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1 Introduction

Humans walk adaptively in diverse environments by
skillfully controlling their musculoskeletal system through
the central nervous system. It has been reported that loco-
motor rhythm and phase are regulated by producing phase
shift and rhythm resetting (phase resetting) for periodic mo-
tor commands in response to sensory afferents and perturba-
tions [2, 8]. The phase resetting has been suggested to plays
an important role for adaptive walking [1, 3, 4]. However,
the underlying mechanism remains largely unclear.

To investigate the dynamic mechanism for walking, sim-
ple physical models are useful. Especially, compass-type
models have been used. Because stable walking corresponds
to a limit cycle, the basin of attraction is an important factor
for adaptive walking. In our previous works [6,7], we inves-
tigated the formation mechanism of basin of attraction us-
ing a compass model. In particular, passive dynamic walk-
ing [5] has a characteristic shape with fractal-like slits in
the basin of attraction. We elucidated that this is due to the
saddle hyperbolicity and hybrid dynamics. In addition, even
when the model was controlled by a simple sinusoidal input,
there were common formation mechanisms of the basin of
attraction. In this study, we incorporated the phase resetting
mechanism to our previous compass model and investigated
the basin of attraction.

2 Model

Figure 1A shows our model, which has two legs, each
having the length l, that are connected by a frictionless hip
joint. Let the angle of the stance leg with respect to the slope
normal be θ1, and the angle between the stance leg and the
swing leg be θ2. The mass is located only at the hip and
the feet; the hip mass is M and the foot mass is m. g is the
acceleration due to gravity. This model walks on a slope of
angle γ and is controlled by the input torque u at the hip. The
stance foot is fixed on the slope, and it rotates freely without
friction. We assumed that the double-stance phase duration
is infinitesimal and that the collision at the foot contact is
fully inelastic (no slip, no-bound).

We used a phase oscillator, whose phase is ϕ with the
frequency ω (ϕ̇ = ω), and determined the input torque u by
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Figure 1: Simple model (A) and hybrid dynamics (B)

u = Acosϕ , where A is the amplitude. To incorporate the
phase resetting mechanism, we reset ϕ to ϕ0 just after the
foot contact. To clarify the contribution of phase resetting
to the basin of attraction, we compared the results of three
models: 1. Passive model with γ > 0 and A = 0, 2. Active
model with γ = 0 and A> 0 and without phase resetting, and
3. Reset model with γ = 0, A > 0, and phase resetting.

Our model is a hybrid system composed of the continu-
ous dynamics during single-stance phase and the discontin-
uous dynamics at foot contact. The hybrid dynamics deter-
mines the structure of the phase space, as shown in Fig. 1B.
H is the section of the foot contact condition and T is the
jump by the discontinuous dynamics at foot contact. U is the
map from the state just after foot contact to the next foot con-
tact by the continuous dynamics during single-stance phase.
We defined the Poincaré map S by S= T ◦U : T (H)→ T (H)
on the Poincaré section T (H). From the characteristics of T ,
the state on T (H) depends only on θ1 and θ̇1 for the passive
and reset models and θ1, θ̇1, and ϕ for the active model [7].
To investigate the basin of attraction, we defined the domain
D of S by the collection of initial conditions on which the
model took at least one step. We also considered the se-
quence of inverse images of D by S−n (n= 1,2, . . .). Because
D is not necessarily inside the domain P of S−1, S−1 is appli-
cable to D∩P. Although we should write S−1 in the follow-
ing way as S−1(D∩P) and S−1(S−1(D∩P)∩P), we simply
write them as S−1(D) and S−2(D). The region S−n(D) indi-
cates the collections of initial conditions on which the model
takes at least (n+ 1) steps and the sequence approximates
the basin of attraction as n increases.



Figure 2: Basin of attraction for (A) passive, (B) active, and
(C) reset models. (D) Basin size of active model for ϕ .

3 Result

Figure 2A, B, and C show the basins of attraction for
the passive, active, and reset models, respectively, for M =
50 kg, m = 7.5 kg, l = 1 m, γ = 0.001 rad for the passive
model, A = 21.4 kgm2/s2 and ω = 3.5 rad/s for the active
and reset models, and ϕ0 = 0.05 rad for the reset model,
where we used θ1 + θ̇1 and θ1 − θ̇1 for the axes to clar-
ify these shape and used 1000× 1000 boxes. Because the
active model has three DoFs on T (H), we showed two-
dimensional slices for different ϕ . The passive model has
449 boxes for the basin of attraction and the active model has
up to 3316 boxes for each ϕ , as shown in Fig. 2D. The reset
model has 19271 boxes, which is much larger than those for
the other models.

Although the passive model has fractal-like many slits in
the basin of attraction, the active model has only a few slits
and the reset model has only one slit. We investigated this
mechanism for the slits by comparing the passive and reset
models. Figure 3A and B show S−2(D) and S−2(D)∩P for
the passive and reset models, respectively. Because S−1 has
a role to fold the domain D, S−2(D) has a slit in both the
models. However, while the slit is included in S−2(D)∩P
for the passive model, it is outside of S−2(D)∩P for the reset
model. Because S−2(D)∩P has a slit in the passive model,
S−3(D) has more slits, as shown in Fig. 3C. Therefore, the
number of slit increases by applying S−1 many times. In
contrast, because S−2(D)∩P has no slit in the reset model,
the slit of S−2(D) is not used for S−3(D) and S−3(D) has
only one slit, as shown in Fig. 3D. Even when applying S−1

many times, the number of slit does not increase.

4 Discussion

In this study, we investigated the basin of attraction for
walking using a simple compass model. In particular, we
compared three cases for the control of the walking model

Figure 3: S−2(D) and domain of S−2(D)∩P for (A) passive
and (B) reset models. S−3(D) for (C) passive and (D) reset
models.

(passive, active, and reset models). The passive model had
many slits in the basin of attraction, which made the system
sensitive and fragile. In contrast, the reset model had only
one slit in the basin of attraction and furthermore the basin
size largely increased. The change of the number of slit was
due to the relationship between S−n and P. We would like
to investigate more detailed structure and formation mech-
anism of the basin of attraction for walking in the future.
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