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Abstract We explore different aspects of the multi-stage fracturing process such
as stress interaction between growing hydraulic fractures, perforation friction, as
well as the wellbore flow dynamics using a specifically developed numerical solver.
In particular, great care is taken to appropriately solve for the fluid partition be-
tween the different growing fractures at any given time. We restrict the hydraulic
fractures to be fully contained in the reservoir (fractures of constant height) thus
reducing the problem to two dimensions. After discussions of the numerical al-
gorithm, a number of verification tests are presented. We then define via scaling
arguments the key dimensionless parameters controlling the growth of multiple hy-
draulic fractures during a single pumping stage. We perform a series of numerical
simulations spanning the practical range of parameters in order to quantify which
conditions promotes uniform versus non-uniform growth. Our results notably show
that, although large perforations friction helps to equalize the fluid partitioning
between fractures, the pressure drop in the well along the length of the stage has
a pronounced adverse effect on fluid partitioning and as a result on the uniformity
of growth of the different hydraulic fractures.
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List of Symbols1

– σ in, τ in Normal and shear tractions at x located on the fracture surface2

– δ n, δ s Normal and shear displacement displacement discontinuities3
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– Σ Union of all fracture surfaces4

– N f rac Number of fractures in the stage5

– Knn, Kns, Kss, Kss Elastic fundamental influence function for normal and shear6

components of tractions due to unit displacement discontinuities7

– σo, τo Normal and shear stress at x located on the fracture surface8

– E,E ′, ν Elastic Young’s modulus, plane-strain elastic modulus and Poisson’s9

ratio10

– H Fractures height11

– p Fluid pressure12

– w Fracture opening w = δ n
13

– s Curvilinear coordinate (along the fracture or along the wellbore)14

– t Time15

– q Fluid flux16

– c f Fluid compressibility17

– ρ Fluid density18

– µ Fluid viscosity19

– V Cross sectional average fluid velocity20

– A Cross sectional area of the wellbore tubing21

– a Wellbore tubing radius22

– ε Wellbore tubing roughness23

– g Gravitational earth acceleration24

– Re Reynolds number in the well25

– θ Wellbore local deviation26

– Qo Surface pump fluid flow injection rate27

– QI Flow rate entering fracture # I28

– Q̃I = QI/H Flow rate entering fracture # I divided by fracture height29

– sI Curvilinear coordinate of the entrance to fracture # I (along the fracture or30

along the wellbore)31

– pw,I Fluid pressure in the wellbore in front of the enrance to fracture # I32

– pin,I Fluid pressure inside the fracture at the enrance to fracture # I33

– β Near-wellbore tortuosity exponent34

– ft Near-wellbore tortuosity coefficient35

– fp Perforation pressure drop coefficient36

– np number of perforations for a given fracture entry37

– Dp Diameter of perforations38

– KIc Rock fracture toughness39

– KI Mode I stress intensity factor40

– vtip Local fracture velocity41

– ` fracture half-length42

– pi, σo
i , τo

i fluid pressure, in-situ normal and shear stress in element i43

– Akl
il Displacement discontinuity methods influence matrices (k, l = ns)44

– hi Size of element i - fracture mesh45

– qi−1/2, qi+1/2 Left and right edge flux for element i46

– Ci−1/2,Ci+1/2 Left and right fluid conductivity for element i47

– A Displacement discontinuity matrix48

– To Initial traction vector on all elements49

– L Finite difference lubrication matrix50

– Ip Matrix related to fluid pressure increment51

– Q Entry fluxes vector52
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– Is Matrix related to fracture volume increment53

– Ic Matrix related to fracture volume54

– `mk Near-tip viscosity-toughness transition lengthscale55

– h̃i±1/2 Size of element i - wellbore mesh56

– Ai−1/2, Ai+1/2 Left and right cross sectional area of wellbore for element i of the57

wellbore mesh58

– ai−1/2, ai+1/2 Left and right wellbore radius value for element i of the wellbore59

mesh60

– Vi−1/2,Vi+1/2 Left and right fluid velocity for element i of the wellbore mesh61

– pH Hydrostatic fluid pressure62

– p̃ Fluid pressure in excess of the hydrostatic pressure63

– Rei−1/2, Rei+1/2 Left and right Reynolds number for element i of the wellbore64

mesh65

– Cw
i−1/2,Cw

i+1/2 Left and right fluid conductivity for element i of the wellbore mesh66

– Lw Finite difference matrix for the wellbore mesh67

– Icw Matrix for wellbore volume68

– M Dimensionless viscosity for plane-strain hydraulic fracture69

– K KGD Dimensionless viscosity for plane-strain hydraulic fracture70

– S Spacing between fractures along the wellbore71

– σH σh Maximum and minimum principal horizontal stresses magnitude72

– Qn = Qo/N f rac Evenly divided surface flow rate73

– Γ Ratio between the characteristic stress interaction and characteristic pressure74

drop through perforation75

– L Fracture characteristic lengthscale76

– Γ
(KGD)

k Expression of Γ in the toughness dominated regime for plane-strain77

fractures78

– Γ
(KGD)

m Expression of Γ in the viscosity dominated regime for plane-strain frac-79

tures80

– Γm Expression of Γ for a PKN fracture81

– Π Ratio between the characteristic pressure drop in the wellbore along the82

length of the stage and the characteristic pressure drop through perforation83

– Πβ Expression of Π under the assumption of fully turbulent flow in the wellbore84

1 Introduction85

Multistage fracturing is the completion of choice of horizontal wells in unconven-86

tional reservoirs. It consists in the stimulation of the horizontal portion of the well87

from its end (i.e. the well toe) in sequences refereed to as stages. Each stage typi-88

cally has several (typically from three to six or more) clusters of perforations, and89

is hydraulically isolated from the previous stages by a bridge plug. The design of90

a stage aims at propagating multiple hydraulic fractures during a single injection91

often performed at a constant rate. The number of perforation clusters controls92

the maximum number of hydraulic fractures that can initiate and simultaneously93

propagate during a stage.94

A number of contributions in the past years have investigated simultaneous95

propagation of several hydraulic fractures during a pumping stage (see e.g. Bunger96

and Lecampion (2017) for a review). These contributions have notably highlighted97

the importance of the horizontal in-situ stress contrast (Kresse et al. 2013b), stress98
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Fig. 1 A schematic view of multiple blade-like hydraulic fractures growing simultaneously
from a horizontal well. Scales in meters.

interaction between the fractures (i.e. stress shadow) (Roussel and Sharma 2011;99

Xu and Wong 2013; Wu and Olson 2015b), hydraulic fracture propagation regimes100

(Bunger 2013; Kresse et al. 2013a; Bunger et al. 2014), as well as the importance101

of the well perforation friction and near-wellbore friction (Desroches et al. 2014;102

Lecampion and Desroches 2015c, 2018). The key to ensure simultaneous growth103

of all the fractures within one stage is to achieve equal fluid partitioning. In other104

words, the rates entering all the hydraulic fractures should be equal throughout105

the injection duration. From the previously mentioned contributions, it notably106

appears that the coupling between wellbore hydraulic and hydraulic fracture me-107

chanics is extremely important. Moreover, the local pressure drop at the hydraulic108

fracture entrance - denoted as entry friction - is in most cases critical for stability109

of the fluid partitioning. Notably, for the simple case of strictly axisymmetric hy-110

draulic fractures, it appears that large entry friction - as typically used in practice111

- is often sufficient to counteract the stress interaction between growing fractures,112

thus promoting simultaneous growth (Lecampion and Desroches 2015c,b).113

In this contribution, we focus on the case of multiple blade-like hydraulic frac-114

tures (constant height fractures) that may curve due to their stress interactions115

(Figure 1). Such a geometry - like the case of solely axisymmetric fractures (Lecam-116

pion and Desroches 2015c) - is an end member. Whereas the hypothesis of ax-117

isymmetric fractures is relevant at early time or within a reservoir of infinitely118

homogeneous properties, a blade-like geometry will be encountered in a reservoir119

of finite height bounded by layers with significantly larger in-situ confining stress120

that restrict fracture growth to occur solely in the reservoir layer. As a result121

fluid flow is uni-dimensional inside the fractures with a strictly horizontal velocity.122

Such a model assuming constant height is not geared to explore the early time123

of growth from a horizontal wellbore where the fractures typically have a axisym-124

metric shape. It starts to be valid when the length of the fracture has reached the125

height of the reservoir.126
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We explore different aspects of the multistage stimulation problem for blade-127

like fractures using a specifically developed numerical model that solves, in a fully128

coupled implicit manner, the propagation of multiple blade-like hydraulic fractures129

(and their stress interactions), the fluid flow in the wellbore and the fractures as130

well as the fluid partitioning between fractures.131

Although in this model, the fractures are assumed to be of constant height, the132

fractures are allowed to curve due to stress interactions or in-situ stress hetero-133

geneities. We restrict our discussion here to the zero leak-off case for simplicity -134

which corresponds to tight rocks for which the diffusion time-scale is smaller than135

the injection duration. The wellbore-fracture entry connection is modeled using136

engineering perforation friction and near-wellbore tortuosity terms which impose137

a non-linear relationship between the flux entering the fracture and the fluid pres-138

sure difference between the well and the fracture entry (Lagrone and Rasmussen139

1963; Economides and Nolte 2000).140

After presenting several verifications of the numerical model, we explore the141

parameters controlling the stability of simultaneous propagation of hydraulic frac-142

tures from a horizontal well drilled in the direction of the minimum horizontal in-143

situ stress. In particular, we investigate through combined numerical simulations144

and scaling arguments what controls the uniform growth of all fractures compared145

to the growth of only a subset of the desired fractures. We quantify the impact146

of the different competing physical processes: stress shadow/interactions between147

fractures, perforation friction as well as pressure drop in the wellbore along the148

stage length. We also highlight the numerical difficulties associated with the cou-149

pling of the wellbore flow with the simultaneous propagation of multiple hydraulic150

fractures - a problem that we may refer to as the fluid partitioning problem.151

2 Problem Formulation152

Under the assumption of blade like geometries of the different hydraulic fractures,153

we account for the mechanical deformation of the rock, its coupling with fluid flow154

in the different fractures, fracture propagation as well as fluid flow in the wellbore155

and its partitioning between the different propagating fractures. We assume the156

rock to be linearly elastic with uniform properties and restrict ourselves to the im-157

permeable case (i.e. a rock hydraulic diffusion time-scale smaller than the injection158

duration) for clarity.159

2.1 Solid deformation160

Restricting to an isotropic elastic homogeneous material, the quasi-static balance161

of momentum allow for an integral representation. The normal σ in and shear τ in
162

tractions induced at a point x (on the fracture surface with known orientation) by163

displacement discontinuities (DD) distributed over the fracture surface S are given164

by the following (Crouch and Starfield 1983):165

σ
in(x) =

∫
Σ
(Knn(x−x′, H)δ n(x′)+Kns(x−x′, H)δ s(x′))dx′

τ
in(x) =

∫
Σ
(Ksn(x−x′, H)δ n(x′)+Kss(x−x′, H)δ s(x′))dx′ (1)
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where δ n is the normal DD (fracture opening) and δ s the shear DD (shear slip).166

Note that Eq. (1) directly extends to the case of multiple fractures (in that case167

Σ denotes the union of the N f rac fracture surfaces). It gives the interaction stress168

induced by multiple fractures at a point x located on the crack surface (provided the169

normal and shear components of tractions and DD are defined in the appropriate170

local normal and tangent system of coordinates).171

The elastic kernel Kkl(x−x′, H), k, l = n,s used here corresponds to a simplified172

2D approximation obtained from the full three dimensional kernel for a rectangu-173

lar DD with appropriate corrections factors to account for a given fracture height174

as suggested by Wu and Olson (2015a). It is chosen here as a computationally175

effective alternative to the direct integration of the full 3D kernel over the height176

of the fracture(s). Normal and shear displacement discontinuities δ n, δ s, and the177

corresponding tractions are taken in the horizontal mid-plane of the blade-like frac-178

tures. The displacement discontinuity are thus uniform over the fracture height.179

It is however important to keep in mind that such an approximate kernel leads to180

erroneous stress predictions (about 10-15% difference compared to a full 3D solu-181

tion) when the spacing between fractures are lower than 0.25 the fracture height182

according to Wu and Olson (2015a). We believe it is a proper approximation only183

for fracture spacing larger than half the fracture height. We will thus not report184

simulations for lower spacing to height ratio in the following. Another possible185

choice for blade-like fractures (constant height) is to assume an elliptical varia-186

tion of DD in the vertical direction therefore allowing to also reduce the problem187

from 3D to 2D - see Adachi and Peirce (2008); Protasov et al. (2018) for details.188

We solely report here results using the approximated kernel described in Wu and189

Olson (2015a).190

Superposing the interaction stress with the in-situ stress field σo(x), τo(x) and191

taking into account the balance of normal traction with the net fluid pressure192

p(x)− σo(x), we obtain the following set of boundary integral equations on all193

fracture surface:194

p(x)−σ
o(x) =

∫
Σ
(Knn(x−x′, H)δ n(x′)+Kns(x−x′, H)δ s(x′))dx′

−τ
o(x) =

∫
Σ
(Ksn(x−x′, H)δ n(x′)+Kss(x−x′, H)δ s(x′))dx′ (2)

where p denotes the fluid pressure.195

2.2 Fluid flow in the fractures196

The mass conservation per unit of fracture height H averaged over the width of197

fracture I (I = 1, ...,N) in the absence of leak-off reduces to the following one-198

dimensional equation along the curvilinear coordinate system defined by the local199

tangent to the fracture, we denote s the corresponding absciss:200

∂w
∂ t

+ c f w
∂ p
∂ t

+
∂q
∂ s

= Q̃I(t)δ (s− sI) (3)

where c f denotes the fluid compressibility, p is the fluid pressure, w = wo+δ n is the201

total hydraulic width of the fracture where wo is a small constant initial aperture202

only active in the initial flaw, Q̃I =
QI
H is the entry volume rate per unit fracture203
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height H, sI denotes the coordinates of the intersection of the well with fracture I,204

and δ (s) is the Kronecker delta.205

Assuming laminar flow inside the fracture, the width averaged fluid balance of206

momentum reduce to Poiseuille’s law. The local fluid flux q(s) is given as207

q(s) =− w3

12µ

∂ p
∂ s

(4)

where µ is the fracturing fluid viscosity.208

2.2.1 Fluid flow in the wellbore209

In order to solve for the simultaneous propagation of several hydraulic fractures210

from a horizontal well, fluid flow inside the wellbore must be solved for. The211

aim is to properly solve for the partitioning of the fluid injected from the well-212

head into the different fractures. Neglecting fluid flow inertial effects that may be213

associated with short transient pressure changes (water hammer etc.), the mass214

and momentum balance in the wellbore after integration over the wellbore cross-215

section reduces in the curvilinear coordinate s along the well trajectory to:216

Ac f
∂ p
∂ t

+
∂AV

∂ s
+AV c f

∂ p
∂ s

= Qo(t)δ (s)−
N

∑
I=1

QI(t)δ (s− sI) (5)

∂ p
∂ s

=−2πa
A
× f (Re,ε)

4
× ρV |V |

2
+ρgsinθ(s) (6)

where a is the wellbore radius and A the well pipe cross-section area (A = πa2).217

ρ denotes the fracturing fluid density, V the average fluid velocity. Qo(t) is the218

volumetric pump rate imposed at the well head (i.e. at s = 0) whereas QI(t) is the219

flow rate entering the I-th fracture. f (Re,ε) is the Darcy friction factor which is220

function of the Reynolds number Re = 2ρa|V |
µ

and pipe relative surface roughness221

ε. we use the Churchill (1977) approximation (fitting the experimental data of222

Nikuradse (1950)) to estimate the friction factor f (Re,ε). Churchill approximation223

has the advantage of being explicit (thus does not require the solution of a non-224

linear equation) at the expense of slight inaccuracies in the laminar-turbulent225

transition region. Other models are possible (see e.g. (Lecampion and Desroches226

2015c; Zia and Lecampion 2017) for discussion) - the results being qualitatively227

similar.228

2.3 Fracture entry friction: coupling between wellbore and fracture flow229

We account for a local pressure drop due to entry friction between the wellbore230

and the fracture. Such a local pressure drop is related to the fluid going through231

the perforations connecting the cased and cemented wellbore with the fracture.232

An additional pressure drop is also usually related to the tortuosity of the fracture233

geometry near the wellbore - see Bunger and Lecampion (2017) for discussions. We234

use here an accepted relation for such entry friction (Lagrone and Rasmussen 1963;235
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Economides and Nolte 2000). It relates the pressure drop between the wellbore and236

the fracture I to the fluid flux entering the fracture I as follow:237

pw,I− pin,I = fp×Q2
I + ft ×Qβ

I (7)

where pw,I = p(sI) is the fluid pressure inside the wellbore at the location of the238

perforation clusters in front of fracture I and pin,I is the fluid pressure at the inlet239

of fracture I (just inside the fracture). QI is the total fluid flux entering fracture I240

which is an unknown function of time resulting from the fluid partitioning between241

the different propagating hydraulic fractures. The first quadratic term in Eq. (7)242

corresponds to a classic turbulent pressure drop associated with the perforations243

connecting the fracture to the well. The coefficient fp is function of the fluid density244

ρ, diameter Dp and number np of the perforations. It can be estimated using an245

empirical formula fp = 0.807249
ρ

n2
pD4

pC2 (in SI units) (see e.g. Crump and Conway246

(1988); Economides and Nolte (2000) for details) where the dimensionless discharge247

coefficient C is typically between 0.5 and 0.9. Typical number of perforations and248

diameters used provide values of fp in the range [106−1010] Pa/(m3/s)2. The second249

term in Eq. (7) is added to account for additional pressure drop associated with250

near-wellbore fracture tortuosity (see Bunger and Lecampion (2017); Lecampion251

and Desroches (2015c) for more details). The coefficient ft and β can be estimated252

from step-down tests in-situ (Economides and Nolte 2000; Lecampion et al. 2015;253

Desroches et al. 2014).254

2.4 Fracture propagation criteria / tip asymptotic255

Under the hypothesis of linear elastic fracture mechanics (lefm), the quasi-static256

fracture propagation condition reduces for pure mode I fracture to257

vtip× (KI−KIc) = 0, vc ≥ 0 (8)

where KI is the mode I stress intensity factor and KIc is the rock fracture toughness.258

vtip denotes the local crack tip velocity. We account for the possibility of fracture259

curving under mixed mode (I and II) loading. Mode II emerges from stress inter-260

actions between fractures. We use here a maximum tensile stress direction criteria261

to solve for the propagation direction. A maximum tensile stress criteria is known262

to give similar predictions than the principle of local symmetry (minimum KII) -263

see e.g. Pham et al. (2017).264

Locally at the fracture tip, we thus assume condition of pure mode I, such265

that the fracture width of a propagating fracture result in the well-known lefm266

asymptote (Rice 1968):267

w =
√

32/π
KIc

E ′
√
`− x `− x� ` (9)

This near-tip behavior may be visible only over a very small characteristic length268

near the tip for a propagating hydraulic fracture where an outer viscous asymptote269

may dominates (Desroches et al. 1994; Garagash et al. 2011). This renders the use270

of a sole linear elastic fracture mechanics criteria extremely demanding computa-271

tionally as the mesh size must then resolve the small lengthscale where the lefm272



Propagation of multiple blade-like hydraulic fractures 9

asymptote is valid (see Lecampion et al. (2013); Detournay and Peirce (2014);273

Lecampion et al. (2018) for discussion). For this reason, we use the complete mul-274

tiscale solution for a steadily propagating plane-strain hydraulic fracture as an275

“universal” tip asymptote (Garagash et al. 2011; Dontsov and Peirce 2015) cov-276

ering toughness-, viscosity-, and leakoff-dominated regimes near the fracture tip.277

The use of such complete asymptotic solution is similar to previous contribution278

e.g. (Lecampion and Desroches 2015c; Peirce and Detournay 2008; Peirce 2015;279

Dontsov and Peirce 2017). Further details on the fracture propagation scheme is280

provided in subsection 3.1.1.281

2.5 Initial / boundary conditions282

Prior to the start of the injection, at time t = 0, the well is under hydrostatic283

pressure: p(s, t = 0) = ρ gz(s) and V (s, t = 0) = 0. At the scale of this 2D model284

which assumes a constant fracture height, the details of fracture initiation from285

the perforations are obviously not properly captured. We thus assume a small286

pre-existing fracture transverse to the well axis at the location of each perforation287

clusters. In other words, each fracture is pre-initiated with an initial length (`I(t =288

0) = Lo) and assumed initially closed at t = 0. The fluid flux at the end of stage (at289

the location of the bridge plug) is assumed to be zero at all times V (s = Splug, t) = 0,290

while we assume that the surface pump rate is prescribed Q(s = 0, t). We notably291

restrict here our discussion to the case of a constant pump rate.292

3 Numerical scheme description293

The numerical solution of the previously described model must couple the solution294

of the propagation of multiple hydraulic fractures with the wellbore fluid flow in295

order to notably solve for the rates QI(t) entering the different fractures at any296

given time. We have developed an implicit time discretization scheme. From a297

known solution at time tk−1, we solve at time tk = tk−1 + ∆ t for the increment298

of displacement discontinuities, fluid pressure and increment of length of all the299

fractures tips as well as fluid pressure increment and flow rates entering each300

fracture during the time-step. For one time-step, we solve such a highly non-301

linear problem iteratively using three nested loops. The most outer loop solves302

iteratively for the fluid partitioning between fractures, i.e. for the flow rates QI303

entering the different fractures by minimizing the residuals of Eq. (7) describing304

the relation of rates and the well-fracture entry pressure drop. For a given set of305

rates QI , the wellbore flow and multiple hydraulic fracture increment problems306

can be solved separately. The solution of the propagation of the multiple hydraulic307

fractures is achieved via two nested loops: the outer loop iterates on the fracture308

length increment while the inner loop solves (for a given new trial position of the309

fractures tip) the elasto-hydrodynamics system.310

We describe below the numerical discretization of the different equations and311

the steps of the different parts of the algorithm over one time-step.312
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3.1 Elasto-hydrodynamics flow inside the fractures313

For each time step, elasto-hydrodynamics equations are solved iteratively assuming314

known the new fracture tips locations (these are iterated for in an external loop,315

see 3.1.1). In other words, while iterating for δ n(x), δ s(x) and p(x) within a time316

step, the fracture length is fixed. Yet, the opening δ n in the tip region may be317

imposed to enforce mass conservation in line with the near-tip hydraulic fracture318

solution, see 3.1.1.319

After discretization using piece-wise constant displacement discontinuity ele-
ments Crouch and Starfield (1983); Wu and Olson (2015a), the elasticity equations
reduce to the following linear system

pi−σ
o
i = ∑

j
Ann

i j δ
n
j +Ans

i j δ
s
j

−τ
o
i = ∑

j
Asn

i j δ
n
j +Ass

i jδ
s
j (10)

where δ n
j =−dn

j is the fracture width in the middle of element j taken positive in320

opening, δ s
j =−ds

j is the shear slip (+ minus -). σo
i is the normal component of the321

in-situ traction on the element i and τo
i the shear component along the tangential322

direction s (with the convention of in-situ stress positive in compression). The323

coefficients Akl
i j , k, l = n,s are integrals of Kkl(z− z′, H) over the element j - see Wu324

and Olson (2015a) for the simplified 3D kernels for constant fracture height used325

here.326

The lubrication equation (3) is integrated over an element (cell) thus resulting327

in a finite volume discretization. Restricting to the case of zero leak off case for328

simplicity, one obtains:329

hic f δ
n
i

∆ pi

∆ t
+hi

∆δ n
i

∆ t
+qi+1/2−qi−1/2 = Q̃I(t)δiwI (11)

where hi is the size of the i-th element and wI is the index of the element of the330

I-th fracture where the well is located. We discretize the fluid fluxes through the331

left and right boundaries of the cell (element) via centered finite difference:332

qi+1/2 =−Ci+1/2
pi+1− pi

(hi +hi+1)/2
(12)

where for the “right” edge conductivity Ci+1/2 (function of the edge width obtained333

by harmonic mean) we have334

Ci+1/2 =
1

12µ
×2

w3
i w3

i+1

w3
i +w3

i+1
wi = δ

n
i +wo (13)

Similarly, for the “left” edge:335

qi−1/2 =−Ci−1/2
pi− pi−1

(hi +hi−1)/2
(14)
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Finally, the discretized lubrication equation becomes

hic f δ
n
i

∆ pi

∆ t
+hi

∆δ n
i

∆ t
−

Ci−1/2

(hi +hi−1)/2
pi−1

+

(
Ci+1/2

(hi +hi+1)/2
+

Ci−1/2

(hi +hi−1)/2

)
pi

−
Ci+1/2

(hi +hi+1)/2
pi+1

= Q̃I(t)δiwI (15)

for all elements i except for tip ones where qi+1/2 = 0 (or qi−1/2 = 0 depending on336

the tip orientation). For a tip element, e.g., the “right” one, we have337

hic f δ
n
i

∆ pi

∆ t
+hi

∆δ n
i

∆ t
+

Ci−1/2

(hi +hi−1)/2
pi−

Ci−1/2

(hi +hi−1)/2
pi−1 = 0 (16)

Finally, we can re-write the coupled elasto-hydrodynamics system in matrix-
vector format, using the increment of vector displacement discontinuities ∆δ (k) =(

δ (k)−δ (k−1)
)

and fluid pressures ∆p(k) =
(

p(k)−p(k−1)
)

over the time step tk =

tk−1 +∆ t as the primary unknowns:

A ·∆δ
(k)− Ip ·∆p(k) =−To−A ·δ (k−1) (17)

Is ·∆δ
(k)+

(
∆ tL(δ (k))+ c f Ic

)
·∆p(k) = ∆ tQ−∆tL ·p(k−1)

with the following matrices:338

– elastic DDM influence matrix

A=



Ass
11 Asn

11 Ass
12 Asn

12 . . . Ass
1N Asn

1N
Ans

11 Ann
11 Ans

12 Ann
12 . . . Ans

1N Ann
1N

Ass
21 Asn

21 Ass
22 Asn

22
Ans

21 Ann
21 Ans

22 Ann
22

...
...

...
...

. . .

Ass
N1 Asn

N1 . . . Ass
NN Asn

NN
Ans

N1 Ann
N1 . . . Ans

NN Ann
NN


– fluid pressure increment on elasticity339

Ip =



0 0 0 . . .
1 0 0 . . .
0 0 0 . . .
0 1 0 . . .
0 0 0 . . .

...
. . .

...
. . . 0 0
. . . 0 1


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– initial tractions vector340

To =
[

τo
1 σo

1 τo
2 σo

2 . . . σo
N
]T

– Lubrication finite difference matrix (non-linearly dependent on the current341

opening displacement discontinuities)342

L(δ (k)) =



. . . 0
. . .

0 −Ci−1/2
hi−1/2

(
Ci+1/2
hi+1/2

+
Ci−1/2
hi−1/2

)
−Ci+1/2

hi+1/2
0

. . .

0 0 −CN−1/2
hN−1/2

CN−1/2
hN−1/2


where hi±1/2 =

hi+hi±1
2 is the neighbouring element centroid distance.343

– local volume increment344

Is =



0 h1 0 0 0 . . .
0 0 0 h2 0 . . .

0 0
. . . 0

... 0 hi 0
...

...
. . .

...
. . . 0 0 hN


– the fracture local volume matrix345

Ic =


h1δ n

1 0 0 . . .
0 h2δ n

2 0 . . .
...

. . .
...

. . . 0 hNδ n
N


– and the inlet flow rate vector (entering the different fractures)346

Q =
[

0 . . . 0 Q̃1 0 . . . 0 Q̃2 0 . . . 0 Q̃N f rac 0 . . . 0
]T

where QwI = Q̃I = QI/H, I = 1, . . . ,N f rac347

The superscripts (k) and (k− 1) correspond to the current and the previous348

time steps. At each time step the mixed system is solved iteratively using fixed349

point iterations, with back-substitution of the new estimate of δ n
i into the matrices350

Ic and L via the conductivity coefficients Ci+1/2 and Ci−1/2. The matrices A, Ip,351

and Is do not change for a fixed fractures’ geometry. Convergence is achieved when352

the relative difference of the solution for the increment of DDs and fluid pressure353

between two subsequent iterations is below 10−5 to 10−6. Convergence of such354

non-linear system typically takes between five to ten fixed point iterations.355
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3.1.1 Fracture propagation356

Once a fracture is initiated, we assume quasi-static equilibrium KI = KIc (yet, KI357

can be less than KIc for an arrested fracture). To solve for the advancement of358

each hydraulic fracture tips, we use an approach combining an explicit scheme for359

the propagation direction (updated at the end of every time-step) and an implicit360

algorithm to obtained the increment of fracture length during the time-step.361

We determine at the end of the time-step (i.e. when the solution has converged)362

the new propagation direction for each fracture tips using the maximum tensile363

stress direction. To do so, we minimize the dot product of the proposed direction364

of propagation and the 1st principal stress direction at a finite distance from365

the tip node (1.5 element size). This minimization is performed iteratively using a366

classical quasi-Newton method with bracketing. Once determined, the propagation367

direction (for all the different fracture tips) for the next time step is fixed.368

Over one time-step (with a given propagation direction for each tip), the incre-369

ment of fracture length is obtained implicitly using an one-dimensional approach370

similar to the implicit level set algorithm (ILSA) originally developed in Peirce371

and Detournay (2008). Such an implicit scheme relies on the use of a survey el-372

ement located just behind the tip element (see figure 2). Knowing the width of373

this survey element, we invert the hydraulic fracture tip asymptotic solution to374

estimate the new distance from this survey element to the fracture tip. The width375

in the tip element is then imposed according to the near-tip asymptote, and the376

elasto-hydrodynamic system is resolved with this new trial position of the fracture377

tips. This is repeated until convergence of the new position of the fracture tips in378

relative term between two subsequent iterations. A tolerance of 10−3 is used.379

The determination of the new distance between the survey point (where width380

is known) and the fracture tip relies on the inversion of the near-tip asymptote381

(which provide width as funciton of distance to the fracture tip). Since the near-tip382

behavior of a hydraulic fracture is intrinsically multi-scale (Garagash et al. 2011);383

using the classical linear elastic fracture mechanics (lefm) square root asymptote384

may lead to over-estimation of the distance from the ribbon element to the tip and,385

subsequently, to non-physical oscillations in the solution (Lecampion et al. 2013).386

In order to avoid these numerical effects, the fracture mesh should be sufficiently387

fine to capture the region of validity of lefm asymptote (at least the cell size should388

be less than the characteristic lefm-viscous transition scale `mk ∝
K6

IC

E ′4µ2v2
tip

). This389

can considerably raise computational costs (Lecampion et al. 2013, 2018). The390

use of the complete tip asymptote (Garagash et al. 2011; Dontsov and Peirce391

2015, 2017), which covers the different asymptotic regions (toughness-, viscosity-,392

and leakoff-dominated regimes) as well as the transition between them, helps to393

relieve requirements on the mesh. Since this tip asymptotic solution is given as394

an implicit function of the current fracture velocity, its inversion (i.e. knowing the395

opening and inverting for the corresponding distance to the tip) is performed via a396

root finding scheme. We use here a Brent root-finding method (see e.g. Quarteroni397

et al. (2000)). More details on the inversion of such tip asymptotic solution can be398

found in Peirce and Detournay (2008); Peirce (2015); Lecampion and Desroches399

(2015c) notably.400
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1 i

Channel region Tip regionRibbon
element

New fracture tip
Fracture tip at the
previous time step

i + 1/2i - 1/2

2

Fig. 2 Schematic of the fracture mesh: tip region and ribbon element and evolution of the
fracture tip position over a time step. The ribbon element allows to couple the tip region
(where the solution follows the the near-tip hydraulic fracture asymptotes Garagash et al.
(2011)) with the rest of the fracture (e.g. channel region). The number of elements in the tip
region can increase during a propagation step.

3.2 Wellbore flow and fracture entry flow coupling401

3.2.1 Wellbore flow solver402

The wellbore fluid flow mass balance equation (5) is discretized using a classical fi-403

nite volume approach with piece-wise approximation of fluid pressure similar to the404

one described above for the lubrication in the fracture(s). One difference is that the405

radius and the cross-section of the well are assumed to not change due to the well406

pressurization thus no hydro-mechanical coupling is needed. Another difference is407

the use of Darcy friction factor approach to determine the cross-sectional conduc-408

tivities Ci±1/2 for laminar, turbulent, or transient flow regime (indeed, Poiseuille409

model corresponds to laminar regime with f =
64
Re

). We obtain for element i along410

the curvilinear 1D mesh of the well:411

∆siAic f ×
p(k)i − p(k−1)

i
∆ t

+qi+1/2−qi−1/2 = Qoδ (si)−
N

∑
I=1

QIδ (si− sI) (18)

where412

qi±1/2 = Ai±1/2Vi±1/2 (19)

Vi+1/2 = −
4ai+1/2

ρ f (Re,ε)|Vi+1/2|
×

p̃(k)i+1− p̃(k)i

(∆si +∆si+1)/2
(20)
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∆si is the length of the i-th element and p̃ denotes the fluid pressure in excess over413

the hydrostatic pressure: p̃ = p− pH . The superscripts (k) and (k− 1) correspond414

to the current and the previous time steps. At each time step Eq. (18) is solved by415

fixed-point iterations while back-substituting the average velocity V re-calculated416

via Eq. (20) into (19). The friction factor f is also updated since it depends on417

the Reynolds number. At each iteration one has to solve a linear system with a418

3-band matrix constructed similarly to the lubrication matrix L (see above) with419

the well over-pressure increment ∆ p̃(k)
w = p̃(k)

w − p̃(k−1)
w as the primary unknowns420 (

c f Icw +∆ tLw
)
·∆ p̃(k)

w = ∆ tQ−∆tLw · p̃(k−1)
w (21)

with421

Icw =



∆s1A1 0 . . .

0
. . . 0

... 0 ∆s1Ai 0
...

0
. . . 0

. . . 0 ∆s1ANw


, Ai =

Ai+1/2 +Ai−1/2

2

Lw =



. . . 0
. . .

0 −
Cw

i−1/2

h̃i−1/2

(
Cw

i+1/2

h̃i+1/2
+

Cw
i−1/2

h̃i−1/2

)
−

Cw
i+1/2

h̃i+1/2
0

. . .

0 0 −
Cw

Nw−1/2

h̃Nw−1/2

Cw
Nw−1/2

h̃Nw−1/2


where422

h̃i±1/2 =
∆si +∆si±1

2
, Cw

i±1/2 =−
4ai±1/2Ai±1/2

ρ f (Rei±1/2,ε)|Vi±1/2|
,

423

Rei±1/2 =
2ρai±1/2|Vi±1/2|

µ

We have used here Churchill (1977) approximation which provide an explicit424

equation for the friction factor f (Re,ε).425

3.2.2 Wellbore fractures entry426

In eqs.(15) and (18), the volume rates Qi entering each fracture are assumed to427

be known at each time step. In case of injection into multiple fractures via the428

well, to close the system of equations one needs to relate these volume rates to429

the entry pressures in each fracture, which are parts of the solution of the results430

of the mixed elasto-hydrodynamics system, and the pressure in the corresponding431

well locations. It is performed via introducing the pressure drop associated with432

perforations and near-wellbore tortuosity of the fractures (entry friction):433

∆ pI(QI) = pw,I(QI)− p f ,I(Qi) = fp,IQ2
I + ft,iQ

βI
I , I = 1, . . . ,N f rac (22)
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where fp,I and ft,i can vary from perforation clusters to clusters. In all the examples434

presented further, we assume zero near-wellbore tortuosity i.e. ft,i = 0.435

The solutions of the elasto-hydrodynamics equations in the different fractures436

the fluid flow in the wellbore and the coupling via fracture entry friction can be437

represented schematically as the following system of residuals438

Rf (Q) = pf , Rw(Q) = pw, C (pw,pf ) = Q (23)

This system of non-linear equations that solves for pressure (and DDs) in the439

fracture, in the well as well as the flow rate entering the different fractures is440

actually extremely stiff. Practically, fixed-point iterations on these equations do not441

converge. We therefore use a quasi-Newton scheme, which involves finite difference442

estimation of the Jacobian matrix. In order to reduce the time needed for re-443

calculation of the Jacobian matrix (at the price of some reduction of convergence444

rate), the latter is re-used in several (in our implementation, up to 4) iteration445

steps.446

4 Verifications447

4.1 Toughness- and viscosity-dominated plane-strain benchmark (KGD448

geometry)449

First two verification tests spanning toughness and viscosity dominated propaga-450

tion have been performed with two fractures of sufficiently large height (100 m)451

located far enough from each other (1000 m) to ensure i) that any stress interac-452

tion between them is negligible and ii) that the fracture geometry can be assumed453

to be in state of plane strain. The flow rates entering both fractures were forced454

to be equal (i.e. wellbore flow was not considered). We compare our results to the455

known semi-analytical solutions for a plane-strain hydraulic fracture propagating456

in both the viscosity (Garagash and Detournay 2005) and toughness dominated457

regimes (Garagash 2006).458

The parameters for the toughness-dominated case were as follows: E ′ = 10GPa,459

µ = 0.01Pa.s, KIc = 2MPa.m1/2 , Qo (per unit height) = 0.0001m2/s (which corre-460

sponds to a dimensionless viscosity M = 12µQoE ′3/K′4 = 0.0072 - see Detournay461

(2004) for definition). As can be seen on figures 3 and 4, the accuracy of the scheme462

is excellent with at most five percent error compared to the analytical solution.463

For the viscosity-dominated example, the parameters were set as follows: E ′ =464

10GPa, µ = 0.1Pa.s, KIc = 0.5MPa.m1/2 , Qo = 0.0001m2/s (M = 18.5). Except465

for an early transient associated with the initial conditions set in the scheme, the466

agreement between the numerical results and the semi-analytical solution is always467

below 4 percent of relative error, both on inlet pressure, width and fracture length468

as can be seen in figures 5 and 6.469

4.2 Viscosity dominated KGD to PKN transition470

This test was performed for a single fracture of constant height H = 10m and ini-471

tial length L0 = 1m ensuring the injection time is long enough for the fracture to472

evolve to a final length much larger than its height. The aim is here to observe473
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Fig. 3 Toughness-dominated fracture propagation of two far-apart hydraulic fractures (con-
stant equal rate): fracture length vs. time (for the 4 different tips); numerical vs. analytical
solution. Relative error in inset.
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Fig. 4 Toughness-dominated fracture propagation of two far-apart hydraulic fractures (con-
stant equal rate): a) inlet pressure vs. time, b) inlet width vs time; numerical vs. analytical
solution. Relative error in insets.
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Fig. 5 Viscosity-dominated fracture propagation of two far-apart hydraulic fractures (constant
equal rate): fracture length vs. time; numerical vs. analytical solution. Relative error in inset.
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Fig. 6 Viscosity-dominated fracture propagation of two far-apart hydraulic fractures (constant
equal rate): a) inlet pressure vs. time, b) inlet width vs time; numerical vs. analytical solution.
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Fig. 7 KGD to PKN transition (viscosity-dominated regime), numerical vs. analytical solu-
tions: (a) fracture length vs. time; (b) fracture inlet opening vs. time.

the transition from an initially plane-strain (KGD) geometry where the fracture474

height is much larger than its length to a blade-like (PKN) geometry at large time475

/ for large length compared to height. The other parameters were set as follows:476

rock properties E = 25GPa, ν = 0.3, KIc = 1MPa.m1/2, zero leak-off, confining477

stress σh = 10MPa, σH = 12MPa, injection fluid viscosity µ = 0.01Pa.s, entry478

rate Q = 0.05m3/s (∼ 20BPM). It is interesting to note that for such a choice479

of parameters, the propagation of the hydraulic fracture is viscosity dominated480

for the plane-strain geometry. We compare here the numerical results therefore to481

the viscosity dominated KGD solution and the classical PKN / blade-like solu-482

tion which does not account for toughness (and is thus restricted to the viscosity483

dominated regime).484

As can be seen on figure 7, the scheme properly capture the transition between485

the KGD geometry solution (where the height of the fracture is much larger than486

its length) and the PKN solution (solution for a constant height fracture).487

5 Competition between stage length, entry friction and stress488

interaction489

We now turn to study the competing effects of the length of the stage, stress in-490

teraction between fractures (stress shadowing) and entry friction on the uniform491

versus non-uniform growth of multiple fractures during a stages. We focus our492

numerical investigation to the case of three fractures and a wellbore aligned with493
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the minimum principal horizontal stress for the sake of simplicity. We first dis-494

cuss via scaling arguments the controlling dimensionless parameters governing the495

simultaneous growth of multiple hydraulic fractures.496

5.1 Scaling arguments497

One can argue that, in case of a homogeneous medium and small / negligible498

leak-off, 11 parameters define the problem:499

E ′,ν , KIc, µ, fp, S, H, N f rac, σH −σh, Qo, t (24)

where S denotes the spacing between fractures along the wellbore, σH and σh are500

the maximum and minimum principal horizontal stress magnitude.501

From the Buckingham-Pi theorem, we thus see that at most 7 dimensionless
parameters control the problem. Moreover focusing on viscosity-dominated regime,
only 6 dimensionless parameters define the parametric space. In other words the
dimensionless solution of the problem (represented as Φ) depends on the following
dimensionless parameters

Φ = Φ

(
ν , N f rac,

S
h
, K KGD =

K′

(E ′3 Qo µ)1/4 ,

σH −σh

KIc

√
S, Γ =

σint

fp(Qo/N f rac)2 , Π =
∆Pwell

fp(Qo/N f rac)2

)
(25)

The Γ parameter expresses the ratio of characteristic interaction stress σint to502

the pressure drop due to perforation friction (at the well - fracture connection) at503

the time when the length of the fracture(s) L is of the same order as spacing S.504

Γ =
σint

fpQ2
n
=

E ′ < w > LH
4π S3 fp Q2

n
=

E ′Qn t
4π S3 fp Q2

n
; Qn =

Qo

N f rac
(26)

The time t when the length of the fracture(s) L is of the same order as spac-505

ing S can be estimated by order of magnitude from the system parameters using506

the estimate of L for a specific geometry and regime of propagation (Detournay507

2004; Garagash and Detournay 2005; Garagash 2006). Thus, for a KGD fracture508

geometry (L� H) propagating in the toughness-dominated regime, we obtain the509

following estimate for Γ that we denote Γ
(KGD)

k510

L∼
(

E ′(Qn/H)

K′

)2/3

t2/3; Γ
(KGD)

k =
K′H

4π fp Q2
n S3/2 (27)

For viscosity-dominated regime in KGD geometry (L�H), we obtain the following511

estimate for Γ that we denote Γ
(KGD)

m512

L∼
(

E ′(Qn/H)3

12µ

)1/6

t2/3; Γ
(KGD)

m =

(
3E ′3 µ H3

)1/4

2
√

2π fp Q7/4
n S3/2

(28)
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For a PKN geometry (L � H) (see e.g. Kemp (1990); Economides and Nolte513

(2000)), we have the following estimate for Γ that we denote Γ
(PKN)

m514

L∼
(

E ′Q3
n

4π3 µ H4

)1/5

t4/5; Γ
(PKN)

m =
E ′3/4 µ1/4 H

2
√

2π1/4 fp Q7/4
n S7/4

(29)

Note that in eqs.(28) and (29) all power exponents are the same except those of515

S and H. In the following, we use the PKN estimate dropping the factor 2
√

2π1/4
516

(which is of order 1) to quantify such competition between stress interactions and517

perforation friction, and thus choose:518

Γ
(PKN)

m = Γm =
E ′3/4 µ1/4 H

fp Q7/4
n S7/4

(30)

The Π parameter expresses the ratio of the pressure drop between clusters in519

the well to the pressure drop due to perforation friction. The order of magnitude520

of the pressure drop along the well (in steady state conditions) can be estimated as521

∆P(well) ∼ ρQ2
oSRe−β/D5 where β depends on the flow regime in the well (turbulent522

vs laminar). The friction factor scales as f ∝ Re−β . The pressure drop across the523

perforation scales as ∆P(per f ) ∼ fp(Qo/N f rac)
2. We can thus estimate Π as524

Πβ =
∆P(well)

∆P(per f )
=

ρ SQ2
o Re−β/D5

fp(Qn)2 =
ρ SN2

f rac Re−β

D5 fp
; Re =

ρQo

µD
(31)

In the following, we use β = 1/4 corresponding to the fully turbulent scaling of Bla-525

sius (1913), valid for turbulent flow in a smooth pipe. This assumption is realistic526

for industrial hydraulic fracturing conditions.527

5.2 Numerical simulations528

In these simulations, we considered 3 fractures initiated from the horizontal part529

of the well at a depth of 1km; the height of the fractures was taken to H = 20m and530

the initial half-length of the fractures as L0 = 2.5m. The following rock properties531

were assumed: E = 25GPa, ν = 0.2, KIc = 1Mpa.m1/2, negligible leak-off. The other532

parameters are as follows: in-situ minimum and maximum compressive stresses533

σh = 10MPa, and σH = 10.1–12MPa, injection fluid viscosity µ = 0.01Pa.s, pump534

rate Q = 0.15m3/s (0.05m3/s per fracture). The entry friction fp was the same535

for all clusters. We varied its value between 102 and 109 Pa.(s/m3)2 (from small536

to large friction). The injection time was limited to 5 minutes for all cases. To537

account for pressure drop between the clusters numerically, the mesh density for538

the well flow solver was chosen to provide about 10 cells between the clusters in539

all the considered cases of cluster spacing. The geometry of the well and location540

of the clusters are sketched in Figure 1.541

Here we provide detailed results on fracture growth and fluid partitioning for542

some extreme cases: close (S = 10m) and far (S = 40m) cluster spacing, low ( fp =543

102 Pa.(s/m3)2) and high ( fp = 109 Pa.(s/m3)2) perforation friction, low (σH/σh =544

1.01) and high (σH/σh = 1.2) in-situ stress contrast). Figures 8 - 11 illustrate the545

case of initial fracture spacing of 10 meters (S/H = 0.5). Figure 12 illustrate the546

case of initial fracture spacing of 40 meters (S/H = 2).547
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Fig. 8 Top view of fractures after 5 min. of injection; confining stress σh = 10 MPa, σH = 10.1
MPa, fracture height H = 20 m, initial fracture spacing S = 10 m, perforation friction (a)
fp = 102 Pa.(s/m3)2 , (b) fp = 109 Pa.(s/m3)2. Scales in meters.
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Fig. 9 Fracture volume rates evolution during 5 min. of injection; confining stress σh = 10
MPa, σH = 10.1 MPa, fracture height H = 20 m, initial fracture spacing S = 10 m, perforation
friction (a) fp = 102 Pa.(s/m3)2 , (b) fp = 109 Pa.(s/m3)2.
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Fig. 10 Top view of fractures after 5 min. of injection; confining stress σh = 10 MPa, σH = 12
MPa, fracture height H = 20 m, initial fracture spacing S = 10 m, perforation friction (a)
fp = 102 Pa.(s/m3)2 , (b) fp = 109 Pa.(s/m3)2. Scales in meters.
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Fig. 11 Fracture volume rates evolution during 5 min. of injection; confining stress σh = 10
MPa, σH = 12 MPa, fracture height H = 20 m, initial fracture spacing S = 10 m, perforation
friction (a) fp = 102 Pa.(s/m3)2 , (b) fp = 109 Pa.(s/m3)2.
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Fig. 12 Top view of fractures after 5 min. of injection; confining stress σh = 10 MPa, σH = 10.1
MPa, fracture height H = 20 m, initial fracture spacing S = 40 m, perforation friction (a)
fp = 102 Pa.(s/m3)2 , (b) fp = 109 Pa.(s/m3)2. Scales in meters.
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Fig. 13 Fracture volume rates evolution during 5 min. of injection; confining stress σh = 10
MPa, σH = 10.1 MPa, fracture height H = 20 m, initial fracture spacing S = 40 m, perforation
friction (a) fp = 102 Pa.(s/m3)2 , (b) fp = 109 Pa.(s/m3)2.
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Fig. 14 Top view of fractures after 5 min. of injection; confining stress σh = 10MPa, σH =
12MPa, fracture height H = 20m, initial fracture spacing S = 40m, perforation friction (a) fp =

102 Pa.(s/m3)2 , (b) fp = 109 Pa.(s/m3)2. Scales in meters.

As seen in these figures, in general, high perforation friction promotes even548

fluid partitioning and high in-situ stress contrast suppresses fracture curving due549

to stress interaction. Note the change in localization pattern as the in-situ stress550

contrast grows.551

With increasing cluster spacing / stage length the moderating effect of perfo-552

ration friction starts to concede to the effect of pressure gradient in the well.553

5.3 Short summary554

To summarize these results, let’s study the effect of the most important dimension-555

less parameters (Γm and Πβ ) on variation (relative standard deviation) of fractures’556

length and injected volumes after given time of injection.557

As one can see from Figures 16 - 17, in general, at values of Γm � 1 fracture558

growth / fluid partitioning is equalized; localized growth / fluid partitioning occurs559

at values of Γm > 1; for larger Γm, the values of δL/< L> and δQ/<Q> stay around560
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Fig. 15 Fracture volume rates during 5 min. of injection; confining stress σh = 10MPa, σH =
12MPa, fracture height H = 20m, initial fracture spacing S = 40m, perforation friction (a) fp =

102 Pa.(s/m3)2 , (b) fp = 109 Pa.(s/m3)2.
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Fig. 16 Effect of parameter Γm on localization of fracture growth (relative standard deviation
of length after 5 min. of injection).

25 - 30% showing some noticeable but minor effect of cluster spacing and in-situ561

stress contrast. Yet, the parameter Γm does not fully account for the effect of cluster562

spacing / stage length (and the corresponding pressure gradient in the well) on563

fracture localization. For larger spacing, localization occurs at smaller values of Γm.564

Figures 18 and 19 show the variation of L and Q against the parameter Πβ565

(scaled pressure drop between the clusters).566

5.4 Neglecting stage length related effects567

This configuration corresponds to the case of a relatively short stage length such568

that the pressure gradient along the well can be neglected. To do so, we coarsen569

the 1D wellbore mesh in order to fit all clusters in one element so the pressure in570

all cluster entries (on the well side) is equal since a piece-wise approximation is571

used for pressure in the well.572
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Fig. 17 Effect of parameter Γm on fluid partitioning (relative standard deviation of injected
volume after 5 min. of injection).

●●
●

●

●

■■
■

■

■

◆◆
◆

◆

◆

▲▲▲

▲

▲

▼▼▼

▼

▼

○○○

○

○

● = 0.1 Mpa, = 0.5

■ = 2 Mpa, = 0.5

◆ = 10 Mpa, = 0.5

▲ = 0.1 Mpa, = 2.0

▼ = 2 Mpa, = 2.0

○ = 10 Mpa, = 2.0

1 100 104 106

0.01

0.05

0.10

Fig. 18 Effect of parameter Πβ on localization of fracture growth (relative standard deviation
of length after 5 min. of injection).

The results on variation of injected volume between the clusters with and573

without the effect of pressure gradient along the well are displayed in Figure 20.574

It is clear from these results that when the pressure gradient along the well575

is neglected, the variation of injected volume between fractures is under-predicted576

even in case of relatively close cluster spacing. The larger the cluster spacing, the577

larger the discrepancy.578
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Fig. 19 Effect of parameter Πβ on fluid partitioning (relative standard deviation of injected
volume after 5 min. of injection).
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Fig. 20 Effect of parameter Γm on fluid partitioning (relative standard deviation of injected
volume after 5 min. of injection) with pressure gradient in the well neglected (dashed lines)
and accounted for (solid lines).

Here we should recall that in case of too small a ratio of fracture spacing to579

fracture height (less than 0.25) the chosen elastic kernel fails to produce trustwor-580

thy results for elasticity (see Wu and Olson (2015a)) making it hard to explore581

the cases with shorter stage length. Yet, the above considered range of ratios of582

cluster spacing and fracture / reservoir height were chosen to reflect typical val-583

ues for industry applications, thus, the given example is a good demonstration of584

importance of the wellbore- and stage length-related effects on fluid partitioning585

and localization of the fracture growth.586
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6 Conclusions587

We have developed a fully coupled numerical solver for the simultaneous propaga-588

tion of multiple blade-like hydraulic fractures due to fluid injection in a horizontal589

well. The proposed scheme properly solves the fluid partitioning problem at any590

given time by coupling wellbore flow and hydraulic fracture propagation.591

Our results are in line with previous studies restricted to the growth of simul-592

taneous radial hydraulic fractures (see Lecampion and Desroches (2015c,b)) that593

were intrinsically confined to the early stage of growth (axi-symmetric fractures).594

Low entry friction (large Γm dimensionless parameter defined in Eq. (30)) pro-595

motes uneven fluid partitioning and fracture growth localization; generally, for596

Γm� 1 fluid partitioning and fracture growth are even, yet the boundary between597

uniform and non-uniform growth depends on the stage length (the Πβ dimension-598

less parameter defined in Eq. (31)). On the other hand, the effect of parameter599

Πβ on fluid partitioning and fracture length shows little to no dependence on Γm.600

For low in-situ stress differential (σH ∼ σh), fracture curving helps balancing the601

flow rate between the fractures, as stress interactions between the growing frac-602

tures decrease as they move away from one another. Yet, the effect of in-situ stress603

/ fracture curving on variation of fluid entry rates and fractures length is minor604

compared to the first two. However, as expected, the pattern of fracture growth605

is highly sensitive to the in-situ stress contrast and entry friction. Notably, large606

entry friction appears to always counteract the adverse effect of stress interaction607

between the fractures, yet the pressure drop along the stage (i.e. the length of the608

stage) can have a more pronounced negative effect than the stress interaction on609

fluid partitioning. As a result, one cannot disregard it in order to obtain a proper610

picture of fluid partitioning and growth of multiple fractures during a pumping611

stage.612

In this contribution, we restricted our numerical investigations to the case613

of even (spatially homogeneous) entry friction. However, the fluid partitioning614

and the consequent fractures’ propagation rates will most likely be highly sen-615

sitive to spatial variations of the entry friction, especially the term associated616

with near-wellbore fracture tortuosity. Such variations are likely to happen and617

hard to control (see the examples reported in Desroches et al. (2014); Lecampion618

and Desroches (2015a)). Investigation of the effect of heterogeneous entry friction619

should be investigated further.620

We should also highlight the importance of accurate coupling of the fractures621

propagation with the wellbore fluid flow: being a nonlinear process that directly622

controls the fluid partitioning it is particularly hard to handle numerically: preci-623

sion is crucial to handle such a stiff non-linearity. On one hand, simple fixed-point624

iteration schemes for such nonlinear coupling are typically unstable. On the other625

hand, evaluation of the partial derivatives of pressure vs. entry rates (in order to626

implement a quasi-Newton or higher order iteration scheme) is necessarily numer-627

ical (and therefore costly) due to the non-local nature of the fracture propagation628

process. We believe that more work is required to speed up the solution of such629

highly non-linear problems (e.g. a typical simulation reported in section 5.2 run630

for about 5 hours on a 10 cores desktop) while keeping the robustness of the solver631

presented here.632
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