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Abstract
The ground and excited electronic states are responsible for several materials’ properties.

The modern capability of rapidly solving on a computer the fundamental equations of rela-

tivistic or semi-relativistic quantum mechanics allows to compute the electronic structure

of realistic systems, and even to predict the behaviour of materials before they are actually

made. An initial estimate on the atomistic structure is sufficient to start a first-principles

simulation, where no empirical parameters are needed, and compute a variety of physical

properties. Computational experiments can be performed to test or inspire ideas, validate

new theories and interpret experimental data. In this context, geometrical and topological

aspects have emerged as fundamental components of the electronic structure, leading to a

deeper understanding and rationalisation of surprising phenomena. Nowadays, concepts

like the quantum metric-curvature tensor and topological invariants complement traditional

electronic-structure theory in describing the behaviour of electrons in the potential of the

nuclei.

In this thesis we study the electronic structure and its topology in the context of materials

design and discovery. In particular, we begin by focusing on a specific class of materials,

namely two-dimensional topological insulators. By coupling state-of-the-art first-principles

simulations with materials’ informatics we screen materials databases looking for novel two-

dimensional topological insulators. In this search, we find novel candidates and provide

a picture of the abundance of such materials in nature. In the process, we identify one

outstanding candidate, jacutingaite, displaying fairly unique physical properties. We unveil the

electronic structure of monolayer jacutingaite and show its strong links with that of graphene.

Monolayer jacutingaite in fact realises the topological physics of graphene, but at a much

higher and more relevant energy scale, while retaining a richer interplay between spin-orbit

coupling, crystal-symmetry breaking and dielectric response, that is potentially relevant for

applications. We also study jacutingaite in its layered three-dimensional bulk form. We show

how bulk jacutingaite is a dual topological insulator, where a non-trivial coupling between

graphene-like layers induces an additional topological crystalline order with protected (001)-

surface states; this is confirmed by experiments. Finally, we also discuss how to distinguish

metals from insulators locally in real space, by further developing a formalism based on

the ground-state electronic distribution, in particular by allowing for its integration with

first-principles simulations.

In parallel, we also present some efforts for a more accurate and faster computational materi-

als screening. We introduce a protocol to test precision and performance of pseudopotentials
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Abstract

across the periodic table, leading to the development of the standard solid-state pseudopo-

tential (SSSP) libraries. We also focus on automating the construction of Wannier functions,

that are particular relevant in the study of electronic structure in general and topological

properties in particular. Last, we briefly mention some work done in software development

for community-driven scientific codes, that supports the research effort.

Keywords: topology, topological insulators, electronic structure, 2D materials, first principles,

materials screening.
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Riassunto
Gli stati elettronici fondamentali ed eccitati sono all’origine di molte proprietà dei materiali.

Al giorno d’oggi, la capacità di risolvere rapidamente al calcolatore le equazioni fondamen-

tali della meccanica quantistica, relativistica o semi-relativistica, permette di calcolare la

struttura elettronica di sistemi realistici, e perfino di predire il comportamento dei materiali

prima che siano sintetizzati. Un calcolo da principi primi, ovvero senza parametri empirici,

necessita soltanto di poche informazioni di partenza sulla struttura atomica e permette di

ottenere moltissime proprietà fisiche. Veri e propri esperimenti computazionali possono

essere portati avanti per testare o suggerire idee, validare nuove teorie ed interpretare dati

sperimentali. In questo contesto, gli aspetti geometrici e topologici sono emersi come compo-

nenti fondamentali della struttura elettronica, portando ad una compresione più profonda

ed alla razionalizzazione di fenomeni sorprendenti. Concetti come il tensore quantico di

metrica-curvatura o gli invarianti topologici si uniscono alla tradizionale teoria della struttura

elettronica per descrivere il comportamento di elettroni sotto l’effetto del potenziale dato dai

nuclei.

In questa tesi studiamo la struttura elettronica e la sua topologia nel contesto della scoperta e

del design di materiali. In particolare cominciamo concentrandoci su di una specifica classe

di materiali, ovvero gli isolanti topologici bidimensionali. Unendo lo stato dell’arte nelle

simulazioni da principi primi con l’informatica dei materiali, setacciamo database di materiali

alla ricerca di nuovi isolanti topologici bidimensionali. In questa ricerca, troviamo candidati

fino ad ora sconosciuti e forniamo un panorama dell’abbondanza relativa di tali materiali in

natura. Durante questo studio, troviamo una candidato superiore agli altri, la jacutingaite, che

mostra una fisica piuttosto unica. Spieghiamo la struttura elettronica di singoli strati di jacu-

tingaite, mostrando il forte legame che la lega a quella del grafene. I monolayer di jacutingaite

realizzano la fisica topologica del grafene ad una scala di energia molto più alta e rilevante,

allo stesso tempo conservando un intreccio più ricco tra accoppiamento spin-orbitale, rottura

di simmetria cristallina e risposta dielettrica, potenzialmente interessante da un punto di visto

applicativo. Continuiamo a studiare la jacutingaite spostando la nostra attenzione dal singolo

strato alla sua forma tridimensionale fatta da strati sovrapposti. Mostriamo come la jacutin-

gaite sia un isolante topologico duale, dove un accoppiamento non banale tra strati simili al

grafene induce un ulteriore ordine topologico che protegge l’esistenza di stati localizzati sulla

superficie (001), come confermato da esperimenti di laboratorio. In seguito, investighiamo

come distinguere metalli da isolanti in maniera locale nello spazio reale, sviluppando ulte-

riormente un formalismo basato sulla distribuzione elettronica dello stato fondamentale, ed
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Riassunto

in particolare rendendo possibile la sua integrazione con le simulazioni da principi primi.

Parallelamente, discutiamo anche alcuni sforzi verso uno screening dei materiali più accurato

e più veloce. Introduciamo un protocollo per testare la precisione e la prestazione degli pseu-

dopotenziali per gran parte della tabella periodica, portando alla creazione di librerie standard

di pseudopotenziali per lo stato-solido (SSSP). Ci concentriamo inoltre all’automatizzazione

della costruzione delle funzioni di Wannier, che sono particolarmente rilevanti nello studio

della struttura elettronica in generale e delle proprietà topologiche in particolare. Infine,

menzioniamo brevemente del lavoro fatto nell’ambito dello sviluppo di software scientifico

comunitario, attività che supporta l’impegno di ricerca.

Parole chiavi: topologia, isolanti topologici, struttura elettronica, materiali bidimensionali,

principi primi, screening di materiali.
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1 Introduction

By convention sweet and by convention bitter,

by convention hot, by convention cold,

by convention color;

but in reality atoms and void.

— Democritos (DK 68 B9, c. 460 BC – c. 370 BC)

Computational materials modelling from first principles

Computational materials science deals with the understanding and characterisation of mate-

rials’ properties, but also, more and more, with the design and discovery of their properties.

Here, and in the rest of this thesis, we will call materials what is actually meant by solids, or

with the pedantic expression of solid-state materials. In particular we will deal with crystalline

solids or, for short, crystals. In crystals, the individual constituents are arranged into a highly

ordered microscopic structure, forming what is called a crystal lattice.

Materials science is an interdisciplinary field, building on physics, chemistry and engineering

or even on metallurgy and mineralogy. In this thesis, we will study periodic systems of

ordered atoms, in a region where the boundary between materials science and solid-state

physics becomes blurred and the two disciplines essentially overlap. The root of this fruitful

relationship between the two fields can be traced back to the 19th century, when Josiah

Willard Gibbs correlated the physical properties of materials with the thermodynamics of

their atomistic structure. Beyond analytical thinking, physics brought as a dowry the use of

mathematical models for describing and predicting properties of materials at a quantitative

level, what nowadays we call materials modelling.

Modern materials modelling spans a wide range of techniques, from finite-elements methods

to atomistic simulations (1), with applications ranging from mechanics to energy, to electron-

ics. Most materials modelling is actually computational, both in the sense that mathematical

models are solved numerically on a computer, but also meaning that we can actually perform

1



Introduction

true computer experiments whose complexity can capture at least the most relevant features

of real experiments. By this logic, it is tantalising to look for the theory that describes the

fundamental laws governing the motion of the materials’ constituents, i.e. atoms, and imagine

to insert the relevant equations into a powerful computer and attempt a numerical solution.

Such fundamental theory of atoms in solids is quantum mechanics, which describes the

motion of electrons and nuclei in terms of probability amplitudes (i.e. wavefunctions) that

evolve through the Schrödinger equation.

If the Schrödinger equation could be solved exactly (for electrons and nuclei), fundamental

materials properties could then be obtained by relating the macroscopic quantities that

are measured to the microscopic quantities, such as the electronic wavefunctions or the

charge densities. The process just described is exactly what first-principles (or ab initio)

computational materials modelling aims at. “First-principles” here alludes to the absence of

empirical parameters, in the sense that all the results are obtained from approximate solutions

of the fundamental equations of quantum mechanics. Of course, natural selection plays the

role of selecting the particular approximations or techniques that perform better (that is the

ones that compare better with experiments, and that are computationally more efficient).

Hence, the first challenge in first-principles modelling involves finding clever and efficient

ways to approximately solve the Schrödinger equation, in an eternal struggle to balance

the accuracy of the approximation and the complexity of the physical models. Numerical

solutions of the full Schrödinger equation are typically not feasible on any present or near-

future classical computer (quantum ones may behave differently), but the problem can be

reformulated into different frameworks where reasonable approximations can be carried

out. Algorithms, and numerical analysis in general, are fundamental to solve equations in

practice, together with their implementation into software. Modern computational materials

science leverages the use of supercomputers and the exponential growth of computing power

(Moore’s law), allowing for more accurate, more complex and faster atomistic simulations. In

turn, this requires implementing algorithms that are capable of exploiting such increasingly

complex and diverse architectures to solve the Schrödinger equation and perform common

numerical analysis tasks (e.g. FFT, diagonalisation, matrix-matrix multiplications). Quantum

mechanical simulations are nowadays run on various hardware such as GPUs or massively

parallel machines with more than 105 CPUs being used in a single simulation.

The second challenge is more subtle, as the connection between macroscopic observables and

microscopic quantities is not always straightforward. A beautiful example is the macroscopic

polarization of materials. From the textbook definitions, one would be tempted to compute

electronic polarization as the electronic dipole per unit of volume, that is

Psample =
−e

Vsample

∫
r|Ψ(r)|2dr, (1.1)

whereΨ is the electronic wavefunction and the integral is performed all over the real space.

While the dipole moment can be calculated as in Eq. (1.1) for an isolated molecule or a
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cluster, this definition is ill-defined in the crystalline case. In fact, the diagonal elements of the

position operator are not well defined1 in periodic boundary conditions (PBCs), suggesting

that charge density is probably not the right quantity to look at. In a finite system, Eq. (1.1)

would be clearly dominated by surface contributions, that persist in the large-size limit, while

the electronic polarization of a material should be a bulk property. Only in the 90s (2; 3),

physicists realised that the macroscopic polarisation is actually expressed by a Berry phase:

Psol i d = −e

2π3 i
∑
n

∫
B Z

〈unk|∇unk〉dk, (1.2)

that is the geometric phase factor of the wavefunction computed on the Brillouin zone (BZ) in

the reciprocal space of k−vectors2, where unk is the periodic part of the Bloch’s wavefunction

and the sum runs over the occupied bands labeled by the index n. Along with a new formula,

the electronic polarisation of a periodic system was now understood to be defined modulo a

quantum, or equivalently to be defined as a lattice. Only polarisation differences are actually

well-defined scalar quantities.

As shown by the example above, the effort to compute materials’ properties from first-principles

has often led to a deeper understanding of the physics involved in the problem and to recon-

sider many implicit assumptions that were made. Outstanding insights can be obtained by

the process of coming up with a formula that connects materials’ properties to microscopic

quantities, developing the right approximations and algorithms, and being able to compute

that formula for a realistic system. What I cannot create I do not understand, in Richard

Feynman’s words.

More recently, a third challenge has emerged, that involves automation, data science and the

so-called materials’ informatics. Automation, in particular, is the result of the evolution of

the field, from being a pure fundamental science driven by the creativity of a few and based

on artisanal practices, to what is now an established pillar of materials research, displaying a

wide range of techniques that are routinely employed by many computational scientists in

academia and, increasingly, in the private sector. Once the computation of a specific property

is understood and tested to work reasonably well for a few materials, the knowledge and the

experience gained in the research process can, at least in part, be encoded into a protocol,

that contains the exact series of calculations, steps and tricks that need to be performed in

order to determine the desired property. This is usually, and perspicuously, called a simulation

workflow and it can be translated into a software layer that relentlessly takes care of running

such workflows, monitoring the progress of calculations and responding to calculation failures.

The increase of computing power that is now available to researchers has allowed an approach

called high-throughput computing (HTC), where simulations workflows are run on thousands

of materials to screen for specific properties and target applications. HTC revealed the need

for a software infrastructure to store, retrieve and analyse the large amount of data that is

1Off-diagonal elements of the position operator are well defined also in PBCs.
2More on the reciprocal space and the Bloch’s theorem later in this introductory chapter.
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produced by materials’ simulations. The software engineering element of materials’ infor-

matics deals with this issue, to couple existing quantum simulation engines with databases

and workflow managers. As we write or read this, the world top supercomputers are running

millions of quantum mechanical simulations handled by automated software, searching for

the next battery or energy material, faster conductors, high-performance ferroelectrics, novel

superconductors, and more.

In this context, data science techniques have been rapidly adopted and coupled with ma-

terials’ simulations. Data processing and data curation are nowadays important aspects of

computational materials modelling. Computational statistics and machine learning are now

used to extract all possible information that is contained in the results of simulations. For

instance, by training models on the simulations performed on thousands of materials, one can

hope to interpolate the results to other materials that have not been exposed to the model. The

underlying theme is that materials’ simulations produce much more data than we typically

exploit and there is a certain regularity (or smoothness) in the way nature behaves. Hence,

after seeing sufficiently many quantum mechanical simulations, a smart data-driven model

may learn some shortcuts in the the journey from structure to property, until the model is so

smart that it can get rid of simulations at all.

In this thesis we will adopt the approach of first-principles materials modelling that we have

just introduced, with the purpose of understanding the interplay between electronic structure

and topology of novel materials. We will be focusing in particular on the design and discovery

of an exotic class of crystals, namely two-dimensional (2D) topological insulators, that we are

now going to briefly introduce.

Topological insulators

Most phases of matter can be understood by the concept spontaneous symmetry breaking,

where the ground state of the system (that is the one lowest in energy) does not exhibit all

the symmetries of the phase. In quantum mechanics, this means that the ground state wave

function has less symmetry than the Hamiltonian. The apparent paradox is solved by the fact

that many degenerate, symmetry-broken, ground states exist and that, taken altogether, they

recover all the symmetry. At low temperature, one given system is forced to choose one of

these degenerate states, breaking the symmetry.

We can discuss this through the example of ferromagnetism (4), and for simplicity and con-

creteness one could consider bcc iron as it is cooled through its Curie temperature Tc . Above

Tc , a ferromagnet is in the paramagnetic state with vanishing macroscopic magnetisation

and where the rotational symmetry of the Hamiltonian is preserved. As the temperature

goes below Tc , the lowest energy configuration corresponds to having all the spins aligned

with each other in one direction. The crucial point is that, for a given direction there exists a

perfectly degenerate orthogonal ground state where all the spins are aligned in the opposite

direction. The ensemble average will indeed return an average zero magnetisation, but the
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time average on an infinite system will not. In fact, one could think that once the system is

magnetised along a given direction, there could be a transition to another degenerate ground

state where the magnetisation is opposite, as it would cost zero energy. The crucial point is that

the probability for this event to happen on a macroscopic scale is negligible, as it would require

all the spin to rotate by the same amount simultaneously. As it is often the case, kinetics count

more than energetics.

Along the same lines, crystals can be understood as systems with broken translational symme-

try, or superconductors as system with broken gauge symmetry. The mathematical framework

to deal with spontaneous symmetry breaking was put together by Landau (5) into a phe-

nomenological theory based on the concept of a local order parameter. A state of matter that

acquires a finite expectation value for the order parameters is differentiated from the others.

However, in the case of topological insulators (TIs) there is no symmetry that distinguishes

them from trivial insulators. Landau’s phenomenological theory cannot be used, as there is

no local order parameters that is finite in the topological state. TIs are a phase of matter that is

substantially different from ordinary insulators, but in a more complex sense. In particular,

two insulators are said to be topologically distinct if there is no adiabatic transformation

that brings one into the other where the electronic gap never closes along the path. Such

description follows the classification of closed geometrical surfaces and indeed this is exactly

where the word topology comes from.

From mathematics to materials

Topology is defined as the branch of mathematics that describes properties which remain

unchanged under smooth deformations; such properties are usually labelled by integer num-

bers, named topological invariants. In principle, the mathematics of topology is based on

very general, and abstract, concepts like neighbourhoods, continuity and connectivity, open

and closed sets, and so on. The reason is that topology deals with very global properties of an

object, that are often insensitive to the local details3. Again, the very concept of differentiabil-

ity, or the definition of a metric structure, are not needed at all. All theorems can be proved

under very general hypotheses and the results can be applied to very diverse frameworks.

As it typically happens, very general theories can become useless for applications, when the

formalism, including definitions and proofs, becomes obscure and unpractical for the non-

specialists. In the context of the electronic structure of materials, topology and all its set of

powerful theorems become a workhorse when some basic assumptions are made.

In particular, if we assume differentiability and introduce the concept of a metric-curvature

tensor (6), then all properties that are most relevant for electronic structure theory can be

formulated in the more familiar language of differential geometry. We immediately leverage

the use of differential geometry by introducing the Gaussian curvature of a smooth closed

3A posteriori, it seems quite logical to look for topology as a remedy to classify materials where a local topological
order fails its purpose.
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surface

Ω= det

(
∂2z
∂x2

∂2z
∂x∂y

∂2z
∂y∂x

∂2z
∂y2

)
, (1.3)

that is the determinant of the Hessian at the tangent plane. If we integrate the Gaussian

curvature over a closed smooth surface, then the Gauss-Bonnet theorem states that

1

2π

∫
S
Ωdσ= 2(1− g ), (1.4)

where g is an integer (g ≥ 0) called the genus of the surface. In plain English, the genus is the

number of holes or handles of a smooth surface4.

Two surfaces are said to be topologically equivalent if they can be continuously deformed into

each other without changing the genus, that is without cutting the surface or creating and

annihilating holes. The Gauss-Bonnet theorem clarifies the definition, as the genus does not

depend on the local curvature but it is an integrated quantity that becomes quantised and it is

stable against local changes of the curvature. The classic example is the coffe mug and the

doughnut (see Fig. 1.1), that topology-wise are the same object.

Figure 1.1 – Coffe mug and doughnut, they both have genus equal one (one hole, one handle).

As mentioned above, theorems in topology are very general and indeed they find several

applications in condensed-matter physics and materials theory. For instance, a number of

properties can be expressed as curvature integrals over a smooth closed surface with the

implication that those properties become quantised integers according to the Gauss-Bonnet

theorem. This is often taken as an argument supporting the robustness of topological prop-

erties in materials physics, although it must be taken with a certain degree of cautiousness.

Theorems like the Gauss-Bonnet imply that changing a topological invariant is a major modi-

fication of the state of the system, but they do not provide any quantitative information on

the minimum strength of a perturbation that is capable to change the invariant. As we are

going to see in the next chapters, real topological materials often lie right on the edge of the

transition to the trivial state.

At this point, one natural question arises: why are TIs topological in the first place? Or, in other

4The integral in Eq. (1.4) is actually equal to the Euler characteristic χ, which is equal to 2(1− g ) for orientable
compact surfaces. There is a strong connection with the famous hairy ball (or hedgedog) theorem of algebraic
topology—a special case of the Poincaré–Hopf theorem—which simply states that there is no smooth vector field
on a sphere having no sources or sinks. Colloquially, it is not possible to comb a hairy ball flat without creating a
cowlick.
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1.2. Topological insulators

words, what does it mean that an insulator has a non-trivial topological invariant?

One way to answer is to note that the atomic limit (and vacuum as well) is trivial. The

atomic limit can be thought as a crystal of separated atoms with a discrete set of occupied

and unoccupied states. Then, we can think of crystalline insulators as systems obtained

from bringing slowly (i.e. adiabatically) atoms together from the atomic limit to the actual

closed-packed crystal. In trivial insulators, this can be achieved without ever closing the gap.

On the contrary, in TIs the gap must close at some point during the transition. Hence, the

electronic wavefunction of TIs somehow winds up a number of times in the process, so that

the wavefunction of the crystal is topologically distinct from the wavefunction of the atomic

limit.

In this sense topological order in solids is an emergent property, because when you put

together atoms they assemble into something radically different with respect to an atomic

insulator and in a manner that is quite unpredictable by looking at the atomic constituents,

not to mention that is global by construction.

Before introducing the type of topological insulators that are most relevant for this thesis, we

will comment on a couple of important phenomenological aspects of topological insulators

that make them interesting for applications and that can also be observed in experiments.

Bulk-boundary correspondence. Although the topological invariants are defined in the bulk

for an infinite crystal, the bulk band structure is still the one of a band insulator. The non-trivial

topology manifests itself in the appearance of surface states at the boundary with another

topologically-distinct material (including e.g. vacuum). In general, for a D-dimensional TI,

the so-called bulk-boundary correspondence guarantees the existence of (D −1)-dimensional

states at all the interfaces that mark a change in the topological invariant. For example, 3D

TIs have 2D surface states, while 2D TIs exhibit 1D edge states. Recently, and outside the

scope of this thesis, higher-order TIs have been introduced (7), where the bulk-boundary

correspondence is from D to D −2, leading to 1D hinge states in 3D higher-order TIs. The

bulk-boundary correspondence can be understood by considering a transformation that maps

the Hamiltonian of the TI to the Hamiltonian of a trivial insulator or, for simplicity, vacuum.

In other words, we can think at the electronic Hamiltonian that changes as we approach the

interface and becomes the one of the trivial system on the other side (see Fig. 1.2). By now,

we have seen that such process must include a point where the gap is closed and the system

is metallic. This is why metallic interface states are topologically protected, that is they are

guaranteed to exist whenever the topological invariant is changed across the interface.

Topological protection (robustness). If a materials’ property can be expressed as a topological

invariant, it benefits from the intrinsic robustness to small perturbations as discussed above. In

addition, topological properties can be measured with (in principle) infinite precision, as their

value is bound to be an integer in the proper units. In this sense, the existence of a topological

feature and the value of a topological quantity are protected by topology, meaning that they
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In order to change the topological invariant we need to close the gap 
(“non-smooth deformation”) 

Gapless states must exist at the interface between different topological phases 
(at least for non-interacting fermions)

Topological 
insulator

Trivial insulator  
(or vacuum)Metal

Edge states and bulk-boundary correspondence

Figure 1.2 – An illustration (inspired by Ref. (8)) of a junction between different topological
phases and the resultant boundary state. The trefoil knot (left) and the simple loop (right)
represent different insulating materials: the knot is a topological insulator, and the loop is an
ordinary insulator (or vacuum). As there is no continuous map by which we could convert one
into the other, there must exist a boundary where the string is cut, shown as a string with open
ends (centre), to pass between the two knots.

are intrinsically global properties of the electronic structure that are totally insensitive to small

perturbations. In the context of this thesis, a typical topological property is the number of

gapless edge states of a TI or the Hall conductivity. The term perturbation is used here as

typically meant in physics, as something we add to a baseline Hamiltonian H0, possibly small

enough to be treated within perturbation theory. However, it is worth mentioning a couple of

relevant examples of what a perturbation could actually broadly mean in practice.

In the first example interactions play the role of perturbations. In this case, H0 is a non-

interacting mean-field Hamiltonian that approximately describes the full Coulomb interaction.

Clearly, the mean-field solution can be far off the true interacting ground state, and the error is

often named correlation5. If we can connect the true ground state and the mean-field ground

state without closing the gap along the path, then the mean-field solution is topologically

identical to the true solution. If the interactions are very strong and the mean-field solution is

poor, we can expect the true ground state may have quite different topology and that the gap

closes along the path that maps the two ground states. The role of interactions as perturbations

in the prediction of novel topological crystals is discussed in more practical terms later in the

first part of this thesis, specifically in Chapter 5 Relative abundance of Z2 topological order in

two-dimensional insulators.

A second relevant example is the one of disorder, where an otherwise perfect crystal acquires

imperfections that break translational symmetry. Again, if we slowly turn on disorder in

a TI, we can claim that topology-wise nothing is happening, at least until one reaches a

critical-disorder strength. After that, the ground state changes qualitatively into something

5A more formal definition of correlation energy is the difference between the exact ground state energy and the
one obtained by Hartree-Fock, where “exact” can be replaced with some very accurate computational scheme
such as quantum Monte Carlo.
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topologically different.

Periodic systems and Bloch’s theorem

In the following we will adopt the method of choice for describing periodic solids, by in-

troducing periodic-boundary conditions (PBCs). We also assume the independent-particle

approximation in a mean field potential, that applies to the first-principles approaches that

we adopt in this thesis and that will be discussed later in this introduction. In crystals, the

periodicity of the atomic lattice is reflected into the Hamiltonian, that commutes with a set of

translation operators {τ}. According to Bloch’s theorem (9), one can6 choose a complete set of

eigenstates for the Hamiltonian and translation operators so that eigenstates take the form of

ψnk(r) = e i k ·runk(r) (1.5)

where unk is periodic over the unit cell and k is the quasi-momentum. In this way, the infinite

wavefunctions of an extended (periodic) system can be represented by a finite set of Bloch

states for each k. In turn, Bloch states are dense (infinite, but numerable) in the space of k. A

first advantage is that the Hamiltonian H can be expressed in terms of the periodic part of the

Bloch states, and all matrix elements are expressed in terms of quantities that are periodic in

the unit cell. At each k, only a relative small matrix Hk needs to be diagonalised, although now

we have several (in principle infinite) Hamiltonians to diagonalise, that is one for each k:

Hk|unk〉 = Enk|unk〉, (1.6)

where

Hk = e−i k ·rHe i k ·r. (1.7)

In numerical simulations, it is very convenient to adopt the so-called Born-von Karman

(BvK) boundary conditions, where the wavefunction ψ(r) is taken to be periodic over a large

supercell (i.e. a cell that contains several unit cells). As long as the BvK cell is larger than the

relevant correlation lengths, the representation is essentially exact. Notably, within BvK only a

discrete set of k-points are allowed, and the BZ integration is replaced by a discrete summation.

Another advantage of using PBCs and Bloch states is that topological quantities are naturally

expressed in k-space7 and, as we will discuss, they reflect the way the wavefunction is “knotted”

in k-space. In fact, the BZ can be regarded as a closed manifold (i.e. an D-dimensional torus),

where we can apply several theorems like the Gauss-Bonnet or the properties of Berry phases.

6But one is not forced to, indeed other choices are always available.
7Nonetheless it is possible to express k-space geometrical and topological properties with r-space markers; an

example of this approach can be found in Chapter 4 A local theory of the insulating state.
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Berry phases and curvatures: a primer

Here we give some brief definitions for fundamental concepts that are used in the theory of

topological insulators, mostly for the purpose of introducing the notation and nomenclature;

for a fuller introduction to the subject we refer to Ref. (10) and the review article of Ref. (11).

First, the Berry phase describes the global phase evolution of a complex vector as it is moved

around a path in the vector space where it is defined. Being a phase angle, it is defined between

0 and 2π. If we consider the phase difference between two states, defined for normalised

states as

e−i∆γAB = 〈ΨA|ΨB 〉 , (1.8)

this is clearly gauge-dependent, as quantum states are defined up to an arbitrary gauge. The

scenario is radically different if we consider a closed path in parameter space; here, λ-space.

For the sake of simplicity let’s consider a discrete set of points—beginning with just 3 points A,

B and C—and compute the total phase difference along the path that goes through them:

γ = γAB +γBC +γC A (1.9)

= −Im log〈ΨA|ΨB 〉〈ΨB |ΨC 〉〈ΨC |ΨA〉 , (1.10)

this is clearly a gauge-invariant quantity. As Michael Berry realised (12), every gauge-invariant

property can be an observable8 and so a physically meaningful quantity. We now consider a

continuous space and compute the Berry phase over a continuous curve C, where we assume

a differentiable gauge. The Berry phase can be written as a line integral:

γ=
∮

C
A(λ) ·dλ (1.11)

where A(λ) is the Berry connection:

A(λ) = i 〈Ψ(λ)|∇λΨ(λ)〉 =−Im〈Ψ(λ)|∇λΨ(λ)〉 . (1.12)

It is worth asking when the Berry phase is non vanishing. By inspection of Eq. (1.11) we see

that either the curl of the Berry connection is non-zero (over a non-zero measure subset of C)

or the curl can be zero everywhere but the curve C cannot lie in a simply-connected domain.

Now, suppose the domain is simply-connected and take a 3D space. Under the hypothesis

that C = ∂Σ (i.e. C is a boundary of a surface Σ) and that the curl of the Berry connection is

regular on Σ, we can apply Stokes’ theorem

γ=
∮
∂Σ

A(λ) ·dλ=
∫
Σ
Ω(λ) · n̂dS, (1.13)

8And not just expectation values, at least in the presence of an external parameter (such as the quasi-momentum
k) that acts as a coupling with “the rest of the Universe”. For a genuinely isolated system, there are no Berry phases
and all observable effects are expectation values of some Hermitian operators.
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whereΩ(λ) is the Berry curvature, defined as

Ω(λ) =∇× A(λ) = i 〈∇λΨ(λ)|× |∇λΨ(λ)〉 (1.14)

In D dimensions we can generalise the curvature with the following antisymmetric tensor:

Ωα,β(λ) =−2Im〈∂αΨ(λ)|∂βΨ(λ)〉 . (1.15)

These results can be extended to the multiband case, introducing a non-Abelian formalism (as

matrices do not generally commute) (13). Their Abelian counterparts can be obtained by a

trace over the band indices and they will be often used throughout this text.

Finally, there is a deep connection between the theory of topological insulators, and in general

of geometrical properties of the electronic structure, and the theory of Wannier functions, as

we will mention in the following. For an introduction to the theory of Wannier functions, and

maximally-localised Wannier functions (MLWFs) in particular, we refer to the introductory

part of Chapter 6 Automated high-throughput Wannierisation.

2D Chern insulators

Given that the Gauss-Bonnet theorem holds for 2D surfaces, it is not surprising that the

first topological insulator ever proposed was a 2D system. The prototypical example of

topological insulator is the 2D Chern insulator (14; 15), which is nowadays often called (10)

the 2D quantum anomalous Hall insulator (QAHI). The Chern insulator is defined as a gapped

system with a non-trivial Z topological invariant, called the Chern number (6; 10). We will

now briefly sketch where the Chern number comes from, by exploiting the analogy with 2D

geometric surfaces and the Gauss-Bonnet theorem; we refer the reader to Ref. (10) for a proper

introduction to the subject.

As we have seen above, the Gauss-Bonnet theorem states that the Gaussian curvature inte-

grated over a closed 2D surface is quantised as an integer related to the genus (i.e. the number

of holes of the surface). Here we write a similar result, where we replace the Gaussian curvature

with the curvature of the wavefunction in reciprocal space:

1

2π

∫
B Z
Ω(k)dk =C ∈Z, (1.16)

whereΩ(k) is the Abelian curvature of the valence band manifold:

Ω(k) =−2
∑
n

Im〈∂kx unk|∂ky unk〉 , (1.17)

where unk is the periodic part of the Bloch wavefunction and the sum runs over all occupied

states of a gapped system. The result is more general than the expression in Eq. (1.16) may

suggest: it actually holds for any set of states with a parametric dependence k that is defined
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on a closed surface (6).

We note that the non-vanishing Chern number prevents the existence of a smooth and periodic

gauge over the full BZ, defined as:

|ψ j k+G〉 = |ψ j k〉 (1.18)

over all the BZ. Equivalently, we can write the periodic gauge for the u j k as

|u j k+G〉 = e−i G ·r|u j k〉. (1.19)

For example, if the periodic gauge is enforced on the reciprocal cell boundary, some ob-

struction must appear at some point inside the BZ. For this very same reason, exponentially-

localised Wannier functions (16; 17) do not exist in Chern insulators (18), at variance with

normal insulators. This is a profound aspect of TIs: given that TIs cannot be adiabatically

connected with atomic insulators they do not admit a Wannier representation.

The hallmark of a Chern insulator is a non-vanishing, quantised, anomalous Hall conductance

(AHC) in the absence of a macroscopic magnetic field (19; 20). The AHC is defined as the

anti-symmetric part of the conductivity tensor:

σAHC =σy x = d Iy

dEx
(1.20)

where I is the current induced by an electric field E . It can be proven in several ways (10) that

the anomalous Hall conductivity of an insulator is always quantised into an integer multiple

of e2/h, and that integer is exactly the Chern number introduced above:

σAHC =C
e2

h
; (1.21)

trivial insulators have vanishing AHC.

As we have seen, the presence of a non-trivial topological invariant implies the existence of

metallic edge states. For the case of Chern insulators, it can be shown (10) that the Chern

number counts the net balance between the number of chiral modes (see Fig. 1.3) that are

flowing clockwise and anti-clockwise around a finite 2D sample:

C = n−−n+, (1.22)

where n+,n− count the number of such edge states that are crossing up or down the bulk band

gap.

There is a strong connection between the presence of chiral edge states and the non-vanishing

quantised AHC. Let’s take an insulating finite sample; if we apply an electric field Ex , a non-

vanishing σAHC drives some current Iy that would cause a charge accumulation, at odds
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with a stationary state. Hence, σAHC 6= 0 implies that the boundary is metallic. It is easy to

show (10) that the counterclockwise current of the edge channels changes with respect to an

electrostatic potential (in the rigid-band picture) as

∂I

∂φ
=C

e2

h
, (1.23)

so it follows that

Iy =−d I

d x
=− d I

dφ

dφ

d x
=C

e2

h
Ex , (1.24)

as in Eq. (1.21).

These chiral states are dissipationless, making them interesting candidates for interconnects

in integrated circuits. These and other properties (10) could benefit many applications, for

instance the quantised nature of the AHC could be exploited in high-precision metrology, or

a giant magnetotransport effect could be achived by reversing the chirality via an external

magnetic field. Also coupling a 2D Chern insulator with a superconductor could lead to

exotic effects, such as the appeareance of chiral Majorana fermions (21). All this has been

driving the community to identify robust QAHI system, but do Chern insulators exist? In

a breakthrough paper in 1988 (14), Haldane proposed a simple tight-binding model on a

honeycomb lattice that demonstrated the possibility of a physical 2D system with a non-

trivial Chern number. The Hamiltonian was a simple extension of the basic first-neighbour

Hamiltonian that describes graphene’s Dirac cones. Also an on-site energy was allowed for,

essentially describing hexagonal boron nitride. The key step was to augment such simple

Hamiltonian with a second-neighbour complex hopping that could represent (as a Peierls’

phase) the interaction with a staggered magnetic field with zero net flux through the unit cell.

An experimental realisation came only very recently in 2013 (22), in a rather different system

made from a film of a 3D TI doped with magnetic impurities . Nonetheless, the Haldane model

is a milestone that inspired several large areas of the theory of topological insulators, including

the discovery of quantum spin Hall insulators.

Given that the Berry curvature in reciprocal space is odd under TR symmetry (6), a Chern

insulator must break TR symmetry and hence be a magnetic system. Later, it was realised

that the notion of a Chern invariant in 2D could be generalised (23; 24; 25) to TR-invariant

systems (i.e. non-magnetic). Again, the Haldane model was inspiring and insightful, as we are

going to mention later: this was not a simple generalisation, but a real change of paradigm

that eventually led to the topological materials zoo that we have today.

Quantum spin Hall insulators

As mentioned, a topological classification of matter is introduced to deal with systems for

which the Landau symmetry-breaking scheme fails its purpose. Indeed, Chern insulators are

not defined in terms of any intact symmetry. However, it turns out that symmetry can be
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Figure 1.3 – Representation of the edge band structure of a 2D Chern insulator, with a single
chiral mode crossing the bulk gap.

combined with topology leading to the concept of symmetry-protected topological order (SPT).

A symmetry-protected topological phase cannot be mapped continuously to the atomic limit

without closing the gap, unless the corresponding symmetry is broken. In this sense, SPT is

protected by a combination of topology, through a non-trivial topological invariant, and a

given symmetry, that is used to construct the invariant and that must be preserved.

A paradigmatic example of a SPT is the quantum spin Hall insulator (QSHI), that is defined by

a Z2 topological invariant and TR symmetry. For a TR-invariant gapped system, the Chern

number must be zero, but there is another type of invariant that can be non-trivial. In fact, a

TR-invariant insulator acquires a Z2 classification, where the even phase is trivial and the odd

phase is topological. There are different ways to compute the Z2 topological invariant (10);

here, we report one that, while inefficient and cumbersome to implement, exposes well the

link with the basic geometrical quantities introduced earlier. The approach is introduced by

Fu and Kane (26):

ν= 1

2π

[∮
∂B

A ·d l−
∫
B
Ωd 2k

]
mod 2, (1.25)

where B is half the BZ ([0,π]× [0,2π]) and its boundary ∂B is taken counterclockwise, A and

Ω are the Abelian Berry connection and curvature, and the gauge is TR-symmetric on ∂B

(a more useful way to compute topological invariants is based on tracking Wannier charge

centres (27; 28; 29; 30), also known as Wilson loops (31)). From Eq. (1.25) it follows that if it is

possible to choose a smooth gauge in the interior of B then ν vanishes, owing to the Stokes’

theorem. Indeed, in QSHIs there is an obstruction to the existence of Wannier functions that

respect TR-symmetry (32; 33), or in other words, Wannier functions that come in Kramers

pairs. If they did respect TR, then the corresponding Bloch functions would necessary allow

for a gauge that is smooth and TR-symmetric, which implies a trivial state. If we relax the

TR constraint, then we can represent the QSHI ground state with Wannier functions (32; 33).

This is similar to the case of 2D Chern insulator, with the difference that here we can find a

mapping to the atomic limit without closing the gap, provided we break TR symmetry.
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1.2. Topological insulators

The bulk-boundary correspondence holds also for SPT phases, boundary states are protected

provided that the boundary does not break the relevant symmetry. In the case of QSHIs, as

long as the edge is not magnetic (i.e. TR is preserved) helical edge states are protected by the

non-trivial Z2 topological invariant.

Figure 1.4 – Representation of the edge band structure of a quantum spin Hall insulator, with
a pair of helical states crossing the bulk gap. Note that the band structure is symmetric thanks
to TR symmetry, and edge states are degenerate at the TR invariant point k = 0.

The name quantum spin Hall insulator may seem to imply that the spin Hall conductivity

(Hall conductivity for spin up minus that for spin down) is quantised; this is not the case, as

in the presence of spin-orbit coupling9(SOC) the spin component Sz is not a good quantum

number any more. In fact, SOC turns out to be one of the main driver of the QSHI phase, and

its role is discussed later in Chapter 5 Relative abundance of Z2 topological order in exfoliable

two-dimensional insulators. So in the limit of weak SOC, simple models should exhibit a

spin Hall conductivity close to 2 e2

h , although we stress this is not a measure of the topological

invariant.

As in the case of 2D Chern insulators, we can ask whether QSHIs do really exist. Notably,

the very concept of QSHIs was introduced by extending the Haldane model for 2D Chern

insulators to include spin and spin-orbit interaction. If one sums two exact copies of an

Haldane model, one for up-spins and the other for down-spins, TR implies they have opposite

Chern numbers such that the total Chern number is zero. As we said, in the presence of SOC Sz

is not a good quantum number and the spin-Chern number is not well defined. In two notable

articles (23; 24), Kane and Mele introduced in 2005 their eponymous model that describes

the QSHI for graphene in the presence of SOC. The Kane-Mele model is fundamental for the

research done in this thesis and it is introduced both in Chapter 2 Prediction of a Large-Gap

and Switchable Kane-Mele Quantum Spin Hall Insulator and Chapter 3 Emergent dual topology

in the three-dimensional Kane-Mele system Pt2HgSe3. So, at least in principle, graphene is

a QSHIs, although for all practical purpose graphene can be regarded as a Dirac semimetal,

9We will introduce spin-orbit coupling and where it comes from later in this introduction.
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as the gap is extremely tiny. This is a consequence of the very weak SOC due to the fact that

carbon is a very light element10. Nonetheless, a few QSHIs have been found in experiments,

although driven by different mechanisms. The first QSHIs to be realised in experiments was

predicted by Bernevig et al. (34) in 2006, and it takes place in semiconductor quantum well

structures where a layer of HgTe is sandwiched between layers of CdTe, provided that the

film thickness is greater than ∼ 6 nm. In 2007, Konig et al. (35) confirmed the prediction

by experimentally measuring an approximate plateau for the low-temperature conductivity

that was quantised up to few percents. Most QSHIs, and topological insulators in general,

discussed nowadays follow the band inversion mechanism proposed in (34), where bands

of different orbital character are inverted and eventually gapped by SOC. It is worth to stress

that although SOC drives the band inversion in some cases (especially in the first QSHIs that

were predicted) it is neither the only mechanism nor the most efficient. Most modern TIs owe

their inverted band structure to crystal field effects, that can produce inversion strengths up

to about 1 eV, as in monolayer WTe2 (36; 37; 38; 39). Nonetheless, SOC is always necessary to

open a band gap and make the material a proper semiconductor. This is why the search for

QSHIs has been focusing on materials made of heavy atoms and that expose some peculiar

structural patterns that lead to band inversions11. In this thesis, in particular in Chapter 2 and

3, we show how, contrary to common wisdom, the Kane-Mele model can produce QSHIs with

very large band gaps, and 5-6 orders of magnitude larger than in graphene.

As the 2D Chern insulators, also QSHIs have potential applications in electronics and spin-

tronics, in particular due to the dissipationless helical currents and the effect known as

spin-filtering. Fig. 1.4 shows two edge states that are crossing up and down the Fermi energy:

these two states are helical in the sense they have opposite spins, or more precisely, they

are one the TR-conjugate of the other. In the limit where Sz is a good quantum number, the

spin-up is propagating in one direction through one state, while spin-down propagates along

the partner state in the opposite direction. More general, if Sz is not a good quantum number,

each Kramer pair of the edge states is split such that one state is up-crossing while its partner

is down-crossing, and the two cannot scatter, as we are going to summarise in the next section.

Backscattering protection in QSHIs

One of the most sought-for properties for applications of QSHIs is the backscattering protec-

tion of its helical edge states. Inelastic backscattering is still allowed, but elastic backscattering

is essentially suppressed, potentially leading to very low dissipation conducting channels.

Here, we will strictly follow the steps given in Ref. (40) to show why TR symmetry forbids

single-particle backscattering for an odd number of Kramers pairs, as is the case for the edge

modes of a QSHI. Let us consider a TR-symmetric perturbation H’, that is:[
H ′,T

]= 0, (1.26)

10SOC is generally stronger for heavier chemical elements.
11We review the role of band inversion and SOC-induced band gap in Chapter 5.

16



1.2. Topological insulators

where T is an antiunitary operator that can be decomposed into a product of a unitary operator

U and a complex conjugation K, i.e. T =U K . Then it follows that:

〈Tu|T v〉 = 〈K u|K v〉 = 〈v |u〉 . (1.27)

In a state with angular momentum | j ,m〉, the TR operator acts as T | j ,m〉 = i 2m | j ,−m〉. This

marks a difference between systems with a number of electrons n that is even or odd; in fact,

T 2 = (−1)n . (1.28)

Now we consider a 1D system under the TR-symmetric perturbation H ′. At some point, n right

movers are excited, and the question is whether they can be scattered back to n left movers by

a random potential. Given that TR holds, our 1D system is composed of Kramers pairs and the

(left-moving) final state |ψ〉 is the TR-conjugate of the initial (right-moving) state |φ〉, that is:

|ψ〉 = T |φ〉. (1.29)

Finally, we compute the matrix element for the transition:

〈ψ|H ′|φ〉 = 〈Tφ|H ′|φ〉 (1.30)

= 〈T H ′φ|T 2φ〉 (1.31)

= (−1)n 〈T H ′φ|φ〉 (1.32)

= (−1)n 〈H ′Tφ|φ〉 (1.33)

= (−1)n 〈ψ|H |φ〉 (1.34)

where we used Eq. (1.27). For an odd number of electrons, the matrix element must be

zero and the process is forbidden, while if the number is even the process is allowed. More

concretely, if there is a single Kramers pair of edge modes, that is one right mover and one

left mover, then the states degenerate in energy (those involved in elastic backscattering) are

necessarily TR-conjugate to each other. Hence, the symmetry argument of Eq. (1.30) strictly

forbids the one-particle elastic backscattering in this case. In a many-body framework of

interacting electrons, two-particles TR-invariant processes are allowed (at least in principle).

Inelastic scattering is also allowed and the subject has been thoroughly reviewed by Dolcetto

et al. (41), who considered all the major sources of elastic and inelastic backscattering. To

conclude, while backscattering is never strictly absent, it is substantially suppressed by the

topological invariant (odd number of Kramers pairs) and TR symmetry, allowing for ballistic

propagation in mesoscopic devices.

3D and crystalline topological insulators

Soon after the QSHIs were introduced, the Z2 index was generalised to 3D systems (42; 43;

44; 45), leading to the discovery of the so-called strong TI and weak TIs, that can be classified
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with four Z2 topological invariants (ν0;ν1,ν2,ν3). Weak TIs (ν0 = 0) are essentially a stacking

of QSHI, where the stacking direction is determined by (ν1,ν2,ν3) which play the role of a

Miller index. Weak TIs exhibit 2D surface states that originate from the edge states of all the

layers, hence they are not present on the surfaces orthogonal to the stacking direction. For

example, let’s consider a weak TI with indices (0;001). In this case the (100) and (010) surfaces

will both host topologically protected surface states, while the (001) surface is not expected to

host any surface state. On the contrary, strong TIs (ν0 = 1) exhibit surface states all over their

surfaces. 3D TIs are now the most common type of topological insulators studied, partially

due to the fact that 3D materials are obviously much more abundant and much easier to work

with. Several 3D crystals have been predicted (46; 47), and experimentally confirmed (48; 49),

to be TIs, while 2D TIs are still quite scarce. This partially motivated the work of this thesis and

especially the results we present in Chapter 5 Relative abundance of Z2 topological order in

exfoliable two-dimensional insulators, where we specifically focus on 2D materials only.

As we have seen by moving from QAHI to QSHIs, pure topological arguments can be aug-

mented by the assumption of a specific symmetry operator that commutes with the Hamilto-

nian (TR for QSHIs), leading to the general notion of symmetry-protected topological order.

At some point (50), it became clear that if we consider a given crystalline symmetry, such as a

mirror symmetry, we can easily associate a corresponding topological invariant for the gapped

system (51; 52). As long as the symmetry is not broken and the invariant is not trivial, the sys-

tem is (50) a topological crystalline insulator (TCI). A caveat is in order: topologically-protected

surface states of TCIs appear only on surfaces that respect the relevant symmetry. This was

already the case for Z2 topological insulators, where the surface must preserve TR symmetry,

and it holds for all SPT phases in general, but for TCI the restriction is particularly severe as

it is more challenging to prepare a surface that respects specific crystallografic symmetries.

In general, the more the topological phase is based on the presence of symmetries the less

robust it is to a perturbation H ′, as it becomes increasingly easier to find an H ′ that breaks

the corresponding symmetry. We will discuss an example of dual topological order, that is the

coexistence of different kinds of non-trivial topological invariants, in Chapter 3 Emergent dual

topology in the three-dimensional Kane-Mele system Pt2HgSe3
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1.3. Ab-initio electronic structure

Ab-initio electronic structure

Up to now we have seen how geometry and topology play a fundamental role in the under-

standing of electronic structure properties, in particular in the case of TIs. Now we will briefly

outline how the electronic structure is actually computed from first principles for realistic

crystal structures.

The Hamiltonian for a system of electrons in a crystal is rather simple, being composed by

kinetic terms and all the possible pair-wise Coulomb interaction terms:

H = Ke +Kn +Ve−e +Vn−e +Vn−n (1.35)

where the first two terms represent the electron (Ke ) and nuclear (Kn) kinetic energies, and

the others represent the electron-electron (Ve−e ), nuclei-electron (Vn−e ) and nuclei-nuclei

(Vn−n) Coulomb interactions. The explicit definitions are

Ke = ∑
i

p2
i

2m
(1.36)

Kn = ∑
I

P 2
I

2MI
(1.37)

Ve−e = 1

2

∑
i 6= j

e2

|ri − r j |
(1.38)

Vn−e = −∑
i I

e2ZI

|ri −RI |
(1.39)

Vn−n = 1

2

∑
I 6=J

e2ZI ZJ

|RI −RJ |
(1.40)

where I runs over the nuclei with charge e ZI , mass MI , coordinates RI and momenta PI , and i

runs over the corresponding quantities for the electrons (−e,m,ri ,pI ).

The Hamiltonian of Eq. (1.35) has at least the two following limitations: first, it does not

include the spin of the electron, simply assuming spin degenerate bands. We will comment

later on how to explicitly include spin into the framework. Second, it does not account for

the interaction with external electric and magnetic fields, nor the effect of nuclear magnetic

moments (10). However, Eq. (1.35) is a good starting point to discuss electronic structure and,

in particular, to develop some useful approximations.

The first one is the adiabatic approximation, where we consider that nuclear coordinates

change much more slowly than their electronic counterparts, due to the fact that nuclei are

orders of magnitude heavier than electrons. In practice we use the following ansatz for the

system wavefunction:

Ψ(r1, · · · ,rn ;R1, · · · ,RN ) =ΨR(r1, · · · ,rn)χ(R1, · · · ,RN ) (1.41)
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where we separate the electronic and nuclei degrees of freedom into two wavefunctions,

with the electronic one that parametrically depends on the nuclear coordinates. So we keep

R = (R1, · · · ,RN ) as parameters and we consider the electronic Hamiltonian only

Hel ec = Ke +Ve−e +Vn−e , (1.42)

that can be solved for a given R[∑
i

p2
i

2m
+∑

i
Vext (ri )+ 1

2

∑
i 6= j

e2

|ri − r j |

]
ΨR = ERΨR, (1.43)

where we define

Vext (ri ) =−∑
I

e2ZI

|ri −RI |
, (1.44)

to highlight that electron-nucleus interactions can be written as an external potential.

Eq. 1.43 becomes impossible to solve even computationally when the number of electrons is

relatively large, which is already the case for very simple crystal structures. For solids especially,

a well-known approach to this problem is based on density-functional theory (DFT). We will

now briefly summarise the basic features of DFT and the fundamental theorems that support

it.

Density-functional theory

DFT is based on two fundamental theorems, the Hohenberg-Kohn (HK) theorems (53), and the

fundamental ansatz of Kohn-Sham, to pave the way to an actual useful implementation. The

HK theorems state that the ground-state many-body wavefunction, and its energy, are func-

tionals of the ground-state electronic density. In addition, the ground-state energy funtional

is variational and the minimum occurs for the true ground state of the system (i.e. the exact

solution). Two outstanding consequences become clear. First one can work with an object,

the charge density, that is much simpler to deal with than the full many-body wavefunction.

Second, we can turn the many-body problem into a minimisation of the energy functional,

that can be solved by iteratively updating the charge density until it converges to the ground

state one.

HK theorems guarantee the existence of a solution, but provide no insight on how to get it in

practice. Thanks to Kohn and Sham (54), one can reintroduce a non-interacting electronic

Hamiltonian that we know how to solve. KS assume that the interacting one-body density

is also solution of a non-interacting problem in a local external potential VK S . Of course,

such non-interacting Hamiltonian will include an external potential that is different from the

external potential of the original interacting Hamiltonian. Hence, the interacting problem can

be solved as a non-interacting one in an effective density-dependent external potential, by
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1.3. Ab-initio electronic structure

diagonalising the single-particle KS Hamiltonian

HK S = p2

2m
+V [n]

K S (r) (1.45)

where the KS potential is a functional of the charge density. The KS potential is made of

different terms:

V [n]
K S (r) =Vext (r)+V [n]

H (r)+V [n]
XC (r), (1.46)

where VH is the Hartree potential

V [n]
H (r) = e2

∫
n(r′)
|r− r′|dr (1.47)

that describes the Coulomb repulsion between a given electron and the surrounding electron

cloud. The last term is the most interesting one: it is the exchange-correlation potential VXC

V [n]
XC (r) = δEXC

δn(r)
(1.48)

that is the functional derivative of the exchange correlation energy and that contains all

the information on the many-body interaction effects. In practice the problem is solved

self-consistently by updating the charge density

n(r) =
n∑

i=1
|ψi (r)|2 (1.49)

computed with the KS orbitals ψi , and inserting it into the KS potential, until convergence is

achieved.

Up to now, everything is, at least in principle, exact and no substantial approximations have

been employed. Clearly, all the complexity of the many-body problem is compressed into the

exchange-correlation functional which is, of course, unknown12. Several approximations for it

have been developed (56), we mention here the two most relevant for this thesis, namely the

local-density approximations (LDA) and the generalised-gradient approximation (GGA). In

the LDA approach, EXC depends on the electronic density only through its value at each point

in space:

EXC =
∫
ρ(r)εXC (r)dr, (1.50)

where εXC is modeled on the homogeneous electron gas. In this thesis we will adopt the

slightly more complex class of GGAs, which introduce also the first derivative of the electronic

density.

Different approaches are used to choose the basis functions that are needed to represent

the KS orbitals on a computer. In the calculations performed in this thesis we adopt a plane

12A few constraints that a bona fide exchange-correlation functional must satisfy are known (55), and indeed
they are at the basis of the most common existing approximations.
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wave basis set and pseudopotentials (1). In the pseudopotential formalism only the valence

electrons are treated explicitly, through a smooth pseudopotential that mimics the interaction

with the nuclei surrounded by the core electrons (56). The pseudopotential formalism not

only allows to consider (much) fewer electrons, but it also greatly reduces the number of

plane waves that are needed to represent the potential and the wavefunctions. Ultimately,

pseudopotentials allow for the use of plane wave basis sets in real calculations. The issue

of efficiency and accuracy of the pseudopotential approximation is discussed in Chapter 7

Precision and efficiency in solid-state pseudopotential calculations.

Relativistic effects

As we mentioned in the introduction to quantum spin Hall insulators, non-trivial topology

is often driven by the presence of spin-orbit coupling (SOC). SOC is essentially a relativistic

effect, that appears when the speed of the core electrons orbiting around the nucleus starts

to approach a sizeable fraction of the speed of light. In heavy elements (where the atomic

number Z & 50) the nucleus charge is larger and core electrons, and in particular 1s states, are

very close to the nucleus with large velocities. Orthogonality constraints on the orbitals then

“propagate” such relativistic effects to the states higher in energy.

Quantum field theory provides a rigorous mathematical framework to deal with quantum

mechanics and special relativity; for solid-state materials a more practical approach based

on the Dirac equation is typically employed. At variance with the Schrödinger equation, the

Dirac equation is first-order both in space and time (57), and it is a relativistic wave equation

that describes electrons in terms of 4-spinors ψ obeying

(i~γµ∂µ−mc)ψ= 0 (1.51)

where Einstein notation is used and the γi (i = 0,1,2,3) are 4×4 matrices called the Gamma

(or Dirac) matrices (57). Dirac matrices satisfy Clifford algebra and can be written in terms of

blocks made by the 2×2 Pauli matrices. The interaction with electromagnetic fields can be

incorporated through the so called minimal coupling:

(γµ(i~∂µ−e Aµ)−mc)ψ= 0 (1.52)

where Aµ is the 4-component vector potential.

The Dirac equation for the 4-component spinor can be expressed into two coupled equations

for 2-component spinors. This is particularly useful when the weak relativistic limit is taken.

In the fully non-relativistic limit, the two 2-spinors are known as large and small components

and only the large one is retained, ending up with the Pauli equation (58). The Pauli equation

is the lowest order expansion of the Dirac equation in v/c—the relative speed with respect to

the speed of light—and it is essentially the Schrödinger equation augmented by a term that

accounts for the presence of the electron spin and its interaction with a magnetic field.
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1.3. Ab-initio electronic structure

For our purposes the Pauli equation is still unsatisfactory. In fact, if we consider the Pauli

equation for a simple one-electron atom, there is no term that accounts for the relativistic

speed of the core electrons. If we now also include terms of order (v/c)2 (see for instance

Ref. (58)), we end up with three additional corrections. The first one, the kinetic term, is a

relativistic correction to the standard kinetic term. The second one, the Darwin term, only

affect s-states (l = 0). The third one, the spin-orbit interaction, is the only term that explicitly

depends on spin and can be written as

hSOC = 1

2m2c2

1

r

dV

dr
L ·S (1.53)

where L and S are the angular momentum and spin operators, respectively.

How can SOC be included into the DFT framework? In principle, one would need to work with

a functional theory of the relativistic 4-current Jµ, that takes the place of the charge density. Jµ
contains the electron density but also the spin density s(r) and the electron current density.

The latter is typically neglected, leading to so-called spin-DFT, where the energy functional

depends on the electron and spin density. The formal derivation of the equation of spin-DFT

is rather complex (1) and outside the scope of this introduction; here, we just mention that

SOC is incorporated into the KS potential (10) such that a spin-dependent version of the KS

equations can be written as[
p2

2m
+Vext +VH +VXC +WXC ·σ+HSOC

](
ψ↑

i

ψ↓
i

)
= Ei

(
ψ↑

i

ψ↓
i

)
(1.54)

where VXC and WXC are the scalar and spin-dependent parts of the exchange-correlation

potential, and σ is the vector composed by the 3 Pauli matrices σx ,σy ,σz . The spin-orbit

Hamiltonian HSOC takes a form similar to what we have seen for the one-electron atom and it

can be written as:

HSOC = ~
4m2c2σ ·∇V (r)×p (1.55)

where V (r) =−eφ(r) is the electrostatic potential experienced by the electron.

Spin-orbit coupling and QSHIs

We conclude this introduction by commenting upon the fundamental role of SOC in quantum

spin Hall insulators, and more in general in any TR-invariant topological insulator. SOC

ensures the presence of a finite energy gap everywhere in the BZ (59). This statement can

be proved formally, by reductio ad absurdum, at least for centrosymmetric systems (46; 59).

Some confusion can derive form the fact that in some topological insulators, especially among

the first materials that were predicted, SOC can also have the additional role of driving the

topological transition from the trivial state. A classic example is two-dimensional bismuth (60),

also briefly discussed in Chapter 5 Relative abundance of Z2 topological order in exfoliable

two-dimensional insulators, where the electronic structure is gapped both with and without
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SOC. The strong SOC that is present in bismuth is able to first close and then reopen the band

gap into a topological phase. Actually in many systems the non-trivial topology is first driven

by some other effect, e.g. crystal-field, and then stabilised by SOC, which opens a gap between

bands that are already inverted and allows to define the non-trivial topological invariant. To

sum up, to define a non-trivial Z2 topological invariant for TR-invariant systems one needs a

gapped phase where the spin-up and spin-down channels cannot be considered seperately

but are instead intertwined by SOC.
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Research outline

The research work displayed in this thesis is organised as a collection of 6 research articles,

divided into 2 main parts. A third part references some other research done during the PhD

that is not explicitly included in this thesis, but it is still relevant to its main theme.

• Part I is named Topology and Electronic Structure and it contains the 3 research articles

on the core topic of the thesis.

– The first article (Chapter 2), Prediction of a large-gap and switchable Kane-Mele

quantum spin Hall insulator, focuses on the most interesting QSHI candidate

found in the computational screening that is discussed later in Chapter 5, namely

monolayer jacutingaite (Pt2HgSe3), a naturally occuring mineral first discovered

in a Brazilian mine in 2008. In this article, we study in full detail the electronic

structure and the topology of monolayer jacutingaite, showing that it realises

the Kane-Mele (KM) model that was originally introduced to describe graphene’s

QSHI phase. At variance with graphene, where the SOC-driven band gap is essen-

tially negligible, in monolayer jacutingaite SOC opens a band gap estimated to

be around 0.5 eV, by our many-body G0W0 calculations. In addition, relativistic

effects play an important role on the dynamical stability of jacutingaite, where

an interplay between SOC, crystal-symmetry breaking, and dielectric response

cooperate towards a switchable topological phase.

– The second article (Chapter 3), Emergent dual topology in the three-dimensional

Kane-Mele system Pt2HgSe3, further develops the study of jacutingaite by focusing

on the topology of the 3D layered crystal rather than its 2D monolayer counterpart.

We explain the origin behind the topological crystalline phase of 3D jacutingaite.

A simple generalisation of the KM model is sufficient to describe the way dual

topological order—protected both by TR and mirror symmetry—emerges from a

non-trivial coupling between KM-type QSHI monolayers. Notably, our theoretical

modelling results also in an extremely good agreement with ARPES experiments,

providing strong indirect evidence of the existence of the QSHI phase in monolayer

jacutingaite that was predicted in Chapter 2.

– The third article (Chapter 4), Local theory of the insulating state is both a concep-

tual and methodological work on the electronic structure of the insulating state.

Building on some previous work I did in my master thesis (61) for open-boundary

conditions (OBCs) tight-binding calculations, I further developed a localization

marker for first-principles PBCs simulations. The mathematical framework ex-

ploits Wannier interpolation and it allows to study ab-initio all kinds of insula-

tors (including those displaying Anderson localisation) in a unified framework.

Among others, this is work is particularly relevant to study the effect of disorder on
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topologically-protected edge states.

• Part II is named High-throughput Materials Screening and it contains 3 additional re-

search articles. The first article was instrumental to the study of QSHIs that is discussed

in Part I, while the other two report methodological developments in the context of

pseudopotentials and Wannier functions, respectively. These works are very relevant to

the study of the electronic structure of materials in a high-throughput mode.

– The first article (Chapter 5), Relative abundance of Z2 topological order in exfoli-

able two-dimensional insulators, discusses the computational screening for novel

QSHIs, that is based on first-principles simulations and materials’ informatics.

We discuss the challenges of discovering novel QSHIs from ab-initio simulations,

the computational framework that we implement and, in particular, the novel

materials candidates that we predict.

– The second article (Chapter 6), Automated high-throughput Wannierisation, deals

with the problem of automating the construction of maximally-localised Wan-

nier functions (MLWFs), by minimising human intervention in the choice of the

parameters and the execution of the simulation workflow. Based on a method

that optimally selectes columns of the density matrix (named SCDM) that was

originally develop by Lin and coworkers, we implement and test a computational

toolkit to produce MLWFs for band-structure interpolation in a fully automated

way. This work unlocks several opportunities in the study of the electronic struc-

ture, by greatly simplyfing Wannier interpolation of k-space quantitites.

– In the third article (Chapter 7), Precision and efficiency in solid-state pseudopoten-

tial calculations, we propose a protocol to test publicly available pseudopotential

libraries, based on several independent criteria including verification against

all-electron equations of state and plane-wave convergence tests for phonon fre-

quencies, band structures, cohesive energies and pressure. Adopting these criteria

we obtain curated pseudopotential libraries (named SSSP, or standard solid-state

pseudopotential libraries), that we target for high-throughput materials screening

and high-precision materials modelling. This verification effort contributes to

increase the quality of ab-initio simulations based on pseudopotentials and it

facilitates reliable high-throughput computational materials screening.

• Part III is named Contributions to open science and community codes and it contains a

brief account of my contributions to two research articles on scientific software devel-

opment. These articles contains a discussion of the recent community-driven efforts

on Wannier90, the original code developed to compute MLWFs, and Yambo, a many-

body perturbation theory code. These two articles also discuss my contributions to the

interface between these codes and the AiiDA materials’ informatics platform (62).
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Chapter 8 contains the conclusions of the thesis, while Chapter 9 discuss the outlook for

future work and preliminary results on designing van der Waals ferroelectric topological

insulators. A list of the other articles I have authored or submitted during the PhD closes the

thesis, followed by my academic curriculum vitae.
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2 Prediction of a large-gap and switch-
able Kane-Mele quantum spin Hall
insulator

This article discusses the electronic structure and topology of a novel 2D material, namely

monolayer jacutingaite (Pt2HgSe3). I have discovered that jacutingaite monolayers are quan-

tum spin Hall insulators with a sizeable band gap (∼ 0.5 eV at the level of G0W0 with SOC).

In addition, jacutingaite realises the paradigmatic Kane-Mele model for quantum spin Hall

insulators that was originally introduced for graphene. Finally, the topological properties of

jacutingaite monolayers can be manipulated exploiting a unique strong interplay between

spin-orbit coupling, crystal-symmetry breaking and dielectric response. Jacutingaite has

been initially identified among other materials through the high-throughput screening for

quantum spin Hall insulators that will be discussed in Chapter 5. Given the outstanding

performance and peculiar physics of this material, I have devoted substantial time during

the PhD to understand its electronic structure and its topology, as we discuss in detail in this

chapter.

Before moving to the article, I provide here some brief summary of the experimental situa-

tion since the manuscript was published. The experimental work I mention here is being

performed by several research groups at EPFL and University of Geneva, in particular the

experimental teams led by F. Stellacci, A. Morpurgo, E. Giannini, C. Renner, A. Kuzmenko,

F. Baumberger, in collaboration with me and Marco Gibertini; other experimental groups

worldwide have also been working on jacutingaite following our prediction1.

Millimeter-size single crystals of jacutingaite have been synthesised using high-pressure tech-

niques. These single crystals have been studied with a variety of experimental techniques

including Raman spectroscopy, angle-resolved photemission spectroscopy (ARPES), magne-

toresistance measurements, atomic force microscopy (AFM), scanning tunneling microscopy

(STM) and scanning near-field optical microscopy (SNOM). As regards the exfoliation of

jacutingaite, mechanical exfoliation of single crystals has produced films up to 50 nm of thick-

1As the group of P. Nemes-Incze in Budapest who has already posted some results on the arXiv, see
arXiv:1903.02458 [cond-mat.mes-hall] (2019).
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ness, which has been further reduced to 10-20 nm with anodic bonding. Liquid exfoliation

with sonication has been employed for both single crystals and powder of jacutingaite, with

preliminary AFM results suggesting the yield of multilayers and potentially monolayers that

are currently under study.

I present the postprint version of the article published in Physical Review Letters, the supple-

mentary information is also included. My contribution to this article has been discovering

jacutingaite and understanding that it was a Kane-Mele quantum spin Hall insulator, per-

forming most of the first-principles simulations, developing the necessary software tools,

analysing the results, writing the paper. The tight-binding modelling was done jointly with

Marco Gibertini. The analysis of the results and the writing has been done jointly with Marco

Gibertini, Davide Campi and Nicola Marzari. Nicolas Mounet provided software tools and

AiiDA workflows, he also computed the binding energy. Davide Campi perfomed the study on

oxidation and vacancies, and wrote the corresponding section of the manuscript.

Full bibliographic reference: Antimo Marrazzo, Marco Gibertini, Davide Campi, Nicolas

Mounet and Nicola Marzari, Prediction of a Large-Gap and Switchable Kane-Mele Quantum

Spin Hall Insulator, Phys. Rev. Lett. 120, 117701 (2018)

DOI https://doi.org/10.1103/PhysRevLett.120.117701

URL https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.120.117701

Copyright 2018 American Physical Society
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Asbtract

Fundamental research and technological applications of topological insula-

tors are hindered by the rarity of materials exhibiting a robust topologically

non-trivial phase, especially in two dimensions. Here, by means of exten-

sive first-principles calculations, we propose a novel quantum spin Hall

insulator with a sizeable band gap of ∼0.5 eV that is a monolayer of Ja-

cutingaite, a naturally occurring layered mineral first discovered in 2008

in Brazil and recently synthesised. This system realises the paradigmatic

Kane-Mele model for quantum spin Hall insulators in a potentially exfoli-

able two-dimensional monolayer, with helical edge states that are robust

and that can be manipulated exploiting a unique strong interplay between

spin-orbit coupling, crystal-symmetry breaking and dielectric response.

The last decade has been marked by a significant effort in the study of topological order in

real materials. More than 15 years after the seminal work by Haldane (1) introducing a model

for the Chern insulator (a.k.a. quantum anomalous Hall insulator or QAHI), Kane and Mele

(2; 3) realised that by doubling Haldane’s model and introducing spins, they could obtain

a quantum spin Hall insulator (QSHI), i.e. a time-reversal invariant insulator characterised

by Z2 topological order and helical edge states (4). Soon, it was recognised that the QSHI is

actually a novel state of matter not necessarily bound to the Kane-Mele (KM) model, and the

first experimental realisation of a QSHI came in the form of a HgTe/CdTe quantum well (5),

following a theoretical prediction by Bernevig, Hughes and Zhang (6). At variance with QAHIs,

in QSHIs the non-trivial topological order is protected by time-reversal symmetry (TRS): an

even number of Kramers’ pair states appears at the edge, potentially hosting dissipation-

less electron transport due to the absence of elastic scattering. These counter-propagating

edge modes of opposite spin (helical) give rise to topologically protected one-dimensional

wires, with the only elastic scattering channel being back-scattering between Kramers pairs, a

process totally forbidden by time-reversal symmetry. Thus, helical edge states are very robust

against interactions and non-magnetic disorder, making QSHIs a very promising platform to

realise novel low-power electronic and spintronic devices. Despite their massive fundamental

interest and their prospective technological applications, experimentally synthesised QSHIs

that persist up to room temperature are still very scarce (7; 8).
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In this work, we first predict by accurate first-principles simulations a novel, optimal QSHI

monolayer with a record-high band gap that realises the KM model and that can be extracted

from a naturally occurring crystal. Then, we unravel the competing roles of spin-orbit coupling

and crystal-symmetry breaking on structural stability, and explore their interplay to show how

the topological phase can be switched using moderate, realistic electric fields.
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Figure 2.1 – Top left panel: DFT electronic band structure for monolayer Jacutingaite; the
energy zero is the Fermi level of the DFT w/o SOC calculation. Full circles denote direct DFT
calculations while solid lines represent Wannier-interpolated states from a minimal two-band
model. Green (dark grey) circles and lines represent calculations performed with spin-orbit
coupling (SOC), orange (light grey) circles and lines calculations performed without SOC.
Top right panel: top and lateral views of monolayer Jacutingaite (Pt2HgSe3); the primitive
cell is marked by the black parallelogram while the Wigner-Seitz cell is denoted by the green
hexagon. Bottom panel: isosurface plots for the two maximally localised Wannier functions
realising the two-band model. The two MLWFs map on to each other under inversion and
have the character of Hg s-orbitals hybridised with the three nearest-neighbour Pt d-orbitals;
their centres compose a buckled honeycomb lattice. Red and blue isosurfaces correspond to
opposite signs of the MLWFs. The low-energy physics is fully captured using this two-band
model, analogous to the Kane-Mele model for graphene.

Jacutingaite (Pt2HgSe3) is a new species of platinum-group minerals first discovered in 2008

(9); in 2012, synthetic Jacutingaite was also obtained (10) and its crystal structure identified

with powder X-ray diffraction. The Jacutingaite crystal structure has spacegroup P 3̄m1 (164),

with a trigonal unit cell composed of 12 atoms. The crystal is layered with AA stacking and

has a reported (10) experimental interlayer distance of 5.3 Å. The layered character of Jacutin-

gaite is supported by the experimental reports of “very good {001} cleavage” for the mineral
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(10), and a laminated morphology for the synthetic crystals. To confirm this, we compute

(11) with non-local van der Waals density-functional theory (vdW-DFT, see Methods in the

Supplemental Material (12)) the geometry and binding energy Eb of Jacutingaite finding an

interlayer distance of 5.3 Å in exact agreement with experiments, and a binding energy for the

monolayer of 60 meV·Å−2 (13; 14). This latter is roughly twice the binding energy obtained

(11) for the recently synthesised CrGeTe3 or for phosphorene, and less than three times the

binding energy of graphene or hexagonal boron nitride monolayers, suggesting that mono-

layer Jacutingaite could be obtained through common exfoliation techniques such as adhesive

tape, intercalation or sonication in addition to synthetic growth. The crystal structure of

monolayer Jacutingaite is shown in Fig. 2.1. The low-energy physics around the Fermi level
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Figure 2.2 – Left panel: DFT and G0W0 band structures obtained including SOC; lines are
Wannier-interpolated bands while full (G0W0) and empty (DFT) circles denote direct calcu-
lations. Right panel: G0W0 edge spectral density displaying a pair of topologically protected
helical edge states crossing the bulk gap.

can be well described by a two-band model that mirrors the KM model for graphene (2). To

show this, first we construct an ab initio 2×2 Hamiltonian without spin-orbit coupling (SOC)

in a basis of maximally-localised Wannier functions (MLWFs) (15). Fig. 2.1 highlights how such

a simple model interpolates very well the highest occupied and lowest unoccupied bands

as obtained directly from DFT calculations (orange solid lines and circles respectively). The

corresponding MLWFs are shown in the bottom-right panel of Fig. 2.1, displaying the character

of Hg s-orbitals hybridised with three nearest-neighbour Pt d-orbitals. Notably, the MLWFs

are centred on the Hg atoms and form a buckled honeycomb lattice, mirroring the structure

of germanene or arsenene. Then, we introduce SOC first at the DFT level, and construct again

a MLWF Hamiltonian (Fig. 2.1 top left, green line). In graphene, the only spin-orbit term that

respects all symmetries and can open a gap is the KM-type SOC (2), proportional to σzτz sz

(these being the Pauli matrices for the sublattice, K/K′ valley and spin degrees of freedom,

respectively). This strong SOC due to the presence of Hg and Pt gaps the Dirac point and

makes the system an insulator with an indirect band gap of 0.15 eV at the DFT level (see later

for many-body perturbation theory calculations). In a buckled honeycomb lattice in-plane

mirror symmetry is broken, allowing an additional second-nearest neighbour SOC term (16)

that does not affect the band gap at K. In fact, a KM model constructed from first-principles

is able to capture the main features of the low-energy bands structure (see Supplemental
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Material (17)) and the opening of a gap due to the KM-type SOC. That the system is a QSHI is

revealed by calculations of the Z2 invariant performed by tracking hermaphrodite Wannier

charge centres (18; 19; 20) (see Supplemental Fig. 6).

To further assess the robustness of the QSHI phase, we perform many-body G0W0 calculations

with spin-orbit coupling (see Methods). Fig. 2.2 shows a comparison between the band

structures obtained at the G0W0 and DFT level. Notably, G0W0 predicts an expected increase

of the band gap to 0.53 eV, with a direct gap at the K point. Such band gap is an order of

magnitude higher than the recently synthesised WTe2 (21; 22; 23), which is also a monolayer

QSHI, albeit driven by orbital band inversion and thus more sensitive to environmental effects.

In Fig. 2.2 we show the edge spectral density for a semi-infinite monolayer computed using

the iterative Green’s function method (24; 25; 26; 27) on a G0W0 Wannier Hamiltonian. A pair

of edge states crosses at the Fermi level with fairly linear dispersions over all the bulk band

gap, an hallmark of Z2 topological order. Such a huge bulk gap in the spectral density should

facilitate a clear experimental detection of the QSHI phase, either by scanning tunneling

spectroscopy or transport experiments. The Fermi velocity estimated from the edge spectral

density is rather high (vF ≈ 3.6×105m · s−1), although the precise experimental value depends

on possible edge reconstructions. Note that the bulk-boundary correspondence guarantees

the presence of helical edge states, independently of the details of the termination as long as

TRS is preserved. The large band gap also implies a fast decay of the helical edge states into

the bulk, with a transverse localization length approximately equal to (4) L = ~vF
Eg ap

≈ 5Å. Using

the G0W0 bulk Wannier Hamiltonian, we construct nanoribbons of different sizes and confirm

that a 6-cells wide (∼4 nm) nanoribbon is sufficient to display gapless helical edge states (see

Supplemental Fig. 3). Hence the two pairs of edge states of a narrow Jacutingaite nanoribbon

interact very weakly with each other, suggesting the possibility of realising dissipation-less

nanowires in integrated circuits.

Now we discuss the mechanical stability of the monolayer. We compute phonon dispersions

using 2D DFPT (28; 29) including SOC and the correct 2D LO-TO asymptotics (30) (see Supple-

mental Material (12)); the stability of the monolayer is confirmed by the absence of imaginary

frequencies. Interestingly, the zero-temperature centro-symmetric phase is promoted by

the presence of KM-type SOC. In fact, DFPT calculations without SOC return an instability

at Γ that would break inversion symmetry and lower the spacegroup from P 3̄m1 (164) to

P3m1 (156). We further investigate this by computing several DFT total energies obtained

by displacing the atoms according to the pattern of the unstable phonon. Fig. 2.3 illustrates

this mechanism: without SOC the system would prefer to distort into one of two equivalent

polar phases, as shown by a double-well potential-energy curve, although the energy barrier

between the two polar phases would be small compared with room-temperature, and the

system would rather stay in a “quantum paraelectric” phase (31; 32). On the contrary, SOC

stabilises the centro-symmetric phase and restores a parabolic behaviour for the total energy.

This phenomenon can be understood by studying how SOC affects the behaviour of the band

gap under the inversion-symmetry breaking distortion (see the bottom-left panel of Fig. 2.3).

Without SOC, the centro-symmetric phase is a Dirac semimetal and the distortion would open
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a gap. With SOC, the centro-symmetric phase is already gapped and the distortion instead

lowers the gap until a topological phase transition is reached (see Fig. 2.3). Notably, these

considerations help to understand the ionic response to an out-of-plane electric displacement

field. Such external field not only breaks inversion symmetry in the electronic Hamiltonian

through the presence of a linear potential, but it also induces an ionic displacement that breaks

the crystal inversion symmetry and lowers the spacegroup from P 3̄m1 (164) to P3m1 (156). In

Fig. 2.3 we report the topological phase diagram, plotting the ionic displacement projected on

the manifold defined by all the possible symmetry-breaking distortions that drive the system

from spacegroup 164 to 156 (details in Methods), with respect to an electric displacement field

applied orthogonally to the monolayer (35). Most of the ionic displacement due to the external

field contributes to the crystal inversion-symmetry breaking (from 90% to 100%, depending

on the field intensity), i.e. the same type of distortion of the Γ-instability discussed above. The

ionic response reduces the critical field Dc needed to close the gap and drive the system to a

normal insulating phase (see right panel of Fig. 3 and Supplemental Material (36)). So, the

QSHI phase is robust up to Dc = 0.36 V·Å−1 at the DFT level; the much larger zero-field G0W0

band gap suggests a larger experimental value, which would also be affected by temperature

(33; 34). At Dc the gap closes into a Dirac point and for higher fields the system becomes

a normal insulator. So, we can posit that the QSHI phase of 2D Jacutingaite is very robust

but—thanks to the ionic response—switchable using relatively low out-of-plane electric fields,

potentially obtained through a gate voltage of a few volts.

Experiments and technological applications of 2D materials inevitably involve a substrate,

potentially affecting certain properties. Although the large band gap and the absence of a

band-inversion mechanism already ensure a very robust QSHI phase, we study the effect

of encapsulation with hexagonal boron nitride (see Supplemental Material) that is, notably,

lattice matched to Jacutingaite. The BN/Pt2HgSe3/BN heterostructure is still a QSHI with a

DFT band gap of 0.16 eV, almost identical to the 0.15 eV of an isolated Pt2HgSe3 monolayer.

Encapsulation could be useful to protect the monolayer from interactions with oxygen, as in

the case of many well known 2D materials (37; 38), although desorption is quite facile (see

Supplemental Material (39)).

In conclusions, our work highlights that a 2D monolayer of the newly discovered mineral

Jacutingaite is both a robust and yet switchable QSHI, lattice matched to BN. This finding is

even more relevant considering that monolayer Jacutingaite is by far the most outstanding

QSHI candidate that we identified screening more than one thousand novel materials recently

proposed as exfoliable (11). Jacutingaite is either naturally occurring (9) or easily grown (10),

providing an optimal platform for studying and exploiting topology-protected physics.
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Figure 2.3 – Top left panel: DFT total energy vs displacement along a Γ-unstable displacement
pattern, i.e the imaginary-frequency phonon obtained from DFPT calculations performed
without SOC (the inset shows the pattern of this phonon calculated in the centro-symmetric
configuration, see text). Without including SOC, the system would distort into a polar phase
as shown by a double-well potential-energy curve; on the contrary SOC stabilises the centro-
symmetric phase and restores a parabolic behaviour. Bottom left panel: direct band gap at K
as function of the displacement pattern. In the non-SOC case, inversion symmetry-breaking
opens a gap, while including SOC yields gap closure. Right panel: topological phase diagram
under an out-of-plane electric displacement field Dz . The Z2 topological invariant is marked
in teal; the magnitude of the band gap is represented by the disks’ color and size. The black
line stands for the projection of the field-induced ionic displacement over the 164-to-156
spacegroup reduction manifold (see text). The ionic displacement due the field acts similarly
to the imaginary-frequency phonon, causing an ionic response that reduces the critical field
where the topological phase transition occurs.
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Supplementary material

Methods

First-principles simulations DFT calculations are performed using plane waves and pseu-

dopotentials as implemented in the PWscf code of Quantum ESPRESSO distribution (1; 2)

in 2D open boundary conditions (3). The binding energy Eb is computed for the monolayer

as extracted from the relaxed 3D bulk, i.e. before DFT structural optimization (relaxation

would lower Eb by 3 meV·Å−2). The interlayer distance and Eb are computed using three

different non-local van-der-Waals functionals: the vdW-DF2 functional (4) with C09 exchange

(DF2-C09) (5), the revised Vydrov-Van Voorhis (rVV10) functional (6; 7) and the Tkatchenko-

Scheffler (TS) functional (8); we obtain respectively 5.27 Å and 60 meV·Å−2 with DF2-C09, 5.39

Å and 64 meV·Å−2 with rVV10, 5.29 Å and 61 meV·Å−2 with TS, providing a robust agreement

for these predictions. We use the Perdew-Burke-Ernzerhof (PBE) (9) functional to study the

monolayer, while we added the rVV10 vdW-functional for crystal structure optimization of

the BN/Pt2HgSe3/BN heterostructure. All non-magnetic calculations are performed using

ONCV (10) PseudoDojo pseudopotentials (11); in some cases results are cross-validated using

the SSSP pseudopotentials library (12; 13; 14; 15; 16). We test if the monolayer is potentially

magnetic by performing three spin-polarized DFT calculations (using the SSSP library v0.7)

with random starting magnetization for each species (with an absolute value between 0.1 and

1 µB ·e−1 and random sign). All calculations end up in the non-spin polarized case with zero

magnetization.

G0W0 calculations are performed using the Yambo (17) code, on top of DFT-PBE calculations

with the Quantum ESPRESSO distribution. We use fully relativistic ONCV pseudopotentials

from the PseudoDojo library, using the GW version (with complete shell in the valence). The

self-energy is constructed using a 36×36×1 k-point grid; in particular the Green’s function

is constructed using 1500 bands and the dynamical screening W using 1500 bands and 8 Ry

cutoff. In the G0W0 calculations we adopt the random integration method, 2D Coulomb cutoff

and the plasmon pole approximation for the frequency dependence of the self-energy. SOC is

included self-consistently at the DFT level, using spin-orbitals, and fully taken into account

at the G0W0 level using a spinorial Green’s function. G0W0 quasi-particle corrections are

computed on a 12×12×1 k-points grid and interpolated using maximally-localised Wannier

functions with WANNIER90 (18). Topological invariants are computed using Z2pack (20; 21),

spectral densities are obtained using WannierTools (22). Part of the calculations were powered

by the AiiDA (23) materials’ informatics infrastructure.

Inversion-symmetry-breaking analysis The spacegroup of monolayer Jacutingaite is P 3̄m1

(164). Inversion symmetry arises from the combination of a 2-fold rotation around an in-plane

axis and a reflection through a vertical plane orthogonal to the axis. The loss of inversion

symmetry reduces by half the number of symmetries; this can result from either the loss

of the rotation or reflection symmetries. In the first case the spacegroup becomes P3m1

(156) while in the latter it becomes P321 (150). These are the largest subgroups of P 3̄m1
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(164) that lack inversion while keeping all translational symmetries. The transition from

P 3̄m1 (164) to P3m1 (156) is driven by atomic displacements that belong to the irreducible

representation A2u of the parent group (with the exclusion of a rigid translation along the

vertical direction), while the transition from P 3̄m1 (164) to P321 (150) results from atomic

displacements belonging to the A1u representation. These are the active representations,

while secondary displacements belonging to the trivial A1g representation can always be

present as they do not affect the symmetry of the system. In order to assess the nature of

atomic displacements, we have projected them onto the possible basis for different irreducible

representations of the parent spacegroup P 3̄m1 (164). There are five different displacement

patterns that transform according to the A2u representation (neglecting a trivial translation

along the vertical direction), two transforming according to the A1u representation, and three

according to the trivial A1g representation that can be obtained using standard group-theory

arguments (19). The unstable phonon mode at Γ that appears for calculations without spin-

orbit coupling purely belongs to the A2u representation and thus brings the systems towards

a more stable phase with spacegroup P3m1 (156). The displacements induced by an out-

of-plane electric displacement field in the presence of spin-orbit coupling can be instead

decomposed into a combination of A1g trivial displacements and A2u displacements that

bring the system, also in this case, to the spacegroup P3m1 (156). In Fig.3 of the main text we

show the amplitude of the atomic displacements projected on the five patterns that transform

according to the A2u representation. We point out that the displacement vector in this five-

dimensional space is almost identical for the unstable phonon and the electric-field induced

distortion.

Phonons

Here we report the phonon dispersions for monolayer Jacutingaite obtained using 2D DFPT (3)

with spin-orbit coupling (SOC) and the correct 2D asymptotics (24). The absence of imaginary

frequencies confirms the mechanical stability of the monolayer.

Infrared and Raman active modes

Here tabulate phonon frequencies at Γ, together with infrared (I) or Raman (R) activity, in

order to facilitate the experimental detection of monolayer Jacutingaite through spectroscopic

measurements.

Hexagonal boron-nitride heterostructure

Experiments and technological applications of 2D materials inevitably involve a substrate,

potentially affecting certain properties. It is thus important to find suitable supporting or en-

capsulating materials that do not affect the relevant properties of the free-standing monolayer.

Here we show how hexagonal boron nitride can encapsulate a monolayer of Jacutingaite and
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Figure 2.4 – Phonon dispersions of monolayer Jacutingaite obtained using 2D DFPT (3) with
spin-orbit coupling (SOC) and the correct 2D asymptotics (24).

Branch Frequency [cm−1] Symmetry Infrared (I) - Raman (R) active
1-2 0.0 Eu -

3 0.0 A2u -
4 30.6 A2u -

5-6 49.3 Eu I
7-8 64.4 Eg R

9-10 69.2 Eu I
11 78.0 A1g R
12 84.3 A2u I
13 91.3 A1u -

14-15 126.0 Eu I
16-17 143.4 Eu I

18 146.0 A2u I
19-20 158.7 Eg R

21 163.1 A2g -
22-23 163.7 Eg R

24 182.6 A1g R
25-26 189.8 Eg R
27-28 194.4 Eu I

29 197.1 A1g R
30 198.7 A1u -
31 206.7 A2u I

32-33 206.7 Eu I
34-35 208.7 Eu I

36 215.3 A2u I

Table 2.1 – Phonons at Γ, reporting the branch index, the frequency in cm−1, the symmetry of
the mode, and the mode infrared (I) or Raman (R) activity.

preserve its large-gap QSHI state. Monolayer hexagonal boron nitride (BN) is commensurate

to monolayer Jacutingaite (Pt2HgSe3); they share the same triangular lattice with a BN lattice

constant (2.51 Å) three times smaller than monolayer Jacutingaite (7.51 Å). The heterostruc-
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ture is constructed by creating two identical 3×3 BN supercells, which are placed above and

below the Pt2HgSe3 monolayer; structural optimization is perfomed using the rVV10 vdW

functional (7). Fig. 2.5 shows that Pt2HgSe3 is unaffected by encapsulation, and remains a

QSHI, with a band structure near the Fermi level very similar to that of isolated Pt2HgSe3

monolayer. The BN/Pt2HgSe3/BN heterostructure is still a QSHI (as confirmed by calculations

tracking the hermaphrodite Wannier centres (21)).
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Figure 2.5 – Top panel: side and top view of the relaxed lattice-matched BN/Pt2HgSe3/BN
heterostructure (see text); the unit cell is marked in black. Bottom panel, green: band structure
of Pt2HgSe3 (DFT with SOC). Purple: same for BN/Pt2HgSe3/BN. It is easily seen that Pt2HgSe3

is unaffected by encapsulation, and remains a QSHI, with a band structure near the Fermi
level very similar to that of isolated Pt2HgSe3 monolayer (reported in green for reference).

Nanoribbon

The helical edge states of a QSHI are exponentially localized along the in-plane direction

orthogonal to the edges . If the width of a QSHI nanoribbon is comparable or lower than

the localization length of the edge states, a gap can be opened by inter-edge interactions.

Here we show that 6-cell wide (∼4 nm) nanoribbons are wide enough to completely suppress

interactions between the two edges and exhibit gapless helical states as in the semi-infinite-

monolayer limit (see Fig. 2.6).

50



2.1. Supplementary material

Γ X Γ

−0.4

−0.2

0.0

0.2

0.4

E
n

er
g

y
[e

V
]

Γ X Γ

−0.4

−0.2

0.0

0.2

0.4

E
n

er
g

y
[e

V
]

Figure 2.6 – Top panel: zigzag nanoribbon of Jacutingaite, exposing two possible different
terminations on the upper and lower edges. Bottom panels: edge spectral densities (red) of a
semi-infinite monolayer of Jacuntingaite, with the band structure of 6-cell wide nanoribbons
superimposed in black. The two spectral densities (left and right) correspond to the two
(lower and upper) possible terminations of the semi-infinite monolayer. The nanoribbon
has two pairs of helical states crossing the bulk energy gap, that originate from the lower and
upper edges and match perfectly the two corresponding spectral densities of the semi-infinite
monolayers. Band structures and spectral densities are obtained with the G0W0 Wannier
Hamiltonian using WANNIER90 (18) and WannierTools (22).
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Model Hamiltonians

Here we elaborate on how the QSHI phase of monolayer Jacutingaite can be understood in

terms of the Kane-Mele model (25; 26), by constructing a tight-binding (TB) model from first

principles and comparing it with few different model Hamiltonians. In a buckled honeycomb

lattice with time-reversal symmetry, the only tight-binding terms that are allowed up to

second-nearest neighbours are (27):

H = t
∑

〈i j 〉α
c†

iαc jα︸ ︷︷ ︸
1st NN

+ i t2
∑

〈〈i j 〉〉αβ
vi j sz

αβc†
iαc jβ︸ ︷︷ ︸

KM SOC

+ t ′2
∑

〈〈i j 〉〉α
c†

iαc jα︸ ︷︷ ︸
2nd NN

+ i t ′′2
∑

〈〈i j 〉〉αβ
ui j (s×d0

i j )z
αβc†

iαc jβ︸ ︷︷ ︸
in-plane SOC

,

(2.1)

where t , t2, t
′
2 and t

′′
2 are hopping amplitudes, vi j =±1 depending on the orientation of the

two nearest-neighbour bonds d1,2 (this can be written as d1 ×d2/|d1 ×d2| ), ui j =±1 for the

two sites and d0
i j the versor connecting two second nearest neighbours. These four terms

represent respectively a real first nearest-neighbour (NN) hopping, the Kane-Mele SOC (25)

(second NN), a real second NN hopping and an “in-plane” SOC (second NN). The last term

is not present in planar honeycomb lattices such as graphene, but it appears when in-plane

mirror symmetry is broken (27). A first-principles TB Hamiltonian constructed with maximally

localised Wannier functions perfectly describes the highest-occupied valence band and lowest

unoccupied band (see main text). In Fig.2.7 we compare the first-principles TB Hamiltonian

restricted to first and second NN hoppings with different TB models obtained removing terms

from Eq. (2.1). The Dirac cone due to first NN hoppings is gapped only by the Kane-Mele SOC,

while the other terms give negligible or exactly vanishing contributions around K (details in

the caption). In fact, a pure Kane-Mele model with first-principles parameters provides a very

good description of the low energy physics of monolayer Jacutingaite.
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Figure 2.7 – Left panel: band structures obtained from the two-band MLWF DFT SOC Hamil-
tonian, truncated at various cutoffs. The full MLWF Hamiltonian (green line) perfectly inter-
polates the highest occupied and lowest unoccupied bands as obtained from a direct DFT
calculation (green dots). Truncating the MLWF Hamiltonian to first NN hopping (green line,
6 Å cutoff) turns the gap into a Dirac point; considering second NN hoppings (blue line, 8 Å
cutoff) opens a gap at K. Hence, the SOC-induced band gap does not arise from atomic on-site
SOC but it is due to the 2nd NN hopping term. The second-NN Hamiltonian is sufficient to
qualitatively describe the low-energy physics, although further hopping terms slightly renor-
malize the band gap. Right panel: band structure obtained from different Hamiltonians with
parameters extracted from first-principles DFT. A pure KM model (red) correctly describes
the band dispersion and the magnitude of the band gap at K. A real second NN hopping term
breaks particle-hole symmetry and affects the bands close to Γ, while the bands around K are
left unchanged. Owing to the broken planar mirror symmetry of buckled honeycomb lattices,
an additional “in-plane” or “intrinsic Rashba” (27) SOC second NN hopping is allowed, exactly
vanishing at K and almost negligible all over the high-symmetry path.

53



Prediction of a large-gap and switchable Kane-Mele quantum spin Hall insulator

Topological phase diagram

In monolayer Jacutingaite, robustness and switchability of the QSHI phase coexist thanks

to the ionic response. We report the topological phase diagram as a function of the out-of-

plane electric displacement field Dz obtained by using a sawtooth potential, disentangling

the pure electrostatic contribution from the effect of crystal-symmetry breaking (Fig. 2.8).

We compare the topological phase diagram obtained by freezing the ionic positions in the

zero-field configuration or relaxing them. Fig. 2.8 shows that the ionic distortion greatly

reduces the critical field necessary to drive the system into a trivial insulating phase.

−1.0 −0.5 0.0 0.5 1.0

Dz [V/Å]
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Figure 2.8 – Topological phase diagram: the Z2 invariant is computed as a function of the out-
of-plane electric displacement field Dz . The black line represents DFT calculations performed
by including self-consistently the electric displacement field Dz and optimizing the ionic
position, leading to an ionic distortion as described in the main text. The red line stands for
calculations where the electric displacement field is included self-consistently but the ionic
positions are kept frozen. Finally, the blue line stands for calculations performed without the
electric displacement field but using the ionic positions obtained in the first case. The critical
field for the topological phase transition is greatly reduced by the ionic distortion, allowing
the cohexistence of large-gap robustness and D-field switchability of the QSHI phase.

Tracking of the hermaphrodite Wannier charge centres

Fig. 2.9 shows the evolution of the hermaphrodite Wannier charge centres (HWCC) (28; 20)

and their largest gap for monolayer Jacutingaite, as computed using Z2Pack (21). The Z2

invariant can be calculated from the number of HWCC crossing an arbitrary line x(k) across

half the BZ: this number modulo two gives the Z2 invariant, which is one for a QSHI and zero

otherwise. For numerical convergence a good choice of x(k) is the largest gap between any

two HWCCs at a given k (20; 21).
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Figure 2.9 – Evolution of the hermaphrodite Wannier centres (28; 20) (circles) of the G0W0

MLWF Hamiltonian and their largest gap function (red disks), obtained with Z2Pack (21).

Spin-orbit coupling unravelled

Here we show that the SOC-induced band gap is completely determined by the presence

of both Hg and Pt atoms. Fig. 2.10 shows band structures around the K point obtained by

replacing, for one species at a time, the relevant fully-relativistic pseudopotential with its

scalar-relativistic version.
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Figure 2.10 – DFT band structure of monolayer Jacutingaite around the K-point, showing the
contributions of the different species to the SOC-induced band gap at K, obtained by replacing
the relevant fully-relativistic pseudopotential with its scalar-relativistic version. Most of the
effects of SOC are due to the presence of Pt atoms (2/3) and Hg atoms (1/3), while Se has little
influence on the band gap.
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Oxidation

Here we study the reactivity of Jacutingaite monolayer against atomic (O) and molecular (O2)

oxygen as the most relevant contaminants. DFT energetics indicate that, at zero temperature,

O2 is adsorbed to monolayer Jacutingaite and does not dissociate into atomic oxygen. At full

O2 coverage, the system is not a QSHI. However, first-principles thermodynamics shows that

at room temperature a very moderate vacuum is enough to prevent O2 adsorption.

Calculations are carried out in the unit cell of Jacutingaite and a 2×2 supercell. The integration

over the Brillouin zone is performed with 12×12×1 and 6×6×1 k-points grids, respectively.

We use norm-conserving, scalar relativistic ONCV (10) PseudoDojo pseudopotentials (11) with

a plane wave cutoff of 100 Ry. We check the influence of SOC on the absorption energies only

for the lowest energy configurations. In both the atomic and molecular case the effect of SOC

on the binding energies turns out to be less than 2%.

Atomic Oxygen We first investigate the interaction with a single oxygen atom. The indepen-

dent lattice sites considered for oxygen adsorption and their naming convention are shown in

Fig. 2.11. Oxygen is put initially in the site and then set free to move. The adsorption energies,

defined as Ead s=Etot −Emonol ayer −1/2NOEO2 , are reported in Tab. 2.2. The bridge positions

between Se and Pt (B1 and B2) are the most favourable ones with an adsorption energy around

1 eV, followed by the Se top position (T3) with an adsorption energy of 0.67 eV. For combina-

tions of these particular sites we also compute the adsorption energy of two oxygen atoms as

might result from the dissociation of an oxygen molecule. Results are reported in Tab. 2.3.

Figure 2.11 – Lattice sites considered for oxygen adsorption on a 2×2 supercell (left panel);
magnified section (right panel) displaying the sites and the naming convention used in Tab.2.2
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Adsorption site Adsorption energy (eV)
B1 -1.01
B2 -0.97
B3 -0.81
B4 +0.26
B5 +0.75
B6 -0.81
H1 -0.27
H2 -0.42
T1 +1.80
T2 +0.25
T3 -0.67
T4 -0.45
T5 +0.70
T6 +0.30

Table 2.2 – Adsorption energies for atomic oxygen. The bridge sites between Pt and Se atoms
(B1 and B2) and the top site above the Se atom (T3) are the most favourable absorption sites
with an adsorption energy of about 1 eV for the former, and 0.67 eV for the latter.

Adsorption site Adsorption energy (eV)
B1-B2 -1.62
B1-T3 -1.97
B2-T3 -1.53
T3-T3′ -1.28

Table 2.3 – Adsorption energy for two oxygen atoms. T3′ indicates an equivalent neighbouring
T3 site.

Molecular oxygen Next, we study the interaction of monolayer Jacutingaite with molecular

oxygen. As a starting configuration we use molecules with centres having in-plane projections

coinciding with the lattice sites considered for atomic adsorption (see Fig. 2.11). We tested

two orthogonal horizontal orientations for the O2 molecule with respect to the monolayer as

well as a vertical orientation. All 42 configurations, upon relaxation, evolve into five distinct

bound states. The one with the highest adsorption energy (0.77 eV per oxygen molecule)

is reported in Fig. 2.12. In this configuration, one of the atoms in the molecule forms a

relatively short bond (2.3 Å) with Hg, while the molecule is slightly elongated by 5%. Almost

identical absorption energies are observed for configurations that can be obtained from

the one in Fig. 2.12 applying a rotation around a vertical axis passing through the Hg atom,

suggesting a marginal role for the position of the oxygen atom which is farther away from

Hg. This adsorption process occurs spontaneously without any activation barrier. The strong

hybridization between oxygen p states and Hg states is evident in Fig. 2.13, showing the band

structure of monolayer Jacutingaite after the absorption of a single oxygen molecule in a
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2×2 supercell or in the unit cell. This hybridization is detrimental to the topological order

and turns the fully covered system into a trivial insulator. The other four bound states, with

considerably lower adsorption energies ranging from 0.1 to 0.3 eV, are reported in Fig. 2.14.

Figure 2.12 – Top and side view of the lowest energy O2 absorption geometry.
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Figure 2.13 – DFT band structure with SOC of Pt2HgSe3 monolayer after the absorption of a
single oxygen molecule in its most stable configuration (see Fig.2.12) in a 2×2 supercell (left)
and in the unit cell (right). The dot size and color maps the oxygen p-orbitals projected density
of states; the full band structure is marked by a black line and plotted along the high-symmetry
path of the pristine monolayer.

Dissociation of adsorbed molecular oxygen In order to explore the possibility for a sponta-

neous dissociation of adsorbed O2 in its lowest energy configuration we carry out climbing-

image nudged elastic band (CI-NEB) calculations using a 2×2 supercell and 8 images. We

consider two possible processes, both starting from the lowest energy O2 adsorption con-

figuration (see Fig.2.12, or a proper rotational equivalent configuration); one leading to a

B1-T3 configuration and the other to a T3-T3′ one. The first dissociation process represent the

one with the lowest final energy (with an energy gain of 1.2 eV with respect to the adsorbed

molecule), while the second (with an energy gain of only 0.5 eV) is the process that seems
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Figure 2.14 – Top and side view of the less favourable O2 adsorption geometries, characterized
by adsorption energies of a) 0.15 eV, b) 0.2 eV, c) 0.1 eV and d) 0.32 eV.

most easily accessible since does not require the large structural rearrangement induced

by oxygen adsorption in Pt-Se bridge positions. The first process has a large barrier of 2.02

eV while the second a slightly lower one of 1.32 eV. The reaction pathways are reported in

Fig.2.15. Both those values are higher than 0.9 eV, usually taken as threshold under which

O2 dissociation can readily happen at ambient condition (29). We do not compute processes

with the configurations B2-T3 and B1-B2 as final states since we believe they present a barrier

comparable or higher to the B1-T3 barrier due to the involvement of one or two bridge sites.

We can thus conclude that once adsorbed in this configuration O2 is likely to persist in its

form.

Figure 2.15 – Initial, transition and final states for this O2 molecule as obtained by climbing
image NEB adsorbed in the lowest energy configuration, to either dissociate and adsorb in the
T3-T3′ configuration (left panel) or the B1-T3 configuration (right panel).
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Thermodynamic effects on molecular adsorption Since spontaneous O2 dissociation presents

such a high activation barrier associative O2 absorption would be the most relevant interac-

tion at ambient conditions. For this reason we study this process in further detail, including

thermodynamic effects. Following the first-principles atomistic thermodynamic approach

developed in Ref.(30) we study O2 interaction as a function of temperature and oxygen partial

pressure. The Gibbs free energy of adsorption ∆Gad s is computed as follows:

∆Gad s = E ad s +∆F vi b −∆µO2 (T, pO2 ), (2.2)

where E ad s = E2D+O2 −E2D −EO2 is the absorption energy and

∆µO2 (T, pO2 ) = µ̃O2 (T, p0)+kB T ln

(
pO2

p0

)
, (2.3)

where µ̃O2 (T, p0) is taken from Ref.(30) and contains all the contributions from vibrations,

rotations and ideal gas entropy at 1 atm. We estimate ∆F vi b = F vi b
2D+O2

−F vi b
2D by computing

the phonons at the Γ point and approximating the optical modes as dispersionless phonons.

This approximations holds particularly well for vibrations of adsorbed O2, that are the main

contributors to ∆F vi b .
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Figure 2.16 – Gibbs free energy of adsorption in eV as a function of oxygen partial pressure and
temperature. A negative free energy (red) indicates a tendency to adsorb while a positive free
energy (blue) favours desorption.

The behaviour of the Gibbs free energy of adsorption ∆Gad s shows that at room temperature

very moderate vacuum is enough to prevent O2 associative adsorption.

Vacancy formation energies

Finally we assess the possibility of creating Hg, Pt or Se vacancies by computing the vacancy

formation energies for the four inequivalent atoms in monolayer Jacutingaite. The vacancy

formation energy is defined as the difference between the energy of the ideal system and

the energy of the defective system plus the energy of the isolated atom. Vacancy formation
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energies are computed on a 3×3×1 supercell using scalar-relativistic ONCV (10) PseudoDojo

pseudopotentials (11) and 100 Ry cutoff. The results for vacancies in their neutral state and

at zero chemical potential are reported in Tab. 2.4. The Hg vacancy formation energy is the

lowest in Jacutingaite and is also rather low when compared to the most common vacancies in

other 2D materials like single S or Se vacancies in transition metal dichalcogenides, where

formation energies range between 1 and 2 eV depending on the S/Se chemical potential

(31; 32; 33; 34). This suggests that particular care should be taken in order to avoid the

formation of Hg vacancies during synthesis. However, thanks to the intrinsic robustness of

topological properties, moderate amounts of defects—such as Hg vacancies—do not affect

the QSHI state.

Atom Vacancy formation energy (eV)
Hg 0.50
Pt1 12.56
Pt2 9.57
Se 5.27

Table 2.4 – Vacancy formation energies. Pt1 represent the platinum atom bonded with Hg
while Pt2 is the one bonded with selenium atoms only.
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3 Emergent dual topology in the three-
dimensional Kane-Mele system
Pt2HgSe3

In the previous chapter we discussed how the topological physics of monolayer jacutingaite

can be understood in terms of the Kane-Mele model. In the following chapter, we study what

happens when layers of jacutingaite are stacked one on top of each other as it happens in

three-dimensional (3D) bulk jacutingaite, that is the naturally-occurring mineral originally

found in a Brasilian mine in 2008. We will discuss why 3D jacutingaite is a dual topolog-

ical insulator and where non-trivial crystalline topological order originates from. We will

use maximally-localised Wannier functions to analyse the complex band structure of bulk

jacutingaite and extend the Kane-Mele model to out-of-plane interactions. By exploiting

an analogy with the one-dimensional chains, we will adopt the concepts of Zak phase and

polarisation to explain the phenomenology of topological (001)-surface states, which are

observed both in first-principles simulations and angle-resolved photoemission experiments.

Notably, the agreement of our model with the experimental data provides an indirect—but

strong—evidence of the predominant role of the Kane-Mele physics both in monolayer and

3D jacutingaite.

I present the preprint version of the article submitted to Physical Review Letters and uploaded

on the arXiv, the supplementary information is also included. My contribution to this article

has been, jointly with Marco Gibertini, in performing the simulations, understanding the

electronic structure, analysing the results, and writing the paper. The writing has also received

inputs from Nicola Marzari.

Full bibliographic reference: Antimo Marrazzo, Nicola Marzari, Marco Gibertini, Emergent

dual topology in the three-dimensional Kane-Mele system Pt2HgSe3, arXiv:1909.05050 [cond-

mat.mes-hall], submitted to Physical Review Letters (2019).

URL https://arxiv.org/abs/1909.05050
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Asbtract

Recently, the very first large-gap Kane-Mele quantum spin Hall insula-

tor was predicted to be monolayer jacutingaite (Pt2HgSe3), a naturally-

occurring exfoliable mineral discovered in Brazil in 2008. The stacking of

quantum spin Hall monolayers into a van-der-Waals layered crystal typi-

cally leads to a (0;001) weak topological phase, which does not protect the

existence of surface states on the (001) surface. Unexpectedly, recent angle-

resolved photoemission spectroscopy experiments revealed the presence

of surface states dispersing over large areas of the 001-surface Brillouin

zone of jacutingaite single crystals. The 001-surface states have been shown

to be topologically protected by a mirror Chern number CM =−2, associ-

ated with a nodal line gapped by spin-orbit interactions. Here, we extend

the two-dimensional Kane-Mele model to bulk jacutingaite and unveil the

microscopic origin of the gapped nodal line and the emerging crystalline

topological order. By using maximally-localized Wannier functions, we

identify a large non-trivial second nearest-layer hopping term that breaks

the standard paradigm of weak topological insulators. Complemented

by this term, the predictions of the Kane-Mele model are in remarkable

agreement with recent experiments and first-principles simulations, pro-

viding an appealing conceptual framework also relevant for other layered

materials made of stacked honeycomb lattices.

Graphene’s crystal and electronic structure has been fundamental for the development of the

theory of topological insulators. The very first model of a topological insulator ever proposed,

namely the Chern (or quantum anomalous Hall) insulator by Haldane, is essentially a two-

band tight-binding model for graphene in the presence of a staggered magnetic field with zero

flux over the unit cell (1). The experimental isolation of graphene (2) inspired Kane and Mele

to assert that by doubling Haldane’s model and introducing spins one could describe intrinsic

spin-orbit coupling (SOC) in graphene, leading to a novel gapped topological phase (3; 4).

Such phase, identified by a Z2 topological invariant, is named quantum spin Hall insulator

(QSHI) and it is protected by time-reversal symmetry. Nowadays, graphene and the Kane-Mele

(KM) model stand as one of the archetypal time-reversal invariant topological insulators,
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although negligible relativistic effects in carbon open only a vanishingly small band gap in

graphene (5).

Notably, the KM model still applies to all Xenes (6), i.e. the two-dimensional (2D) unary

honeycomb materials made of group IV elements (e.g. silicene, germanene and stanene),

where the presence of heavier atoms should lead to sizable band gaps driven by KM SOC

(7; 8; 6). Recently, monolayers of jacutingaite (Pt2HgSe3) have also been proposed as novel

QSHIs that display the Kane-Mele physics, and at a much larger energy scale than in Xenes,

with a band gap estimated to be around ∼ 0.5 eV (9). Jacutingaite is a naturally-occurring

layered mineral first discovered in 2008 (10) in a Brazilian mine and then synthesized in 2012

(11). Although jacutingaite is a ternary material with several differences with respect to the

Xenes, it shares a (buckled) honeycomb structure of mercury atoms (see Fig. 3.1a), which is

ultimately responsible for the KM physics in monolayers (9) that sparked experimental (12)

and theoretical (13; 14; 15; 16) interest in this material.

Being a stacking of 2D QSHIs, bulk jacutingaite is expected to be a 3D weak topological insu-

lator with indices (0;001), and thus with no surface states on the (001) surface (17). Recent

first-principles simulations confirmed this weak topological classification (14; 15; 16), but at

the same time surprisingly predicted the presence of basal surface states associated with a

non-trivial mirror Chern number, thus promoting bulk jacutingaite to a dual topological ma-

terial (18; 19) with both weak and crystalline topological properties. Such (001) surface states

have now been demonstrated independently through angle-resolved photoemission spec-

troscopy (ARPES) experiments on synthetic jacutingaite single crystals (16). The unexpected

dual topology of bulk jacutingaite cannot be understood through the standard paradigm

of weak topological insulators (17) and its interpretation opens interesting perspectives on

non-trivial extensions of the KM model to describe 3D stacks of honeycomb layers.

In this Letter, we show that the non-trivial topology in bulk jacutingaite emerges from a

strong interlayer hybridization that leads to a 3D generalization of the KM model including a

large peculiar second nearest-layer hopping term, while nearest layers are almost decoupled.

Within this picture, even and odd layers are approximately independent and can be separately

described by a 3D KM model where the novel hopping term drives a band inversion, giving

rise to a nodal line that is gapped by SOC and a non-zero Chern number. Remarkably, when a

coupling between even and odd layers is restored, the Chern numbers add up to a non-trivial

value while the Z2 classification becomes weak, thus providing a microscopic understanding

for the emergent dual topology of this material.

We first shortly review the band structure of monolayer Pt2HgSe3 (shown in Fig. 3.1b) and

its relation to the KM model, as this will be instrumental to unveil the emergent topological

properties of bulk jacutingaite crystals. When SOC is neglected, the valence and conduction

bands touch at the Fermi energy, forming Dirac cones located at the corners K/K′ of the 2D

Brillouin zone (BZ). In a basis of maximally-localized Wannier functions (20) centered on mer-

cury atoms (9), the linear dispersions arise from a hopping term between nearest neighbors
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Figure 3.1 – Crystal and electronic structure of jacutingaite. a) Top and lateral views of jacutin-
gaite’s crystal structure, where the three-fold symmetric mirror planes are highlighted in blue.
Mercury, platinum, and selenium atoms are represented in green, grey, and yellow, respectively.
b-c) Band structure of monolayer (b) and bulk (c) jacutingaite along a high-symmetry path
obtained using density-functional theory with (green) and without (orange) spin-orbit cou-
pling (SOC). The inset shows the bulk and surface Brillouin zone. In monolayer jacutingaite
the low-energy physics is described by graphene’s Kane-Mele model (KM), with a substantial
gap (0.15 eV with density-functional theory and ∼ 0.5 eV with many-body perturbation theory
at the G0W0 level) that opens at the Dirac point due to SOC. In 3D jacutingaite, Dirac cones
are clearly visible at K and H and they are weakly gapped by KM-type SOC; the band structure
shows a strong dispersion along the stacking axis.

on the (buckled) honeycomb Hg (sub)lattice, similarly to what happens in graphene. The in-

clusion of SOC opens a substantial gap at K/K′, turning the system into a QSHI. As discussed in

Ref. (9), gap opening mainly stems from a complex-valued second-nearest neighbor hopping,

exactly as proposed by Kane and Mele, so that all qualitative features of the band structure of

monolayer jacutingaite can be understood in terms of the KM model (3; 4; 21):

HK M =− t
∑

〈i j 〉α
c†

iαc jα+ i∆
∑

〈〈i j 〉〉αβ
vi j sz

αβc†
iαc jβ

+ i∆′ ∑
〈〈i j 〉〉αβ

ui j (s ×d 0
i j )z

αβc†
iαc jβ, (3.1)

where the sums are restricted to pairs 〈i j 〉 (〈〈i j 〉〉) of first (second) nearest neighbor sites i

and j , vi j , ui j , d 0
i j are geometrical parameters 1, and s = (sx , s y , sz ) are spin Pauli matrices.

Here, in addition to the original KM hopping amplitudes t and ∆ associated respectively with

the nearest-neighbor hopping and the KM SOC, we are adding an “in-plane” SOC term with

amplitude ∆′, which is not present in planar honeycomb lattices such as graphene, but that

appears when in-plane mirror symmetry is broken (21) as is the case in monolayer jacutingaite.

Extending naively the analogy between graphene’s KM model and monolayer jacutingaite to

1vi j =±1 depending on the orientation of the two nearest-neighbor bonds d1,2 (and can be written as d1 ×
d2/|d1×d2| ), ui j =±1 for the two sublattices and d 0

i j is the unit vector connecting two second-nearest neighbors.
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3D, one would expect the electronic properties of bulk jacutingaite to be almost identical to

its 2D form, as it is the case between graphene and graphite. In Fig. 3.1c we report the band

structure of bulk jacutingaite computed along a high-symmetry path by density-functional

theory (DFT) (22). Without SOC, a linear dispersion is observed close to the K and H points,

which is indeed reminiscent of the 2D Dirac cones. Still, the linear behavior extends over

a much larger energy range than in 2D and a remarkable energy dispersion (compared to

the overall band width) appears along the vertical direction between H and K. Even more

compelling, SOC opens a gap between valence and conduction bands at K (and H) as in 2D, but

the magnitude of the splitting is 1-2 orders of magnitude smaller than in the monolayer limit.

Overall, these features suggest a significant coupling between layers, which is consistent with

the non-negligible interlayer binding energy reported in Refs. (23; 9) (∼ 60 meV/Å2, compared

to 20 meV/Å2 for graphene) that sets jacutingaite as “potentially exfoliable” (23).

To show that this significant interlayer coupling is responsible for the unexpected emergence

of the bulk topology from the properties of the monolayer, we develop a minimal tight-binding

model that captures all the relevant physics by extracting the most important hopping terms

from the complexity of the full electronic structure. We first build a 4-band model (including

spin) using Hg-centered maximally-localized Wannier functions (MLWFs) (20) that reproduces

the main features of the band structure around the Fermi level (22), such as the presence

of SOC-gapped Dirac cones and the band dispersion between H and K. The corresponding

Wannier functions are plotted in Fig. 3.2a: they clearly resemble the ones obtained for the

monolayer in Ref. (9), but a notable difference is due to the spatial extension of the MLWFs;

those of bulk jacutingaite spread over a neighboring layer, so that they are effectively localized

on 2 layers.

We now examine the strength of the hopping terms that appear in the MLWF Hamiltonian.

The strongest term is the in-plane nearest-neighbor hopping t that is responsible for the

linear dispersion close to K and H, with a small splitting between valance and conduction

bands which is opened by a very weak KM SOC. The fact that for bulk jacutingaite the effective

KM SOC, as well as the in-plane SOC (21; 9), are strongly renormalized with respect to the

monolayer can be understood by looking at the geometry of the MWLFs. Indeed, as shown in

Fig. 3.2a, in bulk Pt2HgSe3 the overlap between MLWFs allows two alternative paths to hop

to second-nearest neighbors within the same layer: one identical to monolayer jacutingaite

(solid line) and one extending through the closest layer (dashed line). Owing to the different

sign of the geometrical parameters vi j and ui j (see Eq. (3.1)), the two paths give opposite

contributions and, being very similar in magnitude, result in a very weak KM (and in-plane)

SOC compared to the monolayer.

Remarkably, the second strongest hopping, which is comparable in magnitude to t , is a second

nearest-layer hopping term t2 that connects two MLWFs as shown in Fig. 3.2a (dash-dotted

line). Although the MLWFs that are involved are relatively far apart, the strong hopping

amplitude stems from the partial delocalization of the MLWFs over the neighboring layer,

which gives rise to a large overlap between MLWF that are two layers apart through the
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Figure 3.2 – Wannier functions and even/odd layers decoupling. a) Top and lateral views
of the maximally-localized Wannier functions (MLWFs) underlying the minimal model for
bulk jacutingaite (see text). A reference MLWF is shown together with two additional ones
(with lighter colors) to highlight the initial and final states of two relevant hopping terms in
the model Hamiltonian: a second-nearest neighbor hopping process in the same layer (with
two possible paths marked with solid or dashed lines) and a second-nearest layer hopping
term (dash-dotted line) that drives bulk jacutingaite into a crystalline topological phase. b)
Schematic of the most relevant hopping terms in the effective 1D model describing bulk
jacutingaite at fixed parallel momentum k∥ = (kx ,ky ). The strongest terms are the intralayer
t̃ (k∥) and second-nearest layer t̃2(k∥), while t̃1(k∥) is almost negligible. This effectively leads to
a decoupling between even and odd layers, which behave as a k∥-dependent Su-Schrieffer-
Heeger-like chain with a doubled unit cell (orange dashed line) with respect to the primitive
one (black solid line).
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Figure 3.3 – 3D extended Kane-Mele model (J3KM) for jacutingaite. a-b) Evolution of the J3KM
model at zero SOC for different values of the interlayer coupling λ in Eq. (3.2): a) 30-layer slab
band structure, with surface states colored in red, and b) Zak phase (3.3) over the 2D Brillouin
zone (BZ). c) Nodal lines emerging in the J3KM model without SOC as a consequence of the
second-nearest layer hopping term. The primitive BZ (black solid line) is shown together
with the reduced one (orange dashed line) associated with the doubling of the unit cell. d-e)
J3KM model with SOC: d) calculation of the mirror Chern number CM as the winding of
the Wilson loop phase θ (restricted to the states with a definite ±i mirror eigenvalue) as a
function of the parallel momentum in a mirror-invariant plane (24). The evolution of CM

with λ is also reported in panel b). e) 30-layer slab band structure as in panel a) for λ= 1 but
with SOC included. f) 60-layer slab band structure for the J3KM model with SOC, when the
coupling between even and odd layers is restored and additional symmetry-breaking terms are
included. Four surface states are visible, in close agreement with experiments and direct DFT
calculations of Ref. (16). Band energies have been rescaled by the nearest-neighbor hopping
amplitude t (= 0.27 eV in bulk jacutingaite) by setting the following parameters t2/t =−0.7
and ∆/t =∆′/t = 0.02 in Eq. (3.1) and (3.2) (22).

intermediate layer. Owing to the 3̄m symmetry and the geometrical arrangement of Wannier

functions, the strong overlap takes place between a reference MLWF and three others located

two layers above (or below) in the opposite sublattice, thus mimicking nearest-neighbor

hopping but with a doubled in-plane separation (22). As we are going to see, the inclusion of

this single term in the KM model is sufficient to understand the appearance of the nodal line

and the surface states.

After having identified the most important hopping terms from the MLWF Hamiltonian, we

build the following tight-binding model:

HJ3K M = HK M +λH̃2nd N L (3.2)

where HK M is the KM model of Eq. (3.1), H̃2nd N L is the second nearest-layer hopping just

mentioned, and λ is a dimensionless coupling constant that interpolates between graphene or

monolayer jacutingaite (λ= 0) and bulk jacutingaite (λ= 1). This model is a generalization of
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the Kane-Mele model to 3D jacutingaite and hereafter we will call it J3KM model. As shown in

Fig. 3.2b, at this level even and odd layers are completely decoupled, so it is natural to choose

a unit cell that is doubled along the stacking axis and to describe separately even and odd

layers through Eq. (3.2). In this way, H̃2nd N L becomes a first-nearest layer term in the even/odd

subspace, and the BZ is halved along kz .

For the sake of simplicity, we start by considering the J3KM model without SOC, corresponding

to an Hamiltonian with only two terms: first nearest-neighbor (as in graphene) and inter-layer

hopping. The band structure for a 30-layer slab is reported in Fig. 3.3a for different values

of λ, where states localized at the (001) surface are colored in red. For λ= 1 (corresponding

to bulk jacutingaite), in addition to the graphene-like Dirac states at K, such simple model

accounts for the presence of additional linear crossings between valence and conduction

bands (e.g. at a low-symmetry point between Γ and M), in perfect agreement with current

ARPES measurements (16). Notably, the model also exhibits 001-surface states that roughly

span the same BZ region as observed in experiments (16), thus providing a remarkably realistic

qualitative description of the system, despite its simplicity.

An interesting feature of the J3KM model that helps to rationalize the presence of surface

states is that, at a given parallel momentum k∥ = (kx ,ky ), it is equivalent to a k∥-dependent

1D tight-binding Hamiltonian analogous to the Su-Schrieffer-Heeger (SSH) one, where the

alternating hopping energies, t̃ (k∥) and t̃2(k∥), between intralayer and interlayer neighboring

sites of a Hg chain depend parametrically on k∥ (see Fig. 3.2b and (22)). The polarization of

this effective 1D chain can be written as P (k∥) = eγ(k∥)/(2π) in terms of the Zak phase (25; 26):

γ(k∥) =−i
∮

〈u(k∥,kz )|∂kz u(k∥,kz )〉dkz , (3.3)

where u(k∥,kz ) is the periodic part of the occupied one-electron eigenstate of the J3KM model

at zero SOC. The combination of time-reversal and inversion symmetry dictates that the Zak

phase can only assume two topologically distinct values: γ(k∥) =π and γ(k∥) = 0, depending

on the relative strength of t̃ (k∥) and t̃2(k∥) as in the SSH model. According to the surface charge

theorem (27; 26), the chain has an end charge whenever γ(k∥) =π (polarization e/2), while it is

topologically trivial when γ(k∥) = 0. We thus expect surface states in the J3KM for all values of

k∥ for which γ(k∥) =π. Indeed, as shown in Fig. 3.3a and b, surface states in bulk jacutingaite

(λ= 1) appear precisely in regions of the BZ where the Zak phase is non-trivial.

The analogy with the SSH model also reveals that, along the lines that separate topologically

distinct regions of the BZ we need to have |t̃(k∥)| = |t̃2(k∥)|, so that the gap closes for some

value of kz . In other words, those lines can be considered as projections on the (kx ,ky ) plane

of nodal lines where the gap between valence and conduction bands vanishes. Indeed, by

computing the energy bands of the J3KM model without SOC we uncover the presence of a

nodal line (see Fig. 3.3c) dispersing across the border of the reduced BZ –also predicted by

first-principles simulations (15; 16)– whose projection on the parallel plane is consistent with

72



Emergent dual topology in the three-dimensional Kane-Mele system Pt2HgSe3

the boundary between regions with topologically distinct Zak phases 2.

We can now understand the emergence of surface states and nodal lines in the J3KM model by

studying the evolution as a function of the interlayer coupling λ. Fig. 3.3a and b show the slab

band structure and the Zak phase computed at different values of λ. For small λ, the band

structure is essentially graphene-like, with no surface states and a trivial Zak phase over the

full 2D BZ. With increasing λ, the occupied and empty bands get closer and closer to each

other, until a band inversion occurs at the time-reversal-invariant point L of the reduced BZ

(corresponding to M in 2D). The band inversion creates three inequivalent nodal lines, whose

projections separate regions with different Zak phases. Correspondingly, surface states appear

in the slab calculation wherever γ(k∥) =π. With a further increase in λ, the three nodal lines

merge into a single one, as shown in Fig. 3.3c for bulk jacutingaite (λ = 1). The interlayer

coupling thus plays a crucial role in driving the essentially trivial electronic structure of weakly

coupled layers into the rich physics of bulk jacutingaite, with surface states associated with a

nodal line in the absence of SOC.

We now include SOC to show the robustness of surface states and their topological protection

within the J3KM model. First, we consider the KM SOC (3; 4) only, which gaps the nodal line

almost everywhere, but not on the intersection with the vertical plane containing the Γ-M line

(and its 3-fold rotation symmetric partners). The inclusion of also the in-plane SOC (21; 6)

fully gaps the residual Dirac points and the system becomes a topological crystalline insulator,

as supported by calculations of the mirror Chern number (see Fig. 3.3d) providing CM =−1. As

shown in Fig. 3.3e, the non-trivial Chern number protects the presence of 001-surface states

even when SOC is included, with a Dirac-like dispersion close to the M point.

Further calculations of the strong Z2 invariant ν show that the J3KM model for the even/odd

subspace actually describes a strong Z2 topological insulator, in agreement with the fact that

ν≡CM mod 2 in this space group. When considering together even and odd layers, the Z2

invariant of the two subspaces is summed and becomes trivial (1+1 ≡ 0 mod 2), while the

mirror Chern numbers add up to CM =−2. On one side, this means that the weak Z2 topology

of bulk jacutingaite does not fit the standard paradigm of weakly coupled 2D QSHI, but it is

intimately related to the even and non-zero Chern number and to the double band inversion

(one for each even/odd subspace) driven by the strong interlayer coupling. On the other, we

expect the mirror Chern number to protect the surface states also when both subspaces are

considered together.

In order to support this conclusion and at the same time to provide further evidence that the

above predictions are not related to some extra symmetries (e.g. particle-hole) of the simple

J3KM model, we finally consider the full MLWF Hamiltonian, which includes in particular

additional terms to Eq. (3.2) that: (i) restore the coupling between even and odd layers; (ii)

introduce a finite dispersion along the K-H line as in the first-principles results of Fig. 3.1c; and

2The relationship between nodal lines and Zak (or Berry) phases is a general feature of systems with time
reversal and inversion symmetry (28; 29; 30; 31; 32; 33) that goes beyond the applicability of the SSH analogy.
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(iii) break particle-hole symmetry, making the system a compensated semimetal. Still, they do

not affect the topological classification of bulk jacutingaite. The corresponding band structure

for a 60-layer slab is reported in Fig. 3.3f. Consistently with CM = −2, two pairs of surface

states (degenerate at M) are present, slightly split by the coupling between even and odd layers.

Remarkably, these bands are very similar to what is observed in ARPES experiments (16).

In conclusion, we provide a microscopic insight on how symmetry-protected topological order

in layered jacutingaite emerges from a non-trivial coupling between Kane-Mele-type QSHI

monolayers. The essential physical features can be captured by a simple generalization of the

Kane-Mele model to account for interlayer hopping. This J3KM model predicts the presence

of surface states and nodal lines gapped by spin-orbit interactions, in remarkable agreement

with recent ARPES measurements and first-principles simulations, providing an appealing

strategy to break the standard paradigm of weak topological insulators that becomes relevant

for all other layered materials made of stacked honeycomb lattices.
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Supplemental Material

First-principles simulations

Density-functional theory calculations are performed with the Quantum ESPRESSO distribu-

tion (34; 35), Wannier functions are obtained using WANNIER90 (36). Structural optimization

is performed by using the experimental lattice parameters as obtained from X-ray diffraction

and relaxing the atomic coordinates with a non-local van der Waals functional, namely the

vdW-DF2 functional (37) with C09 exchange (DF2-C09) (38), and the SSSP precision pseudopo-

tential library v1.0 (39) with 100 Ry of wavefunction cutoff and a dual of 8. Further calculations

on the optimized crystal structure (band structures and Wannier functions) are performed

using the PBE functional (40) and ONCV (41) scalar and fully relativistic pseudopotentials from

the PseudoDojo library (42) with 80 Ry of wavefunction cutoff and a dual of 4. All calculation

are perfomed with k-point density of 0.09 Å−1, that corresponds to a k−point grid of 12×12×14,

and Marzari-Vanderbilt smearing (43) of 0.015 Ry. Wannier functions are constructued from

a k−point grid of 6×6×6. Part of the calculations are powered by the AiiDA (44) materials’

informatics infrastructure.
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3.2. 4-band model for bulk jacutingaite

4-band model for bulk jacutingaite

In order to construct a minimal tight-binding model for bulk jacutingaite, we follow a sim-

ilar strategy as for the monolayer (9) by mapping first-principles calculations onto a set of

maximally-localized Wannier functions (MLWFs) (20), constructed from an initial projection

on Hg-centred s-like orbitals. This results in a 4-band (including spin and relativistic effects)

tight-binding model on a lattice made of buckled honeycomb layers directly stacked on top of

each other (AA stacking). We denote the lattice vectors of the unit cell with a1 = (a,0,0),

a2 = (−a/2,
p

3a/2,0), and a3 = (0,0,c), with the two inequivalent sublattices centred at

τA = 2/3a1 +1/3a2 +δa3 and τB = 1/3a1 +2/3a2 −δa3. The band structure obtained from

this 4-band model is compared to the original first-principles results in Fig. 3.4. Although a

perfect quantitative agreement is not attainable, the model reproduces all qualitative features

around the Fermi energy, including in particular the extended linear dispersion and the very

small band gap between valence and conduction bands at K and H.

M K A L H A|L M|K H
1.0

0.5

0.0

0.5

1.0

En
er

gy
 [e

V]

DFT with SOC
MLWF

Figure 3.4 – Band structure of bulk jacutingaite along a high-symmetry path as obtained from
first-principles calculations (green dots) and from the MLWF 4-band model (red line).

Second-nearest-layer hopping term

Within the 4-band model, the largest hopping term involves MLWFs that are centred on

neighboring sites in the same layer, with amplitude t = 0.27 eV. As mentioned in the main

text, the next largest contribution is a second-nearest layer hopping term with amplitude

t2 =−0.18 eV '−0.7 t . This hopping process involves a reference Wannier function on the A

(B) sublattice and one of three B (A) sites that lie 2 layers above (below) in unit cells identified

by the lattice vectors

R1 =±(a1 −a2 +2a3), R2 =±(−a1 −a2 +2a3), R3 =±(a1 +a2 +2a3). (3.4)

In Fig. 3.5 we sketch the sites involved in this hopping process, starting either from the A

sublattice (red solid arrows, upper signs in Eq. (3.4)) or the B sublattice (blue dashed arrows,
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lower signs in Eq. (3.4)). This hopping term has been adopted in the main text to construct a

minimal extension of the 2D Kane-Mele model that is able to describe the emergent topology

in bulk jacutingaite.

a
2

a
1

a
3

a
1

A
B

A
B

Figure 3.5 – Schematic representation of the buckled honeycomb lattice formed by Hg atoms
on which the 4-band MLWF tight-binding model is defined. The A (B) sublattice is denoted
with dark (light) green circles. The shaded yellow area shows the primitive unit cell, with lattice
vectors a1, a2, and a3. Arrows connect sites involved in the second-nearest layer hopping
process responsible for the non-trivial topological properties of bulk jacutingaite, starting
from either the A sublattice (red solid arrows) or the B sublattice (blue dashed arrows).

Connection with the Su-Schrieffer-Heeger model

In the absence of spin-orbit coupling, the J3KM model reduces to a 2-band model with a

corresponding 2×2 Hamiltonian in Fourier space that can be written

H (k∥,kz ) =
(

0 t f (k∥)+ t2g (k∥)e i 2kz c

t f ∗(k∥)+ t2g∗(k∥)e−i 2kz c 0

)
(3.5)

where k∥ = (kx ,ky ) and according to Sec. 3.3 we have

f (k∥) = 1+e i k∥ · a1 +e−i k∥ · a2 = e i (kx−
p

3ky )a/2
[

1+2e i
p

3ky a/2 cos

(
kx a

2

)]
(3.6)

g (k∥) = e i k∥ · (a1+a2) +e i k∥ · (a1−a2) +e−i k∥ · (a1+a2) = e i k∥ · (a1−a2) f ∗(2k∥) = e i (kx−
p

3ky )a/2 · (3.7)

·
[

e i
p

3ky a +2cos(kx a)
]

(3.8)

If we now write f (k∥) = | f (k∥)|e iφ(k∥), we thus have that g (k∥) = | f (2k∥)|e−iφ(2k∥)+i k∥ · (a1−a2)
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and the Hamiltonian can be written as

H (k∥,kz ) =


0 t | f (k∥)|e iφ(k∥) + t2| f (2k∥)| ·

·e i 2kz c−iφ(2k∥)+i k∥ · (a1−a2)

t | f (k∥)|e−iφ(k∥) + t2| f (2k∥)| · 0

·e−i 2kz c+iφ(2k∥)−i k∥ · (a1−a2)



=
(

1 0

0 e−iφ(k∥)

)
0 t | f (k∥)|+ t2| f (2k∥)| ·

·e2i [kz−A(k∥)]c

t | f (k∥)|+ t2| f (2k∥)| · 0

·e−2i [kz−A(k∥)]c


(

1 0

0 e iφ(k∥)

)
(3.9)

where A(k∥) = [
φ(k∥)+φ(2k∥)−k∥ · (a1 −a2)

]
/c is an effective vector potential. This is Hamil-

tonian is unitarily equivalent to the Hamiltonian of the Su-Schriffer-Heger (SSH) model in

a magnetic field, where the hopping energies depend parametrically on the in-plane wave

vector k∥ and the effect of the magnetic field is simply to shift the dispersion of the energy

bands as a function of kz for a given value of k∥. The effective SSH hopping energies become

t̃ (k∥) = t | f (k∥)| and t̃2(k∥) = t2| f (2k∥)| . (3.10)

The condition for the gap to close reads |t̃ (k∥)| = |t̃2(k∥)|, which has non-trivial solutions only

when |t2/t | > 1/3. At the values of k∥ for which this condition is satisfied there must exist a

value of kz at which the gap closes, thus giving rise to a nodal line. We have verified that, as

expected, the projection of the nodal line on the (kx ,ky )-plane (as identified by the solution of

|t̃(k∥)| = |t̃2(k∥)| coincides with the line separating regions where the Zak phase (computed

from the eigenstates of (3.5)) is trivial and regions where it is non-trivial.

Bibliography

[1] F. D. M. Haldane. Model for a Quantum Hall Effect without Landau Levels: Condensed-

Matter Realization of the "Parity Anomaly". Physical Review Letters, 61(18):2015–2018,

October 1988.

[2] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang, S. V. Dubonos, I. V. Grig-

orieva, and A. A. Firsov. Electric Field Effect in Atomically Thin Carbon Films. Science,

306(5696):666–669, 2004.

[3] C. L. Kane and E. J. Mele. Quantum Spin Hall Effect in Graphene. Physical Review Letters,

95(22):226801, November 2005.

[4] C. L. Kane and E. J. Mele. Z2 topological order and the quantum spin hall effect. Physical

Review Letters, 95(14):146802, 2005.

[5] B. Andrei Bernevig and Taylor L. Hughes. Topological insulators and topological super-

conductors. Princeton University Press, 2013.

77



Bibliography

[6] Alessandro Molle, Joshua Goldberger, Michel Houssa, Yong Xu, Shou-Cheng Zhang, and

Deji Akinwande. Buckled two-dimensional Xene sheets. Nature Materials, 16(2):163–169,

February 2017.

[7] Cheng-Cheng Liu, Wanxiang Feng, and Yugui Yao. Quantum spin hall effect in silicene

and two-dimensional germanium. Phys. Rev. Lett., 107:076802, Aug 2011.

[8] Yong Xu, Binghai Yan, Hai-Jun Zhang, Jing Wang, Gang Xu, Peizhe Tang, Wenhui Duan,

and Shou-Cheng Zhang. Large-gap quantum spin hall insulators in tin films. Phys. Rev.

Lett., 111:136804, Sep 2013.

[9] Antimo Marrazzo, Marco Gibertini, Davide Campi, Nicolas Mounet, and Nicola Marzari.

Prediction of a large-gap and switchable Kane-Mele quantum spin Hall insulator. Phys.

Rev. Lett., 120:117701, Mar 2018.

[10] A. R. Cabral, H. F. Galbiatti, R. Kwitko-Ribeiro, and B. Lehmann. Platinum enrichment at

low temperatures and related microstructures, with examples of hongshiite (PtCu) and

empirical ‘Pt2HgSe3’ from Itabira, Minas Gerais, Brazil. Terra Nova, 20(1):32–37, February

2008.

[11] Anna Vymazalová, František Laufek, Milan Drábek, Alexandre Raphael Cabral, Jakub

Haloda, Tamara Sidorinová, Bernd Lehmann, Henry Francisco Galbiatti, and Jan Drahok-

oupil. Jacutingaite, Pt2HgSe3, a new platinum-group mineral species from the cauê iron-

ore deposit, itabira district, minas gerais, brazil. The Canadian Mineralogist, 50(2):431–

440, April 2012.

[12] Konrád Kandrai, Gergő Kukucska, Péter Vancsó, János Koltai, György Baranka, Zsolt E.

Horváth, Ákos Hoffmann, Anna Vymazalová, Levente Tapasztó, and Péter Nemes-Incze.

Evidence for room temperature quantum spin hall state in the layered mineral jacutin-

gaite. arXiv:1903.02458, 2019.

[13] Xianxin Wu, Mario Fink, Werner Hanke, Ronny Thomale, and Domenico Di Sante. Un-

conventional superconductivity in a doped quantum spin hall insulator. Phys. Rev. B,

100:041117, Jul 2019.

[14] Jorge I. Facio, Sanjib Kumar Das, Yang Zhang, Klaus Koepernik, Jeroen van den Brink, and

Ion Cosma Fulga. Dual topology in jacutingaite pt2hgse3. Phys. Rev. Materials, 3:074202,

Jul 2019.

[15] Barun Ghosh, Sougata Mardanya, Bahadur Singh, Xiaoting Zhou, Baokai Wang, Tay-Rong

Chang, Chenliang Su, Hsin Lin, Amit Agarwal, and Arun Bansil. Saddle-point von Hove

singularity and dual topological insulator state in Pt2HgSe3. arXiv:1905.12578, May 2019.

arXiv: 1905.12578.

[16] I. Cucchi et al. Bulk and surface electronic structure of the dual-topology semimetal

Pt2HgSe3. submitted, 2019.

78



Bibliography

[17] M. Z. Hasan and C. L. Kane. Colloquium: Topological insulators. Rev. Mod. Phys., 82:3045–

3067, Nov 2010.

[18] Tomas Rauch, Markus Flieger, Jürgen Henk, Ingrid Mertig, and Arthur Ernst. Dual

topological character of chalcogenides: Theory for Bi2Te3. Phys. Rev. Lett., 112:016802,

Jan 2014.

[19] Markus Eschbach, Martin Lanius, Chengwang Niu, Ewa Młyńczak, Pika Gospodarič, Jens
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4 Local theory of the insulating state

An ubiquitous problem in electronic structure, and even more so for topological insulators,

is to discriminate correctly between metals and insulators. For solids, the common recipe is

based on band theory and it boils down to check whether the Fermi level lies in an energy gap

for the density of states (DOS) or not. If it does then the system is considered an insulator; if

the Fermi level crosses a band then the system is said to be metallic. Needless to say, such

simple recipe works well only for independent electrons in a periodic mean-field potential,

while it fails in a number of cases including Anderson or Mott insulators.

As Kohn originally understood (1;2), a more fundamental definition of the insulating state

should not be expressed in terms of electronic excitations nor Fermi-level properties, but it

should probe the different organization of the electrons in their many-body ground state. The

insight of Kohn has been developed into a formal theory that deeply relies on geometrical

concepts and that has been verified with several computational studies; such theory is some-

times called the modern theory of the insulating state (MTIS). While the approach used in

band theory, that is based on the DOS, can be easily made spatially resolved through the local

density of states (LDOS), such extension of the MTIS is less trivial and it has been missing

until the present work. In fact, the MTIS is based on the quantum metric tensor, a geometrical

property which describes the system as a whole, hence being limited to macroscopically

homogeneous samples. Here, we build a similar object that can be computed in real space,

that we name localization marker, and that is capable to distinguish metals from insulators

locally. Crucially, the localisation marker is based on the ground state wavefunction only, and

it works also in disordered systems such as Anderson insulators.

I present the postprint version of the article published in Physical Review Letters; the supple-

mentary information is also included. Part of the results contained in this article originate

from my master’s thesis, in particular the original formulation of the localization marker for

tight-binding calculations within open-boundary conditions. During my PhD, I have substan-

tially extended that work to make it relevant for the field of computational materials modelling.

First, I have further developed the localization marker to first-principles simulations within

periodic-boundary conditions. Still during my PhD, I have extended that theory and built
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a computational framework that exploits Wannier interpolation and that allows to study ab

initio all kinds of insulators in a unified framework. In addition, I have tested the theory for

inhomogeneous Anderson insulators, where the current technique based on the local density

of states is of no avail. These results are particularly relevant to study the effect of disorder

on topologically-protected edge states, such as the 1D helical states of a quantum spin Hall

insulator.

My contribution to this article has been developing the theory, coding the relevant software

and performing all simulations, contributing to the writing. The writing has been mostly done

by Raffaele Resta, with contributions from my side. The theory for open-boundary conditions

tight-binding and the analysis of the results have been done jointly with Raffaele Resta.

Full bibliographic reference: Antimo Marrazzo and Raffaele Resta, Local Theory of the Insulat-

ing State, Phys. Rev. Lett. 122, 166602 (2019)

DOI https://doi.org/10.1103/PhysRevLett.122.166602

URL https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.122.166602

Copyright 2019 American Physical Society
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Asbtract

An insulator differs from a metal because of a different organization of the

electrons in their ground state. In recent years this feature has been probed

by means of a geometrical property: the quantum metric tensor, which

addresses the system as a whole, and is therefore limited to macroscopically

homogenous samples. Here we show that an analogous approach leads to

a localization marker, which can detect the metallic vs. insulating character

of a given sample region using as sole ingredient the ground state electron

distribution, even in the Anderson case (where the spectrum is gapless).

When applied to an insulator with nonzero Chern invariant, our marker

is capable of discriminating the insulating nature of the bulk from the

conducting nature of the boundary. Simulations (both model-Hamiltonian

and first-principle) on several test cases validate our theory.

The difference between an insulating material and a conducting one is commonly attributed

either to spectral properties of the system or to localization properties of the electronic states

at the Fermi level (in a mean-field framework). A paradigm change occurred in 1964, when W.

Kohn defined the insulating state making neither reference to electronic excitations nor to

Fermi-level properties (1; 2): the qualitative difference between insulators and conductors

manifests itself also in a different organization of the electrons in their many-body ground

state. A series of more recent papers (3; 4; 5; 6) has established Kohn’s pioneering viewpoint on

a sound formal and computational basis, rooted in geometrical concepts. These developments

followed (and were inspired by) the modern theory of polarization, based on a Berry phase

(7). The theory—as developed so far—addresses only macroscopically homogeneous systems:

either crystalline correlated systems (3; 8; 9; 10; 11), or independent-electron systems. In the

latter case spectral properties alone cannot qualitatively discriminate Anderson insulators

from metals (both are in fact gapless at the Fermi level), while the geometrical theory is very

effective for the task (12; 13).

In this work we limit ourselves to noninteracting electrons, where for inhomogeneous cases

(e.g. in heterojunctions) the metallic/insulating character of a given region is usually probed

via the local density of states (LDOS). Here we show—by performing simulations over many

test cases—that the metallic/insulating character of the electronic ground state can be probed

locally, even in the Anderson-insulating case, where the LDOS is of no avail.
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The modern formulation of Kohn’s theory is based on the quantum metric tensor (14): it

is an extensive quantity having the dimensions of a squared length. We address here the

metric tensor per unit volume (area in 2d , length in 1d); for a macroscopically homogeneous

sample we indicate this intensive quantity as Lαβ (Greek subscripts are Cartesian coordinates

throughout). In the noninteracting-electron framework all properties of the many-electron

ground state are embedded in the ground state projector; for the sake of simplicity, we give

the formulation for “spinless electrons”. For a bounded sample with square-integrable orbitals

the projector is

P = ∑
ε j≤µ

|ϕ j 〉〈ϕ j |, (4.1)

where µ is the Fermi level, |ϕ j 〉 are the single-particle orbitals, and ε j the corresponding

energies. The quantum metric tensor has the transparent meaning of the second cumulant

moment of the position operator, or equivalently of the ground-state fluctuation of the dipole

(4; 5; 6):

Lαβ = 1

V
(〈rαrβ〉−〈rα〉〈rβ〉 )

= − 1

V

∫
dr 〈r|P [rα,P ] [rβ,P ] |r〉. (4.2)

In the large-sample limit Lαβ is finite in all insulators, and diverges in all metals; simulations

and heuristic arguments altogether suggest that for metallic samples the divergence is of the

order of the linear dimension of the sample (12; 15). If the bounded sample is a crystallite, the

integrand in the second line of Eq. (4.2) is lattice-periodical in the bulk region of the sample.

Given that the second line of Eq. (4.2) is (minus) the trace of the operator P [rα,P ] [rβ,P ],

divided by the sample volume, we address here the issue of whether the insulating/metallic

organization of the electrons in the ground state (in Kohn’s words) can be probed by evaluating

the trace per unit volume locally i.e. by integrating the local function

Fαβ(r) =−〈r|P [rα,P ] [rβ,P ] |r〉 (4.3)

over a small region in the bulk of the sample. For a homogeneous bounded crystallite we

therefore are going to replace Lαβ, Eq. (4.2), with its local counterpart, i.e.

L̃αβ =
1

Vcell

∫
cell

dr Fαβ(r), (4.4)

where the cell is chosen at the crystallite center. An analogous approach is adopted for

either the disordered cases (where the central cell is replaced by a larger region) and for

inhomogeneous cases (where the cell is chosen in the appropriate region). The main object of

the present work is the real symmetric part of L̃αβ, which we are going to name localization

marker.

We start with 1d bounded chains, by adopting a tight-binding nearest-neighbor Hamiltonian.
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Figure 4.1 – (color online). Results for 1d heterojunctions. Top panel: LDOS for a chain which
is crystalline in the left half, and disordered in the right half. Middle panel: L̃ marker for a
µ= 0 chain (band-insulating in the left half, and Anderson-insulating in the right half). Botton
panel: L̃ marker for a µ=−1 chain (metallic in the left half, and Anderson-insulating in the
right half).

In the crystalline two-band case the chain is either insulating or metallic according to whether

the Fermi level lies in the gap or across a band; in the disordered case the spectrum is gapless

but the chain is always Anderson-insulating (16). We adopt the same Hamiltonian as in Ref.

(12), where the metric tensor L =Lxx , Eq. (4.2), has been addressed; as shown therein, L

diverges in metallic chains while it converges—to very different values—in the band-insulating

and Anderson-insulating cases.

We have performed simulations over 1d “heterojunctions” of up to 6,000 sites, made of two

homogenous half-chains, in all the possible combinations of metal, band insulator, and Ander-
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Figure 4.2 – (color online). A typical flake (2d crystallite). We have considered flakes with up to
8190 sites, all with the same aspect ratio; the one shown here has 1806 sites. The localization
marker L̃αβ is evaluated either on the central cell (two sites) or by means of analogous integrals
on the “bulk” region (1/4 of the sites).

son insulator; the most significant results are displayed in Fig. 4.1 (17). The top panel shows

the LDOS (crystalline vs. disordered), very similar to the global density of states published

in Ref. (12) (gapped vs. gapless). This LDOS implies that by setting µ = 0 the left and right

half-chains are band-insulating and Anderson-insulating, respectively, while by setting µ=−1

the left and right half-chains are metallic and Anderson-insulating, respectively. In both cases

the LDOS cannnot discriminate correctly, while L̃ accomplishes the task; the metric tensor

L , also shown, yields a kind of average over the whole chain.

Next we switch to 2d simulations with model tight-binding Hamiltonians on a honeycomb

lattice with two sites per primitive cell (17); a typical flake is displayed in Fig. 4.2. The

electronic structure is described by the orthonormal basis set |χR`
〉, where R` is a site index.

The ground-state projector, Eq. (4.1), assumes then the general form

P = ∑
R`Rm

P (R`,Rm) |χR`
〉〈χRm |. (4.5)

We start with the validation of our local theory in the simplest cases, where the trace per

unit volume of Eq. (4.3) clearly discriminates the metallic vs. insulating regions and provides

indeed the same message as the LDOS. We stress once more the conceptual difference: the

former approach probes the ground state, while the latter probes the spectrum.

Some results are provided in detail in the Supplemental Material (17); here we only discuss

the insulating (half-filling) homogeneous case: Fig. 4.3 shows the Cartesian trace of Lαβ, of

L̃αβ, and of an analogous “bulk” quantity where the integral in Eq. (4.4) is evaluated over N /4

sites (see Fig. 4.2), as a function of the flake size. It is remarkable that the total trace, Eq. (4.2),

converges to the asymptotic quantum metric quite slowly, only like the inverse linear size of

the system; the localization marker L̃αβ converges instead exponentially. In the crystalline

metallic case L̃αβ diverges like the linear size of the flake (Supplemental Fig. 4.7 (17)). We have
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Figure 4.3 – (color online). Half-filling homogenous crystalline flake. Cartesian trace of the
localization tensor Lαβ, Eq. (4.2) (labeled “Flake”), of our localization marker L̃αβ (labeled
“Cell”), and an analogous formula evaluated over the “bulk region” (labeled “Bulk”), as a
function of the flake size.

also verified that our marker can probe the metallic vs. insulating character of the different

regions of an inhomogenous sample, by addressing a flake cut through the center by a vertical

interface (17).

We also address test cases where time-reversal invariance is absent and the insulator is topo-

logical, having nonzero Chern invariant: we will show that our marker clearly highlights the

insulating character of the bulk and the conducting character of the boundary. To this aim we

adopt the Haldane Hamiltonian (18), for both a crystalline and a disordered flake (17) in the

topological insulating regime. It is well known that the flake is insulating in its bulk, while there

are topologically protected metallic states at the boundary: it is therefore worth investigating

how the different versions of the marker—Cartesian traces of Lαβ and L̃αβ—actually behave.

The relevant quantities are plotted in Fig. 4.4. The bottom panel shows that the trace of L̃αβ

diverges like the linear dimension L of the flake when the cell in Eq. (4.4) is chosen at the flake

boundary (the average over the boundary cells is shown): the boundary is in fact metallic. The

top panel shows that the trace of L̃αβ converges fast when the cell is instead chosen in the

bulk, and confirms that the bulk is insulating.

The top panel of Fig. 4.4 also shows that the trace of Lαβ (labelled “Flake”) converges too,

although to a large value. The rationale for the latter feature is that each boundary cell

contributes to the integral in Eq. (4.2) a term proportional to L, while the number of boundary

cells is also proportional to L. The contribution to the total trace is therefore extensive: the

trace per unit area is therefore finite (not divergent).

In the topological case, the insulating behavior is extremely robust with respect to perturba-

tions; here we address the case of strong on-site disorder (17). By comparing Fig. 4.4 to Fig.

4.5 it is easily realized that the strong on-site disorder introduces some fluctuations, but does

not change at all the key message.
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Figure 4.4 – (color online). Top panel: Cartesian trace of Lαβ and of L̃αβ for a flake cut from a
crystalline topological insulator with nonzero Chern number, as a function of the flake size.
Labels as in the previous figures. Bottom panel: Cartesian trace of the localization marker
L̃αβ, averaged over the boundary cells.

Finally, we are going to present 3d first-principle simulations, not performed on bounded

crystallites; instead, we address a superlattice made of slabs of A and B materials, within

periodic boundary conditions (PBCs). To this aim, we rewrite the second line of Eq. (4.2) as

(5; 6)

Lαβ =
1

V

∫
drdr′ (r− r′)α(r− r′)β|〈r|P |r′〉|2, (4.6)

which allows switching to an unbounded sample within PBCs.

If the stacking axis is x, and A and B are both crystalline materials, then Eq. (4.6) leads to a

localization marker of the form

L̃y y = 1

Vcell

∫
Vcell

dr
∫

dr′ (y − y ′)2|〈r|P |r′〉|2, (4.7)

where the cell is chosen in the middle of either the A or B regions; the insulating/metallic

nature of the slab is then detected by the convergence/divergence of L̃y y . We have validated

Eq. (4.7) by means of PBCs tight-binding simulations, which provided results equivalent to

those for a bounded flake (Supplemental Fig. 3 (17)).

Unfortunately, a first-principle implementation of Eq. (4.7) as it stands is computationally

prohibitive. We therefore need a simplified tool, capable of detecting only whether L̃y y
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Figure 4.5 – (color online). Same as in Fig. 4.4 for a topological flake with strong on-site
disorder (17).

diverges or converges, without providing its precise value in the insulating cases. We adopt

the so-called Wannier-interpolation scheme (19), which accurately maps the Kohn-Sham

Hamiltonian on a tight-binding-like one, capable of describing both insulating and metallic

systems. Here we label the basis set as |χR`
〉, where R` is the orbital center:

R` = 〈χR`
|r |χR`

〉. (4.8)

With these notations, the projected P is identical in form to Eq. (4.5), where

P (0`,Rm) = 〈χ0` |P |χRm 〉, (4.9)

and the matrix elements are evaluated using a discrete k-point mesh.

If the two basis centers 0` and Rm are both in the middle of a given slab, and distant between

themselves in the y (transverse) direction, the qualitative asymptotic behavior of 〈r|P |r′〉
is reflected into the behavior of the matrix elements in the |Rm −0`| →∞ limit. There are

several different ways of numerically inspecting asymptotic behaviors. Here—inspired by the

tight-binding version of Eq. (4.7)—we choose to evaluate the convergence-divergence of the

sum

Ly y = 1

Vcell

∑
0`

∑
Rm

(0`y −Rmy )2|P (0`,Rm)|2. (4.10)

We stress that the numerical value of Ly y , Eq. (4.10), is different from the one of L̃y y , Eq. (4.7);
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Figure 4.6 – (color online) Localization marker Ly y and LDOS at the Fermi level (dashed black
line) for a 43-atom AlGaAs heterostructure (20). Al atoms are in grey, As in purple and Ga in
orange. Ly y is computed using an increasing set of k points and R vectors along the ŷ axis
(orthogonal to the Al-GaAs axis). In the bulk insulating GaAs region the marker converges
very fast to a finite number, due to the exponential decay of the density-matrix, while in the
bulk Al it diverges linearly with the number of k points. All quantities are plotted as double
macroscopic averages, defined as in Refs. (21; 22).

the key point is that the terms in the summation become asymptotically exact when the basis

centers are far apart.

Our case study is a periodically repeated (001) supercell of GaAs and Al lattice-matched slabs,

with double As termination (20). In this geometry the metal and the semiconductor cubic axes

are rotated by 45o around (001), and the lattice-matching condition sets the ratio of the two

cubic lattice constants equal to 1/
p

2. Our supercell contains 9 Al layers, 12 Ga layers, and 13

As layers, for a total of 43 atoms (there are two Al atoms per layer).

We show in Fig. 4.6, dashed line, the LDOS at the Fermi level, filtered with a double macro-

scopic average (21; 22). As it must be, the LDOS is finite in the metallic region and goes to zero

in the insulating region: the exponential tail owes to evanescent gap states. The novelty of the

present work is to show, according to Kohn’s viewpoint, that the metallic vs. insulating regions

are characterized by a different organization of the electrons in the many-body ground state,

without any reference to eigenvalues or spectral properties.

In the GaAs region all the solid lines in Fig. 4.6 converge fast to the same value. We remind that

our simplified marker Ly y does not provide the same numerical value as the exact localization

marker L̃y y ; the finiteness of Ly y proves nonetheless the insulating nature of the ground

state electron distribution in the GaAs region. In the Al region, instead, the different solid lines

show the divergence of Ly y —ergo of L̃y y as well—linear with the number of k points.

In conclusion, we have shown that the insulating nature of the ground electron distribution
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can be probed locally, by means of a marker explicitly expressed in terms of the ground

state and nothing else, in particular avoiding any reference to either spectral properties or

to localization properties of the electronic states at the Fermi level. Besides the case of band

insulators (model and first-principle), our test cases include Anderson insulators (where the

spectral properties are of no avail) and topological insulators (where the bulk is insulating

and the boundary is conducting). The simulations presented here address solely independent

electrons; nonetheless we argue that our local theory of the insulating state can be extended

to correlated electrons as well (30). Our work paves the way for a unified complete theory

of the insulating state, including in principle all kinds of insulators, both homogeneous and

heterogeneous (crystallites, heterojunctions, nanostructures), through a localization marker

based on the ground-state electronic distribution only.
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Supplemental material

Tight-binding 1d Hamiltonians

Our 1d simulations adopt a nearest-neighbor 2-band tight-binding Hamiltonian with t = 1;

the site energies are ε j = (−1) j∆ (with ∆= 0.25) in the crystalline case, while in order to model

a 1d Anderson insulator the string (−1) j is replaced by a random string of ±1, chosen with

equal (and uncorrelated) probability; in the latter case L̃ , as shown in the plots, is the average

over 100 disorder realizations. Each of half-chains is up to 3,000 sites long; the LDOS and the

“bulk” localization marker L̃ are evaluated over 60% of the sites, chosen in the central region

of each half-chain.

Tight-binding 2d Hamiltonians

Our 2d simulations adopt two similar Hamiltonians for the time-reversal-invariant cases

(which are topologically trivial) and for the topological cases.

In order to address the topologically trivial cases we adopt a model tight-binding 2d Hamilto-

nian on a honeycomb lattice with two tight-binding sites per primitive cell with site energies

±∆ (∆ = 2), first-neighbor hoppings t1 = 1, and second-neighbor hoppings t2 = 1/3. The

system is insulating at half filling (µ = 0) and metallic at any other filling. The localization

marker for a homogeneous crystalline flake is displayed in the main text, Fig. 3, as a function

of the flake size, for the insulating case only.

We have chosen the same Hamiltonian and µ=−2.5 in order to realize the metallic case. The

resulting localization marker is shown here in Fig. 4.3; it clearly diverges linearly with the

linear dimensions of the flake.

In order to model an heterojunction the bounded flake is cut through the center by a vertical

interface: insulating to the left, metallic to the right, as in Fig. 4.8, top panel. We realize this

by choosing µ= 0 and by adding a constant term equal to 2.5 to the onsite energies on the

right half-flake. Fig. 4.8 (bottom) shows that the filling per cell is indeed 1/2 on the left half,

and about 0.3 in the right half: the figure actually shows the site occupancy 〈r|P |r〉 along the

horizontal line through the middle of the flake. Fig. 4.9 perspicuously shows that the trace of

L̃αβ converges very fast to a constant value when the integration cell is chosen in the center

of the insulating half-flake, and diverges linearly with size in the metallic case.

In order to address the topological cases we break time-reversal symmetry by switching from

a real second-neighbor hopping t2 to a complex one t2 = |t2|eiφ. Our Hamiltonian thus

becomes the (by now famous) Haldane Hamiltonian (1), whose properties have been widely

investigated. Notably, the half-filling (µ= 0) insulating state may be either trivial or topological,

depending on the parameter values; for any other filling the system is metallic. The well known

Haldane phase diagram at half filling is reproduced in Fig. 4.10. We focus here solely on the

insulating topological case by choosing φ= 0.25π and ∆= 1/3, well into the topological region
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with Chern number C =−1.

We have also addressed a strongly disordered—and topologically nontrivial—flake by keeping

µ= 0 and φ= 0.25π as above, while the ∆ value at each site in the flake was chosen at random

in the range [−1,1] (again in the topological region), shown as a vertical segment in Fig. 4.10.

With this choice anions and cations of various ionicity are randomly distributed.

We have validated the PBCs version of the localization marker, Eq. (7) in the main text, upon

converting it into its tight-binding form. When we identify one of the two sites in the home

cell with 0`, the y y element becomes

L̃y y = 1

Vcell

∑
0`

∑
Rm

(0`y −Rmy )2|P (0`,Rm)|2, (4.11)

where the PBCs ground-state projector P (0`,Rm) is computed as a (discretized) reciprocal-

space integral. Numerical summation of the series in Eq. (4.11) for the same Hamiltonian

as used in the main text for the homogeneous insulating flake yields L̃y y = 0.0432, which is

indeed one half of the converged value in Fig. 3 in the main text.

Next we switch to a superlattice made of slabs of A and B materials; the tight-binding local

marker L̃y y is then defined as in Eq. (4.11), where the 0 cell is chosen in the middle of either

the A or the B regions. If the stacking axis is x, the insulating/metallic character of each

region is detected via the convergence/divergence of L̃y y in the given x-region. Fig. 4.11

perspicuously shows that L̃y y converges very fast to a constant value when the integration

cell is chosen in the center of the insulating slab, and diverges linearly with size in the metallic

case, as in the OBCs case discussed earlier. The difference with respect to the OBCs case is

20 40 60 80p
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Figure 4.7 – (color online). Homogenous metallic flake. Cartesian trace of the localization
tensor Lαβ (labeled “Flake”), of our localization marker L̃αβ (labeled “Cell”), and an analogous
formula evaluated over the “bulk region” (labeled “Bulk”), as a function of the flake size.
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that within PBCs the marker converges with respect to the number of R-vectors and k-points

along the direction y that are used to compute Eq. (4.11). In the insulating region, the density

matrix goes to zero exponentially for large Ry and so the terms of Eq. (4.11). On the contrary, if

we select a site in the metallic region then the corresponding terms in Eq. (4.11) do not go to

zero for large values of Ry , owing to the slow power-law decay of the ground-state projector in

the y direction.

First-principle implementation

We adopt the so-called Wannier-interpolation scheme (2) within density-functional theory

(DFT): the Kohn-Sham Hamiltonian is projected onto a localized orthonormal basis set; the

number of basis functions in each crystal cell (in either the A or B regions) is finite. The basis

functions are obtained as supercell MLWFs (maximally localized Wannier functions) for a

redundant set of bands, up to energies higher than the actual Fermi energy. The projection

has been proved to be very successful in several circumstances (2): in particular it accurately
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Figure 4.8 – Top panel: Heterojuction built of an insulating and a metallic half flake. Bottom
panel: site occupancies for a 8190-site flake.
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Figure 4.9 – (color online). Results for an heterojunction built of an insulating and a metallic
half flake. Cartesian trace of L̃αβ evaluated at the center of the left (insulating) and right
(metallic) half flakes as a function of size.

maps the Kohn-Sham Hamiltonian on a tight-binding-like one, capable of describing both

insulating and metallic systems.

In the main text we have labelled the basis set as |χR`
〉, where R` is the orbital center. We have

therefore a lattice of centers, not a lattice of nuclei; in particular, different R` may occupy the

same position in space.

The matrix elements of the ground-state projector over the basis are obtained as

P (0`,R′
m) = V

(2π)3

∑
n

∫
dk C k

nl C k∗
nme i k · (R′

m−0`), (4.12)

the index n runs over the occupied bands, and C k
nl are the coefficients of the Bloch eigenstates

over the basis, for a given k-point.

The integral is performed over the Brillouin zone of the supercell on a discrete k-point set. The

convergence is checked with respect to the number of points along ky , while the number of

points along kx and kz is kept fixed.

DFT calculations are performed using plane waves and pseudopotentials as implemented

in the PWscf code of the Quantum ESPRESSO distribution (3; 4). We use the Perdew-Burke-

Ernzerhof (PBE) (5) functional with the Standard Solid State Pseudopotentials (SSSP) Efficiency

(version 1.0) library and cutoffs (6; 7; 8). We build a tight-binding model in a basis of MLWFs

that reproduces the band structure of the occupied states and some of the lowest lying empty

states (2). MLWFs are obtained using WANNIER90 (9).
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Figure 4.10 – Phase diagram of the Haldane model Hamiltonin at half filling (µ= 0), for t1 = 1
and |t2| = 1/3, in the φ, ∆ variables. The coloured regions are the topological ones, with Chern
number C =±1. The dot indicates the choice performed for addressing the crystalline case,
while for for the disordered case the parameters are randomly chosen in the vertical segment.

Towards many-body wavefunctions and Mott insulators

In the main text we discuss the case of independent electrons in crystalline and disordered

potentials, while here we outline the fundamental steps to generalize the localization marker

to many-body wavefunctions, as in the case of Mott insulators.

We consider an N -electron system, where N is even, and a singlet ground stateΨ. We introduce

the one-body and two-body densities

n(r1) = N
∑
σ1

∫
dx2dx3 . . .dxN |Ψ(x1, . . . ,xN )|2, (4.13)

n(2)(r1,r2) = N (N −1)
∑
σ1,σ2

∫
dx3 . . .dxN |Ψ(x1, . . . ,xN )|2, (4.14)

where xi = (ri ,σi ) represents the space and spin coordinates of the i -th electron. Following

Ref. (10), we write the localization tensor in OBCs as

Lαβ =
1

2V

∫
drdr′(r− r′)α(r− r′)β ·

(
n(r)n(r′)−n(2)(r1,r2)

)
. (4.15)

The last equation can be understood as a prescription for measuring the second cumulant

moment of the exchange-correlation hole (10), defined as

nxc (r1,r2) = n(2)(r1,r2)−n(r1)n(r2). (4.16)

Following the same strategy that led to Eq. (6) of the main text, we can now define the
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Figure 4.11 – (color online). Results for a periodic heterostructure built of alternating insulating
and metallic slabs, but with a superlattice unit cell made of 160 sites along the horizontal axis.
Cartesian trace of L̃y y evaluated at the center of the insulating and metallic slabs as a function
of the R-vectors and k-points, along the direction y , used to compute the density matrix and
Eq. (4.11).

localization marker as the real symmetric part of

L̃αβ =
1

2Vcel l

∫
Vcel l

dr
∫

dr′(r− r′)α(r− r′)β ·
(
n(r)n(r′)−n(2)(r1,r2)

)
(4.17)

where the integration cell of the outer integral can lie in a metallic or insulating region as

discussed in the main text. Although the calculation of n(2)(r1,r2) is indeed a formidable

task, some of the computational shortcuts introduced in this work for independent electrons

can also be generalised to the many-body framework. In particular, we can use many-body

Wannier functions as an optimal basis for interpolation and study the asymptotic behaviour of

the kernel of the exchange-correlation hole, similarly to the procedure that has been developed

for the one-body density matrix in the first-principle implementation. In addition, one

could benefit from a recent alternative approach to compute the macroscopic polarization of

correlated systems developed in Ref. (11). There, Requist and Gross introduce an approximate

formula for the many-body polarization by summing the geometric phases of natural orbitals

with fractional occupations. Their formula maintains the simplicity of the independent-

electron formulation and, at the same time, potentially capture the dominant correlation

effects. This is carried out by adopting the expression for polarization by King-Smith and

Vanderbilt (12) while replacing the periodic part of the Block orbital unk(r) with

unk(r) −→
√

fnke iζnk unk(r), (4.18)

where fnk is the occupation number and ζnk is a fundamental phase factor chosen from the

stationary conditions on the total energy (11). A similar procedure can be employed for the
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localization marker that we introduced in the present work, leading to a formula that would

locally assess the metallic/insulating state of inhomogeneous correlated materials.
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Exfoliable 2D materials from first-principles simulations

Before starting with Chapter 5 Relative abundance of Z2 topological order in exfoliable two-

dimensional insulators, we give some introduction to the 2D materials that are screened

there.

2D materials have excited the scientific community as promising candidates to build next-

generation technologies, ranging from electronics to water-desalination applications. How-

ever, relatively few 2D materials have been successfully synthesized or exfoliated. This moti-

vated a search for 2D materials that could be exfoliated from their parent crystals, by perform-

ing high-throughput first-principles simulations that allow to evaluate thousands of structures

with relatively little cost, as we have reported in the related article Two-dimensional materials

from high-throughput computational exfoliation of experimentally known compounds by N.

Mounet et al., that appeared in Nature Nanotechnology in 2018 (volume 13, pages 246–252) .

We started from 108,423 unique 3D compounds that are known to exist experimentally, and

among these we identified a set of 5,619 compounds that can be classified as layered following

a robust geometric and bonding criterion, briefly sketched in Fig. 4.12.

a

c d eb

3D primitive cell supercell bond connectivity 2D primitive cell2D/1D/0D units

Figure 4.12 – Schematics of the fundamental steps in the geometrical algorithm to find low-
dimensional subunits of a parent 3D crystal. From left to right: in a 3 × 3 × 3 supercell of the
primitive cell of the bulk chemical bonds are identified through the comparison of interatomic
distances with the sum of van der Waals radii of the corresponding atoms minus a tunable
parameter; then, low-dimensional subunits are identified by computing the rank of the matrix
formed by all the vectors linking an atom to all of its chemically connected periodic images,
and finally a 2D primitive cell is built. Adapted from N. Mounet et al., Nature Nanotechnology,
13, 46–252 (2018).

Then, high-throughput calculations based on van der Waals (vdW) density-functional theory

further allowed to identify 1,825 compounds that can be classified as exfoliable (the VdW

functionals have been validated against experimental structural data and binding energies

computed with the random phase approximation). We further divide the 1,825 compounds

into two sets, a first subset of 1,036 easily exfoliable structures and the second subset contain-

ing the 789 remaining materials (see Fig. 4.13) that are classified as potentially exfoliable. This

classification emerges by noticing the clustering of layered materials once they are plotted as

in Fig. 4.13, comparing the binding energy of the layers and the difference in the interlayer

distance that is obtained when switching off the vdW interactions. Among other results, this

article showed that the 2D materials landscape may be quite rich and there are plenty of
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Exfoliable 2D materials from first-principles simulations

exfoliable materials awaiting to be studied. In the next Chapter 5 Relative abundance of Z2

topological order in exfoliable two-dimensional insulators, we analyse this large database of

2D materials looking for novel quantum spin Hall insulators.T
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Figure 4.13 – Left panel: cover page of the March 2018 issue of Nature Nanotechnology on
the “Computational quest for 2D materials”. Right panel: binding energies versus changes
of the interlayer distance for the layered 3D crystals relaxed using either the revPBE or the
DF2-C09 functionals. We classify (and show with different colors) materials as easily exfoliable,
potentially exfoliable, or having high binding energies. Well-known 2D materials such as
graphene are highlighted. Adapted from N. Mounet et al., Nature Nanotechnology, 13, 46–252
(2018).

Finally, we report the full bibliographic reference where we discuss the construction of such

2D materials database: Nicolas Mounet, Marco Gibertini, Philippe Schwaller, Davide Campi,

Andrius Merkys, Antimo Marrazzo, Thibault Sohier, Ivano Eligio Castelli, Andrea Cepellotti,

Giovanni Pizzi and Nicola Marzari, Two-dimensional materials from high-throughput compu-

tational exfoliation of experimentally known compounds, Nature Nanotechnology 13, 246–252

(2018). DOI: https://doi.org/10.1038/s41565-017-0035-5 .
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5 Relative abundance of Z2 topological
order in exfoliable two-dimensional
insulators

This article deals with the computational quest for novel quantum spin Hall insulators (QSHIs),

that we carry out by screening the 2D materials database just mentioned. First-principles

simulations based on density-functional theory (DFT), density-functional perturbation theory

(DFPT) and many-body perturbation theory at the G0W0 level are coupled with the AiiDA ma-

terials’ informatics platform, for which dedicated software has been developed, especially in

the form of AiiDA plugins and workflows. We begin by discussing the challenges of discovering

novel QSHIs from ab initio simulations, challenges that shaped the computational framework

we implement. We identify materials that have been predicted or verified to host the QSHI

phase, and we discuss the novel materials candidates that we predict. Among these novel

candidates, the most interesting is monolayer jacutingaite, to which Chapter 2 is devoted.

I present the version accepted in Nano Letters; the supplementary information is also included.

My contribution to this article has been designing the study, developing most of the software,

performing most of the first-principles simulations, analysing the results, writing the paper.

The analysis of the results and the writing has been done jointly with Marco Gibertini and

Nicola Marzari. Nicolas Mounet provided software tools including AiiDA workflows, performed

the magnetic screening and computed the binding energies. Davide Campi preprocessed and

relaxed the 2D crystal structures on which the screening was performed.

Full bibliographic reference: Antimo Marrazzo, Marco Gibertini, Davide Campi, Nicolas

Mounet and Nicola Marzari, Relative abundance of Z2 topological order in exfoliable two-

dimensional insulators, Nano Lett. (2019).

DOI http://dx.doi.org/10.1021/acs.nanolett.9b02689.

URL https://pubs.acs.org/doi/10.1021/acs.nanolett.9b02689

Copyright 2019 American Chemical Society
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Asbtract

Quantum spin Hall insulators are a class of two-dimensional materials

with a finite electronic band gap in the bulk and gapless helical edge states.

In the presence of time-reversal symmetry, Z2 topological order distin-

guishes the topological phase from the ordinary insulating one. Some of the

phenomena that can be hosted in these materials, from one-dimensional

low-dissipation electronic transport to spin filtering, could be promising

for many technological applications in the fields of electronics, spintron-

ics and topological quantum computing. Nevertheless, the rarity of two-

dimensional materials that can exhibit non-trivial Z2 topological order at

room temperature hinders development. Here, we screen a comprehensive

database we recently identified of 1825 monolayers that can be exfoliated

from experimentally known compounds, to search for novel quantum spin

Hall insulators. Using density-functional and many-body perturbation

theory simulations, we identify 13 monolayers that are candidates for quan-

tum spin Hall insulators, including high-performing materials such as

AsCuLi2 and (platinum) jacutingaite (Pt2HgSe3). We also identify mono-

layer Pd2HgSe3 (palladium jacutingaite) as a novel Kane-Mele quantum

spin Hall insulator, and compare it with platinum jacutingaite. Such a

handful of promising materials are mechanically stable and exhibitZ2 topo-

logical order, either unperturbed or driven by small amounts of strain. Such

screening highlights a relative abundance of Z2 topological order of around

1%, and provides an optimal set of candidates for experimental efforts.

Introduction

Since the very first discovery of the quantum spin Hall insulating state in HgTe quantum

wells in 2007 (1), the study of topological states of matter has seen enormous progress both

in theory and experiments (2). Z2 topological order, first discussed by Refs. (3; 4) and (5)

for two-dimensional models, has also been formalised for three-dimensional materials (6),

leading to the discovery of the so-called “strong” and “weak” topological insulators. Although

substantial progress has been made in predicting and confirming with experiments several
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three-dimensional topological insulators of different classes (7), scant progress has been made

in identifying their two-dimensional counterparts, i.e. quantum spin Hall insulators (QSHIs).

As of today, 1T’-WTe2 is the only experimentally confirmed monolayer crystal hosting a robust

QSHI phase up to 100 K (8; 9; 10); considering more general systems, Bi on a SiC substrate

stands out being a QSHI with a record-high measured band gap of 0.8 eV, owing to covalent

bonding with the substrate (11). In fact, two-dimensional (2D) materials also offer unique

tunabilities offered by chemical (11) or strain (12) engineering driven by the substrate, surface

passivation (13; 14), van der Waals heterostructures (15) and more (16).

Besides their fundamental scientific interest, several technological applications of topological

insulators have been proposed. A broad class of these is based on using the one-dimensional

topologically protected states at the edge of a QSHI to realize low-dissipation nanowires, where

the elastic backscattering is forbidden by time-reversal (TR) symmetry and electron transport

is spin-momentum locked (2). For such applications, a large band gap would be beneficial not

only to increase the operating temperature (limited by the intrinsic semiconducting behavior

of the bulk) but also to decrease the transverse localization length of the edge states (17). The

latter could help to reduce inelastic backscattering with the bulk and, more relevantly, to

suppress hybridisation effects between the two pairs of helical states at opposite edges of a

ribbon that otherwise would gap the edge spectrum. In the so-called topological field-effect

transistor (TopoFET) (18), an out-of-plane applied electric field drives the system from a QSHI

to a normal insulating phase and allows to switch on and off edge transport. It is clear that

for TopoFETs applications, high-performance materials must exhibit an enhanced response

to applied electric fields such that the topological phase transition occurs for realistic (i.e.

sufficiently low) gate voltages. Coincidentally, a larger band gap typically implies a stronger

QSHI phase and so larger critical fields for the topological phase transition. In addition,

material-dependent effects, such as thermal expansion or electron-phonon couplings can also

drastically affect the operating temperature of the device (19; 20). Hence, an accurate figure of

merit for TopoFETs would include not only the zero-temperature band gap and band inversion,

but also a number of other quantities such as the critical electric fields or temperature of

the topological phase transition, the stability with respect to oxidation and the availability of

good dielectric substrates. By looking at the current scenario it is clear that the known QSHI

materials present challenges for devices and applications, although examples like Ref. (11) (Bi

on SiC) show that is realistic and plausible to substantially increase performance through a

combination of novel materials and careful engineering.

It is then compelling to seek for novel QSHI materials, possibly outperforming the state of

the art. The optimal material might constitute a Pareto optimization that satisfies several

requirements including, but not restricted to, those mentioned above. In this work, we use first-

principles simulations to perform a systematic computational screening for QSHIs, using a

combination of high-throughput density-functional theory (DFT) calculations, to first identify

interesting candidates, and density-functional perturbation theory (DFPT) and many-body

perturbation theory at the G0W0 level (with spin-orbit coupling (SOC)) to provide accurate

predictions on the most interesting materials. The results of this screening not only provide
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a distilled set of this most promising QSHI candidates (several not reported before), that

could orient experimental efforts, but they contribute to draw a comprehensive picture on the

relative abundance and characterization of Z2 topological order in 2D materials.

The screening protocol

We systematically explore 1825 two-dimensional (2D) materials coming from experimentally

known, exfoliable compounds, searching for QSHIs. All these 2D materials were identified in

Ref. (21) as easily or potentially exfoliable from their layered 3D parent crystals using extensive

high-throughput first-principles calculations based on van-der-Waals DFT (vdW-DFT). So,

all the structures that we consider are known to exist at least in their bulk 3D form; we also

note complementary approaches that suggested novel structures by decorating common

structural prototypes for 2D materials with alternative, chemically-similar elements (22; 23).

Here, we select a set of computable properties defining good QSHIs candidates, and search

the materials above in the hunt for novel QSHIs. In particular, we search for materials that

are mechanically stable (i.e. whose phonons have no imaginary frequencies), that have a

finite electronic band gap, a non-magnetic ground state and a non-trivial Z2 topological

invariant. We adopt a computational high-throughput funnel approach (see Fig. 5.1), where

quantities that require less computational resources are computed first for the larger pool of

structures, while more demanding properties are computed only for the progressively smaller

sets of promising candidate materials. Given the manageable number of materials that we

consider (of the order of thousands), we do not use approximate descriptors (as done earlier

(24; 25)) but we explicitly compute all properties from first principles. To begin with, we

optimize the monolayer geometry (cell vectors and atomic positions) of all the structures in

the set of Ref. (21) with an upper limit on the number of atoms in the unit cell, both for their

higher relevance and for computational efficiency. So we restrict ourselves to all compounds

containing no more than 30 atoms in the unit cell, for a total number of 1582 structures.

Then, lanthanides are removed, due to the limited accuracy of standard DFT in describing

the electronic structures in such cases and the presence of multiple magnetic minima. The

remaining compounds (1471 structures) are relaxed using the PBE functional assuming a non-

magnetic ground state, yielding successfully 1306 structures (26). At this point, we compute

band structures along high-symmetry lines using DFT and the PBE functional with SOC,

selecting all the band insulators (27). We compute the Z2 invariant for all these by tracking the

evolution of hermaphrodite Wannier charge centers (HWCC) (28; 29; 30), as detailed in the

methods section. At this point, all insulators with a non-trivial Z2 invariant are considered

tentative QSHIs and we assess their mechanical stability by computing phonon dispersions

(see Methods) using DFPT (31).

Although some recent work has focused on substituting the calculations of topological in-

variants with the use of descriptors (24; 32; 25) or with the elementary band representation

(33; 34; 35), we argue that the accuracy in the predictions of topological insulators is essentially

driven by the accuracy of the calculated electronic structure and, in particular, of the spectral
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Figure 5.1 – Computational protocol for the screening of quantum spin Hall insulators (QSHIs)
exfoliable from experimentally-known crystalline compounds. We start from the 1825 exfoli-
able 2D materials of Ref. (21), and each step reduces the number of potential candidates, with
progressively more computationally-intensive calculations. The high-throughput approach
based on density-functional theory calculations is complemented by density-functional per-
turbation theory and many-body perturbation theory calculations for the most interesting
candidates. In particular, the topological phase is tested at the G0W0 level with spin-orbit
coupling (SOC).
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function. Substantial work has been made to find faster algorithms to compute the Z2 and

other invariants, henceforth facilitating the calculation of such invariants in large datasets of

crystalline materials (36; 37; 38) at a relatively low cost, essentially by maximally exploiting

crystalline symmetries. However, for a reliable screening of topological insulators, most of

the human and computational effort still goes into accurate band structure calculations (e.g.

using G0W0 or dynamical mean field theory), in the study of possible magnetic ground states

and in the assessment of mechanical stability (e.g. using phonons or molecular dynamics )

(39).

By their very nature topological insulators are characterized by topological invariants, i.e. by

integers that do not change under smooth deformations. Such a feature is often used as an

argument in favour of the robustness of topological properties, the most spectacular cases

being the quantization of the Hall conductance in the integer quantum Hall effect (40) and the

robust presence of topological insulator surface states with respect to surface reconstruction

or different terminations. The issue is how easy it is, in practice, to perform a non-smooth

deformation, which for a real material means to either break the protecting symmetries

or close the gap. Z2 topological order is protected by time-reversal (TR) symmetry and so

the system must be non magnetic: any time-reversal breaking perturbation would destroy

topological order without even necessarily closing the gap. Hence, we select only materials

whose ground state is non-magnetic based on the energetics of collinear DFT calculations for

ferromagnetic and antiferromagnetic configurations (as in Ref. (21), see Methods).

Then the question is whether DFT self-interaction errors, correlation effects, inaccuracies in

the structural properties, or approximating Dyson orbitals with Kohn-Sham (KS) states can

be severe enough to affect the DFT topological classification. For TR-invariant topological

insulators such as QSHIs, the topological phase is driven by a combination of crystal symme-

tries, hybridisation and SOC, and each of these aspects must be accurately treated in order to

get reliable predictions. Broadly speaking, the most significant approximation is using the KS

states that underestimate the gap and often overestimate the strength of the band inversion,

leading to possible false negatives (discarding as metals materials that are insulating) or false

positive (predicting topological insulators that are actually trivial band insulators) (41). SOC

is typically sufficiently well described by semilocal DFT, in particular when the band gap

opening is driven by atomic SOC (42) although quantitatively less accurately when SOC enters

as a hopping term (43). For these reasons, at the last stage of our protocol we perform G0W0

calculations with the full non-perturbative treatment of SOC (75; 76).

Crystal symmetries are crucial and most predicted QSHIs actually fall in very few structural

prototypes, such as the honeycomb lattice (44) or the distorted 1T’ phase of transition-metal

dichalcogenides (18; 45). Recently, Refs. (34; 35) emphasised the importance of site-symmetry

groups, which impose strong constraints on the allowed connections between bands and

hence determine the presence or absence of disconnected elementary band representations

(i.e. topologically non-trivial manifolds) around the Fermi level. Hence it is very important to

adopt a crystal structure that faithfully represents the experimental structure at least at low
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temperatures, where vibrational effects can be neglected (46). In this regard, our monolayer

structures undergo a series of structural optimizations that initially starts from the bulk struc-

tures as obtained from experiments, and we note that the vast majority of known exfoliable 2D

materials inherit the crystal symmetries of their parent 3D layered crystal and do not undergo

structural transitions in the monolayer limit.

Nonetheless, Ref. (41) highlighted how sensitive Z2 topological order is with respect to the

equilibrium lattice constant. As mentioned above, in the database of Ref. (21) we always

started from experimental crystal structures and perform a first structural optimization using

vdW-DFT; once identified as exfoliable, we perform a second structural optimization for the

monolayers using DFT-PBE. The structural optimization of a selected subset of 258 easily

exfoliable compounds with at most 6 atoms per unit cell is discussed in Ref. (21), while here we

have extended it to the rest of the database in order to screen for QSHIs. For materials that are

identified as prospective QSHI candidates we perform an additional structural optimisation

with tighter thresholds and more accurate, more computationally expensive, pseudopotentials

(see Methods). Although we pay particular attention to structural optimizations, we also

monitor deviations between the experimental and the calculated equilibrium lattice constants.

Hence, we augment our protocol by considering all metals with a direct gap (DGM) along

high-symmetry paths (built following Ref. (47)) and apply a ±1,2,3% hydrostatic strain (see

Methods). DGMs are chosen because they can be adiabatically connected to the insulating

state and the Z2 invariant can be well defined considering the first ne bands where ne is

the number of electrons, even if the Fermi level does not lie in a gap. If a DGM becomes

an insulator under strain then the strained structure is added to the list of materials to be

screened for QSHIs. This procedure has the two-fold purpose of identifying materials that

would be QSHIs at their experimental lattice constant or that could be driven to be QSHI, e.g.

by choosing a suitable substrate. There could still be systems that would not become insulators

under strain at the DFT-PBE level and yet be insulators experimentally and recognized as

such by e.g. many-body perturbation theory. Although such materials can exist and may even

display robust band inversions, it is unlikely that they would have very large band gaps, hence

given the very high computational cost we leave such investigation to future work.

Finally, we address correlation effects by performing as mentioned (very costly) many-body

perturbation theory calculations (G0W0 with SOC) for the five most interesting QSHI can-

didates. These materials have been chosen as optimal in the sense they optimize the mul-

tidimensional requirements of low binding energies, large electronic band gaps and strong

band inversions. Some of them excel for certain aspects (e.g. large band gap) while keeping

a sufficiently good performance on all the other relevant parameters, or because they show

a good average over all parameters without being the top material in any of the quantities

considered.

Although the suppression of bulk transport is inherently related to the size of the global band

gap, the robustness of the topological phases is mostly dictated by the magnitude of the band

inversion. To be more precise, we define the inversion strength (IS) for the two classes of QSHIs.
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For Bernevig-Hughes-Zhang (BHZ) QSHIs (48), where there is a clear band inversion between

electronic bands of different orbital character, the IS is defined as the energy difference be-

tween the lowest unoccupied and the highest occupied band at the high-symmetry point

where the band inversion occurs (e.g. Γ for Bi monolayers). For Kane-Mele QSHIs, where a

single Dirac cone at K is gapped by the Kane-Mele SOC (3; 4), we define the IS as the direct

band gap at K. Hence, we compute the inversion strength both at the DFT-PBE and G0W0 levels

with SOC by evaluating the direct gap at the relevant high-symmetry point. G0W0 calculations

of 2D materials are known to be very challenging in terms of computational resources due

to the strong dependence of the 2D dielectric function around q = 0 (49; 50). We provide an

accurate estimate of the band inversion by using a series of very dense k-point grids (eg. up to

48×48×1 or more) and extrapolate to an infinitely dense grid (see Methods).
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Figure 5.2 – Band gap at the DFT-PBE level with SOC versus average atomic number for several
exfoliable 2D materials identified in Ref. (21). QSHI candidates are denoted by red circles;
strain-driven QSHIs are marked by orange circles and colored according to the minimum
amount of strain to open a band gap. We identify 13 candidates (5 new) out of the 1306
screened, to which we add palladium jacutingaite (Pd2HgSe3), recently synthesized (54), as
the second ever KM QSHIs.

The results of the computational screening are summarized in Fig. 5.2 and in Table 5.1. We

find 13 QSHIs candidates using the protocol described above; these are listed in Table 5.1,

together with key relevant properties: their space group, binding energy, band gap, inversion

strength, underlying model (BHZ or KM), minimum amount of strain to drive an insulating

topological phase, and relevant references if present. In addition, we present in the Supporting

Information the crystal structures, the DFT-PBE band structures (with and without SOC), the

DFPT phonon dispersions (without SOC, except for jacutingaite) and the evolution of the
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Table 5.1 – QSHI candidates and their corresponding properties: chemical formula, space
group, binding energy computed with two different van der Waals functionals (DF2-C09 and
rVV10, see Methods), band gap at the DFT-PBE level with SOC, inversion strength at the
DFT-PBE level with SOC, inversion strength at the G0W0 level with SOC, minimum amount of
strain to be insulating (DFT-PBE level), topological phase type (either Kane-Mele or Bernevig-
Hughes-Zhang), reference (if present).
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HWCC (determining the Z2 invariant) for each of these candidates. In Fig. 5.2 we report the

band gap at the DFT-PBE level versus the average atomic number of a given crystal structure

for all the screened materials whose band gap is in a relevant energy range. All compounds are

identified by a green disk, and QSHI candidates (at the DFT-PBE level) are marked with an

additional red circle. In case the QSHI phase is driven by strain the structure is marked by an

orange circle and the disk is colored in blue according to the minimum amount of strain that

is necessary to drive a transition from the metallic to the insulating state (essentially opening

an indirect band gap).

As expected all candidates are essentially narrow gap semiconductors, with band gaps lower

than 0.6 eV driven by SOC. Apart from the obvious observation that SOC is due to the presence

of heavy chemical elements, there is no strong correlation between the magnitude of the band

gap and the highest or average atomic number for the atoms of a given structure. However,

the two largest-gap candidates, namely Bi and Pt2HgSe3, indeed contain three of the heavi-

est non-radioactive elements of the periodic table (Pt, Hg, Bi). In addition to the exfoliable

materials of Ref. (21), we added Pd2HgSe3 (palladium jacutingaite) which was not included

in ICSD or COD at the time the study of Ref. (21) was performed. Pd2HgSe3 is a crystalline

compound that has recently been identified experimentally (54; 55) and whose structure is

identical to (platinum) jacutingaite (Pt2HgSe3) and is also potentially exfoliable with a very

similar binding energy (∼60 meV·Å−2, see Table 5.1). We now first discuss individually the

most interesting candidates and then comment on some trends.

Bi. Monolayer bismuth has long been predicted to be a QSHI (56), although experimental

confirmation has proven to be difficult (57; 58; 59) and the isolation of a clean monolayer is

still a challenge. With a very low binding energy (∼ 20 meV·Å−2), a strong band inversion (0.7

and about 0.8 eV at the PBE and G0W0 level respectively) and very large band gap (∼ 0.6 eV

with PBE), monolayer bismuth remains a very interesting candidate. Monolayer bismuth is

a unary compound with a relatively simple crystal structure, namely a buckled honeycomb

lattice with two atoms per unit cell, that makes it appealing also from the point of view of

experimental synthesis. Indeed, a recent experimental effort reported that Bi on a SiC substrate

is a record-high QSHI with a 0.8 eV band gap, although the covalent bonding substantially

alters the atomic and electronic structure of the monolayer (11).

Pt2HgSe3/Pd2HgSe3. Platinum jacutingaite (Pt2HgSe3) and palladium jacutingaite (Pd2HgSe3)

share very similar band structures (see Fig. 5.3). They are the first, and currently only, two

exfoliable materials that realize the Kane-Mele model with a Dirac cone at K split by SOC,

although they also exhibit some differences. Pd2HgSe3 is metallic at the level of DFT-PBE:

although SOC opens a gap at K, the bottom of the conduction band (at Γ) is degenerate with

the top of the valence band (at K), giving a peculiar semimetal with a finite direct gap at each

k−point. G0W0 quasiparticle corrections open a gap and show that monolayer Pd2HgSe3 is a
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5.3. Results

Kane-Mele QSHI, with a band inversion estimated from extrapolations to be around 41 meV

(much smaller than the 0.5 eV of Pt2HgSe3 (43)). In addition, the direct gap at K is roughly a

third (0.07 eV with PBE) of the one of jacutingaite (0.17 eV with PBE); this is perfectly consistent

with the analysis of Ref. (43) where 2/3 of the gap at K of jacutingaite is attributed to Pt and

only a third to Hg. As mentioned these are the only two QSHI candidates of the Kane-Mele
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Figure 5.3 – Left panel: DFT-PBE band structure with (green) and without (orange) SOC
for monolayer Pd2HgSe3, where a Dirac crossing at K is gapped by SOC, as in monolayer
Pt2HgSe3. Right panel: DFT-PBE band structure with SOC for monolayer Pd2HgSe3 (green)
and monolayer Pt2HgSe3 (red); the large band gap of the latter is driven by the presence of the
heavy element Pt.

type we found (in addition to graphene itself which is not included here owing to its vanishing

small band gap).

TiNI. With a very low binding energy (∼ 20 meV·Å−2), a good inversion strength (0.17 eV with

PBE) and sufficient band gap (0.03 eV with PBE), TiNI may seem a good candidate and indeed

it has already been identified independently by different authors (51; 21) as a QSHI. However

G0W0 calculations point to TiNI actually having a trivial character with a relatively large direct

gap at Γ of 0.7 eV, and with no band inversion, so previous suggestions should be discounted.

Such finding highlights the fundamental importance of performing accurate quasiparticle

calculations when predicting topological phases (41), especially for 2D materials where the

dielectric screening is weak and the dielectric function has a strong spatial dependence

(49; 50).

AsCuLi2. This is a promising QSHI candidate, never reported before, with a good band inver-

sion (0.08 eV with PBE) that gets actually stronger at the G0W0 level (0.17 eV) and a sufficient

band gap (0.06 eV at the PBE level). The crystal and band structures of monolayer AsCuLi2

are reported in Fig. 5.4. The crystal structure can be decomposed into a honeycomb lattice

made of As and Cu (as in hexagonal boron-nitride) sandwiched between two triangular lattices

made of Li; the two Li sublattices sit above and below the mirror plane represented by the

AsCu sublattice. This is a novel structural prototype for QSHIs, with space group 187 and

characterized by a clean band inversion at Γ. At the DFT-PBE level without SOC, the system is

a filling-enforced semimetal, i.e. the Fermi surface displays nodal features at specific electron
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fillings that are protected by a combination of crystalline and time-reversal symmetries, char-

acterized by a symmetry-protected four-fold degenerate point at Γ. The orbital character of

the Fermi surface is a combination of dx2−y2 ,dx y orbitals of Cu and px , py orbitals of As. Here

SOC gaps the four-fold degeneracy point and opens an indirect gap, owing to the presence of

the heavy element As.
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Figure 5.4 – Left panel: Crystal structure of AsCuLi2 (top and lateral views), a potentially
exfoliable material identified in Ref. (21). Right panel: DFT-PBE band structure with (green)
and without (orange) SOC for monolayer AsCuLi2, where SOC drives a band inversion at Γ.

W(Mo)Te2. Transition metal dichalcogenides in the 1T’ phase have been predicted to host

robust QSHI phases (60), with several experimental confirmations for the case of WTe2 (8; 9; 10).

On the computational side, the strong band inversion of WTe2 is present at different levels of

theory, from PBE (60) to HSE (61; 8) to G0W0 (60). However, the evidence of a strictly insulating

bulk with a finite band gap is extremely sensitive to the lattice constant and the techniques

used to compute the band structure, where a finite gap appears with the HSE functional while

no indirect gap is present with PBE and G0W0. At the PBE level, a small compressive strain

(2%) is enough to open a global gap. WTe2 has a low binding energy (∼ 30 meV·Å−2) and it

is known to be exfoliable with scotch-tape techniques (10). Among the QSHIs we find, WTe2

–currently considered the best monolayer QSHIs– is not studied in detail here as it has been

thoroughly discussed in the recent experimental and theoretical literature (8; 9; 18; 10).

MM’Te4. Monolayers of the MM’ class of tellurides, where M = Nb, Ta and M’ = Ir, Rh, had

already been proposed in Ref. (45) and confirmed here to host the QSHI phase. The crystal

structure is similar to the 1T’ phase of WTe2, with W atoms replaced alternatively by distinct

transition metals M and M’. Their low binding energy and good band inversion (up to ∼ 0.2 eV

in TaRhTe4 ) makes them good candidates for experimental studies.

In2ZnS4. In addition to potentially novel high-performance QSHI candidates, the compu-

tational screening provides also novel ideas and prototypes that would possibly inspire the

engineering of materials, with In2ZnS4 being an excellent example. In2ZnS4 is a potentially

exfoliable material (Eb ∼ 35−40 meV·Å−2) with a good band inversion and a vanishing small
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band gap, overall a not-so promising QSHI candidate. However, In2ZnS4 has a very peculiar

crystal structure that could be thought of as being made of two separate 2D subunits, partially

bonded together by van der Waals interactions. In fact, in order to properly refine the crystal

structure we further optimize it by using a non-local vdW functional (DF2-C09 (62; 63), see

Methods). The case of In2ZnS4 suggests the possibility of stacking monolayers with moderate

interactions to engineer a topological phase, where the strength of the interactions is stronger

than in simple vdW heterostructures and substantially weaker that in the case of Bi on a

SiC substrate (11). To this aim, one could explore all the possible combination of the ∼1000

potentially exfoliable materials identified in Ref. (21).

ZrBr(Cl). In these materials the QSHI phase, typically driven by crystal field and marked

by relatively small band inversions with small or even vanishing indirect band gaps, is very

sensitive to the lattice constant (41). This can potentially be exploited by substrate engineering,

where the choice of a suitable close-matched substrate can strain the monolayer and drive a

QSHI phase. At the DFT-PBE level, ZrBr has a small band inversion and it is just on the edge of

being an insulator, with an indirect gap that opens already at 1% of isotropic strain. ZrCl has

the same prototype of ZrBr, although it requires a little bit more strain (3%) to open a band

gap.

Although the limited number (13) of QSHI candidates does not allow to use statistics, it is

worth mentioning that one-third of all candidates have a crystal structure with space group

P3̄m1 (164) and all candidates have less than 12 atoms per unit cell (our search was conducted

on all exfoliable materials with up to 30 atoms per unit cell). This hints at a possible correlation

between the presence of a QSHI phase and particular structural motifs or specific point groups

in small crystal structures, and it will be studied in future work. In addition, the presence of

very heavy elements such Bi, Hg, Pt (and probably Pb (23)) seems to be beneficial for large

band gaps, independently of the precise mechanisms through which SOC opens a band gap.

Conclusions

Using a combination of high-throughput DFT techniques and accurate DFPT and MBPT-

G0W0 calculations, we have screened 1306 out of 1825 exfoliable two-dimensional materials

proposed in Ref. (21), to search for novel QSHIs. We have identified 13 monolayers as dynami-

cally stable and easily/potentially exfoliable QSHIs. By using the high-throughput protocol

described here, we identify several compounds that have already been predicted as QSHIs

(e.g. TaRhTe4 or TiNI) and, in a few cases, also confirmed with experiments (Bi, WTe2), val-

idating the approach. In addition, we found several novel candidates, including promising

high-performance materials such as AsCuLi2, a second Kane-Mele QSHI Pd2HgSe3 or inspir-

ing novel prototypes such In2ZnS4. We also showed the importance of adopting accurate

theoretical frameworks to deal with SOC and excited states, which can dramatically affect the

prediction of topological phases; this is most remarkable in the case of TiNI, predicted to be a
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QSHI by DFT-PBE calculations and found here to be trivial at the level of G0W0. This screening

effort points to a relative abundance of Z2 topological order in two-dimensional insulators

of around 1%. We want to remark that this does not imply that topological order is a rare

property; at least for 3D materials this has been shown not to be the case (35), with a sizeable

fraction of all crystals showing electronic manifolds that are topologically non-trivial in a broad

sense (36; 37; 38). What seems to be relatively rare is the simultaneous occurrence of a true

2D bulk insulating phase that exhibits Z2 topological order considering the entire manifold

of the occupied valence bands, which phenomenologically coincides with the presence of

strictly 1D electronic transport dominated by topologically-protected helical edge states. We

differentiate such systems, both topological and truly insulating, from the general case of

metals with a well defined interband gap where non-trivial topological invariants can be well

defined. In the latter case, topologically-protected gapless edge states are superimposed to

the gapless bulk energy spectrum; the entire system, bulk and terminations alike, behaves as

a metal. As a matter of fact, only systems where the electron transport happens exclusively

along the 1D topologically-protected helical edge states can be of interest for devices and ap-

plications, allowing to exploit the absence of elastic backscattering, spin-momentum locking

and robustness to perturbations.

The present screening provides a useful set of promising and novel QSHI candidates that

would ideally prompt further experimental efforts. All the relevant data on the materials

we propose is also available on the Materials Cloud platform at https://materialscloud.org/

discover/2dtopo/, where optimized crystal structures, electronic bands, phonons and other

properties are available for download and can be accessed interactively through the browser.

Finally, we highlight that extensive computational materials screenings of this kind provide a

unique advantage of finding unexpected novel prototypes and mechanisms that do not fit into

the existing knowledge and could possibly inspire, as in the case of In2ZnS4, novel engineering

strategies.

Methods

DFT calculations are performed with the Quantum ESPRESSO distribution (64; 65), using the

PBE functional and the SSSP (66) and PseudoDojo (67; 68) pseudopotentials libraries. The

SSSP library (66) contains two sets of extensively tested pseudopotentials from various sources:

the SSSP efficiency, tailored for high-throughput materials screening, and the SSSP precision,

developed for high-precision materials modelling. As of today, the SSSP precision library is the

most accurate open-source pseudopotential library available (66) compared to all-electron

reference data (69) (together with VASP GW-ready pseudopotentials). For the SSSP library

wavefunction and charge-density cutoffs are chosen according to convergence tests with

respect to cohesive energy, pressure, band structure and phonon frequencies performed for

each individual element, as discussed in Ref. (66). For the fully-relativistic PseudoDojo library

(68) wavefunction cutoffs are chosen according to convergence tests with respect to the band

structure of elemental crystals, in particular converging the ηv and η10 below 10 meV and
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max ηv and the max η10 below 15 meV respectively (see Ref. (66)). For the high-throughput

calculations without (with) SOC we use a k-point density of 0.2 Å−1 using a Marzari-Vanderbilt

smearing (70) of 0.02 Ry and the SSSP efficiency v1.0 (PseudoDojo) library. Structural op-

timization, band structures and phonon dispersions are computed using scalar relativistic

calculations without SOC using the SSSP library v1.0, band structure are also recomputed

using fully relativistic calculations with SOC using the PseudoDojo library. Two exceptions are

made, namely for monolayer TiNI where PseudoDojo pseudopotentials have been used both

for the scalar and fully relativistic calculations, and for monolayer In2ZnS4 where we used the

vdW-DF2 functional (62) with C09 exchange (DF2-C09) (63) for the structural optimization in

order to take into account the effect of van der Waals interaction between the ZnS and In2S3

subunits. For the materials identified as band insulators, the subsequent fully-relativistic

calculations (e.g. to compute the Z2 invariant) are performed with fixed occupations. A refine-

ment on structural optimization of the QSHIs candidates is performed using a k-point density

of 0.1 Å−1 and the SSSP precision v1.0 library.

The interlayer distance and Eb are computed (21) using two different non-local van-der-Waals

functionals: the vdW-DF2 functional (62) with C09 exchange (DF2-C09) (63) and the revised

Vydrov-Van Voorhis (rVV10) functional (71; 72). Topological invariants are computed using

Z2pack (29; 30), which exploits the hermaphrodite (a.k.a. hybrid) Wannier functions (28) that

in 2D are defined as (30)

|n; lx ,ky 〉 = ax

2π

∫ π/ax

−π/ax

e i kx lx ax |ψnk〉dkx (5.1)

where ax is the lattice constant along the x axis, lx ∈Z. Hermaphrodite Wannier functions are

Wannier-like in one direction and Bloch-like in the others and the evolution of their centers

across the BZ can be related to the Chern number (29; 30), in particular

C = 1

ax

(∑
n

x̄n(ky = 2π)−∑
n

x̄n(ky = 0)

)
, (5.2)

where x̄n are the charge centers defined as

x̄n(ky ) = 〈n;0,ky |rx |n;0,ky 〉 = ax

2π

∫ π/ax

−π/ax

A(kx )dkx (5.3)

with A(kx ) being the Berry connection. Hence the Chern number can be computed by tracking

the evolution of the HWCC across the BZ and essentially counting their winding number. The

Z2 topological invariant can be then obtained by splitting the Hilbert spaces into two sets,

one the TR-conjugate of the other, and finally computing the Chern number for only one of

the two. In practice this means tracking the HWCC evolution on half of the BZ, through the

algorithm introduced in Ref. (29).

Phonons dispersion have been obtained using DFPT (31) with a 2D Coulomb cutoff (73; 74),

using the SSSP precision library v1.0 and a q-points mesh at least half as dense as the one used

for the refinement (so roughly 0.2 Å−1).
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G0W0 calculations are performed with the Yambo code (75; 76) on top of DFT-PBE calculations

performed with Quantum ESPRESSO. For the Yambo calculations, we use fully relativistic

ONCV pseudopotentials from the PseudoDojo library, using the GW version (with complete

shell in the valence) (68) when available. In the G0W0 calculations we adopt the random inte-

gration method (RIM) (75), the 2D Coulomb cutoff (75) and the plasmon-pole approximation

for the frequency dependence of the self-energy (77; 78). SOC is included self-consistently at

the DFT level using spin-orbitals, and fully taken into account at the G0W0 level using a spino-

rial Green’s function. The inversion strengths introduced in the main text are computed at the

G0W0 level via extrapolation to an infinite dense k−point mesh, by using a fitting function of

the form

I S(Nk ) = a

Nk
+ b√

Nk

+ c, (5.4)

where Nk is the total number of k−points in the full Brillouin zone.

Part of the calculations are powered by the AiiDA (79) materials’ informatics infrastructure.

Direct gap metals (DGM) are identified by computing the direct band gap at every k-point

along high-symmetry lines (47) with a k-point density of 0.01 Å−1: if the system is metallic but

there is a direct gap at every k-point, i.e.

min
k

(
εne+1(k)−εne (k)

)> 0.01 eV (5.5)

where ne is the number of electrons (equal to the number of occupied bands in fully-relativistic

calculations with SOC), then the system is considered a DGM. The magnetic screening is

performed with collinear DFT-PBE calculations using the procedure employed in Ref. (21).

First, we explore whether the system is prone to magnetism, by taking the primitive structure

and assigning to each atom a collinear random magnetization. Five random configurations

are tested by computing the total energy: if at least one configuration results in a magnetic

ground state with total energy lower than the one of the initial non-magnetic state, then the

configuration is further screened for magnetism otherwise it is considered non magnetic. For

the former class of structures, magnetism is further tested by building supercells up to twice

the original volume, exploring a range of magnetic, anti-ferromagnetic and ferri-magnetic

configurations. Among the different configurations, the one lowest in energy is taken to be the

true ground state. In the high-throughput screening for QSHIs we first assume non-magnetic

ground states and after, we discard QSHI candidates that are later found to have a magnetic

ground state by using the aforementioned protocol.
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Supporting Information

AsCuLi2

Info and properties

Formula (DB ID) AsCuLi2 (ICSD 153858)

Spacegroup P6̄m2 (187)

DFT band gap [meV] 45

DFT inversion strength [meV] 80

No. atoms per unit cell 4

DF2-C09 Binding energy [meV/Å2] 63

rVV10 Binding energy [meV/Å2] 62

G0W0 inversion strength [meV] 169
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Li and As atoms are purple, Cu atoms are brown.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 4.135169 −0.000000 0.000000

a2 −2.067584 3.581161 0.000000

a3 0.000000 0.000000 22.619834

Li 2.067584 1.193720 12.576172

Li 2.067584 1.193720 10.043662

Cu −0.000000 0.000000 11.309917

As 0.000000 2.387441 11.309917

131



Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

Bi

Info and properties

Formula (DB ID) Bi (ICSD 43938)

Spacegroup P3̄m1 (164)

DFT band gap [meV] 545

DFT inversion strength [meV] 685

No. atoms per unit cell 2

DF2-C09 Binding energy [meV/Å2] 18

rVV10 Binding energy [meV/Å2] 25

G0W0 inversion strength [meV] 760
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Bi atoms are purple.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 4.332356 0.000000 0.000000

a2 −2.166178 3.751931 0.000000

a3 0.000000 0.000000 21.666277

Bi 2.166178 1.250644 9.967806

Bi 0.000000 2.501287 11.698471
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

ZrBr

Info and properties

Formula (DB ID) ZrBr (COD 4343762)

Spacegroup P21/m (11)

DFT band gap [meV] 29 (at 1 % strain)

DFT inversion strength [meV] 45 (at 1 % strain)

No. atoms per unit cell 4

DF2-C09 Binding energy [meV/Å2] 16

rVV10 Binding energy [meV/Å2] 22
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Br atoms are red, Zr atoms are light blue.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.533584 −0.000000 0.000000

a2 −1.766792 3.060173 0.000000

a3 0.000000 0.000000 26.190223

Zr −0.000000 2.040115 11.922714

Br 0.000000 0.000000 10.030397

Br −0.000000 −0.000000 16.159826

Zr 1.766792 1.020058 14.267509
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

ZrCl

Info and properties

Formula (DB ID) ZrCl (ICSD 20148)

Spacegroup P21/m (11)

DFT band gap [meV] 39 (at 3 % strain)

DFT inversion strength [meV] 60 (at 3 % strain)

No. atoms per unit cell 4

DF2-C09 Binding energy [meV/Å2] 15

rVV10 Binding energy [meV/Å2] 22
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Cl atoms are green, Zr atoms are light blue.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.445821 0.000000 0.000000

a2 −1.722910 2.984168 0.000000

a3 0.000000 0.000000 25.910261

Zr 1.722910 0.994723 11.765738

Cl 0.000000 −0.000000 15.884383

Cl 0.000000 −0.000000 10.025878

Zr 0.000000 1.989446 14.144523

137



Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

TiCu2Te3

Info and properties

Formula (DB ID) TiCu2Te3 (ICSD 402631)

Spacegroup C2/m (2)

DFT band gap [meV] 8

DFT inversion strength [meV] 21

No. atoms per unit cell 12

DF2-C09 Binding energy [meV/Å2] 44

rVV10 Binding energy [meV/Å2] 44
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Ti atoms are grey, Cu and Te atoms are brown.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.889296 0.000001 0.000000

a2 −1.944646 11.657059 0.000000

a3 0.000000 0.000000 24.320763

Cu 1.944623 4.862542 11.663966

Te 1.944654 1.455332 13.926122

Te 1.944660 5.194468 14.267237

Ti 0.000016 8.712668 11.009569

Ti 0.000009 3.463583 13.311190

Cu −0.000023 11.062781 12.334616

Cu −0.000013 1.113422 11.986169

Te 0.000011 8.754268 13.634626

Te −0.000014 3.421968 10.686139

Cu 1.944653 7.313692 12.656787

Te 1.944657 10.720921 10.394636

Te 1.944666 6.981789 10.053522
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

TiNI

Info and properties

Formula (DB ID) TiNI (ICSD 27394)

Spacegroup Pmmn(59)

DFT band gap [meV] 18

DFT inversion strength [meV] 141

No. atoms per unit cell 6

DF2-C09 Binding energy [meV/Å2] 15

rVV10 Binding energy [meV/Å2] 22

G0W0 inversion strength [meV] -705 (trivial)
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5.7. Supporting Information

Figure S7.5 Orthographic projections

N atoms are blue, Ti atoms are grey, I atoms are purple.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.533373 0.000000 0.000000

a2 0.000000 3.970073 0.000000

a3 0.000000 0.000000 25.853267

Ti 1.766687 0.000000 12.236316

I 0.000000 0.000000 10.022862

N 1.766687 1.985036 12.608513

Ti 0.000000 1.985036 13.616950

I 1.766687 1.985036 15.830404

N 0.000000 0.000000 13.244753
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

NbIrTe4

Info and properties

Formula (DB ID) NbIrTe4 (ICSD 656451)

Spacegroup Pm (6)

DFT band gap [meV] 36

DFT inversion strength [meV] 161

No. atoms per unit cell 12

DF2-C09 Binding energy [meV/Å2] 27

rVV10 Binding energy [meV/Å2] 32
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Nb atoms are blue, Te atoms are brown, Ir atoms are dark blue.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.812967 0.000000 0.000000

a2 0.000000 12.600300 0.000001

a3 0.000000 −0.000002 38.045252

Nb 1.906484 9.208256 −0.096113

Te 0.000000 8.527837 −2.016297

Te 1.906484 5.491785 −1.357496

Te 0.000000 2.451313 −1.886842

Te 1.906484 11.776781 −1.497160

Ir 1.906484 3.097544 −0.043658

Nb 0.000000 0.651563 0.095884

Te 0.000000 4.368115 1.357800

Te 0.000000 10.683350 1.496876

Te 1.906484 7.408884 1.886963

Te 1.906484 1.331702 2.016163

Ir 0.000000 6.762381 0.043881
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

TaIrTe4

Info and properties

Formula (DB ID) TaIrTe4 (ICSD 73322)

Spacegroup Pm (6)

DFT band gap [meV] 11

DFT inversion strength [meV] 204

No. atoms per unit cell 12

DF2-C09 Binding energy [meV/Å2] 26

rVV10 Binding energy [meV/Å2] 31
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Ta atoms are blue, Te atoms are brown, Ir atoms are dark blue.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.825507 0.000000 0.000000

a2 0.000000 12.578528 −0.000000

a3 0.000000 0.000000 24.046265

Ta 1.912753 9.189664 11.910589

Te 1.912753 5.482790 10.655621

Te 0.000000 2.444389 10.117132

Te 0.000000 8.528962 9.991613

Te 1.912753 11.761776 10.530981

Ir 1.912753 3.090984 11.965538

Ta 0.000000 0.652934 12.106504

Te 1.912753 7.398290 13.900020

Te 1.912753 1.313603 14.025498

Te 0.000000 4.359813 13.361527

Te 0.000000 10.659346 13.486111

Ir 0.000000 6.751619 12.051611
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

MoTe2

Info and properties

Formula (DB ID) MoTe2 (COD 2310356)

Spacegroup P21/m (11)

DFT band gap [meV] 26 (at 3 % strain)

DFT inversion strength [meV] 408

No. atoms per unit cell 6

DF2-C09 Binding energy [meV/Å2] 25

rVV10 Binding energy [meV/Å2] 30
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Te atoms are brown, Mo atoms are light blue.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.460070 0.000000 0.000000

a2 0.000000 6.378433 0.000000

a3 0.000000 0.000000 24.194791

Te 2.595053 3.261757 14.178702

Te 0.865018 2.254486 10.016086

Te 0.865018 0.012668 13.588668

Te 2.595053 5.503560 10.606125

Mo 2.595053 1.605002 12.002087

Mo 0.865018 3.911189 12.192704
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

Pd2HgSe3

Info and properties

Formula (DB ID) Pd2HgSe3 (ICSD 259367)

Spacegroup P3̄m1 (164)

DFT band gap [meV] 0

DFT inversion strength [meV] 80

No. atoms per unit cell 12

DF2-C09 Binding energy [meV/Å2] 61

rVV10 Binding energy [meV/Å2] 66
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Se atoms are orange, Pd atoms are dark blue, Hg atoms are grey.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 7.422649 0.000000 0.000000

a2 −3.711325 6.428203 0.000000

a3 0.000000 0.000000 27.068553

Hg 3.711325 2.142734 1.761471

Hg 0.000000 4.285468 −1.761471

Pd 0.000000 0.000000 0.000000

Pd 5.566987 3.214101 0.000000

Pd 1.855662 3.214101 0.000000

Pd 3.711325 0.000000 0.000000

Se 0.000000 2.154471 1.313237

Se 1.845498 5.350967 1.313237

Se −1.845498 5.350967 1.313237

Se 3.711325 4.273732 −1.313237

Se 1.865827 1.077236 −1.313237

Se 5.556822 1.077236 −1.313237
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

Pt2HgSe3

Info and properties

Formula (DB ID) Pt2HgSe3 (ICSD 185808)

Spacegroup P3̄m1 (164)

DFT band gap [meV] 149

DFT inversion strength [meV] 168

No. atoms per unit cell 12

DF2-C09 Binding energy [meV/Å2] 60

rVV10 Binding energy [meV/Å2] 63

G0W0 inversion strength [meV] 530
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Se atoms are orange, Pt atoms are light grey, Hg atoms are grey.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 7.513867 0.000000 0.000000

a2 −3.756933 6.507199 0.000000

a3 0.000000 0.000000 23.737220

Hg 3.756933 2.169067 13.595752

Hg 0.000000 4.338133 10.141468

Se 1.859242 5.411567 13.153340

Se 0.000000 2.191265 13.153340

Se −1.859242 5.411567 13.153340

Se 1.897691 1.095633 10.583880

Se 3.756933 4.315935 10.583880

Se 5.616176 1.095633 10.583880

Pt −0.000000 −0.000000 11.868610

Pt 3.756933 0.000000 11.868610

Pt 1.878467 3.253600 11.868610

Pt −1.878467 3.253600 11.868610
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

TaRhTe4

Info and properties

Formula (DB ID) TaRhTe4 (ICSD 656453)

Spacegroup Pm (6)

DFT band gap [meV] 65

DFT inversion strength [meV] 215

No. atoms per unit cell 12

DF2-C09 Binding energy [meV/Å2] 26

rVV10 Binding energy [meV/Å2] 31
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Ta atoms are blue, Te atoms are brown, Rh atoms are dark blue.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.798771 0.000000 0.000000

a2 0.000000 12.664030 0.000000

a3 0.000000 0.000000 38.028106

Ta 0.000000 3.394779 −0.084988

Ta 1.899385 12.022434 0.084795

Te 1.899385 8.258128 1.333405

Te 1.899385 1.923863 1.484899

Te 1.899385 4.092027 −1.999545

Te 0.000000 7.159032 −1.333149

Te 0.000000 5.206203 1.886254

Te 0.000000 0.829308 −1.485133

Te 0.000000 11.325430 1.999434

Te 1.899385 10.210709 −1.886161

Rh 0.000000 9.536907 −0.041855

Rh 1.899385 5.880232 0.042044
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Relative abundance ofZ2 topological order in exfoliable two-dimensional insulators

WTe2

Info and properties

Formula (DB ID) WTe2 (COD 2310355)

Spacegroup P21/m (11)

DFT band gap [meV] 9 (at 2 % strain)

DFT inversion strength [meV] 972

No. atoms per unit cell 6

DF2-C09 Binding energy [meV/Å2] 30

rVV10 Binding energy [meV/Å2] 27
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5.7. Supporting Information

Figure S7.5 Orthographic projections

Te atoms are brown, W atoms are blue.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.498051 0.000000 0.000000

a2 0.000000 6.327407 0.000000

a3 0.000000 0.000000 24.220857

Te 0.000000 1.249342 10.002354

Te 1.749025 4.471362 10.624893

Te 1.749025 2.271112 14.217200

Te 0.000000 5.376537 13.594651

W 0.000000 2.884508 12.211794

W 1.749025 0.635978 12.007757
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In2ZnS4

Info and properties

Formula (DB ID) In2ZnS4 (ICSD 44637)

Spacegroup P3m1 (156)

DFT band gap [meV] 0

DFT inversion strength [meV] 191

No. atoms per unit cell 7

DF2-C09 Binding energy [meV/Å2] 36

rVV10 Binding energy [meV/Å2] 39
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5.7. Supporting Information

Figure S7.5 Orthographic projections

S atoms are yellow, Zn atoms are blue, In atoms are purple.

Table S7.1 Structural parameters: relaxed cell and atomic positions in

cartesian coordinates

x [Å] y [Å] z [Å]

a1 3.869260 0.000000 0.000000

a2 −1.934630 3.350878 0.000000

a3 0.000000 0.000000 29.479277

In 1.934630 1.116959 18.382839

S 1.934630 1.116959 15.973980

In 1.934630 3.350878 14.375322

S 1.934630 3.350878 19.546647

Zn −0.000000 2.233918 10.428734

S −0.000000 2.233918 13.138396

S 1.934630 1.116959 10.057480
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6 Automated high-throughput Wannieri-
sation

Wannier functions are an important concept in electronic structure; in particular, they provide

a complementary viewpoint with respect to band theory based on Bloch states. The relation-

ship between Bloch and Wannier functions mirrors the one between a periodic sound wave

and its Fourier spectrum. In signal processing, the Nyquist–Shannon sampling theorem states

that if a function f (t ) does not contain frequencies higher thanΩ hertz, then f (t ) can be totally

reconstructed by its discrete Fourier transform computed at a series of points spaced 1/2Ω

seconds apart. In other words, the lowest sample-rate to reconstruct the signal exactly is 2Ω

samples per second. A similar thinking can be applied to electronic wavefunctions: Wannier

functions are exponentially localised in real space, and as long as we represent an operator

in a Wannier basis with sufficiently long-range hoppings, typically limited between Wannier

functions that are few cells apart, we can always Fourier transform from the Wannier basis to

a Bloch-like basis in reciprocal space and obtain the operator matrix elements on an arbitrary

k-point. As we are going to see in this chapter, Wannier functions are indeed a generalised

Fourier transform of Bloch states, which means that a sufficiently dense, but finite, sampling

of the Brillouin zone (BZ) is sufficient to recover all the information regarding the behaviour

on the full dense BZ. Beyond all this, Wannier functions are also particularly important in the

theory and the study of topological insulators, as we have seen in the previous chapters.

Wannier functions are ambiguously defined up to the choice of the gauge, and in this sense

maximally-localised Wannier functions (MLWFs) represent an optimal choice of the gauge

to compute materials properties that require very dense BZ integration, by minimising the

second moment of the position operator. MLWFs are also very suited to bridge first-principles

and device simulations, being an optimal basis for accurate tight-binding models. A long-

standing problem has been how to choose the initial parameters that are needed to run the

MLWFs technology. In fact, the construction of MLWF can be very different for different

materials and applications, often requiring some insights on the system under study that can

be based on prior knowledge or dedicated simulations.
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Automated high-throughput Wannierisation

In this chapter, we address this problem directly by proposing a procedure for an automated

generation of MLWF for any material, building on an algorithm that has been recently pro-

posed and that is based on a particular selection of the columns of the density matrix (named

SCDM). In particular we present the details of its implementation, including the software

automation, an validate it with high-throughput simulations. In addition, the automation

tools we developed are publicly available as python AiiDA workflows and a dedicated Virtual

Machine.

I present the preprint version of the article submitted to npj Computational Materials and up-

loaded on the arXiv, the supplementary material is also included. Valerio Vitale implemented

the SCDM method, tested it on a subset of materials and contributed to the high-throughput

protocol. Giovanni Pizzi and myself developed the AiiDA workflows and the high-throughput

protocol, run the high-throughput simulations producing the corresponding data, and pre-

pared the Virtual Machine. Nicola Marzari, Arash Mostofi and Jonathan Yates supervised the

project. All authors contributed to the analysis of the results and to the preparation of the

manuscript.

Full bibliographic reference: V. Vitale, G. Pizzi, A. Marrazzo, J. R. Yates and A. A. Mostofi,

Automated high-throughput Wannierisation, arXiv:1909.00433 [physics.comp-ph], submitted

to npj Computational Materials (2019).

URL https://arxiv.org/abs/1909.00433
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6.1. Introduction

Automated high-throughput Wannierisation
Valerio Vitale1,2,Giovanni Pizzi3, Antimo Marrazzo3, Jonathan R. Yates4, Nicola

Marzari3, Arash A. Mostofi2

1Cavendish Laboratory, Department of Physics, University of Cambridge, 19 JJ Thomson

Avenue Cambridge UK,2Departments of Materials and Physics, and the Thomas Young Centre

for Theory and Simulation of Materials, Imperial College London, London SW7 2AZ, UK,
3Theory and Simulation of Materials (THEOS) and National Centre for Computational Design

and Discovery of Novel Materials (MARVEL), École Polytechnique Fédérale de Lausanne, 1015,

Switzerland, 4Department of Materials, University of Oxford, Parks Road, Oxford OX1 3PH, UK.

Asbtract

Maximally-localised Wannier functions (MLWFs) are routinely used to com-

pute from first-principles advanced materials properties that require very

dense Brillouin zone integration and to build accurate tight-binding mod-

els for scale-bridging simulations. At the same time, high-thoughput (HT)

computational materials design is an emergent field that promises to accel-

erate the reliable and cost-effective design and optimisation of new mate-

rials with target properties. The use of MLWFs in HT workflows has been

hampered by the fact that generating MLWFs automatically and robustly

without any user intervention and for arbitrary materials is, in general, very

challenging. We address this problem directly by proposing a procedure

for automatically generating MLWFs for HT frameworks. Our approach

is based on the selected columns of the density matrix method(1) and we

present the details of its implementation in an AiiDA workflow. We ap-

ply our approach to a dataset of 200 bulk crystalline materials that span a

wide structural and chemical space. We assess the quality of our MLWFs

in terms of the accuracy of the band-structure interpolation that they pro-

vide as compared to the band-structure obtained via full first-principles

calculations.

Introduction

The combination of modern high-performance computing, robust and scalable software

for first-principles electronic structure calculations, and the development of computational

workflow management platforms, has the potential to accelerate the design and discovery of

materials with tailored properties using first-principles high-throughput (HT) calculations(2;

3; 4; 5).

Wannier functions (WFs) play a key role in contemporary state-of-the-art first-principles

electronic structure calculations. First, they provide a means by which to bridge lengthscales by

enabling the transfer of information from the atomic scale (e.g., density-functional theory and
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many-body perturbation theory calculations) to mesoscopic scales at the level of functional

nano-devices (e.g., tight-binding calculations with a first-principles-derived WF basis)(6; 7).

Second, the compact WF representation provides a means by which advanced materials

properties that require very fine sampling of electronic states in the Brillouin zone (BZ) may

be computed at much lower computational cost, yet without any loss of accuracy, via Wannier

interpolation(8).

Among several variants of WFs(9), maximally-localised Wannier functions (MLWFs), based

on the minimisation of the Marzari–Vanderbilt quadratic spread functional Ω, are those

most employed in actual calculations in the solid state(9). One ingredient in the canonical

minimisation procedure is the specification of a set of initial guesses for the MLWFs. These

are typically trial functions localised in real-space that are specified by the users, based on

their experience and chemical intuition. As shall be described in more detail later, in the case

of an isolated manifold of bands, the final result for the MLWFs is almost always found to be

independent of the choice of initial guess(10). In the case of entangled bands(11), however,

this tends not to be the case and the choice of initial guess strongly affects the quality of the

final MLWFs, presenting a challenge to the development of a general-purpose approach to

generating MLWFs automatically without user intervention.

Several approaches have been put forward to remove the necessity for user-intervention in

generating MLWFs, including the iterative projection method of Mustafa et al.(12), the smooth

orthonormal Bloch frames of Levitt et al.(13), and the automated construction of pseudo-

atomic orbitals rather than WFs as the local basis to represent the target space, as described

by Agapito et al.(14; 15). Of those approaches whose aim is to construct MLWFs, however,

none addresses the problematic case of entangled bands; they are restricted only to the case

of isolated bands for which MLWFs can very often be obtained by using as an initial guess a

set of localised Gaussian functions located at randomly-chosen centres in the unit cell. In

practice, fully general HT frameworks based on automated MLWFs have not emerged yet, and

only a small number of ad hoc solutions have been proposed, whose range of applicability is

limited to specific classes of materials(16; 17; 18; 19).

A recently proposed algorithm by Damle et al. (20; 1), known as the selected columns of

the density matrix (SCDM) method, has shown great promise in avoiding the need for user

intervention in obtaining MLWFs. Based on QR factorisation with column pivoting (QRCP) of

the reduced single-particle density matrix, SCDM can be used without the need for an initial

guess, making the approach ideally suited for HT calculations. The method is robust, being

based on standard linear-algebra routines rather than on iterative minimisation. Moreover,

the authors have proposed an efficient algorithm for the QRCP factorisation that operates on

a smaller and numerically more tractable matrix than the full density matrix. Finally, SCDM

is parameter-free for an isolated set of composite bands, and requires only two parameters

in the case of entangled bands together with the choice of the target dimensionality for the

disentangled subspace (i.e., the number of MLWFs required). We emphasize here that the

SCDM method can be seen as an extension to solid-state periodic systems of the Cholesky
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orbitals approach of Aquilante et al.(21), that has been developed from a quantum-chemistry

molecular perspective for finite systems. SCDM focuses instead on periodic systems, and it is

based on a real-space grid discretisation of the wavefunctions. We discuss in more detail this

equivalence in Sec. 6.2.2 and Appendix 6.12.

In this article, we present a fully-automated protocol based on the SCDM algorithm for the

construction of MLWFs, in which the two free parameters are determined automatically (in our

HT approach the dimensionality of the disentangled space is fixed by the total number of states

used to generate the pseudopotentials in the DFT calculations). We have implemented the

SCDM algorithm in the PW2WANNIER90 interface code between the QUANTUM ESPRESSO

software package(22) and the WANNIER90 code(23). We have used our implementation as

the basis for a complete computational workflow for obtaining MLWFs and electronic prop-

erties based on Wannier interpolation of the BZ, starting only from the specification of the

initial crystal structure. We have implemented our workflow within the AiiDA(24) materials

informatics platform, and we used it to perform a HT study on a dataset of 200 materials.

We anticipate here that the SCDM method works extremely well for band-structure interpola-

tions both for insulating and metallic systems, but is less suitable for other applications where,

for instance, a specific symmetry character of the WFs is required.

The manuscript is organised as follows. A summary of the background theory is presented

in Sec. 6.2, starting with MLWFs for isolated and entangled bands in Sec. 6.2.1 followed

by the SCDM algorithm in Sec. 6.2.2, where we focus in particular on providing a physical

interpretation of the method. In Sec. 6.3 we provide a preliminary comparison, for a few

well-known materials, between MLWFs obtained via the conventional method (i.e., with user-

defined initial guesses) and those obtained from SCDM. Sec. 6.4 contains the validation of

the SCDM method and our workflow for the valence bands of 81 insulating materials. In

Sec. 6.5 we then discuss our automated protocol to determine the free parameters in the case

of entangled bands and validate it on a dataset of 200 semiconducting and metallic materials.

Finally, details on the implementation of the SCDM method in PW2WANNIER90 and of the

AiiDA workflow are presented in Sec. 6.6.

Background Theory

We summarise in this section the main concepts and notations related to maximally-localised

Wannier functions that will be useful in the rest of the paper, following the notation of Ref. [(9)].

A Wannier function associated to a band n can be obtained via a unitary transformation of the

Bloch state
∣∣ψnk

〉
, known as Wannier transform(25)

|wRn〉 = V

(2π)3

∫
BZ

dk
∣∣ψnk

〉
e−i k ·R, (6.1)

where V is the real-space primitive cell volume, R is a Bravais lattice vector, and the integral
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is over the first BZ. For clarity of notation, we assume spin-degeneracy unless otherwise

specified.

The gauge freedom of the Bloch state under multiplication by a k-dependent phase e iϕn (k)

results in a non-uniqueness in the definition of the Wannier function. Maximally-localised

Wannier functions represent the choice of gauge in which the real-space quadratic spread

of the Wannier function is minimised(10; 9). In order to obtain a minimal TB basis set it

is therefore beneficial to select the optimal phases that minimise the total spread, so that

overlaps and Hamiltonian matrix elements between different Wannier functions decay rapidly

to zero as a function of the distance between their centres. Since the integral transformation in

Eq. (6.1) is still a unitary transformation, the resulting {|wRn〉} span the same Hilbert space as

the original Bloch states {
∣∣ψnk

〉
}. Moreover, from the orthogonality of the

∣∣ψnk
〉

readily follows

the orthogonality of the |wRn〉, since unitary transformations preserve inner products. Finally,

two WFs |wRn〉 and |wR′n〉 transform into each other under translation by the Bravais lattice

vector R−R′(26).

Maximally-localised Wannier functions (MLWFs)

Isolated bands

For an isolated set of J bands describing, e.g., the valence bands of a semiconductor, the most

general phase choice for a Wannier transform can be written as

|wRn〉 = V

(2π)3

∫
BZ

dk

[
J∑

m=1

∣∣ψmk
〉

U (k)
mn

]
e−i k ·R, (6.2)

where U(k) is a unitary matrix that, at each wave vector k, mixes Bloch states belonging to

different bands, giving as a result a set of J composite WFs. The localisation of the WFs

may be improved by choosing the unitary matrices U(k) such that |ψ̃nk〉 =
∑

m

∣∣ψmk
〉

U (k)
mn in

Eq. (6.2) is as smooth as possible, i.e., analytic with respect to k (see, e.g., Duffin (27)). Different

approaches have been put forward(28; 29; 30; 31; 32) to generate well-localised WFs. In the

Marzari–Vanderbilt (MV) approach(10) U(k) is chosen to minimise the sum of the quadratic

spreads of the WFs, given by

Ω=
J∑

n=1

[〈
(r− rn)2〉

n

]= J∑
n=1

[〈r 2〉n − r2
n

]
, (6.3)

where 〈 ·〉n ≡ 〈wn0| · |wn0〉 and rn = 〈r〉n = 〈wn0|r|wn0〉 is the centre of the n-th Wannier func-

tion. The resulting WFs are known as maximally-localised Wannier functions (MLWFs), and

are the solid-state equivalent of the Foster-Boys molecular orbitals(33; 34; 35) in quantum

chemistry.

The total quadratic spreadΩmay be separated into two positive-definite terms: Ω=ΩI + Ω̃,

164



6.2. Background Theory

where

ΩI =
∑
n

[
〈r 2〉n −∑

mR
|〈wmR|r|wn0〉|2

]
(6.4)

and

Ω̃=∑
n

∑
mR6=n0

|〈w0n |r|wRm〉|2 . (6.5)

It can be shown that(10; 9)ΩI is gauge invariant, whereas Ω̃ depends on the particular choice

of the gauge (i.e., on the choice of U(k)). For an isolated group of bands, therefore, ΩI is

evaluated once and for all in the initial gauge and minimising the total spreadΩ is equivalent

to minimising only the gauge-dependent part Ω̃.

For crystalline solids with translational symmetry, it is natural to work in reciprocal space,

henceforth referred as k-space. Applying Blount’s identities (26) for the representation of the

position operator r and r 2 in k-space and discretising in k (on a uniform grid) gives(10)

ΩI = 1

Nk

∑
k,b

wb

J∑
m=1

[
1−

J∑
n=1

∣∣∣M (k,b)
mn

∣∣∣2
]

, (6.6)

and

Ω̃= 1

Nk

∑
k,b

wb

[
J∑

n=1

(
−Imln M (k,b)

nn −b ·rn

)2

+ ∑
m 6=n

∣∣∣M (k,b)
mn

∣∣∣2
]

, (6.7)

where the vectors {b} connect a BZ mesh point k to its nearest neighbours k+b, the associated

weights wb come from the finite difference representation of the gradient operator in k-space

(a result of the change of representation r → i /~∇k), and M(k,b) is given by

M (k,b)
mn = 〈

um,k
∣∣un,k+b

〉
. (6.8)

Since the gradient ofΩwith respect to the U (k,b)
mn degrees of freedom can be expressed analyti-

cally as function of the M (k,b)
mn , the minimisation of the spread functional may be obtained, for

instance, by steepest-descent or conjugate-gradient methods (see Refs. [(10; 9)]).

Entangled bands

In many applications, the group of bands of interest are “entangled”, i.e., are not separated by

an energy gap from other bands throughout the whole Brillouin zone.

Souza, Marzari and Vanderbilt(11) (SMV) proposed a “disentanglement” strategy that involves

two steps. In the first step, one defines an energy window that encompasses the states of

interest and which contains J win
k bands at each k. This defines a local Hilbert space F (k) at

each k-point, which is spanned by the J win
k states. Then, for a given number J ≤ mink J win

k
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of target Wannier functions, one finds the optimal set of J-dimensional subspaces {S (k)},

with S (k) ⊆F (k), that have maximum intrinsic smoothness over the BZ, where the intrinsic

smoothness of the Hilbert space is measured byΩI. Heuristically,ΩI represents the “change of

character” of the states across the Brillouin zone. (For a rigorous derivation see Ref. [(10)].)

The subspaces S (k) are defined as the span of {|uopt
nk 〉}, which are obtained via a unitary

transformation on the |unk〉 that span F (k):

|uopt
nk 〉 =

Jwin
k∑

m=1
|umk〉U dis(k)

mn , n = 1, . . . , J . (6.9)

Note that here the Udis(k) are rectangular J win
k × J matrices, and are unitary in the sense that

(Udis(k))†Udis(k) = 1J (with 1J being the J × J identity matrix), ensuring that {|uopt
nk 〉} form an

orthonormal set. Maximum intrinsic smoothness is achieved by choosing Udis(k) to minimise

ΩI, which, as discussed earlier, is a measure of the “spillage” between neighbouring subspaces

S (k)(11).

In the second step, having defined a J-dimensional subspace |uopt
nk 〉 at each k, one proceeds by

minimising Ω̃ following the same recipe described in the previous section for the case of an

isolated manifold of bands. Further details on the disentanglement procedure can be found in

Refs. [(9)] and [(11)].

Initial projections

The iterative minimisation ofΩI starts with an initial guess for the subspaces S (k). However,

the spread functional is non-convex and the minimisation may get trapped in a local minimum,

often resulting in complex-valued WFs(10) (in the absence of spin-orbit coupling, the WFs at

the global spread minimum are expected to be real(36)). For gradient-based minimisation

methods, thus, the ability to reach the global minimum strongly depends on the choice of

an appropriate starting point, sufficiently close to the final solution. To this aim, if one has

a chemical intuition of the target J Wannier functions, an initial guess of J trial localised

functions gn(r) can be defined. These are then projected at every k onto the J win
k Bloch states

inside the target energy window (for isolated bands, J win
k = J , ∀ k), yielding:

|φnk〉 =
Jwin

k∑
m

|ψmk〉
〈
ψmk

∣∣gn
〉≡ Jwin

k∑
m

|ψmk〉A(k)
mn , (6.10)

where, at every k, A(k)
mn = 〈

ψmk
∣∣gn

〉
is a J × J square matrix in the case of an isolated manifold

of bands and a J win
k × J rectangular matrix in the case of entangled bands. The initial unitary

matrix Udis(k) can then be obtained by orthonormalising the projected guess orbitals |φnk〉
through a Löwdin orthogonalisation of A(k):

Udis(k) = A(k)
(
A(k)†

A(k)
)−1/2

. (6.11)
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One possible choice, for instance, is to start from the Bloch states themselves as the projection

functions (gn(r) =ψnk(r)), so that the elements of A(k) are the (random) phases of the Bloch

states that are computed by the ab initio code. In the case of isolated bands, even a poor

initial choice such as this is often sufficient to reach the global minimum of the spread

functional (with enough iterations of the minimisation algorithm). Conversely, in the case of

entangled bands, the two-step “disentanglement” procedure is usually unable to reach the

global minimum of the spread functional unless the initial trial orbitals are already quite close

to the final solution.

This strong dependence of the SMV minimisation algorithm on the initial trial functions, and

hence on the user’s intuition and intervention, has been the main obstruction in the develop-

ment of fully-automated workflows for generating MLWFs for high-throughput applications.

The SCDM algorithm and its physical interpretation

An alternative method to the SMV approach described in 6.2.1 has recently been proposed

by Damle, Lin and Ying(20; 1) in the form of the aforementioned selected columns of the

density matrix (SCDM) algorithm. The method uses a QR factorisation with column pivoting

(QRCP)(37) of the single-particle density matrix (DM),

Pk =
J∑

n=1
|ψnk〉〈ψnk|, (6.12)

to fix the gauge freedom in a single step, without the need for an iterative minimisation

algorithm. In this section, we outline the core concepts of the SCDM method, focusing mainly

on the aspects needed to provide a physical interpretation and facilitate its understanding.

We refer to the original publications(20; 1) for additional details.

SCDM for insulators sampled at Γ only

For clarity, we start by considering a system sampled at a single k-point, e.g. Γ, and so we drop

the index k from the DM and other quantities; the extension to multiple k-points is given in

the next subsection. We start by considering systems with a finite band-gap between the J

valence bands and the conduction bands, e.g., insulators and semiconductors.

Let us first recall that P =∑J
n=1 |ψn〉〈ψn | is gauge-invariant and it is a projector on the space S

spanned by the J valence wavefunctions {|ψn〉}. Moreover, in the insulating case, the real-space

representation P (r,r′) ≡ 〈r|P |r′〉 of the DM decays exponentially with the distance between two

points r and r′: P (r,r′) ∼ e−γ|r−r′|. This is the well-known near-sightedness principle(38; 39; 40).

In particular, this means that for a given fixed r′ = r0, the function

ϕr0 (r) ≡ P (r,r′ = r0) =
∫

dr′P (r,r′)δ(r′− r0) (6.13)
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represents the projection on the subspace S of a delta function centred at r0, and that this

projection is an exponentially-localised orbital.

To understand the numerical implementation of the method, we consider from now on the

real-space discretised version of the DM. The J valence wavefunctions (or, in the case of

periodic systems, the periodic part unk(r) of the J valence Bloch states) can be stored on a grid

of nG points in real space r1,r2, . . . ,rnG . We can then define the following nG × J matrixΨ that

contains the values of the J wavefunctions on the grid points:

Ψ=


ψ1(r1) . . . ψJ (r1)

...
. . .

...

ψ1(rnG ) . . . ψJ (rnG )

 . (6.14)

With this definition, the orthonormality condition is written asΨ†Ψ= 1J , while the density

matrix (which in discretised form is an nG × nG matrix) can be written as P = ΨΨ†, i.e.,

Pi j =∑J
n=1ψn(ri )ψ∗

n(r j ).

We can now interpret the j -th column C j of the DM, C j
i ≡ Pi j , as the projection on the valence

subspace S of a test orbital φ j that is zero everywhere except at the j -th grid position (i.e., at

position r j ). This statement is the discretised version of the projection of a delta function in

Eq. (6.13), i.e., apart from normalisation, φ j is the discretised version of δ(r−r j ). Therefore,

thanks to the near-sightedness principle, the orbitals represented by the columns of the DM

are localised.

This statement is at the core of the SCDM method. In fact, when searching for Wannier func-

tions, we are looking for a complete and orthogonal basis set of J localised functions that span

the subspace S . In our case, the set of all columns C j clearly spans the whole subspace S

(since the P operator is the projector on S ). However, in essentially all practical situations,

J ¿ nG and the set of all these nG orbitals is redundant. In addition, these orbitals are not

orthogonal—intuitively, projecting on delta functions centred at two neighbouring points will

typically result in a large overlap between the projected orbitals—and not normalised (e.g., in

the limiting case of a delta function centred at a position in space where there is no charge den-

sity, the resulting projection will have zero norm). Selecting any set of J linearly-independent

columns would form a basis for S , and an initial guess for the Wannier functions could be

obtained by orthonormalising these J columns, e.g., with a Löwdin symmetric orthogonalisa-

tion. However, if these J columns are not already almost orthogonal, the orthogonalisation

will be numerically unstable and, most importantly, will mix them and thereby degrade their

localisation. Therefore, the goal of the SCDM method is to select the “most representative” J

columns, i.e., the columns that possess the largest norm and that are as orthogonal to each

other as possible, i.e. the most “well-conditioned subset”, so that the Löwdin orthogonali-

sation will mix these orbitals as little as possible (Löwdin orthogonalisation minimises the

squared difference between the original and orthogonalised functions(41)). Equivalently, as

every column is the projection of a delta-like test orbital centred at r j , we can say that the
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SCDM algorithm selects J points, from among the original nG grid points, that define the

“most representative” localised projected orbitals.

To achieve this goal, SCDM uses the standard linear algebra QRCP method(37), which fac-

torises a matrix P as PΠ=QR, where Q is a matrix with orthonormal columns, R is a upper-

triangular matrix, and Π is a permutation matrix that swaps the columns of P so that the

diagonal elements of R are in order of decreasing magnitude |R11| ≥ |R22| ≥ · · · ≥ |RnG nG | (see

Appendix 6.9 for more details). The relevant output of the algorithm is the Π permutation

matrix, or more specifically the indexes of the first J columns chosen by the algorithm: these

are the “most representative” columns discussed above and, after orthonormalisation, they

provide the best guess for the localised Wannier functions of the system. With a slight abuse of

notation, in the following we will use the symbolΠ also to identify the vector of indexes of the

permutation matrix, such thatΠ(i ) = j has the following meaning: Πi j = 1, and all of the other

elements in the j -th column are equal to zero.

QRCP (a greedy algorithm) selects columns as follows: since R is triangular (and Q has or-

thonormal columns), the norm of the first selected column C Π(1) of P is |R11|2 and must be

the largest possible, therefore the algorithm will choose the column with the largest norm.

The second column C Π(2) is chosen to maximise |R22|2 that, due to the properties of Q and

R, is the component of C Π(2) orthogonal to C Π(1), as shown in Appendix 6.11. So, the QRCP

algorithm will select as the second vector the one with the largest orthogonal component

to the first, and in general will select the k-th vector as the one with the largest orthogonal

component to the subspace spanned by the previous (k −1) columns (to be more precise the

actual selection process is a heuristic for trying to keep principal sub-matrices of R as well-

conditioned as possible). It is worth mentioning that this approach is related to the Cholesky

orbitals approach of Aquilante et al. (21), that applies to finite (non-periodic) systems and

for a different basis set (a basis of atomic orbitals rather than a real-space grid discretisation).

In particular, the Cholesky algorithm used in Ref. [(21)] is a refined version of the original

Cholesky decomposition specifically adapted for positive semi-definite matrices, i.e., Cholesky

decomposition with full column pivoting (CholCP) Π̃T PΠ̃= L†L, where L is an upper triangu-

lar matrix and Π̃ is a permutation matrix. In Appendix 6.12 we demonstrate that the selection

of the columns in CholCP is the same as in QRCP, at least for the first J = rank(P ) columns,

i.e., (PΠ):,1:J = (PΠ̃):,1:J . This is due to well-known connections between QR factorizations and

Cholesky factorizations(37). Finally, the two methods use undoubtedly related ideas but they

are not direct analogues since there are multiple “variants” of SCDM when using localised

orbitals.

For an effective practical implementation of the method, a final step is required. In fact, the P

matrix can be extremely large, since nG can be of the order of 100 000 or more (while J is often

of the order of 10–100). Therefore, applying the QRCP algorithm directly to P is impractical,

both for the memory required to store it (O (n2
G )), and for the time needed to compute the

result (O (J ×n2
G )). Instead, using the fact that P =ΨΨ† and that the original columns ofΨ are

orthonormal, one can prove (see Appendix 6.10) that the same permutation matrixΠ can be
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obtained applying the QRCP algorithm directly to the much smaller matrixΨ† (of size J ×nG ),

with a computational cost that scales as O (J 2 ×nG ). Moreover, the matrix obtained from the

first J columns of (Ψ†Π) may be used as the Amn projection matrix of Eq. (6.10) as a starting

point for the usual Wannierisation procedure in order to obtain MLWFs.

Finally, it is worth noting the connection with the “canonical” approach of user-defined initial

guesses (e.g., atomic-like orbitals at specified centres): the SCDM method may be thought of

as using as initial guesses a set of extremely localised s-like “orbitals” (actually, δ functions),

whose centres (located at the points of the real-space grid) are optimally chosen by the SCDM

algorithm via the QRCP factorisation.

SCDM for periodic systems: SCDM-k

We now extend the discussion to the case of k-point sampling with more than one k-point

(i.e., not only at Γ), still considering an isolated manifold (e.g., the valence bands). The DM

Pk =∑
k |ψnk〉〈ψnk| is an analytic function of k(42; 36), and it is also proven that WFs with an

exponential decay exist(43); numerical studies for the specific case of MLWFs have confirmed

this claim for several materials(43; 44), and recently there has been a formal proof for 2D

and 3D time-reversal-invariant insulators(36). The SCDM method has been extended also to

the case of k-sampling(1) and named in this case “SCDM-k”. In summary, the goal is now

to select a common set of columns for all the k-dependent density matrices Pk. Ref. [(1)]

discusses extensively how the method can be extended to a k-point sampling with more than

one k point and it shows detailed results of the convergence as a function of the number of k

points used in the column-selection algorithm. The final conclusion of the authors is that it

is typically sufficient to select the columns using a single “anchor” k point (typically chosen

to be Γ), i.e., it is sufficient to compute the permutation matrixΠ using a QRCP on Pk=Γ only.

Then, this selection of columns can be used for all other k-points.

Extension to entangled bands

Finally, the extension to the entangled case (e.g., for metals or when considering also the

conduction bands of insulators and semiconductors) has been proposed in Ref. [(1)]. In this

case, a so-called quasi-density matrix is defined,

Pk =∑
n
|ψnk〉 f (εnk)〈ψnk|, (6.15)

where f (εnk) is an occupancy function. The isolated-bands case can be recovered by setting

f (εnk) = 1 for energy values εnk within the energy range of the isolated bands, and zero

elsewhere. For the typical cases of interest of this work (metals, and valence bands and low-

energy conduction bands in semiconductors and insulators), one needs bands up to a given

energy (typically slightly above the Fermi energy). Then, as suggested in Ref. [(1)], f (ε) can be
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chosen as the complementary error function:

f (ε) = 1

2
erfc

(ε−µ
σ

)
. (6.16)

This function depends on two free parameters µ and σ, whose choice is critical to tune the

algorithm and obtain a set of Wannier functions that correctly interpolate the low-energy

electronic bands of a given material. In Sec. 6.5.1 we describe our protocol to choose the

values of µ and σ based on the electronic structure of the material, allowing us to implement a

fully automated workflow to construct its Wannier functions via the SCDM method.

The algorithm then proceeds as in the case for isolated bands, computing the QRCP factori-

sation on the quasi-density-matrix or, in practice, on the matrix FkΨ
†
k at the k = Γ anchor

point, with Fk a diagonal matrix with matrix elements { f (ε1,k), . . . , f (εJwin
k ,k)}. This approach,

therefore, constitutes an alternative to the SMV disentanglement procedure described in

Sec. 6.2.1: the matrices obtained from the first J selected columns of FkΨ
†
k at each k form the

projection matrices A(k), and the Udis(k) matrices of Eq. (6.9) are obtained using the Löwdin

transformation of Eq. (6.11).

SCDM and MLWFs

The SCDM algorithm is able to robustly generate well-localised functions without the need

for an initial guess. Whilst this makes the algorithm well-suited for direct integration within

HT frameworks, the selection of the columns cannot be controlled by external parameters (at

least for isolated bands), and therefore it is not possible to enforce constraints that might be

desirable, such as point symmetries. On the contrary, when explicitly specifying atomic-like

initial projections, these (if appopriately chosen) provide at least some degree of chemical

and symmetry information. In Sec. 6.3 we discuss how this affects the WFs obtained by the

algorithm. Our aim is to leverage on the ability of SCDM to automatically generate a good

set of localised functions, and to use these to seed the MV algorithm for the minimisation of

the total spread functional, which will give in turn an automated protocol to generate MLWFs.

Being able to automatically generate MLWFs will also allow users to seamlessly exploit the set

of computational tools that have been developed in recent years for MLWFs and implemented

in various codes, such as WANNIER90. In practice, this entails employing the SCDM algorithm

to compute the A(k) matrices of Eq. 6.10 as follows:

A(k)
mn = f (εmk)ψ∗

mk(rn), (6.17)

where the J points rn are obtained from the first J columns of the permutation matrix Π,

computed at Γ, i.e., A(k) = FkΨ
†
kΠΓ(J ), withΠΓ(J ) representing the reduced matrix formed by

the first J columns ofΠΓ.
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SCDM and “disentanglement”

It is worth noting that the SCDM method can be also combined with the SMV disentanglement

procedure of Sec. 6.2.1, as a means of seeding the initial subspace projection. However, this

introduces two additional parameters associated with the SMV approach, namely εouter, and

εinner, giving a total of four parameters (together with µ andσ). εouter defines the upper limit of

the so-called “outer” energy window discussed in Sec. 6.2.1, and εinner defines the upper limit

of a smaller energy window contained within the outer energy window. This inner window is

used to “freeze” the Bloch states within during the minimisation ofΩI, such that they are fully

preserved within the selected subspaces {S (k)} (see Ref. [(11)] for a comprehensive description

of the outer and inner energy windows). Each additional parameter makes it increasingly

difficult to find a robust and automated protocol for obtaining MLWFs. Consequently, when

combining SCDM with SMV disentanglement, an optimal selection of all the parameters can be

achieved only in an ad hoc, non-automatic fashion (hence only for few materials). As shown in

Sec. 6.2.2, SCDM employs a generalised form of the density matrix Eq. (6.15), which implicitly

defines an energy window via the function f (ε) and selects a smooth manifold by construction.

Intuitively, this suggests that SCDM can be used in lieu of the SMV disentanglement procedure.

In general, we have found that for the sole purpose of interpolating the energy bands up to a

given energy, performing SMV disentanglement step on top of SCDM has at best a marginal

improvement on the quality of the interpolation (see Sec. 6.5), and in some cases can even

be detrimental due to the case-by-case sensitivity on the choice of energy windows. For this

reason, in Sec. 6.5 we focus exclusively on a protocol for the automatic selection of the free

parameters in SCDM, i.e., µ and σ, without considering any additional SMV disentanglement.

SCDM vs MLWFs in well-known materials

As a precursor to the fully-automated high-throughput study on a set of 200 materials that

focuses on automatic Wannierisation and band interpolation from SCDM projections and

which will be presented in Sec. 6.5, in this section we consider in greater depth and detail the

performance of the SCDM method on a small set of simple systems with well-known Wannier

representations of the electronic structure. Specifically, we compare quadratic spreads, centres

and symmetries of the WFs computed from the SCDM gauge (as described in Sec. 6.2.2) with

the ones computed from carefully chosen initial projections. Comparative studies between

SCDM localised functions and MLWFs on well-known materials have recently appeared in the

literature(1; 45). However, here we expand on different aspects, focusing in particular on the

combination of the SCDM and the MV approaches (SCDM+MLWFs), to better assess its range

of applicability, for instance for beyond-DFT methods, e.g., ab initio tight-binding(46; 47),

DFT+U(48; 49; 50) and DMFT(51; 52), where the symmetries of the Wannier functions are

important.

All DFT calculations have been carried out with QUANTUM ESPRESSO, using the PBE exchange-

correlation functional and Vanderbilt ultrasoft pseudopotentials(53). MLWFs are generated
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from Bloch states calculated on a 10×10×10 Monkhorst-Pack grid of k-points. The SCDM

method has been implemented in the pw2wannier90 code, which interfaces QUANTUM ESPRESSO

with the WANNIER90 code(23; 54), as explained in Sec. 6.6. WANNIER90 is used throughout

this work to generate the WFs on a real-space grid and to perform the interpolation of band

structures in reciprocal space.

We consider four different schemes for generating Wannier functions: (1) Full minimisation of

Ωusing the SMV disentanglement algorithm to minimiseΩI and the MV algorithm to minimise

Ω̃ (DIS+MLWF); (2) Minimisation ofΩI only, using the SMV algorithm (DIS); (3) Minimisation

of Ω̃ only, using the MV algorithm (MLWF); and (4) No minimisation ofΩ (proj-ONLY). In each

case, the initial J-dimensional subspace at each k is determined in one of two ways, either by

the SCDM method or by projection onto specific atomic-like localised orbitals (Eq. (6.10)).

Silicon

We start by studying the Wannierisation of a manifold of bands consisting of the four valence

bands plus the four low-lying conduction bands in silicon, the latter being entangled with

bands at higher energies. For the SCDM method, we use σ= 2 eV and µ= 10 eV. This choice is

equivalent to that of Ref. [(1)], taking into account a shift in the absolute energy scale, which

shifts the value of µ. The outer and inner energy windows (described in Sec. 6.2.1), obtained

through convergence tests, are set to εouter = 17.0 eV and εinner = 6.5 eV.

When using initial projections onto atomic-like orbitals, we find that the spread functionalΩ

has three minima that are very close to each other and each of which gives eight real MLWFs.

The global minimum corresponds to four sp3-type MLWFs per Si atom in the two-atom unit

cell, oriented in a back-bonding (BB) configuration, i.e., with the major lobes of the sp3-type

MLWFs pointing towards the tetrahedral interstitial sites. A representative example of one

such BB MLWF is shown in the isosurface plots in the first row of Fig. 6.1. Intuitively, from

an atomic orbital perspective, one might instead expect the sp3-type MLWFs to be in a front-

bonding (FB) configuration, i.e., with the major lobes pointing towards the vertices of the

tetrahedra centred on the two non-equivalent Si atoms, as shown in the isosurface plots in

the second row of Fig. 6.1. However, this FB configuration corresponds to a slightly larger

value of the total spreadΩ and, therefore, constitutes a local minimum of the spread. A third

(intermediate) local minimum gives four sp3-type MLWFs that are in the BB configuration on

one Si atom in the unit cell and four sp3-type in the FB configuration on the other Si atom. At

variance with what is stated in Ref. [(45)], all these cases can be found by specifying as initial

projections four appropriately oriented sp3-type orbitals on each Si atom in the unit cell. 1

With these initial projections, the four different minimisation options described earlier give

1For the BB configuration: four sp3-type orbitals centred on the Si atom at (0.0,0.0,0.0) (Si1), and four rotated
sp3-type orbitals centred on the other Si atom (Si2) at (-1/4,3/4,-1/4) in fractional coordinates with respect to the
lattice vectors a1 = (−5.10,0.00,5.10), a2 = (0.00,5.10,5.10) and a3 = (−5.10,5.10,0.00) (in a0). In the WANNIER90
code this can be specified in the projection block of the input file as: Si1:sp3:z=0,0,-1:x=0,1,0

Si2:sp3 . For the FB configuration: same as above but with the labels 1 and 2 on the Si atoms interchanged.
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DIS+MLWF DIS MLWF proj-ONLY

sp3 projections
back-bonding case

2.93 3.09 4.23 4.37

sp3 projections
front-bonding case

3.36 3.46 4.57 4.66

SCDM projections

2.93

7.66 5.67 8.25

5.35 5.58 5.69

Figure 6.1 – WFs obtained by wannierising the four valence bands plus the four low-lying
conduction bands in silicon with the four different options described in the text. First row:
the initial subspace is defined by projecting the Bloch states ψnk(r) on eight appropriately
oriented sp3-type orbitals giving back-bonding (BB) MLWFs in all cases. Second row: as above
but with different orientations for the sp3-type orbitals, resulting in front-bonding (FB) MLWFs
in all cases. Third row: the initial subspace is obtained from the SCDM method. Here, the
eight sp3-type WFs are in the BB configuration only when a full minimisation is performed.
In all other cases a mixture of configurations is obtained instead. The values below each WF
isosurface (isovalue=±0.45 Å−3/2) is the value of the individual spread inÅ2.
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the same qualitative results. Going from the DIS+MLWF case to DIS to MLWF to proj-ONLY,

the spreads of the MLWFs increase, as expected, but the FB/BB character is consistently

present (see the top two rows of Fig. 6.1, the spread of the individual MLWFs (in units ofÅ2) is

reported underneath each isosurface plot). Performing the SMV disentanglement step results

in a reduction of ΩI from 26.54Å2 to 20.06Å2 in both the FB and BB cases, showing that the

initial and final selected subspaces from the two different choices of projection have the same

intrinsic smoothness.

Instead, starting from SCDM to define the initial subspace, we obtain different qualitative

results for the four different minimisation schemes. Wannier functions in the BB configu-

ration are found when a full minimisation is performed (i.e., SCDM followed by SMV and

MV minimisation). A representative example of one such WF is shown in the third row and

first column of Fig. 6.1. SCDM selects a less smooth initial subspace (ΩI = 27.54Å2) than

specifying atomic orbital initial projections (26.54Å2), but the final spreads are the same as in

the equivalent BB case with atomic orbital initial projections. We also observed that in the case

of SCDM, the minimisation of bothΩI and Ω̃ required more iterations to achieve the same

level of convergence, perhaps reflecting the fact that the initial subspace is less smooth. When

using the other minimisation schemes, we find functions of both FB and BB character, all with

slightly different individual spreads. Representative isosurfaces are shown in the last three

columns of the row labelled “SCDM” in Fig. 6.1. It is clear that the tetrahedral site symmetry

is not preserved in the resulting WFs. Moreover, there is no clear pattern in the individual

spreads going from the DIS case to the proj-ONLY case.

When looking at the interpolated band structure, however, a different picture emerges. In the

case of choosing atomic orbital projections, the interpolation is very poor if no SMV disentan-

glement step is included in the minimisation. This shows the importance of disentangling

the correct manifold and it is in agreement with what has been previously reported in the

literature(9). On the other hand, in the case of an SCDM-generated initial subspace, the

interpolation is only marginally affected by the minimisation scheme employed (see Fig. S1 in

the Supplementary Materials).

To summarise, in silicon SCDM performs very well when combined with full spread minimisa-

tion, both in terms of the symmetries of the WFs and band interpolation (see Fig. S1). When

SCDM is used in isolation, the individual spreads of the resulting WFs are larger than WFs

generated from user-defined atomic orbital projections; the quality of band structure interpo-

lation, however, is almost independent of whether or not subsequent spread minimisation is

carried out.

Copper

Copper presents a paradigmatic case of a transition metal where a set of bands (e.g., of d-

orbital character) cross and mix in a narrow energy window around the Fermi energy with

a set of broad, nearly-free-electron bands. In this case, the SMV algorithm turns out to be

175



Automated high-throughput Wannierisation

Projections (s,d) SCDM

(a) t2g (0.404) (d) t2g /eg (0.389)

(b) eg (0.377) (e) t2g /eg (0.389)

(c) a1 (2.11) (f) a1 (2.11)

Figure 6.2 – MLWFs obtained by performing a full minimisation of Ω for the s-d complex,
formed by seven bands (J = 7) around the Fermi level in copper. First column: three represen-
tative MLWFs obtained from using atomic orbital projections to define the initial subspace
(see main text for description). Panel (a) shows one of the three MLWFs with t2g character;
panel (b) shows one of the two MLWFs with eg character; panel (c) shows one of the two broad
s-like orbitals centred on a tetrahedral-interstitial site. Second column: three representative
MLWFs obtained from using SCDM to define the initial subspace. Panel (d) and (e) show two
of the five MLWFs with mixed t2g /eg character; panel (f) shows one of the two broad s-like
orbitals centred on an tetrahedral-interstitial site. Below each function its individual spread
inÅ2 is reported. Isosurfaces are plotted with an isovalue of ±0.45 Å−3/2.
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very sensitive to the choice of the initial gauge and a good Wannier representation of the

band structure can be achieved only by a careful choice of both initial projections and energy

windows. Consequently, the possibility of bypassing these user-intensive steps makes the

SCDM an attractive approach. This is particularly important for methodologies such as

ab initio tight binding(47), DFT+U(49) and DMFT(52), which deal with strong correlation in a

local subspace, e.g., the subspace spanned by d orbitals (for transition metals or transition-

metal oxides) or f orbitals (for rare-earth or actinide intermetallics). For copper, as suggested

by Souza et al.(11), in order to generate a faithful representation of the band structure around

the Fermi level, we work with a manifold of dimension J = 7, which contains one more

function than the conventional minimal basis usually employed in tight-binding models. For

this system, we focus only on the full minimisation scheme (DIS+MLWF), as it is the most

representative when comparing the symmetries of the WFs, as shown in the previous section.

For the disentanglement step we set εouter = 38.0 eV and εinner = 19.0 eV. For SCDM, we set

µ= 11.40 eV and σ= 2.0 eV. The Fermi energy in our calculation is at 12.18 eV. As shown in

Ref. [(11)], appropriately selected initial projections are five d-type orbitals centred on the

Cu atom and two s-type orbitals, each centred on one of the two tetrahedral interstitial sites.

The resulting seven MLWFs respect the symmetries one would expect from group theory. In

fact, the five d-like functions give a representation of dimension 3+2 of the Oh point group

(which is isomorphic to the site-symmetry group of the origin), with the usual t2g and eg

character (see Fig. 6.2(a) and Fig. 6.2(b)). The two s-like functions give each a one-dimensional

representation (a1) of Td (which is the site-symmetry group of the tetrahedral interstitial sites),

as shown in Fig. 6.2(c).

When using SCDM projections, the symmetries of the d-type MLWFs are not fully recovered.

This can clearly be seen in Figs. 6.2(d) and 6.2(e), where the d-type functions show mixed

t2g /eg character (this is a feature of all five d-type functions).

Isolated bands

Until here, we have looked into the details of the Wannier functions that can be obtained

from SCDM projections, by focusing on the paradigmatic examples of silicon and copper (Sec.

6.3). We focussed on comparing Wannier functions as obtained by adopting different initial

projections, given that good atomic-like projections can often be easily identified through

chemical intuition. Now we take a complementary perspective, by considering any given

crystal structure, where we face the problem of finding good initial projections without any

prior chemical knowledge of the system. This is particularly relevant for high-throughput

studies, where crystal-structure databases are systematically screened with first-principles

simulations. In order to produce high-throughput Wannier functions, it is fundamental to

provide an algorithm that does not require human interaction in the choice of the initial

projections. In addition, such an algorithm must be able to use only information that is

either contained in the crystal structure and the pseudopotential, or that can be computed

by a simple first-principles simulation, such as the projected density of states. To this aim,
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human-specified atomic-like projections are not suitable, and we propose the SCDM method

as the workhorse for the automated choice of the initial projections.

In order to ascertain the effectiveness of the SCDM method in generating well-localised Wan-

nier functions in an automated way, we start by testing the algorithm for isolated manifolds.

We compare Wannier interpolations and direct DFT calculations for the band structure of the

valence bands of a set of 81 insulating bulk crystalline materials spanning a wide range of

chemical and structural space, for the full list the Reader is referred to Ref. [(55)]. We quantify

the differences between two band structures by introducing a simple metric that is inspired by

the so-called “bands distance” introduced in Ref. [(56)]. Here we define the distance between

DFT and Wannier-interpolated bands as:

η=
√∑

nk

(
εDFT

nk −εWan
nk

)2
, (6.18)

where εDFT
nk and εWan

nk are respectively the DFT and Wannier-interpolated band structures, and

the summation runs over the occupied bands only. Later in Sec. 6.5, we will introduce a finite

smearing to deal with conduction-band states and metallic systems. As in Ref. [(56)], to take

into account the possibility that significant differences between band structures may occur

only in sub-regions of the Brillouin zone or in small energy ranges, we also compute

ηmax = max
nk

(∣∣εDFT
nk −εWan

nk

∣∣) (6.19)

where, essentially, we select the point (nk) with the worst interpolation, which is responsible

for the largest contribution to η. We use η and ηmax to assess the effect of iteratively minimising

the spread Ω̃ to obtain maximally-localised Wannier functions (“SCDM+MLWF”), compared to

the one-shot Wannier orbitals that are obtained by using the SCDM projections only (“SCDM-

only”). We note that in the following MLWF might refer either to a maximally-localised WF or

to the maximal localisation procedure itself, the meaning being always clear from the context.

For each of the 81 structures of the benchmark set, we first perform a variable-cell optimisation

and we then compute the band structure on a high-symmetry path using DFT. The cell and the

path are standardised using seekpath according to the prescription of Ref. [(57)]. The ground-

state charge density is obtained using a k-point density of 0.2Å−1 in the irreducible Brillouin

zone (unless otherwise stated). Band structures are then calculated using the charge density

frozen from the earlier calculation and sampling the high-symmetry path with a density of

0.01Å−1. Then we compute the WFs and the real-space Hamiltonian with WANNIER90, starting

from a non-self-consistent field (NSCF) DFT calculation performed on a possibly different

k-point grid on the full BZ and employing the ground-state charge density computed earlier.

At this point, the bands distance is then calculated by diagonalising the Wannier Hamiltonian

using the TBMODELS code (58) on the same k-points used in the DFT bands calculation.

All DFT calculations are carried out using the Quantum ESPRESSO distribution (22), employing
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Figure 6.3 – Left (right) panel: average (max) band distance η using SCDM-only (blue) and
SCDM+MLWF (red) for the valence bands of 81 insulating materials obtained using four differ-
ent k-point grids of density ρk . The MLWF procedure improves the interpolation accuracy,
although SCDM-only Wannier functions perform already remarkably well. The histograms
focus on the most relevant interval and few outliers are not shown, in particular at ρk = 0.2Å−1

98% (79/81) of the SCDM+MLWF bands and 96% (78/81) of the SCDM-only bands exhibit
η< 20 meV, while 98% (79/81) of the SCDM+MLWF bands and 93% (75/81) of the SCDM-only
bands exhibit ηmax < 130 meV.
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Figure 6.4 – Comparison between Wannier-interpolated (solid red) valence bands and the full
direct-DFT band structure (black dots), using the MLWF procedure on SCDM projections and
ρk = 0.2Å−1. The dashed line labels the valence band maximum (VBM). (a) Band structure of
CaO (η= 0.06 meV, ηmax = 0.23 meV, VBM = 7.52 eV). (b) Band structure of C3Mg2 (η= 0.4 meV,
ηmax = 6.35 meV, VBM = 5.0 eV).

the PBE functional (59) and a beta version2 of the SSSP v1.0 efficiency pseudopotential library

(56; 61; 62; 63; 64; 65). In Fig. 6.3 we report histograms of η and ηmax for four different k-point

densities, namely ρk = 0.15, 0.2, 0.3 and 0.4Å−1, used in the NSCF step to construct Wannier

functions. We stress that for an isolated set of bands, such as for the valence bands of an

insulator, the SCDM method involves no free parameters and the only parameter to set is the

density ρk of a uniform k-point grid that is used to diagonalise the Hamiltonian. Hence it

is fundamental to elaborate a strategy for the choice of ρk , as this finally removes every free

parameter from the construction of Wannier functions for isolated bands.

The SCDM method is found to work well for all of the 81 systems studied, with the exception

of two that have very poor interpolation. Notably, these two structures (three if we consider

the SCDM-only method) are the ones that exhibit the highest initial spread Ω per Wannier

function. Although a large initial spread does not necessarily imply poor interpolation, it

certainly correlates with a potential risk of poor Wannierisation and it could be used as a

marker for triggering a check on the quality of bands interpolation within the calculation

workflow.

To get a sense of the typical quality of a good SCDM+MLWF interpolation, we report in Fig. 6.4

the comparison between direct-DFT and SCDM+MLWF interpolated band structures for

CaO (η = 0.06 meV, ηmax = 0.23 meV) and C3Mg2 (η = 0.4 meV, ηmax = 5.6 meV) run with

a k-point density ρk = 0.2Å−1; the direct and interpolated band structures are essentially

indistinguishable (e.g., the largest difference in energy between the bands in the case of CaO

is of ηmax = 0.23 meV).

2where the norm-conserving ONCV pseudopotentials(60) are recompiled using version 3.3.1 of the
code, and the pseudopotentials for Ba and Pb are replaced by Ba.pbe-spn-kjpaw_psl.1.0.0.UPF and
Pb.pbe-dn-kjpaw_psl.0.2.2.UPF of the pslibrary.
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ρk [Å−1] SCDM-only SCDM+MLWF
0.15 3 2
0.2 3 2
0.3 6 2
0.4 16 8

Table 6.1 – Number of interpolated bands showing η > 20 meV, i.e. outliers, with different
k-point densities ρk .

Fig. 6.3 shows the distribution of η and ηmax across the whole set of insulators for the four

different k-point grids. We find that a grid with density ρk = 0.2Å−1 is typically sufficient

to provide accurate interpolated band structures, in particular 96% of the materials (78/81)

for SCDM-only and 98% (79/81) for SCDM+MLWF show η< 20 meV, and 93% (75/81) of the

SCDM+MLWF bands and 74% (60/81) of the SCDM-only bands display η< 2 meV. As shown

in Fig. 6.3, ηmax follows a similar trend, with 95% (77/81) of the SCDM+MLWF bands and 86%

(70/81) of the SCDM-only bands showing an ηmax < 50 meV, and 90% (73/81) of SCDM+MLWF

bands and 77% (62/81) of the SCDM-only bands showing an ηmax < 20 meV.

Those systems with η> 20 meV or, in other words, interpolated bands that are significantly less

accurate with respect to the majority of the sample, are considered to be outliers. In Table 6.1,

we report the number of the outliers for the four different k-point densities, both in the case

of SCDM-only and SCDM+MLWF. Clearly, increasing the k-point density produces fewer

outliers and, in this respect, the SCDM+MLWF seems to converge slightly faster than SCDM-

only, in agreement with the results shown in Fig. 6.3. As we will discuss shortly, the superior

performance of SCDM+MLWF is linked with the increased localisation associated with the

MLWF procedure. As mentioned before, localisation is also related to the poor interpolation

of the outliers: at all k-point densities, outliers are among the systems with the largest initial

spreads. On one hand, a larger initial spread signals a potential problem with the SCDM

projections, on the other hand it requires a denser k-point density for convergence (the less

localised the Wannier functions are, the more long-range the Wannier Hamiltonian is).

Fig. 6.3 also shows that, when considering valence bands only, the MLWF procedure mod-

erately improves the quality of band interpolation with respect to SCDM-only, resulting in

narrower η and ηmax distributions, although band interpolation is often already excellent

using an SCDM-only approach. We emphasise, however, that it is known that for the valence

bands of gapped systems, a set of randomly-centred Gaussian functions can be often used

as starting projections leading to good MLWFs. We compare, therefore, the performance of

SCDM projections versus randomly-centred Gaussian orbital projections as a starting point

for the MLWF procedure (which we refer to as the “random+MLWF” scheme), assessing their

comparative robustness and accuracy of band interpolation. Fig. 6.5 reports the distribution of

η and ηmax at the density ρk = 0.2Å−1. The SCDM projections are found to perform better, lead-

ing to narrower distributions: 98% of the materials (79/81) show η< 20 meV for SCDM+MLWF

against the 89% (72/81) for random+MLWF, and 93% (75/81) of the SCDM+MLWF bands
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Figure 6.5 – Top (bottom) panel: average (max) band distance η using random+MLWF (green)
and SCDM+MLWF (red) for the valence bands of 81 insulating materials obtained using ρk =
0.2Å−1. SCDM projections perform better than random projections when used in conjunction
with the MLWF procedure. The histograms focus on the most relevant interval and few outliers
are not shown, in particular the 96% (78/81) of the SCDM+MLWF bands and the 83% (67/81)
of the random+MLWF bands exhibit an η< 5 meV, while the 90% (73/81) of the SCDM+MLWF
bands and the 74% (60/81) of the random+MLWF bands exhibit an ηmax < 15 meV

.
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display η< 2 meV against 75% (61/81) of random+MLWF bands. As shown in Fig. 6.3, ηmax

follows a similar trend, with 95% (77/81) of the SCDM+MLWF bands and 81% (66/81) of the

random+MLWF bands showing an ηmax < 50 meV, and 90% (73/81) of SCDM+MLWF bands

and 74% (60/81) of the random+MLWF bands showing an ηmax < 20 meV. Therefore, while

SCDM is able to provide WFs resulting in a more accurate band interpolation, we empha-

sise here that for isolated manifolds the minimisation procedure is quite robust also when

providing randomly-centred s-like Gaussian orbital projections.

We now elaborate on the differences between random and SCDM initial projections. First,

random projections typically generate a much higher initial spread (7.5Å2 per WF) compared

to SCDM (1.0Å2 per WF). We find that the MLWF procedure is often sufficient to localise

Wannier functions even in the case of large initial spreads: for 63 out of 81 materials the MLWF

procedure brings both the random projections and the SCDM projections cases to the same

minimum spread value. Notably, it never happens that the spread is similar and the quality

of the interpolation is very different, while the opposite happens only in the case of He, a

pathological case (1 atom and 2 electrons per cell) where random projections give a poorly

localised Wannier function while still being able to provide a very good interpolation. For 15

materials (16 if we include He), random projections provide a very poor starting point and

the MLWF procedure remains trapped in a local minimum with large spread. In these cases,

instead, SCDM projections are a good starting point with low spread and the MLWF procedure

further reduces it and a higher-quality interpolation is achieved, as demonstrated by the lower

η values. Finally, there are two materials for which both SCDM-only and SCDM+MLWF do

not perform well, but where random+MLWF happens to perform better than SCDM+MLWF.

For one of these cases, Al2Os, we have checked that excluding the semi-core states greatly

improves the performance and the quality of the interpolated bands. We believe that the

reason lies in the fact that, if semi-core states are present, then there are some projections,

centred on the same site, that possess the same symmetry character, e.g., p-like projections

with different principal quantum numbers (for instance 1p- and 2p-like). With a relatively low

plane-wave energy cutoff, the real-space grid is too coarse and there are not enough degrees

of freedom for the column selection in the QRCP step to distinguish or describe sufficiently

well these same-symmetry-character states.

In the other case, Se2Sn, there are no semi-core states. Here instead, some SCDM projections

show an initial value ofΩD—the sum of the diagonal elements of Ω̃ in (6.5)—that is not zero or

very close to zero (ΩD > 0.5 Å2), which could be used as a diagnostic indicator for problematic

systems. In particular, SCDM+MLWF seems to get trapped in a state in which there are a

number of well-localised WFs and two that are diffuse and spread over multiple sites. This set

of WF are real with a total spread of 28 Å2 andΩD of 2 Å2. We found that a possible solution

to recover a good interpolation is to add some noise (adding small random numbers to the

search direction components, as implemented in WANNIER90) during the minimisation to

help the algorithm escape from the unwanted local minimum.

We propose some technical solutions that could be easily added to a workflow:
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Figure 6.6 – Histogram of the relative variation of the total quadratic spreadΩ before and after
the MLWF procedure for the valence bands of our set of 81 insulators, obtained for ρk = 0.2Å−1.
The SCDM+MLWF procedure provides Wannier functions that are moderately more localised
with respect to SCDM-only, with a relative variation within 10−20% for most materials.

• Automatically detect and exclude semi-core states (if any). This is generally a safe choice

as these states are not physically interesting for most applications. Alternatively, one

could retain the semi-core states and increase the cutoff energy (or equivalently the

density of the real-space grid).

• If the problem is not in describing semi-core states, then check the value ofΩD, if it is

above a given threshold (e.g., > 1.0 Å2) for one or more initial projections, introduce

some noise in the minimisation.

• If none of the above work, switch to random+MLWF projections, which may give a better

final result.

To study now more in detail the effect of minimising the spread, we start by comparing the

total spreadΩ obtained using SCDM+MLWF and SCDM-only, by computing:

∆Ω

ΩMLWF
= Ω

SCDM −ΩMLWF

ΩMLWF
(6.20)

whereΩSCDM andΩMLWF are the total spreads obtained with SCDM-only and SCDM+MLWF,

respectively. As reported in Fig. 6.6, the SCDM-only Wannier functions are already well

localised and ∆Ω
ΩMLWF is less than 10% for 68% (55/81) of systems, and less than 20% for 88% of

them (71/81).
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Figure 6.7 – Scatter plot for our set of insulators (only 61 out of 81 visible in the axes range)
showing ∆η versus ∆Ω/ΩMLWF, that is the quantitative deviation between SCDM+MLWF and
SCDM-only in terms of band structures and total spreads respectively. Maximally-localised
Wannier functions give comparable and often more accurate interpolated bands.
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An interesting question is whether the difference in spread due to the MLWF procedure

correlates with the difference in the quality of the interpolation. To assess this, we compute

the quantity

∆η= ηMLWF −ηSCDM, (6.21)

where ηSCDM and ηMLWF are the band distances obtained with SCDM-only and SCDM+MLWF

respectively. Fig. 6.7 shows a scatter plot of ∆η vs. ∆Ω/ΩMLWF , showing that a reduction in the

spread typically implies an improvement in the quality of the interpolation (∆η< 0). These

findings highlight that SCDM-only Wannier functions are already sufficiently localised and

represent well the valence manifold, and the subsequent MLWF procedure (starting from

a very good guess) safely refines the initial choice of SCDM, improving the accuracy of the

Wannier Hamiltonian by increasing localisation. In general, the greatest benefit from the

MLWF procedure is visible in the interpolation of the almost-flat semi-core states. In fact

often, when using SCDM-only Wannier functions for the interpolation of these states, the

interpolated bands show an oscillatory behaviour, with the maximum absolute difference

with respect to the DFT bands of the order of a few meV (comparable to the spread of those

bands). From our results, a smoother and more accurate interpolation is usually recovered

after a MLWF procedure.

Before discussing the case of entangled bands, we summarise here the main conclusions that

can be drawn for isolated bands. All the results we obtained, displayed in Figs. 6.3, 6.4, and

6.6, consistently support the effectiveness of adopting SCDM projections for the Wannier

interpolation of the valence bands of insulators. The quality of the interpolation is very high

for 98% of the structures, with only 2 (out of 81) cases showing a poor interpolation. Although

SCDM-only Wannier functions are shown to provide already accurate band structures, the

MLWF procedure appears to improve both the quality of interpolation (lower η) and locali-

sation (lower spread). Hence, we suggest the SCDM+MLWF method with ρk = 0.2Å−1 as the

standard protocol for producing accurate and efficient Wannier Hamiltonians describing the

valence bands of bulk insulating crystals.

Entangled bands

We now consider the case of entangled bands. With the intent of describing a fully automatic

protocol, we limit ourselves to the case of Wannier interpolation of all states up to a given

energy (excluding, if appropriate, manifolds of low-lying semicore states that are isolated in

energy from the rest of the band structure) and we do not consider the case of computing

Wannier functions for a manifold of bands of given symmetry within a narrow energy window

(e.g., d states in copper or t2g /eg states in a transition-metal oxide, see Sec. 6.3.2) that is

entangled with bands above and below in energy.

In the case of entangled bands, the SCDM method demands the choice of three free parame-

ters: µ and σ, as described at the end of Sec. 6.2.2, as well as J , the target number of Wannier

functions. These parameters play a fundamental role in the selection of the columns of the
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quasi-DM and hence greatly affect the overall quality of the subspace selection and, con-

sequently, the bands interpolation. In particular, since there is no equivalent definition of

an inner energy window(11) in the SCDM method, it is not guaranteed that a subspace that

includes the physically-relevant lowest-lying bands will be selected because the greedy QRCP

algorithm, owing to an inappropriate choice of µ and σ, might favour states that are higher in

energy. It is, therefore, key to the success of the automation process to have a protocol that

automatically chooses these parameters in a robust and systematic way. We will now describe

such a protocol, and in Sec. 6.5.2 we show its effectiveness on a large set of chemically diverse

materials.

Protocol

To identify appropriate values of µ, σ and J , we first compute the “projectability” pnk, which

measures how well each Bloch state
∣∣ψnk

〉
is represented in a Hilbert space A defined by a

given set of localised functions. Indeed, in the entangled case, WFs contain contributions from

the valence states plus specific conduction states, typically corresponding to the anti-bonding

partners of the valence states. The selection of these specific conduction states—out of the

very many—can be challenging, because they are not necessarily the lowest energy ones. This

idea motivates the use of projectability as a measure to see which conduction states might be

more important.

Similarly to Agapito et al.(14), we choose as our localised functions the set of NPAO pseudo-

atomic orbitals (PAO) φI l m(r) employed in the generation of the pseudopotentials, where I

is an index running over the atoms in the cell and l m define the usual angular momentum

quantum numbers. We then construct Bloch sums φµk(r) = 1
Nµ

∑
R e−i k ·Rφµ(r−R), where

µ= {I l m} and Nµ is the number of lattice vectors R contained in the Born–von Karman cell

(which is equal to the number of k-points sampled in the BZ). Finally, a Hilbert space A k

at each k-point in the BZ is defined as the space spanned by the Löwdin-orthogonalised

functions φ̃µk(r) =∑
ν(Sk−1/2

)µνφνk(r), with Sk
µν = 〈φµk(r)|φνk(r)〉, and A is given by the direct

sum A =⊕
k A k.

The projectability of each Bloch state onto A is then defined as

pnk = ∑
I ,l ,m

| 〈ψnk|φk
I l m〉 |2, (6.22)

where 0 ≤ pnk ≤ 1. The projections 〈ψnk|φk
I l m〉 are computed straightforwardly using the

projwfc.x code from QUANTUM ESPRESSO. In particular, for the pseudopotentials consid-

ered in this work, the number of valence electrons and the atomic orbitals included in the

pseudopotential files may be found in Table S1 of the Supplementary Materials.

As the first step of our protocol, we choose J as the total number of projections NPAO considered

in the sum of Eq. (6.22). Since we aim to interpolate the bands up to a given energy above

the Fermi level, fixing J = NPAO is a conservative choice, as the number of PAOs is usually
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Figure 6.8 – Each blue dot represents the projectability as defined in Eq. (6.22) of the state
|nk〉 as a function of the corresponding energy εnk for tungsten. The yellow line shows the
fitted complementary error function. The vertical red line represents the value of µfit while
the vertical green line represents the optimal value of µ, i.e. µopt =µfit −3σfit. The value of the
Fermi energy is also shown for reference (black line).

greater or equal to the number of valence bands plus few conduction bands. In addition, we

stress that the bands that correspond to localised states, within the full band-structure of a

solid, are those that naturally emerge from bonding and anti-bonding combinations of atomic

orbitals, with higher energy states having more free-electron character and thus less amenable

to Wannierisation.

We then use the values of the projectability to inform the choice of µ and σ. First, we plot

the projectability for all Bloch states as a function of the corresponding band energy εnk, as

shown in Fig. 6.8 (to illustrate the procedure, we show plots for one prototypical material,

namely crystalline tungsten (W), but similar plots and trends also hold for the other materials

considered in this work). The general trend is that pnk ∼ 1 for low-energy states, which are

well-represented by the chosen pseudo-atomic orbitals, and pnk ∼ 0 for high-energy states

that originate either from free-electron-like states or from localised states with an orbital

character that is not included in the set of Supplementary Table S1, e.g., atomic orbitals with

principal quantum number n > 3 (i.e., more than two radial nodes). We then fit this plot to a

complementary error function as in Eq. (6.16), extracting the two parameters µfit and σfit. The

core of our protocol lies on the actual choice of the µ and σ parameters used as input for the

SCDM method by setting

µ=µfit −3σfit, σ=σfit. (6.23)

Let us now motivate this choice. We observe thatσfit measures the typical energy spread of the

bands originating from states within A , and therefore is a good physical guess also for σ. The

naive choice µ=µfit, however, produces extremely poor interpolation of the bands for most of

the materials that we have tested in Sec. 6.5.2. The reason is that it gives too great a weight
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(Å

2
)

20 30 40
µ (eV)

2.5

5.0

7.5

10.0

σ
(e

V
)

101

102

103

η
(m

eV
)

µ (eV)

15 20 25 30 35 40 σ
(eV)

0
2

4
6

8
10

Ω
(Å
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Figure 6.9 – Bands distance η (left panels) and total position spread Ω (right panel) using
SCDM+MLWF for tungsten (W), as a function of the SCDM input parameters µ and σ. The
blue line represent µ=µfit −3σ where the red dot corresponds to the choice dictated by our
protocol µ=µfit −3σfit. The smearing function to compute η has smearing τ= 0.1 eV and ν is
set to 1 eV above the Fermi energy.

in Eq. (6.15) to states that have relatively small projectability (pnk < 1). As a consequence the

SCDM algorithm might select columns representing better these states rather than those with

projectability close to 1 at low energy, that are essential and physically relevant to include.

In these cases, the corresponding band interpolation shows large oscillations and has large

errors with respect to the DFT band structure in large portions of the BZ. We need therefore to

choose a smaller value µ<µfit. On the other hand, however, we note that the weight of states

much above µ becomes numerically zero in Eq. (6.15), i.e., these states become completely

unknown to the algorithm. Therefore, by choosing a too low value of µ, i.e., discarding too

many relevant states, the SCDM algorithm will fail because it will have to choose J columns

within a matrix of smaller rank.

We need, therefore, a general and automatic recipe for choosing an appropriate, intermediate

value of µ. Our choice µ= µfit −κσfit is guided by the consideration that states that start to

have a significant component of their character outside A should be weighted in SCDM by

Eq. (6.16) with a small weight, that is still though not exactly zero, giving the algorithm some

freedom to pick up some of their character (for instance, states at energy ε≥µfit have more

than 50% of their character outside A and are weighted in SCDM with a factor ≤ 1
2 erfc(κ) (e.g.,

κ= 3 gives 1
2 erfc(3) ≈ 10−5).

In order to explain better our specific choice of κ= 3, we consider again the case of tungsten

for the SCDM+MLWF case and we report in Fig. 6.9 the final total spreadΩ (left-hand side)
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and the band distance η (right-hand side) as a function of a range of values of µ and σ. In

particular, in the case of entangled bands, we generalise the definition of η by introducing

a smearing, as we have mentioned in the previous section. More specifically, we extend the

definition of the distance between DFT and Wannier-interpolated bands to:

η=

√√√√√∑
nk

(
εDFT

nk −εWan
nk

)2
f̃nk∑

nk f̃nk
, (6.24)

where

f̃nk =
√

f DFT
nk (ν,τ) f Wan

nk (ν,τ), (6.25)

and f DFT(Wan)
nk (ν,τ) is the Fermi-Dirac distribution for the state at energy εDFT(Wan)

nk , ν is a

fictitious chemical potential and τ is a smearing width computed on the direct (εDFT
nk ) and

Wannier-interpolated (εWan
nk ) band structures. As in Sec. 6.4, we take into account the possibility

that significant differences between band structures may occur only in sub-regions of the

Brillouin zone or in small energy ranges, so we also compute

ηmax = max
nk

(
f̃nk

∣∣εDFT
nk −εWan

nk

∣∣) . (6.26)

In particular, the value of ν in f̃nk(ν,τ) is set to 1 eV above the Fermi energy and the smearing

width τ is 0.1 eV. In this way, only states up to slightly more than 1 eV above the Fermi level

have a weight significantly different from zero when comparing band structures. In both

panels of Fig. 6.9, we also show the line representing µ=µfit−3σ to discuss our choice of κ= 3,

as well as the point (µfit −3σfit,σfit) on this line. Our target is to have η as small as possible,

indicating a good interpolation of the band structure. As visible in Fig. 6.9, and as mentioned

in the previous two paragraphs, large values of µ and σ degrade significantly the quality of

the band interpolation: in this case there are many states at high energy with a non-negligible

weight and the QRCP, being a greedy algorithm, might select a subspace that better represents

these states rather than the lowest energy states. It can also be seen that a larger µ, which

results in more states with higher weight, gives the SCDM algorithm more freedom in the

choice of the subspace, which in turn results in a lower total spreadΩ (at the expenses of a

potentially worse interpolation).

On the other hand, also moving to the region of small µ and σ is detrimental for the quality

of the band interpolation (and partially also for the value ofΩ). Even if the values of η in this

region are not so large as in the region of large µ andσ, the quality of the interpolation is much

less robust and both η and Ω depend strongly on the precise values of the two parameters.

In this case, we are discarding relevant states from the initial space used for the column

selection of FkΨk, therefore removing important information needed by the method for a

good interpolation.

Our choice of κ = 3, thus, together with σ = σfit, allows us to locate our choice of (µ,σ) in

190



6.5. Entangled bands

the intermediate region where η is small and both η andΩ are relatively insensitive to small

variations of the two parameters. Ultimately, this specific choice for κ will be justified and

validated in our high-throughput study of Sec. 6.5.2, where we show that the automated

algorithm resulting from this choice is robust when tested on 200 chemically and structurally

different materials, whose full list is available in Ref. [(55)].

We also emphasise here that the choice of µ and σ plays two different roles: the first is to

give a relative weight to the states at the anchor point, namely Γ, that are used for the SCDM

column selection; the second is to have a smooth dependence of the subspace as a function of

k, therefore resulting in a smallΩI .

High-throughput verification

In this section we present the results of the high-throughput calculations for the general

case of 200 materials that have been chosen to cover a large region of structural (12 different

Bravais lattices) and chemical (67 different elements) space. The free parameters in the SCDM

method have been chosen by the automatic procedure outlined in the previous section. The

structure of this section parallels the one for isolated bands; in particular, we make use of the

bands distance η introduced in Eq. (6.24) to quantitatively assess the Wannier interpolation.

In the case of metals, we also need to appropriately select the value of the fictitious chemical

potential ν and of the smearing width τ in the distribution fnk(ν,τ) of Eq. (6.25) (the final

values used in this work are reported in the previous section), in order for η and ηmax to be

reliable measures for the interpolation quality of the bands of physical interest. Indeed, the

Wannier-interpolated bands are not expected to reproduce accurately the dispersion of the

DFT bands at high energies; and the energy up to which the Wannier-interpolated bands may

be deemed to be accurate depends mainly on the number of target WFs J which, in turn,

is determined in our procedure by the number of PAOs in the pseudopotentials. In most

applications, however, the high-energy bands are not of interest; therefore, ν and τ should be

chosen so as to define a bands distance that only takes into account the relevant low-energy

bands. For most practical applications, this means for states up to a small amount (usually a

few eV) above the Fermi energy.

To verify up to which energy the interpolation is accurate (for the number of PAOs in the

pseudopotentials chosen in this work, see Supplementary Table S1) we show in Fig. 6.10 the

distribution of band distances for different values of ν= εF +∆, with ∆= 1,2,3,4,5 eV, and τ

fixed at 0.1 eV in order to have a smooth but sharp-edged Fermi-Dirac distribution. When

ν is set at 4 eV or more above the Fermi energy (∆ ≥ 4 eV, bottom panels in Fig. 6.10), the

distribution is very broad and with a long tail. In this case states much above the Fermi energy,

where the Wannier interpolation does not reproduce any more the DFT band structure, are

given a non-negligible weight fnk which significantly increases the value of the band distance.

The distribution becomes much more narrow and closer to η= 0 eV for ∆≤ 3 eV; in particular,

for ν= εF +1.0 eV, 98% of the materials have η< 50 meV. Since for many applications having
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Figure 6.10 – Distribution of the band distance η of Eq. (7.5) for different values of the the
fictitious chemical potential ν = εF +∆ (∆ = 1,2,3,4,5 eV) and smearing τ = 0.1 eV in the
Fermi-Dirac distribution. All calculations have been performed with a k-point density of
ρk = 0.2Å−1.

a good interpolation up to 1 eV above the Fermi energy is sufficient, in the rest of this work

we choose ν = εF +1.0 eV (for entangled bands) as a reliable measure of the quality of the

interpolation in the energy region of interest.

As in the case of isolated bands, the first step is to study the effect of the k-point grid density

on the interpolation, to fix the last free parameter in the calculations. As shown in Fig. 6.11,

a grid with density ρk = 0.2Å−1 is typically sufficient to provide accurate interpolated band

structures: in particular, 94% of the materials (187/200) for SCDM-only and 97% (193/200)

for SCDM+MLWF show η< 20 meV, and 72% (144/200) of the SCDM+MLWF bands and 79%

(157/200) of the SCDM-only bands display η< 5 meV. Moreover, ηmax follows a similar trend,

with 72% (143/200) of the SCDM+MLWF bands and 82% (163/200) of the SCDM-only bands

showing an ηmax < 50 meV, and 35% (70/200) of SCDM+MLWF bands and 52% (104/200) of

the SCDM-only bands showing an ηmax < 20 meV, as shown in Fig. 6.3. We therefore set ρk to

0.2Å−1 for further analysis in this section.

Fig. 6.12a shows the Wannier-interpolated bands (red lines) for tungsten (W), a metallic

system, and Fig. 6.12b shows the Wannier-interpolated valence bands plus few conduction

bands (in red) for the insulator C3Mg2 (and these can be compared with Fig. 6.4b for the

interpolation of the valence bands only).

Unlike the case of isolated bands, for entangled bands the MLWF procedure substantially

increases the localisation of the resulting Wannier functions from SCDM projections, giving for
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Figure 6.11 – Left (right) panel: histogram of average (max) band distance η (ηmax) in meV using
SCDM-only (blue) and SCDM+MLWF (red) for the valence bands and few conduction bands of
200 materials obtained using four different k-point grids of density ρk . The MLWF procedure
slightly worsens the accuracy of the interpolation when compared to SCDM-only Wannier
functions. The histograms focus on the most relevant interval and few outliers are not shown,
in particular at ρk = 0.2Å−1 98% (196/200) of the SCDM+MLWF bands and 99.5% (199/200) of
the SCDM-only bands exhibit η< 50 meV, while 98% (195/200) of the SCDM+MLWF bands
and 94% (188/200) of the SCDM-only bands exhibit ηmax < 350 meV.
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Figure 6.12 – Comparison between Wannier-interpolated (solid red) valence bands plus
few conduction bands and the full direct-DFT band structure (black dots) for W (panel a,
η = 20 meV, ηmax = 415 meV, µ = 19.85 eV and σ = 6.71 eV) and C3Mg2 (panel b, η = 2 meV,
ηmax = 11 meV, µ= 0.86 eV and σ= 5.63 eV) using the MLWF procedure on SCDM projections
and ρk = 0.2Å−1. Note that, while we show all Wannier-interpolated bands, the band distance
η considers only bands up to about 1 eV above the Fermi level (see text).

0 50 100 150 200
∆Ω

ΩMLWF
(%)

0

10

20

30

40

N

Figure 6.13 – Histogram of the relative variation of the total quadratic spread Ω before and
after the MLWF procedure for the band structures of our set of 200 materials, obtained for
ρk = 0.2Å−1. The SCDM+MLWF procedure provides Wannier functions that are substantially
more localised with respect to SCDM-only, with a relative variation between 20−60% for most
materials.
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Figure 6.14 – Scatter plot of our set of materials with entangled bands (red dots, 148 out of 200
visible in the axes range) and with isolated bands (blue dots, 64 out of 81 visible) showing ∆η
versus ∆Ω/ΩMLWF, that is the quantitative deviation between SCDM+MLWF and SCDM-only
in terms of band structures and total spreads, respectively. Maximally-localising Wannier
functions give potentially more accurate interpolated bands for valence bands only, whereas
for entangled bands the trend is reversed.

instance a ∆Ω
ΩMLWF between 20−60% for 75% (149/200) of materials, with 30 materials showing a

60% or more increase in ∆Ω
ΩMLWF , see Fig. 6.13.

We now look at how the difference in spread due to the MLWF procedure correlates with the

difference in the quality of the interpolated band structures. Although the correlation is not

as strong as in the case of isolated bands, it can be seen (Fig. 6.14) that the trend is almost

reversed: reducing the spread tends to worsen the quality of the band interpolation. In fact, the

majority of systems (71%, 142/200) show a positive change in ∆η, meaning that SCDM-only

provides better interpolation. The main reason behind this effect is that, in the selection of the

optimal manifold S (k), the SCDM algorithm might include contributions from higher energy

states. The subsequent MLWF step does not use information on the target band structure.

Therefore, while mixing the states via the U matrix to minimise the spread, such spurious

contributions can be distributed on the lower-energy states and, as a consequence, worsen

the interpolation quality. However, we emphasise that in most cases, even when the MLWF

algorithm increases the value of η, it does so only marginally: in 182 out of 200 systems (91%)

the MLWF scheme either increases η by less than 5 meV or reduces it. More in detail, 163
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out of these 182 materials show a variation |∆η| within only 5.0 meV, and only one system

among these exhibits ηMLWF > 20 meV. Moreover, for the remaining 19 (out of 182) systems the

MLWF procedure improves the bands interpolation, notably yielding ηMLWF < 20 meV for all

of them. Finally, for the remaining 18 systems (9%), the MLWF scheme worsens the results

with |∆η| > 5 meV and only in 6 cases the interpolation quality is quite poor (ηMLWF > 20 meV).

In all these cases, a possible reason for failure might be related to the choice of columns in

the SCDM algorithm, which is performed only at Γ (see discussion in Sec. 6.2.2), for materials

where the relative order of electronic states at Γ and at the BZ boundary is inverted. In this

situation, spurious contributions might enter into the QR decomposition as discussed above.

AiiDA workflows

AiiDA (24) is a python materials’ informatics platform to automate, manage and coordinate

simulations and workflows, and to encourage sharing of both the resulting data and the

workflow codes used to generate them. While general in its design, its plugins cover many

materials science codes, including QUANTUM ESPRESSO(66) and WANNIER90(67).

Our implementation of the SCDM method inside the open-source code QUANTUM ESPRESSO

makes it available to any researcher. Moreover, our protocol for the choice of the SCDM

parameters discussed in Sec. 6.5.1 describes an effective procedure to automatically compute

the Wannier functions of any material. However, the actual computation starting only from the

crystal coordinates is non-trivial. The choice of numerical parameters (cutoffs, k−point grid

density, convergence parameters) requires some prior knowledge and experience. Moreover,

the full simulation for each material involves a complex sequence of steps, requiring a user to

run over 10 different executables. Therefore, we have implemented the full procedure as AiiDA

workflows, making it thus possible to repeat seamlessly the calculations for many different

materials with minimal effort.

Furthermore, AiiDA keeps track of the provenance of the data generated in the simulations

in a fully automated way, in the form of a directed graph (see Fig. 6.15 for an example of the

provenance tracked for one material), where nodes can be calculations, workflows or data.

This means that any researcher accessing the AiiDA database can inspect not only the final

data, but also explore which calculation generated it, its relevant (raw and parsed) outputs

and the complete set of its input parameters, and see how these input data were, in turn,

obtained as output of previous calculations, traversing the graph up to the original input

crystal structure.

The AiiDA workflows that we have written start by calling existing subworkflows available in

the AiiDA-quantumespresso(66) plug-in that, given a crystal structure, perform a variable-cell

atomic relaxation to obtain the converged DFT charge density. These workflows also contain

useful heuristics and recovery mechanisms to reach convergence in case of common problems

(e.g., by changing the diagonalisation algorithm) as well as automatic selection of parameters,

including pseudopotentials and cutoffs from the SSSP library (56). Once the charge density
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Figure 6.15 – The provenance graph automatically generated by AiiDA when running a
WANNIER90 calculation using QUANTUM ESPRESSO as the input code for an InSe crystal.
Red arrows represent caller-called relationships between a workflow and a subworkflow or
a calculation; continuous lines connect calculations to their inputs and to the outputs they
create, while dotted lines connect workflows to the data they return. In the top-right part
of the graph, a set of workflows drive variable-cell relaxations of the initial structure via
QUANTUM ESPRESSO; the central part contains the self-consistent, non-self-consistent and
band-structure QUANTUM ESPRESSO calculations; in the bottom-left part are locate the cal-
culations computing the projection of the wavefunctions on a localised atomic basis set, and
in the bottom-right part of the graph we can find the WANNIER90 calculation, producing a set
of output nodes that includes the Wannier-interpolated band structure.
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is computed, the workflow first standardises the cell using the symmetry-detection library

spglib (68) and the seekpath (57) library that, in addition, provide a standardised band-

structure path. Then, it proceeds along two parallel branches: on one side, it computes

the DFT band structure along the suggested path. In parallel, it computes the Wannier

functions: if first computes wavefunctions on a full uniform grid using a non-self-consistent

QUANTUM ESPRESSO calculation, and then computes the PDOS, the projectabilities, and

fits them to obtain the µ and σ parameters for the SCDM. Using these data, it prepares the

WANNIER90 input file and runs it in pre-processing mode to generate the input file needed by

the code interfacing QUANTUM ESPRESSO with WANNIER90 (pw2wannier90.x). The latter

is then run to compute quantities needed by WANNIER90, including the A(k) matrices obtained

with the SCDM method. Finally, the workflow drives the execution of WANNIER90 to compute

the (maximally-localised) Wannier functions and produce the output quantities of interest

(spreads, interpolated band structure on the same path of the DFT code, plots of the Wannier

functions, etc.).

In an effort to improve the verification and dissemination of computational results, and in

order to make the present work available to all, we are distributing all codes and workflows

discussed here within a preconfigured virtual machine (VM)(55) based on the Quantum Mobile

VM available on the Materials Cloud(69). The relevant quantum codes (QUANTUM ESPRESSO,

WANNIER90) and the informatics’ platform AiiDA come pre-installed and configured in the

VM, ready to run through the workflows described above. A simple README file guides new

users in the installation of the VM and in the execution of the workflow, to compute—with

essentially no user intervention—the interpolated band structure of a material of choice.

Conclusions

We have presented an approach to generate a set of maximally localised Wannier functions in

an automated way that has the advantage of being simple, robust and applicable also in the

more general case of so-called entangled bands. The high sensitivity of iterative minimisation

algorithms to the initial conditions, which was a long-standing problem in particular for the

entangled-band case, is overcome by employing the selected columns of the density matrix(20;

1) (SCDM) algorithm to automatically choose the initial subspace. For the Wannierisation

of isolated bands, SCDM is a parameter-free method, whereas for entangled bands two real

numbers µ and σ must be specified, whose appropriate choice is critical for the success of

the method, in addition to the target dimensionality of the manifold to be described (i.e., the

number of Wannier functions). We have proposed and validated a protocol to choose these

parameters by leveraging information encoded in the projectability of the Bloch states on

pseudo-atomic orbitals. We found that the SCDM method works very well for band-structure

interpolations, but does not perform as well for other kind of applications where, for instance,

a specific symmetry character of the WFs is desirable.

To make the method available to any researcher, we have implemented the SCDM algorithm
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in PW2WANNIER90, part of the open-source QUANTUM ESPRESSO distribution, and added

corresponding functionality to the open-source WANNIER90 code. We have also discussed

how the full procedure is implemented as AiiDA(24) workflows, encoding the knowledge that

is needed to perform all steps (DFT simulations, selection of the parameters, Wannierisation)

into an automated software. This enables MLWFs to be obtained and used to calculate material

properties by providing the crystal structure of a material as the only input. Furthermore, we

are distributing publicly and freely all codes and workflows discussed in this work within a

virtual machine(55) preconfigured with the open source codes AiiDA, QUANTUM ESPRESSO

and WANNIER90. This VM allows anyone to explore and reproduce straightforwardly the

present results without the need to install or configure anything, and without the need of

implementing again workflows and algorithms, in the true spirit of Open Science. In addition,

interested researchers are not constrained to re-run the calculations performed in this work,

but can perform their own simulations, either with different parameters or on new materials.

To the best of our knowledge, this is the first time that such level of reproducibility is offered

accompanying a scientific paper in the field of DFT simulations.

We have demonstrated the robustness of the present approach by carrying out high-throughput

calculations on a dataset of 200 bulk crystalline materials, of which 81 are insulators, spanning

a wide chemical and structural space. The main metric we used to assess the results is the

so-called band distance(56), quantifying the difference between the Wannier-interpolated

band structures and the corresponding direct DFT band structures. In particular, we obtain

excellent interpolations: for entangled bands, 97% of the materials show an average bands

distance η < 20 meV and 72% show η < 5 meV. For the insulating subset, when limiting to

valence bands only, 93% show η< 2 meV.

We believe that this work is a significant step forward towards completely automated high-

throughput calculations of advanced materials properties exploiting Wannier functions.

SCDM implementation in QUANTUM ESPRESSO

To implement the SCDM method one needs the wavefunctions from the ab initio code repre-

sented on a real space grid, see Eq. (6.14). Since these are not directly accessible to WANNIER90,

we decided to implement the method in one of the open-source DFT-to-WANNIER90 interface

packages available. In particular, we have chosen the pw2wannier90 FORTRAN code, dis-

tributed with the open-source QUANTUM ESPRESSO suite(22). Our SCDM implementation

is available since the v6.3 release of QUANTUM ESPRESSO. It includes the extension of the

method to k−points and to entangled bands, and it is parallelised using the Message Passing

Interface (MPI).

To compute the A(k)
mn projection matrices using SCDM, the auto_projections keyword

must be set to .true. in the WANNIER90 input file. In addition, the following keywords

should be defined in the pw2wannier90.f90 input file: scdm_proj, scdm_entanglement,

scdm_mu and scdm_sigma. In particular, scdm_proj is a boolean flag to enable the SCDM
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method. scdm_entanglement is a string defining the functional form of the f (ε) function in

Eq. (6.15). In the cases described in this paper, the value is either isolated (isolated bands)

or erfc (entangled bands with the f (ε) of Eq. (6.16)). An additional choice we implemented is

gaussian, see Ref. [(1)] for its functional form. Finally, scdm_mu and scdm_sigma (not needed

if scdm_entanglement is isolated) define, respectively, the values of µ and σ in Eq. (6.16)

(in eV).

In pw2wannier90.x, the QRCP factorisation of the Ψ†
k=Γ matrix is obtained through the

LAPACK routine ZGEQP3. Presently the factorisation is performed on a single MPI process

(since ZGEQP3 is not available in the parallel ScaLAPACK routines) and the resulting permu-

tation matrix Π is broadcast to all processes. After the computation of the non-orthogonal

SCDM functions, a Löwdin orthogonalisation is performed. This step is not needed when

providing the A(k)
mn matrices to WANNIER90, since the same orthogonalisation is performed by

the code before the start of the minimisation. However, having the orthogonalisation step also

in the pw2wannier90.x interface allows users to directly employ the SCDM functions without

further processing, if needed.

As a final note, we emphasise that when ultrasoft pseudopotentials are employed, the ψnk(r)

wavefunctions satisfy a generalised orthogonality condition with a non-trivial metric Ŝ being a

function of the core augmentation charges(53). In this case the unk stored by QUANTUM ESPRESSO

are not orthonormal, resulting inΨ being non unitary. However, in practice this usually has

only a marginal effect on the results. Indeed, as we have shown, the algorithm manages to

find good Wannier functions also when employing ultrasoft pseudopotentials and therefore

no adaptation has been applied for the ultrasoft case.

Properties of the QRCP factorisation

We recall in this appendix the properties of the Q, R, andΠmatrices obtained from a QRCP

decomposition, in the general case where the matrix to decompose is rectangular. For defi-

niteness, we consider the decomposition of a rectangularΨ† matrix of shape J ×nG .

The QRCP decomposition can be written as:

Ψ†Π=QR (6.27)

where the matrices have the following properties:

1. Q is a J × J unitary matrix, i.e., it has orthonormal columns: Q†Q = 1J ;

2. Π is a nG ×nG permutation matrix (permuting the columns ofΨ†);

3. R is an upper-triangular rectangular matrix of shape J ×nG , with diagonal elements

sorted with decreasing absolute value: |R11| ≥ |R22| ≥ . . . ≥ |R J J | (this order is ensured

thanks to the action of theΠmatrix).
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QRCP column selection of P from the column selection ofΨ†

We consider a nG ×nG matrix P that can be written in the following form P =ΨΨ†, with Ψ

being a nG × J matrix (J < nG ) with orthonormal columns, i.e. Ψ†Ψ= 1J . We want to show that

if we consider the following QRCP decomposition forΨ†:

Ψ†Π=QR, (6.28)

then we can construct a QRCP decomposition for P having the same permutation matrixΠ:

PΠ=Q ′R ′. (6.29)

Let us start by multiplying Eq. (6.28) on the left byΨ:

PΠ≡ΨΨ†Π= (ΨQ)R ≡Q ′R, (6.30)

where we have defined Q ′ ≡ΨQ.

Let us first verify that Q ′ has orthonormal columns:

(Q ′)†Q ′ = (Q†Ψ†)(ΨQ) =Q†Q = 1J , (6.31)

where we have used the orthonormality of the columns ofΨ (by hypothesis) and of Q (since it

is the output of a QRCP algorithm, see point 1 in Appendix 6.9).

Let us now define the following nG ×nG matrices:

Q ′′ ≡
(

Q ′ Q̃
)

, R ′′ ≡
(

R

0(nG−J )×nG

)
, (6.32)

where the additional columns Q̃ of Q ′′ are chosen to complete the columns of Q ′ to an or-

thonormal basis of RnG (always possible) and R ′′ extends R with (nG − J) additional rows of

zeros.

We want now to prove that PΠ=Q ′′R ′′ is a QRCP decomposition of P . Indeed, by multiplying

by blocks the two matrices Q ′′ and R ′′, we get Q ′′R ′′ = Q ′R + Q̃0 = Q ′R = PΠ by virtue of

Eq. (6.30). Moreover, Q ′′ is a unitary matrix by construction, and R ′′ is clearly an upper-

triangular matrix since R is according to point 3 of Appendix 6.9, and the diagonal elements

are still sorted in decreasing magnitude order since the additional elements are all zero.

Therefore, we have shown that the same permutation matrixΠ obtained by applying the QRCP

toΨ† is a valid QRCP permutation matrix also for P .

A different, equivalent approach to show the same result is to observe that the (complex)

scalar product v1 ·v2 ≡ (v∗1 )T v2 between columns of P is the same as the scalar product of the
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columns ofΨ†. Indeed, we first note that, as it can be easily proven from its explicit expression

Eq. (6.12), P is a projector and it holds P 2 = P and P † = P . Therefore, we have P †P = P . But the

elements of P †P are nothing else than the scalar products of the columns of P , and therefore

Pi j = pi ·p j , with pi indicating the i−th column of P . At the same time, from the definition of

P =ΨΨ† = (Ψ†)†Ψ† we immediately notice that the elements of P are also the scalar products

of the columns of Ψ†, i.e. the complex conjugate ψ∗
i of the wavefunctions of the system,

proving our statement that

Pi j = pi ·p j = (〈ψi |ψ j 〉)∗. (6.33)

Geometrical interpretation of the column selection in the QRCP al-

gorithm

QRCP is a greedy algorithm, where theΠmatrix is constructed by picking the columns one by

one to obtain the condition |R11| ≥ |R22| ≥ . . . ≥ |R J J |. In the case of the QRCP decomposition

of a P matrix, the first column to be picked (p1)i ≡ (PΠ)i 1 is chosen as the one with largest

norm. This can be easily proven by noting that

(PΠ)i 1 = (QR)i 1 =Qi 1R11,

because of the triangular form of R. Moreover, since the columns of Q have norm one,

‖p1‖ = |R11|, that by construction (see point 3 of Appendix 6.9) is the largest possible.

More generally, the j−th column p j is chosen to maximise the norm of the component p⊥
j

orthogonal to the subspace S j−1 spanned by the previous ( j −1) columns. To prove this, let

us first write p j = p‖
j +p⊥

j , where p‖
j is the projection of p j within S j−1. We first note (again

due to the triangular form of R) that in general the first j columns of Q also span the space S j

and, moreover, they are a orthonormal basis set for S j since the Q columns are orthonormal.

Furthermore p j is, by definition, in the S j subspace. Therefore, we can write the j−th column

in this basis set of S j as

(p j )i = (PΠ)i j = (QR)i j =
j∑

m=1
Qi mRm j ,

and, thanks to the orthonormality of the {qm} basis (qi being the i−th column of Q), we have

(
p‖

j

)
i
=

j−1∑
m=1

Qi mRm j ,
(
p⊥

j

)
i
=Qi j R j j ,

or equivalently in vector form p⊥
j = q j R j j .

Therefore, the norm of this orthogonal component is simply ‖p⊥
j ‖ = |R j j | that, again, is chosen

by the algorithm to have maximal value (in order to have decreasing diagonal elements of R),

therefore proving our intuitive explanation of the QRCP column selection.
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To give a more physical interpretation of the column selection in terms of the charge density

or wavefunctions, we observe that from Eq. (6.33) we know that the square modulus of the

i−th column of P is ‖pi‖2 = Pi i , and the diagonal element of P is simply ρ(ri ), i.e. the charge

density at the discretised grid point ri . Therefore, the algorithm will choose the first column

pΠ(1) as the one corresponding to the point in space ri with maximal charge density (i.e., the

projection of a delta-like function centred on ri ).

The second (and following) columns, that are projections of delta-like functions on other grid

points, will then be chosen (as discussed before) so as to maximise the orthogonality of this

projection with respect to the subspace defined by all previous ones. For instance, for the

second vector pΠ(2), the norm of its orthogonal component to pΠ(1) can be shown to be

‖p⊥
Π(2)‖2 = ‖pΠ(2)‖2 − |pΠ(1) ·pΠ(2)|2

‖pΠ(1)‖2 =

= ρ(rΠ(2))−
|PΠ(1)Π(2)|2
ρ(rΠ(1))

, (6.34)

and therefore choosingΠ(2) to maximise it (at fixed chosenΠ(1)) is equivalent to maximising

ρ(rΠ(2))−
|PΠ(1)Π(2)|2
ρ(rΠ(1))

. (6.35)

Equivalence of the SCDM method with the Cholesky orbitals

We want to show here that the algorithm to obtain the Cholesky orbitals of Aquilante et al. (21)

provides the same selection of columns as the QRCP prescribed by the SCDM method.

As also explained in Ref. [(70)], the following algorithm can be employed in order to obtain the

k−th selected columnΠ(k):

1. Define an initial matrix P (0) = P being the density matrix of the system.

2. At every step k ≥ 1, chooseΠ(k) as the index of the column where the matrix P (k−1) has

maximum diagonal element. Also, we define the k−th Cholesky vector ck as theΠ(k)−th

column of P (k−1), rescaled by the inverse square root of the corresponding diagonal

element:

(ck ) j = 1√
P (k−1)
Π(k)Π(k)

[P (k−1)] jΠ(k). (6.36)

3. Define the matrix P (k) for the next iteration as follows:

P (k) = P (k−1) −ck ·c†
k (6.37)

(where ck ·c†
k indicates a matrix product).
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4. Iterate the previous two points until the needed number of selected columns is obtained.

We can now show that this approach is equivalent to the selection of columns of the QRCP

algorithm. In particular, in the first step, the Cholesky approach selects the column corre-

sponding to the largest diagonal element of P , which is exactly the same choice as the QRCP

algorithm, as discussed in Appendix 6.11.

At the second step (k = 1), substituting Eq. (6.36) in Eq. (6.37) and using P (0) = P , we have

P (1)
i j = Pi j − [cΠ(1) ·c†

Π(1)]i j =

= Pi j −
PiΠ(1)P∗

jΠ(1)

PΠ(1)Π(1)
= Pi j −

PiΠ(1)P∗
jΠ(1)

ρ(rΠ(1))
. (6.38)

In particular, we can notice now that the diagonal elements P (1)
j j of P (1) can be written as

P (1)
j j = P j j −

|PΠ(1) j |2
ρ(rΠ(1))

, (6.39)

(where we have used P † = P ) and therefore the choice of j =Π(2) based on the largest diagonal

element of P (1), as prescribed by the Cholesky algorithm, is equivalent to the QRCP choice

maximising Eq. (6.35).

Finally, we note that theΠ(1)−th column of P (1) is composed only by zeros (and analogously

for theΠ(1)−th row since the P (i ) matrices are Hermitian), since

P (1)
iΠ(1) = PiΠ(1) −

PiΠ(1)P∗
Π(1)Π(1)

PΠ(1)Π(1)
= PiΠ(1) −PiΠ(1) = 0 (6.40)

(where we have used the fact that the diagonal elements of P are real). This fact, beside allowing

to give numerical stability to the Cholesky-orbital algorithm by forcing these elements to be

numerically zero, allows us to “remove” the zero row and column from P (1) and repeat the

reasoning by induction for all subsequent Cholesky vectors, working with smaller and smaller

matrices.

Equivalently, one could understand more intuitively the result by noting that the Cholesky

vectors of Eq. (6.36) are normalised to 1 because of Eq. (6.33). Therefore, Eq. (6.37) constructs

a new projection operator P (k) projecting on the subspace of the span of P (k−1) that is also

orthogonal to ck , and then the Cholesky algorithm selects the largest vector in this subspace,

that is exactly what the QRCP algorithm also does, as discussed in Appendix 6.11.
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6.13. Supplementary Information

Supplementary Information

Wannier-interpolated bands for silicon

In Fig. 6.16 we report the Wannier-interpolated valence bands and four low-lying conduction

bands in Silicon for three different set of initial projections (two explicit sets of projections

and one using the SCDM method).

Details of the pseudopotentials

In Table 6.2 we report, for every element appearing in at least one structure used in this work,

the number of valence electrons and the atomic pseudo-orbitals included in the pseudopo-

tential files used in the simulations discussed in this work.
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Figure 6.16 – Wannier interpolated valence bands and four low-lying conduction bands in
Silicon from three different set of initial projections: a) eight sp3 in the back-bonding configu-
ration; b) eight sp3 in the front-bonding configuration and c) from SCDM with µ= 10 eV and
σ= 2 eV. For each plot the interpolation from four minimisation schemes are shown: 1) full
minimisation ofΩ (full_min), with εouter = 17 eV and εinner = 6.5 eV for the disentanglement
step (solid red). 2) Minimisation ofΩI only (dis_only) with εouter = 17 eV and εinner = 6.5 eV
(solid coral). 3) Minimisation of Ω̃ only (wan_only) in the projected subspace (solid turquoise).
4) No minimisation (no_min) (solid blue). The DFT band-structure is also shown for refer-
ence (dotted black). It is worth clarifying that regardless of the initial projections, after a full
minimisation—solid red line in all three panels—the Wannier interpolation is extremely good,
particularly for the valence manifold. In fact, the three methods give almost indistinguishable
results.
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Symbol Zval Pseudo-orbitals Symbol Zval Pseudo-orbitals
H 1 1s Br 7 1s, 1p
He 2 1s Kr 8 1s, 1p
Li 3 1s, 1p, 2s Rb 9 1s, 1p, 2s
Be 4 1s, 1p, 2s Sr 10 1s, 1p, 1d, 2s, 2p
B 3 1s, 1p Y 11 1s, 1p, 1d, 2s, 2p
C 4 1s, 1p Zr 12 1s, 1p, 1d, 2s, 2p
N 5 1s, 1p Nb 13 1s, 1p, 1d, 2s
O 6 1s, 1p Mo 14 1s, 1p, 1d, 2s
F 7 1s, 1p Ru 16 1s, 1p, 1d, 2s
Ne 8 1s, 1p Rh 17 1s, 1p, 1d, 2s
Na 9 1s, 1p, 2s Pd 18 1s, 1p, 1d, 2s
Mg 2 1s, 1p Ag 19 1s, 1p, 1d, 2s
Al 3 1s, 1p Cd 12 1s, 1p, 1d
Si 4 1s, 1p In 13 1s, 1p, 1d
P 5 1s, 1p Sn 14 1s, 1p, 1d
S 6 1s, 1p Sb 15 1s, 1p, 1d
Cl 7 1s, 1p Te 6 1s, 1p
Ar 8 1s, 1p I 7 1s, 1p
K 9 1s, 1p, 2s, 2p Xe 18 1s, 1p, 1d
Ca 10 1s, 1p, 1d, 2s Cs 9 1s, 1p, 1d, 2s, 2p
Sc 11 1s, 1p, 1d, 2s Ba 10 1s, 1p, 2s
Ti 12 1s, 1p, 1d, 2s Hf 12 1s, 1p, 1d, 2s
V 13 1s, 1p, 1d, 2s Ta 13 1s, 1p, 1d, 2s, 2p
Cr 14 1s, 1p, 1d, 2s W 14 1s, 1p, 1d, 2s, 2p
Mn 15 1s, 1p, 1d, 2s, 2p Re 15 1s, 1p, 1d, 2s, 2p
Fe 16 1s, 1p, 1d, 2s, 2p Os 30 1s, 1p, 1d, 1f, 2s, 2p
Co 17 1s, 1p, 1d, 2s, 2p Ir 15 1s, 1p, 1d, 2p
Ni 18 1s, 1p, 1d, 2s, 2p Pt 16 1s, 1p, 1d, 2p
Cu 19 1s, 1p, 1d, 2s, 2p Au 19 1s, 1p, 1d, 2s
Zn 20 1s, 1p, 1d, 2s, 2p Hg 20 1s, 1p, 1d, 2s
Ga 13 1s, 1p, 1d Tl 13 1s, 1p, 1d
Ge 14 1s, 1p, 1d Pb 14 1s, 1p, 1d
As 5 1s, 1p Bi 15 1s, 1p, 1d
Se 6 1s, 1p

Table 6.2 – List of number of valence electrons included in the pseudopotential (Zval) and
atomic pseudo-orbitals included in the pseudopotential file (1s refers to an atomic s pseudo-
orbital without radial nodes, 2p to an atomic p pseudo-orbital with one radial node, . . . )
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7 Precision and efficiency in solid-state
pseudopotential calculations

As we mentioned in Chapter 1, pseudopotentials allow the use of a plane-wave basis set in

electronic-structure simulations and, at the same time, reduce the number of electrons to be

treated explicitly. Crucially, the precision and the efficiency of simulations are bound by the

quality of the pseudopotentials that are employed. It is worth stressing that virtually every

materials’ property computed ab-initio can be substantially affected by the choice of the

pseudopotentials, both in terms of precision and efficiency. More precise pseudopotentials

allow to obtain more reliable results, that is numbers that are closer to the value that would

be obtained by an ideal, perfectly-converged all-electron calculation. In addition, more effi-

cient pseudopotetentials allow for faster calculations by reducing the number of plane waves

that are necessary. A faster calculation also implies the possibility to perform more or larger

calculations for a given computing hours budget, and in fact the efficiency of pseudopoten-

tials is fundamental both for tackling complex structures and for high-throughput materials

screening.

In this chapter we deal with the problem of developing and automating a protocol to assess

the quality of pseudopotentials, both in terms of efficiency and precision. Our work builds

on previous pioneering efforts, among them we mention the GBRV library (19) with its own

design criteria, or the recent community effort on reproducibility among DFT codes (6). We

base our protocol on several independent criteria including verification against all-electron

equations of state and plane-wave convergence tests for phonon frequencies, band structure,

cohesive energy and pressure. Then we obtain two curated pseudopotential libraries that

we name SSSP (or standard solid-state pseudopotential libraries), the first one targets high-

throughput materials screening (“SSSP efficiency”) while the second one focuses on high-

precision materials modelling (“SSSP precision”).

I present the postprint version of the article published open-access in npj Computation Materi-

als, the supplementary material is available online at <https://doi.org/10.1038/s41524-018-0127-2>.

Nicola Marzari and Ivano Castelli designed the study; Gianluca Prandini, Antimo Marrazzo,

Ivano Castelli and Nicolas Mounet developed the workflows and performed the calculations;
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Gianluca Prandini, Antimo Marrazzo, Ivano Castelli wrote the manuscript, and all authors

discussed the protocol, analysed the data, and commented on the manuscript. Gianluca

Prandini, Antimo Marrazzo, Ivano Castelli contributed equally to this work.
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npj Computational Materials, volume 4, Article number: 72 (2018).
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Asbtract

Despite the enormous success and popularity of density-functional theory,

systematic verification and validation studies are still limited in number

and scope. Here, we propose a protocol to test publicly available pseudopo-

tential libraries, based on several independent criteria including verifica-

tion against all-electron equations of state and plane-wave convergence

tests for phonon frequencies, band structure, cohesive energy and pres-

sure. Adopting these criteria we obtain curated pseudopotential libraries

(named SSSP or standard solid-state pseudopotential libraries), that we

target for high-throughput materials screening (“SSSP efficiency”) and high-

precision materials modelling (“SSSP precision”). This latter scores highest

among open-source pseudopotential libraries available in the ∆-factor test

of equations of states of elemental solids.

Introduction

In the last three decades, atomistic electronic-structure methods have radically changed

the way we think at materials theory and simulations. The 1998 Nobel prize in Chemistry

given for density-functional theory (DFT) acknowledges this shift of paradigm. The ability to

reduce the complexity of the many-body quantum-mechanical problem involving interacting

electrons and nuclei into more tractable forms and algorithms allowed to leverage inexpensive

and exponentially growing computational power, in order to provide sufficiently precise

predictions for a great number of materials. What followed has been a flourishing of methods

to compute more and more complex materials properties, and most notably spectroscopies

(such as Raman, IR, ARPES, EELS, NMR and more). Nowadays, the (over)confidence in first-

principles methods is such that they are routinely used to help interpreting experiments and

guide the discovery and understanding of novel materials. In particular, systematic DFT-

based computational materials screening is a fast-growing field of research, as reflected by

the creation, in the last few years, of several research centres worldwide on computational

materials discovery. Up to now, the most visible output has been the creation of large databases

of materials properties obtained from first principles, to be compared with or to augment
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experimental databases such as the Pauling file (1), COD (2) or ICSD (3). Even from a purely

financial perspective, the personnel cost for plane-wave studies is of the order of 1 billion

US$ per year (4), in purchasing power parity (PPP) terms, matched by substantial hardware

usage. It is ever so more remarkable that in spite all of this, the efforts of verification of the

precision of the underlying pseudopotentials (PSPs) or projector augmented-wave (PAW)

approximations have been minimal. Only in 2016 a multi-group effort was able to establish a

baseline in the calculations of the equations of state of elemental crystals (6). In addition to

the issue of precision, or of verification (i.e. insuring that the removal of the core electrons

from the calculations performs with the required tolerance), the issue of performance looms

large - a softer, smoother PSP will allow straightforwardly faster calculations, both because

the basis set is decreased as the computational cost scales with the square of the basis size,

and because the minimization or iterative approaches can become more efficient or better

pre-conditioned with a smaller basis.

Here, we introduce a PSP testing protocol based on extensive DFT and density-functional

perturbation theory (DFPT) calculations of elemental solids, and select the optimal PSP for 85

elements of the periodic table. Our protocol, named SSSP (standard solid-state pseudopoten-

tial) testing protocol, is made of a verification part, based on the ∆−factor (i.e. the difference

between all-electron and PSP equations of state) (7; 6), and an extensive performance-oriented

part based on plane-wave convergence tests for phonon frequencies, band structures, cohe-

sive energies and stress tensors. We underlie here that the SSSP testing protocol is a protocol

based on verification and not on validation (following the nomenclature of Ref. (6)). Indeed

our primary goal is to test the precision (verification) of the PSPs and thus to furnish, through

our testing protocol, PSP libraries that give results as close as possible to the “exact” theoreti-

cal results for the PBE functional, as they would be obtained through a perfectly converged

all-electron calculation. We do not perform any comparison with respect to experimental

results, i.e. we do not test the accuracy (validation) of the PSPs.

We consider up to eight (depending on the element) publicly available PSP libraries for the PBE

functional (8) and test them with the PWscf and Phonon codes of the Quantum ESPRESSO (QE)

distribution (9) in an automated fashion within the framework of the AiiDA (10) infrastructure

for reproducible computational science. AiiDA also allows straightforward dissemination of

results through the Materials Cloud web platform (11), a cloud service designed to enable data

sharing in computational materials science.

Finally, we propose two optimal PSP libraries chosen according to the SSSP testing protocol

and criteria.
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Results and Discussion

SSSP testing protocol

In this work we investigate the precision and performance of several PSPs libraries available for

the QE distribution (9). QE is an integrated suite of open-source codes for electronic-structure

calculations based on DFT which uses plane-waves as basis set and PSPs to represent the

electrostatic electron-ion interactions. Nowadays QE is one of the most popular DFT codes

adopted by researchers for the first-principles study of materials properties, with more than

1100 citations yearly, according to Google Scholar™.

All the tested PSP libraries are based on the generalized gradient approximation (GGA) for the

exchange-correlation functional of Perdew, Burke and Ernzerhof (PBE) (8) and they include the

three main pseudization approaches (12): norm-conserving (NC) (13), ultrasoft (US) (14) and

projector-augmented wave (PAW) (15). In particular, we investigate three PAW PSP libraries

(pslibrary.0.3.1 (16), pslibrary.1.0.0 high accuracy (17) and the library proposed by Topsakal

and Wentzcovitch for the rare-earth elements (18)), five US libraries (GBRV (versions 1.2, 1.4

and 1.5) (19), pslibrary.0.3.1 (16), and pslibrary.1.0.0 high accuracy (17)) and two NC libraries

(SG15, versions 1.0 and 1.1 (20)). For a few selected elements, i.e. N, O, F and Hf, in which all

the PSP libraries above perform less well in the ∆-factor test we also consider the recent NC

Pseudo Dojo library (21) and, only for N, our own set (called THEOS) of US PSPs. Besides, for

the elements from H to Ne in the periodic table, we test the NC library proposed by Willand et

al. (22) which is tailored for systems made of light elements (see Table 7.3 for a list of all the

PSP libraries tested).

Verification tests

Equation of state.In order to assess the precision of PSPs, we compute the ∆-factor, i.e. the

integral of the difference between the equations of state calculated with PSP simulations and

with reference all-electron results. For this purpose we use the protocol introduced in 2014 by

Lejaeghere et al. (7). This protocol was recently exploited to compare 15 different DFT codes,

including both all-electron and PSP codes, in order to verify the reproducibility of the PBE

equations of state of elemental crystals across different methods and implementations (6).

The protocol consists in calculating the energy-versus-volume at 7 equidistant points centred

around the reference equilibrium volume and then performing a Birch-Murnaghan fit. From

the parameters of the fit some important physical quantities related to the structural and

elastic properties of the system are extracted: the equilibrium volume V0, the bulk modulus

B0 and the first derivative of the bulk modulus B1. The ∆-factor, that is reported in units of

meV/atom, gives an overall estimate of the discrepancy between PSPs and all-electron results

in terms of these structural properties.

However, as originally noticed by F. Jollet et al. (23), the ∆-factor is a stiffness dependent

quantity, being proportional to B0. Indeed, very soft materials, as for example the noble-gas

solids, are generally associated with small values of the ∆-factor, even for significant volume
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differences. On the other hand for very hard materials the opposite situation occurs, i.e. small

volume differences give rise to large values of the ∆-factor. To solve this problem the alterna-

tive ∆′-factor was introduced, which corresponds to a ∆-factor “renormalized” to reference

values of V0 and B0 as described in Ref. (23). In Fig. 7.1 it is shown how the ∆′-factor is indeed

very strongly correlated with the differences in equilibrium volume, δV0, obtained from the

equations of state (note that the data for ∆-factor, ∆′-factor and δV0 reported in the scatter

plots of Fig. 7.1 are taken between pairs of PSPs for the elemental crystals tested in this work

and not between PSPs and all-electron results). Instead the ∆-factor is scattered along a wide

range of slopes that correspond to different values of the bulk modulus B0: small (large) bulk

moduli correspond to small (large) slopes. In our protocol we adopt the ∆-factor (and not the

∆′-factor), as much more ∆-factor reference data has been produced in the literature (6) for

several PSP libraries and codes. However, for completeness, we compute also the renormalized

∆′-factor and report this value as well. Broadly speaking two compared equations of state can

be considered undistinguishable if the ∆-factor is smaller than 1 meV/atom (valid for most of

the elemental solids but with the notable exception of very soft materials) or if the ∆′-factor

is smaller than 3 meV/atom, where the latter corresponds to a variation in the equilibrium

volume of less than 0.5% for all elemental solids (see Fig. 7.1).

The reference all-electron results of the equation of states chosen in this work are the ones

of the WIEN2k code reported in Ref. (6), with the exception of the rare-earth nitrides for

which we use the WIEN2k results reported in Ref. (18). All PSP calculations needed for the

∆-factor estimation are performed at the reference wavefunction cutoff of 200 Ry using a

dense Monkhorst-Pack k-grid of 20×20×20 and a Marzari-Vanderbilt smearing (24) of 2 mRy.

Magnetism is included for the equations of state of oxygen and chromium (antiferromag-

netism), manganese (antiferrimagnetism) and iron, cobalt, nickel and the rare-earth nitrides

(ferromagnetism).

Within the SSSP testing protocol we study the convergence of four different quantities as

a function of the wavefunction cutoff Ec , i.e. of the number of plane-waves used in the

expansion of the Kohn-Sham states. The tested quantities are phonons frequencies at the

zone-border, cohesive energies, pressure, and band structures.

All the calculations are performed on the ground-state structures of elemental crystals at 0

K, as provided in Ref. (25), with the exception of fluorine for which the SiF4 structure is used

because of convergence issues of the elemental fluorine structure and of lanthanides that are

not included in the test set of Ref. (25) and for which the nitride structures of Ref. (18) are used.

In total we test 85 different elements of the periodic table.

In all PSP frameworks, a plane-wave representation of the charge density requires a cutoff, Eρ ,

higher than the wavefunction cutoff, Ec (26). Typically, convergence tests are performed by

varying Ec and keeping the dual, i.e. the ratio Eρ/Ec , fixed. For instance, in the NC scheme the

charge density is simply the modulus squared of the single-particle wavefunctions, summed
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over all the electrons, and in reciprocal space it reads:

ρ(G) = ∑
n,k

∑
G′
ψn,k(G−G′)ψ∗

n,k(G′) (7.1)

where sums run over the occupied bands with index n, Bloch vectors k and reciprocal lattice

vectors G′. Hence, the largest G-vector appearing in the charge density has modulus twice

as large as the largest G-vector appearing in the wavefunction and, as plane-wave energies

scale quadratically, the dual should be equal to 4 to guarantee that all Fourier components

are represented. So for NC PSPs we always adopt a dual of 4, although it is known that in

some cases calculations could be efficiently converged with a lower dual. In the PAW and

US formalisms, wavefunctions are designed to be slowly varying in real space (i.e. to be

soft) requiring substantially fewer plane-waves to be represented with respect to NC pseudo-

wavefunctions. The price for working with a reduced basis set is the additional complexity in

deriving expressions for observables, including the charge density which cannot be simply

computed using Eq. 7.1. However the charge density ρ is the fundamental quantity in DFT.

The physics of the problem and the energy functional determine the spatial variation of ρ and

thus the cutoff Eρ , independently of the PSP scheme that is adopted. Fundamentally, that is

why PAW and US PSPs require relatively high duals, where according to common knowledge a

choice of a dual of 8 is usually reasonable to efficiently achieve good precision. However, the

convergence patterns at duals equal to 12 and 16 are also checked for selected elements that

show a particularly high wavefunction cutoff, namely manganese, iron, cobalt, hafnium and

oxygen, as also suggested by a convergence study on Fe (27).

The convergence patterns are obtained at fixed duals as specified above and E ref
c = 200 Ry as

the reference wavefunction cutoff (28). All the quantities are considered as differences with

respect to the corresponding reference value calculated at E ref
c . An example of the calculated

convergence pattern plot is shown in Fig. 7.2 for the case of palladium.

We choose 200 Ry as the reference wavefunction cutoff because, for each element, all the

quantities tested in the SSSP testing protocol typically convergence well before that value for

at least one PSP (with radon being the only exception, as discussed in the Supplementary

Information). Therefore, even if for some hard PSPs the convergence plots could be marginally

different by using a larger value for E ref
c , those modifications would not be relevant for the

conclusions of our work and, in particular, the selection of the SSSP libraries would not be

affected.

We perform all the tests on the elemental crystals using a relatively coarse 6×6×6 Monkhorst-

Pack (29) k-grid (except for oxygen and all the lanthanides where a 10×10×10 k-grid is used

instead) because in our protocol for convergence we are not directly interested in the absolute

values of the tested quantities but rather on their difference with respect to the reference values

computed at E ref
c . We also disregard spin-polarization in all the convergence tests but we have

verified for the magnetic structures that the convergence patterns are not substantially altered

by the inclusion of magnetism (see Supplementary Information).
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The convergence of vibrational properties of elemental crystals is performed by calculating,

within the framework of DFPT, the phonon frequencies at the zone-border of the Brillouin

zone, i.e. at the point Q = ( 1
2 , 1

2 , 1
2 ) in relative coordinates of the reciprocal lattice vectors. While

the∆-factor test is related to the structural and elastic properties of the system, by considering

phonon frequencies at the border of the Brillouin zone we have access to information related

to both acoustic and optical modes.

The number of phonon frequencies depends on the number of atoms in the unit cell, and

so on the element under investigation. In the convergence pattern plots of the SSSP testing

protocol we condense the information related to the several phonon frequencies into a single

number δω̄. It is defined as a relative average deviation (in percentage) among all the phonon

frequencies ωi calculated at Q for each wavefunction cutoff Ec :

δω̄=
√√√√ 1

N

N∑
i=1

∣∣∣∣ωi (Ec )−ωi (E ref
c )

ωi (E ref
c )

∣∣∣∣2

(7.2)

where N is the total number of phonon frequencies. The maximum relative deviation is

similarly defined as

δω̄er r or = max
i

∣∣∣∣∣ωi (Ec )−ωi (E ref
c )

ωi (E ref
c )

∣∣∣∣∣ (7.3)

and it is represented as an half error bar in the convergence pattern plots.

If the highest phonon frequency ωmax of an elemental crystal at Q is smaller than 100 cm−1 at

E ref
c , the absolute average deviation and the corresponding maximum deviation are computed

instead of the relative ones, since a precision of a few cm−1 is often the reasonable target for a

DFPT calculation.

Cohesive energies.We investigate the convergence of the energy difference between the crys-

talline solid and the corresponding individually isolated atoms, i.e. the cohesive energy of

the elemental crystals. Since periodic boundary conditions are used in the calculations, the

isolated atom is placed in a cell of lattice parameter equal to 12 Å. to avoid spurious interac-

tions with the periodic images. The quantity δEcoh considered in the SSSP testing protocol is

defined as the absolute difference between the cohesive energy at a given cutoff Ec and the

one at the reference wavefunction cutoff E ref
c , i.e. 200 Ry (in units of meV per atom).

Pressure.We evaluate the convergence of the stress by computing the hydrostatic pressure,

which is defined as P = 1/3Tr(σ), where σ is the stress tensor. Rather than checking conver-

gence directly on the pressure itself (the magnitude of which depends strongly on the stiffness
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7.2. Results and Discussion

Figure 7.1 – Correlation of the ∆-factor (left panel) and the ∆′-factor (right panel) with the
difference in equilibrium volume, δV0, estimated from the Birch-Murnaghan fit of the equa-
tions of state. The data points are obtained from the comparison between pairs of PSPs for
the 85 elemental crystals tested in this work and are the results of calculations performed
at E ref

c = 200 Ry. While the ∆′-factor is strongly correlated with δV0, the ∆-factor is instead
scattered along a wide range of slopes that correspond to different values of the bulk modulus
B0.

of the material) we evaluate it through its conversion into an equivalent volume. This allows

the definition of a stiffness-agnostic and hence material’s independent convergence criterion.

Starting from the Birch-Murnaghan equation of state for the pressure fitted on the reference

all-electron calculations

PBM(V ) =3B0
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]}
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(7.4)

we define the deviation volume V ′ as the one closest to the equilibrium volume V0 such that

PBM(V ′) = δP where δP = P (Ec )−P (E ref
c ) is the residual pressure of a calculation performed at

the cutoff Ec . With this definition, fully converged values of pressure give δP = 0 and therefore

V ′ =V0. Once V ′ is known we can eventually find the relative volume deviation (in percentage)

due to the residual pressure: δVpr ess = (V ′−V0)/V0, which is the quantity considered in the

SSSP testing protocol.

Band structure.The tests discussed so far deal with ground-state quantities only, computed

either using DFT or DFPT. However, PSP calculations are often employed to study optical,
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Figure 7.2 – SSSP testing protocol applied to palladium. For each pseudopotential the con-
vergence w.r.t. the wavefunction cutoff of the zone-boundary phonons (δω̄), cohesive energy
(δEcoh), pressure (δVpr ess) and bands structure (η10 and maxη10) is monitored. The hori-
zontal dashed lines correspond to the thresholds of the SSSP selection criteria (efficiency or
precision); here precision is shown. On the right-hand side we report the number of valence
electrons of the pseudopotential (Z), the ∆-factor and the ∆′-factor with respect to the refer-
ence all-electron results and the converged value of the highest phonon frequency (ωmax ).
The circle marks the pseudopotential and wavefunction cutoff chosen for the SSSP library
(version 1.1). All convergence pattern plots of the 85 elements tested are available on the
Materials Cloud platform (11).
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7.2. Results and Discussion

Figure 7.3 – Band structure of FCC Pb along a high-symmetry path, for several pseudopotential
libraries (top panel). The valence bands are almost identical to each other, while some
differences appear in the conduction bands: the SG15 bands deviate from the other bands
around 7-10 eV over the Fermi level and a flat ghost state in the GBRV bands is clearly visible
at around 8 eV. These differences between band structures can be compressed into the bands
distances ηv and η10, reported in units of meV (bottom panel). In addition, ghost states in
the band interval considered can be automatically detected as peaks in the η function, hence
simplifying greatly the verification of spectral properties.
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transport and other properties that involve charged or neutral excitations. The majority of

excited-states calculations are based on many-body perturbation theory (MBPT), e.g. G0W0

and self-consistent GW (30; 31; 32), the Bethe-Salpeter equation (BSE) (33), or dynamical mean

field theory (DMFT) (34), and are performed on-top of a DFT calculation, which provides

the starting point for both self-consistent and one-shot approaches. Hence, we include

band structures in our testing protocol, taking into account both the occupied bands and

some of the lower lying unoccupied bands. Here, we outline a protocol for performing both

convergence tests and verification of band structures by defining a bands distance (a similar

idea has been proposed independently in Ref. (35)). The aim is to quantify how much two

band structures “differ” by introducing a simple and computationally inexpensive metric

in the band structures space. We call our bands distance η and consider two cases that are

distinguished solely by the number of bands taken into account. The ηv (or “eta valence”)

considers the occupied bands only, while in the η10 (or “eta conduction 10”) all the bands up

to 10 eV above the Fermi level are considered. We always use a robust (0.3 eV) Fermi-Dirac

smearing to deal with partially occupied bands, while to compute ηv for insulators we use

no smearing. We choose a 6x6x6 uniform Monkhorst-Pack (MP) mesh, in the full Brillouin

zone and with no symmetry reduction. Choosing a high-symmetry path could result in an

unsatisfactory arbitrary choice, as different recipes for the standardization of paths have been

introduced in the recent literature (36; 37) and interesting features of the band structure may

occur far from the high-symmetry lines (such as Weyl points) (38; 39). A uniform mesh is

also more appropriate from the point of view of electron’s nearsightedness (40): if the energy

eigenvalues are known on a sufficiently fine uniform k-points mesh, it is possible to get an

exact real-space representation of the Hamiltonian in a Wannier function basis (41) and then

interpolate to an arbitrary fine mesh.

Let us suppose we have two sets of bands εA
nk and εB

nk; we define the distance between the two

sets of (valence) bands as

ηv (A,B) = min
ω

√√√√∑
nk f̃nk(εA

nk −εB
nk +ω)2∑

nk f̃nk
, (7.5)

where

f̃nk =
√

fnk(εA
F ,σ) fnk(εB

F ,σ), (7.6)

fnk(ε,σ) being the Fermi-Dirac distribution and σ the smearing width. The Fermi ener-

gies, ε(A,B)
F , for the two band structures A and B are obtained from the relation N (A,B)

el =∑
nk f (A,B)

nk (ε(A,B)
F ,σ), where Nel is the number of electrons. In order to properly align the two

sets of bands, ηv is defined as the minimum with respect to a rigid energy shift ω.

We now consider also the low lying conduction bands by introducing η10, defined as in Eq. 7.5

but with a Fermi level up shift of 10 eV. In this way, η10 measures the bands distance of the

valence bands plus the conduction bands up to 10 eV above the Fermi energy.

Finally, we also take into account the possibility that significant differences between band

structures may occur only in subregions of the Brillouin zone or in small energy ranges. After
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computing the η, we check the slowest converging band by computing max η, defined as

max η= max
nk

|εA
nk −εB

nk +ω|, (7.7)

and request that is has to be converged with a slightly higher threshold than η itself.

In the SSSP testing protocol we use η10 and maxη10 (in units of meV) as criteria to quantita-

tively study the convergence of band structures.

SSSP selection criteria

We discuss now the selection criteria used to build our optimal PSP libraries, namely the

SSSP efficiency and SSSP precision libraries (version 1.1). As mentioned in the introduction,

our primary goal is to define tested PSP libraries with a focus on efficiency and precision for

high-throughput calculations and to suggest converged wavefunction cutoffs. The main idea

behind the SSSP precision library is to provide the PSPs that are the closest to all-electron

calculations in terms of ∆-factor computed at the reference wavefunction cutoff E ref
c , without

much consideration on the computational cost and the wavefunction cutoffs actually needed

to converge all relevant quantities. On the other hand, the SSSP efficiency library is designed

for practical applications that should remain affordable, and therefore PSPs are chosen such

that wavefunction cutoffs are as low as possible while keeping the precision reasonable.

The selection criteria are listed in Table 7.1. For SSSP efficiency, when possible we select

PSPs with a rather small ∆-factor (below 1 meV/atom). The phonons δω̄ should be converged

within 2% (or within 2 cm−1 if the highest phonon frequency is smaller than 100 cm−1), the

cohesive energy δEcoh within 2 meV, the pressure within 1% for δVpr ess (i.e. 0.33% on the

lattice parameter of a cubic crystal) and the band structure within 10 meV for η10 and within 20

meV for maxη10. For the SSSP precision, the criteria are slightly stricter (see Table 7.1) and we

systematically opt for the PSP with the smallest ∆-factor. Therefore the wavefunction cutoffs

of the SSSP precision are typically higher than the ones proposed for the SSSP efficiency.

We underline here that in a few difficult cases the SSSP libraries are built following these

criteria as general guidelines and not using these as strict rules. In practice, this means that the

PSPs are chosen one-by-one through human inspection and not with an automatic procedure.

This flexible approach is necessary because the convergence of some of the tested quantities

is sometimes slow and/or irregular. For example it can happen that the selection criteria are

not all together satisfied at a reasonable wavefunction cutoff for any of the PSPs of a given

element or that the convergence patterns show outlier data points or oscillations. A clear

example of this situation is given by the extremely soft noble-gas elemental solids for which

the convergence of the tested quantities, in particular of the stress tensor and of the phonon

frequencies, can be very noisy due to numerical instabilities. In these cases it is therefore

necessary to make compromise choices that can sacrifice or increase some of the thresholds

imposed by the SSSP selection criteria, if no other possibilities are available or in order to keep

the computational cost reasonable.
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SSSP efficiency SSSP precision notes
Phonon frequencies (δω̄) < 2% < 1% < 1 cm−1 if ωmax < 100 cm−1

Cohesive energy (δEcoh ) < 2 meV/atom < 2 meV/atom
Pressure (δVpr ess ) < 1% < 0.5% in terms of volume differences
Band structure (η10) < 10 meV < 10 meV
Band structure (maxη10) < 20 meV < 20 meV
Equation of state (∆-factor) < 1 meV/atom (if possible) smallest

Table 7.1 – Selection criteria for the SSSP efficiency and SSSP precision libraries.

Ghost states

We use the bands distance η10 defined above not only for the convergence tests but also

to compare the band structures of the tested PSPs for all the elemental crystals considered.

However different PSPs are often generated with different combinations of semi-core states

in the valence band. Hence, we compare only the bands they have in common, by taking

the minimum number of electrons of all the set and cutting the exceeding low-energy bands

accordingly (42).

By means of this additional criterion it is possible to automatically detect ghost states (43) in a

PSP in the valence and in the conduction up to the chosen threshold (here 10 eV above the

Fermi energy), as they are signalled by extremely large values (of the order of eV or more) of

the bands distances when computed with respect to other ghost-free PSPs (see Fig. 7.3 for

an example). A list of the tested PSPs having ghost states in the empty conduction bands is

reported in Table 7.2. However, it is worth noting that standard DFT calculations for ground-

state properties are unaffected by ghost states above the Fermi level. Nonetheless they could

be a possible source of problems for applications related to excited-state properties (e.g. in

MBPT calculations such as GW or BSE). As expected, none of the PSPs considered has ghost

states in the valence as they would give unphysical results also for ground-state properties

and they would be easily spotted.

We stress here that the bands distance could in principle also be used for verification studies

because it would allow for a quantitative comparison of PSPs band structures with reference

all-electron band structures.

Correlations among tested quantities

Before giving the list of PSPs chosen by following the SSSP testing protocol, we show with

an analysis of our results that an accurate selection of PSPs for generic applications in com-

putational material science needs several independent criteria to be satisfied, based on the

estimation of different physical properties. This is done also with the purpose of furnishing an

a posteriori justification of the protocol we established for PSP testing. In particular we show

that PSPs that give very similar results for a certain tested quantity can give, in a non-negligible
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Element Pseudopotential
Ar SG15
Cs SG15
In SG15
Hg 031PAW
Hg 031US
S SG15

Se SG15
Sn SG15
Te SG15
Pb GBRV-1.2
Po 031PAW
Po 031US
Sb SG15
Xe 031PAW
Xe 031US

Table 7.2 – List of the only pseudopotentials having ghost states in the conduction bands up to
10 eV above the Fermi level, for all libraries tested. Obviously, none of these is included in the
SSSP libraries. The latest release of the SG15 library (SG15-1.1) has no ghost states.

number of cases, significant discrepancies in the estimation of some other quantity.

We compare the PSP results for the physical properties considered in the SSSP testing protocol

by calculating the discrepancies between all the available PSPs for a given element, using

the data obtained at the reference wavefunction cutoff of 200 Ry. An example is shown in

Fig. 7.4 where the differences between the equations of state (through the use of the ∆-factor)

and between band structures (through the use of η10) are compared for the case of sodium.

We notice that, even if all the sodium PSPs we considered produce very similar equations of

states—with ∆-factors always smaller than 0.3 meV—the band structure of a particular PSP

shows instead substantial differences up to η10 = 65 meV.

More generally, we can study correlation between pairs of quantities by looking at scatter

plots where the differences between all possible couples of PSPs for all the 85 elements are

considered. In Fig. 7.5 we show as an example the correlation plot between the equation of

state (obtained through both the ∆-factor and the ∆′-factor) and pressure (δVpr ess), cohesive

energy (δEcoh), highest phonon frequency (δωmax ) and valence band structure (ηv ). Fig. 7.5

shows how for all such properties correlation is very weak, suggesting that the precision of a

PSP is property dependent. However, we also notice (see Fig. 7.5) that the correlation between

the ∆′-factor and δVpr ess is higher than for the ∆-factor. This observation can be rationalized

in terms of the ∆′-factor renormalization, that provides an estimate of the difference between

two equations of state that is more material-independent and straightforwardly related to

volume differences (see Fig. 7.1 and discussion therein). From our results we conclude that

there is no strong correlation between pairs of tested quantities entering our selection criteria,

hence the similarity between PSPs is strongly property dependent.
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Up to now, the ∆-factor has been the most popular verification test present in the literature to

assess the precision of DFT calculations of solids, although previous work of K. Garrity et al.

(19) provides a testing set that goes well beyond the ∆-factor.

Given the small correlations among the SSSP criteria, we stress here the importance for the

electronic structure community to head for the creation of an heterogeneous set of validated

all-electron reference data, which would ideally include other physical properties beyond the

equation of state, such as phonons or band structures (such effort is currently coordinated by

S. Cottenier). This would allow the extension of the available PSP verification tests beyond the

∆-factor for elemental crystals, potentially improving the assessment of PSPs precision.

Similarly, we show that the convergence with respect to the wavefunction cutoff of a given

physical property usually has a different and uncorrelated behaviour if compared to other

tested quantities (see Fig. 7.6 for a comparison of the wavefunction cutoffs at which two tested

quantities in the SSSP testing protocol reach the required precision for each PSP). Indeed,

differences in the mathematical expression adopted and/or in the code-specific implementa-

tions that are needed to compute the tested quantities can result in different and independent

convergence patterns, so that each quantity reaches the required precision at different wave-

function cutoffs. For example, the derivatives involved in the calculation of the stress tensor

or the phonon frequencies either through direct, finite differences methods or linear response

theory, can introduce different numerical noise and display a slower convergence if compared

to other properties, such as equations of state or band structures, that do not require calcula-

tions of derivatives.

In general, it is therefore necessary to study the convergence of each relevant quantity sep-

arately, in order to correctly estimate the optimal number of plane waves that gives results

converged within the required precision for all the properties of interest.

Exchange-correlation functionals

Our study on the precision and efficiency of PSPs is restricted to the PBE functional as it is

among the most popular ones in the electronic structure community and the only functional

for which a verified set of reference all-electron results for solids exists (6). So the ∆-factor test

for verification can be performed, at the moment, only with the PBE functional.

Still, it is worth to comment on the transferability of the convergence tests performed in the

SSSP testing protocol among different functionals. For this purpose, we consider the revised

PBE GGA for solids, namely the PBEsol (44) functional, and one of the most widely used func-

tionals for the local density approximation (LDA), i.e. the PZ (45) functional. By testing some

elemental crystals for the GBRV library (see Fig. 7.7 for the case of Ga and the Supplementary

Information for a few more systems), we find that the convergence patterns turn out to be

very similar if the PSPs are generated with the same atomic parameters (such as electronic

configuration, cutoff radii, etc.), thus showing a good transferability of the convergence tests

among different local and semi-local functionals.
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Figure 7.4 – Comparison of the discrepancies among PSPs of sodium for the equations of state
(∆-factor) and band structures (η10) at the reference wavefunction cutoff of 200 Ry. Although
all equations of state are very similar among each other, the 031US band structure shows some
discrepancies with respect to other PSPs.

However, performing consistent tests for the transferability of more complex and nonlocal

functionals, such as SCAN (46) (meta-GGA) or HSE (47) (exact-exchange), is less straightfor-

ward because, as of today, no PSP libraries for these kind of functionals exist. Indeed, in these

cases, the common approach followed in all PSP DFT codes is to use PSPs generated with

local or semi-local functionals, e.g. PBE, and to then “switch" to the complex functional, e.g.

HSE, when performing the PSP DFT calculation including the valence electrons only. Tests

performed following this approach, although useful, would not ensure the transferability of

the functional under investigation and more extensive and consistent studies on the subject

are therefore left to future work, in particular when HSE or SCAN PSP libraries, to only cite a

few possible examples, will be available.

SSSP libraries

Table 7.4 shows the two SSSP libraries, efficiency and precision (version 1.1), selected according

to the SSSP selection criteria specified above. The suggested wavefunction cutoffs (in Ry)

and the duals are also indicated for each PSP chosen. The SSSP periodic table with all PSPs,

wavefunction cutoffs and duals is also accesible interactively online on the Materials Cloud

platform (11) (see Fig. 7.8). The average suggested wavefunction cutoffs of the SSSP efficiency

and SSSP precision over all the 85 elements tested are 44 Ry and 56 Ry, respectively. A dual of 8

has been used for all PSPs except norm-conserving ones where a dual of 4 is used, and iron

and manganese for which a dual of 12 is suggested.
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Figure 7.5 – Scatter plots showing the discrepancies among PSPs for all the 85 elements tested.
Each point in the plot corresponds to the discrepancies between pairs of PSPs (of a given
element) for the two quantities tested calculated at E ref

c = 200 Ry. In particular we show
the comparisons between the equations of state (∆-factor in the upper panel, ∆′-factor in
the lower panel) and, respectively, the pressure (δVpr ess), cohesive energy (δEcoh), highest
phonon frequency (δωmax ) and valence band structure (ηv ). No strong correlations among
the quantities tested are observed but we note that the ∆′-factor is more correlated to δVpr ess

than the ∆-factor.
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Figure 7.6 – Comparison of the PSP wavefunction cutoffs (circles) selected strictly following
the SSSP efficiency selection criteria (see Table 7.1) for the phonon frequencies (δω̄) and the
cohesive energies (δEcoh). The colormap for the circles corresponds to the number of PSPs
that have that pair of wavefunction cutoffs for the two quantities tested. We find that, in
general, the convergence of one quantity does not imply convergence of the other.

The SSSP efficiency and SSSP precision have small average∆-factors of 0.44 meV and 0.33 meV,

respectively (where the average is performed over all elements tested excluding the 15 rare-

earth nitrides, following the recipe of Ref. (6)).

The SSSP libraries have already proven to be a reliable tool for a number of computational

studies: for instance the beta version (called version 0.7) of the SSSP libraries have enabled

the high-throughput computational exfoliation of two-dimensional materials (48) and have

supported the combined experimental and theoretical study of catalysts for oxygen evolution

reaction (49).

On a more general level, apart from the SSSP testing protocol and libraries, our work provides

a database of verification data and convergence tests that facilitates the optimal choice of PSPs

and wavefunction cutoffs for custom applications. For example, some physical properties may

be implemented only for some PSP types (typically only NC) or some applications may require

convergence of just a subset of the quantities that we consider in the SSSP testing protocol.

By a look at our plots and data, see for instance the condensed plot for palladium shown in

Fig. 7.2, a user can quickly select the optimal PSP and wavefunction cutoff tailored for the

specific application.

Conclusions

In summary, we propose an extensive testing protocol for PSPs to investigate precision and

performance of several NC, US and PAW PSP libraries that are publicly available. We incor-

porate in the SSSP protocol a verification part, based on the ∆-factor, and an efficiency part,
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Figure 7.7 – Comparison of the convergence pattern plots for three functionals, i.e. PBE,
PBEsol and PZ, applied to the GBRV-1.4 PSP of Ga. PBEsol and PZ PSPs are generated with the
same atomic parameters of the original PBE pseudopotential from the GBRV-1.4 PSP library.
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Full name Short name Method Reference
pslibrary.0.3.1 US 031US US (16)

pslibrary.0.3.1 PAW 031PAW PAW (16)
pslibrary.1.0.0 US (high acc.) 100US US (17)

pslibrary.1.0.0 PAW (high acc.) 100PAW PAW (17)
GBRV-1.2 (US) GBRV-1.2 US (19)
GBRV-1.4 (US) GBRV-1.4 US (19)
GBRV-1.5 (US) GBRV-1.5 US (19)

SG15 (NC) SG15 NC (20)
SG15-1.1 (NC) SG15-1.1 NC (20)

RE Wentzcovitch (PAW) Wentzcovitch PAW (18)
Goedecker (NC) Goedecker NC (22)

PseudoDojo (NC) Dojo NC (21)
THEOS (US) THEOS US

Table 7.3 – Pseudopotential libraries tested with the SSSP protocol. The short names cor-
respond to the name used in the convergence pattern plots (see Fig. 7.2) to identify the
pseudopotential libraries.

based on the plane-wave cutoff convergence tests for phonon frequencies, cohesive energies,

pressures, and band structures. Leveraging the SSSP protocol, we identify two optimal PSP li-

braries, named SSSP efficiency and SSSP precision (version 1.1), that provide thoroughly tested

and precise PSPs for 85 elements of the periodic table, selected from publicly available PSP

libraries (16; 17; 18; 19; 20; 21; 22), for which the original authors should be acknowledged. Our

effort not only is particularly relevant for high-throughput computational materials screening,

where the right compromise between precision and computational cost is essential, but it

substantially contributes to set high the bar of the quality of PSP calculations of solid-state

materials. Building on the invaluable work behind all the PSP libraries we considered, we

provide the first-ever systematic survey of PSP quality across multiple physical properties and

multiple libraries and techniques (NC, US and PAW). Our work shows how the assessment

of both precision and efficiency of pseudopotentials is strongly property-dependent and

requires a multi-dimensional quality gauge, pointing to the need of a verification standard

in the computational solid-state community. Given the importance of PSP calculations in

modern materials science, nanotechnology, chemistry and physics, our findings call for more

verification efforts aimed at increasing precision and efficiency of computed quantities that

are routinely used to discuss novel physics, to help interpreting experiments or even to dis-

cover and design novel materials. In particular, we hope that this work will stimulate further

investigations in the all-electron community, that ideally would provide more reference data

for an heterogeneous set of properties elaborating on our discussion.
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Element SSSP efficiency SSSP precision
(1-38) Pseudopotential Cutoff Dual Pseudopotential Cutoff Dual

H 100US 60.0 8.0 SG15 80.0 4.0
He SG15 50.0 4.0 SG15 55.0 4.0
Li GBRV-1.4 40.0 8.0 GBRV-1.4 40.0 8.0
Be GBRV-1.4 40.0 8.0 SG15 55.0 4.0
B GBRV-1.4 35.0 8.0 GBRV-1.2 55.0 8.0
C 100PAW 45.0 8.0 100PAW 45.0 8.0
N THEOS 60.0 8.0 Dojo 80.0 4.0
O 031PAW 50.0 8.0 031PAW 75.0 8.0
F GBRV-1.4 45.0 8.0 Dojo 90.0 4.0

Ne SG15 50.0 4.0 SG15 50.0 4.0
Na GBRV-1.5 40.0 8.0 SG15 100.0 4.0
Mg 031PAW 30.0 8.0 GBRV-1.4 45.0 8.0
Al 100PAW 30.0 8.0 100PAW 30.0 8.0
Si 100US 30.0 8.0 100US 30.0 8.0
P 100US 30.0 8.0 100US 30.0 8.0
S GBRV-1.4 35.0 8.0 GBRV-1.4 35.0 8.0
Cl GBRV-1.4 40.0 8.0 100US 100.0 8.0
Ar SG15-1.1 60.0 4.0 SG15-1.1 120.0 4.0
K 100PAW 60.0 8.0 100PAW 60.0 8.0

Ca GBRV-1.2 30.0 8.0 GBRV-1.2 30.0 8.0
Sc SG15 40.0 4.0 031PAW 90.0 8.0
Ti GBRV-1.4 35.0 8.0 GBRV-1.4 40.0 8.0
V GBRV-1.4 35.0 8.0 GBRV-1.4 40.0 8.0
Cr GBRV-1.5 40.0 8.0 GBRV-1.5 40.0 8.0

Mn GBRV-1.5 65.0 12.0 GBRV-1.5 90.0 12.0
Fe 031PAW 90.0 12.0 031PAW 90.0 12.0
Co GBRV-1.2 45.0 8.0 GBRV-1.2 90.0 12.0
Ni GBRV-1.4 45.0 8.0 GBRV-1.4 50.0 8.0
Cu GBRV-1.2 55.0 8.0 SG15 90.0 4.0
Zn GBRV-1.2 40.0 8.0 GBRV-1.2 90.0 8.0
Ga 100PAW 70.0 8.0 100PAW 90.0 8.0
Ge GBRV-1.4 40.0 8.0 GBRV-1.4 45.0 8.0
As 031US 35.0 8.0 031US 35.0 8.0
Se GBRV-1.2 30.0 8.0 GBRV-1.2 30.0 8.0
Br GBRV-1.4 30.0 8.0 GBRV-1.4 90.0 8.0
Kr SG15 45.0 4.0 SG15 50.0 4.0
Rb SG15 30.0 4.0 SG15 30.0 4.0
Sr GBRV-1.2 30.0 8.0 GBRV-1.2 40.0 8.0

Table 7.4 – SSSP efficiency and precision libraries version 1.1 (part I). The suggested wavefunc-
tion cutoffs (in Ry) and duals are also reported.
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Element SSSP efficiency SSSP precision
(39-85) Pseudopotential Cutoff Dual Pseudopotential Cutoff Dual

Y GBRV-1.2 35.0 8.0 GBRV-1.2 35.0 8.0
Zr GBRV-1.2 30.0 8.0 GBRV-1.2 30.0 8.0
Nb 031PAW 40.0 8.0 031PAW 40.0 8.0
Mo SG15 35.0 4.0 SG15 35.0 4.0
Tc SG15 30.0 4.0 SG15 40.0 4.0
Ru SG15 35.0 4.0 SG15 35.0 4.0
Rh SG15 35.0 4.0 SG15 55.0 4.0
Pd SG15 45.0 4.0 SG15 50.0 4.0
Ag SG15 50.0 4.0 SG15 55.0 4.0
Cd 031US 60.0 8.0 031US 90.0 8.0
In 031US 50.0 8.0 031US 50.0 8.0
Sn GBRV-1.2 60.0 8.0 GBRV-1.2 70.0 8.0
Sb GBRV-1.4 40.0 8.0 GBRV-1.4 55.0 8.0
Te GBRV-1.2 30.0 8.0 GBRV-1.2 30.0 8.0
I 031PAW 35.0 8.0 031PAW 45.0 8.0

Xe SG15-1.1 60.0 4.0 SG15-1.1 80.0 4.0
Cs GBRV-1.2 30.0 8.0 GBRV-1.2 30.0 8.0
Ba 100PAW 30.0 8.0 100PAW 35.0 8.0
La Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Ce Wentzcovitch 40.0 8.0 Wentzcovitch 50.0 8.0
Pr Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Nd Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Pm Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Sm Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Eu Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Gd Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Tb Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Dy Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Ho Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Er Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0

Tm Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Yb Wentzcovitch 40.0 8.0 Wentzcovitch 40.0 8.0
Lu Wentzcovitch 45.0 8.0 Wentzcovitch 45.0 8.0
Hf Dojo 50.0 4.0 Dojo 55.0 4.0
Ta GBRV-1.2 45.0 8.0 GBRV-1.2 50.0 8.0
W GBRV-1.2 30.0 8.0 GBRV-1.2 50.0 8.0
Re GBRV-1.2 30.0 8.0 GBRV-1.2 30.0 8.0
Os GBRV-1.2 40.0 8.0 GBRV-1.2 40.0 8.0
Ir GBRV-1.2 55.0 8.0 GBRV-1.2 65.0 8.0
Pt GBRV-1.4 35.0 8.0 100US 100.0 8.0
Au SG15 45.0 4.0 SG15 50.0 4.0
Hg SG15 50.0 4.0 SG15 55.0 4.0
Tl GBRV-1.2 50.0 8.0 GBRV-1.2 70.0 8.0
Pb 031PAW 40.0 8.0 031PAW 45.0 8.0
Bi GBRV-1.2 45.0 8.0 GBRV-1.2 50.0 8.0
Po 100US 75.0 8.0 100US 80.0 8.0
Rn 100PAW 120.0 8.0 100PAW 200.0 8.0

Table 7.5 – SSSP efficiency and precision libraries version 1.1 (part II). The suggested wave-
function cutoffs (in Ry) and duals are also reported.
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Methods

All the calculations needed for this work (more than 50’000 DFT and DFPT calculations) were

performed with the goal to ensure reproducibility of all the data obtained, compliant with the

FAIR guiding principles for data management (50). This is the reason why we used AiiDA (10),

an open-source Python infrastructure for computational science, that is specifically designed

to track the provenance of data and calculations and that allow the user to implement work-

flows that can run complex sequences of calculations. It is therefore particularly suited for

high-throughput studies, such as the deployment of the SSSP testing protocol, where a large

number of simulations are involved.

In practice AiiDA can prepare and submit calculations (usually to an HPC cluster) and then

retrieve and store the results inside a database, all automatically. The database can be subse-

quently queried by the user to extract data or other useful informations.

The complete SSSP testing protocol is implemented as an AiiDA workflow, called SsspWorkflow,

that can run all the convergence tests and the ∆-factor verification test. The SsspWorkflow

is built on top of the PwWorkflow, a very robust lower-level workflow in charge of handling

all the QE simulations and that can restart calculations in case of standard QE errors or, for

example, if the user-specified wall time is too small.

The SsspWorkflow allows a generic user to perform all the calculations required by the SSSP

protocol in a completely automatic way. With this tool, other and new pseudopotential li-

braries could be easily tested in the future in order to update the subsequent versions of the

SSSP libraries with more precise and efficient PSPs.

Data availability

All the data produced in this work is available open access on the Materials Cloud online plat-

form (11), where the user can interactively browse the results and explore the data provenance.
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Community-driven simulation codes

Modern computational research in materials modelling often employs complex software

packages that are designed to tackle different aspects of the atomistic simulations, such as the

electronic-structure problem, molecular dynamics, Wannier functions, tight-binding models,

topological invariants, perturbation theory and more. Several of these software packages were

born out of focused research effort of an individual or few scientists that had to solve a specific

problem, which required developing the corresponding theory and, often simultaneously,

coding a dedicated piece of scientific software that would compute something that was not

possible to compute before. Decades after, several of these initial well-focused efforts merged

into large code packages that collect the work of dozens of scientists into software distributions,

with a large user base and dedicated forums or mailing lists. Many of the most successful

simulation packages are open-source projects, accepting contributions from any researcher

who is willing to share his code and be responsible for it. In fact, recently these complex

software packages have become community-driven efforts, where a core group of developers

is backed up by many more computational scientists who share their latest developments

or bug fixes through online development platforms such as GitHub1. The importance of

these software packages—that we should consider as true research facilities—for the impact

and development of materials science is hard to overestimate, and it should be considered

comparable to more physical sites such as synchrotrons, microscopes and alike.

During my PhD studies, I have contributed to the development of a couple of community-

driven open-source scientific softwares, namely Yambo and Wannier90.

Many-body perturbation theory calculations using the yambo code

Yambo is an open-source project aimed at studying excited state properties of condensed-

matter systems, especially crystals, from first principles using many-body methods. A yambo

calculation starts from the ground state electronic structure data as computed by density

functional theory codes (e.g. Quantum ESPRESSO), that is considered the mean-field solution

on top of which to apply many-body perturbation theory. Yambo has several features, such

as the calculation of linear response quantities, quasi-particle corrections based on the GW

formalism, optical absorption, and other spectroscopic quantities. In addition, other effects

such as as electron-phonon interactions or very recent advancements, such as a real-time

propagation scheme for simulating linear and non-linear optical properties, have been re-

leased. Yambo has an efficient massively parallel structure based on MPI and OpenMP, that

can be used simultaneously and that allows to exploit modern high-performance computing

architectures. Notably, and of particular relevance for this thesis, yambo is among the very

few codes that allows for a full spinorial treatment of spin-orbit coupling within the G0W0

formalism.

1https://github.com/
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My contributions to the yambo code are two-fold. First, I worked on restructuring the software

interface between yambo and wannier90, with the purpose of allowing Wannier interpolation

of G0W0 band structures. In fact, wannier90 works only with uniform coarse meshes given

on the whole Brillouin zone (BZ), while yambo employs symmetries to compute quantities

on the irreducible BZ (IBZ). On top of that, the convergence of the GW self-energy typically

requires much denser k-point meshes with respect to what is necessary for the charge density

or Wannier interpolation. To tackle this issue, the post-processing routine ypp allows to

unfold the QP corrections from the IBZ to the whole BZ, as it is required by wannier90 for all

interpolation purposes. Then, the wannier90 code produces the G0W0-corrected Wannier

Hamiltonian and it can finally interpolate the G0W0 band structure.

My second contribution is the development of a plugin for yambo within the AiiDA plat-

form. AiiDA is a materials’ informatics infrastructure which implements the so-called ADES

model (Automation, Data, Environment and Sharing) for computational science. The AiiDA

plugins and workflows for yambo are publicly available on GitHub at <https://github.com/

yambo-code/yambo-aiida>, while online documentation and tutorials are available on Read

the Docs <https://aiida-yambo.readthedocs.io>. Input parameters and settings for the sched-

uler are stored as code-agnostic AiiDA data types in a database; then, they are converted by

the yambo-AiiDA plugin into input files for yambo and eventually transferred to a compu-

tational unit (e.g. a remote workstation or an HPC cluster). The AiiDA daemon is in charge

of submitting, monitoring and eventually retrieving the output files of the calculation, then

the relevant information is parsed and stored by the AiiDA plugin. While the relevant data is

actually properly stored in a SQL database, the raw input/output files are stored locally in a

repository. Hence inputs, calculations and outputs are all stored as nodes of a database and

they are connected by directional links, so preserving the full data provenance and ensuring

data reproducibility. The automation tools for yambo allow for a number of applications, such

as speeding up tedious convergence tests or allowing for an automated screening of materials’

optical properties.

The work I have done has been in collaboration with Gianluca Prandini, Andrea Ferretti and

Mike Atambo. Here I report the full bibliographic reference where the latest development of

the yambo code are discussed: D. Sangalli, A. Ferretti, H. Miranda, C. Attaccalite, I. Marri, E.

Cannuccia, P. Melo, M. Marsili, F. Paleari, A. Marrazzo, G. Prandini, P. Bonfà, M.O. Atambo, F.

Affinito, M. Palummo, A. Molina-Sánchez, C. Hogan, M. Grüning, D. Varsano, A. Marini, Many-

body perturbation theory calculations using the yambo code, Journal of Physics: Condensed

Matter, Volume 31, Number 32 (2019), DOI: 10.1088/1361-648X/ab15d0.

Wannier90 as a community code: new features and applications

My contributions to the wannier90 code mirrors the work done for the yambo code, in particu-

lar the interface between the two codes and the development of AiiDA plugins and workflows

for wannier90. Contributions for a GW-ready Wannier90 include dedicated software as men-
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tioned above, but also the corresponding documentation such as a dedicated tutorial on

the Wannier interpolation of the G0W0 band structure for silicon. The work done within

the AiiDA platform has been instrumental and parallel to Chapter 6 on Automated high-

throughput Wannierisation. Documentation on the Wannier90-AiiDA plugin is available at

https://aiida-wannier90.readthedocs.io/en/latest/.

The work I have done has been in collaboration with Giovanni Pizzi, Daniel Marchand, Stepan

S. Tsirkin. Here I report the full bibliographic reference where the latest developments

of the Wannier90 code are discussed: Giovanni Pizzi, Valerio Vitale, Ryotaro Arita, Stefan

Blügel, Frank Freimuth, Guillaume Géranton, Marco Gibertini, Dominik Gresch, Charles

Johnson, Takashi Koretsune, Julen Ibañez-Azpiroz, Hyungjun Lee, Jae-Mo Lihm, Daniel Marc-
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8 Conclusions

If you give more money to theoretical physics,

it doesn’t do any good if it just increases the number

of guys following the comet ahead. So it is necessary

to increase the amount of variety...

and the only way to do it is to implore you few

guys to take a risk with your lives,

the risk that you will never become famous,

the risk that you will never be heard again,

the risk of going out in the wild blue yonder

and see if you can figure it out.

— Richard Phillips Feynman

(meeting of NSF Postdoctoral fellows in Washington, around 1969)

In this thesis I have presented different studies on the electronic structure of crystals and

its topology, with a particular focus on novel two-dimensional topological insulators. I have

discussed the relatively low abundance of such state of matter among exfoliable insulating

materials and identified monolayer jacutingaite as a promising novel candidate displaying

unique physics. I have discussed the physics of monolayer jacutingaite and how its electronic

structure mirrors the one of graphene by means of the Kane-Mele model. Several features

such as the much larger band gap with respect to graphene, the interplay between spin-orbit

coupling, crystal-symmetry breaking and dielectric response, and the fact that jacutingaite is a

naturally-occurring mineral that has also been artificially synthesised, prompted further inves-

tigations on this compound. I have shown how even in its non-exfoliated three-dimensional

form, jacutingaite has an interesting topological order that arises from a non-trivial interlayer

coupling between Kane-Mele layers. As I have shown, jacutingaite exhibits a dual topology,

where a non-trivial weak Z2 invariant coexists with a non-trivial mirror Chern number, a

phenomenon that we understood by extending to three dimensions the Kane-Mele model

through first-principles modelling with maximally-localised Wannier functions. A fingerprint
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of such dual topological order, namely the appearance of (001)-surface states, has already

been confirmed by angle-resolved photoemission experiments. I have then discussed some

developments in the theory of the insulating state, in particular the extension of the localisa-

tion marker to first-principles simulations and its importance for modelling inhomogeneous

disordered systems. This is particularly relevant to study the topologically-protected edge

states of a two-dimensional topological insulator under more realistic conditions. I have also

discussed some efforts for more accurate and faster computational materials screening, in

particular the SSSP project and the quest for automated Wannier functions. The SSSP project

helps to raise the bar for the quality of pseudopotential calculations of solid-state materials,

both by providing a standard to assess the precision and performance of pseudopotentials

and by releasing two sets of pseudopotential libraries that are tailored respectively for high-

throughput and high-accuracy materials modelling. I have also introduced an approach to

provide automated Wannier functions that builds on the SCDM method and it is powered

by workflow automation. The possibility of easily obtaining maximally-localised Wannier

functions will unlock several future studies in electronic structure and topological insulators.

Notably, the automation of Wannier functions can be seen as the exemplary case of a fruitful

collaborative and interdisciplinary effort, in this case between mathematicians (the SCDM

method), computational physicists (Wannier function theory and implementation) and mate-

rials’ informatics experts (databases, simulation workflows and automation), that addresses a

long-standing problem of a scientific community. Later, I have briefly mentioned some work

that is related to the software development of community-driven scientific codes, that has

been instrumental to the overall research effort. Finally, in the next chapter, I will mention

some future directions that we are pursuing in the study of the electronic structure and its

topology, which open up some perspectives on the application-driven computational design

of topological insulators.
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9 Future work

In this chapter I outline some preliminary results and ongoing work related to the topics

discussed in this thesis.

Temperature effects in monolayer jacutingaite

As we have shown in Chapter 2, in monolayer jacutingaite a strong interplay between spin-orbit

coupling (SOC), crystal-symmetry breaking and dielectric response allows for a switchable

topological phase. The mechanism is rooted in the presence of a soft phonon (∼ 40 cm−1)

whose displacement pattern breaks inversion symmetry as discussed in Chapter 2. We expect

that such soft phonon would lower the band gap of the quantum spin Hall phase as the

temperature is increased starting from 0 K. Beyond a critical temperature the gap would

close and reopen into a trivial phase, where the gap increases with temperature. On one side

this phenomenon would be detrimental for the topological phase, on the other it provides a

sharp fingerprint for experimental observations. The effect of temperature has been studied

for instance in Refs. (1; 2), and its strength is particularly material dependent. We started

to assess the magnitude of this effect in monolayer jacutingaite by computing the mean

square displacement (MSD) of the soft phonon, as reported in Fig. 9.1. At the moment, we are

performing Born-Oppenheimer molecular dynamics simulations to sample the configuration

space at different temperatures, later we will compute the ensemble average of the band

gap and of the Z2 topological invariant1. We have also investigated the effect of thermal

expansion (see Fig. 9.1) through the quasi-harmonic approximation. At variance with the

electron-phonon coupling mechanism mentioned above, in monolayer jacutingaite both the

zero-point motion and the temperature effects on the lattice constant are really weak and they

can be safely neglected (see Fig. 9.1).

1This may be performed through a continuity argument starting from 0 K and monitoring the ensemble-
averaged band gap, without necessarily explicitly computing the ensemble-averaged topological invariant.
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Figure 9.1 – Left panel: mean square displacement of the soft phonon in monolayer jacutin-
gaite. Right panel: lattice parameter as a function of temperature obtained through the
quasi-harmonic approximation. The difference between the dot and the triangle at 0 K is due
to the quantum zero-point motion. Calculations have been performed with the PBE functional
including spin-orbit coupling (SOC).

Designing and engineering ferroelectric van-der-Waals quantum spin

Hall insulators

During the search for quantum spin Hall insulators (QSHIs) we have identified a puzzling

candidate, In2S4Zn, where a monolayer is actually made by two subunits held together via

relatively weak interactions dominated by the van der Waals force. Interestingly, one of the

two subunits is a well-known ferroelectric 2D material, namely In2S3. The crystal structure

and the band dispersion (with and without SOC) of In2S4Zn are reported in Fig. 9.2, where a

SOC-driven band inversion is clearly visible.
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Figure 9.2 – Left panel: crystal structure of In2S4Zn (In atoms in purple, S in yellow and Zn in
grey). Right panel: DFT-PBE band structure with and without spin-orbit coupling (SOC).

Although overall In2S4Zn is definitely not an outstanding QSHI candidate, it inspired us to

develop a design a strategy that combines together ferroelectricity and Z2 topological order2

through van-der-Waals (vdW) engineering. The idea is sketched in Fig. 9.3, where a normal 2D

insulator and a ferroelectric 2D insulator are glued together by vdW forces. Depending on the

alignment of the bands originating from the two monolayers, the bands of the heterostructure

2In general, the interplay between ferroelectricity and topological order has been already investigated in the
literature, see for instance Ref.(3).
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9.2. Designing and engineering ferroelectric van-der-Waals quantum spin Hall insulators

can overlap in different ways, leading to a metal or an insulator. Clearly the alignment of the

bands depends on the orientation of the polarization in the ferroelectric layer, that changes the

potential drop between the two subunits. If the two materials are properly chosen, the band

alignment can result in the two configurations showed in Fig. 9.3, where for one direction of

the polarisation the overall system is a trivial insulator while for the other direction the bands

coming from the two layers overlap in a way to create a band inversion, which is ultimately

split by SOC. This strategy offers multiple advantages. First, although the right alignment is

sensitive to many details of the electronic structure, it is possible to choose from a large pool

of potential combinations and design the optimal heterostructure. Second, the topological

invariant now closely follows the direction of polarisation and so it acquires an hysteresis. A

switching of the topological phase can be achieved through a gate voltage that prompts a

reversal of the polarisation, but once the transition has occurred there is no need to waste

electricity to maintain that state in that given polarisation/topological state. This can be seen

as an “upgrade” to the well-known model for topological field-effect transistors, where the

topological phase is switched through a gate voltage: here only the switching requires an

external perturbation thanks to the memory effect introduced by ferroelectricity.

Insulator

Ferroelectric insulator

Antiferroelectric Topological Insulators in Orthorhombic
AMgBi Compounds (A=Li, Na, K)

Bartomeu Monserrat,1,2,* Joseph W. Bennett,1 Karin M. Rabe,1 and David Vanderbilt1
1Department of Physics and Astronomy, Rutgers University, Piscataway, New Jersey 08854-8019, USA

2TCM Group, Cavendish Laboratory, University of Cambridge, J. J. Thomson Avenue, Cambridge CB3 0HE, United Kingdom
(Received 4 February 2017; revised manuscript received 23 May 2017; published 21 July 2017)

We introduce antiferroelectric topological insulators as a new class of functional materials in which an
electric field can be used to control topological order and induce topological phase transitions. Using first
principles methods, we predict that several alkali-MgBi orthorhombic members of an ABC family of
compounds are antiferroelectric topological insulators. We also show that epitaxial strain and hydrostatic
pressure can be used to tune the topological order and the band gap of these ABC compounds.
Antiferroelectric topological insulators could enable precise control of topology using electric fields,
enhancing the applicability of topological materials in electronics and spintronics.

DOI: 10.1103/PhysRevLett.119.036802

Topological insulators and related materials [1–3] exhibit
unusual properties such as robust edge currents and spin-
momentum locking. These unconventional properties have
led to a plethora of proposals for the use of topological
materials in fundamental research spanning from magnetic
monopoles [4] to Majorana fermions [5], and in applica-
tions such as fault-tolerant quantum computers. In this
context, an innovative route towards the control of topo-
logical order is by means of electric fields [6–12].
A promising direction for controlling topological order

with an electric field is to utilize ferroelectric materials that
harbor topological states. Ferroelectrics exhibit two states
of opposite polarity (P) that can be controlled by an electric
field (E) as shown schematically in Fig. 1(a). The two
polarization states in these ferroelectric topological insula-
tors could be used, for example, to create spin-selected
collimated electron beams [11] or to control the spin texture
around the Dirac cones of the surface states [12]. Several
materials have been proposed to exhibit these properties:
superlattice combinations of the ferroelectric material GeTe
and the topological insulator Sb2Te3 exhibit electric field
control of topological order [8]; strained LiZnSb and
CsPbI3 are candidate ferroelectric topological insulators
[10,11]; and ferroelectricity and topological order coexist in
some ABC hyperferroelectrics, which could be candidates
for thin-film applications [12].
In this Letter, we explore the possibility of controlling

topological order in antiferroelectric materials, which
exhibit an antipolar ground state and two polar states that
can be accessed using an electric field, as shown sche-
matically in Fig. 1(b). In ferroelectric materials, the two
polar states are related by inversion symmetry, imposing
the same topological character on both. Antiferroelectrics
are more flexible, as inversion symmetry also dictates that
the two polar states have the same topological character, but
the antipolar state could belong to a different topological

class. Thus, we define an antiferroelectric topological
insulator (AFTI) as an antiferroelectric material in which
at least one of the states is a topological insulator. There can
be three different types of AFTIs, depending on which
states are topological insulators: (i) a type I AFTI with an
antipolar normal state and polar topological states, (ii) a
type II AFTI with an antipolar topological state and polar
normal states, and (iii) a type III AFTI with antipolar and
polar topological states. Electric fields could be used to
drive topological phase transitions in AFTIs of types I
and II. Of these, AFTIs of type I are perhaps the most
interesting as their topological polar states would exhibit
the properties of ferroelectric topological insulators. The
schematic of Fig. 1(b) shows an example of an AFTI of
type I.
We study potential AFTIs in the ABC family of materials

which includes compounds that are proposed to be
ferroelectric [13], antiferroelectric [14], and hyperferro-
electric [15]. The antiferroelectric ABC compounds have a
nonpolar reference structure of hexagonal P63=mmc space
group with energy-lowering distortions to an antipolar

FIG. 1. Schematic representation of (a) a ferroelectric topo-
logical insulator and (b) an antiferroelectric topological insulator
with an antipolar normal insulator (NI) state and two polar
topological insulator (TI) states, referred to as a type I antiferro-
electric topological insulator in the text.

PRL 119, 036802 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
21 JULY 2017

0031-9007=17=119(3)=036802(5) 036802-1 © 2017 American Physical Society

NI

Figure 9.3 – Schematics of a ferroelectric quantum spin Hall insulators, engineered via van-der
Waals stacking of a normal insulator and a ferroelectric insulator. The band alignment changes
for the two polarization direction and can lead either to a trivial gapped phase or to a band
inversion. Notably theZ2 invariant assumes an hysteresis, following the change of polarisation.
The phase diagram is inspired by Ref.(3).

In collaboration with Marco Gibertini we started to search for the optimal combination made

of exfoliable materials, and a possible viable heterostructure seems to be In2Se3/PtTe2 as

shown in Fig. 9.4. In the ferroelectric In2Se3 a polarisation reversal is accompanied by a

structural distortion between two polar phases, with a polarisation that is parallel to the

stacking axis. We compute the band structures (Fig. 9.4) for the two structural configurations

and show that they follow the mechanism discussed in Fig. 9.3: in one case the system is a

trivial insulator while in the other case the bands are inverted around the Fermi level and split

by SOC.
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Figure 9.4 – Prototype of a van-der-Waals heterostructure with ferroelectric Z2 topological
order, based on 2D materials In2Se3 (bottom layer) and PtTe2 (top layer). The reversal of the
polarisation in the ferroelectric layer is followed by a change in the band alignment. Depending
on the sign of polarisation, the band structure switches from a trivial gapped phase to a band
inversion with degeneracies at the Fermi level that are split by SOC.
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