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Abstract

We consider model order reduction of parameterized Hamiltonian systems describing nondissipative
phenomena, like wave-type and transport dominated problems. The development of reduced basis
methods for such models is challenged by two main factors: the rich geometric structure encoding
the physical and stability properties of the dynamics and its local low-rank nature. To address these
aspects, we propose a nonlinear structure-preserving model reduction where the reduced phase space
evolves in time. In the spirit of dynamical low-rank approximation, the reduced dynamics is obtained
by a symplectic projection of the Hamiltonian vector field onto the tangent space of the approximation
manifold at each reduced state. A priori error estimates are established in terms of the projection
error of the full model solution onto the reduced manifold. For the temporal discretization of the
reduced dynamics we employ splitting techniques. The reduced basis satisfies an evolution equation
on the manifold of symplectic and orthogonal rectangular matrices having one dimension equal to the
size of the full model. We recast the problem on the tangent space of the matrix manifold and develop
intrinsic temporal integrators based on Lie group techniques together with explicit Runge-Kutta
(RK) schemes. The resulting methods are shown to converge with the order of the RK integrator and
their computational complexity depends only linearly on the dimension of the full model, provided
the evaluation of the reduced flow velocity has a comparable cost.
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1 Introduction

We consider parameterized finite-dimensional canonical Hamiltonian systems describing nondissipative
flows or ensuing from the numerical discretization of partial differential equations that can be derived from
action principles. Let T := (tg, 7] be a temporal interval and let Von be a 2N-dimensional symplectic
vector space. Let I' C R, with d > 1, be a compact set of parameters. For each 1 € T, we consider the
initial value problem: For ug(n) € Vo, find u(-,n) € C*(T, Van) such that

Ayult,m) = Xy (ult,n),n), for teT, (1.1)
u(to,n) = uo(n),

where X3 (u,n) € Vay is the Hamiltonian vector field at time ¢t € 7, and C'(T, Van) denotes continuous
differentiable functions in time taking values in Vop.

In the context of long-time and many-query simulations model order reduction aims at pruning the
computational cost of solving systems like (1.1) by replacing the original high-dimensional problem
with a simplified model, such as a surrogate or low-fidelity model, without compromising the overall
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accuracy. When dealing with Hamiltonian systems additional difficulties are encountered to ensure that
the geometric structure of the phase space, the stability and the conservation properties of the original
system are not hindered during the reduction.

Reduced basis methods (RBM) relying on projection techniques consist in building, during a compu-
tationally intensive offline phase, a reduced basis from a proper orthogonal decomposition of a set of
high-fidelity simulations (referred to as snapshots) at sampled values of time and parameters. A reduced
dynamics is then obtained via projection of the full model onto the lower dimension space spanned by
the reduced basis. Projection-based RBM for Hamiltonian systems tailored to preserve the geometric
structure of the dynamics were developed in [15] and [5] using a variational Lagrangian formulation of the
problem, in [23, 2, 3] for canonically symplectic dynamical systems, and in [12] to deal with Hamiltonian
problems whose phase space is endowed with a nonlinear Poisson manifold structure.

Although the aforementioned approaches can provide robust and efficient reduced models, they might
require a sufficiently large approximation space to achieve even moderate accuracy. This can be ascribed
to the fact that nondissipative phenomena, like advection and wave-type problems, do not possess a
global low-rank structure, and are therefore characterized by slowly decaying Kolmogorov widths, as
highlighted in [22]. Hence, local reduced spaces seems a more effective instrument to deal with this kind
of dynamical systems.

In this work we propose a nonlinear projection-based model order reduction of parameterized Hamil-
tonian systems where the reduced basis is dynamically evolving in time. The idea is to consider a modal
decomposition of the approximate solution to (1.1) of the form

2n
u(t,n) = > Uit)Zi(t,n), n< N, VteT,nel, (1.2)
=1

where the reduced basis {U;}; C R?" | and the expansion coefficients {Z;}; C R can both change in time.
The approximate reduced flow is then generated by the velocity field resulting from the projection of the
vector field X3 in (1.1) into the tangent space of the reduced space at the current state. By imposing
that the evolving reduced space spanned by {U;}; is a symplectic manifold at every time the continuous
reduced dynamics preserves the geometric structure of the full model.

Low-rank approximations based on a modal decomposition of the approximate solution with dy-
namically evolving modes similar to (1.2), have been widely studied in quantum mechanics in the
multiconfiguration time-dependent Hartree (MCTDH) method, see e.g. [17]. In the finite dimensional
setting, a similar approach, known as dynamical low-rank approximation [14], provides a low-rank factor-
ization updating technique to efficiently compute approximations of time-dependent large data matrices,
by projecting the matrix time derivative onto the tangent space of the low-rank matrix manifold. For the
discretization of time-dependent stochastic PDEs, Sapsis and Lermusiaux proposed in [24] the so-called
dynamically orthogonal (DO) scheme, where the deterministic approximation space adapts over time by
evolving according to the differential operator describing the stochastic problem. A connection between
dynamical low-rank approximations and DO methods was established in [21]. Further, a geometric
perspective on the relation between dynamical low-rank approximation, DO field equations and model
order reduction in the context of time-dependent matrices has been investigated in [10]. To the best of
our knowledge the only work to address structure-preserving dynamical low-rank approximations is the
work by Musharbash and Nobile [20], where the authors develop a DO discretization of stochastic PDEs
possessing a symplectic Hamiltonian structure. The method proposed in [20] consists in recasting the
continuous PDE into the complex setting and then applying a dynamical low-rank strategy to derive
field equations for the evolution of the stochastic modal decomposition of the approximate solution.
The approach we propose for the nonlinear model order reduction of problem (1.1) adopts a geometric
perspective similar to [10] and yields an evolution equation for the reduced solution analogous to [20],
although we do not resort to a reformulation of the evolution problem in a complex framework.

Concerning the temporal discretization of the reduced dynamics describing the evolution of the
approximate solution (1.2), the low-dimensional system for the expansion coefficients { Z; }; is Hamiltonian
and can be approximated using standard symplectic integrators. On the other hand, the development of
numerical schemes for the evolution of the reduced basis is more involved as two major challenges need
to be addressed: (i) a structure-preserving approximation requires that the discrete evolution remains on



the manifold of symplectic and (semi-)orthogonal rectangular matrices; (ii) since the reduced basis forms
a matrix with one dimension equal to the size of the full model, the effectiveness of the model reduction
might be thwarted by the computational cost associated with the numerical solution of the corresponding
evolution equation.

Various methods have been proposed in the literature to solve differential equations on manifolds,
see e.g. [11, Chapter IV]. Most notably projection methods apply a conventional discretization scheme
and, after each time step, a “correction” is made by projecting the updated approximate solution to
the constrained manifold. Alternatively, methods based on the use of local parameterizations of the
manifold, so-called intrinsic, are well-developed in the context of differential equations on Lie groups, cf.
[11, Section IV.8]. The idea is to recast the evolution equation in the corresponding Lie algebra, which is
a linear space, and to then recover an approximate solution in the Lie group via local coordinate maps.
Instrinsic methods possess excellent structure-preserving properties provided the local coordinate map
can be computed exactly. However, they usually require a considerable computational cost associated
with the evaluation of the coordinate map and its inverse at every time step (possibly at every stage
within each step).

We propose and analyze two structure-preserving temporal approximations and show that their
computational complexity scales linearly with the dimension of the full model, under the assumption
that the velocity field of the reduced flow can be evaluated at a comparable cost. In the first algorithm
we extend the initial value problem for the reduced basis {U;}; on the orthosymplectic matrix manifold
to a quadratic Lie group and, similarly to [16], use Lie group methods and conventional multi-stage
explicit RK integrators to solve the equivalent system on the corresponding Lie algebra. By exploiting
the structure of the dynamical low-rank approximation and the properties of the local coordinate map
supplied by the Cayley transform, we prove the computational efficiency of this algorithm with respect to
the dimension of the high-fidelity model. However, a polynomial dependence on the number of stages
of the RK temporal integrator might yield high computational costs in the presence of full models of
moderate dimension. To overcome this issue, we propose a discretization scheme based on the use of
retraction maps to recast the local evolution of the reduced basis on the tangent space of the matrix
manifold at the current state, inspired by the works |7, 8] on intrinsic temporal integrators for orthogonal
flows.

The remainder of the paper is organized as follows. In Section 2 the geometric structure underlying
the dynamics of Hamiltonian systems is presented, and the concept of orthosymplectic basis spanning
the approximate phase space is introduced. In Section 3 we describe the properties of linear symplectic
maps needed to guarantee that the geometric structure of the full dynamics is inherited by the reduced
problem. Subsequently, in Section 4 we develop and analyze a dynamical low-rank approximation strategy
resulting in dynamical systems for the reduced orthosymplectic basis and the corresponding expansion
coefficients in (1.2). In Section 5 efficient and structure-preserving temporal integrators for the reduced
basis evolution problem are derived. We present some concluding remarks and open questions in Section 6.

2 Hamiltonian dynamics on symplectic manifolds

The phase space of Hamiltonian dynamical systems is endowed with a differential Poisson manifold
structure which underpins the physical properties of the system. Most prominently, Poisson structures
encode a family of conserved quantities that, by Noether’s theorem, are related to symmetries of the
Hamiltonian. Here we focus on dynamical systems whose phase space has a global Poisson structure that
is canonical and nondegenerate, namely symplectic.

Definition 2.1 (Symplectic structure). Let Vo be a finite 2N-dimensional smooth manifold. A symplectic
structure on Vo is a nondegenerate closed 2-form w. A manifold Vo endowed with a symplectic
structure w is called a symplectic manifold and denoted with (Vaon,w). If Vo is a vector space, then
(Van,w) is called symplectic vector space.

The algebraic structure of a symplectic manifold (Van,w) can be characterized through the definition of

a bracket: Let dF be the 1-form given by the exterior derivative of a given smooth function F € C*(Vay),
then

{F,Glon i= pey, (dF, Jon dG) 1y, . = w(Ton dF, Jon dG), VF,GeC®Van), (2.1)



where 7., o () Ty, denotes the duality pairing between the cotangent and the tangent bundle. The
application Jon : T*Vony — TVay is a contravariant 2-tensor on the manifold Vs, commonly referred to
as Poisson tensor. The space C°°(Vop) of real-valued smooth functions over the manifold (Van, {-, }an)
together with the bracket {-, -}on forms a Lie algebra [1, Proposition 3.3.17].

A Hamiltonian system is a triple (Van, w, H) where (Vo , w) is a symplectic manifold and H € C*°(Vap)
is a smooth function, called Hamiltonian, such that

dH = ix,w, (2.2)

where i denotes the contraction operator and Xy € TVon. Since w is nondegenerate, the vector
field Xy € TVay, called Hamiltonian vector field, is unique. A vector field Xy on a manifold Voy
determines a phase flow, namely a one-parameter group of diffeomorphisms <I>tXH 1 Von — Vo satisfying
d @, (u) = Xy (Y, (u)) for all t € T and u € Vo, with @G, (u) = u. The flow map %, of a vector
field Xy € TV, is Hamiltonian if and only if <I>tXH is a symplectic diffeomorphism (symplectomorphism)
on its domain, i.e., for each t € T, (9%, )*w = w.

Definition 2.2 (Symplectic map). Let (Van, {-, -}on) and (Van, {-,}2n) be symplectic manifolds of finite
dimension 2N and 2n respectively, with n < N. A smooth map ¥ : Van, {+, - }oan) = Van, {+, - }J2n) is
called symplectic if it satisfies

\Il*{fag}Qn = {\I/*fa \I/*g}QN7 VJ:ag € COO(VQR)

In addition to possessing a symplectic phase flow, Hamiltonian dynamics is characterized by the
existence of differential invariants, and symmetry-related conservation laws.

Definition 2.3 (Invariants of motion). A function Z € C*°(Vsy) is an invariant of motion of the dynamical
system (2.2), if {Z, H}an(u) =0 for all u € Vay. Consequently, Z is constant along the orbits of X3.

The Hamiltonian, if time-independent, is an invariant of motion. A particular subset of the invariants
of motion of a dynamical system is given by the Casimir invariants, smooth functions C on Vo that
{*, - Jan-commute with every other functions, i.e. {C,F}any = 0 for all F € C*°(V,y). Since Casimir
invariants are associated with the center of the Lie algebra (C*°(Van), {-, }2n), symplectic manifolds
only possess trivial Casimir invariants.

Resorting to a coordinate system, the canonical structure on a symplectic manifold can be characterized
by canonical charts whose existence is postulated in [1, Proposition 3.3.21].

Definition 2.4. Let (Van, {-, }2n) be a symplectic manifold and (U, ) a cotangent coordinate chart
P(u) = (gt (u), ..., ¢ (u),p1(u),...,pn(u)), for all w € U. Then (U, %)) is a symplectic canonical chart if
and only if {¢’, ¢ }an = {pi,pj}on =0, and {¢*,pj}on = 6;; on U for all i,j =1,...,N.

In the local canonical coordinates introduced in Definition 2.4, the vector bundle map Jan, defined in
(2.1), takes the canonical symplectic form

0 Id
Jon = : T*VN X T*VN — TVQN,
—Id 0

where Id and 0 denote the identity and zero map, respectively. Symplectic canonical charts on a
symplectic vector space allow to define a global basis that is symplectic and orthonormal.

Definition 2.5 (Orthosymplectic basis). Let (Van,w) be a 2N-dimensional symplectic vector space and
let w be the canonical symplectic form. Then, the set of vectors {e;}22] is said to be orthosymplectic in
Von if

w(ei,ej) = (JQN)Z'J', and (€i7€j) :57;’1', V’L,]: ].,2N,

where (-, -) is the Euclidean inner product and Jyn is the canonical symplectic tensor on Vay.



Let (Van,w) be a symplectic vector space, and let U be a subspace of Vs . The symplectic complement
of U in Van is the set of u € Vo such that w(u,v) = 0 for all v € TVan = Von. A subspace of a
symplectic vector space (Van,w) is called Lagrangian if it coincides with its symplectic complement in
Von. As a consequence of the fact that any basis of a Lagrangian subspace of a symplectic vector space
(Van,w) can be extended to a symplectic basis in (Van,w), every symplectic vector space admits an
orthosymplectic basis, c¢f. for example [4, Section 1.2].

With the definitions introduced hitherto, we can recast the dynamical system (1.1) on a symplectic
vector space (Van,w) as a Hamiltonian initial value problem. For each n € T, and for ug(n) € Van, find
u(-,n) € CY(T,Van) such that

Owu(t,n) = Jan Vo H(u(t,n);n), for teT, (2.3)

u(to,n) = uo(n),

where H(-,n) € C®°(Van) is the Hamiltonian function, and V., denotes the gradient with respect to the
variable u. The well-posedness of (2.3) is guaranteed by assuming that, for any fixed n € T, the operator
Xy : Von X T' = R defined as Xy (u,n) := Jony Vo H(u;n) is Lipschitz continuous in » uniformly in ¢t € T
in a suitable norm.

3 Orthosymplectic matrices

In order to construct surrogate models preserving the physical and geometric properties of the original
Hamiltonian dynamics we build approximation spaces of reduced dimension endowed with the same
geometric structure of the full model. To this aim, the reduced space is constructed as the span of suitable
symplectic and orthonormal time-dependent bases, so that the reduced space inherits the symplectic
structure of the original dynamical system. In this Section we describe the properties of linear symplectic
maps between finite dimensional symplectic vector spaces.

Analogously to [1, p. 168], we can easily extend the characterization of symplectic linear maps to the
case of vector spaces of different dimension as in the following result.

Lemma 3.1. Let (Vaon,w) and (Van,w) be symplectic vector spaces of finite dimension 2N and 2n,
respectively, with N > n. A linear mapping My : (Van,w) = (Vap,w) is symplectic, in the sense of
Definition 2.2, if and only if M+J2NMI = Jon.

We define symplectic right inverse of the symplectic matrix M, € R2"*2N the matrix M =
JonM] Jy, € R?N*2n It can be easily verified that My M = I5,, and equivalently MM = I,.
Moreover, the symplectic condition M+J2NMI = Jo, is equivalent to M JoyM = Js,. Owing
to this equivalence, with a small abuse of notation, we will say that M € R?V*2" is symplectic if
M € Sp(2n, R*N) := {L e R2V*2n . [T onL = Jop )}

In this work we consider symplectic spaces spanned by basis which are also orthonormal.

Definition 3.2. A matrix M € R2VN*2" is called orthosymplectic if M € U(2n,R?Y) := St(2n,R2V) N
Sp(2n, R2Y), where St(2n, R?Y) := {M € R2VN*2n . MTM = I,,} is the Stiefel manifold.

Orthosymplectic rectangular matrices can be characterized as follows.

Lemma 3.3. Let M, € R*"*2N be symplectic and let M € R2N*2" be its symplectic inverse. Then,
M+MI = Is, if and only if M = M_,T

Proof. Let M = [A|B] with A, B € R2NX"_ The (semi-)orthogonality and symplecticity of M, give
ATA=BT"B =1, and A" JonB = I,,. These conditions imply that the column vectors of A and Jon B
have unit norm and are pairwise parallel, hence A = Joy B. Therefore, M = [A| J,)y A] with ATA = I,,
and AT Joy A = 0,,. The definition of symplectic inverse yields M = J,y M Ja, = Jon[A| JnAlJon =
iy Al ALy = [A] Iy A] = M.

Conversely, the symplecticity of M implies My M| = M M = My JoyM] J}, = Ib,. O



In order to design numerical methods for evolution problems on the manifold ¢ (2n, R?*) of orthosym-
plectic rectangular matrices, we will need to characterize its tangent space. To this aim we introduce the
vector space 50(2n) of skew-symmetric 2n x 2n real matrices

s0(2n) := {M € R**" . MT + M = 0y,},
and the vector space sp(2n) of Hamiltonian 2n x 2n real matrices, namely
sp(2n) := {M e R*"® . M.Jy, + Jou M = 03, }.

Throughout, if not otherwise specified, we will denote with G, := U(2n) the Lie group of orthosymplectic
2n x 2n matrices and with ga, the corresponding Lie algebra g, := s0(2n) N sp(2n), with the matrix
commutator as bracket.

4 Orthosymplectic dynamical reduced basis method

Assume we want to solve the parameterized Hamiltonian problem (2.3) at p € N samples of the parameter
{nj}le =: T, C RP?, To ease the notation we take d = 1, namely we assume that the parameter 7 is
a scalar quantity, for vector-valued 7 the derivation henceforth applies mutatis mutandis. Then, the
Hamiltonian system (2.3) can be recast as a set of ordinary differential equations in a 2N X p matrix
unknown. Let 1, € RP denote the vector of sampled parameters, the evolution problem reads: For
Ro(nn) == [uo(m)]. .. |uo(np)] € R*V*P, find R € CY(T,R*¥*P) such that

R(t) = X'H (R(t)v T]h)7 for t e T7

(4.1)
R(to) = Ro(nn)-

Let n <« N, to characterize the reduced solution manifold we consider an approximation of the solution
of (4.1) of the form

R(t) = R(t) = ZnUi(t)Zi(t,nh) =Ut)Zt)", (4.2)

where U = [Ul\ .. |U2n] € R2Vx2n and Z € RP*2" is such that Z;i(t) = Z;(t,m;) for i =1,...,2n, and
j=1,...,p. Since we aim at a structure-preserving model order reduction of (4.1), we impose that the
basis U(t) is orthosymplectic at all ¢ € T, in analogy with the symplectic reduction techniques employing
globally defined reduced spaces. Here, since U is changing in time, this means that we constrain its
evolution to the manifold U (2n, R*) from Definition 3.2. With this in mind, the reduced solution is
sought in the reduced space defined as

MPL—{ReR?N*? . R=UZ" withU € M, Z € VP**"}, (4.3)

where
M :=U2n,R*™M) ={U e R*N*™ . UTU = Iy, U JonU = Jon},

4.4
VX . {7 e RP*? : vank(Z' Z + Jy, 2" ZJoy) = 2n}. 44

Note that (4.3) is a smooth manifold of dimension 2(N + p)n — 2n?, as follows from the characterization
of the tangent space given in Proposition 4.1. The characterization of the reduced manifold (4.3) is
analogous to [20, Definition 6.2]. Let C' € R2"*2" denote the correlation matrix C' := Z T Z. The full-rank
condition in (4.4),

rank(C + Jo,CJan) = 2n, (4.5)

guarantees that, for Z fixed, if UZT = WZT with U,W € M, then U = W. If the full-rank condition
(4.5) is satisfied, then the number p of samples of the parameter 7 € T" satisfies p > n. This means that,
for a fixed p, a too large reduced basis might lead to a violation of the full rank condition, which would
entail a rank-deficient evolution problem for the coefficient matrix Z € RP*2", This is related to the
problem of overapproximation in dynamical low-rank techniques, see [14, Section 5.3].



The decomposition UZ " of matrices in M;I;Ll is not unique: the map ¢ : (U, Z) € M x VP*2" s R =
UZT e MP is surjective but not injective. In particular, (M x VP*2 MEP! 4) is a fiber bundle with
fibers given by the group of unitary matrices U (2n), so that M;ELI is isomorphic to (M/U(2n)) x VP*2",
Indeed, let Uy € M and Z; € VP*2" then, for any arbitrary A € U(2n), it holds Uy := Uy A € M,
Z2 = ZlA S Vp><2n’ and UlZlT = UQZ;

In dynamically orthogonal approximations [24] a unique characterization of the reduced solution
is obtained by fixing a gauge constraint in the tangent space of the reduced solution manifold. For
the manifold MY the tangent space at R € M5 is defined as the set of X € R2N*? such that there
exists a differentiable path 7 : (—¢,e) € T — R2NXP with v(0) = R, 4(0) = X. The tangent vector
at U(t)Z7(t) € M3 is of the form X = UZT + UZT, where U and Z denote the time derivatives
of U(t) and Z(t), respectively. Taking the derivative of the orthogonality constraint on U yields
UTU+UTU =o0. Analogously, the symplecticity constraint gives UTJonU + UT JonU = 0 which is
equivalent to U UJay, + Jon U TU = 0 owing to the fact that U € Sp(2n, R2N). Therefore, the tangent
space of M3 at UZT is defined as

Tyzr MP = {X e R*N*P . X = X ZT + UX), with Xy € RP*?",

(4.6)
Xy e RV XU € go, ).

However, this parameterization is not unique. Indeed, let S € g, be arbitrary: if XJ U € go, then the
matrix (Xy + US)"U belongs to ga,, and the pairs (Xy, Xz) and (Xy + US, Xz + ZS) identify the
same tangent vector X := XyZ' + UX,. We fix the parameterization of the tangent space as follows.

Proposition 4.1. The tangent space of M;I;Ll at UZT defined in (4.6) is uniquely parameterized by the
horizontal space Hy, 7y := Hy X RP*27  where

Hy = {Xy e R?V>2 . XU =0, Xy Jo, = Jon Xu'}- (4.7)
This means that the map
‘I’ . H(U,Z) — TUzTM;IT)Ll
(Xu,Xz) +— XuZT +UX}],
is a bijection.

Proof. We first observe that, if (Xy, Xz) € H(y,z) then X4 U € ga, is trivially satisfied, and hence
XpZT +UX) € Ty MP.
To show that the map W is injective, we take X =0 € Ty 57 M;Zl By the definition of the tangent

space (4.6), the zero vector admits the representation 0 = Xy Z T + UX ) with UT Xy = 0. This implies
0=U"(XpZ" +UX})=X]. Hence, Xy;Z" =0 and

0=XuZ" " Z+ JonXvZ 2]y, = XvZ " Z + JinXvJondonZ " 203, = Xp(Z T Z + Jon 2T ZJ,,),

which implies Xy = 0 in view of the full-rank condition (4.5).
For the surjectivity of ¥ we show that

VX €Tyyr M 3(Xy,Xz) € Hyy suchthat X =XyZ' +UX),.

Any X € Ty 7 MEE! can be written as X = UZT 4+ UZ" where Z € RP*2" and U € R2V*2" gatisfies
UTU € go,. Hence, the tangent vector X can be recast as

X=UZ"+UZ"=U0Z"+UTUZ")+ ((lx —UUTU)Z".

We need to show that the pair (Xy, Xz), defined as Xy := (Ioxy — UUT)U and X, := Z + ZU'U,
belongs to the horizontal space H(y, 7). From the orthogonality of U it easily follows that

U'Xy=U(Ly -UUNYU=U"U-U"U=0.



To prove that Xy = J2TNXUJ2n we introduce the matrix S := Z'Z + JQnZTZJ;n € R2"*2" for which
it holds SJa;, = J2,5. We then show the equivalent condition XySJy, = JQTNXUS. First, we add to
Xy the zero term (Ioy —UU U(Z"Z + Jop, ZT Z J3,), and use the symplectic constraint on U and its
temporal derivative to get
Xy =y —UUNU = (Iy —UUTUSS™!

= (Loy —~UUNWU(ZTZ + Jon 27 203)) + U(ZT Z + Jon 2" 2J3,)) S~}

= oy —UU N XZ + JonXZJ,) )S7L.
Then, using the commutativity of the symplectic unit Jon and the projection onto the orthogonal
complement to the space spanned by U, i.e. (loay — UUT)JQN = Jan(Ian — UUT), results in

XuySJy = Iy —UU ' WXZ+ Jon X ZJ3 ) T3
= Jon(Iony —UU ") Jon (X ZJ5, + i X Z) = J3nXuS.

O
Proposition 4.1 entails that the tangent space of M;ﬁ’; can be characterized as
Tyyr M = {X e R2N*P . X = XpZ| +UX, with X, € RP*?>" X, € R2V*?,
XU =0, XyJon = JanXv),
Henceforth, we consider M endowed with the metric induced by the ambient space C2Y*2" namely the

Frobenius inner product (A, B) := tr(A"B), where A" denotes the conjugate transpose of the complex
matrix A, and we will denote with |[-|| the Frobenius norm.

4.1 Dynamical low-rank symplectic variational principle

For n € I fixed in (2.3), the vector field X3, at time ¢ belongs to T),;)Van. Taking the cue from dynamical
low-rank approximations [14], the dynamics on the reduced space ME is obtained via projection of the
velocity field Xy of the full dynamical system (4.1) onto the tangent space of /\/lbp1 at the current state.
The reduced dynamical system is therefore optimal in the sense that the resulting vector field is the best
dynamic approximation of X, at every point on the manifold V5 in the Frobenius norm. To preserve
the geometric structure of the full dynamics we construct a projection which is symplectic for each value
of the parameter 7; € I'y,, with 1 < j <p. To this aim, let us introduce on the symplectic vector space
(Von,w) the family of skew-symmetric bilinear forms w; : R*V*? x R2V>XP — R defined as

wj(avb) = w(a’jvbj)a 1<5<p, (48)
where a; € R?Y denotes the j-th column of the matrix a € R?N*?_ and similarly for b; € R?V.

Proposition 4.2. Let TR MY be the tangent space of the symplectic reduced manifold MY, defined in
(4.3), at a given R:=UZT € M. Then the map

D RV T M

w  — (Iy —UUN)WZ + JonwZIFWZT Z + Jon ZT ZJF) 12T + UU Tw

Ty, gt

is a symplectic projection, in the sense that
P
Z Iy pepi 0, y) =0, Vy € TRMP,

where w; is defined in (4.8).



Proof. Let Xy (w) := (Iay —UU ") (wZ + JaywZ Iy W Z T Z + Jop ZT ZJF )71 and X z(w) = w'U. Using
a reasoning analogous to the one in the proof of Proposition 4.1, it can be shown that (Xy, Xz) € Hy,z).
Moreover, by means of the identification T' TRM;%I = TRMZIT’LI, we prove that I := I}, .1 is a projection.
2n

It can be easily verified that Xz ([w) = (Hw) U = Xz(w). Furthermore, let S := Z"Z + J3,Z" Z Ja, €
R27%27 and F,, := wZ + JgNwZJ;n € R2NX2n then

Xy([Mw) = Iy —UU ") ((Ioxy —UU " FWS™'Z"Z + Jon(Ioy — UU ") F,S™ 27 2J5,) S}
= Xy(w)Z"ZS™ 4+ Jon Xp(w)Z " 275,871
Since Xy (w)Jan = Jony Xp(w), it follows that Xy (Tw) = Xy (w).

Assume we have fixed a parameter n; € I' so that p = 1. Let v := w; € R?Y be the j-th column of the
matrix w € R2V*? and, hence, ITv € R*. We want to show that w(v — ITv,y) = 0 for all y € TRMZE’}.
By the characterization of the tangent space from Proposition 4.1, any y € TRMZI;LI is of the form
y=YyZ" + UYZT where Yz € R'*2" and Yy € Hy. Therefore,

wv—Tov,y) =wlv -, Yy Z') +w(,UY, ) —w(XpZ" +UX,,UY,),

where Xy = Xy (v) and Xz = Xz(v), but henceforth we omit the dependence on v. Using the definition
of X7 and the symplecticity of the basis U the last term becomes

wUX,UY,) =wUU 0, UY, ) = w, JjyUJnUTUY,] ) = w(v, JyyUJon Y5 ) = w(v, UY,} ).
Moreover, it can be easily checked that w(Xy Z TU YZT ) = 0 by definition of Xy and by the orthosym-

plecticity of U. Hence, the only non-trivial terms are w(v — v, y) = w(v, Yy ZT) — w(llv, Yy ZT). Any
Yy € Hy can be written as Yy = %(YU + Jon Yu Jon); thereby

wv —TIv,2y) = w(v, Yy Z ' + JinYuJonZ") —w(XpZT + UX ) Yy Z T + JonYudon Z7) = T1 — Th.

We need to prove that T} and T coincide. Let M; € R%V denote the i-th column vector of a given matrix
M € R?N*2n The properties of the symplectic canonical form w yield

2n 2n
T =w <’U, Z(YU)iZi> +w (JQNU, Z(YU)i(JQnZT)i>
i=1 i=1

2n 2n 2n

= wl(v, (Yu)i) Zi + Y w(Janv, Y0)i) (JanZ )i = > w(vZi + Janv(Z5,)i, (Yv)i).-

i=1 i=1 i=1
To deal with the term T5 first observe that UJ(UX;, Yy Z') = 0 since YJ U = 0. Moreover, using once
more the fact that Yy € Hy results in

T=w(XuZ" Yo Z) +w(XpJonZ ", Yy Jan ZT)
= Z w((Xv);Z;, Yv)iZ:) +w((XU)j(J2nZT)ja (YU)i(JZHZT)i)
= w((Xv)s, Y0)i) (ZZi + (Jan Z 1) 1(ZT5,)i).-

ij=1
The result follows by definition of Xy (v). O

To compute the initial condition of the reduced problem, we perform the complex SVD of Ro(n,) €
R2NXP truncated at the n-th mode. Then the initial value Uy € M is obtained from the resulting unitary
matrix of left singular vectors of Ro(ny,) by exploiting the isomorphism between M and St(n, CY), cf.
Lemma 4.6. The expansion coefficients matrix is initialized as Zg = Ro(n,) " Uy. Therefore, the dynamical
system for the approximate reduced solution (4.2) reads: Find R € C* (T, M5!} such that

R(t) = HTRMZFT’LIXH (R(t),nn), for teT,

(4.9)
R(to) = UpZy .
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For any 1 <j <pandt e T,let Z;(t) € R"?" be the j-th row of the matrix Z(t) € VP*?" and let
Y(t) := Yi]...[Yp] € R*N*P where Y := Vi, H(UZ, ,n;) € R*N*!, and Vs ;7 denotes the gradient
with respect to UZ, . Using the decomposition R = UZ" in (4.3), we can now derive from (4.9) evolution
equations for U and Z: Given Ro(nx) € R2V*P_ find (U, Z) € CY(T, M) x C}(T,VP*?") such that

Zi(t) = JanV 7, H(U Z] ), teT,1<j<p,
Ut) = (Iy —UUT)(JonY Z =Y ZJIJ)C + JJ CJop)™t,  teT, (4.10)
Uto)Z(to)" = UsZ, .

The reduced problem (4.10) is analogous to the system derived in [20, Proposition 6.9]. The evolution
equations for the coefficients Z form a system of p equations in 2n unknowns and correspond to the
Galerkin projection onto the space spanned by the columns of U, as obtained with a standard reduced
basis method. Here, however, the projection is changing over time as the reduced basis U is evolving.
For U fixed, the flow map characterizing the evolution of each Z;, for 1 < j < p, is a symplectomorphism
(¢f. Definition 2.2), i.e. the dynamics is canonically Hamiltonian. The evolution problem satisfied by
the basis U is a matrix equation in 2N X 2n unknowns on the manifold of orthosymplectic rectangular
matrices introduced in Definition 3.2, as shown in the following result.

Proposition 4.3. If U(tg) € M then U(t) € R*N*2" solution of (4.10) satisfies U(t) € M for allt € T.

Proof. We first show that, for any matrix W (t) € R*N*2" if W(ty) € M and W € Hy, with Hy,
defined in (4.7), then W(t) € M for any t > t5. The condition WTW = 0 implies d,(W T (£)W(t)) =
WTW +WTW =0, hence W (¢ )W( ) = W T (tg)W(to) = I2,, by the assumption on the initial condition.
Moreover, the condition W = Jon W 2y, together with the dynamical orthogonality W' W = 0 results
in dt(WT( VonW(t) = WTJon W + W T JonW = JL WTW + W TW.J,, = 0. Hence, the symplectic
constraint on the initial condition yields W (t)JayW (t) = W T (to)Jan W (to) = Jan-

Owing to the reasoning above, we only need to verify that the solution of (4.10) satisfies U € Hy. The
dynamical orthogonal condition U TU = 0 is trivially satisfied. Moreover, let S := ZTZ + Jo, Z' Z Jo, €
R27%27 since SJap = JonS, the constraint U = Jj\UlJy, is satisfied if USJ,, = J)yUS. One can
casily show that A := JonYZ — YZJ), = JoanyAJy,. Therefore, USJy, = (Ioy — UUT)AJ,, =
T (Iony —UU T Jon AJS = JINUS. O

Remark 4.4. Observe that the dynamical reduced basis technique proposed in the previous Section
can be extended to more general Hamiltonian systems endowed with a degenerate constant Poisson
structure. The idea is to proceed as in [12, Section 3| by splitting the dynamics into the evolution
on a symplectic submanifold of the phase space and the trivial evolution of the Casimir invariants.
The symplectic dynamical model order reduction developed in Section 4 can then be performed on the
symplectic component of the dynamics.

4.2 Conservation properties of the reduced dynamics

The velocity field of the reduced flow (4.9) is the symplectic projection of the full model velocity onto the
tangent space of the reduced manifold. For any fixed parameter n; € I'y, let H; := H(-,n;). In view of
Proposition 4.2, the reduced solution R € C1(T, Mbpl) satisfies the symplectic variational principle

p
Z (R~ JonVH,;(R),y) =0,  Vye& TpMP.

This implies that the Hamiltonian H is a conserved quantity of the continuous reduced problem (4.10).
Indeed,

S LR (0) = STy (). Fy) = 3 o T Wy (). ) = S ey 1, ) =

j=1
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Therefore, if Ro(nr) € span{Up} then the Hamiltonian is preserved,

(H(R(1) = H;(R(£) = D (H;(Ro) — H;(R(t)) = Y (Hi(Ro) = H;(UoUy Ro))-

p
=1 j=1 j=1

J

To deal with the other invariants of motion, let us assume for simplicity that p = 1. Since the linear
map R2Y — span{U(t)} associated with the reduced basis at any time ¢ € 7 cannot be symplectic, the
invariants of motion of the full and reduced model cannot be in one-to-one correspondence. Nevertheless,
a result analogous to [12, Lemma 3.9] holds.

Lemma 4.5. Let 7% ; be the pullback of the linear map associated with the reduced basis UT(t) at time
t € T. Assume that H € Im(r% ;) for any t € T. Then, Z(t) € C*(R*") is an invariant of ®% _  if
"t

and only if (7% ,I)(t) € C(R*N) is an invariant of ®%  in Im(x? ;).

4.3 Convergence estimates with respect to the best low-rank approximation

In order to derive error estimates for the reduced solution of problem (4.9), we extend to our setting the
error analysis of [10, Section 5] which shows that the error committed by the dynamical approximation
with respect to the best low-rank approximation is bounded by the projection error of the full model
solution onto the reduced manifold of low-rank matrices. To this aim, we resort to the isomorphism
between the reduced symplectic manifold M;I:ll defined in (4.3) and the manifold M,, of rank-n complex
matrices, already established in [20, Lemma 6.1]. Then, we derive the dynamical orthogonal approximation
of the resulting problem in the complex setting and prove that it is isomorphic to the solution of the
reduced Hamiltonian system (4.9). The differentiability properties of orthogonal projections onto smooth
embedded manifolds and the trivial extension to complex matrices of the curvature bounds in [10] allows
to derive an error estimate.

Let £(€2) denote the set of functions with values in the vector space 2, and let § : £(R2V*P) — £(CN*P)
be the isomorphism

Ry(- .

R() = ( o >> — BR)O) = Ry() +iRy(0) @.1)
By(-)

Then, problem (4.1) can be recast in the complex setting as: For Ro(n,) € R2V*P_ find C € C1(T,CN*P)

such that

C(t) = F(X3) (C(t), 1) =: X3 (C(E), ), for t € T,
C(to) = &(Ro)(nn)-

Similarly to dynamically orthogonal approximations we consider the manifold of rank-n complex matrices
M, = {C € CN*P : rank(C) = n}. Any C € M, can be decomposed, up to unitary n x n
transformations, as C = WY " where W € St(n,CN) = {M € CN>": MM =1,}, and Y € VP*" .=
{M € CP*™: rank(M) = n}. Analogously to [20, Lemma 6.1] one can establish the following result.

(4.12)

Lemma 4.6. The manifolds M,, and MZ‘;} are isomorphic via the map
(U,Z) e M x VP2 5 (F(A),T(ZT)") € St(n,CN) x yrxn, (4.13)
where § is defined in (4.11) and A € R2N*" s such that U = [A| J)xA] in view of Lemma 3.3.

For C(ty) € M,, associated with R(to) € M5 via the map (4.13), we can therefore derive the DO
dynamical system: find C € C*(T, M,,) such that

C(t) = Ty pa, X (C(t), ), for teT, (4.14)
where Tl7, A4, is the projection onto the tangent space of M,, at C = WY ", defined as

TeM, ={X eCV*?: X = Xy VT + WXy with Xy € CP*",
Xy e CVno XHw + whHXxy =0},



12

The so-called dynamically orthogonal condition XH,W = 0, allows to uniquely parameterize the tangent
space TcM,, by imposing that the complex reduced basis evolves orthogonally to itself.

Let M* indicate the complex conjugate of a given matrix M. The projection onto the tangent space
of M,, can be characterized as in the following result.

Lemma 4.7. At every C = WY T € M,,, the map

HTcM,,L . CNxp TcM,

(4.15)
w — (Iy = WWHwY*(YTY*)= 1Y T + WivH,

is the ||-||-orthogonal projection onto the tangent space of M,, at C.

Proof. The result can be derived similarly to the proof of [10, Proposition 7] by minimizing the convex

functional J(Xw, Xy) := i||lw — XwY " — WX/ ||? under the constraint X{}, W = 0. O

Using the expression (4.15) for the projection onto the tangent space of M,,, we can derive from
(4.14) evolution equations for the terms W and Y: Given Cy = x4, C(tp) € CV*P orthogonal projection
onto M, find (W,Y) € CY(T,St(n,CN)) x C*(T,VP*") such that

YV*(t) = XEWY T )W, teT,

. . (4.16)
W(t) = (Iy - WWHXL WY T, )Y (YHY)™1,  teT.

Proposition 4.8. Under the assumption of well-posedness, problem (4.9) is equivalent to problem (4.14).

Proof. The proof easily follows from algebraic manipulations of the field equations (4.10) and (4.16) and
from the definition of the isomorphism (4.13). O

In view of Proposition 4.8, we can revert to the error estimate established in [10].

Theorem 4.9 ([10, Theorem 32]). Let C € C1(T,CN*P) denote the exact solution of (4.12) and let
C € CHT, M,) be the solution of (4.14) at time t € T. Assume that no crossing of the singular values
of C occurs, namely

on(C(t)) > ona(C(t),  VEET.

Let Tl pq,, be the ||-||-orthogonal projection onto M,,. Then, at any time t € T, the error between the
approzimate solution C(t) and the best rank-n approzimation of C(t) can be bounded as

1060 = aa, €0 < [ (L + S ERI

where Ly € R denotes the Lipschitz continuity constant of Xy and p € R is defined as

. | X% (C(t), mn) |l
o= lbat2sp ™)

The remainder of this work pertains to numerical methods for the temporal discretization of the
reduced dynamics (4.10). Since we consider splitting techniques, see e.g. [11, Section I1.5], the evolution
problems for the expansion coeflicients and for the reduced basis are examined separately. The coefficients
Z(t) € VPX2" of the expansion (4.2) satisfy a Hamiltonian dynamical system (4.10) in the reduced
symplectic manifold of dimension 2n spanned by the evolving orthosymplectic basis U(t) € M. The
numerical approximation of the evolution equation for Z(t) can then be performed using symplectic
integrators, c¢f. [11, Section VIJ.

Observe that using standard splitting techniques might require the approximate reduced solution at a
given time step to be projected into the space spanned by the updated basis. This might cause an error
in the conservation of the invariants associated with the projection step, which can be controlled under
sufficiently small time steps. In principle, exact conservation can be guaranteed if the evolution of the
reduced basis evolves smoothly at the interface of temporal interval (or temporal subintervals associated
with the splitting), or in other words if the splitting is synchronous and the two systems are concurrently
advanced in time. We postpone to a future work the investigation and the numerical study of splitting
methods preserving the Hamiltonian.

) 1C(s) — Ta, C(s) €0~ ds,
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5 Numerical methods for the evolution of the reduced basis

Contrary to global projection-based model order reduction, dynamical reduced basis methods eschew
the standard online-offline paradigm. The construction and evolution of the local reduced basis (4.10)
does not require queries of the high-fidelity model so that the method does not incur a computationally
expensive offline phase. However, the evolution of the reduced basis entails the solution of a matrix
equation in which one dimension equals the size of the full model. Numerical methods for the solution
of (4.10) will have arithmetic complexity min{Cr, Cr} where Cx is the computational cost required
to evaluate the velocity field of (4.10), and Cr denotes the cost associated with all other operations.
Assume that the cost to evaluate the Hamiltonian at the reduced solution has order O(«(N)). Then, a
standard algorithm for the evaluation of the right hand side of (4.10) will have arithmetic complexity
Cr = O(a(N))+O(Nn?)+O(Npn)+0O(n3), where the last two terms are associated with the computation
of YZ, and the inversion of C + J; C.Js,, respectively. This Section focuses on the development of
structure-preserving numerical methods for the solution of (4.10) such that Cg is at most linear in N.
The efficient treatment of the nonlinear terms is out of the scope of the present study and will be the
subject of future investigations on structure-preserving hyper-reduction techniques.
To ease the notation, we recast (4.10) as: For Q € M, find U € C1(T,R?N*2") such that

U(t) = F(U(t)), for teT,
(t) = F(U(1)) (5.1)
U(tO) = Qa
where, for any fixed ¢ € T, the function F : M — TM in (5.1) is defined as
FU) = (Ion —UU ' VWJonYZ =Y ZI) W2V Z + T} ZT ZJs,) 7L, (5.2)

In a temporal splitting perspective, we assume that the matrix Z(t) € VP*2" is given at each time instant
t € T. Owing to Proposition 4.3, if Q € M, then U(t) € M for all ¢ € T. Then the goal is to develop
an efficient numerical scheme such that the discretization of (5.1) yields an approximate flow map with
trajectories belonging to M.

We propose two intrinsic numerical methods for the solution of the differential equation (5.1) within
the class of numerical methods based on local charts on manifolds [11, Section IV.5]. The analyticity and
the favorable computational properties of the Cayley transform, ¢f. Proposition 5.2 and [13], makes it
our choice as coordinate map on the orthosymplectic matrix manifold.

5.1 Cayley transform as coordinate map

Orthosymplectic square matrices form a subgroup U(2N) of a quadratic Lie group. We can therefore
use the Cayley transform to induce a local parameterization of the Lie group #(2/N) near the identity,
with the corresponding Lie algebra as parameter space. The following results extend to orthosymplectic
matrices the properties of the Cayley transform presented in e.g. [11, Section IV.8.3].

Lemma 5.1. Let Gon be the group of orthosymplectic square matrices and let gan be the corresponding
Lie algebra. Let cay : gon — R2NX2N be the Cayley transform defined as

M\ ! M
cay(M) = <I— 2) <I+ 2) , VM € gon. (5.3)
Then,

(i) cay maps the Lie algebra gon into the Lie group Gon .

(ii) cay is a diffeomorphism in a neighborhood of the zero matriz 0 € gan. The differential of cay at
M € gan is the map deay yr : Targon = gon — Teay(a)G2n s

M\ M\
deay,,(A) = (I—Q) A(I—i—Q) , VAcgon,
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and its inverse is

M M
dC&yX/ll(A) = (I — 2) A (I + 2) y VAe Tcay(M)ggN. (54)

(iii) [9, Theorem 3] Let o(A) denote the spectrum of A € R*N*2N_ [f M € CY(R,gan) then A =
cay(M) € CY(R,Gan). Conversely, if A€ C(R,Gon) and —1 & ;e 0(A(t)) then there exists a
unique M € C*(R, gan) such that M = cay~(A) = 2(A — Ln) (A + Ln) 2.

Proof. Let M € gon and let M := M/2. Since M is skew-symmetric then I — M is invertible.
(i) The Cayley transform defined in (5.3) can be recast as

cay(M) = —(I - M) (=2l +(I-M))=2I-M)' ~1 55)
=—(—20+(I-M)UI—-M)"' =T +M)(UI-DM)"". '
Then, using (5.5) and the skew-symmetry of M € gon results in

1

cay (M) Teay(M) = (
=

_ M)—
M) T(I-M-M +M MYI-T)'=1I
Moreover, cay(M)Jon = Joncay(M) since
cay(M)Joy = (I + M)(—=Jon + MJon) "t = (I + M)(=Jon + Joy M)~}
= (I + M) Jon(I — D)™ = (Jon — Jox M ' )(I — M)~!
= (Jon + JonM)(I — M)~ = Jyn cay(M).

(ii) The map cay (5.3) has non-zero derivative at 0 € goy. Therefore, by the inverse function theorem, it
is a diffeomorphism in a neighborhood of 0 € gon. Standard rules of calculus yield the expression (5.4),
cf. [11, Section IV.8.3, Lemma 8.8]. O

The factor 1/2 in the definition (5.3) of the Cayley transform is arbitrary and has been introduced to
guarantee that dcay, = Ion, which will be used in Section 5.3 for the construction of retraction maps.

To derive computationally efficient numerical schemes for the solution of the basis evolution equation
(5.1) we exploit the properties of analytic functions evaluated at the product of rectangular matrices.

Proposition 5.2. Let M € gony and let k € N, k < 2N. If M admits the low-rank splitting
M=a8", a, B e R2Vxk (5.6)

then, for any Y € R2NXF cay(M)Y € R2V*k can be evaluated with computational complexity of order
O(NK?) + O(k?).

Proof. To evaluate the Cayley transform of M = af ' in a computationally efficient way we exploit the
properties of analytic functions of low-rank matrices. More in details, let f(z) := z7!(cay(z) — 1) for any
z € C. The function f is analytic with a pole at z = 0 and its Taylor expansion reads

f(2) =2z cay(z) — 1) = Z 27mm,
m=0
For any m € N\ {0} it holds M™ = (a37)™ = a(8Ta)™ '8T. Hence,
cay(M) = Irn + Z 21M™ = Iy + Z 2B )™ BT = Ly +af(BTa)BT.

m=1 m=1

The cost to compute A := 8T« € RF** is O(Nk?). Moreover,

cay(M)Y = (In + af(8Ta)BT)Y =Y + a(8"a) " (cay(8'a) — Ix)3"Y.
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The evaluation of f(A) = A~ (cay(A) — Ix) € R¥** requires O(k?) operations. Finally, the matrix
multiplications af (A)3"TY can be performed in O(Nk?) operations.

The approach suggested hitherto is clearly not unique. The invertibility of the matrix A is ensured
under the condition that the low-rank factors o and g are full rank. Although a low-rank decomposition
with full rank factors is achievable [6, Proposition 4], one could alternatively envision the use of Woodbury
matrix identity [25] to compute the matrix inverse appearing in the definition (5.3) of the Cayley transform.
This yields the formula

1 1 -
cay(M)Y =Y + ia(cay(ﬁ—ra) + Ik)BTY =Y - a(QBTa — Ik> sy,
which can be evaluated in O(Nk?) + O(k3) operations. O

5.2 Numerical integrators based on Lie groups

In this Section we propose a numerical scheme for the solution of (5.1) based on Lie group methods. The
idea is to extend the rectangular system (5.1) on M to the Lie group U(2N) of square orthosymplectic
matrices. A local coordinate map, as the Cayley transform, is employed to derive a differential equation
on the Lie algebra gopn, that is then solved using RK methods. Indeed, since RK methods preserve linear
invariants, they allow to derive discrete trajectories that remain in the Lie algebra.

The method we develop extends to the orthosymplectic manifold the scheme proposed in [16] for
the numerical solution of matrix differential systems on quadratic groups. The main computational
cost of this approach rests on the evaluation of the coordinate map at each RK stage in every temporal
interval. However, we derive an extension of problem (5.1) that possesses a low-rank structure amenable
to efficient algorithms for its numerical approximation.

Proposition 5.3. The evolution equation (5.1) with arbitrary F : M — TM is equivalent to the problem:
For Q € M, find U € CY(T, M) such that

Ut) = LU@)Ut), for teT, 57
Ul(to) = Q,
where £ : M — R2NX2N s o skew-symmetric and Hamiltonian operator defined as
LU) = %(S(U) + InS(WU) o), SU) = (Loy —UU)FU)UT —UFU)T. (5.8)
If F: M — TM is defined as in (5.2) then,
LU)=FU)WU" -UFU)T. (5.9)

Proof. First, observe that by introducing the function A : M — R2¥*2N defined as A(U) := F(U)U "
for any U € M, the evolution equation (5.1) can be trivially recast as U(t) = A(U(t))U(t) for all t € T
By deriving (in time) the orthogonality and symplecticity constraints on U, it can be easily shown that
the operator A is weakly skew-symmetric and weakly Hamiltonian, that is

UT(AU)+AU) U =0, UT(AWU) " Jon + N A(U))U =0, YU € M.

Let us now consider at each time ¢ € T, an orthosymplectic extension Y (t) € R2V*2N of U(t) by the
matrix W (t) € R2V*2(N=n) "such that Y'(t) = [U(t) | W(t)] € U(2N). Since Y () is orthosymplectic by
construction, it holds

d ) . . )
0 =—(YTY)=YTY+YTY, — YV =-YYTYy,

cg (5.10)
0 =—(YThnY) =Y honY + YT IonY, — Y =—J VY Ly

Todt



16

From (5.10) it follows that ¥ = B(Y,Y)Y for all t € T with
B(Y,Y) = —5(5/5/T + LN YY T ay).

The orthogonality of Y implies that B(Y, Y) € R2V*2N ig skew-symmetric and Hamiltonian. Moreover,
by writing B(Y,Y") explicitly in terms of U and W, and using the evolution equation satisfied by U, yields

. 1 . .
B(Y,Y)=—3 (UUTAWU)" + INUUTAU) "oy + WW T 4+ Ty WW T oy). (5.11)

The skew-symmetric condition B(Y,Y) + B(Y,Y)" = 0 can be written as
WWT+WW' = - AU UUT —UUTAU)T. (5.12)

If W e R2NV><2(N=1) s such that WW T = —UU T A(U)T (Ioy — UUT), then it satisfies (5.12) owing to
the weak skew-symmetry of A. Substituting this expression in (5.11) yields

. 1
L(U)=B(Y,Y)= 5(5([]) + JinS(U) Jon ),
with S(U) := ~UUTA(U)" + AU)UUT —UU T A(U)UU " and the expression (5.8) is recovered.
In particular, if F is defined as in (5.2), then U F(U) = 0 for any U € M. Substituting in (5.8) and
using the fact that J,y F(U)U " Joy = F(U)UT yields (5.9). O

Analogously to [9, Theorem 5] it can be shown that, if U(t) € M is solution of (5.7) with —1 ¢
Uier a(U(t)), then U(t) = cay(M (t))U(to) where M(t) € gan satisfies

M(t) = deay ) (L(U(D))), for t €T,

(5.13)
M(to) = cay_l ([U(to) | W()D
Here W, € R2V*2(N=7) provides an orthosymplectic extension of U(tg) as described in the proof of
Proposition 5.3. Note that, since dcayA_/[l(t) : Teay(ayG2n — gan, the solution of (5.13) belongs to gan at
any time ¢ € T. In order to numerically solve (5.13) on the Lie algebra gox, one can then apply Runge—
Kutta methods analogous to [16, Section 2|, which we briefly report here for the sake of completeness.
The skew-symmetric and Hamiltonian conditions on M are satisfied at any ¢ € T since RK methods
preserve linear invariants (besides explicit methods only involve linear combinations of elements belonging
to the Lie algebra). Let (b;,a; ;) fori=1,...,s and j =1,...,7 — 1 be the coefficients of the Butcher
tableau describing an s-stage explicit Runge-Kutta method. Then, the numerical approximation of (5.13)
in the interval ("™, ¢™*+1] reads: Given U,, € M, compute

M1 = At Y bydeay;: (L(UL)),

3

M} =0,

M}, = At Y a; jdeay, ) (L(UZ,)), i=2,...,8, (5.14)
J:1 m

U, = cay(M: U, i=1,...,s,

Un+1 = cay(Mm41)Unp.

Note that choosing a sufficiently small time step for the temporal integrator can prevent the numerical
solution of of (5.13) from having an eigenvalue close to —1 for some ¢ € T. Alternatively, restarting
procedures of the algorithm (5.14) can be implemented similarly to [9, pp. 323-324].

The computational cost of algorithm (5.14) is assessed in the following result.
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Proposition 5.4. In any fived temporal interval (t™,t™ ] C T, the Cayley Runge—Kutta algorithm
(5.14) for the numerical solution of the evolution problem (5.13) has computational complexity of order
O(Nn?s%) 4+ O(n3s") + Cx, where s is the number of stages of the Runge-Kutta method, and Cr is the
complezity of the algorithm to compute F(U) in (5.2) at any given U € M.

Proof. Assume that the temporal interval (t™,¢™+1] is fixed. In view of Proposition 5.2, we want to show
that the terms {M} }:_, and M,,,1 admit a low-rank splitting of the form (5.6) and find the dimension
k of this splitting.

Each term {£(U})}:_,, with £ defined in (5.9), can be written as £L(U?,) = ¢;d;] where

i=1»
ci = [F(UL)|-UL] e R*N>4 0 d; = [UL | F(UL)] € REV*An, (5.15)
For any ¢ = 1,...,s let us introduce the 2N x 2N matrix

A; = dcay&li (L) = dcaygji (cid]).

We prove that A; = eifiT with e;, f; € R2VX477 For j = 1, M} = 0 and hence A, = L(U},) = c1d] =:
e1 f{ owing to (5.15). For i = 2, it holds

M,,%L = At 0,2,1141 = At a27161f1T.
Hence, Ay = dcay;jz (cady ) = eaf, with eg, fo € R2VN*2(41) defined as

2

At At
70&2,162(‘1;61) - 4a§,161(f1T02(d;€1))} )

¢
62:::{02_‘2a2J61(fF02)

f2 = [dg | fl} .

Note that the computation of each term in ez can be performed in O(Nn?) operations. Proceeding in
this way, we obtain that for any ¢ < s it holds

M At <X
Ai E (IQN — 2>Czd;r (IQN + 7 ;ai,éezf;> = eif;,

where e;, f; € R2VX47 are defined as

M?
€ = [(IzN - 2m>0i

fi=ldil ful. .| fica].
This implies that

At i

At i M
‘ 5 i1 (I2N - 2m>ci(d:€i1)} )

M
—a;1 (I2N - m>0i(d:@1>

2 2

Mm+1 = At Z b1A1 = At Zblelfz—r = At [blel | e \bses] [fl | PN |fS}T = Olﬂ—r,
i=1 1=1

where the matrices a and 8 have size 2N x Y 7 4ni = 2N X 2ns(s + 1). Analogously, for every
1=2,...,s, it holds

i—1 1—1
; T
Mrln = At E ai,jAj = At E aivjejf; = At [amel | . |ai7i,1ei,1} [fl | . |fi71:| = ’}/152—
j=1 j=1

The matrices ~; and §; have size 2N X Z;;ll dnj = 2N x 2ni(i — 1), for any fixed i = 2,...,s.

In conclusion, we can apply the result of Proposition 5.2 for the computation of U, 11 with k = 2ns(s+
1) which implies a computational cost of order O(Nn?s*) + O(n3s%). For the terms {U¢ }5_,, we proceed
with an analogous reasoning and then sum over i the number of operations required to compute each U, .
Simple algebraic calculations yield an overall computational cost of order O(Nn?s®) + O(n3s"). O



18

Despite the scheme is linear in the full dimension, algorithm (5.13) might still incur a high computa-
tional cost associated with the dependence on the number s of stages of the RK algorithm. Note that, in
the practical implementation of algorithm (5.14), the computational complexity derived in Proposition 5.4
might prove to be pessimistic in terms of the polynomial dependence on s. In principle one can envision to
solve (5.1) by recasting problem (5.7) as an evolution equation on the Lie algebra gopn, similarly to (5.13)
but using the matrix exponential exp as coordinate map instead of the Cayley transform, in the spirit of
[19]. In this case, one would need to evaluate the exponential map at matrices M € R2V*2V that admit a
low-rank splitting of the form M = 21:1 ;3 for some mild constant 7 € N. One can then approximate
exp(tM) ~ E(tM) with the function E(tM) := II'_, exp(t a;3;'). Similarly to Proposition 5.2, it is
possible to show that the product E(tM)Y for Y € R?V*2" can be performed in O(Nn?) operations
and results in a milder dependence on the number s of the RK scheme. However, in order to guarantee
that exp(tM) belongs to Gan we need that each low-rank term {a;3;" }; belongs to the Lie algebra gox.
Moreover, since these terms do not necessarily commute, a truncation of the Baker—-Campbell-Hausdorff
series would yield only an approximation of the exponential coordinate map. Standard approximations of
the exponential map yield methods of order one, and stricter conditions on the factors of the low-rank
splitting are required for higher order approximations. These are however not satisfied in general by the
low-rank factors {a; ;" }; from Proposition 5.4 obtained in each RK stage. The rather crude estimate in
terms of stages of the RK scheme might also be mitigated with techniques that exploit the structure of
the operators involved in algorithm (5.14).

In the following Section we improve the efficiency of the numerical approximation of (5.1) by developing
a scheme which is structure-preserving and has a computational cost O(Nn?s), namely only linear in the
dimension N of the full model and in the number s of RK stages.

5.3 Tangent methods on the orthosymplectic matrix manifold

In this Section we derive a tangent method based on retraction maps for the numerical solution of the
reduced basis evolution problem (5.1). The idea of tangent methods is presented in [7, Section 2] and
consists in expressing any U(t) € M in a neighborhood of a given Q € M, via a smooth local map
RQ : TQM — M, as

U(t) =Rq(V(t)), V(t) € ToM. (5.16)

Let Rg be the restriction of a smooth map R to the fiber T M of the tangent bundle. Assume that
R is defined in some open ball around 0 € ToM, and Ro(V) = Q if and only if V =0 € ToM.
Moreover, let R’Q TToM =2 TogM x TgM — TM be the tangent of the map Rqg. Let us fix the first
argument of R’Q so that, for any U,V € M, the tangent map R’Q’ : ToM — TR, )M is defined as

R’Q| (V) =Rg(U, V). Assume that the local rigidity condition Ry, |U = Id 1,0 is satisfied. Under these
U

0
assumptions, R is a retraction and, instead of solving the evolution problem (5.1) for U, one can derive
the local behavior of U in a neighborhood of @ by evolving V' (¢) in (5.16) in the tangent space of M at
Q. Indeed, using (5.1) we can derive an evolution equation for V(¢) as

U(t) = R&g, V() = F(Ro(V(1)).

vV (t)

By the continuity of V' and the local rigidity condition, the map R’Q| is invertible for sufficiently small
V(t)

t (ie., V(t) sufficiently close to 0 € TgM) and hence

V(t) = (R’Q‘ )_ F(Ro(V(t))). (5.17)

V()
Since the initial condition is U(tg) = @ it holds V' (¢¢) =0 € ToM.

This strategy allows to solve the ODE (5.17) on the tangent space TM, which is a linear space, with
a standard temporal integrator and then recover the approximate solution on the manifold M via the
retraction map as in (5.16). If the retraction map can be computed exactly, this approach yields, by
construction, a structure-preserving discretization. The key issue here is to build a suitable smooth
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retraction R : TM — M such that its evaluation and the computation of the inverse of its tangent map
can be performed exactly at a computational cost that depends only linearly on the dimension of the full
model.

In order to locally solve the evolution problem (5.17) on the tangent space to the manifold M at
a point @ € M we follow a similar approach to the one proposed in [8] for the solution of differential
equations on the Stiefel manifold. Observe that the velocity field (5.2) describing the flow of the reduced
basis on the manifold M belongs to the linear subspace of TM defined as T* M := TM N {M € R*N*2n .
M Js, = Joy M}. We therefore construct a tangent method restricted to this subspace. In more details,
for any @@ € M, we construct a retraction Rg as composition of three applications: a linear map Tg
from the space Ty M to the Lie algebra gon associated with the Lie group Gon acting on the manifold
M, the Cayley transform (5.3) as coordinate map from the Lie algebra to the Lie group and the group
action A : Goy X M — M,

A(G,Q) = Ag(G) = GQ, Ag:Gon — M,

that we take to be the matrix multiplication. This is summarized in the diagram below,

N
TC*QM _ M
In more details, we take T¢, to be, for each () € M, the linear map Yq : Ty M C ToM — gon such that
VqoTq = Idr,r where ¥ = A’Q‘ o decayy.
To build the retraction Rq, let us characterize the tangent space to the manifold M at @ € M.
Analogously to (4.6), temporal integration of the constraints on M yields

ToM={V € R2V>2n . QTV € g5}, and ToM ={V € R2VX20 . QTV € 50(2n), Vo, = JonV}.
(5.18)
The tangent space of M can be equivalently characterized as follows.
Proposition 5.5. Let Q € M be arbitrary. Then, V € ToM if and only if
30 € R*VX2" with Q7O € sp(2n)  such that V = (0Q"T —QOM)Q.

Proof. (<=) Assume that V € R2V>2" js of the form V = (OQ T — QO T)Q for some © € R2V*2" with
Q'O € sp(2n). To prove that V € ToM, we verify that QT V € ga,,. Using the orthogonality of Q, and
the assumption Q'O € sp(2n) results in

RQIV=Q"0Q"-00NHR=Q'6-0"Q=-Q"(Qe" —6Q"HQ=-V"Q.
QTVJon=(QTO-0TQ) T2y = —12a(0TQ - QT0) = -1,V Q.
(=) Let Ve ToM,ie. Q'V € gay. Let ©0:=V + Q(S — QTTV) with S € Sym(2n) N sp(2n) arbitrary.

We first verify that Q7O € sp(2n). Using the orthogonality of @, the fact that V € ToM and S € sp(2n)
results in
Q'V v'iaQ

Joy, + Jon
22-|—22

We then verify that, with the above definition of ©, the matrix (OQ"T — QOT)Q = 60 — QO T Q coincides
with V. Using the fact that S € Sym(2n) and V' € ToM yields

Qv VTQ) _y_g@V

QTO0Js, + J2,07Q = + SJop + J2n ST = SJay + J2n ST = 0.

vViQ
5 =

0-QO'Q=V+QS-Q -Q V. (5.19)

T T
5 @V Q_Q<S 2 2

O
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We can therefore characterize the tangent space of the orthosymplectic matrix manifold as
ToM ={V eR*V?" . V = (03(V)Q" —Q05(V)NQ,

Qv
2

with @%(V) =V + Q<S - ), for S € Sym(2n) Nsp(2n)}.

This suggests that the linear map Y can be defined as

TQt TéM — 02N, (520)
Voo 05(V)QT —Qes (V)T

Note that To(V) =VQT —QVT +QV'QQT and hence T (V) € gan in view of the characterization
of THM in (5.18). Indeed, since A’Q‘ (G) = GQ and dcay, = I, it holds (g o YTo)(V) =To(V)Q =V

for any V' € T5M. This stems from the definition of T in (5.20) since
Uo(To(V)) = (A (Te(V))
=To(V)Q = (05(V)QT —Qe3(V)")Q =V,

where the last equality follows by (5.19). Note that U = A’Q

odcayy o Tq) (V) = Ag

e

odcay, is not injective as Yo (THM) is a

e

proper subspace of gay.

Proposition 5.6. Let cay : goy — Gan be the Cayley transform defined in (5.3). For any Q € M and
S € Sym(2n) Nsp(2n), we define

02 : ToM — ToSp(2n,R*N) ={M e R*N>*" . QTM € sp(2n)}
1
| /A — V+Q<S—2QTV>.
Then the map Rq : TM — M defined for any V € THM as

Ro(V) = cay(03(V)Q" — QO5(V) ), (5.21)
s a retraction.

Proof. We follow [8, Proposition 2.2]. Let V =0 € ToM, then 65(0) = @S and then, using the fact
that S € Sym(2n) and cay(0) = Ian, it holds Rq(0) = cay(Q(S - ST)QT)Q = cay(0)Q = Q.

Let T be defined as in (5.20). Since, by construction Y admits left inverse it is injective and then
Tqo(V) =0if and only if V=0 € TAM. Then, Ro(V) = Q if and only if cay(Yq(V')) = I2n, which
implies V' = 0 € T{ M. Moreover, since Rg = Aq o cay o T, the definition of group action and the
linearity of Y result in R’Q‘ = Vo oTq = Idrga. It can be easily verified that Rq(V) € M for any

0

Ve THM. O

Note that the matrix S € Sym(2n) Nsp(2n) in the definition of the retraction (5.21) is of the form

A B
S = , with A, B € Sym(n).
B -A

Its choice affects the numerical performances of the algorithm for the computation of the retraction and
its inverse tangent map, as pointed out in [8, Section 3].

In the following Subsections we propose a temporal discretization of (5.17) with an s-stage explicit
Runge-Kutta method and show that the resulting algorithm has arithmetic complexity of order C'r +
O(Nn?) at every stage of the temporal solver.
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5.3.1 Efficient computation of retraction and inverse tangent map

In the interval (#,¢™*1] the local evolution on the tangent space, corresponding to (5.17), reads

V(t)( - ) F(Ru, (V(1) = V(D).
V()

Let (b;,a;;) fori=1,...,sand j =1,...,7— 1 be the coefficients of the Butcher tableau describing the
s-stage explicit Runge-Kutta method. Then the numerical approximation of (5.17)-(5.16) reads: Given
Uy =QeMand Vy =0¢€TgM, form=0,1,...

Vg1 = At Y bAL
=1
A}n = }—(Um)a
1—1
Aﬁnfm<AtZal,]A£n), i:2,...78,
j=1

Unt1 = Ru,, (Vims1).

(5.22)

Other than the evaluation of the velocity field F at Ry,, (V'), the crucial points of algorithm (5.22) in
terms of computational cost, are the evaluation of the retraction and the computation of its inverse
tangent map. If we assume that both operations can be performed with a computational cost of order
O(Nn?), then algorithm (5.22) has an overall arithmetic complexity of order O(Nn?s) + Crs, where Cr
is the cost to compute F(U) in (5.2) at any given U € M.

Computation of the retraction. A standard algorithm to compute the retraction Rq (5.21) at
the matrix V € R2V*2" requires O(N?n) for the multiplication between cay(Yq(V)) and Q, plus the
computational cost to evaluate the Cayley transform at Tq(V) € R2V*2N_ However, for any V € THEM,
the matrix Yo (V) € gon admits the low-rank splitting

To(V)=03(V)QT —Qe3(V)" =as',
where
a=[05(V)|-Q] e R*N>4n g.=[Q|OF(V)] € RFVx4n, (5.23)

We can revert to the results of Proposition 5.2 (with & = 4n) so that the retraction (5.21) can be
computed as

Rq(V) = cay(To(V))Q = Q +a(8'a) " (cay(8'a) — I1,) 8" Q,
with computational cost of order O(Nn?).

Computation of the inverse tangent map of the retraction. Let Q € M and V € Ty M. Using
the definition of retraction (5.21) we have

Ro(V) = cay(To(V))Q = (Ag o cay o To)(V).
Then, the tangent map R’Q reads
IQ = A/Q o cay’ ] T/Q : TTE?M — TQQN = goN — ngN — TQM.

Fixing the fiber on TT¢M corresponding to V' € T3 M results in

o dCﬁLYTQ(V)(TQ(V))

cay(Tgq (V)

R’Q‘ (V) =RL(V,V) = A

\2

= deayy, (1) (TQ(V)) cay(To(V))Q = deayy, (1) (To(V)) Re(V),

where we have used the linearity of the map Y.
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Assume we know W € T7*2Q(V)M- We want to compute Ve THM such that

R/Q’ (V) = deayy, (1) (To(V) Ro(V) = W. (5.24)

v

It is possible to solve problem (5.24) with arithmetic complexity O(Nn?) by proceeding as in |8,
Section 3.2.1]. Since, for our algorithm, the result of [8] can be extended to the case of arbitrary matrix
S € Sym(2n) Nsp(2n) in (5.21), we report the more general derivation in Appendix A.

Note that for S = 0 and explicit Euler scheme the two numerical integrators (5.14) and (5.22) are
equivalent.

5.3.2 Convergence estimates for the tangent method

Since the retraction and its inverse tangent map in (5.22) can be computed exactly, the smoothness
properties of R allow to derive error estimates for the approximate reduced basis in terms of the numerical
solution of the evolution problem (5.17) in the tangent space.

Proposition 5.7. The retraction map R : TM — M defined in (5.21) is locally Lipschitz continuous in
the Frobenius ||-||-norm, namely for any Q € M, Rq : THM — M satisfies

RQ(V) =R <3V -WI,  VV,W eTgM.
Proof. Let U := Rq(V) = cay(Tq(V))Q and Y := Rqo(W) = cay(Tq(W))Q. Using the definition of
Cayley transform (5.3) we have, for To(-) := Tq(-)/2,
0= (Lo~n = Yo(V))U = (Ian = To(W))Y — (Ian + To(V))Q — (Ian + To(W))Q
= (Ly = T(V))(U =Y) = (To(V) = To(W))(Q+Y).
Since Y is skew-symmetric (loy — TQ(V))f1 is normal. Then ||(Ion _TQ(V))71||2 = p[(Lon —
YQ(V))_l] and p[(Ln —TQ(V))_T < 1. Hence, since Q and Y are (semi-)orthogonal matrices, it holds
= ~1
U =Y < l(Tay = To(V)) l2Ta(V) = To(W)| < [[Te(V) — To(W)I.
Using the definition of T from (5.20) results in
ITQ(V) = YoMl = [(V =W)QT —Q(V = W)+ Q(V' =W T)QQT|| < 3||V — W|l.

U

It follows that the solution of (5.22) can be computed with the same order of accuracy of the RK
temporal scheme.

Corollary 5.8. For Q € M given, let Rq be the retraction map defined in (5.21). Let U(t™) = Ro(V (t™)),
where V(t™) is the exact solution of (5.17) at a given time t™ and let Uy, = Rg(Vin), where Vi, is
the numerical solution of (5.17) at time t™ obtained with algorithm (5.22). Assume that the numerical

approzimation of the evolution equation for the unknown V on the tangent space of M is of order O(At*).
Then, it holds
[UE™) = Un || = O(ALF).

6 Concluding remarks and future work

Nonlinear dynamical reduced basis methods for parameterized finite-dimensional Hamiltonian systems
have been developed. These techniques provide an attractive computational approach to deal with the
local low-rank nature of Hamiltonian dynamics while preserving the geometric structure of the phase
space even at the discrete level.
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Possible extensions of this work involve the numerical study of the proposed algorithm including
high order splitting temporal integrators, numerical approximations ensuring the exact conservation
of Hamiltonian, restarting procedures of the Cayley RK algorithm (5.14), and the investigation of the
robustness of the temporal integrator under over-approximation of the full model solution [18§].

Our dynamical reduced basis method engenders a smooth approximation of the solution of the
full Hamiltonian model. Analogous to dynamical low-rank approximations of matrices, we rely on the
assumption that the projection error of the full model solution onto the evolving reduced space (of fixed
rank) remains small at all times. However, dynamical modes that have been neglected in the reduction
might become relevant over time (the problem of crossing of singular values [14]). Restarting algorithms
and dynamical approximations with adaptive rank might be envisioned in this case.

Finally, the extension of dynamical reduced basis methods to Hamiltonian systems with a nonlinear
Poisson structure would allow nonlinear structure-preserving model order reduction of a large class of
problems, including Euler and Vlasov—Maxwell equations.

Some of these topics will be investigated in forthcoming works.
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A Efficient computation of the inverse tangent map

We propose an algorithm to solve (5.24) with a computational cost of order O(Nn?). We proceed exactly
as in [8, Section 3.2.1] with the only difference that we consider any arbitrary S € Sym(2n) Nsp(2n).
Using the definition of the derivative of the Cayley transform (5.4) we can recast (5.24) as

= _To(V)

To(V)(Iox + To(V)'Ro(V) = (lax = To(V))W =0,  To(V):= 5 (A1)
)

Moreover, using the definition of Rg(V) in (5.21) results in
2Rq(V) = (Ian + To(V))R(V) + (Iav = To(V))Ra (V)
= (In + To(V)Ro(V) + (lan = To(V)) (lax = To(V)) ™ (L + To(V))Q
= (bx +To(V) (Ro(V) + Q).
Therefore, substituting in (A.1) and using the definition of T from (5.20) gives
O5(V)QT (Re(V) +Q) = QO3 (V) (Ro(V) +Q) — (2Ly — To(V)) W = 0. (A.2)

We proceed by solving problem (A.2) for © := 6%(‘7) € T Sp(2n, R?Y) and then, in view of (5.19), we
recover V € THEM as V=6- QéTQ, at a computational cost of order O(Nn?).
It is possible to recast problem (A.2) as @%(‘7) = QT1(V) + Ty, where

T (V) = 05(V) (Ro(V) + QQ Rq(V) + L) ",
Ty := 2Ly — To(V) W(Q Ro(V) + In,)

The term T, independent of V, can be computed in O(Nn2 +n3) operations. Indeed, since To(V)=aB"
as defined in (5.23), the term Yq(V)W can be computed as a(BTW) in O(Nn2) flops. The term Ty (V)
can be expressed as T} (V) = QT@S( ) + QT». Using the fact that QT@g( )+ @S( )TQ = 28, the
symmetric part of Ty reads Ty + T}" = 28 — Q"Ty + T, Q. Moreover,

(Ra(V) +Q)TO5(V) = (Re(V) + Q) Tz + (Re(V) ' Q + Ln)T1(V),
(Re(V)'Q+ Ln)Th (V)" = (Q"Ro(V) + Inn) (@ Re(V) + I22) " (Ro(V) + Q) TOZ(V).
The skew-symmetric part of 77 is then Ty — 7} = —(Ro (V)T Q + I2,) "1 (Ro(V) + Q) " T». Therefore,
2(V) = (V) + T (V) 1) + (Tu(V) = T3(V) )
=25 Q' ~ T, Q) — (Ro(V) ' Q + I24) ' (Ro(V) + Q) ' T2.

It is straightforward to show that all operations involved in the computation of 77 can be done with
complexity of order O(Nn?).

1)
)+
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