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Collisions play an important role in many plasma systems

Need to incorporate collisional effects on 

linear and non-linear wave-particle resonances

Laser-Plasma Interactions, Inertial Fusion

q Collisional damping losses for electron-plasma (Langmuir) waves.

While the time scales for collisionless damping to occur are 

q Collisions lead to particle detrapping, even at low/intermediate collisionalities
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Collisions play an important role in many plasma systems

Magnetic Fusion

q Collisions influence the level of particle confinement and turbulent transport

q Future fusion reactors will have plasmas with different collisionality regimes

Te ⇠ 10 eV� 10 keV
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n ⇠ 1018 � 1020 m�3
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Need for a predictive model with collisions at 

arbitrary collisionalities

ITER: �mfp

R
⇠ 10�1 � 103
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Why are collisions so hard to model?

Aab = �
✓
1 +

ma

mb

◆
@Dab

@v
<latexit sha1_base64="QbSI53TK47yhUyDn8m5mhhuaHg4="></latexit>

Dab = �⌫ab
@2Gb

@v@v
<latexit sha1_base64="oxA+F4Pzbsv2d6Y7iC3nwl49vqc="></latexit>

Friction and diffusion coefficients

Hb = � 1

4⇡

Z
fb

v � v0 dv
0

<latexit sha1_base64="OY4n53/4CCE84L4DBDi0sVzR6+E="></latexit>

r2
vGb = Hb
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Rosenbluth potentials

Full Coulomb Collision Operator

C(fa, fb) =
@

@v
·

Aabfa +

@

@v
· (Dabfa)

�

<latexit sha1_base64="3BcC4dfVgu4j6as1w4akWzT/zAc="></latexit>

df

dt
=
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Why are collisions so hard to model?

C(fa, fb) =
@

@v
·

Aabfa +

@

@v
· (Dabfa)

�

<latexit sha1_base64="3BcC4dfVgu4j6as1w4akWzT/zAc="></latexit>

q Bilinear

q Tensorial

q Integro-differential

q 1/v dependence

Difficulties 
associated with the 
Coulomb operator

Often leads us to consider simplified models (fluid equations, 
linearized operators, simplified/ad-hoc collision operators, etc..)
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Additional difficulty: Magnetized Plasmas

q Particles in a magnetized plasma have drifts 

of the guiding center position R

How to describe particle collisions non-linearly as a function of R

with different Larmor radii at arbitrary collisionalities?

B
E

RCatto & Tsang, Phys. of Fluids, 1977
Abel et. al., Phys. of Plasmas, 2008
Li & Ernst, Phys. Rev. Lett., 2011

q Effort on Linearized Operators
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Simplification of the Collision Operator

Expand the Rosenbluth potentials

in a Taylor series

Electrostatic potential of a charge 

distribution F in velocity space

and use a cylindrical coordinate system

𝒆𝒛

𝒗𝜑

𝜃
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Simplification of the Collision Operator

Expand the Rosenbluth potentials

in a Taylor series

Electrostatic potential of a charge 

distribution F in velocity space

and use a cylindrical coordinate system
f ⇠

X

m,l

N lm(r)Ylm(', ✓)

<latexit sha1_base64="2GIhOzyTFQs+szXzTk2yuITf1EE="></latexit>

Multipole expansion of f
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Solve for the multipoles of f using

3D Moment Hierarchy Equations

Retain necessary kinetic effects and no more

Method – Turn Kinetic Eq. Into a Hierarchy of Fluid-Like Eqs.

df

dt
= C

<latexit sha1_base64="kcwCdtC16vaOUp9VdJDMGuPCU/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0mqoBeh2IvHCvYD2lA2m027dLMJuxuhhvwSLx4U8epP8ea/cdvmoK0PBh7vzTAzz084U9pxvq219Y3Nre3STnl3b/+gYh8edVScSkLbJOax7PlYUc4EbWumOe0lkuLI57TrT5ozv/tIpWKxeNDThHoRHgkWMoK1kYZ2ZRBKTLIgzLNA5zfNoV11as4caJW4BalCgdbQ/hoEMUkjKjThWKm+6yTay7DUjHCalwepogkmEzyifUMFjqjysvnhOTozSoDCWJoSGs3V3xMZjpSaRr7pjLAeq2VvJv7n9VMdXnsZE0mqqSCLRWHKkY7RLAUUMEmJ5lNDMJHM3IrIGJsktMmqbEJwl19eJZ16zb2o1e8vq43bIo4SnMApnIMLV9CAO2hBGwik8Ayv8GY9WS/Wu/WxaF2ziplj+APr8wcBspNP</latexit>



Advantages of a Moment Hierarchy Model

Set of fluid-like equations with reasonable 
computational cost

Tune the number of moments according to the 
desired level of accuracy (function of collisionality)

12

Reduce to the fluid model at high collisionality



1. Choose an orthogonal polynomial basis for F

2. Project kinetic equation with collisions onto basis

3. Convert spherical harmonics to new basis and obtain moment-hierarchy

13

3 Steps To Build a Moment Hierarchy Model

Z
(Kinetic Eq.)

Z
(Collision op.) =

X
Cpj

lk N
lk

<latexit sha1_base64="SpMwSbQ5NtQ1kUrbw1UqQmjc1Ks=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWpgm6EYjeupIJ9QJuGyXTSjp1MwsxEKCG48VfcuFDErV/hzr9x0mahrQcu93DOvczc40WMSmVZ30ZhaXllda24XtrY3NreMXf3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xvXMbz8QIWnI79QkIk6Ahpz6FCOlJdc8uIQ9GQew3k+i+9RN2DiFN/2suWbZqlhTwEVi56QMcjRc86s3CHEcEK4wQ1J2bStSToKEopiRtNSLJYkQHqMh6WrKUUCkk0xPSOGxVgbQD4UuruBU/b2RoEDKSeDpyQCpkZz3MvE/rxsr/8JJKI9iRTiePeTHDKoQZnnAARUEKzbRBGFB9V8hHiGBsNKplXQI9vzJi6RVrdinlertWbl2lcdRBIfgCJwAG5yDGrgGDdAEGDyCZ/AK3own48V4Nz5mowUj39kHf2B8/gDSBJcT</latexit>

dNpj

dt
=

<latexit sha1_base64="K/ALF9xo82l6+Dq3wv87O/e9hlw=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpgm6EohtXUsE+oI1lMpm0YycPZiZCDcFfceNCEbf+hzv/xmmbhbYeuHA4517uvceNOZPKsr6NwsLi0vJKcbW0tr6xuWVu7zRllAhCGyTikWi7WFLOQtpQTHHajgXFgctpyx1ejv3WAxWSReGtGsXUCXA/ZD4jWGmpZ+51fYFJ6qHruzS+z7LUU9l5zyxbFWsCNE/snJQhR71nfnW9iCQBDRXhWMqObcXKSbFQjHCalbqJpDEmQ9ynHU1DHFDppJPrM3SoFQ/5kdAVKjRRf0+kOJByFLi6M8BqIGe9sfif10mUf+akLIwTRUMyXeQnHKkIjaNAHhOUKD7SBBPB9K2IDLCOQ+nASjoEe/bledKsVuzjSvXmpFy7yOMowj4cwBHYcAo1uII6NIDAIzzDK7wZT8aL8W58TFsLRj6zC39gfP4A0e6Vdg==</latexit>

C
pj =

Z
Hp(vz)Lj(v2?)C(h�fki)p

2pp!
dvzdv

2
?

<latexit sha1_base64="xTr3FuyhJMkioacakkjj2smrw24="></latexit>
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Linear Theory of Electron-Plasma Waves (EPW)

Boltzmann Equation

Small electron perturbations from a homogeneous equilibrium

Maxwellian background of ions

f = fM + �f
<latexit sha1_base64="xZxffTiGjR5UAfQe+sZ36AQYDNY="></latexit>

�fi = 0
<latexit sha1_base64="TjS8YW0+vib4CgnJstbY0pPkM6g="></latexit>

How is Landau damping affected by collisions?

Do the roots of the collisionless dispersion relation change significantly?

@ h�fki
@t

+ ikvz h�fki+ ikvz
4⇡e2�nk

k2T0
=

hC(fM�fk)i
fM

<latexit sha1_base64="KsQQACVbHBFCKN4T9YZbfOETrbA="></latexit>

(Fourier transformed and averaged over 𝜃)

𝒌

𝒗

𝜃
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Build an EPW moment-hierarchy model using the 3 steps

EPW Moment Hierarchy Equation

R. Jorge et. al., JPP 85 (2), 2019

N00

k2�2
D

<latexit sha1_base64="xQlWbyQViRDfKXwInlqt2+3CFGE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRV0GVRF66kgn1Ak4bJZNIOnUzCzEQoITs3/oobF4q49Rfc+TdO2yy09cDA4Zx7uHOPnzAqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXU38zgMRksb8Xo0T4kZowGlIMVJa8sxDJxQIZ7f9zLLyPBv169BhOh4g77pfzz2zatWsKeAisQtSBQWanvnlBDFOI8IVZkjKnm0lys2QUBQzklecVJIE4REakJ6mHEVEutn0jhweayWAYSz04wpO1d+JDEVSjiNfT0ZIDeW8NxH/83qpCi/cjPIkVYTj2aIwZVDFcFIKDKggWLGxJggLqv8K8RDpYpSurqJLsOdPXiTtes0+rdXvzqqNy6KOMjgAR+AE2OAcNMANaIIWwOARPINX8GY8GS/Gu/ExGy0ZRWYf/IHx+QMeT5jS</latexit>

Electric ForcePhase-Mixing CollisionsTime Evolution

i
@Npj

@t
=

r
p+ 1

2
Np+1j +

r
p

2
Np�1j +

N00

↵D

�p,1�j,0p
2

+ iCpj

<latexit sha1_base64="HbA/8PI7tHjaqc/gI5fsJ1/6En0="></latexit>

i
@Npj

@t
=

r
p+ 1

2
Np+1j +

r
p

2
Np�1j +

N00

↵D

�p,1�j,0p
2

+ iCpj

<latexit sha1_base64="HbA/8PI7tHjaqc/gI5fsJ1/6En0="></latexit>

𝑡 normalized to 𝑘𝑣#ℎ𝑒
𝜆𝐷 = Debye length
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EPW Collision Term

Valid for zero or small Larmor radius up to O(k2?⇢
2
i )

<latexit sha1_base64="l9AW0jw/H7wvJCS6Rgu+nNcexJQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilJFHRZdOPOCvYBTRom02k7dDIZZiZCCQV/xY0LRdz6He78G6dtFtp64MLhnHu5955IMKq043xbhZXVtfWN4mZpa3tnd8/eP2iqJJWYNHDCEtmOkCKMctLQVDPSFpKgOGKkFY1upn7rkUhFE/6gx4IEMRpw2qcYaSOF9tFdZRT6gkjR9aAvh0lIu95ZaJedqjMDXCZuTsogRz20v/xegtOYcI0ZUqrjOkIHGZKaYkYmJT9VRCA8QgPSMZSjmKggm50/gadG6cF+Ik1xDWfq74kMxUqN48h0xkgP1aI3Ff/zOqnuXwUZ5SLVhOP5on7KoE7gNAvYo5JgzcaGICypuRXiIZIIa5NYyYTgLr68TJpe1T2vevcX5dp1HkcRHIMTUAEuuAQ1cAvqoAEwyMAzeAVv1pP1Yr1bH/PWgpXPHII/sD5/ALMRlKs=</latexit>

Expression for the moments of the linearized Coulomb operator

Collision Frequency

Numerical
Coefficient

Test-Particle
Coefficient

Field-Particle
Coefficient

Cpj =
X

b

⌫b
X

s,l,t

�pj
slt

�
N ls

a Alts
ab +N ls

b Blts
ab

�

<latexit sha1_base64="+dUoiXsRBVea1h2Dcfe874MdO8w="></latexit>

Multipole Moments

Conserves particle, momentum and energy
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Damping at Arbitrary Collisionality

q Collisional and Landau Damping computed for the first 

time with the full Coulomb collision operator

q Only ~20 Hermite and ~2 Laguerre polynomials needed

Collisionality

Parameter
scan

Three collision 
operators



19

Entropy mode at High Collisionality

q Electron-ion collisions known to yield

long-time zero-frequency behaviour

q Full Coulomb collisions increase the 

entropy mode damping rate

Entropy mode not 
present in simplified
collision operators
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EPW Eigenmode Spectrum

Difference between eigenmode spectra may lead to different nonlinear evolution of EPW

Full Coulomb Collision Operator Simplified Lenard-Bernstein Operator

Zeros of Hermite Polynomials
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Linear Theory of the Drift-Wave Instability

Ø Two spatial and two velocity dimensions in slab geometry

Ø Electron and ion perturbations

Ø Finite background density gradient

@Fa

@t
+

�
vkb+ vE

�
·rFa � qark�

mi

ma

@Fa

@vk
=

X

b

hCabi
<latexit sha1_base64="LH1zeTa6vJ0dvvaLEO5GrjsYw1Y="></latexit>

Boltzmann Equation

What is the peak growth rate at finite collisionality?

How many moments do we need to describe the DW instability?

𝒃

𝒗

𝜃
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Build a DW moment-hierarchy model using the 3 steps

DW Moment Hierarchy Equation

𝑡 normalized to 𝑐%/𝐿𝑛
𝜏𝑎 = 𝑇𝑎/𝑇𝑒
𝜎𝑎 = 𝑚𝑎/𝑚𝑖

Electric ForcePhase-Mixing CollisionsTime Evolution

i
@Npj

a

@t
= kk

p
⌧a
�a

⇣p
p+ 1Np+1j

a +
p
pNp�1j

a

⌘
� �

✓
k?�p,0 �

qakkp
⌧a�a

�p,1

◆
�j,0 + iCpj

<latexit sha1_base64="BFMtIgCb7G7qrs3HgDGBkVWM3/8="></latexit>

ExB Advection

R. Jorge et al., PRL 121 (16), 2018
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Build a DW moment-hierarchy model using the 3 steps

DW Moment Hierarchy Equation

Electric ForcePhase-Mixing CollisionsTime Evolution

i
@Npj

a

@t
= kk

p
⌧a
�a

⇣p
p+ 1Np+1j

a +
p
pNp�1j

a

⌘
� �

✓
k?�p,0 �

qakkp
⌧a�a

�p,1

◆
�j,0 + iCpj

<latexit sha1_base64="BFMtIgCb7G7qrs3HgDGBkVWM3/8="></latexit>

ExB Advection

Precomputed in the EPW case
Add ion perturbations
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First Study on Coulomb Collision Effects on the Drift-Wave Instability

Peak growth rate 𝛾 at arbitrary collisionality

q Saturation of 𝑘⊥ and increase of 𝑘∥ for higher collisionality
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Eigenmode Spectra

Important deviations between full Coulomb collision 
operator and presently used collision operators
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Convergence Study

Peak Growth Rate
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Outline

q Role of Collisions

q Moment Hierarchy Approach

q Part 1: Linearized Coulomb Collision Operator 

q Electron-Plasma Waves

q Drift-Waves

q Part 2: Non-Linear Coulomb Collision Operator

q Small Larmor Radius

q Arbitrary Larmor Radius

q Closure
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Part 2: Non-Linear Model

Collision Frequency

Function of the Larmor radius, 
mass and temperature ratios

Expression for the moments of the non-linear Coulomb operator

Valid at arbitrary Larmor radii

R. Jorge et. al., JPP accepted, 2019, arXiv:1906.03252

𝒆𝒛, 𝒃

𝒗𝜑
𝜃

Cpj =
X

b

⌫b
X

ls

X

tu

Cpj
ablstuN

ls
a N tu

b

<latexit sha1_base64="G+L0m9ZP/55s3bvolfUrMsPVibE="></latexit>

Multipole Moments
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Small or Zero Larmor Radius

Averaging Procedure

Hp(vk)Lj(µ)
<latexit sha1_base64="Mxxbm52Y6CjZhsi9VJNw10r6jwU="></latexit><latexit sha1_base64="Mxxbm52Y6CjZhsi9VJNw10r6jwU="></latexit><latexit sha1_base64="Mxxbm52Y6CjZhsi9VJNw10r6jwU="></latexit><latexit sha1_base64="Mxxbm52Y6CjZhsi9VJNw10r6jwU="></latexit>

After integration

moments 𝑁𝑝𝑗 of F

R. Jorge et. al., JPP 83 (6), 2017

q Model scrape-off layer of fusion 

devices in the H-mode regime

q Study non-linear collision effects 

in unmagnetized plasmas

We are now able to
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Large Larmor Radius

Averaging Procedure in Fourier Space

Basis Transformation

J0(k?⇢) =
X

j

Kj(k?)Lj(µ)
<latexit sha1_base64="Zr9l6Ied+I0cURM0Fa4PVWMtUHQ=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VoNyWpgm6EohtRFxVsKzQhTKaTdtqZJMxMhBL6HW78FTcuFHEnbvwbp20EbT1w4cw59zL3Hj9mVCrL+jJyC4tLyyv51cLa+sbmlrm905RRIjBp4IhF4s5HkjAakoaiipG7WBDEfUZa/uB87LfuiZA0Cm/VMCYuR92QBhQjpSXPtOGlZ5UGnhMTEUNH9KIyPIWOTLjXh1de/8cqw2v9cHhS9syiVbEmgPPEzkgRZKh75ofTiXDCSagwQ1K2bStWboqEopiRUcFJJIkRHqAuaWsaIk6km05OG8EDrXRgEAldoYIT9fdEiriUQ+7rTo5UT856Y/E/r52o4MRNaRgnioR4+lGQMKgiOM4JdqggWLGhJggLqneFuIcEwkqnWdAh2LMnz5NmtWIfVqo3R8XaWRZHHuyBfVACNjgGNXAB6qABMHgAT+AFvBqPxrPxZrxPW3NGNrML/sD4/AZsn56i</latexit>

The kernel function 𝐾𝑗
allows us to accurately model 
finite Larmor radius effects Small contribution from large 𝑥 and large j

hf(x)i =
Z

dk

✓Z
d✓eik·x

◆
f(k)

<latexit sha1_base64="EXqd12kFbg8lnQKS4VnieIG1264="></latexit>

J0(k?⇢)f(k)
<latexit sha1_base64="HgquWsM3piQW/qBC5Ko3YtSGqMk=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQbkpSBV0W3YirCvYBTQiT6aQdMkmGmYlQQldu/BU3LhRx6ze482+ctFlo64ELh3Pu5d57fM6oVJb1bZRWVtfWN8qbla3tnd09c/+gK5NUYNLBCUtE30eSMBqTjqKKkT4XBEU+Iz0/vM793gMRkibxvZpw4kZoFNOAYqS05JnHt55VCz2HE8GhI8ZJPag5EVJjP4Bh3TOrVsOaAS4TuyBVUKDtmV/OMMFpRGKFGZJyYFtcuRkSimJGphUnlYQjHKIRGWgao4hIN5u9MYWnWhnCIBG6YgVn6u+JDEVSTiJfd+YXykUvF//zBqkKLt2MxjxVJMbzRUHKoEpgngkcUkGwYhNNEBZU3wrxGAmElU6uokOwF19eJt1mwz5rNO/Oq62rIo4yOAInoAZscAFa4Aa0QQdg8AiewSt4M56MF+Pd+Ji3loxi5hD8gfH5AzOFl60=</latexit>
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Large Larmor Radius

𝐾𝑗(𝑘⊥𝜌)×moments 𝑁𝑝𝑗

q Able to model the whole 

periphery of fusion devices

q First non-linearized gyrokinetic  

Coulomb collision operator

After integration

hYlm(', ✓)i
<latexit sha1_base64="voeB+ko3pp2BNuobWTM+SFlx9/4=">AAACDXicbVDJSgNBEO1xjXEb9eilMQoKEmZU0INI0IvHCMaFTAg9nZpMk56F7hohDPkBL/6KFw+KePXuzb+xk8zB7UHB470qqur5qRQaHefTmpicmp6ZLc2V5xcWl5btldUrnWSKQ4MnMlE3PtMgRQwNFCjhJlXAIl/Ctd87G/rXd6C0SOJL7KfQilg3FoHgDI3Utjc9CQEe09t2LqPBtnfHVBqKXQ9DQLbjKdEN8aRtV5yqMwL9S9yCVEiBetv+8DoJzyKIkUumddN1UmzlTKHgEgZlL9OQMt5jXWgaGrMIdCsffTOgW0bp0CBRpmKkI/X7RM4irfuRbzojhqH+7Q3F/7xmhsFRKxdxmiHEfLwoyCTFhA6joR2hgKPsG8K4EuZWykOmGEcTYNmE4P5++S+52qu6+9W9i4NK7bSIo0TWyQbZJi45JDVyTuqkQTi5J4/kmbxYD9aT9Wq9jVsnrGJmjfyA9f4FE3+bkA==</latexit>

R. Jorge et. al., JPP accepted, 2019 
arXiv:1906.03252
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Outline

q Role of Collisions

q Moment Hierarchy Approach

q Part 1: Linearized Coulomb Collision Operator 

q Electron-Plasma Waves

q Drift-Waves

q Part 2: Non-Linear Coulomb Collision Operator

q Small Larmor Radius

q Arbitrary Larmor Radius

q Closure
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How to close the moment-hierarchy?

(0,0)
(1,0)
(0,1)
(2,0)

Dissipation range Use result of dissipation range in 
previous phase-mixing terms 

withCompare

The closed formula for 
𝐶𝑝𝑗 allows us to estimate 
the collisional terms at 
arbitrary collisionalities

Semi-collisional closure
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Closure at high-collisionality

Drift-Reduced Braginskii

equations retrieved
Semi-collisional closure

with
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Conclusions

q Now able to model arbitrary collisionalities with unmagnetized and magnetized plasmas

q Retained small and large Larmor radii effects in the collision operator

q Numerical efficiency shown for the linear case

Future

q Study collisional effects on non-linear dynamics of unmagnetized systems (EPW and IAW)

q Model turbulence in magnetized plasmas using a full Coulomb collision operator

R. Jorge et. al., JPP 83 (6), 2017

R. Jorge et. al., JPP accepted, 2019, arXiv:1906.03252R. Jorge et al., PRL 121 (16), 2018

R. Jorge et. al., JPP 85 (2), 2019


