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ABSTRACT: We present calculations of tunneling splittings in selected small water clusters,
based on a recently developed path integral molecular dynamics (PIMD) method. The ground-
rotational-state tunneling motions associated with the largest splittings in the water dimer, trimer,
and hexamer are considered, and we show that the PIMD predictions are in very good agreement
with benchmark quantum and experimental results. As the tunneling spectra are highly sensitive to
both the details of the quantum dynamics and the potential energy surface, our calculations are a
validation of the MB-Pol surface as well as the accuracy of PIMD. The favorable scaling of PIMD
with system size paves the way for calculations of tunneling splittings in large, nonrigid molecular
systems with motions that cannot be treated accurately by other methods, such as the semiclassical
instanton.

The dynamics of water clusters have been the subject of
intensive research efforts over the past few decades, due

in part to the fundamental importance of water and the
presence of water clusters in a number of different environ-
ments.1 The experimental study of cluster dynamics is
particularly advanced, with the creation of far-infrared and
terahertz lasers enabling detailed high-resolution spectroscopy
studies of vibration-rotation-tunneling spectra for a range of
cluster sizes.2 To interpret these experimental results
quantitatively, however, requires sophisticated calculations of
the dynamics to capture quantum effects such as tunneling,
although assignments of spectra can be achieved from analysis
of the permutation-inversion operations corresponding to
fundamental rearrangement pathways.3−8

Theoretical efforts in understanding the quantum dynamics
of water clusters are particularly hampered by the unfavorable
scaling of computational times as a function of system size. To
date, only the water dimer has been treated variationally in full
dimensionality,9 with major efforts in the past involving
adiabatic separations of motions to facilitate calculations.10,11

Outside of variational methods, more approximate treatments
exist, which can often predict tunneling splittings with useful
accuracy. For example, early diffusion Monte Carlo calcu-
lations were able to obtain splittings for the water dimer and
trimer.12 DMC remains the leading method for calculations of
ground-state tunneling splittings, although a careful treatment
of the fixed-node approximation is needed.13

Recent efforts involving path integral methods have become
promising new avenues for accurately calculating tunneling
splittings in ground rotational states, with instanton calcu-
lations (first introduced in theoretical chemistry to calculate
reaction rates14) being particularly straightforward.15−19

Methods also exist for automating the instanton search20 and

substantially improving the computation time required.21,22

However, due to the semiclassical approximation that is the
hallmark of the instanton method, predictions of tunneling
splittings can be inaccurate due to anharmonicities perpendic-
ular to the instanton path and a poor description of low-barrier
tunneling.23 For this reason, a new path integral molecular
dynamics (PIMD) method was introduced,24 capable of
obtaining higher-accuracy tunneling splittings for very nonrigid
(“floppy”) molecules and clusters. The method was extended
to multiwell tunneling25 and later applied to the water dimer.26

In this contribution, we present PIMD calculations for a
range of ground-state tunneling motions in water clusters,
focusing on the motions that give rise to the largest splittings
for each cluster. We show that the PIMD method can
accurately reproduce the tunneling splittings of these motions,
in contrast to the instanton predictions, which exhibit large
discrepancies with reference values. This very good agreement
over a wide range of cluster sizes would not be possible
without accurate quantum dynamics predictions in combina-
tion with a high-quality potential energy surface (PES), such as
the MB-Pol function (which truncates the many-body
expansion at the 3-body term),27,28 used throughout the
present calculations.
We first summarize the theory required for the calculation of

tunneling splittings using PIMD. The expressions presented
here have previously been derived in detail elsewhere.24−26

Consider initially a double-well system, where the minimum r
of a well is connected to the minimum r′ of another well by a
symmetry operation P̂, such that r′ = P̂r. To find the tunneling
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splitting, we write the ratio of two thermodynamic density
matrices in the low temperature limit β → ∞ (which allows us
to neglect energy levels above the first-excited state)

β β β= ⟨ | | ̂ ⟩
⟨ | | ⟩

≈ Δ − ̅
β

β

−

−

Ä

Ç
ÅÅÅÅÅÅÅÅ

É

Ö
ÑÑÑÑÑÑÑÑ

r
r

I
Pr

r
( )

e
e

tanh
2

( )
H

H
(1)

where β̅ is known as the tunneling time,29 Δ is the tunneling
splitting, and e−βH is the thermodynamic density operator for
the Hamiltonian of the f-dimensional system
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I(β) can be accurately calculated using path integral methods,
and hence the tunneling splitting can be obtained from eq 1.
As there are two free parameters, Δ and β̅, it is necessary to
calculate values of I(β) for two values of β and solve for the
required tunneling splitting.
For more than two wells, eq 1 must be generalized to take

into account the multiple tunneling paths. While it is possible
to account for these multiple tunneling paths exactly for given
values of β,25,26 it is much more convenient to be able to
converge the PIMD calculations for each tunneling path
separately. We therefore employ the concept of the tunneling
matrix, W, first defined in ref 16 for instanton calculations of
tunneling splittings, which can be derived from the molecular
symmetry group assuming that the paths are completely
independent (a good approximation at low temperature).30

Subsequently, it is possible to define a tunneling matrix
element connecting wells i and j in terms of I(β) in eq 1 such
that30

β β
β=
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[ ]
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1

(3)

In other words, we can calculate a full tunneling spectrum by
considering a series of effective double-well calculations and
diagonalizing the resulting tunneling matrix.
To calculate the density matrices in eq 1 with path integral

techniques, it is convenient to first discretize the path into a
“linear polymer” representation, where N copies of the system
(which we call “beads”) sample the PES with an effective
interbead coupling term representing the kinetic energy
operator. Under this standard approximation using the
Trotter−Suzuki theorem,31 the thermodynamic density
matrices in the position representation between beads a and
b can be written as29
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Here, f is the number of degrees of freedom (the number of
atoms multiplied by the number of dimensions), mj is the mass

of the atom for the jth degree of freedom, and ωN = (βNℏ)
−1.

We have also set V(a) = V(b) = 0 explicitly.
To evaluate the ratio of integrals in eq 4 efficiently, we use a

thermostated molecular dynamics simulation combined with a
thermodynamic integration.26 To use molecular dynamics
simulations, we must first express eq 4 as an effective classical
Hamiltonian system by inserting the identity, expressed as an
integral over a Gaussian, into (4) N × f times to obtain
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is the effective classical Hamiltonian with the ring polymer
potential UN given in eq 5 and pi,j is the fictitious classical
momentum for the ith bead and jth degree of freedom. The
“bead mass”, μij, is a free parameter and can be optimized to
improve the sampling.26,32 We make the choice

μ
ω

β
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where ωk denotes the polymer mode frequency.24

Thermodynamic integration is achieved using a free energy
function

λ β
β

ρ λ β= −F a b( , )
1
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N (9)

where λ is a reaction coordinate (λ = 0, 1 for r = a, b,
respectively). From this definition, we can write
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where the free energy difference ΔF is now the quantity to be
calculated. Following the well-known thermodynamic integra-
tion technique, we write
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where ⟨···⟩λ denotes a thermodynamic ensemble average at a
fixed value of λ. We perform the ensemble average by running
a molecular dynamics (MD) simulation, with a Langevin
thermostat coupled to the linear polymer for efficient
sampling.26,33,34

In summary, the value of Iij(β) is calculated by varying the
end bead of a linear polymer from well i to well j and
performing a thermodynamic ensemble average of the
estimator in (11) for each value of λ. In practice, it is
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convenient to take the reaction coordinate to follow the
instanton path,15,16,26 and use Gauss−Legendre integration to
evaluate the integral in (11).35 Using eq 3, the relevant entries
of the tunneling matrix can be obtained and the matrix
diagonalized to give the required tunneling spectrum. The
instanton pathways in some water clusters are well under-
stood.16,20,36,37 However, many water clusters have large
splittings dominated by a single motion with small barriers,
and the corresponding tunneling matrix elements are poorly
reproduced by instanton calculations.
We first consider the water dimer, for which PIMD results

already exist.26 However, the previous results suffered from a
significant discrepancy in the largest motion, known as the
“acceptor flip”; the instanton for this motion is shown in Figure
1a. The problem is due to the fact that rotations were not

taken into account, and the acceptor flip couples very strongly
to overall rotations of the water dimer about the principal axis.
This strong coupling to rotations is not typically a problem in
clusters, but in the dimer it leads to large errors. We note that
no direct experimental measurement of this largest splitting in
the dimer can be performed due to unfavorable selection rules.
When finding an instanton path, one can choose to fix the

end beads in the relevant wells, such that the start and end
structures are optimally aligned. However, the value of I(β) for
any given tunneling motion depends on the Euler angles Ω =
(θ, ϕ, η).30 This variation is shown in Figure 1b for the
acceptor flip (integrated over η in order to project on a
spherical surface), and a strong peak is observed near θ = π/2.
In fact, this peak corresponds to the overall rotation that
occurs when the end beads remain unfixed; in other words, the
peak occurs at the path of minimum action, as expected.

In principle, to fully account for the rotational dependence
of the tunneling, one would need to integrate over the Euler
angles.30 However, it is difficult to sample efficiently enough to
provide good statistics with PIMD. In the ground rotational
state, we expect the rotational dependence to be less
important. We therefore choose the instanton path obtained
with unfixed ends and assume that this single point dominates
the integral. For the larger clusters, we found that the choice of
fixed or unfixed end beads did not significantly affect the
results, although the convergence properties of the fixed-end
paths were better.
We next turn to the water trimer, which is the smallest

cluster without numerically exact variational results, although
both theoretical4,12,16,38−42 and experimental43−45 values exist
in the literature for comparison. We will focus specifically on
the flip motion, where one of the dangling hydrogens flips
orientation; the instanton pathway is shown in Figure 2. The

flip motion is particularly interesting because the zero-point
energy actually lies above the barrier height, making the
pathway quite anharmonic. As a result, the instanton
prediction overestimates the tunneling matrix element by a
factor of about 2.16 For the bifurcation tunnelling pathway4 the
instanton method predicts the corresponding tunneling matrix
elements much more accurately than for the flip (because the
barriers are higher), so we do not consider this process here.
The full spectrum for the water trimer is relatively

complicated: the flip produces a quartet splitting pattern,
which is further split by other motions. Most analyses of the
trimer consider the quartet splitting as a vibrational motion,
with a corresponding quantum number k ranging from 0 to 3.
We refer to the difference between the two outer branches as
the “tunneling splitting”, and the tunneling matrix element is a
quarter of this value.
The last cluster we consider is the water hexamer in the

prism configuration, where a recent study identified two
concerted tunneling motions that give rise to experimentally
observable splittings.36 The instanton calculations performed
for this study gave an excellent prediction for the structure of
the spectrum, namely, a doublet of triplets, and found that the
rotational-tunneling coupling was negligible. However, the
splittings were overestimated compared to the experimental
values, and the source of this error was suggested as either the
neglect of anharmonicity in the semiclassical approximation or
inaccuracies in the PES.
We consider both concerted tunneling motions identified in

the hexamer prism, referred to as the antigeared and geared
motions, as shown in Figure 3a, b, respectively. The largest
doublet splitting arises from the antigeared motion, while the

Figure 1. (a) Instanton pathway for the acceptor flip motion of the
water dimer, with two Euler angles θ and ϕ, corresponding to the
rotation about the principal axis and an azimuthal rotation
respectively, indicated. (b) Values of I(β,Ω) integrated over the
final Euler angle η, as a function of θ and ϕ. The peak occurs at a
rotation of nearly θ = π/2, which is consistent with the overall
rotation observed for an instanton with unfixed ends.

Figure 2. Instanton pathway for the flip rearrangement of the water
trimer.
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geared pathway splits each branch of the doublet into a triplet.
The instanton calculations overestimated both tunneling
matrix elements by about a factor of 2 compared to the
experimental values.36

The results of the PIMD calculations for the tunneling
matrix elements associated with all the pathways considered
above are shown in Table 1. Generally, the PIMD results agree

very well with the reference values for all the motions
considered. The results for the water dimer, calculated with an
instanton having unfixed ends, agree to within the statistical
uncertainty with the variational calculations, showing that the
integral over Euler angles is indeed dominated by the path of
least action for the ground rotational state. Of course, this will
not be the case for higher excited rotational states, and a more
careful treatment of this angular integral (which is beyond the
scope of this study) is needed.
The water hexamer results are particularly interesting,

because the PIMD and instanton predictions for the geared
pathway agree very well but disagree with experiment (the

instanton result on the CC-pol surface produces a slightly
worse disagreement). In contrast, the PIMD prediction for the
antigeared tunneling matrix element is in excellent agreement
with experiment but in disagreement with the instanton
prediction. The combination of these results implies that the
antigeared pathway may suffer from large anharmonic
contributions neglected by the instanton. We note that both
the hexamer values are slightly larger than the experimental
values, which could be an artifact of poor convergence with the
number of beads, but is more likely to come from uncertainties
in the PES, possibly due to the truncation of the many-body
expansion in MB-Pol.
In summary, we have demonstrated that path integral

molecular dynamics gives very good predictions of tunneling
splittings in a range of water clusters. For the water dimer,
special care must be taken to ensure correct treatment of the
coupling of overall rotations to the tunneling motion. A simple
solution of unfixing the end beads for the instanton path was
suggested, coinciding with the choice of Euler angles that
minimize the quantum action. For the water trimer the flip was
investigated, and the agreement with experiment for the
tunneling matrix element is very good, although the values lie
just outside the statistical uncertainty of the PIMD calculation.
For the water hexamer, the tunneling matrix element for the
geared pathway agrees well with the instanton predictions but
disagrees with experiment, implying that anharmonicities are
not an issue, but perhaps the PES requires four-body terms and
higher for a quantitative agreement. The PIMD value for the
antigeared tunneling matrix element, however, agrees well with
experiment but disagrees with the instanton values, suggesting
that contributions from anharmonic paths may be more
important for this rearrangement. More generally, the PIMD
method is complementary to the semiclassical instanton
method and can be used when instanton predictions are
inaccurate.
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Figure 3. Instanton pathways for the (a) antigeared and (b) geared
motions of the water hexamer prism.

Table 1. Tunneling Matrix Elements Calculated with the
PIMD and Instanton Methodsa

pathway/cluster PIMD instanton reference

dimer acceptor (cm−1) 3.0 (1) 5.5 3.0
trimer flip (cm−1) 26 (2) 50 21.76
hexamer geared (MHz) 0.12 (1) 0.11 0.073
hexamer antigeared (MHz) 0.4 (1) 0.75 0.382

aThe reference values of the tunneling matrix elements are variational
results on the same PES for the water dimer27 and experimental
results for the trimer45 and hexamer.36 The statistical uncertainty in
the last significant figure for each quantity is shown in parentheses.
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