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Abstract

We study the least-squares regression problem over a Hilbert space, covering nonparametric
regression over a reproducing kernel Hilbert space as a special case. We first investigate regu-
larized algorithms adapted to a projection operator on a closed subspace of the Hilbert space.
We prove convergence results with respect to variants of norms, under a capacity assumption
on the hypothesis space and a regularity condition on the target function. As a result, we
obtain optimal rates for regularized algorithms with randomized sketches, provided that the
sketch dimension is proportional to the effective dimension up to a logarithmic factor. As a
byproduct, we obtain similar results for Nystrom regularized algorithms. Our results provide op-
timal, distribution-dependent rates that do not have any saturation effect for sketched /Nystrom
regularized algorithms, considering both the attainable and non-attainable cases, in the well-
conditioned regimes. We then study stochastic gradient methods with projection over the
subspace, allowing multi-pass over the data and minibatches, and we derive similar optimal
statistical convergence results.

Keywords: Kernel Methods, Regularized Algorithms, Stochastic Gradient Methods, Random
Projection, Sketching.

1. Introduction

Let the input space H be a separable Hilbert space with inner product denoted by (-,-)r, and
the output space R. Let p be an unknown probability measure on H x R. In this paper, we
study the following expected risk minimization,

f &), Ew) = [ (o~ dp(ey). 1)

weH

where the measure p is known only through a sample z = {z; = (z;,v;)}], of size n € N,
independently and identically distributed (i.i.d.) according to p.

The above regression setting covers nonparametric regression over a reproducing kernel
Hilbert space (RKHS) (Shawe-Taylor and Cristianini, 2004; Cucker and Zhou, 2007; Steinwart
and Christmann, 2008), and it is close to functional regression (Ramsay, 2006) and linear inverse
problems (Engl et al., 1996). A basic algorithm for the problem is ridge regression, and its
generalization, spectral algorithm. Such algorithms can be viewed as solving an empirical, linear
equation with the empirical covariance operator replaced by a regularized one, see (Caponnetto
and Yao, 2006; Bauer et al., 2007; Gerfo et al., 2008; Lin et al., 2018) and the references therein.
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Here, the regularization is used to control the complexity of the solution to avoid over-fitting
and to achieve the best possible generalization ability.

The function/estimator generated by classic regularized algorithm is in the subspace span{x}
of H, where x = {x1,---,x,}. More often, the search of an estimator for some specific al-
gorithms is restricted to a different (and possibly smaller) subspace S, which leads to reg-
ularized algorithms with projection. Typically, with a subsample/sketch dimension m < n,
S =span{Z; : 1 < j < m} where Z; is chosen randomly from the input set x, and more gener-

ally, S = span{zgl:l Gijxzj 1 <i <m} where G = [Gjjli<i<m,i<j<n is a general randomized
matrix whose rows are drawn according to a distribution. We call’ the resulting algorithms
the Nystrom regularized algorithm and the sketched-regularized algorithm, respectively. Such
approaches have been shown to achieve some computational advantages for ridge regression over
an RKHS, leading to solutions that use the low-rank approximation in place of the full kernel
matrix and thus is faster to compute (e.g., see Williams and Seeger, 2000; Kumar et al., 2009;
Mahoney, 2011; Yang et al., 2012; Gittens and Mahoney, 2016; Yang et al., 2017; Rudi et al.,
2015, and references therein).

Our starting points of this paper are the contemporary papers (Bach, 2013; Alaoui and
Mahoney, 2015; Yang et al., 2017; Rudi et al., 2015; Myleiko et al., 2017) which study the
convergences of Nystrom/sketched regularized algorithms for learning with kernel methods.
Particularly, within the fixed design setting, i.e., the input set x are deterministic while the
output set y = {y1,- -+, yn} treated randomly, convergence results have been derived, in (Bach,
2013; Alaoui and Mahoney, 2015) for Nystrom ridge regression and in (Yang et al., 2017) for
sketched ridge regression. Within the random design setting, which is more meaningful (Hsu
et al., 2014) in statistical learning theory, and involving a regularity /smoothness condition on
the target function (Smale and Zhou, 2007), optimal statistical results on generalization error
bounds (excess risks) have been obtained in (Rudi et al., 2015) for Nystrom ridge regression. The
latter results were further generalized in (Myleiko et al., 2017) to a general Nystrom regularized
algorithm.

Although results have been developed for sketched ridge regression in the fixed design setting,
it is still unclear if one can get statistical results for a general sketched-regularized algorithm
in the random design setting. Besides, all the derived results, either for sketched or Nystrom
regularized algorithms, are only for the attainable case, i.e., the expected risk minimization
(1) has at least one solution in H. Moreover, they saturate (Bauer et al., 2007) at a critical
value, meaning that they can not lead to better convergence rates even with a smoother target
function. Motivated by these, in this paper, we study statistical results of projected-regularized
algorithms for least-squares regression over a separable Hilbert space within the random design
setting.

We first extend the analysis in (Lin and Cevher, 2018b; Lin et al., 2018) for classic-regularized
algorithms to projected-regularized algorithms, and prove statistical results with respect to a
broader class of norms. We then show that the same convergence rates as classic regularized
algorithms can be retained for sketched-regularized algorithms, provided that the sketch dimen-
sion is proportional to the effective dimension (Zhang, 2005) up to a logarithmic factor. As a
byproduct, we obtain similar results for Nystrom regularized algorithms.

Interestingly, our results provide optimal, distribution-dependent rates that do not have any
saturation effect for sketched/Nystrom regularized algorithms in the well-conditioned regimes,
considering both the attainable and non-attainable cases. In our proof, we naturally integrate
proof techniques from (Smale and Zhou, 2007; Caponnetto and De Vito, 2007; Rudi et al.,
2015; Myleiko et al., 2017; Lin and Cevher, 2018b). Our novelties lie in a new estimate on the

1. The Nystrom subsampling scheme corresponds to a sketched scheme with the rows of the sketch matrix G
randomly chosen from the rows of an identity matrix. In this paper, by abuse of terminology, we sometimes
use “sketched-regularized algorithm” to mean a sketched algorithm generated by Subgaussian sketches or
randomized bounded orthogonal system sketches those will be introduced in Subsection 3.3.
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projection error for sketched-regularized algorithms, a novel analysis to conquer the saturation
effect, and a refined analysis for Nystrom regularized algorithms, see Section 5 for details.

Our proof techniques can be used to analyze stochastic gradient methods (SGM) adapted
to the projection operator over the subspace S . Indeed, for classical non-projected multi-pass
SGM where a minibatch of sample points are selected randomly with replacement from z at
each iteration, it has been shown in (Lin and Rosasco, 2017b; Lin and Cevher, 2018b) that one
can approximate SGM via regularized algorithms, as the conditional expectation of SGM given
z is the batch gradient descent (Lin and Rosasco, 2017b), a special regularized algorithm. The
regularization effect of the number of iterations and statistical results for classic multi-pass SGM
have been unveiled in (Lin and Rosasco, 2017b). Besides, SGM has been successfully combined
with Nystrom subsampling and its computational advantage when considering mini-batches
has been shown in (Lin and Rosasco, 2017a). Optimal statistical results on generalization error
bounds have been shown for Nystrom SGM in (Lin and Rosasco, 2017a), but only for the
attainable cases.

In this paper, we provide statistical results on variants of norms with optimal rates for
sketched /Nystrom SGM in the well-conditioned regimes, considering both the attainable and
non-attainable cases.

This paper is an extension of the conference version (Lin and Cevher, 2018a). In this paper,
we provide convergence results in H-norm for sketched/Nystrom regularized algorithms, results
for sketched/Nystrom SGM, and explicit constants in the error bounds depending on noise
variance and bias from Proposition 4, which have not been given in (Lin and Cevher, 2018a).
In (Lin and Cevher, 2018a), we give results for Nystrom regularized algorithms, considering
only the plain Nystrém subsampling with uniform sampling regime. In this paper, we provide
results for Nystrom regularized algorithms, using alternative non-uniform sampling scheme—-the
approximate leverage scores (ALS) Nystrom subsampling, see Subsection 3.4 for the details.

The rest of the paper is organized as follows. Section 2 introduces some auxiliary notations
and assumptions from standard statistical learning. Section 3 presents projected-regularized
algorithms and their convergence results, followed with simple discussions. Section 4 provides
projected-SGM algorithms and their convergence results. Finally, Sections 5, 6 and the appendix
supplement the proofs of our main results.

2. Notations and Assumptions

In this section, we first introduce the needed notation as well as the key auxiliary operators.
We then present assumptions from standard statistical learning.

2.1 Notations and Auxiliary Operators

Let Z = H xR, px(-) the induced marginal measure on H of p, and let p(:|z) be the conditional
probability measure on R with respect to x € H and p. For simplicity, we assume that the
support of px is compact and that there exists a constant x € [1, 00|, such that

(x,2Vg < K?, V2’ € H,px-almost surely. (2)
Define the hypothesis space
H,={f:H — R|3w € H with f(z) = (w,z)H, px-almost surely}.

Denote L%X the Hilbert space of square integral functions from H to R with respect to px, with

1
its norm given by || fll, = ([ |f(@)[*dpx (x))2 .

For a given bounded operator L from a Hilbert space H; to a Hilbert space Ha, ||L|| denotes
the operator norm of L, i.e., ||L|| = SUD fe || f]] 1, =1 |\Lf|lm,- Let r € Ny, the set {1,---,r} is

denoted by [r]. For any real number a, a4 = max(a,0), a— = min(0, a).
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Let S, : H — L2 be the linear map w — (w, -) 7, which is bounded by s under Assumption
(2). Furthermore We consider the adjoint operator S* L2 — H, the covariance operator
T :H — H given by T = §;S,, and the 1ntegeral operator E L2 —> L2 given by S,S5;.
It can be easily proved that S;g = [y xg(x)dpx (x = [y f( Hdpx( ) and T =
[ (- (- x)prdpx (x). Under Assumption (2), the operators ’T and £ can be proved to be positive
trace class operators (and hence compact):

21 =171 < 0(T) = [ e @ )dpx(e) = [ Yalfydpx(a) < 5 3)
For any w € H, it is easy to prove the following isometry property (Bauer et al., 2007):
1
1Spwllp = 1T 2wl (4)

Moreover, according to the singular value decomposition of a compact operator, one can prove
that )
1£728pwllp < [lwlla- (5)

We define the (modified) sampling operator Sx : H — R™ by (Sxw); = ﬁ(w,mﬁg, i € [n],

where the norm || - |2 in R" is the usual Euclidean norm. Its adjoint operator Si : R" — H,
defined by (Siy,w)y = (y,Sxw)s for y € R" is thus given by Siy = ﬁzgl yiri. For
notational simplicity, we let y = \/—Ly. Moreover, we can define the empirical covariance
operator Ty : H — H such that T = S}:Sx. Obviously, Tx = 1 =Y i1 (@) g, By Assumption
(2), similar to (3), we have
Tl < tr(To0) < 57 (6)
It is easy to see that Problem (1) is equivalent to
it &), €)= [ (f@)~ 9P dplay), 7)
feH, HxR

The function that minimizes the expected risk over all measurable functions is the regression
function (Cucker and Zhou, 2007; Steinwart and Christmann, 2008), defined as,

folz) = / ydp(y|z), x € H, px-almost surely. (8)
R

A simple calculation shows that the following well-known fact holds (Cucker and Zhou, 2007;
Steinwart and Christmann, 2008), for all f € pr’

5(f) - 5(fp) = Hf - pr,Qr

Then it is easy to see that (7) is equivalent to infsep, || f — f,/2. Under Assumption (2), H,
is a subspace of L2 Using the projection theorem, one can prove that a solution fy for the
problem (7) is the pI‘OJGCthH of the regression function f, onto the closure of H, in L? 5y and
moreover, for all f € H, (Lin and Rosasco, 2017b),

S, fo=3S,fn, (9)
and

E(f) = E(fu) = I — fully. (10)

Note that fz does not necessarily lie in H,.
Throughput this paper, S is a closed, finite-dimensional subspace of H, and P is the pro-
jection operator onto S or P = I.
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2.2 Assumptions

In this subsection, we introduce three standard assumptions in statistical learning theory (Stein-
wart and Christmann, 2008; Cucker and Zhou, 2007). The first assumption relates to a moment
condition on the noise y — f,(x).

Assumption 1 There exist positive constants () and M such that for all 1 > 2 with | € N,
1 _
[ = @) ldptyla) < Guar=2q2 ()

and |f,(x)| < M, px-almost surely.

Typically, the above assumption is satisfied if y is bounded almost surely, or if y = (w., ) g + ¢,
where € is a Gaussian random variable with zero mean and it is independent from z.
The next assumption relates to the regularity /smoothness of the target function fz.

Assumption 2 fg satisfies

/H (fi(2) — fo(2))%x @ 2dpy (x) < BT, (12)

and the following Hoélder source condition
fH = [:Cgo, with ”go”p S R. (13)
Here, B, R,( are non-negative numbers.

Condition (12) is trivially satisfied if fz — f, is bounded almost surely. Moreover, when
making a consistency assumption, i.e., infy, & = £(f,), as that in (Smale and Zhou, 2007;
Caponnetto, 2006; Steinwart et al., 2009), for kernel-based non-parametric regression, it is sat-
isfied? with B = 0. Condition (13) characterizes the regularity of the target function fy (Smale
and Zhou, 2007). A bigger ¢ corresponds to a higher regularity and a stronger assumption,
and it can lead to a faster convergence rate. Particularly, when ( > 1/2, fy € H, (Steinwart
and Christmann, 2008). This means that the expected risk minimization (1) has at least one
solution in H, which is referred to the attainable case. In this case, we let

wWH = TC*IS;go.

Using the singular value decomposition of S,, one can prove that S,wy = fr.
Finally, the last assumption relates to the capacity of the space H (H)).

Assumption 3 For some vy € [0,1] and ¢, > 0, T satisfies
NQ) i=to(T(T+ M) H) <e A, for all X > 0. (14)

The left hand-side of (14) is called degrees of freedom (Zhang, 2005), or effective dimension
(Caponnetto and De Vito, 2007). Assumption 3 is always true for v = 1 and ¢, = k?, since T
is a trace class operator. This is referred to the capacity independent setting. Assumption 3
with v € [0, 1] allows to derive better rates. It is satisfied, e.g., if the eigenvalues of 7T satisfy a
polynomial decaying condition o; ~ i~1/7, or with v = 0 if 7 is finite rank.

3. Projected-regularized Algorithms

In this section, we first demonstrate and introduce the projected-regularized algorithms. We
then present theoretical results for the projected-regularized algorithms. Finally, we give results
for the sketched /Nystrom regularized algorithms.

2. This can be verified by using (10).
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3.1 Projected-regularized Algorithms

The expected risk £ (w) in (1) can not be computed exactly. It can be only approximated
through the empirical risk &,(w),

n

Er(w) = — w, i) g — i)

() = L (lwrsidar =

A first idea to deal with the problem is to replace the objective function in (1) with the empirical
risk. Moreover, we restrict the solution to the subspace S. This leads to the projected empirical
risk minimization, inf,cg &;(w). Using P? = P, a simple calculation shows that a solution for
the above could be @ = P&, with & satisfying PTxP& = PSgy. The inversion of the linear
operator P77y P may have a bad condition number or be unbounded . Motivated by the classic
(iterated) ridge regression, we replace the inversion of P7x P with a regularized one, which leads

to the following projected (iterated) ridge regression we study throughout this paper.

Algorithm 1 The projected (iterated) ridge regression algorithm of order T over the sample =
and subspace S is given by f¥ = S,w¥, where?

w§ = POA(PTP)PS5y, Ga(u) =) N '(A+u)™, (15)

i=1

Remark 1 1) Our results not only hold for projected ridge regression, but also hold for a general
projected-regularized algorithm, in which Gy is a general filter function. Given A C R, a class
of functions {Gy : [0, k%] — [0,00[, A € A} are called filter functions with qualification T (1 > 1)
if there exist some positive constants E, F < co such that

sup sup |Ga(u)(u+ M) < E. (16)
AEA u€)0,52]
and
sup sup sup |1 —Gy(w)ul(u+ A)* A% < F. (17)

a€l0,7] AeA u€]0,x2]
The filter function Gy(u) is an approzimation of the inverse function. It is often used in dealing
with ill-posed inverse problems. We refer to (Caponnetto and Yao, 2006; Bauer et al., 2007;
Gerfo et al., 2008) and references therein for further details about the filter functions.
2) A simple calculation shows that

1—q" 22:01 q A
— — — s = . 18
Ga(u) = — utr I Nt (18)
Thus, Gx(u) is a filter function with qualification 7, E = 1 and F = 1. When 7 = 1, it is a
filter function for the classic ridge regression and the algorithm is the projected ridge regression
algorithm.

3) Another typical filter function studied in the literature is
{ul, if u> A,

. (19)
0, otherwise,

which corresponds to principal component (spectral cut-off ) reqularization. Here, 1y, denotes
the indication function. In this case, E =2, F =27 and 7 could be any positive number.

4) The choice Gy(u) = S5_yn(1 — nu)t=* with n €]0,k72] where we identify X = (nt)~1,
corresponds to gradient methods or the Landweber iteration algorithm. The qualification T could
be any positive number, E =2, and F = F; =177 exp(l — 7).

3. Let L be a self-adjoint, compact operator over a separable Hilbert space H. Gx(L) is an operator on L defined
by spectral calculus: Suppose that {(cs,%;)}: is a set of normalized eigenpairs of L with the eigenfunctions
{%:}: forming an orthonormal basis of H, then we have Gx(£) = >, Ga(0:)1hi ® .
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In the above, X is a regularization parameter which needs to be well chosen in order to achieve
the best possible performance. Throughout this paper, we assume that 1/n < A < 1.

The performance of an estimator f{ can be measured in terms of excess risk (generalization
error), E(f§)—infy, £ = g(wi)—ian &, which is exactly 1 /3= fr% according to (10). Assuming
that fg € H,, ie., fg = Spws for some w, € H, it can be measured in terms of H-norm,
lw% — w, |l m, which is closely related to |[£728,(w? — w,)|g = [|I£72(f% — fu)ll,, according
to (5). In what follows, we will measure the performance of an estimator f{ in terms of a
broader class of norms, ||[£L~%(f%— f)||,, where a € [0, 3] is such that £7%fp is well defined. In

the attainable cases, i.e., fg € H),, according to (5), [|[L7*(f% — fu)|l, is close to ||T%_“(w§ -
wi )| . Convergence with respect to different norms is of strong interest in convex optimization,
inverse problems, and statistical learning theory. Particularly, convergence with respect to
target function values and the H-norm has been studied in convex optimization. Interestingly,
the convergence in the H-norm can imply the convergence in target function values (although
the derived rate is not optimal), while the opposite is not true in general.

3.2 General Results for Projected-regularized Algorithms

We now state our first result as follows. In the sequel, C denotes a positive constant that depends
only on k% ¢y, v, ¢ B,M,Q,R,7 and ||T|, and it could be different at its each appearance.
Moreover, we write a1 < ag to mean a1 < Cas.

Theorem 1 Under Assumptions 1, 2 and 3, let \ = n=? for some 6 € [0,1) or A\ = %. Let

a€[0,2A(], and T > ¢ —a. Then the following holds with probability at least 1 —§ (0 < § < 1).
1) If ¢ € [0, 1],

1
vVn\Y

—a(fz —a 3 - —aya
L7 f5 _fH)HpS)\ logZS <)\<+ + )¢ 1(A5+A% A )) (20)

2)If¢>1 and A >n~1/2,

3 _
et Sl S 310625 (A + I+ (as 020l alon) . e

1

VXY
Furthermore, if ( > 1/2, then the above conclusions still hold if we replace |L~*(f% — fu)ll, by
H’T%*a(wi —wp)||g. Here, As is the projection error ||(I — P)T%HZ.
The above result provides high-probability error bounds with respect to variants of norms for
projected-regularized algorithms. The upper bound consists of three terms. The first term
depends on the regularity parameter ¢, and it arises from estimating the bias. The second term
depends on the sample size, and it arises from estimating the variance. The third term depends
on the projection error. Note that there is a trade-off among the bias term, the variance term,
and the projection-error term. Ignoring the projection error, solving the trade-off between the
bias and variance terms leads to the best choice on A and the following result.

Corollary 1 Under the assumptions and notations of Theorem 1, let
A = n TEF (1V log nY)Hacsh, (22)

Then the following statements hold with probability at least 1 — 6.
1)If¢<1,

—a( fz —a _ 3
1275 = Fllp S A" (14271 A5) log? . (23)
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Articles Assumptions | Minimax Rate
(Caponnetto and De Vito, 2007, Theorem 2) | a = 0,¢ € [3,1] Nz
(Steinwart et al., 2009, Theorem 9) a=0,(€(0,1] N-%H
(Blanchard and Miicke, 2018, Theorem 3.5) | a€[0,3],¢>1| N =5

Table 1: Minimax Rates on ||[£™%(f, — fu)|?

2) If ¢ =1,

1£=(F% = fir)llp S A" log? 5(A<+A5 <1+(25)Aé“’“+(25)a)>. (24)

Furthermore, if ( > 1/2, then the above conclusions still hold if we replace |L~*(f% — fu)ll, by
727w = wi)lla-

Comparing the derived upper bound for projected-regularized algorithms with that for classic
regularized algorithms in (Lin et al., 2018), we see that the former has an extra term, which is
caused by projection. The above result asserts that projected-regularized algorithms perform
similarly as classic regularized algorithms if the projection operator is well chosen such that the
projection error is small enough.

In the special case that P = I, we get the follow result.

Corollary 2 Under the assumptions and notations of Theorem 1, let \ be given by (22) and
P = 1. Then with probability at least 1 — ¢,

MOg’”) i<,
2<+7 if 2C +v > 1.

1275~ fn)lp S log? 3 ( (25)

Furthermore, if ¢ > 1/2,
3 _t-a
T2 — o) 5 log? Sn 455,

The rate from the above with 2¢ + v < 1 improves the rate O(n® ¢[1 V logn?]'~%) derived
n (Lin et al., 2018). The convergence rates for 2¢ + v > 1 have already been given in the
literature, see (Lin et al., 2018) and some of the references therein. They are optimal as they
match the minimax rates summarized in Table 1. See (Caponnetto and De Vito, 2007; Steinwart
et al., 2009; Blanchard and Miicke, 2018; Fischer and Steinwart, 2017) for further details about
minimax rates.

Remark 2 Corollary 2 provides convergence results in high probability for the studied algo-
rithms. As remarked in (Lin et al., 2018), it implies convergence in expectation and almost
sSure convergence.

3.3 Results for Sketched-regularized Algorithms

In this subsection, we state results for sketched-regularized algorithms.

In sketched-regularized algorithms, the range of the projection operator P is the subspace
range{S;G*}, where G € R™*" is a sketch matrix with m < n satisfying the following concen-
tration inequality: For any finite subset E in R™ and for any ¢ € (0, 1),

—t2m

P(|Gal3 — llall; > tlla]3 : 3a € B) < 2 Eled™"". (26)

Here, ¢ is a universal positive constant and /3 is a universal non-negative constant. Many
matrices satisfy the concentration property.
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e Subgaussian sketches. Matrices with i.i.d. Subgaussian (such as Gaussian or Bernoulli)
entries satisfy (26) with some universal constant ¢{, and § = 0. More generally, if the rows
of G are independent (scaled) copies of an isotropic ¥ vector, then G also satisfies (26)
(Mendelson et al., 2008).

¢ Randomized orthogonal system (ROS) sketches. As noted in (Krahmer and Ward,
2011), matrix that satisfies restricted isometric property from compressed sensing with
randomized column signs satisfies (26). Particularly, random partial Fourier matrix, or
random partial Hadamard matrix with randomized column signs satisfies (26) with g = 4
for some universal constant ¢{. Using OS sketches has an advantage in computation, as
that for suitably chosen orthonormal matrices such as the DFT and Hadamard matrices,
a matrix-vector product can be executed in O(nlogm) time, in contrast to O(nm) time
required for the same operation with generic dense sketches.

The following corollary shows that sketched-regularized algorithms have optimal rates pro-
vided the sketch dimension m is not too small.

Corollary 3 Under the assumptions and notations of Theorem 1, let S = range{S:G*}, where
G € R™*"™ is a randomized matrix satisfying (26). Let

o .
Tognry:  W20+7 <1,
(¢—a)
m 2 log® nlog® 5 n(lja)<<2c+w), if ¢ >1, (27)

ol .
n2+y, otherwise.

Then with confidence at least 1 — 9, the following holds

(—a
3 (1V10gn7) , T < 1’
(5~ flly 1ot 24 A s (28)
n 2+ if2¢+v > 1.

Furthermore, if ( > 1/2,
3 _¢oa
|72 — wn)llm < log® sn™ 2.

The above results assert that sketched-regularized algorithms converge optimally, provided the
sketch dimension is not too small, or in another words the error caused by projection is negligible
when the sketch dimension is large enough. Ignoring the logarithmic factors, the minimal sketch
dimension from the above is at most Cn, and it is smaller than C'n when the regularity parameter
¢ is large or the effective-dimensional parameter y is small. Furthermore, the minimal sketch
dimension is proportional to the effective dimension A~ up to a logarithmic factor for the case
(<L

Remark 3 1) Considering only the case { =1/2 and a = 0, Yang et al. (2017) provide optimal
error bounds for sketched ridge regression within the fixed design setting.

2) Wang et al. (2017) provide error estimates on the target function values (i.e., the regularized
empirical risks) for sketched ridge regression over a finite-dimensional space in the fized design
setting, and they also show a similar bias-variance trade-off phenomenon when choosing the
optimal regularization parameter for the algorithm.

Corollary 3 is proved by applying Corollary 1, combing with an estimate on the projection error
developed in Subsection 5.5. As we mentioned before, the Nystrém regularized algorithm can be
viewed as a projected-regularized algorithm with the projection operator P being the subspace
range{S;G*}, where G € R"*" is a sketch matrix with rows drawn randomly from an identity
matrix. However, for the latter case, in general, we need alternative arguments for estimating
the projection error.
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3.4 Results for Nystrom Regularized Algorithms

As a byproduct of the paper, using Corollary 1 and an estimation on the projection error, we
derive the following results for Nystrom regularized algorithms.

Corollary 4 Under the assumptions and notations of Theorem 1, let S = span{z1,- - ,zmn},
1
20+v>1, and A=n 2+, If

¢—a
(1—a)(2¢+7) ) >1
m 2 (14 logn™) " vzl
n2cHy if ¢ <1,

then the conclusions in Corollary 3 are true.

Remark 4 1) Considering only the case 1/2 < ( <1 and a = 0, (Rudi et al., 2015) provides
optimal generalization error bounds for Nystrém ridge regression. This result was further ex-
tended in (Myleiko et al., 2017) to a general Nystrom reqularized algorithm with a general source
assumption indexed with an operator monotone function (but only in the attainable cases). Note
that as in classic ridge regression, Nystrom ridge regression saturates over ¢ > 1, i.e., it does
not have a better rate even for a bigger ¢ > 1.

2) For the case ¢ > 1 and a = 0, (Myleiko et al., 2017) provides certain generalization error
bounds for plain Nystrom reqularized algorithms, but the rates are capacity-independent, and

2051
the minimal projection dimension O(n2+1) is larger than ours (considering the case v =1 for
the sake of fairness).

In the above lemma, we consider the plain Nystréom subsampling. Using the ALS Nystrom
subsampling (Drineas et al., 2012; Gittens and Mahoney, 2016; Alaoui and Mahoney, 2015), we
can improve the projection dimension condition to (27).

ALS Nystrom subsampling Let K = §xS;. For A > 0, the leveraging scores of K(K + \I)
is the set {l;(\)}"_, with

L(A) = (KK +AN™Y),, Vi€ n]
The L-approximated leveraging scores (ALS) of K(K + ) is a set {I;(\)}, satisfying

L7'(N) < L(N) < Li(y),

for some L > 1. In an (L, \)-ALS Nystrom subsampling regime, S = range{Z1, -+ , &y, }, where
each z; is i.i.d. drawn according to

P (% = ;) ~ l;(\).

The i-th leveraging score [;(A) measures the “importance” of the i-th input z;. In ALS
Nystrom scheme, the element corresponding with a higher score will be selected with a higher
probability, which is different from the uniform selection in plain Nystrom.

1
Corollary 5 Under the assumptions of Theorem 1, let \ =n~ @F0V1 and S = range{Z1, -+ ,Tm}
with &; drawn following an (L, \)-ALS Nystrom subsampling scheme. If

WIViegn ', 24y <1,
3 —a
m > L?log® 5 nu—w«i)ﬂzciw [1vilegn?], if¢>1, (29)
n%H [1Vlogn?], otherwise,

then the conclusions in Corollary 3 are true.

10



CONVERGENCES OF REGULARIZED ALGORITHMS AND SGM wITH RANDOM PROJECTIONS

4. Results for Projected Stochastic Gradient Method

In this section, we introduce stochastic gradient methods with projections (projected-SGM)
and then state statistical results for the projected-SGM. As corollaries, we provide convergence
results for the sketched /Nystrom SGM methods.

SGM is one of the most popular and scalable algorithms for large-scale learning problems.
We refer to (Lin and Rosasco, 2017b.a) and references therein for further introductions on SGM.
In this paper, we study the following projected-SGM, a variant of classic SGM considering an
orthogonal projection operator.

Algorithm 2 The stochastic gradient method with projection is defined by wi = 0,

bt

1
Wikl = we =1y Z ((we, iy g — yj.)Pxj,, t=1,--- T,
i=b(t—1)+1

where n is a step-size, ji,j2,- - , Jyr are i.i.d. random variables from the uniform distribution

on {1,--- ,n}, and b € N*.

The step-size 7, the number of iterations 7', and the minibatch size b, are free parameters
in the above algorithm. They dictate the performance of the algorithm, as shown in our coming
results.

The random variables j1, - - - , jpr are conditionally independent given the sample z. We write
J={j1, - ,Jvr} and denote the conditional expectation with respect to J given z by Ej.

In order to state our results, we need to introduce the following assumption on the moment
condition of |y|2.

Assumption 4 There exist constants M €]0,00[ and Q €]1, 00[ such that

| Haptule) <ua'Q, wien, (30)
Y

px-almost surely.

A simple calculation shows that the above assumption can imply Assumption 1. With this
assumption, we have the following general results for projected-SGM.

Theorem 2 Under Assumptions 2, 5 and 4, let § € (0,1), and for some C] > 1,
19 , Lv¢—a 2 1 71 <
(I - P)Tz|* < CiA 1= logg, A =n" WVEFD (1Vlogn?)Hec+v=<y, (31)
Consider Algorithm 2 with any of the following choices on 1, b and T':
D~ X6, b=1and T ~ \~(1+20);
II) n~ (logn)™", b~ A% and T ~ A 'logn;
H)n~n=t,b=1and T ~n\~!;
IV)noen=Y2 b~ /noand T ~ /A1,
Then for any a € [0, % A (], the following holds with probability at least 1 — 4.
1) If2¢++ <1,
2

Es|| L7 (Spwri1 — fa)lly S n?C " (log n) o= (1 log n7)*¢~ %) log? 5 (32)

2) If2¢ +~v > 1,

_2(¢-a) 2
Es| L7 Spwri1 — fu)ls Sn™ %5 (logn)' (271} Jog® 5 (33)

Furthermore, if ( > 1/2, then the above conclusions still hold if we replace ||L~*(Spwr1—fu)llp
1
by | T2 (wrs1 — wa)lla-

11
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The above results assert that with appropriate choices on the step-size and mini-batch size, if
the projection error is small enough, the projected-SGM at some number of iterations performs
optimally.

As direct corollaries, we have the following results for projected-SGM, considering specific
projection operators as in Section 3.

Corollary 6 Under the assumptions and notations of Theorem 2, if P = I, then the conclusions
in Theorem 2 are true.

Corollary 7 Under the assumptions and notations of Theorem 2, let P and m be as in Corol-
lary 3/4/5, then the conclusions in Theorem 2 are true.

Remark 5 1) Similar results for classic (multi-pass) SGM were proved for a = 0 (Lin and
Rosasco, 2017b; Lin and Cevher, 2018b) and a = % (Lin and Rosasco, 2017b), where the derived

—(2¢—a) ,
rate O(n 2¢+y log? n) fora = % from (Lin and Rosasco, 2017b) has an extra logarithmic factor

m comparisons with our results.
2) Similar results with a = 0 for plain Nystrom SGM were derived in (Lin and Rosasco, 2017a),
but only for ¢ € [%, 1].

Remark 6 Making an additional assumption on the so-called embedding property (Steinwart
et al., 2009), optimal rates for the regime 2(+7 < 1 can be derived for ridge regression (Steinwart
et al., 2009; Fischer and Steinwart, 2017) and multiple passes SGM with averaging (Pillaud-
Vivien et al., 2018).

All the main results stated above will be proved in the remaining sections.

5. Proof for Section 3

In this section, we prove the results stated in Section 3. We first introduce some basic operator
inequalities that are necessary for the proof in Subsection 5.1. We then give some deterministic
estimates in Lemma 13, and with these basic operator inequalities and deterministic estimates,
we prove a deterministically analytic result (i.e., Proposition 3) in Subsection 5.2. The analytic
result involves three random quantities Ay 3y and the projection error. The random quanti-
ties Ayq o3y will be estimated in Lemmas 14-16, see Subsection 5.3. Applying the probabilistic
estimates on Ayy 53y from Lemmas 14-16 into Proposition 3, in Subsection 5.4, we prove the
results (i.e., Theorem 1 and Corollary 1) for projected-regularized algorithms. We finally es-
timate the projection errors and use Corollary 1 to prove the results (i.e., Corollaries 3-5) for
sketched-regularized and Nystrom-regularized algorithms in Subsections 5.5-5.6.

5.1 Operator Inequalities

To proceed with the proof, we need to recall some basic operator inequalities, and we provide
some of the proofs for completeness.

Lemma 8 (Fujii et al., 1993) Let A and B be two positive bounded linear operators on a
separable Hilbert space. Then

|A°B?|| < [|[AB||®°, when0<s<1.

Lemma 9 Let Hi, Ho be two separable Hilbert spaces and S : Hiy — Ho a compact operator.
Then for any function f : [0, ||S]|] — [0, oo],

F(S8%)S = Sf(S*S).

12
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Proof The result can be proved using singular value decomposition of a compact operator. B

Lemma 10 Let A and B be two non-negative bounded linear operators on a separable Hilbert
space with max(||Al|, || B||) < x? for some non-negative x*. Then for any ¢ > 0,

1AS = BY|| < CeullA = B, (34)
where
o 1 when ¢ < 1, (35)
o 20k%~2  when ¢ > 1.

Proof The proof is based on the fact that u¢ is operator monotone if 0 < ¢ < 1. While for
¢ > 1, the proof can be found in, e.g., (Dicker et al., 2017). |

Lemma 11 Let X and A be bounded linear operators on a separable Hilbert space H. Suppose
that A »= 0 and || X|| < 1. Then for any A > 0, and any bounded linear operator F' on H,

(A + /\I)%XF*H = ||[FX*(A+ )\I)%H <|IF(X*AX + )\I)%H. (36)
Proof Note that X*X < I since || X|| < 1. In fact, for any w € H,
(X" Xw,w)i = | Xl < |wlif = (w,w)n

It thus follows that
X (A+A)X < X"AX + AL

Therefore,
|]FX*(A+)\I)%H2 = |[FX*"(A+ M)XF*|| < ||F(X*AX + X[ )F*|| = |[F(X"AX +)\I)%H2.

Lemma 12 Let P be a projection operator in a Hilbert space H, and A, B be two semidefinite
positive operators on H. For any 0 < s,t < 1, we have

L
|41 = P)A"|| < || A= B|*™ + || B2 (I — P)B2|*+.
Proof Since P is a projection operator, (I — P)?2 = I — P. Then it holds that
1A%(I — P)A"| = | A*(I — P)(I — P)A"| < | A*(I - P)|[|( — P)A'].
Moreover, by Lemma 8, we have
1451 = P)|| = |AZ%(I - P)*|| < | A2 (I - P)|[**.
Similarly, ||(I — P)At|| < ||(I — P)Az||?. Thus, it follows that
|A*(1 = PYA'|| < A2 (T = P)|>*|[(1 = P)A2 | = |[(1 = P)A2 | +).
Using ||D|? = | D* D],

1A*(1 = P)A"|| < [|( — P)A(I — P)|"**.

13
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Adding and subtracting with the same term, using the triangle inequality, and noting that
|II —P||<land s+t<1,

1A*(1 = P)A"|| <||(I — P)A(I — P)||"*
<(It1 = P)(A=B)I = P)| + (I = P)B(I - P)|)""*
<|[A=B|*"" +|[(1 - P)B(I - P)|I**",
which leads to the desired result using ||D*D|| = ||[DD*||. [ ]

5.2 Deterministic Estimates

In this subsection, we introduce some deterministic estimates. For notational simplicity, through-
out this paper, we denote

Ta=T+M, To=Tx+ A

We also denote

Ra(u) =1 — Ga(u)u. (37)
For any A > 0, we introduce a deterministic vector wl);,, defined by
wiy = G\(T)S} fu, (38)

where G (u) is given by (19). We have the following lemma for the properties of w7;. We assume
7 > ( — a throughout.

Lemma 13 Under Assumption 2, the following holds.
1) For any a < (, we have

||,C’“(Spw1)‘{ = fu)llp < R, (39)
2) We have
Xt if —(<a<1-¢,

2= i g >1— (. (40)

|17 2wy ln < R {

The above lemma could be proved using the spectral theorem, see (Lin and Cevher, 2018b) for
details. The left hand-side of (39) is often called “true bias”.

Using the above lemma and some basic operator inequalities, we can prove the following
analytic, deterministic result.

Proposition 3 Under Assumption 2, let
1 _1 1 1
LV ITETOEIP VT, 2 TANP < A
1T P [(Tawdy — S59) — (Twly = Sifmllln < s,
I(I - P)T2|? = As.

Then, for any 0 < a <[ A %], the following holds.
1) If ¢ € [0, 1], then we have

1£7(Spws = fan)llp < AAI(BAz + 2B + F 4+ DRA + RXTH(EAs + ALAY)). (41)
2) If ¢ > 1, then we have
1£7%(Sw% — fu)ll, < XAl (EA2 +(E+F+ 1R\ + k¥ DR(EA; + EAs + A} 7\)
_1
+Co_1  FRONAg + Ag) DN 4 23 AF2M)),
(42)

14
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The above proposition is key to our proof. The upper bounds from the proposition involve
four quantities Ay 935). They will be estimated in the subsequent subsections. The proof of
the above proposition ¢ € [%, 1] borrows ideas from (Smale and Zhou, 2007; Caponnetto and
De Vito, 2007; Rudi et al., 2015; Lin et al., 2018), whereas the key step is an error decomposition
from (Lin and Cevher, 2018b). Our novelty lies in the proof for the cases ¢ > 1 and ¢ < 1/2,
as well as some refined analysis and considering convergences under variants of norms.

Proof Adding and subtracting with the same term, and using the triangle inequality, we have

1£74(Spwk = fr)llp < IL7Sp(wf = win)llp + 1£74(Spwiy = )l
Applying Part 1) of Lemma 13 to bound the last term, with 0 < a < (,
1£74(Spwk = fr)llp SILTASp(wf — wip)lp + RA
<8, T2 1727 (5 — wip)llm + RAS.

Using the spectral theorem for compact operators, £ = S,S;, and T = 575, we have

lL=es, T 3| < 1,

and thus )
1L (Spws = fr)llp < T2 %(w§ — wiy)|lg + RA (43)

Adding and subtracting with the same term, and using the triangle inequality,
1
L7 Spwt = fr)llp < T27(w5 — Pwdy)|la + 1727 = P)wiy | + RA.
Since P is an orthogonal projected operator and a € [0, 1], we have
1
17271 — P)wiy|lm
=720 = P)' (I = Pwiy|u
<IN — P (T = PYT2(IIT 2wiln
<|IT2 (1 = P)['*(I = P)T 2 | Re*C DA
_ Ale R2(C=D)s y(C-D)-

where for the last second inequality, we use Lemma 8 and Part 2) of Lemma 13, and we
subsequently obtain

1L (Sp = fir)llp < I T2 (@5 = Pagy) [ + RN AL 4 A,

Since for all w € H, and a € |0, %]7

T4l <ITR Ty 2T "l
T T T el
N UTETE I Tl
NN Tl (44)
(where we use Lemma 8 for the last second inequality), we get

i

1_ 1
1L74(Spw’ — fr)llp < ATOAF YT (wh — Pwpy)ll i + Re2CD+ACU- Al 4 RAC. (45)

15



LIN AND CEVHER

1
In what follows, we estimate || 7.3 (w§ — Pwy)||a-
Introducing with (15), with P2 = P,
1T ( — Puwpy) i = ITAP(GA(PTxP)PSyy — Pwiy)|n-

Since for any w € H,

17 PwIIH = (PTanPw,w)p < (PTeP + M)w,wyi = [[(PToP + M) 2wl

and we thus get
1 1
ITAWE = Pwip)ll < U (GA(U) PS5y — Pwy)|lu,

where we denote
U=PT P, U,=U+ . (46)

Subtracting and adding with the same term, and applying the triangle inequality, with the
notation R given by (37) and P? = P, we have

1 1 1
ITA WS — Pwip)llir < |URGAU)P(S5y — TuPuwiy) i + IUFRAU) Py [l (47)
~——
Term.A Term.B

We will estimate the above two terms of the right-hand side.
Estimating | Term.A| :
Using Lemma 11,

1 1 1 1
13 GAU) PTAN < U GAUOUR (| = [RANGA )] -
Using the spectral theorem, with ||| < ||7x|| < x* (implied by (6)), and then applying (16),
1 1
AL GUPTAII < sup_[(u+A)Gx(u)] < E-. (48)
u€[0,x2]

Using the above inequality, and by a simple calculation,

1 1 _1 1
ITerm. Al <|[U G\U)PTAI T (Sxy — TxPwip)|l < BT (855 — TxPwiy)l-

Adding and subtracting with the same terms, and using the triangle inequality,

1

|Term. Al <B|T, (St - Tl + BT Toll = Pl

<E|IT, m 17528 wa>uH+EH T Tl = Pod)ln

<EAF|T; S5y — el + EIT 2 Tall = Pyl

<EA} (Do + T3 3 (Tw)y — Sifm)lli) + BTt Tl — Py n

<EAF (Ao + T 2SSk — fully) + EITE (L= PYII( = PYTE [T 5w},
where we used 7 = 575, and (I — P)? = I — P for the last inequality. Applying Lemma 13 and
172 < 1,

1 11
|Term.Ally < EAZ(Ag 4+ RX) + ERAZ|| T2 (I — P)||s*¢~ D+ N6, (49)
1
In what follows, we estimate || 752 (I — P)||, considering two different cases.
Case ¢ <1.
We have

xm\»-x

IT2(1 - P)| < AF|T2(1 - P)].

16
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Note that for any w € H with ||w||g =1,
1 1
173 (I = P)wlf = (Ta = P)w, (I = P)w)r = |T2(I = P)wllf; + A = P)wl%
< T2 =P+ A< As+ A

It thus follows that

NI

1
|72 (1 = P)|| < (A5 + )z, (50)
and thus

1 1
17 (= P)l| < AF (A5 + )2,
Introducing the above into (49), we know that Term.A can be estimated as (¢ < 1)
1
|Term. Al < EA? (Ag +2RAS + RAHAE)) . (51)

Case ¢ > 1.
Applying Lemma 12, we obtain

1 1 1
IT2(I = P)|? = T2 (I - PYTZ|| < As+ |T2(I - P)T2| = Az + As.
Introducing the above into (49), we get for { > 1,
1
|Term.A |y <EA? <A2 +RX + (Ag + As) ,@2<<—1>R) . (52)

Estimating ||Term.B||z:

We estimate ||Term.B||y, considering two different cases.
Case I: ¢ < 1.

Using a same argument as that for (48) and (17),

1 1
IUZRAU)PTE| < sup [Ra(w)(u+A)| < FA

u€[0,x2]

Using the above inequality and by a direct calculation,

1 1 -1 1 1

| Term. B s < [UFRAQOPTAINTSE TENNT  2wiyllir < FAAF|IT 20|

A XA xA A

Applying Part 2) of Lemma 13, we get
1
|Term.B||g < FRAA?. (53)
Applying the above and (51) into (47), we know that for any ¢ € [0, 1],
1 1
T2 (W% — Pwl) | < A? (EAQ + (2E + F)RXS + ERA;,)\C_l) .

Using the above into (45), we can prove the first desired result.
Case II: ( > 1
We denote

1 1
V=TZPTZ, Vy=V+. (54)

1 1
Noting that U = PTxP = PT¢(P7¢)*, thus following from Lemma 9 (with f(u) = (u +
A)2R,(u)) and P2 = P,

b a0 P Y| = bt bR, ()75
2 RAQUOPT 2| = I RAG) (PT)TE| = | (PT)VERAV) TS
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Adding and subtracting with the same term, using the triangle inequality, we obtain
1 _1 11 11

(U RAQPT 2 | <[ PTRVIRAWVIV | + | PT VI RAWV)(TE! = V)|
11 11

<IPTRVIRAWVIVE I+ IPTRVRRAWI T ™ = V.
Using Lemma 10, with (6) and ||V|| < ||Tx|| < 2, we then have
1 _1 11 11
[U RA@U)PT 2 || < IIPTVERAMWVIVS |+ [ PTRVERAMW) | o ll T — V€D
Using || A|| = HA*AH%, P? = P, the spectral theorem, and (17), for any s € [1, 7], it holds that

1 1
IPTEVERAVV | = [V RAVVVRA V)V 2

1 1
< sup |[Ra(w)u’®"2(u+ A)2| < FA%
u€[0,x2]

and thus we get

2o —3 1Al
U " RAU)PTE 2| < F(XS + ACe_y | T — V]| €N,

Using Lemma 12, (I — P)?2 =1 — P and ||A*A|| = ||A||?, we have

1T = V| = T = PYT| < | Tx = T + | T2(I = P)T3|| < As + As,

and we thus get

1 _1
U2 RAU)PTE 2| < FON 4+ ACe_10(Ag + Ag)EDAL), (55)

Now we are ready to estimate ||Term.B| . By some direct calculations and Part 2) of Lemma
13,

| Term.Bl|i < U2 RAQ)PTE 73wl < U2 RAWU)PT S| R.
Adding and subtracting with the same term, and using the triangle inequality,
TermBilu < & (U RAGOPTE -+ i RA@OINITE S = 772
Using the spectral theorem, with ||| < ||Tx|| < &2 by (6) and (17),
ERAC = sty (Rafe)u-+ 0 < FAL
u€l0,x

and we thus get

[Term Bl < 2 (U RAGOPTE [+ PA[TE =7 2)).
Applying Lemma 10, with (3) and (6), it follows that

|Term.B||z < R (HUERA(U)PT:;C_%H + FAéccé,nAgf‘é)“) .
Introducing with (55), we obtain

[TermBlu < PR (X + CeaMa + ) I .0

18
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Introducing the above inequality and (52) into (47), noting that A; > 1 and x? > 1, we know
that for any ¢ > 1, the following holds

3 1

ITAWS = Pug)lln <AF (BA; + (F+ E)RX + Bk R(A + As)
_1

* CC*%,RFR(A(AS + A5)(<_1)/\1 + )\%Agf 2)/\1)).

Using the above into (45), and by a simple calculation, we can prove the second desired result. B

5.3 Probabilistic Estimates

To derive total error bounds from Proposition 3, it is necessary to develop probabilistic estimates
for the random quantities Ay, Ao, and As. We thus introduce the following three lemmas.

Lemma 14 Under Assumption 8, let 6 € (0,1), and X = n=% with 6 € [0,1) or A = [1 V
logn?]/n. Then with probability at least 1 — 4,

(T + MDY2(Te + XD TV22 V(T + M) ™Y2(Tx + MDY2 )12 < 3a(5),

where a(§) = 8k? log% if A = [1Vlogn]/n, or a(§) = 8kx? (log 4'{}‘6%;1) + 6(1929)>
otherwise.

The proof of the above result for A = n=% with 6 € [0,1) is given in (Lin and Cevher, 2018b).
Here, we also provide a similar result for A = [1Vlogn?]/n using the same argument. We report
the proof in Appendix.

Lemma 15 Let 0 < § < 1/2. The following holds with probability at least 1 —§ :

2/{210g(2/6)+ 2Kk log(2/0)
n n '

1T =Tl < IT = Tillms <

Here, || - |ms denotes the Hilbert-Schmidt norm.

Using (Smale and Zhou, 2007, Lemma 2) (which is a direct corollary of the concentration
inequality for Hilbert-space valued random variables from (Pinelis and Sakhanenko, 1986)), one
can prove the desired result.

Lemma 16 Under Assumptions 1 and 2, with probability at least 1 — 9§, the following holds:

_1
Ty 2 (Txwiy — Sxy — Twiy + Sy fu)llm
1V(20) p(¢—3)- 2,221 2 2
s AR(M 4 VEIRNC ) \/8(2R K2AX-1 4 (2B2 + Q2)N(N)) logg_ (56)
nvA n 1)

The above lemma is essentially proved in (Lin and Cevher, 2018b; Lin et al., 2018). We include
a proof in Appendix for completeness.

5.4 Proof for Projected-regularized Algorithms

With the above probabilistic estimates and the analytic result, Proposition 3, we are now ready
to prove the following proposition and the results for the projected-regularized algorithms stated
in Theorem 1.
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Proposition 4 Under Assumptions 1 and 2, let ||(I — P)’T%H2 = As, and A = n~? for some
6 € [0,1) or A = WlOTgm. Then, for any 0 < a < [C A %], with probability at least 1 — 30
(6 € (0,1/3)), the following statements hold.

1) If ¢ € [0, 1], we have

2/\4’1’“(EA5 + AR

I£72(Syk = fur)lo < Ci~"log! " >
NOY
n

_ 92 _
+ O log? e Sa7 (02(A< V- \R+48E

5 (B+Q)+ 8/<¢E—)

nv'
2)If(>1and A > n~1/2, we have
_ 2 _
1L (Spwk = frr)llp < O “Cepelog! = SN (BA; + AFTX" + FAASL™MhR
I N 1 N
1—a 2—a “ a ¢ - VAN
+ C{ %log 5)\ (03(/\ V\/;)R+8E . (B+Q)+8/£E—nf>

Here, the constants 0{172’3} are defined by

e log%H), if A = Wlogn?
o 242 (1o 2e(cy +1) + 9 otherwise
&7 10y ) :

Cy =8Bk (k") +1) + 2B+ F+ 1.
C3 =8Ek(K* +1) + E+ F + 1+ C¢ o(E + F)r*(2 + V2).
Furthermore, if ¢ > 1/2, then the above conclusions still hold if we replace ||L~*(f% — fu)ll, by

I727(ws — wn)lla-

Proof We use Proposition 3 to prove the statement. We thus need to estimate Aj, As and
Az. Following from Lemmas 14, 15 and 16, with n=' < XA < 1, we know that with probability
at least 1 — 36,

_ 2
A1<Cllog5,
NN M p
A< | C ACv R+38 B+ Q)+ 8k log 2, Cy=8k(kV() 41),
2
A3<Cgflog5 C3 = r*(V2+2).

The convergence results in L%X—norm thus follow by introducing the above estimates into (41)
or (42), combining with a direct calculation and the assumption of 1/n < XA < 1.

The proof for the convergence results in H-norm in the attainable case parallelizes to that
for results in L,%x -norm, as we can replace (43) by

|72 w5 — wi) | < T35 — wiy) |l + RAS.

Proof of Theorem 1 Theorem 1 is a direct consequence of Proposition 4 with Assumption
3 and using a simple calculation. |
Corollary 1 is a direct consequence of Theorem 1.
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5.5 Proof for Sketched-regularized Algorithms

In order to use Corollary 1 for sketched-regularized algorithms, we need to estimate the pro-
jection error. The basm idea is to approximate the pI‘O_]eCtIOIl error in terms of its ‘empirical’

version, [[(I — P)7; |2. The estimate for ||(I — P)7; |2 is quite lengthy and it is divided into
several steps.

Lemma 17 Let 0 < 6 < 1 and 0 € [0,1]. Given a fized input set x C H™, assume that for
A€ 0,1],
tr((Tx + M) M) < b A7 (57)

holds for some by > 0, v € [0,1]. Then there exists a subset Ux of R™*™ with measure at least
1 — 6, such that for all G € Uy, the following holds:
1
I(I = P)T2|* < 6A,

provided that
m > 100c) log?® nA™7 log% (1+10b,). (58)

1
Under the condition (57), Lemma 17 provides an upper bound for ||(I — P)75*||. The left-
hand side of (57) is called empirical effective dimension. It can be estimated as follows.

Lemma 18 Under Assumption 3, let 0 < § < 1. For any fized X = n=% with § € [0,1), or
A= %, with probability at least 1 — §, the following holds:

4
tr((Tx + M) ' Tx) < b, log? A (59)
Here, b, is a positive constant given by

. _ 1Vlogn?
L A= —r,

2k? 1
by = 24K%(4K> + 2K,/ + cy) <10gﬂT|C7’Y,H—'_)+1+5>, 5:{

0~y .
o otherwise.

The above lemma improves (Rudi et al., 2015, Proposition 1). It does not require the extra
assumption that the sample size is large enough, and our proof is simpler.
Now we are ready to estimate the projection error with randomized sketches as follows.

Lemma 19 Under Assumption 3, let S = range{S:zG*}, where G € R™*™ is a random matriz
satisfying (26), and P be the projection operator with its range S. Then with probability at least

1—-36 (6 €(0,1/3)), we have

provided that

0, if 0 <1,

= 4
m > Cn® log® n(1Vlegn")log =, ¢=
> g” n(1 Vlogn?) log” < a1,

K2e?(cy+1 = .
Here, a,, = 24x2log “5 (5 and C = 100c} (1 + 10b,) with
262(cy + 1) i <1
b, = 24/‘%2 4/‘412 + 2k,/cy +C <10 e St S s +14¢), é= e(1-6)’ )
P A e ) Loe T L et
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The proofs for Lemmas 17-19 are given in the appendix.
With Lemma 19, we can use Corollary 1 to prove Corollary 3 for the sketched-regularized
algorithms as follows.

Proof of Corollary 3 Applying Lemma 19 with

1 if2¢ +~ <1,
_ ¢— ;
0= Taer 21
ﬁ, otherwise
we get that under the condition (27), with probability at least 1 — 34, it holds that
1 I 2 4 4 | A, if (<1,
A5§9<1\/O%n€)log§log = ¢
n n'= 6 O | Afme, if¢>1,
where we use the following fact
logn” v logn!'~? ~y )
= < fo<1
W0 T 1-9 ni0 ~1-g VS5
within the last inequality. Combining with Corollary 1, and by a direct calculation, with A <1,
one can prove the desired result. |

Remark 7 Roughly speaking, and ignoring the logarithmic factors, in the proof of Lemma 19
for the case v € (0,1], we have the following high-probability upper bound for the projection
error:
1.9 _1

|1 = PYTH2 Sm 7
Introducing this estimate into Theorem 1, we observe that the following conclusions hold with
high probability for A € (n~1,1] and a € [0, 5 A (] :
For ¢ €[0,1],

1
Hﬁ_a(f)z\_fH)Hps)‘C_a"i' 1 ~/+ 1

3
V]
>~
Q
X
3
2|
>

while for ¢ > 1 and X\ > n~Y2, we have

1 1 1 A—a
l1—a + (¢=1)A1 *

1 a+2 + 1 + iza
ED N miyA*  m 7 m 7

I£74fF = fmllp S AT+

Clearly, the reqularization parameter, the sample size, and the sketching dimension have a direct
impact on the upper bound. To minimize the upper bound, it is mecessary to trade off these
parameters.

5.6 Proof for Nystrom-regularized Algorithms

In this subsection, we first estimate the projection errors for Nystrom-regularized algorithms
and then leverage Corollary 1 to prove Corollaries 4 and 5.
The following lemma estimates projection errors with the plain Nystrom subsampling scheme.

Lemma 20 Under Assumption 3, let P be the projection operator with range

S = span{xi, -+, Tm}-
Then with probability at least 1 —§ (6 € (0,1)), the following inequality holds:
4K%e(cy + 1)

1 1 1Vlogm?
I-P)T2|?<||(I-P)T2|? < ——="24k%log ——L 2 61
where = MB™MT
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The next lemma provides upper bounds for projection errors with ALS Nystrom subsampling
scheme.

Lemma 21 Under Assumption 3, let S = range{Z1,---,Zm}, with each T; drawn following
an (L,\)-ALS Nystrom subsampling scheme, and P be the projection operator with its range
S. Let \=n"%if0 c[0,1), or A = % if 0 = 1. Then with probability at least 1 — 36
(0 € (0,1/3)), we have

19 1 logn” 4
(I —P)Tz2|* < 9 (1 \Y 170 >4a7 log 5

provided that
1, if 0 <1,

1—7, if6=1. (62)

_ 4
m > C1n?(1V logn?)¢ log® 50 €= {

Here, Cy = 8b,L?(4 + log(2b,)) where a,, and b, are given by Lemma 19.

The proofs for the two above lemmas will be given in the appendix.

Proof of Corollary 4 Combining Corollary 1 with Lemma 20, one can prove the desired
result. |

Proof of Corollary 5 Combining Corollary 1 with Lemma 21, one can prove the desired
result. |

6. Proof for Section 4

In this section, we prove the results in Section 4. We first prove the following result.

Theorem 5 Under Assumptions 2, 5 and 4, let

T =[N, A=n TEF (1Vlogn?) s, (63)
and let
= 8k2(logT + 1)

Then for any a € [0, % A ¢, the following holds with probability at least 1 —6 (0 < § < 1).
1) If <1, we have

2 2
Eg||£7(Spwrs1 — fu)|2 S A2 (14 A‘1A5)2 log* s+ nb~ A2 (log T')12e#1} 1og? 5 (65)
2) If ¢ > 1, we have
Egl|£~(Spwri1 — fu)ll}

A _ Ave\\2. 2 2

<y—2a [ \¢ (¢—1)A1 4 4 —1y—2a Lioaz1} [oo2 2
<A ()\ + Aj <1+( 5>A5 +( 5) log 6+nb A “(log T)*(2e#1} log 5
(66)

Furthermore, if { > 1/2, then the above conclusions still hold if we replace ||L~*(Spwr1—fr)llp

by ||T%7G(WT+1 —wg)||lg- Here, As is the projection error ||(I — P)T%HQ.
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Proof We only provide the proof sketches and omit the universal constants in the proof. We
first introduce an auxiliary sequence {Vt}tT:l, generated by projected gradient descent and given
by V= 0,

¢ t
vy = G(PTRP)S5y, Gil-) = Zﬁk H (L = ni-)-
k=1 i=k+1

Following (Lin and Rosasco, 2017a, (5.17)), which is originally motivated by (Lin and Rosasco,
2017b), we can prove the following decomposition:

Es|£™(Spwrs1 — fa)ll; = 1£74(Spvrer — fu)l2 + EallL7Sp(wrin — vrg)|[3-

In what follows, we estimate the last two terms separately. B

We first estimate ||L7%(S,vrq1 — fH)||/2) As noted in Remark 1, Gi(-) is a filter function
with regularization parameter (nt)~'. As A ~ (nT)~! by our assumptions, with a simple
modification of the proof for Corollary 1, we know that the error estimates in Corollary 1 hold
with f)z\ = Spr_H.

What remains is to prove the following error bounds:

2
Es)|£7Sp(wrs1 — vrg1) |5 S nb™ ' A7 (log n) 20713 log? 5 (67)
We first consider the case a < 1/2. From the proof for (43) and using (44), we have

1 1_ 1
1278 p(wri1 — vrg)llp < 172 “(wrin —vrs) g < AT*AF I TA (e — ver)|la

Following from the proof for (Lin and Rosasco, 2017a, Proposition 5.21), under Condition (64),
we have

1
Es|| T3 (wri1 — v |7 < 485°E,(0)nb™" log(3T).
Thus, we have
Es[|£7Sy(wr41 — VT+1)H/2) < A_2“A1_2048n252(0)77b_1 log(3T).

Applying (Lin and Rosasco, 2017b, Lemma 25) and Lemma 14 to estimate £,(0) and A; re-

spectively, we can prove that (67) holds with probability at least 1 — §. The proof for the case

a= % is simpler. In fact, by (5), we have

1£7Y2S (w1 — vrga)llp < llwrsr — vrga||a-
Following the similar arguments as that for (Lin and Rosasco, 2017b, (77)) and (Lin and Rosasco,
2017a, Proposition 5.21), under Condition (64), we can prove
Egllwrs1 —vrlf S mb~'AT1E,(0).

Combining with (Lin and Rosasco, 2017b, Lemma 25), we can prove that (67) holds with
probability at least 1 — 4.
From the above analysis, we conclude the proof. |

Now we are ready to prove Theorem 2 and its corollaries.

Proof of Theorem 2 Simply applying Theorem 5 with specific choices on 7,b and T, one
can prove the desired results. |

Proof of Corollary 6 Simply applying Theorem 2 and noting that Condition (31) is satisfied
trivially since P = I. |

Proof of Corollary 7 The proof can be done by combing Theorem 2 with Lemmas 19-21,
and following exactly the same steps as that for Corollaries 3-5. |
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7. Conclusion

In this paper, we first prove optimal statistical results with respect to variants of norms for
sketched or Nystrom regularized algorithms. Our contributions are mainly on theoretical as-
pects. First, our results for sketched-regularized algorithms generalize previous results (Yang
et al., 2017) from the fixed design setting to the random design setting. Moreover, our results
involve the regularity /smoothness of the target function and thus can have a faster convergence
rate. Second, our results cover the non-attainable cases. Third, our results provide optimal,
capacity-dependent rates even when ¢ > 1. This may suggest that sketched/Nystrom regu-
larized algorithms have certain advantages in comparison with distributed learning algorithms
(Zhang et al., 2015), as the latter suffer a saturation effect over ( = 1. We then extend our
analysis to stochastic gradient methods with projections, allowing multi-pass over the data and
minibatches, and we derive similar optimal statistical results. A future direction is to extend
our analysis to learning with random features, see (Rahimi and Recht, 2008; Sriperumbudur
and Sterge, 2017) and the references therein.
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Supplementary: Optimal Rates of Sketched-regularized Algorithms for
Least-squares Regression over Hilbert Spaces

In this appendix, we first prove the lemmas stated in Section 5. We then review how the
regression setting considered in this paper covers non-parametric regression with kernel methods.

Appendix A. Proofs for Section 5
A.1 Proof of Lemma 14

We first introduce the following basic probabilistic estimate.

Lemma 22 Let Xy, - -, X, be a sequence of independently and identically distributed self-
adjoint Hilbert-Schmidt operators on a separable Hilbert space. Assume that E[X;] = 0, and
|X1]| < B almost surely for some B > 0. Let V be a positive trace-class operator such that
E[X2] < V. Then with probability at least 1 — 6, (5 €]0,1[), there holds

m

1

=1

2B8  [2]V]3 4trV
< 1 .
sm N T PTG

The above lemma was first proved in (Hsu et al., 2014; Tropp, 2012) for the matrix case, and it
was later extended to the general operator case in (Minsker, 2011), see also (Rudi et al., 2015;
Bach, 2017; Dicker et al., 2017). We refer to (Rudi et al., 2015; Dicker et al., 2017) for the
proof.

Using Lemma 22, we can prove the following result. Refer to (Lin and Cevher, 2018b) for
proof details.

Lemma 23 Let 0 < § <1 and A > 0. With probability at least 1 — 9, the following holds:

4Kk28 2k23

N 4k2(N(N\) + 1)
3|x|A x|\ '

J

H(T+ AI)—l/Q(T—E)(T+M)—1/2H < 8 = log

We are now ready to proof Lemma 14.

Proof of Lemma 14 By a simple calculation, we have if 0 < u < 1/2, then 2u?/3 +u < 2/3.

Letting % = u, and combining with Lemma 23, we know that if

2
2k4[3 < 1’
x|\~ 2
which is equivalent to
8k23 4521+ N (X))
> =1 68
then with probability at least 1 — 9,
HT—1/2 (T - T) T‘WH < 2/3. (69)
Note that (69) implies
1/2.—1/2 T27—1/2
17T 1P VIS T PP < 3 (70)

Indeed,

T 2T P12 = I TP T T2 = 1= T3 (T =TT ) < 3,
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and

1T T 212 = T P T T 2 = T2 (T =TT 2 e 1) <3

From the above analysis, we know that for any fixed \’ > 0 such that (68), then with probability
at least 1 — 6, (70) holds.

Let A = a), where for notational simplicity, we denote a(d) by a. We will prove that the
choice on X' ensures the condition (68) is satisfied, and thus with probability at least 1 — 4, (70)
holds. Obviously, one can easily prove that a > 1. Therefore, A’ > ), and

1/2+~—1/2 12—12 1/24+—1/2 1/2+—1/2 1/2+—1/2
T PToY 2 < 12T PN 2 T PN TR TS 2 < 1T 2 T P IV A,

1/27.—1/2‘

where for the last inequality, we used |7, ? < sup,sq L )\ < X/ Similarly,

17T < 1T P TP IVNT

Combining with (70), and by a simple calculation, one can prove the desired bounds. What
remains is to prove that the condition (68) is satisfied. By Assumption 3 and a > 1, for A = |x|~?
with 6 € [0, 1),

4K%(1 + eya™7|x|%7) 4K2(1 4 cy) x| 4K%(1 + cy) 0
5 < log ? < log DX 10g L) og [xf,
ST S| ST
while for A = (1 V log |x|7)/|x],
45231 + cya™ A7) 4K%(1 + cy) x| 4k2(1 4 ¢)
8 <log . < log T =log ————" +log x|,
S|l 8|71 S|l

If A= |x|7% with @ € [0,1) and §y = 0, or A = (1 V log |x|7)/|x|, then the condition (68) follows
trivially. Now consider the case A = |x|~% with 6 € (0,1) and 6y # 0. The maximum of the

function g(u) = e~ “u® (with ¢ > 0) over Ry is achieved at umax = /¢, and thus

supe” “u® = <g>a . (71)

u>0 ec
We apply the above with u = |x|?7¢", a = 1/¢/, we know that for any ¢,¢’ > 0

45%(1 + ¢y) 0 1
S o
Selecting ' = ﬁ and ¢ = 6(1919), we know that a sufficient condition for (68) is

llfea

[x > log 41 + o)) al

= - 1-0
82 = ST tea—a X

From the definition of a, and by a direct calculation, one can prove that the condition (68) is
satisfied. |

A.2 Proof of Lemma 16

To prove the result, we need the following concentration inequality.

Lemma 24 Let wy,--- ,wy, be i.i.d random variables in a separable Hilbert space with norm
|- |l. Suppose that there are two positive constants B and o such that

1
E[||w; — E[wi]||] < 51!31*202, vl > 2. (72)
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Then for any 0 < § < 1/2, the following holds with probability at least 1 — 9,

1 B o 2
— m — B <2 —+ — | log -.
m;w bonl) = <m+\/m> %85
In particular, (72) holds if
|wi|| < B/2 a.s., and E[|w|?] < o> (73)

The above lemma is a reformulation of the concentration inequality for sums of Hilbert-space-
valued random variables from (Pinelis and Sakhanenko, 1986). We refer to (Smale and Zhou,
2007; Caponnetto and De Vito, 2007) for the detailed proof.

_1
Proof of Lemma 16 We use Lemma 24 to prove the result. Welet §; =7, * ((w}\{, Ti)H—Yi)Ti
for all ¢ € [n]. It is easy to see that & is a random variable depending on (x;,y;). From the
definition of the regression function f, in (8) and (9), a simple calculation shows that

Jun
Jun

E[g] = E[T, * (Wi, 2)m — fp(2))z] = Ty * (Twy = Sy fp) = CE(Twh - Sy fu)- (74)

Combining with the definition of 7x and S, we have

17

N

(Tawiy — Siy — Twiy + S5 fu)llm =

In order to apply Lemma 24, we need to estimate E[||¢ — E[f]”i*{] for any [ € N with [ > 2. In
fact, using Holder’s inequality twice,

Ell¢ — E[E]llly < E(€lla +Ellgln) < 27 EEYy + ElEn)') < 2Bl (75)

H

We now estimate E||£]|%;. By Holder’s inequality,

Ellélly = ElITy 2l (y — (Wi 2)m)] < 27 BT, 22l (ly — fo@) + 1 fo(2) = @i 2)ml)]-
According to (2), one has

_1 _1
17y 22llm < 175 2 llzllm < (76)

1
—K.
VA

o) ul < lwyllulelr < sllwyllm. Thus,

Moreover, by Cauchy-Schwarz inequality and (2), |(wgy,
with |f,(z)| < M by Assumption 1, we get

-2 .
\%) E(I7, 2z (ly — fo(@)|' + (M + sllwillm) | (wir, ) m — fp(fc)|2()~ |
77

mmmsf*<
Note that by (11),
1 1
ENT, 23y — fole / 175 E % /R ly — fo(@)| dp(yl2)dpx (@)
_1
<HUQ [T Falydpx (o).
2 it
Using ||w||% = tr(w ® w) which implies

/QHT;QMﬁﬂMwa==/gtd7;2w®aﬂ;QNhu%w)ZtﬂT;”Tﬁ\ﬂ==AﬂA% (78)

31



LIN AND CEVHER

we get,
1 1
E(I75 22y — fo@)|] < SEMT2QIN (). (79)
Besides, by Cauchy-Schwarz inequality,
ET, 2allfl @iy @) — fo(@)?) < 2B T3 22| F ((wiys 2)u — fr (@) + | fr(z) = fo(a)*)].
By (76) and (39),

I€2

_1 I€2 _
BT * 27 (i 2) = fu(@)*) < Bl (wp, 2) i = fu(2)[*] = S Spwpy — full; < REAA*

Therefore,
1 _ 1
ENT 24wk a)n — fo(@)?] <2 (RWA%—I FENT el o) — fp<x>\2]> .
Using ||w||% = tr(w ® w) and (12), we have

—E[|fu (@) — f(2)2t(T; 2w @ 2T, 2]
— tr(T; El(fur () — fo())20 @ )
<B*tx(T, 'T) = BAN(\),

BT 22| fu(x) — fo(x)]?

and therefore,
_1
BTy 2alfilwir ahn — fo(@)] < 2 (RRNET! + BV )

Introducing the above estimate and (79) into (77), we derive

-2
lelly <2 () (GEMIQRN) + 20 4 sl HRREAE + BN )
11 (M + 52wyl a | 2 2y\20—1 2, A2
<2 < % S (2R KIAX 4 (2B 4 Q )N(A)).

Introducing the above estimate into (75), and then substituting with (40), we get

Blle — Billy) < Lo (ROLER ORIV e siacr ot 4 gy

Applying Lemma 24, we get the desired result. |

A.3 Proof of Lemma 17

Let Sx = UXV™ be the singular value decomposition of Sy, where V : R" — H, U € R™*" and
Y = diag(o1,09, -+ ,0p) with V*V = I, U*U = I, and o1 > 09,--- ,0, > 0. In fact, we can

write V' = [vy, -+ ,v,] with
,

Va= Z a(i)v;, VaeR",
i=1
with v; € H such that (vi,v;)g = 0 if i # j and (vs,v;)p = 1. Similarly, we write U =
[Ul, T 7u7’]7 and

T s
Sx = E Ui<Ui7‘>HUi = E ol @ V;.
i=1 =1
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For any p > 0, we decompose Sy as S1,, + Sz, with

Sl,u § Ui & Vg, SZ,/L = § Ui & Vg,

Ti> o <p

and we will drop p to write S;,, as §; when it is clear in the text. Denote d the cardinality of
{o; : 0; > n}. Correspondingly,

S1=Uis V', S = UaE,Vy, (80)

Where Vl - [vla"' )Ud]7 ‘/2 == [Ud—‘rlu”' )UT]a Ul - [ulu"' 7ud]7 U2 - [Ud_l,_l,"‘ 7u7’]7 21 -
diag(o1,- -+ ,04), and X9 = diag(ogs1,-- - ,0r). As the range of P is range(SiG*), we can let

P="P + P,

where P; and P, are projection operators on range(S;G*) and range(S5G*), respectively.
As
Tx = SxSx = (USV*)'USV* = VIV,
we have )
I(I = P)TE|| = (I = PYVEV*| = [[(I = PL = Py) Y ViSVi'||.
i=1

NI

As P is a projection operator on range(S;G*)(C range(V1)) and range(S7G*)(C range(12)),
and V{*Va = 0, we know that P;V; = 0 when i # j. Thus, it follows that

2
|7 - PYTe] = Z ViV

2
<>l - RS

SHI POV + I = Rall[[Valll[Z2[[[[VZ I

As 3o = diag(ogy1, -+ ,00) with o, <+ -+ o441 < p, we get

1
(I = P)T || < [[(T = Py (ViZa Vi) || + p. (81)
As P is the projection operator on range(S;G*), letting W = GS; and for any A > 0,
P = W*(WW*)IW = W (WW* + AX)'W = WW(W*W + \)~!

and thus
I—P 2] = WWW*W + X))~ = AW*W + A~

It thus follows that

1

1
T2(I Pl)T2 <)\T2(W*W—|—)\I) T?,

where for notational simplicity, we write
T = (Vix V)2 (82)

Combing with

ol

1 1 1
I = P)TE|* = | T2 (I - P)2T2H = |77 (I = P)T |l
we know that

1 1 1 1
|1 = PYTE? < AT (WW + A1) T | < AT W*W + M)A
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As

1

1 1 _1 _1\ ! _1 1\ !
TA(W*W + M) T'TE = (Tl C(WW + ADT, g) = (I — T, 2(Ty — W*W)T, A2> ,
and if ) )
| T2 (T — WW)T\ 2| < e < 1, (83)

then according to Neumann series,

1 _1 _1
11— PYTE[? < T2 (W W + AL T < (1 - o)A (84)

If we choose = v/, and introduce the above with ¢ = % into (81), one can get

(1 — P)7;§\|2 < (V24 12X <6, (85)

which leads to the desired bound.

In what follows, we show that (83) with ¢ = % holds in high probability under the constraint
(58). Recall (82) and that W = GS; with &; given by (80). Thus, T = Vi ViV, V)" =
Vi¥3Vy, and

W*W =S87G*GS; = Vi U G*GU X VY.

Therefore, with V*V; =1,

Tl‘é (Ty — W*W)Tl‘j =Vi(Z2 + XDV (I — Ur G*GU) S VEVL(E2 4+ A1)~V 2y
=Vi(Z22 + XI)7V28 (I — UFG*GU) S (B2 + M) ~V2v, (86)
It follows that
T2 (T = WWITLE | < VAl SR + ALY 2T - Uf GG [V < |1 — Uf GG |
Using UyUy =1,

I - UIG*GU || =|Uf (I - G'G)Ur|
= max |({U/(I - G*G)Ua,a)|

acRd ||all2=1

= max Uial|? — ||GU;all?].
om0}~ | GUial}

Based on a standard argument as that for (Baraniuk et al., 2008, Lemma 5.1), we know that

1
max Usall? — ||GUal?] < =
e lIvhal |Gl < 5

with probability at least

m
1-2(60)%exp | —————— | >1-09,
(60) p< IOOC{)logﬂn) -
provided that
2
m > 100c) log” n <10g 5+ 5d) : (87)
Note that by (57),
2 2 d
-7 > —1) — i > %i 52
by _tr(7;’7;)\) ;af—FA - 2>>\0i2—|—)\ -2

Thus, a stronger condition for (87) is (58). The proof is complete.
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A.4 Proof of Lemma 18
1

1 1
We first use Lemma 24 to estimate tr(7, *(7x —7)7, *). Note that

tr (7T,

N

I e T
TT, 2)2521\7:\ ijHH:ﬁzgjv
=1 =1

_1
where we let & = |7, 2z;||% for all j € [n]. Besides, it is easy to see that

Using Assumption (2),

K
& < Sllailly <5
and , , "
Bl < SR ol = SEa( fa oty ) = S5O

Applying Lemma 24, we get that there exists a subset 2y of H™ with measure at least 1 — ¢,
such that for all x € {4,

og -

252 KZN(N) oo 2
- nA nA

mn%ﬂ—ﬂﬂ%<2(+

Combining with Lemma 14, taking the union bounds, rescaling ¢, and noting that

T Te) =0T T Ty T T T)
< TRT 2P (T, 2TxT, )
=W76W%Mﬁ%n—ﬂﬁﬂ+Nw)

we get that there exists a subset 2 of H™ with measure at least 1 — §, such that for all x € €2,
252 K2N(N) 4
—1
tr(T, Tx) < 3a(0/2) (2 <n)\ + .Y log 5 +N(N) |,

which leads to the desired result using A < 1, nA > 1 and Assumption 3.

A.5 Estimating Projection Errors with Random Sketches

Proof of Lemma 19 Let u = 1\/10Tgn77 and A = n? with § € [0,1) or A\ = M)Tgm. By a
simple calculation,

I(T = PYT=|? < (T = PYT&PI1 T To2 |1

Using

(= PYTP? = (1= PYTau(I = P)|| < (I = PYTu(I = P)[| + (T = P)?|| < |(T = PYT2 |+ p,

HU—PW€W§(MI—P>fW+u)W@W?W. (38)
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Following from Lemma 18 and Lemma 14, we know that there exists a subset €23 of H" with
measure at least 1 — 29 such that for every x € )y,

tr(T,, ) < bysA77,
and

“irhe ;
752 T |1 < a log

g’ (89)

where b, 5 = by log? %. For every x € €21, according to Lemma 17, we know that there exists a
subset Uy of R™*™ with measure at least 1 — ¢, such that for all G € Uy,

1
I(I = P)T2||* < 6, (90)
provided that,
4
m > 100c) log” nA™7 log® 5 (1+100,),

which is satisfied under the constraint (60). From the above analysis, we can conclude that if
(60) holds, then with probability at least 1 — 34, (90) and (89) hold. Introducing (90) and (89)
into (88), one gets that with probability at least 1 — 34,

4
|7 = PYT3]” < (6A + ) ay log =,

which leads to the desired result. [ |

A.6 Estimating Projection Errors with Plain Nystrém Subsampling
Proof of Lemma 20 As P is the projection operator onto m with x = {x1, - ,2m},
P = 85(5283)'8x = S3(SxS5 + pl) 'Sx = SiSx(SiSz + ul) ' = Ta(Tx + pI) 1,
where for the last second equality, we used Lemma 9. Thus,
I—-P=I—-Ta(Tx+pl)™ = pw(Tz +pl)™t.

It thus follows that
1 1 1 1
T2 (I - P)2T;2 < uTid (T + pl) T2

Using ||A*A|? = ||A||? and the above,

[
N
[NIE
[NIE

I = P)T21° = T2 = PYT2 | < pll T (Te + ul) 7 T2 | = pll(Tx + o)~ 2212 (91)

Thus,
I = PYTHR < (T = PYTE I < ull (T )™ 3T + ) V2.

1Vlog m”
m

Using Lemma 14 with p = , one can prove the desired result. |
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A.7 Estimating Projection Errors with ALS Nystréom Subsampling

We first note that in an L-ALS Nystrom subsampling regime, S can be rewritten as § =
range{S;:G T}, where each row TlmajT of G is i.i.d. drawn according to

1
Pla= e | =gq, t€{l,---,n
( ﬁ) w ted f

Here {e; : i € [n]} is the standard basis of R" and

Using Lemma 22, and with a similar argument as that for Lemma 17, we can estimate the
empirical version of the projection error as follows.

Lemma 25 Let 0 < 6 < 1 and 0 € [0,1]. Given a fix input subset x C H™, assume that for
A € [0,1], (57) holds for some b, > 0, v € [0,1]. Then there exists a subset Ux of R™*™ with
measure at least 1 — &, such that for all G € Uy,

1
I = P)T2|1” < 3, (92)
provided that
8b, A7
m > 8b,A\"7L?log ”T (93)

Proof If we choose u = 0 in the proof of Lemma 17, then Sx = &; and S = 0. Similarly,
Tx = T1. In this case, (86) reads as

Jun

1
T2 (T = WW)T_2 =V(22 + X)) 7Y28(1 — U*G*GU)B(2? + AT)~V2v~

Thus, using V*V =1, U*U = I and U is of full column rank,

_1 _1
T2 (T = WINTLE |VI[UTU(S? + A TV2SU (1 = G*GYUS(S? + A1)~ Uy |
<|UE2+ A TV2RU(I — G*G)US(Z2 + XI)~Y2U%).

Using K := Ky = §S; = UX2U*, we get

1

1
T2 (T — W W) T2 || <[ (KK + A1) Y)Y (1 - G*G) (KK + A1)~ ).
Letting X; = (K(K + )\I)_l)l/Q aal (K(K + )\I)_l)l/z, it is easy to prove that E[a;af] = I,
according to the definition of ALS Nystrém subsampling. Then the above inequality can be
written as
* -3 1 .
ITen* (T =W WOT 2 M =1l > (B[] - X))

X
i=1

N

A simple calculation shows that

(K(K+ X))

| X || =a; (K(K + )\I)*l) a; < max 39
Jj€ln] qj
zmaxM:m L )zklk <ngl = L?tr(KK; 1),
JEMl gj J'G[n] Li(\)
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and
Ex% =Ela; (KK + A1)~ Y) a;x) < L tr(KK, HE[&)] = L2 tr(KK, HKK
Thus,
B[] — Xl <E[lX| + [[A]| < 202 te(KK ),
and

E[(Xi - E[Xi})Q] < E[x2] < L2 tr(KK; KK L.
Letting V = L2 tr(KK, " )KK; ', we have
VIl < L? tr(KK; ),

and
tr(V)  tr(KKy) A

= = tr(KK;! <1+>.
R U R A G

Applying Lemma 22, noting that tr(KK, ') = tr(7x7.,!) and |K|| = ||| as Tx = SiSx, we
get that there exists a subset Uy € R™*™ with measure at least 1 — § such that for all G € Uy,

1 1 AL (TR T 2L2 tr (TR THE Atr(TTSH (1 4+ M| Tx
7wy Ty < O +\/ MBTGDE o, AT+ M)
3m m o
If A < ||7x]|, using Condition (57), we have
- -
5 < log 22 (1gr>\/H7§cH) glog%,
and, combining with (93),
AP (RTGNE | [2L26(TTGNB 2
3m m -3

Thus,

_ _ 2
T AT -wmT | <2 ve e

X

Following from (83) and (84), one can prove (92) for the case A < ||7x||. The proof for the case
A > || Tx]| is trivial:

1 1
11 = PYT2|1? < I = PIPITEIP < [Tl < A
The proof is complete. |

With the above lemma, and using a similar argument as that for Lemma 19, we can prove
Lemma 21. We thus skip it.

Appendix B. Learning with Kernel Methods

Let the input space = be a closed subset of Euclidean space R?, the output space Y C R. Let
i be an unknown but fixed Borel probability measure on Z x Y. Assume that {(&;,y;)}", are
ii.d. from the distribution u. A reproducing kernel K is a symmetric function K : E x Z — R
such that (K (u;, uj))fﬂ-:l is positive semidefinite for any finite set of points {u;}{_; in Z. The
kernel K defines a reproducing kernel Hilbert space (RKHS) (Hk,| - ||x) as the completion
of the linear span of the set {K¢(-) := K(,-) : £ € =} with respect to the inner product
(K¢, Ky) i := K(& u). For any f € Hg, the reproducing property holds: f(&) = (K¢, f) k-
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Example B.1 (Sobolev Spaces) Let X = [0, 1] and the kernel
1- <
K(x,x’) — {( y):E? r=y;
l—a)y, x>y

Then the kernel induces a Sobolev Space H = {f : X — R|f is absolutely continuous , f(0) =
f(1)=0,f e L*(X)}.

In learning with kernel methods, one considers the following minimization problem

inf / O v du(e ).

feEHK

Since f(§) = (K¢, f)k by the reproducing property, the above can be rewritten as

Bl Jo (1 KO0 lE 0

Letting X = {K¢ : £ € E} and defining another probability measure p(K¢,y) = p(&,y), the
above reduces to the learning setting in Section 1.
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