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Abstract – We present an extensive discussion on the homogenization and scattering analy-
sis of second-order nonlinear metasurfaces. We use the generalized sheet transition conditions
(GSTCs) in the frequency-domain to model the electromagnetic responses of nonlinear meta-
surfaces. We present the general second-harmonic scattering relations, in the undepleted pump
regime approximation, and the resulting reflectionless, transmissionless and asymmetric reflec-
tion and transmission conditions. Finally, to clarify certain misconceptions, we also discuss the
concept of nonreciprocal scattering in nonlinear optics.

I. INTRODUCTION

Nonlinear metasurfaces have recently emerged as a new paradigm shift in the realm of nonlinear optics and
have consequently attracted much attention [1, 2]. In order to fully exploit their potential in controlling electro-
magnetic fields, one needs a general characterization of their scattering properties. This conference paper aims at
presenting our most recent work pertaining to the homogenization and scattering analysis of second-order nonlin-
ear metasurfaces [3]. This work extends our previous developments related to the electromagnetic theory of linear
and nonlinear metasurfaces [4–7]. Additionally, it completes other recent works, which also cover the topics of
second-order nonlinear metamaterial structures and metasurfaces [8–12].

II. MODELING OF SECOND-ORDER NONLINEAR METASURFACES

In the frequency-domain, assuming an undepleted pump regime and considering only the generation of second-
harmonic (SH) light, the generalized sheet transition conditions (GSTCs) applied to a second-order nonlinear
metasurface lying in the xy-plane at z = 0 read

z ×∆H2ω = j2ωP 2ω − z ×∇M2ω
z , (1a)

z ×∆E2ω = −j2ωµ0M
2ω − 1

ε0
z ×∇P 2ω

z , (1b)

where ∆E2ω and ∆H2ω represent the difference of the SH fields between both sides of the metasurface, and P 2ω

and M2ω are the effective electric and magnetic polarization densities, respectively. For a nonlinear metasurface,
these polarizations may be split into linear and nonlinear contributions as P 2ω = P 2ω

lin + P 2ω
nl and M2ω =

M2ω
lin + M2ω

nl . The linear polarizations model how the SH fields interact with the metasurface and are generally
given in terms of the following bianisotropic susceptibility tensors [13]

P 2ω
lin = ε0χee ·E

2ω
av + ε0η0χem ·H

2ω
av , (2a)

M2ω
lin = χmm ·H

2ω
av +

1

η0
χme ·E

2ω
av , (2b)

where the subscript “av” refers to the arithmetic average of the SH fields on both sides of the metasurface. Similarly,
the nonlinear polarizations model how the SH fields are generated by the interactions of the pump fields with the
metasurface nonlinear susceptibility tensors. These nonlinear polarizations may generally be expressed as

P 2ω
nl =

1

2
ε0
(
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avE
ω
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)
, (3a)
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Using (1) along with (2) and (3), one may either homogenize a nonlinear metasurface, i.e. find its effective
susceptibility components in terms of known (measured or simulated) fields, or compute the fields scattered by a
metasurface with known susceptibilities [3]. The operation of homogenization is already discussed in the litera-
ture [8–12]. As a consequence, we next concentrate our attention on the scattering properties of these structures.
Note that here, we only provide the main results of this scattering analysis while the details of the derivations may
be found in [3]. For this analysis, we assume that the pump is normally incident on a spatially uniform nonlinear
metasurface. The general expressions for the backward (z < 0) and forward (z > 0) SH scattered fields are found
by solving (1) with (2) and (3), which gives

E2ω
bw =

1

ε0
C1 · P 2ω

nl + η0C2 ·M2ω
nl , (4a)

E2ω
fw =

1

ε0
C3 · P 2ω

nl − η0C4 ·M2ω
nl , (4b)

where the tensors C are1

C1 = −j2A ·
(c0
ω

J + jχmm · J + jχme

)
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ω
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)−1

, (5a)

C2 = −j2A · J, (5b)
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with the matrix A given by
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and where

I =

(
1 0
0 1

)
and J =

(
0 −1
1 0

)
. (7)

The procedure to compute the SH scattered fields is thus as follows: 1) compute the linear fields scattered by the
interactions of the pump with the metasurface using conventional methods applying to linear metasurfaces [4, 6],
2) use these fields to define the nonlinear polarizations in (3), 3) the SH scattered fields are then found using (4)
with (5) and (6). An important consideration is that the nonlinear polarizations in (3) are not the same for a pump
propagating in the forward or backward direction. This has particularly interesting implications since it notably
allows one to generate unidirectional SH fields [7–12].

Using relations (4), we have derived the general reflectionless and transmissionless conditions and correspond-
ing asymmetric reflection and transmission conditions. For conciseness, these conditions are not provided here but
will be presented at the conference and may be found in [3]. These conditions notably show that a nonlinear meta-
surface cannot be reflectionless from both sides as it is the case for conventional linear metasurfaces. This implies
that the SH scattering is generally dependent on the direction of propagation of the pump. This peculiar behavior
may a priori corresponds to a nonreciprocal effect. However, we will show that this is not the case and that it is
rather a consequence of the asymmetric scattering produced by some of the nonlinear susceptibilities in (3).

1In these tensors, the susceptibilities have to be evaluated at the frequency 2ω.
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III. CONCLUSION

This work presents the homogenization and scattering analysis of second-order nonlinear metasurfaces in the
undepleted pump regime approximation. We use the GSTCs in the frequency-domain to develop a general model
of this kind of metasurfaces. This model is then used to derive the general SH scattering relations and the corre-
sponding scattering properties, which leads to the reflectionless and transmissionless conditions.

At the conference, we will also discuss and compare the differences between the SH asymmetric scattering
properties and the nonreciprocal behavior of these nonlinear metasurfaces. Additionally, we will present numerical
simulations of plasmonic nonlinear scattering particles in order to illustrate the homogenization and scattering
behavior of second-order nonlinear metasurfaces.
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