:

does

7(0;,
ag’gg(e gij) —mm{l 7<"(0))}’ agi;fg(e 0)=0, o # 0.

Thus, we can define the swapping kernel for the Parallel Tempering algorithm that swaps
components ¢ and 7 as follows:

DEFINITION 3.5 (Pairwise Parallel Tempering swapping kernel). Let 8 € ©X, oij €
Sk . We define the Parallel Tempering swapping kernel, which proposes to swap states be-

tween the 7*" and j** chains as qz( g . oK x BK s — [0, 1] given by

al; " 0,8)= Y 1 (0,0) (1 - al1)(0,0))0(B) + o168, 0)b6,(B) )

oc€SK

, (0o, ) ) (05, )
= 1—m1n{1, () }(59(3) +m1n{1, () }59%4_(3), VB ¢ B,

In practice, however, the PT algorithm considers various sequential swaps between chains,
which can be understood by applying the composition of kernels qz(le)qLPgT) ... at every
swapping step. In its most common form [7, 15, 28], the PT algorithm, hereafter referred
to as canonical PT (which on a slight abuse of notation we will denote by PT), proposes
to swap states between chains at two consecutive temperatures. Its swapping kernel q(*™) :
OF x BK —[0,1] is given by

PT PT PT

( ) —q§2 )q(23 . qg{—i,K'
Moreover, the algorithm described in [15], proposes to swap states every Ng > 1 steps of
MCMC. The complete kernel for the PT kernel is then given by [7, 15, 28]

8) p" = afy ally a1 ™
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where p is a standard reversible Markov transition kernel used to evolve the individual chains
independently. Although the kernel p as well as each of the q; ;41 are p-reversible, notice
that (8) does not have a palindromic structure, and as such it is not necessarily p-reversible.
One way of making the PT algorithm reversible with respect to g (although not very common
in practice, to the best of the authors’ knowledge) is to consider the palindromic form

PT) (PT PT PT PT) (PT
(RPT) ;= (qig )qg,?, )---q%_i;{) p'" (ng()q"-qga )qg,l )) :

p

3.3. Unweighted Generalized Parallel Tempering. The idea behind the Unweighted

Generalized Parallel Tempering algorithm is to generalize PT so that (i) N = 1 provides

a proper mixing of the chains, (ii) the algorithm is reversible with respect to p, and (iii) the

algorithm considers all possible swaps, instead of only pairwise swaps. We begin by con-
structing a kernel of the form (7). Let r(UW) K x Sp [0, 1] be a function defined as

7(6,)
E:a“ESK ﬂ(900’

Clearly, (9) is a swapping ratio according to Definition 3.1. As such, given some state
0 € ©K, r(UW) (9, 5) assigns a state-dependent probability to each of the | S| possible per-

) r(OW)(9,0) = 00X oe Sk.

mutations o in Sk . This permutation o is then accepted with probability aggzg), given by

UW)(g_ o1
W) . 7 (0,)r (05,077)
(10) swap (6,0) :=min {1’ w(0)r(UW)(8, o) .

Thus, we can define the swapping kernel for the UGPT algorithm, which takes the form of
(7), with the particular choice of 7(8,0) = r(YW)(8,0) and agyap(8,0) = aégﬁg)(e,a) SO

that aggg};}v ) (0,0) = 1. Indeed, if we further examine Equation (10), we can see that

7(0.)r" (05,07 m(0,) w(O) Y, m(0r) w0, w6 _
m(0)r(TW)(8,0) w(0) w(0;) >.,;7(0;) w(O) m(6)

In practice, this means that the proposed permuted state is accepted with probability 1. We
define the swapping kernel for this process.

DEFINITION 3.6 (unweighted swapping kernel). The unweighted swapping kernel
q"W): 0K x BK 1 [0,1] is defined as

qa"™(0,B)= > r"W)(6,0)6,(B), VOcO®, BeB~

oceSk

(UW)

Applying this swapping kernel successively with the kernel p in the order q
p(UW) gives what we call Unweighted Generalized Parallel Tempering kernel p . Notice
that p("W) is a palindromic composition of kernels, which is reversible with respect to p,
and as such, p(YW) will also be reversible with respect to g [7]. Lastly, we write the UGPT
in operator form as

pPUW) . QUW)pQ(UW),

where P and QW) are the Markov operators corresponding to the kernels p and q("W),
respectively.

The UGPT algorithm proceeds by iteratively applying the kernel p("W) 0 a predefined
initial state. In particular, states are updated using the procedure outlined in Algorithm 2.
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Algorithm 2 Unweighted Generalized Parallel Tempering.
function GENERALIZED PARALLEL TEMPERING(p, NV, V)
Sample 6V ~ v
forn=1,2,...,N—1do

Sample 65" ~ q"W) 0™, > first swapping kernel

Sample 2"+ ~ p(eﬁ,”), 3 > Markov transition kernel p kernel

Sample 8D ~ q(UW) (z(n+D) ) > second swapping kernel
end for

Output {8},
end function

REMARK 3.7. In practice, one does not need to perform | Sk | posterior evaluations when
computing r(YW) (07 .), rather “just” K of them. Indeed, since 7;(87) o< 7(6x) %, k,j =
1,2,..., K, we just need to store the values of 7(0}}),k =1,2,..., K, for a fixed n, and then
permute over the temperature indices.

Let now Q : © — R be a quantity of interest. The posterior mean of Q , 1(Q) := u1(Q) is

~

approximated using N € N samples by the following sample mean estimator Q yw):
5 LS o)
w(Q) ~ Q(UW) = N Zl Q(6;).

3.4. Weighted Generalized Parallel Tempering. Following the intuition of the continuous-
time Infinite Swapping approach of [14, 29],we propose a second discrete-time algorithm,
which we will refer to as Weighted Generalized Parallel Tempering (WGPT). The idea behind
this method is to swap the dynamics of the process, that is, the Markov kernels and tempera-
tures, instead of swapping the states such that any given swap is accepted with probability 1.
We will see that the Markov kernel obtained when swapping the dynamics is not stationary
with respect to the product measure of interest p; therefore, an importance sampling step is
needed when computing posterior expectations.

For a given permutation o € Sk, we define the swapped Markov kernel p, : oK x BK —
[0,1] and the swapped product posterior measure p1, (on the measurable space (©%, BK))
as:

pd(ea') :pa(l)(017') Xoees Xpo‘(K)(QKa')7

Ko = fo(1) X =+ X Ho(K)>
where the swapped posterior measure has a density with respect to fprior given by

(11D 71'0(0) ::71'0(1)(91)X"'XWU(K)(QK)a 9€@K,UESK
Moreover, we define the swapping weights

-(0
(12) W (0) i= ) 0cok ocSk.

ZU’ESK o/ (0) ’
Note that, in general, 7,(0) # m(6,), and as such, w,(0) # r(VV)(8, ), with w, defined
as in (12).

DEFINITION 3.8.  We define the Weighted Generalized Parallel Tempering kernel p(W) :
OF x BK —[0,1] as the following state-dependent, convex combination of kernels:

p™(0,):= > ws(0)p,(0,)), 0cOF, oe Sk

o€SK
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Thus, the WGPT chain is obtained by iteratively applying p("). We show in Lemma 4.9
that the resulting Markov chain has invariant measure

(13) — X
P = ‘SK|GGZS Mo =i X -+ X [i,

with i = \TIKI > o Mo, 1.€., the average with tensorization. Furthermore, pw has a density
(w.r.t the prior u%) given by

7TW

> m(0), 0€0F,

| K|U€S

and a similar average and then tensorization representation applies to 7ryw. We remark that
this measure is not of interest per se. However, we can use importance sampling to compute
posterior expectations. Let Q(0) := Q(0;) be a p-integrable quantity of interest. We can
write

B 0] =EulQ0)] =By [000) O] = L 5 B, o) ZEL ]

cE€SK

The last equality can be justified since pw is invariant by permutation of coordinates.
Thus, we can define the following (weighted) estimator of the posterior mean Q) of a
quantity of interest Q by

w(Q) ~ @(W)

(”)
\SKl N z Z Ao

g€SK n=1 ﬂ-W

(n (n)
(14) v 2 > 00",

g€ESK n=1

where we have denoted the importance sampling weights by w(6,0) := 7:«(?5 )) and where

N is the number of samples in the chain. Notice that w(8,0) = @(6,0~!). As a result, the
WGPT algorithm produces an estimator based on N K weighted samples, rather than “just”
N, at the same computational cost of UGPT. Thus, the previous estimator evaluates the quan-
tity of interest Q not only in the points Q(ng)), but also in all states of the parallel chains,
Q(HSH)) for all o € Sk, namely Q(@,(Cn)), k=1,2,..., K. The Weighted Generalized Par-
allel Tempering procedure is shown in Algorithm 3. To reiterate, we remark that sampling
from pU(G("), -) involves a swap of dynamics, i.e., kernels and temperatures.

Algorithm 3 Weighted Generalized Parallel Tempering.
function WEIGHTED GENERALIZED PARALLEL TEMPERING({Pos }ocs) , N, V)
Sample 6V ~ v
forn=1,2,....N—1do

Sample 0 ~ {wy/ (0™)}ores, > sample the permutation o with probability ws(0™)
Sample ("1 ~ pg(0<”)7 2 > Sample state with the swapped Markov kernel
end for

()utput {e(n) }n 1 {{wa’ (On)}G’GSK }7];]:1 .
end function

Just as in Remark 3.7, one only needs to evaluate the posterior K times (instead of |Sk|)
to compute wy.)(6").
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4. Convergence theory of Generalized Parallel Tempering.

4.1. Preliminaries. In this section, we briefly review some of the concepts related to the
convergence of MCMC chains, which in turn will be used to prove some of the desirable
theoretical properties of both Weighted and Unweighted GPT algorithms. We rely heavily
on the theory developed in [18, 30, 32]. We assume that the chains generated by the MCMC
kernels pg, for kK =1,..., K, are aperiodic, uj-irreducible [2], and have invariant measure
g on the measurable space (0, 5(0)).

Letr € [1,00) and 1 € M(O) be a “reference” probability measure. On a BIP setting, this
reference measure is considered to be the posterior. We define the following spaces

L,=L,(O,u)= {f :©— R, p-measurable, s.t || f|| = / |f(0)]"n(dl) < oo} ,

L?ZLT(@,M)Z{fEL(@u st u(f /f 1(do) —0}

Moreover, when r = co, we define

o(@,n): =< f:0—=R, st inf sup |f ‘<oo

u(B) 0yco\B
Yo Y \

Notice that, clearly, L2(©, i) C L,-(©, ). In addition we define the spaces of measures
My(O,1) = {v € M(©) s.t.v < 1, V]l (@, < o}

dv
where  [|lv]|, (g, = du

L©w)

Notice that the definition of L,-norm depends on the reference measure y, and on ©.
We remark that the functional space L, (O, u) is isometrically isomorphic to the space of
measures M, (©, u) [32].

A Markov operator P : L,.(©, u) — L, (O, 1) with invariant measure 1 is a bounded linear
operator. Let f € L, (0, ). The operator norm of P is given by

1Pz, om0 = sup  [PflL -
If“LT(@,/L):l

Letr,s € [1,00], suchthat 7' +s71 = 1.If P*: L (O, uu) — L4(O, 1) denotes the adjoint
operator of P acting on L, (0, 1), it can be shown (see, e.g., [32]) that

=L (O.p) = HP*HLS(G,M)HLS(@,,U,) :

It is also shown in [32] that if P : Ly(©,pu) — Lo(©, ) is p-reversible, then, P is a p-
self-adjoint operator, i.e., P* = P. It is well-known (see, e.g., [32]) that any Markov oper-
ator P with invariant measure 4 can be understood as a weak contraction in L, (©, ), i.e
1Pl 0 )L (0,0 < 1. To quantify the convergence of a Markov chains generated by a
Markov operator P, we define the concept of geometric ergodicity.

DEFINITION 4.1 (L,-geometric ergodicity [30]). Letr € [1,00). A Markov operator P
with invariant measure p € M(O) is said to be L, (0O, u)-geometrically ergodic if for all
probability measures v € M,.(©, ) there exists an « € (0,1) and C),, < oo such that

Hl/Pn — M”L,-(@,u) < Cya", n € N.
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A related concept to L,-geometric ergodicity is that of Lo-spectral gap.

DEFINITION 4.2 (Ls-spectral gap [30]). A Markov operator P : Ly(©, u) — Lo(O, 1)
with invariant measure p € M(©) has an La(O, p)-spectral gap 1 — > 0, with 5 < 1, if
for any signed measure v € M2 (0, 1) with v(0) = 0, the following holds

WP, < BIVIL,o. -

Note that this is equivalent to having || P| 9(e 1) 19(6,4) < B-

The following result follows from [32], and relates the concepts of L, (O, u)-geometric
ergodicity and Lo (O, uu)-spectral gap.

LEMMA 4.3. Let P: Ly(O, ) — La(O, ) be a p-reversible Markov transition opera-
tor. The existence of an Lo(O, u)-spectral gap implies L, (O, v)-geometric ergodicity for any
r € [1,00].

PROOF. The previous claim is shown in [32, Proposition 3.17 and Appendix A.4]. It is
also shown in [32] that, in general, 8 < «, with « given as in Definition 4.1. O

We remark that some of the most widely used Metropolis-Hastings type algorithms, such
as independent Metropolis, random Walk Metropolis and preconditioned Crank-Nicolson,
among others, are known to be both reversible and to have an Lo-spectral gap under very
mild conditions [18]. We will make use of these concepts when discussing the theoreti-
cal properties of the GPT procedures in the following subsection. In particular, we will
show that under some mild assumptions on each of the K Markov transition kernels py,
k=1,... K, the chains generated by both the Weighted and Unweighted GPT algorithms are
(i) reversible with respect to either p (for Unweighted GPT ) or pw (for Weighted GPT ),
(ii) their corresponding Markov operators have an Lo-spectral gap, and as such (iii) they are
L,-geometrically ergodic for r € [1, o).

4.2. Main theoretical results. 'We begin with the definition of overlap between two prob-
ability measures. Such a concept will later be used to bound the spectral gap of the GPT
algorithms.

DEFINITION 4.4 (Density overlap). Let p, pt; be two probability measures on the mea-
surable space (©, B(©)), each having respective densities 7 (0),7;(0), 6 € ©, with respect
to some common reference measure vg also on (©,5(0)). We define the overlap between
7,(6) and 7;(6) as

erimy) = [ min{m(6),m,(6)}e(d6).
An analogous definition holds for 7, 7,, with p,0 € Sk.

ASSUMPTION4.5. Fork=1,...,K,let pi, € M1(O, tiprior) be given as in (5), py, : © x
B(©) [0, 1] be the Markov kernel associated to the i dynamics and let P : L, (O, uz) —
L, (0, ug) be its corresponding fi-invariant Markov operator. In addition, for o, p € Sk,
define the measures p,, p, € M (@K ) as in Equation (6). Throughout this work it is assumed
that:

C1. The Markov kernel py, is ug-reversible.
C2. The Markov operator Py has an Lo (O, puy)-spectral gap.
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C3. Forany o0,p € Sk, Ay p = Ny, (To, ™) > 0, with 7w, 7, defined as in (11).

We now proceed to state the main result of this section. Assumption C3 holds true given
the construction of the product measures in Section 3.

THEOREM 4.6 (Main theoretical result).  Suppose that Assumption 4.5 holds, let p, prw €
M(OK) be the measures defined in (6) and (13), and denote by POV : Ly(0K u) v
L(05, ) and P : Ly(OF ) — Lao(OK, uyw) the Markov operators associated to
the Unweighted and Weighted GPT algorithms, respectively. Then:

() PYW) is p-reversible and has an Lo(©%, p)-spectral gap.
(i) P™ is py-reversible and has an Lo(©F | pyy)-spectral gap.

The following corollary is a direct consequence of Theorem 4.6 and Proposition 4.3.

COROLLARY 4.7. Under the same assumptions as in Theorem 4.6, the Markov kernels
pW 0K x BK - [0,1], and p™ : ©F x BX - [0, 1], associated with the Unweighted
and Weighted GPT algorithms, are L,(©%, u)-geometrically ergodic and L,(©%, pw)-
geometrically ergodic for any 7 € [1, 0o].

The proof of Theorem 4.6 is decomposed in several propositions and lemmata. We begin
by studying reversibility.

PROPOSITION 4.8.  Suppose Assumption C1 holds. Then, p=p; X --- X px (resp. po =
Do(1) " X Do(k)) 18 reversible with respect to p (resp. p).

PROOF. We prove reversibility by confirming that equation (1) holds true. To that end,
let @ € ©K, A B e BX, where A and B tensorize, i.e., A:= H,f:l A and B := H,{;l By,
with Aq,..., A, B1,...,Bg € B(@) Then,

K
JRCECITE 11 /. (00)p(01. Be)

K
:g/jgkﬂ(ek)pwk,flk)d@k:/ w(0)p(6,A)d6.

B

Showing that the previous equality holds for sets A, B that tensorize is indeed sufficient to
show that the claim holds for any A, B € BX. This follows from Carathéodory’s Extension
Theorem applied as in the proof of uniqueness of product measures; see [1, §1.3.10, 2.6.3],
for details. O

LEMMA 4.9 (Reversibility of the Generalized Parallel Tempering chain). Under Assump-
tion C1, the Markov chains generated by p'®™) and p™’ are reversible with respect to p and
L, respectively.

PROOF. We begin with the Unweighted GPT algorithm. Since p"W) is a palindromic
composition of reversible kernels (with respect to the same measure ), i.e., pY"V) =
q"Wpq¥™W)| reversibility follows from [7, chapter 1.12.7 ]. For the Weighted case, we



16

show reversibility by showing that (1) holds true. Thus, for 8 € ©K, A B ¢ B, with
A=A X+ X Ak, Ay € B(O), and with By, defined in a similar way, we have that:

Z €Sk ﬂp(e)
/A pW)(8, By (6)d0 — / S™ w,(0)p, (6, B) S Hrion(40)

A o€SK

_ _ m(6) Lpesi ™o(0)
_ /A D e LG B v S T

oc€SK

B rior
|SK’ Z /770 pcr 0 )up (d0>

|SK’ Z / 7‘-‘7 pa(g A)pfprlor(de) (by PI'OpOSlthl’l 4. 8)

O'GSK

,Z/ZS PO 4) 3 ()t (10

c€SK pPESK

Z/w(7 )Ps (0, A) 7w (0) pprior (A6)

oeSk

= /B p(w) (0, A)Ww(g)ﬂprior (d@).

where once again, in light of Carathéodory’s Extension Theorem, it is sufficient to show that
reversibility holds for sets that tensorize. O

Since reversibility with respect to a measure implies that the Markov kernel is invariant
with respect to such measure, the previous result shows that both GPT algorithms considered
herein sample from the desired measures, @ and vy, for the Unweighted and the Weighted
GPT, respectively.

Next, we focus on studying the ergodicity of the samplers. We begin with an auxiliary
result that we will use to bound the convergence of both the Weighted and Unweighted GPT
algorithms.

LEMMA 4.10.  Suppose that Assumption 4.5 holds and let P := ®k: L P La(OF  p)
Lo (©K | ), with invariant measure p = iy x - - - X pugc. Then, P has an Lo(©% | u)-spectral
gap, i.e, |Plryex ppsrgon ) < 1 Moreover the Markov chain obtained from P is

L, (0% u)-geometrically ergodic, for any r € [1,0].

PROOF. We limit ourselves to the case K = 2, since the case for K > 2 follows by induc-
tion. Denote by I : Lo(O, pug) — L2(0O, ug), k = 1,2 the identity Markov transition operator,
and let f € Lo(©2, u). Notice that f admits a spectral representation in Ly (©2, ) given by
f(0)=3_; & (61);(02)ck 5, with ¢, ; € R, and where, {¢y, }ien is a complete orthonormal
basis (CONB) of L(©, 111) and {t;}jen is a CONB of Ly(O, 2), so that {¢ @ ¥}k jen
is a CONB of L2(0©2%, ). Moreover, we assume that ¢ = 1) = 1, and write, for notational
simplicity || Pyl = [Pl 1, (0, ,)s La(©,u0) @0 [1P2]l = [ P2l 0 (@12 Lastly, de-
note fo = f — co0, s0 that fo € LI(©? u). Notice that

2

”LLQ i—>L2

oo

I(Pro DSl o= D Pron)den,

(k,5)#(0,0) Ly(©2,1)



GENERALIZED PARALLEL TEMPERING 17

o0 oo oo 2
= > Pigrcry | i+ coProoy;
j=0 \ k=1 j=1 L2(0210)
2 2
oo o0 oo
=D D Prowcr,; + cojPiso +1 - Pigreio
U La(©m) I L2(O.u1)
2 2
o o0 [e.e] 9 oo
= Z Z PrCr,j + z HCO,jd)OHLQ(@’m) + [P Z PkCi0
=1 h=1 Lo©u) 77! h=1 L2(0,p1)
oo oo o0
2 2
< Z [Py ]| Zci,j +ag; |+ Ia 2012,0
j=1 k=1 k=1
o0
2 2
= || Po* [ ollZ p0m gy + (1 = 1P11%) D _(c0,)°
7j=1
Proceeding similarly, we can obtain an equivalent bound for H (I ® Py) fo H Lo(02,1)" We are

now ready to bound HPHL2(@27”),_>L2(92’”) as

IPIZ 02 s La(@r ) < | (P1® P2)f0Hiz(®2,u) =[[(AeDI® P2)f0Hi2(@2,u)

2
oo o0
<[P || (I @ P2) f0HL2(92 ) P | D TR P) Y cordetdr, ot
j=1 Lk
2
) ) oo oo
= 1P 12 @ Po) folly 0y + (L= IIPLIP) | D | D2 con(Pon) v
j=1 \ k=1
2
o
<|Pi* || @ Py) foHL @ T (1= 1P (| P2 | ot
k= La(©,p2)

<[P NPl [ follZ s + P17 (1 = (| P2l®) cho (L= [2)) [ 22l ZCOk

Assuming without loss of generality that || P;|| > || P||, we can use the inequality above to
bound

2 2 2 2 2
P12 o s < NP2 1B 1ol 1A (1 — 2202 [ S 30+200k
j=1

S HfOHiQ((—ﬂ,,L)

2 2
< 1P foll7, 02,4 -
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Thus, we have that HP”LS(Gz,u)HLB(@z,u) < man:LQ{HPkHLS(@,%)HLQ(@,%)} < 1. The
previous result can easily be extended to K > 2. Lastly, L, (0%, u)-geometric ergodicity
Vr € [1, 00] follows from Lemma 4.3. O

We can use the previous result to prove the geometric ergodicity of the algorithm:

LEMMA 4.11 (Convergence of UGPT ). Suppose Assumption 4.5 holds and denote by
the invariant measure of the UGPT Markov operator P, Then, PW) has an Lo (0K, u)-
spectral gap. Moreover, the chain generated by PV is L,.(0% | u)-geometrically ergodic
foranyr € [1, .

PROOF. Recall that PWW) := QUWPQUW). From the definition of operator norm, we
have that
) 2

Pl g0 puyes Ly (@ )

<o)
LY(OF )= LY(OK ) —

LY(OF,pu)— L3 (0K, 1)
< HPHLg(@K,u)HLg(@K,H) <1,

where the previous line follows from Proposition 4.10 and the fact that QUW) is a weak
contraction in Lo (0%, 1) (see, e.g., [3, Lemma 1]). Lastly, L, (0%, u)-geometric ergodicity
Vr € [1, 00] follows from Lemma 4.3. O

We now turn to proving geometric ergodicity for the WGPT algorithm. We begin
with an auxiliary result, lower-bounding the variance of a pyy-integrable functional f €

L2(6K7 IJ/W)

LEMMA 4.12.  Let f € LY(OF, pw) be a p-integrable function such that 11l g0 o) =
1, and denote by V ., [f1, V. [f] the variance of f with respect to pwy, po, respectively with
o € Sk. In addition, suppose Assumption 4.5 holds. Then, it can be shown that

A, 1
0 < — \% <V =1
< h S5 2 Ve S Vil=1,
O'ESK
with Ay, = min {A; ,} and A, as in Assumption C3.
0,pESK
PROOF. See Appendix A.2. O

We are finally able to prove the convergence of the WGPT algorithm.

LEMMA 4.13 (Convergence of WGPT). Suppose Assumption 4.5 holds for some r €
[1,00] and denote by pw the invariant measure of the WGPT Markov operator P™).
Then, P™) has an Ly(©F, uw)-spectral gap. Moreover; the chain generated by P™ is
L. (0%, uw)-geometrically ergodic for any r € [1,00].

PROOF. Let f: O = R be an Ly(O©X, pyy)-integrable function with gy (f) = 0. More-
over, let £:= {f € LY(0F, puw) : [£1l g0 yuy) = 1}- Then, from the definition of operator
norm,

2 2

HP<w)

=SUPsep HP(W)f’

Lg(@K,Mw)P—)Lg(@K,Mw) LQ(eKvl-"W)
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2
w, (0 / f(y)ps(0,dy)| pw(d6)
oc€eSk

=su
Prec /@K

<Supsep /@K wy (6 ‘/ f(y)ps(0,dy)| pw(d@) (from convexity of (-)?)
0ESK

(15)

= sup /
f€E|SK| Z oK

€Sk

2

Y)Ps(0,dy)| ps(d6) (from the definition of w, and pw).

Now, let f, := po(f). Notice that we have

/@K 2ua(d0)
:/@K

A

[ ([ vw- fa)pa(97dy)>2ua(d9) 20 [ [ ()= Fo)pa(6,ay)ae(a0)

-
= 0 by stationarity

f(y)ps(0,dy)
@K

| 0@ o+ Fope(6,0)

2
Ko (d0)

2
+

2

(f(y) — fo)ps (6. dy)

OK

foPo(0,dy)
@K

+2f5 /@K(f(y) - fo)pa((?,dy)) Mo (d6)

:/K (/K(f(y) _fo)pa(07dy>)2ud<d0)+(f0>2

[ forUortrt f")p"“’ ) be(éd) ([ 0®© -7 motao) + (77
o

Jox ( ~Jo)" 1o (d6)

<IP o sazion o ([ (70) = ) o)) 4 (7

Pl oo [ SOP1(8)) + (1= IPelyor psgion ) (Ui
(16)

7\ 2
= < . f(9)2ua(d0)) - (1 - HPO'||%g(@K,[J,0)0—>Lg(@K,[J,0)> (/@K (f(8)— fo) Ma(d9)> :

=1, withy € (0,1)

Replacing Equation (16) into Equation (15), we get
< sup ( A f(9)2uw(d0)> =V, [f]
) K

[P
fe L3O, pw

LY(OF pw)—L3 (0K, puw)

||fHLg(@K,,LW):1

Am
§1—7<2_A ><1 (by Lemma 4.12).
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Thus, P™ has an Lo (O, pyw) spectral gap. Once again, L, (0%, pw)-geometric ergod-
icity (with 7 € [1, 0c]) follows from Lemma 4.3.
O

The proof of Theorem 4.6 then follows immediately from Lemmata 4.9, 4.11, 4.13. We
remark that, we have not used temperature information in our estimates, and as such, we
believe that our estimates can thus be improved. These potential improvements will be the
focus of a future work. Furthermore, we remark that the framework presented herein is, in
principle, dimension independent, and as such, can be applied to infinite-dimensional BIP
[33], provided proper Markov kernels are used on each chain (as for instance, those discussed
on [18]). Extending the results of the current work to infinite dimensional BIP will also be
the subject of a future work.

5. Numerical experiments. We now present two academic examples to illustrate the
efficiency of both GPT algorithms discussed herein and compare them to the more tradi-
tional random walk Metropolis and PT algorithms. Notice that we compare the examples
with respect to the “simplest” version of these methods, since more efficient variations, such
as Adaptive Metropolis [17, 16], for example, can also be extended into the GPT frame-
work. The following experiments were run in a Dell (R) Precision (TM) T3620 worksta-
tion with Intel(R) Core(TM) i7-7700 CPU with 32 GB of RAM. Numerical simulations
in Section 5.1 were run on a single thread, while the numerical simulations in Section 5.2
were run on an embarrassingly parallel fashion over 8 threads using the Message Pass-
ing Interface (MPI) and the Python package MPI4py [10]. The scripts used to generate
the results presented in this section were written in Python 3.6, and can be found in DOT :
10.5281/zenodo.37000409.

REMARK 5.1. In most Bayesian inverse problems, particularly those dealing with large-
scale computational models, the computational cost is dominated by the evaluation of the
forward operator, which can be, for example, the numerical approximation of a possibly non-
linear partial differential equation. In the case where all possible permutations are considered
(i.e., Sk = Sk), there are K! possible permutations of the states, the computation of the
swapping ratio in the GPT algorithms can become prohibitively expensive if one is to evalu-
ate K! forward models, even for moderate values of K. This problem can be circumvented
by storing the values ﬂ(@,gn)), k=1,...,K n=1,...N, since the swapping ratio for GPT
consists of permutations of these values, divided by the temperature parameters. Thus, “only”
K forward model evaluations need to be computed at each step and the swapping ratio can be
computed at negligible cost for moderate values of K. For higher values of K, it is advisable
to only consider the union of properly chosen semi-groups A, B of Sk, with AN B # (), such
that A, B generates Sk (i.e., if the smallest semi-groups that contains A and B is Sk itself),
and |[AU B| < |Sk| = K!, which is referred to as partial Infinite Swapping in the continuous
case [14]. One particular way of choosing A and B is to consider, for example, A to be the
set of permutations that only permute the indices associated with relatively low temperatures
while leaving the other indices unchanged, and B as the set of permutations for the indices
of relatively high temperatures, while leaving the other indices unchanged. Intuitively, swaps
between temperatures that are, in a sense, “close” to each other tend to be chosen with a
higher probability. We refer the reader to [14, Section 6.2] for a further discussion on this
approach in the continuous-time setting. One additional idea would be to consider swapping
schemes that, for example, only permute states between p; and 41, tti+2, - - - , fhi+¢ for some
user-defined ¢ > 1 and any given ¢ = 1,2,..., K — 1. The intuition behind this choice also
being that swaps between posteriors that are at close temperatures are more likely to occur
than swaps between posteriors with a high temperature difference.
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5.1. Density concentrated over a quarter circle-shaped manifold. Let p be a probability
measure that has density 7 with respect to the uniform Lebesgue measure on the unit square
Hprior = Uu(lo, 1]2) given by

1
7(0) =  exp (—10000(9% . 0.82)2> Loap, 0= (61,62),

where Z is the normalization constant and 1y 1= is the indicator function over the unit square.
We remark that this example is not of particular interest per se; however, it can be used
to illustrate some of the advantages of the algorithms discussed herein. The difficulty of
sampling from such a distribution comes from the fact that its density is concentrated over a
quarter circle-shaped manifold, as can be seen on the left-most plot in Figure 1. This in turn
will imply that a single level RWM chain would need to take very small steps in order to
properly explore such density.

. Ti=1 o, To =171 jra, Ty = 2024 ey, Ty = 5000

LN

FIG 1. Tempered densities (with Ty = 1, To = 17.1, T3 = 292.4, T, = 5000) for the density concentrated
around a quarter circle-shaped manifold example. As we can see, the density becomes less concentrated as the
temperature increases, which allows us to use RWM proposals with larger step sizes.

We aim at estimating Qy, = E,,, [0i] = Oy, for k = 1,2. To do so, we implement four
MCMC algorithms to sample from p1, namely Random Walk Metropolis (RWM), the canon-
ical PT (PT) with Ng = 1, as described in Section 3.2, and both versions of the GPT algo-
rithm. We compare the quality of our algorithms by examining the variance of the estima-
tors 0, k = 1,2 computed over 100 independent MCMC runs of each algorithm, which
we describe as follows. For the tempered algorithms (PT, UGPT, and WGPT), we consider
K =4 temperatures. A rule of thumb [15] for the choice of temperatures is to set T; = ai_l,
k=1,..., K, for some positive constant a > 1. In particular, we choose T; = 5000, so that
the tempered density w4 becomes a sufficiently simple to explore target distribution. This
gives T1 = 1,15, =17.1,T5 = 292.4, T, = 5000. Moreover, for both GPT algorithms, we set
Sk = Sk, i.e., we consider all possible K! permutations of {1,2,..., K}. Notice that since
this is a relatively small value of K, the computational time is dominated by the transition
operator P, rather than by the computation of the swapping ratio. In the current setting, the
computational cost of PT is comparable to that of both GPT algorithms discussed herein.
Each estimator is obtained by running the inversion experiment for N = 25,000 samples,
discarding the first 20% of the samples (5000) as a burn-in. Notice that the tempering algo-
rithms (i.e., PT, UGPT and WGPT) have a K-times larger computational cost than RWM,
since such algorithms need to run a total of K chains. To account for this computational cost,
we run the single-chain random walk Metropolis algorithm for Nrwy = KN = 100, 000 it-
erations, and discard the first 20% of the samples obtained with the RWM algorithm (20,000)
as a burn-in.
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The RWM algorithm uses proposals with covariance matrix Ypwm = (0.025)212X2,
where I5yo is the identity matrix in R?*2. For the tempered algorithms (i.e., PT and both
versions of GPT), we use K =4 RWM kernels p, kK = 1,2,3,4, with proposal density
qprop7i(0,(€n), )= N(G,&"),ailgxg), where o7, is shown in Table 1. This choice of o}, gives
an acceptance rate for each chain of around 0.23. Notice that o; corresponds to the “step-
size” of the single-temperature RWM algorithm.

k=1 k=2 k=3 k=4
or 0.022 0.090 0.310 0.650
TABLE 1
Step size of the RWM proposal distribution for the manifold experiment. This choice of step size provides an
average acceptance rate for each chain, at each temperature, of around 0.23 for all the algorithms tested. Such
values are relatively close to the “optimal” value of 0.234 in [31].

Experimental results for the ergodic run are shown in Table 5.1. We can see how both
GPT algorithms provide a gain over both RWM and the (standard) PT algorithms, with the
WGPT algorithm providing a larger gain. Scatter plots of the samples obtained with each
method are presented in Figure 2. Here, the subplot titled “WGPT” (second from right to left)
corresponds to weighted samples from pw, with weight w as in (14), while the one titled
“WGPT (inv)” (rightmost) corresponds to samples from pw without any post-processing.
Notice how the samples from the latter concentrates over a wider manifold, which in turn
makes the target density easier to explore when using state-dependent Markov transition
kernels.

Mean MSE MSEgrwi /MSE
91 92 91 92 01 02

RWM  0.50996 0.50657 0.002521 0.00236 1.00 1.00
PT 0.50978 0.51241 0.000460 0.00051 5.50 4.70
UGPT 0.50986 0.50987 0.000370 0.00035 6.80 6.70
WGPT 0.51062 0.50838 0.000220 0.00023 11.5 10.2
TABLE 2
Results for the density concentrated around a circle-shaped manifold experiment. As we can see, both GPT
algorithms provide an improvement over PT and RWM. The computational cost is comparable across all
algorithms.

5.2. Multiple source elliptic BIP. 'We now consider a slightly more challenging problem,
for which we try to recover the probability distribution of the location of a source term in a
Poisson equation (Eq. (17)), based on some noisy measured data. Let (0, B(©), fiprior) be the
measure space, set © = D= [0, 1]2, with Lebesgue (uniform) measure fiprior, and consider
the following Poisson’s equation with homogeneous boundary conditions:

(17) {Au(fﬂﬁ):f(xﬁ), reD, 0eo,

u(z,6) =0, x €0D.

Such equation can model, for example, the electrostatic potential u := u(z, ) generated by
a charge density f(x,0) depending on an uncertain location parameter § € ©. Data y is
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Scatterplots
RWM . PT , UGPT , WGPT ~ WGPT (inv)

FIG 2. Scatter-plots of the samples from 1 obtained with each algorithm. From left to right: random walk
Metropolis, PT, UGPT, WGPT (after re-weighting the samples), and WGPT, before re-weighting the samples.

recorded on an array of 64 x 64 equally-spaced points in D by solving (17) with a forcing
term given by

4
_ xl—s(i) 2 xg—s(i) 2
(18) Fl) =3 e 1000 —st) sl

i=1

where the true source locations s(), i =1,2,3,4, are given by s() = (0.2,0.2), s =
(0.2,0.8), s = (0.8,0.2), and s = (0.8,0.8). Such data is assumed to be polluted
by an additive Gaussian noise 7 ~ N(0,0%Ig4x64), With ¢ = 3.2 x 1076, (which corre-
sponds to a 1% noise) and where Ig4x64 1S the 64-dimensional identity matrix. Thus, we

set (Y, ]|“]ly) = (R¥*64||.||5), with [|A]|y = (640) 2 HATAHF, for some arbitrary matrix

A € R%%64 where ||||» is the Frobenius norm. We assume a misspecified model where
we only consider a single source in Eq. (18). That, is, we construct our forward operator
F : O +— Y by solving (17) with a source term given by

(19) f(x,0) = o~ 1000[(x1—01)%+(z2—02)]

In this particular setting, this leads to a posterior distribution with four modes since the
prior density is uniform in the domain and the likelihood has a local maximum whenever

(01,02) = ( @ , sg)), 1=1,2,3,4. The Bayesian inverse problem at hand can be understood
by sampling from the posterior measure i, which has a density with respect to the prior
Lprior = U (D) given by

ri0)= oo (2 Iy~ 7))

for some (intractable) normalization constant Z as in (4). We remark that the solution to (17)
with a forcing term of the form of (19) is approximated using a second-order accurate finite
difference approximation with grid-size h = 1,/64 on each spatial component.

The difficulty in sampling from the current BIP arises from the fact that the resulting
posterior  is multi-modal and the number of modes is not known apriori (see Figure 3).

We follow a similar experimental setup as in the previous example, by implementing
RWM, PT (with Ns = 1), and both versions of the GPT algorithms. For the PT and GPT
algorithms, four different temperatures are used, with 77 =1, 15 =7.36, T3 =54.28, and
Ty = 400. Once again, we set S = S = 4! for both GPT algorithms. Given that 41 is a
moderately small number, the computational cost of evaluating the forward model is much
higher than the cost associated with computing the swapping ratio.
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p, Ty =10 piz, To = 7.36 s, Ty = 54.28 ey, Ty = 400.0
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FIG 3. True tempered densities for the elliptic BIP example. Notice that the density is not symmetric, due to the
additional random noise.

Since we have K = 4 temperatures, we run the RWM algorithm for K-times longer, so
that the computational cost of all algorithms tested is comparable. For each run, we obtain
N = 25,000 samples with the PT and GPT algorithms, and N = 100,000 samples with
RWM, discarding the first 20% of the samples in both cases (5000, 20000, respectively) as a
burn-in.

For the tempered algorithms, we run each simulation for a total of N = 25,000 samples,
and a total of 100,000 samples with RWM. We discard the first 5,000 the samples for the
PT and GPT algorithms and the first 20, 000 for the RWM algorithm as a burn-in. On each of
the tempered chains, we use RWM proposals, with step-sizes shown in table 3. This choice
of step size provides an acceptance rate of about 0.24 across all tempered chains and all
tempered algorithms. For the single-temperature RWM run, we choose a larger step size
(orwm = 0.16) so that the RWM algorithm is able to explore the whole distribution. Such a
choice, however, provides a smaller acceptance rate of about 0.01 for the single-chain RWM.

Experimental results are shown in Table 5.1. Once again, we can see how both GPT al-
gorithms provide a gain over both RWM and the PT algorithms, with the WGPT algorithm
providing a larger gain. Scatter-plots of the obtained samples are shown in Figure 3.

k=1 k=2 k=3 k=4
oipr,cpr 0030 0.100 0.400 0.600
0, RWM 0.160 - - -
TABLE 3
Step size of the RWM proposal distribution for the elliptic BIP experiment. This choice of step size provides an
acceptance rate of about 0.24 for all the tempered algorithms tested. The choice of step size for the the
single-temperature RWM is chosen to be 0.16, so that the sampler can explore the whole distribution. This in
turn results in an acceptance rate of about 0.01.

6. Conclusions and future work. In the current work, we have proposed, implemented,
and analyzed two versions of the GPT, and applied these methods to a BIP context. We
demonstrate that such algorithms produce reversible and geometrically-ergodic chains un-
der relatively mild conditions. As shown in Section 5, such sampling algorithms provide an
attractive alternative to the more standard Parallel Tempering when sampling from difficult
(i.e., multi-modal or concentrated around a manifold) posteriors. We remark that the frame-
work considered here-in can be combined with other, more advanced MCMC algorithms,
such as, e.g., the Metropolis-adjusted Langevin algorithm (MALA), or the Delayed Rejec-
tion Adaptive Metropolis (DRAM), for example [16].
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Mean MSE MSEgwm/MSE
91 92 91 92 91 92

RWM 041143 0.52954 0.01099 0.01270 1.00 1.00
PT 0.39262 0.53690 0.00062 0.00089 17.7 14.2
UGPT 0.39169 0.53338 0.00050 0.00079 21.9 12.8
WGPT 0.39345 0.53074 0.00048 0.00077 22.9 16.5
TABLE 4
Results for the elliptic BIP problem. Once again, we can see that both GPT provide an improvement over RWM
and PT. The computational cost GPT comparable across all algorithms.

Scatterplots
RWM : PT : UGPT " WGPT ) \\'G_[".[' (i
¢ ¢ @ @ @ @ 2 @
% Q 0} 1 o} ¢ Q o]

FIG 4. Scatterplots of the samples from 1 obtained with different algorithms on a single run. From left to right:
random walk Metropolis, PT, UGPT, WGPT (after re-weighting the samples), and WGPT, before re-weighting the
samples. As we can see, WGPT is able to "connect" the parameter space.

We intend to carry out a number of future extensions of the work presented herein. One of
our short-term goals is to extend the methodology developed in the current work to a Multi-
level Markov Chain Monte Carlo context, as in [12]. In addition, from a theoretical point
of view, we would like to investigate the role that the number of chains and the choice of
temperatures play on the convergence of the GPT algorithm, as it has been done previously
for Parallel Tempering in [36]. Improving on the estimates presented here would likely be the
focus of future work. Furthermore, from a computational perspective, given that the frame-
work presented in this work is, in principle, dimension independent, the methods explored
in this work can also be combined with dimension-independent samplers such as the ones
presented in [4, 9], thus providing a sampling algorithm robust to both multi-modality and
large dimensionality of the parameter space. Given the additional computational cost of these
methods, a non-trivial coupling of GPT and these methods needs to be devised. Lastly, we
aim at applying the methods developed in the current work to more computationally chal-
lenging BIP, in particular those arising in seismology and seismic source inversion, where
it is not uncommon to find multi-modal posterior distributions when inverting for a point
source.

APPENDIX: AUXILIARY RESULTS
A.1. Proof Proposition 3.4.

PROOF. Let A, B € BX. We want to show that

/ 4(0. B)d(d6) = / 4(6. A)1u(d0).
A B
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Thus,
/ (9 B) d0 Z / 9 o aSde(O 0')59 ( ) (e)u'prior(da)
4 oE€SK
I
+ ) / (0,0) (1 — Giwap(8: 7)) S0 (B)7(6) piprior (6) .
oc€SK
b

Let A, :={z¢€ X®X :2,. € A}. From I, we get

)r 0,071
I= Z /mln{ m(8,)r( )}7‘(0,U)W(O)dgu(B)uprior(dH)

2 = (6)r(6,0)
-3 /. mln{ 7;0(-?2(650,0) )}7“(90,01)#(00)596(B)upri0r(d9)
—J; / mln{ (: 0)12?(0 o )J)}7‘(9,U_I)W(O)ég(B)uprior(dH)
-/ i {1, T 0,0 (0)50 B0
B e
-3 / (0.7 m(0) (0. o, (A 40)= 3 10,0)7(0) (00, ({00

For the second term /1 we simply have

e / (68,0)(1 — gyap(8,0))30(B)7(0) thprior (A6)

€Sk
_UEZS /AQB (0,0)(1 — aswap(0,0))09(B)7(0) teprior (A6)
- Z / 0 U O‘swap(e,O'))(gg(A)ﬂ(H)“prior(de).
oESK

A.2. Proof of Lemma 4.12.

PROOF. This proof is partially based on the proof of Theorem 1.2 in [25]. Let 8,y € or
and define f, := p,(f). The right—most inequality follows from the fact that

/f ) pw (d6) = Z/ F2(0)po(16) = ‘S|Z<Vua[f]+f3>

O'ES O'GSK
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1
Z@ Z Vi, [f]

oc€ESK

We follow a procedure similar to the proof of [25, Theorem 1.2] for the lower bound on
the variance. We introduce an ordering on S = o1,09,... NarmE define the matrix C €

RISx[xISx| a5 the matrix with entries
Cy= [ (10)= F0)Pur (00}, (0,

where C'j; =2V, [f] and

|Sk| [Sk|
2=l [ [ o)~ rw) (;[(izuaxdo)) (;K]Zuaj(dy))

1
(20) = Z wCij.
Z?]

We thus aim at finding an upper bound of Equation (20) in terms of (|Sx|)™' > g, Vo[f].
By assumption C3, for any 0;,0; € Sk the densities 7, 75, of p,,, pto, (With respect to
u°) have an overlap A;; > 0. Thus, we can find densities 1;; := A;jlgmg}{{wai (0),75,(0)}, wi,;
€

such that w5, = Aj;n;; + (1 — Ayj)pi, and o, = Ayjm;; + (1 — Ayj)1p;. Thus, we get for the
diagonal entries of the C' matrix:

Cii =2V e, [ f]

= /eK @K(f(e) — F(¥))? (Aiymij(0) + (1 — Aij)i(0)) (Aijmii(y) + (1 — Ayj)pi(y)) p°(d0)p’ (dy)

=2V 1420 = 0V [+ 2050 - 80) [ [ (10 = F(0)Pm, (0, (0)1 (00} ).
Notice that equation (21) implies that

\Y — A2V,
@ [ [ 00w ny0)e0)u’ @0 ay) < “”3&(1_1&33”}

As for the non-diagonal entries of C', we have
0= [ [ (1(0)= rw)? [vymy(6)

+ (1= Aij)i(0)] (Aijmij(y) + (1 — Agj)ep;(y)) u°(dO)u’(dy)
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A%V / (£(8) — F(1))%0i(0)); () u(d0) u(dy)
(._.)K @K

A1 - Ay /e L O = 1) (50105, (w) + 7y ()21(6) W (00} ().

We can bound the second term in the previous expression using Cauchy-Schwarz. Let z €
©X . Then,

/@K/@K wi(0)Y;(y)p ( 0)p (dy)
oo / ((0) = J(2) + J(2) — F () i(0); (y)mij (=) (A0)u° (dy)u°(dz)
oK JoOK JOK

§2/@K /@K/ (f(0)—f(Z))2+(f(z)—f(y))2> ©i(0)Y;(y)ni; (z)p° (d0) p (dy) pu° (dz)

@K
9 / (F(0) — £(2))%01(8)n;(2)u(d0) w0 (dz)
ox Jox
(24)

o /eK /eK (F(y) = F(2))* ;i (y)mi; (2)n° (dy)p’(dz).
Thus, from equations (22), (23), and (24) we get

Cij < 2A’L2jvnij [f] + (2(1 - A ) + AZ] ’Lj </®K oK f ) ("71]( )’lnb] (y)
115 (9):(8)) 1°(A0)u° (dy) )
= 202V, [f] 4 (2= Aig) (1 = Aig) (Vo [F] = MGV, ]+ Vi, [F] = AE Vi, (1) /A3 (1 = Ag)

2 — Ay
- Aij ’ (Vuai [f] T Vl"“’j [f]) - 4AU(1 - Aij)vmj {f]

(25)
2—A;;
< = (Vi 1V 111).

since A;; € (0,1) Vi, j. Finally, from equations (20) and (25) we get that

\SK|2 Aij ISk|
Z\s P ”_Q\SKPZ i (Vo U1 Vi 1) <5 \SK|Z b

with Ay, ;== min{A;;} >0, and A;; as in Assumption C3. This in turn yields the lower

i,j=1,2,....|Sk|
A,
0< V
—Am ( Sk Z )

1€SK

bound

)l
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