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Abstract

We propose a simultaneous noise filtering and phase unwrapping algorithm.
Spatial evolution of phase is modeled as an autoregressive Gaussian Markov
random field. Accordingly, phase value at a pixel is related to phase values
at surrounding pixels in a probabilistic manner. The problem of estimation
of these probabilities is formulated as state space analysis using the wrapped
Kalman filter. Simulation and experimental results demonstrate the practical
applicability of the proposed phase unwrapping algorithm.
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1. Introduction

Measurement techniques such as optical interferometry [1, 2], interfero-
metric synthetic aperture radar [3], tomographic imaging [4], fringe projec-
tion profilometry [5] and magnetic resonance imaging [6] involve measure-
ment of phase which is essentially proportional to the particular physical
parameter of interest [7]. Typically, the measurement is obtained in the form
of a complex interferogram which at a point (x, y) can be expressed as

I(x, y) = exp [jφ(x, y)] + ǫ(x, y) (1)

where, I(x, y) is the complex interference field; j =
√
−1; φ(x, y) is the phase

and ǫ(x, y) is the complex additive white Gaussian noise. Here, we have con-
sidered the commonly used additive noise model. The physical parameter of
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interest can be quantified using an accurate estimate of the phase. However,
only a modulo 2π value of the phase, termed as the wrapped phase, can be
determined from the measurement of the form given in Eq. (1). The rela-
tionship between the wrapped phase and absolute phase can be expressed
as

ψ(x, y) = W{φ(x, y)}, (2)

where, W{·} is an operator which wraps the values of absolute phase φ(x, y)
in the range of (−π, π]. Since the physical parameter is proportional to the
absolute phase, an inverse of phase wrapping operation, i.e., phase unwrap-

ping (PU), becomes indispensable. The PU operation can be expressed as
equivalent to finding appropriate integer multiples of 2π at each pixel as

φ(x, y) = ψ(x, y) + 2πK(x, y), (3)

where, K(x, y) represents the two-dimensional integer field that needs to
be computed. PU is a simple operation if the absolute phase is spatially
continuous and measurement is noise-free. The unwrapped phase estimate
can be obtained based on Itoh’s method [8] wherein the absolute phase is
evaluated at each pixel by equating the phase difference at consecutive pix-
els with the corresponding wrapped phase difference under the assumption
that the absolute phase difference is no more than π. However, such an as-
sumption is violated in the presence of noise and/or under-sampling in the
phase measurement. Apart from these practical issues, difficulty in PU may
be enhanced further due to the presence of inherent phase discontinuities in
the absolute phase. Since these issues contribute to making PU very dif-
ficult, much research effort has been devoted to design robust unwrapping
algorithms [9, 10].

Few examples of unwrapping methods are those based on branch-cut [11,
12, 13, 14], quality guided [15, 16, 17, 18], least-squares algorithms [20, 21, 22,
23], and polynomial phase approximation [24, 25]. Whereas some of these
algorithms are inherently noise robust [26], some algorithms require phase
denoising as an essential pre-processing operation [27, 28, 29]. Recently, a
number of PU algorithms have been proposed based on the use of Kalman
filtering [30, 31, 32, 33, 34, 35]. The proposed algorithm belongs to this
category of unwrapping methods. The spatial phase variation is modelled as
an autoregressive (AR) process. The AR coefficients estimation is formulated
as a state estimation performed using the wrapped Kalman filter.
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Figure 1: Horizontal, left to right, top to bottom scanning of the phase fringe pattern. The
shaded and unshaded portions show the unwrapped and wrapped regions, respectively.

2. Proposed Method

2.1. Autoregressive Gaussian Markov Random Field Phase Model

In this paper, we consider an autoregressive Gaussian Markov random
field (AR-GMRF) model of absolute phase distribution. Different PU al-
gorithms based on Markov randow field model have been proposed in the
literature [36, 37, 40, 41, 42]. However, most of these algorithms formulate
an optimization problem for the estimation of an integer field K(x, y).

Although the phase unwrapping approach proposed in this paper differs
from these algorithms, in some sense it might still keep some similarities
with the PU algorithms proposed in [37, 38, 39]. Nevertheless, as discussed
in the text below the state space formulation considered in this paper does
differ significantly from these algorithms. We model the absolute phase as a
sample of causal nonsymmetrical half-plane AR-GMRF [37];

φ(x, y) =
∑

(x′,y′)∈S

αx,y(x
′, y′)φ(x′, y′). (4)

Essentially, the absolute phase at (x, y) is evaluated based on its prior
knowledge over the support S in a probabilistic manner. The support S
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is defined in Fig. 1 where the fringe pattern is scanned horizontally from
left to right, top to bottom. The shaded portion in the figure indicates the
already unwrapped area prior to the current pixel (x, y). We consider a
square window around the current pixel, the latter being denoted as a dot.
The support S basically includes the pixels which are processed prior to
the current pixel. For example, with a window of size L we have {x′, y′} :
(x′ = x and y − L ≤ y′ < y) or (x − L ≤ x′ < x and y − L ≤ y′ ≤
y + L). The probabilities αx,y(x

′, y′) can be considered as the weights of
neighboring phase values contributing to the phase value at the current pixel.
The method proposed in [37, 38, 39] considers these weights to be known a
priori. However, such an assumption in practice might be severely restrictive
in achieving a reliable PU. On the other hand, α is sub-scripted with (x, y)
to indicate that in the proposed algorithm the probabilities (weights) are
spatially varying.

2.2. State Space Formulation

We propose a technique to evaluate weights α(x, y) at each pixel. In order
to do so, we consider the first order difference equation model of the spatial
evolution of weights as

αl(x
′, y′) = αl−1(x

′, y′) + δl(x
′, y′), (5)

where, subscripts l and l− 1 represent the estimates obtained at the current
and the immediate past pixel, respectively; δl(x

′, y′) represents a random
perturbation of weight vector modeled as the Gaussian white noise with zero
mean and pre-defined variance µ2. Based on Eqs. (4) and (5), a state space
formulation is considered with a state vector α defined as

α = [α(x− L, y − L), α(x− L, y − L+ 1), · · · ,
α(x, y − L), · · · , α(x, y − 1)]T . (6)

where the subscript of α is not shown for notation simplicity. The size of
state vector is 2L(L+ 1)× 1. The process update of state vector is given as

αl = Fαl−1 +Gǫl (7)

where F and G are identity matrices of size 2L(L+1)×2L(L+1). The most
common observation model considered in analyzing complex interference field
is given as below:

ψl =

[

cosφ(x, y)
sin φ(x, y)

]

+

[

ǫc(x, y)
ǫs(x, y)

]

, (8)
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where, ǫc and ǫs indicate the real and imaginary parts of ǫ, respectively. Since
the observation vector is a nonlinear function of phase, a nonlinear recursive
filter such as the extended Kalman filter (EKF) or unscented Kalman filter
(UKF) are used. Recently, a wrapped Kalman filter has been proposed as
an alternative to EKF and UKF for recursive Bayesian inference of circular
variable [43]. As mentioned in [43], since we have a 1D measurement of
ψ(x, y), the 2D observation model in Eq. (8) introduces additional noise to
the system. Accordingly, we consider the wrapped phase observation model
as

ψl = ψ(x, y) + ηl

= W {H lαl}+ ηl (9)

where,

H l = [φ(x− L, y − L), φ(x− L, y − L+ 1), · · · ,
φ(x, y − L), · · · , φ(x, y − 1)], (10)

and ηl represents noise associated with the wrapped phase measurement. It
has been shown that the performance of the WKF is better compared to
the EKF and UKF in the circular variable state estimation. We propose to
utilize the WKF with state space model represented by Eqs. (7) and (9).

2.3. The Wrapped Kalman Filter Implementation

Before moving on to the discussion on the WKF implementation, an
important point to note here is that the termH lαl essentially represents the
absolute phase φ(x, y). Since the absolute phase itself can be modeled as a
random variable with normal distribution, say φ = N (φm, σ

2
φ), the wrapped

Gaussian distribution of associated measurement ψ is obtained as [44],

P (ψ;φm, σ
2
φ) =

∞
∑

k=−∞

1
√

2πσ2
φ

exp

[

−(ψ − (φm + 2πk))

2σ2
φ

]

. (11)

The above described circular statistics is used in the WKF implementation
to compute the a posteriori state estimate. The procedure of state estimation
based on the WKF is given as follows [43, 45, 46, 47]:
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1. Initialize the state vector estimate at l = 0 and its error covariance
matrix as

α̂+
0 = E [α0] , (12)

P+
0 = E

[

(

α0 − α̂+
0

) (

α0 − α̂+
0

)T
]

, (13)

where, E is the expectation operator. The superscripts − and + indi-
cate the a priori and a posteriori estimates of the associated variables.

2. The process updates of the state vector and error covariance at the lth
step are computed as

α̂−

l = Fα̂+
l−1, (14)

P−

l = FP+
l−1F

T +GΞGT . (15)

where, Ξ is a diagonal matrix with µ2 along its diagonal.

3. The unwrapped phase estimate at (x, y) is computed using the pre-
dicted state vector as

φ̂l =H lα̂
−

l . (16)

4. The observation update of the state vector and its error covariance
matrix is performed based on the Kalman gain as

K l = P
−

l H
T
l

(

H lP
−

l H
T
l + Σ

)−1
, (17)

α̂+
l = α̂−

l +K lW
(

ψl − φ̂l

)

, (18)

P+
l = (I −K lH l)P

−

l (I −KlH l)
T +KlΣK

T
l , (19)

where, Kl is the Kalman gain; I is an identity matrix of size 2L(L +
1)× 2L(L+1) and Σ is the pre-defined measurement error covariance.
Equation (18) indicates that the difference between the estimated un-
wrapped phase and measured wrapped phase is wrapped prior to the
observation update of the state vector. This step differs from the obser-
vation state update considered in the design of wrapped Kalman filter
[43]. As the main objective of the algorithm proposed in [43] is to accu-
rately estimate the circular(wrapped) variable from noisy observations,
it is required that the prior state estimate (α̂−

l ) is wrapped before the
observation update. On the other hand, such wrapping of the obser-
vation estimate is not required in the proposed method since the state
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vector does not contain a circular variable element [35]. Considering
the wrapped Gaussian statistics given in (10), the innovation term is
derived from multiple replicas of the observation [43]. However, it has
been shown that three such replicas are sufficient in obtaining accurate
state estimate. In the practical implementation of our algorithm, we
have observed that the measurement replicas do not have significant
effect on the performance of PU. We have, therefore, implemented the
algorithm considering the observation without replicas.

5. The steps from 1 to 4 are implemented at each pixel location to obtain
the two dimensional unwrapped phase estimate.

It is evident that past phase information is not available at few initial pixels.
Accordingly, the vector Hl is initialized with a pre-defined constant value
of phase φinit. This vector is updated as and when the estimated phases
associated with the pixels surrounding the pixel being operated are available.
To improve the robustness of the PU algorithm, the state vector and its
error covariance matrix are initialized as an average of their estimated values
evaluated at neighboring pixels. According to Eq. (10), κ = 2L(L+ 1) past
phase values are used to predict the phase value at the current pixel. Since
we have considered the AR model of the spatial phase evolution, κ essentially
defines the AR model order. If a high window size L is considered, the AR
model order is sufficiently high. However, in practice, the phase estimate can
be computed with much lower AR model order.

Depending on the measurement setup or the observed physical parameter,
the region(s) of the fringe map may need to be masked to bypass the invalid
regions. Such situations may arise due to the improper object illumination
or signal decorrelation. In such cases, the past phase data selection described
in Fig. 2 has to be modified. The vector H l may not contain κ number of
estimated unwrapped phase values. It is therefore appended with constant
phase values such that the state vector length is κ. Another approach is by
adaptive selection of the neighbor pixel values to build the H l vector.

The WKF implementation requires the initialization of certain variables.

For example, α̂+
0 = 1

κ
[1, 1, · · · , 1], P̂+

0 = 103 ·I and Σ = 103. Although, these
values are selected empirically as is usually done in any Kalman filtering ap-
plications, the proposed method is not highly sensitive to their variations.
Since the noise strength in an experimentally recorded wrapped phase map
cannot be known apriori, we always set a high value of noise covariance con-
sidering an overestimate of the noise strength. Consequently, the proposed
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SNR(in dB)
κ (no. of past samples used)

PhaseLa LSPU Goldstein
4 6 8 10 12

0 0.9 0.08 0.08 0.09 0.1 9.13 7.15 3.82
1 0.08 0.04 0.04 0.04 0.04 6.27 3.21 0.9
2 0.07 0.04 0.03 0.03 0.03 0.02 1.92 0.62

Table 1: Mean square errors (in radians) in the unwrapped phase estimation for the phase
example given in Fig. 2a.

method is capable of unwrapping wrapped phase maps with a wide range
noise strengths. However, an apriori knowledge of noise strength certainly
helps in appropriate selection of value Σ. The covariance matrix Ξ is set
depending on the magnitude of phase variations. A large value is set for fast
varying phase in order to update the state vector at the same rate. Likewise,
a low value is set for slowly varying phase.

3. Simulation and Experimental Results

The proposed method is validated with simulation and experimental ex-
amples. In the first example, a phase fringe pattern generated with signal to
noise ratio (SNR) of 0 dB is shown in Fig. 2a. The SNR is defined according
to the fringe model given in Eq. (8). The unwrapped phase shown in Fig. 2b
is computed using κ = 4 and Ξ = 10−5 · I. Figure 2c shows the histogram of
unwrapped phase error. It can be observed that the proposed method per-
formed accurate phase unwrapping displaying expected zero-mean Gaussian
error distribution. Further, we consider a realistic simulation of the speckle
noise corrupted phase pattern as described in [48]. Accordingly, in prac-
tice, the high density fringe areas are more severely corrupted by the speckle
noise compared to the low density areas. This aspect is cannot be included
in the measurement model given in Eq. (8). The speckle noise corrupted
phase fringe pattern simulated in Fig. 2d contains high fringe density areas
marked by circles which are highly corrupted by the speckle noise in compar-
ison to low fringe density areas. For this example , the proposed algorithm
was found to provide accurate unwrapped phase estimate as shown in Fig.
2e. The histograms of phase unwrapping error shown in Fig. 2f exhibits the
expected second-order probability distribution of error. The performance
of the proposed method is evaluated against three representative PU algo-
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Figure 2: (a) Phase fringe pattern simulated at SNR = 0 dB; (b) unwrapped phase estimate
obtained with κ = 4; (c) histogram of unwrapped phase error; (d) speckle noise corrupted
phase fringe pattern; (e) unwrapped phase estimate with κ = 4 and (f) histogram of
unwrapped phase error. All phase values are in radians.

rithms: least squares phase unwrapping (LSPU) algorithm [19], model based
PU algorithm based on local polynomial phase approximation (PhaseLA)
[24] and Goldstien’s branch-cut PU algorithm. Simulations were performed
at 0, 1, 2 dB SNRs. The phase unwrapping error results are tabulated in
tables 1 and 2. Whereas, table 1 shows the mean square error, table 2 shows
the peak-to-valley error in the unwrapped phases. The proposed algorithm
was found to perform better compared to the rest of the algorithms. Espe-
cially, it can be observed that the use of a higher number of past phase values
(κ) in the proposed algorithm provides improved PU accuracy. At SNR =
2 dB, the PhaseLA method provided lower mean square error compared to
the proposed method. However, for the same case, the peak-to-valley error
was found to be significantly higher for the PhaseLA method compared to
the proposed method.

One of the important features of the proposed algorithm is demonstrated
with the second simulation example given in Fig. 3. Most of the PU al-
gorithms are based on the assumption that the maximum phase difference
between two consecutive pixels is less that π. This assumption becomes in-
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SNR(in dB)
κ (no. of past samples used)

PhaseLa LSPU Goldstein
4 6 8 10 12

0 3.5 3.65 3.38 3.5 4.5 19.57 16.96 53.75
1 2.77 2.32 2.04 1.98 1.89 19.12 12.63 51.68
2 2.24 1.93 1.93 1.88 1.94 7.38 10.79 41.95

Table 2: Peak-to-valley errors (in radians) in the unwrapped phase estimation for the
phase example given in Fig. 2a.
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Figure 3: (a) Undersampled phase fringe pattern; (b) unwrapped phase; (c) unwrapped
phase calculated using Itoh’s method. (d) phase fringe pattern with random spatial vari-
ation; (e) unwrapped phase and (f) error in the estimated unwrapped phase. All phase
values are in radians.

valid if aliasing occurs with the under-sampled phase measurement [49, 50].
The AR-GMRF phase model is shown to be capable of capturing phase evo-
lution even in the presence of phase under-sampling [37]. Figure 3a shows
one such example of noiseless phase map. The unwrapped phase estimate
in Fig. 3b clearly indicates the reliability of the proposed algorithm even
in the case of aliased phase measurement. On the other hand, the Itoh’s
method failed to provide accurate unwrapped phase estimate as shown in
Fig. 3c even in the absence of noise. Another example of a fringe pattern
with smooth yet random phase distribution is shown in Fig. 3d. Since the

10



100 200 300 400 500 600

100

200

300

400

500

600

(a) (b)

(c) (d)
Proposed

100 200 300 400 500 600

100

200

300

400

500

600

(e)

LSPU

100 200 300 400 500 600

100

200

300

400

500

600

(f)

Figure 4: (a) Fringe pattern corresponding to out-of-plane deformation of an aluminum
plate recorded in a digital holographic interferometry setup; unwrapped phase computed
using (b) proposed method with κ = 8; (c) the LSPU algorithm and (d) the PhaseLa
method. Residual phase corresponding to (e) the proposed method and (f) the LSPU
method. All phase values are in radians.
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proposed algorithm is capable of tracking random variations in the phase
map by allowing random perturbations in the state vector elements, an ac-
curate estimate of unwrapped phase is obtained in Fig. 3e. Figure 3f shows
the phase unwrapping error map.

For the experimental validation of the proposed method, we considered
the phase fringe pattern in Figure 4a. This fringe pattern is associated with
an out-of-plane deformation of a square aluminum plate recorded in a digital
holographic interferometry setup. Note that the phase information is avail-
able only on the illuminated surface. Accordingly, the light illuminated area
is selected manually to create a binary mask. As mentioned earlier, the pix-
els with past phase information have to be selected by bypassing the masked
pixels during the formation of H l vector. By doing so, unwrapped phase es-
timate is obtained in the valid fringe region with κ = 8 as shown in Fig. 4b.
Figures 4c and 4d show the unwrapped phase estimates obtained using the
least-squares and the PhaseLA methods, respectively. The phaseLA method
was found to provide unreliable phase estimate. The comparison of the un-
wrapping accuracy between the proposed method and least-squares method
is provided with the residual phase maps shown in Figs. 4e and 4f, respec-
tively. The comparison shows the improved unwrapping accuracy provided
by the proposed method over the least-squares method.

4. Conclusion

A novel PU algorithm based on the AR-GMRF phase model is proposed
which is capable of providing unwrapped phase estimate of the wrapped
phase pattern consisting of random spatial variations. The WKF based state
estimation offers noise robustness to the PU operation. The simulation and
experimental results demonstrate the practical applicability of the proposed
method.
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