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Abstract—This paper aims to present an optimization method
for very-high-speed electrical machines based on multiphysical
analytical models. Analytical models allow a fast design but have
to be robust and reliable. The set of models presented is very
complete and covers the mechanical design of the rotor, the
computation of the losses and the computation of the back EMF
and torque constants. All the models have been validated on a
400 krpm prototype, which is, to the authors’ knowledge, one of
the smallest and fastest electrical motor ever operated. Several
optimization scenarios are presented and analyzed to get the best
performance of very-high-speed machines.

Index Terms—Very-high-speed motor, synchronous motor,
miniaturized motor, permanent magnet, losses modeling, heuris-
tic optimization.

I. INTRODUCTION

Very-high-speed (VHS) applications are used in research
and industry, such as pumps, fans, gas turbines, turbochargers,
compressors, machine tools, drills for dental and medical ap-
plications or even flywheels for energy storage [1], [2]. Indeed,
by increasing the rotational speed of electrical machines, for
a given power, the size of the machine can be diminished,
miniaturizing the device, increasing its power density and
lowering its weight.

However, the drawback is the creation of losses related to
very-high speed that are usually negligible in low-speed ma-
chines. One of the most important challenges when designing
VHS machines is the minimization of these losses. Hence,
the determination of accurate and reliable losses models is
essential. The other important aspects to consider are mainly
the rotor mechanical strength, the bearings and the heating.

A one-half inch diameter 400 krpm miniaturized permanent
magnet (PM) motor has been designed and built as pictured
in Fig. 1. To the authors’ knowledge it is one of the smallest
and fastest electrical motor ever operated. Typical applications
for such a motor are for medical and dental surgery or for
micro gas turbines. A slotless structure has been chosen mainly
because this reduces the induced rotor losses, as there are
no slotting harmonics. All the models used in this paper
have been validated and/or obtained by regression thanks to
measurements on this motor [3]. Subsequently, an optimization
can be carried out to minimize the total losses and give the
optimal dimensions of the motor under some constraints.

Electrical motors represent a large field of application
for optimization. Today’s focus on the maximization of the

efficiency of motors, but also on cost reduction, volume and/or
weight limitation, justifies optimization. Furthermore, elec-
trical machines are inherently multiphysical. They combine
electromagnetic, mechanical and thermal properties. Mixing
several physical models results in antagonistic outcomes.
For instance, reducing the radius of the permanent magnet
increases its mechanical strength to the rotational speed but
decreases the electromagnetic torque. The optimization allows
to find a suitable compromise when there are a lot of variables
to handle.

There are at least two different approaches when performing
multiphysics system optimization: using finite element meth-
ods (FEM) [4], [5] or fully analytical models [6], [7]. The first
ones can solve non-trivial geometries and structures but require
long computation time. Whereas the second ones are very fast,
but are not always conform to reality because of simplifying
assumptions. However, analytical models are preferred during
pre-design to obtain fast estimations or to obtain inputs for
FEM models. One can even consider a combination of the
two approaches [8].

In electrical machines optimization, both iterative methods,
such as sequential quadratic programming (SQP) [9] and
heuristic methods, such as genetic algorithm (GA) [7], [10],
[11], Nelder-Mead simplex method [6], ant colony algorithm
[12] or particle swarm optimization [13], are used. One can
also note the combination of FEM and metamodels [5].

More specifically, for VHS machines, a 500 krpm 100 W
PM synchronous motor has been optimized in [6] . Similarly,
the optimization of a 200 krpm 2 kW PM synchronous motor
has been investigated in [7].

Although GA offers no guarantee of finding a true optimum,
it does not need the initialization of variables (initial guess)
and it presents less risk of finding a local optimum, as its
search space is broader than iterative methods [11]. These are
the main reasons why GA is widely used in electrical motor
optimization [10].

Section II presents the different analytical models used for
the optimization. These models allow the computation of the
back EMF voltage, the electrical and mechanical losses and
the mechanical stresses in the rotor. The optimization takes
place in Section III, where the variables, the constraints and
the chosen optimization algorithm are detailed. Finally, 4 opti-
mization scenarios are presented and discussed in Section IV.



Fig. 1: The one-half inch diameter prototype used to validate
the models in [3].

II. MOTOR MODELING

A. Back EMF and torque constant

For a one pole pair diametrically magnetized cylindrical PM
slotless machine, the axial component of the vector potential
in the airgap, in cylindrical coordinates, can be computed as
[14]
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is a constant depending on the geometry (see Fig. 2) and the
properties of the PM. Br and µr are respectively the PM
remanence and permeability.

The winding is illustrated in Fig. 3. It consists of a 3-phase
delta-connection winding made of rectangular section wires.
With Γ being the path in the center of the wire, considering a
purely sinusoidal magnetic flux density in the airgap as given
by (1) and the mechanical angle of the rotor θ maximizing the
flux linkage in the coil, the back EMF constant is worth

ke =

√
2

2

∮
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~A · ~dl. (3)

Given the geometry of the coils and, assuming that the
straight parts of the winding have the same axial length than
the permanent magnet, the back EMF constant for this winding
can be computed as

ke =

√
2

2

Nt∑
n=1

A(r̄w, ϕn)LPM, (4)

where LPM is the axial length of the PM and r̄w is the mean
radius of wires given by

r̄w =
rwi + rwo

2
. (5)

For 3-phase delta-connected windings, the torque constant
kT is equal to the back EMF constant ke [15].
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Fig. 2: Cross-section of the motor with half a coil of one phase
highlighted and its dimensions.

Fig. 3: 3D view of the winding highlighting the paths in the
center of the wires.

B. Windage losses

Windage losses represent a non-negligible part of the total
losses in very-high-speed machines because they have the
highest rate of increase with respect to rotational speed. There
are many empirical models to assess them [16]–[18], but it is
sometimes complicated to know which one to choose. Besides,
they all give different evaluations. Windage losses can be
computed, for a cylindrical rotor spinning in a coaxial stator
(slotless machine), according to

PWindage = πcfρΩ3r4
eoLδ, (6)

where ρ is the density of the fluid in the airgap, Ω the rotational
speed, Lδ the axial length of the airgap and cf the friction
coefficient. The friction coefficient given by Mack’s model
[19] has been experimentally validated in [3], [20], [21] and
is used during the optimization process.



C. Ball bearing losses

For ball bearings running at moderate speeds, some empir-
ical formulae based on laboratory testing are available [22].
In these formulae, the total friction torque is evaluated as the
sum of a torque due to the applied load and a torque due to
the viscous property of the lubricant. However, for very-high-
speed applications, ball bearing losses are most of the time
measured [7]. These losses can be modeled empirically by

PBearings = cBearings1ΩcBearings2 , (7)

where Ω is the mechanical speed of the rotor in rad/s and
cBearings1 and cBearings2 are coefficients obtained by regression.

D. Iron losses

Iron losses are created by a time-varying magnetic field due
to the currents in the winding and the rotation of the permanent
magnet. The last one is much more important in PM slotless
machines. According to Jordan’s model [23], iron losses due
to the PM sinusoidal field can be split into hysteresis and eddy
current losses. The losses are then empirically modeled by

PIronPM = π(r2
yo−r2

yi)LPMkf
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where LPM is the axial length of the PM (assumed to be shorter
than the axial length of the stator), kf is the stacking factor,
cIron1 and cIron2 are coefficients obtained by regression and B̂y
is the peak magnetic flux density in the stator yoke given by
[24]
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Low losses amorphous iron-based alloy Metglas R©2605SA1
is chosen for the stator in the optimization.

E. Winding losses

Winding losses are created by the circulation of the current
in the stator winding and their time-variation. This gives 3
components: the Joule losses, the skin effect losses, which con-
centrate the current density on the outer border of the wires,
and the proximity effect losses, resulting from perturbation in
between each wire of the winding. The last two components
are especially happening when the stator electrical frequency
is high. In the case of slotless permanent magnet machines,
winding losses have an additional component due to eddy
current losses caused by the time-variation of the PM field.

Nonetheless, the magnetic flux density in the airgap is
overwhelmingly due to the permanent magnet itself in slotless
machines. As a result, proximity effect losses can be most of
the time neglected because the magnetic flux density created
by the currents flowing in the winding is low in comparison
[18]. As for skin effect losses, they are not considered for the
sake of simplicity.

Thus, Joule losses are given by

PJoule = 3ρwhwwwJ
2

(
2NtLPM + πr̄w

Nt∑
n=1

αn

)
, (10)

where ρw is the resistivity of the wire, hw and ww are
respectively the height and the width of a wire and the αn
are the end-winding opening angles of each turn.

An analytical model for the computation of induced eddy
current losses in the winding due to the PM field is developed
in [3]. The model considers a single rectangular section wire,
computes the induced current density all over its surface Sw
and then integrates this current density over a time period T .
Thereby, the power loss per unit length for one coil of Nt
turns is computed by the following integration

P ′WindingPM =
2ρwNt
T

T∫
0

∫
Sw

J2
z (x, y, t)dSdt. (11)

F. Rotor losses

Rotor losses are due to eddy currents induced by the stator
magnetic field in the enclosure, the permanent magnet and
possibly the shaft. These losses are usually insignificant com-
pared to the total losses in slotless machines [18]. However,
in some cases, it is important to evaluate them since the losses
produced in the rotor are not easy to dissipate. Excessive
temperature in the rotor would reduce the performance of the
magnet and limit the mechanical strength of materials.

The rotor losses can be computed analytically [25] or by
FEM [26]. However, as demonstrated experimentally in [3],
rotor losses are negligible in miniaturized slotless machines
and hence are not modeled here.

G. Rotor mechanical strength

Centrifugal forces induce significant stresses in the rotor
materials that can be destructive. In VHS machines, it is
common to surround the permanent magnet into a retaining
enclosure. Indeed, rare earth magnets have a good compressive
strength, but a weak ultimate tensile strength. The enclosure is
mounted with an interference, inducing a compressive stress
on the magnet. The equations to compute the mechanical
stresses in the rotor can be found in [27]. For the following
optimization, the chosen material for the enclosure is titanium
grade 5, the magnet is NdFeB and the shaft is stainless steel.

H. Power balance

In order to get the mechanical power provided by the motor
as a constraint during the optimization, a power balance has
to be done. The sum of all losses in the motor is assumed to
be

ΣP = PWindage +PBearings +PIronPM +PWindingPM +PJoule. (12)

Then, the mechanical power can be computed, knowing the
motor torque constant kT (deduced from (4)), the phase current
Iph and the mechanical speed of the rotor Ω, by

Pmec = 3kT IphΩ−
(PWindage + PBearings + PIronPM + PWindingPM). (13)



III. OPTIMIZATION

An optimization process is almost inevitable in motor
design, especially for VHS motors. For example, to reduce
windage losses, the outer radius of the enclosure should be as
small as possible. But doing so will also diminish the electro-
magnetic torque because of a smaller magnet. This is a simple
example of antagonistic objectives. Besides, the number of
variables can easily reach a dozen or more. A global and multi-
physical optimization using robust and reliable models is then
required.

A. Objective function

As previously mentioned, the minimization of losses in VHS
machines is one of the most important challenges. Hence,
the objective function to minimize is the sum of losses ΣP
given by (12). It is a mono-objective function and, as a result,
Pareto frontiers cannot be visualized. Thermal modeling is
not considered here. However, the minimization of losses is
consistent with the reduction of heating.

B. Design variables

The number of turns per coil Nt is chosen as a variable.
This has the advantage of perfectly matching the winding as it
will be, instead of assuming an hypothetical coil filling factor.
Thus, the optimization algorithm must be able to deal with
integer numbers. This is one of the reasons why GA is chosen.

Other variables are the permanent magnet remanence Br,
the phase current density J and all the dimensions of the
motor (see TABLE IV), leading to a total of 12 variables.
The permanent magnet remanence Br has a great influence
on electromagnetic losses because the magnetic flux density in
slotless machine is predominantly due to the PM itself. Thus,
there is a compromise to be found between the electromagnetic
torque (high Br) and the losses (low Br). The same applies
to the current density J .

The values of the constants for the model of ball bearing
losses (7) and the model of iron losses due to the PM
field (8) are given in TABLE I. They have been established
experimentally in [3].

C. Constraints and fixed parameters

There are linear constraints on the maximal peak magnetic
flux density in the stator yoke and the minimal thickness of
the enclosure around the magnet. The maximal peak magnetic
flux density has to be lower than the magnetic saturation of
the stator material. The minimal thickness of the enclosure
has been set to 0.2 mm, because a lower thickness would
be difficult to manufacture. The maximal current density, the
maximal PM axial length and the outer diameter of the motor
are constrained by upper boundaries.

Non-linear constraints are set on the mechanical power Pmec
given by (13), the rotor mechanical strength and the maximal
back EMF voltage. The maximal back EMF voltage has been
set below 50 V to stay in the very low voltage range. The
nominal speed of the motor has been set to 400 krpm, but the
rotor is designed to sustain a rotational speed of 500 krpm.

The rest of the constraints and fixed parameters for the
optimization is visible in TABLE II. The temperature of the
motor has been assumed to be at 60 ◦C because it is a common
temperature for medical hand tools.

The modal analysis, to avoid critical speeds lying near
the operating speed range, and the thermal behaviour of the
motor are not considered in the optimization. Critical speeds
can be further computed or added in the optimization loop
thanks to 1D FEM [28] or 3D FEM commercial software for
more complex geometries. And the minimization of losses is
consistent with the limitation of temperature in the motor.

D. Optimization algorithm

The optimization is performed using the genetic algorithm
of the MATLAB function ga. This allows to deal with an
integer, which is the number of turns per coil Nt. Besides,
for such a number of variables, GA is more appropriated
than iterative methods. Furthermore, GA is preferred for the
windage losses model (6), which is discontinuous (Mack’s
model), and the model for winding losses due to the PM field
(11), which does not have an analytical solution and must
be computed numerically. Finally, GA does not require an
initial guess to start the optimization and is less liable to find
a local optimum. The parameters of the algorithm are given
in TABLE III.

TABLE I: LOSSES MODELS CONSTANTS

Ball bearing losses

cBearings1 26.677 × 10−12

cBearings2 2.380

Iron losses due to the PM

cIron1 11.415

cIron2 1.110 × 10−3

TABLE II: FIXED PARAMETERS AND CONSTRAINTS

Motor temperature Tmot 60 [◦C]

PM permeability µr 1.05 [-]

Wire resistivity ρw 20.0 × 10−9 [Ωm]

Wire insulation ew 10 [µm]

Stator stacking factor kf 0.82 [-]

Stator material saturation Bsat 1.56 [T]

Nominal rotational speed N 400 [krpm]

Maximal rotational speed Nmax 500 [krpm]

Max back EMF voltage Uind max 50 [V]

TABLE III: GENETIC ALGORITHM PARAMETERS

Maximal iterations 1200

Maximal stall generations 50

Population size 200

Non-linear constraint algorithm Augmented Lagrange

Crossover fraction 0.8

Crossover function Scattered

Elite count 10



IV. RESULTS

In the following optimizations, ball bearing losses are
assumed to be independent from all other variables.

A. 40 W motor

The first optimization, called OPT 1, has been carried out
with a mechanical power of 40 W, a maximal PM axial length
of 15 mm, a maximal outer motor diameter of 12.7 mm (the
maximal outer radius of the stator yoke ryo is set to 6 mm
to allow space for the housing of the motor) and a maximal
current density of 10 A/mm2. The results are presented in
TABLE IV. One notes that both the PM axial length and the
outer motor diameter have been set to their maximal authorized
values. In other words, the maximal available volume is filled.
The sum of losses is 10.3 W, giving an efficiency of 79.3%.
One of the biggest shares is the winding losses due to the PM
field (see Fig. 4).

In order to reduce the aforementioned losses, the maximal
current density is increased to 30 A/mm2. This gives OPT
2. The main changes have been highlighted with colors in
TABLE IV. The efficiency has been significantly increased to

84.4%. The PM axial length has been decreased to almost 11
mm, diminishing the volume and increasing the power density.
The radius of the rotor has been decreased, allowing more
space for the stator yoke and the airgap.

Indeed, the winding losses due to the PM field have been
drastically reduced to 0.50 W. This can be explained by 2
aspects. First, the radial thickness of the permanent magnet
has been slightly reduced, leading to less magnetic flux density
in the airgap. Second, and as a consequence of the latter, the
number of turns is increased, reducing the width of the wire.
As a result of the drop of the magnetic flux density in the
airgap, the current density has been increased to provide the
requested torque. This is why Joule losses have more than
doubled to reach 1.97 W. This can be visualised in Fig. 4,
where Joule losses have become an important part of the total
losses (27%).

As a consequence of the diminution of the magnetic flux
density in the motor and the increase of the stator yoke
thickness, the peak magnetic flux density in the stator yoke
has been decreased. In this way, iron losses due to the PM
field have greatly dropped to 0.87 W.

TABLE IV: OPTIMIZATION RESULTS
OPT 1 OPT 2 OPT 3 OPT 4

Constraints
Mechanical power Pmec 40 40 100 100 [W]
Maximal PM axial length LPM max 15 15 15 15 [mm]
Maximal outer diameter dmot max 12.7 12.7 12.7 16 [mm]
Maximal current density Jmax 10 30 30 30 [A/mm2]
Design variables
Number of turns Nt 34 40 38 37 [-]
PM remanence Br 1.16 1.14 1.19 1.38 [T]
PM axial length LPM 15.0 11.1 14.1 14.7 [mm]
Outer shaft radius rso 1.35 1.00 1.18 1.07 [mm]
Outer magnet radius rmo 2.52 2.11 2.48 2.19 [mm]
Magnet-enclosure interference e0 7.6 5.6 6.76 4.6 [µm]
Outer enclosure radius reo 2.72 2.31 2.70 2.47 [mm]
Inner wire radius rwi 3.54 3.30 3.25 3.47 [mm]
Outer wire radius rwo 4.50 4.10 4.02 4.36 [mm]
Inner yoke radius ryi 4.60 4.20 4.12 4.46 [mm]
Outer yoke radius ryo 6.00 6.00 6.00 7.61 [mm]
Phase current density J 10.0 18.8 28.4 26.1 [A/mm2]
Derived quantities
Wire width ww 83 61 64 72 [µm]
Wire height hw 0.96 0.80 0.77 0.88 [mm]
Back EMF voltage Uind 20.6 14.4 26.1 21.3 [V]
Stator peak flux density B̂y 1.25 0.82 1.21 0.66 [T]
Mechanical airgap δ 0.82 0.98 0.55 1.00 [mm]
Sum of losses ΣP 10.3 7.31 12.5 11.9 [W]
Ball bearing losses PBearings 2.69 2.69 2.69 2.69 [W]
Windage losses PWindage 2.60 1.29 2.19 1.99 [W]
Iron losses due to PM PIronPM 2.17 0.87 2.47 1.52 [W]
Winding losses due to PM PWindingPM 2.15 0.50 1.36 1.42 [W]
Joule losses PJoule 0.74 1.97 3.78 4.34 [W]
Motor efficiency η 79.3 84.4 88.9 89.3 [%]
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Fig. 4: Distribution of losses.

One has to keep in mind that VHS machines do not require a
high torque and, therefore, a high magnetic flux density in the
airgap. Their power comes mainly from their speed. Increasing
the current density seems counterintuitive, but it increases the
efficiency of the motor by allowing a better balance between
Joule losses on the one hand and iron and winding losses
due to the PM field on the other hand. Indeed, induced losses
(iron and winding) due to the rotation of the PM scale with
the square of both magnetic flux density and rotational speed.
Given that the first one in VHS machines is extremely high
anyway, one can only act on the second one.

The windage losses have been halved due to the reduction
of the axial length of the motor, but mostly thanks to the
reduction of the radius of the rotor. Indeed, as given in (6),
these losses scale with the outer radius of the enclosure to the
power 4.

B. 100 W motor

OPT 3 deals with a mechanical power of 100 W and the
same maximal outer dimensions. The result is that Joule losses
have become important and represent 30% as visible in Fig. 4.
The efficiency is 88.9%, but it should not be compared with the
other optimizations because the mechanical power is different.

Given that OPT 3 has reached the maximal outer dimensions
of the motor, OPT 4 will set the limit of the diameter to 16 mm
(ryo max is set to 7.65 mm). It turns out that the optimization
has increased the diameter of the motor almost to its maximal
value to lower the total losses. The efficiency is now 89.3%.

More space is now available for the stator yoke, halving the
peak magnetic flux density and thereby the iron losses. The
same applies to the airgap, decreasing the windage losses.

The radial dimensions of the rotor have been decreased and
the remanence of the PM has been increased to compensate
the increase of the airgap.

Increasing the outer diameter of the motor increases the
efficiency (to some extend) of the motor for a given mechanical
power. This has already been noticed in [6]. This fact can be
explained by a better use of the available space in order to
reduce the losses. Furthermore, the bigger the diameter of the
machine, the better thermal convection, because the exchange
surface is bigger. This demonstrates the difficulty of designing
miniaturized motors.

C. Synthesis

The size of the rotor (radial dimensions) has fundamentally
not been changed over the 4 optimizations. At 500 krpm
(maximal rotational speed used as a constraint for the design
of the rotor) and with the given materials, the limit of the
mechanical strength is reached. An increase of the diameter
would lead to a mechanical failure. Furthermore, it drastically
increases windage losses.

Indeed, windage losses represent an important part of the
total losses for each optimization. They are between 15-25%
as it can be seen in Fig. 4. This is why a reliable and validated
model has to be selected for the design of VHS machines.

Another interesting remark is that Joule and winding losses
due to the PM field are antagonistic. Indeed, increasing the
surface of the wire decreases the DC resistance, whereas it
enables more induced eddy currents to flow.

The value of the peak magnetic flux density in the stator
yoke seems very low when compared to the saturation of
1.56 T. It could be seen as a misuse of the iron capabilities.
Yet, it should be seen as a way to decrease iron losses,
which vary with the square of the peak magnetic flux density.
All the aforementioned facts, plus the number of variables,
make an optimization process inevitable when designing VHS
machines.

V. CONCLUSION

An optimization method for very-high-speed electrical ma-
chines based on multiphysical analytical models has been
presented. The set of the models presented is very complete
and covers the mechanical design of the rotor, the computation
of the losses and the computation of the back EMF and torque
constants. All the models have been validated on a 400 krpm
prototype, which is, to the authors’ knowledge, one of the
smallest and fastest electrical motor ever operated.

Even though analytical models may lack accuracy in some
circumstances, they are preferred (at least for pre-design) when
there is an important number of variables in optimization,
because of their fast computing capabilities.

Several optimization scenarios are presented. Results
strongly depend on the mechanical power provided, the maxi-
mal dimensions and the maximal current density allowed. The
modeling of each turns of the winding makes the design more
accurate and closer to reality.

The paper shows that the miniaturization of VHS electrical
machines is complicated because the losses do not decrease
linearly with the size of the motor. Furthermore, losses related
to very high speed become a very important part of the
total losses and the reduced dimensions make it difficult to
diminish these losses. As a consequence, the efficiency is
generally lower than in low-speed machines. Nonetheless,
VHS machines offer a higher power density leading to a
reduction of the size and the weight.

A thermal model could be implemented to the optimization
process for even more accuracy and also to consider forced
cooling of the motor. However, reducing the losses in the
machine is consistent with the limitation of temperature.
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