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Abstract We present a technique for Model Order Reduction (MOR) of frequency-
domain problems relying on rational interpolation of vector-valued functions. The
selection of the sample points is carried out adaptively according to a greedy pro-
cedure. We describe several options for the choice of a posteriori error indicators,
which are used to drive the greedy algorithm and define its termination condition.
Namely, we illustrate a tradeoff between each indicator’s accuracy and its “intru-
siveness”, i.e. how much information on the underlying high-fidelity model needs
to be available. We test numerically the effectiveness of this technique in solving a
non-Hermitian eigenproblem and a microwave frequency response analysis.

1 Introduction

Consider the function u : C 3 µ 7→ u(µ) ∈ Cn implicitly defined as the solution of
the linear parametric problem with a single parameter

A(µ)u(µ) = f(µ), (1)

with A and f smooth functions taking values in Cn×n and Cn, respectively. To be
more specific, we consider here parametric problems (1) arising from spatial dis-
cretization (e.g., by FEM [3]) of frequency domain problems, with the parameter µ

representing the frequency. For most such problems, A(µ) depends at most quadrat-
ically on µ:

A(µ) = A0 +µA1 +µ
2A2,

whereas f is usually of the form f(µ) = θ0(µ)f0, with θ0 : C→ C.
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In applications, it is often computationally unfeasible to solve (1) as many times
as needed for a frequency response analysis. In recent years, this issue has been
solved through MOR, whose main purpose is the construction of a surrogate ũ(µ)
for u(µ), much cheaper to evaluate at any given µ than solving (1), and with good
approximation properties.

2 Available MOR strategies

A plethora of MOR techniques have been employed to compute surrogates for fre-
quency response problems; some notable ones include:

• projective techniques, e.g. the Reduced Basis (RB) and multi-moment-matching
methods [2], are extremely powerful, but require knowledge of, and access to,
the specific structure of A and f;

• strategies based on rational approximation, e.g. the Löwner framework [4] or the
Vector Fitting (VF) algorithm, are non-intrusive, i.e. they rely only on evalua-
tions of u at few frequencies, which we will refer to as snapshots or samples;
in particular, there is no need for any information on (nor access to) the specific
structure of A and f in (1); the price to pay for this additional flexibility is a
reduced accuracy of the method for a given number of snapshots.

More recently, the minimal rational interpolation (MRI) technique was proposed
[7], trying to achieve non-intrusiveness and optimal snapshot management at the
same time. We summarize here a practical scheme for MRI:

1. fix a set of sample points µ1, . . . ,µS ∈ C, and a polynomial basis {ψi}S−1
i=0 ⊂

PS−1(C) (e.g., one could choose monomials, or Chebyshev polynomials); also,
let {` j}S

j=1 ⊂ PS−1(C) be the Lagrangian basis associated to the sample points;
2. build the Vandermonde matrix V ∈ CS×S and the diagonal weight matrix D:

(V)i j = ψ j(µi) and D = diag
([

dS−1`1

dµS−1 , . . . ,
dS−1`S

dµS−1

])
∈ CS×S;

3. compute the snapshots u(µ1), . . . ,u(µS) and assemble a QR decomposition of
the snapshot matrix[

u(µ1)
∣∣∣u(µ2)

∣∣∣ · · · ∣∣∣u(µS)
]
= WR, with W ∈ Cn×S, R ∈ CS×S; (2)

4. compute a minimal eigenvector q ∈ CS of the positive semidefinite (Gramian)
matrix (RDV)H RDV, and define the surrogate denominator as

Q ∈ PS−1(C), Q(µ) =
S−1

∑
i=0

(q)iψi(µ);

5. define the reduced minimal rational approximation ů as
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C 3 µ 7→ ů(µ) =
R diag([Q(µ1), . . . ,Q(µS)])

Q(µ)

S−1

∑
i=0

(
V−>

)
: i

ψi(µ) ∈ CS,

where (A): i denotes the i-th column of matrix A; then the full minimal rational
approximation ũ≈ u can be found as ũ(µ) = Wů(µ).

2.1 Greedy approach

A common feature of all the techniques cited above is that a “sufficiently large”
number of samples is needed to guarantee the accuracy of the surrogate model; in
the particular case of frequency-domain problems, there exist lower bounds [3] for
the number of samples required to achieve reasonable accuracy. Unfortunately, such
number depends on the unknown spectral properties of A, and on the approximabil-
ity of f. For RB and MRI, one can identify adaptively the correct number of samples
by relying on the so-called greedy algorithm, which can be summarized as follows:

1. Initialize a set V = {u1, . . . ,uS0} with some preliminary snapshots at µ1, . . . ,µS0 .
2. Build a surrogate model (e.g., by MRI) based on V .
3. Choose a measure r(µ) of the discrepancy between exact and surrogate solution,

and find its maximal point µ̂: r = r(µ)≤ r(µ̂) for all µ .
4. If r(µ̂) is smaller than a prescribed tolerance, terminate.
5. Compute a snapshot at µ̂ , add it to V , and go to 2.

The main difficulty in setting up the greedy algorithm is choosing a good r. Given
the presence of resonances, it is standard [3] to use as a posteriori estimator the
residual of (1), namely, given some suitable norm ‖ · ‖?,

r(µ) = ‖A(µ)ũ(µ)− f(µ)‖?. (3)

2.2 A posteriori indicators

In an intrusive framework, an efficient way to compute (3) has been known in the
RB literature for quite a while, see e.g. [2], assuming f(µ) to depend affinely on µ ,
i.e.

f(µ) =
Nf−1

∑
i=0

θi(µ)fi,

with fi ∈ Cn and θi : C→ C for all i. Then, as long as the matrices Ai, the vectors
fi, the weights θi(µ), and the reduced surrogate solution ů(µ) are available, we can
evaluate the residual at µ as
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r(µ)2 =
Nf−1

∑
i, j=0

θi(µ)θ j(µ)〈f j, fi〉?+ ů(µ)∗
(

2

∑
i, j=0

µ
i
µ

j〈A jW,AiW〉?
)

ů(µ)

−2Re

((
Nf−1

∑
i=0

2

∑
j=0

θi(µ)µ
j〈A jW, fi〉?

)
ů(µ)

)
(I)

in O((S+Nf)
2) operations. This idea can be employed in MRI as well, at the cost

of making the procedure intrusive. However, we propose here some alternatives.
In [7] it was observed that, if ũ is the MRI of u with samples at {µ j}S

j=1 and
denominator Q, and both A(µ) and f(µ) depend at most linearly on µ (i.e. A2 = 0
and f(µ) = f0 +µf1) or µ2 (i.e. A1 = 0 and f(µ) = f0 +µ2f2), then

r(µ) =
c

|Q(µ)|
S

∏
j=1
|µ−µ j|, (4)

with c = c(µ1, . . . ,µS,A, f) independent of µ . In particular, since the location of the
maximum of r does not depend on c, see (4), µ̂ can be found even without knowing
c. In order to determine the value of c non-intrusively, it is enough to compute r
using (3) at a single new point µ ′ (in practice, we take µ ′ = µ̂):

r(µ) = r(µ ′)
∣∣∣∣Q(µ ′)

Q(µ)

∣∣∣∣ S

∏
j=1

∣∣∣∣ µ−µ j

µ ′−µ j

∣∣∣∣ . (R)

In certain situations, however, a direct evaluation of the quantity r(µ ′) within
each greedy iteration might be impossible (e.g. if the solver used to evaluate u is a
black-box that does not allow residual evaluation) or too computationally expensive.
In order to have a viable greedy loop, we need to design an alternative termination
condition in step 4. In this case, we propose to employ some heuristic indicator
based on snapshot collinearity [3]: more explicitly, let W be the Q-factor in the QR
factorization of the current snapshot matrix (2), and assume that the sample at µ̂ has
been computed; we opt to terminate the greedy algorithm if

‖u(µ̂)−WW∗u(µ̂)‖< tol ‖u(µ̂)‖ . (C)

For this last indicator, as long as the greedy iterations continue, the extra snapshot
does not go wasted, since it is precisely the one which gets added to V in step 5: on
the whole, this procedure computes only one “extra” snapshot, at the final greedy
iteration, with respect to the two previous versions of the algorithm. Actually, one
can adjust the greedy algorithm so as to employ even the extra snapshot in the final
surrogate model: it suffices to build an updated MRI using all the samples, including
the last one, once the termination condition has been satisfied.

We remark that the last two strategies rely on (4), which is valid only under some
strong assumptions (linear dependence on the parameter) on A and f. However, (4)
can still be used for general parametric problems (1), and will give a reasonable
estimation of the residual as long as d2

dµ2 A and d2

dµ2 f are small.
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3 Numerical examples

Here, through two practical examples, we showcase the usefulness of the greedy
MRI procedure, as well as the effectiveness of the three termination strategies based
on (I), (R), and (C).

3.1 An eigenproblem in magneto-hydrodynamics

Take the generalized eigenproblem from [5]: Kv = µMv in Cn, with n = 4800; it
stems from modal analysis of a FE discretization of a dissipative problem in MHD.
Here, we restrict our interest to the part of the spectrum with positive imaginary
part: the eigenvalues are located on 3 so-called Alfvén branches around the branch
point µb ≈ −0.082+ 0.613i. Our aim is to approximate the number and location
of eigenvalues around µ0 = −0.175+ 0.5i; more precisely, we focus on the disk
D = {µ ∈ C : |µ−µ0| ≤ 0.175}.

In order to cast this problem in the form (1), let f ∈ Cn be a (normal Gaussian)
random vector: we define the non-homogeneous problem

find u : C→ Cn s.t. (K−µM)u(µ) = f,

and build a surrogate for u using MRI. Then, our estimates for the eigenvalues will
be the roots of the MRI denominator Q.

As a first MOR method, we apply greedy MRI: in particular, we employ indicator
(I) with relative tolerance 10−2, and the initial snapshots are at the S0 = 30 shifted
roots of unity1 {µ0−0.175e2iπ j/S0}S0

j=1.
Additionally, we consider a non-greedy approach as a reference: we build an

MRI starting from S = 45 samples at shifted roots of unity {µ0−0.175e2iπ j/S}S
j=1.

The number of samples is chosen so that, overall, the two methods employ exactly
the same number of snapshots: the only difference is where the samples are taken.

The results are shown in Fig. 1. At the beginning of the greedy procedure (which
corresponds to a standard MRI with S = 30), the spectrum is approximated quite
poorly; this is correctly identified by the a posteriori indicator, which shows that the
prescribed tolerance is not satisfied over a large portion of D. After 15 iterations of
the greedy procedure, the residual is globally below the tolerance, and the algorithm
ends. We can verify that all the eigenvalues in D are well captured.

In the standard approach with S = 45, most of the eigenvalues are well identified,
but the quality of the approximation deteriorates around µb. In particular, among
the two surrogates obtained with 45 snapshots, the greedy one is clearly superior.
However, the improved accuracy of the greedy approach is accompanied by some
risks:

1 The shifted roots of unity are chosen as sample points because they allow for very stable and
efficient interpolation schemes, relying on Fast Fourier Transform. We refer to [1] for a more
detailed discussion of their properties.
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Fig. 1 Results of standard (left) and greedy (right) MOR. The exact and approximate eigenvalues
are pluses and crosses, respectively, whereas the sample points are full dots. The contour plots show
the logarithm of the greedy residual indicator; the dashed line represents the locus {µ : r(µ) = tol},
i.e. the boundary of the set where the prescribed tolerance is not satisfied.

• The locations of the greedy snapshots are close to the exact eigenvalues, since,
according to the residual indicator (4), sampling there yields “the most informa-
tion” for the surrogate model. However, sampling close to an eigenvalue may
require solving numerically an ill-conditioned or even singular linear system.

• While the Vandermonde matrix for samples at the roots of unity has optimal
condition number, adding new sample points at arbitrary locations is guaranteed
to hinder the well-conditioning of the interpolation problem. Indeed, the residual
indicator at the end of the greedy iterations shows a slightly unstable behavior
near the bottom of D.

3.2 Frequency response of a waveguide diplexer

We consider a frequency response problem involving the FE discretization (n =
90258) of a waveguide diplexer [3], for frequencies µ between 9.5 and 11 GHz. We
are interested in approximating the scattering parameters

S : C 3 µ 7→ I−2

(
I+ iµ

√
1− (µc/µ0)2

1− (µc/µ)2 F∗ (K−µ
2M)−1F︸ ︷︷ ︸

U(µ)∈C90258×3

)−1

∈ C3×3, (5)

where we set µc = 6.56 GHz, µ0 = 10 GHz, and the state matrix U(µ) has one
column for each port of the waveguide.

We build a surrogate for U using greedy RB and MRI, employing indicators (I)
and (R) with relative tolerance 10−2, and (C) with tol= 10−4. The reduced tolerance
for (C) can be justified by the considerably different nature of the indicator. To
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obtain an approximation of S, we just replace the exact state with the surrogate one
in (5).

Table 1 Timing results of greedy MOR (average over 3 simulations with the same parameters for
each method). All simulations were carried out on a single node of the Fidis cluster at EPFL [6].

No. of Average time per iteration
Method snapshots state solve indicator surrogate update
RB+(I) 24

97.1 s

15.0 s 3.2 s
MRI+(I) 23 4.31 s

2.9 sMRI+(R) 23 1.04 s
MRI+(C) 22(+1) 1.08 s
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Fig. 2 Results of greedy MOR. On top the surrogate scattering parameters: the points are measure-
ments from the original problem (5), whereas full and dotted lines are the surrogates obtained with
MRI+(I) and MRI+(C), respectively. On the bottom the relative residual at the end of the greedy
iterations for RB+(I) and MRI+(I); the points indicate the snapshot positions.

The results are summarized in Table 1 and visually depicted in Fig. 2. We remark
that, by construction, the snapshot “history” of MRI is independent of the indica-
tor, i.e. the parameter value µ̂ which is selected at a given iteration is the same: the
only effect of the choice of the indicator, besides timing, is the number of greedy
iterations which are carried out before termination. In this regard, we observe that
MRI+(I) and MRI+(R) yield exactly the same indicator, whereas MRI+(C) termi-
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nates one snapshot sooner2, causing some slight instability in the approximations of
the scattering parameters for low frequencies, noticeable mostly in S13.

A comparison of the surrogate S obtained by MRI+(I) and RB+(I) shows that
the two methods yield very similar approximations, and reconstruct well the ex-
act values. In fact, the approximated scattering parameters for RB are not included
in Fig. 2, as they are almost indistinguishable from those obtained with MRI+(I).
However, RB requires one more snapshot, and the locations of the snapshots (and
the residual profiles) for RB and MRI are quite different.

In terms of computing time, the efficiency of MRI seems quite remarkable, par-
ticularly for the two “least intrusive” indicators: the overhead time needed for the
evaluation of indicators (R) and (C) is just a fraction of the time required for com-
putation of (I) in RB.

4 Conclusions

We have presented several a posteriori indicators which can be employed in the
greedy MRI algorithm, characterized by different degrees of intrusiveness and appli-
cability. Good approximation properties, as well as a substantial speed-up in residual
computation with respect to classical methods, have been observed in two numerical
examples.
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