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Abstract

Abelian varieties are fascinating objects, combining the fields of geometry and
arithmetic. While the interest in abelian varieties has long time been of purely
theoretic nature, they saw their first real-world application in cryptography in the
mid 1980’s, and have ever since lead to broad research on the computational and the
arithmetic side. The most instructive examples of abelian varieties are elliptic curves
and Jacobian varieties of hyperelliptic curves, and they come naturally equipped
with some additional structure, called a principal polarization. Morphisms between
abelian varieties that respect both the geometric and the arithmetic structure are
called isogenies. In this thesis we focus on the computation of isogenies with cyclic
kernel between principally polarized abelian varieties over finite fields.

Keywords: abelian varieties, isogenies, polarizations, Mumford’s theory of theta
functions, public key cryptography, discrete logarithm problem

Résumé

Les variétés abéliennes sont des objets fascinants, combinant les domaines de
géométrie et d’arithmétique. Tandis que pendant longtemps les mathématiciens
s’intéressaient aux aspects purement théoriques des variétés abéliennes, leur appa-
rition dans des domaines pratiques tel que la cryptographie a clé publique dans les
années 1980 a mené a de vastes recherches du c6té computationnel et arithmétique.
Les exemples de variétés abéliennes les plus instructives sont les courbes elliptiques
et les variétés Jacobiennes de courbes hyperelliptiques. Les deux sont naturelle-
ment dotées d’une structure supplémentaire, appelée une polarisation principale.
Les morphismes entre variétés abéliennes qui préservent les structures géométriques
et arithmétiques sont appelés isogénies. Nous nous intéressons dans cette these au
calcul d’isogénies de noyau cyclique entre des variétés abéliennes principalement
polarisées sur des corps finis.

Mots-clés : variétés abéliennes, isogénies, polarisations, théorie de Mumford sur
les fonctions théta, cryptographie a clé publique, probléeme du logarithme discret
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Introduction

Secure communication over an insecure channel requires the participants to possess a
common secret key. For centuries, a physical key exchange had to take place prior to
secure communication. In a world that is getting more and more connected, this barrier
became rapidly one of the biggest challenges in 20th century cryptography. The first
key exchange protocol over an insecure channel was proposed by Diffie and Hellman
in 1976 [DH76]. Two parties that had no prior knowledge of each other were henceforth
able to establish a common secret key. This was considered the birth of public-key cryp-
tography. The security of the key exchange protocol is based on the hardness of a certain
mathematical problem, commonly referred to as a one-way function. That is, a problem
which is computationally easy to establish, but very costly to reverse. The security of
the Diffie-Hellman protocol relies on the hardness of computing discrete logarithms in
finite cyclic groups. The Discrete Logarithm Problem (DLP) in the group G = (g) is:
given h € G, find the exponent x such that A~ = ¢®. The hardness of the DLP de-
pends on the chosen group, e.g. it becomes trivial in Z/nZ, but is already much harder
in (Z/pZ)*. The fastest generic algorithm to solve the discrete logarithm problem is
Pollard’s rtho algorithm [Pol78], which requires O(#G'/?) operations. Ceneric in the
sense that it exploits the group axioms only, and none of the additional structure of
the underlying group. If combined with the Pohling-Hellman algorithm [PHTS|, the
complexity is brought down to O(p'/?), where p is the largest prime factor of #G. In
the multiplicative group of a finite field, the index calculus algorithm and its variants
([Kra22, HR83l Jouldl BGGMIE)]) is the fastest known algorithm to solve the DLP.
From what we have said so far, it becomes clear the importance of being able to con-
struct cyclic groups of large order for which computing discrete logarithms is difficult
(i.e. for which no faster algorithm than Pollard’s algorithm is known). Koblitz suggested
in [Kob87] the use of the group of rational points of an elliptic curve over a finite field.
The efficient arithmetic on elliptic curves and the hardness of the DLP make it a popular
choice until nowadays. Indeed, apart from certain classes of curves, there is no known
attack, faster than the generic one. If ' is an elliptic curve over Fg, then by the Hasse-
Weil bound the group of F,-rational points on E is of order O(g). Assuming there exists
a prime-order subgroup of small index, Pollard’s algorithm solves the discrete logarithm
problem on this cyclic subgroup in roughly O(q'/2) operations. Working with elliptic
curves allows to have relatively small key sizes compared to other popular one-way func-
tions, such as e.g. factorization of integers. The existence of a bilinear pairing, efficient
algorithms for point counting and for isogeny computation gave rise to attacks on certain
families of elliptic curves (e.g. [MOV9I1]), however it also opened the door for further
cryptographic protocols based on elliptic curves (e.g. [Jou04, BLS01, BF01, DEJP14]).
Two years later, Koblitz suggested to consider the use of Jacobian varieties of hyper-
elliptic curves as well (see [Kob89]). Schemes based on the hyperelliptic curve discrete
logarithm problem benefit from smaller key sizes at same security level, compared to
their elliptic curve counterpart. Indeed, if H is a genus g hyperelliptic curve over [,
then the group of F,-rational points on Jac(H) is of order O(¢?). Assuming again we
dispose of a prime-order subgroup of small index, the generic algorithm solves the DLP
in O(q?/?) operations. However, there exists an index-calculus algorithm on hyperel-
liptic Jacobians ([GTTDO5]) that has complexity O(g*>~?/9), making the gain in key
size less significant when ¢ increases. For curves of very large genus, there is an al-
gorithm that computes discrete logarithms in subexponential time (JADH94]). While
the arithmetic on hyperelliptic Jacobians is efficient (Mumford coordinates and Cantor



arithmetic, see e.g. [Gall2] and |[CFA™12]), point counting and isogeny computation is
much harder than for elliptic curves, and there is still a lot to explore.

Jacobian varieties of hyperelliptic curves are abelian varieties, and they come nat-
urally equipped with some additional structure, called a principal polarization. In this
thesis we focus on the computation of isogenies between principally polarized abelian va-
rieties over finite fields. Working with the polynomial equations that define the abelian
variety is unfeasible in almost any case (except in dimension 1). We rather want to
exploit the theory of theta functions and projective embeddings induced by polariza-
tions. The theta functions can thus be considered as projective coordinates on the
variety, and it is with respect to these coordinates that we want to compute isogenies.
In the particular case of Jacobian varieties of hyperelliptic curves, there exist efficient
conversion formulas between the different coordinate systems (Mumford to theta), see
[vW98, [Cos11l, [Rob10]. Isogenies allow us to transport the discrete logarithm problem
to a potentially weaker variety, hence if the isogeny is efficiently computable, this can
decrease the cost of computing discrete logarithms by an important factor. This be-
comes most relevant in dimension 3. The moduli space of principally polarized abelian
varieties of dimension 3 is 6-dimensional, and so is the moduli space of Jacobian vari-
eties of smooth genus 3 curves. A smooth genus 3 curves is either a hyperelliptic curve
or a plane quartic. The former case is rather rare, the moduli space of hyperelliptic
curves of genus 3 being of dimension 5. In the non-hyperelliptic case, there exists an
index-calculus algorithm ([Die06, [DTO08]) that has complexity O(g), where F, is the
base field of the underlying curve. As a comparison, the algorithm from [GTTD05] for
hyperelliptic curves has complexity O(q4/ 3). Hence, efficiently computable isogenies in
dimension 3 (by which we mean with logarithmic dependency in the size of the base
field) can drastically weaken the security of cryptographic schemes based on the discrete
logarithm problem on hyperelliptic threefolds.

Isogenies that preserve the principal polarizability (and hence, that are expressible
in theta coordinates) are deeply linked to the existence of certain endomorphisms of the
abelian variety, as explained in Section[3] And the endomorphism determines the degree
of the isogeny. For example, if the abelian variety is of dimension g, and if £ is a prime
number different from the characteristic of the ground field, then isogenies associated
to the multiplication-by-f-endomorphism [¢] are of degree ¢9, with kernel isomorphic
to (Z/¢Z)9. These isogenies are computable (in theta coordinates for any principally
polarizable abelian variety, see [Rob10, [CR11, [LR12], and on Jacobian varieties of hy-
perelliptic curves using other techniques, see [CE15], [Mill7]). In the present thesis
we focus on the computation of isogenies with cyclic kernels that preserve principal
polarizability, whenever they exist (i.e. whenever the associated endomorphism exists).

This work results from a collaboration with A. Dudeanu, D. Jetchev and D. Robert.

Structure of the thesis. In Section[l| we study holomorphic line bundles on complex
tori and the associated global sections, called theta functions. We explain under what
condition a basis of theta functions allows to embed the torus into projective space, and
how this embedding behaves under isomorphism. In Section [2] we study abelian varieties
over fields of positive characteristic. The absence of the characterisation of an abelian
variety as the quotient of a vector space by a lattice makes it impossible to study line
bundles in the same manner as we do in the complex case. D. Mumford developed the
tools for studying theta functions and projective embeddings in the positive character-
istic case, and we present his results in Section 2] In Section [3] we study under what
condition the polarizability of an abelian variety descends under separable isogenies.



The core of the thesis are Sections [4] and In Section [4 we compute cyclic isogenies
that preserve principal polarizability from kernels. That is, given the theta coordinates
of an abelian variety and of a cyclic subgroup, we compute the theta coordinates of the
quotient abelian variety. The computed modular point allows then to gain information
about the target abelian variety, e.g. if it is the Jacobian variety of a hyperelliptic curve
or not, and if so, to compute a plane model of the curve. In Section [5| we evaluate
the isogeny on points, i.e. given the theta coordinates of a point on the variety, we
compute the theta coordinates of the image of the point. Again, in the case of a hy-
perelliptic Jacobian, we can use the conversion formulas between Mumford and theta
coordinates, making this algorithm practical. In Section [6] we analyse the complexities
of the algorithms from the previous sections. In Section [7] we give an example of a cyclic
isogeny computed with Magma. In Section [§| we present recent theoretical results about
isogeny graphs from [BJWI17] (graphs whose vertices are isomorphism classes of abelian
varieties and whose edges are isogenies of a certain type) and say where and how the
explicit computation of cyclic isogenies comes to hand, making these results practical.

Contributions. When I started my PhD thesis, the problem of computing cyclic iso-
genies in theta coordinates was an ongoing research project by A. Dudeanu, D. Jetchev
and D. Robert. My contribution was to generalise the algorithm for the evaluation
of the isogeny on points (Section to arbitrary dimension, while before they could
handle genus 2 only. Also, these new ideas allowed to remove quite restrictive assump-
tions (linked to the real multiplication algebra) and had a very beneficial effect on the
complexity of the evaluation algorithm.






1 Complex abelian varieties

An abelian variety is a connected and complete algebraic group. Abelian varieties are
projective and the group law is commutative. If the variety is defined over the complex
numbers, then the group of points on the variety is a complex torus. However, not
every complex torus admits the structure of an algebraic variety. In this section we will
study holomorphic line bundles on complex tori, associated maps into projective space
and give a criterion for a complex torus to be algebraic. In a second step, we will study
isomorphisms of complex abelian varieties.

1.1 Line bundles on complex tori

1.1.1 Complex tori

A complex torus X = C9/A of dimension ¢ is by definition a quotient of CY9 by a
lattice A C CY, where A acts on CY by translation. We denote by m the projection map
m: C9 — X. A complex torus of dimension one is called an elliptic curve. A choice of

a Z-basis A1,...,Az4 of A leads to a complex g x 2g matrix
A171 . )\1729
Agl o e Ag’2g

where the jth column of II is the vector of coefficients of A\; with respect to the standard
basis of C9. The matrix II is called a period matriz for X. Note that one could define
the period matrix with respect to any C-basis of CY. Two different choices of Z-bases
for A lead to two different period matrices II; and Ils, and one can pass from II; to Il
by right-multiplication by an element of GLo,(Z).

A homomorphism of complex tori is a group homomorphism that is also a holomor-
phic map. An over-lattice A’ D A yields a homomorphism

C9/A — C9/N,

and if IT' is a period matrix for A’ then the containment A C A’ means that a period
matrix II for A is given by
II =1I'R,

where R is a 2g x 2g matrix with integer coefficients. That is, if A},..., 5, span
the lattice A/, then the elements of A can be expressed as Z-linear combinations of

Lees, )\’29. This observation has an interesting generalization to any homomorphism of
complex tori. Therefore, we first consider the following proposition from [BLO04, Prop.

1.2.1].

Proposition 1.1. Let X = C9/A and X' = C9 /N be complex tori, and let f: X — X'
be a homomorphism. Then there exists a unique C-linear map F: C9 — CY' satisfying
F(A) C A’ and making the following diagram commutative

cy .oy

1)

X?X/



The above proposition gives rise to an injective group homomorphism
pa: Hom(X, X') < Homg(CY,CY), f > pa(f) = F,

called the analytic representation of Hom(X, X’). The inclusion F(A) C A’ implies
that F restricts to a Z-linear map on A with values in A’, yielding the rational repre-
sentation of Hom (X, X”),

pr: Hom(X, X') — HOmZ(A;A,>7 f=pe(f) = pa(f)y-

In the case X = X', the maps p, and p, are representations of the ring End(X).

Let X = CY9/A and X’ = C9 /A’ be complex tori, and let f: X — X’ be a homomor-
phism. The C-linear map po(f) can be expressed as a matrix A € Maty ,,(C) with re-
spect to the standard bases of C9 and C9'. Let IT € Matx2,(C) and II' € Mat 2, (C)
be some period matrices for X and X' respectively. The discrete subgroup p,(f)(A)
of CY is spanned by the columns of the matrix AIL. But p,(f)(A) is a subgroup of A’
and hence, we can express each column vector of AIl as a Z-linear combination of the
columns of IT', yielding a relation

Al =1I'R.

Here, R € Matyg «24(7Z) is the matrix of the rational representation p,(f) with respect
to the Z-bases determining IT and II’ respectively. This generalises the relation between
the period matrices IT and II’ of the above example of the over-lattice. Moreover, if we
are in the case where g = ¢’ and p,(f) is an automorphism of the vector space C9, then
writing the period matrix II" with respect to the C-basis given by the column vectors
of A, we obtain a relation

II=1IIR.

A homomorphism f satisfying the above conditions (¢ = ¢’ and p,(f) bijective) is
called an isogeny. A more common, equivalent definition of an isogeny is a surjective
homomorphism of complex tori f: X — X’ with finite kernel. We may always assume
that the matrix A of the analytic representation of an isogeny is the identity. Isogenies
always arise as quotients, i.e. if X is a complex torus and I' C X is a finite subgroup,
then up to isomorphism of the target, the isogeny is given by X — X/T". The degree of an
isogeny is the order of its kernel. If n # 0 is an integer, then nx: X — X, z +— nz is an
isogeny of degree n?9, since the kernel equals %A /A. An interesting property of isogenies
is that they define a symmetric (hence an equivalence) relation on the set of complex
tori. To be more precise, if f: X — X’ is an isogeny and if e is the exponent of ker f,
then there exists a unique isogeny g: X’ — X such that go f =ex and fog=ex.

1.1.2 Holomorphic line bundles

Let X = CY9/A be a complex torus. The aim of this section is to describe the group
(Pic(X),®) of holomorphic line bundles on X. We first make an observation on the
trivial line bundle X x C — X, and try to mimic this idea to construct new line
bundles. The total space of the trivial line bundle is (C9/A) x C. Hence, the first
factor is a quotient by A. By considering the trivial action of A on C (i.e. -t =1t for
all A € A and t € C), we may view the whole total space as a quotient by A. That
is, X xC = (CIxC)/A, where A-(v,t) = (v+ A, t). Now, suppose that A acts on C9 x C
in a fancier way, e.g. as A- (v,t) = (v + A, ap\.t), where agy,) € C* is a non-zero



complex number. This determines a function a: A x C9 — C*, and in order for the
above to be a group action, which means that the associativity must be guaranteed, the
function a(A, v) must satisfy

a(A1 + A2, v) = a(A, v+ A2)a(Az2,v), (1.1)

for all A1, A2 € A and v € CY9. Relation is called the cocycle relation. We restrict
ourselves from now on to functions a: A x C9 — C* satisfying the cocycle relation
and that are holomorphic in C9. These functions are called factors of automorphy. Un-
der multiplication, the factors of automorphy form an abelian group, which is denoted
by Z'(A, H°(Of,)). Here, H°(Of,) is the multiplicative group of nonvanishing holo-
morphic functions on CY. Let us fix a factor of automorphy a € Z'(A, H°(Of,)). The
action of A on CY9 x C given by

A (v,t) = (v 4 A a(A,v)t) (1.2)
is free and properly discontinuous, so that the quotient
L,=(CIxC)/A

is a complex manifold. The projection on the first factor p: £, — X turns £, into a
holomorphic line bundle on X.

Let he H O(Oég) be a nonvanishing holomorphic function on CY, and let
a: AxC9 — C*, a(\,v) = h(v+A)/h(v) be the associated factor of automorphy. Then,

[(0, )] = [(v, h(v)1)]

induces an isomorphism between the trivial line bundle and the line bundle £, deter-
mined by a, where the first equivalence class lives in C9 x C modulo the trivial action
of A, and the second equivalence class lives in C9 x C modulo A acting via the factor a.
Factors of automorphy of this form are called boundaries, and form the multiplicative
subgroup B'(A, HY(Of,)) of Z'(A, HY(Of,)). The first cohomology group of A with
values in H°(Og,) is the quotient

H' (A, HY(O)) = Z'(A, HY(Og,)) /B (A, HY(OF)),

and its elements define isomorphism classes of holomorphic line bundles on X. As a
consequence of [BL04, Prop. B.1] and [BL04, Lem. 2.1.1], any holomorphic line bundle
on X can be described by a factor of automorphy.

Now that we have an explicit way to describe holomorphic line bundles on X via
factors of automorphy, we will turn our attention to the study of these factors. The
goal is to distinguish one canonical factor of automorphy in each class of factors, i.e. in
each isomorphism class of holomorphic line bundles. Using the exact sequence

0—Z— Ox — Oy —0,

where the arrow Oy — Oy sends the holomorphic function g to the nonvanishing
holomorphic function e(27ig), and the associated long cohomology sequence, one can
associate to the holomorphic line bundle £ on X a unique alternating Z-valued form
on A, called the first Chern class of L, and denoted by ¢1(L£). If a: A x CI9 — C*
is a factor of automorphy for £, which can always be written as a = e(2mig) with
g: A x C9 — C holomorphic in C9, then the first Chern class of £ determines the form

Eﬁ()\l,)\g) = g()\g,v + /\1) +g()\1,v) — g()\l,v + )\2) — g()\g,v),



with A1, A2 € A and v € CY. Note that if a € B'(A, H(Of,)) is a boundary, then the
associated form on A is trivial. One can R-linearly extend the form FE, to obtain an
alternating R-bilinear form E,: C9 x CY — R. The forms arising as the first Chern
class of a holomorphic line bundle are characterized, among the alternating R-bilinear
forms on CY, as the forms E: C9 x C9 — R satisfying

E(A,A) C Z and E(ivy,ivy) = E(v1,v2) for all vy,vy € CY. (1.3)
The mappings
E — H(vi,v2) := E(iv1,v2) + iE(v1,v2) and H — E :=Im H, (1.4)

with v1,vo € CY, set up a 1-1 correspondence between the alternating R-bilinear forms F
satisfying ((1.3) and the hermitian forms H satisfying Im H(A,A) C Z. Recall that a
form H: C9 x C9 — C is hermitian if it is linear in the first variable and satisfies

H(vi,v9) = H(vg,v1) for all vy,vy € CY.

The additive group of hermitian forms H satisfying Im H(A,A) C Z is called the
Néron-Severi group NS(X), and we will deliberately switch between the point of view of
hermitian forms and alternating R-bilinear forms. Note that sending a holomorphic line
bundle to its first Chern class respects group laws, i.e. Pic(X) <% NS(X) is a morphism
of groups.

Now that we have seen how to obtain a hermitian form from a factor of automor-
phy, one might ask what additional information we have to add to a hermitian form
(satisfying Im H(A,A) C Z) in order to define a factor of automorphy. The answer is
a semicharacter. Let C; = {z € C : |z| = 1} be the circle group, and let H € NS(X).
A semicharacter for H is a map x: A — C; that behaves almost like a character, but
takes into account the parity of Im H, i.e. that satisfies

X(A1 4+ A2) = x(A1)x(A2)e(miIm H(A, \2)) for all A\j, Ay € A.

The semicharacters for 0 € NS(X) are precisely the characters on A with values in Cy,
i.e. Hom(A,Cy). Clearly, if x; and x2 are semicharacters for Hy and Hs respectively,
then x1x2 is a semicharacter for Hy + Hs. This turns the set P(A) of pairs (H, x), with
H € NS(X) and x a semicharacter for H, into an abelian group. The full description of
holomorphic line bundles on X is given by the following theorem [BL0O4, Thm. 2.2.3].

Theorem 1.2 (Appell-Humbert). There is an isomorphism
P(A) = Pic(X).

Let us make the isomorphism from Theorem explicit. For this we define a factor
of automorphy associated to (H, x) € P(A) as follows:

Ayt A x €= €, (A v) = x(Ne(mH (v, A) + ZH(AX). (1.5)
The map a(g,) satisfies the cocycle relation: for Aj, A2 € A and v € C9 we have
() (A1 + Aoy v) = X(A1 + Ao)e(mH (0, A1 + Ao) + gH(Al + A2, AL+ A2))
= x(\)xO)e(miTm H(Ay, Ao))e(mH (v, Ay + Aa) + gH(Al + o AL+ M)
= XO)e(mH (v + A2, M) + 5 HOw M)XO)e(mH (0, 20) + SH(Ag, M)

= a(H,x) (A1, 0+ A2) - a0 (A2, v).



The action of A on C9 x C via a(py,y), as described in , determines a holomor-
phic line bundle on X, that we denote by L(H,x). Conversely, if £ € Pic(X) is a
holomorphic line bundle, then £ determines a unique pair (H,x), and we call a(gy)
the canonical factor of automorphy for L. Let us denote by Pic’(X) the kernel of the
homomorphism Pic(X) < NS(X). Then, the isomorphism from Theorem restricts
to an isomorphism

Hom(A,Cy) = Pic®(X).

We say that two line bundles £1 and L2 on X are algebraically equivalent if L1 ®
L;' € Pic’(X), ie. if they determine the same hermitian form on C9. An alge-
braic equivalence class of line bundles can thus naturally be identified with an element
of NS(X). Any v € C9 determines a holomorphic translation map

ty: X > X, z— x4+ 7,

where ¥ = v mod A € X, and we would like to know how the pullback of a holomorphic
line bundle on X by tz behaves. Therefore, it is most beneficial to consider line bundles
of the form L£(H, x). The following lemma [BL0O4, Lem. 2.3.2] implies that pulling back
by translations does not change the algebraic equivalence class.

Lemma 1.3. For all £L = L(H,x) € Pic(X) and all v € CI we have
t:L(H,x) =L (H, xe(2milm H(v,))) .

Note that a different choice of representative of v yields the same semicharacter. Next,
we would like to know how the pullback of a holomorphic line bundle by a homomor-
phism of complex tori behaves. For the proof of the following lemma, see [BL04, Lem.
2.3.4].

Lemma 1.4. Let X = C9/A and X' = C9 /A’ be complex tori and let f: X — X' be a
homomorphism. Then, for any L(H', x') € Pic(X') we have

FLH' ) X') = L(pa(f) H', pr (f)X).

1.2 Polarizations, theta functions and projective embeddings
1.2.1 The dual complex torus

Let X = CY9/A be a complex torus. The aim of this section is to define duality; a
contravariant functor from the category of complex tori to itself. Recall that Pic’(X)
is isomorphic to Hom(A,C;) - a real torus of dimension 2g. The question is if and
how one can realize Pic’(X) as a complex torus of dimension g. Therefore, consider the
space Q = Homg(CY, C) of C-antilinear forms [: CY — C. This is clearly a g-dimensional
complex vector space. The set

A={leQ:Imi(A) C 7}
is a lattice in Q, and is equal to the kernel of the canonical surjective group morphism
Q — Hom(A,Cy), I = e(2miImli(-)). (1.6)

Hence, R
Q/A = Pic’(X).



We call PE:O(X ), respectively the quotient 2/ A, the dual complex torus, and it is de-
noted by X. Given two complex tori X = C9/A and X’ = cY /A, and a homomorphism
f: X — X', the pullback by f of holomorphic line bundles of Pic?(X") gives a homo-
morphism between the dual tori f: X’ — X. The analytic representation of f is given
by
pa(F): Q' = Q1 pa(f)" (1) = U 0 palf).

Clearly, by the properties of the pullback, if g: X " — X' is another morphism, then
go f f og. Also, idy x = id; and hence, duality is a contravariant functor. The duality
also preserves the property of being an isogeny, i.e. if f: X — X ' is an isogeny, then
f X' — X is also an isogeny, and moreover deg f = deg f

To any line bundle £ = L(H,x) on X we can associate a map ¢s: X — X from X
to its dual X = Pic’(X) as follows: for any x € X, according to Lemma we have

LR L= L(0,e(2miIm H(vg,-))), (1.7)

where v, € CY is any lift of z. Hence, z + t:£®L ! defines a map X AZNy'S Moreover,
observing that ¢z(z+y) = L(0,e(2mi Im H (v, + vy, -))), we have that ¢.: X — Xisa
homomorphism of complex tori. The homomorphism ¢, will turn out to be of crucial
importance for the construction of isogenies between abelian varieties over finite fields,
the main topic of this thesis. Therefore, let us recall some properties of ¢,. With
and in mind, it is easy to see that ¢y: CY — Q, v — H(v,-) is the analytic
representation of ¢,. As a direct consequence, ¢, is an isogeny if and only if H is
nondegenerate. Some other properties that are immediate from (1.7 are:

- ¢, only depends on the algebraic equivalence class of £; the semicharacter x has
disappeared in the definition of ¢, (x);

-if Lq,L0 € PiC(X), then (]551@52 = qf)/;l + ¢£2-

If, as above, f: X — X’ is a homomorphism, where X = C9/A and X’ = CY /A, and
L' = L(H' X") € Pic(X’) is a line bundle on X', then the composition

co Palf)y g o )

is equal to the linear map

b, g —
CcY M) Q7 v = (pa(f)*H/)(’U, )
Hence, the following diagram is commutative

f

—_—

>~
>

/ (1.8)
d)z;/

-~

¢f*£/

S

>

F

For £ = L(H, x) € Pic(X) we denote by K (L) C X the kernel of ¢, that is

K(£)={zeX:t:L=L).



Those are exactly the x € X for which e(27iIm H(v;,-)) = 1 on A (no matter the
lift v, € CY9). In other words, if we denote by

ML) == ¢5 (A) = {v € CI : Tm H (v, A) C Z},

then we have

An important question that will naturally arise in a later part of this thesis (see
SectionM) is, under what condition, given an isogeny of complex tori f: X — X’ and
a line bundle £ = L(H, x) € Pic(X), there exists a line bundle £’ = L(H', x") € Pic(X’)
such that £ = f*£’. Looking at , a necessary condition is that ker f C ker ¢, =
K(L). Moreover, if z,y € ker f, then po(f)(ve), pa(f)(vy) € A" for any lifts v, and v,
of x and y respectively and thus,

ImH(vm,vy) = Im(pa(f)*H/)(Uxa Uy) = ImH,(pa(f)(U:v)a Pa(f)(vy)) € L.

In other words, Im H takes integer values on 71 (ker f) = p,(f)~1(A).

Proposition 1.5. Let the isogeny f: X — X' and L = L(H, x) € Pic(X) be as above.
Then the following statements are equivalent:

i) there exists a line bundle L' € Pic(X') such that L = f*L';
i) Im H (pa(f)~H(A'), pa(f)"H(A)) C Z.

Proof. We have already seen that 7) implies 7).

Suppose that Im H (pa (f)~H(A’), pa(f) " (A")) C Z. This means that the form (p,(f)~1)*H
takes integer values on A’, hence is an element of NS(X'). Let M € Pic(X') be such that
c1(M) = (pa(f)~1)*H. Then, ¢;(f*M) = H, or equivalently, £L® f*M~! € Pic’(X).
Since f: X — X’ is an isogeny, the dual map f*: Pic’(X’) — Pic’(X) is an isogeny
as well, hence surjective. Let A € Pic’(X’) be such that £ ® f*M~! = f*N. Then
M@ N € Pic(X') satisfies 7). O

Remark 1.6. One should note that in this case, the line bundle £’ is unique up to
algebraic equivalence.

When we study abelian varieties over a finite field k, we do not have nice objects
such as hermitian forms, lattices, etc. at our disposal. However, we would like to give
a criterion similar to ii) of Proposition in order to have an equivalent condition to
the descent of a line bundle under isogeny. As we will see in Section 2.1.1], the line
bundle £ allows us to define an alternating form on K (£) with values in k*, say e,
and condition i7) from the above proposition can be understood as: ker f is an isotropic
subgroup for the pairing es. As will turn out later, this is the right point of view.

1.2.2 Theta functions and polarizations

The aim of this section is to describe the global sections of a holomorphic line bundle
on a complex torus, called theta functions. These functions turn out to be paramount
for the computations in this thesis. The reason is that, for a well suited line bundle,
they allow us to embed complex tori (and later abelian varieties over finite fields) into
projective space. Hence, theta functions provide a system of coordinates, and it is
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precisely in these coordinates that we will express and manipulate abelian varieties,
and most importantly, compute isogenies.

Let X = CY9/A be a complex torus and let £ be a holomorphic line bundle on X. Let
m: C9 — X be the natural projection. Let a: A x C9 — C* be a factor of automorphy
for £, i.e. L is isomorphic to the line bundle (CY x C)/A, where A acts on CI x C
by A (v,t) = (v 4+ A a(Av)t). According to [BLO4, Lem. 2.1.1], any holomorphic
line bundle on CY is trivial. Hence, we might replace 7*£ by CY9 x C in the following
commutative diagram

CIxC—=L=(CIxC)/A

| i

Cc9 X.

(Note that the trivialization 7*£ = CY9 x C depends on the choice of the factor of
automorphy for £.) A global section s € I'(X, £) (provided it exists) pulls back to a
section 7*s: C9 — CY x C, that we might just see as a map 7*s: C9 — C. In order
for 7*s to make the above diagram commutative, it must satisfy

m's(v + A) = a(\,v)r*s(v), for all v € CY and X € A.

Thus it makes sense to identify I'(X, £) with the set of holomorphic functions #: C9 — C
that satisfy
O(v+ ) =a(\v)d(v),

for all v € C9 and A € A. We call such functions theta functions for the factor a.
On the other side, this identification heavily depends on the choice of the factor of
automorphy for £. Another choice of factor is necessarily of the form a’ = a - b, where

b e B'(A,H°(Of,)) is a boundary. If b(\,v) = h(v + A)/h(v) with h € H°(Of,), then
0—0 =0-h

sets up a bijection between the theta functions for the factor a and the theta functions
for the factor a'.

A theta function cannot be considered as a function on the torus X, since it is not
invariant under translates by the lattice A (only constant functions are A-invariant).
However, if 6y, ...,0y_1 are theta functions for the factor a, then

x> (Bo(ve) -+ On—1(vg)) € PNTY,

where v, € CY is any lift of x, determines a meromorphic map X — Pg ~L1. This map is
defined at all points  where not all §; vanish simultaneously (observe that the vanishing
property of 6; is identical on the whole coset v, + A). It is also clear that this map does
not depend on the choice of the factor of automorphy. In the next sections we will see
under what conditions the torus X can be embedded into projective space by means of
theta functions, and how to choose such an embedding in a canonical way. But first we
need to study theta functions more thoroughly.

Symplectic Spaces. Recall that a real symplectic vector space consists of a pair (V e),
where V' is a R-vector space and e: V x V — R is a symplectic pairing, i.e. e is bilin-
ear, alternating and nondegenerate. If V is finite-dimensional, it follows immediately
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that dim V' is even, say 2n. One can always find a basis v1, ..., v,,w1,...,w, of V with
respect to which the matrix of e is given by

0o I,
J-(In O).

Such a basis is called a symplectic basis. A linear map f: (V,e) — (V,e) that preserves
the symplectic pairing, in the sense that f*e = e, is called a symplectic map. It is easy
to see that f is necessarily injective, hence an automorphism. The group of symplectic
automorphisms of (V, e) is denoted by Sp(V,e). If F' is the matrix of f with respect to
the above symplectic basis, then f*e = e means that

HFv)J(Fw) = J, for all v,w €V,
and by the nondegeneracy of e we have that
'‘FJF = J.
Define the symplectic group
Spy,(R) = {M € Maty,(R) : "MJM = J}.

The group Sp,,(R) is closed under transposition and we have the following char-

acterization of its elements: if M € Matsg,(R) is given as M = ( g g ), with

A, B,C, D € Mat,(R), then

tAC, *BD symmetric and ‘AD — 'CB = I,
M € Spy,(R) { A'B, C'D symmetric and A'D — B'C = I,,.

. A B -
The inverse of M = ( c D ) € Spy,(R) is given by

_ ‘D -'B
M1:<tc ‘4 >

Decompositions. Let X = CY9/A be a complex torus and let £ € Pic(X) be a
holomorphic line bundle on X, with first Chern class H = ¢1(£) nondegenerate. Then,
Im H is nondegenerate too. We call such a line bundle a nondegenerate line bundle.
The free Z-module A equipped with Im H forms a symplectic space. One can always
find a basis A1,...,Ag, p1,. .., ftg, called a symplectic basis of A for Im H, so that the
matrix of Im H with respect to this basis is given by

(aw)

where A = diag(di,...,0y) is a diagonal matrix. The vector 6 = (d1,...,d,) is called
the type of L or of Im H, and does not depend on the choice of the symplectic basis
of A. Moreover, we have d1|---|d,4. Since Im H is nondegenerate, 6; #0 fori =1,...,g9,
and by an eventual change of sign of the corresponding base vector, we may assume
that §; > O for alli = 1,...,g. The degree of L is defined to be deg £ = det A = []%_; 4.
The set of symplectic bases of A for Im H forms a torsor under the group

Spa,(Z) = {M € Matoy(Z) : tM( _OA ﬁ >M_ ( _OA ﬁ )}
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The basis A1,...,Ag, ft1, - . ., ftg induces a decomposition of the Z-module A as
A=A AQ,

where A1 and Aj are the isotropic (for Im H) free submodules Ay = (Aq,...,)y) and
Ay = (11, .., pg) respectively.

The real subvector spaces Vi = A1 ®z R and Vo = Ay ®7z R of CY are isotropic for
the form Im H, and form a direct sum decomposition

Cr=Viel

of CY9, seen as R-vector space. Also, V7 and V4 are of maximal dimension among the
isotropic subspaces of C9. Furthermore, the decomposition C¢ = V; @ V5 induces a

decomposition
A(ﬁ) = A(ﬁ)l () A(ﬁ)g,

where A(L); = A(L)NV; fori = 1,2. It is easy to see that é/\l, e %)\g forms a Z-basis

of A(L); and that %ul, e %,ug forms a Z-basis of A(L)2. From the decomposition
of A(L) we obtain a decomposition

K(L)=K(L)1 & K(L)2,

where K (L); = A(L);/A;, for i = 1,2. If we let Z(6) := @Y_, Z/5;Z, then it is clear
that
K(L)1 = K(L)s = 7(5).

Observe that
deg ¢r = #K(L) = (deg £).

Polarizations. Let X = C9/A be a complex torus. Let £ € Pic(X) be a holomorphic
line bundle on X and suppose that H = ¢1(L) is positive definite. We call the algebraic
equivalence class of £, or equivalently the positive definite hermitian form H € NS(X),
a polarization on X. By abuse of notation we sometimes call L itself a polarization. The
type of a polarization is the type of any representative. A polarization of type (1,...,1)is
called a principal polarization. As will turn out later (see Theorem, a polarization
of a certain type is the right information we need to get an analytic embedding of the
torus X into projective space. By Chow’s theorem [Har77, Appendix B, Thm. 2.2], any
closed analytic subvariety of IP’(]CV is an algebraic variety, hence X is algebraic. This is the
reason why we call a complex torus X that admits a polarization H = ¢1(£) an abelian
variety. The pair (X, H), or equivalently (X, £), is called a polarized abelian variety. A
homomorphism of polarized abelian varieties f: (X, H) — (X', H') is a homomorphism
of complex tori such that p,(f)*H' = H. If L is a polarization, then ¢,: X — X is
an isogeny, called the polarization isogeny. Polarizations are of fundamental interest
for this thesis. As a first observation, we will see that in the polarized case, up to
isomorphism, one can always choose a decomposition of the lattice in a nice way.

Suppose that H is a polarization on X = C9/A of type 6 = (d1,...,d4), and that
ALy ooy Agy U1, - -+, [g is @ symplectic basis of A for Im H, inducing the decompositions
A=A ® Ay and C9 = V] @ Vs as in the previous paragraph. Clearly, V5 is of real
dimension g. But we have more.

Proposition 1.7. Every v € CY is of the form v = vy + v}, for v, vh € Vs.
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Proof. Clearly, Vo N V5 is a complex subvector space of C9 on which Im H vanishes
(since V5 isotropic for Im H). By the correspondence (1.4)), we also have that H vanishes
on VoNiVs,. But H is positive definite, and thus VoNiV, = {0}. Hence, the real subvector
space Vo 4+ Vo C CY is of real dimension 2g. O

By the above proposition, any R-basis of V5 spans CY9 as a C-vector space and hence,
is a C-basis by dimension reason. In particular, %/Ll, cees %ug is a C-basis of C9. If
we denote by eq,..., e, the standard basis of C9, then the isomorphism F': %,ui — e
induces an isomorphism of polarized abelian varieties

(X, H) = (X', H), (1.9)

where X' = C9/A" and H' = (F~Y)*H. The lattice A’ = F(A) is given by QZ9 @& AZI,
where ) is a complex g x g matrix and A = diag(di,...,d4). Moreover, this is a
decomposition into isotropic submodules for Im H’. It is well known that the matrix €

satisfies
{0 = Q and ImQ positive definite. (1.10)

The set of such matrices is called the Siegel upper half-space
Hy = {Q € Maty(C) : Q= Q and Im positive definite}.
For obvious reasons, we often call Q € H, a period matriz. The form H' is given by
H'(v,w) = 'o(Im Q). (1.11)

Ezample 1.8. Let X = C/A be an elliptic curve and let H be a principal polarization
on X. A choice of a symplectic basis of A for Im H induces an isomorphism (X, H) =
(X', H'), where the elliptic curve X' is of the form

X' =C/rZoZ,

with 7 € H, the Poincaré upper half-space. Writing 7 = 7 + i7o, the form H' is given
by

vw
H = —.
() =2

For v = v1 + tv9 and w = wy + w2 we have

VW] + Vw2 VoW1 — VW2
H' (v,w) = +1 .

T2 T2
In particular, for the basis {7, 1} of the lattice 7Z @ Z we have

Im H'(r,1) = 2 = 1.
T2

At this point we do not worry too much about the choice of the symplectic basis
of A for Im H, but it is worth mentioning that ) heavily relies on that choice. We will
study the consequences of distinct choices more thoroughly in Section

15



Characteristics. A decomposition of A or C9 only depends on the algebraic equiva-
lence class of £, and not on £ itself. The advantage is that, once a decomposition is fixed,
we obtain an explicit description of all line bundles with first Chern class H = ¢1(£)
in terms of characteristics (elements ¢ € CY9 modulo A(L)). Furthermore, if £ is a
polarization, we can describe theta functions for £ in terms of a decomposition plus a
characteristic, and obtain in a canonical way a system of theta functions that will allow
us (under certain circumstances) to embed the torus X = C9/A into projective space.
Hence, we could think of a decomposition plus a characteristic as the sufficient data
to obtain projective coordinates on X. And most importantly, these notions have an
algebraic analogue, extensively studied in Section [2] We can then talk about canonical
coordinates on an abelian variety, and we refer to them as theta coordinates. A com-
patibility notion for the algebraic analogue of “decomposition plus characteristic” for
isogenous abelian varieties will lead to the key tool for the computation of isogenies in
theta coordinates.

Let X = CY9/A be a complex torus and let H € NS(X) be a nondegenerate form.
Suppose that we have fixed a decomposition C9 = V; & Vs, where V; and V5 are isotropic
(for Im H) R-vector subspaces of dimension g. We define a map xo: C¢ — C; by

Xo(v) = e(miIm H (v1, v9)),

where v = v1 +v9 with v; € V;. Denote again by o the restriction of xg to A = A1 ® Ao,
where A; = V; N A. It is not hard to see that xq is a semicharacter for H and hence,
Lo = L(H, xo) is a holomorphic line bundle on X. By Lemma for each v € CY the
pullback by t; of Ly is algebraically equivalent to L. In terms of semicharacters, this
means that xpe(27miIm H(v,-)) is a semicharacter for t5Ly. The following proposition
shows that all line bundles algebraically equivalent to Lg are of this form.

Proposition 1.9. Let L and L' be algebraically equivalent, nondegenerate line bundles
on X. Then there exists x € X such that

L =tL.

Proof. The line bundle L' ® £ is in Pic’(X). Since £ is nondegenerate, the map
¢r: X — X = Pic%(X), z — t:L ® L7 is an isogeny, hence surjective. Let z € X
be such that £' ® L7! = ¢,(x). Multiplying both sides by £ we obtain the desired
result. O

Moreover, it becomes clear from the above proof that translates of z by K (L) =
ker ¢, lead to the same result. In summary we have: for all line bundle £, algebraically
equivalent to L, there exists a ¢ € C9, uniquely determined up to translates by A(Lp),
such that £ = t:Ly. We call ¢ a characteristic of £ with respect to the decomposition
C9 = V1 @ Vi, A decomposition plus a characteristic are thus sufficient to describe all
holomorphic line bundles on X in the same algebraic equivalence class.

Theta functions. Let us now turn our attention to the explicit construction of theta
functions. Let X = C9/A be a complex torus and let £ be a polarization on X of type
d=(01,...,64). Let H = c1(L) be the first Chern class of £, and suppose CY = V; & V5
is a decomposition (into isotropic subspaces for Im H), induced by a decomposition
A = Ay & As. By Proposition [I.7], V5 generates CY9 as a C-vector space. Since Im H
vanishes on V5, the form H is symmetric on V5. We can C-bilinearly extend the form
H|y, .y, to a symmetric bilinear form B: CY x C¢ — C. We will first define theta
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functions for the line bundle £y = L(H, xo) of characteristic 0 with respect to the fixed
decomposition of CY. Let a gy, (A, v) = xo(A)e(mH (v, \) + FH(A, \)) be the canonical
factor of automorphy for £y as in (I.5). Define a function °: C9 — C as

00(v) = e (gB(v, v)) 3o (—%(H — BY(\ ) + 7(H — B)(v, /\)> . (1.12)

AEA

By [BL04, Lem. 3.2.4], the function 6" is holomorphic on CY and satisfies
GO(U + )‘) = a(H,Xo)()‘v 0)90(’0),

for all v € C9 and A € A. We call #° a canonical theta function for Lo. Here, the
word canonical is to indicate that #° is a theta function for the canonical factor of
automorphy a () of Lo.

If we let ¢ € C9 be the characteristic of £ (defined up to A(Ly)-translates) with
respect to the decomposition C9 = V; @ V3, then L is given by £ = t:Ly. Recall that
X = xoe(2miIm H(c,-)) is a semicharacter for £, which in terms of factors of automorphy
means

a(H,x) (A V) = A o) (A, v)e(2mi Im H (e, A)). (1.13)
A simple pullback of 6% by t. will not be a theta function for the factor a(m,y), but only
for a B'(A, H°(Of,))-equivalent one. However, we can solve this issue by multiplying
the theta function ¢:0° by the corresponding nonvanishing holomorphic function (the
one determining the boundary). Let 6¢: C9 — C be the function

0°(v) =e (—WH(U,C) - gH(c, c)) 6°(v + c). (1.14)
Then, for v € CI9 and A € A we have
v+ ) =e (—WH(’U + \c)— gH(c, c)) 0°(v+c+ N

Y00+ e)e(—=mH (), 0))e (—WH@,C) . gH(c, c)) 00(v + c)
A1) (N v)e(TH (¢, X) — TH (A, ¢))0°(v) (1.15)
= (H,XO)()\’U) e(2miIm H (e, X))0°(v)

= a(m,y) (A, 0)0(v).

We call 6¢ a canonical theta function for L£. At line we used the trivial computa-
tion a(g o) (A, v+ €) = agm o) (A, v)e(TH (e, ).

We have seen in that the polarized abelian variety (X, H) is isomorphic to
(X" =C9/N', H"), where the lattice A is of “nice” form. We want to describe theta func-
tions on X', since they are easier to handle. Let f: (X,H) = (X' =C9/N\',H') be the
isomorphism of polarized abelian varieties from , induced by a choice of a symplec-
tic basis for A. The lattice A’ = po(f)(A) is of the form N = QZ9® AZI, where Q € H,
is symmetric and with positive definite imaginary part, and A = dlag(él,...,é )
Let H = p.(f~Y)*H be the induced form on X', and let x{ = p.(f~!)*x0 and
X = pe(fH)*. If welet £) = L(H',x() and £ = L(H',x’), then it is clear
that Lo = f*L{ and £ = f*L'. The decomposition of A’ induces a decomposition
CY9 = QRY @ RY of CY into maximal isotropic subspaces for Im H', and ¢ = pa(f)(c) is
a characteristic for £ with respect to this decomposition. Since p,(f) is the restriction

of pa(f) to A, we have that a(z o) = (pr(f) X pa(f))*a(mr ;). Then,

pa(fH*: T(X, Lo) = T(X', LG)

Q(H x0)
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is an isomorphism between the theta functions on X for the factor a(p ) and the theta
functions on X' for the factor a(g ;). The same holds if we replace Lo by £, L£j by L',

@t xo) DY Ot and g o) BY g -
If we let B’ = p,(f~1)*B, then it follows immediately from (T.11)) that

B'(v,w) = *o(Im Q)" tw.

Since C9 = QRI @ RY, every w € CY can be written in a unique way as w = Quw; + ws
with wy, wy € RY and hence, Rew = (Re Q)w; + w2 and Imw = (Im Q)w;. It is easy to
see that

(H' — B)(v,w) = w(ImQ) (v — w) = —2i 'v(Im Q) ' Imw = —2i ‘vwy.

We can now deduce a more familiar description of theta functions, first the character-
istic 0 case and then for arbitrary characteristic:

(palf ™) 0°) () = € (5 BlpalF ™)), palF ) ()
Y e (=5 H=BYON) +7(H = B)(pa(£)(0). 1))

AEA,
_ (g B (v, v)) 3 oe (—%(H’ — BN, N) +n(H' — B')(v, A’))
MeA]
=ec (g B/(’U,U)) Z e (—g(H’ — B (n,Qn) +7(H — B')(v, Qn))
QneQz9
gB’(v, U)) Z e (mi'nQn + 2mi*vn) (changing n <> —n). (1.16)
nezI

The function
0(v,9Q) = Z e (mi'nQn + 2mi‘on) (1.17)
nez9

is called the Riemann theta function. Since 2 is determined by the isomorphism f, which
in turn is determined by a choice of a symplectic basis for A, it does not seem to make
sense at first to consider ) as a variable. Yet, when we will study the consequences
of different choices of symplectic bases, it is preferable to consider 6 as a function
on CY x H,y. From the relation po(f~1)*6° = e (FB(-,-)) 6(-, Q) it follows that

2
T s
e (5B +A0+0)) 00 +AQ) = agr (A v)e (5B (0,0)) 00, 9),
for all v € C9 and A € A’. The function
Y Y -
(\v) —e <QB (v,v)) e (23 (v+M\v+ )\))
is a boundary, hence (v, ) € T'(X’, L) for the factor
L T T -1
ecy (A v) 1= ag )y (A v)e <§B (v,v)) e (§B (v+ v+ )\)) .
Writing A = Ay + Ay = Qn + Am with n,m € Z9, we have

ey (M) = e (m' m H' (A1, Ao) + w(H' — B')(v, \) + g(H’ — B\, )\))

mi ‘'nAm — 2miton — mi ' (Qn + Am)n)

e
e (—m' ‘nQn — 2mi tvn) .
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In summary, the Riemann theta function 6(v, 2) satisfies
O(v+ Qn + Am, Q) = e (—mi ‘'nQn — 2mi 'on) 6(v, ),

for all v € CY9 and n,m € Z9. We see that 0(-,Q) is periodic with respect to Ay, = AZSY.
This property holds as well if the polarization is principal, i.e. of type d = (1,...,1).

Let us now study the image of #¢ under p,(f~!)*. Recall that
0°(v) =e (—WH('U,C) — gH(c, c)) 0°(v + c).
For ¢ = pa(f)(c) there exist unique a,b € RY such that ¢ = Qa + b. We have

(pa(F71)760%)(v) = € (=mH (pa(F 1)) ) = TH(e.)) 6°(pu(F ) (0) + )
=ec (—WH/(’U,C/> - gH’(c’,c’)) pa(f7H) 0w+ ¢)
=e (—WH’(U,C') - gH’(c’, c’)) e (gB’(v +cd,v+ c'))
. Z e (i 'nQin + 27mi ' (v + )n)

nezy
= ¢ (—n(H' = B)(v.¢) = S(H' = B)(.¢) + B/(v,v))

. Z e (m' tnQn + 2mi ton + 27i tc’n)
nez9

=e (277@' fva + 7" (Qa + b)a + gB’(v, v))

. Z e (mi'nQn + 2mi'ton + 27 ' (Qa + b)n)

nezI

=ec (zB’(uv) — i tba)

2
: Z e (mi'(n+a)Q(n+a) + 2mi‘(v+b)(n+a)) .

nez9

We call

0 [b] (0,Q) = 3 e (mi'(n+a)n+ a) + 2mi (v + b)(n + a)) (1.18)

nez9

the Riemann theta function with characteristic m . The theta functions p,(f~1)*0¢ and

0 [Z] (-, ) are related by

pal 171 0° = € (5B() = mi'ba) 0[] (),
and

-1
ec/(\v) = agr (A v)e (gB’(v, v)) e (gB’(v F v+ )\))

is a factor of automorphy for 6 [Z} (-,9), equivalent to a(gr . We therefore have
0 [Z] (v,Q) € T(X',L'). Writing A = Qn + Am and ¢ = Qa + b, with n,m € Z9
and a,b € RY, it is easy to see that

ecr (A, v) = eg; (A, v)e(2miIm H'(d,\)

= e (—mi'nQn — 2ri'vn + 2mi(faAm — *bn)).
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The Riemann theta function with characteristic m satisfies

0 [Z} (v+Qn+ Am, Q) = e (=i 'nn — 27i'vn + 21i(*aAm — "bn)) 6 m (v,9Q),
(1.19)
for all v € C9 and n,m € Z9. The function 6 [8} (+,€) is just the standard Riemann
theta function (-, 2). Analogous to the relation between 6¢ and 6°, see (1.14)), the theta
functions 6 [Z} (-,9) and 6 [8} (-, Q) are related by

0 [Z} (v,Q) = e(mi'aQa + 27i ‘a(v + b))6 m (v+Qa+b,0Q). (1.20)
From ([1.20) we can carefully verify that for a’, b’ € Z9 we have

0575 (0,9) = e2mitat)o [] (v, 9). (1.21)

More generally, for a’,b" € RY, it follows from [BL04, Cor. 3.2.9] that

0 [‘;jﬂ (0,9) = e(mita'Qa’ + 2mita’ (v + b + b))d M (0+Qd +0,Q).  (1.22)

As a direct consequence of ((1.18) we have

o[i] (o) =0 7] 0.9, (1.23)
In particular, if a,b € Z9, we have
0 [gfﬂ (=0, Q) = e(mitab)d [‘;ﬁ] (v,9). (1.24)

Hence, theta functions of half-integer characteristics are either even or odd functions.

Depending on the parity of ‘ab, we call 6 [Z;;] an even theta function or an odd theta

function respectively.

Bases of theta functions and projective embeddings. Given a polarization £ =
L(H,x) on X = CI/A of type 6 = (01,...,04), we have seen how to construct one
canonical theta function for £. But there are more. For a fixed decomposition CI =
V1 @& Va, where Vi and V5 are isotropic for Im H, and given a characteristic ¢ € CY
for £, we have seen in that 0¢ is a canonical theta function for £. Let us define
ar: CIxCY9 — C* as

ar(u,v) = xo(u)e (27T2' Im H(c,u) + 7H(v,u) + gH(u,u)> .

It follows that ar|y,cs = a(m,y) is the canonical factor of automorphy for £. Recall
that K(£) = A(L)/A C X, where A(L) = {v e CY :ImH(v,A) C Z}. For w € K(L),
define the function

65 : CY — C, v ap(w,v) 16%v + w), (1.25)

where w € A(L) is an arbitrary lift of w. Using [BL04, Lem. 3.1.3 b)], it is easy to see
that the definition of 6, does not depend on the choice of the lift of w.
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For v € C9 and A € A we have

05 (v 4 N) = ag(w,v+ N7+ A+ w)
= ar(w,v) te(rH\, w)) ™ a(Hy) (A v+ w) (v + w)

a1 (A v)e(m(H (w, A) — H(A, w)))ac(w,v) " 0%(v + w)
a(H,y) (A, v)e(2mi Im H (w, M) 0 (v)
HX)()\,U)QC( )

This shows that 0 is a canonical theta function for £. We can use this construction
to determine a basis of I'(X, L) of canonical theta functions for £. Recall that with
A =VinAand A(L); = V;NA(L), for i = 1,2, we get a decomposition of K (L) as

Theorem 1.10. The set {05, : w € K(L)1} is a C-basis of the vector space I'(X, L) of
canonical theta functions for L.

For a proof we refer to [BL0O4, Thm. 3.2.7]. A decomposition of C9 plus a characteristic
of £ with respect to this decomposition are thus sufficient to obtain a basis of I'( X, £).
Fixing an ordering of K(L)1, say K(£); = {wo,...,wn_1}, where N = #K(L); =
01 -+ 04, determines a meromorphic map

Do X 5 PYT a (05, (ve) i1 05, (va)),

WN -1

where v, € CY is any lift of . We promised earlier to give a sufficient condition for ®,
to be an embedding.

Theorem 1.11 (Lefschetz). Let £ be a polarization on X of type § = (61,...,04). If
01 > 2 then ®, is defined on the whole of X, i.e. ®, is a holomorphic map. If 61 > 3
then ®p: X — qu is an embedding.

See [Lan82, Ch. VI, Thm. 6.1] or [Mum83l, Ch. II, Thm. 1.3] for the proof. Of course,
the embedding ®, depends on the choice of a basis of I'( X, £). Two different choices of
bases are related by an automorphism of IP’g ~1. A line bundle £ is called very ample if
the associated map @, is an embedding. A line bundle £ is called ample if L2 is very
ample for some r > 1. As a consequence of Theorem if £ is a polarization then £®3
is very ample. In particular, if £ is a principal polarization on X we can embed X
into ]P’%g_l. If £ is very ample then ®,(X) is a closed analytic subvariety of ]P’(]CV 1 and
by Chow’s theorem [Har77, Appendix B, Thm. 2.2], X is homeomorphic to an algebraic
subvariety of IP’N 1. The functions 0% - 05, are called theta coordinates on X. In
summary, if £ is a polarization on X of type § = (61,...,d,) with 6; > 3, then fixing
a decomposition of CY and a characteristic ¢ of £ with respect to this decomposition
determines theta coordinates on the algebraic variety X in a canonical way.

We would like to know how the basis of Theorem for the line bundle Ly of
characteristic 0 behaves under the isomorphism p,(f~1)*: T'(X, Lo) = T'(X', Lf). As
before, we have A’ = QZ9 @ AZY and hence, A(L}) = QATIZ9 @ Z9. Tt follows that
K(LH)1 = QAT1Z9/Q79. We might identify K (L(); with {Q2A~1d}, where d runs over
a set of representatives of Z9/AZ9. Let us fix w € A(Ly)1 inducing w € K(Ly)1, and
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let w' = QA d = po(f)(w). We have

(Pa(F 1) 05) (v) = ac(w, pa(F1)(0)) 0% (pa(f 1) (v) + )
= (pa(f ™) ac(w',0) " (pa(f 1) (v + ')
= xp(w) " te <—7rH'(v,w') - gH'(w',w'))

e (gB’(v +w' v+ w’)) 0 m (v+QA~1d, Q)
—e (—W(H' — B)(v,w') — g(H’ ~ B\, w')) e (gB’(v, v))
ce(—mi(ATT)Q(ATL) — 2mi toATLd) [Aﬂ (v,Q) (by (T.20))
=e (gB/(v,v)> 0 [Agld} (v, Q).

Moreover, using (1.19) and the fact that e(2mi*(A~'d)Am) = 1, the theta function
0 [A;d] (v, Q) satisfies

0 [A;d} (v+Qn+ Am,Q) =e (—m’thn — 27Titvn) 0 [A;d} (v,Q), (1.26)

for all n,m € Z9. Hence,
{9 [Agld] (0,9):d e Repr(Zg/AZg)} (1.27)

is a basis of I'(X", £j) for the factor ez, (n 4+ Am,v) =e (=i 'nQn — 2miton).
Let N = detA = 61---d, and suppose that 6; > 3. Then, fixing an ordering
{do,...,dn_1} of the representatives of Z9/AZ9 yields an embedding

B X PN a (9 [A};dO] (05, Q) -2 8 {A’lngl} (vz,Q)) :

where v, € CY is any lift of x.

Example 1.12. Let X = C9/Q7Z9 79 be a complex torus, where 2 € H, is in the Siegel
upper half-space. Let Hq(v,w) = 'v(Im Q)™ 1w be a principal polarization on X and
let Lo be an ample line bundle on X with first Chern class Hq and of characteristic 0
with respect to the decomposition CY = QRY @ RY. By Lefschetz’s theorem (Theo-

rem , we can embed X into projective space by means of global sections of L'T,
for » > 3. Let us compute a basis of I'(X, E%’"), following and Theorem
The first Chern class of E%T is rHgq, and the C-bilinear extension B: C9 x C9 — C of
rHqlpeype 18 given by B(v,w) = rto(ImQ)~tw. Also, (rHg — B)(v,w) = —2ri tvws,
where w = Quwy + wy. Applying , we have that

°(v) =e <gB(v, v)) Z e (rmi*(Qn)n + 2rmi‘vn) (changing n < —n)
QneQZ9

=e <gB(v,v)> 0 [8} (rv,rQ)

is a canonical theta function for £5". The function v — e (ZB(v,v)) determines a
boundary, so that 6 m (rv,rQ) € T(X, L") for the factor

e por(Qn 4+ m,v) = e(—rmi ‘'nQn — 2rriton), for all n,m € Z9.
Q
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Translates of ¢ m (rv,m2) by Qa/r+b/r (with a,b € Z9) adjusted by some factor yield
new elements of I'( X, E%T). Using ((1.20) and Theorem we can show that

{9 [a‘/f} (rv, TQ)}aERepr(ZQ JrZ9)

forms a basis of ['(X, £3") for the factor erer-

1.3 Why do we care about theta functions?

A complex torus X is a complex manifold, but it need not be algebraic, i.e. it need
not be given as the locus of polynomial equations. However, if X admits a polarization
L € Pic(X), then by Lefschetz’s Theorem a suitable power of £ induces an em-
bedding ®, of X into projective space, and by Chow’s theorem [Har77, Appendix B,
Thm. 2.2], the torus X is an algebraic variety. But being an algebraic variety, how can
we find equations defining X? The embedding @ is given by a basis of theta functions,
and we can think of these functions as projective coordinates on the variety X. As such,
equations defining X can be expressed as relations among the theta functions. These
relations are called Riemman equations. We will not give the equations here. They can
be found in various books such as e.g. [BL04, Thm. 7.5.2] or [Mum66].

But there is more we can deduce from the Riemann equations. Since X is a group,
one can ask whether it is possible to perform group arithmetic in theta coordinates. To
be more precise, given x,y € X, can we compute the projective coordinates ®,(z + y)
of x+y out of the coordinates ®,(z) and ®,(y) of x and y respectively? This will clearly
require to manipulate the coordinates of the projective points ®.(z) and ®,(y). This,
however, is very delicate, since a single coordinate is not a well-defined function (only
defined up to a scalar). Consider the affine cone X c AV \ {0} above ®,(X) c PN~1,
i.e. the set of affine points p~!(®(X)), where p: AN \ {0} — PN~ is the projection.
For x € X, denote by = € X a fixed affine lift of ®,(z). We will talk more thoroughly
about affine cones in Section m Robert in [Rob10, §4.4] gives an algorithm

& 4 y := chain_add(Z,7, & — y,0),

that computes an affine lift = ¢+ Yy € X of x + y, given affine lifts y,x - 4,0 0€ X of
x,y, x—y and 0 respectively. The lift x r+y y is computed in a way that x r+y Y, — Y, T, Y, 0
satisfy the Riemann relations. So we can think of chain_add as “solving” the Riemann
equations for x/—\l—/y Using recursive calls to chain_add, Robert defines an algorithm

—~—

ma + y := chain multadd(m, z+y, %7, 6),

that computes an affine lift of mz + y for m > 0, and it can easily be adapted to the
case m < 0 as

chain multadd(m, & + ¥, %,7,0) := chain multadd(—m, —z + y, —%, —7,0).

Here, —Z denotes a certain affine lift of —z. See Proposition for more details.
Finally, Robert defines the algorithm

mx := chain mult(m, Z, 6) = chain multadd(m,z, 7, 0, 6),

that computes an affine lift of mux.

We conclude that working with theta coordinates allows us to deduce equations for
the abelian variety, as well as to perform arithmetic.
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1.3.1 Theta functions on Jacobian varieties

Let C be a smooth projective curve of genus g over C. Let (Jac(C), Oyac(cy(©)) be the
Jacobian variety of C. We know that Jac(C) is isomorphic to the torus C9/A, where
the period matrix of the lattice A is obtained by integrating ¢ linearly independent
holomorphic 1-forms on 2g closed loops of C. Let £ € Pic(C9/A) be the type (1,...,1)-
line bundle (defining a principal polarization) corresponding to Oj,.y(©). Fixing
a symplectic basis of A for ¢i(L) yields a period matrix Q € M, and a line bundle
Lo € Pic(CI/Q7Z9 & Z9) such that (JaC(C),OJaC(C)(G)) = (CY/Q79 © 79, Lq). Note
that the matrix of ¢1 (L) with respect to the standard basis of C9 is given by (Im )1
The 1-dimensional C-vector space I'(CY /QZIBZI, Lq) is generated by 0 [8] (v,Q). Fixing
a basis of ['(CY/QZIBZI, LE*), we can embed the torus CI/QZIHZI into P%q_l. Similar
to the construction in Example a basis of I'(CI/QZ9 © 79, LE*) is given by

{9 [déﬂ (4v,4Q) : d € Repr(Z9/4Zg)} .

We call them level-4 theta functions. The function 6 [déﬂ (4v,4Q) satisfies

0[] (4w + Qn+m), 40) = e (~4i ' — smi‘on) 0[] (40, 49,

for all n,m € Z9. There exist different bases of T'(C9/QZ9 @ Z9, L") that are of great
importance to us. For di,ds € Repr(Z9/279), consider the function 6 [Z;g] (2v,Q)
on CY9. Using (1.19), we have that

0 [g;g] (2(v + Qn +m), Q) = e (—4mi 'nQn — 8ritvn) 0 [j;j;} (20,9),

g;;g} (20,Q), for di,dy € Repr(Z9/229), are called

level-(2,...,2) theta functions. They are related to the level-4 theta functions as follows:
for dyi,ds € Repr(Z9/279) and v € CY we have

for all n,m € Z9. The functions 6 [

0 [j;g} 20,0 = S e(mitdds)6 [d{)ﬂ (40, 49). (1.28)
d€Repr(Z9 /AZ.9)
d=d; mod 2

This shows that o
{9 [d;%} (20,Q) 1 dy,dy € RepT(Zg/2ZQ)}

forms another basis of I'(C9/QZI @ Z9, LS*), and we can thus embed Jac(C) into IP’fég_l
with level-(2,...,2) theta functions. We call

{9 [3;?3} (0,92) : dy,da € RepT(Zg/QZQ)}

the theta constants of level (2,...,2) associated to Q (sometimes also called the theta
null values of level (2,...,2)). Working with level-(2,...,2) theta functions comes with
the following advantages:

i) there exists a criterion on the level-(2,...,2) theta constants to detect whether
the underlying abelian variety is the Jacobian variety of a hyperelliptic curve or
not. See Theorem [L.13] below.
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ii) in the case of a hyperelliptic Jacobian Jac(C'), we can compute the 4th powers
of the level-(2,...,2) theta constants directly from the Weierstrass points of the
curve. Moreover, this construction has a reciprocal construction, allowing us to
compute the Weierstrass points of C' from the level-(2,...,2) theta constants. See
Theorems [[.14] and [.T5] below.

iii) in the non-hyperelliptic genus 3 case (the variety is the Jacobian variety of a
smooth plane quartic C'), we can compute the 4th powers of the level-(2,2,2)
theta constants from the bitangents of the curve. Conversely, given the level-
(2,2,2) theta constants, we can compute the bitangents of the curve C' and hence,
a plane model of the curve. These are called Weber’s formula, dating back to 1876
from his work [Web76]. For a more modern treatment of the subject we refer to
[Gualll Rit04, NR17, [Fiol6].

To address i) and ii) we need to introduce some notations. We follow [Mum84, Ch.
IIa]. Let B={1,2,...,2g + 1,00} be an index set. For i =1, ..., g define:

ith position
N
1 1
Mg = t(O,...,O,g,O,...,O)6529,
1 1 1
ngi,lzt(i,...,§,0,0,...,0)eizg,
nh = (0 0,10 o)elzg
27 3ty 727 9ty 2 9
1 11 1
bo="1Y=...,=, =0,... ~79
M2; (27 72a2707 ;0)62 )
and
/ t 1 g
7]2g+1_ (07 70)6527
1 1 1
7 _t
M2g+1 (57 75) S §Z97
1
77</)o = t(07 70) € §Z97
1
ngo:t(ov ..,0)€§Z9
For j € B let

1
nj = "0, ) € 2%,
and more generally for 7' C B let
1
= N/l
nr an € 9
JjeT

Note that ng € Z?9, so that if we denote by T° the complement of T in B, we have
nr = nre when considered in %ZQg /729. The power set of B is a group under the
symmetric difference 7o S = (T'U S) \ (T'NS), and 7 induces a group isomorphism

~ 1
n:{T C B:#T even}/T ~T° — 5229/229. (1.29)
Let us fix a period matrix 2 € H,. For T' C B of even cardinality, denote by
0lnr](20,9)
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the level-(2, ..., 2) theta function of characteristic (the representative of) 5. By (1.24),
the parity of 4'n/. - n/}. determines the parity of 6{nr](2v,2) (recall that a theta function
with half-integer characteristics is either even or odd). Accordingly, we call a charac-
teristic nr even or odd. Odd theta functions vanish at 0, and there are precisely 6 odd
theta functions in genus 2 and 28 odd theta functions in genus 3. As the next theorem
shows, a crucial geometric property of the abelian variety CY/QZ9 @ Z9 can be deduced
from the vanishing of the level-(2,...2) theta functions at 0.

Let U = {1,3,...,29 + 1} C B be the subset of odd indices. Combining [Mum8&4,
Cor. 6.7] and [Mum84, Thm. 9.1] we obtain the following key result.

Theorem 1.13. For ) € H, the following are equivalent:

o CI/QZIDLI is isomorphic as a principally polarized abelian variety to the Jacobian
variety of a hyperelliptic curve C over C of genus g;

e for all’T C B of even cardinality,

0[n7)(0,9) = 0 if and only if #(U oT) # g+ 1.

According to (1.20)), the functions 6[nr](2v, Q) and ¢ [8} (204 Qnfp + 1., Q) differ by
a nonvanishing function. The property of being the Jacobian variety of a hyperelliptic
curve can thus be deduced from the vanishing of 6 [8] (v, Q) at certain 2-torsion points.
In the genus 2 case, the T' C B, #1 even, corresponding to odd characteristics nr are
precisely the subsets of B satisfying #(UoT') # 3. That is, 6 [g} (v, Q) vanishes precisely
at the 2-torsion points Qn/, 4+ 17 for odd nr’s. In genus 3, however, besides the 28 odd

characteristics,
1111 1
n{1,3,5,7} = 57575757075

is the only even characteristic for which #(U o T') # 4. Hence, we have

Q) € Hj3 corresponds to a hyperelliptic Jacobian if and only if
1 1
0 [8} (59(61 +eg + 63) + 5(61 + 63), Q) =0.

Let now C be a hyperelliptic curve of genus g over C, given by an affine plane model
y? = f(x), where f is a polynomial of degree 2g + 2 without repeated roots. We know
that an automorphism of the projective line IF’}C induces an isomorphism of hyperelliptic
curves, so that after sending one root of f(x) to oo, we can suppose that C' is given by
an equation y? = H?g?l(x—ai). The points Py = (a1 : 0:1),..., Pagy1 = (agg41:0: 1)
are the Weierstrass points of C. Let Q € H, be a period matrix such that Jac(C) is
isomorphic to CI/QZI 79 as a principally polarized abelian variety. By Theorem m
for all T C B of even cardinality, satisfying #(U o T) = g + 1, we have

0nr](0,9) # 0.

Thomae’s formulae allow us to compute the 4th powers of the theta constants of
level (2,...,2) from the Weierstrass points of the curve.
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Theorem 1.14 (Thomae). There exists a constant ¢ such that for all T C B\ {oc} of
even cardinality,

e L @) U =g+
0lnr](0,9)" = JEWT o0}
0 f#UoT)#g+1.

The theorem was proven by Thomae in [Tho70]. In fact, Thomae evaluated the constant
as well (see [Mum84, §8]). Note that T C B\ {oo} is not an obstruction to being
an isomorphism, since either T' or T° is contained in B\ {oco} and np = npe. There
exists a reciprocal construction to Thomae’s formulae.

Theorem 1.15. Let i,j,k € B\ {oo} be three distinct indices. Let V. C B\ {oo} of
cardinality g + 1 be such that i,7 € V and k ¢ V.. We have

ag —aj 4tn;€(n§.’+n;’)e[nUoVo{j,oo}](Oa Q)20[nuovoi k] (0,2)?

3"

= (-1
ag — a; ) e[nUoVo{i,oo}](oa Q)Ze[nUoVo{j,k}](oa Q)

For a proof we refer to [vyW9g|. Note that U o (U oV o {j,o0}) = V o {j,00} is of
cardinality g+ 1, so that the corresponding theta constant is non-zero. The same holds
for Vo {i,k},V o{i,oo} and V o {j, k}.

Remark 1.16. By Torelli’s theorem, the principally polarized abelian variety

(Jac(C), OJaC(C)(G)) uniquely determines the curve C' (up to isomorphism). From The-
orem [1.15] we see that in order to recover an equation of the underlying curve in the
hyperelliptic case, it suffices to know the squares of the level-(2,...,2) theta constants.
It is a well known fact (see e.g. [Cosll]) that the squares of the level-(2,...,2) theta
functions form a generating family for the space T'(C9/QZ9 @ Z9, L5?) of level-2 theta
functions. The squares of the level-(2,...,2) theta null values and the level-2 theta null
values thus contain the same geometric information about 2. However, as Lefschetz’s
theorem suggests, we should require level at least 3 in order to embed the Jacobian vari-
ety of the curve into projective space. Indeed, the level-(2,...,2) theta functions embed
Jac(C) into Pég_l, but the level-2 theta functions (or equivalently, the squares of the
level-(2, ..., 2) theta functions) only embed the Kummer variety Ky,.c) = Jac(C)/£1
into projective space, and not the Jacobian variety itself. We deduce the surprising fact
that, for hyperelliptic Jacobians, we can determine the curve from the Kummer variety
only. This fact is highly non-general, but can be explained by the following observation:
the inversion [—1] on Jac(C) is induced by the hyperelliptic involution of the curve.
And Kjy,e(cy is precisely Jac(C') modulo [—1], so somehow we can see the Kummer va-
riety as the curve modulo the hyperelliptic involution. But the hyperelliptic involution
of C leaves the Weierstrass points (and hence the equation of the curve) invariant, so
it does not surprise that the Kummer variety determines the curve.

Thomae’s formulae and its reciprocal formulae are implemented in the Magma package
AVIsogenies (http://avisogenies.gforge.inria.fr) for genus 2 and over finite fields.
Moreover, if working on the Jacobian variety of a hyperelliptic curve, one can convert
between Mumford and theta coordinates (implemented in AVIsogenies for genus 2). For
more details we refer to [vW98|, [Cos11l [RobI10].
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1.4 Moduli spaces
1.4.1 Polarized abelian varieties of type A

Let X = CY9/A be a complex torus and let £ € Pic(X) be a polarization on X of type § =
(01,...,04). Let H = c1(L) be the first Chern class of £ and let A = diag(d1,...,d,). We
call (X, L), or equivalently (X, H), a polarized abelian variety of type A (or of type 0).
We have seen in ) how a choice of a symplectic basis A1, ... )\g, H1s- -5 pg of A for
Im H determines a rnatrlx 1€ Hy and an 1s0morph1sm (X,H) = (C9/079 & AZ9, Hg)
of polarized abelian varieties of type A, where (Im 2)~! is the matrix of Hq with respect
to the standard basis of CY. In this section we want to study the impact on 2 of the
choice of the symplectic basis of A. Let A}, ..., Ay, p, ..., iy, be another symplectic basis
of A for ImH. Let (A1,...,Ag, i1, -, fg) and (N}, ... ,)\g,,ul, c+ o ) in Matgya,(C)
be the period matrices associated to those bases. There exists a matrix R € GLoy(Z)
such that

Ay Ago ity ooy fig) = (Al,...,)\;,ull,...,u;)-R.
Moreover, both bases being symplectic, it follows that tR( 70A ﬁ ) R= ( 70A a ),

ie. Re SpQAg(Z). For convenience we may write

t
A B
(o)
with g x g blocks A, B, C' and D in Maty(Z). The basis A}, ..., A, 7, . . ., iy induces an

isomorphism (X, H) = (C9/VZ9 & AZ9, Hey) of polarized abelian varieties of type A,
for some €' € H,. Consider the composite isomorphism

/\

C9/QZ9 & AZI C9/QVZI & AT

It is not hard to see that R is the rational representation of f. The isomorphism f is
characterized by the relation

ptl(f) ) (QvA) = (Q/7A) ‘R,

or equivalently
pa(f)=Q'A+A'B
pa(f)A=Q''C + AD.

It follows that
Q=1'0= (A + BA)(A™ICY + A7'DA)™!

Define the subgroup

G = {( 1, A >_1 tR< 1, A ) ;ReSpQAg(Z)} C GLy,(Q).

For M € G it follows directly from the definition that *M € Sp,,(Q) and since Sp,,(Q)

is closed under transposition, we have Ga C Spy,(Q). Again, if for R € SpQAg(Z) we

t
use the more convenient notation R = ( g g ), then we have

G2 = {< a%ic a”pa ) | < ¢ D ) € Spr?g(Z)} C 8Py, (Q).
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Let

<21, g)-Q:(AQ+B)(CQ+D)_1

denote the usual action of Spy,(R) on H,. From the above it becomes clear that a
different choice of symplectic basis of A for Im H results in a G a-action on the associated
period matrix € € H,. To be more precise:

Proposition 1.17. Let Ai,..., Ag, pt1, .-, fg and Np, ..., AL, iy, ..., fiy be symplectic
bases of A for ImH and let Q,QY € H, be the corresponding induced period matrices.

LetR:t< é g ) € SpZAg(Z) be such that
(Al,...,)\g,ul,...,,ug):(A'l,...,/\;,u’l,...,ug)-R.

Then, the matrices Q and Q' are related by

_ A BA O — / —1 0y -1 -1
Q_<A_1C A—lDA> Q' = (AQ + BA)(A'CQY + A'DA) L,

Next, we want to study under what condition two polarized abelian varieties of
type A are isomorphic. Since any polarized abelian variety of type A is isomorphic to
a variety (C9/QZ9 & AZ9, Hq) for some Q € H,, it suffices to study the condition on
two period matrices 2, Q' € H, for the existence of an isomorphism of polarized abelian
varieties of type A

£1(C9/QZ9 & AZ9, Ho) = (C9/VZ9 & AZ9, Hy).

Symplectic bases of the lattices QZ9 @& AZY and Q'ZI & AZI for Im Hg and Im Hoy
are given by Qey,...,Qey, d1€1,...,04e5 and Qey,...,Veg, d1€1,...,d4e4 respectively.
Since Hqo = po(f)*Hey, it follows that

pa(f)(Qel)7 cee 7pa(f)(Qeg)7pa(f>(5lel)7 s 7pa(f>(5969)

is another symplectic basis of Q'Z9 @& AZ9 for Im Hq. The rational representation of f
relates the two period matrices for CY9/QYZ9 & AZ9 by

(Pa(f)(Qe1), ..., pa(f)(dgeq)) = (Q/el, -y 0geq) - pr(f)
and hence, p,(f) € Sp2Ag (Z). We can thus apply Proposition m In summary we have:

Proposition 1.18. Let Q.9 € H, define the polarized abelian varieties of type A
(C9/Q79 & AZI, Hq) and (CI/QV7Z9 @& AZI, Hqr) respectively, and suppose that there
exists an isomorphism of polarized abelian varieties

f:(C9/Q79 & AZ9, Hg) = (CY/Q' 79 & AZ9, Hey).
Then:

- the rational representation p,(f) is in SpQAg(Z);
. . . t(A B
- if for convenience we write p,(f) = ( c D ), we have

Q= (AQY + BA)(A™'CQ + A~ DAL
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Moreover, the analytic representation of f is given by
pa(f) = (ATICQ + ATIDA).

Example 1.19. Consider the case of elliptic curves. Let 7,7/ € H be such that there
exists an isomorphism of elliptic curves

f:C/tZ07Z = C/TZaZ.

(We omit writing the principal polarizations in this picture, but they are there and f
respects them.) The analytic representation of f is given by scalar multiplication,
say m) with A € C*, and we have the relations

ANT=ar +0b
A l=cr'+d.

Written differently:
oy [ac
)"(T71)_(771) <b d)a
and < Z fl ) € SLy(Z) = Spy(Z) since f is supposed to preserve the polarizations. It
follows that
[ a b , ar’ +b
=\ ¢ a T +d

and m,/14 is the analytic representation of f.

Discrete subgroups of SpQQ(R) act properly and discontinuously on H, and hence,
the quotient

Ap = Hy /GA
is a complex analytic space of dimension 9(97;1). But we have just shown that isomor-

phism classes of polarized abelian varieties of type A are in one to one correspondence
with G a-orbits of the action Spy,(R) ~ H, and therefore:

Proposition 1.20. Aa is a moduli space for polarized abelian varieties of type A.

1.4.2 Polarized abelian varieties of type A with invariant theta null values

Fix a type A = diag(d1,...,0,), and suppose 61 > 3. Any Q € H, determines a
polarized abelian variety (Xq := CI9/QZ9 & AZ9, Hg) of type A, where the form Hq
is given by the matrix (ImQ)~! with respect to the standard basis eg,...,e, of CY.
Conversely, any polarized abelian variety of type A is, up to isomorphism, of this form.
Consider the decomposition C9 = QRI & RY and let Lo be the line bundle with first
Chern class Hq and of characteristic 0 with respect to this decomposition. By (|1.27]),
{0 [A;d} (v,Q):d e Repr(Zg/AZg)}

is a basis of I'(Xq, L) for the factor ez, (Qn+ Am,v) = e (=i 'nQn — 27i'vn), for all
n,m € Z9. An ordering {do, ..., dqet A—1} of Repr(Z9/AZ9) determines an embedding

B, Xg o PREAT 40y (e [A’;ﬂ (05, Q) -2 8 [A”dc;;m—l} (s, Q)) ,
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where v, € CY is any lift of x.

In the preceding section we have seen that G'a-orbits of H, characterize isomorphism
classes of polarized abelian varieties of type A. As Theorems and suggest, the
theta functions of certain level evaluated at Ox,, (called the theta constants or the theta
null values) contain important geometric information about the abelian variety Xg.
However, within a Ga-orbit, the theta coordinates can appear in completely different
fashion. We would like to find a subgroup of Ga with the property that the theta null
values remain (projectively) unchanged within its orbits.

Let R = t( é g ) € SpQAg(Z) with associated M = ( Afllc AEADA ) € Ga. For
simplicity write Qy = M - Q = (AQ + BA)(A7!CQ + A"'DA)~!, and consider the

isomorphism
f: Xa,, =CY/QNn7Z & AZ = Xq = CI/QZI & AZI

of polarized abelian varieties of type A. The rational representation of f is R, and the
analytic representation of f is po(f) = *(A7'CQ + A~'DA). First, let us observe that
the symplectic basis Qpreq, ..., Qypeg, Aer, ..., Aey of Q79 © AZ9 for Im Hg,, is sent
to

pa(f)(Qares) = HATICQ + ATIDA)Y I Qpre; = (VA + ATB)e;
pa(f)(Ae;) = HATICQ+ ATIDA)Ae; = (Q'C + A'D)e;,

for i = 1,..., g, using the fact that !Qy; = Qs and ‘Q = Q. The labelling of the theta
functions in I'(Xgq,,, La,,) arises from the bijection of Repr(Z9/AZ9) with K(Lq,,)1 =
QuA™1Z9/Qp 79, and for the theta functions in I'(Xq, Lq) the labelling arises from
the bijection of Repr(Z9/AZ9) with K(Lq)1 = QA~17Z9/QZ9. Both the decompositions
of K(Lq,,) and of K(Lq) are induced by the decompositions of CY as CI = QR ¢RI

and CY9 = QRI @ RY respectively. But the isomorphism f does not preserve these

decompositions, unless B = C' = 0, € Maty(Z) and R = t( A AtA-1A-1 ) € SpQAg(Z)

with A € GL4(Z). However, since the labelling of the theta functions depends on
the decompositions of K (Lgq,,) and of K(Lq) respectively and not on the ones of C9,
we can require the weaker condition on f to preserve the decompositions of K(Lq,,)
and K (Lq). Moreover, to determine an embedding of Xq,, and Xq into projective space
by means of theta functions, one must also specify an ordering of the theta functions.
Hence, we would like f to respect this ordering. In other words, we require that

1 1 1 1
f(EQMei) = EQei and f(EAe,;) = gAei, fori=1,...,9. (1.30)

Here, - denotes an element on the quotient Xq,, and Xq respectively. A necessary and
sufficient condition for ([1.30]) to be satisfied is that

A—1,,B,C,D—1I, € A-Maty(Z).

For if A= I, + AN4, B = ANg,C = AN¢ and D = I, + ANp with N4, Ng, N¢,
Np € Maty(Z), then
1 1

pul) (5 urer) =

1

Qe;
6+5i

(Q tNAAei + A tNBAei)

/

€QZIDAZI
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and
1

0;

1 1
Aei) = —Ae; + —

5, 5'(QthA€Z' —|—AtNDAei),

pa(f)(

EQZIBALI

foralli=1,...,g.
For N, N’ € Mat,(Z) we write N = N mod A if N — N’ € A-Maty(Z). Define

‘(A B
I'A) = {R: < c D > € SpQAg(Z) A, D=1, modA, and B,C =0, mod A},
which is a subgroup of Spf‘g(Z). Then we have:

t
Proposition 1.21. The isomorphism f with rational representation R = ( é g ) €

szAg(Z) preserves the decompositions of K(Lq,,) and K(Lq) and respects the ordering
of their elements if and only if R € T'(A).

Ga(A) ::{< 1o A>_1 tR( SN ) :REF(A)}

the corresponding subgroup of Ga. Another way to state Proposition is:

Define by

Proposition 1.22. The Ga(A)-orbits of the Spy,(R) ~ Hgy-action are characterized
by the isomorphism classes of polarized abelian varieties of type A, where the induced
decomposition of K(Lq) and the ordering of its elements is preserved.

So far, we know that isomorphisms that come from the Ga (A)-action on H, preserve
certain decompositions and orderings. But there is one major obstruction to having
invariant theta null values within such an orbit that we have not discussed yet. The theta

functions 6 [Agld} (-, Q) € I'(Xq, La) do not behave nicely under isomorphisms arising

from the Ga(A)-action. To be more precise, given M = ( Afllc AE%A ) € Ga(A),
a period matrix 2 € H, and the isomorphism f: Xq,, 5 Xq, where we again write
Qun = M -, the pullback p,(f~1)*: T'(Xq,,, La,,) — ['(Xaq, La) does not behave the
way we might think it does. In other words,

pa(f~1) 0 [Agld} (v, ) = 6 [A;d] (HAIO0 + AL DAY 10, Q) £ 6 {A;d} (v,9),

even though f sends éQMei > 5%,(261-, forall: =1,...,¢, and hence, sends Q) ;A~1d —
QA~1d. The reason is that
f*La % Lay,,

the former line bundle being of characteristic 0 with respect to the decomposition C9 =
pa(fTH(QRI) @ po(f~1)(RY) and the latter being of characteristic 0 with respect to the
decomposition C9 = QpRY @ RY. The following technical Lemma (see [BLO4, Lem.
8.4.1]) tells us how to fix this issue. For a matrix N € Mat4(R), denote by (N)o € RY
the vector of diagonal elements of N.
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Lemma 1.23. Let £ € Pic(Xq) be a line bundle with first Chern class Hg. Suppose L

is of characteristic ¢ € CY9 with respect to the decomposition CI = QRY ® RY. Let
M = (é g) € Ga induce the isomorphism f: Xq,, = Xq. Then, f L is of
characteristic

1 1
¢ =pa(fHe+ 5QMA(C'fD)O + 5(AMB)O

with respect to the decomposition CI = QpRI G RY.
More precisely, if we write ¢ = Q1 + co with ¢1,co € RI, then

d = Qucy +
with

/ 1 t
¢y =Dc; —Cey + §A(C D)y

1
6/2 = —Bey + Acs + i(AtB)O

According to Lemma [1.23] the characteristic of the line bundle f*Lq with respect to
the decomposition C9 = QR ®RY is given by QU A(ATTCA'DA™Y) 4+ L(AAB),.
The next theorem, called the symplectic transformation formula, allows us to describe
the pullback po(f~1)*: I'(Xa,,, La,,) — T'(Xq,Lq). It was first given by Igusa in
[[gu72, Ch. 5, Thm. 2]. A proof can also be found in [Mumg&83, Ch. IL5] and [BLO04,
Thm. 8.6.1].

Theorem 1.24. Let M = ( g g ) € Spyy(Z) and let 2 € Hy. For all c = Qc1+co €
C9 and v € C9 we have

0 [1

2

] (H{CQ + D) v, Q) = k(M) det(CQ + D)2e(mi tv(CQ + D)~ Cv)
ce(mi(*(Dey — Ceg)(—Bey + Aca + (A'B)g) — fe1e2))0 {g] (v, ),
where k(M) € Cy is a constant depending only on M, and ¢}, c, are as in Lemma .

Back to our initial problem, which is to find a subgroup of Ga with the property
that the theta null values remain unchanged within its orbits. Let Q € Hy, M € Ga
and write 7 := M - Q. The theta null values associated to Xq,, = C9/Qn7Z9 & AZI
are B

{9 [AO d] (0,Q0) :d € Repr(Zg/AZg)}

and the theta null values associated to Xq = C9/QZI @ AZI are
{9 [Agld} (0,9) : d € Repr(Z9 /Azg)} .

Let us consider M = ( g g ) = ( Iy J;VéNA IgAJivﬁﬁA ) € GA(A) with N4, Ng, Ne,

Np € Maty(Z). The isomorphism f: Xgq,, = Xq sends K(Lq,,)1 to K(Lq)1 and
preserves the ordering of their elements. But as mentioned earlier, the theta null values
behave badly under the pullback p,(f~!)*. We have

Ga(A) C Spyy(Z),

and therefore we can apply the transformation formula from Theorem [1.24
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For ¢ = QA~1d we have

=]

0 [DA*ld—i— LA(C'D)o (

A~ld+ Npd+ LA(Na(I, + AN
“Ba-1q L (atm),| (092m) =0 YT D))O} (0,)

—ANpd+ L(A(I; + NAA)ENBA)g
= k(M) det(CQ + D)ze(mi(—"'d(I, + 'NpA)Npd))
=t(DA~1d)(BA~1d)

ce(mitdAN(I, + AND) (AL, + NaA)INA)o)o [Agld] (0,9). (1.31)

=t(DA-1d)(AtB)g
We would like to get to the situation where
A~ld A~1ld
e[ . }(O,QM):)\(Q,M)-G{ . }(o,m, (1.32)

for \(Q2, M) € C* a constant that does only depend on Q and M, and not on d. Let us
first address the left-hand side of (1.31]). Recall that for a,b € RY, a/,b' € Z9 and 2 € H,

we have

9 [fgjg,’} (-,Q) = e(2mitab)8 M (-, ). (1.33)

A~ld+ Npd+ L A(Nc(Ig + ATNp))o

For 0 —ANpd+ 5(A(lg + NaA) ' NpA)o

} (0,9r) to be equal to 0 {Agld} (0,9) we impose

i) Npd+ $A(Ne(Iy+ A'Np))o € Z9,
ii) ~ANgd+ 2(A(I, + NaA)!NpA)y € Z9 and
iif) ‘dATY(—ANpd+L(A(Iy+ NaA)'NpA)g) € Z (this is the term ‘ab/ from (L.33)).
For i) it suffices that
(C'D)o = (Nc(Iy+A'Np))o=0 mod 2,
where the congruence means that (C''D) € 2Z9. For ii) it suffices that
(A'B)o = (A(I; + NaA)'NpA)y =0 mod 2.
But as will turn out soon, for to hold we need the stricter condition
(ATA'BA ™Yo = ((I; + NaA)'Np)og =0 mod 2.
And iii) follows from ii), observing that
(A(I, + NaA)INpA)y = A%((I, + N4A)'Np)o.

Denote by

Ga(A)y = {( 4 > € Ga(A): (ATA'BA Yy = (C'D)y=0 mod 2} .
B
D

It is not hard to verify that Ga(A)g is a subgroup of GA(A), and for M = ( é

GA(A)p we have

)€
9 [DA*1d+ %A(CfD)o} (0,) = 0 [A;ld] (0, Qr).

—BATld+ L(A!'B)o
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Addressing the right-hand side of ((1.31)), the term
HDA'd)(A'B)g = 'dA (I, + A'Np)(A(I, + NaA)'NpA)g
= 'd(A™1 4+ 'Np)A*((I, + NaA)'Ng)o

is in 2Z, provided M € Ga(A)p. It remains to show that {(DA~'d)(BA™d) = td(I, +

*NpA)Ngd is in 27Z. Recall that for M = < é g ) € Spy,(Z) we have

— tD  -'B
M 1 — < —tc tA > .
If M € Ga(A)g, then so is M~!, and therefore (I, + ‘NpA)Ng = A1 DBA™ ! is a
matrix with even diagonal entries. Moreover, ‘DB and A~'!DBA~! are symmetric
matrices. One can easily show that for a symmetric matrix S € Maty(Z) and d € 79,

the integers 'dSd and *(S)od are of same parity. It follows that 'd(I; + "NpA)Ngd is
even. In summary we have shown:

Theorem 1.25. For any Q € Hy, M = ( é g ) € Ga(A)g and d € Repr(Z9/AZ9),

the following equality holds:
0 [A;ﬂ (0,Q7) = (M) det(CQ + D)26 [Aﬂ (0,Q).
Here, we write Qpr = M -, and K is a constant depending only on M.

Since Ga(A)p is a subgroup of G, its action on H, is also properly discontinuous
and hence, the quotient
Aa(A)o :=Hy/Ga(A)o

is a complex analytic space. Moreover, Ga(A)y contains the group

(7 a) (M s)

where I'(20,) = {R € SpQAg(Z) : R = I, mod 24,4} is a principal congruence subgroup
of Sp3,(Z). This shows that Ga(A)q is of finite index in Ga.
Proposition 1.26. Ax(A)g is a moduli space for polarized abelian varieties of type A

with invariant (projective) theta null values. Moreover, the embedding Ga(A)y — Ga
induces a finite cover Ax(A)o — Aa of the moduli space of polarized abelian varieties

of type A.

1.4.3 Embedding moduli spaces into projective space

Fix a type A = diag(dy,...,d,), and suppose d; > 2. Fix once and for all an ordering
{do,...,dget A—1} of Repr(Z9/AZ9). According to Theorem (Lefschetz),

Ya: Hy — PEATL Oy (e [A’;dﬂ 0,9):-:0 [A’ldf;m—l] (0, Q))

is a well defined map. Moreover, 15 is holomorphic by [BL04, §8.7]. Theorem m
implies that 1A is constant on Ga(A)e-orbits of 2 € H,. Hence, 1A factors via Hy —
AaA(A)p. Let us denote by

Pat Aa(A)g — PEHAT
the induced holomorphic map. [BL04, Thm. 8.10.1] gives a criterion for 15 to be an
embedding.
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Theorem 1.27. If 61 > 4 and 2|6y or 3|d1, then
Ya:t Aa(A)g — P%et A-l
s an analytic embedding.

In particular, if the hypotheses of Theorem [1.27] are satisfied, then any M € Ga that
preserves the theta null values, in the sense that

9 [A[jd] (0,0r) = N9, M) -0 [Agld} (0,9)

for all Q € H, and d € Repr(Z9/AZ9), where \(Q2, M) is a constant that does not
depend on d, is necessarily an element of Ga(A)p.

An important consequence of Theorem is that Aa(A)o, as well as Aa, are

quasi-projective algebraic varieties of dimension w over C, see [BL04, Rem. 8.10.4].

The most important case where Theorem applies is that of A =4-1I,. Since 4 - I,
is a scalar matrix, we have Sp;l;g (Z) = Spy,(Z) and

oor={(dh 8)-(4 3) s}

Note that for non-scalar A’s, the group Sp2Ag (Z) need not be closed under transposition

and hence, ( é g ) need not be in SpQAg(Z). In the case A =4 - I, however, we can
omit the transpose sign, and write

()2 8) coma}

In the sequel, let us write 4 instead of 4 - I,. We have

G4(4):{(Cf/l4 4DB>EG4:(g g>5129 m0d4}

and

Gato={ (G 5 ) € Cul: GABI = (GC D=0 mod 2},

or equivalently

A 4B
Ga(4)o = {( C/a D > € Gy(4): (A'B)g=(C'D)y =0 mod 8}.
Note that matrices M € G4(4) induce isomorphisms
C9/QZ8 @ 479 = C9 QLI & AZI

that restrict to the identity on the 4-torsion.

To any 2 € H, we associate the polarized abelian variety (Xq = C9/QZ9$47Z9, Hy),
where Hq (v, w) = fo(ImQ)~'w. Let Lg be the line bundle with first Chern class Hg
and of characteristic 0 with respect to the decomposition C9 = QRY @ RY. A basis of
I'(Xq, Lq) is given by the theta functions

{e [%4] (0,Q):d e Repr(Zg/4Zg)} .
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David Mumford (in [Mum83|) and other authors associate to €2 the polarized abelian
variety (CY/QZ9 ® Z9,4Hg) instead, and as we have seen in Section [1.3.1]

{9 [déﬂ (4v,4Q) : d € Repr(Zg/4ZQ)}

is a basis of T'(CY9/Q7Z9 & 79, 584). The only difference is that in our setup we “put
the information of the type 4 - I, in the lattice”, i.e. consider the lattice Q79 © 479
with polarization Hg, while Mumford “puts the information of the type 4 - I, in the

polarization”, i.e. considers the lattice QZ9 ® Z9 with polarization 4Hq. But those

constructions are essentially equivalent, and it is merely a matter of taste. Let ' := %

and let
f: Xq=C9/Q79 @ 47° = CI/QV7° 79
1
be the isomorphism induced by the linear isomorphism C9 - C9. The isomorphism

pa(f71)*: T(Xq, La) = T(CI/VZI & 79, LE}) is given by
“1yxp [d/4 o [d/a _p[d/4 /
paF 770 | w0, 0) = 0 )] (40, 2) = 0[] (40, 49).
/4 . .
We know that the theta null values {0 { 0 } (O,Q)} for (Xq,Lq) are invariant un-
der the G4(4)p-action (up to a projective factor), hence so are the theta null values
{e [dﬁ (0,49')} for (C9/V79 & 79, LE}). But for M = ( 'y ) € G4(4)o, we have

M -4Q) = (A(4QY) +4B)(C/4(4Q) + D)~! = 4(AQY + B)(CQ + D).
Let us define
A B
r,:= {M: ( c D > € Spyy(Z) : M = Iy, modn}
and
A B t _ t _
Fn,2n —{< C D ) EFnZ(A B)():(C D)():O monn}

Then, I',, is a principal congruence subgroup of SpQg(Z) and I', 2, is a congruence
subgroup, since it contains I'g,. Also, note that isomorphisms of the form C9/Q,Z9 @
79 = CI/Q7Z9 © 79, induced by some M € T, restrict to the identity on the n-torsion.

Proposition 1.28. Let Q € H, and let (C9/Q7Z9 & Z9,£%4) be a polarized abelian
variety of type 4 - I,. Fiz an ordering {do,...,dss—_1} of Repr(Z9/479). Then, the
projective point

(0[] .40 -0 [ /) (0,40)) e BE

remains unchanged in the I'y g-orbit of 2.

Combining Proposition and Theorem gives the important result:
Theorem 1.29. Fix an ordering {dy,...,dss—1} of Repr(Z9/AZ9). Then,

Vip: My = BETL Qs (9 [doo/ﬂ (0,40):---: 0 [d‘”al/ﬂ (0,49))
induces an analytic embedding of the moduli space Hy/T'sg into ]P’flcg_l.
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Recall from Section the level-(2,...,2) theta functions

{9 [3;;3} (20,Q) : dy,ds € Repr(Zg/QZg)} .

They form another basis of I'(C9/QZ9 @ Z9, E%‘l) and hence, the projective point

(O8] ©.9) 4 asenrommy <P

remains invariant under the I'y g-action on H, as well. Here, we suppose that an ordering
of Repr(Z9/279) x Repr(Z9/2779) is fixed. The resulting projective factor (i.e. the one
that appears when replacing 2 by a I'y g-equivalent ') is the same as for the projective
point from Proposition Applying Theorem to the second and the fourth
powers of the level-(2,...,2) theta functions, one can show that

(9 [32@ (©, Q)Q)dl,dQERepr(Zg /27.9)

remains invariant under the I's 4-action on H, and

(0 [giﬁ} (0, 9)4)d1,d2€Repr(Zg/ZZg)

remains invariant under the I';-action on H,.

We can give a more concrete description/interpretation of this invariance in the case
of a hyperelliptic curve C over C. Let g be the genus of C', and suppose C'is given by an
affine plane model y? = f(z), where f is a polynomial of degree 2g + 1. The 2-torsion
subgroup of the Jacobian variety Jac(C') of C' is entirely characterized by the Weierstrass
points of the curve C. Hence, an ordering {a1,...,azg41} of the roots of f determines
an ordering of Jac(C)[2]. If Jac(C) = CY9/A, then any choice of a symplectic basis
of A determines a period matrix € H, and an isomorphism (of principally polarized
abelian varieties) Jac(C) = CI/QZI & 79 =: Xq. The 2-torsion points of X can thus
be expressed by the Weierstrass points of C, but the way to do so depends on the choice
of the symplectic basis of A. How can we handle this ambiguity? A I's-isomorphism
Xq,, — Xq, for some M € T'y (coming from a different choice of symplectic basis of A),
restricts to the identity on the 2-torsion. Hence, our way to express the 2-torsion points
of Xq in terms of the roots of f remains unchanged under such an isomorphism. On the
other side, Thomae’s formulae (Theorem allow us to compute the fourth powers
of the theta constants of Xq directly from the roots of f, i.e. directly from the 2-torsion
points of Xo. By what we have said earlier, the fourth powers of the theta constants
are invariant (up to a projective factor) under the I'y-action on #H,4. So, both the way
of expressing the 2-torsion points in terms of the roots of f and the way of computing
the theta constants from the roots of f are “I's-invariant”.

Conversely, for the reciprocal formulae (Theorem [1.15)), we see that the right-hand
side is I'p 4-invariant, whereas the left-hand side is computed from the 2-torsion of Xgq.
But I's 4 C I's leaves the 2-torsion invariant.
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2 Abelian varieties over fields of positive characteristic

The goal of this section is to study embeddings of polarized abelian varieties over arbi-
trary fields into projective space by means of theta functions. As we have seen in the
complex case, a decomposition of C9 plus a characteristic are sufficient to determine a
basis of theta functions in a canonical way. The algebraic analogue to this data is called
a theta structure and was first introduced by Mumford in [Mum66|. Fixing a polarized
abelian variety together with a theta structure yields a basis of theta functions in a
canonical way. Hence, if the line bundle is very ample, these canonical theta functions
allow us to embed the abelian variety into projective space.

For this section we consider k a fixed algebraically closed field of positive characteristic p.
For a further treatment of the subject we refer to [Mum66] and [Robl10)].

2.1 The theta group and theta structures

Let X be an abelian variety of dimension g over the field k. The Picard group Pic(X)
is the group of isomorphism classes of line bundles £ on X equipped with the tensor
product ®. The set of (isomorphism classes of) line bundles £ on X such that ¢1£ = £
for all point 2 € X (k) is a subgroup of Pic(X) and is denoted by Pic?(X).

Remark 2.1. In the complex case, Lemma tells us that ¢3£ = £ for all x € X if and
only if H = ¢1(£) = 0, so that our algebraic definition of Pic?(X) coincides with the
definition of Pic®(X) being the kernel of Pic(X) < NS(X).

Two line bundles £1 and £5 on X are said to be algebraically equivalent if L1 &L, le
Pic’(X). The tensor product respects algebraic equivalences and we define the Néron-
Severi group NS(X) as the group of algebraic equivalence classes of line bundles on X.
A polarization on X is an algebraic equivalence class of an ample line bundle £ on X
(see Section for the definition of ample). By abuse of notation we will often call £
itself a polarization.

Analogous to the complex case there exists an abelian variety X over k, called the
dual abelian variety of X, with the property that X (k) = Pic®(X) (see [Mum70, §8]).
To any L € Pic(X) we can associate a morphism

dr: X - X (2.1)
via the map

X(k) = Pic(X), z = t:L® L7,
and ¢ is a homomorphism by the Theorem of the Square (see [Mum?70} §6, Cor. 4]).
Define
K(L):=ker¢pr ={z e X(k): ;L= L}.

It is easy to see that algebraically equivalent line bundles yield the same morphism
X — X and hence, the same subgroup K (£). It is well known that £ is ample if and
only if K(£) is finite and dimy (X, £%™) > 0 for alln > 1. An ample line bundle £ on X
is called a principal polarization if the induced isogeny ¢,: X — X is an isomorphism.

From now on we will always suppose that £ is ample. We call deg £ := dimy I'(X, £)
the degree of £, and for all n > 1 we have dimy ['(X, £L®") = deg L - n9. Moreover,
the morphism ¢, is an isogeny of degree deg¢, = (degL)?, and we will call it the

polarization isogeny associated to L. We call L an ample line bundle of separable type
if p = char(k) fdeg L. In this case ¢, is a separable morphism, and thus we have

#K(L) = (deg L£)>.
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2.1.1 Mumford’s theta group

From here on, we will always suppose that £ € Pic(X) is an ample line bundle of
separable type. We have seen that K (L) is precisely the set of points x € X (k) for
which the line bundles ¢} £ and £ are isomorphic. But this isomorphism is not unique.
As an example, composing it with an automorphism of £ yields a different isomorphism.
It was Mumford’s great idea (in a series of papers [Mum66, Mum67al, Mum67b]) to study
not only K (L), but pairs of elements of K (L) together with isomorphisms.

Definition 2.2. The Mumford theta group is
G(L) = {(z,¢2) 1w € K(L), ¢zt L = ;L3
under the group law: for (x, ¢,), (y, ¢y) € G(L),

o
£l B0 ) = 1

:c+y£

is an isomorphism £ = t* +yL. Hence, we define
(@, 02) - (Y, by) = (& + Y, 20y © Pr).

The neutral element is (0,idz) and the inverse of (z, ¢,) under this group law is

p . . .
(—x,t* .0, 1). The forgetful map G(L) LCION K(L), (x,¢;) — x is surjective, with
kernel the automorphisms of £, i.e. multiplication by non-zero scalars. Hence, we have
an exact sequence

0=k —=G(L)— K(L) =0,

where £* — G(L) is given by a — (0,m,), where m, is the multiplication-by-a auto-
morphism of L.
If £ and £’ define the same polarization on X then by [Mum?70, §8, Thm. 1] there

~

exists ¢ € X (k) such that £ = t*L. Let ¢: L' — t£L denote one such isomorphism.
Then

G(L) = G(L), (x,¢a) = (2,607 0 tids 0 1),
where »
LY 0 L) = L) S vl

defines an isomorphism between the corresponding theta groups. Hence, we have iso-
morphic exact sequences

0 kx G(L) K(L) 0
idl l idl
0 kx g(L) K(L£') = K(L) ——0.

The central exact sequence 0 — k* — G(L£) — K(L) — 0 is non-split, since G(L) is
a non-commutative group. Nevertheless, a central question when studying Mumford’s
theta group is: for what subgroups K C K(£) does the projection pg(z): G(£) — K (L)
admit a section above K. Let us give an example where the splitting occurs, before
addressing the general case in Lemma Let f: X — Y be a separable isogeny
between two abelian varieties, and let M € Pic(Y') be a line bundle on Y. By [Mum?70,
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§7, Thm. 4] you might want to replace Y by the isomorphic variety X/ ker f. Suppose
moreover that there exists an isomorphism a: f*M = £. Then for = € ker f we have

LY M = (foty) M= t(f*M) =% ¢z,

which shows that
ker f C K(L).

But we can say more in this situation. Consider the map
ker f — G(L), x> (z,tiaoa™t), (2.2)

which is injective, and it is not hard to see that this map does not depend on the choice
of the isomorphism «. A quick verification shows that

typy@ © ol = ty(tyoo a Yo (ttaoa™),

which means ker f < G(£) is a group morphism. Hence, we have a section of G(£) —
K (L) above ker f, or equivalently a subgroup I;é;"/f C G(L) isomorphic to ker f via pg(r).
Be aware that for arbitrary K C K (L) there need not exist a lifting K C G(£) of K
into G(£) and hence, there need not exist a line bundle M on Y = X/K such that
f*M = L, where f: X — X/K is the projection isogeny. As Grothendieck’s descent
theory tells us, the splitting of G(£) — K (L) above K is equivalent to the descent of
the line bundle £ under the projection X — X/K. Before stating the result, let us
define the following.

Definition 2.3. A level subgroup K of G(L) is a subgroup that is isomorphic to its
image K = pg(r)(K) C K(L£). Equivalently, K is a level subgroup if k* N K = {0}.

A level subgroup K determines the subgroup K C K (L), and we sometimes say that K
is a level subgroup above K. Also, note that level subgroups are commutative. The
main theorem about the descent of line bundles under isogenies is due to Grothendieck.

Theorem 2.4. Let X be an abelian variety and let L be an ample line bundle of separable
type on X. Let K be a (necessarily finite) subgroup of K(L), andlet f: X - Y = X/K
be the associated separable isogeny. Then there is a 1-1 correspondence between pairs
(M, ), where M is a line bundle on Y and o: f*M = L an isomorphism, and level
subgroups K above K. Moreover, the line bundle M is ample and of separable type.

Proof. For the equivalence between the existence of pairs (M, a)) and level subgroups K ,
we refer to [Gro60), §8, Thm. 1.1]. The fact that M is ample is proven in |Gro61l §3,
Thm. 2.6.2]. We know that the following diagram is commutative

x—1.y

N

X<V,
f
and hence,
deg ¢z = (deg f)? - deg pu-
It follows that

deg £ = deg f - deg M. (2.3)
——
#K
But L is of separable type and hence, p = char(k) fdeg M. O
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A simplified version in the complex case is taken care of by Proposition [1.5

Let us see if we can relate G(M) and G(L£) in the above situation. The first obser-
vation is that f does not send K (L) to K(M), simply by cardinality reason. Yet, the
inverse image behaves nicer in this situation.

Proposition 2.5. We have f~1(K(M)) C K(L).

Proof. Let a as above be the isomorphism a: f*M = L. Let y € K (M), so that there
exists an isomorphism t,: M = tyM, and let = € X (k) be such that f(z) = y. Then
we have

£ M I8 ey = e m) ES e

hence x € K(£) and tia o f*1h, o ™! is an isomorphism £ = % L. O
Denote by
G(L)" = A{(z,¢z) € G(£) : f(x) € K(M)}
the elements of G(£) above f~1(K(M)). Then there exists a map

ap: G(L)* = G(M), (2.4)

given as follows : let (z,¢,) € G(L£)*, where z € f~H(K(M)) and ¢,: L = t:L.
Let y = f(z) and let ¢,: M = ty M be any isomorphism from M to t; M. Then ¢,
and thoo f*y 0 a~! differ by an automorphism of £, which is the multiplication-by-a
map my, for some a € k*. Sending

ag: (z,¢0z) € G(L)" = (y,9y 0o ma) € GIM),

where now m, denotes the multiplication-by-a map on M, is a well defined map. It is
not hard to see that oy is a surjective group homomorphism, and we have the following

commutative diagram

G(L)y — —gM)

Pg(a)l ipg(M)
JHEM) 5 E(M).

Proposition 2.6. Given the descent datum (M, ), or equivalently the corresponding
level subgroup K above K := ker f, the surjection oy induces an isomorphism

G(L) /K =5 G(M).

Proof. We only need to show that kera; = K. The isomorphism a: f*M = L is
determined by the property to make

r Pw

a_l t,tUOé

frM=t,(f*M)

a commutative diagram for all (w, ¢,) € K. But (z,¢,) € G(L)* is in the kernel of ay
if and only if x € ker f and ¢, arises as the composite t;c o f*id oa !l =tfaoa™l,

which means that (z,¢,) € K. O
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‘Moreover, see [Mum66), §1, Prop. 2], the subgroup G(£)* equals the centralizer Z(K)
of K in G(L), where K = ker f. Hence, we have an isomorphism

Z(K)/K = G(M),

induced by ay.

As mentioned earlier, the property of admitting a level subgroup need not be true
for all subgroups K C K(L£). In fact, we would like to give a criterion for the existence
of a level subgroup without involving any descent theory of line bundles. It turns out
that K (L) admits a symplectic pairing and that the subgroups K C K (L) that do admit
a level subgroup are precisely the isotropic subgroups of K(L).

For z,y € K(L), let z,y € G(L£) be arbitrary lifts of  and y respectively. Define

the commutator pairing
1

ec(w,y) = Fa gL
Lifts of elements of K (L) are only defined up to scalars (i.e. up to elements of the
form (0,m,) for a € k), but since k* is contained in the center of G(£) the form e,

is well defined. Moreover, 7yz 'y ~! being in the kernel of G(L) LEON K (L), we can
see er(x,y) as an element of k*. It is immediate that ey is an alternating bilinear
pairing on K (L£). According to [Mum66, §1, Thm. 1], the center of G(L) is actually
equal to k*, or equivalently the form e, is non-degenerate. We have:

Proposition 2.7. (K(L),er) is a symplectic space.

As for any group admitting a symplectic form, there exist subgroups K (£); and K (L),
of K(L), both isotropic for er, forming a symplectic decomposition

K(L)=K(L)1 ® K(L)2

of K(L). Via e, we have the identification K (£)2 = Hom (K (L)1, k*), and we call K(L);
for i = 1,2 a mazimal isotropic subgroup of K(L). Now the existence result for level
subgroups can be rephrased as follows.

Lemma 2.8. A subgroup K C K (L) admits a level subgroup if and only if it is isotropic
forer.

Proof. Let K be a level subgroup above K. For z,y € K we can choose lifts Z,7 in K.
But K is commutative, hence es(z,y) = 1. Conversely, let us see how to determine a
level subgroup above an isotropic subgroup K. Let x € K and suppose z is of order I.
Let T € G(£) be any lift of . Then Z' is in the kernel of pg(c) and is therefore a scalar.
Let a be an [th root of 2, so that the element Z/a above z is of order I. Decompose K as
a product of cyclic groups and repeat this lifting procedure for each of the generators.
Since e, is trivial on K, the lifts of these generators commute with each other and
hence, generate a subgroup of G(£) isomorphic to K. O

Hence, if (X, £) is a polarized abelian variety and K C K (L) is an isotropic subgroup
for er, then there exists an ample line bundle M on Y = X/K that satisfies f*M = L,
where f: X — Y is the projection isogeny. Moreover, the line bundle M is unique up
to algebraic equivalence.
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2.1.2 The Heisenberg group and theta structures

Let £ be an ample line bundle of separable type on X. If K(£) = K(£); & K(L) is
a symplectic decomposition of K (L) with respect to the commutator pairing ez, and if
01| 2| -+ | &4 are the elementary divisors of K (L); for i = 1,2, then as abstract groups
we have the isomorphisms
KL =K(L)2= Z(5)
where 6 = (01,...,04) and where we write Z(0) := 1Z/6;Z. We say that L (or the
polarization it defines) is of type § = (61,...,04). Note that L is a principal polarization
if and only if it is of type (1,...,1).
Given a tuple 0 = (d1,...,d4) € Z9 with 61 | --- | dg, let

K(8) := Z(8) ® Z(6),

where Z(8) = Hom(Z(8),k*). Then K () is equipped with the standard symplectic
pairing es coming from duality, i.e.

es((x1,y1), (2, 42)) = e kX,

Definition 2.9. The Heisenberg group H(9) is the group with underlying set
kE* x K(6) and with group law

(al,whyl) : (a2,$27y2) = (a1a2y2($1)7$1 + 22,y1 + y2)7
for all aj,as € k*,x1,22 € Z(0) and y1,y2 € 2(5)

The Heisenberg group is a central extension of K () by k*, i.e. it fits into the central
exact sequence
0— k™ = H(0) = K(0) =0,

where a € k* — (a,0,0) € H(6) and H(J) — K(0) is the projection onto K (d). The
inverse of (a,z,y) € H(0) is given by

-1

(a,2,y)"" = (a"'y(x), —z, —y),

and a quick computation shows that es((z1, 1), (z2,y2)) is the commutator of any lifts
of (z1,y1) and (z2,y2) to H(0) respectively. The elements of Autyx(#H(0)), i.e. the
automorphisms of H(d) that restrict to the identity on k>, are called metaplectic auto-
morphisms.

The most important concept Mumford introduced in [Mum66] is the link between
the somehow hard to interpret theta group associated to an ample line bundle and the
more abstract and canonical Heisenberg group.

Definition 2.10. A theta structure O of type ¢ is an isomorphism of central extensions

Or: H(5) — G(L),

which is the identity on k™.
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When a line bundle £ is fixed and hence, when there is no ambiguity about the type,
we will call ©, simply a theta structure. A theta structure O,: H(5) = G(L) induces
an isomorphism O,: K(§) = K (L), and the following diagram commutes

0 k¥ H(S K(5) 0

| el

)
0 k* G(L) K(L) —=0.

Since both the pairings on K (0) and on K (L) are given by the respective commutators,
and since ©, pulls back commutators, © is actually a symplectic isomorphism.
Once a theta structure ©,: H(5) — G(L) is fixed we obtain a symplectic decompo-
sition of K (L) as R
K(L) = O,(Z(8)) ® O,(Z(9)),

and we call it the induced symplectic decomposition. Denote by
K(L)1 := 0,(Z(5)) and K(L)s := O (Z(5))

the induced maximal isotropic subgroups of K(L£). But there is actually more informa-
tion contained in a theta structure. There is a canonical map (of sets) s5: K(8) — H(0)
given by (z,y) — (1,z,y), and it becomes a morphism of groups when restricted to any
isotropic subgroup of K(d). Then, via the theta structure O, the section ss induces a
section

SK(L)* K(ﬁ) — g(ﬁ) (2.5)

of pg(ry- The two subgroups Z(J) and Z(8) of K () are isotropic, hence restricting the
section sk sy to K(£)1 and K (L) yields two group sections

sy, K(L)1 — G(L) and sk, K(L)2 — G(L).

We denote by B
K(L)i == sk(c),(K(L)i)

the corresponding level subgroup, for i = 1,2. Note that the sections s (), and sk (1),
determine the section s (), since for any z € K (L), written z = 21 +29 with z; € K(L);,
we have

sk(c)(2) = sk (r),(22) - Sk (), (21)-

Proposition 2.11. A theta structure ©,: H(5) = G(L) induces a symplectic isomor-
phism O, : K(8) = K(L) and level subgroups above the induced maximal isotropic sub-
groups of K(L). Conversely, any symplectic isomorphism O, : K(§) = K(L) together
with group sections of pg(cy above O,(Z(d)) and @5(2(5)) induces a theta structure
Or: H(8) = G(L) in a unique way.

We have seen that in the complex case, a decomposition of CY into maximal isotropic
subspaces and a characteristic ¢ of £ with respect to this decomposition are sufficient
to obtain a basis of theta functions in a canonical way. And, provided L satisfies
the condition of Lefschetz’s Theorem the theta functions can be considered as
projective coordinates on the abelian variety. We will show in the next section that,
given a polarized abelian variety (X, L), a theta structure © is the right information
to add in order to obtain theta functions on X in a canonical way.
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2.2 Theta functions

For this section we assume that £ is a very ample line bundle of separable type  on X,
so that there exists a canonical embedding X — P(I'(X,£)). A choice of a k-basis
of T'(X, £) then induces an isomorphism P(I'(X, L)) = }P’g*l, where d = deg £, and we
obtain an embedding

X — Pi-L,

A different choice of basis results in a PGL4(k)-action on ]P’g_l. In order to fix one
embedding we need to fix canonical coordinates on X (i.e. a canonical basis for I'( X, £)).
This choice will come precisely from the choice of a theta structure. Once we have fixed
a theta structure O, on (X, L), we get canonical theta functions {Gi@E c 1€ Z(0)}
forming a basis for the space of global sections I'(X, £). We will get this canonical basis
via the representation theory of the Heisenberg group # ().

2.2.1 The Schrodinger representation

Let V(§) be the vector space of k-valued functions on Z(J). It is well known that the
H(d)-action on V(§) given by

((a,2,y) - f)(u) = aes((u,0), (0,9)) f(u + ) = ay(u) f(u + x), (2.6)

for (a,z,y) € H(J), f € V(0) and u € Z(9), is an irreducible representation, called
the Schrédinger representation. We can easily see that k* < H(J) acts by its natural
character. As the next result shows, this representation is unique.

Theorem 2.12. V() is the unique irreducible representation of H(J) where k* acts by
its natural character. Let V' be any representation of H(S) where k* acts in this way.
Let K C H(d) be any mazximal level subgroup (a level subgroup above a mazximal isotropic

subgroup of K(8)), and let r = dimy VE, where VX is the subspace of K -invariants.
Then,

V=@V
i=1

For a proof we refer to [Mum66, Prop.2]. The Mumford theta group G(£) acts on the
space I'(X, L), where the action is given by

(z,02) - s =1t (g 05).

Note that t* (¢, o s) is indeed an element of I'(X, L), since the following diagram
commutes
(L) =L——=t:L

t*_mzos)T T¢
X X.

-

Roughly speaking, we can say that the element (z,¢,) acts on s by the translate ¢_,
plus some correcting factor. A scalar a € k* acts by (0,mg,) - s = mg 0 s, and as the
following result shows, this representation is irreducible.

Proposition 2.13. If L is an ample line bundle of separable type, then T'(X, L) is an
irreducible G(L)-representation.
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Proof. Let K C K(L) be a maximal isotropic subgroup for e, and let Kcg (L) be
any level subgroup above K. Consider the isogeny f: X — X/K, and let (M, ) be
the descent datum associated to K , i.e. M is an ample line bundle on X/K and « is an
isomorphism a: f*M = £. By maximality of K we have that #K = deg L. Thus, M
is of degree 1, which means dimy, I'(X/K, M) = 1. But f* maps the sections of M onto

the K-invariant sections of £, i.e. dimy (X, L)X =1. O

Let O,: H(5) = G(L) be a fixed theta structure. We can see I'(X, £) as a H(6)-
representation via ©g, and by Theorem [2.12] and Proposition the representa-
tions V(0) and I'(X, L) are isomorphic. Thus there exists a unique (up to a scalar
multiple) #(4)-equivariant isomorphism ¢: V(§) — T'(X,L). The space V(J) has a
canonical basis given by the Kronecker delta functions {d; : i € Z(9)},

1 ifi=j,

0 otherwise.

J € Z(b) — 6i(j) = {
Composing with the isomorphism ¢ yields a basis for I'( X, £)

{e?ﬂ = () | i€ Z(é)}. (2.7)

Hence, fixing a theta structure on (X, L) yields a unique (up to a scalar multiple)
basis for I'(X, £). Fixing once and for all an ordering {ig,...,i4-1} of Z(J), where
d = deg L = #7(0), we get a projective embedding
— e ©
X — Pg Lzm (0;,5 () o105 (2)).
Notation 2.14. Since we will keep the ordering of the elements of Z(4) fixed, we will
subsequently write the embedding as z +— (Hi@ “(7))iez(s)- Moreover, via the symplectic
isomorphism ©,, we may consider indexing the theta functions by K (L)1, i.e. consider
the embedding
S)
z = (0;7°(2))iek (o), -

Definition 2.15. The functions {Oi@ £:4€ K(L)1} are called theta coordinates. More-
over, we call

©
(0;7(0))ick (),
the (projective) theta null point associated to (X, L,0,).

Let us describe the action of the theta group G(L£) on the theta coordinates explic-
itly, using the Schrédinger representation (2.6). Let (z,¢.) € G(£) and let (a,z,y) =
0, ((z,¢.)) € H(0). For i € Z(5) we will denote the corresponding O, (i) € K(L); by i
as well, and it will be clear from the context if we talk about an element of Z(4) or an
element of K (L£);. First, observe that

((a,2,) - 6)(u) = ay(w);(u + ) = ay(u)di_o(u) = ay(i — 2)5,_ (u).
Moreover,

y(i —2) = es((i = 2,0),(0,)) = ec(i — 21, 22),

where z = 21 + 22 with respect to the decomposition K (L) = K(£); & K (L) induced
by the theta structure ©,. Finally, the action of the Mumford theta group on the theta
coordinates is given by
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(2,¢:) - 0°° = o((a,2,y) - ;) = p(ay(i — 2)5;—z)

O,

= aec(i — 21,22)0; %, .

As we have said before, the action of (z,¢,) on I'(X, L) can roughly be seen as
an action above translation by —z. To be more precise, for any point x € X (k) with
projective coordinates (0? “(z))iek(c),> the point & — z has projective coordinates

@ — 2 (ep(i — 21, 22)02% (2))ick (o) -

To make sense of this, the ith coordinate of x — z is given by the (i — z1)th coordinate
of x times some factor. In particular, translates of by K (L£); result in permutations of
the theta coordinates, while translates of x by K (L) result in dilatations of the theta
coordinates.

Remark 2.16. From the above it becomes clear that, given the projective theta coordi-
nates of some point x € X (k), and given any z € K (L), we can compute the projective
theta coordinates of the point & — z using the (z,¢,)-action on the coordinates of z,
where (z,¢,) € G(L) is any lift of z.

2.2.2 Affine theta coordinates

Theta functions are global sections of ample line bundles, and as such they are not well
defined functions with values in k. This is why they yield projective coordinates only.
Yet, when we want to compute isogenies, we will have to evaluate and manipulate theta
functions individually, and we can only do this by considering them as functions taking
values in k. Instead of working with a projective point of theta functions evaluated
at € X(k), we will have to fix an affine lift of it and work with the “affine theta
coordinates”. This, however, will turn out to be very delicate since in many applications
we need those affine lifts to be “compatible” in a certain sense, and it is not easy to fix
compatible affine lifts.

Let (X, L£,0,) be a polarized abelian variety with theta structure. Suppose that £
is very ample and of separable type §. Let

{9?5 e K(E)l}

be a basis of theta functions as in (2.7), and suppose an ordering of Z(¢§) (which deter-
mines an ordering of K(£); via ©) is fixed. This yields the embedding

X =P o (G?L(UC)%EK(QN

where d = deg L. Let p: Aﬁ \ {0} — ]P’g_1 be the natural projection map and consider
the affine cone N
X = pil(X)7

where we view X as a subset of PZ_I via the above embedding.

Definition 2.17. For z € X (k) we denote by € X an affine lift of (92»6C (7))ick (L), -
We denote by 9?£ () the ith coordinate of Z and we call

{695(@) i e K(On}

the affine theta coordinates of = (for the fixed lift).
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The main difficulty when working with affine coordinates is that there is no natural
way to define a section of X — X. Even when fixing a lift Z of some = € X (k), there is
no general way this would determine a lift of an arbitrary y € X (k). However, it is true
that for some subsets of X, fixing one affine lift determines lifts for the whole subset.
This is closely related to Remark of the previous section.

Proposition 2.18. Let x € X (k) with fized affine lift T = (HZQ‘ (7))ick(c),- Then, for
every z € K(L), the coordinates

00 (z + 2) = ep(i+ 21, —2)005 (%), for alli € K (L)1,

are affine theta coordinates for an affine lift of © + z, that we denote by T+ z. Here,
z = 21 + 22 with respect to the decomposition K(L) = K(L); & K(L)2 induced by O .

Proof. This can be seen when acting on 9?£ by sk (r)(—2), where sk (s is the section
from ([2.5)). O

Notation 2.19. Let = be an affine lift of a point z € X (k), and let z € K(L£). Then we
will denote by

zBT:=x+ 2

the affine lift # + z of # + 2 from Proposition m Be careful, this is not an action!
The lift (z + 2/)®Z is not equal to z®m ('@ ) in general. The reason being that the

section Sy (r) is not a group morphism. However, it determines an action above isotropic
subgroups of K(L).

Notation 2.20. For an affine point # € X and for ¢ € k*, we will denote by £ - T the
coordinate-wise multiplication by &, i.e.

09 (¢ -7) = £-094(F), for all i € K(L),.

2.2.3 The isogeny theorem

The main tool we will use for computing isogenies is the isogeny theorem, relating the
theta coordinates of the source variety to the theta coordinates of the target variety.
But this is only possible in a very precise setup.

Let f: (X,£) — (Y, M) be a separable isogeny of polarized abelian varieties with
kernel K = ker f. Let 0, and dq be the separable types of the line bundles £ and M
respectively. Suppose f*M and L are isomorphic, and let o: f*M =5 £ be one such
isomorphism. We then have a map between the spaces of global sections

ao f*: T(Y,M) - T'(X, L).

We have seen that theta structures induce bases for the above vector spaces, and we
would like to express avo f* in terms of these bases. For this we need to define the notion
of compatibility of theta structures with respect to the isogeny f. Let ©, and Oy
be theta structures on (X, L) and (Y, M) respectively. Recall that a theta structure
Or: H(6z) = G(L) contains the information of

- a symplectic isomorphism O,: K(6.) — K(L), ylelding the maximal isotropic
subgroups K (L)1 = O,(Z(0)) and K(L)s = ©,(Z(dc));

49



- a section of sets sk (z): K(L£) — G(L£) that is a group morphism when restricted
to any isotropic subgroup. Knowing sk (r) is actually equivalent to knowing two
group sections sz, 1 K(L); — G(L), for i = 1,2 (or equivalently two level

subgroups K (L); = sk (z), (K (L)) C G(L)).

i

The same holds for O : H(dn) = G(M). Let K C G(L) be the level subgroup
corresponding to the descent datum (M, «). Then, for ©, and O to be f-compatible,
they need to satisfy the following conditions:

i) the kernel K of f is compatible with the symplectic decomposition of K (L);

ii) the symplectic decompositions of K (L) and K (M) are f-compatible;

)

)
iii) the descent datum is compatible with the theta structure O;
iv) the sections s (r),: K(L); — G(£) and sg (), : K(M); = G(M) are compatible
fori=1,2.

Let us make the above points more precise. Recall the morphism af: Z(K) — G(M)
from Section where Z(K) is the centralizer of K in G(£), inducing an isomorphism

Z(K)/K = G(M).

Definition 2.21. i) We say that K = ker f is compatible with the decomposition
K(L) = K(£)1 @ K(L) if

K=(KL:1NnK)®(K(L):NK).

1) In this case, we say that the decompositions = 1P 2 an =
ii) In thi ) y that the d positi K(L)y=K(L)1®oK(L) d K(M)
K(M); ® K(M)s are f-compatible if

K(M); = f(K(L):) N K(M), for i =1,2.

iii) We say that the descent datum (M, ) is compatible with the theta structure © .
if the level subgroups K and sg(z)(K) above K agree, i.e. if

K = sg)(K).
iv) If the above compatibilities are satisfied, we say that the sections s K(c);, and
SK(M); for i = 1,2 (or equivalently the corresponding level subgroups K (L£); and
K(M);) are f-compatible if

af(K(L);NZ(K)) = K(M);, for i = 1,2.

The compatibility of the sections can be seen as commutative diagrams of group
morphisms

~ af




for i = 1,2. Note that these diagrams only make sense if conditions i) - iii) are satisfied,
ie. if z € K = ker f can be written as z = z1 + 29, with z; € K(£); N K, and

zi = S (c); (2i) € K = ker oy

fori=1,2.

An element z € f~1(K(M)) can be written in a unique way as z = 21 + 23 with
z € K(L); N f~YK(M)), for i = 1,2, and f(z) € K(M) can be written in a unique
way as f(z) = f(2)1 + f(2)2 with f(z); € K(M);, for i = 1,2. By condition ii) we have

f(zi) = f(2)i.

The sections sg(r) and sg(ay) satisty

sk(c)(2) = sk (r),(22) - SK(c), (1) € Z(K)

and
s (f(2) = sk m), (F(2)2) - sk vy, (f(2)1) € GIM),

and since o is a group morphism, the compatibility condition of the sections is equiv-
alent to the commutative diagram of sets

Z(K) —2—~gMm)

SK(ﬁ)T TSK(M)

fTHE(M)) — K (M).

Be careful, the vertical arrows are not group morphisms.

Definition 2.22. We call
[1(X,L£,0r) = (Y, M,00)

an isogeny of polarized abelian varieties with theta structure if f: X — Y is a separable
isogeny, f*M = L and if ©, and © ¢ are f-compatible theta structures.

The polarized abelian varieties with theta structure (X,L£,0,) and (Y, M, O )
are endowed with canonical projective coordinates. Provided the theta structures are
compatible, the following theorem, called the isogeny theorem, tells us how to compute
the isogeny X — Y in theta coordinates.

Theorem 2.23 (Isogeny theorem). Let f: (X,L£,0,) — (Y, M,0O ) be an isogeny of
polarized abelian varieties with theta structure. There exists a scalar A € k*, such that

for all z € X(k) and i € K(M); we have

O (f) =X Y 094 (a). (2.8)

Proof. We refer to [BL04, Thm. 6.5.1] for the complex case and for arbitrary fields we
refer to [Mum66], §1, Thm. 4]. O
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In addition, we can state an affine version of the isogeny theorem. Suppose that we
have an isogeny of polarized abelian varieties with theta structure

f: (Xaﬁv 65) — (KMve)M)

We know that ©y and O, define affine coordinates on X and Y above X and Y
respectively. Theorem tells us that an affine lift

f: X =Y
of f can be given as follows: for Z € X with coordinates 7 = (9?‘ (T))ick (), We
define f(Z) € Y to be the affine point with coordinates

oM (fE) = > 094(@) (2.9)
JEK (L)1
f()=i

for all ¢ € K(M);. Then f(7) is indeed above the image of f(z) under the projective
embedding of Y.

Proposition 2.24. Given a polarized abelian variety with theta structure (X, L,©r)
and K C K(L) isotropic and compatible with the decomposition of K (L) induced by O,
there exists an induced polarized abelian variety with theta structure (Y = X/ K, M, O ).
Moreover, Oy and O g are f-compatible, where f: X —'Y is the projection isogeny.

Proof. The level subgroup K := s x(£)(K) C G(L£) determines a line bundle M on Y and
an isomorphism a: f*M = L£. To define a theta structure O ,: H(5r) — G(M), it
suffices by Proposition to define a symplectic isomorphism O rq: K(Jaq) — K(M)
and group sections of pg(rg) above K (M) := O y(Z(0r1)) and K (M)g := O pq(Z(d1m)).
We define the symplectic isomorphism O, : K(dp) — K(M) as follows: for each
x € K(opm) C K(dr) set

Opm(z) == f(Or(x)) € K(M).

Then, the symplectic decomposition K(M) = K(M); @ K(M)y induced by O is
f-compatible with the symplectic decomposition of K (£) induced by ©.
For i = 1,2, and z € K(M);, let 2/ € f~1(z) be any point in the inverse image. Define
the group section s (pq),: K(M); = G(M) as

s, (2) = ag(sk (o), (7)) € GIM).
The following diagram can be helpful

Since ker ay is precisely the level subgroup K =s K(c)(K), the definition of sg (),
does not depend on the choice of 2. This defines a theta structure © ¢ on (Y, M),
f-compatible with ©, and hence, an isogeny of polarized abelian varieties with theta
structure

f: (X7 E? ®£> - (}/’ M7@M)
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2.2.4 Product line bundles and product theta structures

Let (X, £,©,) be a polarized abelian variety of separable type 6 = (1, ..., dy) with theta
structure, and let » > 1 be a nonnegative integer . There is a natural polarization £*"
on X" defined as
LT :pT[:@...@p;fﬁ’

where p;: X" — X is the projection of the ith factor, for ¢ = 1,...,r. A polarization
(or ample line bundle) £’ on the variety X" is called a product polarization if L' is
isomorphic to £*" for some polarization £ on X. According to [Mum66, §3, Lem.1], we
have

gL =gL) {(ar, ... ar) i a; €k = G(L),a1---a, =1}
The isomorphism is induced by the map G(£)" — G(L*") sending

(21, £ 2205 83 L), oo (2, £ 2550 85 L)) o (1), L7 POETER 0 e ey,

The type 6™ of L* is

" = (51,...,51,(52,...,52,...,59,...,(Sg e 79",
T T T
since Z(5*") = Z(6)". The group K(6*") = K(0)" is equipped with the symplectic
pairing
esor (2155 20), (21,00, 20)) = es(z1, 21) - - - es(2r, 20) € K,

and the Heisenberg group H(6*") is defined in the same way as in Definition The
theta structure ©,: H(6) — G(L) induces in a natural way a k*-isomorphism

(@ﬁ)*’l’: H(é*’!’) — g(ﬁ*”")7
given by

(a7 (xh yl)a s (xﬂy?")) = (a : @E(laxlayl)y ceey 65(171’% yT))-

Note that we can actually put the scalar @ in any coordinate, not necessarily the first.
The canonical coordinates for (X", £, (©,)*") are then given by
@ *T

09" (x) = 094 (1) ® - -- @ 005 (x,), (2.10)
where i = (i1,...,i,) € K(L£)] = K(£); and x = (x1,...,2,) € X"(k). A theta
structure on (X", £*7) is called an r-fold product theta structure if it arises via the above
construction, for some polarized abelian variety with theta structure (X, £,©,), and we
will commonly denote it by (©,)*". The notion of r-fold product theta structures will

turn out to be very important for our algorithm of isogeny computation. The following
lemma will be useful in the sequel.

Lemma 2.25. A theta structure ©: H(5*") — G(L*") is of product form if and only if
the induced symplectic isomorphism ©: K(58*") — K(L*") is of product form.

Proof. Let ©: H(6*") — G(L*") be a theta structure and suppose that the induced
symplectic isomorphism ©: K (5*") — K(L£*") is of product form. Denote by 9: K (§) —
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K(L) the restriction of O to a single factor, i.e. © =9 x --- x 9. Let (z,y) € K(§) and
z=19(z,y) € K(L). Then O sends

(17 (x7y)7 R (xvy)) = ((27 ¢1)a AR (27 ¢T))7

where ¢1, ..., ¢, are isomorphisms £ = t*£. There exist scalars as,...,a, € k* such
that ¢o = ag - ¢1,...,¢, = a, - ¢1. Define ¥: H(d) — G(L) pointwise by

(17$>y) = (2’%W¢1)

One carefully checks that ¢ is well defined, is a k*-isomorphism and that © is equal to
the r-fold product ¥*" of 4. O

2.3 Totally symmetric line bundles and symmetric theta structures

We assume in this section that char(k) # 2. Let (X, £) be a polarized abelian variety
of separable type § = (01,...,04). A priori, there is no way to fix a particular choice of
a representative in the algebraic equivalence class of £. One way to overcome this is to
introduce the notions of symmetric and totally symmetric line bundles.

Definition 2.26. A line bundle £ on X is called symmetric if [-1]*£ = L.

As the next proposition shows, symmetric line bundles are quite frequent.

Proposition 2.27. In every algebraic equivalence class of ample line bundles there exits
a symmetric line bundle.

Proof. Let £ be an ample line bundle on X. It is easy to see that L' ® [-1]*L €
Pic®(X), i.e. £L71®[—1]*L = L, for some Lo € Pic’(X). But X (k) is a divisible group,
see [EvdGM, Cor. 5.10], hence there exists £} € Pic’(X) such that (£)®? = L,. We
then have [~1]*£L® (L)™' = L® L}). Since L) € Pic®(X), it satisfies (L)™' = [~1]*L},
and therefore £ ® L, is symmetric. O

Suppose that £ is symmetric and fix an isomorphism ¢: £ = [-1]*£. For all z € X (k)
we have isomorphisms on the fibers

In particular, 1 induces an automorphism (0): £(0) = £(0), which is given by mul-
tiplication by a constant. Up to rescaling ¢, we can assume that ¥ (0) is the identity.
We then call 1 a normalized isomorphism.

Let £ be a symmetric line bundle on X and let 1: £ = [~1]*£ be the normalized
isomorphism. If z € X|[2] then L(x) v, L(—z) = L(z) is an automorphism and
hence, 1 (z) is given by multiplication by a scalar. This defines a map

ek X[2] — kX,
Proposition 2.28. We have the following properties:
- €£($) € {i1}7

- ef®£/ = ef . ef/ for all symmetric line bundles £ and L' on X;
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- If f: X = Y is a homomorphism and if M is a symmetric line bundle on Y,
then f*M is symmetric and

el "M(z) = eM(f(x)), for all z € X[2].

- Let us denote by ey the Weil-pairing on X[2] x X[2]. Let yo € X[2] correspond to
the line bundle Ly € PicO(X). Then Lg is symmetric and

e (x) = ea(w, yo)
for all x € X[2].

Proof. For a proof see [Mum66, p. 304-305]. O

Definition 2.29. A symmetric line bundle £ is called totally symmetric if e(z) = 1
for all x € X|[2].

The notion of totally symmetric line bundles is useful for making a canonical choice of
a line bundle within an algebraic equivalence class.

Proposition 2.30. Let £ be an ample line bundle on X of separable type & and sup-
pose 2 | 01, or equivalently X[2] C K(L). Then there exists a unique totally symmetric
line bundle in the algebraic equivalence class of L.

Proof. 1t is a well known fact that X[2] C K(L£) implies that the line bundle £ is the
square of a line bundle £’ € Pic(X). See [BL0O4, Lem. 2.5.6] for the complex case
and [Robl10), Cor. 3.2.3] for arbitrary characteristic. Then £’ ® [—1]*L’ is algebraically
equivalent to £ and is totally symmetric, since for all x € X[2] we have

’ s ’ 1%t ’ ’ ’ 2
e (1) = e () - L (1) = € (2) - € (—2) = (ef (x)) =1

Let M be another totally symmetric line bundle in the same equivalence class, and let
Ly € Pic? (X) be such that M = L' ® [-1]*L’ ® Lo. Then Ly is necessarily symmetric
(i.e. if yo € X (k) corresponds to Ly, then yo € X[2]), and Lo must satisfy

1= efo(x) = ey(x, yo), for all z € X[2].
But es is non degenerate and hence, yg = 0. O

Corollary 2.31. If f: (X, L) — (Y, M) is an isogeny of polarized abelian varieties
(i.e. f*M is algebraically equivalent to L) and if L and M are totally symmetric, then
ffM=L.

Proof. The line bundle f*M is totally symmetric by Proposition and by Proposi-
tion [2.30| it is isomorphic to L. O

Totally symmetric line bundles also appear as pullbacks of line bundles of certain
quotients of X.

Definition 2.32. The quotient Kx := X/ +1 of X by the involution [—1] is called the
Kummer variety of X. We denote by 7: X — Kx the natural projection.

Then we can show (see [Mum66, §2, Prop. 1]) that the line bundle £ on X is totally
symmetric if and only if it is of the from 7* M for some line bundle M on Kx.
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Symmetric theta structures. Suppose that £ is symmetric, of type d, and let
¥: L = [-1]*L be the normalized isomorphism. For (z,¢,) € G(L) consider the
composite

71*2 t* ¢71
—1]"¢

LY [-1)c 1 (#5L) = t*_([~1]*L) =2 L.

This determines an automorphism of order 2
Y-1: G(L) = G(L), (2.¢2) = (=2, (47 o ([=1]"¢:) 0 ¥) .
Consider the following automorphism of the Heisenberg group
V-1: H(O) = H(0), (a, 2, y) = (o, =, —y),
which is also of order 2.
Definition 2.33. A theta structure O, : H(5) — G(L) on (X, L) is called symmetric if

V-100,L=0r07-1.

The reason why symmetric theta structures are of importance to us is that, in case £
is totally symmetric, a symmetric theta structure on (X, L) can be seen as something
intermediate between a symplectic isomorphism K (2§) — K(£%?) and a symplectic
isomorphism K(6) = K(L). We already know that a theta structure H(5) — G(£)
induces a symplectic isomorphism K (&) — K(L£). On the other hand, a particularity
of symmetric theta structures is that a symplectic isomorphism K(2§) = K(L£%?)
induces in a unique way a symmetric theta structure H(8) = G(£). Moreover, these
correspondences are onto, meaning that every symplectic isomorphism K (§) = K (L) is
induced by a symmetric theta structure H(d) — G(L), and every such theta structure
is induced by a symplectic isomorphism K (28) — K(L£®?). These are Remarks 2 - 4 of
[Mum66, p. 318 - 319]. Stated a little different we have:

Proposition 2.34. Let £ be a totally symmetric line bundle on X of type §. Let
0: K(§) = K(L) be a symplectic isomorphism. In order to fix a symmetric theta
structure on (X, L) that induces © it suffices to fix a symplectic isomorphism K (25) =
K(L®2) that restricts to © on K(J).

For the above proposition we identify K (0) with a subgroup of K(24) in the following
way: the element (x1,...,24) € Z(6) is sent to (2x1,...,2x,) € Z(26), whereas for each
Y€ 2(6) there exists a unique ¢’ € 2(25) such that y/(x) = y(2z) for all x € Z(26), and
we send y to ¥/.

Symmetric theta structures are also very handy when it comes to computing the
pullback [—1]* on the theta coordinates. One can carefully verify that, if £ is a totally
symmetric line bundle on X and if ©, is a symmetric theta structure, then

[—1]: (X, L£,0,) — (X, L£,0r)
is an isogeny of polarized abelian varieties with theta structure. Hence, we can apply
the isogeny theorem to [—1], and by [Mum66, p. 331] we obtain
[—1]*00¢ = 0°¢, (2.11)
for all i € K(L);.
Proposition/Definition 2.35. Let L be a totally symmetric line bundle on X and

let © 1 be a symmetric theta structure. Let x € X (k) with fized affine lift T = (9;9£ (T))iek (£): -
Then, a lift —x of —x is given by

09 (=) = 6°5(Z), for all i € K(L);.
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3 Polarizability of the quotient of an abelian variety by a
finite subgroup

Starting from a principally polarized abelian variety (X, Lg), we want to give a criterion
on the finite subgroups of X to decide whether the quotient variety admits a principal
polarization “compatible” with the natural projection isogeny or not. As we have seen
in Theorem if £ is an ample line bundle of arbitrary type on X, then the finite
subgroups K C K (L) for which the quotient admits a polarization compatible with the
projection isogeny are precisely those subgroups admitting a level subgroup K C G(£).
And by Lemma this can be rephrased as K being an isotropic subgroup of K (L)
for the commutator pairing er. But this criterion cannot be applied to the principal
polarization Ly since the group K(Lp) is trivial. Yet, we will see how to create new
polarizations on X from totally positive real endomorphisms of X. For this section we
let k be a fixed algebraically closed field that is either C or of positive characteristic p.

3.1 Recalls

Let us recall some well known notions and results. For any prime number ¢, the ring of
L-adic integers Zy is the ring
Zy =limZ /"7,
—

where the inverse limit is over the positive integers n and the transition maps are given
by the natural projections Z/("*17Z — Z /(" 7.

Let X be an abelian variety of dimension g over k. Suppose that the prime number /¢
is different from char(k). The ¢-adic Tate module of X is

T,X = lim X[("],
—

where the inverse limit is again over the positive integers n and the transition maps are

given by X[("T1] 14, X[€"]. One can show that T;X is a free Zy-module of rank 2g.
Let Y be another abelian variety over k and denote by Hom(X,Y") the additive group of
all maps X — Y that are at the same time morphisms of algebraic varieties and group
morphisms. Any o € Hom(X,Y) induces in a natural way a Zs-linear map

Tya: Ty X — Ty,
and this defines an injective homomorphism of groups
Hom(X,Y) — Homg, (T, X, T,Y).
Moreover, it is even true that
Hom(X,Y') ® Z; — Homg, (1, X,T,Y) (3.1)

is injective for any prime ¢ # char(k).
For an integer m not divisible by char(k), there is a nondegenerate pairing, called
the Weil pairing, R
em: X[m] x X[m] = pm(k),

where p,, (k) is the cyclic group of mth roots of unity in k. Combined with any homo-
morphism A: X — X, this becomes a pairing

ed s X[m] x X[m] = pm(k), e (z,2') = em(z, Ma')).

m
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If ¢ is a prime number different from char(k), then we can define a pairing

er: TiX x ToX — Zs(1), eo((zn), (1)) = (eon(2n, 2)),

Ry,
where Zy(1) = lim pyn (k) with transition maps pin+1(k) 0N en (k). Combined with a
%
homomorphism A\: X — X , we obtain a pairing
e): TuX x TyX — Zy(1), e)(z,2') = eg(z, M(z"))

(A seen as an element of Homy, (T;X, Tg)?)). It is not hard to show that if £ € Pic(X),

then ef‘ is skew-symmetric, where ¢,: X — X is the homomorphism associated to £

from (2.1). By [Mil86l Prop. 16.6] the converse is true as well.

Proposition 3.1. Suppose char(k) # 2, and let £ be a prime number different from char (k).
A homomorphism A: X — X is of the form ¢, for some L € Pic(X) if and only if
62\: Ty X X Ty X — Zy(1) is skew-symmetric.

Note that in this case, £%? is algebraically equivalent to the pullback of the Poincaré
sheaf P by (1,\): X — X x X.
3.2 Real endomorphisms

Let (X, L) be a principally polarized abelian variety of dimension g over k. Composition
of endomorphisms turns End(X) into a ring. It is well known that End(X) has no zero
divisors and is a free abelian group of finite rank (follows from (3.1))). The ring End(X)
possesses an anti-involution, called the Rosati tnvolution

()7: End(X) — End(X),

defined as
aHaTzézgoaodmo.

Here, ¢z,: X — X is an isomorphism since L is a principal polarization. We have the
following properties: for all a, 8 € End(X) and m € Z,

(@+B)=al + 8, (aop)=ploal, (a)f=a, [m]l =[m].

The Rosati involution naturally appears when pulling back Lo by an endomorphism
of X.

Lemma 3.2. For any endomorphism o € End(X) we have
Garry = bry 0 al oa.
Proof. We have already seen that
Garry = Q0 Pr, 0.

But then
¢O¢*£0 = ¢£o o d’zol © a o ¢£o oxr.
—_——

=af
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An endomorphism « € End(X) is called a real endomorphism (sometimes also called
a symmetric endomorphism) if it satisfies & = af. The set of real endomorphisms is
denoted by End"(X) and forms an additive subgroup of End(X). For every endomor-
phism « € End(X) there exists a monic polynomial P, (t) € Z[t] of degree 2¢ satisfying
P,(n) = deg([n]x — ), for all n € Z. The polynomial P, is called the characteristic
polynomial of o. An element o € End™(X) is called totally positive if the roots of P,
are positive, and we denote by End*"(X) C End"(X) the subset of totally positive
real endomorphisms.

If £ is any line bundle on X, then gbzol o ¢, is an endomorphism of X, depending
only on the algebraic equivalence class of £. This defines an injective homomorphism
of abelian groups

NS(X) = End(X), [£]~ ¢/, o ¢r.

Indeed, if ¢! o ¢z = [0], then K (L) = ker ¢, = X, which means £ € Pic’(X).

Proposition 3.3. Suppose char(k) # 2. An endomorphism o € End(X) is of the form
¢Z§ o ¢r for some L € Pic(X) if and only if o is symmetric (with respect to Ly). In
other words, we have an isomorphism of abelian groups

NS(X) = End™(X).

Proof. We know by Proposition that the homomorphism A = ¢, 0ca: X — X is
of the form ¢, for some £ € Pic(X) if and only if e? is skew-symmetric, where £ is a
prime number different from char (k). For x,2’ € T;X we have

&) (z,7') = es(x, pr, 0 ()
= " (@, a(")
= ejﬁo(a( "),2)~! by Proposition [3.1]
= eg(a(a’), by ()™
= eg(x’', @0 ¢ry(x))™" by [Mil86, Lem. 16.2 b)].

If o is symmetric, i.e. a =al = ¢Zol oQo¢r,, then

ef(x/’aogbﬁo(x))_l :ef(xlad)ﬁo oa(a:)) b= ?(‘T $) !

and eﬁ‘ is skew-symmetric. Conversely, if eé‘ is skew-symmetric, then

er(w, Pro 0 a(a')) = eo(w, @0 P, (2'))

for all z,2’ € Ty X, and by the nondegeneracy of e; we deduce that ¢ 0 = @odp,. O

One might ask how the isomorphism from Proposition behaves when restricted to
polarizations.

Proposition 3.4. Suppose char(k) # 2. Let X be a principally polarized abelian va-
riety over k. The isomorphism NS(X) = End™(X) induces a bijection between the
polarizations on X and the set End* ™ (X) of totally positive real endomorphisms. More-
over, a polarization of degree d is sent to a totally positive real endomorphism of de-

gree d?. In particular, principal polarizations correspond to totally positive symmetric
units of End(X).

Proof. We refer to [BL04, Prop. 5.2.4] for the complex case and to [Mum?70l §21] for
positive characteristic. ]
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3.3 Principal polarizability of quotients of abelian varieties

Suppose now either £k = C or k is an algebraically closed field of characteristic p # 2.
Let (X, L) be a principally polarized abelian variety of dimension g over k. Let 5 €
End*™"(X) be a totally positive real endomorphism. We know from Proposition
that ¢z, 0 B: X — X is the polarization isogeny of some ample line bundle Eg on X.
Furthermore we have ker § = K (Eg ) and hence, for isotropic subgroups K C ker 3 (for
the commutator pairing e 505) we can descend the ample line bundle L'g to an ample line
bundle on Y = X/K. Motivated by this observation we can now give the criterion for
the principal polarizability of quotients of X by finite subgroups.

Proposition 3.5. Let (X, Ly) be a principally polarized abelian variety over k. Let
K C X (k) be a finite subgroup-scheme, and let f: X —Y = X/K be the corresponding
separable isogeny. Then, Y admits a principal polarization if and only if there exists a
totally positive real endomorphism B € End™ " (X) such that K is a mazimal isotropic
subgroup of ker 8 for the commutator pairing e (see above).

Proof. By the above discussion and Grothendieck’s descent theory (Theorem we

know that if £ is a totally positive real endomorphism of X, and K C ker f is isotropic

for € .4, then Eg descends under f to an ample line bundle Mgy on Y. The maximality
0

of K means that
HE (L)) = #ker f = (#K)?,

i.e.

deg f = #K = deg L.

By (2.3)) it follows that deg My = 1, hence My is a principal polarization.

Conversely, suppose that My is a principal polarization on Y. Consider the following
diagram:
B f
<

'Y
i(b/\/lo

f

X

N\

Bi=dzlofodmof
N —’

= e g

Py <—— <

Then the composite

is an endomorphism of X. From Proposition it follows that 3 is a totally positive
real endomorphism (the pullback of a polarization by an isogeny is again a polarization).
If we set L’g = f*My, then by (2.2) and Lemma , the group K is isotropic inside

K (Eg ) = ker 8 for the commutator pairing e b Comparing degrees, we see that

deg 8 = deg f - deg f = (#K)?,

i.e. K is maximal isotropic inside ker 3. O

60



3.4 Ordinary and simple abelian varieties over finite fields

We present some facts about abelian varieties over finite fields, following [Wat69] and
[Oor(7]. For this section we fix k a finite field of size ¢ = p"”. Let X be an abelian
variety of dimension g over k (not necessarily polarized). Let Endg(X) be the ring of
endomorphisms of X that are defined over k, and denote by End®(X) = Endy(X) ®zQ
the endomorphism algebra of X. It is well-known that End®(X) is a semisimple Q-
algebra. We say that X is k-simple if it does not admit a proper abelian subvariety
over k. In the sequel we will say “simple” when we mean “k-simple” (note that the
property of not admitting proper subvarieties could get lost over an extension of k,
as opposed to “absolutely simple” where the property is preserved under base change).
Denote by mx € Endg(X) the k-Frobenius endomorphism of X. If X is simple then 7x is
a Weil g¢-number, i.e. mx is an algebraic integer and for every embedding ¢: Q(rx) —
C we have |[¢(7mx)| = /q. By the Honda-Serre-Tate theory, Weil g-numbers (up to
conjugacy) are in bijection with k-isogeny classes of simple abelian varieties over k.
Also, End®(X) is a division ring, hence a simple Q-algebra, and its center equals Q(7x).
When it comes to degrees we have

29 = [End’(X) : Q(mx)]? - [Q(mx) : Q). (3.2)

We say that X is ordinary if X[p|(k) = (Z/pZ). If X is ordinary and simple
then Endg(X) is commutative. Hence, End’(X) is a field of degree 2g over Q. If 7 € Q
is any Weil g-number conjugate to 7x, then End’(X) is isomorphic to Q(r). The field
K = Q(w) is a CM-field, i.e. it admits a totally real subfield Ky C K of degree g
over Q (every embedding 1g: Ky — C satisfies ¢o(Kp) C R) and K/Kj is quadratic
and totally imaginary (for every ¢: K — C we have ¥(K) ¢ R). The totally real
subfield Ky is generated by m + £ over Q and the minimal polynomial of 7 over K is
2 — (7 + $)t+q € Kolt]. If X admits a principal polarization, then 7-m1 = ¢ and hence,

Ko =Q(m + ).
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4 Computing cyclic isogenies in theta coordinates

In this section we compute the theta coordinates of the quotient of a principally polarized
abelian variety by a rational cyclic subgroup from the theta coordinates of the original
variety and of a generator of the subgroup.

Let k = F, be a finite field of characteristic p > 2, and let k be a fixed algebraic
closure of k. Let (X, Lp) be an ordinary and simple principally polarized abelian variety
of dimension g over k. By Proposition [2.27] we can suppose without loss of generality
that Lo is symmetric. The endomorphism algebra Endy(X) ®z Q is isomorphic to the
CM-field K = Q(m) of degree 2g over Q, where 7 is a Weil g-number whose conjugacy
class represents the k-isogeny class of X. Let Koy = Q(7+7") be the totally real subfield
of K of degree g over Q, and assume that the conductor gap [Of, : Z[r + 7] is odd.
Let £ > 3 be an odd integer coprime to p - [Ok, : Z[r + 7']]. Suppose we are given a
totally positive real endomorphism 8 € End™*(X) of degree £?, whose kernel ker 3 is
isomorphic to a product of two cyclic groups of order ¢. By Proposition the isogeny
¢r, 0 B: X — X is the polarization isogeny of some ample line bundle Eg on X, and

we can assume Eg symmetric (again by Proposition 2.27). Let G C K (ﬁg ) = ker 3 be
a Gal(k/k)-stable cyclic subgroup-scheme of order ¢. Let t € G(k) be a fixed generator
of G. Let Y := X/G be the quotient abelian variety and let

f: X->Y

be the associated separable isogeny of kernel G. Since G is Gal(k/k)-stable, both the
abelian variety Y and the isogeny f are rational. By [Rob10, Prop. 4.2.12] there exists
a level subgroup G C Q(Eg ) of G such that Eg descends to a symmetric ample line
bundle My on Y. Moreover, My is of degree 1 and hence, (Y, M) is a principally
polarized abelian variety.

For this section we fix n = 2 or n = 4 and define the totally symmetric ample line
bundles £ := L& and M := M§™. Let O, be a symmetric theta structure on (X, £),
and let

{af)ﬁ i€ K(L)l}

be the induced basis of theta functions of I'(X, £). We have to suppose furthermore
that we know the scalar by which 7 acts on ¢ and that we know how to evaluate
endomorphisms on the 2n-torsion. This is the case if either of the following holds:

- we know an affine lift 7: X — X of the Frobenius 7 and we know how to lift
End(X[2n]) to End(X[2n]), i.e. given an endomorphism « : X[2n] — X[2n], we
know how to compute an affine lift &: X[2n] — X[2n] of o, where the coordinates
on the affine cone X are with respect to (X, L,0,), or

- we work on the Jacobian variety of a hyperelliptic curve. If this is the case we can
use the formulas of [vW98] and [Cosl1] to convert between theta and Mumford
coordinates. This works because £ = £6®”, forn=2orn=4.

In this section we want to describe an algorithm that, given

i) an affine lift 6)( = (Qi@ﬁ (6X))ieK(£)
point for (X, L,0r)),

of Ox (that we will call an affine theta null

1

ii) an affine lift ¢ = (9?‘ (?))ZEK(L) of a generator ¢ of G,

1
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computes an affine theta null point

Oy = (05 (0y)) jex (M),

for (Y, M,0On), where O is a symmetric theta structure on (Y, M) as defined in
Section [4.5.11

Remark 4.1. According to Remark if (Y, My) is isomorphic to the Jacobian variety
of a hyperelliptic curve, then n = 2 is enough for recovering an equation of the curve
from the coordinates of Oy. Hence, for dimension 2 we can set n = 2. However, in the
non-hyperelliptic genus 3 case, we need n = 4 to compute an affine model of the plane
quartic from the coordinates of Oy (see e.g. [NRIT]).

In Section [5| we will suppose that, in addition, we are given

iii) an affine lift * = (G?E (7))iek (), of a point x € X(k) of order N coprime to
0[Ok, : ZIx + 7],

and compute an affine lift

N 60,
f(@) = (07 (f(@)))jer M),
of f(z). We can say that we compute the isogeny f in theta coordinates, i.e. compute
f: X \ {points of order not coprime to ¢ - [O, : Z[r + ]|} = Y,

where the affine coordinates on the cones X and Y are given by ©, and O o respectively.

4.1 Applying the isogeny theorem to f

Suppose we are given an affine theta null point Oy for (X,L£,0,) and an affine lift t
of a fixed generator t of G. We want to explain how to compute an affine theta null
point Oy for (Y, M, © ), for a certain theta structure © 4 on (Y, M). The only tool
we have at our disposal to relate theta coordinates of isogenous varieties is the isogeny
theorem (Theorem or its affine version ) The isogeny f does not pull back
the polarization M to L, since deg f*M = degf - degM # degL, so there is no
straightforward way to apply the isogeny theorem. However, if we let £P := (Eg yen,
then
F (X, L0) = (Y, M)

is an isogeny of polarized abelian varieties that satisfies f*M =2 £8. In order to apply
the isogeny theorem, we have to endow the polarized abelian varieties with f-compatible
theta structures. We explain in Section what it means to extend O, to a symmetric
theta structure © s on (X, £P), compatible with the descent datum G C G(£P), and
how to do so. By Proposition the theta structure ©,s determines a symmetric
f-compatible theta structure ©,, on (Y, M). We could then try to apply the isogeny
theorem to the isogeny of polarized abelian varieties with theta structure

(X, L8,0.5) = (Y, M,0))).

The problem is that this requires one to know an affine theta null point for (X, £8,0 8)s
which we do not. For a comparison, the affine point Ox has n9 coordinates, whereas a
theta null point for (X, £%,©5) has n9¢ coordinates. There is no obvious way to obtain
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the remaining coordinates. One idea is to search for an endomorphism u € End(X) that
satisfies uu = 8 and then apply the isogeny theorem to

w: (X,L£P,0.5) = (X,L£,0r).

But there is no reason such a w exists, and even if it does, the isogeny theorem applied
to u allows us to compute the theta coordinates for (X, £, ©) from the theta coordinates
for (X, £8,0,5). We could try to invert this, but it is hopeless since the isogeny theorem
yields n¢ linear equations that we would have to solve for n9¢ unknowns. We will follow
a different approach for computing an affine theta null point for (Y, M, O ), that we
will explain in the forthcoming sections.

4.2 The pf-contragredient isogeny

An idea to overcome the obstruction encountered in the previous section is to apply the
isogeny theorem to the 3-contragredient isogeny f’ instead. Since ker f C ker 3, there
exists a unique rational isogeny f': Y — X, called the 3-contragredient isogeny, such
that f' o f = 8 (the proof is similar to that of [EvdGM, Prop. 5.12]). Denote again by
B := f o f’ the corresponding endomorphism of Y.
Proposition 4.2.

sy Lo = Mo © B-

Proof. Let v € End(Y') be the endomorphism ~y := qﬁj_\jo 0 @(fry* £, 5O that we have

G(pryeLy = Mo © -
By Lemma and the fact that 3 is a real endomorphism, we have

Ggero = Pro 0 B
On the other hand,

OprLy = Ope((f1)*Lo) = fo Ppryco 0 f = Fodmeorof=Ffodmofor
=My 0V =ryoBon.

But ¢, is an isomorphism and End(X) has no zero divisors, and therefore y = 5. O

Let ./\/lg be a symmetric ample line bundle in the algebraic equivalence class de-
termined by ¢, © B (exists by Proposition , and let M#P = (Mg)®”. The line
bundle M7 is totally symmetric and algebraically equivalent to the totally symmetric
line bundle (f’)*L, hence they are isomorphic. We have an isogeny of polarized abelian
varieties

(¥, M%) = (X, L)
and an isomorphism a: (f)*£ = MPB. Let O, be the fixed symmetric theta structure
on (X, L) from above. We want to define a symmetric theta structure © ys on (Y, M¥?)
that is f’-compatible with ©,. We will do so by first defining a symmetric theta
structure © on (Y, M), and then extend it (in the sense of Definition [4.3)) to a symmetric
theta structure © s on (Y, M?).

Note that the theta group G(M) is isomorphic to the subgroup pg(lMﬁ)(K(./\/l))
of G(MP), where PG(MB) G(MP) — K(MP) is the forgetful map (indeed, both are
isomorphic to the abstract group H(dr)). Fix ¢: G(M) = pgl (K(M)) one such

(M5)
isomorphism.
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Definition 4.3. Let ©: H(dr) — G(M) be a theta structure and let 1) be as above.
An extension of © is a theta structure © ys: H(5,48) — G(MP) that satisfies

O sl =¥ 0 6.

The theta structure ©. We present an ad-hoc construction of the theta structure ©.
Since in a second step we would like to extend © to a theta structure on (Y, M#) that
is f’-compatible with ©,, some care has to be taken.

The isogeny f’ restricts to an isomorphism K (M) = Y[n] = K(£) = X|[n], and we
define

K(M); == ()" YK (L)) N K(M), fori=1,2.

The subgroups K (M); and K (M), are isotropic for epq and form a symplectic decom-
position K(M) = K(M); & K(M)sz. Indeed, we have ey = (f')*er, and it follows
that K (M); is isotropic for e s, for i = 1,2. But the symplectic pairings exq and e s
come from the commutators in the respective theta groups, and e can be seen as the
restriction of e s to pg(lMB)(K (M)) (the commutator pairing is independent of the lift
to the theta group).

The types d,¢ and 0, are the same, hence ©, induces a symplectic isomorphism
0: K(6pm) = K(M)

via f’. By Proposition in order to define © it suffices to define group sections
skm), - K(M)i = G(M), for i = 1,2. We have to be careful in the way we define these
sections.

Let us denote by G’ the kernel of f’. The isomorphism a: (f/)*£ = M? determines
a level subgroup G/ C G(MP). Recall the morphism ap: G(MP)* — G(L) from (2.4),
where G(MP)* is the subgroup of G(M?) above (f')~'(K(L)). By Propositionﬁ,
ay induces an isomorphism G(MP)*/ G' = G(L£). To define the sections s K(Mm), and
SK(M),» We need the following proposition.
Proposition 4.4. We have an isomorphism G(MP)* |G = pé(lMB)(K(M)).
Proof. Tt suffices to show that G(M?#)* is isomorphic to pg(lMB)(K(M)) x G'. Since

(fH)"YK(L) = K(M)UG’, we have pg(lMﬁ)(K(M)) C G(MP)* by definition. The

group G(M?)* is the centralizer of G’ in G(MP), and it is easy to see that it is generated
by the subgroups pg(lMﬁ) (K(M)) and G’. The intersection pé(lMﬁ) (K(M))N G is trivial
(the elements are above n-torsion points and /-torsion points respectively), and G(M?5)*
is therefore isomorphic to the direct product pg(lM ﬁ)(K (M)) x G O

The horizontal arrows in the following diagram (for i = 1,2) are isomorphisms, so we
define s (), : K(M); = G(M) to be the vertical dotted arrow

i

e Pt (K (M) = GMP) G ——= G (L)

SK(M); | SK(L);

K(L);.
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The symplectic isomorphism © plus the sections s K(M)1» SK(M), Yield a symmetric theta
structure
O: H(dm) = G(M).

Extending ©. Given (Y, M, 0) as above, we want to extend © to a symmetric theta
structure on (Y, M#). In a second step, we will say how to do so while remaining
compatible with the descent datum G’, and therefore being f’-compatible with O.

Lemma 4.5. There exists a symmetric theta structure © s on (X, MP) that extends ©.

Proof. Observe that M and M? are of type dp = (n,...,n) € Z9 and Sy =
(n,...,n,¢n) € Z9 respectively. Also,

and

K(MP) = K(MP)[n] ® K(MP)[(] = Y[n] ® K(MP)[1).
Hence, we have K(5x) € K(d,q8) and K(M) C K(MP) and the symplectic isomor-
phism ©: K(Jr) — K (M) can be extended to a symplectic isomorphism

O K(0ps) = K(MP).

Let
s, K(M); = GM) < GMP), for i = 1,2,
be the two group sections induced by ©, where K(M); = O(Z(6m)) and K(M)s =

2
O(Z(6p))- The n-torsion part of K(M?); =0 s(Z(6p5)) and K (MP)g = 0 45 (Z(6 1))
equals K(M); and K (M)s respectively. Hence, in order to define group sections

srcme), s KMP)i = GMP), for i = 1,2,

it remains to show how to lift the /-torsion part of K (M?#); and K(M?)y. But this
can be done in the same way as in Lemma [2.8, By Proposition the symplectic
isomorphism © s plus the two group sections SK(MPB)1 1 SK(MPB), determine a theta
structure © y5 on (Y, M?). By [Mum66, §2, Rem. 2], we can suppose that © s is
symmetric. O

Henceforth, we will work with the following convention: when extending © to a
symplectic isomorphism © ys: K (648) — K(MP?), we extend the (-torsion part in
such a way that

K(MP)ll] = G’ = ker f'.
And we can extend the section sg(u), t0 a section sg(r5), K(MPB)y — G(MP), ie.,
lifting the ¢-torsion part of K (M?)s, in such a way that

skme),(G) = G C GMP).

Simply choose a generator ¢ € G’ and define sy (a5, (t') as the unique element of G’
above t'. Imposing this choice on s K(M5), does not change the fact that © s is a
symmetric theta structure. Indeed, M? is totally symmetric and by [Rob10, Prop.
4.2.12], the level subgroup G’ is what Mumford (in [Mum66]) calls a symmetric level
subgroup. Finally, since G = sg(msy(G'), the theta structures © s and O are f'-
compatible and

(Y, MPL0,) = (X, L£,0;)

is an isogeny of polarized abelian varieties with theta structure.
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4.2.1 Applying the isogeny theorem to f’

Recall that we have as an input of the algorithm the polarized abelian variety with
symmetric theta structure (X, L£,0,), a theta null point Ox and an affine lift ¢ of a

fixed generator t € G(k), both in theta coordinates determined by ©,. Moreover, we
have defined a f’-compatible symmetric theta structure © s on (Y, MP) that satisfies
G' =ker f' € K(MP)5. We can apply the isogeny theorem to

(Y, MP 0 ,s) — (X,£,0;),

stating that there exists a constant A € k>, such that for all y € Y(k) and i € K (L),
we have o
(C]
075 (f' () =X D> 0. (y).
JEK(MP),
f@)=i

The isogeny f’ in affine coordinates
Yy 5 X (4.1)
sends an affine lift 3/ of y to the affine lift f’@) of f'(y), given by
(SYary, (C]
@) = Y, 0, ()
JEK(MP),
fG)=i

for all i € K(L£);. But f” is injective on K (M?)y, since ker f' € K(M?)y. Hence,

095 (F'(7)) = 057 (), (4.2)

where j € K(MP)[n] is the unique element of K (M?); that satisfies f’(j) = i.

Remark 4.6. This allows us to “partially invert” the isogeny theorem in the sense that:
knowing the affine theta null point 0Ox for (X, L,0r), Equation fixes an affine theta
null point Oy for (Y, MP 0 s) and gives n9 out of the n9¢ affine coordinates of Oy.
Writing each j € K(MP); as j = j, + j¢, with j, € K(M?)1[n] and j, € K(MP),]4],
we obtain precisely the n9 affine coordinates HJQMB (6y) for which j, = 0.

However, there is no obvious way we could obtain the remaining n?(¢ — 1) affine
coordinates of Oy-.

Wish scenario. Suppose for a moment we were in the situation where we knew the
affine theta null point Oy for (Y, M?,© ,,s) induced by Ox and /' asin Remark (i.e.
we knew all the n9¢ affine coordinates). This would then determine affine lifts for every
element in G = ker f. For a comparison, there are ¢ elements in GG, each admitting n9
affine theta coordinates for (X, £, ©,).

The symplectic decomposition of K (M?)[(] = ker 3 induced by © s is
EMA)] = KM ) d,
and since f o f’ = 3, the isogeny f’ restricts to an isomorphism

KWMP) S aG.
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Let ¢ be the fixed generator of G and let 7 := (f/)71(t) € K(M?){[(]. We can use the
action of the theta group G(M?#) on the affine theta coordinates for (Y, M? 0 ) to
obtain affine lifts of ¢,2¢,..., (¢ — 1)t for (X, L£,©,). By Proposition m

7:=7@0y
(see Notation [2.19)) is an affine lift of 7 for (Y, M? © ,,s) with jth coordinate given by

0% (7) = 627 (By ),

for all j € K(MP);. By ( ., the n? coordinates 0, MB( 7) with j € K(MP)q[n]
determine an affine lift £ = f/(7) of ¢, with ith affine coordlnate (for ¢ € K(L£)1) given
by

07 (8) = 0, M (7) = ejgﬂ (Oy), (4.3)
where j is the unique element of K (M?#?);[n] that satisfies f'(j) = i. Continuing this
way, we obtain affine lifts 2¢,...,(¢ — 1)t of 2t,...,(¢ — 1)t respectively, with affine
coordinates

00% (31) = 07247 (Ov), (44)

@ ~
07((¢ = 1)1) = 0,24, (Oy),

for all i € K(L);. Again, for i € K(£); we write j € K(M?#)[n] for the unique element
of K(MP); that satisfies f'(j) = i. Written more compactly, we have

~ P

t=fl(raly), 2t = f/(2r@0y),...,(L — 1)t = f/(({ — 1)T@a0y).

Back to reality. Unfortunately we are not given the theta null point 6§: for (Y, MP,0 4s),
but only the theta null point 0x for (X, £,0,). Yet, we have seen that Ox fixes a theta

null point Oy, which in return fixes affine lifts £, ..., ({ — 1)t of ¢, ..., ({—1)t respectively.
This motivates the following definition.

Definition 4.7. Let GX be a fixed theta null point for (X, L£,0,) (e.g. the input of
the algorithm). Let Oy be the corresponding theta null point for (Y, MPB.0 5) from
Remark |4.6} i.e. the umque lift Oy of Oy that satisfies OX = f’(Oy) Fori1<u</{-—1,
the affine hft f/ (ur @ 0y) of ut is called the compatible lift and is denoted by

?:LVtC = P(UTEﬁy).

The advantage of knowing the compatible lifts is that if we were given Ox and

—~—

tey. .., (£ —1)t,, we could “patch” the coordinates together (in the sense of (4.3) and (4.4)))
and obtain the theta null point Oy. In our case, the input of the algorlthm prov1des us
with an (arbitrary) affine lift ¢ of the generator ¢ of G. There is absolutely no reason
this lift should be equal to the compatible lift .. We can compute lifts of 2t,..., (£ —1)t
using chain mult from Section bwain, there is no reason these lifts should be
equal to the compatible lifts 2¢,, . . ., (¢ —1)t.. Hence, we cannot simply patch together
the /-times nY affine coordinates and hope to get the theta null point Oy.
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The fact of not knowing Oy seems to be a serious problem for the further steps of
the algorithm. Yet, we will see that the compatible lifts satisfy a certain property (they
are excellent lifts, in the sense of [Rob10]) and that we can compute them up to ¢th
roots of unity. To be more precise, for all 1 < u < ¢ — 1, we can compute the lift

2 ~
CZ/L : Utm
where (; is some unknown /¢th root of unity. This still does not allow us to obtain a
theta null point for (Y, M?, 0 \s), but as will turn out in Section we will not
need to know the exact value of (; to be able to compute a theta null point for (Y, M),
the desired output of the algorithm.

4.3 Endomorphisms of Y

So far, we have considered the isogeny 1o (Y,MP,0 ) = (X,L£,0,). This did not
allow us to obtain a theta null point Oy for (Y, M? © s ). However, as we will explain
in Section we can compute the /-times n9 affine coordinates

054" (Oy) = 694 (0x), (4.5)
G- 05 (Oy) = 072 (G o),

—1)2 ,0 ~ e) =12 7
G0 Oy) = 005G =1y,
where 6y is the affine lift of Oy from Definition (¢ is an unknown £th root of unity,
§ runs over K(M?);[n] and i = f'(j) runs over K(£);. We will show in Section m

how to get rid of the ambiguity due to (;.

For the rest of this section, let us suppose we knew a theta null point Oy for
(Y,/\/lﬂ,@M@). We could then, similar to the idea in Section try to apply the
isogeny theorem to an endomorphism u € End(Y) that satisfies au = 5. Indeed, we
then have u* M = MP. But such an endomorphism need not exist, so we cannot rely on
it. Instead, we use an idea appearing in [CRI11] and motivated by Zarhin’s trick [Mil86},
Rem. 16.12], used to show that for any abelian variety X, the abelian variety (X x X )4
is principally polarizable. Note that for any integer » > 1, the endomorphism § induces
an endomorphism 5*": Y" — Y7 of the r-fold product Y”. Choosing r > 1 allows
to search for an endomorphism F € End(Y") that satisfies FF = $*". If for exam-
ple r = 4, we know by [Sie21] that any totally positive element of O, is the sum of
four squares of algebraic numbers in the same field, i.e. there exist ai,...,a4 € Kj
that satisfy 8 = a? + -+ + aF (see Algorithm . In general, the «;’s need not be
integral and hence, need not be in End™(Y'). Yet, assuming they yield endomorphisms
of the (-torsion and the n-torsion subgroups (which is the case since [Of, : Z[r + ]|
is assumed coprime to ¢n, i.e. the denominators of the «;’s are coprime to ¢n), one can
take F' to be the endomorphism whose matrix Mr € Mat,(End™ (Y)) corresponds to
left multiplication by a; + a9t + agj + ask on the Hamilton quaternions over Ky, i.e.

(5] —Q9 —Q3 —Qy

(6) (6751 —Qy Q3
Mp =

Q3 Qg Qa2

Q4 —CQ3 2 aq

We then have FF = %4, since Mz = 'Mp and ‘Mp - Mp = SI4.
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In case 3 can be written as the sum of two squares of algebraic numbers, 8 = a2 +a32,
we take F' € End(Y?) to be the endomorphism whose matrix is

_ (a1 —2
My = <a2 - > |
Let r =2 or r = 4 and let F € End(Y") be such that FF = %", It is easy to see
that F* MG" has polarization isogeny ¢ppar = ¢pgzr 0 B = (b(M[;r)*r and hence,
0

F* M (Mﬁ)*r

both being totally symmetric. Consider the r-fold product theta structure © sy«
on (Y",(MP)*) determined by © s as in Section m Then, O s+ is easily seen
to be symmetric and by [Robl0, Rem. 4.2.15], it is also compatible with the descent
datum associated to M*" and the isomorphism F*M*" 2 (MP)*". Let ©/,,.. be the
induced F-compatible theta structure on (Y, M*") as in Proposition By [Rob10}
Rem. 4.2.15], the theta structure ©’, ., is symmetric as well. We have an isogeny of
polarized abelian varieties with theta structure

F: (Y7, (MY ©ppyer) = (YT, MY 0 ).

The isogeny theorem applied to F’ states that there exists A € EX, such that for all y =
(y1,..-,yr) €Y (k) and k € K(M*"); we have

eEy) =Y AR w = Y T,

TEK((MP)*7)1[(] TEK((MB)*m),[¢] s=1
F(T)=0 F(1)=0

where j = (j1,...,4r) € K((MP)*")1[n] is the unique element of K((MP)*"); that
satisfies F(j) = k. Here, we have used the fact that K((MP)*"); = K((MP)*")i[n] @
K((MPB)*7)1[f], that k € X"[n] and that ker F C Y"[¢]. Specializing to y = Oy, we

obtain
U IV SR | et

TEK((MP)*7)1[f] s=1
F(m)=0

The affine version of F' o "
F:Y" =YY"
is given by
S} xr T/
OCRTat) S SE | (e (46)
TEK(MP)m),[g] 5=1
F(m)=0

and in particular
o’ *r (N
b Ov) = ) H%TT’Z (4.7)

TEK((MP)m)1[f] 5=
F(m)=0

Hence, (4.7) allows us to compute a theta null point Oy for (Y7, M7, 0 (). Yet,
there are two major obstacles that we have to overcome:
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i) As mentioned at the beginning of this section, we do not know the theta null
point 0y for (Y, M#, 0 ms). We know ¢ “parts” of it, each up to an unknown root
of unity, see (4.5). Hence, when trying to evaluate the right-hand side of (4.7)),

. (S] ~ . . .
what we substitute for Hjsﬁr"fs (Oy) is the (js + 75)th coordinate we have at our
disposal, which differs from the correct value by an ¢th root of unity. We will

show in Section m that we can still correctly compute Oy this way.

ii) There is no reason the theta structure ©’,,., is of product form, i.e. an r-fold
product theta structure. If it were the product of say ©',, (a theta structure
on (Y, M)), then the coordinates for ©’, .. would be given by

o’ - o’ o'
O = O M @ O,

for all k = (k1,...,kr) € K(M*")1, and one could easily obtain the (projective)
theta coordinates for a single factor (Y, M, ©',,). What we do in Section {4.5|is to
seek for a metaplectic automorphism of H(da+-) that turns ©’y,.. into product
form and then apply the symplectic transformation formula to the theta coordi-
nates for (Y, M*", @', (..). If the new theta structure on (Y, M*") is the r-fold

product of say O, then we can obtain the (projective) theta coordinates of 0y
for (Y, M, 0O n).

4.3.1 Computing aq,...,q,

We give an algorithm for the case ¢ = 2 and r = 4. In this case, [ is a totally positive
element in the real quadratic number field Ko, and N, /g(8) = £. Let T' = Tg, /o(8) €
7 be the trace of 8. Then 3 is a root of the polynomial 22 — Tz + ¢ € Z[x]. Let
ai,...,a4 € Z>o be integers satisfying a?+---+a? = (. Since f3 is real, we have T? > 4/,
and thus |T| > 2v/0 > 2a,. Moreover, 3 is totally positive and hence, we have T > 0.
Let by,--- ,bs € Z>( be such that b2+ -+ b2 =T — 2a;. We have

(a1 = B)* + a3 + a3 +af = € — 2a: 8 +
=0—TB+p*+ (b +---+b7)8
= (bf + -+ bD)B.

If we let
ap—f —a —as —ay
. as ap— B —ay4 as
M= as a a1 — f —ag € Mat4(K0), (4.8)
(21 —as a2 a; — 3

then the linear isomorphism
K§ — K¢, ¢ Mc
sends an element of squared norm Hc||2 to an element of squared norm
[Mc|* = ((a1 — B)* + a5 + a3 + a3)|lcl|* = (b + - - + b3) Bllc]|.

Here, the word squared norm is used for the sum of the squares of a vector in Kél,

and should not be confused with the norm Ny, g on K. It suffices then to find a
vector ¢ € K§ of squared norm ||¢||? = m. The columns of the matrix
1 4
by —by —bs —by
by by —bs bs
by by b1 —bs
by —bs by b1

N = S Mat4(K0) (49)

72



are pairwise orthogonal, and of squared norm b% + - - - + b3. Hence, the columns of N~!

are pairwise orthogonal too and of squared norm m. Taking ¢ to be the first
1 4

column of N~1, we have Mc € K and ||[Mc|?> = 3. That is, 3 is a sum of four squares.

Algorithm 1 Computing o, ..., a4 in case [Ky: Q] =2

Require: 8 € Ok, totally positive
Ensure: ai,...,a4 € Ky satisfying 8 = a2 + -+ + a2
1: compute ay,...,as € Zsg such that a? +--- + a3 = Nio/0(B)
2: compute by, ...,bs € Z>p such that b2 + -+ + b3 = Tk, /0(8) — 2a1
3: compute N~! € Maty(Ky), where N is as in (4.9))
4: return Mc, where M is as in and c is the first column of N1

4.4 Computing the theta null point Oy for (Y™, M. 0 fur)

This section is about how to correctly compute the right-hand side of . Let Oy
and ¢ be the affine lifts given as input of the algorithm, both in theta coordinates
for (X, L£,0,). Here, t is a fixed generator of the kernel G of f, L is a totally symmetric
line bundle of type d; = (n,...,n) on X, for n = 2 or n = 4, and O is a symmetric
theta structure on (X, £). Let (Y, M?,0 ,s) be the polarized abelian variety with theta
structure from Section and let

f/: (KM/B7®M5) — (X7£7®[,)

be the B-contragredient isogeny of polarized abelian varieties with theta structure.

Recall the algorithm chain mult(m,Z,0x) from [Robl10, §4.4] and Section that,
given m € Z, an affine lift Z and a theta null point 0x for (X, L,0,), computes an affine
lift of maz. The compatible lift ¢, of ¢, as defined in Definition satisfies a certain
property, following [Rob10, §7.4].

Definition 4.8. A lift & of 2 € X[(] is called excellent with respect to (X, £, 0., 0x) if
chainmult(m +1,%,0x) = — chainmult(m,Z,0x),
where ¢ = 2m + 1 and the lift — chain mult(m,Z,0y) is as in Proposition m
By [LR12, Lem. 3.10], for any u € Z and X\ € k* we have
chainmult(u,\-Z,0x) = AV chain mult(u,Z,0x).

To compute an excellent lift of ¢, we look for a scalar A\; € k* such that \;-¢ is excellent.
Using that

. i (m+1)2 . TR
chainmult(m+ 1, A\ - ¢,0x) = A -chainmult(m + 1,¢,0x)

and

chain mult(m, A %V,EX) = )\;nQ - chain mult(m,t,0x),

the lift \; - £ is excellent if
A chainmult(m + 1,¢,0x) = — chain mult(m,%,0x).

This determines A\{ uniquely. Hence, for any ¢th root A; of Af, the lift \; - is excellent.
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Algorithm 2 Computing an excellent lift of ¢

Require: lifts £ and Ox of ¢ and Ox for (X, £, 0/) respectively

Ensure: an excellent lift 7, with respect to (X, L, 65,6)()
1: compute chain mult(m,?,0x) and chainmult(m + 1,¢,0x), where £ = 2m + 1
2. compute the scalar x € kX such that

k- chain mult(m + 1,?,6)() = — chain;nult(m,?,ax),

where — chain mult(m,,0x) is as in Proposition m
3: compute \; € kX such that \{ = &
4: return A\, -t

We will analyse the complexity of Algorithm [2]in Section [6]

4.4.1 The compatible lifts are excellent lifts

We will show that the compatible lift te = f’(TBﬂﬁy) is an excellent lift with respect
to (X, L£,0,,0x), and that for all 2 < u < ¢ — 1, we have

ut. = chain mult(u, te, 5X)

Hence, when computing an excellent lift #, of ¢, it will differ from ¢, by some £th root
of unity (, i.e.

te = Ct “te.
Let us recall Lemma 3.9 and Corollaries 3.16 and 3.17 from [LR12].

Lemma 4.9. Let f’: Y — X be the affine version of f': (Y,MB,@MN;;) — (X, L£,0r)
as in (4.1). Let Ox be a fized theta null point for (X,L,0r) and let Oy be the unique
theta null point for (Y, MP 0 ) that satisfies f'(Oy) = Ox. For all 2,2 € K(M”")
and 7,7,y —y € Y, we have

i) —(280y) = (—2)®0y;

—_— —_~ -

i) (z42')@ chain_add(y, 7,y —y',0y) = chain_add(za 7,2 87, (z—2 By —y,0y);
iii) J'(chain_add(7, 7,y — y,0y)) = chain_add(J' @), J'(@), J'(y — ). Ox).
We can show:

Lemma 4.10. Let z € K(MP) and let u € Zsq. Then, for any 7,5,y +y' € Y, we
have
chain_mult(u,z8y,0y) = uz® chain_mult(u,y,Oy)

and
chain.multadd(u, z8y +y',z87,7,0y) = uz® chain.multadd(u,y + . 7,7 ,0y).
Proof. Let us first recall that chain mult(u,,0y) is defined as

chain mult(u,7,0y) = chain_multadd(u,7, 7,0y, Oy),
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and that we compute chain multadd(u,y,y, 6y,6y) recursively as
chain multadd(u,y, 9, 6y,6y) (4.10)
= chain _add(chain multadd(u — 1,7, ¥, 6y,6y), ¥, chain multadd(u — 2,7, 7, 6y,6y),6y).
Hence, we can write chain mult(u,y, Gy) recursively as
chain mult(u,y, 6y) = chain_add(chain mult(u — 1,7, 6y), ¥, chain mult(u — 2,79, Gy),ﬁy).
Note that we have

chain mult(0,7,0y) = Oy,
chainmult(l,y,0y) =7,
chain mult(2,y,0y) = chain_add(y,y, 0y, Oy ).

We prove the first claim by induction on u. For © = 1 we have
chain mult(l,z®y, Gy) =z@y = z® chain mult(l,y, Gy)
Assume that the statement is true for all v < u, and write
chain mult(u+ 1,z@7,0y)
= chain_add(chain mult(u, z8 7Y, 6y), z@ Y, chain mult(u — 1,287, 6}/),6}/)
— chain add(uz® chain mult(u,7,0y), 287, (u — 1)z@ chain mult(u — 1,7,0y),0y)

= (u+ 1)z8 chain_add(chain mult(u,y, 6y), ¥, chain mult(u — 1,7, 65/),65/)
= (u+1)z® chainmult(u + 1,7,0y).

This proves the induction hypothesis. The proof for chain multadd is similar, except

that we use (4.10)). O

We are now able to prove the key result:

Proposition 4.11. The compatible lift t. of t is an excellent lift with respect to (X, L, @L,GX),
and for all 2 < u <€ —1, we have

ut. = chain_mult(u, te, GX)

—_—

It follows that 2t.., ..., ({ — 1)t are excellent lifts too.

Proof. Let Oy be the unique theta null point for N(Y, MP 0 ,s) that satisfies f’(ﬁy) =
Ox. Then, for 1 < u < ¢ — 1, the compatible lift ut. of ut is defined as

ute = f(urs0y),

where 7 € K(M?#)1[f] is the unique element of K (M”?); that satisfies f'(7) =t (recall
that ker f' C K(M?)3). Write £ = 2m+1 and observe that (m+1)7@0y = (—m7)®0y.
This follows from /7 = 0 and the fact that 7 ® 0y is an action when restricted to an e s-
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isotropic subgroup of K (M?#). We have

chainmult(m + 1,7, 0x) = chainmult(m + 1, f (7= 0y), Ox)
= f'(chainmult(m + 1,780y, 0y)) by Lemma [£.9]iii)
= f'((m + 1)@ chainmult(m + 1,0y,0y)) by Lemma {.10]
= J'((=m7)=0y)
= f/(—(m7 & chainmult(m,0y,0y))) by Lemma [4.9] 0)
/(= chain mult(m,7m0y,0y)) by Lemma
— chain mult(m, F(T m0y),0x) by Lemma [4.9] i)

= — chain_mult(m, t,, GX),

and therefore ¢, is an excellent lift for (X,L,0 5,6)(). Moreover, for 2 < u < £ —1, we
have

ute = f'(ur=0y)
— f'(ur @ chainmult(u,Oy,Oy))
— f'(chainmult(u, 7m0y, 0y)) by Lemma
= chain mult(u, f/(r@0y),0x) by Lemma [4.9] i)

= chainmult(u,.,0x).
The last assertion follows from the fact that for all v € Z>,
chain mult(v, chain mult(u,%.,0x),0x) = chain mult(u,chain mult(v,%., 0x),0x).

O

4.4.2 Independence of the choice of excellent lifts

Recall that so far we have applied the isogeny theorem to the isogenies of polarized
abelian varieties with theta structure

(v, MP0,5) = (X,L£,0;)

and
F: (Y7, (MO)Y" 0 ppyer) = (YT, MY 0 pur),

and that we want to compute a theta null point Oy for (Y7, M*", "vper ), following ([4.7)

as
O Oy = > H@Sﬁi

TEK((MP)*T)
F(T):O

for all k € K(M*")1, where j = (ji,...,jr) € K((MP)*")1[n] is the unique element of
K((MPB)*T) that satisfies F'(j) = k. Knowing the theta null | point Oy for (Y, MP 0 )

would require us to know the compatible lifts t.,2t,, ..., (E — 1)t of t,2t,..., (¢ — 1)t
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respectively, which we do not. However, if we compute an excellent lift te of t with
respect to (X, L£,0,,0x), then it will differ from ¢, by an unknown ¢th root of unity ¢,

te - Ct ' tc
chain mult(2,%,, ax) = Ct22

. o SR () L
chainmult(/ —1,¢.,0x) = ¢ S(L—=1)t

o
In theta coordinates this reads as
0% (1) = G- 0,747 (Oy)

Ggfj)(chainjnult@,te,OX)) = Ct 0. ﬁf (Oy)

. T —
e?vl(:j)(Chaannult(ﬁ - 1>t€7 OX)) = Ct( i ej'fi\&ﬁ nr (OY)’

where j runs through K(M?)i[n]. Writing 7 = (1,...,7.) € K(MP)*")1[(] as T =
(urT,...,up7), with 0 < wq,...,u, <€ —1, we compute the sum

DR | CE
]s+Ts
TEK((MP)*7)1]g s=1
F(m)=0

by substituting Hef )(chaannult(us,te,OX)) for 6, {‘ﬁf (Oy). In particular, what we
compute is the sum

u2+~~~+u
)3 v 050 Ov) - 075 (By).
TEK ((MP)*7)1[(]
F(m)=0

It remains to show that
w4 +ul=0 mod/,

for all (ug,...,u,) coming from a 7 = (w17, ...,u,7) € K((MP)™)1[f] N ker F. We
prove the case r = 4. The case r = 2 can be proven in a similar way.

Lemma 4.12. We have
K((MPYN 1[0 Nker F = {*Mp(71,7,0,0) : 71,72 € K(MP)1[(]}.

Proof. Observe that K ((MP?)**)1[f] is a rational subgroup, since isomorphic to G* via
the rational morphism (f’)**. Then, m preserves K(M?){[(] and hence, F and F
are endomorphisms of K ((M?)*)1[f] (since we assumed [Of, : Z[r + 7']] coprime
to ¢, the endomorphisms «;, when written as polynomials in 7, have denominators
coprime to £). Moreover, one can easily verify that Mp - tMp = BI;. We then have

F(K((MPYy*)[0) kerFﬂK((Mﬂ)*4) [¢] and we conclude by cardinality reason. [

For 71,79 € K(M?)1[(], we have

tMF(Tl,TQ, 0, 0) = (al(T1)+a2(T2), —a2(71)+a1(T2), —043(7'1)—044(7'2), —a4(7'1)+a3(7'2)).
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Write 71 = w17 and 7o = uoT, with 0 < uj,us < £ —1, and for s =1,...,4, let as be the
integer given by the action of ag on 7, i.e. 0 < as < ¢ —1 and a; satisfies

as(T) = asT. (4.11)
Hence, we can write

K((MPy*),[f) Nker F

= {((a1u1 + agua)T, (—aguy + ayus)7, (—azu; — agus)7, (—aguy + azuz)7) : 0 < up,ug < € — 1},
But
(a1u1 + asuz)? + (—asur +aru2)? + (—asur — asus)? + (—asur +asus)® = (aj+---+aj)(uf +u3)

and a? + --- + a% is a multiple of £, since it is given by the scalar of the action
of 3=a}+ - -+ af on 7. Summarizing the above we have:

Proposition 4.13. Let t, be an excellent lift of t with respect to (X, L, @5,6)(). We
can compute a theta null point Oya for (Y4,M*4,®’M*4) as follows: let k € K(M**),

and let j = (j1,...,j1) € K(MP)*)([n] be the unique element of K((MP)**); that
satisfies F(j) = k. Then, we have

I , ~ =
akM 4 (0y4) = Z H?fjl)(chazn,mult(alul + asus9, te7 Ox))
Ogul,uggffl
. 9?€j2)(chain,mult(—a2u1 + aluz,tNe,ﬁx))

. Hﬁfjg)(chain,mult(fagul — a4uQ,t~e,6X))

<00, (chain mult(—asur + agus, ., 0x)).

4.5 Modification of ©,,.. on (Y", M*") via a metaplectic automorphism

From the theta null point Oy~ for the symmetric theta structure Oy on (Y7, M)
from Section[.4]we cannot automatically recover a theta null point for (Y, M). We could
do so if ©’y . were of the form O * © y(+(»-1), for theta structures © ¢ and © ygu(r—1)
on (Y, M) and (Y"1, M*("=1)) respectively.

In order to obtain information about a single polarized factor (Y, M), we need to
modify ©'y,., via a suitably chosen metaplectic automorphism (an automorphism of the
corresponding Heisenberg group) so that it has the above form. In our case we will
seek for an automorphism of H (o) that turns ©’y .. into a theta structure of the
form (©q)*", where O is a symmetric theta structure on (Y, M). We explain how to
do that now.

Lemma 4.14. There exists a metaplectic automorphism M € Autpx(H(Ipmsr)) such
that the theta structure ©'y .. o M is a product theta structure.

Proof. Since M is totally symmetric, there exists a symmetric theta structure O
on (Y, M). We can then form the (r-fold) product theta structure (O )" = O *
<+ x Op on (Y7, M*"). Define M := @;\jﬁw o (Oam)*", which is clearly an element
of Autyx (H(dam+r)) and satisfies the above property. O
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4.5.1 Explicit computation of a metaplectic automorphism M

For simplifying notation in this section, we will write M? for M®2, (M?)? for (MP)®2,
etc. Lemma shows that @/M*?" can be transformed into a product theta struc-
ture via an automorphism M € Autyx(H(drxr)), but does not provide such an M.
By Proposition to determine a symmetric theta structure H(Jpg+r) — G(M*")
it suffices to provide a symplectic isomorphism K (25p¢+r) — K((M*7)2). Observe
that K(25p+r) = K((260m)*") = K(20pm) X -+ x K(2d0) and that K((M*")?) =
K((M?2)) = K(M?) x - x K(M?). We have the following proposition.

Proposition 4.15. Suppose that a symplectic isomorphism K(25pp+r) — K((M*")?)
is of product form. Then, the induced symmetric theta structure H(dpxr) — G(M*) is
also of product form.

Proof. Observe that the induced symplectic isomorphism K (dpqsr) — K(M*") is of
product form, then use Lemma O

We will now explain how to find the symplectic isomorphism K (26 ¢+ ) — K ((M*™)?)
that turns ©'y,., into a product theta structure. Consider the polarization (MB)?
on Y. It determines a symplectic pairing ey 4s)2 on K((MP)?) c Y[2¢n], which
equals ey, s when restricted to K(M®B) c Y[n]. Let {z1,...,24,21,...,2,} be any
symplectic basis of K((M?)?)[2n] = Y[2n] for e(msy2 above the symplectic basis of
K(MP?)[n] induced by © 5. By “above” we mean that {2z,,...,2z,,2%1,...,2%,} is
equal to the basis induced by ©,,s. We can then form an r-fold product symplec-
tic basis on K(((MP)*")2)[2n] = Y"[2n] for the pairing e((mp)r)2, that we will for
simplicity denote by {x;, &;}7_,. Let y; = F(z;) and g, = F(&;), for i = 1,...,gr.
The basis {y;, 9}, of K((M*")?) = Y"[2n] is not of product form, but is sym-
plectic for the pairing ey ry2. Also, let {ei, &}, be the r-fold product basis on
K((£*)?) = X"[2n] given by e; = (f")*"(z;) and & = (f)*"(&;), for i = 1,...,gr.
The basis {e;,¢;}7_, is symplectic for the pairing e(s)2. Finally, let {di, d;}9", be
the basis of K(((£%)*™)?)[2n] = X"[2n] determined by the property f*"(d;) = y; and
F¥7(d;) = Gi, for i = 1,..., gr (using the fact that ker f € X[¢]). The basis {d;, d;}7", is
symplectic for the pairing e((zsy+r)2 but is not of product form. The following diagram
might be helpful.

INXT

{es, é:} « r-fold, symplectic for e(puryy <————{x;,2;} : r-fold, symplectic for e rqeyer)2

V lF

{d;,d;} : non r-fold, symplectic for e((Ls)*r)2 fT> {i, i} : non r-fold, symplectic for e p 2

Analogous to the definition of the endomorphism F' € End(Y") of Section we can
define an endomorphism F' € End(X") via the matrix

a1 —Q9 —Q3 —04

(6] (5] —0y (0%}
Mp =

a3y ;a2

Q4 —CQ3 Q2 851

in case r = 4 and via the matrix

Mp

Il
7N

Q] —Q2
Qg oy
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in case r = 2. A simple diagram chasing shows that the dotted vertical arrow is
Fo (s,

so the non r-fold basis {d;, d;}9", of X”[2n] can be computed from the basis {e;, &},
Note that the basis {z;, #;}7_, is above the symplectic basis of K ((M#)*")[n] induced by
the theta structure G(Mg)”, and that the basis {y;, §;}_, is above the symplectic basis
of K (M*") induced by the theta structure @'y (... Now, if S pqery2 € Sp(K((M*)?))is a
symplectic automorphism such that the basis { Sz (), Scatery2 (9:) 12, of K ((M*T)?)
is of product form, then the induced symmetric theta structure from Proposition is
also of product form. That is, there exists a symmetric theta structure O on (Y, M)
so that the theta structure H(d+r) — G(M*") determined by the basis
{Srery2 (i), Seaqery2 (9:) }i2, is equal to (O )™

To find the symplectic automorphism S(y+r)2 in practice we have to work on X"
instead, i.e. look for a symplectic automorphism S((zs)r)2 € Sp(K (((£P)*)?)[2n]) that

turns the basis {d;,d;}?", into a product basis,

Lemma 4.16. Suppose that Sysy-ry2 € SP(X"[2n]) is a symplectic automorphism (for
the pairing e((sysry2 restricted to X" [2n]) such that the basis {S(zs)-r)2(ds), S((eayeryz (di) HE,
is an r-fold product basis of X"[2n]. Then, the basis {Snry2 (yi), S(amery2(9s) iy is an
r-fold product symplectic basis of K((M*")?) = Y"[2n] for eppury2, where Sippryz =
FXT 0 S((eayeryz o (f¥7) 71 € SP(K((M™)?)).

Proof. Write
S(M*T)Q (yz) = fXT(S((L[S)*r)2 (dz)) and S(M*T)Z (Qz) = fXT(S((E,ﬁ)*T)Q(Cii)).

Since {S((LB)*T)Q (dz), S((Lﬁ)*r)Q (dAl)}fil is an r-fold product bELSiS7 so is {S(M*T)Q (yi), S(M*r)2 (gl)}fil
]

For N € GLyy(Z/2nZ) we denote by A(N) the image of N under the block-wise
diagonal embedding
A: GLyy(Z/2nZ) — GLag,(Z/2nZ).

To compute such an S((zs)«r)2 € Sp(X"[2n]) in practice, we do the following:

Algorithm 3 Computing S((zs)sry2 € Sp(X"[2n])

Require: the 7-fold product symplectic basis {e;, &}/_; of X"[2n] for e(zr)2
Ensure: a symplectic automorphism S zsy«ry2 € Sp(X"[2n]) that turns {d;, d;}9" | into
a product basis
1: compute Mpogxr)-1 € Gliggr(Z/2nZ), the matrix corresponding to the action of
Fo (8%~ on {e;;, é; 19, i.e. the one corresponding to the change of basis from

{ei, &}, to {di, i},

2: for N € GLyy(Z/2nZ) do

3 if A(N)MF_OI(BXT),1 €  Spy,(Z/2nZ), where the symplectic group
Spog(Z/2nZ) C  GLog(Z/2nZ) is defined with respect to the pairing
( I Tar ) for the standard basis of (Z/2nZ)?9" then

4: return S pp)ry2 1= A(N)Mlgolwx,.),1

5. end if

6: end for
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We will analyse the complexity of Algorithm [3] in Section [f] The symplectic auto-
morphism S(( £#)sry2 determines a symplectic automorphism S(m#ryz, which by Propo-
sition determines a symmetric r-fold product theta structure

(OM)" s H(dper) — GM™T),

where O, is a symmetric theta structure on (Y, M). As a next step, we have to
apply the symplectic transformation formula for the metaplectlc automorphism M :

©'vier © (OM)*" to the basis of theta functions {0 " Yker(m#r), to obtain a basis of
theta functions ©0)" . .

{0'4 W= 0%1/\4 Q- ® QKTM }K/EK(M*T)I
for (Y7, M*", (©)™").

4.5.2 Applying the symplectic transformation formula

By the work of Candelori [Canl6] (especially Theorem 4.2.1) the symplectic transforma-
tion law for analytic theta functions (Theorem holds for algebraic theta functions
as well. For simplicity of the exposition, suppose we work on one factor of Y as opposed
to Y". Recall that M is an nth power of a symmetric principal polarization on Y, for
n =2 or n = 4, hence a totally symmetric ample line bundle. Let ©',, be a symmetric
theta structure on (Y, M) with induced basis

(09% i e K(M)).

Let M € Autyx (H(0am)) be a metaplectic automorphism and let © 5 = ©’, ;0 M be the
resulting symmetric theta structure on (Y, M), with induced basis

{05 j € K(M)}.

Note that the symplectic decompositions on K (M) induced by ©,, and © are not
the same. Hence, writing K (M) is ambiguous, one has to be clear what decomposition
of K(M) is understood (i.e. from what theta structure this decomposition is induced).

Unfortunately, the bases {Gie M1 and {H?M} are not well suited for the transformation
law. We treat the case n = 2 and n = 4 separately.

The case n = 4. In Section [L.3J] we have introduced the notion of level-4 and level-
(2,...,2) theta functions for two particular bases of I'(CY/QZI & Z9, £g4), where Lq is
a principal polarization on C9/QZ9 @ 7Z9. The two bases are linked by the linear change
of coordinates (1.28). This motivates to define an algebraic analogue of level-(2, ..., 2)
theta functions for I'(Y, M) with respect to ©’,, (and similarly with respect to © ).

Let Y[4] = K(M)1 ® K(M) be the symplectic decomposition induced by ©'y,
Multiplication by 2 gives a surjection on Y[2] and hence, we have a decomposition
Y[2] = K1 & Ks, where K, = [2]K(M),, for v = 1,2. For i € Y[2] we can distinguish
one particular element i € Y'[4] satisfying [2]2 = i (in general, such an element is defined
up to Y[2] only). Namely, if i = @/M(L) then + € 2K(dzm), hence it makes sense to
consider +/2 € K(6p), and put 7 = @/M(L/2). Recall that K (6u) = Z(0p) @ Z(6r1),
where Z(6pm) = @Y_, Z/4AZ, since the type of M is oy = (4,...,4) € Z9.

For i; € K; and is € Ko we define the algebraic level-(2,...,2) theta function with

characteristic i1, 12 as
6/
61’1% = Z eM( 117Z2>9 i/lzl~ (4.12)

i&EKl
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The family
{92% 111 € Kl, 19 € KQ}
forms a basis of I'(Y, M) for ©, . One can go back from level-(2,...,2) to level-4 via
e 1 NN -
6, M = % Z em(i — 2i,i2)0577 (4.13)
12€ K>
for all i € K(M);. Recall that the field & is of characteristic p > 2.

If M is a metaplectic automorphism of H(dr¢), denote by S € Sp(K(M)) the
induced symplectic automorphism of K (M) for exq. Letting © 4 = ©’, 0 M, the auto-
morphism S converts between the bases of K (M) induced by ©',, and © r( respectively.

t -1
With respect to the basis of K(M) induced by ©’,,, we can write S = (é g) €
Spoy(Z/AZ). For iy € K1,i2 € Ky, let j1,j2 € Y[2] be given by

j1 = Diy — Clig + 0 ,(2(C*D)o) (4.14)
j2 = —Biy + Aiy + 0 (2(A'B)o),

where (-)g denotes the vector of diagonal elements. Rephrasing Theorem for alge-
braic level-(2,...,2) theta functions:

Theorem 4.17. Let ©, and O be two symmetric theta structures on (Y, M), and
let M € Autyx (H(dr)) e the metaplectic automorphism such that © pq = ©'y oM. Let
S € Sp(K(M)) be the induced symplectic automorphism, and write S = t(g g) 1 €
Spoy(Z/AZ) with respect to the symplectic basis of K(M) induced by ©'.

Then, for all y € Y (k), there exists a constant X € kX (depending only on y and S)
such that for all iy € Ky,i0 € Ko,

oM (y) = X -em(Diy — Cig, —Biy + Aig +@/M((AtB)0))eM(i1,ig)*léelfw (y),

J1.J2 1,82
where ji and jo are as in (4.14]).

Knowing how the level-(2,...,2) basis {0;91{‘;-‘2} is related to the level-(2,...,2) ba-

sis {92’;’; }, we can describe the symplectic transformation formula from the basis {H?M}

to the basis {GJQM} in three steps:

i) Use the level-4 to level-(2,...,2) base change formula for algebraic theta func-
tions (4.12)).

ii) Apply the symplectic transformation formula for algebraic theta functions (The-

orem {4.17)).

iii) Use the level-(2,...,2) to level-4 base change formula for algebraic theta func-
tions (4.13).

The case n = 2. The case n = 2 is more subtle since we do not have a convenient basis
such as the level-(2,...,2) theta functions at hand. However, the squares of the level-
(2,...,2) theta functions form a generating family for I'(Y, M). So, on one side we have

the basis {Gi@ Miie K (M)1} (of level-2 theta functions) and on the other side we have
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the generating family {(02//;’;)2 tip € K(M)y, 42 € K(M)z}. These two families are
related, and we refer to [Coslll (3.12) and (3.13)] for the conversion formulas. Hence,

the symplectic transformation from the basis {H?M} to the basis {HJQM} is again done
in three steps:

i) Use the conversion formula to go from the level-2 basis {O?IM} to the family of
squares of level-(2,...,2) theta functions.

ii) Apply the symplectic transformation formula for algebraic theta functions (The-
orem [4.17). It is perfectly applicable to the squares of the level-(2,...,2) theta
functions as well.

iii) Use the reciprocal conversion to go from the squares of level-(2, ..., 2) theta func-
tions to the basis {GJQM}.
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Algorithm 4 Computing a theta null point of Y = X/G for (M, O )

Require: 3 € End'(X) of degree ¢2, and lifts t,0x of t and Ox for (X, L, 0 ) respec-

tively, where t € ker 3 is of order £ and G = (t) is Gal(k/k)-stable

Ensure: a lift Oy of Oy for (Y, M, 0 )

1:
2:

N

compute an excellent lift ¢, of ¢ with respect to (X, L, @[;,5)(), see Algorithm
compute aq,...,q, € Ky such that g = a% 4+ 4 a?,, see Algorithm
compute 0 < aq,...,a, < £—1such that forall s =1,...,r,

as(t) = ast

(knowing that a, € Q(7) with denominators coprime to ¢, it suffices to know the
scalar by which 7 acts on t)
if r =2 then

for each k € K(M*?)1, let j = (j1,j2) € K((MP)*2)1[n] be the unique element of

/

[S) ~
K ((MP)*2); that satisfies F(j) = k; compute ,_**(0y) as

b Oy2) = Y 69%, (chainmult(aru., 0x))
0<u<e—1

. 0?,@2) (chaianult(fagu,tNQ,ﬁx))

else if r = 4 then
for each k € K(M**)1,let j = (j1,...,j1) € K((M?)**)1[n] be the unique element

’

o |~
of K((MP)**); that satisfies F(j) = k; compute 6,_**"* (0y1) as

Q' 4~ ) o~
0, (Oya) = Z H?fjl)(chalnjnult(alul + agua, te,0x))
OSul,uQSE—l
. Q?sz)(chainmult(—agul + aluz,fe,ax))

. H?fjs)(chainjnult(—agul — U/4U2,’£€,6X))

. 99<

f,(j4)(chain4nult(—a4u1 + a3u27t~e76X))

8: end if
9: compute the r-fold product symplectic basis {e;, & }{_; of X"[2n] for e(z+ry2 in theta

10:

11:

12:

coordinates, using the action of the theta group G(£*") on I'(X", L*")

compute Si(gsyry2 € Sp(X7[2n]) that turns the basis {d;,d;}9", into a product
basis, see Algorithm (either if we know how to lift End(X[2n]) to End(X[2n]), or
using the theta to Mumford conversion when working on the Jacobian variety of a
hyperelliptic curve)

let M € Autyx (H(6rmer)) be the metaplectic automorphism induced by S((zs)r)2
that turns ©’y (., into an r-fold product theta structure (©4)*"; apply the symplec-
tic coordinate change from Section K4.5.2 to {083‘4“‘ (Oy+) to obtain the

keEK(M*7)y
for (©a)*"

coordinates {G,EGM)*T(AGYT)}
KEK(M*T)y

return fix (ki,...,k,) € K(M*); such that pEM" (Oy+) # 0 and return

<9,?M (51/))

REK (M),

where _ N _ N
04 (0y) = 024 (0y) - 0o (Oy) - - - 02 (Oy)

for all Kk € K(M);
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We analyse the complexity of Algorithm [4] in Section [6]

Theorem 4.18. Algorithm |j| computes a theta null point Oy for (Y, M,0).

Proof. Observe that the ai,...,a, computed at step 3. are equal to the ay,...,a,
from (4.11]). By Proposition|4.13} step 5. or step 7. correctly computes (QSM*T(ayr))

Then, as explained in Section |4.5.2] step 11. computes the coordinates
{GL@M)” (Oyr) = 09M(Oy) - --65M (ﬁy)} of Oy for the product theta structure (O )*"

KER(M*7);

KEK(M*T)y

and hence, step 12. outputs an affine theta null point Oy for (Y, M, 0 ). O
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5 Evaluating the cyclic isogeny on points

In Section [4] we explained how to compute the k-rational principally polarized abelian
variety Y = X/G. To be more precise, we showed how to compute a theta null point Oy
for (Y, M, © ), given a theta null point Ox and an affine lift ¢ for (X, £, ©,), where ¢
is a generator of G. Here, the totally symmetric ample line bundles M and L are
nth tensor powers of the symmetric principal polarizations My and Ly on Y and X
respectively, with n = 2 or n = 4. Also, © y¢ and O are symmetric theta structures on
(Y, M) and (X, £) respectively. In this section we will show how to evaluate the isogeny
f: X — Y on points.

Let = € X (k) be a point of order N and suppose that N is coprime to ¢ - [O, :
Zlw + n']]. Let Ox and £ be as above and suppose we are given an affine lift
of x for (X,L£,0,). We will explain how to compute one affine lift y of y = f(z)
for (Y, M, O ). This defines a map

f: X \ {points of order not coprime to ¢ - [O, : Z[r + ]|} = Y,

where the affine coordinates on the cones X and Y are given by O, and O 4 respectively.

5.1 Applying the isogeny theorem to f’ and F

Similar to the ideas of Section [4) we will apply the isogeny theorem to the isogenies of
polarized abelian varieties with theta structure

f/: (KM/Bv(H)MB) — (XVCv@,C)

and
F: (YT (MY, 0 ppyer) = (Y7, MY, 0 pur).

Setting y = f(z), we want to compute an affine lift (083‘4” (y,()/,i, O))k ) of
€ )1

(y,0,...,0) and then modify ©’,,., by the same metaplectic automorphism of ()
as in Section 5] to obtain affine coordinates

S R ) 091 (y) - 0910y ) - - - 09M Oy ),

where © 4 is a symmetric theta structure on (Y, M). The affine version of the isogeny
theorem for F' states that for all y = (y1,...,y,) € Y"(k) with affine lift y for

(Y, (MP)*, O (mpeyrr), an affine lift F(y) of F(y) for (Y, M*, O/ ,..) is given by

reK (Mﬁ *r)l[f}s 1
F(T)=0

where j = (j1,...,4r) € K((MP)*")1[n] is the unique element of K((M5)*"); that
satisfies F'(j) = k. In our case, we want to apply to a point (y1,...,y,) that
satisfies F'(y1,...,yr) = (y,0,...,0). To obtain affine lifts y1,...,9, of y1,...,y, for
(Y, M50 ms), we apply the affine version of the isogeny theorem for f/, stating that
for all s=1,...,r and for all i € K(L)1,

695 (F'(ys)) = 05" (7). (5.2)
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where j € K(M?)1[n] is the unique element of K (M?); that satisfies f'(j) = i. We en-
counter the same problem as in Section that is, the left-hand side of provides
us with n9 coordinates only, as opposed to the n9¢ coordinates of g for (Y, M”, © MEB)-
We will explain in Section how to deal with this issue.

Let us explain how to find (y1,...,yr).

Proposition 5.1. Let (z1,...,2,) = F(z,0,...,0) € X"(k) and let y1,...,y, € Y (k)
be such that x1 = f'(y1),..., 2 = f'(yr). Then,

F(y1,.-.,yr) = (y,0,...,0).
Proof. First observe that FF = FF = 3*". We have

F(zy,...,2;) =" (x,0,...,0) = (f)*"(y,0,...,0)

and hence,
BXT(F(ylv"'vyT)) = F(f(xl)aaf(xr)) = fXT(F(-rl’"wx'r)) = er(yaoa"wo)'
But 8*" is injective on points of order coprime to £. O

5.1.1 Compatible lifts and suitable lifts

Following Proposition consider z; = ai(x), x2 = —ag(z) (in case r = 2) and
r1 = aq(z), v2 = —aa(x), z3 = —asz(x), x4 = —as(z) (in case r = 4). Suppose we
know affine lifts Z1,...,2, of xz1,...,z, for (X,L£,0,) (e.g., since x is rational and
ai,...,ap € Q(m) have denominators coprime to N by assumption, ai,...,q, act on z
by scalar multiplication, so that we can compute Z1,...,T,). Let y1,...,y, be such that
x1 = f'(y1),-..,2r = f'(yr). Similar to Remark the isogeny theorem fixes
affine lifts 71, ..., 9, of y1,. ..,y for (Y, M?,© ) and yields n¢ out of n9¢ coordinates
for each of the ys.

Remark 5.2. If f'(ys) = xs, then f'(ys + t/) = z, for all ¢’ € ker f/ = K(MP),[0).
And if g is an affine lift of y, for (Y, M5, © ), then by Proposition an affine
lift of ys + ¢’ is given by t'®ys. On the other side, H?MB (Us) = H?Mﬂ (t'®ys) for all
j € K(MP)1[n]. Hence, when choosing ys, we do not have to worry about ker f’.

If we knew the n9¢ coordinates for each of the ¥i,...,%,, we could use (5.1]) to

compute the affine point <GS per (yﬁ,_.\f . Unfortunately we are not in this

0)
) KEK (M*7),
situation, but we do a similar observation to that in Section [{.2.1} if ¢ is the fixed

generator of G and if 7 is the unique element of K (MP)1[¢] that satisfies f'(7) = t, then
the action of the theta group G(M#) on Y and the affine version of the isogeny theorem
for f/ yield affine lifts

—_—~—

Tt t=f(T8T), @5+ 2t = ['(2reds),..., as+ (E— Dt = F(((—)rsF)
of xg+t,...,xs+ (L — 1)t, foreach s =1,... r.

Definition 5.3. Let © € X (k) and y € Y (k) be such that x = f/(y) (not necessarily
the input of the algorithm). Let T be a fixed affine lift of x for (X, £,©,). Let y be the
unique affine lift of y for (Y, M”,© ) that satisfies 7 = F'(§). For 1 <u < -1, the
affine lift f'(ur87) of x + ut is called the compatible lift and is denoted by

T +ut, = fl(ur@y).
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Knowing the lift s and the compatible lifts mc, o Te+ (0 —1)t,, for all s =

1,...,r, is sufficient to compute (HG/M” ,6,_.\f,0 )
P Ky ) KM,

condition. Similar to Section where we showed that the compatible lift t. is
an excellent lift with respect to (X, L£,0,,0x), we will show that the compatible lifts

, but is not a necessary

x1 +t,, ..., 2, + t. satisfy some compatibility condition, and that we can compute them
up to £th roots of unity.

Definition 5.4. Let x € X (k) (not necessarily the input of the algorithm) and let = be
a fixed affine lift of 2 for (X, £,0,). Let t and OX be affine lifts for (X, C, @,;) (e.g. the
input of the algorithm). We call an affine lift = + r +t of z + ¢ suitable for ¢, ¥ and Oy if

chain multadd(/, T+ t,1,7, GX) =

The computation of a suitable lift of x + ¢ is similar to the computation of excellent
lifts in Section we take any lift z + t and search for a scalar Aett € kKX such that
Aot .7 + t is suitable. Using [LR12, Lem. 3.10], we obtain that in order for A, - T+t
to be suitable, we need

)‘fﬂ-t - chain multadd(/, a—/t,%v, z, 6X) =7

This determines A, umquely Hence, for any ¢th root Ay4¢ of A, the lift Apye -z + T+t
is suitable for t 7 and 0 X

Algorithm 5 Computing a suitable lift of x + ¢

Require: lifts 7, t, z+tand Oy of x,t,x +t and Ox for (X, L, 0O ) respectively
Ensure: a suitable lift  + ¢ of = + ¢ for t,7 and Ox

1: compute chainmultadd(ﬂ,m,?,f, GX)

2: compute the scalar k € k* such that

chain multadd(/, T +t,1,7, 6X) =K T

3: compute \y4¢ € k* such that A, = &
4: return A,y - x/—\i-/t

We will analyse the complexity of Algorithm [5]in Section [6] Let us now show that the
notion of suitable lift is the correct notion.

Proposition 5.5. Let © € X (k) and y € Y (k) be such that x = f'(y) (not necessarily
the input of the algorithm) and let T be a fixed affine lift of x for (X,L,0r). Let Ox
be a fized theta null point for (X, L, @L) and let t. be the compatible lift of ¢ (see
Definition . Then, the compatible lift x + vt te of x + t is suitable for t., T and Ox,
and for allu=2,...,£ —1 we have

x + ut. = chain-multadd(u, mc,th, T, GX)

Proof. Let Oy and § be the lifts of Oy and y for (Y, M? 0 ) fixed by f'.0x and &
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respectively. Then, for all 2 < u < £ we have

chain multadd(u, mc, te, T, 6)()
= chain multadd(u, f’(T BY), ]?/(7' @0y ), f'@), f'(ﬁy))
= f’(chainmultadd(u7 ray,720y,7, 6}/)) by Lemma ii1)
= f(ur® chain multadd(u,7,0y,7,0y)) by Lemma
= f’(UT BY).

In particular, if u = ¢ then
fltrsg) = F(@) =

and for all other © we have

f(ursy) =z + ut,.

O]

In general, we do not know the compatible lift of z + t. However, we would like to
apply a similar idea to the one in Section i.e. starting with an arbitrary lift T+t
of x + t, if we make it suitable for ¢., % and Oy, then it will differ from T+ te by an ¢th
root of unity. The problem is that we do not know the compatible lift t. of t either.
The following proposition will be helpful.

Proposition 5.6. Let t (not necessarily e:r:cellent) T and Ox be fized affine lifts of t, x
and Ox for (X, L, @5) respectively. Let x tx+ v+t be an affine lift of:l: +t. Then, x T+t s
suitable for t,% and Ox if and only zfa; +t is suitable for ¢ -t,% and Ox, for any lth
root of unity C.

Proof. This is a direct consequence of [LR12l Lem. 3.10], saying that

chain multadd(?, m,{ 1,7, 6X) = Ce(efl) - chain multadd(¥, ﬁr/mf T, 6)()

5.1.2 Choice of lifts of = + ust

In this section we explain our choice of lifts gf r1,...,Zy. Our idea is based on the
Chinese Remainder Theorem. Let Z,t and Ox be ﬁxgd affine lifts of z,¢ and Ox
for (X, L,0,) respectively. Suppose that the lifts  and 0x satisfy

chain mult(N, 7, 0x) = Ox.

(We can easily modify Z in order to satisfy the above.) Suppose that, in addition, we
are given a lift of x + ¢ for (X, £,0,). For example, if we work on the Jacobian variety
of a hyperelliptic curve, then we can use the formulas of [vW98] and [Cosl1] to convert
between theta and Mumford coordinates. If we have converted the points  and t from
theta to Mumford coordinates, we compute x+t and convert back to theta coordinates.
This works because £ = EE)@", forn=2or n=4.

Let Oy and 7 be the unique affine lifts of 0y and y for (Y, M5, O \5) that satisfy
F/(Oy) =0x and f'(j) = &
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It follows immediately that chaannult(N y,Oy) = Oy. The lifts Oy and § determine
compatible lifts £, = f’(T m0y) and = + T+t = f’(T By) of t and x+t respectively, where T
is the unlque element of K (M?#)[/] that satisfies f'(1) = t.

Let t. be the excellent lift of ¢t with respect to (X, L, @E,Ox) computed in Sec-
tion From our initial lift of = +t we compute a lift z + ¢ that is suitable for le, T
and 5X. By Proposition the lift  + ¢ is suitable for te, T and Ox as well. Hence, it
differs from :E:L/tc by an unknown f¢th root of unity (; 4, i.e.

Tt = Gope T Lo

Let 3 + 7 be the lift of y + 7 induced by f’ and z + t. It is not hard to see that

P

Y+7=Copr - (TEY).

Let

¢t LINZL X LT = L/NUL, (a,u) — gy
be the inverse of the projection morphism. For s = 1,...,7, let as, be the inte-
ger (mod N) such that z; = as(z) = as 2. Define lifts of z1, ..., z, as

T = chainmult(c[asyz’o},x/—\i—/t,ax), fors=1,...,r. (5.3)

Indeed, = + t is a point of order N¢ and ¢, , o] is congruent to as, modulo N and

congruent to 0 modulo ¢. The lifts 71,..., 7, and fv’ fix lifts ¥1,...,9yr of y1,...,y,, and
using the compatibility of the affine isogeny f’ with chain_mult, it is not hard to see
that

Us = chainmult(c[as’mo],yfﬁ',ay), forall s=1,...,r

Knowing the lifts 41, ..., %,, or equivalently knowing the compatible lifts
{xmtc:s: L..o,ryus=1,...,0—1},

where

T+ Uste = f'(usTBTs) = f(usT @ chaianult(c[asmO],y/—l\—/T,ﬁy)), (5.4)

we could substitute their coordinates in the right-hand side of (5.1)) and compute the

affine point (08/‘4 (y,O/,T_f But of course we are not in the situation

0 .
’ ))keK(M*")l
where we know the lifts 41,...,y,. We have the following key result.

Proposition 5.7. Let Ox and T be fized affine lifts of Ox and x for (X, L,0r) respec-
tively, and suppose chain_ mult(N T OX) =0x. Let t, be a fized excellent lzft of t with
respect to (X, L, GE,OX) and let +t be a fized suitable lift of x +t for to, T and Ox.
It differs from the compatible lift x + T+ te by an Lth root of unity Cpqy. Let x1,...,T, be
the lifts of x1,...,x, as defined in . Fors=1,....,1r andus=1,...,¢—1, define
a lift of x5+ ust as

—_—— —_—~— ~

Ts + ust := chain-mult(cl, , )T +1,0x). (5.5)

Then, we have

e~ 2 e~

uS
Ts + ust = Cx+t < Ts + Uste,

where the compatible lift of x5 + ust is as in (5.4)).
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Proof. Observe that for s =1,...,r,
Ys = chainjnult(c[aswo},y/—\&—/T,ﬁy) = chain mult(cyq, , 0] Cott - (T8 37),53/)
= chain mult(cjq, , 0, T BY; 0y) by [LRI2, Lem. 3.10], since Clas,0) =0 mod £
= chain mult(cy, , 0 ¥, Oy) by Lemma since [y, , 00 =0 mod £.

Now,

—~— ~

Zs + ust = chain mult(c Clas.sius]y T T+t t,0x)
f'y+7),0x)

= f’(chainmult (C[as,z,us]vy + T, Oy))

= F(chainmult(c[asmus], Cogt - (T8 @,6;/))

= chain mult(cjg, , u,]

= (Cx-‘i; S - chain mult(cl, , u,]> TBY, 6y))

f (Cz+t (usT® chain mult(c, , u.]s Ys 6y)))
(since c[q, , u,] = us mod ¢, and Lemma 4.10)

2~ o~
= ;fit f(usT chain mult(cy, , 0¥, 0y))

(since chain mult(N,7,0y) = Oy)
2 ~
= ;Ljrt - f'(ustm7s) (by the above)
2
= :Z—si-t “ s+ ustc

Hence, when substituting 0?@5)(chain;nult(c[as’xﬁus],m,ax)) for §OM? (@) in

Js+Ts
Z H ]s+7's ys

TEK((MP)*7)[¢] 5=1
F(r)=0

where ji, ..., 5. € K(MP)[n]and T = (11,...,7) = (w7, ..., u.7), with 1 < g, ..., u, <
{ — 1, we actually compute

u2+--~+u ~ ~
S GO @) 0 ). (5.6)
TEK((MP)*T)1[4]
F(T)=0

Let us consider the case 7 = 4. The case r = 2 is easier and can be proven in a
similar way. In Lemma we have seen that

K((MPY*H[0) nker F = {'Mp(r1,72,0,0) : 71,72 € K(M?)1[(]}.

Write 71 = w17 and 7o = uo7 with 0 < wuj,up < ¢ —1, and for s = 1,...,4, let a, be
the integer (mod ¢) given by the action of o on 7, i.e. a,, satisfies
as(T) = as ;7. (5.7)

We then have
K((MP)*)1[¢] Nker F

= {((a1,ru1 + ag7u2)T, (—az ru1 + a1 7u2)T, (—a3 + U1 — Qa7 U2)T, (—Qa ;U1 + a37u2)T) 1 0 < ug,up < £ —1}.
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Proposition 5.8. Let Ox and T be ﬁxed aﬁ?ne lifts of Ox and x for (X, L,0r) respec-
tively, and suppose chain_ mult(N T OX) =0x. Lett, be a fized excellent lift oft with
respect to (X, L,Or, OX) and let 7 + t be a fized suitable lift of x+t forte, T and Ox. We

can compute an affine lift (QS/M“ (ymo))k Kt of (y,0,0,0) for (Y4, M*4, "ogea)
S *4)1

as follows: let k € K(M**); and let j = (j1,...,j1) € K((MP)*)1[n] be the unique
element of K((MP)*)y that satisfies F(j) = k. Then, we have

S . —_
0, *(y,0,0,0) = Z 9?(3 )(chazn,mult(c[almaljuﬁ_@ﬁw],x +¢,0x))

Ogul,uggé 1
9? i )(cha'zln,mult(c[am,,wﬁuﬁauw], T+ tﬁx))
0? "(js )(Ch’a'in*muz’t(c[aa.m,—a3.7u1—a4.7u2] T+ t,ax))

9? ia )(chain,mult(c[aélvm,_a“uﬁa&rug], T+ tﬁx)).

PT’OOf. By " it suffices to show that (aLTul —|—a277u2)2 + (—ag,,rul —|—a1’7u2)2 + (—a377u1 —
agru2)? + (—agru1 + as ruz2)> =0 mod ¢. But

(a1,rur+az uz)’+(—az rur+ay ruz)’+(—as ruy—ag ruz)’+(—as ;ur+as ruz)® = (a3 4+ +aj ) (ui+u3)

and aiT + -4+ aiT is a multiple of /¢, since it is given by the scalar of the action
of f=aj+---+ajonr. O

5.2 Modification of ©/,,.. via a metaplectic automorphism

We encounter the same problem than in Section that is, the symmetric theta struc-

ture ©y (. on (Y7, M*7) is not of product form and hence, the affine point (083‘4” (y,ﬁ, 0))k )
c )1

from Section does not allow us to recover the theta coordinates of y = f(z) for a
single factor (Y, M).

Let M € Autyx (H(6a+r)) be the metaplectic automorphism from Section [4.5.1] that
transforms the theta structure ©’y,., on (Y, M*") into a symmetric product theta
structure (O ¢)*", where © ¢ is a symmetric theta structure on (Y, M). Similar to Sec-

tion{4.5.2) we apply the symplectic transformation formula to {GS hasr (y, a\/, 0)

ke K(M*),

and obtain

(0080 (157700 = 024 () 02 Br) 094 @r)}
KE )
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Algorithm 6 Evaluating the isogeny f on points

Require: lifts Z,¢ and Ox of z,t and Ox for (X, £, O ) respectively, where z € X (k) is

a point of order N (coprime to £-[Ok, : Z[r+71]]), and t is a generator of G' = ker f

Ensure: a lift y of y = f(x) for (Y, M,0\)

1:

modify z so that it satisfies chain mult(V,z, 6)() =0y

2. compute an excellent lift ¢, of ¢ with respect to (X, L, @5,6)(), see Algorithm
3: compute a lift of x 4+t for (X, L,0,) (e.g. using the theta to Mumford coordinate

conversion when working on the Jacobian variety of a hyperelliptic curve)
compute a lift « + ¢t of x + ¢ that is suitable for t.,z and Ox, see Algorithm

5 let aq,...,a, be as in step 2. of Algorithm [} compute 0 < a1 4,...,0,, < N —1

10:
11:

12:

and 0 < ayy,...,a,; < —1suchthat forall s=1,...,r,
as(z) = as v and o (t) = agyt

(knowing that a; € Q(7) with denominators coprime to N and /, it suffices to know
the scalar by which 7 acts on t)
if r =2 then

for each k € K(M*?)1, let j = (j1,j2) € K((MP)*2)1[n] be the unique element of

/

1) _
K ((MP)*?); that satisfies F(j) = k; compute 6, (y,0) as

@I * s . -,
0, ™ *(y,0) = Z 0?@.1)(chaannult(c[almalytu],x +1,0x))
0<u<t—1

e~ ~

' 9?’@2)(Chainmult(c[az,m*az,tu] , T+ 1, OX))
else if r = 4 then
for each k € K(M*)1,letj = (j1,...,j1) € K((MP)**)1[n] be the unique element

’

[S) —_—~
of K((MP)**); that satisfies F(j) = k; compute 6, (y,0,0,0) as

o, — . —~— ~

0, ™ “(y,0,0,0) = Z 9?,‘&1)(chalnmult(c[alyw7a17tu1+a2,tw], x+t,0x))
0§u17u2§2—1

. 6?,‘&2) (chain mult(Cla, , —as uitay. us]s T + t,0x))

S . -, X
: 9f/?j3) (Chalnmult(c[a&:ﬂ;7a3,tu17a4,tu2] T+ 1, OX))

. 9}?@4) (chain mult(Cla, ,,—ays,ui+as cus)s T+ t,0x))

end if

take the same metaplectic automorphism M € Autyx (H(Opxr))

as in step 11. of Algorithm and apply the symplectic coordi-

nate change to {QSM*" (y,0,...,0) to obtain the coordinates
ke K (M*T)y

{H,{;@M)” (y,ﬁ, 0)} for the product theta structure (©aq)*"
KEK (M*7)y

return fix (k1,...,k,) € K(M*"); such that 9,2@/\4)*" (y,ﬁ’ 0) # 0 and return

(QSM (m)ﬁeK(M)l )

where N N
OSM(G) = 05M(T) - 0 (Oy) - - 622 (Oy)

for all kK € K(M);
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We analyse the complexity of Algorithm [6] in Section [6]

Theorem 5.9. Algom'thm@ computes an affine lift y of y = f(x) for (Y, M,0xr).

Proof. Observe that the Algty -y At computed at step 5. are equal to the aqr,...,a,

from (/5.7)). By Proposition

5.8

step 7. or step 9. correctly computes (9@//‘4” ,ﬁ,o) .
P P y comp Ky ) K KM,

Then, as explained in Section [4.5.2} step 11. computes the coordinates

{00207 (9,0,77,0) = 02 @) - 023 Oy ) -+ 02 (Ov) }

of (y,...,0) for the product theta

KEK(M*T)1

structure (©a()*" and hence, step 12. outputs an affine lift y of y for (Y, M,0,). O
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6 Complexity analysis

The algorithms from Sections 4] and [5| depend on the following parameters:

the degree ¢ of the isogeny f: X — Y,

the level n = 2 or n = 4 of the theta functions that we use in the computation,
i.e. the integer n where £ = LJ",

the dimension g of the abelian variety X,

- the parameter r = 2 or r = 4,

the order N of the point = € X (k),
as well as on the sizes of the fields

- k=T, the field of definition of X,

ko, the field of definition of the affine theta coordinates of Oy,

- ki, the field of definition of the affine theta coordinates of ¢,

- kg, the field of definition of the affine theta coordinates of x,

- kg4t, the field of definition of the affine theta coordinates of = + .

Remark 6.1. If (X, Lo) is the Jacobian variety of a hyperelliptic curve C over Fy, we can
explicitly determine the fields ko, k¢, k; and k,4¢. Suppose that the Weierstrass points
of C' have coordinates in F a. Then kg is equal to Fjna. In general, if e X(F qd’) is
any F qd/—rational point on the Jacobian variety of C, then the theta coordinates of z’
will be elements of the composite field of Fqnd and F_4. Since x is [Fy-rational we have
that k; = ko = Fjna, and if [ is the smallest integer such that X[(] C X (F,), then k; is
the composite field of Fyna and F . In this case, the £th roots of unity form a subgroup
of IE‘le, hence an excellent lift ¢, of ¢ will also have coordinates in k;. Finally, by the same
arguments we have that k;4, = k; and that a suitable lift of x + ¢ will have coordinates
in k‘ert.

Denote by M(k), S(k), A(k) and D(k) the costs of multiplication, squaring, addition
and division in the field k respectively, and idem for the fields ko, k¢, k, and ks
Following [Robl0, 4.4.11] and [Robl0l 4.4.13], a chain addition for affine points with
coordinates in k; has complexity

(n9 + 29)M(ke) + (n9 + 29)S(ky) + nID(ke) + (4n)9A (ky),

and a chain multiplication chain mult(m,#,0x) requires at most 2log(m) chain addi-
tions, with a slightly different complexity of

(n9 + 29)M(ke) + n9S(kz) + n9D (ky) + (4n)I A (k)

each.

Complexity analysis of Algorithm The complexity of this algorithm is negligi-
ble, it depends only on the complexities of writing ¢ as the sum of two or four squares
of integers respectively, and inverting a 4 x 4 rational matrix.
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Complexity analysis of Algorithm The complexity is dominated by the chain
multiplication, which requires

210g(£/2) - ((n9 + 29)M(ks) + n9S(ke) + n9D (k) + (4n)I A (k)

operations, as well as taking an ¢th root of k.

Complexity analysis of Algorithm First, we need to evaluate the r endomor-
phisms aq,..., o, on the 2n-torsion basis {ei,...,eq,€1,...,€é4} of X[2n]. This com-
putation depends on g, n and log ¢ and is independent of £. It is very fast, supposing
we work on the Jacobian variety of a hyperelliptic curve and use the theta to Mumford
coordinate conversion. Then the loop is over a group of order

(29)% . if n =
4 GLoy (Z/20) = 22 - # GLyy(Z/27) Tf n=2
2229)° . 4 GLyy(Z/22)  ifn =4
see [Han06l, Cor. 2.8], but if N € GLyy(Z/2nZ) satisfies A(N)M (B”) 1 € Spyy,(Z/2nZ),
then N'N also satisfies A(N'N) M, 1(6*’") 1 € Spygy,(Z/2nZ) for all N' € Spyy(Z/2nZ),
so that we can expect the loop to stop after roughly
# GLyy(Z/2nZ)

iterations. Knowing that

9229°+9 . Spo,(Z/27) ifn=2

S 7/2n7) =
# p29( /2nZ) { 92(29%+9) . #Sp2g(Z/QZ) ifn=4

and

# GLyy(Z/2Z) _ y0291) ﬁ 1
# Spoy(Z/2Z) 22

we can expect the loop to stop after roughly

200 UH( 2+1>
2’L

iterations in case n = 2, and after roughly

(A
21

1=0

iterations in case n = 4.

Complexity analysis of Algorithm For steps 1. and 2. see the complexities of
Algorithms[I]and 2] If we work on the Jacobian variety of a hyperelliptic curve C over k,
then the excellent lift 7, will have coordinates in k;. For step 3., if we know the scalar
by which 7 acts on ¢ (which is easy to determine when working on the Jacobian variety
of a hyperelliptic curve), then this step is brought down to a computation in Z/¢Z. For
steps 5. and 7., we first precompute

chaianult(2,t~e,6X), ...,chainmult(¢ — 1,t~e,6x).
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Since t, is excellent, it suffices to compute the lifts chain mult(2,%.,0x), ..., chain mult(m-+
1, %, 6X), the remaining ones being determined by them. Since chain mult is defined re-
cursively using chain_add, we can compute chain mult(2, %Ve,ﬁx), ...,chain mult(m +
1,?6,6)() with m chain additions, i.e. to a total cost of

02 - ((n? 4+ 29)M(kt) + (n? 4+ 29)S(kt) + n/D (ki) + (4n)Y A(ky)).

Next, for each of the n9" elements k € K(M*");, computing the right-hand side of
the formula requires ¢/2 times (r — 1) multiplications and one addition in the field &,
leading to a total cost of

nI" 02 ((r — DM(k;) + A (k). (6.1)

For step 9., computing the symplectic basis {e1,...,eq,€1,...,€4} of X[2n] is rapid,
using the action of the theta group G(£) on I'(X, £). For step 10., see the complexity
analysis of Algorithm For step 11., if n = 2 we have to do the conversion from
level-2 to the squares of level-(2,...,2), then the symplectic transformation formula
and finally the reciprocal conversion from the squares of level-(2,...,2) to level-2, and
if n = 4 we have to do the change of basis from level-4 to level-(2,...,2), then the
symplectic transformation formula and finally the change of basis from level-(2,...,2)
to level-4. This, at first sight, seems to require 229" multiplications of elements of k; by
nth roots of unity and 2°9" additions in k; if n = 2 and 29" additions in k; if n = 4.
However, the theta null point Oy+ for (©)*" contains no more information than the
theta null point of 0y for O (6yr is just the theta null point of the r-fold product of
(Y, M, 0O )). Hence, knowing n¢ coordinates of Oyr as opposed to knowing all the n9"
coordinates is sufficient. And this performs step 12. at the same time. This observation
brings down the number of operations of steps 11. and 12. to n929" multiplications of
elements of k; by nth roots of unity and n9229" additions in k;. Overall, the cost of
Algorithm [4] is dominated by of steps 5. and 7.

Complexity analysis of Algorithm The complexity is dominated by the chain
multiplication, which requires

210g(¢) - (n? + 29)M(ko) + 198 (kus) + D (kys) + (4n)7 A (kyr))

operations, as well as taking an £th root of k.

Complexity analysis of Algorithm [6}, The chain multiplication in step 1. requires
2log(N) - ((n? + 29)M(ks) + n9S(ky) + n9D (k) + (4n)?A(k,))

operations, followed by the computation of some Nth root. For step 2., see the com-
plexity of Algorithm [2| or take the excellent lift ¢, computed at step 1. of Algorithm
Step 3. is not costly when working on the Jacobian variety of a hyperelliptic curve, and
requires one chain addition otherwise. For the computation of the suitable lift of = + ¢
in step 4., see the complexity of Algorithm [5| above. For step 5., if we know the scalar
by which 7 acts on ¢ (which is easy to determine when working on the Jacobian variety
of a hyperelliptic curve), then this step is brought down to a computation in Z/¢Z. For
steps 7. and 9., as opposed to steps 5. and 7. of Algorithm [4] we do not precompute
all the chain multiplications, since there would be a total of N/ precomputations to
perform, out of which at most n9"¢"/2r would be needed (which is way less, supposing
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that N > n9¢"/2~17). Hence, for each k € K(M*"); we compute ¢"/? times r chain
multiplications of size at most N/, followed by (r — 1) multiplications and one addition,
resulting in a total cost of

nd" "% [2rlog(NO)((n? + 29)M(ky 1) + n9S(kas) + 19D (ky 1) + (4n)? A(ky 1))

(= 1)Mkpd) + Ak (6.2)
By the same observation as in the analysis of Algorithm [ we can perform steps 11.
and 12. in n929" multiplications of elements of k. ; by nth roots of unity and n9229"

additions in k,i¢. Overall, the cost of Algorithm |§| is dominated by (6.2)) of steps 7.
and 9.
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7 Implementation

We have implemented the algorithm from Section [4] in Magma and have computed the
following example: let H be the hyperelliptic genus 2 curve over Fa3 given by the affine
equation
H:y? =2+ 2 + 323 + 2222 + 19z,

and let J = Jac(H) be its Jacobian variety. Then J is ordinary and simple and the
(irreducible) characteristic polynomial of the Frobenius endomorphism 7 is given by
Xr, (2) = 2441422 4+529. The endomorphism algebra End®(.J) = End(J)®7Q is isomor-
phic to the quartic CM-field K = Q(7) = Q[2]/(Xx, ), and the totally real subfield Ky C
K, corresponding to the Rosati-stable elements of EndO(J ), is generated over Q by w47’
(it is isomorphic to Q(v/2)). The real endomorphism 3 = —38(m; + 7T}L]) + 215 is to-
tally positive and of Ky/Q-norm 17 (i.e. a degree 172-endomorphism). Consider the
17-torsion point t = (22 + uyw + ug, v12 + vg) € J(Fa316), where

up = 10a'® + 9a'* 4+ 17a'3 + 502 + 140! + 19010 + 14a° + 146® + 507 + 2208 + a® + 19a* + 1303 + 202 + 150 + 7,
uo = 6a'® + 11a' + 17a’® 4+ 1902 + 10a™ + a'© + 21a® + 15a® + 18a” + 21a® + 5a° + 18a* + 4a> + 64> + 3a + 19,
vy = 19a'® + 11a' + 18a'® + 3a'? + 20a'! + 11a'° + 8a® + a® + 19a” + 5a® + 14a® + 3a* + 4a® + 10a> + 22a + 22,
vo = a'® +10a™ + 11a'3 + 2202 + 3a'! + 14a’° + 21a° + 5a® + 947 + 17a® + 20a* + 64> + 84 4+ 13a + 5

and a satisfies a'® + 19a” + 1945 + 16a°® + 13a* + > + 14a®> + 17a + 5 = 0. The
subgroup G = (t) is Galois-stable, since m;(t) = [6]t, and we have B(t) = 0. We
have computed the quotient J/G, which is isomorphic as a principally polarized abelian
surface to the Jacobian variety J’ of the hyperelliptic curve H' over Fo3 with affine plane
model
H' :y? = 52% 4+ 182° + 182 + 827 + 20z.

Indeed, the characteristic polynomial of the Frobenius endomorphism 7 equals xr,,
but H and H' have Cardona-Quer-Nart-Pujola invariants (c.f. [CNP05] and [CQO5])
given by [16,12,17] and [18,5,0] respectively and hence, the Jacobians J and J' are
non isomorphic (as principally polarized abelian surfaces). The computation took 363.2
seconds on a 2.3 GHz Intel Core i7 CPU with 8 GB memory.

Since Xz, = Xr, we know that J and J' are Fas-isogenous. But can we be sure
the isogeny is the one we computed? It has been verified by E. Milio that indeed, J
and J' are isogenous by an isogeny of degree 17. He did so by first computing the
Igusa invariants of the curves, from which he did then compute the Gundlach invariants
(those are invariants of the k-isomorphism class of the curve, with Jacobian variety
having real multiplication by Q(v/2), see [MR17]). The 17-modular polynomial (as
defined in [MRI7]) vanishes when evaluated at the Gundlach invariants of H an H' and
hence, J and J' are 17-isogenous.

You must be warned: on most examples I ran my code I was confronted to a serious
problem and the output failed. I managed to locate and identify the problem, but have
not yet managed to resolve it. There is, however, a small number of examples (including
the above) where the code runs well. I am still trying hard to resolve this issue. For
any additional information, please get in touch with me.
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8 Isogeny graphs

Let k be a fixed finite field of size ¢ = p". For abelian varieties X and Y over k, being
k-isogenous is an equivalence relation. Tate’s isogeny theorem [Tat66] gives a criterion
for X and Y to be k-isogenous, and it can be verified by comparing the characteristic
polynomials of the k-Frobenius endomorphisms 7wx and my on the QQy-vector spaces
ViX =Ty X ®z, Q¢ and VY =T;Y ®z, Qp respectively, where ¢ is any prime number
different from p. Knowing that X and Y are k-isogenous, there are many situations
where one would like to find an explicit isogeny between them (e.g. in the area of
Isogeny Based Cryptography, see [DFJP14] and [DF17]). Various attempts have been
made in dimension 1 [Gal99, [DG16l, BJS14], yet it remains a very difficult problem.
In higher dimension this becomes even less clear, due to our lack of understanding
of the “structure” of isogeny classes. To gain better understanding of this structure,
isogeny classes are commonly modelled as graphs. Isogenous varieties share the same
endomorphism algebra, whereas their endomorphism ring need not be the same (e.g. if
the endomorphism algebra is isomorphic to the CM-field Q(7) for some Weil g-number 7,
then any order containing  and 4 occurs as the endomorphism ring of an abelian variety
in this isogeny class, see [Wat69, Thm. 7.4]). Hence, one would like to study those
graphs with a special focus on the variation of the endomorphism ring under isogeny.
A complete description of such graphs for genus 1 has been presented by D. Kohel in
his thesis [Koh96], and more recent results on the structure of isogeny graphs in higher
dimension have been presented by [IT14, BJWI17, Mar18]. We will henceforth focus on
the results of [BJW17]. While their results deliver a description of the structure of such
graphs, our results from Sections 4] and [5| will come to hand for the explicit computation
of the edges in certain isogeny graphs.

8.1 Preliminaries

Let X be an abelian variety of dimension g over k. Let k be a fixed algebraic closure
of k. We suppose that X is ordinary, i.e. X[p](k) =2 (Z/pZ)9, where p = char(k). For
simplicity we will denote the base change Xj = X ®; k by X again. We also suppose
that X is absolutely simple, i.e. it does not admit a proper abelian subvariety over k.
According to [Wat69, Thm. 7.2], any (a priori k-) endomorphism of X is defined over k,
that is

End(X) = Endg(X).

For an ordinary and absolutely simple abelian variety X defined over k, we can thus
unambiguously write End(X). Note that the result of [Wat69] has to be understood
with care, the way it is stated is misleading: he requires X to be simple, which by
[Oor(7] (the remark below Exercise 18.11) is not enough. One should require X to be
absolutely simple.

Let m € Q be a Weil g-number whose conjugacy class represents the k-isogeny class
of X (Honda-Serre-Tate theory). That is, the k-Frobenius endomorphism my of any
k-isogenous abelian variety Y/k has the same minimal polynomial over Q as 7, and vice
versa, if Y is an abelian variety over k& whose k-Frobenius is conjugate to m, then Y
is k-isogenous to X. The endomorphism algebra End(X) ®z Q is isomorphic to the
CM-field K = Q(7), and we may choose the isomorphism such that 7x — 7.

If Y is an abelian variety defined over k that is k-isogenous to X, then

End(X) ®z Q = Endz(X) ®z Q = End(Y) ®z Q
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and hence, Endz(Y) ®7Q is again isomorphic to the CM-field K. Clearly, Y is ordinary
and k-simple. If Y is defined over k, then Y is absolutely simple, and we have End(Y) =
Endz(Y). The k-Frobenius mx of X and the k-Frobenius 7y of Y are conjugate (X
and Y share the same endomorphism algebra), hence Y is actually k-isogenous to X.
In this case we can say even more: if f: X — Y is a k-isogeny, and g: X — Y is any
other isogeny, then f~1og € End;(X) ®z Q = Endi(X) ®z Q and hence, g is defined
over k. To summarise:

Proposition 8.1. Let X be an ordinary and absolutely simple abelian variety defined
over k. IfY is also defined over k and k-isogenous to X, then all the isogenies between X
and Y are defined over k.

The isomorphism End(X)®7Q = K = Q(r) induces an embedding Endg(Y) < K
of the endomorphism ring of any k-isogenous abelian variety Y, and the embedding does
not depend on the choice of an isogeny X — Y. We can thus unambiguously denote
by O(Y) the order of K corresponding to Endz(Y) for any abelian variety Y in the
k-isogeny class of X. If Y is defined over k, then from what we have said above, Y
is absolutely simple and O(Y') corresponds to Endg(Y). Under this identification we
have my — w. Let Ky be the totally real subfield of K of degree g over Q. Define
the real order Op(X) = O(X) N Ky. We say that X has complex multiplication (CM)
by O(X) and real multiplication (RM) by Oy(X). Tensoring with Z,, for ¢ a prime
number different from char(k), we obtain the local CM order O(X) ®y Zy and the local
RM order Oy(X)®zZ; of X at £. This allows us to transfer the study of endomorphisms
of X to the study of endomorphisms of the ¢-adic Tate module Ty X. If X — Y is an
isogeny of /-power degree, then for any prime number ¢’ # ¢ one has

O(X) Rz Ly = O(Y) Ky, Ly (8.1)

(see [BJW1T, Prop. 3.4]). Hence, it makes sense to consider graphs of isogenies of fixed
prime-power degree, and study the local variation of the endomorphism ring under such
isogenies.

Notation 8.2. Let £ be a fixed prime number different from the characteristic of k. Let
Ky = K ®qp Qp and Koy = Ko ®p Q¢ be the local complex and real multiplication
algebras. Denote by ox = Ok ®z Z¢ and o, = Ok, ®z Zy the maximal orders of K,
and Ky ¢ respectively. Also, denote by o(X) = O(X) ®z Z¢ and 0¢(X) = Op(X) ®z Zy
the local CM and RM orders of X.

We can give a more explicit description of Ky, Ko, 0k, 0k,, etc. For more details, we
refer to [Neu99, Ch. II]. Let F' be a number field, fix ¢ a prime number and suppose
it factors in F' as fOp = [{*---[¢. Each prime ideal [; above ¢ induces a valuation
v,: F'— Z U{oo} on F, where for any x € F*, v, (z) is the exponent of [; in the
factorization of the fractional ideal xOp, and 0 — oo. We can then define a non-
archimedean absolute value
| . ‘[i: F — R207 xXr +— qi—v[i(a:)’

where ¢; = ¢fi with f; = [Op/l; : Z/{Z] the inertia degree of l;. Denote by Fy, the
completion of the valued field (F,| - |;). It is a finite extension of Q, and we have
[Fi, : Qi < [F : Q]. The absolute value | - |, extends to an absolute value on Fj,
(since R is complete), and we will again denote it by |- |;,. There is a second, equivalent
definition of | - |, on Fj,, involving the norm map N F,/Q F, — Qg and the /-adic
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absolute value |- |, on Q. Namely, for all z € F', one has
zli, = [NF, /0, (@)le-
The ring of integers of Fj; is
Op, ={z e R, |z, <1} ={z ek NF[Z_/QE(%‘) € Zy}.
It is a DVR with unique maximal ideal
Li={zeF,:|z|, <1},
and a generator is any w € £; of maximal absolute value. In fact, we have
£i =L0pg,

and hence, the ideals of Op, are of the form [["OF, , for some m > 0. It is a well-known
result that
Or, /£ = Op/l; = Fy,

(compatibility of local and global inertia degrees) and that
tOp, = £

(compatibility of local and global ramification indices). One then easily deduces the
local fundamental identity

[F1, 2 Q] = eifi.
Consider the localization Opy, = {% : a,b € Op, b ¢ ;} C F of Op at [;. We have
Opy, ={r € F:v,(x) >0}

and one can show that O, is the completion of O, inside Fj, with respect to | - |,.
More generally, £ is the cz)mpletion of [["Op,, inside Fj, with respect to |- |y,.

The inclusion F' — Fj, induces a homomorphism F' ®qg Q; — F}, via a ® b — ab and
hence, we have a canonical homomorphism F' ®qg Q¢ — Fy, @ ---® Fj,. The ever-present
Chinese Remainder Theorem ensures that this is an isomorphism, i.e.

) :ZF@@@KQFH@---@F[T.
Restricting to Op ®yz Zy, we have
o = Op Q7 Zy ;OFII @"'@OFIT'

For all j # 4, the ideal [iOF[j is the whole of (’)F[j, since it is not of the form 2}“ = [;”OF[]_
for some m > 0. We deduce that

OF/[Z'OF:OF[i/QZ'%'OF/[i%]FEfi. (8.2)

Moreover, we have
lop =L7" @ - L (8.3)

and

OF/&JF = OFll//QTl D--- G}OFIT/E?'
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8.2 Applications

What we have encountered in Sections [4 and [f are isogenies from principally polarized
abelian varieties with cyclic kernels which are maximal isotropic inside ker 5 for the
commutator pairing e s where f is some totally positive real endomorphism. Call these
isogenies B-cyclic isogenies. In view of Proposition (B-cyclic isogenies preserve the
principal polarizability, in the sense that the target variety of a S-cyclic isogeny is again a
principally polarizable abelian variety. The existence of such isogenies is strongly linked
to the existence of totally positive real endomorphisms. Multiplication by a positive
integer n is a totally positive real endomorphism, hence maximal isotropic subgroups of
the n-torsion subgroup of X yield isogenies that preserve principal polarizability. To be
more precise, if Ly is a principal polarization on X and ¢ is a prime number different
from char(k), then any isogeny with kernel a maximal isotropic subgroup of X[¢] for

the Weil pairing ez)ﬁo on X[¢] induced by Ly (which in this case coincides with the
commutator pairing e ct on K (Eé)) preserves the principal polarizability.

Definition 8.3. Let (X, £y) be a principally polarized abelian variety over k, and let ¢
be a prime number different from char(k). An isogeny f: X — Y is called an (¢,...,/)-
isogeny if ker f is a maximal isotropic subgroup of X[¢] for the Weil pairing e?ﬁo (or
equivalently for the commutator pairing e Cé)'

Richelot in |Ric37a] and [Ric37b] computed (2,2)-isogenies between abelian sur-
faces. More recently, [Smi09] has given a method to compute (2,2, 2)-isogenies from
Jacobian varieties of genus 3 hyperelliptic curves. More generally, (¢, ..., {)-isogenies
can be computed in theta coordinates from any principally polarized abelian variety
due to [Robl10, [CRI11, LR12], and from Jacobian varieties of hyperelliptic genus 2 and 3
curves C' via the explicit evaluation of some G-invariant functions on Jac(C), where G
is the kernel of the isogeny, see [CE15] and [Mill7].

There are many applications where one would like to find a path of computable
isogenies to reach an abelian variety with maximal complex multiplication. And for
this it is sufficient to be able to find a path of prime-power degree isogenies to an
abelian variety with maximal local complex multiplication (since maximal locally at
all prime numbers implies maximal globally, and there are only finitely many prime
numbers for which the local CM order is non-maximal). We will see in Section if
and how a principally polarizable abelian surface with maximal local CM is reachable by
a path of computable isogenies. Among the applications of reaching isogenous varieties
with maximal complex multiplication we can cite:

- Random self-reducibility of the discrete logarithm problem in genus 2. Let X be
an ordinary and absolutely simple principally polarizable abelian surface over k.
Suppose that the endomorphism algebra of X is isomorphic to the CM-field K,
and that the endomorphism ring of X is isomorphic to the maximal order Og. The
ideal class group Cl(Of) acts freely and transitively on the set of isomorphism
classes of abelian varieties isogenous to X and with same endomorphism ring,
by the so-called CM-action, see [Wat69]. If one wants to restrict to isogenies
preserving the principal polarizability, then one has to consider a certain subgroup
of C1(Ok ), namely the image P(Of) of the natural projection of the Shimura class
group on the ideal class group Cl(Of). Recall the Shimura class group

S = {(a,@)|a a fractional ideal of Ok, a € Ky totally positive, and aa = aOk}/ ~,
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with component wise multiplication, and the equivalence is modulo the subgroup
given by the (vO,vv) with v € K* and vo € K totally positive. The orbit P(X)
of the CM-action of P(Ok) on X is a set of of k-isomorphism classes of principally
polarizable abelian surfaces isogenous to X and with same endomorphism ring. By
[JW19, Thm. 1.1] one can construct expander graphs on P(X), where the edges
are cyclic isogenies of bounded prime degree. Hence, they are §-cyclic isogenies,
and computable by the results from Sections 4| and [5| Then by [JWI19L Thm. 1.3]
we obtain the random self-reducibility of the discrete logarithm in genus 2 under
GRH. That is, if there is a polynomial time algorithm (in log #k) that can solve
the DLP for a positive proportion of vertices in P(X), then there is a probabilistic
algorithm of polynomial runtime that can solve the DLP on all vertices of P(X).

- Computation of an explicit isogeny between two given isogenous principally polar-
ized abelian surfaces. The same expander properties from the previous point can
be applied to find an explicit isogeny between two given isogenous principally po-
larized abelian surfaces. First compute a path to isogenous surfaces with maximal
endomorphism ring and then do a random walk, using the CM-action of P(Ok).
Again, the isogenies to be computed for this random walk are S-cyclic isogenies.
For more details we refer to [JW19, §5].

- The CM-method. This method aims to generate hyperelliptic curves of genus 2
over finite fields with good cryptographic security parameters. First compute
the Igusa invariants of such a curve, and then use Mestre’s algorithm [Mes91] to
construct a model of the curve. There are three different approaches for com-
puting the Igusa invariants of such a curve: 1) complex analytic techniques
[vW99, Wen03, [Str10]; 2) p-adic lifting techniques [CKLO0S8, [CL09, IGHK™06];
3) techniques based on the Chinese Remainder Theorem (the CRT method)
[EL10, [FLO8, BGL11]. The CRT method requires one to find an ordinary abelian
surface whose endomorphism ring is the maximal order. Hence, starting from a
random abelian variety, one would like to compute a path of isogenies to reach
one with maximal endomorphism ring.

- Computation of endomorphism rings of abelian surfaces over finite fields, see
[Bis15] and [Spr19].

8.3 [-isogeny graphs

Let us now present some results of [BJWI7]. Fix a k-isogeny class of g-dimensional
ordinary and simple abelian varieties over k that admits at least one abelian variety X
defined over k (it is then absolutely simple). Fix an isomorphism End(X() ®z Q = K
to the CM-field K = Q(), where 7 is a Weil g-number that represents the k-isogeny
class of Xy, in such a way that mx, — m. Let K( be the totally real subfield of K of
degree g over Q. Recall the conductor § of an order O in a number field F' is defined as
f={zxeF:20pr C O}.

Definition 8.4. Let X be an abelian variety in this isogeny class. Let ¢ be a prime
number different from char(k) and let [ be a prime ideal of O, above ¢. Suppose [ is
coprime to the conductor of Oy(X). An l-isogeny from X is an isogeny whose kernel is
a proper Op(X)-stable subgroup of X [N O(X)].

Remark 8.5. An l-isogeny is a priori defined over k, and is of degree N (I).
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Let [ be a prime ideal of O, above the prime number ¢ # char(k). According to
[BJWI1T7, Prop. 3.1 (ii)], if X — Y is an [-isogeny, then 0¢(X) C 00(Y). In particular,
having maximal local real multiplication is preserved under [-isogenies.

Definition 8.6. An [-isogeny graph is a graph #| whose vertices are isomorphism classes
of abelian varieties in the fixed k-isogeny class having maximal local real multiplication
(i.e. the local endomorphism rings contain og,). There is a an edge of multiplicity m
from a vertex with representative X to a vertex with representative Y if there are m
distinct subgroups G C X that are kernels of [-isogenies such that X/G =Y.

Remark 8.7. If there is an l-isogeny X — Y, then the contragredient isogeny ¥ — X
need not be an l-isogeny. That is, an [-isogeny graph is a directed graph in general.
However, if [ is principal (generated by a real but not necessarily totally positive endo-
morphism) then the contragredient isogeny of an Il-isogeny is again an [-isogeny.

A full description of the connected components of the graph #{, with a precise
criterion for these components to be volcanoes, is given by [BJWI7, Thm. 4.3]. As we
know from [BJWI17, Thm. 2.1], every order of K, that contains oy, is of the form

0j 1= 0k, + fox,

for some unique o, -ideal f. Moreover, the conductor of o5 is fox.

Let [ be a prime of Ky above ¢. The local CM order of a vertex X in the [-isogeny
graph #i can thus be identified with an ideal of 0x, and hence, one can define the
level v((X) of X as the valuation at [ of the unique og,-ideal § such that o(X) = oy.
Note that if ¢ is the conductor of 0(X), then f = c¢Nog,.

Definition 8.8. An edge X — Y in the [-isogeny graph #{ is called [-ascending
if v(Y) = v(X) — 1. It is called [-descending if v((Y) = v(X) + 1 and [-horizontal
otherwise.

Let us recall [BJW1T, Prop. 4.10]:

Proposition 8.9. Suppose X has local CM order o;, for some oy, -ideal §. There are
N(I) + 1 kernels of l-isogenies from X. The target varieties of [-descending l-isogenies
have local CM order o, and the [-descending kernels are permuted simply transitively by
the action of (0;/05)*. The other l-isogenies are l-ascending if v((X) > 0, in which case
the target varieties have local CM order o(-15, and [-horizontal otherwise, in which case
the target varieties have local CM order os. More precisely, if vi(X) > 0 there are N(I)
[-descending I-kernels from X and a unique [-ascending I-kernel. If vi(X) = 0, then:

i) If Uis inert in K, all N(I) + 1 [-kernels are [-descending;

it) If U splits in K into two prime ideals £ and %5, there are two I-horizontal |-
kernels, namely X[£A1] and X[ %], and N(I) — 1 [-descending ones;

i) If | ramifies in K as £?, there is one I-horizontal I-kernel, namely X[.%], and
N(l) l-descending ones.

In particular, Proposition tells us that an [-isogeny can not modify the valuation
of the local CM order of X (or to be more precise, of the corresponding o, -ideal) at any
prime [ of Ky above ¢ different from [. That is, vy (X) = vy(Y) for any two connected
vertices X and Y in the graph #. This, together with , we see that all vertices in
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a connected component of #{ of the same level share a common global endomorphism
ring. We can thus divide a connected component ¥ of #{ into subgraphs ¥; of vertices
with same level i > 0, or equivalently with same global endomorphism ring. Also, if X
is a vertex in ¥;, for some ¢ > 0, then there is always a path of [-ascending [-isogenies
to a vertex Y in ¥#. That is, one can reach an abelian variety Y whose local CM order
is not divisible by [ (this is again an abuse of notation; we actually mean the o0, -ideal
corresponding to o(X) is not divisible by [). Repeating this for all primes I' of Kj
above ¢, we can reach an abelian variety with local CM order og.

Definition 8.10. If X is a vertex in ¥;, for some ¢ > 0, let G be the unique [-ascending
I-kernel from Proposition We call pr(X) = X/G € ¥;_; the [-predecessor of X,
and denote by up[X: X — pri(X) the canonical [-ascending projection.

Be aware that Proposition counts the number of [-kernels from a given vertex
in #{, and not the number of edges in this graph. Two distinct kernels might lead to
isomorphic quotients, which can happen for [-horizontal and for [-descending isogenies.
For the exact number of edges in any connected component of #4, we refer to [BJW17,
Thm. 4.3] (this number depends only on the level and not on the vertex itself). We
would like to point out that if the units of the global CM order of any vertex in ¥; are
real (i.e. are in Ok, ), then the number of descending edges is exactly the number of
[-descending kernels from Proposition For example, in dimension 2, the field K is
a primitive quartic CM-field, and provided K # Q(¢5), we have O = O . It follows
that the number of descending edges from each vertex in #/ is given by the number of
[-descending kernels from Proposition

This gives us a way to navigate in any fixed connected component ¥ of the graph 7.
In particular, if a vertex X is in ¥;, for ¢ > 0, then up‘X is the unique edge connecting
to #—1 and all the other edges connect to ¥;;1 (no horizontal ones). If X is in %p,
then depending on the splitting of [ in K there are 0, 1 or 2 horizontal edges from X,
the remaining ones connecting to #;. The horizontal structure of #; can be described
as the Cayley graph of the subgroup of Pic(Oy,) generated by the prime ideals of O,
above [ (only if [ not inert), see [BJWI17, Thm. 4.3]. Here, the order Oy, of K denotes
the common global CM order of the vertices in #3. To be more precise, if £ is a
prime ideal of Oy, above [, then the edge .Z in the Cayley graph corresponds to the
edge X — X/X[.Z] in the l-isogeny subgraph #j. It becomes clear that one has to
exclude the inert case, since X — X/X|[[] is not an [-isogeny.

Rationality. So far, all the vertices and all the edges we have considered were over k.
Suppose X is defined over k and is in ¥, for some i > 0. Under the identification of
End(X) with the order O(X) C K, the k-Frobenius 7x is sent to m. All vertices in ¥%;
share O(X) as a common endomorphism ring. Let Y be another vertex in ¥;. Then Y
is of the form X /G for some finite subgroup G C X[¢*°], and O(Y) = O(X). Hence, we
have 7 € o(Y) = o(X/G), and by [BJWI17, Prop. 3.1], the kernel G is defined over k.
It follows that Y is defined over k. The same argument works for Y in 7j, for j <4,
observing that o(X) C o(Y) (follows from Proposition [8.9). Hence, all the vertices and
all the edges from ¥; upwards are defined over k.

Proposition 8.11. Starting from an ordinary and absolutely simple abelian variety X
defined over k, the path to level 0 consists of k-rational [-isogenies only.
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8.4 Dimension 2

From an arbitrary principally polarizable abelian surface it is almost always possible
to find a path of computable isogenies to reach a principally polarizable surface with
maximal local complex multiplication. We will explain this in the forthcoming sections.

8.4.1 (¢,¢)-isogeny graphs with non-maximal local real multiplication

Let Xy be an ordinary and absolutely simple abelian surface over k, and fix £ a prime
number different from char(k). The endomorphism algebra of Xy is isomorphic to
a quartic CM-field K. We are interested in the k-isogeny class of Xy. Let X be a
principally polarizable abelian surface in this class. In this section we suppose that the
real endomorphism ring Op(X) of X is not maximal locally at . Since Kj is a real
quadratic number field, its orders are of the form Z + fOk,, for some integer f, and
the conductor of such an order is fOg,. The corresponding local order is the order
0p 1= Zg + ("0, of Koy, where n = vy(f) is the valuation of f at .

Fix Ly a principal polarization on X. Any maximal isotropic subgroup G C X[¢] for
the commutator pairing e ct (or equivalently for the Weil pairing e, o) induces an (¢, ¢)-
isogeny f: X — Y = X/G and a unique principal polarization My on Y that satisfies
Gfmy = Pro 0 [¢]. Conversely, any (¢, /) isogeny for e ct is, up to isomorphism of the
target, of this form. It is worth noticing that the kernels G C X[{] of (¢, ¢)-isogenies
from X depend on the choice of the principal polarization. A subgroup G might be
isotropic for e ct but need not be so if one changes polarization.

Suppose that 0¢(X) = o,, for some n > 0. An (¢, ¢)-isogeny X — Y is called
RM-ascending if 00(X) C 0o(Y). It is called RM-descending if 0o(Y) € 0o(X) and it
is called RM-horizontal if 09(X) = 0o(Y). A priori, (¢,f)-isogenies are defined over k,
and the number of (¢, £)-isogenies from X with respect to Lo is £3 +¢? + £+ 1. We now
state [BJW17, Thm. 6.3]:

Theorem 8.12. Suppose 0g(X) = o0, withn > 0. The kernels of (¢, ¢)-isogenies from X
(for the Weil pairing efﬁo ) are:

i) A unique RM-ascending one, whose target variety has local RM order 0,_1,

ii) £* + ¢ RM-horizontal ones,

iii) ¢3 RM-descending ones, whose target varieties have local RM order 0, 1.

In particular, we see that an (¢, £)-isogeny can change the local RM level by at most 1.
The kernel G C X [/] of the unique RM-ascending (¢, £)-isogeny from Theorem does
not depend on the choice of a principal polarization on X (it is given in a “canonical”
form, see [BJW17, Prop. 7.6]). Moreover, G is defined over the same field as X.

Definition 8.13. The RM-predecessor of X is the abelian surface prgy(X) = X/G,
where G is the unique RM-ascending kernel from X. We denote by upE{(M: X —
prep(X) the canonical projection. If Ly is a principal polarization on X, denote
by prra(£Lo) the unique principal polarization on prgy(X) induced by Lo via upfM.

With this being said:

Proposition 8.14. Starting from a principally polarizable ordinary and simple (abso-
lutely simple if defined over k) abelian surface X, for all prime ¢ # char(k) where the
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local RM order of X is not maximal, there is a path of (¢,£)-isogenies to a principally
polarizable abelian surface with mazimal real multiplication locally at £. This path does
not depend on the choice of a principal polarization on X. Moreover, if X is defined
over k, then all the isogenies in the path are defined over k.

8.4.2 ({,()-isogeny graphs with maximal local real multiplication

Let us again fix the k-isogeny class of X, where Xj is as in Section Let X be a
principally polarizable abelian surface in this isogeny class, and fix ¢ a prime number
different from char(k). By Proposition we can suppose without loss of generality
that the RM order of X is maximal locally at . We would like to apply the results
from Section to study (¢, ¢)-isogenies from X that preserve the maximal local real
multiplication (RM-horizontal). Fix £y a principal polarization on X. There are a total
of /3 + % + ¢ + 1 kernels of (¢, ¢)-isogenies from X with respect to Lo. Fix [ a prime
ideal of O, above £.

The inert case. Suppose first that £ is inert in K. We can use Proposition [8.9] to
describe /O, -isogenies. There are £2 + 1 such Ok, -isogenies. If, moreover, the kernel
of an /O, -isogeny is isotropic for the Weil pairing efﬁo, then it is an (¢, £)-isogeny. The
following is [BJWI17, Thm. 6.4 (i)]:

Theorem 8.15. Let Ly be a principal polarization on X, and suppose X has mazimal
real multiplication locally at €. If ¢ is inert in Ko, then the (> + 1 kernels of (O, -

isogenies are (¢, 0)-isogenies for the pairing e?ﬂo. Conversely, among the 03+ 0> +0+1
(¢, ¢)-isogenies from X for e?ﬁo, the only RM-horizontal ones are the €2 + 1 (Ok,-

isogenies, the remaining £3 4 { (¢,)-isogenies are RM-descending with local RM order
of the target surface given by Zy + log,.

Theorem tells us that being the kernel of an (¢, £)-isogeny that preserves the local
maximal real multiplication is independent of the choice of a polarization, and that
Proposition applies. In particular, the O, -predecessor Proy, (X) of X is inde-

. . . . L0 .
pendent of the choice of a principal polarization on X and upy Koo X — Proy, (X) is
an (¢, £)-isogeny.

Proposition 8.16. Starting from a principally polarizable ordinary and simple (abso-
lutely simple if defined over k) abelian surface X, and a prime number ¢ # char(k)
that is inert in Ko and such that the RM order of X is mazimal locally at £, there is
a path of (¢,0)-isogenies to a principally polarizable abelian surface with maximal com-
plex multiplication locally at ¢. This path does not depend on the choice of a principal
polarization on X. Moreover, if X is defined over k, then all the isogenies in the path
are defined over k.

The split case. Suppose now ¢ splits in Ky as {Og, = l1la. The [;-isogenies, for ¢ =
1,2, can be described via Proposition 8.9} If we compose an [j-isogeny with an [o-
isogeny, or vice versa, we obtain an isogeny of degree ¢? with kernel a subgroup of
X[l NO(X)] = X[f], and there are a total of £2 4+ 2¢ + 1 such isogenies. If the kernel
of such a composition is isotropic for the Weil pairing efﬁo, then it is an (¢, £)-isogeny.
The following is [BJW17, Thm. 6.4 (ii)]:
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Theorem 8.17. Let Ly be a principal polarization on X, and suppose X has mazimal
real multiplication locally at £. Suppose € splits in Ky as (Ok, = lily. The (* +20+1
compositions of an ly-isogeny with an la-isogeny, or vice versa, are ({,{)-isogenies for
the pairing efﬁo. Conversely, among the {3+ 0>+ 0+ 1 (¢,()-isogenies from X for efﬁo ,
the only RM-horizontal ones are the compositions of an ly-isogeny with an la-isogeny, or
vice versa, the remaining (3 — { (¢,()-isogenies are RM-descending with local RM order

of the target surface given by Zy + log,.

Theorem tells us that being the kernel of an (¢, ¢)-isogeny that preserves the local
maximal real multiplication is independent of the choice of a polarization. However,
it is not immediately clear how to use the structural results from Proposition for
[1-isogenies and [3-isogenies to navigate in the isogeny class of X with (¢, ¢)-isogenies
only, and hopefully reach a variety with maximal local CM order.

The ramified case. If / ramifies in Ky as (O, = I, then a composition of two
l-isogenies is an isogeny of degree ¢? with kernel a subgroup of X[I? N O(X)] = X[4).
There are a total of £2 + ¢ + 1 such isogenies, some kernels of [-isogenies being counted

multiple times. If the kernel of such a composition is isotropic for the Weil pairing efﬁo,

then it is an (¢, ¢)-isogeny. The following is [BJW17, Thm. 6.4 (iii)]:

Theorem 8.18. Let Ly be a principal polarization on X, and suppose X has mazimal
real multiplication locally at {. Suppose € ramifies in Ko as (O, = 1*. The (> +(+1

compositions of two [-isogenies are (¢,0)-isogenies for the pairing efco.

among the 3 + (2 + ¢ + 1 (¢,0)-isogenies from X for efﬁo, the only RM-horizontal
ones are the compositions of two l-isogenies, the remaining ¢3 (¢,f)-isogenies are RM-
descending with local RM order of the target surface given by Zy + Lok, .

Conversely,

Theorem tells us that being the kernel of an (¢, £)-isogeny that preserves the local
maximal real multiplication is independent of the choice of a polarization. However,
it is not immediately clear how to use the structural results from Proposition for
[-isogenies to navigate in the isogeny class of X with (¢, £)-isogenies only, and hopefully
reach a variety with maximal local CM order.

8.4.3 Going up

Let X be a principally polarizable abelian surface in the previously fixed isogeny class
(ordinary and simple). Let ¢ be a prime number different from char(k), and let Ly be a
principal polarization on X. We are interested in finding a path of (¢, £)-isogenies (the

first one being with respect to the Weil pairing efﬁo) and [-cyclic isogenies to reach the
maximal local complex multiplication order whenever possible.

The inert case. If / is inert in K, then Propositions and tell us that there
is a path of (¢, £)-isogenies to a principally polarizable abelian surface with maximal CM
order locally at £. The path does not depend on the choice of a principal polarization
on X. Moreover, if X is defined over k, then all the isogenies in the path are defined
over k. The split and ramified cases are a bit more subtle.

The split case. Using Proposition we can suppose that X has maximal real
multiplication locally at £. Suppose ¢ splits in Ky as fOf, = l1lz. The local CM order
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of X is of the form o; = o, + fog, for some ox,-ideal § = [}[5*, where n, m are nonneg-
ative integers. The target surface pry, (X) of the unique [;-ascending [;-isogeny up[;( has
local CM order given by Opn—1pn; and the target surface pry, (pry, (X)) of the unique [p-
ascending ly-isogeny upgr[1 (X) from pry, (X) has local CM order given by Ot But
this composition is an (¢, £)-isogeny. Assuming without loss of generality that n < m,
continuing this way we have a path of (¢, £)-isogenies to a principally polarizable abelian
surface with local CM order Ogn—n (hence at [1-level 0). Set m’ = m—n. If [ is not inert
in K, then there exist [1-horizontal [;-isogenies. Composing an [1-horizontal [;-isogeny
with the [r-ascending lp-isogeny up®, we reach a principally polarizable abelian sur-
face with maximal CM order locally at ¢ with m’ additional (¢, ¢)-isogenies. However,
if [1 is inert in K, then there are no [j-horizontal [j-isogenies. We can still compose
an [j-descending [-isogeny with up'?, followed by the composition of up" with up®,
and get a path of two (¢, ¢)-isogenies to a principally polarizable abelian surface with
local CM order o[;n/,g. Finally, we observe that if m/ is even, or equivalently if n + m

is even, then we can reach a principally polarizable abelian surface with maximal CM
order locally at ¢ with a path of (¢, £)-isogenies. As a conclusion, the only case when we
cannot reach a principally polarizable abelian surface with maximal CM order locally
at ¢ with a path of (¢, ¢)-isogenies in the split case is when m + n is odd and both [;
and [y are inert in K. In this case the largest reachable local CM orders are ox, + 10k
and og, + l0x. The above described path of (¢, ¢)-isogenies does not depend on the
choice of a principal polarization on X. By Proposition if X is defined over k,
then all [;-isogenies are defined over k, for ¢ = 1,2 and hence, all the (¢, ¢)-isogenies
are defined over k, except if o(X) = ogpe, [1 is inert in K and none of the [;-descending
[1-isogenies from X is defined over k, or if o(X) = o, Iz is inert in K and none of the
lo-descending lo-isogenies from X is defined over k

The ramified case. Suppose again that X has maximal real multiplication locally
at £. If ¢ ramifies in Ky as O, = [%, then the local CM order of X is of the form
0f = 0k, + fog, for some of -ideal § = [, where n is some nonnegative integer. The
composition upi)r (x) © up[X is an (¢, ¢)-isogeny to a principally polarizable abelian sur-
face with local CM order on—2. Continuing this way, provided n is even, we reach a
principally polarizable abelian surface with maximal CM order locally at ¢ with a path
of (¢,{)-isogenies. If n is odd and we are at a principally polarizable abelian surface
with local CM order oy, and if [ is not inert in K, then [-horizontal [-isogenies exist and a
composition of such an isogeny with up' is an (¢, £)-isogeny to a principally polarizable
abelian surface with maximal CM order locally at £. As a conclusion, the only case
when we cannot reach a principally polarizable abelian surface with maximal CM order
locally at ¢ with a path of (¢, ¢)-isogenies in the ramified case is when 7 is odd and [ is
inert in K. In this case the largest reachable local CM order is og, + lox. The above
described path of (¢, £)-isogenies does not depend on the choice of a principal polariza-
tion on X. By Proposition [8.11], if X is defined over k, then all I-isogenies are defined
over k and hence, all the (¢, £)-isogenies are defined over k.

Going to the maximal local CM order with (¢, /) and [-cyclic isogenies. Using
the results from the previous paragraphs, suppose we have computed a path of (¢, /)-
isogenies to a principally polarizable abelian surface X with maximal local RM order
and with local CM order ox, + lox, where [ is a prime of Ky above ¢ (in the split
or in the ramified case), and that there is no path of (¢, ¢)-isogenies to a principally
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polarizable abelian surface with local CM order og. There is, however, the [-ascending
[sogeny up : X — pr(X), and pr((X) has maximal local complex multiplication o
If I is principal, generated by a totally positive element § € Ok, of Ky/Q-norm ¢
(corresponds to a degree £2-endomorphism of X), we may consider the (3)-ascending
(B)-isogeny upg?). Let Lo be a principal polarization on X. The kernel of upg?) is

cyclic of order ¢, hence maximal isotropic inside ker 3 for the commutator pairing e .s,
0
B)

and upy’ is a B-cyclic isogeny. Moreover, we see that this isogeny does not depend on
the choice of a principal polarization on X. By the results from Sections [f] and [5], we
can compute upg?).

Proposition 8.19. Let X be an ordinary and simple (absolutely simple if defined
over k) principally polarizable abelian surface. Let ¢ be a prime number different from
char(k). Suppose that ¢ is inert in Ko or that at least one prime ideal of Ky above ¢
s generated by a totally positive element B € Ok,. Let Ly be a principal polarization
on X. Then, there is a path of (¢,¢)-isogenies (the first one being with respect to the
Weil pairing ejﬁo) from X, followed by at most one B-cyclic isogeny to a principally
polarizable abelian surface with mazximal complex multiplication locally at £. This path
does not depend on the choice of a principal polarization on X. Moreover, if X is defined
over k, then all the isogenies are defined over k.

Suppose now X has local CM order og, + lox and [ is not generated by a totally
positive element of OF,. Suppose however that there exists an ideal m < O, , coprime
to [, such that [m is generated by a totally positive element 8 € Ok,. Let Ly be a
principal polarization on X. Subject to the following conditions, we can still reach an
abelian surface with maximal local complex multiplication with a computable S-cyclic
isogeny:

i) the maximal isotropic subgroups of ker 3 for e o8 are cyclic;
0

ii) for all p | m, the surface X is at p-level 0 in the p-isogeny graph, and the prime p
is not inert in K.

Namely, if m factors in Ky as m = p§'---p¢, then the [-ascending [-isogeny up[X,
composed with e; pi-horizontal pi-isogenies, eo po-horizontal po-isogenies, and so on, is

a f[-cyclic isogeny X — Y for the commutator pairing e ., and Y has maximal complex

cy
multiplication locally at ¢. Condition ii) only ensures t(ilat we do not decrease the p-
level of X at any prime p # [, and can safely be weakened. Condition i) is verified if
for example all the prime factors of m are above distinct prime numbers (and different
from /), have inertia degree 1 and exponent 1 in the factorization of m. If condition i)
cannot be fulfilled, e.g. if a maximal isotropic subgroup of ker S contains a subgroup
isomorphic to Z/rZ x Z/rZ, for some prime number r # ¢, then the computation of a

cyclic isogeny has to be preceded by an (r,7)-isogeny.

8.5 Perspectives in dimension 3

In dimension 3 the situation is more delicate. While the theory of [-isogenies can still
be applied when the abelian threefold has maximal local real multiplication, it is not
known if one can always reach such a variety with (¢, ¢, £)-isogenies only, starting from an
arbitrary principally polarizable abelian threefold. The latter problem is the subject of
an ongoing research project of the author with D. Jetchev, C. Martindale, E. Milio and
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B. Wesolowski. Among the applications of an algorithm that finds a computable path of
isogenies to reach an abelian variety with maximal complex multiplication presented in
Section[8:2] the random self-reducibility of the discrete logarithm problem in dimension 3
becomes particularly interesting. Namely, using the transitive action of P(Ok) (the
projection of the Shimura class group on Cl(Of)) on the set of k-isomorphism classes of
principally polarizable ordinary and absolutely simple abelian threefolds with maximal
endomorphism ring, one can combine a random walk on this horizontal graph (using
B-cyclic isogenies of prime degree only) with descending (/, ¢, ¢)-isogenies to reach a
uniformly random principally polarizable abelian threefold. With reasonable heuristic
assumptions on the proportion of quartic Jacobians in the fixed isogeny class, this path
has a high probability to end at a non-hyperelliptic Jacobian. Note that it is important
to compute the (S-cyclic isogenies at maximal endomorphism level, otherwise a non-
negligible proportion of varieties in the isogeny class would not be reachable via the
above described random path.

8.5.1 (¢,¢,0)-isogeny graphs with maximal local real multiplication

Let k be a finite field of size ¢ and consider a k-isogeny class of ordinary and simple
abelian threefolds that admits some variety Xy defined over k. Fix an isomorphism
End(X() ®zQ = K to the sextic CM-field K = Q(7), where 7 is a Weil g-number that
represents the k-isogeny class of X, and let Ky be the totally real cubic subfield of K.

Let £ be a prime number different from the characteristic of k, and suppose it factors
in Ko as Ok, = I{*---1¢". Starting from a principally polarizable threefold X with
maximal real multiplication locally at ¢ in this isogeny class, one would like to know
that a certain combination of [;-isogenies is an (¢, /¢, f)-isogeny, similar to the case of
dimension 2 described in Section (as you might guess, it will be a combination of ey
[1-isogenies, with e [o-isogenies, etc). This, applied to the [;-ascending [;-isogenies up",
as defined in Definition is then a computable (¢, ¢, ¢)-isogeny. And similarly, a
combination of [;-descending [;-isogenies is a computable (¢, ¢, £)-isogeny.

We can prove this, similar to [BJWIT7] for dimension 2, using f-adic techniques.
Let Vp := T; X ®z, Qp, where Ty X is the (-adic Tate module of X. We know that Vj
is a Qy-vector space of dimension 6, and TyX is a Z,-lattice in V. Also, V; is a Ky =
K ®qg Q-module of rank one (this is Tate’s theorem). The bridge between the study
of l-power degree isogenies from X and the f-adic vector space V; is that neighbor
lattices of T)X in V; (for the containment “C”) can naturally be identified with finite
subgroups of X[¢*°], yielding the isogenies. Elements of T;X are sequences (P,)n>1
with P, € X[¢"] and ¢P,y; = P, for all n > 1, and elements of V; are of the form
(Pn)nzl ® L™, with m € Zzo. Via

(Pn)n21 ® g—m — (Pn+m)n21a

we obtain an identification of V; with the set of sequences (Q,)n>1 With @, € X[¢*°] and
LQpy1 = Qp for all n > 1. Under this identification, Ty X corresponds to the sequences
satisfying Q1 € X[¢]. The projection

(Qn)n>1 — Q1

induces an isomorphism -
Vo/TeX = X[0)(k)
and hence,

{finite subgroups of X[¢*°](k)} <+ {Z,-lattices in V; containing Ty X }.
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Fix [ a prime of K above . We want to define [-isogenies (as in Deﬁnition in the
f-adic setting, for abelian threefolds with maximal local real multiplication. Let A C V}
be a Zy-lattice and denote by

o(A) ={a e Ky:aA C A}
the stabiliser of A for the Ky-action. Tate’s theorem states that
o(TyX) = o(X) = O(X) ®z Zy,

where O(X) C K is the CM-order of X corresponding to End;(X). Suppose now
throughout that the stabiliser of A contains o, i.e. A is an ox,-module. It is not hard
to show that A is an o(A)-module of rank one (the proof is similar to that of [BJWI17,
Lem. 7.7]). From this it follows that A is a free 0x,-module of rank 2.

Since A is og,-stable, we have [A C A and hence, A/IA is an ok, /l0ox,-module,
i.e. an og,/log, = Ok,/l-vector space of dimension 2. The ok, /lok,-vector subspaces
of A/IA can naturally be identified with ox,-stable lattices I' satisfying IA C I" C A.

Definition 8.20. The set of [-neighbors of A is

Z(A) ={IACT CA:T an og,-stable Zs-lattice and I'/IA of ok, /lok,-dimension one}.

Next, we want to define (¢, ¢, ¢)-neighbors in the ¢-adic setting (for a comparison,
see Definition [8.3). Let Ly be a principal polarization on X. The symplectic pairing

e?co : Ty X x TyX — 7Zy from Section (here, the target group is written additively)
extends to a symplectic pairing on V,, that we will denote by

<'7'>:wxw_>(@f'

For a € K; and z,y € V; we have (az,y) = (z,aly). In particular, for o € Ko, we
have (az,y) = (z,ay).

Lemma 8.21. For all a, f € Koy and all x € V; we have
(o, Bz) = 0.
Proof. This follows from (ax, fx) = (z,afx) = (z, fax) = (Bx,ax) = —(az, fz). O
Recall that for a Z,-lattice A in Vy, the dual lattice of A is defined as
N ={z e Vp:(x,A) CZ}.

The lattice Ty X is self-dual, i.e. (T;X)* = T, X, following from the fact that V, =
Ty X ®z, Qe and that Ly is a principal polarization.

Lemma 8.22. For any self-dual Zy-lattice A C 'V, the quotient AJUA is a symplectic
Ly /07y = 7./ Z-vector space of dimension 6 for the pairing

(x + AN,y +lA) = (x,y) mod (Z,.

Proof. The containment A C A* ensures that indeed, (A,A) C Zy. For the nonde-
generacy, suppose that € A is such that (z,y) € ¢Z, for all y € A. Tt follows that
¢~z € A* = A and hence, = € (A. O
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Definition 8.23. The set of (¢, ¢, ¢)-neighbors of a self-dual Z,-lattice A C V} is

Z(A)={(AcCT CA:T aZslattice and I'/¢A maximal isotropic in A/¢A}.

We can give a formula for the number of (¢, ¢, £)-neighbors of A.

Proposition 8.24. The number of maximal isotropic subspaces of a symplectic 7./0Z-
vector space of dimension 6 is

3
[[E+1)=6+0+0+20+ 2+ 041
i=1

Proof. Let (V,(-,-)) be a symplectic Z/{Z-vector space of dimension 6, and let

{A1, A2, A3, p1, po, ps3} be a symplectic basis of V' for (-,-). The set of symplectic bases
of V for (-,-) is a principal homogenous space under the action of Sp(V, (-, -)), and via
{A1,..., u3} we might identify Sp(V, (-,-)) with Spg(Z/¢Z). We have a decomposition
V = (A1, A2, A\3) @ (1, p2, ps) into maximal isotropic subspaces. Given any maximal
isotropic subspace M of V', a basis of M can be completed to a symplectic basis of V,
see e.g. [dGOG, Thm. 1.15]. Hence, Spg(Z/¢Z) acts transitively on the set of maximal
isotropic subspaces. In order to compute the number of maximal isotropic subspaces, it

suffices to identify the stabilizer of (A1, A2, A3). A symplectic matrix v = < A B > €

C D
Sps(Z/0Z) stabilizes (A1, A2, A3) if and only if C = 0. And v = < 61 g ) is symplectic

if and only if A € GL3(Z/¢Z), D = (*A)~! and A!B is symmetric. Let us count the
number of such matrices. The matrix A is in GL3(Z/¢Z), so there are £3 Hf’zl(ﬁ -1)
possible choices. For each choice of A we can choose B € Mat3(Z/(Z) with the only
constraint that A!B is symmetric. We carefully verify that this leaves us with the
freedom of choosing % coefficients of B, as if we would require B itself to be symmetric.
Hence, there are total of £6 choices for B. Since # Spg(Z/(Z) = ¢3° [T2_, (/% — 1), the
number of maximal isotropic subspaces of V' is given by

37 2 1 3 :
ey ~ e+

O]

We now show that a combination of [-isogenies from 7, X (depending on the splitting
of £in Ky) is an (¢, ¢, £)-isogeny. We will only treat the cases ¢ inert in Ky, ¢ totally split
and (O, = lily, the remaining cases being similar. Suppose throughout that A C V; is
a self-dual Z-lattice with maximal local real multiplication, i.e. ox, C 0(A).

The inert case. The local real multiplication algebra Ky, is the completion of Ky
with respect to the absolute value | - |0 Ko induced by the prime ideal /Of,. Moreover,
by (8.2) we have that ox,/lor, = Ok,/lOk, = Fys.

Proposition 8.25. The set of (¢, 4, {)-neighbors of A with mazimal local real multipli-
cation is equal to the set of fog,-neighbors of A.

Proof. Since A/fA is a symplectic Fy-vector space of dimension 6, it is of cardinality £°.
But it is also an og,/lok, = Fi-module and by cardinality reason, it is an Fys-vector
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space of dimension 2. The lattices /A C I' C A that are og,-stable are naturally
identified with Fys-vector subspaces of A/¢A. An isotropic F-subspace of A/¢A must
be of dimension 0 or 1 and hence, maximal isotropic subspaces are F3-lines. Conversely,
all Fys-lines are isotropic by Lemma (hence maximal isotropic).

O

The totally split case. Suppose that /Og, = [1l2[3. The local real endomorphism
algebra K ¢ is the direct sum of the completions of Ky with respect to the absolute values
| “|i, |- |i, and | - |i; respectively. Moreover, for i = 1,2, 3, we have ok, /liox, = Z/VZ.

Proposition 8.26. For any {i,j, k} = {1,2,3}, an element of £,(4,(4, (A))) is an
(¢, ¢, ¢)-neighbor of A with mazimal local real multiplication.

Proof. Let T' € ‘A, (A,(4,(A))) (as will become clear from the proof, the order of
the indices is not relevant). By definition, I' is og,-stable. Let us show that I is
an (¢, ¢, ¢)-neighbor of A. There exist og,-stable lattices I';, 'y such that

LACT; CA and I'1 /1A is an Fy-line
LIy cTy Iy and 1“2/[21“1 is an Fy-line
I3y c ' C Iy and I'/[3Ty is an Fy-line.

We deduce that

'y = Zyy1 + 1A for some v; € Ty
Iy = Zg"yg + o' for some Y2 € I'y
' =Zy + 1312 for some v € T

Let w; be a generator of the principal ideal [jog, (to be more rigorous, we should
write (w1, 1, 1) for a generator of [jog,). Let wa and ws be generators of 20k, and 30,
respectively, and observe that (wiwaws) = lok, by . We may suppose without
loss of generality that wiwwsws = £. We have

I' = Zyy + Zywsys + Zywowsyr + LA.
In order for I'/¢A to be isotropic, it suffices to show that
(v, @372) = (7, waw3n) = (w372, w2w3y1) =0 mod (Z,.
For this, let us first show that
(y2, @2w3y1) =0 mod (Z,. (8.4)

Since 9 € I'y C I'y, there exist a € Zy and z € A such that 70 = ay; + wy2z. Then

(2, wowo3y1) = (ay1, wawsy1) + (w12, wowsy1) =0+ (2,0v1) =0 mod (Z.
With the same argument one shows that

(w32, wowsy1) =0 mod (Zy.

To show that (v, wowsy1) =0 mod ¢Z,, we observe that v € I' C I's and hence, there
exist b,c € Zy and 2’ € A such that

v = bys + cway1 + wlez’.
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But (cwwaoyr, wewsy1) = 0, and by we know that (bye,wowsy1) = 0 mod ¢Z.
Moreover, since wiwyws = ¢, we have (wiwez’, wawsy1) = 0 mod ¢Zy. Finally, to
show that (v, wsv2) =0 mod ¢Z;, it suffices to show that (cwway1, wsy2) =0 mod (Zy.
But 79 = ay; + w12z and hence,

(ctway1, wsy2) = (cwway, awwsy1) + (cway1, wiwsz) =0 mod (Z,.

O]

The case (O, = l[1Io. Suppose without loss of generality that [; is of inertia degree 1
and that [y is of inertia degree 2. The local real endomorphism algebra K, is the
direct sum of the completions of Ky with respect to the absolute values |- |, and | - |,
respectively. By we have ok, /li0og, = Z/lZ and og,/lz0k, = Fp. We deduce
that o, can be written as ox, = Z; + Zya + lrok,, for some o € ok, .

Proposition 8.27. For any {i,j} = {1,2}, an element of £,(-4,(A)) is an ({,¢,)-
neighbor of A with maximal local real multiplication.

Proof. Let T' € A,(4,(A)) (the second case is similar). By definition, I' is 0,-stable.
There exists a 0, -stable lattice I'; such that

LACTy CA and I'1 /1A is an Fy-line
LIicl'cIy and I'/lel' is an Fjo-line.

We deduce that

'y = Zyy1 + LA for some 1 € 'y
' = (Zy + Zya)y + o'y for some v € T

As before, we let w; and wy be generators of the principal ideals [0, and lp0x, respec-
tively. They satisfy (wiws) = lok, and we may choose w; and wsy such that wiwy = /.
We can write

I'=Zyy + Zpary + Zywoyr + LA.

Let us show that (y,w2y1) = 0 mod ¢Z,, the proof for (ary,wsy1) being similar.
Since v € T' C I'1, we can write v = ay; + wyz for some a € Z;, and z € A. But
then

(v, w2m1) = (a1, wam) + (w12, w2m1) = 0+ (2,€v1) =0 mod (Z,.

8.5.2 Going up

Let (X, Ly) be a principally polarized abelian threefold in the previously fixed isogeny
class (ordinary and simple), and suppose it has maximal real multiplication locally £.
Suppose { factors in Ko as Ok, = I{* - - - [¢". From the previous section we know that a
composition of e; [j-isogenies with ey lo-isogenies, etc., is an (¢, ¢, £)-isogeny from X for
the Weil pairing efﬁo, preserving the maximality of the local real multiplication order.
In particular, this can be applied to the isogenies up',...,up". With the exact same
reasoning as in Section we can show that using (¢, /¢, ¢)-isogenies only, we can
reach a principally polarized abelian threefold X’ with local complex multiplication o g
or 0, + liog, for some 1 < i < r. Let L{ be the principal polarization on X’ induced
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by Ly and this ascending path. Provided [; is principal and of norm #, generated by a to-
tally positive real endomorphism 3, the (3)-isogeny up® has a cyclic, maximal isotropic
kernel inside ker 8 for the commutator pairing e £h)8 hence is a -cyclic isogeny. That
is, the path of isogenies to a principally polarized abelian threefold with maximal local
complex multiplication is computable.

If [; is not generated by a totally positive real endomorphism, there is still a situation
where we are able to reach a principally polarized abelian threefold with maximal local
complex multiplication with a computable isogeny, analogous to dimension 2. Namely,
if there exists an ideal m < Ok, coprime to [;, such that [;m is generated by a totally
positive element 8 € Ok,, and such that the following conditions hold:

i) the maximal isotropic subgroups of ker 3 for e(cy)p are cyclic;

ii) for all p | m, the threefold X’ is at p-level 0 in the p-isogeny graph, and the prime p
is not inert in K.

The [;-ascending isogeny up", composed with p-horizontal p-isogenies (for p the prime
factors of m), is a computable S-cyclic isogeny. Hence, we can reach a principally
polarized abelian threefold with maximal complex multiplication locally at ¢. As in
dimension 2, condition ii) only ensures that we do not decrease the p-level of X' at
any prime p # [;, and can be weakened. Condition i) is verified if for example all
the prime factors of m are above distinct prime numbers (and different from ¢), have
inertia degree 1 and exponent 1 in the factorization of m. If condition i) cannot be
fulfilled, e.g. if a maximal isotropic subgroup of ker 8 contains a subgroup isomorphic
to Z/rZ x Z]rZ x Z]rZ, for some prime number r # ¢, then the computation of a cyclic
isogeny has to be preceded by an (r,r,r)-isogeny.

8.5.3 Application to the discrete logarithm problem in dimension 3

Until nowadays, little is known about the proportion of hyperelliptic and non-hyperelliptic
Jacobians in a randomly chosen k-isogeny class of ordinary and simple abelian three-
folds. And even if one would make reasonable assumptions on the proportions (e.g.
based on the dimensions of the moduli spaces of hyperelliptic and non-hyperelliptic
genus 3 curves), the distribution of the hyperelliptic and quartic Jacobians inside the
isogeny class is not known. This makes it practically impossible to construct an explicit
isogeny path from a hyperelliptic Jacobian over k to a quartic Jacobian over k in a de-
terministic way, which would decrease the complexity for the computation of a discrete
logarithm from O(#k*/?) to O(#k), see [Die06, DT0O]] and [GTTDO5]. Yet, one can
follow a random path and try to estimate the probability of reaching a quartic Jacobian.
Let X be a principally polarized abelian threefold in the isogeny class. Let K be a fixed
sextic CM-field, isomorphic to the endomorphism algebra of X. Up to isomorphism,
the endomorphism ring of any variety isogenous to X is contained in Ox. We want
the endpoint of a random path of computable isogenies starting from X to be uniform
among the isogeny class. To achieve this, we cannot simply compute random isogenies.
The reason being that the orders of Ok corresponding to the endomorphism rings of
two (¢, ¢, £)-isogenous or (-isogenous varieties satisfy some “neighbor relation”. To get
rid of this restrictive neighbor relation, we first need to compute a deterministic path
to a variety with maximal endomorphism ring Og. Only after this has been achieved,
we can start randomizing the path. There are only finitely many prime numbers at
which the local endomorphism ring of X is not maximal. If for all these prime numbers
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we are in the situation described in Section [8.5.2] i.e. we are able to compute a path
of (¢,¢,¢)-isogenies and [-cyclic isogenies to a principally polarized abelian threefold
with maximal local complex multiplication, then we have a path of computable isoge-
nies to a principally polarized abelian threefold X’ with maximal global endomorphism
ring. If we denote by P(Ok) the projection of the Shimura class group on Cl(Ok),
then the P(Ok)-orbit of X’ under the CM-action is the set of all isomorphism classes of
principally polarizable abelian threefolds with maximal endomorphism ring. By [JW19,
Thm. 1.1], one can construct expander graphs on the P(Of)-orbit of X', where the
edges are [-isogenies of bounded prime degree. Hence, they are -cyclic isogenies. To
obtain a uniform endpoint of a random path starting from X, one first computes the
deterministic path to X/, then does a random walk on the set of isomorphism classes of
principally polarized abelian threefolds with endomorphism ring O using the transitive
CM-action, and finally computes random descending (¢, ¢, £)-isogenies.
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