Statistical Physics Methods for Community Detection

Thése N° 7208

Présentée le 13 décembre 2019

a la Faculté informatique et communications
Laboratoire de théorie des communications
Programme doctoral en informatique et communications

pour I’obtention du grade de Docteur és Sciences

par

Chun Lam CHAN

Acceptée sur proposition du jury

Prof. M. C. Gastpar, président du jury
Dr. N. Macris, directeur de thése
Prof. H. Pfister, rapporteur

Prof. A. Coja-Oghlan, rapporteur
Prof. E. Abbé, rapporteur

G\

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE






Statistical Physics Methods for
Community Detection

Chun Lam Chan

EPFL - Ecole Polytechnique Fédérale de Lausanne



Thesis presented to the faculty of computer and communication sciences for
obtaining the degree of Docteur es Sciences

Accepted by the jury:

N. Macris
Thesis director

E. Abbé
Expert

A. Coja-Oghlen
Expert

H. Pfister
Expert

M. Gastpar
President of the jury

Ecole Polytechnique Fédérale de Lausanne, 2019



Abstract

This thesis is devoted to information-theoretic aspects of community detection.
The importance of community detection is due to the massive amounts of
scientific data today that describes relationships between items from a network,
e.g., a social network. Items from such a network can be inherently partitioned
into a known number of communities, but the partition can only be inferred
from the data. To estimate the underlying partition, data scientists can apply
any type of advanced statistical techniques; but the data could be very noisy,
or the number of data is inadequate. A fundamental question here is about
the possibility of weak recovery: does the data contain a sufficient amount of
information that enables us to produce a non-trivial estimate of the partition?

For the purpose of mathematical analysis, the above problem can be for-
mulated as Bayesian inference on generative models. These models, including
the stochastic block model (SBM) and censored block model (CBM), consider
a random graph generated based on a hidden partition that divides the nodes
in the graph into labelled groups. In the SBM, nodes are connected with a
probability depending on the labels of the endpoints. Whereas, in the CBM,
hidden variables are measured through a noisy channel, and the measurement
outcomes form a weighted graph. In both models, inference is the task of re-
covering the hidden partition from the observed graph. The criteria for weak
recovery can be studied via an information-theoretic quantity called mutual
information. Once the asymptotic mutual information is computed, phase
transitions for the weak recovery can be located.

This thesis pertains to rigorous derivations of single-letter variational ex-
pressions for the asymptotic mutual information for models in community
detection. These variational expressions, known as the replica predictions,
come from heuristic methods of statistical physics. We present our develop-
ment of new rigorous methods for confirming the replica predictions. These
two methods are based on extending the recently introduced adaptive interpo-
lation method.

We prove the replica prediction for the SBM in the dense-graph regime
with two groups of asymmetric size. The existing proofs in the literature are
indirect, as they involve mapping the model to an external problem whose
mutual information is determined by a combination of methods. Here, on the
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contrary, we provide a self-contained and direct proof.

Next, we extend this method to sparse models. Before this thesis, adap-
tive interpolation was known for providing a conceptually simple proof for
replica predictions for dense graphs. Whereas, for a sparse graph, the replica
prediction involves a more complicated variational expression, and rigorous
confirmations are often lacking or obtained by rather complicated methods.
Therefore, we focus on a simple version of CBM on sparse graphs, where hid-
den variables are measured through a binary erasure channel, for which we
fully prove the replica prediction by the adaptive interpolation.

The key for extending the adaptive interpolation to a broader class of
sparse models is a concentration result for the so-called “multi-overlaps”. This
concentration forms the basis of the replica “symmetric” prediction. We prove
this concentration result for a related sparse model in the context of physics.
This provides inspiration for further development of the adaptive interpolation.

Keywords: Bayesian inference, community detection, stochastic block
models, censored block models, graphical models, mutual information, statis-
tical physics, spin glass, replica method, cavity method.



Résumé

Cette these est dédiée a ’étude de la détection des communautés du point de
vue de la théorie de 'information. L’importance de la détéction des commu-
nautés peut étre justifiée par 'acces, aujourd’hui, a une quantité considérable
de données scientifiques qui décrivent les relations entre les composantes d’'un
certain réseau, tel les réseaux sociaux. Pour un réseau donné, les composantes
peuvent étre partitionnées en un nombre connu de communantés (le nombre
étant une charactéristique du réseau), mais les partitions, en tant que telles, ne
peuvent étre déduites que des données. Aussi, les chercheurs sont-ils capables
d’appliquer n’importe quelle technique avancée en statistique afin d’estimer les
partitions sous-jacentes. Toutefois, les données peuvent étre soit, corrompues
par un bruit important, soit en nombre insuffisant. A partir de la, une question
fondamentale se pose concernant la possibilité d'une “récupération faible”: les
données contiennent-elles des informations suffisantes qui nous permettent de
produire une estimation, qui ne serait pas banale, de la partition?

Du point de vue de I’analyse mathématique, le probleme cité ci-dessus peut
étre formulé en tant qu’une inférence Bayesienne sur des modeles générateurs.
Ces modeles, dont le modéle aléatoire en bloc et le modéle censuré en bloc, con-
siderent un graph aléatoire généré a partir d’une partition cachée qui divise
les noeuds du graphe en groupes étiquetés. Pour le modele aléatoire en bloc,
deux noeuds quelconques sont connectés avec une probabilité qui dépend de la
classe de ces noeuds. Cependant, pour le modele censuré en bloc, des variables
cachées sont mesurées a travers un canal a bruit et les mesures réalisées forment
un graph pondéré. Dans ces deux cas, 'inférence revient a déduire la parti-
tion sous-jacente et implicite du graphe observé. Le critere d’'une déduction
faible peut étre étudié via l’information mutuelle, une quantité fondamentale
en théorie de l'information. Intuitivement, l'information mutuelle quantifie
I'information contenue dans le graphe observé a propos de la partition. Une
fois I'information mutuelle asymptotique calculée, nous pouvons localiser les
transitions de phases pour la “récupération faible”.

Cette these vise a dériver, de fagon rigoureuse, une charactérisation (a lettre
unique) des expressions variationnelles pour 'information mutuelle asympto-
tique relative aux modeles utilisés pour la détection des communautés. Des
méthodes heuristiques en physique statistique sont a la base de ces expres-

iii



iv Résumé

sions variationnelles, connues sous le nom de prédictions des répliques. Nous
présentons de nouvelles méthodes pour confirmer rigoureusement les prédictions
de répliques. Ces méthodes généralisent la méthode d’interpolation adaptive
récem-ment développée dans la littérature.

En un premier lieu, nous calculons la prédiction des répliques pour le
modele aléatoire en bloc lorsque nous considérons un régime de graphe dense
avec deux groupes de tailles asymétriques. Les preuves présentes dans la
littérature sont indirectes vu qu’elles réduisent le modele a un probléeme externe
dont I'information mutuelle est déterminée par une combinaison de méthodes.
En revanche, nous proposons une preuve directe et autonome.

En un second lieu, nous généralisons la méthode d’interpolation adaptive
pour les modeles creux. L’interpolation adaptive donne une preuve simple et
unifiée pour les prédictions des répliques, mais elle est restreinte aux graphes
denses. Quant aux graphes creux, la prédiction des répliques implique une
expression variationnelle plus compliquée, et les démons-trations rigoureuses
sont souvent soit absentes soit obtenues a travers des méthodes compliquées.
Pour cela, nous nous concentrons sur une version simplifiée du modele cen-
suré en bloc pour les graphes creux, ou les variables cachées sont mesurées a
travers un canal binaire a effacement. Pour cette version, nous démontrons la
prédiction des répliques entierement par l'interpolation adaptive.

La clé pour la généralisation de l'interpolation adaptive a des classes plus
larges de modeles creux est un résultat de concentration pour des quantités ap-
pelées “multi-overlaps” et qui constitue la base de la prédiction des répliques.
Nous démontrons ce résultat de concentration pour des modeles creux simi-
laires a ceux de la physique. Ceci fournit une source d’inspiration pour de
futurs développements sur 'interpolation adaptive.

Mots-clés: Inférence Bayésienne, détection de communautés, modeles
aléatoires en bloc, modeles censurés en bloc, modeles graphiques, information
mutuelle, physiques statistiques, verre de spin, méthode des répliques, méthode
des cavités.
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Introduction

What are the signs that indicate we live in the age of social networks? At the
time of this writing, Hong Kong has been hit by large-scale demonstrations
for months. Millions of people have taken part in this movement, but no
leadership behind it has been reported. It is the massive power of online social
networks (Facebook, Telegram, etc.) that connects the people. Yet the overall
social network has a two-community structure — the democrats and the pro-
government parties share opinions in their own communities, but there are
no (or very few) constructive interactions between the two communities. In
general, community structures are formed in many real-world networks [1, 2.
And the task of differentiating, based on the topology of the network, the
members of the communities has become an important statistical inference
problem known as community detection.

In this thesis, we will focus on stochastic block models and censored block
models, the two canonical random-graph models that are often used in the
theoretical study of community detection. A fundamental question here is
about when weak recovery of the communities is possible. The terminology of
this problem resembles a classic communication problem, hence we are curious
to use mutual information from information and coding theory in order to
study the correlation between the underlying communities and the random
graph. Indeed, weak recovery can be derived from the asymptotic mutual
information. Therefore, we want to know how to compute the asymptotic
mutual information. Hence, it would be interesting to look into statistical
physics, as it studies macroscopic properties of complex interacting systems. In
particular, the mutual information can be linked to the free energy in statistical
physics. The cavity method and replica method are two heuristic statistical-
physics techniques that have been used for the last four decades to provide a
mean-field solution for the free energy, called the replica symmetric formula.
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This formula can be used to predict phase transitions for weak recovery in
community detection. A rigorous derivation of the replica symmetric formula
is still needed to prove the prediction.

In this chapter, we introduce more background on the intersection of the
three subjects: community detection, information and coding theory, and spin-
glass systems. We will end this chapter by stating the main contributions of
this thesis — in short, the development of new methods that prove the exact-
ness of the replica symmetric formula to the asymptotic mutual information.

1.1 Community detection

As early as the 1930s, sociology began analyzing social network and developed
the topic of “block-modeling”, an empirical procedure that effectively cluster
similar objects into groups. The discussion spread to other fields of study
during the last century, due to the emergence of a plethora of social networks,
biological networks and computer networks. The early history of network
science is well summarized in [3, 4].

Traditional algorithms for clustering are those with a min-cut approach,
based on graph partitioning in computer science, where the total communi-
cation cost between computers performing parallel computing is minimized.
The seminal advance in the algorithmic development was subsequently given
by [1, 5]. They focused on networks with underlying community structure
and proposed properties of the inter-communities edges such that removing
those edges uncovered community structures. Such algorithms work well on
real benchmarks. Moreover, research on community detection flourished, sub-
sequently we have a rich literature devoted to algorithmic solutions.

Understanding the fundamental limits for community detection requires
mathematical abstraction of the models. A generative model would enable
us to formulate the problem as Bayesian inference, thus enable us to build
theoretical understanding by using the tools of probability, hence the recent
interest in generative models of community detection. Starting from [6], many
more researchers studied both the fundamental limits and algorithmic solu-
tions for the generative models. Building these models naturally appeals to
the Erdos-Rényi graphs, the primitive random-graph models in graph theory in
which every pair of nodes is connected with the same probability. The canon-
ical models for community detection can be largely considered as variants of
the Erdés-Rényi graphs.

Here, we introduce two canonical models called stochastic block model and
censored block model. We assume that parameters in the description of the
models are known. In this context, the Bayesian approach is sometimes called
“Bayesian optimal”. Our interest in these models is the task of weak recovery;
it will be defined at the end of this section.
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Stochastic block model

The most popular generative model is the stochastic block model (SBM). SBM
has a long history and has attracted the attention of many disciplines. It
was first introduced as a model of community detection in the network and
statistics literature [7], as a problem of finding graph bisections in theoretical
computer science [8], and was proposed as a model for inhomogeneous random
graphs [9, 10]. A partition of nodes into labeled groups is hidden to the observer
who is given only a random graph generated on the basis of the partition. The
task of the observer is to recover the hidden partition from the observed graph.
A simple setting that lends itself to mathematical analysis is the following.
The labels of nodes are drawn i.i.d. from a prior distribution and, for the
graph, the edges between pairs of nodes are placed independently according
to a probability that depends only on the group labels. If the probability is
slightly higher (resp. lower) when the pair of nodes have the same label, the
model is called assortative (resp. disassortative). Furthermore, we assume that
the parameters of the prior- and edge-probability distributions are all known.
Note that the recovery task is non-trivial only when parameters are such that
no information about the group label is revealed from the degrees of nodes.
Much progress has been made in recent years within this simple mathematical
setting, and we refer to [11] for a recent comprehensive review and references.

We provide Examples 1.1 and 1.2 for readers to have a concrete example of
SBM in mind.

Example 1.1 (Symmetric two-group SBM on sparse graphs). Let 6® € {—1,+1}"
denote the hidden partition of the two communities. Labels oY are i.i.d. Bernoulli
random variables with P(6? = 1) = 1/2. The observation is a graph G (repre-
sented by the adjacency matrixz) constructed by connecting any pair of nodes i
and 7 with an edge with probability

a b

P(Gy; = 1|0y, 07) = Tt EO’?U?
where a,b are constants. The expected degree of a node is a(n —1)/n = O(1),
hence we say the graph is sparse. O

Example 1.1 is the most canonical SBM considered in the literature. In
Chapter 3 of this thesis, we consider a different regime as follows:

Example 1.2 (Asymmetric two-group SBM on dense graphs). Let o° €
{—1,+1}" denote the hidden partition of the two communities. Labels o9 are
i.i.d. Bernoulli random variables with P(6? = 1) = r. For convenience we de-

fine X; = ¢.(0?) with ¢,(1) = /(1 —7r)/r and ¢.(—1) = —/r/(1 —71). The

observation is a graph G with the transition probability
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where

npn(1 }5)37H—o>ooo na, TN (1.1)
" " 7 pn(l _ﬁn) ‘ '

An example of parameters that fulfills (1.1) is p, = 1/2 and A, ~ n~Y2. The
two constraints (1.1) will be further discussed in Section 3.2. Here we note
that this SBM pertains to a dense graph regime, as the expected degree of a
node is (n — 1)p, — oo (the growth rate can be arbitrarily slow). O

Censored block model

Another way to embed community structures into an Erdds-Rényi graph is
the censored block model (CBM), studied in the context of community detec-
tion more recently in [12, 13, 14, 15]. In this model, the nodes also have a
hidden partition in labeled groups. The label of each node is i.i.d. drawn
from a prior distribution. Any pair of nodes is equally likely to be taken for a
noisy measurement. The set of measurement outcomes can be viewed as the
weighted version of an Erdés-Rényi graph. An observation is provided by a
weighted edge that represents a noisy version of the product of the labels of
the connected nodes. The next example is the standard CBM in the literature.

Example 1.3 (Symmetric two-group CBM). Let a® € {—1,+1}" denote the
partition of the two communities. Labels 00 are i.i.d. Bernoulli random vari-
ables with P(o) = 1) = 1/2. An instance of Erd6s-Rényi graph is drawn and
the weighted version G (represented by the adjacency matriz of a weighted
graph) is observed. Each edge has a weight G;; € {—1,+1} that represents the
outcome of the transition probability

P(Gyjlo}, 03) = (1 = 4)da,,; 090 + 40

ij —O’QO'Q'
) Y
G, reveals yes/no to the question of whether node i and node j are from the
same group. It tells the truth with probability 1 — q. O

We can generalize an Erdos-Rényi graph in the above CBM to a hypergraph
and also modify the transition probability. The CBM we consider in Chapter
4 is the following.

Example 1.4 (Symmetric two-group CBM on hypergraphs with erasures).
Let a® follow the same generation as in Example 1.3. Each K-tuple A =

{a1,...,ax} C{1,---n} is drawn uniformly at random. We set
0_— 0 0 0
0N = 0404, 04

The observation G4 is that with probability q we observe the true product o9,
or an erasure otherwise. The transition probability is written as

P(Galo) = (1= 0)d, 00 + 6 0-
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Weak recovery

For the symmetric two-group setting, a measure of quality of the estimate o
is given by the absolute value of the overlap function [16, 17, 15]:

1 n
Q==Y oo
n i=1

Ezact recovery of the communities corresponds to || = 1. Whereas, as any
random guess yields |Q| — 0 for large n, another interest would be to obtain
an estimate better than a random guess. We say weak recovery is possible if
there is an estimator G — & such that

lim Ego64[|Ql] > 0. (1.3)

. (1.2)

(Expectation in (1.3) also carries on & because the output of the estimator can
be non-deterministic.) A fundamental question is about how to characterize
when (1.3) is fulfilled as a formula of the model parameters. When the size of
two communities is asymmetric, the overlap function can be generalized. More
details are formed in Chapter 3.

1.2 Information and coding theory

Mutual information and channels are concepts from information and coding
theory. They were originally used to study the fundamental limits in commu-
nication. In this section, we propose that these concepts are also useful for
the study of community detection. As the derivative of mutual information is
intimately related to the overlap, mutual information can be used to study the
phase transition for weak recovery. Whereas, channels can be used to describe
the generation process of the random graphs in the block models. The descrip-
tion in terms of channels enables us to recognize identities known in coding
theory, and also gives an intuition for comparing the difficulties in deriving the
mutual information of different models.

Mutual Information

In inference, we often want to quantify the information stored in the observa-
tions Y about the ground truth X. A fundamental quantity is bounded by
Shannon’s mutual information [18]

M) >0, (1.4)

[(X;Y)=Exyln (P(X)P(Y)

which captures the “correlation” between the two vectors of random variables.
The mutual information is zero if and only if X is independent of Y whereby
P(X,Y)=P(X)P(Y). For the problem of community detection it is useful to
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study the mutual information £7(o”; G). When the observations are pairwise
(i.e., elements in G are {G;;}), differentiating £1(0%; G) with respect to some
model parameters would give E,o ¢(Q?) up to a constant and rescaling, where

the Gibbs bracket
(A(0)) = ) P(a]|G)A(o)

is the expectation of A(o) with respect to the posterior P(o"|G). The relation
of Eqo0.¢(Q?) to the criteria of weak recovery (1.3) is that (see [17] for details):

L hmn%oo EUO’G<Q2> = 0 lf and only lf hmn%oo EUO,G<|Q’> = O’
e as () is bounded, if lim,, o Eqo g(Q?) > 0, then lim, o Eyo g (|Q]) > 0;

e if there is another estimator G — & such that

1.1«
lim —E|— 95,1 >0
iy ZEIS 2ot

but lim,, . Eqyo ¢(|Q|) = 0, a contradiction would occur.

In summary, the possibility of weak recovery (1.3) is determined by whether
lim Eqoc(Q?) >0, (1.5)
n—oo

and (1.5) can be checked if we can compute the asymptotic mutual information

. 1 0.

nh_}rgo EHU Q). (1.6)
Whereas, when observations G are interactions of K variables, the derivatives
of %I (0% G) would give Eyo0g(Q*) (again up to a constant and rescaling).
The argument about the relation to weak recovery follows similarly to the
above argument. Therefore, the asymptotic mutual information (1.6) is the
central object for us to study. In Sections 1.3 and 1.4 we will review statistical
physics methods to compute (1.6).

Channel models

Another notion of coding, which can be borrowed for community detection,
is the notion of “channel models”. A codeword X is transmitted through a
noisy channel described by a transition probability Q(Y|X). The codeword
is often expressed as a sequence of binary digits (bits). Without loss of gen-
erality, we convert 0 — +1 and 1 — —1 and describe the typical channel for
X € {—1,+1}. Typical channels are considered to be memoryless so that the
transition probability can be decomposed into an elementwise product:

n

QY|X) =[] ewilx:)

i=1
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Example 1.5 (Binary erasure channel — BEC(¢)). The channel maps input
X € {—1,41} to output Y € {—1,0,4+1} where 0 denotes an erasure. The
transition probability is

Q(Y|X) = (1 — 6)5)/7)( + 6(5}/’0.

Example 1.6 (Binary symmetric channel — BSC(¢)). The channel maps input
X € {—1,+1} to output Y € {—1,+1} with transition probability

Q(YlX) = (1 — 6)5}/7)( + E(Sy7_X.
The transition probabilities of the above channels satisfy
P(Y]X) = B(—Y] - X), (1.7)

a property known as channel symmetry. We can use the concept of channels to
describe the randomness in the observations in Examples 1.1 to 1.4, as shown
in Fig. 1.1. The CBM in Example 1.3 has a binary erasure channel. The
CBM in Example 1.4 has a binary symmetric channel. A dense SBM with
appropriate choices of parameters can be a symmetric channel. Whereas, a
sparse SBM always has a very asymmetric channel. The benefit of the channel
descriptions is that we can recognize some mathematical identities that are
available for symmetric channels (see Section 4.2) and that we can apply them
when we rigorously derive the mutual information. This also suggests that
deriving the mutual information for the sparse SBM is potentially a harder
problem than the others.

1.3 Spin glass

Statistical physics aims to understand the macroscopic properties of systems
constituted of many microscopic degrees of freedom. An interesting class of
systems are the disordered systems where, on top of the microscopic degrees of
freedom, there exists also “random disorders” (e.g., random magnetic fields).
Spin glasses are theoretical models invented to capture the statistical physics
of “disordered systems”. One common phenomenon that occurs is phase tran-
sitions in the thermodynamic limit. To study the phase transition, we study
the fundamental quantity called free energy.

Numerous problems in engineering and computer science can also be for-
mulated as spin-glass models, such as LDPC codes [19], CDMA systems [20],
combinatorial optimization [21], and neural networks [22]. Using statistical-
physics methods, we can predict phase transitions in these problems.

In the remainder of this section, we first introduce spin-glass models, var-
ious basic definitions, and the correlation inequalities related to the models.
We will then review a simple example of a spin-glass model where a phase
transition can be studied from the mean-field solution of the free energy. Fi-
nally, we revisit our problems on community detection and show how the block
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(a) Example 1.1 (Sparse  (b) Example 1.2 (Dense  (¢) Example 1.3 (CBM
SBM) SBM with p, = 1/2) with BSC)
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1—
1 1 1
q
0
q
1 1
l—gq
(d) Example 1.4 (CBM
with BEC)

Figure 1.1 — Channels for the block model

models can be formulated as spin-glass models, as well as, show the relation
between the mutual information and free energy. It is tempting to also have
mean-field solutions for the free energy of the block models. We will discuss
heuristic methods for deriving such solutions in Section 1.4.

Models

A generic spin-model is a disordered system consisting of a collection of n
binary spins o; € {—1,+1}, i =1,...,n. For any subset A C {1,...,n}, we
denote 04 = [[;c4 oi- The model is defined by Hamiltonian

H(O‘) = — Z JAUA (18)

where the sum runs over all possible 2" subsets of {1,...,n}. The interac-
tion J4 can be drawn from a probability distribution. Once we are given an
instance of the Hamiltonian, J, is fixed or frozen. Therefore, it is called a
quenched random variable. The only subsets of spins that truly participate in
the interactions are of course those for which J4 # 0. Another randomness in
this model is the annealed random variables . Any configuration o follows
the Gibbs distribution

1
P(o|J) = Z—e’m{(”),

n
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where [ is the inverse temperature and
Z,= Y e
oc{-1,+1}"

is the normalization factor known as the partition function. Without loss
of generality, we fix § = 1 as this amounts to a simple global rescaling of
the Hamiltonian. Macroscopic quantities of the spin model, which are often
considered, include the Gibbs average of some observable A(eo), conventionally
denoted by

(Al@) = Y Plo|d)A(0).
oc{-1,+1}"

Another fundamental object is the free energy
1
F,=——InZ,, fn = E[F,).
n

An interaction J;; between a pair of spins is attractive when J;; > 0, or
repulsive when J;; < 0. Extending this property, a spin model is called ferro-
magnetic when all J, in (1.8) are non-negative. In such models, Griffiths-Kelly-
Sherman (GKS) inequalities [23, 24, 25] are well-known correlation inequalities
that state that for any subsets of variable indices S,7" C {1...n}

<O’5> Z O, (19)
(o0sor) — (o) {or) > 0. (1.10)

These inequalities will be used in Chapter 4 and Chapter 5.

Phase transition in the Curie-Weiss model

The Curie-Weiss model is a model based on a complete graph where interac-
tions are between all pairs of spins, with Hamiltonian

%CW<U) = —% ZO'Z'O'J' — hZO'Z
=1

i<j

This Hamiltonian can also be represented as a function of the magnetization
(similar to the overlap function @ in (1.2))

m=— ;.
n -
i=1
Following the textbook calculation such as [26], it is straightforward to see
that the free energy admits a single-letter variational expression:
lim F,, = min few(m), (1.11)

n—00 me[—1,+1]
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where
J

2(1—m2)—hm+

14+m 14+m 1—-m

1—-m
5 ln( 5 5 )

ln( 5

The equality (1.11) is particularly useful for observing a phase transition for the
magnetization. We can check that m* = argming,c(—1,41) fow(m) is attained
at a stationary point satisfying

m = tanh(Jm + h). (1.12)

To evaluate the Gibbs average of the magnetization (m), we note that (m) =
—dF,, /dh. Differentiating both sides of (1.11) gives us

(m) =m”.

Let us consider the simple case h = 0. From (1.12), we can observe a phase
transition for (m). We can deduce (m) = 0 when J < 1, and (m) # 0 when
J > 1. This could be analogous to community detection by imagining m as the
overlap and J as the signal-to-noise ratio (SNR) of observations. A non-trivial
overlap could be suddenly developed when the SNR passes a threshold.

The Curie-Weiss model is simplistic in physics, but it offers a great les-
son. Eq. (1.11) implies that the macroscopic behavior of a complex model
with many spins and interactions can be studied through a simpler variational
expression that can be explicitly computed. Intuitively, this implies that the
complex model can be approximated by a decoupled model so that the dif-
ficulty in evaluating all the interactions is bypassed. Variational expressions
such as (1.11) are known as mean-field solutions. Unsurprisingly, a mean-field
solution is not limited to the Curie-Weiss model. Models that admit “varia-
tional solutions” are called mean-field models. In Section 1.4, we introduce the
two powerful techniques in statistical physics to derive the mean-field solution.

From mutual information to free energy

In the block model, with the assumption that ¢ are i.i.d. variables drawn
from the same prior Py, the posterior distribution can be factorized as

P(o|G) = % _ Zin Ae{ll‘.[” n}IP’(GAHJZ- i€ A)) Hm(@) (1.13)
with

Z,=Y ][] P(Gal{oi:ic A})]]Polos).

o Ae{l,,n} i=1

We can again define the free energy here as

1
fn=—-EInZ,.
n
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The mutual information is linked to the free energy by the formula,

EI(UO;G) ~lEn (P(”|G>) :fn+%1[-«: > WP(Gal{oi:ic A}

n T n P(o) AT

The second term can be reduced to a simple expression once an explicit model
is chosen. Therefore, computing the mutual information is essentially reduced
to the problem of computing the free energy.

1.4 The cavity and replica methods

The replica method and the cavity method are two heuristic methods for com-
puting the free energy [27, 28]. The two methods involve mathematically un-
justified steps or need to assume some structure on the model, and eventually
enable us to derive a variational expression called replica symmetric formula.
It is predicted that this formula is exactly equal to the limit of free energy.

The replica method

The replica method is based on the formula

1 1E[ZN] -1
lim —E[ln Z,] = lim lim 1E[Z, -1 (1.14)
n—oo M n—oco N—0 N, N
or the equivalent formula
o1 ) . 1.d N
A S i

To yield the replica symmetric formula from the L.H.S. of these formulae, we
assume the validity of swapping the two limits. Then the moments E[Z] are
computed as if N would be an integer, despite that the limit N — 0 is taken
in the final step.

Factor graphs

The replica method is compact but elusive in meaning. The cavity method
is another method, in principle equivalent to the replica method, but it has a
clearer interpretation. It is best described in the language of factor graph.

A factor graph G = (V, F, €) for n variables @ = (x1, ..., z,) is a bipartite
graph containing a set of variable nodes V), a set of factor nodes F, and a set of
edges £ connecting variable nodes to factor nodes. We associate each variable
node 7 € V with a variable z; € X}, and associate each factor node a € F with
a function v¢,. We denote 0i = {i € V : (i,a) € £} the neighbors of node i and
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WY WY

(a) A graph G (b) The factor graph (c¢) The replica formula

Figure 1.2 — A graphical illustration from a graph G to the replica formula

da = {a € F: (i,a) € £} the neighbors of node a. The argument of function
Y, is Ty, = {x4,1 € Ja}. The factor graph represents the probability

p(x) = zi I ¢a(®aa), (1.15)

" aeF

where Z, = Y [[,cr Ya(Taa)
An example is in Fig. 1.2a and Fig. 1.2b. Let’s assume we want to infer o

from the graph G in (a). Each edge represents some weight G;;. The posterior
P(o|G) follows the expression in (1.13) where A = (4, j). The associated factor
graph is constructed in Fig. 1.2b with factor nodes represented in boxes. Each
factor node represents a factor P(G; |04, 0;).

The cavity method

The cavity method starts with a variational approach for approximating F,, =
n~'In Z,. For the probability p(z) in (1.15) that admits a factor graph G, and
for any trial probability b(x) on X X - - - x &,,, we define the Gibbs free energy
FGibbs(b) to be

Foinn(®) =~ 3" b() In (] valaon)) + + 3 bl nba).  (1.16)

acF
This Gibbs free energy satisfies

Fainps(b) = Faivbs(p) + D(b]|p),

where D(b|lp) = Y, b(x)In (b(x)/p(x)) is the Kullback-Leibler divergence.
We can think b as an estimate of p. Since D(b||p) > 0 and the equality is
attained if and only if p(x) = b(x) for all x € X, computing the free energy
F,, = Faipps(p) can be formulated as the Gibbs variational problem:

lIgf FGibbs(b) (1 . 17)
st. 0<b(x)<1l, xEX X XX, (1.18)
> b(x) = 1. (1.19)
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Finding the optimal distribution for (1.17) is not easier than directly com-
puting Faipps(p). We can attempt the special case where the underlying factor
graph does not have a cycle. In this case, p(x) can be factorized as (see [26])

= [ pe(@an) [ [ i), (1.20)

aeF %

where p;(x;) (resp. pa(€sq)) is the marginal probability at the variable node i
(resp. at the factor node a). Eq. (1.20) implies that in the Gibbs variational
problem it suffices to assume

= [T bua) [T trt) =", (1.21)

aeF 2%

where {b;,b, : i € V,a € F} are estimates of {p;,p, : i € V,a € F}. The
resulting formula after substituting (1.21) into (1.16) is called the Bethe free
energy, given by

FBethe({bwb} = __Zzb waa ln wa waa Zzb maa lnb waa)

aEJ: Tq U«E]: Loa

+ - Zl—|8z Zb (x;) Inb;(x;).

zEV

Also, the Gibbs variational problem (1.17)—(1.19) leads to

fnf Frethe({bs, ba}) (1.22)
st. Zb (z;)=1, VieV, (1.23)
Zb To) =1, VaeF, (1.24)
THa
D ba(@oa) = bi(x:), V(i,a) € E,z; € X, (1.25)
w@a\xz
0 <bo(wge) <1, VaeF my, €[] X (1.27)
1€0a

For general factor graphs, possibly with cycles, the infimum obtained from
(1.22)—(1.27) can be used as an approximation of F,,. This is known as the
Bethe approximation.

Another way to approximate Fj is belief propagation. It is an itera-
tive message-passing algorithm that involves two kinds of messages: message
m;_sq(2,) from variable node i to factor node a, and message m,_;(x;) from
factor node a to variable node i. All messages are initialized to 1 and are
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updated according to the update rules:

Misa(@oa) < [ 1esi()

cedi\a
maﬁ\z x'L Z wa waa H m]%a x] (128)
Too \Ti j€da\i

The updated messages are always normalized. When the messages converge,
F,, can be approximated by

Fgp({m, 1n}) ———ZZ ({Mamsitacoi) — Zlnz ({Misa}icoa)

eV ae]—'
1 ~
+ E E E In Zi,a(maﬁ’ia mi%a)a
i€V a€oi

where

Zi({Ma—sitacoi) = Z H Mai(T),

T4 aeBz

Za({mi—m}ieaa Zd)a m@a H mz—m xz

i€0a

Zi,a<maﬁi7 mHa = Z ma%i(wi)miﬁa(xi)-

T

The authors of [29] show that any stationary point {b;,b,} of the Bethe free
energy FRetne({i, 0o }) has a one-to-one mapping with a fixed point {m,m} of
belief propagation. This implies that for the pair of stationary point and fixed
point

FBethe({bi; ba}) = FBP({ma ﬁz})

One of the fixed-point equations is setting (1.28) to be an equality. From
this fixed-point equation, we can express m as a function of m and simplify
Fgp({m,m}) to Fgp({m}).

The cavity method then assumes that for every (i,a) € &, {m;—a(Tsa) :
Zoa € [[,co, Ai} is an ii.d. random vector that is normalized to 1, and the
vector is drawn from a trial distribution m. The replica symmetric formula is
defined to be

frs(m) = Eg m[Fp({m})].

The conjecture is that !

n—oo

IThis is conjectured at least for inference problems. In general, the choice of the ex-
tremum over {m,m} of Fgp({m,m}) might be different.
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Sparse Graph —
Asymmetric channel

Sparse Graph —
Symmetric Channel

Sparse Graph - BEC

Dense Graph

Figure 1.3 — Intuitive difficulty level to prove (1.29): the outermost circle is
the most difficult

The support of the infimum is a certain set of distribution 91; this set can
be tightened depending on the known properties of a given model. Fig. 1.2¢
pictures the associated graph with the replica symmetric formula. The factor
nodes are replaced by i.i.d. messages fed into the variable nodes. This cor-
responds to a new decoupled problem where the variables from the messages
are inferred. The difficulty of proving (1.29) has a hierarchy (as depicted in
Fig. 1.3) based on the channels and the graph regime. Statements on chan-
nel universality [30] or applications of Lindeberg’s Theorem [31] can often be
used to show that the dense graph model can be mapped to another model
with Gaussian channels. Hence, we do not differentiate the channel models for
dense graphs. For models on dense factor graphs or models with binary erasure
channels, m can be transformed to a trial scalar parameter m in a bounded
interval, and this also simplifies the replica symmetric formula. Therefore, we
have the two innermost circles in Fig. 1.3. Also, if we recall channels in Sec. 1.2,
we understand that symmetric channels are more structured and more tools
are available to analyze symmetric channels. Therefore, we obtain the order
of the two other circles in Fig. 1.3. This view implies that the difficulty in
analyzing community detection problem is in the order: Example 1.1 (Sparse
SBM) > Example 1.3 (Sparse CBM with BSC) > Example 1.4 (Sparse CBM
with BEC) > Example 1.2 (Dense SBM).

1.5 Implication of the replica symmetric formula

Given a community detection problem, we can identify the free energy associ-
ated with the mutual information. We can then derive the replica symmetric
formula frg in order to predict the asymptotic free energy or the asymptotic
mutual information. In Fig. 1.4, we illustrate frg as a function of the trial
parameter m and the signal-to-noise ratio (SNR) in the community detection
problem. The trial parameter m can be interpreted as the SNR of some de-
coupled observations. We always have the trivial stationary point m = 0; it
implies that the decoupled observations are uninformative.
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] ] SNR

Y Y T
Impossible phase hard phase easy phase

Figure 1.4 — The replica symmetric formula frs as a function of the trial
parameter m and the SNR of the model. A black point denotes a global
minima, and a white circle denotes a local minimum.

As the derivation of the replica symmetric formula frg is intimately related
to message-passing algorithms (which is belief propagation when the graph is
sparse or, is the approximated version of belief propagation when the graph is
dense), only the replica symmetric formula provides details about the perfor-
mance of the message-passing algorithm. It is known that the stationary point
of the replica symmetric formula corresponds to the fixed-point solution of the
density-evolution equation [32] or the state-evolution equation [33] that tracks
the performance of the message-passing algorithm. As the message-passing
algorithm iterates, we can understand its performance as a kind of “gradient
descent” starting from the uninformative point m = 0 and eventually converg-
ing to a local minimum. Message-passing algorithms therefore achieve weak
recovery if the “gradient descent” can reach a local minimum not equal to zero.

If we recall the discussion in Section 1.2, we understand that the derivative
of the mutual information with respect to the SNR is linked to the overlap
function. Now, assuming the asymptotic mutual information is given by eval-
uating the replica symmetric formula at the global minimum, we can inspect
the overlap function from the derivative of min,, frs(m). The replica sym-
metric formula predicts that a phase transition (say, as a function of SNR)
for weak recovery would occur at the non-analytical point of min,, frs(m), at
which the global minima of the replica symmetric formula jumps (say, as a
function of SNR).

Therefore, the replica symmetric formula enables us to identify three phases,
as illustrated in Fig. 1.4. At the “easy phase” (the blue curve), any negligi-
ble amount of side information would initiate the “gradient descent”, and the
performance of message-passing algorithms is given by the global minimum,
which is strictly positive. Message-passing algorithms can be used to achieve
weak recovery. As the SNR decreases, we will enter the “hard phase” (the green
curve). The “gradient descent” cannot overcome the barrier and is stuck at the
uninformative point m = (0. Message-passing algorithms cannot achieve weak
recovery. However, weak recovery is possible because the global minimum is
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attained at m > 0. As the SNR further decreases, we can expect the “impos-
sible phase” (the yellow and red curves). The SNR is low and weak recovery
is impossible. This is illustrated by the curves where the global minimum is
attained at m = 0.

1.6 Related works on proving the replica
prediction

The most notable replica symmetric formula in statistical physics is the one
for the Sherrington-Kirkpatrick model. Although it was proposed by Parisi
[34] in 1980, it was rigorously proved relatively recently by Talagrand in [35].
The underlying techniques of the proof — the Guerra-Toninelli interpolation
method [36] and the Aizenman-Sims-Starr scheme [37] — remains beneficial
for analyzing many other problems. During the last two decades, the utility
of replica symmetric formula has attracted the attention in high-dimensional
Bayesian inference, and much progress has been achieved. Examples where
full proofs have been achieved are random linear estimation and compressed
sensing [38, 39|, learning for single-layer networks [40], generalized estimation
in multi-layer settings [41, 42], and low-rank matrix and tensor estimation
(43, 17, 44, 45]. The Guerra-Toninelli interpolation method is used to obtain a
one-sided bound in most of the existing proofs. The converse bound is arguably
more difficult. The Aizenman-Sims-Starr scheme [17, 44, 46], or other state-
of-the-art techniques such as spatial coupling [43, 38|, are used to address
this converse bound. More recently, the authors in [47, 48] have discovered a
unified proof via an elaborated version of the Guerra-Toninelli interpolation
method, called adaptive interpolation. The method is generic to problems with
a dense underlying factor graph. The new method is quite generic, once the
correct decoupled problem has been identified and is directly applicable when
the concentration of the overlap can be proved. The successes of the adaptive
interpolation method have so far been limited to inference models with a dense
underlying factor graph, and it has not been applied to any block models before
this thesis. It is desirable to see to what extent the method can be developed
for these open cases.

Let us very briefly summarize the interpolation methods. Given the free
energy f, and the replica symmetric formula frg, we can identify the Hamil-
tonian Hpase associated with f,, and another Hamiltonian Hgecoupled associated
with a decoupled model. The Guerra-Toninelli interpolation method defines
an interpolated Hamiltonian H; with time ¢ € [0, 1] such that Ho = Hpase and
Hi = Hdecoupled- Let f; be the interpolated free energy associated with H;.
Interpolation is based on using a formula due to the fundamental theorem of
calculus:

1
d
Ji=o = fi=1 — /0 dt%-
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It turns out that f,—; is closely related to frs (although not equal) and thus
lead us to the sum rule

fn = frs + remainder.

The remainder often is either positive or negative. Thus, a one-sided bound
can be obtained immediately.

The Guerra-Toninelli method is based on a fized interpolation path. The
idea of adaptive interpolation is to adopt a larger class of paths for the interpo-
lated Hamiltonian so that we have more flexibility to control the remainder in
the sum rule. In particular, the remainder can often be expressed as a function
of overlap. The other bound is obtained by suitably controlling the overlap and
“adapting” the interpolation path according to a differential equation. More
details for a simple example are found in Chapter 2.

1.7 Contributions and organization of this thesis

In this thesis, we develop new methods to rigorously derive the replica symmet-
ric formula for community detection on both dense graphs and sparse graphs.
The methods are based on extending the adaptive interpolation method in
[47, 48].

In Chapter 2, we review the adaptive interpolation for proving the replica
symmetric formula. The material is extracted from [47, 48]. We expose to the
readers what was known about the adaptive interpolation before this thesis,
in order to make a good link to the contribution of this thesis. To this end, we
outline the essential steps in the method without going into all the calculations.

Chapters 3 through 5 constitute the original contributions of this thesis.
Let us give a brief summary here.

In Chapter 3, we develop the adaptive interpolation for community detec-
tion on dense graphs. We rigorously derive the replica symmetric formula for
the mutual information of the asymmetric two-group SBM in the dense-graph
regime (see Theorems 3.1 and 3.2). A brief description of this model is
in Example 1.2 in Section 1.1. The replica symmetric formula for this model
is not new. The formula was derived in [49] by using heuristic methods in
statistical physics. Rigorous proofs are given in [16, 17] but with two weak-
nesses: (1) the proofs are indirect, as they involve first mapping the problem
to spiked Wigner models, and (2) the proofs have not fully covered a certain
regime of “fully dense” graphs. Our contribution is a direct proof that include
all regimes of dense graphs.

For analyzing for the symmetric case, where the two groups are of equal
size, we can rely on the fact that the information-theoretic phase transition
is continuous and of the second-order type. This enables a proof [16] using a
message-passing argument. The asymmetric case is more challenging, as it can
involve a first-order (discontinuous) phase transition. In this case, the authors
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of [17] tackle the problem by combining two methods (Guerra-Toninelli inter-
polation and the Aizenman-Sims-Starr scheme). Whereas, our proof addresses
the asymmetric case by using only a single method, namely, the adaptive in-
terpolation. Thus, our proof is also conceptually simpler.

In Chapter 4, we develop the adaptive interpolation for community detec-
tion on sparse graphs. We rigorously derive the replica symmetric formula for
the mutual information of a symmetric two-group CBM on the binary erasure
channel in the sparse-graph regime (Theorem 4.1). A brief description of
this model is in Example 1.4 in Section 1.1. Our proof demonstrates the first
example of using the adaptive interpolation for a model on a sparse graph.

The replica symmetric formula for the mutual information in a sparse model
is known to be more complicated. We need to take both the randomness
in the observations and in the sparse graph into account; in addition, the
replica symmetric formula is a functional over a set of probability distributions
(instead of scalars as in the dense-graph case). Existing rigorous derivations of
the formulas for sparse models require a combination of methods. To this end,
the adaptive interpolation we have developed in Chapter 4 serves as a first
step towards an analysis of more complicated models via a unified approach.

When we apply the adaptive interpolation to the sparse CBM, the sum
rule contains a set of “multi-overlaps” {@, : p > 1}, where

1
S ST

is the overlap of p independent replicas o), ..., a®. (This is in contrast to
the dense-graph case where only the first or second overlaps matter.) The
adaptive interpolation requires controlling the total fluctuation of all multi-
overlaps in the form

E((Qp — E(Qp)?)- (1.30)

In the simple situation where the measurement channel is the binary erasure
channel, we can prove the concentration of all multi-overlaps, and therefore
fully develop the adaptive interpolation method. If we take for granted the
concentration of multi-overlaps, the adaptive interpolation method developed
in Chapter 4 can be directly extended to a larger class of channels. Even
though we were unable to resolve the proof of concentration in general cases,
in Chapter 5 we did find a solution for similar models in the context of physics.

In Chapter 5, we depart from community detection and study ferromag-
netic “mean-field” spin models on sparse random graphs. We prove the con-
centration of the total fluctuation of all multi-overlaps (Theorem 5.3). To
the best of our knowledge, this concentration result is unprecedented for multi-
overlaps in any spin model. This concentration result is also significant in the
context of community detection, or Bayesian inference in general, because it
sheds light on the potential of extending the adaptive interpolation for sparse
graphs (developed in Chapter 4).
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The concentration result involves recognizing the total fluctuation in (1.30)
as the addition of two types:

E((Qy — (@p))") and E[((Qy) — E(Qp))°].

The main novelties are involved in showing the concentration of the latter type.
The approach in our proof suggests that, for general “mean-field” models, the
concentration of multi-overlaps could be obtained from the concentration of
the first overlap.

In Chapter 6, we provide our closing remarks and discuss some open chal-
lenges in extending the adaptive interpolation method to other models.

1.7.1 Bibliographic notes

A summary of Chapter 3 was presented in [50] and the extended version is
found in [51]. A summary of Chapter 4 was presented in [52] and the extended
version is found in [53]. The research yielding Chapter 5 is found in [54].



Preliminary: Adaptive
Interpolation for Spiked
Wigner Models

This chapter gives a quick review of adaptive interpolation for the spiked
Wigner model. The reader can refer to [55, 56] for the detailed calculation or
follow the subsequent chapters in this thesis for a complete proof on related
models.

The spiked Wigner model is the first model that has a full proof by the
adaptive interpolation. This model consists of i.i.d. random variable X;,¢ =
1,...,n. Each X; is drawn from a prior distribution Py with support on a
bounded interval [—S,S]. We observe the matrix Y = (Yj;)7,_; where each
matrix element is generated by the process:

A
Yij = \/inXj +Zij, 1<i<j<n, (2.1)
n

where A > 0, Z;; ~ N(0,1) are i.i.d. Gaussian random variables for ¢ < j
and symmetric Z;; = Z;;. We can always rescale A so that we can assume
E[X?] = 1. The total signal-to-noise ratio per parameter is #observations -
SNRops / #parameters to infer, where SNRops is the SNR per observation. The
SNReps for the diagonal element Yj; is AE[X}]/n = O(1/n), and the SNRpg
for the off-diagonal element Y;; is (A\/n)E[X?]? = A/n. Therefore, the total
signal-to-noise ratio per parameter
(n(n—1)/2) - (A/n) + n(AE[X}]/n)] _ A

. =§+O(%) =0(1)

defines a non-trivial inference problem.
The transition probability in this model is

P(Y|X) = mexp ( - %Z (v — \/gxixj)Q).

1<j

21
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Using Bayes’ rule, we obtain the posterior distribution
Y |x
P(z|Y) = P( [[D|( )) x exp{— Z —x \/7 w }H]Po (x;).
i<j

For the convenience of using the tools from statistical physics, we write the
posterior distribution following the conventions of Gibbs distributions:

1y, -
e~ SW(wvy(X7Z)) ]Pjo(xl)’
Z(Y) g

P(x|Y) =

where the Hamiltonian Hgw and the partition function Z(Y) are defined to
be

i X X x?:b’?
- (A 2, - ),
1<j

Z(Y)= /daf:eHSW(w’Y(X’Z))HPO(:L’i).
i=1

Furthermore, we define the free energy of this model fsw to be
few = _%EXEHX In Z(Y).

A straightforward calculation shows that
P(X IY))
P(X)
When we ask if lim,,_,~ }1[ (X;Y) exists, and what the value is if it exists,

the non-trivial part to answer these questions is about how to evaluate fsw.
The heuristic from the replica or cavity method predicts that

lim fsw = min frs(q), (2.2)
n—00 q€[0,M]

%I(X;Y):%Eln( Zfsw+%+o(1/n)-

where the so-called replica-symmetric formula fgrg is a single-letter variational
expression given by
2

frs(q) = Z_)\ — Eln/dxpo(x)e_(g:c?—qu—\/érZ)' (2.3)

Recalling the derivation of the cavity method in Sec. 1.4, the replica-symmetric
formula is always associated with an inference problem with a decoupled factor
graph. Here, frs(q) is associated with inferring X ~ Py from the observation

Y = aX + Z, (2.4)

where Z ~ N(0,1) is a Gaussian random variable.
Eq. (2.2) follows from the combination of the two matching bounds:

limsup fsw < Hflﬂ frs(q), (2.5)
n—o0

liminf fsw > min frs(q). (2.6)
n—00 q€(0,)]

Adaptive interpolation is a method to prove these two bounds in a unified way.
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Figure 2.1 — Interpolation for dense graphs

2.1 Main steps

Step 1: Set up an interpolating inference model

Since each of the two expressions, fsw and frs, is associated with a respective
inference problem defined in (2.1) and (2.4), the idea of interpolation method
is based on constructing an interpolating inference model parameterized by
time ¢ € [0, 1] such that the associated free energies at t = 0 and ¢t = 1 recover
fsw and frs. A simple interpolating model at time ¢ joins the two kinds of
observations, and rescales the SNR of each kind by (1—¢) and ¢. The particular
feature of adaptive interpolation is replacing this linear rescaling by a function

R(t,e) =€ +/0 dsq(s,€), (2.7)

where € € [s,, 2s,] with s, = n~? for some 6 € (0, 1) such that s, tends to 0.
The adaptive interpolating model thus involves these two kinds of observations:

1—t)A
Yi;(t) :%Xin‘f‘Zijy 1<i<j<n,

Yi(t) = \/R(t, ) X; + Zi, 1<i<n,

with Z; ~ N(0,1) ii.d. Gaussian random variables. The perturbation e can
be viewed as a negligible amount of hints for one to start to infer. Fig. 2.1
illustrates the factor graph of the interpolating model evolved with time ¢. The
change of color and the intensity of the dash indicates the change of SNR of
the observations.

We then set up the notations to link to the free energy. The posterior
distribution of this interpolating model expressed in the convention of Gibbs
distribution is

efth,e(w§Y’Y) H?:l ]PO (xz)
Zt,s

]P)t<w|Ya ?> -
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with the Hamiltonian
Hi(x;Y(X,2),Y (X, 2))
1 — ) X; X 1—9)A x2x2
__y (A, T )

T Li5 —
- n n I 2n
Z<J

2

—Z( (t,e)X;x; + R(t,€) Zix; — R(t,e)%)

and the partition function Z,, = [ dwe Me<@YY) [T Po(z;). We also de-
fine the Gibbs-bracket and the free energy for the interpolating model in the
standard manner:

(A(@)),, = / dzA(x)Py(z|Y, V),
fre = —%Eln A

We check that foo = few and fio = frs(R(1,0)) — R(l 0)” . Using the mean
value theorem, it is also true that

fOe :fSW+O(5n)
f s5,€)ds)? <28)
.fle = frs fO S, de OT—i-O(Sn).

Step 2: Write down the sum rule

The difference of the free energies can then be derived by the formula

fO,e = fl,e - / d£tt€ (29)

fte

The derivative can be obtained by the Nishimori identity ! and Gaus-
sian integration-by- parts formula (see Sec. 2.2.1 and 2.2.2) with the expression

dgf — AR, — o E)E<Q>t,e+o(%), (2.10)

where Q@ =n"1>°0 | Xixi is called the overlap.
Substituting (2.8) and (2.10) into (2.9), we obtain

fow = tis( [ o) - h o o 9BF _ 1 / AE((AQ)* — 24(t, Q)

-+ O(%) + O(sp)

- fRS(/; Q(S,E)dé’) -+ Rl — ﬁ dtRQ(t) + O(%) + O(Sn) (211)

!The original Nishimori identity [57, 58] is obtained by “gauge invariance” of the pos-
teriror and the properties derived from channel symmetry (1.7). In Sec. 2.2.1 we show that
a generalized result can be obtained from Bayes’ rule and transforms of dummy variables.
Nevertheless, we call the generalized result Nishimori identities.
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where
1

olt, e)dt)2> >0,

R1:ﬁ</olq(t,e)2dt— (/0

Ra = E((AQ — q(t, ) > 0.

Eq. (2.11) is the fundamental sum rule. We group the remainders R, and
R in such a way so that proving (2.5) or (2.6) amounts to choosing suitable
R(t, €) to remove either of the remainders in (2.11).

Step 3: Upper Bound (2.5)

The approach to obtaining (2.5) is to recover the simple version of the inter-
polation method. We set € = 0 and ¢(t, €) = ¢ a non-negative constant so that
R1 = 0. With Ry >0, (2.11) implies

fsw < frs(q) + O(%)

Optimizing over ¢ € [0, A] and passing to the limit lim sup,,_, . yields (2.5).

Step 4: Lower Bound (2.6)

For the other bound, it is tempting to cancel Ry(t). However, exact cancel-
lation of R4(t) is impossible because ) is a random variable and ¢(¢,€) is a
parameter to be fixed. We can decompose R4 (t) in the way analogous to the
bias-variance decomposition:

Ra(t) = (AE(Q)e — a(t.€))* + NE((Q — E(Q)))r. (2.12)

Now E(Q):. is no longer a random variable and one expects that at fixed e
there is a choice

to remove the first term in (2.12). A crucial observation is recognizing ¢(t, €) =
4 (t,€) (recalling R(t,€) = €+ fol q(s,€)ds) and that AE(Q):. is a bounded
function G(t, R(t,¢€)) in [0,A]. Eq. (2.13) can thus be recast as a first-order
differential equation

dR :

%(t,e) = G(t,R(t,e)) with R(0,¢) =e. (2.14)

The Cauchy-Lipschitz theorem (see for example [59, Chapter 5]) implies

that (2.14) admits a unique global solution R*(¢,¢) over ¢t € [0,1]. Moreover,
we can use (2.18) and (2.20) to see that 9% (¢, R(t,€)) > 0. Through Liouville’s
formula (see Sec. 2.2.3)

dR* bodG
7 (t,¢€) :exp/0 dt'ﬁ(t’,R*(t,',e)), (2.15)
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the non-negativity of dG/dR implies dR*/de > 1. When the second term in
(2.12) is also evaluated at R = R*, the property dR*/de > 1 implies

1 [ ! ) C(9)
= [ e [ Q- B(@n P < ot 2.16)

Sn Js,

for a positive constant C'(S) depending on the support S of the prior Py.
Now we revisit (2.11) at R = R* and average the equation over € € [s,,, 2s,].
Using R; > 0 and the above discussion on Ry, we obtain

fowz - [ defs(R(10) + 0+ O3) 4 Os)
n c(s)

. 1
> min frs(a) + O O(ﬁ) + O(sy). (2.17)

Setting s, = n~% with @ € (0,1/4) ensures the extra terms on the r.h.s. of
(2.17). Furthermore, taking liminf,_, on both sides of (2.17) yields (2.5).

Before the end of this section, we remark that the main calculations we
have hidden are (2.10) and (2.16). This is the question when one applies the
method to other problems.

2.2 Tools

The tools presented in this section are generic and will be used again in the
subsequent chapters.

2.2.1 The Nishimori identities
Let (X,Y, f’) be a couple of random variables with joint distribution
P(X,Y.Y)=PX)P(Y|X)P(Y|X)

and conditional distribution P(-|Y,Y"). Let k > 1 and let ™, ... 2® beii.d.
copies from the conditional distribution. Let us denote (—) the expectation
w.r.t. the product distribution P(-|Y", ¥)®> over copies and [ the expectation
w.r.t. the joint distribution. Then, for all continuous bounded functions g we
have

E(g(Y,Y,zW, ... W) =E(g(Y,Y,X,z?, ... ")), (2.18)
The expectation E is over (X,Y,Y).
Proof. This is a simple consequence of Bayes formula. We have
E(g(Y,Y,zW, . . . z®))

.....

= ]Ex<1)EY,Y|$<1)EX@<2> """" 20|y, ¥ g(Y, f/, m(l), c. ,a:(k))]. (2.19)
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Since X and £ are dummy, we can do the transform (X,z) — (2, X).
We can continue (2.19) with

E(g(Y,Y, 2", ... a))
= ]EXEY,Y|X]EQ;(1) m(k)\Y,f’[g(Y7 1}7 X> w(2)7 SRR w(k))]

.....

=RE{g(Y,Y, X, 2% .. x®)).

2.2.2 Gaussian integration by parts

Integration by parts implies that for any bounded and differentiable function
g of Z ~ N(0,1), we have

E[Zg(2)] =E[g'(2)]. (2.20)

2.2.3 Liouville formula

Consider the differential equation (2.14) with G(t, R(t,€)) = AE(Q);.. Differ-
entiating w.r.t € and using the chain rule gives

d dR dr ~  dG,
ai e ) = e 19 gp (R
Therefore we have
d . (dR dG
ain{ o} = fae e, (221)

Integrating (2.21) over ¢ € [0,t'], we have

m{%&ﬁq}—m{%&qq}_lfﬁ%;aR@@y (2.22)

Using R(0,¢) = ¢, (2.22) implies

%(t’, €) = exp{/ot, dt%(t,R(t,e))} . (2.23)

This is known as Liouville’s formula for one-dimensional ordinary differential
equations.






Dense Stochastic Block
Model

3.1 Introduction

In this chapter, we focus on the mutual information of the two-group SBM with
possibly asymmetric group sizes, in dense regimes where the expected degree
of the nodes diverges with the total number of nodes (and is independent of
the group label). We rigorously determine a single-letter variational expression
for the asymptotic mutual information by means of the adaptive interpolation
method.

Single-letter variational expressions for the mutual information of the SBM
are not new. They were first analytically derived in heuristic ways by methods
of statistical physics and in this context are often called replica or cavity for-
mulas [49]. Rigorous proofs then appeared in [16, 17]. These approaches are
indirect in the sense that the SBM is first mapped on a spiked Wigner model,
and then the spiked Wigner model is solved. In [16], the particular case of two
equal-size communities is considered and the analysis relies on the fact that
in this case the information-theoretic phase transition is of the second-order
type (i.e., continuous), which allows to use message-passing arguments. The
asymmetric case is more challenging because first-order (discontinuous) phase
transitions appears for large enough asymmetry. In [17], this case is tackled
through a Guerra-Toninelli interpolation combined with a rigorous version of
the cavity method or Aizenman-Sims-Starr scheme [60]. Strictly speaking, the
analysis [17] does not cover the widest possible regime of dense graphs (see
section 3.2 for details). We note that the mutual information of the spiked
Wigner model had also been determined earlier in [61] for the symmetric case
and more recently for the general case in [43] using a spatial coupling method.

The proof presented here covers the asymmetric two-group SBM and has
the virtue of being completely unified. It uses a single method, namely, the

29
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adaptive interpolation, which is conceptually simpler and is direct, as it does
not make any detour through another model. The method is a powerful evolu-
tion of the classic Guerra-Toninelli interpolation [36] and allows to derive tight
upper and lower bounds for the mutual information, whereas the classic inter-
polation only yields a one-sided inequality. It has been successfully applied to
a range of Bayesian inference problems, e.g., [45, 62]. Here, besides various
new technical aspects, the main novelty is that we do not use Gaussian inte-
gration by parts, as is generally the case in interpolation methods. Instead, we
develop a general approzimate integration-by-parts formula and apply it to the
Bernoulli random elements of the adjacency matrix of the graph. We note that
related approximate integration-by-parts formulas have already been used by
[63, 64] in the context of the Hopfield and Sherrington-Kirkpatrick models.

This chapter is organized as follows. In Section 3.2, we give a precise
formulation of the model and state the main result of this chapter (Theorem
3.4). In Section 3.3, we formulate the adaptive interpolation method for the
dense SBM. The derivation of the sum rule is provided in Section 3.4. Overlap
concentration is proved in Section 3.5. A technical lemma important for the
sum rule is proved in Section 3.6.1. The rest of the technical results are found
in the appendices.

3.2 Setting and results: asymmetric two-group
SBM

We first formulate the SBM for two communities that may be of different sizes.
Suppose we have n nodes belonging to two communities where the partition
is denoted by a vector ¢ € {—1,1}". Labels X? are i.i.d. Bernoulli random
variables with P(¢? = 1) = 7 € (0,1/2]. The size of each community is nr and
n(1—r) up to fluctuations of O(y/n). The labels a° are hidden and instead one
is given a random undirected graph G constructed as follows (equivalently one
is given an adjacency marix). An edge between node i and j is present with
probability P(G;; = 1|o?, U?) and absent with the complementary probability.
To specificy P(G;; = 1]0?, 0Y), first we define d,, such that

Efdeg(i)|o® = 1] = w ~d, . (3.1)
E[deg(i)|o? = —1] = w ~d, . (3.2)

We require these two constraints for the inference problem to be non-trivial, in
the sense that no information about the labels stems from the nodes’ degrees.
The two constraints imply

Eldex(i)] = r Elde(i)o? = 1] + (1 - r)Efdeg(i)}o? = 1] = "= D% < g
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so that we can interpret d,, as the average degree of a node. Then we define
P(Gij = 1|07, 03) = M,o 0 where Mo 50 are the four possible matrix elements
1777 1077

of ] .
M= ?” [Z: CZ:| ’
Because of (3.1) and (3.2), we have the equations
Bldeg()lo? = 1) = =% g, + (1= yp,) = B
E[deg(i)|o? = —1] = @(mn -y =@ —nl)dn |

Solving this system imposes a, = 1 — (1 —1/r)(1 —b,) and ¢, = 1 — (1 —
b,)/(1 —1/r). Therefore there are three independent parameters, namely d,,
b, and r. A more convenient re-parametrization is often used [16] instead of
by, d,:

d

d,(1—"0
Dn = —, and A, M
n

n

Here p, € (0,1) is the average probability for the presence of an edge. We
will look at the dense asymmetric SBM (the symmetric model corresponding
to r = 1/2) regimes where d,, = np, — +o0o. In our analysis the growth of
d, spans the whole spectrum from arbitrarily slow, at the verge of a sparse
graph, to linear d,, = vn, v € (0,1), for fully dense graphs.

In this chapter we rigorously determine the asymptotic mutual information
for this problem lim,, . %] (6%; G) in the dense graph regime wherein p, and
A, satisfy:

(h1) (Dense SBM) np,(1 — pn)? 2= oo.
(h2) (Appropriate scaling of signal-to-noise ratio) A, = nA2/(p,(1 — p,)) =
dp(1 —b,)%/(1 — d,/n) 2= ) finite.

The first condition ensures that the graph is dense in the sense that d,, —
+00, still maintaining p,, € (0, 1). The second ensures the mutual information
has a well defined non-trivial limit when n — 4+o00. Note that the second condi-
tion requires A,, < p,(1—p,)? as An/(pn(l—ﬁn)Q) = \/)\n/(nﬁn(l —Dn)?) — 0
as n — 00, hence A,, < p, and A, < (1 —p,)% The reader may wish to keep
in mind two simple typical examples. The first example is a dense graph with
d, =wvn, v € [0,1] so p, = v and A,, & \/ (1 —v)/n. The second example
is d, = vn'~? with 0 € (0,1), so p, = vn™? and A, ~ VAvn=1=¢. These are
easily translated back to the matrix M.

We note that in the sparse graph version of the model one would have a
finite limit for d,, but the second condition would be the same. The analysis of
the sparse case is however more difficult and is not addressed in this chapter.

Instead of working with the spin +1 variables it is convenient to change
the alphabet. We define X; = ¢,(0?) with ¢,(1) = /(1 —r)/r and ¢.(—1) =
—+/7/(1 = 7). The hidden labels of the nodes now belong to the alphabet
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X={X=/1-r)/r,Xy=—/r/(1—r)} and X € X". An edge is then

present with conditional probability

This can be viewed as an asymmetric binary-input binary-output channel X —
G and the inference problem is to recover the input X (or ) from the channel
output G. Henceforth we adopt the notation

P, =7y, + (1 —17)0x,

for the probability distribution of the hidden labels X € X. Note that E[X?] =
1.

We now formulate our results which provide a single-letter variational for-
mula for the asymptotic mutual information. Let Z ~ A(0,1) and X ~ P,
independently, and set for ¢ > 0:

A q
ins(g, A7) =5 + Z—A CEln S P ()evi e raXe-get
rzeX

The so-called replica formula conjectures the identity

1
lim —I(6% G) = min igs(q, \,7). (3.4)

n—o0 N q€[0,)]
We prove that (3.4) is correct, namely:

Theorem 3.1 (Upper bound). For the SBM under concern in the regime (h1),

(h?) )

lim SUPp, 00 %]<an G) < mian[O,)\] Z.RS(Qv /\7 T) :

Theorem 3.2 (Lower bound). For the SBM under concern in the regime (h1),

(h2),
lim 1nfn—>oo %I(an G) Z mian[O,/\] Z.RS(Qa )‘7 T) .

Remark 1: Of course we have I(0%; G) = I(X; G) and in the following we
will work with I(X; G) where

[1—r [ r
XeXxX=1{Xx = Xy = —
< {4 r 2 1—7’}

Remark 2: Elementary analysis shows that the minimum over ¢ > 0 of
irs(q, A\, r) is attained for ¢ € [0, \].

Remark 3: From (3.4) one can derive the information theoretic phase tran-
sition thresholds. Let r, = (1 — 1/4/3)/2. For "small” asymmetry between
group sizes r € [r,, 1/2] there is a continuous phase transition at A. = 1 while
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for “large” asymmetry r € (0,7,) the phase transition becomes discontinuous.
An information theoretic-to-algorithmic gap occurs in the second situation as
discussed in detail in [17].

Let us explain the relation of these theorems with previous works. In [16]
they were obtained for the symmetric case r = 1/2 by a mapping of the model
on a rank-one matrix estimation problem via an application of Lindeberg’s
theorem. The regime treated is essentially the same than ours except that in
place of (h1) [16] has np,(1—p,) — +o0o. Note that the difference only matters
if p, — 1 which is the complete graph limit. Still using the same mapping to
matrix factorization, [17] treats the asymmetric case, however in a limit where
n — +oo first and d,, — +oo after (in fact, this anlaysis can accomodate any
growth slower than d,, ~ n'/?). It is unclear whether this is possible for denser
regimes. Our analysis covers this gap and the whole spectum of growth for d,
up to linear growth is allowed. Besides, we propose a self-contained and direct
method using the adaptive interpolation method [55]. A technical limitation of
interpolation methods has often been the need to use Gaussian integration by
parts. We by-pass this limitation using an (approximate) integration-by-parts
formula for the edge binary variables G;; € {0, 1}.

Before we formulate the adaptive interpolation, let us set up more explic-
itly the quantities that we compute. The distribution of G' given the hidden
partition X is the inhomogeneous Erdés-Rényi graph measure:

P(GIX) = (5o + AnXiX))9 (1 = P, — A, X, X;)1 765
1<J

Using this measure and Bayes rule, we find the posterior distribution of the

SBM

_ _ _ P(G|z)P(z)
PIX = 2|G) = P(a|G) = =2 x F(Gla)P(e)
An An
= exp { ; <Gij In(1+ ﬁ_nxﬂ:]) + (1 = Gyj) In(1 — - pnxixj))

+Dn(ﬁn,G)} H]P%(w)

where Dy, (P, G) = >, ; GijInpo+(1—Gi;) In(1—p,,). Therefore, the posterior
distribution becomes

e—HSBM(w%G) H P, (l‘z) )

=1

P(x|G) = m

T A, A,
i<j " "
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We use the statistical mechanics terminology and therefore call this posterior
distribution the Gibbs distribution. The normalizing factor

n

Z(G) = Z e Hspu (z;G) HHDT(IZ.)

reEX™ i=1

is the partition function, and Hggym is the Hamiltonian. A straightforward
computation, using the scaling regime (hl) and (h2), gives the following for-
mula (see the proof in Appendix 3.6.2):

Proposition 3.1 (Linking the mutal information and log-partition function).
For the SBM under concern we have

1 1 An

where lim,_,, 0,(1) = 0.

The problem thus boils down to compute minus the expected log-partition
function, or the expected free energy, in the limit n — +o0o. This will be
achieved via an interpolation towards the log-partition function of n indepen-
dent scalar Gaussian channels where the observations about the hidden labels
are of the form

with Z; ~ N(0,1) i.i.d. Gaussian random variables and ¢ > 0 the signal-to-
noise ratio (SNR). An important feature of our technique is the freedom to
adapt a suitable interpolation path to the problem at hand. This is explained
in the next section.

3.3 Adaptive path interpolation

We design an interpolating model parametrized by t € [0,1] and € > 0 s.t. at
t = € = 0 we recover the original SBM, while at ¢ = 1 we have a decoupled
channel similar to (3.6). For ¢ € (0,1) the model is a mixture of the SBM
with parameters (p,, /1 — t A,,) and the extra decoupled Gaussian observations
(3.6) with SNR replaced by

t
q — R(te) Ee+/ dsq(s,€)
0
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with ¢(s,€) > 0. The transition kernels for the channels X - G and X — Y
at time ¢ € [0, 1] are

PU(G|X) = [ (5 + V1 — A, X X)) (1 = p — VT — A, X X;)' ¢

= exp Z (GZJ 111(]3 + Vv 1— tAnXZXJ)
41— Gy)ln(l — po— VI tAnXZ-Xj)> , (3.7)
P,(Y|X) = (2;)”/2 exp ( - %Z(Yi ~ VR, e)Xi)2> . (3.8)

i=1

We constrain € € [s,, 2s,| where s, — 0, as n — +00 at an appropriate rate
to be fixed later on. The interpolating Hamiltonian is then defined to be

Ht,s(w; G7 Y) = HSBM;t(w; G) + Hdec;t,e(m; Y)

where
A,
Hepra(@; G) = — Y (Gij In(1 + zya;3/T — t=2)
i<j "
AW

2

Hoeor(2; Y (X, Z)) Z(\/ (t,)Yiz: — R(t,¢ :”2)
= Z( (t,e)Xsx; + / R(t, €) Ziw; — x;)

(3.10)

The posterior distribution expressed with the Hamiltonian H; (x; G,Y ) then
reads

[1iz) Pr(2i) exp(=Hyo(#; G, Y))
2 zexn [imy Pr(2i) exp(=Hie(@; G, Y))

Therefore, the Gibbs-bracket (i.e., the expectation operator w.r.t. the posterior
distribution) for the interpolating model is

te = Z A Pt iBIG Y) m% Z A _Ht,e($§G,Y)HPT(:Ei)

e e =1

Pi(x|G.Y) =

with the partition function Z; (G, Y) = > _ . e Hc@EYIT | P, (z;). The
reader should keep in mind that Gibbs-brackets are therefore functions of the
quenched random variables (Y (X, Z),G(X)). The free energy for a given
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graph G = G(X) (that depends on the ground truth partition) and decoupled
observation Y (X, Z) is

1
Ft7€(G, Y) = Ft,e =——1In Zt7€(G, Y) s (311)
n
and its expectation
Jte = ExEgxEy|x Fic = ExEgxEzFi.. (3.12)

By construction,

1

Ji=0,e = _EEXEG\XEZ In ( Z exp { Z <Gi]‘ In(1+ %xzx])

zEX™ i<j

A,
+ (1= Gy)In(1 - 5 . mixj))

- Mn

=1 =1

Ji=1.e = —%Ez In < Z exp { Z(\/lex,

xrexn" i=1
R(1,¢) , -
L Ao R(1,€)?
=igs(R(1,€), \p,7) — T SV
In particular, when t = ¢ = 0 we have
1 An
foo = EI(XQG) 1 +0,(1).
Therefore
1I(X'G) = foo + An + 0,(1)
n ) = Jo,0 Z On
. R(1,€)?
= ZRs(R(l, €>, /\n, T’) — % — fLE —f- f070 + On(l) (313)
_ R(1,¢€)? U odfy.
:ZRS(R(lae)v)\nar> - M _/ dt£+(f0,0_f0,e)+0n(1)
4\, 0 dt

(3.14)

where 0, (1) collects all contributions that tend to zero uniformly in € when n —
oo. Eventually, we reach the following fundamental sum rule (see section 3.4
for the derivation):

1

1 1
E[(X, G) = iRs(R(l,E), )\n,T) + R1 - K dtRQ(t) - Rg (315)
n JO
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where

Two generic tools that we will widely use in our proof are (2.18) and (2.20).
To adapt (2.18) to the present case, we map (X,Y,Y) — (X,G,Y) with
joint law

]Pt(X|G,Y)ﬁIP>T(Xi).

=1

Let us take k i.i.d. copies ), ..., &®) drawn from the posterior distribution
P:(-|G,Y’). Then for any continuous bounded function ¢

E(¢(G,Y, w(l), . ,m(k_l), XNee =E(9(G,Y, m(l), o ,m(’“_l), :/1:’“)%57E )
(3.16)

where E is over (G,Y). More precisely, E = Er_ p,(x,)Ep,(c1x)Ep,(vix)-
Note that, by a slight abuse of notation, we continue to use the Gibbs-bracket
notation for expressions depending on multiple i.i.d. copies from the poste-
rior, so that (—);. corresponds to the expectation w.r.t. the product measure
Pi(-|G,Y)®>.

We are now ready to provide the proofs of the bounds on the mutual
information.

3.3.1 The upper bound: proof of Theorem 3.1

Set € = 0 and ¢(t,€) = ¢ a non-negative constant. Then we have Ry = 0,
Rs = on(1). Since Ry > 0, (3.15) implies

1
—I(X; G) < irs(q; An,7) + 0n(1).

n

Since igs is continuous w.r.t its second argument limsup,_,, . ~1(X;G) <
irs(q, A\,7). Optimizing over ¢ € [0, ] yields the bound (optimization over
q € [0, 400) does not yield a sharper bound, see remark 2).
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3.3.2 The lower bound: proof of Theorem 3.2

The basic idea is to “remove” Ry from (3.15) by adapting q(t, €). Then taking
the limit n — oo and € — 0, will provide the desired bound since R; > 0 and
Rs — 0 will disappear. To implement this idea we first decompose Ry into

RQ = (AHE<Q>1€,6 - Q(ta 6))2 + /\721]E<<Q - E<Q>t,e)2>t,e (317)

and address each part with the following two lemmas. The proof of Lemma 3.2
can be found in section 3.5.

Lemma 3.1. For every e € [0,1] and t € [0, 1] there ezists a (unique) bounded
solution R} (t,€) = ¢+ f[f dsq(s,€) to the first order differential equation

dR
%(t, €) = ME(Q)te with R(0,¢) =e¢. (3.18)
Furthermore
. dR;
an(t,e) = ME(Q)re € [0, N, and den (t,e) > 1

Proof. Let G,(t,R(t,e)) = \E(Q)te. Equation (3.18) is thus a first-order
differential equation. Also note that, letting dG,,/dR be the derivative w.r.t.
the second argument,

G,
T, R, o)
A n d eth,e(w;G,Y)
_ M NTR(x, Po)—S 1
n Zl [ D wil(@)op Z, (G,Y) (3.19)
= xeX™ )
A
" (_ e Hec@EY) qH, (2;G,Y) B e Hue(@GY) %Zt,e(G,Y)ﬂ
Z,(G)Y) dR Z,.(GY) Z.G)Y)
p— Tils 22
=7 EIX Az (r: X JJ 1
n == { Z<9[;’($J J+2 R(t, ) 2)>te
,)=
_Xz i/t JJ -2
(it 2 + 3 R(t,e) 2>t,e]
A —
=5, E|:2X1Xj<xixj>t€ Xi{wiwj)e,e(Tj)t.e

= 2Xi X (@iee(@i)re + 2Xi(@iee(T))ie — Ximim)ee(wi)e.e (3.20)
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To get the last identity, we used Gaussian integration by parts, which reads
when applied to Gibbs brackets,

E[Zi{(f)tel = VR OE[(fr))ie — (FrelTi)eel -

Indeed, one must be careful that in the definition of the Gibbs bracket both the
Hamiltonian and partition function are functions of the quenched variable Z,
thus the appearance of two terms when we differentiate w.r.t Z. Now, using the
Nishimori identity to replace the hidden partition X by a new independent
sample from the posterior in (3.20) (which yields, e.g., E[X;X;(z;x;)t] =
E[{ziz;)7 ] or BIXi(wir;) () e = B(2:)re(Ti;)1.e(2;)0.e]) We reach

d
dC; (t, R(t,€) ”ZIE i) e — (@)l ee)?] (3.21)
The function G,, is bounded and takes values in [0, A,]. Indeed, E(Q);. =
E[X1(21)t] = E[(x1)7.] by the Nishimori identity, thus E(Q). < E(x3)c =
E[X?] again by the Nishimori identity, and finally E[X?] = 1. In addition of
being bounded, G,, is differentiable w.r.t. its second argument, with bounded
derivative as seen from (3.21). The Cauchy-Lipschitz theorem then implies
that (3.18) admits a unique global solution over ¢ € [0, 1]. Finally, Liouville’s
formula (see section 2.2.3) gives

dR;, dG,
= . 22
et = e [ a0 R 0). (322)
The non-negativity of dG,,/dR then implies dR} /de > 1. O

We now state a crucial concentration result for the overlap. Its validity is a
consequence of the fact that the problem is analyzed in the so-called Bayesian
optimal setting. This means that all hyper-parameters in the problem, namely
(P, 7, Pn, Ay), are assumed to be known, so that the posterior of the model
can be written exactly. It implies the validity of the Nishimori identity which
in turn allows to prove the following result (see section 3.5):

Lemma 3.2 (Overlap concentration). Let R be the solution R}, in Lemma 3.1.
Then for any bounded positive sequence s, there exists a sequence Cp(r, A\,) > 0
converging to a constant and such that

1 [Zn Co(r, A,
o [ deE(Q - E@u ) < T

Now we average (3.15) over a small interval € € [s,,, 2s,,| (note that [(X; G)
is independent of ¢€) and set R to the solution R} of (3.18) in Lemma 3.1;
therefore, ¢ (t,e) = A\E(Q). This choice cancels the first term of R, in the
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decomposition (3.17). The second term in (3.17) is then upper bounded using
Lemma 3.2. Finally Ry > 0. Combining all these observations we obtain

Cn (T7 An) )\n

e 62

1 1 [%n
—I(X;G) > —/ deligs(R:(1,€), A\, 7) — Rs] —

n Sp

where we used Fubini’s theorem to switch the ¢t and e integrals when using
Lemma 3.2. Using ¢¢ € [0,\,] and € € [s,,2s,], we see that R3 is bounded
uniformly in e:

2

2sp,
IRs| < &(2571 +20,) +ou(1) = i—” + 5y + 0n(1).

Therefore, the average of Rz over € has the same upper bound. Now, since

d . 1 Ri(1,€)?
il (1 — - _ Wy
d)\ZRS(Rn( ,6),)\,7°> 4 4A

and R (1,€) € [sy, 28, + Ay] we have —1 < Lipg(R*(1,€),A) < 1 (we use n

large enough for the Lh.s inequality). Therefore, by remark 2 and the mean
value theorem

1 28n 1 28n
. deigs(R:(1,€), Ap, 1) = s_/ deirs(R;(1,€), A\, 1)
" o 1 QSn " o
+ . de (irs (R (1,€), Ap, 1) —igs(Ry(1,€), A, 7))

1
> min 1 A ——|A, = A
> min irs(q, A\, ) 4:I \

These remarks imply a relaxation of (3.23):

1 1 (7 An) An 2
—I(X,G) > min igs(q, A\n,7) — =|An — A| — Culrsd)hn 5y Sp —on(1).

n q€[0,)] 4
(3.24)

Finally, setting s,, = n~% with € (0, 1/4) ensures the extra terms on the r.h.s.
of (3.23) vanish as n — +o00. Then taking the liminf, .., and using A, — A
we finally reach the desired bound.

3.4 The fundamental sum rule: proof of (3.15)

In this section we use the notation F; for (3.11) without explicitly indicating
the dependence in its arguments. When G;; is set to zero for a specific pair (i, j)
all other Gy, (k,1) # (i,7) being fixed we write F}; .(G;; = 0). Expectation
with respect to the set of all Gy, (k,l) # (i, ) is denoted by E_g,;.
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The derivative of the averaged free energy can be decomposed into three
terms:

dft,e

o= Di+ Do+ Dy (3.25)
where
d
Dy =ExEyjx ), FioPi(G|X),
G

d
Dy = ExEgx / dY F,.—P,(Y|X),

dt
1 d 1 d
D; = —]E<— oc: 6> —IE<— >
3 n dtHd . t,e_'_n dtHSBNLt t,e
3.4.1 Term D,.
Lemma 3.3. We have
A 1 AY?
Dy = ZPE(Q*) . + O(5)+ O = .
1= JEQ) 00) + 0( i)
Proof. Note that by (3.7) we have
d 1 A Gi;
Yp(GIX) = P(G|X ——"XiX(— i
g GIX) = Pi(G] >;2\/1—t N P+ VT = tALXGX
1—pn— VI —tAX X,/
This gives
A, (1 —Gij)Fe
Dy = ExEy(xE [XiX J)0
! 2\/1—15; XTYIXBeX J(l—pn—\/l—tAnXin
_ Gz‘th,e )}
P+ VI — 1A XX
A
=" _ (D" + DY 3.26
5 1—t( 1+ D7) (3.26)

with the definitions

EGiﬂX‘F’t,E - EGZJ|X|:G7J‘]Ft,E:|:|

(a) —
Dy = E.q. |X:X;
1 Z sz |: J 1 o EGij\Xi,Xj Gij

1<j

Ec,,1x[GijFi.e]
DY =_N"E. _{XZ-X~ i N

1<j



42 Dense Stochastic Block Model

where E ¢, = ExEy|xEg\g;;x, and recalling
EGij|Xi,XjGij - ﬁn + V 1 - tAnXZXJ .

Both D§“) and ng) involve the term E¢, |x |G Fi]. In Section 3.6.1 we
derive an approximate integration-by-parts formula that, when applied in the
present case, yields

Lemma 3.4. Fiz i,j € {1,---,n}* and recall that G;; € {0,1} with condi-
tional mean Eq, x, x,[Gij] = pn + V1 —tA,X;X;. Let F&)(Gij) be the first
partial deriwative of Fy . with respect to G;;. We have the approximate integra-
tion by parts formula

Eq,,1x,.x,(GijFre(Gij)] = Bayyx, x, [Ft(,? (Gij)|Eayx:.x,;[Gij)
+ Fre(Gij = 0)Eq,; x,. x, (Gl

+ o(%) . (3.27)
where
Ft(,i)(Gij) = —%]ﬁM@ixﬁt,g + 0(%(}%)% - t))

and F, (Gi; = 0) is the evaluation of F,. at G;; = 0 all other variables Gy,
(k,1) # (i,7) being fized.

The approximate integration by part formula (3.27) implies that the term
ng) of (3.26) can be written as (recall p, (1 — p,) > A,)

— - ﬁ% ;ENGH XX (Fie(Gy = 0) - ﬁ%ﬂw (i)
+ O(}%)

= Wi_m ;E[Xin (Timj)ee) — % ;ENGU (X X;F, (G = 0)]
o) 529
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Applying again the approximate integration by parts formula (3.27) the term
Dga) of (3.26) can be written as (recall (1 —p,)? > A,)

AW (a)
D
2\/1—
]EG]\X XGz]
= : F.(G;; =0
2"1_ ; [ jl_EGulXXGZJ( el G )
V1—tA,
Mo T W g ]
npn(l _p ) Glj|XZ7X] <$ x]>tv )
T Y B, [ XX o)
2 1—¢ 'L<] ~Gj Jl_EG”|XXGz] (1 — pn)?
=E+E+ —

F ZE% XX, (G = 0)] + 0(%) (3.29)

where we define

Ee x.x Fro— Fy (G = 0
E ZENG” |:XX Gz]‘Xsz t, tv( J )
”1_ 1<J

1 —Eq,x,x,Gij ] 7
A2
EQ =

e, x,.x,Gij
= 21— ) E[ T~ X Xz, e].
2np, (1 — py) ; 1— Eq,,x,.x, G @iz,

We show in Appendix 3.6.3 that in (3.29) the terms E; and E, approximately
cancel so that
A,

A A A

(a) n
E ENG XX F € Gz =0 O

21—t ' 2yt K be(Gig = 0)] + <(

1-— pn)2>'
(3.30)
Finally, substituting (3.28) and (3.30) into (3.26) gives
d
ExEyx ; Fye PG| X)
A2 A, A
~ 20pa(1— pn) Z;]E At O(p (1 —pn)> ’ O<(1 —pn)2>
M A, A,
=@ +0() +0 (5 s) ()
An /

TE(Q) + (9(%) + O(W) ,

where, in the last two equalities, we used )\, = nA2/(p,(1 — p,)) and Q =
LS Xz With (h1) and (h2), all the error terms represented by the big-O
notations tend to zero

O
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3.4.2 Term D,.

Lemma 3.5. We have
1
D2 = _§Q<t7 €)E<Q>t,e-
Proof. Recall (3.8). Using Gaussian integration by parts (2.20) we obtain

d
D2 = EXEGX/dYFt,ed_]P)t<Y‘X)

= ZExEcleYlX[ (Vi =y €)Xi) R(t e) t’e]
_qlt,e)

i @zEXEclxﬁsznJ

_ a9 ¥ o)
S BhaaRal (/T T
— — 50t OB

where we used that dF” = —L1(\/R(t, €)xi)1., and then the definition of the
overlap. O

3.4.3 Term Ds.

Lemma 3.6. We have D3 = 0.

Proof. Using the Nishimori identity (3.16) we obtain

E< d 7"decte> —q(t, €) iEXEGXEY|X<2l B £>te

dt te — R(t,e) 2
u Y; X, X?
—q(t,) S ExEq xE [#— }

Q( )121: xlig xly|x 5 R(t, e) 5

Z: X;
q(t,e) E
Z X; Z R0

=0

by independence of the centered noise Z and the hidden partition X.
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Again the Nishimori identity (3.16) is used to obtain

d

B( - Hso )

t,e

N )
nLilj -
’ pn +v1- tAn:szy 1 - ﬁn —Vv1- tAnleZJ te

1 Gy 1 -Gy
= S sy s )
2 1—t; N + VT —tAXX; 1=, — VT —tAXX;

1
:2m§E<

1 EG~|X»X-Gij
Y B [ (e
2 1—t; Xirks ’ anr ].—tAanX]

_ 1— EGij|Xi,Xj Gij )}
1 —p, — V1 —tA, XX
=0,

where the last line follows from Eq, |x, x;Gij = Do + V1 — 1A X X O

3.4.4 Final derivations of the sum rule.

The last missing term in order to simplify the sum rule (3.14) is:

Lemma 3.7. We have

[,
fo,o - fO,e = 5/ de E(Q)O,e’-
0

Proof. Using Gaussian integration by parts (2.20) and from (3.16) the specific
Nishimori identity E[(z;)] ] = E[X;(2)0,] we have (recall also that R(0,€') =

€)

¢ dfoe € d
- e — — d, £ = d,<_ ec; e’>
Joo — Jfo, /0 e /0 € de/Hd B o
= d - E Xz i —= _Zz 7
/0 En; < . 2—'—2\/? x>07€’
= /E d(—:/l i <]E<Xi$z‘>oe' - 1E[<xz>2 '])
; 0 - s 2 0,€

1 €
= 5/ dE/]E<Q>075/.

0
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Recall R(1,¢) = €+ fo (t,€)dt. Substituting (3.25), and Lemmas 3.3, 3.5
and 3.6 as well as 3.7 into (3. 14) yields

1 + t dt 1 [
—I1(X;G) =igs(R(1,€), A\, 1) — (e fo )y’ + —/ de' E(Q)o.e
n 4>\n 2 0 7

- / dt(%E@% - %q@f, OE(Q) ) + on(1)

— irs(R(1,¢), /\n,r)—i—%(/l g(t, €)2dt — (/Olq(t,e)dt)2)

- o | o - a0

_ ﬁ(e i / att.oit) + 1 / A E(Q)ow + 0(1)

which is the sum rule (3.15).

3.5 Concentration of overlap: proof of Lemma
3.2

Concentration of overlap has been shown for various Bayesian inference prob-
lems, see, e.g., [62, 55, 56]. These proofs can be adapted to the present case.
The idea is to bound the fluctuations of the overlap by those of another, easier
to control, object £ defined below. This object is more natural to work with
as it is directly related to derivatives of the free energy. Let us present the
main steps of the proof, and then provide the proof details afterwards.

Let

As said previously, we can relate the fluctuations of the overlap to those of

L:

Lemma 3.8 (A fluctuation identity). We have

E((Q — E(Q)1e)*)te SAE((L —E(L)1)*)s..

Therefore, it remains to show the concentration of £. We divide the task
into two parts:

E((£ —E(L)t,e)")te = B{(L = (L)t,e) )t + El({L)re —E(L)ed)?].  (3.32)

These two terms are controlled by the following lemmas:
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Lemma 3.9 (Thermal fluctuations). Let R(t,€) = e+ f(f dsq(s,€) > € be such
that dR/de > 1. We then have

28n 1
| deBL - e <

Lemma 3.10 (Quenched fluctuations). Let R(t,e) = € + f(f dsq(s,€), with
€ € [sn,2s,] and q taking values in [0,\,], be such that dR/de > 1. There
exists a sequence Cy(r, \,) > 0 converging to a constant such that

[ deBi) - B < 0. (3.33)

The proof of Lemma 3.9 and Lemma 3.10 employ some useful identities for
the derivatives of the free energy (recall F;, = —11n Z; .(G,Y)):

n

dF; .

d]; = (Lhe, (3.34)
1d*F, 1 &
n dR2 = _(<£2>t,6 - <£>§,e) + InZR3/2 Z;<$i>t,ezi (3.35)

where we simply denote, when no confusion can arise, R = R(t,¢). Taking
expectation on both sides of (3.34) and (3.35) we have

dft,e o . 1 n \2
ap = BB = g, 2 Eltwaid (3.36)
1 d2ft,e _ 9 ) 1 n ) ,
—ame = "E{Lwe — (L)id + g ;E[Ww — (2)2] (3.37)
- _# Z E[((2izj)te — (@i)ee(@i)ee)’] - (3.38)

The proof of Lemma 3.2 is ended by applying Lemmas 3.8, 3.9 and 3.10 in
conjunction with (3.32):

1 25n 4 4Cn(ra An)
o ) FEQEQp e < ok T

Sn Js,

We now provide the proofs of Lemmas 3.8 to 3.11. For the sake of readi-
bility, we simply denote (—) = (—); for the rest of this section.
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3.5.1 Proof of the fluctuation identity: Lemma 3.8
We start by proving

~2B(Q(C - B(0)) ~E(Q-B@)) +E(@- @) (839
Using the definitions Q = 15" 2;X; and (3.31) gives

2E(Q(L —E(L))) = % Z {E[Xz<90z%2> = 2X: X (ziz;) — %Xz@z%)}

1,j=1

~ B [ = 2X,(a5) - 22 (0]}

(3.40)
Gaussian integration by parts then yields
7.
7.
E| Jhes)| = Bl - ().
These two formulas simplify (3 4()) to
1,j=1
— E[X ()| E[(x;)* — 2X;(z;)]} - (3.41)

The Nishimori identity implies
E[(z;)*] = E[X;{z;)], and
B Xi(z;) (wiz;)] = El{w:) () (zi7)] = (i) (2;) X: X;] .
These formulas further simplify (3.41) to
2E(Q(L — E(L))

= % Z {E[<$i><$j>Xin —2X, X (z;x;)] + E[X; (x:)] E[Xj(xj>]}

i,j=1

=E[(Q)’] - 2E(Q”) + E[(Q)]?
= —(E(Q*) - E[(Q)]) — (E(Q*) — E[(Q)’])
which is (3.39).
Identity (3.39) implies
2[E(Q(L — E(L)))| = 2|E((Q — E(Q))(£ — E(£)))| > E((Q — E(@))*)
and application of the Cauchy-Schwarz inequality then gives
2{E((Q — E(Q)) E{(£ ~ E(£)*)}* > E((Q ~ E(Q))%).
This ends the proof of Lemma 3.8.
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3.5.2 Bound on thermal fluctuations: proof of Lemma 3.9

First note that djgf < 0. Then, using (3.37), dR/de > 1, R(t,€) > ¢, and the
Nishimori identity E(x?) = E[X?] = 1,

B(C— () =~ Ty TS ml) — (o

1dRd*f; 1 1d /df. 1
+ ( R ) * lne

= nde dR?2 ' 4ne  nde

Y

From (3.36) dfy./dR € [—1/2,0], therefore [df,./dR|=2" > —1/2. Integrating

over € then gives

[ aere -y < [T L%y Ly

[dft,e}ﬁ%n In 2
dR €=Sn 47’l
< 2+ (ln 2) < l ‘

- 4n n

3.5.3 Bound on quenched fluctuations: proof of
Lemma 3.10

Lemma 3.10 is based on the concentration of the free energy, a very general
fact in “well-behaved” statistical mechanics models. The proof of the following
lemma uses more or less standard methods and can be found in Appendix 3.6.4.

Lemma 3.11 (Free energy fluctuations). There exists a sequence C,(r, \,) > 0
converging to a constant when n — +o0o, such that

Var(F,.) = E[(Fe — fi.0)] < o

(3.42)

Recall R = R(t,€). Let

N 1—r1 R
FE Fe R Z € = € R - EZZ
t tet 4/ Z| el = fre T4/ . n; | Zi

(3.43)

From (3.38) we see that f, (R) is concave in R. Furthermore, from (3.35) and
2] < (/L for 0 <7 < 1/2, we see that F,.(R) is also concave in R. Hence,

we can employ the following lemma (see the end of this section for a proof):
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Lemma 3.12 (A bound on the difference of derivatives due to concavity).
Let G(z) and g(x) be concave functions. Let & > 0 and define Cf (z) =
gd(@)— ¢ (x+6) >0 and C5 (x) =¢'(xr — ) — ¢'(x) > 0. Then

@) —g@)] <67 Y |G = g(u)| + C5 (@) + C5 (x).

ue{z—6,z,x+6}

From (3.43) we have

- 1—7r 1
Fie—fie=Fe— fie+/R A, , n= — (|1Z:| — E|Zi])
t f, te = fre T ; n;| | — E|Zi]),

and from (3.34) and (3.36) we have

dR dR

dFt,e dft’€:<£>—]E<£>—}—1 1_TA

Using Lemma 3.12, we then get

(L) —E(D)] <6 Y (FdR=u)~ fidR=u)|+ C1AL)

u€{R—6,R,R+5}
1 /1—7r

+ = Y
+ CF(R) + C5 (R) + 54/ = An

where Cf (R) = f{(R) — f (R+6) > 0 and C5 (R) = f{ (R - 5) fl(R) >
0. Then squaring this inequality, using (>_F_ v;)* < pzz L v, taking the

expectation, and recalling that R = R(t,€) > e we reach

R0 B <57 Y {BIE) - felw)?) o R4}
ue{R—8,R,R+5}
4 CHR)? + C5 (R)? + %E[Ag] | (3.44)

Note that E[A2] = a/n with a = 1 — 2/7. Recall ¢*(t,e) € [0,),] from
Lemma 3.1. We can upper bound u by A, + 2s,, + 6. These remarks with
Lemma 3.11 simplify (3.44) to

LB [0y — B0 < 2 (C’n(r, M)+ a0 + 250 + 6) = ’“)

nd2 r
11—7ra

+CF (R)? + C5 (R)* + PP (3.45)

Recall (3.36) and that E[(x;)?] < E(z?) = E[X?] = 1. We have

R < 5 (14420
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and therefore 0 < C’f(R) <1+ ,/T(IR’L;). Using dR/de > 1 and R > s, we

then have

28n
/ de{C{(R)* +

Q

5 (R)*}

) [ e+ cmy

1— r6> /2 d€<dﬁ,ﬁ<d};— 5) dﬁe(cz}? 5)>

<
—
V)
3
|

de dR dR

(

(

( 1— 7«5) /28n d6dR<dﬁ,6(R —06) dfid(R+ 5)>
( de de
(

)
)

o) / (Pl =0) _ dfeR(0) )
)

<451+ ﬁf

using the mean value theorem for the last step. Therefore, upon integrating
(3.45) over € € (s,,2s,) we have

—

3 B B0 < (ol h) o200 +0) )

(3.46)

1—7r \2 a(l—r)n2
+45<1+ —)> o=

r(sy, — 0 drn
The bound is optimized by choosing d = (s2 /n)'/3. This ends the proof.

Proof of Lemma 3.12. Concavity implies that for any § > 0 we have

G'(z) —g'(z) = 5 — 4 ()
_ G(x+5)5—g(x+5) B G(x)é—g(m) o),

@) —g/() < S f(x =0 _ @)+ g — o) - L= g(fc —9)
_ G(=) 5— g(x) Gz —9) 5— g(z —9) L O ().

Combining these two inequalities ends the proof. O
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3.6 Appendix

3.6.1 Approximate integration by parts: proof of lemma
3.4

The following general formula follows from Taylor expansion with Lagrange
remainder. When the r.h.s is small in specific applications, the formula can be
seen as an approximate integration-by-parts formula that generalizes Gaussian
integration by parts.

Lemma 3.13. Let g(U) be a C* function of a random variable U such that
for k =1,2,3,4 we have supy; }g(k)(U)‘ < Cy for some constants C, > 0 and
g®(U) = d*g(U)/dU*. Suppose that the first four moments of U are finite.
Then

- Cz(\E[USH +E[U2]IEU) . Og(E[Uﬂ . E[U2]2> N %}E[U:),H]E[UQ] .

24 2 6
(3.47)

Proof. By Taylor’s theorem, any C* function h(U) can be written as

h(U) = h(0) + hY(0)U + %h@)(O)UQ + % /U R (s)(U — 5)2ds .

Taking the expectation on both sides:
1) 1,0 o Lo [V 2
Eh(U) = h(0) + AV (0)EU + §h (0OE[U?] + §E R (s)(U — s)*ds .
0
(3.48)
When (3.48) is applied to h(U) = gV(U), we have
W M 2) 1 ® o0 g [ 2
Eg"(U) = ¢ (0) + ¢ (0)EU + 59 (0O)E[U?] + éE gV (s)(U — s)%ds .
0
(3.49)

Whereas, when (3.48) is applied to h(U) = Ug(U), using (Ug(U))*) = Ug®(U)+
kg*=D(U) we have

U
BUG(U)] — 9(OBU = gV OB + 5B [ (s9(s) + 39 (6)(U = 5)ds.
(3.50)
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Subtracting (3.49) and (3.50), we have the bound

E[Ug(U)] - B9V (U)E[U?] - g(0)EU|

1 v 1
= )5153 /O (sg®(s) + 3g®())(U — 5)°ds — g (0)E[U?]EU — 59(3)(0)E[U 2

- %E[UQ]]E /OU g (s)(U — S)QdS‘

U
< %(E/ s(U — s)st( 4+ 3% )E/ (U — s)%ds| + CLE[UYEU

U
+ C3E[U2] + C41E[U2] E/ (U — s)ds
0
C C C C
_ QE]E[U“] 22\ E[U%]| + C,EUE[U?] + ZE[U?? + 64\ E[U°]|E[U?],
(3.51)
which is the right hand side of (3.47) after factorization. O

We now apply Lemma 3.13 to our specific problem in order to derive the
approximate integration-by-parts formula (3.27).

Proof of lemma 3.4. In order to apply lemma 3.13 to the SBM, consider
U = G;j and g(U) = F; (G;) the free energy (3.11) seen as a function of G;;
(all other variables being fixed). For the expectation we take E = Eq,1x:x;-
At time t and for any integer k

Eq,1x,.x; [G ] = Ea,ix.x,Gij = Dn + V1 = tAX; X = O(py),

because G;; € {0, 1}. For the derivatives we note that using the Taylor expan-
sion of the logarithm, one obtains for any v, € R and v,, — 0, In(1+v,) —v, =
O(|vn)?), which also implies In(1+v,) = O(|v,|). (The reader should keep this
fact in mind, as it is used again in the appendices whenever we need to expand
the logarithm.) Now, this fact implies

—F(Gy) = %< In(1 + %mxm) R G f;n \/1_—%'%’)>t,€
_ %(ﬁ_ N f;n)\/ﬁmmew( (1%}%)2(1 1)
A, 2
+O<%<(1 —pn)) a _t>)
— %Zﬁ\/l——t@ Ti)te + (9< <ﬁ) (1- t)) ;
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1 A, An i

Pn - ﬁn

1 A A 2
_ _<1n(1+7"\/1—txixj) —In(1 — 1 = \/1—txixj)>
n t,e

n Pn
- O(% (pn(lA—npn)> (1= t)> '

To obtain these identities the reader has again to be careful in performing
the derivatives: both the exponential of the Hamiltonian and the partition
function appearing in the definition of the Gibbs-bracket depend on (G;;) (see
the derivation of (3.20) for similar computations). In general,

PGl = (5 () 1 =0'").

Using Lemma 3.13, we have
An = ‘Eeijlxi,xj [GiiFrd] + Eayix.x, 1G]

1 A,
% { —_— /1 - tEGij\Xi,XjK-??ixj)t,e]

n5n(1 = pn)

+o(= () ) - FelGa =)
— oYL 0+ 7)

P+ 1) + () 7))

Then, by the triangle inequality we extract

EGZ']"XZ',X]' [Gith,E]
1A,
+ Eq,jix..x, [Gij]{ﬁp_\/ 1 —tEq,;x, x, [(zizj)] — Fie(Gij = 0)}‘
1—t A, 2
< 5 _ X
< Au+ (u+ VT 0, X,X,)0(— (pn(1 " pn)) )
oa(VI—-t A2
=0 )

n pa(l —pp)?
— (9(—\/1—_M” ).

n2(1 - ﬁn)

and recognize formula (3.27).
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3.6.2 Mutual information and free energy: proof of
Proposition 3.1

Using (3.3), we have the expression

[(X;G) = ExEqx 1H{P(G|X> P(G|X) }

——— ¢ =ExE |

P(G) } xlg x n{ S P ()P(C)
Hi<j<pn + AL X X)) (1 — p, — AL X, X)) G }
D wexn Pr() Hi<j(ﬁn + Npziz)Ci (1 — Py — Apaga;) =G [

We divide both the numerator and denominator by the same factor, and then
rewrite the denominator in exponential form:

Hi<j(1 + %Xin)G”(l — légn Xin)l_Gij }
Pmeoen Pr(@) [Ty (14 Joaimy) O (1 = {20y ) =6

= EXEg|X ln{

A A
{0 2 - B )

Recall Eq,,|x, x,Gij = Pn + AnX; X, The first term in (3.52) equals

A, A,
Z]EXEGX{Gij In(1+ ="X;X;)+ (1 — Gy)In(1 — —= Xin)}
i<j Pn 1 — Pn
_ A,
i<j n
_ A,

Let X ~ P.. We can further write explicitly the expectation in (3.53) that
leads us to conclude

1 n—1

[(X:G) = 1—r A,l—r

In(1+ =2
)n(+15n r

{r2<ﬁn+An
1-— A, 1—
S PTG P
1—p, r
T A, T

1—r)2%(p,+ A,—) In(l + ==
+ (1 =7)"(Pn + nl—?") n( +]5n1_7">
T A, T

In(1 —
—r)n( 1—pp1—r

)

n

+77(1—pn — A,

)

+(1—r>2(1—ﬁn—An1

)

+2r(1 —=7)(pp — Ap) In(1 — %) +2r(1—r)(1 — pp + A,) In(1 + 1%%71)}

1
~ ~ExEgx n Z(G). (3.54)
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Using the Taylor expansion of the logarithm, (3.54) becomes

lJ(X G) = w - l]EXIEqX In Z(G)
Lns I~ AFf 1 .

where E[X*]? = r2(E2)F 4 (1 —r)? (& T)k + (=1)*2r(1 —r). This becomes the
expression in (3.5) by noting that the last term is O(nAi/(ﬁn(l — pn))2> =

N =)

3.6.3 Small error terms in the sum rule: proof of (3.30)
Recalling the definitions (3.9) and (3.10), let

Ht,e(m; G \ Gij; Y) = HSBM;t(m; G \ Gzy) + Hdec;t,e(m; Y) ) (355)
A,
HSBM;t(w§ G \ G”) = — Z {le ln(l + — 1-— txkxl)
k<l (kD) E (7). (7.0)} Pr

+ (1 — le) 111(1 — n_ vV 1-— txkxl)} .

1- DPn

Also let Fienq,, = n~!ln Y mexn e M@A\GuY)P () and (— )t~y be the
Gibbs-bracket associated to the measure proportional to H;(x; G \ Gm Y).
The difference of the free energies when changing one G;; can be written in
terms of this Gibbs-bracket:

IEG’”|X X; Fte_BE(G” = 0)

—Pt( - HXMX )(Fte( ij ) Fte( ij :O)) (3'56>
=Pi(Gij = 1 Xy, X3 {(Fire(Gig = 1) = Frenay;) — (Fre(Giy = 0) = Fienayy) b
—(Pn + Jl——tAnXin)%

{ | ZmeX” G*Ht,s(m§G\Gij7Y)+(Ht,e(m;G\Gij7Y)*,Ht,e(w§G7Gij:17Y))]P)T($)
n

5 e PO E, )
Zme){n e*'Ht,e(m;G\Gij,Y)Jr(Ht,e(m;G\Gij,Y)*Ht,e(%G,Gijzovy))]P)r (ZL‘) }

er)(" e~ el ®mG\G P, ()
(a4 VI mnxixﬂl{ In (Moo \Go) o (G0
n

—In <€HSBM;t(w§G\Gij)*HSBM;t(m§G:Gi]’:0)>
t,e;~Gij

—In

t,e;NGij

1 A,
= —(ﬁn + Vv 1-— tAanXy)ﬁ{ ll’l<1 + ]5—\/ 1-— tximj>t7€;NGij
vV 1— txixj>t,E;NGij} . (357)

A
—1In(1 — L
1 — Pn
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Using the Taylor expansion of the logarithms in (3.57), we have
Ec,x;x;,Fte — Fre(Gijg = 0)
—(Pn + V1 — tA X X) % { m (i) tencig

—(pn + V1 —tAX X)) ————— Bn <x1x]>te;~G¢j + O(M)

Therefore, replacing in the expression of F;, we find

By = B + E

where
A? b+ /1 —tA,X; X
Efll) = n ZENG” [ p :" J XX <x@'Ij>t,e;NGij],
2npn(1 = pn) <= 1= pu — VI — 1A, XX

A,n? A2(1 —1t)
B = O<¢1_—t(1 —pn) pa(l = pi)Q)
o(—2i) - o 2om) (3.58)

Pn 1_pn 1_pn)2

We then observe that

5, + /T — A, X, X,
EY 4 B, = § [ Pt I XX,
2npn Pa) = —pn— VI AKX,

(Bgyio, [iahed — (@ia)senc,) |- (3.59)
The difference between the Gibbs-brackets in (3.59) can be expanded as
Ee,,ix.x, [{zim))ee] — (zi7)) 160,

= PGy = 11X, X;) ((@i25)1660520 — (TiTi)ta~Giy)
+ Pt( g 0|X2’ X )(<x1m3>t75§Gij:0 - <‘Tixj>t,6;NGij)7 (360)
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and we can evaluate (z;7;)¢cq,;_, — (ZiZj)r,e~a,; Dy an interpolation:

<xw]’>t6Gz] 1 <xixj>t,€;~Gij

d
/ ds%{( Z zivjexp { — Hie(x; G\ Gy, Y)

xTEX™

+sIn(1 + 2w v/1 — ¢ }]P )

/( > exp{ M@ G\ Gy, Y)

TeEX™
+sln(1 + z2;v/1 —t }IP )}

1

A
- / ds{(xixj In(1+ 22 vV1 — =) )1 es
0

n

A,
— (2ix) 1 es(In(1 + 22,1 — t—)>t,6;s}, (3.61)

n

where (—);..s is the Gibbs-bracket associated to the measure proportional to
exp{ — Hie(x;G\ Gy, Y) + sln(l + az;v/1— ¢ }IP’

with Hi(x; G\ G;j,Y) defined in (3.55). By the Taylor expansion of the
logarithms in (3.61) and using P:(Gi; = 11X;, X;) = O(p,), we see that the
first term of (3.60) is O(A,). The same kind of calculation is used to see that
the second term of (3.60) is also O(A,,). This implies for (3.59)

E® 1, = o(%) = O(G"_A—;f)’g), (3.62)

which tends to zero. Now we conclude by noting that £+ Fy = E§a) —|—E£b) + FEs
and using (3.58) and (3.62) to obtain (3.30).

3.6.4 Concentration of free energy: proof of Lemma 3.11

The generation of quenched variables can be divided into two stages: firstly X,
then G given X, and independently the Gaussian noise Z. We expand the vari-
ance of free energy according to the two stages (recall f; = ExEgxEzF):

E[(Fic — fid)’] = E[(Fic — EqixEzF.o)*] + E[(EqxEzFic — fi.)?]. (3.63)

In each stage the variables are all independently generated. This enables us
to use Efron-Stein inequality to show the concentration of free energy.

Let Z® be a vector such that Z@ differs from Z only at the i-th which
becomes Z! drawn independently from the same distribution as the one of
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Z; ~ N(0,1). We define G and X in the similar manner with respect to
G and X. Efron-Stein’s inequality tells us that

E[(F}; . — EG|XEZFt,e)2]

1 < .
< 5D ExEaixEzEz((F(Z) - F.(2"))]

17 .
+3 ZEXEG|XEG;J.|X]EZ[(E,E(G) — F(GY"))7], (3.64)
i<j
as well as

E[(EqixEzFic — fie)’]
<1iEE (EqxEzF; o (X) — EqxnEzF . (X1))? 3.65
<3 xEx/[(EqixEzFi(X) — EgxoEzFi(X"))"].  (3.65)
i=1

By (3.63) it suffices to show that both (3.64) and (3.65) are upper bounded
by C,(r, \,)/n for some large enough sequence C,(r, A,) that converges to a
constant.

Bound on (3.64)

The bound obtained from Efron-Stein’s inequality is a sum of local variances
of the free energy. The bound on the difference due to a local change can be
estimated by interpolation. For the first one we have

|Ft,6( ) Fte ZU)’

:—‘/ ds—ln eXp{_SHt,e(m;GaX?Z)

TxEX™

— (1= ) Hye(: G, X, ZD) P (2 (

= _‘ / d5<Hdec;t,e(x; X7 Z(l)) - Hdec;t,e(w; X? Z))s

:—y/ck R, ) (a)o(Z) — 7))

sn\/@an) Zi|

where the Gibbs-bracket (—); is associated to the measure proportional to
exp{—sH(x;G, X, Z) — (1 — s)H(x; G, X, Z")}. This implies an upper
bound on the first sum in (3.64):

% Z EaxEzEz[(Fi(Z) — Fi.(ZY))?)

Cn<T7 )‘n)

1
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Another interpolation gives
|Fie(G) = Fro(GW))]
— —‘ / ds—ln exp{ — sHi (2, G, X, Z)

reX™

— (1= $)Hye(x; G, X, Z)}Pr(w)‘

_ ‘ <1n(1+?—\/1—txixj) —1In(1 — lér; \/l—txixj>
C(T)A

for some constant C'(r), and where (—); is associated to the measure propor-
tional to exp{—sH;(x; G, X, Z) — (1 — s)Hs.(x; G, X, Z)}. This bounds
the second sum in (3.64) as

C(r)A?
2n2p2 (1 — py,) ZE%\X x;Bay (Gl = Gig))
n z<]
Cr(r, An)
n2pn 1 _ ZvarG1]|X X ) n )

using that (G;;) are 0, 1 Bernoulli Vaurlables7 and the variance
Vargij‘xi,xj (Gl]) = (pn + An V 1-— tXZX]><1 — pn + An V 1-— tXZXJ)

as well as (A,/(p,(1 — ﬁn)))Q = A/ (npn(1 — py,)) in the last inequality.

Bound on (3.65)

We relax (3.65) with inequality ((a —¢) + (¢ — b))?* < 2(a — ¢)* + 2(c — b)? so
that

E(EgxEzFc — fic)’]

< ExEy[(EaxEzFid(X) - EgxEzFi (X))

=1
+Y ExEx/((EgxEzF,(XY) - EgxwEzF(XD)?.  (3.66)
=1
The difference in the first sum is given by

|E&,6( ) - Ft E(X(i))|

— —‘/ ds—ln exp{ - sH: (G, X, Z,x)
rexn

— (1 -8 M (G, XD, Z, x) } P, ()

= %’ /01 ds R(t, €)<xi>s(Xz‘, - Xi)
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where (—); is associated to the measure proportional to
eXp{_SHt,e(Ga Xa Z7 .’B) - (1 - S)Ht,e(Ga X(Z)a Z7 .’B)}

Therefore the sum of square is bounded by C,,(r, \,)/n using R(t,€) € [0, \,].
For the second sum we use another interpolation:

EgxEzF o (XY) — Egxo EzFy o (X®)

1
d .
= / ds Y —Py (G| X, X))EzF, (XV), (3.67)
0 e ds

where

Pt,s(G|X, Xz,) = H (ﬁn—i—\/ 1—tAn((1—s)Xi + SXZ-I)XJ-)G”
JiyFi
(1=pp — VI—tA,(1—8)X;+5X) X,) =G
) T B+ VI 220 X0 X0) 4 (1= — VI A, X, X)) 60

k<l:
k,l#1

As Gy; € {0,1}, we have various ways to write P; ;(G|X, X/). A convenient
way is using

Pyj = (P +VI-tA((1-5)X; + sX]) X;) %
(1=pn — VI—tA,((1—8)X;+5X]) X;) 7
= Gii{pn+V1—tA,((1-5)X; + s X)) X;}
+ (1= G {1=pn — VI—tA((1-8)X;+5X) X}

A compact formula for dP;;/ds can then be derived:

dP;;
ds

(2G5 — V1 —tAL(X] — X)) X;
= (=D — AL (X — X)X (3.68)

Let G i) = G\ Gij and P, (G )| X, X]) = ZGUe{O,l} P, (G| X, X]) be
the marginal of this sub-graph. Using (3.68) we obtain

d , " dP; )
T PL(GIX X)) = ) — I (G| X XD)

Jig#

= 3 VT AL(X] — X)X, ()R, (G| X, X)) . (3.69)

Jig#



62 Dense Stochastic Block Model

Substituting (3.69) into (3.67) gives

1 n
/ dsz Z V1=t (X] = X)) X;(= 1) 90P, (G| X, X)EzFy (X))
0

G jij#i
1 n
— / ds Y VI—tA (X[ - X)X; > (-)"%Eg_,, x.xEzF . (XY)
0 i Gije{0,1}
1 n
= / ds Y V1 —tA(X] - X)X
0 i

Ec. ., xxBz[Fd( XY G =1) - F(X%,G;=0)], (3.70)

where Eac_,,1x.x! corresponds to the expectation with respect to the distri-
bution Py (G5 | X, X;). To evaluate the difference of free energy in (3.70),

first we define Y = \/R(t,e)X® 4 Z, and (=)tex® ~cy, 18 associated to
exp{—Hi.(x; G \ Gi;, YD)} defined in (3.55). The same calculation as in
(3.56) — (3.57) gives

Ftye(X(i), G,L] = 1) — Ft,g(X(Z%Gl] = O)
1

A, A,
= { In(l + —V1 —tz;x5), o x0) o,y — (1 — | V31— txixj}.

n DPn - ﬁn
(3.71)

Expanding the logarithms we can see (3.71) is O(A,/(np,(1 — p,))). Using
this fact and that all other terms inside the sum of (3.70) are upper bounded
by constants, we see that (3.70) is O(A2/(pa(1 — py)) = O(Ay/n). We can
then upper bound the second term of (3.66):

u : , Cn(r, A
Y ExExi[(EexEzF(XY) - EgxoEzF(X"))] < Culrs M)

- n
=1



Sparse Censored Block
Model

4.1 Introduction

In this chapter, we move to the community detection models on sparse graphs.
Other than community detection, sparse models can also be found in commu-
nication such as the low-density parity-check codes and low-density generator-
matrix codes. It is fair to say that the replica symmetric formulas for the
mutual information is much more complicated in such models. Indeed, besides
the measurements (or channel outputs): (i) the sparse graph is also random;
(i) the single-letter variational problem involves a functional over a set of
probability distributions (instead of scalars as in the dense-graph case). Ex-
isting rigorous derivations of the replica symmetric formulas for sparse models
have so far been achieved in [46] by using a combination of the interpolation
method (first developed by [65] for sparse models) and the rigorous version of
the cavity method [66], and achieved in [67] by using spatial coupling.

In this work, we consider a simple version of the censored block model
[12, 13, 14, 15], for which we fully develop the adaptive interpolation method.
We believe that this constitutes the first step towards an analysis of more
complicated models via this method.

In the censored block model, we have a set of n hidden binary variables.
We observe an products of random K-tuples, where @ > 0 is called the frac-
tion of measurements, through a noisy channel. The goal is to reconstruct
an estimate of the hidden variables from the noisy observations. There are
other interpretations of this model. For example, it can be interpreted as a
low-density generator-matrix code ensemble, with design communication rate
1/a, on a factor graph with degree-K factor nodes and variable nodes with
degrees following the Poisson distribution (when n — +00). Another possi-
ble interpretation is, as a model of statistical mechanics, an Ising model on a

63
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sparse random graph with K-spin interactions. The censored block model has
been discussed when the measurement channel is a binary symmetric channel
in [68], and the replica formula is proved in this case [46]. Here, we consider a
simpler situation where the measurement channel is the binary erasure channel
(BEC), for which the adaptive interpolation method can be completely devel-
oped. As we will see, this method requires concentration results for a whole
set of suitable “overlaps” in the case of sparse graphs. Here, we solve this issue
for the BEC, and it is currently the only aspect of the method that is missing
for extending our analysis to other channels.

This chapter is organized as follows. In Section 4.2, we give a precise for-
mulation of the model and state the main result of this chapter (Theorem 4.1).
In Section 4.3, we review two important tools used throughout our analysis,
namely, the Nishimori identities and the Griffiths-Kelly-Sherman inequalities.
The adaptive interpolation method for the sparse graph models is formulated
in Section 4.4 and the core of the proof of Theorem 4.1 is also developed. This
section contains the main new technical ideas of this chapter. Overlap concen-
tration is proved in Section 4.6 and 4.7. A series of more technical results are
found in Section 4.8.4 and in the appendices.

4.2 Setting and result

4.2.1 Censored block model

We shall denote binary variables by o; € {—1,+1}, i =1,...,n and vectors of
such variables by o = (01,...,0,) € {—1,+1}". Subsets S C {1,...,n} with
at least two elements are always denoted by capital letters. For the product
of binary variables in a subset S we use the shorthand notation og = [],.¢ 0.
If there is a possible confusion between small and capital letter subscripts we
occasionally use more specific notations. Below, the integer K > 2 and the
fraction o € R, are fixed independent of n.

In the censored block model considered in this chapter, n hidden binary
variables 6% = (0?,...,0%) arei.i.d. uniform, i.e. drawn independently accord-

ing to a Ber(1/2) prior Py(c?) = %5010#1 + %(5097_1. A noiseless measurement

consists in a product 0¥ o0 .. .OOK of a K-tuple of variables drawn uniformly

a [¢] a
at random. The K-tulloleZis identified with a subset A = {ai,...,ax} C
{1,...,n} and we set 0% = 00 00, ...00, . Of course 0§ = £1. The true
observations G4 € R are noisy versions of these products obtained through
a binary input memoryless channel described by some transition probability
Q(Gal|o%). For large n the total number of observations m asymptotically
follows a Poisson distribution with mean an, i.e., m ~ Poi(an). We shall also

index the observations as A =1,...,m.

Let us now describe the Bayesian setting used here to determine the in-
formation theoretic limits for reconstructing the hidden variables. From the
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Bayes rule we have that the posterior given the observations is

B [T Po(oi) [Th_, Q(Galoa)
G =TT Polo) T, @Gl )

Dividing both the numerator and denominator by []\_, Q(Galoa = +1), the
posterior P(o|G) can be rewritten as

P(o|J) = %exp (Z Ja(oa— 1)) , (4.1)

where
1. Q(Gal+1)
Jp=-In———=,
T2 QG - 1)
Z= Z exXp (ZJA(O'A—1>>.
oe{—1,+41}n A=1

We will use the language and notations of statistical mechanics. The normal-
ization Z shall be called the partition function. The bipartite factor graph G
underlying (4.1) contains variable nodes ¢ = 1,...,n and constraint (or fac-
tor) nodes A = 1,...,m. Each variable node i “carries” the binary variable
o; and each constraint node A “carries” the half-log-likelihood ratio J4 and
uniformly connects to K variable nodes ay,...,ax. As said before, we identify
A = {ay,...,ax}. Distribution (4.1) can be interpreted as the Gibbs distri-
bution of a random spin system (or spin glass). The expectation of a quantity
A(o) with respect to the posterior (4.1) will be denoted by a Gibbs bracket

(Alo)) = > Alo)B(a|]).

oc{—1,+1}"

The posterior distribution as well as the expectations (A(o)) are random be-
cause of the randomness in: (i) the factor graph G ensemble; (i) the observa-
tions G given the hidden vector o%; and (7ii) the hidden vector o°.

It is equivalent to work in terms of observations G or associated half-log-

likelihood ratios J. The latter are (formally) distributed according to

n m n m

[IPo(e?) T] c(JaleDdta = [ Po(o?) [] QG alo%)dGa.  (4.2)

i=1 A=1 =1 A=1

Most of the time it will be more convenient for us to refer directly to half-log-
likelihood ratios. The graph, the observations and the hidden vector are called
quenched random variables (r.v.) because given instance of the problem their
realization is fized. In contrast, the r.v. o is sampled from the posterior 4.1,
and hence is often called an annealed variable. Expectations with respect to
the quenched variables are denoted Eg and E o 5,0. To alleviate notations
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we shall often simply use E when the expectation is taken with respoect to
all quenched r.v in the ensuing expression. The bracket (—) is reserved for
expectations with respect to the posterior (4.1).

Let H(o|J) = =3 ,c(_1413» P(o|J) mP(o|J) be the conditional entropy
of the hidden variables given fixed observations. It is easy to see that the
average conditional entropy (per variable) is given by the average free entropy
(the r.h.s of the formula)

1 1
—EgEUOEJ|UoH(O‘|J) = —]E(_;’]EO-OEJ‘O-O InZ. (4.3)
n n

We refer readers to [69] for details. One can easily convert between the average
mutual information and the average conditional entropy by the relation

1 1
—I(o;J) =In2 — —EgEE /50 In Z.
n n

The singularities, as a function of the measurement fraction «, of this limiting
quantity when n — 400 give us the information-theoretic thresholds, or the
location of static phase transitions in physics language.

4.2.2 The replica symmetric formula for the average
conditional entropy

The cavity method [27] predicts that the asymptotic average conditional en-
tropy per variable is accessible from the following “replica symmetric” func-
tional. This functional is an “average form” of the Bethe free entropy expres-
sion.

Definition 4.1 (The replica symmetric free entropy functional). Let V' be a
r.v. with distribution x, and Vi, 1 = 1,..., K i.i.d. copies of V. Let

K-1
U = tanh™* (tath H tanh V;), (4.4)
i=1
and Ug, B = 1,...,1 i.i.d. copies of U where | ~ Poi(aK) is a Poisson
distributed integer. Let 0° ~ Py and Hfle o4 be the product of K independent
copies. Let J ~ c(J| Hle 04) (see equation (4.2)). The replica symmetric free
entropy functional is defined to be

l l
hrs () = EBo v o By o BBy [m ( [Tt + tanh Up) + [ (1 — tanh Up )
N B=1 B=1
K
—a(K —1)hn (1 + tanh J ] ] tanh VZ-> — aln(1 + tanh J)} . (4.5)
i=1

Remark 4.1. For uniform Py we can replace the product H _1 04 by a single
binary variable og ~ Py.
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While a substantial part of our analysis holds for general (symmetric) mem-
oryless channels, our main result is fully proved for the BEC. This channel has
transition probability

Q(Galoh) = (1= q)d¢, 00 + @0c,0,

and from (4.2) we get in this case

C(JA|0-2X) = (]- - Q)(SU%JA,—I-OO + q(SJA,O .

The set of distributions with point masses at {0, +o00} plays a special role
and will be called *B. We adopt the notation (from coding theory) Ay and A
for the two point masses at 0 and +o0o. Any distribution x € 8 is of the from
x =axAg+ (1 —x)A, with € [0,1]. In this case the replica symmetric free
entropy functional becomes (4.5) becomes a function of z € [0,1]. A numerical
illustration is found in Appendix 4.8.8.

Our main result is the proof, through the use of the adaptive interpolation
method for sparse graphs, of the following theorem:

Theorem 4.1 (The replica symmetric formula is exact for the BEC channel).
For a censored block model with observations obtained through a binary erasure
channel as described above, we have

1
lim —EgEqoE o0 H (o|J) = sup hrs(x). (4.6)

n—oo N xEB

This theorem is a direct consequence of two main Propositions 4.1 and 4.2
proved in Sec. 4.4.

4.3 Two preliminary tools

In this section we review standard material which is needed in our analysis.
For more details the reader can consult [24, 25, 70].

4.3.1 Nishimori identities
Nishimori identities for symmetric channels

Consider the quantity [[g.e 0% [Tgec(os) for a given graph and any collection
C of subsets S C {1,...,n}. The same subset can occur many times in a
collection. Using the map (X,Y,Y) — (¢° J,0) on (2.18), we obtain

EgEgion | [T 08 [T(05)] = BorBaioo ([T o) [Tte)].  (a7)

SeC SeC SeC SecC
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For symmetric channels, this identity can be further specialized. This is
specially important for us since the BEC is a symmetric channel. By defini-
tion, symmetric channels are those satisfying Q(G4|c%) = Q(—G 4| — 0%) or
equivalently c(Ja|o%) = c(—Ja| — 0%).

Given o the Gibbs distribution (4.1) is invariant under the gauge transfor-
mation o; — 090;, J4 — 04Ja. Let us denote by a’xJ the “component-wise”
product (69Ja)%_,. Now, we perform a gauge transformation on both sides
of (4.7). For the left hand side we have

Egioo| [T 0% TT(05)| = Eaverion| [T(0s)]. (4.8)

SecC SecC

Moreover, from c(J4]0%) = c(—Ja| — 0%) one can see that for a symmetric
channel c(09Jalo%) = c(Ja|1), and therefore in (4.8) we can replace Eyo, |50

by Ejz1. We get
E o0 [H o0 H(M} —Ejp [ H(@} . (4.9)

sec  Ssec sec
The same steps show that the right hand side of (4.7) also satisfies

Egioo| ([T o) TT(0s)] = Eaa [( [T os) [T (s)] (4.10)

sec sec
From (4.9), (4.10), (4.7) we get the final Nishimori identity

Ean | [T(05)] = Ban [(TTos) [T(os)|. (4.11)

SecC SeC SecC

A special Nishimori identity for symmetric distributions

An important role is played by the space X of symmetric distributions which
we define as follows. Take a transition probability (a “channel”) satisfying
q(Glo®) = q(—G| — %), ¢° € {—1,+1}, G € R. The associated half-log-
likelihood variable is h = %ln %. The space X is the space of symmetric
distributions over the half-log-likelihood variable is formally defined by x(dh) =
q(G|+1)dJ. Tt is easy to deduce from ¢(G|o°) = q(—G|—0") that a symmetric
distribution x € X satisfies x(—dh) = e~?"x(dh). We note that B C X (recall
B is the set of convex combinations of point masses at 0 and +o0).

There is an important special case of the Nishimori identity (4.11). Namely
the one satisfied by the system constituted by a single uniform hidden variable
0% ~ Py, observed through a noisy “channel” ¢(G|o®). The Gibbs distribution
is simply in this case €"/(2cosh h) where h is the half-log-likelihood of the
“channel”. Since (o) = tanh h, an application of (4.11) (where the singleton

set is taken k times) yields
/ (tanh h)?* ! x(dh) = / (tanh h)* x(dh), k&€ N*. (4.12)

In Appendix 4.8.1 we show an independent and direct way that any x € X
satisfies (4.12).
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Conditional entropy for symmetric channels

Since the Gibbs distribution is invariant under a gauge transformation, the
partition function Z also is, and therefore, for a given graph G and hidden
vector o, we have

EJioo In Z = Eqo, 500 In Z. (4.13)

For symmetric channels the r.h.s. equals E Jn In Z and thus the average con-
ditional entropy 4.3 becomes

1 1
—EgE oE g0 H(o|J) = —EgE;1 In Z. (4.14)
n n

Summary

When one is dealing with symmetric measurement channels, in order to com-
pute the average conditional entropy, or certain averages, one may assume
that o) = 1,4 = 1,...,n and that the quenched variables J have distribu-
tion c(J4|1), A =1,...,m. From now on this is understood unless explicitly
specified otherwise.

4.3.2 Griffiths-Kelly-Sherman inequalities for the BEC

The BEC is a symmetric channel so as shown before, without loss of generality

for analysis purposes, we assume 0¥ = 1,7 = 1,...,n and that J have distribu-
tion c(Jall), A =1,...,m. Since c(Ja|l) = (1 —q)Ax + gl the Gibbs distri-
bution (4.1) has non-negative coupling constants J4, A = 1,..., m. Therefore

the Gibbs distribution satisfies the GKS inequalities in (1.9) and (1.10). These
two inequalities play an important role in the proof of Theorem 4.1.

4.4 The adaptive path interpolation method

For t = 1,...,T let Vi(t) be iid. r.v. distributed according to x € X.
Consider the r.v.

K-1
U® = tanh™! (tanh IT1 vf)) (4.15)
=1

and independent copies denoted U g) where B is a subscript which runs over
I ~ Poi(4=) of these copies. Later on, we call X the distribution of U®
(induced by x®* and c).

Let also define two extra random variables, H with distribution €A, +
(1 —€)Ag € B, and H with distribution 6n Ay + (1 — én~?)A, € B, where
6,0 € (0,1) and 6 € (0,1) (eventually we will have to take 6 € (0,1/5] in the
final estimates).
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-

Figure 4.1 — Interpolation for sparse graphs

LR 5

Let us set x = (x(1, ...
tional:

X)), We define the generalized free entropy func-

T 1® ™ 1)

;LQ(;(X) [ (HH 1—|—tanhUt) )+e” 2(H+H) HH(l—tanhUg)))

t=1 B=1 t=1 B=1

K )& K
Z In (1 + tanh JHtanh Vi(t)> — aln(1 + tanh J)} :
t=1 i=1

(4.16)

One can easily check that if x*) = x for all ¢, then he_gs—o(X) = hrg(x). More
is true as the following lemma shows:

Lemma 4.1. Let XT =X x X x ... x X. We have for x € XT

SUp o 5—0(X) = sup hgrs(x). (4.17)

xeXT x€X

Remark 4.2. We prove this lemma in Sec. 4.8.3. For distributions in x € BT
the supremum carries over (V- M) € [0,1]7 and the proof only requires
real analysis.

4.4.1 The (t, s)-interpolating model

Consider the construction of an interpolating factor graph ensemble G, in-
volving discrete and a continuous interpolation parameters, t € {1,2,...,T'}
and s € [0,1]. This is the sparse graph counterpart of the interpolating en-
semble initialy developed for dense graphs in [47] (and the simplified in [48]).

Fig. 4.1 illustrates the interpolating factor graph G; ;. As time ¢ proceeds
by a unit, a set of check nodes of random size is removed, and a new set of
messages also of random size is added with its ¢-dependence labeled by color.
The interpolating graph is designed such that G, is statistically equivalent
to Giy1,0; in addition, G; s maintains the degree distribution of variable nodes
invariant: For any (¢, s) the degree of each variable node is an independent
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Algorithm 1 Construction of G 4

for:=1,...,ndo
fort' =1,...,t—1do
_draw a random number egt/) ~ Poi(%)
for B = 1,...,€§t/) do
_connect variable node ¢ with a half edge and assign a weight
UL~ %) to this half-edge
_draw a random number eg ) P01(
for C=1,.. Y do

_connect variable node ¢ with a half edge and assign a weight Ung ~
%) to this half-edge

aKs)
T

" ZS

_draw a random number m{” ~ POi(W)

for A = 1,...,mgt) do

_assign to factor node A ar.v Jy ~c

_uniformly and randomly connect factor node A to K variable nodes (this
subset of variable nodes is also denoted A by a slight abuse of notation)

Poi(K/R) random variable. The Hamiltonian associated with G, ; is

/
n t— eit )

His(o, J, U, m,e) Z{ UB_)Z—i—ZUCt)_”} 1)

= t'=1 B=1

m{)
—ZJA(UA—l). (418)
A=1

We further consider a generalized version of (4.18) by adding two kinds of per-
turbations that can be interpreted as small additional observations from side-
channels for each node ¢ = 1,--- ,n. These perturbations are then removed at
the end of the analysis. let H; and H; be half-log-likelihood variables, where
H; and H; have the same distribution as H and H defined at the beginning of
this section. Our final interpolating Hamiltonian is

Hies(o, J, U m e, H H) = H,,(o,J, U, m,e) — Z(Hl + H;)(o; — 1).
i=1

(4.19)

The associated interpolating partition function, Gibbs expectation and free
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entropy are:

Bres = D, ¢ Tusln I UmetniD, (4.20)
oe{-1,+1}n
1 _
(A(O)) 155 = > Ag)e Mmeslo I Ume HH) (4.21)
U Zt $;€,0
T ge{—1,+1}"
1
ht7s;e,5 = EE In Zt,s;e,&a (422)
1
Higes = ﬁEg InZges. (4.23)

Recall our notation: The expectation E here carries over all quenched variables
entering in the interpolating system, thus J, U, m,e, H and H. Note that
Nishimori’s identity (4.11) and GKS inequalities (1.9), (1.10) still apply to the
Gibbs expectation (—); .-

One may check that, at the initial point of the interpolating path (¢ = 1,
s = 0) the free entropy hq o.c—0,6—0 is equal to the averaged conditional entropy
of the original model (see formula (4.27) below), and at the end-point (t = T,
s = 1) the free entropy hr 1,5 is given by a part of the generalized entropy
functional (4.16) (see formula (4.45)).

The connection between the unperturbed and perturbed free entropies is
given by (see Sec. 4.8.4)

Lemma 4.2. Let c € B and x € BT, We have

)
|ht,s;e,6 - ht,s;e:0,5:0| S (6 + E) In 2’ (424)
- . 5
|hes(X) = he=os=0(x)| < (e + F) In2. (4.25)

4.4.2 Evaluating the free entropy change along the
interpolation

By interpolating hy s from the initial state (t = 1,s = 0) to the final one
(t=T,s=1), we have

T T 1 dh
hl,O;e,E - hT,l;e,6 + Z(ht,0;6,6 - ht,l;e,&) - hT,l;e,J - Z/ ds 2:676. (426)
t=1 t=1 70

)

We have mgtfol = m ~ Poi(an) and thus

n

Hioes =— > Jaloa—1) = > (H;i+ H;)(o: — 1).

A=1 i=1
Therefore, the initial interpolating free entropy without perturbation equals
the average conditional entropy per variable:

1
h1,0se=0,6=0 = EEH(UU)‘ (4.27)
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On the other hand hy .. 5 corresponds to a part of the generalized free entropy
functional (4.16). A subsequent computation (see Sec. 4.5) on (4.26) leads to
the fundamental sum rule

T 1
~ (8]
hi0:e5 = he — Ads R e 4.28
1,068 s(x) + T ;_1/0 5 Risies (4.28)

. E[(tanh J)2P _
Rt,s;e,é = Z M E<Q§3 - K(Qé}?)K l(QQp - Qg;)) - (QEQ)K>,5,S;€75

~ 2p(2p—1)
(4.29)
with |
p= 2o
the overlap of p independent replicas oV, ..., c® and

q]gt) = E[(tanh V).

In (4.29) the Gibbs average (—):s.s over a polynomial of @), must be under-
stood as an average over the product measure

p
1 e_Ht,s;e,(S(a(a)7J7Uamve’H71:I)
a1 Zt,s;e,cs

where the quenched variables have the same realization for all replicas. We
still denote this Gibbs average by (—); . s for simplicity.

4.4.3 The lower bound

In order to show the lower bound we need the following important concentra-
tion lemma (proven in Sec. 4.6), which is at the core of the “replica symmetric”
behavior of the model:

Lemma 4.3 (Concentration of Q) on (Qy)f.c.o)- For any c € B, x € BT we
have

< K<M>l/2. (4.30)

>t,s;e,6 — n

| deB(QF - @t

€0

Proposition 4.1 (Lower bound). For c € B we have

1
liminf —EH (o|J) > sup hrs(x). (4.31)

n—oo N xEB
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Remark 4.3. The methods of this chapter can be extended to show this propo-
sition for ¢,x € X.

Proof. Eq. (4.28) implies

T 1
~ (6]
hl,O;ezO,(S:O = h5:0,5:0(x) + T ;/0 dSRt,s;e,é(x>
+ (ﬁeﬁ(x) - Be:w:o(x)) - (hl,o;e,cs - hl,O;ezO,&:O)- (4.32)

We fix § = 0. From (4.29) we have R s 5—0 equal to

> s (E[(Qu e~ K (Quicn — a8)) ~ (d5)"]

— E{(QF — (@)oo )

Note that the convexity x + % for z € Ry implies 2% —¢y% > Kyf 1 (z—y) >
0 fOI‘ any x,y S R+. AS <Q2p>t75§€,0 = %Z?:l <Ui>§g;e,0 Z 0 and qg? Z 07

t _ t t
Qo) o = K@ (Qap) o — a5)) — (a5 % > 0.

Thus with Lemma 4.3 we obtain

1 2€p,

— deRise0 > —(In 2)K<3—p> 1/2.

€n Je, €N

(4.33)

Now we average both side of (4.32) over € € e, 2¢,] for some sequence ¢,
specified at the end. Using (4.33) and Lemma 4.2

h1,0;e=0,6=0 = Be:O,&:O(X) + O( ) + O(e,).

1
Ve
Choosing €, = n™7 with 0 < v < 1, we conclude

liminf Ay o,e—0,5=0 = he—0,5=0(X).
n—0o0

Finally one can take the supremum of the right hand side and use (4.17) as
well as (4.27) to obtain (4.31). O

4.4.4 The upper bound

In this paragraph we crucially use the specialties of the BEC. We take inter-
polating paths x = (x(V), - xT)) € BT where x) = 2®WA; + (1 — 2®)A .
In particular we use the following lemma (proven in Sec. 4.8.4):

Lemma 4.4. For any c € B, and any interpolation path x(¢) € BT depending
on e, and any A C{1,...,n} we have (04)tses € {0,1}.



4.4. The adaptive path interpolation method 75

Notice that (QF)tses = mr 2o i —1(Ti =~ 0y )1 gie for any k € N. Lemma 4.4
then implies

<ng>t866 = <Qlf>t556
for all p € N*. We also have tanh V) € {0,1} because x*) € B and thus
gy = ¢\ ¥ pe N,
Finally recall that c(J|1) = (1 — ¢)As + qAy, therefore E[(tanh J)?] =1 —q.
These facts reduce (4.29) to
Rises = (1= Q) 2E [ (QFVtes = K (@) (Q)nses — ai”) = (0" ].
(4.34)

We then split the remainder as follows:

Rt,s;e,é = (Rt,s;e,6 - Rt,();e,é) + Rt,O;e,é
= (Rt s56,0 7?ft ,05€ 6) + (1 - Q)(ln 2) (E[<Q1>t 0;e O]K

K (o) (B(Q1 )0 — i) — (o))
+ (1 —¢)(In2 )( <Q1 >t065 E[(Q: t055]K)
+ (1= ) (In2) (E[{Q1)t0:e6) — E{Q1)10:60"

— K(a) ' (ELQ)o0es] — E{Queowa))),  (4.35)
and treat each part thanks to the three following lemmas. Lemma 4.5 is proven

in Sec. 4.8.4, Lemma 4.6 in Sec. 4.6, and Lemma 4.7 in Sec. 4.8.4).

Lemma 4.5 (Weak s-dependence at fixed t). For any k € N and s € [0, 1] we
have

20(K 4+ 1)n
’E<Q]1€>t,s;e,6 - E<Q]1€>t,0;e,5’ S %

Lemma 4.6 (Concentration of (Q1)f. 5 on E[(Q1)tses)” ). For anyc € B

and x(¢) € BT such that every component satisfies dx(t)/de > 0 we have for
6 € (0,1/5]

51 €1
/ C”/ AeE[[(Q1)E 5 — EL@1) s
(50 €0

_ o((@l _ so)(er — ey L0 e T 50) 1/2). (4.37)

nf

(4.36)

Lemma 4.7. For any c € B and x(¢) € BT such that every component
satisfies dz®) /de > 0 we have

‘ /5:1 do /5:1 dE{EKQl)t,O;e,é]K — E[{Q1)10.0)%

3K (52 — 62)

=5 (4.38)

- KUV Bl @] ~ BL@roea)}| <
where 6 € (0,1/5].
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Now we look into each term of (4.35). Lemma 4.5 and (4.34) imply

2n2)a(K+1)*n  _ n
T =07

’Rt,sge,(s - Rt,O;e,é’ S

Since T is a free parameter (controlling the mean of e and ms )) we can set it
significantly larger than n. The first term of (4.35) thus can be neglected and it
is sufficient to work with R, . 5. This separation is important because we use
that E(Q1)s0.c0 (in the second term of (4.35)) is independent of {x*)},~,. Also
recall qgt) = Etanh V®. This allows us to sequentially choose a distribution

D for VO along our interpolation from ¢ = 1 to T such that the following
equation is satisfied:

= E(Q1)10.0- (4.39)

In other words, the interpolation path is adapted so that (4.39) holds, which
then cancels the second term in (4.35). This path is also independent of &
because we have set § = 0 in the Gibbs expectation (4.39) as well as in the
second term of (4.35). We must still check that equation (4.39) possesses a
(unique) solution, see Sec. 4.8.5 for the proof:

Lemma 4.8 (Existence of the optimal interpolation path). Eq. (4.39) has
unique solution X, (€) = {x(t)}t:1 € BT, The solution X, = x%)Aw—i—(l— ® )AO
satisfies di:gf)/de > 0.

Fixing x = X,(¢), lemmas 4.6 and 4.7 are used to upper bound the last
two terms of (4.35) upon integrating over d,e. The solution of (4.39), that
eliminates R s s, therefore can be considered as the “optimal interpolation
path”. In summary, using lemmas 4.5 to 4.8 on (4.35) we have

ney,

1
do -

)+(9(\/_)+O( ) (4.40)

n0/2

dERt,s;e,é (f(n(e)) - O(

for any sequence ¢,. We are now ready to prove the upper bound.

Proposition 4.2 (Upper bound). For any c € B we have

1
limsup —EH (o|J) < sup hgs(x). (4.41)

n—oo 1N xeB

Proof. We evaluate (4.32) at x = X,,(¢) and average the equation over § € [0, 1],
€ € [en, 2¢,]. Using (4.40) and Lemma 4.2

P 0:e=0,6—0 = he:o,azo(ﬁn(e)) + O(%) + O(

) +Olent ).
(1.42)

) +0(

)

1
Ve,n?
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A trivial upper bound together with Lemma 4.17 gives

he—o.6=0(Xn(€)) < sup he—gs—0(x) = sup hrs(x), (4.43)
xeBT x€B
where the r.h.s. is independent of n and 7. We substitute (4.43) into (4.42).
Then we choose €, = n~7 with 0 < 7 < 1 and pass both sides of (4.42) to
the limsup lim sup,,_, . lim sup;_, ... Note that A .. s=0 is independent of T".
This implies that the left hand side of (4.42) at the limit becomes

lim sup lim sup 562075:0 (%, (€)) = lim sup hy g.c—0.5—0- (4.44)
n—o00 T—o00 n—o00
The proof is ended by also using (4.27) on (4.44). O

4.5 Proof of the fundamental sum
rule (4.28)—(4.29)

Similar computations go back to [65] and were applied in Nishimori symmetric
situations in [71, 72, 69], so we will be relatively brief. We compute hr ;.5 and

% in (4.26). From the definitions (4.19), (4.20), (4.22), and the identity

e’ = (1 + otanhz)coshz for 0 € {—1,+1}, we can expand hrp .y as

o 7 e
trses = [ (T [T0 -+ ) + 0 T[T~ annery))
t'=1 B=1 o1 Bl
oK &
_on (t)
a ; In(1 + tanh U )} : (4.45)

Note that the first term is part of (4.16). For dhtd—s‘s we use the following
property of the Poisson distribution: any function g : N — R of a random

variable X ~ Poi(v) with Poisson distribution and mean v, and such that
both E ¢g(X) and E g(X + 1) exist, satisfies

dE g(X > d (vhe” vhle > vke
55 ):Zﬁ{ k! }g(k)zz(k—mg(k)_z 9

= k=1 k=0
l/ke v 0 Vkefu
=) - Y g k)
k=0 k=0
—Eg(X +1)—Eg(X). (4.46)

aK < () (s —
+ ﬁ Z Et’s;e,éEU(t) ln<eUi (o 1)>t75;6’§ (4.47)
i=1
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where we distinguish the expectation [E; ;.. ;s with respect to the original inter-
polating model with Hamiltonian (4.19) and the expectation with respect to

an “extra measurement” and its neighborood EB Jp and an “extra field” IEUm

Standard algebra, using again the identity e*® = (1 & tanh z) cosh z, leads to

Eln< Jelos— 1)>t,s;e,5
= Et s3€ §EB JB In (1 + <UB>t,s;e,5 tanh JB) - EJB 111(1 + tanh JB>

P—‘rl 1
_Z |

=1 1,0l K

E[(0i, -+ Tige )1 g s/ E[(tanh J)P] — EIn(1 + tanh J)

and similarly, using (4.15),
" ZEIH U() (7~ >t8;6,5

:-ZEMJE JIn (1 + (03) 1 sie.5 tanh UM) — ZEln + tanh U™

K-1
1
_ = § EtsesByyon (14 (0:) e tanh J [] tanh V") — Eln(1 + tanh U®)
n b

i=1 j=1

= Z (_1]3% E[(tanh J)?]E[(tanh V(t))p]K_I%ZE[<Uz’>£s;e75]

— Eln(l + tanh U®).

p=1

Recall Q, = 0(1) ng) and thus

TL

1 1
(Qp)t,sies = n Z<Ui>gs;e,57 <Q1€(>t,5;e75 T K Z (0 - 01K>€se§

i ik

Recall also ¢ = E[(tanh V®)P]. Then (4.47) becomes

dht Wikt si€,0
Cds
B _g o0 p+1 L VIR 1% B () K—1
= T tan J) ] [<Qp >t,s;e,5 K(Qp ) <Qp>t7$;€75]

K
+ %Eln(l + tanh J) — aT]Eln(l + tanh U®)

QO p+1
- -2 Z E[(tanh JPTE(Qf — K (¢{)7(Qp — a) — (@) ), ...
p=1
K
K -1
+ %Eln (1 + tanh J H tanh V;-(t))
j=1

K
+ %Eln(l + tanh J) — aTEln(l + tanh U®), (4.48)
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Substituting (4.45) and (4.48) into (4.26) gives (4.28), where

= (1)

Rt,s;e,(S = E

p=1

E[(tanh (])p]E<QII,( - K(qz(;t))K_l(Qp - q1(;t)) - (q](at))K>t,s;e,5'

(4.49)

p

An application of (4.11) yields

E(Qg;_1>t,s;e,6 = E<Qg;>t,s;e,6

for all m € N and p > 1. Similarly an application of (4.12) yields
qé?_l = qé;) as well as  E[(tanh J)*~!] = E[(tanh .J)?"]

for p > 1. Therefore combining the odd and even terms of (4.49) we obtain
the form in (4.29).

4.6 Concentration of overlaps |: proof of
lemmas 4.3 and 4.6

In this section we prove lemmas 4.3 and 4.6. We need the following lemmas
proved in the next section 4.7. For lemma 4.3 it suffices to take an interpolation
path x € BT independent of ¢ and §. However, for 4.6, we need to take
x(e) € BT dependent on € (and independent of §). We therefore formulate the
lemmas below for an e-dependent interpolation path.

Lemma 4.9 (Concentration of @), on (Qp)ts.cs). For any ¢ € B and any
choice of interpolating path x(¢) € BT such that every component satisfies
dz® /de > 0, we have

[ R @~ @)y < 2 (4.50)

€0 n
uniformly in t, s, 9.

Lemma 4.10 (Concentration of (@) on Eg(Q1)tses). For any c € B and
x(e) € BT and any choice of interpolating path such that every component
satisfies dz®) /de > 0, we have

/ 1 dEE[(<Q1>t,S;e,5 - Eﬁ<Q1>t,s;e,6>2] < i_(z (451)

€0

for any 6 € (0,1], uniformly int,s,0.
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Lemma 4.11 (Concentration of (Q1)ts.cs on E(Q1)tses). Forc € B and any
choice of interpolating path x(¢) € BT, we have

01 B
[ BE(Ea (@~ EQ s < (G 4 a2
5o n2)
(4.52)

for any 0 € (0,1/2), uniformly in t,s,e, with C > 0 a constant (this constant
is obtained from Lemma 4.12).

Remark 4.4. We have already seen that Lemma 4.4 implies for the BEC
(Q1)t.5:e6 = (Qp)tsies, and therefore the last two concentration lemmas are
valid for all overlaps.

4.6.1 Proof of lemma 4.3
In lemma 4.3 we take x independent of €, thus do® /de = 0. We have

K-1

E(|Q — Qo) fes s = B{|(@0 = (Qluses) D Q6 QM| ),
k=0 Y
< KE<‘Qp - <Qp>t,s;e,6‘>t7s;e75 : (453)

We can apply the Cauchy-Schwarz inequality to get

/ de E{|QX — (Q)5...,

€0

>tse(5

< K{(gl - 50)/ de E((Qp — (Qp)t.sie) >ts;€75}1/2. (4.54)

€0

Thanks to (4.50) we obtain

/ de E<‘QK Qp ts€5‘>tse5_ <M>1/2'

€0 n

This proves Lemma 4.3.

4.6.2 Proof of lemma 4.6
Similar to (4.53) and (4.54), it is easy to show

/(S 1 dd /61 deEH(Qﬁ,ﬁ;eﬁ — E[<Q1>t,s;e,5]KH
<K {(61 - 50)(51 — & / dé/ Ql fsies — <Q1>t,s;e,6>2] }1/2' (455)
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We decompose E[((Q1)1,5e.6 — E(Q1)1,5¢,6)?] in three parts:

E<(Q1 — <Q1>t73%€v5)2>t75;e,6 + E[((Qp>t,s;s,6 - Efl(@p>t,s;675)2]
+ E [(EFI<Q1>t,s;5,5 - E<Q1>t75§675)2} :

With Fubini’s theorem we are free to switch the § and € integrals. Lemmas 4.9,
4.10 and 4.11 then imply

o1 €1
/ a5 / AE[(Q1) et — EQ)rsses)?]
4o €0

3(51 — 50) 3(5% — 53) 150(51 — 50) g1 — &0
< n + n? ( (hl 2)2 + 4) n(1-20)/3
3(51 — (50)(1 + 50 -+ (51) 150(51 — 50) €1 —€&p
= nf ( (ln 2)2 + 4) n(1—20)/3" <4'56)

The bound (4.56) is optimal for § = (1 — 26)/3, i.e., 6 = 1/5. But any
6 € (0,1/2) will do. Lemma 4.6 is then obtained by substituting (4.56) into
(4.55):

o1 €1
/5 ds / deB[[{Q1)E, 5 — E[(Q)races) ]

= n[@(/?\/((sl — do)(e1 — €0) (3(51 —30)(1 4+ 6o+ 01) + (e1 — 50)(M + 4))

(In2)?
= O((((;l — 50)(51 _ 60)51 —d0o+e1 — 60)1/2)‘

nf

4.7 Concentration of overlaps Il: proof of
lemmas 4.9, 4.10, 4.11

We start with useful preliminary results on the derivatives of the free entropy
of the interpolated system, and then prove the three concentration lemmas.

4.7.1 Useful derivative formulas

We first remark that, according to (4.15), the distribution x*) is a function of
x® and c. Therefore X) € B when x®,c € B. Let x*) = 2WA_ +(1—2®)A,
and XM = 3OA 4+ (1 — 3®)Ay 1. From (4.15) we have the relation

i = (1 — q)a®E-1, (4.57)

"We prefer to write 1 — #(*) and 1 — #() as the erasure probability in this interpolation
to align with the way we define the distribution of H and H.
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We now provide another view of the interpolating Hamiltonian (4.18). Con-
sider an “effective half-edge” fed into node ¢ with random half-log-likelihood
variable

" et

t—1 ¢€; i,8
B =SS U, S, e,
t'=1 B=1 C=1

equal to oo with probability

s 0 (o) Nt
) =1—(1-e(1- )1 — e T =2y
t'=1

and equal to 0 complementary probability. Set € = (&i*”, ... &), The
Hamiltonian (4.18) is equal in distribution to

n mgt)

Hiwelo I, H) ==Y H"(0; = 1) =Y Ja(oa - 1). (4.58)
i=1 A=1

Let n 'Eln Z_m;g the associated averaged free entropy. Clearly this is a func-
tion of (E[E&t’s)], o ,E[E,(f’s)}) where for alli=1,--- ,n

E[Egt,s)] = Eeg) L1 (t9) [gl(t,s)]

i€y

1 ~(t t—1 ~(t/
=1 (1—e)(1— —)e wrlaHEyL, o), (4.59)
n

Moreover, it is clear that hys.s = n'Eln Zt7s;g. Therefore we see that the
dependence in € and ¢ effectively comes through the combination (4.59). Since
this is independent of i we denote it by E[é®+*)]. The reader should keep in mind
that in this combination there is always an explicit (¢, d), and that there may
also be an implicit one through the choice of the interpolating path (z®, ®).

We are now ready to state derivative formulas playing an important role.
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Their detailed derivation is provided in Appendix 4.8.6:

d In2
Wht,s;e,é = —T - (1 - E<Uz‘>t,5;e,5;wgi<tvs))
In2 u
- _ 1 —E(0;)tses), 4.60
n(l _ E[E(t’s)]) ;( <0- >t7 ; ,5) ( )
d? ln2
Wht,s;e,é = ( ;E Ula] t,s:6,0 <0i>t,s;e,§<aj>t,s;e,5]7
(4.61)
d In2
%Ht,s;eé = _W £ (1 —Epg <01>t366~H)
In2 "
- _7’L1+9(1 — (5/77,9) ;(1 - Eﬁ<0i>t,s;e,5)a (462)
d? 1
—H s;6,0 —
g2 T p20(1 — 5 /nf)?
S5, ln{ L+ o0 g ity + ()i, + (0i05) o, i, }
R SR N AN A O IR AN
4.63)
where <0Z) ~H ) is the Gibbs expectation with fixed ﬁi(t’s) = 0and <Uz‘>~ﬁ1¢,ﬁ1j =

<Ul>t,s;e,6;~H¢,Hj is the Gibbs expecetaion with fixed H; = H; = 0. If we choose
x = x(€) independent of § we have furthermore

d In2

d_(sht,s;eﬁ - _W — (]- - E<0i>t,s;e,5;~ﬁi)
In2 -
= — ]. - E 1 EN3 4 4
g D0 Heli o
d? In2
Wht,s;eﬁ = n1+20 1— 5/”9 ZE O-ZO-j t,s;€,0 <Ui>t,s;e,5<gj>t,s;e,5];
(4.65)
i(liE<0—i>tS'e6) - Z E O-zo- t,s;6,0 <Ui>t3'e6<a'>t 5'55]-
(Lt n1+9 n‘9 ij=1 ! e
(4.66)
The first equalities of (4.60), (4.62), (4.64), together with (1.9), tell us that
d ln2 In2
L T ‘ S H, sl < ‘ s < =2 (467
’dE[am] e e P g e S e (467)

Moreover from (4.63), (4.65) and the second GKS inequality (1.10), we see
that hy s and Hy 45 are convex in 9.



84 Sparse Censored Block Model

4.7.2 Proof of Lemma 4.9

From the definition of @), we have

1 &
E<(QP - <Qp>t,s;e,5)2>t’s;e’5 = ﬁ Z E[<0-i0j>f,s;e,6 - <0-i>f,s;e,6<o-j>gs;6,5]
ij—1

n

1 —
=— (oi0 (0;) o (oi0)P o) (o)
- n2 7 jtse(5 ztse5 ]tse(5 7 jtsﬁg ztseé Jlt,s;€,d
1 1=0

(4.68)

By (1.10), we have 0 < (0,0)ts.5 — (0i)t,56,6(Tj)1,s:¢,6- This permits us to
upper bound (4.68) as

E< (Qp - <Qp>t,5§575)2>t,s;6,5

—_

p—

1 ¢ 1-1
< ﬁ Z E |:(<0-i0-j>t,8§6»5 - <O-Z'>t,836,5 <0-j>t,8;€75) |<O-ZUJ>$5 16,0 <0-1>zl€ ,S€ 6<0-J>f& 536,08
ij*l l

|

Il
=)

| /\

n2 Z |: O-ZO-j t,s;€,0 <Ji>t,s;e,5 <0-j>t,s;e,5:| . (469)

i,j=1

Hence, integrating (4.69) over € € [g¢,€;] and recalling the formula (4.61), we
obtain

/ 1 de E<(Qp - <Qp>t,s;e,5)2>t75;575

€0

€1 1 n
S p/ de ﬁ Z E[<0iaj>t,s;e,6 - <Ui>t,s;e,§<0-j>t,s;e,6}

€o i,j=1

€1 d2
< B + P / dE(l — E[ * S)])Whtse6 (470)

n  nln2

Recall (4.59) for the expression of E[¢**)]. Under the hypothesis dz*) /de > 0
for all t € {1,...,T} and using (4.57), we have dZ*) /de > 0. This gives

t—1

dE[e®)] 1—Eﬂsn
de 1—c¢

aK( dz® n
T de z de 7 —

+ (1 - E[")])
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and allows us to relax the second term of (4.70):

p U dE[E®)]  d?
d Bt s:e
nln?2 /50 e dE[et)]2 e

P Lod d
d —<—h )
n1n2/ “de dE[ets)] 150

€0
2o
nin2 LdE[e)] "

/61 d€E<<Qp - <Qp>t,8;e,5)2> ’

€0

-
[
=2
Y
I
+

It 3l 31T

+

_|_

e=gg

A
s €

using the first bound in (4.67) for the last inequality.

4.7.3 Proof of Lemma 4.10

Let I:IJ' be an i.i.d. copy of ﬁj. Let also H7 be a vector same as H except the
j-th component is replaced by H 7. By the Efron-Stein inequality we have

|
N | —
=
Th
=
=
s
|
s
3
/'fw
)
|
3
=
ST
|
=

To see the last equality we can exchange H ; and H % in the r.h.s of the second
equality to see that that the two terms are equal. This symmetry allows us
to simplify the expression to (4.72). The GKS inequalities (1.9), (1.10) imply
0<(Q1)g; — (Q1)g < 1. This allows us to relax (4.72) to

Ex[((Q)g —Eg(Q)g)"]

< 2 Eaka [((Qa — (Qua)I(H] = co)I(H; =0)].  (4.73)
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When I:I]’ = oo and ﬁj = 0, we have

Qg — Qg

n

n UieH;,(oJ—l) a
— % 2 (<Ui>I:IJ' - <0i>ﬁ) = %; (W — (ai>g)

1 (M — (o) g) 1 i/ol d d (o) g +7{0i0) g

ne=" 1+ (o) i n ‘= Tdr 1+ 71(0)) g
(4.74)
_l - ' (oioj) g —(0i)aloi)a l - o o) alos)
=2 [ ar A T < TS o)~ (ol
(4.75)

where the first equality of (4.74) follows from the identity 5% = cosh [ M1+
o, tanh ﬁ]’.), and the last bound in (4.75) uses the first GKS inequality (1.9).
Substituting (4.75) into (4.73), we get

—B(il] = c0) [ det > E[((o0,) i = {03)ar{o) ) L(H; = 0)
<P =oc) [ ded > E[(oi0)s — (o) arlon) )]
= ont? /81 deE[((Q1 - <Q1>1§[)2>I§r]
30 0
< o

using Lemma 4.9 to yield the last inequality.

4.7.4 Proof of Lemma 4.11

We write Hy .c(0) = Hys.e5 and hys.(0) = hy s 5 to emphasize § in this proof.
For both quantities we have taken the expectation over H and therefore their
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derivatives w.r.t. § are well-defined.  From (4.62) and (4.64) we have

d d
~H . _
t,S,E((S) d5

d
< —|— . - — . . .
— ln 2 ‘ d(s Ht757€<5) d(5 ht7s76(5)‘ (4 77)

n’(1— )

E" s:e —E se =
B Q) eses = B(Q1 sl = — 1

hise(®)]  (476)

Recall that H; . (9) and hy () are convex in 0. Lemma 3.12 then implies
that for any £ > 0 we have

d d
s Hi(8) - déhm@)]

< 5_ Z |Hsie(u) — hese(u)] + 02(5) + Og_ (6) (4.78)
u€{6—§,€,0+£}

where

{c;(a)z%h (0+8) = Giluse(d) = (4.79)
ah =

0
(5) - %ht,s;e(é - f) 0.

We substitute (4.78) into (4.77), then square both sides and apply (Zr Lup)? <
k Zle u?. The resulting inequality upon full expectation is written as

5 20
E[(EFI<Q1>LS;6,5 - E<Q1>t78;e,5)2} < (51?1—2)2 Z E[(Ht,sx(u) - ht,S;E(U))Q]
u€{6—£,6,0+6}

" (15:—2)2«0;(5))2 L)), (480)

We now make use of a concentration result for the interpolated free entropy.
In Appendix 4.8.7 we prove:

Lemma 4.12 (Free entropy concentration). For any s in [0,1] andt =1,...,T
there is a constant C' > 0 such that

E[(Ht78§€75 - h’t,s;e 5) :| S

=1Q

(4.81)

Using Lemma 4.12, the first term on the r.h.s is found to be smaller than
15C/((In2)*n'~2°¢%). Next, using 27 < dht;—g() < 0 allows us to assert from

2The proof here differs from the standard strategy in [40, 47] in the way that an extra
parameter § is required and x(€¢) has to be independent of §. This is because we need a
well-defined derivative of free entropy such that we can obtain a controllable upper bound
like in (4.77).
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(4.79) that |CF(6)| < 2. Then using C¢*(6) > 0

91 9 _ In2 " _
/5 B(CE67 +C (0)) < oy /5 45(CH(8) + C; (9)) (4.82)
= (o514 €) = husel51 )
+ (huse(Go — €) — huse(Go+ )] (4.83)
(n2 S (4.84)

where the mean value theorem has been used to get the last inequality. Thus
when (4.80) is integrated over ¢ we obtain

& 15C(6, — 6
/ d(SE[(EI:I<Q1>t,s;e,6 - E<Q1>t7s;575)2:| S (h12)<2+2€%)2 + 46 (485)

do

The proof is ended by choosing ¢ such that 1/(n'=2%¢?) = ¢, ie., € = n~(1720)/3
and 6 € (0,1/2).

4.8 Appendix

4.8.1 Direct proof of identity (4.12) for symmetric
distributions

If x(—dh) = e~?"x(dh) holds, then we have

/ h (tanh h)?*~! x(dh) = / Oo(tanh h)** 1 x(dh) — / Oo(tanh h)2*=1x(—dh)
— / Oo(tanh R (1 — e x(dh) = / Oo(tanh h)*F(1 + e x(dh)

_ / "~ (tanh h)% x(dh) + / " (tanh h)% x(—dh) = / (tanh 7)2* x(dh).

0 [e's]

4.8.2 Rewriting the replica formula: proof of (4.89)

We copy again

- T +tanhU e~ 2(H+H) T 1—tanhU
(I 111

t=1 b=1 t=1 b=1

;‘z

o K T K )
Z ( —i—tathHtanhV;(t))—(xln(l—i-tanhj)].

i=1
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The first term can be rewritten as

T T
]Eln(HH(1+tanhU e 2(H+H) HH(l—tanhUét)))
t=1 b=1 t=1 b=1
T T (t)
. 1 —tanh U,
—Eln (H T](1 + tanh U,ft))) +En (1 +e 2T —b)
t=1 b=1 t=1p—1 1+ tanh Ub(t)

T
=En (JTT(1 + tanh U") ) + Eln (14 ¢ 205 X 40

The second term can be easily seen to be equal to

. 1) T K ®
> In(1 + tanh J | ] tanh V;)

t=1 =1

= w iH(c (x(t))K) —a(K —1)In2.

The remaining term is

—aEIn(1 4 tanh J) = a(H(c) — In2).

4.8.3 Same supremum of two free entropy functionals:
proof of Lemma 4.1

We first note that the generalized entropy functionals can easily be shown to be
upper bounded and are defined on a closed convex set of probability measures.
Hence we can replace the supremum in the lemma by a maximum. For the
BEC x € B” and h.5-0(x) becomes a function of € [0,1]7, therefore the
proof of the lemma can be carried out directly by elementary real analysis
calculations.

Here we give an analysis that applies more generally to functionals over
x € X7 in the general case of symmetric channels. Let us outline the strategy
of the proof: (i) We first show that the stationarity condition for ﬁezo,gzo(x)
implies that all x®) are equal for t = 1,...,T; (ii) We then show that there
exists a sequence of distributions that converges to a stationary point; (iii)
Finally, we show that a maximum of Bezojgzo(x) is necessarily a stationary
point.
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Before carrying out point (i) it is convenient to express h_gs—o(x) more
explicitly in terms of the distribution x thanks to a formalism from coding
theory (see e.g. [32, 73]). We define an entropy functional® H : X — R as

H(x) = /ln(l +e?)x(da) = In2 — /111(1 + tanh a)x(da). (4.86)

The argument a is to be interpreted as a half-log-likelihood ratio. Two con-
volution operators ®,® : X x X — X are defined for a; ~ xq,as ~ X9 such
that x; ® x9 is the distribution of a; + a2 and x; E Xy is the distribution of
tanh ™' (tanh a; tanh ay). Therefore, the entropies of convolutions are

H(®F x;) = / 1n(1+e—22f:1ai)ﬂxi(dai), (4.87)

=1

: tanh ai> H x;(da;). (4.88)

=1

H(EF_,x;) =In2— /ln (1 +

We define x*° = A, where A is the identity of ® and it is a distribution
with solely a point mass at 0. We also define A®(x) = > 77  Aix®!, where

A = ml—f!()le_o‘K denotes the probability that a variable node has degree [, and

AP (x) = Y0, Ax®Y where A, = Al,L(ll) = %e*al{ denotes the probability
that an edge is connected to a variable node of degree [ > 1. One can check

that (see Appendix 4.8.2)
he—o6=0(x) = aH (c) + — Z H(c® (x)2K)

_ aKH(% ;T;c ()P 4 p (A" (% XT: c® ()2 D). (489)

We will need differentiation rules for functionals. The directional (or Gateaux)
derivative of a functional* F' : x € X — R at point x € X in the direction
1N = X9 — X1 Where x;,xo € X is by definition the following linear functional of

n:

_ i FOCHm) = F9
AF (o)) = lim T

We employ the following computational rules that are easily proved for linear
functionals F":

3The notation H for the entropy should not be confused with the notation H for the
perturbation field in the model.

4To have well defined directional derivatives it is understood that we extend the space
X to the Banach space of signed probability measures over R.
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Lemma 4.13 ([32, Propositions 14 and 15]). Let F' : X — R be a linear
functional, and % be either ® or ®W. Then for k > 1 integer, x,x1,xs € X, and
setting n = xo — X1, we have

dF (x*)[n) = kF (<" 5 ).
For any polynomaials p, q, we have
dF (p* (4% (x))) ] = F (9" (4% () ® (¢ (x) @ 17)).
where p' and ¢ are the derivatives of the polynomials.
Lemma 4.14 ([73, Theorem 4.41]). For any xy,x2,x3 € X, we have

H((x1 —x2) ®x3) + H((x1 — x2) ®x3) = H(x; — x2).

We can now proceed to prove (i). Fix ¢ € {1,---,T}. Consider the
functional Bezov5zo(x) as functional w.r.t its t-th component only. We denote
dJLE:O#;:o(x) [n(t)], the directional derivative of this functional at the point x
with respect to its t-th component (only) in the direction n®. This a lin-
ear functional of n® and corresponds to a “partial” Gateaux derivative as
indicated by the notation d;. Let

T(c,x) = \¥ (= chx JBHE=D)
Using Lemma 4.13, dtﬁgoﬁzo(x)[n(t)] is the sum of the following three terms:

Z diH ( (t>'K) (n®] = MH(C xDEE L) g py(0),

T
(4.90)
T
_ aKdtH<% Z c X(t)(K—1)> [n(t)] — ‘%H(C <MBE(EK=2) n(t))’
(4.91)
(v (L zc @ 0200) ) 0] = FEZY g7
® (c @ xBEE=2) g 0, (4.92)

In addition, we use Lemma 4.14 to rewrite (4.92) as

aK(K —1)

= {H (cmx"E @) — H (T(e,x) @ (cmx= = mn))}.

(4.93)
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Putting (4.91), (4.90) and (4.93) together, we have

aK(K —1)

] (x? = T(c,x)) @ (c @ (xV2E-2) g y0))

(4.94)

dihe—o,5—0(x)[n"] =

which implies that x is a stationary point of ﬁ€:075:0(x) [n®] if and only if it
satisfies the equation

x = T(c,x), t=1,...,T. (4.95)

In particular, we have x(!) = ... = x(T) ag claimed.

Now, we prove (ii). We use an iterative method that outputs a sequence
of distributions ordered by “degradation” defined as follows. For x € X and
f:]0,1] = R, let

Q@E/fﬁ%%%ﬂm)

For x1,xy € X, x9 is said to be degraded with respect to x; (denoted x; =< x2) if

It(x1) < If(x2) for all concave non-increasing f. For x; = (xgl), . ,ng)), Xy =
(xél), e ,ng)) € X7, we use x; =< x3 to denote xgt) = xgt) forallt=1,...,7. In

the iteration method, we consider the update equation T(c,x). Let T®(c, x)
be the distributions obtained by [ iterations of T(c,x) on x while keeping c
fixed. This iteration has the properties:

Lemma 4.15 ([73, Section 4.6, [32, Lemma 34]). The operator T(c,x) : X x
XT — X7 satisfies the following for all 1 <1 < oo: If T(c,x) < x, then

T (¢, x) < TO(c, x).
Also, the limit T(>)(c,x) exists and satisfies

Using Lemma 4.15, we see that T(>)(c, x) with x = (Ao, ..., Ag) is a vector
of distributions in X that satisfies (4.95). Hence, this fixed point converges to
a stationary point of hegg—o(x)[n®)].

Finally, we prove (iii). We proceed by contradiction and show that: if
X is not a stationary point then it cannot be a maximum. From the Taylor
expansion of the logarithm and (4.12) we find for any x € X

H(x) =1In2— Z (_1].#“ /x(da)(tanh a)?
=In2— Z m /x(da)(tanh a)®. (4.96)

p=1
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Let x1, X2, x3,%4 € X. From (4.88) and (4.96)
H((x1 —x2) B (x3 — x4))

__y ﬁ{ / (x1 — %)(da)(tanh a)%}{ / (X3 = x4)(da) (tanh ‘l>2p}
2 (4.97)

which implies that (4.94) can be written as
dihemo,5=0 (%) "]
aK(K —1) > 1
T T Z ){/(X(t) — T(c,x))(da)(tanh a)Qp}

- 2p(2p —1

{ / (cX(t)(K_Q))(da)(tanha)zp}{ / n(t)(da)(tanha)zp}. (4.98)

Now, take an x that is not a stationary point. Then there must exist an t*
such that x*") # T(c,x). Hence we can look at the directional derivative in
the non-trivial direction ) = x®) — T(c,x). From (4.98) we see that

dy Be:O,é:O (X) [W(t*)]

aK(K —1) < 1 HE(K—2 2
= (T );QP(QP—D{/(CX() (K=2))(da)(tanh a) }

g { /<X(t*) — T(h,¢,x))(da)(tanh a)2p}2

so the directional derivative is strictly positive. Hence x cannot be a maximum
since there exists one direction in which the functional increases.

4.8.4 Proofs of technical lemmas
Proof of Lemma 4.2

Here we consider the effect of removing the perturbation, so we shall assume

d“’g(:) = 0. From formula (4.60) proved in section 4.7.1 we have

d dE[e*)]  d n2 <

_hS‘E = — hS‘E = - 1-E i)t,s;€
de b0 de dE[e(tﬂs)] tsie,0 n(l—e) ;( (Oidt,s0)
In?2 «—
= _7 (1 - E<Ji>t7s;s,6;~Hi)- (499)
=1

where (0;)¢ 5.c. 5.~n, 1s the Gibbs expectation with fixed H; = 0. Thus |£ht75;67(5! <
In2. We also remarked below equation (4.64) that | %hy .. 5| < In(2)/n’. Thus
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by the mean value theorem

|ht,s;6,5 — ht,s;e:O,zs‘ < 61112, (4100)
In2
|ht,s;e6 htseé 0‘ < TL_ (4101)

By triangle inequality we get (4.24). Note that A, 5(x) is in the form hy . 5(x)+
g(x), therefore

he,§<x> - h6=0,5=0<x> = hT,1;e,5(X) - hT,l;e:O,é:O(X> .
Consquently (4.25) follows immediately from (4.24).
Proof of Lemma 4.4
The first GKS inequality (1.9) implies
(0A)tsies(1 — (0a)tse0) > 0. (4.102)
Moreover, Nishimori’s identity (4.11) implies
E(oa)tsies = E[(04)] ge] (4.103)
which can be written as
E[{ca)tses(l — (0a)tses)] = 0. (4.104)
As a result of (4.102) and (4.104), we have (04); s equal to either 0 or 1.

Proof of Lemma 4.5

Using the fundamental theorem of calculus, the desired difference has an inte-
gral form

E(Q >ts 6,0 T <Q1 t,0;6,06 — _/ ds Z d_E 04y * Ozk>tsen

114l =1
1
= ﬁ ] dS Z { Z <0'7;1 “'O-ik>e;2+l _E<011 ~..O'ik>€§2)
..... =1 7j=1
an
- ?(E<0—z1 O'lk> gt)-l-l - E<Ui1 tee Jik>mgt))} (4105)

where (4.105) follows from the Poisson property (4.46). Since [{(o;, -+ - 0y,)] < 1
we see that the absolute value of (4.105) is bounded by 2a(K + 1)n/T.
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Proof of Lemma 4.7

As indices t, s, € are fixed in this proof, we omit them for concision. Recall
that (4.66) and (1.10) imply E(Q))s is increasing in ¢ and therefore E[(Q1)s] >
E[{Q1)0]. Using also [(@Q1)] < 1 we obtain the inequality

N

-1

E[(Qu)s]" = E[(@1)o]" = (E[(Q1)s] — E[(Q1)a] ZE s TE[(Qu)s)"

K(E[{Q1)s] — E[<Q1>o])-

This inequality, together with ¢\ = EtanhV® € [0,1] and E[(Q;)s] >
E[{(Q1)0], gives

o1 £1
/ dd / de
50 Eo

<2 | 4 / de(E[(Q1)5] — E[(Q1)o)

E[(Q1)s] —E[Q1)o)* — K (") " HE[Q1)s] — E[(Q1)0))

_ ok ch( / deE[(Q1)s] — /EldeEKQl)o]). (4.106)

00 €0 €0

We use the mean value theorem to upper bound (4.106) as

01 d €1
2K d — delE
8o g 56%[%?%} (dé /50 ‘ KQlM) ‘5:5/
1 €1
=2K dé o de—
5o 6%%?1{5} (/50 ‘ [<Q1> ]) ‘5:5/

where the equality follows from the fact that x(e) is independent of § and
therefore we can exchange the order of derivative and integral. Using (4.66)
the last equation equals

01 €1 1 -
2K . ds 651;2%%] (/EO dean(l — 5/ ”21 E[{oio;)s — (0:)5(0;)s]) ’5:5,
01 5 €1
_ 1-0 _ 9 - ?
=™ [ s ([ i@ @0,
g
O [0 (4.107)

n Js, 1—39/n?
3K (62 — 63)
— nf(1—4;/n%)

where (4.107) follows from Lemma 4.9.
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4.8.5 Existence of the optimal interpolation path: proof of
Lemma 4.8

For each n, we seek distributions x € B for V), t = 1,...,T which solve
equation (4.39). By symmetry between vertices E(Q1)+0.c.0 = E(01)1,0.c0 S0 the
equation becomes

Etanh V® = E(o)); 0.c0- (4.108)

Recall that in our interpolation scheme the right hand side depends only on
{x*)}, ., and is thus independent of x. Thus it suffices to choose V® for
t=1,...,T as follows: V¥ = 400 with probability E(o); 0.0 and V® = 0
with probability 1 — E(0y):0.0. These are the distributions € B of the
Lemma. It is clear that this solution is unique and 7P = Etanh V©®.

Finally, we verify it /de > 0. To simplify the notation we use (—) =
(—)t.0.c0 and <_>NH§t,0) denotes (—)¢ 0.0 With H](-t’o) set to 0. Recall the defini-

tion of E[¢*)] in section 4.7.1. By the chain rule we have

d‘f;(t) B d]E[g(t’O)] d]E<O'1>t,0;e,0

4.109
de de dE[e*0)] ( )

To compute the last derivative, first we use the identity e** = (1£tanh z) cosh x
to write

E <01 > t,0;¢,0 — E

g (t.0), _
<6HJ' (@ 1)01>~H§-t’0) <O'1>NH]<t,O) + <O-10'j>~H](t,0) tanh H](t’o)
=Rk £.0)

( 7280 (;-1)

e t,0)

>NH](' 1+ <O-j>NH](t,0) tanh ]:]J(
<0—1>NH§t,O) + <O’10‘j>~f{‘7(_tv0)

1+ <O'j>NH](t,O)

+ (1 — E[E(-t70)]>E<O'1>NH(t,0).

J

=E["Y]-E [

Then it is straightforward to compute

n

dE{o1) 00 _ 3 dE(01)100 _ i . (0105) e = (01) g0 {05) _pyeo
dE[e0] dE[e\""] 1+ (o) g0 '

j=1 j=1

(4.110)

The second GKS inequality (1.10) ensures (4.110) non-negative, leaving the
sign of dz¥/de determined by dE[e*?)]/de. Using (4.57) and (4.59),
E[e10]
de
1

E[et9] 1 —E[e®0)] aK (K —1)(1—q) o dz )
= 1 — E[e®0) (K28 T
de 1—e€ * S T Z ’ de

=1,

t'=1

This equation implies that the claim d&#® /de > 0 is true for ¢ = 1 by direct
calculation. Then we also get the claim for ¢ > 2 by induction.
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4.8.6 Derivatives of the conditional entropy: proof of
(4.60)—(4.65)

A large part of this appendix is an adaptation of [25, 69]. We recall that
hises =n 'Eln Z_t’s;g where Zt’s;g is the partition function associated to the
hamiltonian (4.58). Therefore, as explained in section (4.7), the free entropy
only depends on (¢, d) through the combination (4.59), with an explicit de-
pendence as well as (possibly) an implicit one through the choice of x. To
alleviate the notations in this appendix we drop the subscripts t, s; € in the
Gibbs brackets.

Proof of (4.60)

Let H; s(o, J, H) be the Hamiltonian H, .z(o, J, H) with H" = 0. Let

,5:€
Z - and (—).; be the partition function and the Gibbs expectation associated

with ;" -(or, J, H). The identities

Z .C (t,s
ln{zﬁ’g} = ln(eHi(t )(Gi_l)>~z‘7

t,s;g
e . (49
eHi( ’S>(U~;—1) _ 1 + o; tanh_H;i ’ (4111)
1 + tanh A"
imply
1 o1 1+ ()i tanh A"
hises = —EIn 277 . + —]Eln{ T {o3) tan — } (4.112)
n Toon 1+ tanh H;*
As tanh A" and (0;); equal either 0 or 1, (4.112) simplifies to
1 » 1
Bises = —E Z7 . — ZE[E") 2 (1 — E(o3) ) - (4.113)
n sE
Therefore, we have
d —~ d
fht,s;e,d = ——h 5;€
dE[E(t,S)] Zzl dE[g,Et,S)] t,s; ]E[E<1t7§)]::E[Eslt,é)]:E[é(t’s)]
In2 <
= 25N (1 - Elo)), (4.114)
n
i=1

which is the first equality in (4.60).
To obtain the second equality, simply notice that as 1 — (o)t 55 = 0
when F[i(t’s) = 400 (which happens with probability Egt’s)). Performing the

)

expectation over ]flz-(t’s in the following expression we get

1 - E<Ui>t,s;€,5 == E[l - <0i>t,s;e,§]
= E[(1 - &) (1 —E{0;)i) + & (1 — Eloy) g )]

(2

= (1 - B[] (1 — E(oi)i). (4.115)
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Replacing in (4.114) yields the second equality in (4.60).

Proof of (4.61)
Let H, " (o, J, H) be the Hamiltonian H, ,z(o, J, H) with ah) = gt =

j
0. Let Zw’l and (—).;; be the partition function and the Gibbs expectation
associated with ’HN”( J,H). Also let t"9 = tanh A", Using again
(4.111) on the identity

~,]
Zt,s;g'

~1,7

we have

1+<m»%ﬁ“@+—ww~mé“>+<ma»~mé“%“$}

1 |
hioe=—-EInZ "l + —Eln{ J
t,s n t,s:€ n 1+ t§t7s) + t§t78) + t£t7s)t§t7s)

t
,S € n 4

7(t,8) 7(t75)
— —Eln ZN’J wmn{ L+ <Ui>~i7j + <Uj>~z‘,j + <Uif7j>~i,j}

E[e"Y)(1 - E[e")) {1+wm~}
P —Eln{ —

+ n 2
1 — E["DE[) 1 N
+( & DEL ]Eln{—+ <;J>””}, (4.116)
n

where (4.116) follows from taking the expectation over H * and H . From
(4.113) one can deduce that Wht’sx’é = 0. Therefore

d? Z”: d?
,—ht s16,0 — ht £
,8)]27 9SS —(t,s —(t,s S
dE[et*)] £ dE[E R[] ey
d2
- Z _(t s (t,s) h ’
77 dE[&" B[] e g g

The derivatives hi s.e 5 can be readily obtained from (4.116). This

d2
dE[e\"V]dE[e{"*]
provides

d2 1+ ZNi‘+ Oi)mii +0;05) i
dFE, (ts2 hisies = — Z]Eln{l ) J <J> J ( J> J }

€ vy + (O mi + (O i 4 (O i j(05) mi
(4.117)

We now simplify each term in the sum (4.117). Given that (og).;; equals
either 0 or 1 for any subsets S C {1...n}, one can verify that the numerator
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and denominator of (4.117) can be written as
(1 + (0i) iy + (0j)mij + (0:0))mi5) = ((0) iy + (05) iy + (050;) i) In2
+ ((Oi)mig(0j) mi + (Oi) i (0105) i + (05)mij(0i05)nig) (IN3 — 21 2)
+ <0i>~i,j<Uj>~i,j<0iaj>~i,j (5 In2 —3In 3), (4118)
and
ln(l + (i) mij +(0j)mij + (0i)~ii(0) m) ( Oi)mig + <‘73>~w) In2.
Special cases of the Nishimori identities (4.11),
E[<Uz>~m<aj>~z J] E[<Uz>~w<‘73> Z]<010J> Z]]a
E[<JZ>N1J<010]>NZ J] E[<Uz>~u<‘71> <‘7@‘7J> J]?
E[<0]>N1,] <Uz(7]>~m] E[<UZ>~H<UJ>~ZJ<UZUJ>~Z J]

can now be used to simplify (4.118) so that each term in the sum (4.117)
becomes

In(2) E[(0i0))nij — (i) miri (O5) mig]- (4.119)

Moreover, as (o;,0;) — (0;)(0;) = 0 when Fli(t’s) and /or ]jlj(t’s) equal 400, we
obtain

E[{oi0;) — (0:)(0;)] = (1 = E[&"])(1 — E[e")E[(0:0}) iy — (01)mij{05) mis]-
(4.120)

Finally, from (4.117), (4.119) and (4.120) we obtain (4.61).

Derivation of (4.62) and (4.63)

The derivation of (4.62) is the same as Sec. 4.8.6 except that the steps should be
done on H; instead of Hi(t’s). The derivation of (4.62) is the same as Sec. 4.8.6
except that the steps should be done on H;, H; instead of F[Z-(t’s), H J(t’s).

Proof of (4.64) and (4.65)
For x(¢) independent of 4, from (4.59) we have

dE[et*)] 1 S A 1 — E[e®*)] d’E[et*)]
o = n0 (1 — 6)6 RT( +Z ) = W and T = 0.
Together with (4.60) and (4.61) we can immediately derive
d dE[€®)] dhy 4.0 In2 =
—<h s3€ — e = I-E i/t,s3€
do T ds R[] T nti(1 - 6/nf) 2( (e
d—zh _d dE[e®)] dhy s _ dE[et*)] tht,S;@(; PE[ES)] dhy g5
Aozt as\ dé dE[e®9)] do dE[e®9)]? d6?  dE[e®9)]

In2
= n1+29 1 — 5/716 2 Z]E Uzaj t,856,0 < >t,s;e,5<0-j>t,5;e,(5}-
i#]




100 Sparse Censored Block Model

The first equality of (4.64) follows from applying the same argument in (4.115)
to I‘IZ

Proof of (4.66)

We rearrange (4.64) to obtain
1—906
—ZEUMM n’(1 = 6/n%) /”> = hises. (4.121)

Then using (4.64) and (4.65) we have

d, 1 n?(1—§/n%) d 1 d
_(EZE<0i>t,S;E,6) Td(;th“é In 2d6htse6

n

= n1+9 1— 5/729 ZE UZU] t,s;6,0 <Ui>t,s;e,6<0-j>t,s;e,5] - Z(l - E<Ui>t,s;e,5))

i=1

1
= T 5/n0) Z E[(0i0)) 110 — {050 ) 5]

where the last equality uses one of the Nishimori identities (4.11), namely

E{o;) = E[(0:)?].

4.8.7 Concentration of free entropy

Let J collect both the realization of J and the graph realization of all the
factor nodes carrying elements in J. Let U collect both the realization of U
and the graph realization of all the half edges carrying elements in U. The
proof of Lemma 4.12 can be decomposed into the following three lemmas. We
stress that the three Lemmas 4.16, 4.17 and 4.18 are valid under the condition
that J,U are non-negative such that we can make use of the consequence
(0s)t.s:e6 > 0 where S is any subset of {1,...,n}. Finally recall definitions
(4.22) and (4.23).

Lemma 4.16 (Concentration w.r.t. H). For any s,€,6 all in [0,1], t =
1,....7T, v >0 and any realization H we have

2nu?

P(’Ht,s;e,(s - EHHt,S;e,(s’ 2 V/?)) S 2eXp ( - (3 In 2)2

). (4.122)

Lemma 4.17 (Concentration w.r.t. J). For any s,€,0 all in [0,1], t =
1,...,T, v > 0 and any realization J there exists a constant C; > 0 such
that

P(|EgHises — BErgHp o5l > v/3) < 3exp(—nv?Ch). (4.123)
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Lemma 4.18 (Concentration w.r.t. U). For any s,e,0 all in [0,1], t =
1,...,7T, v > 0 and any realization U there exists a constant Cy > 0 such
that

P(|Eg.gHises — heses| > v/3) < 3exp(—ni?Cy). (4.124)

Lemmas 4.16 to 4.18 are consequences of McDiarmid’s inequality, which
states that if Xy,..., Xy are independent variables and ¢ is a function satis-
fying the bounded difference property

lg(z1, .. i) — gy, .o 2k )| < ds Vi=1,...,N

then for any v > 0 we have

P(lg(X) ~ Exg(X)| > v) < 2exp ( ~ Z?V—d)

We provide the proof of those three lemmas at the end of this section.
From the triangle inequality and the union bound we have

P(|Ht,s;e,(5 - ht75;675| > V) < P(|Ht,s;e75 _ EHHt,s;e,6| > V/3)
+ ]P)(’EHHt,s;e,(s - EH,JHt,s;e,(s’ > V/3)
+ ]P)(’EH,th,S;G,(s - ht,s;e,é” Z V/B) (4125)

From (4.122), (4.123), (4.124)
P(|Hy se5 — heses| > v) < 8exp(—nr?Ch). (4.126)

where Cy = min{ﬁ, C1,Cq}. Let D = |Hyge5 — hisies|. We have

/ dvvP(D > v) :/ dvvEpl(D > v) = ED/ dvvI(D > v)
0 0 0
b 1
— IEJD/ dvv = §ED[DQ]. (4.127)
0

Substituting (4.126) into (4.127), we have the required bound for Lemma 4.12
with C' = 8/001

E[(Ht,s;e,é - ht,s;e,6>2] = 2/ dv VP(‘Ht,s;e,zS - ht,s;6,5| > V)
0

> C
S 16/ dVV@_nV2CO = —
0

n .
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Proof of Lemma 4.16

Consider g(Hy, ..., H,) = H; s with H; € {0, 00} (note that H; s s given by
(4.23) is already averaged over H, but not over H). Asforalli =1,...,n
the function g satisfies

1
g(Hy,....,H;,....H,)) —g(Hy,....,H, ... ,H,)| = |=EzIn(ef@=y, s
K n H 1995y

1 1
= |=EgIn(1 4 (0i)t 5.5 tanh H;) — —Eg In(1 + tanh H;)
n n

In2
q—

n

McDiarmid’s inequality immediately gives the lemma.

Proof of Lemma 4.17

Let |J| be the number of components of the vector J. From the construction of
Gisin Sec. 4.4.1, we have E[|J|] = S (T —t+1—5) < an. Set myax = (14+7)an
for v > 0. The probability of the event |J| > mpy.x can be bounded by a
relaxed form of the Chernoff bound as follows.

Lemma 4.19 (Chernoff bound, [74, Theorem 4.4]). Let X = SN X; where
X; = 1 with probability p; and X; = 0 with probability 1 — p;, and all X; are
independent. Let y=TE[X] =S p;. Then for all y > 0

B(X > (1+7)n) < exp (= S min{y,7%}).

By the Chernoftf bound we have

P(|J| > Mumax) < exp ( - % min{", 72}). (4.128)
Conditioned on |J| < mypayx, we can have the representation J = (c1, . . ., Cimpae)
where for a = 1, ..., mpyax the profile ¢, = (A,, J,) encodes that a factor node

with weight .J, is connected to a K-tuple identified by A,. For m < a < myax
we denote ¢, = (0, 0).

Now consider g(c1, ..., Cmp.) = EgHiges and pick a ¢, for a given a. Let
d, = (AL, J.) be a new profile with either A, # A/, or J, # J,. Also let

= (A4 0) and ¢ = (A),0). Note that

" o "
glery ooyl Cmpa) = 9(C1y ooy ey Connnn) -



4.8. Appendix 103

We then have

1g(C1y s Cay e ey Conn) — 9(CLy ey Cos e Con )|

= [g(Cc1, s Cay vy Cona) — 9(C1y o o Coa)
+gler, . d) o Cmn) — gy Cnn )|

< glet, oo sCase vy Cmpns) — 9(CLy ooy s Conad) |
+lgler, oyl Cmm) — 9(C1y e o Connd )|

1 _
‘_EFI H 1H<€JG(UAG 1)>t,s;e,5

)

1 / _
+ ‘ﬁEﬁ,H (e’ ™), s

1 1
= ‘—Eg gIn(l+ (o4, )tsestanh J,) — —Eg 5 In(1 + tanh J,)
n n

1 1
+ ‘—Eﬁ g In(1+ (04, )50 tanh J)) — —Eg 5 In(1 4 tanh J))
n no

21n2
n

<

This allows the use of McDiarmid’s inequality to obtain

2

nv
P(|EgH;ses — B 7Higes| > v/3 | 1T < Max) < 2 (——>
(| H11t s5¢,6 H,J t,,,5|_y/ || |—m )— exp 18&(1112)2

(4.129)
Finally, we take the union bound based on (4.128) and (4.129):
P(|EaHises — ErgHisesl > v/3)
< 2exp ( — %) + exp < — %min{%yz})
Choosing v? = min{~,~v?} and C; = min{m, ¢}, we obtain the lemma.

Proof of Lemma 4.18

This proof can adopt the same presentation as in the proof of Lemma 4.17 by
noting that in the construction of G, ; the Poisson process of adding half edges

with weight U")

a_; can be rephrased as follows:

1. (Create all the messages without specifying their location): We draw the

)y (¢t : .
random numbers eg ), eg S) and create the associated number of copies of

U®) fort' =1,...,t. We collect all U®) to form a set {U;}_,, where w
nakK

follows a Poisson distribution with mean "%~ (¢t — 1 + s) < nak.

2. (Specify the location of the messages): Given the number w and the
set {Ux}, we attach each Uy to variable node i chosen randomly and
uniformly.
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Let Wmax = (1 4+7y)nak. The Chernoff bound (Lemma 4.19) provides that
K
P(w > wpax) < exp < — % min{%vQ}). (4.130)
Conditioned on w < wWpay, we have the representation U = (u1, ..., Uy, )

where for k = 1,. .. wpay the profile up = (ig, Ug) represents that a half edge
with weight Uy is connected to variable node i;. For w < k < wpa. We denote

Now consider g(ui, ..., Umy,.) = Em 7htses and pick any ug. Let u), =
(i}, Ug) be a new profile with either iy # i), or Uy # Uj. Also let uj = (i, 0)
and uj = (7},,0). Note that g(uy, ..., u}, ... Umpa) = (U1, - U)o Uy )-

We then have

lg(wty ooy Uk, ey U) — GULy ey Uy e vy Uy )]
= [g(ury oy Uy ey Up) — G(UT, o UL U
+gur, o u) s U ) — G, U U )]
< g(un, ooty o Uy ) — (UL, e Uy ey U )]
+lglur, s Uy ) — (UL, Uy U )]
1 e Y ‘%EFI,H,J n (eU’;("% ’“>t,s;e,5

= ‘EEFI,H,J In(
1 1
. ‘—IE .o ML+ (0315 tanh Uy) = ~Eg gy 5 In(1 + tanh Uk)‘

1 1
¥ ’EEEIL oL+ (0 )uses tanh Uf) = B g 7 In(1 + tanh Uj)

21n2
< .
n

McDiarmid’s inequality is then used to obtain

2

nv
P(|EH7th7S;E76 - ht,s;e,5| 2 V/3 | w S wmax) S 2eXp < - m)

(4.131)
Finally, we take the union bound based on (4.130) and (4.131):

P(|EH,._7H1§,5;E,§ - ht,s;e,5]| Z V/3)
2

<9 ( nv ) L ( noal | { 2}>
exp| ———5—=) +exp| — —— min .
= 2P 2k P 3 77

Choosing v* = min{v,~v*} and Cy = min{m, %}, we obtain the lemma.

4.8.8 lllustration of the replica formula

Recall that the distribution of V' is denoted by x = zAg+ (1 —2x)A, z € [0, 1].
From (4.4) the distribution of U is X = 2A¢ + (1 — #)A, where £ =1 — (1 —
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Figure 4.2 — Illustration of hrg(z) with K = 3 and a = 1/5. (Left) hgrs(x)
as a function of x for ¢ = 0,0.1,0.2,...,0.9. hrs(z) increases with ¢ when x
is fixed. Circles locate the maximum of hgrg(z) for every ¢. (Right) The first
order phase transition for z*(¢q) = arg max, hrs(z) as a function of ¢

q)(1 —x)%~1 € [0,1]. The first term of (4.5) can be simplified as

! !
Eln ( T[]+ tanhUs) + [](1 - tanh Us) )
B=1 B=1

— tanh Up
= By [1n(1 + tanh U)] + BBy In (1+ H S UB>
=E[l](1-2)In2+E/[i'] In2
— aK(1—q)(1 —2)K ' In2 4 ¢ oK0-00=2"" 1) 9

The remaining terms of (4.5) can also be simplified straightforwardly. Even-
tually, for BEC we can write (4.5) with a scalar expression:

hrs(2) = (In2) [e K002 4 K (1 — ¢)(1 — z)K
—a(K =1)(1 - ¢)(1 —2)"* —a(l - q)]

We have illustrated hgs(z) with K =3 and o = 1/5 in Fig. 4.2.






Multi-overlaps for
Ferromagnetic Spin
Models on Sparse Graphs

5.1 Introduction

The adaptive interpolation for sparse graphs (developed in Chapter 4) shows
that the sum rule involves a sequence of overlap parameters {Q, : p > 1}.
This is in contrast to the dense graphs, where only the lowest order overlaps
are involved. Concentration of total fluctuation in the form E((Q, — E(Q,))?)
is critically required for the adaptive interpolation to fully validate the replica
symmetric formula. The control for p > 2 sets a new challenge. Thanks to
Lemma 4.4, the binary erasure channel is a special case where the overlaps @,
for all p > 1 are the same and thus only (); matters. Therefore, Lemma 4.6
(full concentration of @);) suffices to complete the proof in Sec. 4.4.4. How to
generalize Lemma 4.6 for p > 1 and for other channels in an inference setting
remains an open problem. Therefore, we shall return to the origin in physics
and consider even simpler models for inspiration and future progress.

Spin models in physics have the same notion of overlaps. For a system
with binary spins o; € {—1,+1},i = 1,...,n, the overlap parameters are gen-
crally defined as Q, = 37" | oMo® . 6¥ where p > 1 is an integer and
(Uga))?:lfj:j;;f are distributed according to the replicated Gibbs distribution, in
other words the product of p copies of the Gibbs distribution. It is known
folklore that for “mean-field” spin models the concentration of the overlaps
is an important ingredient for the validity of a replica symmetric expression
for the free energy if it exists. However, to our knowledge, there is no direct
logical implication that has been mathematically settled in a clear way. In
[75], the authors show (for models on complete graphs) that if the free energy
is not given by a replica symmetric expression then the overlaps cannot con-
centrate. Also, the Guerra-Toninelli interpolation method [76, 77, 78] makes
it clear that if the free energy is not replica symmetric then the overlaps of an

107
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“interpolated model” cannot concentrate. The Ghirlanda-Guerra identities in
[79] provide a way to show the concentration of @1 or @3 for any spin model
under a suitable perturbation. This is further explained in [80, 81, 82]. In
[83, 84, 85, 86|, non-trivial constraints analogous to the Aizenman-Contucci
identities and Ghirlanda-Guerra identities [87] are derived for all overlaps of
sparse models. But one cannot deduce their concentration from these con-
straints alone (nevertheless some of the techniques used in the present chapter
are inspired from these works).

In this chapter, our main interest is the study of fluctuations and concen-
tration properties of all overlaps {@,,p > 1} for the ferromagnetic spin models
on sparse random hypergraphs (typically of Erdés-Rényi type). We distinguish
two types of fluctuations, namely, the thermal ones and those with respect to
the disorder, informally measured by the two quantities

E((Qp — (@p)*) and  E[((Qp) — E(Qp))°].

Adding these two fluctuations one finds the total fluctuations

E((Qp — E(Qp)°)-

Our main result states that both types of fluctuations vanish in the thermo-
dynamic limit for all temperatures. For this result to hold at all temperatures,
we must add suitable “infinitesimal” one-body perturbations to the Hamilto-
nian'. Indeed, concentration may hold only within a “pure state”?, and it is
well known that one should add suitable perturbations in order to select pure
states (that may coexist at low temperatures).

We would like to stress that, for disordered systems, the nature of the per-
turbation that one should add is not always clear. For example, all multi-spin
infinitesimal interactions are sometimes added to the two-body Sherrington-
Kirkpatrick Hamiltonian, and it is perhaps not so clear what the physical
interpretation of such perturbations is [88]. Here, we limit ourselves to sim-
ple one-body perturbations that can physically be interpreted as infinitesimal
external magnetic fields.

To the best of our knowledge, this is the first time a concentration result is
established for all overlaps {Q),,p > 1} in a dilute disordered spin model for all
temperatures. Examples of models that are covered by our results are the pure
and mixed K-spin ferromagnets on random sparse Erdds-Rényi hypergraphs.
With minor adjustments in the formulation of the models, we can also cover
ferromagnets on dense graphs. The coupling constants are ferromagnetic and
this allows the use of the Griffith-Kelly-Sherman (GKS) inequality which plays
an important role in our analysis.

1By infinitesimal perturbations we mean perturbations that do not change the ther-
modynamic limit of the free energy when we take the limit of zero perturbation after the
thermodynamic limit.

2Recall the Curie-Weiss model introduced in Sec. 1.3. Without the external field h, the
magnetization can be in different “pure states” at low temperatures.
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In Section 5.2, we formulate the models and state our main theorems. The
proofs are found in Section 5.3. The appendices contain technical intermediate
results.

5.2 Ferromagnetic spin models and overlap

concentration
Consider a collection of n binary spins o; € {—1,1}, i = 1,...,n. For any
subset A C {1,...,n} we denote 04 = [];.4 0i- A generic ferromagnetic spin

system has Hamiltonian

7‘[0(0’) = — Z JAO'A (5.1)

where J4 > 0 and the sum runs over all possible 2" subsets of {1,...,n}. The
only subsets of spins that truly participate in the interactions are of course
those for which J4 > 0. The random models that we consider have indepen-
dently distributed coupling constants J4, A C {1,...,n}, with distribution
supported on R>y. As said in the introduction our main interest is in sparse
systems, a typical example of which is given below.

The thermodynamic potential of interest is the free energy

1 1
F, = —ﬁan = —ﬁln Z exp(—Ho(0o))
oe{tl}n

where Z is the partition function of the model. The average free energy is
defined as f,, = E F,, where E is the expectation over all the coupling constants.
For models of physical interest one expects that F), concentrates over f,. Our
theorems on overlap concentration stated below are formulated in a generic
setting and hold as long as the concentration of the free energy holds:

Cr

E[(Fn - fn)Z] S n

(5.2)
for Cr > 0 a constant independent of n. In Appendix 5.4.3 we verify by
standard arguments that the following simple condition implies (5.2) (we do
not need J4 > 0 for this implication, see Proposition 5.1):

Condition 5.1. We assume that Ja, A C {1,...,n} are independent random
variables with finite second moment and such that 3_ , ¢ ., Var(Ja) < Cpn
for a numerical constant C'r > 0 independent of n.

Models of physical interest also have a well-defined thermodynamic limit
for f,. This requires a little bit more structure on the distribution of the
couplings J4 and will not be used (see [89, 90] for proofs of the existence of such
limits). For completeness we give a simple hypothesis and standard argument
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in Appendix 5.4.3 that guarantees the existence of the thermodynamic limit
in the case of ferromagnetic models (see Proposition 5.2).

Let us give a canonical example of ferromagnetic spin system on a sparse
random graph where Condition 5.1 is satisfied as well as the existence of the
thermodynamic limit of the free energy. Note that our results also cover dense
graph systems as long as J,4 are suitably rescaled with n so that Condition 5.1
1s met.

Example 5.1 (K-spin models on the Erdés-Rényi hypergraph). A sparse fer-
romagnetic K-spin model with coupling strength J > 0 and magnetic field
H > 0 can be constructed as follows. For all subsets A C {1,...,n} with
cardinalities different from 1 and K set J4 = 0. For all A such that |A| =1
set Jx = H. In other words the Hamiltonian contains the one-body term
—HY"" | 0;. For all subsets with |A| = K take for Js Bernoulli random vari-
ables with P(J4 = J) = yn/(;) and P(J4 = 0) = 1 —yn/(}) where v > 0.
The Hamiltonian thus contains on average of the order of yn interaction terms
of the form —Jo4,04, ...04, where a;, 1 = 1,..., K are chosen uniformly at
random in {1,... ,n} without repetition.

This model can be generalized to mized K -spin models as follows: Fiz H >
0, Jo,....Jgx > 0, yo,...,7x+ > 0. Let k = 2,....,K*. We then draw
Bernoulli random variables for the couplings of subsets with cardinality |A| =
k such that P(Ja = Ji) = wn/(}) and P(Ja = 0) = 1 — yn/(}). And
again of course Jo = H for A such that |A] = 1 and J4 = 0 if instead
|A| # 1,2,...,K*. These models are generalizations of the Ising two-body
ferromagnet on a standard Erdds-Rényi random graph. In Appendiz 5.4.3 we
verify that Condition 5.1 is satisfied so that F,, concentrates on f,, and also
that the thermodynamic limit of f, exists.

Any observable is a linear combination over subsets T C {1,...,n} of
o7 = [[;er 0i and their Gibbs expectation is denoted by

(o) = % Z orexp(—Ho(o)) .

oc{xl1}n

The crucial property of ferromagnetic models that will be instrumental in our
analysis are the Griffiths-Kelly-Sherman (GKS) correlation inequalities (1.9)
and (1.10).

The multi-overlaps (simply called overlaps) are defined for any integer p > 1
as

1
b = — g ai(l) o) (5.3)
n
i=1

where {o(®, o = 1,...,p} is a set of p replicas of the spin configurations drawn
according to the p-fold tensor product of the Gibbs measure. We emphasize
that in this work the replicas are always uncoupled and i.i.d.. The Gibbs
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average w.r.t. the tensor product Gibbs measure is still indicated as (—).
Note that

n n

(Qp) = %Z<O’§1) Py = lZwi)p, p>1.

i=1 {Cr—

It is well known that concentration results for overlaps generally require the
addition of small perturbation terms whose role is to select “pure states”. With
suitable such perturbations, and under a suitable concentration hypothesis for
the free energy (of the perturbed model) we show that for large n: i) For any
instance of the random model (i.e. of the quenched disorder) @, concentrates
over (Q,); and 1) (Q,) concentrates over E(Q,). These two concentration
properties imply that overall (), concentrates on E((Q),). One then expects
that the free energy is given by the replica symmetric formula but this is still
an open problem.

We consider one-body perturbation terms H,e(o) added to the generic
Hamiltonian (5.1):

Hpert(07) = —ho Z o —h Z TiOi (5.4)
i=1 i=1

with hg € [0,1], hy € [0,1], 7, ~ Poi(an’!) iid. for i = 1,...,n and
acl0,1],0 € (1/2, 7/8]. The first part of the perturbation, proportional to hy,
is called homogeneous perturbation while the second part proportional to hy is

called Poisson perturbation. Both are purely ferromagnetic such that the GKS

inequalities remain valid. Note that in distribution hy Y | 705 4 hy 25:1 o,

where I' ~ Poi(an?) and i, is randomly and uniformly chosen from {1,...,n}.
While this second expression might seem more natural, the first equivalent
expression allows a more compact notation in our analysis. We associate to

the total Hamiltonian (5.1) + (5.4), i.e.
H(o) =Ho(o) + Hpert(0) , (5.5)

its partition function 2y, ., Gibbs expectation (—)p, n,.a, free energy
1
Fn(ho, hl, Oé) = _ﬁ 111 Zho,hl,a

and average free energy f,(ho, h1, ) = E F,(ho, hy, ) defined similarly as be-
fore with Hg replaced by H. Here E is the expectation over all quenched vari-
ables, i.e., J4, AC{l,...,n} and 7 = (71,...,7,). An elementary argument
shows that the perturbation does not modify the thermodynamic properties
as long as hy — 04 (a can be taken fixed). More precisely in Appendix 5.4.1
we show

Oéhl

ni-o-

|fn(h0a hlaa) - fn(07070)’ S hO + (56)
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In particular, limp,_o, lim,— o0 [ fn(ho, 1, ) — fu| = 0. Note also that the
pressure associated with the perturbed Hamiltonian satisfies the concentration
requirement (5.2) as soon as the unperturbed one does.

We can now state the main concentration results. From now on, in the rest
of the paper it is understood that n is always large enough.

Theorem 5.1 (Thermal concentration of the overlaps). Assume the Hamil-
tonian H given by (5.5) satisfies (0;05) — (0;)(0;) > 0 for alli,5 =1,...,n.
Then for any [k, h] C (0,1), hy € [0,1], a € [0, 1], we have for any instance of
the random Hamiltonian

h
2
/h dho ((Qp = (@) g 1o < 2.

n

The next two results use the concentration of the free energy (5.2) for the
total Hamiltonian (5.5). This holds under Condition 5.1 and the constant Cp
can easily be made independent of hg, hy, .

Theorem 5.2 (Total concentration of the magnetization/first overlap). As-
sume the Hamiltonian H given by (5.5) satisfies (o;05) — (0:)(cj) > 0 for
all i,7 = 1,...,n and assume also that Condition 5.1 holds. Then for any
[h,h) C (0,1), hy €[0,1], a € [0,1] we have

" 15CF + 40
[ 0@ B Q) < T

h

Remark: Let us make a few remarks about these two theorems. First of all,
the Poisson perturbation is not needed and we can set hy = a = 0. Second,
when both GKS inequalities hold 2p/n can be replaced by p/n in Theorem
5.1 as it will become clear from the proof. More interestingly: Assuming only
(0;0j) — (0:)(oj) > 0 is weaker than assuming both GKS inequalities and
even weaker than assuming only the second one. This assumption is satisfied
(for example) for all Hamiltonians satisfying the Fortuin-Kasteleyn-Ginibre
(FKG) inequality. An example is J4 > 0 except for one-body terms (magnetic
fields) that may have arbitrary sign. So in particular, Theorems 5.1 and 5.2
cover the random field Ising model (RFIM). Another example is strong enough
ferromagnetic two-body terms and any sign for magnetic fields and higher order
interactions.

The next theorem assumes both GKS inequalities and its extension to
systems satisfying only FKG is an open problem. It would be of interest
to extend this theorem to the RFIM. Moreover, both the homogeneous and
Poisson perturbations play an important role in the proof.

Theorem 5.3 (Total concentration of the overlaps). Assume the Hamiltonian
H given by (5.5) satisfies both GKS inequalities (in other words assume all



5.3. Proofs of concentrations for the overlaps 113

) and also that Condition 5.1 holds. Then for any [h,h] C (0,1),
(0,1), hy € (0,1] and 6 € (1/2,7/8] we have

h a 4p? 15CFr + 40
/h dhe / A0 E((Qy — EAQ) o) Vg o < 7o S

~ (tanh hy)P n(0-1/2)/3

The bound yields a decay O(n~'/#) for # = 7/8. Also note that the prefac-
tor on the r.h.s. grows exponentially fast with k. The details of the proof show
that a slowly growing h; can be accommodated and we can take h; = O(Ilnn)
to mitigate this growth.

5.3 Proofs of concentrations for the overlaps

The main aim of this section is to prove Theorem 5.3. The proof is generic
and essentially requires only two ingredients: i) That the Hamiltonian H given
by (5.5) is purely ferromagnetic so that the two GKS inequalities, (1.9) and
(1.10) are verified; i) the free energy of the perturbed model concentrates in
the sense of (5.2). In the process we also obtain the proofs of Theorems 5.1
and 5.2.

To ease the notations in this section we do not indicate explicitly the ar-
guments hg, hi, a in the Gibbs brackets and free energy.

5.3.1 Preliminary remarks

Theorem 5.3 will be a consequence of the individual control of three types of
overlap fluctuations. One can verify by expanding the squares that the total
overlaps fluctuations can be decomposed as

E<(Qp - E<Qp>)2> = E<(Qp - <Qp>)2> + E[((Qp> — ET(QF>)2j|
+E[(E(Qy) — E(@Qy))"] - (5.7)

The first type of fluctuations are purely thermal fluctuations and are controlled
in Theorem 5.1 thanks to the homogeneous part of the perturbation in (5.4);
for the analysis of these fluctuations the Poisson perturbation can be dropped.
The last two terms are the disorder fluctuations due to the quenched vari-
ables. Their control requires the Poisson perturbation®. The second term are
fluctuations directly related to the Poisson perturbation itself, called Poisson
fluctuations, and is controlled by Lemma 5.2. Here, E.. is the expectation with
respect to the Poisson random variables 7, with 7, ~ Poi(an’~1) ii.d. for
1 = 1,...,n. The third term are the fluctuations due to all other quenched
couplings in the unperturbed Hamiltonian and is controlled by Lemma 5.6. In
Section 5.3.6 we show how to combine all these concentration results in order
to obtain Theorem 5.3.

31t is an open problem to assess if these can be dropped and the fluctuations controlled
only thanks to the homogeneous perturbation.
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5.3.2 Thermal fluctuations of overlaps: proof of Theorem
5.1

We start by considering the thermal fluctuations for a fixed realization of
quenched variables. Note that

d—hoz——zm = —{ (5.8)

i = 2 (o) — @) = (@ Q@) 69)
ij=1
The second identity shows that the free energy F,,, as well as its expectation

fn, are concave in hg (a generic fact in statistical mechanics models).
By the definition (5.3) of @), we have

<(Qp - <Qp>)2> = Q2 - <Qp>2
== Z 0i0;)" — (04)"(0;)")

= 53 o) — (oo Tl o) - (510)

Using (0;0;) — (0;)(o;) > 0 for all 4,j = 1,...,n and the triangle inequality,
(5.10) is upper bounded as

<(Qp_ )? Z 0i0j) — (0i){(0;)) -

i,7=1

Hence, integrating this inequality over hg € [k, h] and using (5.9) we have

h O @RE, p Wi 2
/h dho ((Qp — (@p))?) < —P/ dho W a2 " n {Qulno=n = —-
Note that if the first GKS inequality also holds then (¢);) > 0. Therefore,
<[(QUnZh <
and 2p/n becomes p/n. O

5.3.3 Disorder fluctuations of the magnetization

Before considering the concentration of general overlaps we need to control
the quenched fluctuations of the first overlap @)1, that is the magnetization.
Indeed, our proof of the concentration of the overlaps w.r.t. the quenched
variables in Section 5.3.5 is based on an induction argument where the induc-
tion is on the order p of the overlaps ),, and the following lemma will serve
as the base case for the induction. In order to control these fluctuations the
homogeneous perturbation alone is again sufficient.



5.3. Proofs of concentrations for the overlaps 115

Lemma 5.1 (Concentration of the magnetization w.r.t. the quenched disor-
der). Assume that Condition 5.1 holds. Then for any [h,h] C (0,1) we have

h
/h dho E[((Q1) — E(Q1))?] < 15(?51—/_3F40

Remark: There is no need to assume J4 > 0 here. So this lemma holds
generally even if GKS or FKG inequalities do not hold.
Remark: Combining Theorem 5.1 and Lemma 5.1 yields Theorem 5.2.

Proof. Below it will be convenient to indicate explicitly the hy dependence in
the free energy. Recall f,(ho) =E f,(ho). From (5.9) we have

Q1) — E(Q,) = df:;lf;w _ dﬁ;}f@ |

Since F), and f, are concave in hg as seen from (5.9), we can use Lemma 3.12
to obtain

Q) —E@)I<d" > |E(w) = fulu)| + G (ho) + C (ho)

ue{ho—(s,é,ho—l-(s}

where

dho dho (5.11)
_ __ dfn(hog—96 dfn (h
C5 (hy) = & fﬂ;; ) _ fdéo") > 0.

{ C;(ho) = dn(ho) _ dfn(hotd) 0,

Squaring both sides, applying (Zle u,)? < kazl u?, and then taking an
expectation we have

E[((Q0) —E(@Q))] <562 Y El(Fu(u) — fu(w))’]

u€{ho—6,6,ho+6}
+ 5C5 (ho)? + 5C; (ho)?. (5.12)

Under the assumption (5.2) about concentration of the free energy, the first
term is smaller than 15Cr/(nd?). Next, using |?T*;| = |[E(Q1)| < 1 allows to

assert from (5.11) the crude bound C§ (hg) < 2. Then using C5 (ho) > 0,

/h dho (C5 (ho)* + C5 (ho)?)

IN
>

2/ dho (C5 (ho) + C5 (ho))

[(fn(il - 5) - fn<B+5>) + (fn(h‘i‘ 5) - fn<h_ 5))}
0,

IA
0 N
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where the mean value theorem has been used to get the last inequality. When
(5.12) is integrated over hy we reach

/h dhoE[(<Q1> —E<Q1>)2} < 1;266; + 400 .

The proof is ended by optimizing the bound by choosing § = n=/3 for n large
enough. [

5.3.4 Poisson fluctuations of overlaps

Lemma 5.2 (Concentration of overlaps w.r.t. the Poisson perturbation).
Assume the Hamiltonian H given by (5.5) is fully ferromagnetic so that both
GKS inequalities hold. Then for any [h,h] C (0,1) we have

aphy
nl—0 -

h
/h dho B [((Qy) — EA(Q,)?] <

Proof. Recall T is a random vector with i.i.d. components 7; ~ Poi(an’~!)
for j € {1,...,n}. Let 77 be the random vector that differs from 7 only
at the j—th component, which is replaced by a new 7} ~ Poi(an?~1) drawn
independently from everything else. For this proof we explicitly keep track
of the 7 dependence in Gibbs expectations (—),. The Efron-Stein inequality

states (1(-) is the indicator function)

E- [((Qp>f - ET(Q}J)T}?} < %ZET\TJ'EUETJ‘ [(<Qp>-rj - <Qp>f)2}

J=1

= 2 S B BBy [1(7 > ) (@) — (@0)0)7]

Jj=1

LS BB B 1 = 1)@ — (@)1

b3 Y B BB (1 < 1)(@uhrs — ()]
= ZET\TjETjET]‘ []l(Tg,‘ > Tj)(<Qp>'rj - <Qp>7')2} . (5~13)

To get the second equality we used that the term with 7] = 7; vanishes and that
the terms with 7/ > 7; and 7; < 7; are equal by symmetry (under exchange of
7; and 7;). The two GKS inequalities imply

HQobr _ P S 01 (0,0, — (02} (3)) 2 0

de n <
=1
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and therefore (Q,)ri — (@) = 0 when 77 > 7; (here note that 7; is an

integer but we formally consider it real when computing a derivative and then
restrict the obtained monotonicity result to the integer case). This together
with 0 < (Q,)r <1 (by GKS) implies ((Qp)+i — (Qp)+) € [0,1]. Then (5.13)

implies

B, [((Qp)r = Er(@p)r)’] <ZET\TE B [1(7) > 7)) ((@p)rs — (@p)r)] -

(5.14)

Let A; —7;and v/ = (0,...,0,1,0,...,0) with u; = 1. This allows us to
rewrlte 7'J = 7+ A;u’/. An interpolation gives

<Qp>T+A]-uj - (Qp>‘r
Lo
/0 dsd <Qp>7-+sA ‘ud

phl
/ ds Z Uz T+5A wi Uzo-j>‘r+sAjuj - <Ui>T+sAjuj <gj>T+sAjuj) :

(5.15)

Under the condition 7} > 7, the integrand in (5.15) is non-negative by the two
GKS inequalities. Also note that, again by the two GKS inequalities,

L (01007 — {0 elos)r) = ~2ha 033 (0103} — (@2)2e)7) <O

Tj
so that, as A; > 0,

<0iaj>‘r+sAjuj - <0i>‘r+sAjuj <Uj>T+sAjuj < <Uiaj>7' - (0'1‘>7-<0'j>7-o (5'16)

Therefore, substituting (5.15), (5.16) into (5.14) and simply upper bounding

<0‘Z>f__:9A w Py 1, we obtain

ET[(<QP> - <Qp>~r)2}
<P Z E,E. [L(7] > 7) (7} — 73) ({050)7 — (o) {03)-)] . (5.17)

2,j=1
For given tau,; fixed, the part containing T]{ has an upper bound independent
of j:
«
nl—0

B, [1(7j > 7)(7j — 7)] < Brlrj] =

because 7; > 0 and 7/ ~ Poi(an’~"). This further relaxes (5.17) to

ET [(<QP>7' - ET<Q}7>T>2]
= fﬁi Y Ec[{0i0))r = (oi)r(05)x] = aphin’E-((Q1 = (@1)-)7), (5.18)

i,j=1
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(recall (5.9) for the last equality). Finally, integrating (5.18) over hg € [h, h]
and using Theorem 5.1 with p =1 (the factor 2 can be removed here because
we assume both GKS inequalities) ends the proof. [

5.3.5 Last type of fluctuations of overlaps

In this section we tackle the last kind of fluctuations in the decomposition
(5.7). Before proceeding let us say a few words about the strategy. The proof
is decomposed in three steps (where the first two follow the ideas used in
proving the Ghirlanda-Guerra identities for spin glasses [79]). The first step
shows that the a-derivative of the free energy concentrates which will lead
to Lemma 5.3 (recall a controls the mean of the Poisson quenched variables
7;). In the second step we derive an identity which links a “generating series”
containing overlap covariances to the product of an overlap and the free energy
a-derivative fluctuations. Using the concentration result of step one we can
show that this generating series concentrates, leading to Lemma 5.4. In the
third step, from the concentration of this generating series we extract the
concentration of each overlap covariance, leading to Lemma 5.6. In particular,
this will imply the control of the third kind of fluctuations in (5.7). The third
step is non-trivial as the generating series has alternating signs. Nevertheless,
we overcome this problem using an induction argument over p (the order of
the overlap) thanks to the GKS inequalities and to Lemma 5.1 for the base
case p = 1.

Step 1: Concentration of the free energy «-derivative

Let F, (o) = E,F,. Note that the free energy f,(a) = EF, is obtained by
taking an expectation over the rest of the quenched variables. We start with
a few preliminaries about these functions. We emphasize the o dependence
in this section. As before let u/ = (0,...,0,1,0,...,0) with u; = 1. Recall
7; ~ Poi(an?!). Then a straightforward algebra using the Poisson property
(4.46) yields the following identities:

A

dF,(«) 1 <& N
doe | p2o ZET In(e™),
i=1
1 < 1
= > E,In(1+ (0;), tanh ) — ——gncoshhy,  (5.19)
i=1
d2ﬁn(a) 1 - o; o;
do2 p320 Z (]E,. hl(ehl DN rwi — Er ln<eh1 )T)
ij=1
1 n
— 320 Z <]E7. In(1 + (0i)r4u tanh hy)
ij=1

—E,In(1 + (0;), tanh hl)) , (5.20)
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where we used e = coshz(l + otanhz) for ¢ = +1. The derivatives for
fn(a) can directly be obtained by taking an expectation over the rest of the
quenched variables:

dfy(a 1 ¢ 1
dé ) == ZEln(l + (0;)r tanh hy) — Wlncosh hi, (5.21)
i=1
d*f () 1 <
TE = T Z (E In(1 + (0;) 74w tanh hy)

ij=1

~Eln(1 + (0;), tanh h1)> . (5.22)

The second GKS inequality (1.10) implies that d{(o;),/dm; = hi({o05)r —
(0i)+(0j)+) is non-negative, and therefore (0;)r < (0;)r4ui. Thus the identities
(5.20) and (5.22) imply (using also 1+ (o;) tanh hy > 0) that d2F}, () /da? < 0
and d?f,(a)/da® < 0, which means that F,(a) and f, () are concave in o
(note that in order to obtain this concavity we used only the second GKS
inequality, without the first one here). One can also see that

‘dfn(a) ’ _
da

ha

nl-0"’

<

(5.23)

1 n
=DILITEIG
n
=1

noting that | In{e™ )| < h; because hy > 0 and o; € {—1,+1}.
We can now show a concentration result for the a-derivative of the free
energy based on Lemma 3.12.

Lemma 5.3 (Concentration of the free energy a-derivative). Assume the
Hamiltonian H given by (5.5) satisfies (o;0;) — (0;)(0;) > 0 for all i,j =
1,...,n and assume also that Condition 5.1 holds. Then for any [a, @] C (0, 1),
ho € (0,1), hy € (0,1] and 6 € (1/2,1) we have

a dP,(a)  dfu(a)\2] _ 15Cp + 40R2
_ < = -1
/a da[( da da )] SR

Proof. The proof is similar to the one of Lemma 5.1. Using Lemma 3.12, the
concavity of Fj, and f, in « implies that for any § > 0 we have

dF,(a) dfn(a)‘
da do

<5 B — fulw)

ue{a—d,a,a+6}

+C5 (@) + C5 (@)
(note we can take § small enough so that & — ¢ > 0) where

dfua)  dfula+9) dfn(a —0) _dfala)
do do dov doe

Ci(a) = >0, Cy () 0.
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Squaring both sides, applying (3-F_, u,)? < kS2F_ | 42 and averaging we get

r=1"r

(e IR ML Rt

+5C5 (a)? +5C5 (). (5.24)
It is easy to check that
E[(Fo(@) = fa(@)?] = E[(Fu(@) = fu(@))?] = E[(Fa(a) = Fo(a))?]
E[(Fa(a) = ful@))?].

Thus under the concentration assumption (5.2) for the free energy, the first
term in the r.h.s. of (5.24) is smaller than 15CF/(nd?). Next, we recall (5.23)
which implies the crude bound C5 (hg) < 2hy/n'~, so using C5 (ho) > 0,

IA

/O[doz(C'(;F(oz)2 + C(s_(a)z)

< 285 [ da(ci)+ G )

2y ., _
= = [(fl@ =) = fula+0)) + (fula+06) = fala—9))]

852

— n2-20

where we used the mean value theorem for the last inequality. Thus when
(5.24) is integrated over av we obtain

/a dME[(an(a) B dfn(“))? < 15Cr + 406k : (5.25)

do do no? n2-20

The proof is ended by choosing ¢ such that n=1d72 = dn=2*??_ in other words

§ = n=29/3 which is possible for # > 1/2 (because we must have ¢ small
enough in (5.25)). With this choice the upper bound in (5.25) becomes (15Ck+
40h?) /n®=19/3 Note that 5 — 40 > 0 because § < 1 anyway. O

Step 2: Linking the fluctuations of the free energy a-derivative to a
series of overlap covariances

In this step P > 1 is an integer fixed throughout. Define the set of multi-
overlap covariances (w.r.t. the quenched variables except the Poisson ones 7)
as

COVP,p = E[ET <QP> ET<QP>] - E<QP> E<Qp> ) k > 1. (5'26)

The task is to bound the variance of E-(Q,) using Lemma 5.3. However,
here is a case where constructing a bound for the covariances is more flexible
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and feasible. Roughly speaking, we will show in this step that a generating
series for the set {Covpy,,p > 1} is small. From this knowledge, and despite
this series has alternating signs, we will in step 3 deduce that all individual
covariances Covp,, are also small. In particular, this will hold for the variance
term p = P.

Lemma 5.4 (Concentration of a generating series). Assume the Hamiltonian
H given by (5.5) satisfies (o;05) — (0:)(0j) > 0 for all i,j7 = 1,...,n and
assume also that Condition 5.1 holds. Then for any [a, &] C (0,1), hy € (0,1),
hy € (0,1], 0 € (1/2,1) and any fized integer P > 1 we have

a L (—1)pH! V15Ck + 40h?
/ dov ‘ ) (tanh hy)? Covp,| < 13 L, (5.27)
@ k=1

Proof. By the Cauchy-Schwarz inequality and Lemma 5.3 we have

[ o [B[En e () Aty

= {/: daE[(Er@P))Q]}I/Q{/; daE[(deLO(éa) B df;((f))Q]}l/Q

V1 4072
< V15Cr 40k (5.28)

1, (5-46)/6

The next step is to expand the a-derivatives of the free energy. For that
we recall the formulas (5.19) and (5.21). Taylor expanding the logarithms in
(5.19) and recalling n=* >°7  (0:)P = (Q,) gives

dF,(a)
do

1 o (= 1
- _nl—H Z P (tanh h)p ET<Qp> - W In cosh hl .
p=1

The series expansion of g—g is obtained similarly based on (5.21), and is thus the
same with [E, replaced by the full expectation [E. Substituting these expansions
in the left-most hand side of (5.28) yields

p

< VI5Cr +400F

1, (5-46)/6

/ " da ‘ 3 (—1)P* (tanh 1y )"{E[E,(Qp) E+(Q,)] — E(Qp) E(Q,)} ‘

Recognizing (5.26) then ends the proof. O
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Step 3: An induction argument over the overlap covariances

We start with a useful monotonicity lemma that will allow us to control the
alternating signs of the generating series in Lemma 5.4.

Lemma 5.5 (A property on monotonicity). Assume the Hamiltonian H given
by (5.5) is fully ferromagnetic and thus satisfies both GKS inequalities. Then
we have

1 tanh hq
—COVRp —
p+1

COVP7p+1 Z 0.

Proof. Let J = (Ja,A C {1,...,n}). Define gp(J) = E-(Qp) and g,(J) =

SEA(Qp) — BEHME(Qpr1). One can then recognize

1 tanh hq

ECOVPJ; — n 1

so it is enough to verify that gp(J) and g,(J) are positively correlated. Note
that the expectations in (5.29) only carry over the set of i.i.d. random cou-
pling constants Ja, A C {1,...,n}. By the GKS inequalities the following
derivatives are non-negative:

g3 = S [0 (00— o) 2 0,

Covppi1 = Elgp(J) gp(J)] = Egp(J)Egy(J)  (5.29)

d . I _

mgp(J) == > Er (o) (1= (o) tanh by ) ((0304) — (o7)(0a))] > 0.
i=1

In other words, gp(J) and g,(J) have same monotonicity w.r.t. each Ju for

all A C {1,...,n}. We can then apply the Harris inequality (reproduced in

Lemma 5.7, Appendix 5.4.2) to finish the proof. ]

Now we have all the necessary ingredients in order to inductively extract
the concentration of each individual overlap from Lemma 5.4.

Lemma 5.6 (Concentration of the overlaps w.r.t. the quenched variables).
Assume the Hamiltonian H given by (5.5) is fully ferromagnetic so that it
satisfies both GKS inequalities, and also that Condition 5.1 holds. Then for
any [h,h] C (0,1), [a,a] C (0,1), 8 € (1/2,1), hy € (0,1] and any p, P > 1
we have

h a M, 1 1
/ dh() / dO{ |COVP7p’ S (t b V4 5OF + O
h a

anh hy)p n@-1/2)/3 7

where M, is defined by My = 1, My, = Mop_1 + 1, Mopi1 = Mo, +2 (so
M, < 3p/2). In particular for p =P,

h a 2 3p° V15Ck +40
[ o [ a0 [(BQ) ~EQ)) € g et
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Proof. We start the induction with the base case k = 1. From (5.26) we note
that

Covpy = E[E-(Qp) E-(Q1)] — E(Qr) E(Q1)
= E[]ET<QP> <Q1>] - E(QP E<Q1> = E[ET<QP>(<Q1> - E<Q1>)] .

Then, using successively Fubini’s theorem, the Cauchy-Schwarz inequality and
Lemma 5.1, we have

/ dho/ da|CovP1\—/a /hhdho‘]E Qr)((Q1) — E(Q1))]]
/da/ dho E[(E-(Qp)) } /da/ dhoB[({Q1) — <Q1>)}}1/2

< V15CF + 40 < 15CF + 40

nl/6 — nl-1/2)3tanh h;

(5.30)

Note that the last inequality is valid because 0 < tanhh; < 1 and 6 < 1. For
p > 2 we adopt an induction in two steps: From 2p — 1 to 2p and then from
2p to 2p + 1.

We start with the induction step from 2p — 1 to 2p. Suppose

h @ 20 — 1) My, 1 v/15CF + 40
/ dho/ do |COVP’2p_1| ~ ( P ) 2p—1 rt .
h

(tanh hy)2~1  p6-1/2)/3

(5.31)

The left hand side of (5.27) is

/ "o E e
da ’ ~——(tanh h OVp,y
[e% p'=1 p, ' e

C e : 1 h
= / da ‘ Z(tanhh )217 _1< COVP,Qp’—l — tan hl COVPQp)

o o 2p —1 2p'
@ > ;o 1 tanh hy
= /Oé do plgl(tanhh )2p ! 2p’ — 1COVP,2p/_1 2p COVPQP
(5.32)
a tanh hy )21 tanh hy )%
Z /Oé do ‘%COVPQ})—I — %COVP,QP (533)

where (5.32) follows from h; > 0 and Lemma 5.5. By the triangle inequality
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we have
tanh h 2p h a
M/ dhO/ dor |Cov pay|
tanhh -1 tanh hy)?
/ dho/ 2p _1)1 COVRQp_l - %COVR%,)
tanh )%t
— %COVpgp_l‘
(tanh hy)?P~1 tanh hy )2
/ dhg/ dCY 2p _1 1 COVng 1 — %COVPQP
(tanh hy)?~1
+ 2p_1 / dho/ dOé‘COVpgp 1‘
h —1)” ,
< / 0/ do ) Z tanh hy)P Covp,y
p'=1
(tanh hy )1
+ 2p_11 / ho/ dOé|COVP2p 1‘ (534)
V15CH + 40h2 VI5CH + 40
S eme T Map-1 =123 (5.35)
V15CE + 40
S <M2p—1 + 1)W (536)

where (5.34) follows from (5.33), then (5.35) follows from Lemma 5.4 and the
hypothesis (5.31), and finally (5.36) uses h; € (0,1]. Summarizing, we have
shown

h @ 2pM,, /15CE + 40
h «a

= (tanhhy )2 n(0-1/2)/3 (5.37)

with Mgp Mgp 1+ 1.
Now we proceed similarly for the induction from 2p to 2p + 1. This time
we start with

p+1

/ do ‘ Z (tanh 2y )P Covp,y

tanh h
/ do ‘ Z(tanh hl)zp <2p/ COVPQp 2p/—_'_1ICOVP72p/+1)

Z tanh h

= ; - tanh ]’Ll 2’ COVPQP 2]9/——}—1100VP’21)/+1‘ (538)
@ tanh h tanh hy )Tt

Z /Oé do %COVP’QP — %COVP,QIH& (539)
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where (5.38) follows from Lemma 5.5 and hy > 0. Also we have

1p+1

/ do ‘ Z (tanh hy )P Covp,y

/

1p+1

= / do ‘ Z " (tanh hl)p/COVp’p/ — tanh 7, Covp;
p=1

+tanhh1/ da |Covpy|. (5.40)

/

[l
o —F——(tan OV p .,
o p'=1 p/ ! o

IN

Then we proceed as

(tanh hy )2t /h /a
R dh da |C
w1l ), M) a|Covpapiil

h a - 2 2p+1
(tanh hy )P (tanh hy )P
= [ dh d ‘ (— - )
/h 0 /a « o Covpap i1 Covpapt1

_ (tanh hy)*
2p

h & 2 2p+1
tanh hq)*P tanh hq)*P
< /h dho/a da ’%COVRQI) — %CO\/P,%H‘

t hh 2p h a
+M / dhy / der|Covpay|
h a
h p+1 ,
§/ 0/ da‘z (tanh hy )P Covp,y
tanh i) " a
+(an—1/ dhO/ dov|Covpa,| (5.41)
il 1)p
g/ dho/ da‘Z—(tanhhl) Covp,
h

—|—tanhh1/ dho/ da |Covpy|

hhy )2
+(tan—h1/ dho/ da |Covp.,| (5.42)

< V15CF + 40h? . V15CF 440 V15CF + 40

n(6-1/2)/3 n6—1/2)/3 + My, n(0—-1/2)/3

V15CFE + 40

n(6-1/2)/3

OVP72p

(5.43)

< (MQP + 2)

where (5.41) follows from (5.39), then (5.42) follows from (5.40), and finally
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(5.43) follows from Lemma 5.4, (5.30) and (5.37). Summarizing,
2 1) M. V1 4
/ dho/ dat |Cov papsa| < 22T VMzps vI5Cr 40

(tanh hy)2tt  pl0-1/2)/3
with My, 11 = My, + 2, which ends the induction argument. O

5.3.6 Proof of Theorem 5.3

We finally show how to combine all the concentration results we obtained
in order to prove the following theorem. This theorem is a mild variant of
Theorem 5.3. Inequality (5.44) below is exactly Theorem 5.3.

Theorem 5.4 (Overlap concentration). Assume the Hamiltonian H given
by (5.5) satisfies both GKS inequalities and also that Condition 5.1 holds.
Then for any moment k > 2, [h,h] C (0,1), [a,a] C (0,1), hy € (0,1],
0 e (1/2,7/8],

R a 2pk  (15Cp + 40)Y/4
k k o
/h dho/a do E(|Q% — E[(Qp)]*]) < (tanh )2 01776

Proof. We integrate both sides of (5.7) over hy and . As all the square terms
are bounded by 1, by Fubini’s theorem we are free to exchange the order of
the integrals. Theorem 5.1, and Lemmas 5.2 and 5.6 are applied accordingly
and lead to the estimate (for any p > 1)

/ dho/ daE((Q, — E(Q,)))

L/ (a® — a?)phy pM, /15CF + 40

< 210 (tanh Ay nC- 1273

4p?  /15Ck + 40

= Ganh ) n@-172)73

using 0 € (1/2,7/8] (the 7/8 is enforced by (0 —1/2)/3 <1-0), [a, @] C (0,1),
hy € (0,1] and M, < 3p/2. Finally, observe that

(5.44)

k‘
,_.

(10}~ EHQT) = B{|(@, ~ @) Y- 5Bl

1=
< KE(|Q, —E(Q)])-
By the Cauchy-Schwarz inequality we then have

[ i [ o=} - B )
Sk:{/hhdho/jda}l/z{/hhdho/ao_‘daE«Qp_E<Qp>>2>}1/2

which ends the proof once combined with (5.44). O

O
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5.4 Appendix

5.4.1 Proof of the approximation inequality (5.6)

Note that
| fu(ho, By, @) = £4(0,0,0)]
= | fu(ho, h1, ) — fu(0, R1,0)]
< ‘fn(hOuhlaoo - fn(07h17a)| + ‘fn((]?hl?a) - fn(()?hlvo)‘ :

We have |%’:1’Q)| = |E(Q1)|] <1 and from (5.23) we also have |W| <

hin~(1=9_ Thus by the mean value theorem we obtain (5.6), i.e. |f,(ho, b1, a)—
fn(0,0,0)] < ho + ahyn= 079,

5.4.2 Multivariate Harris inequality

For completeness we provide here a simple proof of the multivariate version of
the Harris inequality. We refer to [91] for more information.

Lemma 5.7 (Multivariate version of the Harris inequality). Let g, g : R" — R
be two functions of the random vector x = (x1,...,x,) where all components
are independent random variables. If for alli € {1,...,n} g and g are both
monotone w.r.t. x; with same monotonicity, i.e. O, g(x) 0y, g(x) > 0V i, then

Elg(z) g(x)] — E g(x) E g(z) = 0.
Proof. Let Xg = (@i, Ti41, ..., x;). The monotonicity w.r.t. z; implies
Ex1Ex’l [(g(xh X;) - g(xllv Xg)) (g(xlv XS) - g(wlla Xg))} 2 0
which by expanding the product can be simplified to
Eq [9(x) §(x)] — Es, g(x) By, G(x) > 0.
The proof then proceeds by induction. Suppose
E, 1[9() §(0)] — Ey19(x) By 13(x) > 0. (5.45)
Again, the monotonicity w.r.t. x; implies
By Bar [(Bgirg (i 20X ) — By g (37 2, x04)
’ (Exflg(Xil_l? Li, X:'L+1) - Exflg(Xi_l? x/iv er'LJrl))} >0
which can be simplified to
By, By 19(0) B 13(x)] — Byi (%) Eyy §(x) = 0. (5.46)

The induction is ended by noting that with the hypothesis (5.45) the identity
(5.46) can further be relaxed to

Eyy [9(x) 3(x)] — By 9(x) Ey; §(x) > 0.

This ends the induction argument and the proof. O
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5.4.3 On the concentration and existence of the free
energy

We consider Hamiltonian (5.1) with independent random couplings J4, A C

{1,...,n} and prove the following generic result used in (5.2). We then discuss

a simple argument and condition that guarantees the existence of the thermo-

dynamic limit using the first GKS inequality. We verify that these results
applied to Example 5.1.

Proposition 5.1 (Concentration of the free energy). Let J4, A C {1,...,n}

,,,,,

numerical constant Cr > 0. Then we have E[(F,, — f,.)?] < Cr/n.

Proof. The proof is a simple application of the Efron-Stein inequality. Set
J = (Jy,AC{l,...,n}). Let J? be a vector such that J“ differs from
J only at the A-th component which becomes J/, drawn independently from
the same distribution as the one of J4 (note that the random variables Jy4
for different A do not necessarily have the same distribution). Efron Stein’s
inequality tells us that

1
E[(F,-EF,)?] < 3 > EnnEnEy [(Fu(J) = Fu(JW)?] . (547)
An elementary interpolation gives
|F(J) — Fp(JW)

1y [+ d /
:ﬁ‘/o ds%ln Z eXp{—HO(U,J(A))—G—S(JA—JA)GA}‘

oc{£l}n
1 1
- —‘/ ds (Ja — T )oa)s
nitJjo

Replacing in (5.47) (and recalling f,, = E F},) gives
1 1
]E[(Fn — fn)2] S N Z ]EJAEJ;; [(JA - JIIL‘)Z] = ﬁ Z Var(JA) .

1
< Z|Ja = Jul.
_n|A al

With the hypothesis on Var(.J4), the proof is complete. ]

An easy and more or less standard superadditivity argument proves that
the thermodynamic limit exists for the ferromagnetic model (5.1). We give
the argument for completeness. For simplicity we consider that there exists
a maximal size xp. independent of n such that |A| < xy... We suppose
furthermore that all J4 are independent with a distribution that depends only
on the cardinalities |A| (in other words, given a cardinality they are i.i.d.) and
also

Tmax

IEVEEDS

Ac{l,..n} |Al=1

(1 )mtian<c (5.19)
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where m(|A]) = E J4 and C' a positive constant independent of n.

Proposition 5.2 (Existence of the thermodynamic limit of the free energy).
Let J4, A C {1,...,n} be independent random wvariables with a probability
distribution supported on Rso depending only on |A|. Moreover, assume Jy =
0 for |A| > amax independent of n. Let (5.48) be satisfied. Then lim,,_, . fn
exists and is finite.

Proof. Fix non-zero integers ni, ny such that both are greater than ., and
n = ny + ne. Consider a set of realizations S = {Ja, A C {1,...,n}}. This
set can be split in three disjoint sets S = S U Sy U S12 with S; = {J4, A C
{1,...,711}}, 52 = {JA,A C {n1+1,,n}} and 512 = {JA,AQ{l,...,nl} 7é
0,AN{n;+1,...,n} #0}. Let —n~'In Z(S) be the free energy corresponding
to the Hamiltonian with couplings in S, and —n; ' In Z(S;) and —n,* In Z(S,)
be the free energys corresponding to the Hamiltonians with couplings from S;
and S5 only. One can show, using the first GKS inequality, that

InZ(S) >InZ(5)+1InZ(5,).

Then averaging over all coupling constants in S, using that they are inde-
pendent with distributions depending only on the cardinality |A| and that all
cardinalities are contained in S, S; and S5, we obtain

EsIn Z(S) > Eg, In Z(S1) + Eg, In Z(55)

which is equivalent to nf, < nyfn, +nafn, (for ny, ny greater than ). This
means that the function n — np, is a subadditive sequence and therefore by
Fekete’s lemma the limit lim,, , . f, equals inf, f,. To show that inf, f, is
finite note that

1 1
< — E mi —In2=—— EJs—In2<C—-1In2
fn < minH (o) — In - Z Ji—In2<C —1n

n o

using J4 > 0 and condition (5.48). This ends the proof. O

Consider now Example 5.1 for n large and K fixed. We have J4 = 0
for all subsets with cardinalities |A| different from 1 and K. For |A| = 1
the coupling constants J4 = H are deterministic so obviously Var(J,) = 0.
For |A| = K the couplings J4 are independent Bernoulli variables taking

value J with probability yn (I’é)_1 and 0 with complementary probability, so
Var(J,) = szn(;;)_l(l — yn(;;)_l). Thus

3 Var(Ja) = (?() T2 (Z) 1(1 —m (;) 1) < Jyn.

AcC{1,...,n}
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Therefore, Proposition 5.1 applies. Similarly, the condition for the existence of
the thermodynamic limit of the free energy is also met because the left hand
side of (5.48) equals

The mixed K-spin models can be treated similarly.



Discussion and Conclusion

In this thesis, we have developed adaptive interpolation methods for comput-
ing exactly the asymptotic mutual information for the dense SBM in Chapter 3
and the sparse CBM in Chapter 4. The proofs are direct (without first mapping
to external models), conceptually simple and self-contained. They provide new
techniques for adaptive interpolation methods and make the methods robust
to a broader class of models. If we recall Figure 1.3, we can see that in this
thesis we have addressed models belonging to the blue regions in Figure 1.3,
namely, dense-graph models and the sparse-graph models with binary erasure
channels. It is desirable to extend our adaptive interpolation methods to the
other sparse-graph models in Figure 1.3, such as Example 1.1 (sparse SBM)
and Example 1.3 (sparse CBM with binary symmetric channels). One major
bottleneck of our method for general sparse graphs is proving the concentration
of multi-overlaps. In Chapter 5, we have proved the required concentration for
related spin models on sparse graphs. The concentration result suggests that
the issue about concentration could be addressed for more general models, and
this would enable further development of the adaptive interpolation method.
Finally, we point out some interesting open questions about the adaptive in-
terpolation method for further development of this thesis.

Q1: Does continuous interpolation for sparse graphs exist?

In Chapter 2 and 3, we have presented continuous adaptive interpolation for
dense factor graphs. In fact, the primitive version of interpolation in [55]
started with a discrete one. When applying the discrete version to the model
in Chapter 2, time is divided into integer steps t = 0,1,...,T. At each step t,
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a new decoupled observation

. t)T,e) 70
go o W10 4
2 T ﬁ
is observed where Z" ~ N(0,1). At the end ¢t = T, the sum of all these
observations is

T >(t) T
~ q(t/Te) Z; a1 ~ ~
Y.ZE DNy Zi :_E/‘ T AX 7. 7~ 1).

i M{ T Z+ﬂ* Tmﬂwx)ﬁl’l A1)

We consider that T" tends to infinity (faster than n). This reduces the sum to
Riemann integral

TZ q(t/T,e) /Odsq(s €),

and recovers the integral part of R(1,¢) in (2.7).

On the contrary, in Chapter 4, we have presented a discrete adaptive in-
terpolation for sparse graphs. We might wonder if it could be simplified to a
continuous version. This is however not obvious. The interpolation in Chap-
ter 4 considers time ¢ = 1,...,7. Recall (4.18). At time ¢t = T, ignoring
the perturbation by H; and H;, the decoupled observations has the sum of
log-likelihood ratio

MEZ: vl i=1,...,n, (6.1)

t=1 B=1

where egt) ~ Poi(aK/T) follows a Poisson distribution. A continuous inter-

polation amounts to finding an integral expression for the distribution of U;
when 7" tends to infinity. For BEC, where U g)_” either equals to co with prob-
ability 2 or equals to 0 otherwise, the distribution of U; is characterized by
the probability
T
P(U, = o) = 1 - [J(1 - #")4"
t=1

It is not clear how to write this probability with an integral expression similar
to R(1,¢) for the dense graphs.
Q2: Can we extend Theorem 4.1 to an asymmetric prior?

We might want to understand how to extend Theorem 4.1 if we generalize the
prior to Po(07) = 76,0 41 + (1 = 7)d40 _y with r € (0,1/2]. In this case the
posterior (4.1) would be replaced by

P(o|J) ——exp{ZJA oa—1) +ZHUZ} (6.2)
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where
. 1
H;=-In d ,
2 1-—r
Z= Z exp{ZJA(aA—l)—i—ZI:Iiai}.
oe{—1,+1}n A=1 i=1

The equalities (4.7)—(4.14) that are based on the gauge transformation are no
longer true. Nevertheless, we still have the generic Nishimori identity (4.7).
In order to use this identity, we expect that the overlap parameters should be
re-defined with the one containing o®. How this new overlap would appear in
the sum rule is unclear, as the expression (6.2) does not immediately contain

ol

Q3: Can we extend Theorem 5.3 (concentration of multi-overlaps) to
inference models?

A larger class in inference, such as the CBM in Chapter 4, under any sym-
metric channels satisfies a relaxed form of GKS inequalities [24]: for example,
under suitable perturbation to the Hamiltonian and assuming that Nishimori
identity (4.11) is satisfied, for any subsets of variable indices S, T C {1...n}
we have

E(og) >0 and i]E<JS> >0,
dET

where e is the mean and variance of the Guassian coupling constant of the
perturbation that applies to variables with indices T'. These inequalities, how-
ever, are not strong enough to reproduce the proof of Theorem 5.3 for the
corresponding models. It would be interesting to uncover if the proof ap-
proach of Theorem 5.3 is specific to the ferromagnetic spin models, or if any
important identities in inference are still waiting to be discovered.

Q4: Can we extend Theorem 4.1 (the replica prediction for the sparse
CBM) to symmetric channels?

To extend Theorem 4.1 to symmetric channels by using adaptive interpolation,
we need to be careful when addressing Q3. We need to check if the concen-
tration of multi-overlaps still hold in the interpolating model with an adaptive
choice of decoupled observations. This is currently addressed by showing that
the Jacobian is lower bounded by a constant (this corresponds to dR*/de > 1
in (2.15) in Chapter 2, and dE[e®®)]/de > 1 — E[¢®*¥)] in (4.71) in Chapter 3).
For symmetric channels, it is not always clear what the distribution of the
decoupled observations is, hence it is not clear what the notion of Jacobian
should be.
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Q5: What is the replica symmetric formula for ferromagnetic models?

We can replace all J,4 in (4.1) by a constant J > 0. The resulting distribution
defines a ferromagnetic spin model. We do not have one-sided bound as in 4.1
because we cannot show the remainder in the sum rule is either positive or
negative. Although this time we have the full concentration of multi-overlaps
due to Theorem 5.3, we are still unable to reproduce the other one-sided bound
as in Sec. 4.4.4. This is because we are stuck at reproducing Lemma 4.1. In
particular, the second equality of (4.96) does not hold. Note that this technical
issue also appears when we want to prove the conjecture of replica symmetry
formula for inference problems on sparse graphs with asymmetric channels.
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