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1 Introduction

The flapping of animal and robotic appendages in a sur-
rounding fluid, such as wings [1–4], tails [5], etc, to gener-
ate propulsion is a common strategy in the biological realm.
Engineering applications have also sought to mimic biol-
ogy for robotic propulsion [6, 7]. Other engineering appli-
cations of flapping wings include kinetic energy extraction
from a flowing fluid for wind and hydrokinetic energy gen-
eration [8–14]. Periodic motion of appendages or the whole
body is also used by bacteria [15] and nematodes [16, 17],
resulting in a surround flow with a small Reynolds num-
ber. For all these cases, the choice of the periodic kine-
matics is critical to the resulting mechanical performance
of the engineering design or biological behaviour. How-
ever, the space of all possible periodic kinematics is infinite-
dimensional and the response of the fluid is governed by par-
tial differential equations, which makes searching for candi-
date kinematics formidable even if the continuum deforma-
tion of these appendages is replaced by rigid-body linkages.
When inertial forces in the surrounding flow resulting from
the flapping are overwhelmed by viscous forces, the under-
lying partial differential equations acquire a time-reversal
kinematic symmetry, which simplifies the identifiaction of
optimum periodic kinematics in some cases [18–21]. How-
ever, for many applications such as bird flight, fish swim-
ming and energy extraction, the inertial forces dominate
over viscous ones, i.e., when the Reynolds number asso-
ciated with the resulting flow is large. While many such
cases are motivated by practical applications, the absence of
time-reversal kinematic symmetry renders the problem of
determining optimum kinematics fundamentally challeng-
ing. Numerical and experimental investigations of flapping
foil fluid dynamics proceeded by parametrizing the kine-
matic space, thereby reducing it to a finite-dimensional one
[9–11, 13, 22–28]. However, it remains unclear how such
a parameterization should be chosen or whether the opti-
mum within the finite-dimensional space approximates the
infinite-dimensional optimum. The latter is especially sig-
nificant because, as we show in this work, a small deviation
away from parameterized kinematics has the potential sig-
nificantly alter the performance landscape. Therefore, an
exploration of the infinite-dimensional kinematic space is
critical to understanding flapping locomotion in the biologi-
cal context and designing it in the engineering context.

Here we present a method for systematically exploring
the infinite-dimensional kinematic space. As a representa-
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Figure 1: Schematic setup of the oscillating foil for extract-
ing power from oncoming flow.

tive example, we apply the method to improve the efficiency
of power extraction by an oscillating foil capable of pitch-
ing and heaving; it can also be applied for other applications,
such as locomotion The experimental setup used to evaluate
the energy extraction performance for different kinematics,
shown in Fig. 1, consists of a foil that can pitch by an an-
gle θ(t) and heave according to h(t). The fraction of the
incident kinetic energy flux on the swept area of the foil
that is extracted is the efficiency, η , of energy extraction.
Parameterizing the foil kinematics to be purely sinusoidal,
our experiments show that the maximum possible efficiency
is 39.7% (kinematics B in Tab. 1). We further show that
extending the kinematics to include non-sinusoidal motion
yields a maximum efficiency of 42.1% and likely no more
(kinematics D in Tab. 1). Remarkably, this increase in effi-
ciency does not arise from a small change to the optimal si-
nusoidal kinematics; removing the higher harmonic content
from kinematics D reduces the efficiency to 27.7% (kine-
matics E). This observation indicates the presence of pock-
ets of high performance in the kinematics landscape, which
could be missed by incomplete or poor parameterization of
the kinematic space.
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Table 1: Comparison of total efficiency η for three
kinematics labeled B, D and E. Here f ∗ is the re-
duced frequency ωc/2πU , and the kinematics are ex-
panded as θ(t) = ∑

∞
n=1 θn,S sin(nωt)+θn,C cos(nωt), h(t) =

∑
∞
n=1 hn,S sin(nωt) + hn,C cos(nωt), where θn,C, θn,S and

hn,C, hn,S are the amplitudes of the nth Fourier mode in pitch
and heave, respectively. Without loss of generality, we take
θ1,C = 0 and represent the fundamental heave kinematic as
h1 sin(ωt +Φ), so that h1,C = h1 sinΦ and h1,S = h1 cosΦ.
B and D are determined through an optimization devised for
this work and E is obtained by removing the higher harmon-
ics from D.

Label B D E
f ∗ 0.136 0.136 0.136
θ1 74◦ 79◦ 79◦

h1 0.70c 0.39c 0.39c
Φ 96◦ 100◦ 100◦

θ3,S 0 5.0◦ 0
θ3,C 0 4.7◦ 0
h3,S 0 -0.06c 0
h3,C 0 -0.08c 0
ηmax (%) 39.7 42.1 27.7

±0.4 ±0.5 ±0.5
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Figure 2: Comparison of kinematics B, D and E.

of a 1kw oscillating hydrofoil energy harvesting system. In Marine Energy
Technology Symposium. National Hydropower Association, 2016.
[15] H. C. Berg. E. coli in Motion. Springer Science & Business Media,
2008.
[16] N. A. Croll. The behaviour of nematodes: their activity, senses and
responses. Edward Arnold Ltd., London, 1970.
[17] C. Fang-Yen, M. Wyart, J. Xie, R. Kawai, T. Kodger, S. Chen,
Q. Wen, and A. D. T. Samuel. Biomechanical analysis of gait adap-
tation in the nematode caenorhabditis elegans. Proc. Nat. Acad. Sci.,
107(47):20323–20328, 2010.
[18] A. Shapere and F. Wilczek. Self-propulsion at low reynolds num-
ber. Phys. Rev. Lett., 58(20):2051, 1987.
[19] J. E. Avron, O. Gat, and O. Kenneth. Optimal swimming at low
reynolds numbers. Phys. Rev. Lett., 93(18):186001, 2004.
[20] D. Tam and A. E. Hosoi. Optimal stroke patterns for purcell’s three-
link swimmer. Phys. Rev. Lett., 98(6):068105, 2007.
[21] D. Tam and A. E. Hosoi. Optimal feeding and swimming gaits of
biflagellated organisms. Proc. Nat. Acad. Sci., 108(3):1001–1006, 2011.
[22] M. Milano and M. Gharib. Uncovering the physics of flapping flat
plates with artificial evolution. J. Fluid Mech., 534:403–409, 7 2005.
[23] U. Pesavento and Z. J. Wang. Flapping wing flight can save aero-
dynamic power compared to steady flight. Phys. Rev. Lett., 103:118102,
Sep 2009.
[24] G. J. Berman and Z. J. Wang. Energy-minimizing kinematics in
hovering insect flight. J. Fluid Mech., 582:153–168, 7 2007.
[25] C. Eloy and L. Schouveiler. Optimisation of two-dimensional un-
dulatory swimming at high reynolds number. Int. J. Nonlinear Mech.,
46(4):568 – 576, 2011. Special issue on non-linear mechanics of biological
structures.
[26] P. A. Dewey, B. M. Boschitsch, K. W. Moored, H. A. Stone, and
A. J. Smits. Scaling laws for the thrust production of flexible pitching
panels. J. Fluid Mech., 732:29–46, 2013.
[27] W. M. van Rees, M. Gazzola, and P. Koumoutsakos. Optimal mor-
phokinematics for undulatory swimmers at intermediate reynolds numbers.
J. Fluid Mech., 775:178–188, 2015.
[28] D. B. Quinn, G. V. Lauder, and A. J. Smits. Maximizing the ef-
ficiency of a flexible propulsor using experimental optimization. J. Fluid
Mech., 767:430–448, 2015.
[29] K. D. Jones, K. Lindsey, and M. F. Platzer. An investigation of the
fluid-structure interaction in an oscillating-wing micro-hydropower gener-
ator. In S. K. Chakrabarti, C. A. Brebbia, D. Almorza, and R. A. Gonzalez-
Palma, editors, Fluid Structure Interaction II, pages 73–82. WIT Press,
Southampton, UK, 2003.
[30] Q. Zhu. Optimal frequency for flow energy harvesting of a flapping
foil. J. Fluid Mech., 675:495–517, 5 2011.
[31] C. O. Usoh, J. Young, J. C. S. Lai, and M. A. Ashraf. Numerical
analysis of a non-profiled plate for flapping wing turbines. In Proc. 18th
Australasian Fluid Mech. Conf., Launceston, Australia, 2012.


