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Résumé
Ce travail de recherche a été initié par un projet industriel visant à modéliser et fabriquer un

moteur de petite dimension à très haute vitesse. Les moteurs électriques à très haute vitesse

offrent l’avantage de réduire la taille d’un système. En effet, à puissance mécanique égale, le

fait d’augmenter la vitesse de rotation permet de diminuer le couple électromagnétique et par

conséquent la taille du moteur. Lorsqu’un système possède déjà des dispositifs fonctionnant

à très haute vitesse, il devient intéressant de les combiner avec une machine électrique.

L’utilisation d’entraînement direct à très haute vitesse permet de supprimer les transmissions

mécaniques, réduisant la maintenance et les coûts. De pair avec la très haute vitesse, la

réduction en taille des moteurs est au bénéficie d’applications où le poids et l’encombrement

sont des facteurs limitants. Utilisés comme outils à main, ces moteurs offrent des solutions

pour l’oto-rhino-laryngologie ou la chirurgie dentaire.

Grâce à leur liberté de forme, les bobinages dans l’entrefer possèdent d’importantes capacités

d’amélioration. Avec les nouvelles technologies de fabrication, la conception de ces bobinages

peut être repensée. Les performances des moteurs électriques peuvent donc être améliorées

en adoptant de nouvelles formes et topologies.

La thèse est ainsi orientée selon deux axes : elle donne d’une part des modèles multiphysiques

qui servent au dimensionnement et à l’optimisation de moteurs synchrones à aimants per-

manent à très haute vitesse et de petites dimensions; d’autre part elle propose une solution

innovante pour une nouvelle topologie de bobinage dans l’entrefer, augmentant significative-

ment les performances des moteurs électriques.

De par leur nature, les moteurs à très haute vitesse sont poussés à l’extrême : ils subissent

de fortes contraintes mécaniques dans les matériaux du rotor et les paliers, sont sujets aux

vitesses critiques, fonctionnent souvent à haute température et dans des environnements

difficiles et, à cause des hautes fréquences électriques, sont le siège d’importantes pertes fer et

cuivre. De plus, leur dimensionnement dépend fortement de leur application et n’est pas aisé

à généraliser. En conséquence, ces moteurs requièrent des modèles multiphysiques robustes

et fiables. Dans cette thèse, une série complète de modèles mécaniques et électromagnétiques

sont présentés. Vis-à-vis des modèles numériques, les modèles analytiques apportent une

meilleure compréhension des phénomènes physiques intrinsèques aux moteurs et nécessitent

moins de temps de calcul lors de l’optimisation.

En particulier, un modèle analytique 3D est développé pour le calcul des contraintes méca-

niques dans le rotor, qui différencie les rotors en forme de cylindre ou de disque et les rotors
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à aimants creux ou pleins, avec considération des effets thermiques. De même, un modèle

analytique est présenté pour le calcul des pertes par courants de Foucault induits dans un

bobinage à conducteurs rectangulaires par le champ magnétique de l’aimant.

Tous les modèles analytiques précédemment cités sont employés dans un contexte de di-

mensionnement et d’optimisation de moteurs sans dents à aimants permanent à très haute

vitesse et de petites dimensions avec roulement à billes. A l’aide d’un algorithme d’optimisa-

tion approprié, de contraintes sur les dimensions maximales et un point de fonctionnement

donné, des dimensionnements optimaux sont obtenus pour différentes vitesses de rotation.

La contribution originale vient de la comparaison des fils de Litz et des fils rectangulaires ainsi

que des rotors à aimant plein et creux utilisés dans les moteurs sans dents à très haute vitesse

et de petites dimensions.

La validation expérimentale des modèles se fait grâce à un prototype de moteur de 400 krpm et

12.7 mm de diamètre qui a été testé jusqu’à 475 krpm. Le prototype fabriqué permet également

de démontrer la faisabilité de construction des moteurs de petite dimension. Une méthode

expérimentale astucieuse est mise en place dans le but de séparer les différentes composantes

de pertes dues à la rotation du rotor. Ainsi, chaque modèle est obtenu et/ou validé séparément.

Finalement, ce travail de recherche met l’accent sur la modélisation et l’optimisation d’une

nouvelle topologie de bobinage dans l’entrefer. En remettant en question les méthodes tradi-

tionnels de fabrication des bobinages, il est démontré que l’utilisation de fils à section non

constante et une forme optimisée des spires mènent à une amélioration significative des

performances du bobinage, et donc du moteur. Un prototype du nouveau bobinage est réalisé

et permet de valider le modèle théorique.

Mots clefs : Moteurs synchrones à aimants permanents sans dents, Moteurs à très haute vitesse,

Moteurs de petites dimensions, Modélisation analytique multiphysique, Dimensionnement,

Optimisation, Bobinages dans l’entrefer, Validation expérimentale
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Abstract
This research work has been triggered by an industrial project aimed at modelling and man-

ufacturing of a small scale very high speed motor. Very high speed electrical motors offer

the main advantage of reducing the size of a system. Indeed, at constant output mechanical

power, increasing the rotational speed enables to decrease the electromagnetic torque, hence

the size of the motor. When a system already possesses very high speed devices, it becomes

attractive to combine them with an electrical machine. To get rid of mechanical drives, direct

drives with very high speed electrical motors entail a reduction of the maintenance and the

costs. Combined with very high speed, the miniaturisation of motors benefits limited weight

and space applications. Used as hand tools, they provide solutions for otorhinolaryngology or

dental surgery.

Because they can be freely arranged in the airgap, slotless windings represent a substantial

capacity for enhancement. Thanks to new manufacturing technologies, the design of windings

can be rethought. Different shapes and topologies can be embraced leading to improved

performances for electrical motors.

The aim of this thesis is consequently twofold: to give multiphysics models enabling the design

and the optimisation of small scale very high speed permanent magnet synchronous motors,

and to propose an innovative solution for a new type of slotless winding topology entailing

the performances of electrical motors.

By essence, very high speed motors are pushed to their limits: they experience high mechani-

cal stresses in the materials of the rotor and the bearings, are subject to critical speeds, operate

sometimes at high temperature and harsh environments and, due to high electrical frequen-

cies, produce significant iron and winding losses. Furthermore, their design strongly depends

on the application and is arduous to generalise. As a result, robust and reliable multiphysics

models have to be established. In this thesis, a very complete set of both mechanical and

electromagnetic analytical models is presented. Analytical models are preferred to numerical

models as they bring more insight in understanding physical phenomena occurring in the

motors and require less computational effort for optimisation.

In particular, a 3D analytical rotor mechanical stresses model distinguishing between cylinder

and disc shaped rotors and hollow and solid magnet rotors with the consideration of thermal

stresses is developed. Similarly, an analytical model for the computation of induced eddy

current losses by the magnetic field of the permanent magnet in rectangular conductors is

devised.
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All the aforementioned analytical models are used in the context of the design and the optimi-

sation of small scale very high speed slotless permanent magnet motors with ball bearings.

With an appropriate optimisation algorithm, fixed constraints on the maximal size and the

operating point, optimal designs are obtained for several rotational speeds. Particularly, an

original contribution comes from the comparison of Litz-wire and rectangular wires as well as

hollow and solid magnet rotors used in small scale very high speed slotless motors.

In order to experimentally validate the models, a 400 krpm-12.7 mm diameter prototype

is manufactured and tested up to 475 krpm. In addition, it demonstrates the feasibility of

miniaturised very high speed motors. An astute experimental method is implemented in order

to separate the losses components related to the rotation of the rotor. Therefore, every model

can be obtained and/or validated independently.

Finally, the research work emphasis on the modelling and the optimisation of a novel slotless

winding topology. By challenging the traditional way of manufacturing windings, the use of

nonconstant wire sections and an optimised shape enables the performances of the winding,

and thereby the motor, to be significantly improved. A prototype of the new winding topology

is manufactured and leads to the validation of the theoretical model.

Keywords: Slotless permanent magnet synchronous motors, Very high speed motors, Small

scale motors, Multiphysics analytical modelling, Design, Optimisation, Slotless windings, Ex-

perimental validation
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1 Introduction

1.1 Background and motivation

1.1.1 The need for very high speed

One of the purposes of increasing speed is that, for a given power, the size of the machine can

be reduced, increasing the power density. This is consistent with the fact that the diameter of

the rotor has to diminish while the rotational speed increases to withstand centrifugal forces.

Intrinsically, some applications require very high rotational speeds. For instance, micro milling

and micro drilling need rotational speeds of several hundreds of thousands revolutions per

minute. Indeed, the smaller the machining tool, the higher the rotational speed to maintain

an appropriate cutting speed in a given material. One can also mention beam choppers used

in optical systems to modulate light beams at frequencies in the range of kHz [5].

When a system already possesses very high speed devices, it becomes attractive to combine

them with an electrical machine. In the case of automotive, a very high speed electrical

machine can be mounted on the shaft of a turbocharger as pictured in Figure 1.1. As a result,

the electrical machine acts as a motor when the automotive lacks power (at low speed), and

as a generator at high engine load when there is too much pressure in the exhaust [6]. This

becomes an electrically assisted turbocharger.

One of the solutions to store mechanical energy is the use of flywheels [7]. Given that the

kinetic energy contained in a rotating inertia scales with the square of the rotational speed, it

is interesting to increase the latter. Flywheels can be coupled to electrical machines and used

in many applications such as electric cars or satellites. Still in the context of energy, very high

speed electrical machines can also be used for portable power generation when connected to

a micro gas turbine to replace batteries [8].

Another benefit of very high speed machines is to eliminate gear boxes by using direct drive

systems. This leads to an improved efficiency and a better reliability [6]. This also simplifies

the construction of the system and, as a result, reduces the costs [9].
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1.1.2 The need for miniaturisation

As previously mentioned, the reduction of the size of a machine is consistent with the very

high speeds for mechanical reasons. Small scale very high speed electrical machines find their

place in low weight applications such as in aircraft [10]. Used as hand tools, they also facilitate

access to narrow spaces for otorhinolaryngology or dental surgery, as illustrated in Figure 1.2.

Lower dimensions also mean lower material costs. Nowadays, there is a clear tendency to

decrease the size of motors and increase the power density while keeping the efficiency as

high as possible. However, there is currently no available solutions for small scale very high

speed electrical motors.

Figure 1.1 – Electrically assisted turbocharger for automotive applications [1].

Figure 1.2 – Electrical hand tool requiring a small scale electrical motor [2].
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1.1.3 Enhancement of slotless windings

Recent developments in slotless windings have been performed these past years. Due to

the many possible shapes and topologies they can embrace, slotless windings represent a

substantial potential for improvement. Indeed, windings are a key part of electrical machines

and their enhancement directly affects the performances of electrical machines. Thanks to

nonconstant wire sections and an optimised shape, it can be demonstrated that the motor con-

stant is significantly increased compared to traditional windings. With the help of constantly

improving additive manufacturing technologies, new means of designing and manufacturing

electrical machines now seem possible.

1.1.4 Context of the thesis

The thesis ensues from the CTI/KTI project no 18684.1 PFIW IW in collaboration with a Swiss

industrial partner.

1.2 Outline of the thesis

The thesis is structured as follows:

• Chapter 2 - State of the art

The chapter covers the current available solutions for the study and the development

of very high speed electrical machines, giving examples of applications. Through a

review of 49 very high speed electrical machines and a discussion about specific losses

related with very high speed, conclusions can be drawn and choices can be made, laying

the background of the thesis. The possibilities of enhancement of slotless windings,

which have a direct impact on the performances of the machines, are also part of the

chapter. Indeed, recent research on the use of nonconstant wire sections and optimised

shape, joined with new manufacturing techniques, indicate significant opportunities of

improvement for slotless windings.

• Chapter 3 - Mechanical modelling

Because of very high rotational speeds, mechanical modelling is inherent to the design

of very high speed applications. The rotor and the bearings are amongst the most critical

parts to design. The chapter is devoted to the modelling of mechanical stresses in the

rotor (to avoid failure due to centrifugal forces), critical speeds (to avoid vibration) and

mechanical losses. The latter can reach a significant amount of the total losses and thus

require reliable and accurate models. This is particularly true for windage losses models,

as many of them exist and all give different estimations.
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• Chapter 4 - Electromagnetic modelling

The chapter deals with the electromagnetic modelling of slotless permanent magnet

machines. From the determination of the vector potential in the airgap, further relevant

quantities can be derived. One can cite the magnetic flux density in the airgap, the back

EMF voltage or the electromagnetic torque. An emphasis on the losses produced by the

electrical stator currents and the magnetic field of the permanent magnet is made. In

particular, an innovative analytical model for the computation of induced eddy current

losses by the field of the permanent magnet in rectangular conductors is presented.

• Chapter 5 - Design and optimisation

The chapter tackles the design and the multiphysics optimisation of small scale motors.

It combines the models established in Chapters 3 and 4, leading to optimal designs

under given constraints on the size and the operating point. The original contribution

comes from the comparison of Litz-wire and rectangular wires, as well as hollow and

solid magnet rotors in very high speed slotless permanent magnet motors.

• Chapter 6 - Experimental validation

Most of the models obtained so far are experimentally validated in the chapter. To do

so, a 400 krpm 40 W 12.7 mm diameter 28 mm length motor prototype is manufactured

as pictured in Figure 1.3. An astute measurement technique is developed and enables

the separation of losses components related to the rotation of the rotor. Consequently,

every model can be obtained and/or validated independently. Notably, the analytical

model for the computation of induced eddy current losses by the field of the perma-

nent magnet in rectangular conductors is validated. Additionally, an existing empirical

windage losses model for small scale motors is also validated.

Figure 1.3 – The 400 krpm 40 W 12.7 mm diameter 28 mm length motor prototype.
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• Chapter 7 - Towards a new winding topology

The chapter is dedicated to the study, the modelling and the optimisation of a novel

slotless winding topology. Thanks to the use of nonconstant wire sections and an op-

timised shape, the performances of the winding, and consequently the motor, can be

significantly increased. In addition to the theoretical validation made by 3D FEM, a

prototype of the winding is realised for the experimental validation, as illustrated in

Figure 1.4.

• Chapter 8 - Conclusion and perspectives

Finally, the chapter summarises the main contributions of the thesis and suggests per-

spectives for further research in the domain of very high speed electrical machines and

slotless windings.

Figure 1.4 – The novel slotless winding topology.
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Chapter 2. State of the art

2.1 Introduction

The present state of the art enables laying the groundwork for the development of a 400 krpm

40 W 12.7 mm diameter 28 mm length electrical motor. It is later referred to as targeted motor.

Applications of such a miniaturised machine can be medical, dental and machining hand

tools, micro gas turbines, micro compressor or beam choppers among others. The review of

the current technologies aims at better understanding the issues related to very high speed

(VHS) machines. It presents a concise catalogue of the available solutions in order to reach

the objectives and justifies the choices made with a scientific approach. It also sets the basis

necessary to the reader to embark on the following chapters with ease.

Section 2.2 presents a review of very high speed electrical machines. Sorting the machines by

their nominal speed versus nominal mechanical power in a graph enables to draw conclusions

on the types of machine, the bearings and the applications that can be used. A definition

of very high speed can be made out thanks to that classification. It also enables to make a

comparative study on the nominal power, the nominal speed and the size of existing machines

with the targeted motor.

The losses encountered in very high speed machines are covered in Section 2.3. They are one

of the major concerns during the design. They result in energy dissipation that increases the

temperature of the machine. Their sources and locations are detailed with the help of a power

balance diagram. An emphasis on the losses specific to very high speed is then carried out

and entails refining the earlier chosen solutions.

A discussion on the limitation and the design of VHS machines is proposed in Section 2.4.

It puts forward some of the major constraints encountered by VHS machines: heating, me-

chanical stress in the rotor, critical speeds, bearings and electrical considerations. As will be

realised further on, these machines are always pushed to their limits. Furthermore, they are

multiphysical by nature and thus require a very complete and reliable modelling.

Section 2.5 covers the topic of slotless windings by presenting their advantages but also their

distinct potential of improvement. Indeed, recent research has focused on the enhancement

of such windings thanks to their freedom of shape and topology. In addition, the current

development of additive manufacturing processes suggests that their manufacturing could be

revised. Based on these considerations, the thesis proposes an innovative solution of slotless

windings using nonconstant section wires and an optimised shape.

Finally, Section 2.6 lists the previous academic works upon which the present thesis is built.
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2.2 Very high speed electrical machines review

From a general point of view, electrical machines are defined as devices able to transform

energy from one form to another where at least one of them is electrical [11]. In particular,

when the electrical energy is transformed into mechanical energy, electrical machines are

classified as motors. And when the mechanical energy is transformed into electrical energy,

electrical machines are classified as generators. In the thesis, the term machines refers to both

electrical rotating motors and generators.

There are several ways to distinguish between high speed (HS) and very high speed (VHS)

machines. The machines are not only defined by their rotational speed but also by their

operating power [12]. Indeed, the rotational speed alone is not always sufficient. Sometimes,

the tangential speed or tip speed at the outer radius of the rotor is used [9]. Nevertheless,

large hydro generators can reach high tip speeds, and yet are not considered as high speed

machines. A common rule is to set a numerical limit between HS and VHS machines [6].

The nominal speed-nominal mechanical power coordinate of the machines is plotted on a

logarithmic graph (see Figure 2.1 for instance). Afterwards, a regression of the points is made

and this line symbolises the limit between the high speed and the very high speed regions.

This limit depends on the currently available technologies and, as a result, is not fixed [13].

Recent reviews have been undertaken on HS and VHS machines [6,9,14]. Most of the machines

listed in Figures 2.1 to 2.3 are based on theses reviews and additional ones have been found

in [15–22]. This gives a total of 49 commercialised machines and prototypes. Demonstrators,

MEMS and machines that have not reached the targeted speed are not included in the figures.

Despite the author’s effort to draw up a complete and impartial inventory, it is possible that

some relevant machines are missing.
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Figure 2.1 – Nominal rotational speed with respect to nominal mechanical power for high
speed and very high speed electrical machines in terms of their types.
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2.2.1 Type of machine

Figure 2.1 lists the machines in terms of their types: permanent magnet synchronous machines

(PMSM), induction machines (IM), switched reluctance machines (SRM) and homopolar

machines (HM). The machines running under 10 krpm are not represented and it can be

mentioned that a broad majority of these are field excitation synchronous machines for power

generation [9].

It should be noted that above a rotational speed of 100 krpm, the broad majority is PMSM.

When the rotational speed increases, the diameter of the rotor has to decrease to withstand

centrifugal forces. By reducing the size of permanent magnet machines, the magnetic flux

density remains unchanged [11]. Conversely, in an electrically excited machine (IM,SRM or

HM), the magnetic field decreases with the size, because the nominal current scales propor-

tionally with the size [10]. In addition, machines with permanent magnets (PMs) have a higher

power density, which is essential for miniaturised solutions. Although an IM is reported at 200

krpm, these machines are preferred at lower speed but higher mechanical power. Homopolar

machines are usually employed in flywheels [23]. In this case, it should be mentioned that the

targeted motor needs permanent magnets.

2.2.2 Bearing technology

Figure 2.2 sorts the machines in terms of their bearing technologies. Again, above 100 krpm

the majority of machines has ball bearings. There is a border at 10 kW that divides more or less

ball and magnetic bearings. A few machines supported by air bearings and magnetic bearings

are located close to the region of interest. Oil bearing machines are employed for heavy rotors

and therefore, the mechanical power is much higher than the one of the targeted motor.
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Figure 2.2 – Nominal rotational speed with respect to nominal mechanical power for high
speed and very high speed electrical machines in terms of their bearing technologies.
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Magnetic bearings are complex mechatronics systems including sensors, sophisticated control

electronics and control algorithms [24, 25]. Although they can operate in vacuum, feature no

wear and therefore have a long lifespan, such systems are generally space consuming. Owing

to their complexity, magnetic bearings are almost exclusively used in niche applications.

Air bearings with grooves [26] or foils [27] have more or less the same advantages as magnetic

bearings in the sense that they are contactless bearings. Again, they are very complex to design

and expensive to manufacture. Furthermore, no commercial solutions small enough for the

targeted machine are available.

The main advantage of ball bearings is possibly their simplicity in comparison with the other

bearings presented above, in the sense that they are self-acting. They are compact, sturdy

and cheap. On the other hand, they are penalised by their lifespan. It depends on the load,

the temperature, the lubrication, the environment (vacuum, chemicals), the balancing of the

rotor and the speed.

Various factors can limit the maximal admissible speed of ball bearings. It is worth mentioning

the contact stresses between the ball and the raceways, the size of the balls, the temperature,

the retainer or the lubricant. It is clear that reducing the size of the balls enables to increase

the maximal speed, but it will also increase the noise and reduce the load capability [28].

Ceramic (hybrid) angular contact ball bearings are known to be the most appropriate for very

high rotational speed [29, 30]. Nevertheless, a rotational speed of 500 krpm has been reported

in [31] using radial ball bearings. Thus, the solution of ball bearings is selected.

2.2.3 Applications

Very high speed rotating machines are used in various applications [6–10, 23, 32]:

• pumps (vacuum), compressors (fuel cell) and fans,

• gas turbines,

• turbochargers (automotive),

• machine tools,

• hand tools and drills for dental and medical applications,

• flywheels,

• gyroscopes,

• optics (beam choppers).

The list is of course non exhaustive. Figure 2.3 identifies the machines in terms of their

applications. The targeted motor lies in the micro gas turbines and machine tools region.
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Figure 2.3 – Nominal rotational speed with respect to nominal mechanical power for high
speed and very high speed electrical machines in terms of their applications.

2.2.4 Comparative study

In order to identify the competition and the characteristics of the existing machines close

to the targeted motor (i.e. 400 krpm-40 W), a comparative study has been performed. In

Table 2.1, the targeted motor is compared with 5 others. They all have ball bearings and all

are PMSM. Their nominal power and nominal speed are reported, as well as their external

dimensions.

None of them fit with the required dimensions. Consequently, the challenge is to design and

manufacture a motor running at very high speed while keeping its dimensions reduced. It

will result in a miniaturised solution of a VHS machine that can be implemented in medical,

dental and machining hand tools, micro gas turbines, or beam choppers for instance.

Manufacturer or
university

EPFL ETHZ ETHZ Celeroton AG Celeroton AG e+a AG

Pmec [W] 40 1000 100 1000 200 2040

N [krpm] 400 330 500 280 500 300

dmot [mm] 12.7 251 161 46 22 40

Lmot [mm] 30 302 152 58.5 28.5 45

Reference [33] [34] [35] [19] [19] [15]

1 Stator diameter without the housing.

2 Active length.

Table 2.1 – Characteristics of existing prototypes and commercialised machines close to the
targeted region. All are PMSM and have ball bearings.
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2.3 Losses

2.3.1 Location and classification

There are of 2 kinds of losses: mechanical and electrical. Figure 2.4 is a power diagram (in the

case of a motor) of all significant losses encountered in PMSM with ball bearings. Losses in

the power electronic converter, the connecting wires and the mechanical load are not taken

into account. A drawing of a typical PMSM helps to locate the sources and the locations of the

losses.

Some losses are directly related to the stator currents, whereas others are related to the rotation

of the rotor. The stator currents create Joule losses PJoule in the winding. Additionally, they

produce time-varying magnetic fields that induce skin effect losses Pskin and proximity effect

losses Pprox in the winding. The same magnetic field is also responsible for stator iron losses

PironI (hysteresis and eddy current losses) and eddy current losses in the rotor Prot. For the

latter, only the harmonics of the magnetic field, that are asynchronous with the rotation of the

rotor, produce losses.

The rotation of the rotor causes 2 sources of mechanical losses, namely windage losses Pwindage

and ball bearing losses Pbearings. Finally, the rotation of the PM leads to a magnetic field that

induces eddy current losses in the winding PwindingPM and iron losses in the stator sheets

PironPM (hysteresis and eddy current losses).

2.3.2 Power balance

According to Figure 2.4, the mechanical power of a motor is

Pmec = Pel −ΣP, (2.1)

with ΣP being the sum of all the losses given by

ΣP = PJoule +Pskin +Pprox +PironI +Prot +Pwindage +Pbearings +PironPM +PwindingPM. (2.2)

In every electrical machine, an intermediary form of energy is encountered, that is electro-

magnetic energy. Thus, the electromagnetic power can be obtained either by

Pem = Pel − (PJoule +Pskin +Pprox), (2.3)

or

Pem = Pmec +PironI +Prot +Pwindage +Pbearings +PironPM +PwindingPM. (2.4)

Finally, the efficiency of a motor is defined by

η= Pmec

Pel
= Pel −ΣP

Pel
. (2.5)
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Electrical power

Winding losses Pwinding

• Joule losses PJoule

• Skin effect losses Pskin

• Proximity effect losses Pprox

Iron losses (in the stator) PironI

• Hysteresis losses
• Eddy current losses

Rotor losses Prot

• Eddy current losses

Windage losses Pwindage

Ball bearing losses Pbearings

Winding losses PwindingPM

• Eddy current losses

Iron losses (in the stator) PironPM

• Hysteresis losses
• Eddy current losses

Mechanical power

due to the stator currents

due to the rotation
of the rotor

A-A
Shaft
Magnet

Enclosure

Winding

Stator yoke

Housing

Ball bearings

Electromagnetic
power

A

A

Figure 2.4 – Power diagram (motor) and locations of the losses in a machine (inspired from [3]).
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2.3.3 Losses specific to very high speed

Although all the aforementioned losses appear in every PMSM with ball bearings, some

of these losses become very prominent because of the very high rotational speed and the

corresponding electrical frequency.

Windage and ball bearing losses represent a very significant percentage of the total losses,

between them reaching 75% in a 500 krpm-100 W PMSM in [31]. Windage losses result from

viscous friction of the fluid in the airgap between the rotor and the stator. Friction occurs

between the balls, the rings and the lubricant in ball bearings. Unfortunately, the modelling of

both losses is extremely complex. For ball bearing losses, some FEM models exist such as the

one in [36]. Nevertheless, ball bearing losses depend mainly on the mechanical load, but also

on the temperature, the unbalance of the rotor and the ageing of the bearings [35]. Therefore,

they are barely considered as design variables, except that their size defines the diameter of

the shaft and the minimal diameter of the winding. Nonetheless, ball bearing losses can be

measured like demonstrated in [37].

Most of the time, windage losses are assessed by empirical models [38] or by FEM [39, 40].

The first ones are preferred because of their ease. Nonetheless, many empirical models have

been devised during the years and all give various estimations of the losses. Consequently, it is

imperative to validate experimentally the one that corresponds to the application [12].

Rotor losses induced by eddy currents can become a major issue in VHS machines in the

sense that rotors are particularly difficult to cool down. The rise in temperature that they

provoke can lead to the demagnetisation of the PMs and additional thermal stresses in the

rotor. The most effective solution to reduce this issue is to use slotless stators [41]. Not only

does the absence of teeth eliminate the cogging torque and thus the vibration, it also reduces

drastically induced rotor losses, as the magnetic field in the airgap is much lower and has

lower magnitude of harmonics. Slotted machines are advantageous for lower speed machines,

because the magnetic field in the airgap is higher at equal stator current, producing a higher

torque [42, 43]. Slotless windings have a low inductance, limiting the back EMF voltage and

thus, are widely used for VHS machines [44]. Finally, slotless stators are easier to construct.

The high electrical frequencies (typically in the range of [1-10] kHz) related to very high speeds

have a non-negligible influence on electrical losses. It is worth mentioning the skin and

proximity effect losses in the winding. Fortunately, these losses can be reduced to insignifi-

cant values by using tiny section conductors, like Litz-wire. Obviously, in order to limit the

frequency, only single pole pair magnets are used in VHS machines.

Finally, most of electrical losses in very high speed slotless PMSM come from the rotating

field of the PM creating losses in the winding and the stator iron. Indeed, in these machines,

the magnetic flux density is overwhelmingly caused by the PM. The previously mentioned

reduction of the section of conductors goes in the sense of a diminution of these losses in the

winding. Plus, the absence of stator teeth definitely reduces the iron losses.
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2.4 Limitation and design

By essence, VHS machines are pushed to their limits: they experience high mechanical stresses

in the materials of the rotor and the bearings, critical speeds, high operating temperatures and

the miniaturisation makes the design intricate. Moreover, they are intrinsically multiphysical.

The modelling comprises mechanical, thermal, fluid dynamics, electromagnetism, acoustics

and material science among others. Lastly, the limitation of all the aforementioned losses is

among the main challenges.

One of the difficulty encountered with VHS machines is heating. Indeed, at constant power

and efficiency, scaling down the size of the machine results in an increase of losses per surface

unit. Therefore, cooling systems often have to be considered.

Another limiting aspect is the maximum mechanical stress supported by the rotor. A given

rotor material and diameter constraint the maximal allowed speed. To achieve a sufficient

power density, sintered rare-earth permanent magnets (NdFeB or SmCo) are used in electrical

machines [45]. Unfortunately, these materials have a low ultimate tensile strength and would

brake under the centrifugal forces due to the very high rotational speed. To avoid that, PMs

are surrounded by prestressed enclosures or sleeves, typically using material such as titanium,

Inconel®, glass or carbon fibre [6].

A further sensitive issue is bearings. In VHS applications, bearings are critical and influence

the noise, the vibration, the maximal operating speed and the lifespan. Because of the very

high speed, it is common that VHS machines break through critical speeds. As a result, a

modal analysis is required to ensure that critical speeds do not lie in the operating speed

range.

Even though many constraints appear to be mechanical, the fact remains that electrical

constraints are present. Due to high electrical frequencies, iron losses can become important.

Therefore, appropriate materials have to be selected to limit this phenomenon. The most

frequently employed materials are iron-based amorphous and nanocrystalline alloys, which

feature low losses at high frequency [46].

The design of VHS machines is closely linked to their applications [9]. The size, the thermal

and mechanical constraints can be so different from one case to another that it is difficult to

generalise. They have to be designed by considering a systemic approach if the application

is a priori known. As a result, the models representing the motor should be as robust and

reliable as possible.

Despite all these limitations, it is still possible to design and manufacture such machines, but

it requires an important modelling work in most of the domains.
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2.5 Windings

2.5.1 Slotless windings

The most common types of slotless windings are pictured in Figure 2.5. The winding in

Figure 2.5a is called a skewed or Faulhaber-type winding, the one in Figure 2.5b is a rhombic

or Maxon-type winding and the one in Figure 2.5c is a diamond shape winding. Because they

lie in the airgap, they are sometimes called self-supporting windings [47]. Similarly to slotted

windings, the conductors can be stacked on several layers [48]. The section of conductors is

traditionally either round or rectangular. Rectangular section conductors features a better

filling factor and a better radial thermal conductivity than round section wires, as there is less

space between the turns.

Given that slotless windings are surrounded by air, they consequently have a lower inductance

than slotted windings. This leads to higher current ripple, which creates additional iron losses.

External inductances can be connected to reduce this phenomenon. Finally, slotless windings

are more appropriate for VHS machines as they have a lower back EMF constant, limiting

the voltage required by the power electronic converter. Sometimes used in VHS applications,

toroidal windings [49] are not suitable for small scale machines mainly because they increase

the diameter of the machines.

2.5.2 Potential for improvement

As previously mentioned, a transitional form of energy is involved in every electrical machine:

electromagnetic energy. Windings participate directly in this process of transformation and are

therefore fundamental components. Their improvement leads directly to significant increases

of the performances in a machine. Finally, they directly impact the efficiency of a machine, as

they are responsible for the creation of losses (see Section 2.3).

(a) Skewed. (b) Rhombic. (c) Diamond.

Figure 2.5 – Most common types of slotless windings from [4].

17



Chapter 2. State of the art

One of the main interests of slotless windings is the numerous possible shapes and topologies

they can embrace. Unlike slotted windings forced to follow the direction of slots, slotless

windings can be freely arranged in the airgap. This represents an opportunity for optimisation.

Yet, only little research has been performed in this domain so far. One can cite a slotless

winding manufactured with 3D screen printing by Lindner et al. as visible in Figure 2.6a [50].

One of the key aspects in this research was the use of nonconstant wires section, possibly

achieved by additive manufacturing. However, the shape has not been optimised. Bräuer et

al. (from the same research team) have also proposed the idea of printing hollow conductors

for cooling purposes, with the same printing technology [51]. More recently, slotted windings

have also been investigated by Lorenz et al. as visible in Figure 2.6b [52, 53]. Dehez et al. have

investigated a flexible PCB winding for slotless machines with nonconstant track widths as

pictured in Figure 2.6c [54]. They have also demonstrated in [55] the significant increase of

the performances of a motor, thanks to an optimal track shape as depicted in Figure 2.6d.

Recent research has focused on additive manufacturing for electrical machines or components

[52, 53, 56, 57] and has shown potential in this domain. Thanks to these emerging possibilities,

such as selective laser melting (SLM), electron beam melting (EBM) [58,59], 3D screen printing

[51, 60], or more conventional ones, like wire-cut electrical discharge machining (WEDM) [61]

or laser cutting, innovation can be considered in the design and manufacturing of slotless

windings . These new technologies intend to challenge the traditional way of manufacturing

windings. Indeed, most of the windings are made with isolated wire of constant section.

However, it has been demonstrated that the performances of a motor can be significantly

increased by optimising the shape of the winding and by selecting nonconstant wire sections.

(a) Screen printed slotless
winding [50].

(b) Screen printed slotted winding [53]. (c) PCB winding [54].

(d) Optimised PCB winding [55].

Figure 2.6 – Illustrations of the possibilities to improve windings.

18



2.6. Previous academic works

2.6 Previous academic works

Given that VHS machines have been the subject of research for some time, the present thesis

built upon previous academic works :

• Larsonneur with the study of active magnetic bearings (1990) [62],

• Saari with a remarkable work on the classification of empirical windage losses models

(1998) [38],

• Zwyssig with the investigation and experimental validation of a 500 krpm-100 W electri-

cal motor with ball bearings and the development of a control electronic (2006) [63],

• Pfister with the theoretical study and the experimental validation of a 200 krpm-2 kW

electrical motor with ball bearings (2010) [3],

• Borisavljević with the development and the validation of a high speed electrical motor

with aerostatic bearings for micro mechanical machining (2011 and 2013) [12, 64].

2.7 Conclusion

The state of the art lays the basis for VHS machines. Thanks to a review of 49 commercial ma-

chines and prototypes, the type of machine and bearings, as well as the potential applications

have been discussed. A comparative study has demonstrated that the targeted motor, i.e. a 400

krpm 40 W 12.7 mm diameter 28 mm length, has no counterparts in terms of miniaturisation,

whether it is a prototype or a commercialised machine. The losses and the limitation of VHS

machines have been tackled, and it is inferred that a robust modelling is necessary for their

design.

From the state of the art, it can be concluded that the targeted motor has to be:

• a PMSM with a retaining sleeve around a one pole pair magnet,

• slotless, thus it requires a slotless winding,

• with ball bearings.

Finally, the potential of improvement for slotless windings has been discussed. With the

help of nonconstant wires section, an optimised shape and nontraditional manufacturing

processes, the performances of electrical machines can be significantly increased.
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3.1 Introduction

Mechanical modelling is inherent to the design of VHS machines. The rotor, including the

bearings, is one of the most critical parts to design. The aspects to be considered are the

mechanical strength of the rotating parts, the critical speeds and the losses.

Rotating parts have to be designed so that the rotational velocity, but also the temperature,

will not plastically deform them, leading to an unbalancing or even worse, a mechanical break.

This applies especially to permanent magnets, which are the most fragile part of the rotor

and require a retaining sleeve. Research has already been performed on the design of VHS

permanent magnet rotors [12, 62, 65–68]. Based on [3, 69], a very complete analytical model

that evaluates the stresses everywhere in the rotor, and guarantees the mechanical strength is

developed in Section 3.2. It differs from other models by including:

• the computation of the axial stress components leading to a 3D model,

• the computation of stresses in the shaft,

• the distinction between cylinder and disc shaped rotors,

• the distinction between hollow and solid magnet rotors,

• the consideration of thermal stresses.

VHS machines commonly run at overcritical speeds (faster than the first critical speed). There-

fore, it is important that critical speeds do not lie near the operating rotational speed range.

They would create vibration, noise and reduce the accuracy of the driven load. In Section 3.3,

3D FEM is used to model the rotor and the bearings and to compute the critical speeds. The

results are later compared with measurements in Chapter 6, in order to validate the model.

Finally, mechanical losses, which are divided into windage and ball bearing losses, represent a

substantial part of the total losses in VHS machines. Indeed, in low speed machines, mechani-

cal losses are of no or little significance, whereas they can reach up to 75% of the total losses

in VHS machines [31]. Consequently, windage and ball bearing losses have to be known very

precisely. Windage losses are very complex phenomena based on fluid dynamics theory. For

that reason, most of analytical windage losses models are empirical [38]. Many of them exist

and give variation estimations of the losses. As a result, the chosen model must be validated

regarding the application of the machine [12]. An existing model is presented in Section 3.4

and experimentally validated in Chapter 6.

As for ball bearing losses, it is very complicated to predict them with models for VHS operations,

thereby they are most of the time measured [3]. In Section 3.5, an empirical model is proposed,

which is used along with an experimental technique able to separate the losses in Chapter 6.
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3.2 Rotor stresses

3.2.1 Geometry and mechanical properties

Geometry of the rotor

The model considers a hollow magnet rotor composed of a shaft, a permanent magnet and

an enclosure as illustrated in Figure 3.1. The index s stands for shaft, m for magnet, e for

enclosure, i for inner and o for outer. Given the geometry of the rotor, cylindrical coordinates

are used. It may happen (for manufacturing reasons) that the shaft does not pass through the

magnet. In that case, it is a solid magnet rotor. Thereafter, the model is adapted by tending the

inner radius of the magnet rmi to zero in the following equations.

Mechanical parameters

The materials composing the rotor are defined by their mechanical properties:

• Young’s modulus: E [Pa]

• Poisson’s ratio: ν [-]

• Coefficient of thermal expansion (CTE): c [1/◦C]

• Density: ρ [kg m2]

They are assumed to be isotropic, homogenous and in the elastic domain.

reo

r ei

r m
o

r m
ir so

x

y

z

r
ϕ

Ω

Shaft
Magnet

Enclosure

Figure 3.1 – Cross-section giving the geometry and the dimensions of the rotor stresses model.
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The last two parameters contained in the model are:

• Temperature: T [◦C]

• Rotational speed: Ω [rad/s]

The temperature is considered homogeneous in the rotor.

Plane strain and plane stress conditions

The stress σ is represented by its radial component σr and its tangential component σϕ. Due

to the axisymmetry of the problem, the stress components depend on r only. In the case

where one dimension is small compared to the others (i.e. disc shaped rotors), the plane stress

condition [69] is used:

• Axial stress: σz = 0 [Pa]

• Axial strain: εz 6= 0 [-]

Conversely, if one dimension is large in comparison to the others (i.e. cylinder shaped rotors),

the plane strain condition [69] is made:

• Axial stress: σz 6= 0 [Pa]

• Axial strain: εz = 0 [-]

In plane strain condition, since no axial strain is allowed, thermal axial constraints will appear

due to the expansion of materials. This axial component has to be considered [62], otherwise

the total stress would be underestimated [70]. In plane strain condition, the axial stress, taking

into account the variation of temperature ∆T , is obtained by

σz = ν(σr +σϕ)−Ec∆T. (3.1)

In addition, the parameters of the materials are modified [12], but only for the computation of

radial and tangential stress components, as

ν∗ = ν

1−ν , (3.2)

E∗ = E

1−ν2 , (3.3)

c∗ = c(1+ν). (3.4)

Table 3.1 summarises the difference between plane strain and plane stress conditions.
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Plane stress Plane strain

Shape

εz 6= 0 = 0

σz = 0 = ν(σr +σϕ)−Ec∆T

σr , σϕ, σc, u, e ν, E , c ν∗, E∗, c∗

Table 3.1 – Plane strain and plane stress conditions.

3.2.2 Stresses in the rotor

Differential equation

A thick-walled cylinder rotating at a constant angular velocityΩ is governed by the following

differential equation [69]

d2u

dr 2 + 1

r

du

dr
− u

r 2 =−
(

1−ν2

E

)
ρΩ2r, (3.5)

where u is the mechanical displacement. The right-hand side term takes into account the

effect of rotational velocity. For the 3 regions of the rotor, that are the shaft, the magnet and

the enclosure (i = s,m,e), the general solution is

ui =−
(

1−ν2
i

8Ei

)
ρiΩ

2r 3 + ci 1r + ci 2

r
, (3.6)

and the radial and tangential stresses are respectively

σi r = Ei

1−ν2
i

[−(3+νi )(1−ν2
i )ρiΩ

2r 2

8Ei
+ ci 1(1+νi )− ci 2

(
1−νi

r 2

)]
, (3.7)

and

σiϕ = Ei

1−ν2
i

[−(1+3νi )(1−ν2
i )ρiΩ

2r 2

8Ei
+ ci 1(1+νi )+ ci 2

(
1−νi

r 2

)]
, (3.8)

where ci 1 and ci 2 are integration constants.
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Boundary conditions

The integration constants are fixed considering the boundary conditions

us(r = 0) = 0, (3.9)

σsr (r = rso) = 0, (3.10)

σmr (r = rmi) = 0, (3.11)

σmr (r = rmo) =σc, (3.12)

σer (r = rei) =σc, (3.13)

σer (r = reo) = 0, (3.14)

where σc is the radial contact stress at the magnet-enclosure interface. This stress is created

by the interference, also called shrinkage, between the magnet and the enclosure. Namely, the

inner radius of the enclosure is smaller than the outer radius of the magnet. This induces a

prestress on the magnet. As a result, the latter tolerates higher stresses due to rotation than it

would without enclosure.

Because the solution needs to be finite at the centre of the shaft, cs2 = 0. Boundary conditions

(3.10) and (3.11) imply that there is no physical contact at the shaft-magnet interface. Indeed,

the contact cannot be guaranteed for manufacturing reasons.

Solutions

The equations for a hollow magnet rotor under plane strain condition are given bellow. The

stresses in the shaft are

σsr (r ) = (3+ν∗s )ρsΩ
2

8

(
r 2

so − r 2) , (3.15a)

σsϕ(r ) = (3+ν∗s )ρsΩ
2

8

(
r 2

so −
(

1+3ν∗m
3+ν∗m

)
r 2

)
, (3.15b)

σsz (r ) = νs(σsr (r )+σsϕ(r ))−Escs∆T. (3.15c)

The radial and tangential stresses in the shaft are proportional to the square of the angular

velocity.
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The stresses in the magnet are

σmr (r ) = (3+ν∗m)ρmΩ
2

8

(
−r 2 + r 2

mo + r 2
mi −

(rmormi

r

)2
)
+

σc

1−
(

rmi

rmo

)2

(
1−

(rmi

r

)2
)

, (3.16a)

σmϕ(r ) = (3+ν∗m)ρmΩ
2

8

(
−

(
1+3ν∗m
3+ν∗m

)
r 2 + r 2

mo + r 2
mi +

(rmormi

r

)2
)
+

σc

1−
(

rmi

rmo

)2

(
1+

(rmi

r

)2
)

, (3.16b)

σmz (r ) = νm(σmr (r )+σmϕ(r ))−Emcm∆T. (3.16c)

The stresses in the enclosure are

σer (r ) = (3+ν∗e )ρeΩ
2

8

(
−r 2 + r 2

eo + r 2
ei −

(reorei

r

)2
)
+

σc

1−
(

reo

rei

)2

(
1−

(reo

r

)2
)

, (3.17a)

σeϕ(r ) = (3+ν∗e )ρeΩ
2

8

(
−

(
1+3ν∗e
3+ν∗e

)
r 2 + r 2

eo + r 2
ei +

(reorei

r

)2
)
+

σc

1−
(

reo

rei

)2

(
1+

(reo

r

)2
)

, (3.17b)

σez (r ) = νe(σer (r )+σeϕ(r ))−Eece∆T. (3.17c)

Both the radial and tangential stresses in the magnet and the enclosure are composed by a

term proportional to the contact stress at the magnet-enclosure interface, and another term

proportional to the square of the angular velocity. At standstill, stresses are induced merely by

the contact stress.
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Contact stress

The contact stress depends on the operating interference e at the magnet-enclosure interface

which is given by

e = (rmo − rei)+ (uΩmo −uΩei)+ (rmoc∗m − reic
∗
e )∆T. (3.18)

It is composed of three terms: the first one is the interference at standstill and room tempera-

ture (also referred to as e0 thereafter), the second one is the interference due to the effect of

rotational velocity, and the third one takes into account the thermal expansion of pieces.

Thanks to (3.6), the displacement uΩmo, which corresponds to the expansion at the outer cir-

cumference of the magnet due to the rotating speed as if there was no enclosure, is computed

as

uΩmo = uΩm(r = rmo) = (3+ν∗m)ρmΩ
2r 3

mo

4E∗
m

(
1−ν∗m
3+ν∗m

+
(

rmi

rmo

)2)
. (3.19)

Similarly, the displacement uΩei, which corresponds to the expansion at the inner circumference

of the enclosure due to the rotating speed as if there was no magnet, is calculated as

uΩei = uΩe (r = rei) =
(3+ν∗e )ρeΩ

2reir 2
eo

4E∗
e

(
1+ 1−ν∗e

3+ν∗e

(
rei

reo

)2)
. (3.20)

Finally, the contact stress at the magnet-enclosure interface is given by

σc = −e

rmo

(
1

E∗
e

(
r 2

eo + r 2
ei

r 2
eo − r 2

ei

+ν∗e
)
+ 1

E∗
m

(
r 2

mo + r 2
mi

r 2
mo − r 2

mi

−ν∗m
)) . (3.21)

The negative value of σc guarantees the contact between the magnet and the enclosure.

3.2.3 Failure criterion

Von Mises criterion

To ensure the mechanical strength, the von Mises yield criterion is chosen because it is closer

to reality than the Tresca criterion [69]. This criterion is commonly used in the elastic range. It

suggests that the yielding of the material begins once the distortion energy reaches a critical

value. In other words, the von Mises stress σv must be smaller than the yield strength σy

for the shaft and the enclosure and smaller than the ultimate tensile strength σt for the
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magnet1. Accordingly, no plastic deformation, that would unbalance the rotor or even break

it, is tolerated.

The von Mises stress is expressed as

σv =
√

1

2

(
(σr −σϕ)2 + (σϕ−σz )2 + (σz −σr )2

)
. (3.22)

The von Mises criterion enables the reduction of three stress components to a single positive

scalar value, easily comparable to the yield strength (or the ultimate tensile strength).

Mechanical strength

The conditions to be fulfilled to guarantee the mechanical strength of the whole rotor are

max(σsv) <σsy, (3.23a)

max(σmv) <σmt, (3.23b)

max(σev) <σey, (3.23c)

σc < 0, (3.23d)

throughout the speed and temperature range. It should be mentioned that even at standstill,

induced stresses due to the shrinkage between the magnet and the enclosure could be destruc-

tive. In addition, the temperature can create a significant increase of stresses. A particular

attention has to be paid to magnets, because they are more fragile than the shaft and the

enclosure.

In practice, safety coefficients can be used on the yield strength and the ultimate tensile

strength. They take into account the tolerated risk of failure related to the application, the

fatigue of materials, the desired lifetime and the possible materials defects. It is also common

to design a rotor that withstands a higher speed than its nominal speed.

1Sintered materials do not behave like dense materials in the plastic domain [71]. Consequently, the yield
strength of sintered magnets is not usually precisely known and the ultimate tensile strength is used instead.
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3.2.4 Validation of the model

3D FEM model

A 3D FEM rotor is modelled with ANSYS in order to validate the analytical model presented in

Section 3.2. The geometry of the rotor and its mesh are pictured in Figure 3.2. The mechanical

parameters and the dimensions used are listed in Table 3.2.

The boundary conditions at the two extremities of the rotor are set so that no axial strain is

possible, producing a plane strain condition. The contact at the magnet-enclosure interface is

modelled as rough with an augmented Lagrange formulation.

Figure 3.2 – Meshed ANSYS 3D FEM model for the computation of rotor stresses.

Mechanical and geometrical parameters

Shaft Magnet Enclosure

Material
Martensitic
steel 420 F

NdFeB
Titanium
grade 5

Density ρi 7700 7500 4400 [kg/m3]

Poisson’s ratio νi 0.24 0.24 0.36 [-]

Young’s Modulus Ei 215 160 114 [GPa]

CTE ci 10.5 × 10−6 5.0 × 10−6 9.0 × 10−6 [1/◦C]

Ultimate tensile strength σi t - 75 - [MPa]

Yield strength σi y 1550 - 880 [MPa]

Inner radius ri i - 1 2.75 [mm]

Outer radius ri o 1 2.762 2.95 [mm]

Physical parameters

Maximal rotational speed Nmax 500 [krpm]

Temperature T 60 [◦C]

Table 3.2 – Simulation parameters used for the validation of the rotor stresses model.
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3.2. Rotor stresses

Results

Figure 3.3 compares the three stress components (σr ,σϕ,σz ) in the shaft, the magnet and the

enclosure at both standstill and at maximal rotational speed. The continuous lines refer to the

analytical model and the dashed ones to the FEM model.

It can be noted that the radial stress is equal to zero at the shaft-magnet interface thanks to

boundary conditions (3.10) and (3.11). This can be seen in Figures 3.3a and 3.3b. Regarding

the magnet-enclosure interface, the radial stress is equal to σc thanks to boundary conditions

(3.12) and (3.13). The negative value of this contact stress ensures that no separation will

occur.

Because there is no contact with the magnet, radial and tangential stresses are nil at standstill

in the shaft, as visible in Figures 3.3a and 3.3c. However, the axial stress is different from zero

because of the thermal stress. Thermal stresses can reach significant values regarding the

CTE and the Young’s modulus of materials. They have to be considered, especially in VHS

machines, where the temperature is often high.

The von Mises stress is computed in ANSYS (Figure 3.4) and is compared to the model in

Figure 3.5. The ultimate tensile strength of the magnet σmt is highlighted on the graph. The

analytical model fits the FEM model extremely well. The error on the von Mises stresses is less

than 1%. As previously mentioned, magnets are the most fragile part of the rotor. This fact is

verified here, as the maximal value of the von Mises stress is just below the ultimate tensile

strength.

In general, the maximal value of the von Mises stress in hollow cylinders appears to be at the

inner circumference [62]. In the case of solid cylinders however, this value is lower (for the

same outer radius) and appears at the centre. This fact has to be taken into consideration

when choosing between a solid or a hollow magnet rotor.

Stresses in the rotor can be limited by diminishing the size of the rotor, selecting low density

materials or by reducing the temperature. In high temperature applications, such as micro gas

turbines, low CTE materials should be chosen in order to lessen thermal stresses.

3.2.5 Limitation of the model

A rotor is seldom fully under plain stress or plain strain conditions. It is usually somewhere

in between. The axial stress components come from the plain strain condition, which does

not permit axial strain. It can correspond to the case of a rotor with ball bearings, where the

longitudinal expansion is limited (but not completely impossible).
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Figure 3.3 – Validation of the stresses components in the rotor.
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Figure 3.4 – Von Mises stress at standstill in ANSYS (scale in MPa).
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Figure 3.5 – Validation of the von Mises stress in the rotor.

In that case, it has been demonstrated that a 2D stresses model would underestimate the total

stresses [70]. In other cases, e.g. with magnetic bearings, it is a conservative assumption in the

sense that the rotor can expand longitudinally as the temperature increases. As a result, axial

stresses diminish. In both cases, a conservative model is preferred and brings more safety to

the design.

Finally, an analytical model is preferred to a FEM model, which is time consuming. Analytical

models can be implemented easily in optimisation loops, as in Chapter 5.
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3.3 Modal analysis

3.3.1 Vibration modes

Just like vibrating strings, rotors have natural frequencies characterised by vibration modes.

Rigid body modes occur when the bearings are very flexible towards the shaft (soft mounted

rotors). For axisymmetric rotors and stators, the first rigid body mode corresponds to a

cylindrical whirling (0-node mode) and the second one, occurring at higher speed, to a conical

whirling (1-node mode) [72]. Both modes are illustrated in Figures 3.6a and 3.6b.

Flexural modes (also called deformation or bending modes) happen when the bearings are

very rigid towards the shaft (hard mounted rotors). Rotors deform and are affected by a

rotating damping. The first flexural mode is half sine shaped (2-nodes mode). Then comes

the second flexural mode also sine shaped (3-nodes mode) and so on as the speed increases.

The first two bending modes are depicted in Figures 3.6c and 3.6d. Hard mounted rotors are

preferred for precision applications, but have less damping capability and hence, transmit

more vibration to the frame. In fact, bearings are seldom very flexible or rigid with respect to

the shaft. Thus, actual rotors have a combination of both vibration mode types.

3.3.2 Critical speeds

A critical speed is defined as a rotating speed that excites one of the low damped natural

frequencies of the rotor [73]. The rotor starts to resonate as the speed gets closer to the natural

frequency and causes vibration. In low speed applications, most of rotors run under the first

critical speed (subcritical) and no particular considerations of modal analysis are necessary.

However, VHS machines operate commonly above the first critical speed (overcritical or

supercritical). Thus it is important to know the critical speeds so that they do not lie near the

operating speed range. However, if the bearings are damped enough, some critical speeds

may not occur.

(a) Cylindrical whirling. (b) Conical whirling.

(c) First flexural mode. (d) Second flexural mode.

Figure 3.6 – Representation of the vibration modes.
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3.3.3 Equation of motion

The equation of motion for a linear axisymmetric shaft rotating at a constant speed [72] is

M ~̈u(t )+ (C +G) ~̇u(t )+K ~u(t ) = ~f (t ), (3.24)

where ~u(t) is the displacement vector, M the symmetric mass and inertia matrix, C the

symmetric damping matrix, G the skew-symmetric gyroscopic matrix, K the symmetric

stiffness matrix and ~f (t ) a time-dependent source vector. This last vector can be, for instance,

a force caused by the unbalance of the rotor. The vector ~f (t ) is set to zero in the case of free

vibration analysis, i.e. the computation of natural frequencies.

Matrix G is proportional to the rotational velocity of the rotor. As a result, the solutions of

(3.24) also depend on the rotational velocity. Solutions can be found analytically for simple

rotor geometries [72], or with 1D FEM [74] and 3D FEM for more complex ones. Solving (3.24)

comes down to an eigenvalue problem. The imaginary part of the eigenvalues gives the natural

frequencies.

3.3.4 Computation of critical speeds

3D FEM model

Figure 3.7 pictures the ANSYS 3D FEM model used for the computation of critical speeds. Both

ball bearings are modelled by the hollow grey discs at the extremities of the shaft. Bearings

are isotropic and their radial stiffness is set to 1.75 N/µm (see Section 6.3.5 for more details).

The rotor, including the bearings, has been designed so that no critical speeds occur around

the operating speed, which is 400 krpm. To this end, the value of the radial stiffness can be

modified to some extent, by varying the preload of ball bearings. The higher the stiffness, the

higher the critical speeds [75]. Hence, the 2 degrees of freedom for acting upon critical speeds

are the materials and dimensions of the shaft and the stiffness of bearings.

Figure 3.7 – Modeling of the ball bearings and the rotor in ANSYS for the computation of
critical speeds.
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Campbell diagram

Plotting the natural frequencies f with respect to the rotational speedΩ leads to a so called

Campbell diagram as shown in Figure 3.8. Complex conjugate solutions of (3.24) give two

whirling motions per mode: forward (F) and backward (B). The rotor always rotates in the

same direction, which is imposed by the rotating magnetic field of the stator. However, the

whirl motion can be superimposed in the same direction (forward) or in the opposite direction

(backward) [76]. In the case of an axisymmetric rotor and isotropic bearings, the whirl is

forward and circular.

Because a rotor is never perfectly balanced, it creates forcing frequencies that excite natural

frequencies. This synchronous excitation (2π f =Ω) is plotted in the Campbell diagram (black

line in Figure 3.8). The intersection of this line with the natural frequencies gives the critical

speeds. However, every intersection is not necessarily a critical speed. Indeed, some modes

can be very well damped and thus, no resonances occur [72].

Figure 3.9 shows the two first critical speeds obtained by ANSYS 3D FEM. The first critical

speed (cylindrical whirl) occurs at 4598 Hz (276 krpm) and the second critical speed (conical

whirl) occurs at 7999 Hz (480 krpm). These values are compared with measurements in

Chapter 6.
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Figure 3.8 – Campbell diagram obtained by ANSYS 3D FEM.

(a) Cylindrical whirl at f1F = 4598 Hz. (b) Conical whirl at f2F = 7999 Hz.

Figure 3.9 – Critical speeds computed by ANSYS 3D FEM.
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3.4 Windage losses

Windage losses represent an important part of the total losses in VHS machines and have the

highest rate of increase with respect to the rotational speed [12]. Indeed, the windage losses

created by a cylindrical rotor spinning in a coaxial stator, as it can be seen in Figure 3.10, are

proportional to the cube of rotational velocityΩ according to

Pwindage =πcfρΩ
3r 4

eoLδ, (3.25)

where ρ is the density of the fluid in the mechanical airgap, Lδ the axial length of this airgap

(in the direction of the z-axis), reo the outer radius of the enclosure and cf is called the

friction coefficient. Windage losses models determine that friction coefficient by experimental

measurements. It depends on dimensionless numbers such as the Couette-Reynolds number

or the Taylor number. These numbers are independent of the scale of the machine and give

an information about the state of the fluid flow in the airgap.

Because of the no-slip condition at a solid-fluid interface [77], a flow in the airgap is created

when the rotor starts running. This flow is first laminar, then as the speed of the rotor increases,

inertia forces overpass viscous forces and Taylor vortices, which are a pattern of regular

vortices in the axial direction, start to appear. When the speed increases even more, the flow

becomes fully turbulent [78]. Between laminar and fully turbulent states, the flow is defined

as transitional.

r eo
δ

x

y

z

Ω

Shaft
Magnet

Enclosure
Winding
Stator yoke

Figure 3.10 – Cross-section giving the geometry for the windage losses model.
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A lot of empirical models exist and one can mention the most encountered in literature:

• Daily and Nece (1960) [79],

• Yamada (1962) [80],

• Mack (1967) [81],

• Vrancik (1968) [82],

• Bilgen and Boulos (1973) [83],

• Awad and Martin (1998) [84].

They are also analysed in [12, 24, 38]. These models have been established in a specific context,

for specific applications, for a specific range of Couette-Reynolds numbers. Some take into

consideration axial flows and rotor or stator grooves. Some have been experimented with

fluid or gas. Some even include a roughness coefficient for the outer surface of the rotor. For

all these reasons, they give various estimations of the losses. Many of these models are used

in research, but merely a few are validated [85]. Chapter 6 gives an experimental method

to determine the windage losses. Subsequently, an existing model corresponding to the

application can be selected.

It turns out that, for the prototype tested in Chapter 6, Mack’s model [81] matches measure-

ments well. According to Mack, the friction coefficient can be calculated as

cf


= 1.8

Re

(reo +δ)2

(reo +δ)2 − r 2
eo

(
δ

reo

)−0.25

: Ta ≤ 41.2,

∝ Ta−0.2 : Ta > 400,

(3.26)

where δ is the thickness of the airgap. The Couette-Reynolds number is given by

Re = Ωreoδ

ν
, (3.27)

and the Taylor number by

Ta = Ωreoδ

ν

√
δ

reo
, (3.28)

where ν is the kinematic viscosity of the fluid in the airgap. In (3.26), ∝ means proportional to,

i.e. cf = cf(Ta = 41.2)Ta−0.2. The Couette-Reynolds number can be seen as the ratio between

inertia and viscous forces [38]. The flow is considered as laminar for Ta < 41.2. When the Taylor

number is greater than 400, the flow is fully turbulent [24]. In between, lies the transitional

flow. In practice, one considers a fully turbulent flow for Ta > 41.2 in the calculations [86].

38



3.4. Windage losses

The kinematic viscosity of the fluid in the airgap is calculated as

ν= µ

ρ
, (3.29)

where µ and ρ are respectively the dynamic viscosity and the density of the fluid. Both are

influenced by pressure and temperature, but at moderate pressure, dynamic viscosity depends

uniquely on temperature. To deal with the effect of temperature, the dynamic viscosity can be

approximated by the Sutherland’s law [87], that is

µ=µ0

(
T0 +C

T +C

)(
T

T0

)3/2

, (3.30)

whereµ0 is the dynamic viscosity of the gas at temperature T0, C is the Sutherland temperature

and T is the absolute temperature of the gas. Temperatures are in Kelvin.

The density of the gas can be approximated by the ideal gas law

ρ = P M

RT
, (3.31)

where P is the absolute pressure of the gas, M is the molar mass of the gas and R is the ideal

gas constant. The values of the aforementioned constants are given in the Nomenclature.

Windage losses for the prototype are given in Figure 3.11. The fluid in the airgap is air and the

dimensions of the prototype are given in Table 6.1. The transitional flow begins at 50 krpm

(Ta = 41.2). Before that, losses are insignificant. The flow would be fully turbulent at 450 krpm

(Ta = 400).
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Figure 3.11 – Windage losses for the prototype according to Mack’s model.
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3.5 Ball bearing losses

Ball bearing losses also represent a very important part of the total losses in VHS machines [35].

Friction between the balls and the raceways or the retainer results in energy loss. The type and

the quantity of lubricant is of great importance. In addition, the ageing of the ball bearings, the

temperature, the preload, the operating load and the unbalance of the rotor have an influence.

For ball bearings running at moderate speed, empirical formulae based on laboratory testing

are available [28]. Unfortunately, for very high speed applications [36, 88], there is little

documentation in the literature, as pointed out in [37] and thus, ball bearing losses are

measured most of the time.

Ball bearing losses can be modelled empirically by

Pbearings = cbearings1Ω
cbearings2 , (3.32)

whereΩ is the rotational speed of the rotor and cbearings1 and cbearings2 are coefficients obtained

by regression. In Chapter 6, an experimental method is proposed to evaluate these losses.

3.6 Conclusion

Mechanical modelling is intrinsic to the design of VHS machines. The very high speed and

the temperatures induce mechanical stresses in the rotor that can be destructive, especially

for permanent magnets. An innovative and very complete 3D analytical model capable of

computing the stresses in the shaft, the magnet and the enclosure has been presented. It is

valid for both cylinder and disc shaped rotors, as well as hollow and solid magnet rotors and

takes into account the effect of thermal stresses. The von Mises failure criterion has been

proposed to ensure the mechanical strength throughout the speed and temperature range.

The model has been validated with 3D FEM and its limitations have been discussed.

VHS machines usually operate at overcritical speed. Accordingly, critical speeds have to be

known so that none of them lie near the operating speed range. The rotor, including the

ball bearings, has been modelled with 3D FEM and the first two critical speeds have been

determined. They are experimentally compared in Chapter 6.

The very high speed is also responsible for creating mechanical losses, which represent a

significant part of the total losses. The flow in the airgap created by the rotation of the

rotor causes windage losses. Many empirical windage losses models exist and give various

estimations. Furthermore, very few of them are validated in the literature. The chapter has

presented the model devised by Mack. Indeed, measurements in Chapter 6 demonstrate that

this model is adapted for the prototype. Ball bearings are also an important part of the total

losses and a model has been presented in this chapter.
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Chapter 4. Electromagnetic modelling

4.1 Introduction

Electromagnetic modelling is based upon the magnetic vector potential. It further enables

the computation of the magnetic flux density and several losses in the machine. The vector

potential is especially important in the airgap, as it interacts with the winding and serves

to compute the back EMF voltage and the electromagnetic torque. Section 4.2 presents the

geometry and the electromagnetic properties of the models used in this chapter. Section 4.3

gives the equations for the magnetic vector potential and flux density in the airgap for a one

pole pair diametrically magnetised cylindrical PM machine with a slotless winding.

Besides traditional losses encountered in BLDC machines, the very high rotational speed of

the rotor and, de facto, the high electrical frequencies associated, produce additional losses.

The electromagnetic losses can be divided into winding losses, iron losses and rotor losses.

Unlike mechanical losses, most of electromagnetic losses can be calculated analytically in

slotless machines. To this end, an essential hypothesis has to be made: the magnetic field

produced by the PM is much stronger than the one produced by the stator currents in slotless

machines. Indeed, the coils are surrounded by air which has a high magnetic reluctance. This

hypothesis allows the models to be simplified, while keeping a very good accuracy and saving

computational time.

Winding losses are presented in Section 4.4. In addition to Joule losses, they consist of the skin

effect and proximity effect losses created by the high electrical frequencies [89]. Moreover, the

windings of slotless PM machines have induced eddy current losses due to the time-varying

magnetic field of the rotor. The computation of these losses for round section conductors

can be found in [90–93]. As for rectangular section conductors, they are less encountered

in literature, but nonetheless used in slotless machines. Thereby, the chapter contributes to

fill the gap by presenting a model for the computation of induced eddy current losses by the

rotation of the PM in rectangular section wires.

Well known models such as Steinmetz’s [94] or Jordans’s [95] allow the estimation of iron losses.

They take into account the hysteresis and eddy current losses as function of the frequency,

the peak magnetic flux density and some empirical coefficients. Based on these models, a

solution is proposed to compute the iron losses due to the rotation of the PM in Section 4.5.

Finally, a discussion is made about rotor losses in Section 4.6. They are created by time-

varying magnetic fields created by stator windings which induce eddy currents in the sleeve,

the magnet and possibly the shaft. Rotor losses in slotted machines are researched because

they are most of the time significant [96]. In slotless structures, they should be considered,

because the heat generated in the rotor is difficult to dissipate, but they are most of the time

very small compared to the total losses [12].
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4.2. Geometry and electromagnetic properties

4.2 Geometry and electromagnetic properties

Electromagnetic models presented here are based on the geometry given in Figure 4.1. It is a

one pole pair (p = 1) diametrically magnetised cylindrical PM machine with a slotless winding.

The index s stands for shaft, m for magnet, c for coil, y for yoke, i for inner and o for outer. It

may happen (for manufacturing reasons) that the shaft does not pass through the magnet.

Consequently, models are adapted by tending the inner radius of the magnet rmi to zero in the

following equations.

The permanent magnet is defined by its magnetic properties:

• Remanence: Br [T]

• Relative permeability: µr [-]

The remaining parameters are:

• Mechanical angle of the rotor: θ [rad]

• Rotational speed: Ω [rad/s]

The mechanical angle of the rotor is chosen to be the same as the magnetisation angle of the

PM, as given by the referential in Figure 4.1.
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Figure 4.1 – Cross-section giving the geometry and the dimensions of electromagnetic models.
The rotor is made of a one pole pair (p = 1) diametrically magnetised cylindrical permanent
magnet and the stator is slotless.
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4.3 Magnetic quantities

4.3.1 Vector potential

The vector potential ~A is defined by
~B =∇×~A, (4.1)

and

~E =−
(
∇V + ∂~A

∂t

)
, (4.2)

where ~B is the magnetic flux density vector, ~E the electric field vector and V the electric scalar

potential. For a one pole pair diametrically magnetised cylindrical PM slotless machine, the

axial component of the vector potential in the airgap [97] can be calculated as

Aδz (r,ϕ) = cδ

(
r +

r 2
yi

r

)
sin(ϕ−θ), (4.3)

where

cδ =
Brr 2

mo(r 2
mi − r 2

mo)

µr(r 2
mi + r 2

mo)(r 2
mo − r 2

yi)+ (r 2
mi − r 2

mo)(r 2
mo + r 2

yi)
, (4.4)

is a constant depending on the geometry and the properties of the PM. It is important to point

out that the vector potential is purely sinusoidal in the airgap. In this model, the hypotheses

are the following:

• the PM is diametrically magnetised and covers an entire magnetic pole,

• the magnetic field produced by the winding is not considered,

• the axial length of the model is considered as infinite (no end effects),

• the magnetic materials, including the PM, are linear (no saturation effect),

• the relative permeability of magnetic materials (the shaft and the yoke) is infinite.

The last two assumptions are justified by the fact that airgaps are large in slotless machines [98].

Figure 4.2 illustrates the equipotential lines of the axial component of the vector potential in

the airgap, which are also the field lines of the magnetic flux density. The mechanical angle of

the rotor equals π
2 . The dimensions of the machine and the magnetic properties of the PM are

those of the prototype presented in Chapter 6. The equations for the vector potential in the

remaining parts of the machine can be found in [97].

The vector potential is further employed to compute the flux linkage (Section 4.3.3) as well as

the induced eddy current losses in the winding (Section 4.4.3).
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Figure 4.2 – Equipotential lines of the axial component of the vector potential in the airgap.
The mechanical angle of the rotor is worth π

2 .

4.3.2 Magnetic flux density

The radial and tangential components of the magnetic flux density are obtained from (4.1).

This gives, in cylindrical coordinates,

Br = 1

r

∂Az

∂ϕ
, (4.5)

Bϕ =−∂Az

∂r
. (4.6)

Applying (4.5) and (4.6) to (4.3) gives respectively the radial and tangential components of the

magnetic flux density in the airgap for a one pole pair diametrically magnetised cylindrical

PM slotless machine, that is

Bδr (r,ϕ) = cδ

(
1+

r 2
yi

r 2

)
cos(ϕ−θ), (4.7)

and

Bδϕ(r,ϕ) = cδ

(
r 2

yi

r 2 −1

)
sin(ϕ−θ). (4.8)

The 2 equations show that the radial component is always bigger, in absolute value, than

the tangential one. Under the same conditions as Figure 4.2, Figures 4.3 and 4.4 highlight

the isolines of both components of the magnetic flux density. The radial component reaches

its maximal value in the axis of magnetisation, whereas the tangential component has its

maximal value perpendicularly to this axis.
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Figure 4.3 – Isolines of the radial component of the magnetic flux density in the airgap. The
mechanical angle of the rotor is worth π

2 .
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4.3. Magnetic quantities

The radial component is responsible for the production of the electromagnetic torque (Sec-

tion 4.3.4), and both components are responsible for induced eddy current losses in the

winding, as demonstrated in Section 4.4.3. As can be observed, one pole pair diametrically

magnetised cylindrical PM slotless machines have a purely sinusoidal magnetic flux density

distribution in the airgap. Not only does the absence of harmonics reduce the induced losses,

it also creates purely sinusoidal back EMF voltage in the winding (in the absence of saturation).

The peak magnetic flux density in the stator yoke, that will aim to compute iron losses in

Section 4.5, can also be obtained analytically [97] by

B̂y = 2cδ
ks

(
r 2

yo + r 2
yi

)
(
r 2

yo − r 2
yi

) , (4.9)

where ks is the stacking factor of the laminated stator sheets.

Analytical equations of the vector potential and the magnetic flux density presented above,

which consider magnetic materials with an infinite permeability, are very accurate when

compared to FEM simulations taking into account a finite permeability. However, when

saturation occurs, the models lack accuracy in magnetic materials and FEM modelling must

be considered.

4.3.3 Magnetic flux linkage and back EMF voltage

With (4.1) and by means of the Stokes’ theorem, the magnetic flux linkageΨ through a coil

can be rewritten as

Ψ=
Ï
Σ

~B · ~dS =
Ï
Σ

∇×~A · ~dS =
∮
∂Σ

~A · ~dl , (4.10)

where ~dS is an infinitesimal surface vector, ~dl an infinitesimal line vector, Σ the surface

bounded by the coil, ∂Σ the boundary of Σ, that is the path of the coil. Depending on the

complexity of the geometry and shape of the coils, (4.10) can be calculated by numerical

integration.

Given the sinusoidal nature of the magnetic flux linkage, with respect to the rotation of the

rotor in a one pole pair diametrically magnetised PM slotless machine, the back EMF voltage

in one coil can be assumed to be equal to

u(t ) = Ψ̂Ωcos(Ωt +α), (4.11)

where Ψ̂ is the peak flux linkage obtained with (4.10) for some mechanical angle of the rotor

giving the maximal flux in the coil, and α is the phase of the voltage which depends on the

relative position of the coil. The speed or back EMF constant can be further deduced from

(4.11) according to the connections of phases [48].
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4.3.4 Electromagnetic torque

The electromagnetic torque can be obtained by computing Laplace forces as the interaction

of the radial magnetic flux density created by the PM and the current density J flowing in the

coil [3]. The useful electromagnetic torque (creating a rotational motion) for one coil is then

T ′
em(θ) =

∫
Vc

r JBδr dV , (4.12)

with r the radius from the centre of rotation to the coil and Vc the volume of the coil.

4.3.5 Validation of the models

3D FEM model

In order to validate the models, the prototype used in Chapter 6 is modelled with 3D FEM as

pictured in Figure 4.5. The dimensions and properties of the materials are given in Table 6.1.

Non-meshed coils are employed, because induced eddy current losses are not computed here.

Vector potential and magnetic flux linkage

The analytical flux linkage is obtained by numerical integration of (4.10) and by assuming

that the vector potential in the airgap drops to zero beyond the axial length of the PM. The

referential for the mechanical angle of the rotor is the one defined in Figure 4.1, where the coil

is at 12 o’clock.

Figure 4.5 – 3D FEM model with non-mesh coils in Altair Flux.
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Figure 4.6 compares the value of the magnetic flux linkage in one coil obtained analytically

and by 3D FEM. The error is only 4.3 % and is due to the consideration of saturation and end

effects by 3D FEM, lowering the value. The assumption of a sinusoidal flux distribution in the

airgap and the equation of back EMF voltage (4.11) are experimentally validated in Chapter 6.

Magnetic flux density and electromagnetic torque

The analytical electromagnetic torque is calculated similarly thanks to (4.12) with an arbitrary

current equal to 1 A. The same error of 4.3 % can be visualised in Figure 4.7. In both graphs

hereunder, the quadrature between the magnetic flux linkage and the electromagnetic torque

can seen. In addition, the numerical values are the same (due to the sinusoidal nature of the

vector potential in the airgap).

0 45 90 135 180 225 270 315 360
−500

−400

−300

−200

−100

0

100

200

300

400

500

Mechanical angle of the rotor [°]

Fl
u

x
li

n
ka

ge
[µ

W
b

]

3D FEM
Analytical

Figure 4.6 – Comparison of the magnetic flux in one coil between analytical and 3D FEM
models.
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Figure 4.7 – Comparison of the electromagnetic torque in one coil between analytical and 3D
FEM models.
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4.4 Winding losses

Winding losses consist of the Joule losses due to stator currents, the skin effect that concen-

trates the current density at the outer border of the wires and the proximity effect resulting

from perturbation in between each wire [89]. These last two effects result in an increase of the

resistance of the wire and occur particularly when the electrical frequency of the stator is high.

Hence, the aforementioned losses are created by the current and its frequency.

In the case of slotless machines, the temporal variation of the magnetic flux density, created

by the rotation of the PM, induces additional eddy current losses in the stator winding [35].

Therefore, the total winding losses can be obtained by

Pwinding = PJoule +Pskin +Pprox︸ ︷︷ ︸
due to the current

+PwindingPM︸ ︷︷ ︸
due to the PM

, (4.13)

where PJoule represents the conduction Joule losses, Pskin the skin effect losses, Pprox the

proximity effect losses and PwindingPM the losses due to eddy currents induced by the PM.

Valuable information about the analytical computation of losses in conductors can be found

in [90–93].

Nevertheless, in slotless PM machines, the magnetic flux density in the airgap is overwhelm-

ingly due to the permanent magnet itself. Given that the magnetic flux density created by the

currents flowing in the winding is low in comparison, proximity effect losses can usually be

neglected [12].

The section of conductors in electrical machines is traditionally either circular or rectangular.

In both cases, the higher the rotational speed (and proportionally the electrical frequency),

the lower the section must be in order to limit eddy current losses. However, reducing the

section of conductors increases Joule losses. The skin depth of a conductor is used as a rule of

thumb for sizing the wire (the dimensions of the wire have to be smaller than the skin depth)

and is calculated as

δskin =
√

2

ωσµ
, (4.14)

where ω is the electrical angular frequency and σ and µ are respectively the conductivity

and the magnetic permeability of the conductor. The skin depth in copper for frequencies

encountered in VHS machines is pictured in Figure 4.8.

Litz-wire is commonly used in VHS machines [35]. It is made of tiny round section strands

electrically insulated from one another and twisted to make the wire. Rectangular section

wires offer an interesting alternative and are used extensively in slotless machines for their

higher filling factor and their simplicity of manufacturing in comparison to Litz-wire. Their

benefits and drawbacks are discussed in detail in Chapter 7. As yet, very few losses models are

available for these windings.
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Figure 4.8 – Skin depth of copper versus typical frequencies encountered in very high speed
machines.

4.4.1 Component due to the current

Joule losses and skin effect losses

Joule losses, without considering skin effect losses, are obtained with

PJoule = 3ρVc J 2, (4.15)

where ρ is the electrical resistivity of the coil, Vc is the volume of one coil and J is the current

density. Skin effect losses can be determined analytically from [90, 91].

Equation (4.15) is appropriate during the design phase. However, for measurements, another

equation is more suitable. Given that the skin effect results in an increase of the DC resistance,

Joule and skin effect losses can be combined to give

PJoule+skin = 3

2
Rph-phI 2

l , (4.16)

where Rph-ph is the phase-to-phase resistance taking into account the effect of the frequency

(which can be measured with an LCR meter) and Il is the RMS line current.

4.4.2 Component due to the permanent magnet for round wires

Eddy current losses, induced by a sinusoidal and homogeneous pulsating magnetic flux

density in a round conductor, are analysed in [90] and [93]. An exact analytical solution is

obtained and the eddy current losses induced by the PM in a round section wire of diameter

dw, per unit length, can be calculated as
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P ′
wirePM = G(γ)B̂ 2

w

σµ2 , (4.17)

where B̂w is the peak magnetic flux density in the wire (assumed to be homogeneous due to

the relatively small size of the wire) caused by the PM and G(γ) is a function given by

G(γ) = 2πγ
Ber2(γ)Ber ′(γ)−Bei2(γ)Bei ′(γ)

Ber 2(γ)+Bei 2(γ)
. (4.18)

In this function, Ber and Bei are the Kelvin functions of the first kind (see Appendix A) and

γ= dw

δskin
p

2
, (4.19)

is called the relative penetration.

It remains to compute the term B̂w in (4.17). Given that the position of each wire in the airgap

of a slotless machine cannot be precisely known, the mean value of the peak magnetic flux

density in the airgap has to be calculated. First, the magnitude of the magnetic flux density in

the airgap, by means of (4.7) and (4.8), is

∥∥~Bδ(r,ϕ)
∥∥=

√
B 2
δr (r,ϕ)+B 2

δϕ
(r,ϕ) = cδ

√
1+2

r 2
yi

r 2 cos(2(ϕ−θ))+
r 4

yi

r 4 , (4.20)

and it gets its maximal value when ϕ= θ, that is the y-axis in both Figures 4.3 and 4.4 (mag-

netisation axis). Afterwards, the mean squared value of the peak magnetic flux density in the

airgap is given by

B 2
δmax

= c2
δ

rco − rci

rco∫
rci

(
1+

r 2
yi

r 2

)2

dr = c2
δ

rco − rci

(
(rco − rci)+2r 2

yi

(
1

rci
− 1

rci

)
+

r 4
yi

3

(
1

r 3
ci

− 1

r 3
ci

))
.

(4.21)

Finally, eddy current losses for a coil of Nt turns and per unit length are

P ′
windingPM = Nt

G(γ)B 2
δmax

σµ2 . (4.22)
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4.4.3 Component due to the permanent magnet for rectangular wires

Geometry and parameters

In addition to the properties described in Section 4.2, the model for the computation of eddy

current losses in the stator winding induced by the magnetic flux density of the PM includes:

• Electrical conductivity of the coil: σ [S/m]

• Number of turns for one coil: Nt [-]

Only a single rectangular section wire is considered as visible in Figure 4.9. The wire is specified

by its width ww, its height hw and its position in the airgap along the y-axis.

The model does not consider the magnetic field created by the induced currents. It is therefore

based on a first order vector potential formulation. The induced current density all over its

section is calculated. Then, by integration over a time period and, taking into account the

number of turns and coils, the total eddy current losses are obtained. As a result, the proximity

effect in between the turns is not taken into account.

Both hypothesis can be justified by the fact that the magnetic flux density created by induced

currents is much lower than the one produced by the PM [99]. Besides, if the skin depth of

the conductor is equal to or bigger than the dimensions of the wire, the use of the diffusion

equation (second order vector potential formulation) is not necessary.
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Figure 4.9 – Cross-section giving the geometry and the dimensions of the model for the
computation of eddy current losses in the winding induced by the rotation of the PM. The PM
has one pole pair and is diametrically magnetised.
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Induced current density

Introducing (4.2) in Ohm’s law
~E = ρ~J , (4.23)

gives the general equation for the induced current density

~J =−σ
(
∇V + ∂~A

∂t

)
, (4.24)

where~J is the current density vector, and ρ and σ are respectively the resistivity and the con-

ductivity of the medium. With the referential of Figure 4.9 and the hypotheses in Section 4.3.1,

the vector ~J reduces to a scalar value Jz in the axial direction. Introducing θ =Ωt , the time

derivative of the vector potential in (4.24) is calculated from (4.3) leading to

∂Aδz (r,ϕ)

∂t
=−Ωcδ

(
r +

r 2
yi

r

)
cos(ϕ−Ωt ). (4.25)

For the sake of simplicity, the time derivative can be rewritten in Cartesian coordinates and,

with the help of trigonometric identities, it becomes

∂Aδz (x, y)

∂t
=−Ωcδ

(
1+

r 2
yi

x2 + y2

)(
x cos(Ωt )+ y sin(Ωt )

)
. (4.26)

It remains to define the gradient of the electric scalar potential in (4.24). Considering the wire

as an open-circuit conductor (without an external electrical potential) is to say that the surface

integral of induced current density on the x-y plane of the wire is equal to zero

ywo∫
ywi

ww
2∫

− ww
2

∇V (z)+ ∂Aδz (x, y)

∂t
dxdy = 0. (4.27)

From there, the gradient of the potential, which is constant on the x-y plane, is deduced (see

details in Appendix B) and the induced current density in a single wire is obtained by

Jz (x, y, t ) =σΩcδ

((
1+

r 2
yi

x2 + y2

)(
x cos(Ωt )+ y sin(Ωt )

)− cw sin(Ωt )

)
, (4.28)

with

cw = 1

wwhw

(
1

2
ww(y2

wo − y2
wi)+2r 2

yi

(
ww

4
ln

w2
w +4y2

wo

w2
w +4y2

wi

+ ywo arctan
ww

2ywo
− ywi arctan

ww

2ywi

))
,

(4.29)

a constant depending on the geometry.
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Figure 4.10 illustrates the induced current density in a single wire for 3 different positions

of the rotor at a rotational speed of 400 krpm. The dimensions and the position of the wire

correspond to the ones in the prototype presented in Chapter 6. In this particular case, the

skin depth of copper is equal to 827 µm at 6.6 kHz (400 krpm) and the height of the wire is

equal to 900 µm, which justifies the first order vector potential formulation.

When the mechanical angle of the rotor θ = 0°, flux lines of the magnetic flux density are

horizontal in Figure 4.10a. Consequently, merely the tangential component of ~B is the source

of induced currents. In this case, the values of Jz are the lowest because they are limited by the

width of the wire. Conversely, when θ = 90° as in Figure 4.10c, the radial component of ~B is

responsible for the induced currents. In this case, the values of Jz are the highest because the

height of the wire is several times its width.

Computation of losses

Finally, the eddy current losses induced in the winding by the PM, per unit length and for one

coil of Nt turns, are calculated by the following integral

P ′
windingPM = 2Nt

σT

T∫
0

∫
Sw

J 2
z (x, y, t )dSdt , (4.30)

where Sw is the section of the wire and T is the time period. This equation does not have an

analytical solution (at least for the surface integral) and must be computed numerically.
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Figure 4.10 – Induced current density in the wire with respect to several values of the angle of
the rotor at 400 krpm.
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2D FEM validation

Half a coil of 29 turns, which corresponds to the one in the prototype in Chapter 6, is modelled

in 2D FEM as visible in Figure 4.11. The dimensions are given in Table 6.1. The transient

FEM formulation deals with a second order equation for the potential vector, meaning that

the magnetic field of induced currents is considered, as well as the proximity effect. It also

considers the saturation effect in magnetic materials.

Figure 4.12 compares the eddy current losses between the analytical and FEM models in a

winding made of 3 coils of 29 turns each (as in Figure 4.5). Just like eddy current losses in

iron sheets, these losses scale with the square of rotational speed. The maximal error is 1.8%.

Thereby, the hypothesis about the first order formulation of the vector potential is justified:

the magnetic field produced by the PM is much higher than the one of the induced currents.

An experimental validation of the model is presented in Chapter 6.

Figure 4.11 – Transient 2D FEM model highlighting the induced current density in half a coil
of 29 turns due to the rotation of the PM (Altair Flux).
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Figure 4.12 – Comparison of the eddy current losses induced in the winding by the rotation of
the PM between analytical and 2D FEM models.
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4.5 Iron losses

A time-varying magnetic field creates losses in a magnetic material. These losses are usually

divided into 2 parts: hysteresis losses and eddy current losses [100]. From a macroscopic

point of view, hysteresis losses represent the energy required for the magnetic moments in the

medium to be oriented with the external magnetic field. They are proportional to the area of

the hysteresis cycle and to the frequency of the magnetic field. Eddy current losses are created

by induced currents due to the time-varying magnetic field in the core. They are proportional

to the square of both the peak magnetic flux density and the frequency.

Iron losses can be calculated, per unit volume, given a peak magnetic flux density B̂ of fre-

quency f , by the Steinmetz’s equation [94] or by the Jordan’s equation [95], respectively

P ′
iron = c f αB̂β, (4.31)

P ′
iron = chyst f B̂ 2 + ceddy f 2B̂ 2, (4.32)

where α,β,c,chyst and ceddy are empirical coefficients related to the material. These coeffi-

cients are generally given by manufacturers. They are valid in some frequency and temperature

ranges, but also for a sinusoidal excitation and non-saturated materials [101]. Besides, man-

ufacturing processes on the cores do have an influence on the magnetic properties [102].

Therefore, it may be preferable to measure the losses directly on the machine and subse-

quently to determine the coefficients as presented in Chapter 6.

The time-varying magnetic field is produced by the stator currents but also by the rotation of

the permanent magnet. Again, the magnetic field produced by the magnet is much stronger

than the one of the currents in slotless machines. Thus, iron losses due to the stator currents

are negligible in most cases. Iron losses in the stator yoke due to the rotation of the PM can be

empirically modelled by

PironPM =π(r 2
yo − r 2

yi)LPMks

(
ciron1ΩB̂ 2

y + ciron2Ω
2B̂ 2

y

)
, (4.33)

where ks is the stacking factor, ciron1 and ciron2 are coefficients obtained by regression, B̂y is

the peak magnetic flux density in the stator yoke given by (4.9) and LPM is the axial length of

the PM1. Jordan’s model turns out to be more appropriate than Steinmetz’s for wide frequency

ranges [103].

Iron losses can be reduced by choosing low loss materials like amorphous or nanocrystalline

alloys [104] and by increasing the radial thickness of the stator yoke, which will reduce the

peak magnetic flux density. However, this last point can be problematic with miniaturised

machines, where the size is a limiting factor.

1The axial length of the stator is assumed to be longer than the axial length of the PM in order to avoid the
induction of eddy current losses in ball bearings.
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4.6 Rotor losses

Rotor losses are due to eddy currents induced by the magnetic field of the stator in the sleeve,

the permanent magnet and possibly the shaft. These losses are most of the time insignificant

with regard to the total losses of the machine. However, in some cases, it is important to take

them into consideration since the losses produced in the rotor are not easy to dissipate. The

heat is extracted most of the time by natural convection only. Indeed, a forced axial flow would

increase even more windage losses [40]. If the machine operates in a vacuum, the heat cannot

be extracted at all. Excessive temperature in the rotor would limit the mechanical strength of

materials (see Section 3.2) and reduce the performance of the magnet.

Induced currents come from space harmonics due to stator slots openings (if any exist), the

winding distribution and the magnetic field of the stator on one hand, and on the other hand,

from time harmonics due to the pulse width modulation (PWM) of stator currents [96]. Losses

due to the magnetic field of the stator and PWM harmonics are current dependant and thus,

vary with the load [89].

Stator slots openings generate variations of the reluctance of the airgap which create space

harmonics. Besides, the magnetic field of the airgap created by the stator in slotted structures

is stronger than in slotless machines, increasing the rotor losses. These are some of the reasons

for which slotted stators are rarely used for VHS machines.

In the case of a sinusoidal stator supply, the fundamental component of the magnetic field of

the stator rotates at the same speed as the rotor, and therefore only the harmonics induce eddy

currents. For square wave stator supply (120° or 180°), since the magnetic field is stationary,

the fundamental component plus all the harmonics are asynchronous with respect to the rotor

leading to higher induced losses [41]. If present, the PWM generates high frequency stator

current ripples leading to high frequency magnetic field time harmonics. However, these

losses tend to be negligible for small machines [105]. Besides, PWM is not appropriate because

the switching losses of transistors become too important and pulse amplitude modulation

(PAM) is preferred instead [63].

Induced rotor losses can be calculated analytically under simplifying assumptions [96, 106–

108]. Some are based on a first order vector potential formulation, i.e. the magnetic field

produced by induced currents is negligible. However, if the skin depths of harmonics are

relatively small compared to the dimensions of the rotor, a second order vector potential

formulation (i.e. the diffusion equation) is requested. These models compute the total rotor

eddy current losses as the sum of losses created by each harmonic. The losses can also be

computed by FEM [107], with the drawback of being time consuming.

These losses can be reduced by choosing non-conductive sleeves, such as carbon fibre, and

PM materials with higher resistivity, such as bonded alloys. The thickness of the airgap can

also be increased, reducing the torque. However, as demonstrated experimentally in Chapter 6,

rotor losses are negligible in miniaturised slotless machines and hence are not modelled.
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4.7 Conclusion

In this chapter, the essentials for modelling electromagnetically PM slotless machines have

been presented. The models comprise the computation of magnetic quantities and the

depending losses in one pole pair diametrically magnetised cylindrical PM slotless machines.

The most important magnetic quantity is the vector potential, from which the magnetic

flux density can be deduced. Models for the computation of the back EMF voltage and the

electromagnetic torque have been presented thanks to these quantities. They have been

compared and validated to a 3D FEM model with an error of 4.3%. The back EMF constant is

also experimentally validated in Chapter 6.

The electromagnetic losses related to the very high rotational speed of the rotor and the high

electrical frequencies have been described and analysed. The electromagnetic losses have

been divided into winding losses, iron losses and rotor losses. Models have been established

by formulating an essential hypothesis: the magnetic field produced by the PM in slotless

machines is much stronger than the one produced by stator currents or induced currents in

the winding. As a result of this assumption, proximity effect losses in the winding and rotor

losses can be ignored, as they represent a very small amount of the total losses in slotless

machines.

An important contribution in this chapter comes from the development of an analytical model

for the computation of induced eddy current losses in rectangular section windings. Indeed,

very few models are available for these windings, and yet they are commonly used in slotless

machines. The model is based on a first order vector potential formulation, because of the

aforesaid hypothesis, but also because the dimensions of the wire have to be designed so

that the skin depth in the conductor is equal or bigger. Consequently, the use of the diffusion

equation is not necessary. A 2D FEM transient simulation has shown that proximity effect

due to the induced currents is negligible given that an error of merely 1.8% with the analytical

model has been highlighted. The model is also experimentally validated in Chapter 6.

A model for iron losses has been proposed and is based on empirical coefficients. An exper-

imental technique able to separate the losses is presented in Chapter 6, which allows the

definition of these coefficients.

Finally, this chapter gathers all necessary models for the design of permanent magnet slotless

VHS machines. They are combined with the mechanical models of Chapter 3 and allow a

multiphysics optimisation in Chapter 5.
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5.1 Introduction

Electrical machines represent a large field of application for optimisation. Today’s focus on the

maximisation of the efficiency, but also on costs reduction, volume and/or weight limitation,

legitimises optimisation. In addition, electrical machines are multiphysical by essence. They

combine electromagnetic, mechanical and thermal properties. Associating several physical

models results in antagonistic outcomes. For instance, reducing the radius of the permanent

magnet increases its mechanical strength with respect to the rotational speed, but decreases

the electromagnetic torque. The optimisation enables finding a suitable trade-off when many

variables are involved.

There are at least two different approaches when performing multiphysics system optimisa-

tion: using finite element methods (FEM) [109, 110] or fully analytical models [35, 37]. The

first ones can solve complex geometries and structures but require a long computational

effort. Whereas the second ones are very fast, they do not always conform to reality because

of simplifying assumptions. However, analytical models are preferred during pre-design in

order to obtain fast estimations or to obtain inputs for FEM models. One can even consider a

combination of the two approaches [111].

In electrical machines optimisation, both iterative methods, such as sequential quadratic

programming (SQP) [112] and heuristic methods, such as genetic algorithm (GA) [37, 113, 114],

Nelder-Mead simplex method [35], ant colony algorithm [115] or particle swarm optimisation

[116] are used. One can also note the combination of FEM and metamodels [110]. Regarding

VHS machines in particular, the optimisation of a 500 krpm-100 W PM synchronous motor

has been investigated in [35] . Similarly, a 200 krpm-2 kW PM synchronous motor is optimised

in [37]. Beside these 2 examples, not much has been found in the literature.

Although GA offers no guarantee of finding a true optimum, it does not need the initialisation

of variables (initial guess) and it presents fewer risks of finding a local optimum, as its search

space is broader than iterative methods [114]. These are the main reasons why GA is widely

used in electrical machines optimisation [113] and thus, in the following. The present chapter

does not focus on the mathematical and algorithmic aspects of optimisation. Instead, it

presents a methodology to handle analytical models in order to design optimal VHS machines

under given constraints and limitations.

Section 5.2 presents the different analytical models used for the optimisation. All have been

experimentally validated in Chapter 6. They allow the computation of the back EMF voltage,

the torque, the electrical and mechanical losses and the mechanical stresses in the rotor. The

optimisation framework is established in Section 5.3, where the variables, the constraints and

the optimisation algorithm are detailed. Later on, 7 optimisation scenarios involving motors

are analysed. This original contribution of the chapter proposes the comparison of Litz-wire

and rectangular wire windings in Section 5.4 and solid and hollow magnet rotors in Section 5.5.

It finds the best suitable option for VHS machines. Finally, Section 5.6 synthesises the features

to take into account when designing miniaturised VHS machines.
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5.2 Models and design

The mechanical and electromagnetic analytical models presented respectively in Chapter 3

and Chapter 4 are implemented in the optimisation process.

5.2.1 Mechanical models

Rotor mechanical strength

The model used for the computation of the mechanical strength of the rotor is the one pre-

sented in Section 3.2. The materials of the rotor are given in Table 3.2.

Windage losses

Equation (3.25) with Mack’s friction coefficient (3.26) is used for the computation of air friction

losses. For manufacturing reasons, the axial length of the airgap Lδ is longer than the one of

the magnet LPM. Therefore, the axial length of the airgap, in (3.25), is assumed to be

Lδ = LPM +∆L. (5.1)

Ball bearing losses

The empirical model (3.32) is used for the computation of losses due to ball bearings. The val-

ues of the coefficients of regression are found in Table 6.2. In the following chapter, ball bearing

losses are assumed to be independent from all other variables (they are speed-dependant

only).

5.2.2 Electromagnetic models

The winding chosen for the optimisation is a 3-phase delta-connected winding. One of the

coils is sketched in Figure 5.1. Delta-connection windings for VHS machines allow to reduce

the back EMF voltage compared to star-connection windings. Although the chosen 3-coil

winding has a lower filling factor compared to a 6-coil winding (see Chapter 7), it is easier to

manufacture for miniaturised machines.

Currents are assumed to vary sinusoidally with time. The back EMF voltage is calculated from

(4.10) and (4.11) and the electromagnetic torque from (4.12).

As indicated in Section 4.4, winding losses are assumed to be Joule losses and losses due

to eddy currents induced by the field of the PM only (skin and proximity effects are not

considered).
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Figure 5.1 – Sketch of a coil.

Back EMF voltage and electromagnetic torque for rectangular wires

Assuming that the straight parts of the winding have the same axial length as the permanent

magnet and that the mechanical angle of the rotor θ is chosen to give the maximal flux in the

coil, the RMS back EMF voltage for this delta-connected winding is

UEMF =
p

2Ω
Nt∑

n=1
Aδz (r c,ϕn ,θ)LPM, (5.2)

where theϕn are the angular coordinates of the Nt turns, LPM is the axial length of the PM, Aδz

is the vector potential in the airgap given by (4.3) and r c is the mean radius of the coil given by

r c = rci + rco

2
. (5.3)

Using the mean radius is an approximation. Nevertheless, it proves to be sufficiently accurate

as demonstrated experimentally in Section 6.3.4. According to (4.12), the interaction of the

radial magnetic flux density in the airgap Bδr given by (4.7) and a current density J in one coil

produces a torque equal to

T ′
em(θ) = 2r chwww J

Nt∑
n=1

Bδr (r c,ϕn ,θ)LPM, (5.4)

where ww and hw are respectively the width and the height of a wire given by (5.10) and (5.11).

Equation (5.4) can be maximised by using the peak current density Ĵ =
p

2J and the mechanical

angle of the rotor θ so that no flux is passing through the coil, giving T̂ ′
em. Finally, with 3 coils,

the total electromagnetic torque is

Tem = 3

2
T̂ ′

em. (5.5)
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Back EMF voltage and electromagnetic torque for round wires

Considering a coil of Nt turns and the mechanical angle of the rotor θ giving the maximal flux

in the coil, the RMS back EMF voltage for this delta-connected winding is

UEMF =
p

2Nt

2Sc
cδΩLPM

(
r 3

co − r 3
ci

3
+ r 2

yi(rco − rci)

)
·(

(cos(α1 −θ)−cos(α2 −θ))+ (cos(−α1 −θ)−cos(−α2 −θ))
)
, (5.6)

where cδ is the constant defined by (4.4), α1 and α2 are the opening angles of the coil and Sc is

half the section of the coil (as indicated in Figure 5.1) given by

Sc = 1

2
(r 2

co − r 2
ci)(α2 −α1). (5.7)

With a coil filling factor kf, the interaction of the radial magnetic flux density in the airgap and

a current density J in one coil produces a torque equal to [37]

T ′
em(θ) = kfcδ JLPM

(
r 3

co − r 3
ci

3
+ r 2

yi(rco − rci)

)
·(

(sin(α2 −θ)− sin(α1 −θ))+ (sin(−α2 −θ)− sin(−α1 −θ))
)
, (5.8)

As with the rectangular wires case, the total torque of the motor is obtained with (5.5).

Winding losses for rectangular wires

With the winding in Figure 5.1, Joule losses are given by

PJoule = 3ρhwww J 2

(
2NtLPM +πr c

Nt∑
n=1

αn

)
, (5.9)

where ρ is the resistivity of the coil, hw and ww are respectively the height and the width of a

wire, J is the current density, Nt is the number of turns for one coil, LPM is the axial length of

the PM and the αn are the end-winding opening angles of each turns as shown in Figure 5.1.

The width of a wire is assumed to be

ww = r c
α2 −α1

Nt
−2ew, (5.10)

and its height is

hw = rco − rci −2ew, (5.11)

where ew is the thickness of the insulation around the wire.

The losses due to eddy currents induced by the rotation of the PM are computed as detailed in

Section 4.4.3.
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Winding losses for round wires

The section of a wire, considering the filling factor kf, is

Sw = kf
Sc

Nt
, (5.12)

with Sc given by (5.7). Thereby, one obtains the Joule losses as

PJoule = 3NtρSw J 2 (
2LPM +πr c(α1 +α2)

)
. (5.13)

The induced eddy currents losses due to the rotation of the PM are obtained as detailed in

Section 4.4.2 thanks to (4.22) and using a diameter of the wire equal to

dw = 2

√
Sw

π
. (5.14)

The case of Litz-wire

Litz-wire is made with Nstrand tiny round section strands electrically insulated from one

another (enamelled) and twisted to avoid circulating currents between the strands, as they

may have different back EMF voltage [48]. The filling factor of Litz-wire slightly decreases

as the diameter of strands gets smaller [63]. Again, a trade-off has to be found between

Joule losses on the one hand, and eddy current losses due to the rotation of the PM on the

other. In [63], Zwyssig has found the diameter of strands dstrand ∈ [30,50] µm to be the range

minimising both losses for similar dimensions and frequencies.

Knowing the diameter, the number of strands can be determined by

Nstrand = 4Sw

πd 2
strand

. (5.15)

Induced losses due to the rotation of the PM are further calculated with (4.22) using the

diameter of strands dstrand. The back EMF voltage along with electromagnetic torque and

Joule losses are calculated respectively with (5.6), (5.8) and (5.13).

Iron losses

Iron losses are obtained with (4.33) and the material used for the stator is Metglas®2605SA1

[117]. The reasons for this choice have been detailed in Section 2.4. This material is an

amorphous iron-based alloy which features very low losses at high frequency. The values of

the coefficients in (4.33) for this material can be found in Table 6.2.
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5.2.3 Power balance

Sum of losses

In order to get the mechanical power (see Section 2.3.2) as a constraint during the optimisation,

a power balance has to be done. The sum of all the losses is assumed to be

ΣP = Pwindage +Pbearings +PironPM +PwindingPM +PJoule. (5.16)

Mechanical power

The mechanical power can then be calculated, knowing the electromagnetic torque Tem and

the mechanical speed of the rotorΩ, by

Pmec = TemΩ− (Pwindage +Pbearings +PironPM +PwindingPM). (5.17)

Joule losses are not subtracted from the electromagnetic power because they already have

been considered in the power balance as depicted in Figure 2.4.

5.3 Optimisation framework

An optimisation process is almost unavoidable in electrical machines design, especially for

VHS machines. For example, to reduce windage losses, the outer radius of the enclosure should

be as small as possible. However, this also diminishes the electromagnetic torque because of a

smaller magnet. This is a simple illustration of antagonistic objectives. Besides, the number

of variables can easily reach a dozen or more. A global and multiphysics optimisation using

robust and reliable models is then necessary.

As optimisation is based on mathematical laws, constraints have to be applied to the variables

in order to give a physical sense to the optimisation. Applying too few constraints leads to

unrealistic results whereas too many leads to infeasible solutions. A trade-off must therefore be

found to ensure evenhanded solutions but also to guarantee the convergence of the algorithm.

5.3.1 Objective function

The minimisation of losses in VHS machines is one of the key aspects. Hence, the objective

function to minimise is the sum of losses ΣP given by (5.16). Thermal modelling is not

considered here. However, the minimisation of losses is consistent with the limitation of

heating.
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5.3.2 Design variables

The number of turns per coil Nt is chosen as a variable, as it is directly related to the back EMF

voltage. Thus, the optimisation algorithm must be able to handle integer numbers. This is one

of the reasons why GA is selected. Other variables are the remanence of the permanent magnet

Br, the RMS phase current density J and all the dimensions of the motor (see Table 5.3). This

leads to a total of 12 variables.

Intuitively, the rotor of VHS machines should be designed as small as possible, given that

windage losses scale with the outer radius of the enclosure to the power 4 (see (3.25)). In order

to compensate this reduction, the remanence of the PM should be set at its maximal value to

maintain the magnetic flux. However, in the case of hollow magnet rotors (see Section 3.2),

significant mechanical stresses arise at the inner diameter of the PM, limiting the possibility

of downsizing for a fixed diameter of the shaft.

Although VHS solid magnet rotors have been prototyped [37, 118], they turn out to be much

more challenging from a manufacturing point of view. Therefore, the choice of hollow magnet

rotors makes sense. From a manufacturing point of view, the diameter of the shaft is imposed

by the inner diameter of ball bearings. Similarly, the outer diameter of ball bearings limits the

inner diameter of the winding to enable the assembly of the motor.

In the case of hollow magnet rotors, the remanence of the permanent magnet should not

be fixed before the optimisation as is usually the case. Indeed, in many works found in the

literature review, Br is mostly fixed before the optimisation. However, in this case, it should

not be fixed beforehand because of its great impact on electromagnetic losses. The magnetic

flux density in slotless machines is overwhelmingly due to the PM itself. Thereby, there is

a compromise to find between the electromagnetic torque (high Br) on the one hand, and

the losses (low Br) on the other. The same applies to the current density J , as a high current

density is going to produce more electromagnetic torque but also more Joule losses.

The dimensions of rectangular wires given by (5.10) and (5.11) are not design variables. They

are consequently deduced considering the dimensions of the coil, the number of turns and the

thickness of the insulation. The opening angles of a coil, namelyα1 andα2 (see Figure 5.1), are

respectively set at 10° and 60°. The reason is that when set as design variables, the optimisation

always tries to get the biggest section possible whether it is for rectangular wire or Litz-

wire [119].

5.3.3 Constraints and fixed parameters

There are linear constraints on the minimal thickness of the enclosure and the airgap. These

minimal thicknesses have been set at 0.2 mm, because lower thickness would be difficult

to manufacture. The maximal current density, the maximal PM axial length and the outer

diameter of the motor are constrained by upper boundaries. The minimal outer radius of the

shaft has been set at 1 mm so that it corresponds to standard ball bearings.
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Nonlinear constraints are set on the mechanical power Pmec given by (5.17), the mechanical

strength of the rotor given by conditions (3.23) throughout the speed and temperature range,

the maximal back EMF voltage and the maximal peak magnetic flux density in the stator yoke.

The maximal peak magnetic flux density has to be lower than the magnetic saturation Bsat of

the stator material. The maximal back EMF voltage has been set below 50 V to stay in the very

low voltage range. However, this value depends on the maximal voltage of the power supply

and can be changed accordingly.

The temperature of the winding has been assumed to be 100 °C and the one of the motor has

been assumed to be 60 °C, because it is a common temperature for medical hand tools. The

parameter ∆L in (5.1) has been set to 4 mm. The remaining fixed parameters are listed in

Table 5.1.

In order to avoid critical speeds lying near the speed range, the modal analysis is not considered

in the optimisation. Critical speeds could be further computed with 3D FEM commercial

software for complex geometries or could be added in the optimisation loop thanks to a 1D

FEM [74].

Motor temperature Tmot 60 [◦C]

PM relative permeability µr 1.05 [-]

Wire resistivity ρ 20.0 × 10−9 [Ωm]

Insulation for rectangular wires ew 10 [µm]

Stator stacking factor ks 0.82 [-]

Stator material saturation Bsat 1.56 [T]

Max RMS back EMF voltage UEMFmax 50 [V]

Table 5.1 – Fixed parameters and constraints for the optimisation.

Maximal iterations 1200

Maximal stall generations 50

Population size 200

Nonlinear constraint algorithm Augmented Lagrange

Crossover fraction1 0.8

Crossover function Scattered

Elite count2 10
1 The fraction of the population at the next generation, not including elite children, that the
crossover function creates.

2 Positive integer specifying how many individuals in the current generation are guaranteed to
survive to the next generation.

Table 5.2 – Parameters for the genetic algorithm.
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5.3.4 Optimisation algorithm

The optimisation is carried out using the genetic algorithm (GA) of the Matlab function ga.

This enables the handling of an integer, which is the number of turns per coil Nt. Besides,

for this number of variables, GA is more appropriate than iterative methods. Moreover, GA is

preferred for the windage losses model (3.25), which is discontinuous (the friction coefficient

has 2 equations depending on the Taylor number, see Section 3.4). It is also true for the

winding losses model due to the field of the PM (4.30), which does not have an analytical

solution and must be computed numerically. In these circumstances, the computation of a

gradient would be complicated. Finally, GA does not require an initial estimation to start the

optimisation and is less liable to find a local optimum. The parameters of the algorithm are

given in Table 5.2.

5.4 Comparison of conductors at several rotational speeds

This section aims at comparing 2 types of conductors under different rotational speeds: Litz-

wire and rectangular section wires. The purpose is to find out which one of the 2 is more

adapted to miniaturised VHS machines.

5.4.1 Fixed parameters specific to the case study

The mechanical power is set at 40 W, which is common for medical hand tools. The different

nominal speeds of the motor are {100,200,400} krpm, but, in order to have a safety margin,

the rotor is designed to sustain a rotational speed of {125,250,500} krpm respectively. Hollow

magnet rotors are chosen. They will be compared to solid magnet rotors in the next section.

To keep reduced dimensions, the maximal axial length of the PM is set at 15 mm and the outer

diameter of the motor at 12.7 mm. (The maximal outer radius of the stator yoke ryo is set at 6

mm to allow space for the housing of the motor).

The maximal current density is set at 30 A/mm2. It has been demonstrated in [33] that lower

current density values would result in a decrease of the efficiency. It seems counterintuitive,

yet it increases the efficiency of the motor by allowing a better balance between Joule losses on

the one hand and iron and winding losses due to the field of the PM on the other. For Litz-wire,

the diameter of a strand dstrand has been selected to be 50 µm (see Section 5.2.2 on Litz-wires)

with a related filling factor kf of 0.55 [120].

5.4.2 Results

A total of 5 optimisation scenarios have been carried out. The results are listed in Table 5.3.

Firstly, it should be mentioned that the scenario with coils made of Litz-wire at 100 krpm-40

W was infeasible given the restricted dimensions and current density. Indeed, the lower the

rotational speed, the higher the torque provided by the motor for a constant output power.
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Opt.
1

Opt.
2

Opt.
3

Opt.
4

Opt.
5

Wire Rect. Litz Rect. Litz Rect.

Constraints

Nominal rotational speed N 100 200 200 400 400 [krpm]

Design variables

Number of turns Nt 24 27 39 61 39 [-]

PM remanence Br 1.31 1.30 1.24 1.33 1.07 [T]

PM axial length LPM 15.0 14.9 14.5 14.4 8.87 [mm]

Outer shaft radius rso 1.13 1.00 1.64 1.00 1.02 [mm]

Outer magnet radius rmo 2.55 2.43 2.79 1.84 2.37 [mm]

Magnet-enclosure
interference at standstill

e0 4.7 8.8 8.9 4.3 7.1 [µm]

Outer enclosure radius reo 2.86 2.63 2.99 2.04 2.57 [mm]

Inner coil radius rci 3.23 2.83 3.53 2.23 3.43 [mm]

Outer coil radius rco 4.43 4.57 4.32 4.38 4.25 [mm]

Inner yoke radius ryi 4.53 4.67 4.42 4.48 4.35 [mm]

Outer yoke radius ryo 6.00 6.00 5.96 6.00 6.00 [mm]

RMS Phase current density J 19.9 12.5 17.3 11.8 20.9 [A/mm2]

Derived quantities

Wire width ww 119 - 68 - 66 [µm]

Wire height hw 1.20 - 0.78 - 0.82 [mm]

Number of strands Nstrand - 58 - 28 - [-]

RMS back EMF voltage UEMF 4.75 9.60 15.2 22.1 13.4 [V]

Stator peak flux density B̂y 1.56 1.49 1.54 0.69 1.06 [T]

Mechanical airgap δ 0.37 0.20 0.54 0.20 0.86 [mm]

Sum of losses ΣP 5.37 3.19 4.22 5.56 7.79 [W]

Ball bearing losses Pbearings 0.10 0.52 0.52 2.69 2.69 [W]

Windage losses Pwindage 0.05 0.27 0.45 0.73 1.47 [W]

Iron losses due to the PM PironPM 0.35 0.88 1.03 0.68 1.05 [W]

Winding losses due to the PM PwindingPM 0.68 0.07 0.36 0.11 0.54 [W]

Joule losses PJoule 4.18 1.45 1.87 1.35 2.03 [W]

Motor efficiency η 88.0 92.5 90.3 87.7 83.5 [%]

Table 5.3 – Optimisation results of motors with Litz-wire or rectangular wire at several rota-
tional speeds.
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This translates into an increase of the current given by I = kf JSc. However, Litz-wire has a

low filling factor kf and, because of the restricted dimensions of miniaturised machines (low

coil section Sc) and the limited current density, the requested torque was impossible to reach.

This would also have been true using a mechanical power of 100 W at 100 krpm and 200 krpm

with Litz-wire. When the motor has limited and narrow dimensions, the very high speed

is necessary to reach a given output power. This illustrates the complexity of miniaturised

machines design.

Opt. 2 and Opt. 3 compare designs at 200 krpm with Litz-wire and rectangular wire respectively.

So do Opt. 4 and Opt. 5 but at a rotational speed of 400 krpm. As brought up in the previous

paragraph, both comparisons show that designs with Litz-wire require a much larger section

for the coils. This is depicted in Figure 5.2, where the normalised dimensions of the 4 designs

are visible. For comparison, the filling factor of the coils made of rectangular wires is 0.75

versus 0.55 for the coils made of Litz-wire. However, the drawback of rectangular wires is that

induced losses in the winding due to the rotation of the PM are 4 to 5 times higher in this case

study.

Given that more space is required by the coils, the airgap is smaller in Litz-wire scenarios Opt.

2 and Opt. 4, as shown in Figure 5.2. The same applies for the outer radius of the enclosure

reo, which allows to halve the windage losses. Indeed, as given in (3.25), these losses scale with

the outer radius of the enclosure to the power 4.

A smaller rotor is also more prone to sustain mechanical stresses. Consequently, a smaller

magnet produces less magnetic flux density in the machine, and thereby there is a lower peak

magnetic flux density in the airgap and the stator yoke. It should be kept in mind that VHS

machines do not require a high torque (their power comes mainly from their speed) Therefore,

there is no need for a high magnetic flux density in the airgap. Also, induced losses (iron and

winding) due to the rotation of the PM scale with the square of both rotational speed and

Opt. 2
Litz-wire

Opt. 3
Rectangular wire

(a) Rotational speed of 200 krpm.

Opt. 4
Litz-wire

Opt. 5
Rectangular wire

Shaft
Magnet

Enclosure
Winding
Stator yoke

(b) Rotational speed of 400 krpm.

Figure 5.2 – Normalised dimensions of the motors.
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Figure 5.3 – Distribution of losses in the motors.

magnetic flux density. Given that the rotational speed is extremely high in VHS machines

anyway, one can only act on the magnetic flux density.

The higher efficiency appears at 200 krpm for both types of wire (Opt. 2 and Opt. 3). The

explanation lies in the distribution of losses with respect to the rotational frequency, as

illustrated in Figure 5.3. At 100 krpm (Opt. 1), Joule losses (78%) outnumber the other losses

and at 400 krpm (Opt. 4 and Opt. 5), the mechanical losses (sum of ball bearing and windage

losses, 50 to 60%) outnumber the rest of losses. There is a peak efficiency between these 2

cases.

The efficiency of designs is better with Litz-wire, and the difference increases with the speed.

At the same time, Opt. 5 shows that the axial length of the PM is almost 40% smaller using

rectangular wires. The power density is then increased. The manufacturing of Litz-wire is

complex and expensive. Strands may break during the forming of the coil (Litz-wire manu-

facturers even envisage this by giving a factor for broken wires [120]). Finally, the case study

has demonstrated that some scenarios with Litz-wire are infeasible for the given constraints.

All this may have an impact when considering the price of magnets and windings and the

possibility of increasing the power density of the system.

5.5 Comparison of solid and hollow magnet rotors

In this section, the parameters of optimisation are the same as for the previous case study,

except that for solid magnet rotors the inner radius of the shaft is set to zero.

5.5.1 Results

Two additional scenarios Opt. 6 and Opt. 7 with solid magnet rotors are proposed here. They

have to be compared with Opt. 4 and Opt. 5 respectively. The results are visible in Table 5.4.
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Opt.
4

Opt.
6

Opt.
5

Opt.
7

Wire Litz Litz Rect. Rect.

Constraints

Nominal rotational speed N 400 400 400 400 [krpm]

Design variables

Number of turns Nt 61 69 39 35 [-]

PM remanence Br 1.33 1.35 1.07 1.40 [T]

PM axial length LPM 14.4 12.6 8.87 14.1 [mm]

Outer shaft radius rso 1.00 - 1.02 - [mm]

Outer magnet radius rmo 1.84 1.61 2.37 1.53 [mm]

Magnet-enclosure
interference at standstill

e0 4.3 5.5 7.1 5.6 [µm]

Outer enclosure radius reo 2.04 1.81 2.57 1.73 [mm]

Inner coil radius rci 2.23 2.01 3.43 3.05 [mm]

Outer coil radius rco 4.38 4.29 4.25 3.88 [mm]

Inner yoke radius ryi 4.48 4.39 4.35 3.98 [mm]

Outer yoke radius ryo 6.00 6.00 6.00 6.00 [mm]

RMS Phase current density J 11.8 12.2 20.9 20.2 [A/mm2]

Derived quantities

Wire width ww - - 66 66 [µm]

Wire height hw - - 0.82 0.83 [mm]

Number of strands Nstrand 28 25 - - [-]

RMS back EMF voltage UEMF 22.1 23.8 13.4 13.2 [V]

Stator peak flux density B̂y 0.69 0.72 1.06 0.64 [T]

Mechanical airgap δ 0.20 0.20 0.86 1.32 [mm]

Sum of losses ΣP 5.56 5.23 7.79 6.93 [W]

Ball bearing losses Pbearings 2.69 2.69 2.69 2.69 [W]

Windage losses Pwindage 0.73 0.43 1.47 0.71 [W]

Iron losses due to the PM PironPM 0.68 0.67 1.05 0.72 [W]

Winding losses due to the PM PwindingPM 0.11 0.14 0.54 0.57 [W]

Joule losses PJoule 1.35 1.30 2.03 2.24 [W]

Motor efficiency η 87.7 88.3 83.5 85.1 [%]

Table 5.4 – Optimisation results of motors with hollow or solid magnet rotors at several
rotational speeds.
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In the case of Litz-wire (Opt. 6), the diameter of the rotor has been reduced, increasing the

available space for the winding and the stator yoke and decreasing the windage losses. For

Opt. 7 with rectangular wires, the diameter of the rotor has been significantly decreased and

the remanence of the PM has been set to its maximal value, as expected. The gain on losses

seems light, however this represent a reduction of 11% on the losses for Opt. 7.

5.6 Synthesis

The following has been highlighted by the author in [33]. It gives an overview and summarises

the design and the optimisation of miniaturised VHS machines. Increasing the outer diameter

of a machine increases the efficiency (to some extent) for a given mechanical power. This

has already been noticed in [35]. This fact can be explained by a better use of the available

space in order to reduce the losses. Finally, the bigger the diameter of the machine, the better

the thermal convection, because the surface of exchange is bigger. This demonstrates the

difficulty of designing miniaturised machines.

The size of the rotor (radial dimensions) is imposed by the rotational speed. At 500 krpm

and with sintered magnets, the limit of the mechanical strength of a rotor is reached for a

radius of a little more than 3 mm. An increase of the radius would lead to a mechanical failure.

Furthermore, it drastically increases windage losses.

Undeniably, windage losses represent an important part of the total losses for each optimisa-

tion. They are generally between 15-30%. This is why a reliable and validated model has to be

selected for the design of VHS machines.

Another interesting remark is that Joule and winding losses due to the field of the PM are

antagonistic. Indeed, increasing the section of the wire decreases the DC resistance, while

enabling more induced eddy currents to flow.

VHS machines do not require a high magnetic flux density in the airgap as it drastically

increases induced losses in the winding. Similarly, the value of the peak magnetic flux density

in the stator yoke seems very low when compared to the saturation. This could be seen as a

misuse of the iron capabilities. However, it should be seen as a way to decrease iron losses,

which vary with the square of the peak magnetic flux density.

The smaller the wire, the higher the current density can be because the surface over volume

ratio becomes greater, enhancing the cooling capabilities [121]. The same applies to PCB

where the maximal current density is around 35 A/mm2 for a 35 µm copper track thickness.

Finally, losses related to very high speed become an overwhelming part of the total losses and

the reduced dimensions make it difficult to diminish them. As a consequence, the efficiency is

generally lower than in low speed machines. Nonetheless, VHS machines offer a higher power

density leading to a reduction of the size and the weight. All the aforementioned facts, plus the

number of variables, make an optimisation process inevitable when designing VHS machines.

75



Chapter 5. Design and optimisation

5.7 Conclusion

An optimisation method for very high speed electrical motors based on multiphysical analyti-

cal models has been presented. The set of the models presented is very complete and covers

the mechanical design of the rotor, the computation of the losses and the computation of the

back EMF voltage and electromagnetic torque for both Litz-wire and rectangular wire slotless

windings. Even though analytical models may lack accuracy in some circumstances, they are

preferred (at least for pre-design) when there is an important number of variables to optimise,

because of their fast computing capabilities. They are also easily generalisable to machines of

other size and speed. The models have been validated on a 400 krpm prototype in Chapter 6.

The framework of the optimisation sets down the objective function, the design variables and

the different constraints and fixed parameters. A genetic algorithm has been chosen as it offers

numerous advantages for multiphysical analytical nonlinear models with many variables.

The objective function to be minimised was the sum of losses in the motors. Nevertheless,

the proposed methodology is very flexible as it is based on analytical models. Indeed, a

composite objective function with the weighted sum method [122] on every loss component

could be easily implemented. Consequently, the designer could choose a priori articulation of

preferences to give more weight on particular losses components. Although the optimisation

has been focused on small scale VHS motors, it can be extended to any slotless machines.

The chapter has illustrated the difficulty of VHS electrical machines miniaturisation, because

the losses do not decrease linearly with the size of the motor. Results strongly depend on the

mechanical power provided and the nominal rotational speed. Furthermore, losses related to

very high speed become a very important part of the total losses, and the reduced dimensions

make it difficult to diminish these losses. As a consequence, the efficiency is generally lower

than in low speed machines. Nonetheless, VHS machines offer a higher power density leading

to a reduction of the size and the weight.

A thermal model could be implemented to the optimisation process for even more accuracy,

and also to consider forced cooling of the motor. However, reducing the losses in the machine

is consistent with the limitation of temperature. Similarly, a modal analysis could be added in

the optimisation loop for the computation of critical speeds.

An original contribution of the chapter is the comparison between Litz-wire and rectangular

wire windings. Indeed, VHS literature focuses predominantly on Litz-wire winding. Despite

the fact that rectangular wire windings experience more induced losses due to the field of the

PM, they can lead to a more compact design of the machine and therefore a reduction of the

cost of materials. Furthermore, rectangular wires are easier and cheaper to manufacture and

can reach higher torque densities than Litz-wire.

Finally, the comparison between hollow and solid magnet rotors shows that the latter offers

better performances. Again, manufacturing constraints have to be considered before choosing

between one of the two solutions.
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6.1 Introduction

Regarding research on experimental validation of mechanical and electrical models for VHS

applications, one can cite Zwyssig et al. in [31] and Luomi et al. in [35], where measurements

are carried out on a 500 krpm machine. They have used deceleration tests to determine the

losses due to the rotation of the rotor. However, they were not successful in separating losses

components, especially ball bearing losses. At the time of writing, it is the sole miniaturised

VHS machine found in the literature.

Similarly in [123] and [124], a 100 krpm bearingless motor is modelled and validated experi-

mentally. Nevertheless, it is not trivial to carry out deceleration tests on bearingless motors

in order to determine the losses. In fact, it is quite possible that the bearing control system

would create a breaking torque during the deceleration. In [125], 4 bearingless prototypes

are investigated. Measurements are compared with the losses models. Only the sum of all

losses could be verified, and not the different losses components separately. The same applies

in [126] with a 150 krpm bearingless motor.

In [37], Pfister presents an experimental technique to measure ball bearing losses. With the

help of a contactless coupling, 2 ball bearings mounted on a shaft are driven and a torquemeter

records the torque reaction on the stator at several rotational speeds. In this chapter, another

method is proposed to determine ball bearing losses. Again, Pfister presents an interesting

dynamic torque measurement technique in [3]. It is based on an acceleration test that emulates

a mechanical load. Unfortunately, this technique could not be applied to the prototype here,

as the acceleration needed would have been tremendous due to the very small inertia of the

rotor.

The chapter aims at experimentally validating the models presented in Chapter 3 and Chap-

ter 4. Consequently, a miniaturised VHS prototype is manufactured and operated up to a

rotational speed of 475 krpm. Section 6.2 presents the construction of the 400 krpm 12.7

mm (0.5 inch) diameter prototype. To the author’s knowledge, it is one of the smallest and

fastest electrical motors ever operated. The dimensions of the prototype are not optimised.

Indeed, at the time when the prototype was designed, some models where not yet validated.

An optimisation such as in Chapter 5 would have been uncertain. Instead, the prototype is

used as a tool in order to validate the models.

Subsequently, several relevant quantities are measured on the prototype in Section 6.3, such as

the resistances and inductances of the coils, no-load losses, the back EMF constant and critical

speeds. Except for no-load losses, every measurement is compared to the theoretical models.

Finally, an innovative experimental method to separate every losses component due to the

rotation of the rotor (see Section 2.3) is proposed and tested on the prototype in Section 6.4.

Unfortunately, it has not been possible to operate the prototype under load. Nonetheless,

losses in PM slotless VHS machines are overwhelmingly speed dependant, not current depen-

dant. The measurements are oriented on the motor alone and do not consider the motor as
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part of a system. For instance, power electronic losses are not considered as they depend on

the power converter and its control strategy.

6.2 Construction of the prototype

The miniaturised prototype is 12.7 mm in diameter (0.5 inch) and 28 mm in length and is

visible in Figure 6.1a. The rotor has been designed to withstand a rotational speed of 500 krpm

thanks to the model in Section 3.2. The NdFeB permanent magnet is made in one-piece and

its enclosure is in titanium grade 5. The mechanical properties of the materials are given in

Table 3.2. Brass rings are used to radially centre the enclosure and are machined afterwards

for the balancing. The rotor is supported by mini ball bearings as it can be seen in Figure 6.1b.

The stator is made of amorphous iron-based Metglas®2605SA1 alloy, which features very low

losses at high frequency [117]. The sheet are 25 µm in thickness and can be seen in Figure 6.1c.

The 3-phase 3-coil winding is made of rectangular wires, as depicted in Figure 6.1d. The coils

are delta-connected. The cross-section of the prototype is similar to Figure 4.1. The inner

dimensions and the parameters are given in Table 6.1.

(a) Assembly of the prototype. (b) The rotor.

(c) Stator sheets. (d) Coils.

Figure 6.1 – Pictures of the VHS prototype employed for the experimental validation of the
models.
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Parameters

Nominal power Pmec 40 [W]

Nominal speed N 400 [krpm]

PM remanence Br 1.13 [T]

PM permeability µr 1.05 [-]

Coil resistivity ρ 18 × 10−9 [Ωm]

Number of turns per coil Nt 29 [-]

Stator stacking factor ks 0.82 [-]

Stator material saturation Bsat 1.56 [T]

Rotor inertia J 14.32 × 10−9 [kg m2]

Dimensions

Inner magnet radius rmi 1.0 [mm]

Outer magnet radius rmo 2.75 [mm]

Outer enclosure radius reo 2.95 [mm]

Inner yoke radius ryi 4.5 [mm]

Outer yoke radius ryo 5.9 [mm]

Inner wire distance ywi 3.3 [mm]

Outer wire distance ywo 4.2 [mm]

Wire width ww 70 [µm]

Wire height hw 0.9 [mm]

PM axial length LPM 10 [mm]

Motor diameter dmot 12.7 [mm]

Table 6.1 – Parameters and dimensions of the VHS prototype.

The motor is driven with a commercially available sensorless PAM power converter. PAM is

preferred to PWM for very high speed machines as the switching frequency is the same as the

fundamental electrical frequency, but the DC bus voltage is modulated [63]. This produces

fewer switching losses in the power switches and less current ripple in the machine.
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6.3 Measurements

6.3.1 Resistance

The DC resistance of the 3 coils at 20 ◦C has been measured at 245 mΩ. The theoretical value

is 225 mΩ, giving an error -8.2%. This difference may originate from the forming process of

the coil, where deformation occurs which can modify the section of the wire.

The coils are then delta-connected on a PCB, which is connected to a cable for the power

supply. The measurement of the phase-to-phase resistance with an LCR meter is shown in

Figure 6.2a. The resistance slightly increases with the frequency due to the skin effect (see

Section 4.4). The value is later used in Section 6.4.3 for the computation of Joule losses.

6.3.2 Inductance

The 3D FEM model used in Section 4.3.5 is adapted to compute the self-inductance of the

individual coils. The value is 10.28 µH. Measurements give a value of 11.1 µH (error of 8%).

Similarly to the phase-to-phase resistance, the phase-to-phase inductance is measured as

depicted in Figure 6.2b. The value is constant on the whole range.
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(a) Phase-to-phase resistance.
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(b) Phase-to-phase inductance.

Figure 6.2 – Measurements of the phase-to-phase inductance and resistance taking into
account the power supply cable.
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6.3.3 No-load losses

No-load electrical losses are measured with a Newtons4th PPA5530 3-phase high precision

power analyser connected between the power converter and the motor. The losses are plotted

in Figure 6.3 for a maximal speed up to 475 krpm. This is the fastest speed reached with the

prototype. A 3rd order polynomial fitting is superposed to the measured points. The losses

almost double from 400 to 500 krpm. This illustrates the tremendous increase of losses with

respect to the rotational speed. The value of no-load losses at 400 krpm is a little more than 11

W. The optimisation in Section 5.4.2 has demonstrated that this value could be decreased to

7.79 W, which is a reduction of -29%.

6.3.4 Back EMF and torque constant

The motor is mounted on a coupling bench as pictured in Figure 6.10 and driven by another

one. The back EMF voltage of the 3 phases has been measured up to 250 krpm. They are

perfectly symmetrical and balanced. A screenshot of the voltage over time extracted from an

oscilloscope is shown in Figure 6.4 at the maximal speed. The sinusoidal waveform can be

observed. The RMS back EMF voltage UEMF is defined as

UEMF = keΩ, (6.1)

with Ω the rotational speed in rad/s. The RMS value of the back EMF voltage is visible in

Figure 6.5. As the 3 coils are delta-connected, the phase-to-phase voltage equals the phase

voltage. The regression gives a measured value of kemeas = 330.5 µV/rad/s. From (5.2) in

Section 5.2.2, the theoretical back EMF constant can be derived. This gives ke = 334.9 µV/rad/s,

namely a difference of 1.3%.

The torque constant for one phase, as defined by (7.5) in Section 7.3.1, has therefore the same

numerical value as the back EMF constant hereinabove.

0 50 100 150 200 250 300 350 400 450 500
0

2

4

6

8

10

12

14

16

18

Rotational speed [krpm]

P
ow

er
[W

]

Fitting
Measurements

Figure 6.3 – No-load losses with respect to the rotational speed up to 475 krpm.
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Figure 6.4 – Back EMF voltage over time at 250 krpm on the oscilloscope.

0 50 100 150 200 250
0
1
2
3
4
5
6
7
8
9

Rotational speed [krpm]

R
M

S
b

ac
k

E
M

F
vo

lt
ag

e
[V

]

Analytical
Measurements

Figure 6.5 – RMS back EMF voltage with respect to the rotational speed.

6.3.5 Critical speeds

Critical speeds can be obtained by measuring the unbalance of the shaft [127] or by impulse

force response tests [128]. Taking into account the size of the motor, the first method is

adopted here. The unbalance at the extremity of the shaft has been measured with a Polytec

CLV 1000 laser vibrometer for a rotational speed up to 400 krpm. The results can be visualised

in Figure 6.6 where the maximal peak-to-peak displacement occurs at 280 krpm (4667 Hz).

The rotor-bearing system is well damped as the peak of amplitude is not very pronounced [76].

This peak corresponds to the first and only critical speed throughout the speed range. As

described in Section 3.3.4, it is a cylindrical whirl.

The theoretical value computed with 3D FEM is 276 krpm (4598 Hz), which is a discrepancy of

1.4%. This value has been obtained considering a radial stiffness of the ball bearings of 1.75

N/µm. Along with the axial stiffness, the radial stiffness increases with the axial preload [28].

Indeed, to stiffen the assembly and to avoid vibration and a premature wear, the rings are

preloaded with an axial force. This preload is generally done by a spring. Thereby, the force

versus displacement curve of the spring used in the prototype has been characterised. Then,

knowing the compression of the spring, the axial force applied on the ball bearing can be

deduced. Finally, the radial stiffness is assessed thanks to the data given by the manufacturer.
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Figure 6.6 – Modulus of the unbalance of the shaft with respect to the rotational speed.

6.4 Measurement technique to separate the losses

6.4.1 Setup and tests

Deceleration tests, also named spin down tests, are broadly used to evaluate losses due to the

rotation of rotors [24]. The 4 losses components due to the rotation of rotors in slotless PM

motors with ball bearings are depicted in Figure 2.4. Newton’s second law states that the rate

change of velocity is proportional to the applied torque in a rotating system. When multiplied

by the mechanical rotational speed, it becomes

−Jrot
dΩ

dt
Ω= Pwindage +Pbearings +PironPM +PwindingPM, (6.2)

where Jrot is the inertia of the rotor, Pwindage are the windage losses, Pbearings the ball bearing

losses and PironPM and PwindingPM are respectively the iron and winding losses due to the field

of the PM. The minus sign in (6.2) refers to a braking torque.

In practice, the speed of the rotor is increased to be slightly higher than the nominal speed,

then the electrical supply is shut down (the phases are in open-loop). The losses related to

the current are consequently nil. The speed is measured with an optical tachometer. A diode

emits light that reflects on the shaft back to a photodiode. A continuous dark zone on the shaft

enables interruption the beam, producing a rectangular signal with the same frequency as

the mechanical rotational speed. This signal is later postprocessed. First, zero crossings are

identified to obtain the rotational speed over time. Then, the signal is filtered and a regression

with a polynomial fitting is processed. This allows proper calculation of the time derivative in

(6.2). Some rotational speed over time curves are plotted in Figure 6.7. Finally, the power is

obtained knowing the inertia of the rotor.

Unfortunately, if the test is performed just as it is on the motor, only the sum of the 4 com-

ponents is deduced. The following technique allows to separate the 4 losses components

carrying out an equal number of tests successively. The tests are referred to as Test 1 to Test 4.
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Figure 6.7 – Rotational speed (deceleration) over time for the 4 tests.

Test 1 is a spin down test achieved at ambient pressure that gives the sum of the 4 components

as in (6.2). The deceleration over time can be seen in Figure 6.7. The initial configuration of

the motor is composed of the stator S1 and the rotor R1.

Test 2 is then achieved with the same motor (stator S1 and rotor R1), but in a vacuum chamber

where the pressure is lower than 1 mbar as pictured in Figure 6.8. This test gives

−Jrot
dΩ

dt
Ω= Pbearings +PironPM +PwindingPM. (6.3)

The different evolutions of the speed over time of Test 1 and Test 2 can be clearly identified in

Figure 6.7. Hence, windage losses are deduced by the subtraction from (6.3) to (6.2).

Laser
tachometer

Temperature
probe

3-phase
power
supply

To the
vacuum

pump

Figure 6.8 – Vacuum chamber (P < 1 mbar).
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Chapter 6. Experimental validation

Test 3 enables the determination of ball bearing losses. For this test, the terms PironPM and

PwindingPM in (6.3) should be removed. This can be done by replacing the original rotor R1 by

a non-magnetized rotor R2 in the stator S1. This is illustrated in Figure 6.9. Of course, the

new configuration has to be driven at the desired speed by means of another motor. Thus,

both motors are mounted on a very accurate XYZ-stage as visible in Figure 6.10 to ensure an

alignment as perfect as possible. Once the speed is reached, the powered motor is decoupled

and the deceleration of the non-magnetized rotor can be measured. The test gives

−Jrot
dΩ

dt
Ω= Pwindage +Pbearings. (6.4)

Ball bearing losses are thereafter calculated by subtracting the windage losses previously

obtained to (6.4).

Driven motor Powered motor

Non-magnetized PM

Stator core

Winding

Enclosure

Magnet

Shaft

S1

R2

Figure 6.9 – Measurement of ball bearing losses (Test 3).

Powered motorDriven motor

Space for the
laser tachometer

Figure 6.10 – Coupling bench.
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6.4. Measurement technique to separate the losses

Test 4, which is the final test, enables the measurement of iron losses due to the field of the PM.

Another stator is necessary to succeed in this test. It is named S2 and its particularity is that

the coils are replaced by non-conductive fictitious coils. By removing the coils, winding losses

due to the field of the PM vanish, but the magnetic conditions remain unchanged. However,

the mechanical airgap and the surface condition on the inner side of the fictitious coils both

have to be strictly identical. The test is schemed in Figure 6.11. The rest of the test is identical

to the previous ones and gives

−Jrot
dΩ

dt
Ω= Pwindage +Pbearings +PironPM. (6.5)

By subtracting the windage and the ball bearing losses to this test, the iron losses due to the

field of the PM are determined. Finally, the winding losses due to the field of the PM are

obtained by subtracting the 3 other losses from the sum of all losses given by Test 1.

The benefit of deceleration tests is to obtain the losses with respect to the rotational speed in

one measurement, although successive measurements are favoured to get an average of the

tests. Also, a mechanical measurement of the speed of the rotor is preferred as opposed to the

measurement of the back EMF voltage frequency like in [121]. Obviously, a non-magnetised

permanent magnet does not produce a back EMF voltage in the stator winding.

The advantage of the proposed method is to insulate the losses components due to the rotation

of the rotor from one another. As a result, each model can be validated and/or obtained. The

disadvantage of this method is that the inertia of the rotor has to be perfectly established. It

can be calculated analytically for trivial geometries or computed with CAD software. As it

depends on the density of materials, it is recommended to weigh the rotor and to compare

with the theoretical mass. Another drawback is that 2 different stators and 2 different rotors are

necessary. Other features have to be carefully considered. Since all the losses are temperature

dependent, the temperature has to be similar between the setups and the measurements.

The 2 stators and the 2 rotors have to be as near to identical as possible geometrically and

Driven motor Powered motor

Non-conductive coils

Stator core

Winding

Enclosure

Magnet

Shaft

S2

R1

Figure 6.11 – Measurement of iron losses due to the field of the PM (Test 4).
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mechanically. In particular, the preload of the ball bearing and the mechanical airgap have

to be the same. A good practice is to perform similar measurements on different setups and

compare the results obtained if possible.

6.4.2 Results

The following results have been obtained from an average of 7 to 10 measurements with the

same temperature conditions for each of the 4 tests. The 4 losses components with respect to

the rotational speed are reported in Figure 6.12. Iron losses due to the field of the PM have

been measured only up to 300 krpm as visible in Figure 6.12c. The reason for this is that the

coupling was not able to withstand the requested torque at higher speed. Hence, winding

losses due to the field of the PM have also been determined up to 300 krpm only, as shown in

Figure 6.12d.

Figure 6.12a compares the measurement of windage losses (the dashed line) with the model

given by Mack in Section 3.4. The maximal error is -24% and occurs at 120 krpm. Above that

speed, the error ranges from -16.7% to 8.6%, which is more than satisfactory for an empirical

model. According to the Taylor number Ta, the flow in the airgap is laminar up to 50 krpm (Ta

= 41.2) and so called Taylor vortices start to appear beyond that threshold. The speed where

the flow is fully turbulent (Ta > 400) is beyond 400 krpm.

Figure 6.12b gives the ball bearing losses. The discrepancy ranges from -6.6% to 12.4 % above

120 krpm between the measurements and the model given by (3.32). The coefficients of the

model are obtained with a nonlinear fitting and are given in Table 6.2.

As for the error on iron losses due to the field of the PM in Figure 6.12c, it ranges from -6.6%

to 11.3% above 120 krpm between the model given by (4.33) and the measurements. The

coefficients are also given in Table 6.2. A linear behaviour due to hysteresis losses can be

observed up to 170 krpm. At higher speeds, eddy current losses become more important. Two

Steinmetz’s equations found in the literature review [129, 130] for the computation of iron

losses in Metglas®2605SA1 are highlighted in Figure 6.12c. The first one clearly undervalues

the losses, whereas the second one exaggerates them. This demonstrates that empirical

coefficients found in the literature review have to be used with care [131].

Winding losses due to the field of the PM in Figure 6.12d are compared with the model

described in Section 4.4.3. The model underestimates the losses up to -28.8% in a narrow

range, close to 160 krpm, probably due to a slight mechanical difference between the setups.

Elsewhere, it remains excellent. This allows to experimentally validate the developed model.

In order to ensure the extrapolation of models for the iron and winding losses due to the field

of the PM from 300 to 400 krpm (Figures 6.12c and 6.12d), Figure 6.13 contrasts the sum of all

the losses given by the individual models and the measurements of Test 1. The matching is

excellent, and furthermore, the share of every component can be observed. It turns out that

the 4 components are more or less equal.
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(b) Ball bearing losses.
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(c) Iron losses due to the field of the PM.
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(d) Winding losses due to the field of the PM.

Figure 6.12 – Measurements of losses components due to the rotation of the rotor.
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Ball bearing losses

cbearings1 26.677×10−12

cbearings2 2.380

Iron losses due to the field of the PM

ciron1 11.415

ciron2 1.110×10−3

Table 6.2 – Constants for the model of ball bearing and iron losses.
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Figure 6.13 – Sum of all the individual losses models compared to the measurements (Test 1)
of all losses due to the rotation of the rotor.

6.4.3 Power balance

A power balance can be established as a result of the measurement of no-load electrical losses

in Figure 6.3. As seen in the power diagram in Figure 2.4, subtracting the sum of all losses due

to the rotation of the rotor to no-load electrical losses gives the sum of losses due to the stator

currents. Hence, the sum of Joule losses (including skin effect losses) and proximity effect

losses in the coils, stator iron losses due to the currents and induced eddy current losses in the

rotor can seen.

Knowing the phase-to-phase resistance and the RMS line current, Joule losses (including skin

effect losses), given by (4.16), can be separated from the previous sum. Figure 6.14 illustrates

Joule losses in yellow and the remaining losses due to the stator currents in brown. The amount

of the last losses at 400 krpm is merely about 4% of the total no-load losses. This confirms the

hypothesis made in the previous chapters that the magnetic flux density in slotless PM motors

is overwhelmingly due to permanent magnets.
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Figure 6.14 – Losses due to the stator currents.

6.5 Conclusion

A miniaturised VHS prototype of 12.7 mm in diameter (0.5 inch) and 28 mm in length has been

manufactured and operated at a rotational speed up to 475 krpm. To the author’s knowledge,

it is one of the smallest and fastest electrical motor ever operated. The prototype has been

used as a tool for validating the models of resistance and inductance of the coils, back EMF

constant, critical speeds and losses. The models match the measurements very well.

One of the most important contribution of the chapter comes from the experimental method

that enables the separation of the losses components due to the rotation of the rotor in very

high speed permanent magnet machines with ball bearings. These are the windage losses,

the ball bearing losses and the winding and iron losses due to the rotation of the permanent

magnet. The method has been tested and validated on a miniaturised prototype up to 400

krpm. Hence, the 4 losses models have been validated and/or obtained. Thereby, knowing the

repartition of these losses allows to act on and reduce the most important of them.

In particular, the analytical model for the computation of induced eddy current losses in

rectangular section conductors due to a rotating magnetic field presented in Section 4.4.3 has

been validated. Moreover, the empirical windage losses model developed by Mack turns out

to be reliable for miniaturised VHS machines. The comparison of iron losses measurement in

Metglas®2605SA1 with Steinmetz’s equations found in the literature review have demonstrated

the evidence that losses coefficients should be used carefully, as they can give considerably

different estimations.

Finally, the power balance of the prototype has highlighted the fact that proximity effect losses

in the coils, stator iron losses due to the currents, and induced eddy current losses in the rotor

are negligible in miniaturised slotless PM machines, as they represent only a few percent of

the total losses.
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7.1. Introduction

7.1 Introduction

One of the biggest benefits of slotless windings (also called self-supporting windings) com-

pared with slotted windings, is the many possible topologies and shapes they can embrace.

The most common windings are skewed and rhombic windings (see Section 2.5). Usually,

they are wound with round section wires. Contrary to slotted windings forced to follow the

direction of the slots, slotless windings can be freely placed in the airgap. This represents great

potential for optimisation.

Nonetheless, little research has been performed on this topic. Linder et al. have manufactured

a self-supporting winding with 3D screen printing [50]. They have mentioned the idea of

using nonconstant wire section without however, optimising the shape [51]. Dehez et al. have

investigated a flexible PCB winding for slotless machines with nonconstant tracks width [54].

In [55], they have demonstrated the significant increase of the performances of a motor thanks

to an optimal track shape. These researches have eventually led the way to nonconstant

section windings.

Recent works have focused on additive manufacturing (AM) for electrical machines or com-

ponents [56, 57] and have shown opportunities in this area. As a result of these emerging

technologies, such as selective laser melting (SLM), electron beam melting (EBM) [58, 59],

3D screen printing [51, 60], 3D Multi-Material Printing [52, 53], or more conventional ones,

such as wire-cut electrical discharge machining (WEDM) [61] or laser cutting, innovation and

enhancement can be considered in the design and manufacturing of windings.

The present chapter intends to challenge the conventional manner of manufacturing windings.

Indeed, most of the windings are made with isolated wire of constant section. However, it has

been demonstrated by the author in [119] that the performances of a motor can be significantly

increased by optimizing the shape of the winding and by choosing nonconstant wire sections.

On the one hand, the filling factor is better, since spaces between the coils are filled because

of the use of nonconstant wires. On the other hand, the reduction of the width of the wire in

the axial direction at the locations of end-winding enables the lengthening of the central part

of the coil. This is where the magnetic flux density in the airgap is the highest and where the

turns can be oriented in the axial direction to maximise the torque. This last consideration

could also be applied to slotted windings.

Section 7.2 gives the topology of the new winding, which derives from preliminary consid-

erations on the production of the electromagnetic torque and end-windings in electrical

machines. The geometry and parameters of the new topology are detailed as well as a refer-

ence winding used for comparison. The analytical modelling of the new winding is described

in Section 7.3. The model is then optimised in Section 7.4, leading to enhanced performances

of the motor. The model for the torque constant is validated by 3D FEM. Afterwards, a proto-

type of the new winding is manufactured in Section 7.5. It enables the experimental validation

of the model and demonstrates the technical feasibility of the winding. Finally, Section 7.6

illustrates the implementation of the new winding in both rotating and linear machines.
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7.2 Winding topology

7.2.1 Preliminary considerations

By the cross product of Laplace forces, it is known that only the radial component of the

magnetic flux density in the airgap and the axial component of the current in a coil contribute

to a rotating torque. Thereby, to get the maximal electromagnetic torque in a machine, the

winding should be straight in the axial direction. However, end-windings have to be considered.

They are unavoidable in order to close the electrical loop. Unfortunately, they add electrical

resistance to the winding, are located where the magnetic flux density in the airgap is the

weakest and have an azimuthal component producing little or no useful torque.

The proposed solution for a new winding is later compared to a classical winding as illustrated

in Figure 7.1. It is subsequently named Reference Winding. This is a winding composed of

6 coils entangled on 2 layers. Thanks to its 6 coils, it offers the flexibility of being series or

parallel connected and delta or star-connected [48]. The coils are made of rectangular wires.

This has the benefit of increasing the filling factor as opposed to coils made of round section

wires (this fact is demonstrated in Section 5.4). Finally, rectangular wires have a better thermal

conductivity in the radial direction.

Nonetheless, rectangular section wires usually have a larger section, which enables more

induced currents by the rotation of the field of the PM to flow and thus, more losses. Finally,

windings made of constant section wires have the disadvantage that the entire available

widthwise space cannot always be filled, as can be visualised in Figure 7.1.

Based on the aforementioned facts, a proposed solution which minimises the drawbacks

of end-winding, maximises the axial component of the currents and uses nonconstant wire

width is presented hereinbelow.

Figure 7.1 – A 3-phase 6-coil slotless winding used as comparison.
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7.2.2 Geometry and parameters

The new winding topology is sketched in Figure 7.2 for a 3-phase 6-coil 2-layer one pole

pair winding. Only one of the six coils and only half of the axial length (axial symmetry) is

represented. The total axial length of the coil is Lc. The coil skims an octagonal shape and is

composed of 3 distinct segments:

• segments I are made of turns in the axial direction with an opening angle βc and are

centred on ϕ=± π
2p ,

• segments II are made of diagonal turns of bend angle αc starting at the axial distance

zbend,

• segment III is made of turns in the azimuthal direction with an opening angle γc

(end-windings).

As in Figure 7.1, the coil is made of 2 layers of index T for the top layer and B for the bottom

layer.

In the particular case of Figure 7.2, the angles βc = γc = π
3 and segments I are centred on

ϕ=±π
2 . Continuous and dashed grey lines are receptively the edges and the centres of the

turns. Nevertheless, this can be generalised to any number of coils of p poles.
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Figure 7.2 – The new slotless winding topology.
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The radii at the centre of these layers are given by

r T = 1

4
rci + 3

4
rco, (7.1)

r B = 3

4
rci + 1

4
rco. (7.2)

Segment III , which is the end-winding, is where the turns pass from one layer to another, and

thus is located on a mean radius equal to

r c = 1

2
r T + 1

2
r B . (7.3)

In order to have parallel turns in segments II , and therefore to avoid coils overlapping, the

axial coordinate of intersection point Pint must be equal to

zint = zbend +
Lc −2zbend
π
p +βc −γc

(
π

2p
− βc

2

)
. (7.4)

Once every edges of the coil is determined, the Nt turns can be distributed in the segments, as

illustrated in Figure 7.2, where continuous and dashed grey lines are respectively the edges

and the centres of the turns.

The parameters (dimensions, permanent magnet) of the following model are the same as in

Figure 4.1 in Section 4.2.

7.3 Modelling

7.3.1 Torque constant

The torque constant for one coil k ′
t is defined as

T ′
em = k ′

tI , (7.5)

where I is the DC current in the coil and T ′
em is the RMS electromagnetic torque created by

the coil. Only the current flowing in the axial direction and the radial magnetic flux density in

the airgap given by (4.7) contribute to a rotating torque. The torque constant k ′
t for one coil is

derived from (4.12). Choosing the rotor mechanical angle θ creating the maximum torque, the

constant can be calculated in cylindrical coordinates by

k ′
t =

p
2

2

∫
∂Σ

r Bδr (r,ϕ)dz, (7.6)
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where ∂Σ is the path of the coil (at the centre of the wire) as in (4.10). The path of rectangular

section wires in slotless machine is known precisely, conversely to round section wires.

The coil is made of Nt turns of index n. Thereby, the contribution to the torque constant for

segment I of one layer and, taking into account the axial symmetry, becomes

k ′
t I =p

2r zbend

Nt∑
n=1

Bδr (r,ϕn1), (7.7)

where r is the radius of the layer, namely either r T or r B .

For segment II of one layer, after operating a change of variables [54], the contribution to the

torque constant becomes

k ′
t II =

p
2r cδ

(
1+

r 2
yi

r 2

)
·

Nt∑
n=1

(
sin(ϕn2 −θ)− sin(ϕn1 −θ)

) ∆zn

∆ϕn
, (7.8)

where r is the radius of the layer, cδ is the constant depending on the geometry and the

properties of the permanent magnet given by (4.4) and with

∆zn = zn2 − zbend, (7.9)

and

∆ϕn =ϕn2 −ϕn1. (7.10)

Segment III does not contribute to the torque constant since it is oriented in the azimuthal

direction. Finally, the total torque constant for one coil k ′
t is obtained by taking into account

the 2 layers, that is

k ′
t = k ′

t I T +k ′
t II T +k ′

t I B +k ′
t II B . (7.11)

In (7.7) and (7.8), the axial length of the permanent magnet LPM is assumed to be equal or

longer than the length of the coil Lc. If it is not the case, the integration of (7.6) is assumed to

be zero beyond the permanent magnet.

7.3.2 Back EMF constant

The back EMF constant for one coil k ′
e has the same numerical value (see Figures 4.6 and 4.7)

as the torque constant k ′
t due to the sinusoidal nature of the vector potential in the airgap

given by (4.3) .
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7.3.3 Resistance

Similarly to the torque constant, the resistance R ′ for one coil is calculated by integration

along the wire of the coil, considering the possible variations of the cross-section. It yields to

R ′ = ρ
∫
∂Σ

dl

ww(r,ϕ,z)hw(r,ϕ,z)
, (7.12)

where ρ is the resistivity of the coil, dl is an infinitesimal segment along the path of the coil

and ww and hw are respectively the width (in the azimuthal direction) and the height (in the

radial direction) of the wire.

The widths of the wire of one layer, which are constant in each segment, are given by

ww I = βc

Nt
r −2ew, (7.13)

ww II = βc

Nt
r sin(αc )−2ew, (7.14)

w
w III

=
Lc
2 − zint

Nt
−2ew, (7.15)

where ew is the thickness of the insulation of the wire, r is the radius of the layer, namely r T

or r B and αc is the bend angle of segments II with the azimuthal axis given by

αc = arctan

 zint − zbend

( π
2p − βc

2 )r

 . (7.16)

The height of the wire is constant over a segment. For segments I and II it is worth

hw I = hw II = r T − r B −2ew. (7.17)

For segment III , given that it is the only place where there is no overlapping of layers, the

height of the wire can be doubled. Consequently, it offers more mechanical strength where

the width of the wire is the lowest and, in addition, it decreases the resistance.

The resistances of the 3 segments for one layer, taking into account the axial symmetry, are

calculated as
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R ′
I = 2ρ

ww I hw I

Ntzbend, (7.18)

R ′
II = 2ρ

ww II hw II

Nt∑
n=1

√
∆z2

n + (r∆ϕn)2, (7.19)

R ′
III

= 2ρ

w
w III

h
w III

Nt∑
n=1

r cϕn2. (7.20)

Finally, the total resistance for one coil R ′ is obtained by taking into account the 2 layers and

the 3 segments, leading to

R ′ = R ′
I T +R ′

II T +R ′
I B +R ′

II B +R ′
III

. (7.21)

7.3.4 Motor constant

There are several ways to compare electrical motors. However, one of the most popular ones

used by motor designers and manufacturers is the motor constant defined as

km = Tem√
PJoule

= ktIph√
3RphI 2

ph

= kt√
3Rph

, (7.22)

where Tem is the electromagnetic torque produced by the motor, PJoule are the Joule losses,

Rph is the phase resistance, Iph is the phase current and kt is the global torque constant. It is

valid for a given temperature and without saturation in the magnetic circuit.

The motor constant asserts the torque efficiency. Namely, it links the electromagnetic torque

produced by the motor and the corresponding winding losses to produce it [132]. This ratio

relies neither on the number of turns (for a constant filling factor) nor on the current. It is also

independent of the winding configuration (delta or star-connected). It can serve as a means of

comparing motors of the same winding volume and size [54]. Nonetheless, this last fact may

be ambitious to verify, as motors may have the same diameter, but barely the same length

and/or winding volume.

Given a winding of 6 coils and assuming sinusoidal currents, the global motor constant km can

be given in terms of the torque constant for one coil k ′
t and the resistance R ′ for one coil with

km =
p

6k ′
tp

R ′ . (7.23)
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7.3.5 Winding factor

In electrical machines, the winding factor is used to take into consideration that only a part of

the total flux created by the rotor is seen by the winding. For distributed windings in slotted

machines, it is defined as the product of the distribution factor and the pitch factor [133]. The

first factor is related to the distribution of turns in the slots, which are not subject to the same

back EMF voltage. The second factor refers to the reduction of the coil opening that enables

the reduction of harmonics.

In slotless machines, the winding factor kw can be calculated from the definition of the RMS

value of the fundamental of the back EMF voltage, that is

1UEMF =p
2πNtkw f 1Φ̂, (7.24)

where Nt is the number of turns for one coil, f is the electrical frequency and 1Φ̂ is the

fundamental of the peak magnetic flux in the airgap created by a pole of the rotor.

With the help of (6.1), the winding factor is

kw =
1UEMFp

2πNt f 1Φ̂
= ke2π fp

2πpNt f 1Φ̂
=

p
2ke

pNt
1Φ̂

. (7.25)

Equation (7.25) is actually the ratio between the magnetic flux seen by a coil, and the magnetic

flux that a coil with Nt turns and an opening equal to the pole pitch would see.

Considering a single pole pair magnet, the magnetic flux in the airgap is purely sinusoidal. Its

peak value (with a given mechanical angle of the rotor that maximises it) can be computed as

Φ̂= 2Aδz (r c,0)LPM, (7.26)

where Aδz is the axial component of the vector potential in the airgap given by (4.3) with the

referential for the permanent magnet corresponding to the one of Figure 4.1.

Finally, the winding factor is

kw =
p

2ke

2Nt Aδz (r c,0)LPM
. (7.27)
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7.4 Optimisation

7.4.1 Objective function

As explained in Section 7.3.4, the motor constant links the geometry of the winding to the

magnetic properties of the motor. Indeed, the torque constant for one coil k ′
t relies on the

magnetic flux density in the airgap, which relies on the permanent magnet and the magnetic

circuit, but also on the path of the coil. For its part, the resistance for one coil R ′ depends on

the length and the section of the coil and its material. As a result, the motor constant is a very

appropriate choice for optimisation and the objective function to be maximised is (7.23).

7.4.2 Optimisation framework

The geometry of the new topology has very few variables to be optimised and has the conve-

nience of being easily implemented and giving fast results. The design variables are:

• βc the opening angle of segments I ,

• γc the opening angle of end-windings,

• zbend the axial distance where the bend of segments II starts.

The total axial length of the coil Lc along with the radii of layers r T and r B are set equal to

those of Reference Winding in order to have the same available volume. The number of turns

per coil Nt has been set to 16 in order to have the torque constant as close as possible to that

of Reference Winding. The insulation thickness of the wire ew is also the same and is worth 13

µm. The other parameters of the motor employed are listed in Table 7.1.

The optimisation algorithm used here is a conjugate gradient method with the Matlab function

fmincon. Variables βc and γc are bound to a maximal value of 58° for mechanical assembly

reasons. In order to guarantee the mechanical strength of segment III , which is the narrowest,

a constraint on the width of the wire has been set. It should not be less than 0.2 mm.

Conversely to the global optimisation in Chapter 5, where the winding and the rest of the motor

are optimised as a whole, here only the winding is considered. The purpose is to compare the

performances of 2 windings having the same magnetic conditions and an equivalent available

volume.

7.4.3 Results

As previously highlighted, the height of the wire in segment III can adopt either the height of

the wire in segments I and segments II (given by (7.17)) or twice this value. In the first case,

the optimised winding is referred to as Winding 1 and, in the second case, as Winding 2. The

results obtained in 3D can be visualised respectively in Figures 7.3a and 7.3b.
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Parameters

PM remanence Br 1.17 [T]

PM permeability µr 1.05 [-]

Stator material saturation Bsat 1.6 [T]

Coil resistivity ρ 18 × 10−9 [Ωm]

Number of turns per coil Nt 16 [-]

Dimensions

Inner magnet radius rmi 2.5 [mm]

Outer magnet radius rmo 7.5 [mm]

Inner coil radius rci 8.25 [mm]

Outer coil radius rco 10.35 [mm]

Inner yoke radius ryi 10.75 [mm]

Outer yoke radius ryo 14.3 [mm]

Wires insulation ew 13 [µm]

Coil axial length Lc 39 [mm]

PM axial length LPM 33 [mm]

Stator length Lstat 36 [mm]

Motor diameter dmot 30 [mm]

Table 7.1 – Parameters and dimensions of the motor used for the theoretical and experimental
validation of the new winding topology model.

(a) Winding 1. (b) Winding 2.

Figure 7.3 – Results after optimisation of the new windings. Red circles highlight the difference
between the heights of the wire at the location of end-windings.
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For Winding 1, the optimal values of the design variables are zbend = 6.2 mm and βc = γc =

58°. Angles βc and γc have been pushed to their maximal values. This fact has already been

pointed out in Section 5.3.2.

For Winding 2, the optimal value of the axial distance where the bend of segments II starts is

zbend = 6.5 mm and the angles βc and γc are the same than in Winding 1. Table 7.2 gives the

values of the resistance and the torque constant for one coil and the corresponding global

motor constant.

In the case of Winding 1, the resistance for one coil is lower by almost 25% compared to

Reference Winding, because of the use of non-constant wire sections. Given that the number

of turns has been set to have the torque constant for one coil as close as possible to Reference

Winding, the motor constant is increased by 15.5%.

For Winding 2, because the height of the wire in segment III is doubled, the resistance for

one coil has been decreased by 27% in comparison with the Reference Winding. Accordingly,

the torque constant for one coil and the motor constant have been increased respectively by

0.88% and 18%.

Figures 7.4 and 7.5 show respectively the resistance for one coil and the global motor constant

km with respect to the axial distance zbend and withβc = γc = 58°. In Figure 7.5, the contribution

of each segment is detailed. The longer the distance zbend the higher is the resistance, because

the width of the wires of segments II and segment III become narrower. The dominant

contribution comes from segments II , due to their lengths. The dashed lines represent

Winding 2, where the height of the wire of end-winding has been doubled. As a consequence,

the total resistance is diminished.

One can note a maximal value of the global motor constant km with respect to zbend in

Figure 7.5. Indeed, after the optimal value zbend, the resistance becomes too high. This makes

the motor constant drop. In red, the height of the wire of end-winding has been doubled. The

maximal value of each curve is not the same. As mentioned earlier, this value slightly changes

between Winding 1 and Winding 2.

R ′ k ′
t km

[mΩ] [mNm/A] [mNm/
p

W]

Reference Winding 98.63 3.41 26.57

Winding 1 74.23 3.41 30.68

(-24.7%) (0%) (15.5%)

Winding 2 71.93 3.44 31.39

(-27.1%) (0.88%) (18.1%)

Table 7.2 – Results of the optimisation.
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Figure 7.4 – Resistance for one coil with respect to the axial distance zbend.
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Figure 7.5 – Motor constant with respect to the axial distance zbend.

7.4.4 3D FEM validation

The coordinates of the path of the coil (centre of the turns) for Winding 1 are exported into 3D

Altair Flux for the validation of the torque constant for one coil. This is sketched in Figure 7.6.

The electromagnetic torque produced with respect to the mechanical angle of the rotor is

plotted in Figure 7.7. The DC current in the coil is 1 A . Thereby, the RMS value of this curve

gives the torque constant for one coil k ′
t as defined by (7.5). The conditions of simulation are

strictly identical to the analytical model, leading to a maximal error of 4.5%. The difference

comes from the fact that 3D FEM takes into account the end effects of the rotor and the

magnetic saturation of the stator.
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Figure 7.6 – 3D FEM model of the new winding topology with a non-mesh coil in Altair Flux.
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Figure 7.7 – Comparison of the electromagnetic torque in one coil between analytical and 3D
FEM models.

7.5 Prototype and measurements

7.5.1 Realisation of the prototype

A prototype of the new winding with 6 coils has been manufactured. The dimensions are the

same as Winding 1. The coils have been laser cut from a 1 mm sheet of copper as pictured in

Figure 7.8a. The drawing is available in Appendix C. Afterwards, the coils have been coated

with an isolated resin for electrical windings to avoid short-circuits between the turns and the

coils. Lastly, each coil has been curved on a dedicated tool, which gives the 2 necessary radii

of curvature to the coils. One of the coil obtained after rolling is visible in Figure 7.8b.
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(a) Laser-cutting of the 6 coils. (b) A coil after rolling.

(c) Assembly of the 6 coils.

Figure 7.8 – Manufacturing of the new winding prototype.

For the sake of simplicity, connecting wires have been welded at each terminal of the coils.

However, one could consider lengthening the wires at the extremities of the coils and using

them as output wires like in Figure 7.10a. In this case, all connecting wires would be on the

same side and could be welded on a ring shape PCB. The latter would be used as a holder to

maintain the coils together, but also to configure the connection of phases (series or parallel-

connection and delta or star-connection). Finally, the 6 coils are assembled as visible in

Figure 7.8c.

7.5.2 Experimental validation

Resistance measurement

The resistances of the manufactured coils have been obtained with 4-wire measurements. The

average value is R ′
meas = 79 mΩ, whereas the theoretical value for Winding 1 is R ′ = 74.23 mΩ.

This gives an error of -6%. The widths of wires have been measured (see Table 7.3). The slight

difference between the theoretical and the measured values is due to the width of the laser

groove. This width was a bit more than expected, which explains why the measured values are

lower.
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Theoretical Measured

[mm] [mm]

ww I T 0.59 0.53

ww I B 0.53 0.49

ww II T 0.35 0.34

ww II B 0.34 0.33

w
w III

0.21 0.21

Table 7.3 – Average wire widths measurements of the new winding prototype.

Torque constant measurement

The winding has been inserted into a motor with the dimensions and characteristics shown in

Table 7.1. The measured motor has been driven by another motor. The back EMF voltage has

been measured on the coils at several rotational speeds. The measurements of one of the coil

are plotted in Figure 7.9. As previously mentioned in Section 4.3.5, the back EMF constant

and the torque constant for one coil have the same numerical value. This is because of the

sinusoidal nature of the magnetic flux density in the airgap. The average value gives a torque

constant for one coil k ′
t meas = 3.21 mNm/A. The theoretical value given by the analytical

model is k ′
t = 3.41 mNm/A, namely an error of 6%.

The variation may come from a slight difference in the geometry of the coils between the

model and the prototype. Alternatively, the remanence of the permanent magnet could diverge

slightly from the value given by the manufacturer. The same could apply to the magnetic

characteristics of the stator yoke. This could also be an axial misalignment of the coils in the

motor. Nevertheless, the discrepancy is low enough to experimentally validate the model.

As a result, the global motor constant deduced from the measured values is km meas = 27.8

mNm/
p

W, that is an error of -9.6% compared to the theoretical model of Winding 1 (see

Table 7.2).
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Figure 7.9 – Experimental validation of the coil torque constant for one coil k ′
t with respect to

the rotational speed.
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7.6 Implementation in rotating and linear machines

Figure 7.10a illustrates the new winding topology for rotating machines with output terminals

all on the same side. The advantage of the proposed topology is that it can also be adapted

to linear structures, as depicted in Figure 7.10b. Similarly to slotless rotating motors, slotless

linear machines exist. The coils can be part of the moving part. In this case, the motors

benefit from low mass moving parts and therefore a high dynamic (electrodynamic systems)

compared to slotted ones [134].

The use of nonconstant wire sections at the location of end-windings entails the shortening of

end-windings in the axial direction (reduction of the width of wires). It enables the extension of

the central part of the coils to maximise the electromagnetic torque. This concept could even

be implemented in slotted machines. As a result, by keeping the same external dimensions,

the power density of the machine is increased.

(a) Rotating motor.

(b) Linear motor.

Figure 7.10 – Implementation of the new winding topology.
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7.7 Conclusion

A new slotless winding has been presented in this chapter. The shape and topology derive

from preliminary considerations on the creation of the electromagnetic torque, end-windings

and nonconstant rectangular wire sections. This last point allows the maximisation of the

filling factor. The shortening of end-windings in the axial direction (reduction of the width of

wires) enables the extension of the central part of the coils to maximise the electromagnetic

torque. This concept could even be implemented in slotted machines. In addition, the height

of the wires (in the radial direction) at the location of the end-windings has been increased

to reduce the resistance. All these facts result in a significant increase of the motor constant.

Indeed, when compared to a classical slotless winding of the same available volume, the motor

constant can be increased by 18% up to 24% [135].

The model relies on analytical equations for the computation of the torque constant for one

coil and the resistance for one coil. Thus, it can be easily implemented in an optimisation

process, which outputs results very quickly. The optimisation has shown that the opening

angle βc of segments I and the one of end-windings γc have to be as large as possible.

Consequently, once the number of turns is set, the only remaining quantity to be optimised is

the axial distance zbend where the bend of segments II starts.

A 6-coil winding prototype has been manufactured to experimentally validate the model.

The coils have been laser cut, isolated and rolled on a dedicated tool. The model of the

resistance and the torque constant for one coil show an discrepancy of -6% and 6% respectively

compared to measurements. This gives a difference of -9.6% on the theoretical value of the

motor constant. These very good results enable the validation of the model presented.

Although the motor constant is used extensively by motor manufacturers, it is not simple

to compare the obtained motor constant with other motors or other winding technologies.

Indeed, different manufacturers do not always calculate it in the same way. If it is calculated

for a sinusoidal excitation or a 120° power supply, the value is not the same. In addition,

the volume of the motors and the windings have to be identical. Nevertheless, it has been

demonstrated that the motor constant is relevant for the optimisation of windings, because it

includes both the geometry of the winding and the magnetic characteristics of the motor.

The presented model could be implemented in a global and multiphysical optimisation of

a motor similarly as in Chapter 5. The model for the computation of eddy current losses in

rectangular section wires induced by the rotation of the permanent magnet developed in

Section 4.4.3 could be added to the model in a multiobjective optimisation. Thus, the torque

constant could be maximised and the aforementioned losses minimised.

Finally, more flexibility and more freedom is possible if one deems additive manufacturing

and topological optimisation on windings [136] as the new revolutions for the design and

manufacturing of electrical machines. It seems that more and more interest is being shown in

this direction and that improvement in electrical machines will thrive in a near future.
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8 Conclusion and outlook

The thesis has addressed the modelling, the design, the optimisation and the experimental

validation of small scale very high speed motors. The challenge lies in the reduced dimensions

of the motors and the very high speed, which severely constraints both mechanical and

electrical aspects. Equally, slotless windings represent a substantial potential of improvement.

This thesis comes out with an innovative slotless winding topology increasing the global

performances of slotless machines.

Throughout the thesis, the emphasis has been on analytical modelling of very high speed

slotless permanent magnet machines. Compared to numerical models, analytical models are

preferred, as they bring more insight on the understanding of physical phenomena arising in

the machines. Moreover, they are more suited for optimisation given their low computational

effort. Finally, they are easily generalisable to any size of slotless permanent magnet machines.

Therefore, a complete multiphysics set of both mechanical and electrical analytical models

has been presented.

Thanks to these models, a multiphysics optimisation has been carried out. It gives an illustra-

tion of the use of the models previously presented by providing them a context: the design of

small scale very high speed motors. Constraints on the speed, the mechanical power and the

maximal size, combined to a genetic algorithm, result in designs. However, very high speed

motors have a lower efficiency than low speed slotless permanent magnet motors. This was

explained by the fact that losses do not decrease linearly with the size of the motor, illustrating

the difficulty of miniaturised very high speed machines design. Nonetheless, they offer a

higher power density leading to a reduction of the size and the weight.

The measurements performed on a small scale prototype up to 475 krpm have enabled the

validation of most of the models. To the author’s knowledge, it is one of the smallest and

fastest electrical motor ever operated. By implementing an astute measurement technique to

separate the losses components due to the rotation of the rotor, every of the 4 losses models

has been validated and/or obtained independently. It turns out that measurements match the

theoretical models very well.
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Finally, a novel slotless winding topology has been proposed. The modelling of the topology is

detailed and an optimisation outputs a design that has been manufactured. Tests have led to

the validation of the theoretical model with high accuracy. Insights into the implementation

in slotless rotating and linear machines have been given, as well as into the extension of the

topology to slotted windings.

8.1 Original contributions

The main contributions brought by this thesis are summarised below:

• Development and synthesis of slotless permanent magnet motor models

A very complete set of multiphysics models for the design of slotless permanent magnet

motors has been presented. The focus is on very high speed motors. Nevertheless,

these models can be easily extended to lower speed motors. Most of them are analytical

models and can be split into mechanical and electrical models. Given that the limitation

of losses is of the upmost importance in very high speed motors, an emphasis on losses

modelling has been made.

Notably, a 3D analytical rotor stresses model distinguishing between cylinder and disc

shaped rotors and hollow and solid magnet rotors with the consideration of thermal

stresses has been established. Similarly, an analytical model for the computation of in-

duced eddy current losses by the magnetic field of the permanent magnet in rectangular

conductors has been developed.

• Study and comparison of 2 types of conductors and 2 types of magnet rotors for very high

speed motors

An optimisation using the aforementioned analytical models has been performed. The

models have been used in the context of small scale very high speed slotless permanent

magnet motors design. Several optimisation scenarios involving different rotational

speeds have compared Litz-wire to rectangular wires and hollow to solid magnet rotors.

With given constraints on the maximal external dimensions and the operating point,

it has been observed that Litz-wire features less induced eddy current losses by the

magnetic field of the permanent magnet. Nonetheless, at lower speed, Litz-wire does

not allow small-scale motors to reach high torque density. The consequence is that more

space is used for the winding, leading to a lower airgap and a lower radius of the rotor.

When considering the manufacturing and cost aspects of Litz-wire, rectangular wires

represent an interesting alternative for small scale very high speed slotless permanent

magnet motors.

Similarly, hollow and solid magnet rotors have been compared. From both mechanical

and electromagnetic points of view, solid magnet rotors provide better performances

than hollow magnet rotors. Indeed, the hole in the magnet weakens the mechanical
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strength and reduces its volume. As a result, for a given radius of the shaft, the exter-

nal diameter of the magnet cannot be reduced as much as possible. This reduction is

necessary for both the reduction of losses and to guarantee the mechanical strength of

materials. Again, manufacturing considerations make hollow magnet rotors a suitable

alternative.

• Manufacturing of a small scale 400 krpm permanent magnet motor enabling the experi-

mental validation of models

A 400 krpm 40 W 12.7 mm diameter 28 mm length motor prototype has been manufac-

tured and tested up to 475 krpm. To the author’s knowledge, it is one of the smallest and

fastest electrical motor ever operated. It has served to validate the models of resistance

and inductance of the coils, back EMF constant, critical speeds and losses. With its

restricted dimensions, it has also proved that the realisation of small scale very high

speed slotless permanent magnet motors is possible.

• Measurement technique enabling the separation of losses components

The implementation of a measurement technique has enabled the insulation of the

losses components due to the rotation of the rotor in very high speed permanent mag-

net machines with ball bearings. Thanks to a succession of 4 spin down tests with

different configurations, the 4 losses components can be obtained separately. These are

the windage losses, the ball bearing losses and the winding and iron losses due to the

rotation of the permanent magnet. Therefore, an empirical windage losses model has

been validated. In addition, the coefficients of the Jordan’s model for the computation

of iron losses in a widely used stator material in very high speed machines have been

obtained and compared to existing coefficients in the literature review. It has been seen

that results differ significantly between coefficients and thus they have to be used with

care.

• Modelling and manufacturing of a novel slotless winding topology

An innovative slotless winding topology has been devised. The modelling has been

validated both numerically with 3D FEM and experimentally with a prototype. Using

non-constant wire sections and an optimised shape, the performances of a motor can

be increased by up to 24%. The motor constant has been chosen as the evaluation

criterion. It entails both the geometry of the winding and the magnetic characteristics

of the motor. The main idea behind this novel topology is to reduce the axial width of

end-windings and to extend the central part of the winding where the production of the

electromagnetic torque is the highest. As a result, for a given external axial length, the

power density of the motor is increased. Finally, the topology can be implemented in

linear motors and also for slotted windings, following the same principle.
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8.2 Outlook

This thesis opens perspectives on both theoretical and practical levels. Research can be

pursued with some suggested avenues:

• Acoustic analysis and noise reduction

Very high speed motors are often operated in speed ranges that are very uncomfortable

to the human ear ([2.5-5.5] kHz). Noise is the result of vibrations in the motor. The

source of these vibrations may come from the unbalance of the rotor or the phases, the

ball bearings, forces between the coils or currents modulation among others. It could

be interesting to perform an acoustic analysis and determine the sources of noise. Later

on, noise could be reduced using active noise control combined to a sensorless power

converter.

• Thermal modelling

The thermal behaviour of the motor has only been considered indirectly by the min-

imisation of losses. The complexity lies in the thermal modelling of the airgap and the

account of the third dimension. Such a model could be implemented in the optimisa-

tion loop giving constraints on the maximal allowed temperature in critical parts of the

motor, such as the winding and the permanent magnet.

• Integration in a system

In order to be as general as possible, the motor has been isolated from its operating en-

vironment. Depending on the application, other design methodologies could be carried

out. Other aspects, such as the noise, the mass, the bulk, the costs, the environment

(temperature, atmosphere), the power converter and the mechanical load should be

considered with a systemic approach.

• Design and manufacturing of windings and motors

As a result of the recent and fast development of additive manufacturing, the design

and manufacturing of not only winding but also of the whole motor could be rethought.

In combination with topology optimisation dedicated to electromagnetism, motors

could be manufactured almost entirely with 3D printing: it is already the case, but

considerable efforts remain to be made. Additive manufacturing entails previously

unthinkable shapes and topologies which would increase the performances and the

efficiency of electrical machines.
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A Kelvin functions

A.1 Kelvin functions of the first kind

The Kelvin functions [137] are the solutions of the following differential equation

x2 d 2 y

d x2 +x
d y

d x
− ( j x2 +α2)y = 0, (A.1)

where α ∈Z and x ∈R+. The Kelvin functions of the first kind of order α are expressed in terms

of the Bessel functions J of the first kind as follows

Berα(x) =ℜ
{

Jα
(
xe

j 3π
4

)}
, (A.2)

Beiα(x) =ℑ
{

Jα
(
xe

j 3π
4

)}
, (A.3)

where Jα is the Bessel function of the first kind of order α and ℜ and ℑ are respectively the real

and imaginary parts. For the zero-order, it is common to just denote Ber and Bei .

A.2 Derivatives of Kelvin functions of the first kind

The derivative of Kelvin functions [138] of the first kind of order α are

Ber ′
α(x) = Berα+1(x)+Beiα+1(x)p

2
+ α

x
Berα(x), (A.4)

Bei ′α(x) = Beiα+1(x)−Berα+1(x)p
2

+ α

x
Beiα(x). (A.5)
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B Calculation of the gradient of the
potential

This appendix details the calculation of the gradient of the potential used in the analytical

model for the computation of induced current density in a rectangular wire in Section 4.4.3.

The gradient of the potential ∇V in (4.24) is calculated from the condition (4.27), that is

ywo∫
ywi

ww
2∫

− ww
2

∇V (z)+ ∂Aδz (x, y)

∂t
dxdy = 0, (B.1)

which considers the wire as an open-circuit conductor (without an external electrical po-

tential). Given that ∇V depends on z only, it is therefore constant on the x-y plane and the

previous equation becomes

∇V =− 1

wwhw

ywo∫
ywi

ww
2∫

− ww
2

∂Aδz (x, y)

∂t
dxdy, (B.2)

with

hw = ywo − ywi, (B.3)

being the height of the wire and ww the width of the wire. With the help of (4.26), equation

(B.2) is rewritten as

∇V = Ωcδ
wwhw

ywo∫
ywi

ww
2∫

− ww
2

(
1+

r 2
yi

x2 + y2

)(
x cos(Ωt )+ y sin(Ωt )

)
dxdy. (B.4)
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Appendix B. Calculation of the gradient of the potential

Integrating on x, and considering odd functions, gives

∇V = Ωcδ
wwhw

ywo∫
ywi

[
x y sin(Ωt )+ r 2

yi arctan

(
x

y

)
sin(Ωt )

]∣∣∣∣
ww

2

− ww
2

dy

= Ωcδ
wwhw

ywo∫
ywi

ww y sin(Ωt )+2r 2
yi arctan

(
ww

2y

)
sin(Ωt ) dy.

(B.5)

Integrating on y gives

∇V = Ωcδ
wwhw

[
1

2
ww y2 sin(Ωt )+2r 2

yi

(
ww

4
ln

(
w2

w +4y2)+ y arctan

(
ww

2y

))
sin(Ωt )

]∣∣∣∣ywo

ywi

= Ωcδ sin(Ωt )

wwhw

(
1

2
ww(y2

wo − y2
wi)+2r 2

yi

(
ww

4
ln

w2
w +4y2

wo

w2
w +4y2

wi

+ ywo arctan
ww

2ywo
− ywi arctan

ww

2ywi

))
.

(B.6)

Finally, this gives the induced current density in a rectangular wire

Jz (x, y, t ) =σΩcδ

((
1+

r 2
yi

x2 + y2

)(
x cos(Ωt )+ y sin(Ωt )

)− cw sin(Ωt )

)
, (B.7)

with

cw = 1

wwhw

(
1

2
ww(y2

wo − y2
wi)+2r 2

yi

(
ww

4
ln

w2
w +4y2

wo

w2
w +4y2

wi

+ ywo arctan
ww

2ywo
− ywi arctan

ww

2ywi

))
,

(B.8)

a constant depending on the geometry.
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C Drawing of the laser-cutting coil

On the next page, the drawing of the laser-cutting coil is detailed. It represents the path

followed by the beam of the laser.
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Appendix C. Drawing of the laser-cutting coil
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Nomenclature

Acronyms

AM Additive manufacturing

BLDC Brushless DC

CAD Computer-aided design

CTE Coefficient of thermal expansion

EBM Electron beam melting

EMF Electromotive force

FEM Finite element method

GA Genetic algorithm

HM Homopolar machines

HS High speed

IM Induction machines

LCR Inductance capacitance resistance

MEMS Microelectromechanical systems

PAM Pulse amplitude modulation

PCB Printed circuit board

PM Permanent magnet

PMSM Permanent magnet synchronous machines

PWM Pulse width modulation

RMS Root mean square

SLM Selective laser melting
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Nomenclature

SRM Switched reluctance machines

VHS Very high speed

WEDM Wire-cut electrical discharge machining

Functions and mathematical objects

Beiα Kelvin-imaginary function of the first kind of order α

Bei ′α Derivative of Kelvin-imaginary function of the first kind of order α

Berα Kelvin-real function of the first kind of order α

Ber ′
α Derivative of Kelvin-real function of the first kind of order α

G Function for the computation of eddy current losses in round conductors

j Imaginary unit

Jα Bessel function of the first kind of order α

ℜ Real part

ℑ Imaginary part

∇ Nabla or del operator

Symbols

Az Axial component of the vector potential [Wb/m]

Aδz Axial component of the vector potential in the airgap [Wb/m]

~A Vector potential [Wb/m]

Br Remanence of the permanent magnet [T]

Br Radial component of the magnetic flux density [T]

Bsat Magnetic flux density saturation [T]

Bδr Radial component of the magnetic flux density in the airgap [T]

Bδϕ Tangential component of the magnetic flux density in the airgap [T]

Bϕ Tangential component of the magnetic flux density [T]

B̂ Peak magnetic flux density [T]

B̂w Peak magnetic flux density in a wire [T]

B̂y Peak magnetic flux density in the stator yoke [T]
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Nomenclature

B 2
δmax

Mean squared value of the peak magnetic flux density in the airgap [T]

~B Magnetic flux density vector [T]

~Bδ Airgap magnetic flux density vector [T]

c Constant

c Coefficient

c Coefficient in Steinmetz’s equation [W/Hzα/Tβ/m3]

c Coefficient of thermal expansion [1/◦C]

cbearings1 Coefficient of regression for the model of ball bearing losses [W/rad/s]

cbearings2 Coefficient of regression for the model of ball bearing losses [-]

ce Coefficient of thermal expansion of the enclosure [1/◦C]

ceddy Coefficient for eddy current losses in Jordans’s equation [W/Hz2/T2/m3]

cf Friction coefficient [-]

chyst Coefficient for hysteresis losses in Jordans’s equation [W/Hz/T2/m3]

ciron1 Coefficient of regression for the model of iron losses [W/rad/s/T2/m3]

ciron2 Coefficient of regression for the model of iron losses [W/rad2/s2/T2/m3]

ci 1 Integration constant for the model of mechanical stress with i =s,m,e

ci 2 Integration constant for the model of mechanical stress with i =s,m,e

cm Coefficient of thermal expansion of the magnet [1/◦C]

cs Coefficient of thermal expansion of the shaft [1/◦C]

cw Constant depending on the geometry of the wire [m]

cδ Constant depending on the geometry and the properties of the PM [T]

C Sutherland temperature [K]

C Sutherland temperature for air 110.4 [K]

C Damping matrix [N s/m]

dmot Diameter of the motor [m]

dstrand Diameter of a strand in a Litz-wire [m]

dw Diameter of a wire [m]
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Nomenclature

e Operating mechanical interference at the magnet-enclosure interface [m]

e0 Mechanical interference at standstill and room temperature [m]

ew Insulation thickness of a wire [m]

E Young’s modulus [Pa]

Ee Young’s modulus of the enclosure [Pa]

Em Young’s modulus of the magnet [Pa]

Es Young’s modulus of the shaft [Pa]

~E Electric field vector [V/m]

f Electrical frequency [Hz]

f Natural frequency [Hz]

f1F First forward critical frequency [Hz]

f2F Second forward critical frequency [Hz]

~f Source vector [N] or [Nm]

G Gyroscopic matrix [kg m2/s]

hw Height of a wire [m]

hw I Height of a wire of segment I [m]

hw II Height of a wire of segment II [m]

h
w III

Height of a wire of segment III [m]

I Electric current [A]

Il Line current [A]

Iph Phase current [A]

J Current density [A/m2]

Jrot Inertia of the rotor [kg m2]

Jz Axial component of the current density [A/m2]

Ĵ Peak current density [A/m2]

~J Current density vector [A/m2]

ke Back EMF constant [V/rad/s]
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Nomenclature

ke meas Measured back EMF constant [V/rad/s]

k ′
e Back EMF constant for one coil [V/rad/s]

kf Filling factor [-]

km Motor constant [Nm/
p

W]

km meas Measured motor constant [Nm/
p

W]

ks Stacking factor [-]

kt Torque constant [Nm/A]

k ′
t meas Measured torque constant for one coil [Nm/A]

k ′
t Torque constant for one coil [Nm/A]

k ′
t I B Contribution of bottom layer segment I to the torque constant [Nm/A]

k ′
t II B Contribution of bottom layer segment II to the torque constant [Nm/A]

k ′
t I T Contribution of top layer segment I to the torque constant [Nm/A]

k ′
t II T Contribution of top layer segment II to the torque constant [Nm/A]

kw Winding factor [-]

K Stiffness matrix [N/m]

Lc Axial length of a coil [m]

Lmot Axial length of the motor [m]

LPM Axial length of the permanent magnet [m]

Lstat Axial length of the stator [m]

Lδ Airgap axial length [m]

M Molar mass [kg/mol]

Mair Molar mass of air 0.0289647 [kg/mol]

M Mass and inertia matrix [kg] or [kg m2]

N Rotational speed [rpm]

Nmax Maximal rotational speed [rpm]

Nstrand Number of strands in a Litz-wire [-]

Nt Number of turns per coil [-]
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Nomenclature

p Pole-pair number [-]

P Absolute pressure [Pa]

Pbearings Ball bearing losses [W]

Pel Electrical power [W]

Pem Electromagnetic power [W]

PironI Iron losses due to stator currents [W]

PironPM Iron losses due to the permanent magnet [W]

P ′
iron Iron losses per unit volume [W]

PJoule Joule losses in the winding [W]

PJoule+skin Joule and skin effect losses in the winding [W]

Pmec Mechanical power [W]

Pprox Proximity effect losses in the winding [W]

Prot Induced eddy current losses in the rotor [W]

Pskin Skin effect losses in the winding [W]

Pwindage Windage losses [W]

Pwinding Total winding losses [W]

PwindingPM Eddy current losses in the winding due to the permanent magnet [W]

P ′
windingPM Eddy current losses in the winding due to the perm. magnet per unit length [W]

P ′
wirePM Eddy current losses in a wire due to the permanent magnet per unit length [W]

r Radius [m]

r Radial cylindrical coordinate [m]

rci Inner radius of a coil [m]

rco Outer radius of a coil [m]

rei Inner radius of the enclosure [m]

reo Outer radius of the enclosure [m]

rmi Inner radius of the magnet [m]

rmo Outer radius of the magnet [m]
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Nomenclature

rso Outer radius of the shaft [m]

r B Radius at the centre of the bottom layer of a coil [m]

r T Radius at the centre of the top layer of a coil [m]

r c Mean radius of a coil [m]

R Ideal gas constant 8.3144621 [J/K/mol]

R Resistance [Ω]

R ′ Resistance for one coil [Ω]

R ′
meas Resistance for one coil [Ω]

Rph Phase resistance [Ω]

Rph-ph Phase-to-phase resistance [Ω]

R ′
t I B Contribution of the bottom layer of segment I to the resistance [Ω]

R ′
t II B Contribution of the bottom layer of segment II to the resistance [Ω]

R ′
t I T Contribution of the top layer of segment I to the resistance for one coil [Ω]

R ′
t II T Contribution of the top layer of segment II to the resistance [Ω]

R ′
t III

Contribution of segment III to the resistance [Ω]

Re Couette-Reynolds number [-]

Sc Half the section of a coil [m2]

Sw Section of a wire [m2]

T Temperature [◦C] or [K]

T Time period [s]

T ′
em Electromagnetic torque for one coil [Nm]

Tem Electromagnetic torque [Nm]

Tmot Temperature of the motor [◦C] or [K]

T0 Reference temperature for Sutherland’s law 273.15 [K]

T̂ ′
em Peak electromagnetic torque for one coil [Nm]

Ta Taylor number [-]

u Instantaneous voltage [V]
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Nomenclature

u Mechanical displacement [m]

uΩe Mechanical displacement of the enclosure at speedΩ [m]

uΩei Mechanical displacement at the inner radius of the enclosure at speedΩ [m]

uΩm Mechanical displacement of the magnet at speedΩ [m]

uΩmo Mechanical displacement at the outer radius of the magnet at speedΩ [m]

us Mechanical displacement of the shaft [m]

~u Mechanical displacement vector [m] or [rad]

UEMF RMS back EMF voltage [V]

UEMFmax Maximal RMS back EMF voltage [V]

1UEMF Fundamental of the RMS back EMF voltage [V]

V Electric scalar potential [V]

Vc Volume of one coil [m3]

ww Width of a wire [m]

ww I Width of a wire of segment I [m]

ww II Width of a wire of segment II [m]

w
w III

Width of a wire of segment III [m]

ywi Inner distance of a wire [m]

ywo Outer distance of a wire [m]

z Axial cylindrical coordinate [m]

zbend Axial length where starts the bend of a coil [m]

zint Axial coordinate where top and bottom layers of a coil intersect [m]

zn2 Axial coordinates of one of the extremities of segment II [m]

α Coefficient in Steinmetz’s equation for the frequency [-]

α Phase of the voltage [rad]

αc Bend angle of a coil [rad]

αn Opening angle of the turn of index n [rad]

α1 Small opening angle of a coil [rad]
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Nomenclature

α2 Large opening angle of a coil [rad]

β Coefficient in Steinmetz’s equation for the magnetic flux density [-]

βc Opening angle of a coil [rad]

γ Relative penetration [m]

γc End-winding opening angle of a coil [rad]

δ Mechanical airgap [m]

δskin Skin depth of a conductor [m]

∆L Length difference [m]

∆T Temperature difference [◦C]

∆zn Difference of the axial coordinates of the extremities of segment II [m]

∆ϕn Difference of the tangential coordinates of the extremities of segment II [rad]

ε Mechanical strain [-]

εz Axial strain component [-]

η Efficiency [-]

θ Mechanical angle of the rotor [rad]

µ Dynamic viscosity [Pa s]

µ Magnetic permeability [H/m]

µr Relative permeability of the permanent magnet [-]

µ0 Dynamic viscosity for air at temperature T0 17.16×10−6 [kg/m/s]

ν Kinematic viscosity [m2/s]

ν Poisson’s ratio [-]

νe Poisson’s ratio of the enclosure [-]

νm Poisson’s ratio of the magnet [-]

νs Poisson’s ratio of the shaft [-]

ρ Electrical resistivity [Ωm]

ρ Density [kg/m3]

ρe Density of the enclosure [kg/m3]

131



Nomenclature

ρm Density of the magnet [kg/m3]

ρs Density of the shaft [kg/m3]

σ Electrical conductivity [S/m]

σ Mechanical stress [Pa]

σc Contact stress at the magnet-enclosure interface [Pa]

σer Radial stress in the enclosure [Pa]

σev Von Mises stress in the enclosure [Pa]

σey Yield strength of the enclosure [Pa]

σez Axial stress in the enclosure [Pa]

σeϕ Tangential stress in the enclosure [Pa]

σmr Radial stress in the magnet [Pa]

σmt Ultimate tensile strength of the magnet [Pa]

σmv Von Mises stress in the magnet [Pa]

σmz Axial stress in the magnet [Pa]

σmϕ Tangential stress in the magnet [Pa]

σr Radial stress component [Pa]

σsr Radial stress in the shaft [Pa]

σsv Von Mises stress in the shaft [Pa]

σsy Yield strength of the shaft [Pa]

σsz Axial stress in the shaft [Pa]

σsϕ Tangential stress in the shaft [Pa]

σt Ultimate tensile strength [Pa]

σv Von Mises stress [Pa]

σy Yield strength [Pa]

σz Axial stress component [Pa]

σϕ Tangential stress component [Pa]

ΣP Sum of losses [W]
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Nomenclature

ϕ Tangential cylindrical coordinate [rad]

ϕn2 Tangential coordinates of one of the extremities of segment II [rad]

ϕn1 Tangential coordinates of one of the extremities of segment II [rad]

Φ̂ Peak magnetic flux [Wb]

1Φ̂ Fundamental of the peak magnetic flux [Wb]

Ψ Magnetic flux linkage [Wb]

Ψ̂ Peak magnetic flux linkage [Wb]

ω Electrical angular frequency [rad/s]

Ω Rotational speed [rad/s]

Superscripts

′ Derivative of Kelvin functions

′ For one coil

′ Per unit length

′ Per unit volume

∗ Plane strain condition

Ω At rotational speedΩ

Subscripts

c Coil, contact

e Enclosure

em Electromagnetic

el Electrical

i Inner

i Rotor region

l Line

m Magnet

max Maximal

meas Measured
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Nomenclature

mec Mechanical

mot Motor

n Turn index

o Outer

ph Phase

ph-ph Phase-to-phase

PM Permanent magnet

r Remanence, relative

r Radial cylindrical coordinate

rot Rotor

s Shaft

sat Saturation

stat Stator

t Ultimate tensile

v Von Mises

w Wire

y Yoke, yield

z Axial cylindrical coordinate

δ Mechanical airgap

ϕ Tangential cylindrical coordinate

B Bottom layer

T Top layer

I Segment I

II Segment II

III Segment III
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