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Abstract—Merging efficiently into roundabouts represents a
challenge for autonomous vehicles due to the speed difference
between merging traffic flows and the lack of certainty regarding
drivers’ intent, specially when the road is shared with human
drivers and/or inter-vehicle communication is not available. We
propose herein a strategy to merge into roundabouts, which
is based on characterizing the set of merging trajectories that
are safe w.r.t. the traffic on the circulatory lane and reachable
by the ego vehicle. Our solution leverages the belief that some
vehicles in the roundabout will exit the intersection following a
non-conflicting path, and generates efficient merging trajectories
without compromising safety. Moreover, our decision-making
policy is formulated at a high level and does not involve explicitly
generating any trajectory, whereby the required computational
time remains sufficiently low. In simulation, our strategy brings
benefits not only to the smoothness of the merging trajectories
themselves but also to the overall traffic performance, which
improves 25% w.r.t. a simpler reactive merging approach.

I. Introduction

Autonomous vehicles (AVs) are meant to profoundly
change mobility and potentially improve traffic performance
and safety. Even though new Advanced Driving Assistance
Systems are being deployed on commercial cars, challenges
concerning autonomous driving in complex scenarios—such
as traffic intersections—or understanding driver interaction
and cooperation remains to be addressed in order to reach
an autonomy level of 4 or higher [1]. Driving through
traffic intersections is, in this respect, demanding for AVs
due to the fact that coordination performance and safety
heavily rely on the capacity of the motion planning strategy
to make appropriate decisions in a highly dynamic and
uncertain context. This is especially true in weakly-structured
intersections such as roundabouts, where driving decisions
are often affected by, among others, uncertainty regarding
the surrounding vehicles’ destinations, occluded areas, and
vehicles that unexpectedly merge into the intersection.

The problem of traffic coordination at intersections has
attracted a lot of attention over the last decades, and a
broad range of solutions can be found in the literature [2],
[3]. Among them, strategies based on vehicle-to-vehicle or
vehicle-to-infrastructure communication have been shown to
have the potential to improve traffic performance [4], [5],
although they do not represent a valid solution for the
partially connected and totally unconnected traffic scenarios
AVs will face in the foreseeable future.

Concerning motion planning, two major trends are ob-
served depending on whether maneuvers and trajectories are

Ezequiel Debada and Denis Gillet are with the School of Engineer-
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planned jointly (integrated approaches), or separately (modu-
lar approaches). On the one hand, integrated approaches, such
as [6], [7], allow systematically addressing decision-making,
but entail a high computational burden, which complicates
their deployment. On the other hand, modular approaches
(such as [8], [9]) represent a more practical approach that
reduces computational complexity at the expense of losing
optimality, yet resulting in safe and efficient decisions.

Regarding uncertainty, integrated solutions seem, however,
to be favored due to the general framework they provide
to handle uncertainty from different sources. For instance,
solutions based on decision networks and partially-observable
Markov decision processes have been recently presented in
[10]–[12] and are particularly suited for situations where the
surrounding obstacles’ reaction to the ego vehicle’s maneuver
needs to be accounted for. Nonetheless, the flexibility and
simplicity of modular solutions are lost and they represent
an unnecessarily complex solution when the traffic regulation
or the traffic dynamics itself encourages maneuvers that
minimize the impact on the surrounding vehicles—as is the
case of the merging maneuver at roundabouts. It is therefore
reasonable in these cases to simplify the decision-making
problem by considering that the surrounding vehicles’ tra-
jectories are independent of the ego vehicle’s trajectory [13],
[14]. Nevertheless, even when the mentioned simplification
is made, very few solutions exist in the literature that handle
uncertainty while still benefiting from the simplicity of a
modular motion planning architecture.

Generally speaking, uncertainty constrains the ways in
which a maneuver can be executed and makes necessary hav-
ing a safe reaction available as long as the traffic scene cannot
be sufficiently trusted. In that sense, we explore a pragmatic
merging strategy for AVs at single-lane roundabouts which
comprehensively handles uncertainty while allowing for a
modular architecture. Inspired on the use of reachable sets for
safety assessment in [15] and the trajectory planner proposed
in [13], we explore a solution that characterizes the set of
reachable and safe merging maneuvers without explicitly
planning trajectories. Uncertainty is taken into account by
only considering the merging targets that are reachable and
keep available a safe reaction as long as it is necessary.
Once the appropriate merging targets are identified, a multi-
objective utility function is used to choose the best one.

This manuscript is organized as follows. The problem
is first formalized in §II, where the assumed perception
capabilities of the vehicles are as well discussed. The merging
strategy is then described in §III, and the trajectory planner
is formulated in §IV. Finally, simulation results are shown in
§V while our conclusions are outlined in §VI.
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Fig. 1. Illustration of the traffic scenario studied herein.
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Fig. 2. Considered motion planning architecture.

II. Problem formulation.

Consider a traffic scenario (Fig. 1) where a set N of vehi-
cles drive through a single-lane roundabout (SLR), modeled
by the sets Lin =

{
1, · · · , nLin

}
, Lout =

{
1, · · · , nLout

}
, and

Lcir = {1} of, respectively, incoming, outgoing, and circula-
tory lanes. Moreover, given a vehicle i, some key locations
relevant for its decision-making are as well identified: the
yield spot yi, the merging spot mi where its incoming lane
intersects the circulatory lane, and the exiting spot χi at which
its outgoing lane separate from the circulatory lane.

Vehicle i ∈ N drives along a fixed path πi(s) (parametrized
w.r.t. the distance s driven on it) which follows the center
of the lanes connecting its origin to its destination. Conse-
quently, the vehicle’s state xi = (si, vi) ∈ Xi is defined as
its driven distance si (which along with πi(s) unequivocally
defines its position and orientation) and speed vi ∈ R[0,vi]
(where vi is the maximum speed), while its control signal
ui ∈ Ui represents its longitudinal acceleration ui = ai ∈ R[κi,κi]
(with κi and κi being the minimum/maximum acceleration).
Furthermore, the high-level information Ii ∈ I the vehicle has
available is assumed to contain an accurate estimation of the
position and speed of all vehicles on the circulatory lane.

Regarding the AVs architecture, motion planning and con-
trol are considered to be separated (see Fig. 2) in such
a way that a feasible state trajectory xN1 ∈ X N1 over a
temporary horizon N1 is first generated by the motion planner
MO : I → X N1 given the available information, and is
then followed by the control layer—which is assumed to
track sufficiently well the generated trajectories. Moreover,
the motion planner MO is considered to be divided into
maneuver planning and trajectory planning.

The maneuver planner MA : I → C × T performs
high-level driving decisions, and outputs a set of constraints
C ∈ C and targets T ∈ T to be considered by the trajectory
planner. The set C =

{
C1, · · · ,CnC

}
gathers safety constraints

Ci =
(
ci,τ, ci,δ, ci,v, ci,d

)
(characterized by the time interval

ci,τ during which a safe longitudinal behavior must be kept
w.r.t. an obstacle at a distance ci,δ and with a speed ci,v by
applying a deceleration ci,d at most). Moreover, the tuple
T =

(
T V , T D

)
gathers a set T V =

{
V1, · · · ,VnV

}
of speed

targets Vi =
(
vi,τ, vi,v

)
and a set T D =

{
D1, · · · ,DnD

}
of dis-

tance targets Di =
(
di,τ, di,δ

)
, defining, respectively, speeds vi,v

and distances di,δ that the vehicle should have/travel in certain
time intervals vi,τ and di,τ. Note that, if prior knowledge of the
path was not assumed, the maneuver planner output should
also have included information concerning the path shape.

The trajectory planner TR : C × T → X N1 generates
kinetically feasible state trajectories that follow the center
of the lane and comply with the set of constraints and targets
within C ∈ C and T ∈ T. The task is tackled through path-
velocity decomposition which, due to the path assumption
described above, gets reduced to planning the speed profile
vN1 to follow over time.

In this paper, we study the merging maneuver at SLRs
for its impact on the intersection throughout, as well as
its sensitivity to uncertainty and/or imperfect information.
In particular, we tackle the problem of finding a merging
maneuver M = (τm, δm, vm) ∈ R3—defined by the time
interval τm at which the distance δm to the merging spot needs
to be reached with a merging speed vm—that is reachable
by the ego vehicle and safe, as well as the set of safety
constraints C to be simultaneously imposed on the planned
trajectory if further precautions were needed.

The task is carried out in a traffic context where: (i)
merging maneuvers from the other incoming lanes cannot
be observed or accurately predicted, (ii) the driving intent of
the vehicles on the circulatory lane is unknown, and (iii) the
probability with which vehicles on the circulatory lane will
exit before the ego vehicle’s merging spot is available.

III. Merging strategy
Broadly speaking, our approach aims at—given the dis-

tance δm to the merging spot—characterizing the set of
merging targets (MTs) TM = (τm, vm) ∈ R2 (tuples of
merging time interval τm and merging speed vm) that are
safe w.r.t. the traffic in the roundabout and reachable by the
ego vehicle. Our approach comprises the following steps:

1) calculating the reachable merging targets set T R
M

con-
taining the MTs that can be reached by the ego vehicle,

2) obtaining the set G ⊆ R2 of gaps that can potentially be
targeted, and the safe merging targets set T S

M
of MTs

that allow safely merging into every gap G ∈ G.
3) selecting the MT T∗

M
from the so-called safe and

reachable merging sets T SR
M

= T S
M
∩T R

M
, that maximizes

the multi-objective utility function Q(TM).
The strategy is to be used in a receding horizon fashion,

from the instant the ego vehicle becomes the next one on its
lane to merge, up to the moment the maneuver is performed.
For the sake of notation, we further consider that time and
distance are expressed w.r.t. the instant at which the strategy
is execute, i.e. we consider that t0 = 0 and s0 = 0 and
that, consequently, absolute future times t and distances s
are equivalent to time intervals τ and distance intervals δ.



A. Reachable sets

In this section, we begin by formulating the reachable
maneuver target set (RMTS) T R

M
(x0, δm) ⊆ R2 containing all

the merging targets TM = (τm, vm) that are reachable by the
ego vehicle given its current state x0 and the maximum and
minimum acceleration α and α to be applied). In particular,
the set can be defined as

T R
M(x0, δm) =

=
{
TM : τm ∈ [τ(δm), τ(δm)], vm ∈ [ν(τm, δm), ν(τm, δm)]

}
, (1)

where τ and τ are the min/max time interval needed to
drive a distance δm, and ν and ν are the min/max speed the
vehicle can have in a time interval τm while moving forward
a distance δm.

The minimum and maximum travel time required to drive
a distance δm in (1) can be approximated as

τ(δm) B MinTT(x0, δm, α) =

(
−v0 +

√
v2

0 + 2αδm

)
/α , (2)

τ(δm) B MaxTT(x0, δm, α) =

{
MinTT(x0, δm, α) if v0 ≥ MSS(δm,−α)
∞ otherwise ,

(3)
where the auxiliary function MSS : R2 → R1, defined as

MSS(δm, d) =
√

2dδm , (4)

returns the maximum safe speed (MSS) that allows fully
braking in less than a distance δm with deceleration d.

Then, letting T be a certain time step, and denoting a
discrete-time state and control input trajectory over N time
steps as xN , uN , the boundaries ν and ν can be calculated
by solving, given δm and for all τm ∈ [τ, τ]) the set of linear
programs (LPs)

ν = min
xN ,uN
{v(N) : CLP} , ν = max

xN ,uN
{v(N) : CLP} , (5)

with N = dτm/T e and subject to the set of constraints

CLP = { s(k + 1) = s(k) + v(k)T + 0.5u(k)T 2 ∀k ∈ [0,N − 1], (6)
v(k + 1) = v(k) + u(k)T ∀k ∈ [0,N − 1], (7)

v(k) ∈ [0, v], u(k) ∈ [α, α] ∀k ∈ [0,N − 1], (8)
s(0) = 0, v(0) = v0, s(N) = δm } . (9)

Specifically, (6)–(7) impose the considered longitudinal
motion model, (8) sets the range of values for the decision
variables, and (9) imposes the initial and terminal conditions.

Assessing the solutions of (5) it can be concluded that:
1) the optimal trajectory turns out to be, as long as the

rendered speed trajectory does not violate the minimum
and maximum speed constraint, the one given by the
acceleration profile

u(τ) =

{
a1 if 0 ≤ τ ≤ τ1
a2 if τ1 < τ ≤ τm

(10)

with (a1, a2) being (α, α) for ν(τm) and (α, α) for ν(τm),
and τ1 taking the value that allows traveling a distance
δm.

2) concerning the minimum merging speed ν(τm, δm), the
previous acceleration profile leads to the boundary value
for all merging times up to τm = τ2, which is the

minimum merging time at which v(τm) = 0. From that
instant on, the lower boundary always takes value 0.

3) similarly, the value of the maximum merging speed
ν(τm, δm) results from (10) up to the merging time
interval τm = τ3, for which the speed at time τ1 (when
the acceleration changes its value) is v(τ1) = 0. From
that time on, the maximum merging speed becomes
constant as well.

These points can be exploited to find the analytical expression
of ν(τm, δm) and ν(τm, δm).

Let us begin by writing the evolution of the state over time
given (10), that is

v(τ) =

{
v0 + a1τ if 0 ≤ τ ≤ τ1
v(τ1) + a2(τ − τ1) if τ1 < τ ≤ τm

, (11)

s(τ) =

 v0τ + a1τ
2

2 if 0 ≤ τ ≤ τ1

s(τ1) +
∆a(τ−τ1)2

2 if τ1 < τ ≤ τm
, (12)

with ∆a = a2 − a1. Then, imposing s(τm) = δm in (12) we
can obtain the time interval

τ1 = τm −

√(
2δm − 2v0τm − a1τ

2
m

)
/∆a (13)

at which the acceleration must change its value to travel a
distance δm.

Moreover, by substituting (13) in (11), the expression

v(τm, δm) = TS(τm, δm, v0, a1, a2) =

= v0 + a1τm +

√
∆a

(
2δm − 2v0τm − a1τ

2
m

)
(14)

for the terminal speed (TS) can be obtained, which shapes
the segment of ν(·) and ν(·) up to, respectively, τ2 and τ3.

Subsequently, the time interval τ2 at which the value of
the lower boundary becomes constant can be calculated as

τ2 =

 −αv0−
√
α2v2

0−αα(v2
0+2δm(α−α))

αα
if v0 ≤ MSS(δm,−α)

τ(δm) otherwise
, (15)

i.e., the time τ2 at which v(τ2) = 0 in (14) with
(a1, a2) = (α, α) if the vehicle can stop before δm, or
the maximum travel time interval τ(δm) needed to reach the
spot otherwise.

Likewise, the upper boundary becomes constant from the
merging time

τ3 =

 −αv0−
√
α(αv2

0+2α2δm)
αα

if v0 ≤ MSS(δm,−α)
τ(δm) otherwise

, (16)

i.e., the one for which v(τ1) = 0 in (11) with (a1, a2) = (α, α)
if the vehicle has enough space to brake before δm, or the
maximum time interval τ(δm) to reach the spot otherwise.

Consequently, the boundaries ν(τm) and ν(τm) are

ν(τm, δm) =

{
TS(τm, δm, v0, α, α) if τ(δm) ≤ τm ≤ τ2
0 if τ2 < τ ≤ τ(δm) , (17)

ν(τm, δm) =

{
TS(τm, δm, v0, α, α) if τ(δm) ≤ τm ≤ τ3
TS(τ3, δm, v0, α, α) if τ3 < τ ≤ τ(δm) , (18)

which along with (2) and (3), provide an analytical way of
building the set (1).
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Fig. 3. Reachable merging targets sets T R
M
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states sets X R for a vehicle with x0 = (0, 2.7), α = −1 m/s2, α = 1 m/s2,
and different values of δm and τm.

From this derivation, one can as well obtain the reachable
states set (RSS)

X R(x0, τ
′) =

{
(δ, v) :

(
τ′, v

)
∈ T R

M(x0, δ)
}

(19)

containing the states that can be reached by the ego vehicle
in a time interval τ′ (see Fig. 3 for some samples of RSSs
as well as RMTSs).

B. Merging gaps

The next step consists of identifying the gaps G = (gL, gF),
defined by a leading vehicle gL and a following vehicle
gF, that will be considered to accommodate the merging
maneuver. Particularly, the set of potential merging gaps to
consider can be built as

G(t) =
{
(gL, gF) : gL, gF ∈ N ′, δ

mego
gF ≥ δ

mego
gL

}
. (20)

where N ′ denotes a certain set of vehicles on the circulatory
lane, and δ

mego
gk is the distance from vehicle gk to the ego

vehicle’s merging spot mego.
The state of the gap is denoted as xG = (xgL , xgF ,P

e
G, τ

e
G

)
and it contains the states xgL , xgF of, respectively, the leading
and following vehicles, the probability Pe

G with which the
gap G is expected to arrive empty at the merging spot,
and the discovery time interval τe

G
at which this uncertainty

is expected to vanish. Letting NG ⊆ N ′ be the subset
of vehicles in N ′ that are positioned between vehicles gL
and gF, Pc

i denote the probability that a vehicle i follows a
conflicting path, and

τe
i = MaxTT

(
xi, δ

χ

i , d
u
i

)
, (21)

be the time interval at which vehicle i will have the last
chance to exit the roundabout before the ego vehicle’s
merging spot (with δ

χ

i being the distance from vehicle i to its
furthest exit before mego and assuming vehicle i applies an
average deceleration du

i over time), the existence probability
and discovery time of a gap are calculated as

Pe
G =

{
1 if NG = ∅∏

i∈NG

(
1 − Pc

i
)

otherwise and τe
G = max

i∈NG

τe
i . (22)

Consequently, gaps will be from now on referred to as
certain if Pe

G = 1, and uncertain otherwise.
At this point, we propose a construction of the set of

vehicles N ′ which will naturally lead to merging maneu-
vers that are safe w.r.t. unexpected vehicles merging from
other incoming lanes. Particularly, the set N ′ = Nc ∪Wc
will be constructed as the set Nc of circulating vehicles,
extended with a set Wc =

{
wi : i ∈ [1, nLin ]

}
of auxiliary

virtual vehicles. Vehicles within Wc will be positioned at the
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Fig. 4. Safe merging targets sets to merge after a leading vehicle (left-hand
side plot) and before a following vehicle (right-hand side plot), positioned
at different distances δ0 from the merging spot.

merging spots of the surrounding incoming lanes, to make the
maneuver planner select merging targets that are appropriate
even if a vehicle unexpectedly merges to the circulatory lane.
To fully characterize the auxiliary virtual vehicles, they are
as well assigned a certain speed vwi = ω, and conflicting
probability Pc

wi
= ε.

C. Safe merging sets

For every observed gap G ∈ G, we aim to calculate the
safe merging targets set (SMTS)

T S
M(x0, xG, δm) =

T SL
M (xgL , δm) ∩ T SF

M (xgF , δm) ∩ T SU
M (x0, xG, δm) (23)

gathering the MTs that allow safely merging in the gap.
Specifically, it is constructed as the intersection of the sets
T SL
M

and T SF
M

(containing the safe MTs to merge after vehicle
gL and before gF, respectively) as well as the set T SU

M

gathering the MTs that are safe w.r.t. the gap appearance
uncertainty.

Before tackling the construction of such sets, let us intro-
duce for the sake of notation, the auxiliary set

X SCF(xL) =
{
xF : (sL − sF) > vFΘF + 0.5

(
v2

F − v2
L

)
/d

}
(24)

gathering—given the state xL of a vehicle L—the states xF

that would allow a vehicle F to safely drive behind it, with ΘF

being the reaction time of the follower vehicle and assuming
both cars can apply the same maximum deceleration d [16]).

a) SMTS w.r.t. leading and following vehicles: The
SMTS to merge after/before the leading/following vehicle can
be written as

T SL
M (xgL , δm) =

{
TM : (δm, v) ∈ X SCF(x̂L(τ))

}
, (25)

T SF
M (xgF , δm) =

{
TM : x̂F(τ) ∈ X SCF((δm, v))

}
, (26)

i.e., as the set of MTs that lead to a safe car-following
situation for the ego vehicle w.r.t. the leading vehicle, and
for the following vehicle w.r.t. the ego vehicle. In (25)-(26),
x̂L(τ) and x̂F(τ) represent the estimated state of vehicles L
and F after a time interval τ, which are approximated by

ŝk(τ) = δ
mego
ego − δ

mego

k (0) + vk(0)τ + 0.5âkτ
2 , (27)

v̂k(τ) = vk(0) + akτ , (28)

for all k = {L, F}, assuming they apply—on average—the
acceleration ak, which can be tuned to control the level of
conservativeness wanted on the estimation.

Some examples of the safe MTs sets w.r.t. the leading and
following vehicles resulting from this method can be seen in
Fig. 4.
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b) SMTS w.r.t. gap uncertainty: Characterizing the
SMTS T SU

M
w.r.t. the gap uncertainty requires isolating the

MTs that allow safely braking before the yield line yego at
least during the time τe

G
. This means that, unlike T SL

M
and

T SF
M

, which contain the MTs that allow safely merging in the
gap w.r.t. vehicles gL and gF, the set T SU

M
gathers the MTs

that allow safely approaching the gap being evaluated.
The construction of T SU

M
is tackled in two stages: we first

identify the set of safe approaching states, i.e. those that can
be reached in a time τe

G
and allow braking before the yield

line, and then aggregate the RMTS from all those states.
Let us begin by introducing the maximum deceleration

dc
G

the ego vehicle will be willing to apply if it had to
abort a merging maneuver that relies on the appearance
of an uncertain gap G. We consider dc

G
to be dependent

on the existence probability the ego vehicle assigns to the
gap, in such a way that the more confident it is about the
materialization of the gap, the higher the deceleration it is
willing to apply. Specifically, the linear correlation

dc
G = dstop + ∆dPe

G (29)

is proposed, where dstop is the deceleration that ego would
apply to gently stop at the yield line, and ∆d ≥ 0 represents
how much harder it would be willing to decelerate if the gap
ends up not appearing despite his high level of confidence.

Then, denoting the state of the obstacle representing the
yield line as xy = (s0 + δ

y
ego, 0), we can construct the set

A(x0, τ) = X R(x0, τ) ∩ X SCF(xy) (30)

of reachable states that allow stopping before the yield line
placed at a distance δy

ego.
Once such a set is obtained, the set of MTs that can be

safely approached can be built as

T SU
M (x0, xG, δm) =

=

{ T R
M

(x0, δm) if Pe
G = 1

(τe
G
, 0) +

⋃
x′∈A(x0 ,τ

e
G

) T R
M

(x′, δm−s′) otherwise , (31)

where the union of the RMTS from the states within
A(x0, τ

e
G

) has been shifted τe
G

in time, to account for the fact
that those reachable MTs are calculated w.r.t. the reachable
states at the time of discovery.

Experimentally, it has been observed that the resulting T SU
M

uniquely depends on the upper boundary of A(x0, τ
e
G

), which
could be calculated as

A(x0, τ
e
G) =

{
(s, v) : v ≥ v, (s, v) ∈ A(x0, τ

e
G)

}
, (32)

allowing its direct substitution in (31). This practical aspect

(illustrated in Fig. 5), along with the analytical expression
for the set of reachable states, can be exploited for an
efficient implementation. In Fig. 5 the intermediary sets used
in the construction of T SU

M
, and the set itself are shown.

Furthermore, the upper boundary A and some of its key
points have been highlighted, along with the segments of
the boundary of T SU

M
that they are responsible for.

D. Decision and maneuver planner output

The intersection between the RMTS T R
M

(x0, δm) , and the
set SMTS T S

M
(x0, xG, δm) , results in the set

MG B T SR
M (x0, xG, δm) = T S

M(x0, xG, δm) ∩ T R
M(x0, δm) , (33)

of all candidate MTs that are reachable and safe w.r.t. each
gap G. The only step remaining is to choose a specific MT
to pursue from within the sets.

We propose selecting the MT by doing

T∗M = arg max
TM

{Q(TM) : TM ∈ ∪G∈GMG

}
, (34)

with Q(TM) : R2 → R being a function assigning a quality
score to every merging target.

The design of Q could vary depending on the purpose. It
is worth noting however that while characterizing the RMTS
and SMTSs, safety and feasibility aspects were already
considered, and therefore they do not need to be accounted
for in the scoring function. Consequently, a rather simple
scoring function is considered herein, which takes the form

Q(TM) = ωττm + ωvvm + ωPPs
TM

. (35)

That is, the weighted sum of the merging time and speed, and
the probability Ps

TM
of succeeding at merging by pursuing the

MT TM. Specifically, noting that if a MT lies within the set
of safe MTs w.r.t. several gaps is because they share some
portion of the road—and therefore their appearance events are
dependent—the merging success probability of a MT would
be equivalent to the existence probability of the most probable
gap it belongs to. Specifically, letting

G∗(TM) = arg max
G∈G

{
Pe
G1SG

(TM)
}

(36)

denote (with 1 being the indicator function) the most prob-
able gap a certain MT belongs to, Ps

TM
in (35) would be

Ps
TM

= Pe
G∗(TM).

a) Maneuver planner output: The chosen MT T∗
M

,
along with the current distance δm to the merging spot, lead
to the high-level merging maneuver M = (τ∗, v∗, δm) which
will be passed to the trajectory planner as the pair of targets
T V = {(τ∗, v∗)} and T D = {(τ∗, δm)}.

Moreover, the set C = {C1} of trajectory constraints
complementing the MT is calculated as

C1 =


∅ if Pe

G∗(TM) = 1(
τe
G∗(T∗

M
), δ

y
ego, 0, dc

G∗(T∗
M

)

)
otherwise

. (37)

That is, it is empty if the chosen MT targets a certain gap,
and otherwise expresses a safety constraint w.r.t. the yield
line as long as the gap remains uncertain.



IV. Trajectory planner

The trajectory planner follows the path-velocity decompo-
sition approach, i.e. an appropriate path is first planned, and
then the velocity profile with which it should be followed is
obtained. The path is here considered to be unequivocally
given by the roundabout layout, the vehicle’s origin and
the targeted destination, whereas the velocity profile will
be planned using a quadratic program (QP) that takes into
account the set T V , T D of targets, and the set C of safety
constraints.

Particularly, letting T show the sampling time, and the
auxiliary function K(τ) = bτ/T c return the time step corre-
sponding to a time interval τ, the speed profile to pursue
over N1 time steps is obtained from(

uN1 ∗, xN1 ∗
)

= arg min
uN1 ,xN1

{
J

(
uN1 ∗, xN1 ∗

)
: CQP

}
, (38)

where the cost function is formulated as

J (·) =ωD

nD∑
i=1

∆s2
i (K(di,τ))+

+ ωV

nV∑
i=1

∆v2
i (K(vi,τ)) +

N∑
k=1

ωuu2(k) − ωvv2(k) , (39)

with ∆si(·) =
(
s(·) − di,s

)
, and ∆v(·) =

(
v(·) − vi,v

)
being the

position and speed deviation w.r.t. the targets (weighted with
ωD and ωV), and terms ωuu2(·) and ωvv2(·) accounting for
trajectory smoothness and speed.

Moreover, the set CQP in (38) gathers the constraints

s(k + 1) = s(k) + v(k)T + 0.5u(k)T 2, k ∈ [0,N − 1], (40)
v(k + 1) = v(k) + u(k)T , k ∈ [0,N − 1], (41)

2ci,d
(
ci,δ + ci,vk′T − s(k′)

)
+ c2

i,v ≥ v2(k′), i ∈ [1, nC ], k′ ≤ K(ci,τ) (42)
v(k) ∈ [0, v], u(k) ∈ [κ, κ], k ∈ [0,N − 1], (43)

s(0) = 0, v(0) = v0, a(0) = a0, (44)

where (40)–(41) implement the motion model, (42) imposes
the safety constraint, (43) defines the valid range of values
of the decision variables, and (44) sets the initial conditions.

Constraint (42) is nonlinear but convex, hence it can be
approximated by a set of linear inequalities. In particular,
selecting a set of speed values µ =

{
µ1, µ2, · · · , µnµ

}
con-

veniently distributed within the range [v, v], (42) can be
approximated as the set of inequalities

2ci,d
(
ci,δ + ci,vkT − s(k)

)
+ c2

i,v ≥ 2µ jv(k) − µ2
j (45)

for all j ∈ [1, nµ].

V. Results

In this section, several aspects of the proposed algorithm
are assessed. We start by showing the computational time re-
quired by our implementation. Then, the high-level decision-
making and merging strategies are qualitatively analyzed
and illustrated. Finally, we run a large batch of simulations
and compare the overall traffic coordination performance
resulting from the proposed strategy w.r.t. a baseline reactive
merging policy, and a variation of the proposed behavior that
does not take into account uncertain gaps.
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Fig. 6. Computational time required by the maneuver planner to obtain a
solution, for different number of vehicles on the circulatory lane.

The results presented in this section were obtained for the
following parameters values: v = 30 m/s, κ = −6 m/s2, κ = 4
m/s2, α = 2 m/s2, α = 3 m/s2, ω = 1, ε = .1, du = .1 m/s2,
dl = .3 m/s2, dstop = .1 m/s2, ∆d = .2 m/s2, Θego = .01 s,
Θf = .5 s, ωτ = −70 1/s, ωv = 10 s/m, ωP = 2.5, N1 = 25
s, T = .1 s, ωD = 50 1/m, ωV = 150 s/m, ωu = 10 s2/m,
ωv = 1 s/m, nµ = 10, âgF = .3, âgL = −.3. It is worth
noting that the presented values were manually tuned, and
that slightly different behaviors (and probably more efficient
ones) can be obtained by optimizing this process—which is
out of the scope of this article.

A. Computational time

The time it takes our Matlab implementation of the pro-
posed maneuver planner to obtain a solution—on an iMac i7
4.2Ghz, 64Gb RAM—is shown in Fig. 6 w.r.t. the number
of vehicles on the circulatory lane. As it can be seen, the
algorithm is fast and the computational time grows roughly
linearly with the number of vehicles within the intersection.

Every distribution represented by box plots in Fig. 6
contains 1k samples obtained from the application of the
algorithm to a series of fabricated traffic scenes. Moreover, it
is worth noting that one could always set a maximum number
of gaps to be considered by the algorithm in order to upper
bound the computational time, at the expense of a potential
loss of performance.

B. Decision making

The main benefit of the proposed maneuver planner can
be visualized in Fig. 7. Therein, two examples of traffic
scenes are depicted. For each of them, we show the resulting
non-empty safe and reachable merging targets sets if (case
1) the algorithm only considered certain gaps, and (case
2) if both certain and uncertain gaps were accounted for.
This comparison aims at evaluating the impact the explicit
treatment of uncertainty has on the merging decision.

In case 1 the algorithm would make the vehicle considers
feasible only the merging option consisting of waiting for all
vehicles to pass, and then merge after the last one. On the
contrary, the explicit consideration of uncertainty concerning
the surrounding vehicles intent in case 2, would allow safely
pursuing a merging option that is potentially better, yet
uncertain.

Something to be noted is that some portions of the sets
overlap with each other—see for instance merging sets M1,3
and M1,∞ in example 2 case-2—which is a direct conse-
quence of the fact that uncertain gaps can overlap.
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Fig. 7. Illustration of the proposed maneuver planner. Two examples are
shown, each one corresponding to a certain traffic scene shown on the
right hand side. The plots show the resulting non-empty safe and reachable
merging targets sets in case only certain gaps were considered (case 1), and
if uncertain gaps were as well taken into account (case 2). The red dots
represent the optimal MT that would be chosen by the algorithm.

C. Merging trajectories

The quality of the merging trajectories is as well affected
by the changes on the decision-making strategy as can be
observed in Fig. 8. Similarly to what was done in §V-B, the
merging trajectories shown therein were obtained by running
the same traffic scenario twice: the first time (case 1) the
algorithm was forced to only consider certain gaps, while in
the second run (case 2) uncertain gaps were as well included.
Furthermore, in case 2, vehicles are assumed to guess the
right destination of the vehicles with 90% confidence.

Qualitatively speaking, collisions were avoided in both
cases, and in case 2 the merging trajectories were smoother
and allowed most of the incoming vehicles to merge earlier
to the roundabout.

Firstly, the fact that vehicles merge earlier into the round-
about seems to be partially caused by the way the overall
traffic evolves. Note that, even though the initial state of the
traffic configuration is the same in both cases, the decisions
made in case 2 lead to a traffic scene where gaps are more
evenly distributed, whereby incoming cars can find feasible
merging gaps to target more easily. This conclusion comes
from the fact that larger platoons of circulating vehicles,
which do not split to accommodate any merging maneuver
resulting in longer waiting times, are typically observed in
case 1.

Interestingly, another advantage of case 2 over case 1 is
that it mitigates problems related to the validity of the average
acceleration assumption made to forecast the state of the
vehicles delimiting the gap. If incoming vehicles only rely on
certain gaps, they need to wait for large-enough and empty
gaps to appear and for them to be able to accommodate a
merging maneuver. When such gaps are found relatively far
away (which in simulation was observed to happen often),
the average-acceleration assumption—which is appropriate
for rather short-term predictions—is not reliable enough.
Consequently, situations where incoming cars commit first
to a merging gap, and then find the gap infeasible when they
are about to merge are sometimes observed (see for instance
trajectory 1© in Fig. 8, case 1). The fact that incoming vehicles
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Fig. 8. Merging trajectories (green and red lines) of a set of vehicles on
the same incoming lane. The same traffic scenario was used in both cases
and the algorithm considers only certain gaps in case 1, and both certain
and uncertain gaps in case 2. The part of the trajectories of the circulating
vehicles that pass by the merging spot of the considered incoming lane
are shown by the black lines. Merging trajectories are also shown in the
complementary plot by the gray dashed lines. Finally, the region from the
yield line to the merging spot is represented by the shaded area.

have a more optimistic view of the traffic scene in case 2,
makes them target potential merging gaps that are closer and
usually occupied by vehicles that are expected to exit, which
constrains the acceleration that the vehicles at the limit of
the gap can apply. That in turns improves the validity of the
constant-acceleration assumption, and reduces the frequency
of harsh stopping maneuvers.

The described phenomenon also suggests that a relatively
straightforward improvement of the presented approach could
be making vehicles that commit to far-away certain gaps, set
up as well a safety constraint that allowed them to gently
stop if the constant-acceleration assumptions happen not to
well represent the real evolution of the traffic scene.

D. Aggregated effect

Finally, the aggregated effect of the proposed maneuver
planner is assessed by evaluating the overall traffic coordi-
nation performance it leads to. Particularly three merging
behaviors were compared: (behavior 1) a reactive merging
behavior similar to the one formulated in §5-A in [5], (behav-
ior 2) the proposed merging behavior, but only considering
certain gaps, and (behavior 3) the proposed merging strategy
in full.

A total of 2.2k simulations were carried out, varying the
origin-destination pattern of the vehicles, the roundabout size,
and the incoming traffic volume, as well as the confidence
with which incoming vehicles guess the right destination of
vehicles in the roundabout. Every single traffic scenario was
simulated three times, one per considered merging behavior,
and the vehicles’ average travel speed distribution was saved
and used as a traffic performance indicator.

Results are shown in Fig. 9, where simulations were
grouped according to the merging behavior and the traffic
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Fig. 9. Distribution of the vehicles’ travel speed obtained from a set of
2.2k simulations for different incoming traffic density (given by the inter-
vehicle arrival time interval τarr, for three different merging behaviors,
and different driving intent prediction accuracy, roundabout size, origin-
destination pattern, etc. Results are here grouped according to the incoming
traffic density and the merging behaviors being compared.

inflow volume. That is, the average travel speed of all vehicles
in cases matching a certain traffic inflow volume and a
merging behavior ID have been aggregated and represented
as box plots.

It can be seen that our reachability-based merging policy
performs better than the reactive one used as the baseline,
observing a relative improvement of about 21% between
merging behaviors 2 and 1. Additionally, the positive impact
that the explicit consideration of uncertain gaps (behavior
3) has on the merging trajectories gets as well reflected on
the overall traffic performance, which further improves an
additional 5% w.r.t. behavior 2.

Furthermore, it is worth pointing out that the reported
relative improvement was averaged over the confidence with
which vehicles are assumed to guess the right destination
of the circulating cars. Slightly better/worse overall traffic
coordination improvements can be expected for extremely
good/bad driving intent predictions.

VI. Conclusions

In this work, a merging strategy to be used at SLRs
has been presented. This merging strategy allows explicitly
taking into account the probability with which vehicles in
the circulatory lane are predicted to exit the intersection
before the ego vehicle’s merging spot, as well as the time
at which the real intention of the nearby vehicles is expected
to be revealed. The main feature of the algorithm is the
formulation of the set of reachable merging targets, which
enables planning merging trajectories that allow the vehicle to
brake before a certain distance, during a certain time interval.
This, in turn, allows characterizing the solution space for
the targeted merging maneuver in an intuitive manner and
without the need of explicitly generating any trajectory.

The proposed modular architecture has been shown to
be computationally efficient and to generate smooth and
safe merging trajectories that increase the overall traffic
performance about 25% w.r.t. a simpler reactive policy.

The way our strategy handles uncertainty—expecting a
certain improvement of the traffic state while always keeping
a safe backup plan in case the expected traffic scene does
not materialize—has been shown to bring benefits without

compromising safety, and will be further explored in our
future work.

The strategy is currently being extended to handle multi-
lane roundabouts, and problems stemming from early merg-
ing commitments to certain gaps—a point discussed in
§V—as well as occlusions.
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