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Abstract: The objective of this series is to study metric geometric properties of disjoint unions of Cayley graphs
of amenable groups by group properties of the Cayley accumulation points in the space of marked groups.
In this Part II, we prove that a disjoint union admits a fibred coarse embedding into a Hilbert space (as a
disjoint union) if and only if the Cayley boundary of the sequence in the space of marked groups is uniformly
a-T-menable. We furthermore extend this result to ones with other target spaces. By combining our main
results with constructions of Osajda and Arzhantseva—-Osajda, we construct two systems of markings of a
certain sequence of finite groups with two opposite extreme behaviors of the resulting two disjoint unions:
With respect to one marking, the space has property A. On the other hand, with respect to the other, the space
does not admit fibred coarse embeddings into Banach spaces with non-trivial type (for instance, uniformly
convex Banach spaces) or Hadamard manifolds; the Cayley limit group is, furthermore, non-exact.
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1 Introduction

The main topics of this paper are the fibred coarse embeddings of disjoint unions of Cayley graphs and equiv-
ariant coarse embeddings of groups. Before proceeding to these two concepts, we first recall the definition
of (genuine) coarse embeddings. By generalized metrics, we mean metrics that possibly take the value +oo.
A basic example of generalized metric spaces is constructed as follows. For a sequence of metric spaces
(Xm, dm)men, we define a generalized metric d on | |,y Xm by d(x,y) = dm(x,y) if X,y € Xm for some m
and d(x, y) = +oo otherwise. We call the resulting generalized metric space (| |,y Xm, d) the disjoint union,
and simply write it as | |, .y Xm-

Definition 1.1. Let (X, dx) be a generalized metric space and M be a non-empty class of (genuine) metric
spaces.

(1) Let (M, dy) be a (generalized) metric space. A (possibly discontinuous and possibly non-injective) map
f: X — M is said to be a coarse embedding, if there exist two non-decreasing functions p, w: [0, oo) —
[0, =<) that are proper (namely, lim;_ 400 p(r) = lim;—; 400 w(r) = +o0) such that for all x, x, € X such that
dx(x1, x;) < +oo,
pldx(x1, x2)) < du(f(x1), f(x2)) < w(dx(x1, x2))
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holds true. The p, w, (p, w) are, respectively, called a compression function, an expansion function and a
control pair for f.

(2) We say that X admits a coarse embedding into M if there exist M € M and a coarse embedding f: X — M.

(3) We say the pair (p, w) of two non-decreasing proper functions [0, eo) — [0, o0) is a control pair for X into
M if there exist M € M and a coarse embedding f: X — M such that (p, w) is a control pair for f. Denote
by CP5(X) the set of all control pairs for X into M.

(4) If X = G is a marked group (with the metric dg; see Subsection 3.1), we write Py (X) as GfP}VE(G) in order
to distinguish it from the set Gﬂ’%v[ (G) of equivariant control pairs; compare with Definition 3.10.

We make a remark that our convention on coarse embeddability of generalized metric spaces, as in (i)
above, is slightly non-standard. More precisely, we impose no condition on any pair of points with infinite
distance to formulate coarse embeddabilty. This is because our model example of generalized metric spaces
is the disjoint unions of an infinite family of connected graphs; in that case, it is natural to put no conditions
on pairs of two vertices in distinct components.

The notion of fibred coarse embeddings was introduced by Chen-Wang-Yu [17]. This is a weakening of the
(genuine) coarse embeddability; see Remark 3.6. In this paper, since we consider the disjoint union of possibly
infinite graphs, we relax the condition on exceptional sets, and call the modified notion that of fibred coarse
embeddings as a disjoint union; see Definition 3.4. This new notion coincides with the original notion of [17]
for a coarse disjoint union of finite graphs; see Remark 3.5. In [17], they proved that if a coarse disjoint union X
of finite graphs of uniformly bounded degree admits a fibred coarse embedding into a Hilbert space, then the
maximal Baum-Connes conjecture holds for X. Furthermore, Chen—-Wang-Wang [16] proved that if X above
admits a fibred coarse embedding into a complete, connected and simply connected Riemannian manifold
with non-positive sectional curvature (it is called an Hadamard manifold), then the coarse Novikov conjec-
ture holds for X. M. Finn-Sell [24] studied a coarse disjoint union of finite connected graphs with uniformly
bounded degree, in relation with the associated boundary groupoid, that admits a fibred coarse embedding
into a Hilbert space; he deduced the coarse strong Novikov conjecture for such a metric space.

The concept of equivariant coarse embedding is defined for finitely generated groups in terms of isometric
actions. It relates to Gromov’s a-T-menability if the target space is a Hilbert space, and to a-M-menability in
general cases; see Definition 3.10.

We employ the space of (k-)marked groups S(k) to study a relationship between these two notions. This
space was intensively studied by R. I. Grigorchuk [25, Section 6], and it is the space of (equivalence classes
of) all pairs of a group and a k-generating ordered set. The space G(k) is equipped with the topology of local
convergence as rooted diagrams. This topology is sometimes called the Cayley topology, and it is compact and
metrizable. We will briefly recall (k) in Subsection 3.1. For a sequence (Gm)nen, we consider the following
two objects:

* The disjoint union | |, .y Cay(Gm) of Cayley graphs, which is a generalized metric space without group
structure.
* The Cayley boundary dcay(Gm)men(C 9(k)), defined as follows.

Definition 1.2. The Cayley boundary 0cay(Gm)men is defined as the set of all accumulation points of
(Gm)men in §(k) in the Cayley topology. Namely, Ocay(Gm)men is defined as the set of all points in G(k)
that appear as the Cayley limit of some Cayley convergent subsequence (Gm,);cr Of (Gm)men-

It forms a non-empty compact set, consisting of marked groups G.. € acay(Gm)meN.

Definition 1.3. Let K be a non-empty subset of G(k) (k € N,1). For a non-empty class of metric spaces M,
we say that K is uniformly a-M-menable if it admits equivariant equi-coarse embeddings into M. That means,
there exists a common pair (p, w) of non-decreasing proper functions [0, o) — [0, oo) such that for every
G € K, (p, w) is an equivariant control pair from G into M. In short, it holds that

N eP4.(6) # s

GeK
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see Definition 3.10 for related definitions.

Our main result, Theorem A, requires several technical terminologies for the statement. In this intro-
duction, instead of stating it, we exhibit a corollary to Theorem A, Theorem 1.4. It, in particular, relates fi-
bred coarse embeddability into a Hilbert space (as a disjoint union) of the disjoint union of Cayley graphs of
amenable marked groups to uniform a-T-menability of the Cayley boundary. We refer the reader to Section 2
for the statement of Theorem A.

Theorem 1.4 (See Corollary B for more detailed statements.). Let (Gm)ncn be a sequence of amenable marked
groups in G(k). The disjoint union | |, ., Cay(Gm) admits a fibred coarse embedding into a Hilbert space as a
disjoint union if and only if dcay(Gm)men is uniformly a-T-menable.

More generally, for fixed q € [1, o), | ], Cay(Gm) admits a fibred coarse embedding into Lg, that means
the Lebesgue Lg-space Lq([0, 1], R), if and only if 0cay(Gm)men is uniformly a-Lq-menable.

Some work has been done by other researchers before our results in the context of box spaces for an RF
(Residually Finite) group. If a finitely generated infinite group G with a finite generating set S admits a chain
(Nm)mens Nm+1 < Nm, of normal subgroups of finite index in G such that Nwm = {eg}, then the box
space of G is defined by

meN

06 = Ow,),G = [ Cay(G/Nm; S mod Nm),
meN

where [ ], denotes a coarse disjoint union (see [43, Definition 2.17.(2)] and Subsection 3.2). Chen-Wang-Wang
[15] showed that (JG admits a fibred coarse embedding into a Hilbert space if and only if G is a-T-menable.
They also showed that for a metric space M, if G is a-M-menable, then (]G admits a fibred coarse embedding
into M. The present paper supplies several examples that admit fibred coarse embeddings into Hilbert spaces,
but that do not admit genuine coarse embeddings; compare with Example 9.10.

Here we stress that the following points are visible only after extending the framework from the class of
box spaces to our general class; see the definitions of RF/LEF/LEA groups in Definition 3.2.

(a) The Cayley boundary dcay(Gm)m may consist of infinitely many points.

(b) Even when 0cay(Gm)m is a singleton {G}, the Cayley limit group Ge = limm Gnm is in the class of LEA
(Locally Embeddable into Amenable groups) group when Gm, m € N, is amenable; it is in the class of
LEF (Locally Embedabble into Finite groups) group when Gm, m € N, is furthermore finite. In general,
the implications

RF = LEF = LEA

hold. It is well known that none of the implications can be reversed; see, for instance, [43, Subsection 2.2]
for some concrete counterexamples.

(c) Coarse properties of | |, Cay(Gm, Sm) may be considerably affected by the choice of the system (Sm)m
of generators of G, even when it might look a slight change.

To illustrate point (c) above, we study the following example. Here we set
Noga =4{3,5,7,...}.

(This set denotes the set of odd integers at least 3; this is for a technical reason to avoid using 2m + 1 every-
where in the example below.)

Example 1.5. Fix a prime p. For n € N,, denote by F,» the finite field of order p". It is well known that the
multiplicative group I}, is cyclic; for each p and each n, we fix a generator tn = tp,n € Fyn of it. Fix a sequence
(Mm)men, 4, Of positive integers such that limm—co i = +oo.

Let G = SL(m, Fpnn ). Then for m € Nygq, we consider the following two systems (Sm)men, 4> (Tm)men
of generators of Gm.

odd
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e Form € Nygq, Sm = (o™, pm 7(m) Here

11 0 - 0 1 ty, O =« 0O
0 1 o0 : 0 1 0
(m) _ . . . (m) _ . . .
o™= o 1 .o, v=l 0 1 ot
0
0 0 1 0 0 1
and
0 1
1 O

™= 0o 1 o

Define X’ = lea,(nm) = meny, CaV(Gms Sm).
e Form € Nygq, Tm = (0™, g/ M (M) Here ¢, y™ and 7™ are the same as above, and /™ =
tg™ is the transpose of o™,

Define Y’ = Y, . = | nen,yy CAV(Gms Tm).

For the proof of the fact that Sy, and Ty, are, respectively, markings of G, see [43, Remark 5.5].
For these X’ and Y’, we have the following contrast.

Corollary 1.6 (See Corollary 2.2 for more detailed statements.). Let X’ and Y’ be as in Example 1.5.

(1) ([43, Remark5.10]) The space X’ enjoys property A of G. Yu [63]. In particular, X' admits a coarse embedding
into every infinite dimensional Banach space; see the discussion below.

(2) The space Y' does not admit a fibred coarse embedding as a disjoint union into Biype>1, the class of all
Banach spaces with (linear, also known as Rademacher) type > 1; see (4) of Example 4.11.

For the first item, see also [43, Corollary B and Proposition 2.22] in our Part I paper. In the current paper,
we do not recall the definition of property A; see [63] or [43, Definition 2.19]. Yu [63] showed that property A
implies the coarse embeddability into a Hilbert space. By the Dvoretzky theorem [10, Chapter 12] and a theo-
rem of M. I. Ostrovskii [50], it then follows that a locally finite generalized metric space with property A admits
a coarse embedding into every infinite dimensional Banach space. Thus we obtain the second assertion of (1)
above. At the other end of the spectrum, by (2), the space Y’ above does not admit a fibred coarse embedding
as a disjoint union into a large class of Banach spaces, such as uniformly convex Banach spaces (see (7) of
Example 4.11 for the definition). We refer the reader to [59] and [10] as treatises on geometry of Banach spaces.

We investigate phenomena as in point (c) to a greater extent by employing standard (restricted) wreath
products G ! H; see Subsection 8.1 for the definition. By making use of the absorption trick, observed by
L. Bartholdi and A. Erschler [7, Lemma 6.13] (we explain it in Subsection 8.2), we obtain the following ex-
treme example, which relates to non-exactness of groups. See [41] and [40] for further developments in this
direction; there, the first-named author constructed sequences of finite groups and two systems of markings
of them with respect to which the two Cayley limit groups have considerably contrasting group properties. In
these papers, we focus on group properties of finitely generated dense subgroups of a profinite group. How-
ever, the reader may be able to construct examples of two box spaces (or two disjoint unions of finite Cayley
graphs) out of the work in [41] and [40], which illustrate the point (c) above.

Theorem 1.7 (See Theorem C for the detailed statement.). There exist a sequence of finite groups (Gn)ncn With
limp_e0 #(Gn) = o0 and d € N such that the following holds true: There exist three systems (Sp)n, (Tn)n and
(Un)n of d-markings of G such that the following hold true:

(1) The sequence ((Gn; Sn))ncn converges in the Cayley topology to an amenable group.
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(2) The sequence ((Gn; Tn))nen converges in the Cayley topology to a group without property A. In other words,
it is a non-exact group. The Cayley limit group is, however, a-T-menable.

(3) The sequence ((Gn; Un))nen converges in the Cayley topology to a non-exact group; in addition, the Cayley
limit group is not a-M-menable for M = Biypes1.

In Theorem 1.7, we employ a constructions of D. Osajda [49] of an RF non-exact group. More precisely,
we use the LEF property for that non-exact group. This part of [49] is built on earlier work of Osajda [48] and
Arzhantseva—Osajda [3]; see the first part of Subsection 9.2. See also Remark 9.5 for item (2) above.

Three examples as in Theorem 1.7 provide three disjoint unions

|_|Cay(f}n : Sn), |_|Cay(Gn : Tp) and |_|Cay(Gn 2 Un),
n n n

whose coarse geometric properties are noteworthily different to each other; see discussions below Theorem C.
It may indicate that, beyond the world of box spaces, it is no longer reasonable to write disjoint unions as
‘U, Gn’ without expressing markings.

In the results above, we furthermore consider classes of non-linear metric spaces, such as certain classes
of CAT(0) spaces. See Section 2 for the precise statements in the full generality.

We, moreover, observe that point (a) above is striking in the study of fibred coarse embeddings: Unlike
amenability and property (T), uniformity is not automatic for a-M-menability. In what follows, we explain
what we mean by that. For a non-empty compact set K of the space of k-marked groups, if each element in K
is amenable (as a group), then there is a uniform estimate on Fglner-type functions of all marked groups in K;
if each element in K has Kazhdan’s property (T) (as a group), then there is a uniform estimate on the Kazhdan
constants of all marked groups in K. See, respectively, [43, Proposition 3.4] and [42, Proposition 5.1], for the
precise statements of the two assertions above. On the other hand, in the setting above, even if each element
in K is a-M-menable, we observe that there is in general no uniform estimate on equivariant control pairs of
marked groups in K. Owing to this observation, we answer the question of Yu (in private communication)
which asks whether the fibred coarse embeddability into a Hilbert space is closed under taking finite direct
products. The answer is that it is almost never true for (coarse) disjoint unions:

Proposition 1.8. Let (I'm)men and (An),en be two sequence of connected graphs of uniformly bounded degree.
Let X1 = | |pen I'm and X5 = | |, oy An. Endow X1 x X, with the structure of a disjoint union

X1 xXp = |_| (FmXAn),
m,neN

where I'm x Ay is equipped with the ¢1-metric from dr, and d,,. Let M be a non-empty class of metric spaces
such that UP(M) C M; see Subsection 4.2 for the symbol UP(M).

Then X, x X, admits a fibred coarse embedding as a disjoint union into M only if X; and X, both admit
(genuine) coarse embeddings into M. In particular, this assertion applies to the case where M = Hilbert, that
means, the class of all Hilbert spaces.

If all I';, and Ay, are finite, then we may replace disjoint unions above with coarse disjoint unions. In this
case, the product above is equivalent to the product as metric spaces and fibred coarse embeddings may be
taken in the original sense.

The argument for the proof of Proposition 1.8 provides the following exotic example as well; see also
Theorem D for another example.

Theorem 1.9. There exists a sequence (I'}),cy of finite graphs of uniformly bounded degree such that all of the
following hold true.

(1) The sequence (I';); forms an expander family; see Definition 9.6.
(2) The disjoint union | |, I'; does not admit a fibred coarse embedding as a disjoint union into CAT(0)<1,
that means, the class of complete CAT(0) space with Izeki-Nayatani invariant strictly less than 1; see Def-
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inition 4.12. Neither does it admit a fibred coarse embedding as a disjoint union to Banach spaces that are
sphere equivalent (see below) to a Hilbert space.

(3) There exists a complete CAT(0) space M such that | |, I't admits a biLipschitz embedding into M, namely,
it admits a coarse embedding with control pair (p, w), where p and w are both linear functions.

Here two Banach spaces are said to be sphere equivalent if there exists a bijection @ between the unit
spheres such that @ and @ are both uniformly continuous; see [39] for details. Many reasonable CAT(0)
spaces, including Hilbert spaces, all Hadamard manifolds and all Euclidean buildings associated with simple
algebraic groups, belong to the class CAT(0).1; see a paper of T. Toyoda [61] for other examples of elements
in CGAT(0)<;.

In Section 2, we present the precise statements of our main results. In the last part of Section 2, we sketch
the idea to prove our main result (Theorem A); there we in addition explain relationships to relevant work by
other researchers, and the organization of the current paper.

Notation and Conventions:

We use G for a (non-marked) group and G for a marked group. We write the group unit of G as eg. A finite
generating set S of G isregarded as an ordered set (sometimes an ordered multi-set) S = (s, S5, . . ., S;) so that
(G; S) is seen as a marked group. A marked group G = (G; S) is said to be finite (respectively, amenable, and
a-T-menable) if so is G. For k € N1, we denote by Fy, the free k-marked group, namely, Fy = (Fy; ay, ..., a).
Here (ay, ..., ai) denotes a free basis of Fy. For R € Ry, let |R] denote the integer part of R. For m € N,q,
let [m] = {1, 2, ..., m}. We use the terminology isometries for surjective ones; we use geodesics for minimal
ones, namely, a geodesic from y € M to z € M is an isometric embedding c: [0, d(y, z)] — M. We always
exclude the empty-set from metric spaces. For a metric space M, we write the class {M} consisting only of M
as M for short. As mentioned in the introduction, we use the symbol

Noagqg = {3,5,7,...}

for the set of odd integers at least 3. (This is a non-standard notation; nevertheless, we use it for simplicity of
description.)

2 Precise statements of main results and the organization of this
paper

In this section, we collect our main results for the reader’s convenience. Some of them require several termi-
nologies for the statements. We suggest the reader first cast a brief glance at this section to obtain a feel for
the main theorems in the present paper, and then proceed to subsequent sections. He/she may look back on
this section to recall the precise statement of some result when diving into the proof. In the last part of this
section, we describe the organization of the present paper.

To state Theorem A, we need to formulate several operations on classes of metric spaces:

M = UPO), FgM), F§gM) and £4(M), forg € [1, o0).

See Subsection 4.2, and Subsections 4.4 and 4.5, respectively, for the definitions and examples. See also Def-
initions 3.4 and 3.10, respectively, for CPP and P!,

Theorem A (Main Theorem). Let M be a non-empty class of metric spaces. Let (Gm)men be a sequence in G(k)
(k S Nzl)-
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(i) (1) Assume that all Gm, m € N, are finite. Then, for every q € [1, o), the following holds true: If
L nen Cay(Gm) admits a fibred coarse embedding into M as a disjoint union, then dcay(Gm)men is uni-
formly a-F4(M)-menable.

Moreover, it holds that for every q € [1, o),

CPi? (|_| Cay(Gm)> S AP (cA9)

Goo EaCay(Gm)m

(2) Assume that all Gy, m € N, are amenable. Assume moreover that

e ecither there exists q € (1, o) such that for every M € M, there exists an element L in F4(M) that is
uniquely geodesic, see Definition 4.2, or
e the class M consists only of Banach spaces (with no restriction on q € [1, o0)).

Then for every such q in the first case (respectively, for every q € [1, o) in the second case) the fol-
lowing holds true: If| |, Cay(Gm) admits a fibred coarse embedding into M as a disjoint union, then
Ocay(Gm)men is uniformly a-F84(M)-menable.
Moreover, it holds that for every such q above,

ePh (I_I CaV(Gm)> N B ()

Geo eaCay(Gm)m

(ii) For every q € [1, o), the following holds true: If the Cayley boundary 0cay(Gm)men is uniformly a-M-
menable, then the disjoint union | |, Cay(Gm) admits a fibred coarse embedding into £4(M) as a disjoint
union.

Moreover, it holds that for every q € [1, o),

| CP4(G) C PPy <|_| Cay(Gm)) .

Goo EaCay(Gm)m

If (Gm)men is a convergent sequence, then we may replace ¢q(M) with the original class M in the assertions
above; in that case, it holds that

P4 (Gw) C CPH? <|_| Cay(Gm)) ;

where G is the Cayley limit group of (Gm)m.

Theorem A, in particular, applies to the case where M = Hilbert, the class of all Hilbert spaces. Thus we
obtain the former half of Theorem 1.4 from Theorem A. More generally, we have the following corollary. See
Examples 4.11 and 4.13 for main examples of the class M in the current paper.

Corollary B. Let (Gm)nen be a sequence of amenable marked groups in G(k).

(1) Thedisjoint union| |, . Cay(Gm) admits a fibred coarse embedding into a Hilbert space as a disjoint union
if and only if 0cay(Gm)men is uniformly a-T-menable.

(2) Let M be either of the following classes. Then, | |,, ., Cay(Gm) admits a fibred coarse embedding into M as
a disjoint union if and only if 0cay(Gm)men is uniformly a-M-menable.

(2-1) For q € [1, o), Lq denoting Ly4([0, 1], R).

(2-2) Forr e (1,2] and for C > 0, Btr"’ge being the class of all complex Banach spaces with linear type r with
constant C; see (4) of Example 4.11.

(2-3) For 6, € [0, 1], CAT(0).s, denoting the class of all complete CAT(0) spaces with Izeki-Nayatani in-
variant at most 6y; see Definition 4.12.
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Furthermore, for M being the class Hilbert or being as in (2), we have that

ePie <|_| Cay(Gm)) - ) ePi(Gw).

Gw € aCay (Gm )m

Item (1) in Corollary B is essentially a special case of (2-1) with g = 2.
We provide a similar example to one in Example 1.5.

Example 2.1. Let (Im)men,,, be a sequence of integers at least 2 such that limm— o Im = oo. For m € Nyqq, set
Hpy = SL(m, Z/1nZ) and take two markings P, Qm as follows:

e Set Py = (6™, 70M), where 0™ and ™ are the matrices with exactly the same entries of 0 and 1 as in,
respectively, o™ and 7™ as in (1) above.
Define V' = V(’lm) = Lmeng, Cay(Hm; Pm).

e Set Qm = (6™, /™ (M) where 6™ and 7™ are the same as Py, and ¢/™ = {g(m,
Define W' = W, y = | |nen,,, CaV(Hm; Qm).

In a similar argument to one in [43, Remark 5.5], it follows that P,;, and Qn, are both markings of Hp,.
To state Corollary 2.2, for every prime p, set

1
2(1-35%)
see the discussion above Example 4.14 and Remark 9.3 for the background of this constant. For 8y € (0, 1],

let CAT(0).s, denote the class of all complete CAT(0) spaces whose Izeki—-Nayatani invariants are strictly less
than 6g.

6(p) = 1- (e 0, 3)%

Corollary 2.2. Let X' and Y', and V' and W’ be, respectively as in Examples 1.5 and 2.1.

(1) The spaces X' and V' both have property A.

(2) The spaces Y', V', W' do not admit a fibred coarse embedding as disjoint unions into (H<N0 QT),, orinto
(01 Ro M)y,, where QT denotes the class of all quasi-trees and M is the class of all finite dimensional, com-
plete, connected and simply connected Riemannian manifolds with strictly negative sectional curvature that
are cocompact; see Remark 4.15 and Definition 4.16 for the definitions.

(3) ThespaceY’ = Y;’(nm)m does not admit a fibred coarse embedding as a disjoint union into Biype>1. Neither
does Y' admit a fibred coarse embedding as a disjoint union into CAT (O)qm,).

(4) The space W' does not admit a fibred coarse embedding as a disjoint union into 3/;(1 /25 see (5) of Exam-
ple 4.11.

For every prime p, the class @A‘.T(O)<5(p) as in (3) above includes CAT(0).o; the subclass CAT(0).o con-
tains all (possibly infinite dimensional) complete, connected and simply connected Riemannian manifolds
with non-positive sectional curvature (they are called Hadamard manifolds). Hence, for every choices of p and
of (nm)m, the space Y’ admits fibred coarse embeddings into none of such spaces. After work [11] of Bestvina-
Bromberg-Fujiwara, study of actions on finite products of quasi-trees has been paid an intensive attention.

The precise from of Theorem 1.7 is stated in the following manner. To deduce Theorem 1.7 from Theorem C,
fix p and (In), and let Gn = Gn 1 SL(2n + 3, szn).

Theorem C. There exist a sequence of finite groups (Gn)nen and d € N such that the following holds true: For
every prime p and for every sequence (In)ncn of integers at least 2 such that limp—... In = oo, there exist three
systems (Sn)n, (Tn)n and (Un)n of d-markings

Sn = (s(l"), s(z"), ces, sfi")),

Tn = ", 60,..., ("),

U, = (u(l"),u(zn),...,u;")),
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of (Hn,p(= Hy ) 1,),) = Gn 1 SL(2n + 3, Fpin Nnens such that the following hold true:

(1) Forevery n € Nand for every i € [d], there exist h; = hy, , ; € Hn,p and k; = ky, , ; € Hn,p such that
., p . p
h{lsgn)hi = tl(.") and k{lsgn)ki = uE").

(2) The sequence ((Hn,p; Sn))nen converges in the Cayley topology to an amenable group.

(3) The sequence ((Hn,p; Tn))nen converges in the Cayley topology to a non-exact group, but the Cayley limit
group is a-T-menable.

(4) The sequence ((Hn,p; Un))nen converges in the Cayley topology to a non-exact group. Moreover, the Cayley
limit group is not a-M-menable for M = Byypes1 or M = CAT(0)4(,)- Here 6(p) is as in Corollary 2.2.

By the main result of our Part I paper [43, Theorem A], the disjoint union | |, Cay(Hn,p; Sn) has property
A. By Theorem 14, | |, Cay(Hn,p; Tn) admits a fibred coarse embedding into a Hilbert space. At the other
end of the spectrum, by (i) of Theorem A (in the current paper), | |,y Cay(Hn,p; Un) does not admit a fibred
coarse embedding into Biypes1 of CAT(0).5(y)-

T. Pillon introduced a notion of fibred coarse amenability [52] and showed that a box space of a
group has this property if and only if the group is exact. In this aspect, it is furthermore plausible that
|l Cay(Hn,ps Tn) and | |,y Cay(Hn,p; Un) both fail to enjoy fibred coarse amenability. D. Sawicki [55,
Proposition 7.4] also introduced a notion of piecewise property A in the context of warped cones, and showed
a similar statement in that framework under certain conditions.

The method of constructing (I';); as in Theorem 1.9 produces the following exotic example, which con-
cerns markings of finite symmetric groups.

Theorem D. There exist (k;),cn of a sequence of natural numbers at least 2 with lim;_,., k; = oo and two

(ordered) systems of generators (£)),cn, (Qp)ien of symmetric groups (Sym(k;)),c that satisfy all of the follow-

ing.

(1) Foralll e N, #(&)) = 8 and #(Q;) = 9. For each | € N, Q, is constructed by adding one extra element to Z.

(2) The disjoint union | |, Cay(Sym(k;); Z;) has property A.

(3) Thedisjoint union| |, Cay(Sym(k;); Q;) does not admit a fibred coarse embedding as a disjoint union into
any of these spaces:

e Banach spaces of non-trivial type, and Banach spaces that are sphere equivalent to Banach spaces of
non-trivial type.
o Elements in CAT(0).1.

The construction as in Theorem D is done in a completely explicit manner; see Subsection 9.6 for details.
For the proofs of Theorems 1.9 and D, we utilize the notion of embedded expanders; see Definition 9.6 and
Proposition 9.12.

Our proof of Theorem A is inspired by a trick by Gromov, [21, Proposition 4.4] for Hilbert spaces and [45,
Section 9] for general Banach spaces, as we will explain in Sections 5 and 6. Independently to our results, S.
Arnt [2] applied this trick in a special situation where the coarse disjoint union is a box space (in particular,
all Gm, m € N, are finite) and the target class consists only of Banach spaces. For the case where M = Hilbert,
V. Alekseev and Finn-Sell [1] extended the framework of Theorem A for the case where (G;)m is a LEF approx-
imation of G.., see Definition 3.2, to a sofic approximation of a sofic group. However, in that generality, only
one direction (the direction of (i) in Theorem A) can be deduced; see the construction of a counterexample to
the other direction by T. Kaiser [31], which is explained below Theorem 5.3 in the concerning reference [31].
Compare also with our points (a), (b) with LEA approximations, and the case where M is general.
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Organization of the paper:

In Section 3, we briefly explain the space of marked groups and the Cayley topology, and the definition of
fibred coarse embeddings (as a disjoint union). In Section 4, we formulate several operations to classes of
metric spaces and provide examples of our interest. We also provide a model example in Subsection 4.3 to
prove closedness properties under formation of these operations. In section 5, we explain the key idea to
non-linear version of Gromov’s trick in relation to (pointed) metric ultraproducts. Section 6 is devoted to the
proof of (i) of Theorem A. It is done by the non-linear version of Gromov’s trick. In Section 7, we prove (ii)
of Theorem A and Corollary B (and hence Theorem 1.4 as well). Section 8 is for description of the absorption
trick, which plays a key role in the proof of Theorem C. In Section 9, we discuss various examples to apply
Theorem A (and Proposition 5.4), including the proofs of Corollary 2.2 (and hence Corollary 1.6 as well) and
Proposition 1.8. Theorem C (and hence Theorem 1.7 as well) is proved in Subsection 9.2; Theorem 1.9 and
Theorem D are verified, respectively, in Subsections 9.5 and 9.6.

3 Preliminaries

3.1 Space of k-marked groups and Cayley topology

We recall basic facts of the Cayley topology from our Part I paper [43]; see Subsection 2.1 there for more details.
Fix k € N.1. A k-marked group G = (G; S) = (G; s1, S2, .. . , S) is a pair of a finitely generated group G and an
ordered k-tuple S = (sq, ..., S) of generators of G (as a group). From a k-marked group G, we construct two
combinatorial objects, the Cayley diagram CayD(G) and the Cayley graph Cay(G) of G as follows. The former
is defined as a diagram (edge-colored and edge-oriented graph), with the edge coloring set [k], by setting the
vertex set as G and by putting edges of the form (g, s;g) with orientation from g to s;g in color j(e [k]) for every
j € [k] and every g € G. The latter is the graph (with no edge colorings or no edge orientations) constructed
by forgetting the edge-colorings/orientations of CayD(G). Both of them are endowed with the shortest path
metric dg (in CayD(G), we ignore the edge-orientation to consider dg) on the vertex set G. In this way, we
regard CayD(G) and Cay(G) as geometric objects. We also consider G itself as a metric space with this metric
dg; in other words, dg on G is the right-invariant word metric with respect to S.

We warn that in some case, Cayley graphs Cay(G) are not graph in the strict sense. More precisely, if
sj = e for some j € [k], then Cay(G) admits self-loops. If s; is of order 2 for some j € [k], then for each g € G,
two edges that connect g and s;g are drawn in CayD(G) with the label j; one is from g to s;g and the other is in
the opposite direction. We also allow the marking S = (s, S», . . ., S;) to have distinct i and j in [k] with s; = S H
in this case, the Cayley graph admits multiple edges. To summarize, we do not impose any condition on the
marking S = (s, ..., S) so that the resulting Cayley diagram CayD(G) = CayD(G;S) is always 2k-regular
(each vertex has exactly k outgoing edges and exactly k incoming edges), possibly with self-loops or multiple
edges.

For ) # Y C G and for R € N,, denote by d¢(Y, R) the R-neighborhood of Y in dg, namely, the set of
all h € G such that there exists g € Y such that dg(g, h) < R.If Y = {g}, then we simply write dg({g}, R)
as Bg(g, R) (closed ball of radius R centered at g). In this setting, we define Bcayn(6) (g, R) by restricting the
vertex set of CayD(G) to Bg(g, R) and by taking the induced sub-diagram (more precisely, we collect all edges
connecting vertices in Bg(g, R) with remembering its edge-colorings/orientations). By declaring g to be the
100t, Beayp(g) (8> R) has the structure of a rooted diagram. Note that Bc,yng)(€c, R) completely remembers the
multiplication table of G up to word length |R/2].

Denote by S(k) the set of all k-marked groups (up to marked group isomorphisms). This space is equipped
with a natural topology, the Cayley topology, which is metrizable and compact. One definition of that topology
is the induced topology of the product topology on {0, 1}* to the set of all normal subgroups in Fy; there is a
natural one-to-one correspondence between that subset of {0, 1}F k and G(k) by the standard marked quotient
map Fy — G. Another characterization of this topology is the topology of local convergence (also known as
the Gromov-Hausdorff convergence in this setting) among rooted diagrams, as stated in the following lemma
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(Lemma 2.4 in [43]). Here for two groups G, H and for two subsets e € K1 C Gand ey € K, C H, a map
B: K1 — K, is called a partial homomorphism if

forall g1, g, € Ky such that g1g, € K1, P(g1g2) = B(g1)B(g2)

holds true. The map  is called a partial isomorphism if it is furthermore bijective.
The Cayley topology on (k) is identical to the relative topology of the Chabauty topology for F; see [43,
Remark 2.5] for more detailed explanation.

Lemma 3.1. In (Gm),en converges to G- in the Cayley topology if and only if the following holds true:
“For every m ¢ N, there exists Ry, € N such that lim R, = +oo and ™)
m—oo
Bcayn(6,) (€6, Rm) = Beayp(s..)(€6.., Rm) as rooted diagrams.”

Here an isomorphism of rooted diagrams means a graph automorphism that preserves edge-colorings (in [k])
and edge-orientations and that sends the root of the former diagram to the root of the latter.
In other words, for G = (G; s1, ..., S;) € G(k), if we define for each R € N,

N(G,R) = {H = (H;ty1,...,t;) € §(k) : themap t; — s; induces

a partial isomorphism By r: Buley, R) — Bg(eg, R).},

then {N(G, R)}rcn forms an (open) neighborhood system of G.

Proof. For every m € N, set R to be the largest R such that R < m and that m > mg, where mp, is as in [43,
Lemma 2.4]. Then, it follows that lim,_coc Rm = +oo. O

We write the convergence in the Cayley topology as limm—cc Gm = Geo O G cy Goo. The readers who
are not familiar with the Cayley topology may consult Section 5 in our Part I paper [43], specially Lemma 5.1
therein, for pedagogical examples of the Cayley convergence.

We also recall the definitions of RF/LEF/LEA groups; recall these abbreviations from the introduction.

Definition 3.2. Let G be a finitely generated group.

(1) The group G is said to be RF if there exists a sequence (Nm)men Of finite index normal subgroups of G
such that
liminfrneoNm(= (] (] No) = {ec}
meNneN,y,
holds true.
(2) The group G is said to be LEF if for some (equivalently, every) marking G of G, there exists a Cayley
convergent sequence consisting of finite marked groups that converges to G .
(3) The group G is said to be LEA if for some (equivalently, every) marking G of G, there exists a Cayley
convergent sequence consisting of amenable marked groups that converges to G .

We say a sequence (Gm)m is a LEF (respectively, LEA) approximation of G if it consists of finite (respectively,
amenable) marked groups converging to G in the Cayley topology. A LEF approximation is moreover called an
RF approximation if it consists of marked group quotients; namely, for every m, there exists a group quotient
map ¢m: G — Gm that sends the marking S = (sg,...,s;) of G to that S, = (s(lm), e sg{m)) of G, with
preserving the orders on them: @m(s;) = s](.’”) for every j € [k]. An RF approximation of (G; S) is of the form
((G/Nm; S mod Nm))men, where (Nm) e satisfies the conditions of (1) of Definition 3.2.

In (1) in the definition above, we may relax the condition of liminfm—cNm = {eg} to (,, Nm = {ec};
indeed, if we set new (Ny,)m as Ny = ey, Nn, then liminfy oo Ny, = {eg} is equivalent to (), Ny, = {ec}
However, if we hope to have an RF approximation out of (N)m by taking marked group quotients, then the
right condition is the former one, not the latter. These two conditions become equivalent if we in addition
assume that (Ny»)m is nested, that means, for every m € N, we have Np,,1 < Np.
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Remark 3.3. If a marked group G is finitely presented (this is independent of the choice of markings), then
the set of all marked group quotients of G forms an open set. Hence, in that case, every LEF approximation
eventually is an RF approximation; see [62] and [43, Subsection 2.1].

3.2 Fibred coarse embeddings

Recall from the introduction the construction of the disjoint union | |, Xm out of a sequence of metric
spaces (Xm, dm)men. If every X, has finite diameter (the diameter is defined as the supremum of the distances
between two points in the metric space), then we may construct a coarse disjoint union | [,y Xm, which is a
(genuine) metric space. However, we do not go into details in this paper; instead, we refer the readers to [43,
Definition 2.17.(2)] on this notion.

In this paper, we study fibred coarse embeddings from the disjoint union constructed above. For this
purpose, we relax the definition of the fibred coarse embeddings as follows. For a generalized metric space
X, we say that X is uniformly locally finite if for every R € R, there exists C € N such that every closed R-ball
(for every center x € X) has cardinality at most C. For a sequence of metric spaces (Xm)nen, We say that it is
equi-uniformly locally finite if every Xp, is uniformly locally finite and if moreover C = C(R) is taken uniformly
onm € Nforevery R € R.g. If (Xim)men is equi-uniformly locally finite, then the disjoint union X = | |, en Xm
is uniformly locally finite.

Definition 3.4. Let M be a non-empty class of metric spaces. Let (X, d) = | |,y Xm be the disjoint union of
a sequence of metric spaces (Xm)men that is equi-uniformly locally finite. Let p, w: [0, o) — [0, o0) be two
non-decreasing proper functions.

(i) We say that X admits a (p, w)-fibred coarse embedding into M as a disjoint union if there exists M € M
such that the following holds true: There exist

¢ a field of metric spaces (Mx),cx over X such that each My is isometric to M,
e asections: X — | |, .x Mx, (namely, s(x) € Mx for every x € X),

such that for every R € R, there exists m® € N,; such that for each non-empty subset C C X \
Uy ® Xm> of diameter at most R, there exists a ‘trivialization’ t¢ g: (Mx)yec — C x M such that the

following holds. The restriction of ¢ g to the fibre My, x € C,isanisometry t¢ g(x): Mx — M that satisfies
(1) forevery xq,x; € C,

pld(x1, x2)) < dy(te r(x1)(s(x1)), te, r(x2)(s(x2)) < w(d(x1, x2));
(2) for every two subsets C;, C> C X'\ (umeN ® Xm) of diameter at most R with C; N C, # 0, there

exists an isometry t¢, ¢, gr: M — M such that t¢c, g(x) o tc, R(0) ™! = t¢, ¢, r forall x € C; N C,.

(i) Wessay (p, w) is a control pair for fibred coarse embeddings as a disjoint union for X into M if there exists a
(p, w)-fibred coarse embedding from X into M as a disjoint union. Denote by 6?5‘\2 (X) the set of all control
pairs above. The functions p and w are, respectively, called a compression function and an expansion
function in the setting above.

We say that X admits a fibred coarse embedding into M as a disjoint union if for some pair (p, w) of non-
decreasing and proper functions, the condition of (i) is satisfied. This is equivalent to saying that

ePi(x) + 0.

Note that if a non-empty subset C of X = | |,y Xm is of bounded diameter, then there exists a unique
m € Nsuch that C C Xpn,.

Remark 3.5. In the original formulation in [17, Definition 2.1] (for the case M being the class of all Hilbert
spaces), for each R € N, we are allowed to choose a bounded exceptional set K, and consider C of diameter at
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most R from X \ K. In our definition of fibred corase embeddability as a disjoint union, we relax this process
and allow to take K = | |, N, @ Xm, the disjoint union of finitely many components in X = | |,, .y Xm

Therefore, in Definition 3% 4, ifall X, m € N, are finite, then our notion of the fibred coarse embeddablhty
as a disjoint union comc1des with that of the fibred coarse embeddability in the original sense from a coarse
disjoint union ], . X

In this paper, we dlSCLlSS quantitative aspects (control pairs) for fibred coarse embeddings (as a disjoint
union) as well as qualitative aspects (the property itself). For this purpose, disjoint unions are more suited
than coarse ones.

Remark 3.6. The fibred coarse embeddability into M (as a disjoint union) is weaker than the the (genuine)
coarse embeddability. Indeed, if f: X =| |, Xm — M is a coarse embedding with control pair (p, w), then set
m® =0 forallRand My = Mforallx € X. Lets: X — [lxex M be s(x) = f(x), and t¢ g = idy for all R and for
all C of diameter at most R. This gives rise to a (p, w)-fibred coarse embedding as a disjoint union into M.

In this case, we set Mx = M for all x € X and there is no need to distinguish each My with M. However,
in general case, to formulate the notion of fibred coarse embeddings, it is rather convenient that we do not
regard My = M a priori but that we keep information on how we identify each My with M by isometry. This
idea gives rise to the field of metric spaces | |,y Mx and the family of (surjective) isometries (Mx — M)ycx-
For instance, these | |,y Mx and (Mx — M)cx naturally appear if we consider Galois coverings of a metric
space in the study of fibred coarse embeddings; see [17] and [15] for more details.

If M consists of Banach spaces, then we furthermore assume that all isometries in the conditions as in
Definition 3.4 are affine. However, by the Mazur-Ulam theorem [10, Chapter 14.1] and by formation of the
Taylor complexification, this issue is not essential in many cases. Therefore, in the present paper, hereafter
we do not discuss this matter.

Remark 3.7. Though it was implicit in the original formulation [17, Definition 2.1], the ‘trivialization’ t¢ = t¢ g

in Definition 3.4 is allowed to be incompatible on changing R. More precisely, for 0 < R; < R, and for C C

X\ ([_|N . Xm) of diameter at most Ry, we do not require that t¢ g, = ¢, g,. This observation is important
<m\"2

in our proof of (ii) of Theorem A.

We observe the following two lemmata. Here for a metric space X, x € X and R € R, denote by Bx(x, R)
the closed ball of radius R centered at x.

Lemma3.8. Let (Xm)men be a sequence of metric spaces that is equi-uniformly locally finite. Let X = | |, . X

Let M be a non-empty class of metric spaces. Let p, w: [0, o0) — [0, o) be two non-decreasing proper functzons
Then, X admits a (p, w)-fibred coarse embedding into M as a disjoint union if and only if there exists M € M
such that the following holds true: There exist

a field of metric spaces (My)ycx which are all isometric to M,

* there exists a sections: X — | |, .x Mx,

* a sequence of non-negative real numbers (Ry,)mcn Such that limm—ec Ry, = +00,

* alocal trivialization tg g/ : I—lxeBx,,, (&.R!) Mx — By, (g, Ri) x M, foreach m € N and each g € Xnm,

such that the following hold.

(1) Foreveryn € N, for every g € Xm and every x € By, (g, Ry), the restriction tg.r: (0: My — Mof tg g is
isometry;
(2) forevery x1,x; € By, (g, Rin),

pld(x1, x73)) < dM(tg,R;n(Xl)(S(Xﬂ), tg,R{n(XZ)(S(XZ)) < w(d(x1, x2));

(3) if Bx,,(81, Rm) N By, (g2, Rm) # 0, there exists an isometry tg, &, r : M — M such that tg, g/ (X) o
tgz,R;n(X)_l = tq, 0,k forallx € Bx, (g1, Rin) N Bx,, (g2, Rim)-
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Lemma 3.9. In the setting of Lemma 3.8, let Y = | |, .y Ym, be such that (mn)ncn is a subsequence of (m)men
and for each n € N, Yn, is a non-empty subset of Xm, equipped with the induced metric. Then, if X admits a
fibred coarse embedding into M as a disjoint union with control pair (p, w), then so does Y.

Proofs of Lemma 3.8 and Lemma 3.9. Lemma 3.9 is obvious.

To show that the (p, w)-fibred coarse embeddability as a disjoint union implies the conditions as in
Lemma 3.8, take R — m® as in Definition 3.4. set Ry, = min{sup{r € Ryg : m 2 m(’)}, m} for everym € N,
where we set mg = 0. By construction, limm— e Ry, = +oo. For g € Xm, set tg,r;, @S tp, (g,R! )R-

To show the converse direction, for each R € R, set m® = max{m € N : Rj, < R} + 1. Since
limm oo Ry = +oo, it holds that mg € N. For each C C X \ (| |,cpnew Xm) of diameter at most R, there ex-
ist (unique) m € N, and (non-unique) g € X such that C C By, (g, R). Since R}, = Rforallm € N, ),
we may define ¢c g as the restriction of ¢, . on C. There is an ambiguity on the choice of g; however, if we
fix the choices for all C, then condition (3) as in Lemma 3.8 ensures condition (2) as in Definition 3.4. Recall
also Remark 3.7. O

3.3 Equivariant coarse embeddings and a-M-menability

In Section 4 in our Part I paper [43], we recall the definition of a-T-menability for finitely generated groups.
Here we generalize this concept in terms of other target spaces. The following property should be stated as
a-Fy¢-menability in the strict sense. However, through communications with Arnt, we have agreed to use the
terminology of a-M-menability to avoid messes on notation. In the following definition, recall that a marked
group G is naturally equipped with the metric dg; see Subsection 3.1.

Definition 3.10. Let G be a marked group and M be a non-empty class of metric spaces.

(1) The marked group G is said to be a-M-menable if there exist M € M and a coarse embedding f: (G, dg) —
M such that the following condition is satisfied: The map f is of the form

f@=y-alg),

where a: M ~ G is a right action by isometries and y € M. We say that a coarse embedding f is (G-
)Jequivariant if it satisfies the condition above.

(2) We say a finitely generated group G is a-M-menable if for some (equivalently, all) marking G = (G; S) of
G, G is a-M-menable.

(3) The pair (p, w) of two non-decreasing proper functions [0, o) — [0, o) is called an equivariant control
pair for G into M if there exist M € M and an G-equivariant coarse embedding f: G — M such that (p, w)
is a control pair for f. In this case, we call p and w, respectively, an equivariant compression function and
an equivariant expansion function from G into M.

(4) We denote by Gngw(G) be the set of all equivariant control pairs for G into M.

In the definition above, we take a right action, not a left action, because we equip marked groups with
right-invariant metrics.

Let Hilbert denote the class of all Hilbert spaces. Then the notion of a-Hilbert-menablity coincides with
that of a-T-menability.

Remark 3.11. We warn that, unlike some other literature, the control pair (p, w) is regarded as the pair of
concrete functions, not only as growth orders. In particular, if (p, w) € Gﬂ)gv[(G) and if C1, C, > 0, it does
not necessarily hold that (C1p, Cow) € GinW(G). If we consider a class M that is not necessarily closed under
rescaling, this remark applies even when C; = C». A similar issue to above applies to CP,(X) and GTP?R (X).
For a fixed finitely generated group G and for a fixed equivariant coarse embedding f: G — M, equivari-
ant compression functions for f depends on markings of G up to constant multiplication. Therefore, the set
(‘ZCPﬂM(G) does depend on the choice of markings; recall our discussion above. This observation is important
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because the Cayley boundary dcay(Gm)m of a sequence (Gm)m may possibly consist of infinitely many marked
groups.

4 Several operations on (pointed) metric spaces

A pointed metric space (M, y) is a (genuine) metric space M = (M, d;) with a base point y € M. We define
certain operations on a class of metric spaces

M = UP), FgM), F§GM) and £4(M), forg e [1,00),

which appears in the statement of our main theorem, Theorem A. In this section, we first give formulations
of these operations; then we explain several classes of metric spaces that are closed under formation of these
operations.

4.1 Direct £,-products and metric ultraproducts

The direct ¢4-product of pointed metric spaces is defined as follows.

Definition 4.1. Let g € [1, o). Let B be a non-empty set that is at most countable. Let (r;);cp be such that
rj € (0, oo)forallj € B. For asequence (Mj, d;, y;);cp of pointed metric spaces, define the (pointed) £4-product
with scaling (r;);, denoted by (H].€ (M, v, 1)) . by

1/q
(H(M-,yj,fj)) =1 (Zjen (Z(ridi(zi’yj))q> <eo
£

jEB jEB
-q

with the metric
1/q

g (@) W) = | D _(rdi(zw)? | (), Wy € | [, y57)

jEB jEB 0

and with the base point (y;);.

If the scaling factor (r;); is all 1 (r; = 1 for all j € B), then we simply write (Hje s(M;, y;j, 1))% as
(1_[]-e s(M;, y]-))gq. This space is called the (pointed) {4-product of (M;, y;);. (If M; are Banach spaces, then it
is usually called the pointed ¢4-sum.)

If #(B) < oo, then (the isometry type of) the resulting space ([T;3(M;, yj, 1)), does not depend on the
choice (y;); of base points. In that case, we write it as (]_[1-e s(Mj, 1), for short.

We now switch our subject to (pointed) metric ultraproducts. An ultrafilter U over N has a one-to-one
correspondence to a probability mean v (finitely additive measure with v(N) = 1) on N that is {0, 1}-valued
and is defined over all subsets of N. The correspondence is given by setting that A € U if and only if v(4) = 1.
The cofinite filter Uoq, = {4 C N : #(N'\ A) < oo} is a filter, but not an ultrafilter. A non-principal ultrafilter U
is an ultrafilter that includes Uyg, (as a subfilter). In what follows, fix a non-principal ultrafilter U over N.

For a sequence (rm)men in R and for re. € R, we say that limy rm = 7 if it holds that

foreverye >0, {meN:|rwc—1tm| <€} ell.

By local compactness and Hausdorff property of R, it is standard to show that every bounded real sequence
(rm)men has a unique U-limit. The limit in general depends on the choice of a non-principal ultrafilter U.
However, if limpy— oo rm exists, then limy rp, coincides with the limit above.
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We now consider a sequence (Mm, dm, ym))men Of pointed metric spaces. Set

<H (Mm, Ym)> = {(Zm)meN : Sug dm(zm, ym) < oo}
me
L

meN

oo

and define dy by setting for (zm)m, (Wm)m € ([],,en(Mm, ym))e..
du((zm)m, (Wm)m) = liqu’_n dm(Zm, Wm)-

This is a pseudo-metric, namely, dy, does not separate points in general. To obtain a genuine metric
space,introduce an equivalence relation ~g4, =g on ([,,c(Mm, ym)),_ by defining (zm)m ~g,=0 (Wm)m by
dy((zm)m, (Wm)m) = O. Finally, the quotient space

liﬁn(Mm, ym) = (H(Mm, Ym)) /NduEO
Y4

meN

oo

is equipped with a genuine metric dq,. We call the resulting space the (pointed) metric ultraproduct of (Mm, ym)
with respect to U. We write the equivalence class with respect to ~4, o of (zm)m as [(zm)m]v.

4.2 The classes UP(M), F (M), FS,(M) and £,(M)

Definition 4.2. A metric space M is called a geodesic space if for every x,y € M, there exists a geodesic
c: [0, d(x,y)] — M connecting x and y.

The space M is moreover said to be uniquely geodesic if for every x, y € M, there exists a unique geodesic
c¢: [0, d(x,y)] — M from x to y. For a uniquely geodesic space M and for x, y € M, let [x, y] be the (uniquely
determined) geodesic from x to y.

Here, recall from the introduction that by geodesics, we mean minimal ones.
We give the definitions of UP(M), F4(M), F84(M) and £4(M) out of a given class M. Here g € [1, o) is a
fixed exponent.

Definition 4.3. Let M be a non-empty class of metric spaces. We define UP(M) to be the class of all pointed
metric ultraproducts (after forgetting the base points) of a single space in M. More precisely, it is the class of
all spaces (isometric to those) of the form limy (M, ym). Here M € M and for every m € N, ym € M; U runs
over all non-principal ultrafilters on N.

Definition 4.4. Let M be a non-empty class of metric spaces. Fix q € [1, oo). We define the following two
new classes, F4(M) and F84(M), of metric spaces constructed from M.

(1) We define F4(M) as the class of all metric spaces (that is isometric to ones) that are constructed by the
following three steps.

e (Step1.) Take M € M.
1

o (Step2.) Consider all metric spaces of the form (er (M, W)) . for non-empty finite sets F. Here

( W) rer means that we take the constant scaling factor W.
o (Step 3.) Take an arbitrary sequence ((Nm, ym))men, Where for all m € N, Ny = Nn(F™) lies in
the class of all metric spaces constructed in Step 2 that is associated with a finite set F (M) such that
limm_se0 #(F™) = oo and ym € Nm. Construct all metric spaces of the form limy (Nm, ym) (after

forgetting the base points) for non-principal ultrafilters U of N.

(2) The new class F84(M) is defined if every element L in F4(M) is a geodesic space. If this is the case, then
we construct F84(M) in the following way.
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¢ If M consists only of Banach spaces, then every element L in F4(M) has a structure of affine Banach
spaces. Then set F84(M) as the class of all Banach spaces isometrically affinely isomorphic to non-
empty closed affine subspaces of L for all L € F4(M).

¢ Otherwise, define F84(M) to be the class of all metric spaces isometric to non-empty closed and
geodesically convex subsets Lo of L (equipped with the induced metric from L) for all L € F4(M).
Here a non-empty subset Ly C L is said to be geodesically convex if for every z, w € Lq and for every
geodesic c: [0, d(z, w)] — L from z to w in L, ¢ (more precisely, the image c([0, d(z, w)])) is included
in Lo.

Definition 4.5. Let M and g be as in Definition 4.4. Then, we define £4(M) as the class of all metric spaces
(that is isometric to ones) of the form (] je s(Mj, y;)),, (after forgetting the base point) for a non-empty at most
countable sets B and for M; ¢ M and y; € M; for j € B.

Note that unlike the construction of ¢4(M), in Step 1 of the construction of F4(M), we use a single M € M
to take the ¢4-product with scaling. (Similarly for UP(M).) The symbol ¥ in (1) of Deinfition 4.4 stands for
finite and Falner. The symbol F8 in (2) of Definition 4.4 stands for Falner and subspaces (or subsets).

Remark 4.6. The scaling factor ( )rer in Step 2 as in (1) of Definition 4.4 is chosen exactly in order to

1
(#F)Va
1

ensure that the diagonal embedding M — (er (M, W)) eq; zw—(z,2,...,z)is isometric.

4.3 A model example of closedness under formation of several operations

In the next subsection, we discuss several examples of classes M of metric spaces which are closed under
formation of (some of) operations

M = UPON), F4(M), FSg(M) and  £4(M),

for appropriate g € [1, o). The goal of this subsection is to provide a model example to verify closed-
ness above; in Subsections 4.4 and 4.5, we will omit the arguments for it because the basic idea is ex-
actly the same as one in this subsection. Our pedagogical example in this subsection is the class of all
complete CAT(0) spaces. The reader who is familiar with the argument for closedness may skip this subsec-
tion.

Definition 4.7. A metric space M is said to be CAT(0) if it is a geodesic space (see Definition 4.2) and if for
every x € M and for every geodesic c: [0, d(y, z)] — M with c(0) = y and c(d(y, z)) = zand forevery0 < t < 1,
the following inequality

d(x, cp)? < (1 - d(x, y)* + td(x, 2)* - t(1 - H)d(y, z)*

holds true, where c; denotes c(td(y, z)).

See [13, Chapter II.1] for more details and for different characterizations.
As we mentioned above, the goal of this subsection is to prove the following.

Lemma 4.8. Let CAT(0) denote the class of all complete CAT(0) spaces. Then for M = CAT(0), we have that
UPOM) CM, FS$HM)CM and ¢,(M) C M.

Since F>,(M) C F8,(M) in general, Lemma 4.8 also implies that F,(CAT(0)) C CAT(0). A complete
CAT(0) space is also called a Hadamard space, but we do not use this terminology in the current paper.
The following lemma is a key to the proof of Lemma 4.8.

Lemma 4.9. Let M € CAT(0). Then M is uniquely geodesic.
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Furthermore, forevery D > O andt € [0, 1] and for every € > 0O, there exists x = k(D, t, €) > O withlim¢ o k =
0 (for all fixed D and for all fixed t) such that the following holds true: Let x,y € M with |d(x,y) - D| < €. Let
z = c¢ € M for ¢ = [x, y]. Then, for every w € M with

|d(x, w) - td(x,y)| <€ and |d(y,w)-(1-28)d(x,y)| <e,

it holds that d(z, w) < (D, t, €).

The latter part of the assertions of Lemma 4.9 roughly states that, not only M € CAT(0) is uniquely
geodesic, but also for x, y € M, all points w € M that satisfy

dix,w) =~ td(x,y) and d(y,w)=(1-1t)d(x,y)
are uniformly close (in terms of d(x, y) and t) to the point z which divides [x, y] internally in the ratio t : (1-t).

Proof. We give the proof which can be generalized to the case of r-uniformly convex metric spaces; see (2) of
Example 4.13.
To prove unique geodesic property, let x, y € M and let W @ o, d(x, y)] — M be two geodesic from

x to y. Fix t € [0, 1]. Take a geodesic ¢’: [0, d(c", ¢!)] — M from ¢! to c!?). Apply the inequality as in

Definition 4.7 with t = 1/2 and ¢ = ¢’ respectively for (x, y, z) = (x, cgl), cgz)) and for (x, y, z) = (y, cgl), CEZ)).

Then we have that

d(X, Cll/z)z

IN

2d(x, y)2 - %d(cgl), ng))zy and

IN

d(y, ¢’ (1-0%d(x,y)* - %d(cgl), ),
1f d(c”, ¢) > 0, then it would imply that

dx,y)

IN

d(x, cij,) +d(y, ci5)
(d(x, y)*)H? + (1 - £)%d(x, )12
d(x,y);

N

a contradiction. Therefore, W= c(z), and we are done.
Next, we prove the latter assertion. Take a geodesic [z, w] and let u be the midpoint of it. Then in a similar
way to one above, we have that

dlx,u)® <

N

{tzd(x, y)2 + (td(x,y) + 6)2} - %d(z, w)?, and

d(y, u)*

IN

N = N =

{(1 —0%d(x, y) + (1 - Dd(x, y) + e)z} - %d(z, w)2.
Hence, we have that
dix,y) < dl,u)+d(y,u)

\/% {€2d(x,y)? + (td(x,y) + €)?} - %d(z, w)?

N

IN

+\/% {@-02dx,y)? +((1-0d(x,y) +€)?} - %d(z, w)2,
From the inequalities above, we may conclude the existence of k = k(D, t, €) such that
d(z, w) < k(= k(D, t, €))

and that it satisfies
limx(D, t,€) = 0.
€l0

Here our initial estimate of k depends on d(x, y), t and €; since D — € < d(x, y) < D + €, k may be expressed as
a function on D, t and €. O
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Note that the function x = k(D, t, €) above is universal: It can be determined only from CAT(0) geometry
(the inequality as in Definition 4.7), and it does not depend on the choices of the pair (x, y).

Proof of Lemma 4.8. Let M = CAT(0). It is easy to see by Lemma 4.9 that ¢,(M) C M. Indeed, every pointed
£>-product of complete and uniquely geodesic spaces is complete and uniquely geodesic. Moreover, since the
inequality

dx, c))? < (1 - 8)d(x, y)* + td(x, z)* - t(1 - t)d(y, 2)*

as in Definition 4.7 is expressed only in terms of square sums and since validity of it is stable under formation
of rescalings, we may confirm that this inequality remains valid for every resulting ¢,-product space (possibly
with rescalings). Indeed, take the square sum of inequalities which are obtained coordinatewise (recall that
the resulting ¢, -product space is uniquely geodesic as well).

Secondly, we will show that UP(M) C M. Standard arguments on metric ultraproducts show that every
(pointed) metric ultraproduct of a geodesic metric space is geodesic, and a metric ultraproduct is always com-
plete. Hence, what remains is to show the inequality as in Definition 4.7. A basic philosophy to study metric
ultraproducts is the following: An inequality with uniform constants on uniformly finitely many points in met-
ric spaces passes to metric ultraproducts. We will explain this philosophy in our example of the inequality for
CAT(0) spaces, as in Definition 4.7. Strictly speaking, this inequality is not on uniformly finitely many points
(because it involves a geodesic); however, Lemma 4.9 enables us to reduce the inequality to two inequalities
on there (or four) points.

Let M = (M, d) €¢ M and take a pointed metric ultraproduct (M, dy() = limy (M, ym). Let x(f() = [(x(,,i))m]
and xfé) = [(x(,,%))m] be two points in My. Let ¢y : [0, du(xf&), x(é))] — My be a geodesic from x%) and x%). Let
uy = [(um)m] be in My(. Let t € [0, 1]. Then, our goal is to prove that

dy (g, ey ,0)® < (1= Ody (g, X0 + tdy (g, X32)% - ¢(1 - Ody (P, X122,

where ¢y ¢ = [(Wm)m] is taken as cu(tdu(x%), xg))). Let Dy = du(x%), x%)).
We claim that for every € > 0, there exists Ue € U such that the following holds: For every m € Uk,

A0, xP) - Dy <€, AT, win) - tdV, xP)| < €

and \d(xgﬁ), wm) - (1 - t)d(x(,,P, xﬁﬁ))| <e.

Indeed, by definition of metric ultraproducts, there exists Vél) € U such that for every m € Vgl), it holds
that |d(x(,,1,), xﬁ,z,)) — Dy < €. Similarly, there exist Véz) € Uand V?) € U such that for every m € Véz) e U,
|d(x£,1,), Wm) — tDy(| < € holds and for every m e V£3) cu, \d(xﬁ,zl), wm) — (1 — t)Dy(| < € is satisfied. Then set

Ve=VPnv@nvd.

Since an ultrafilter corresponds to finitely additive {0, 1}-valued probability measures on N, the membership
of it is closed under formation of finitely many intersections. Therefore, it follows that

Ve € U.

Finally, set

Ue=Ve (€W

2
it is now easy to see that this U, satisfies all of the conditions of the claim above. This argument explains
importance in the philosophy above to restirct ourselves to an inequality on uniformly finitely many points in
metric spaces.

Let m € Uc. Apply Lemma 4.9. Then we have that d(zm, wm) < k(Dy, t, €) with

lim x(Dy, t, €) = 0,
€l0

where zp, is the point that divides [xV, x?] internally in the ratio ¢ : (1 - ¢). The key here is the function k

does not depend on the choice of m € Ug; recall that x was determined only by CAT(0) geometry. We may
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apply the inequality as in Definition 4.7 for the triple (zm, x¥, x?)) (because the original space M is CAT(0));
hence we have that for every m € U,

A(um, zm)? < (1 = OdWm, X2 + td(um, xP)? - t(1 - ALY, xP)2.
Since d(zm, wm) < k(Dq, t, €), we in addition have that
d(um, Wm) < d(um, Zm) + K(DU1 t: e)'

Finally, we let € | 0. Then by the two inequalities above, it follows from the definition of the metric ultraprod-
uct that
dy (g, ey, 0)? < (1= Ody (g, XY + tdy (g, x2)? = £ - Oy (AP, x2)2.

Therefore, we obtain our goal; it proves that My € CAT(0).
Once we showed ¢,(M) C M and UP(M) C M, it is straightforward to verify that F, (M) C M. Indeed, in
general,
Fq(M) C UP(Lg(M)).

holds true for every g € [1, o). Finally, to see that F8$,(M) C M, observe that all conditions for complete
CAT(0) spaces (completeness, geodesic property and the inequality as in Definition 4.7) pass to closed and
geodesically convex subsets. Hence it is deduced from the inclusion F, (M) C M. O

Remark 4.10. If our metric space M = E is a Banach space, then the philosophy as in the proof above on
metric ultraproducts is stated in the following way: An inequality with uniform constants on uniformly finite
dimensional subspaces in Banach spaces passes to metric ultraproducts.

This statement above for Banach spaces is formulated in a rigorous manner as follows: For every Banach
space E, each metric ultrapower Ey, = limy(E, 0) of E is finitely representable in E; see the definition and
discussions in [10, Chapter F]. It morally means that, quantitative information of finite dimensional subspaces
of E7 may be approximated as accurate as we hope by that of E.

4.4 Examples of classes of Banach spaces

We discuss several examples of classes of metric spaces of our interest. They are main examples of M which
is closed under formation of (some of) the following operations

M = UPOM), F4(M), FSg(M) and  £4(M),

for an appropriate exponent q € [1, oo). In this subsection, we discuss certain classes of Banach space; in the
next subsection, we deal with those of non-linear metric spaces.
The reader may consult the proof of Lemma 4.8 for basic ideas behind the proofs of the closedness.

Example 4.11. First we consider classes of Banach spaces.

(1) Letr € [1, 00). Then M = ¢4,(= {¢,}) satisfies £4(M) C M for g =r.

(2) More generally to (1), let M = By, denote the class of all L,-spaces (over all measure spaces). (We fix R or
C, and construct the class above over the fixed coefficient field.) Then, £4(M) C M for g = r. Furthermore,
Krivine showed that UP(M) C M; see the survey [29]. It implies that F,(M) C M.

In particular, by letting r = 2, we observe that for M = Hilbert (the class of all Hilbert spaces), £,(M) C M
and F,(M) C M; the proof of the latter item is much easier than that for the general L,-space case. In
that case, moreover, 38,(M) C M holds.

(3) More generally to (2), let M = By, denote the class of all non-commutative L,-spaces (associated with
all von-Neumann algebras). Then, (M) € M and UP(M) C M; the latter follows from the work of
Raynaud [54]. It also holds that (M) C M.
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A Banach space E is said to be of non-trivial (linear or Rademacher) type if there exists r € (1, 2] and a
constant C > 0 such that the following holds true: For every m € N.,; and for every ()¢, in E,

By, [I D edill"| <€ > 1&IN"

ie[m] ic[m]

If the inequality above is satisfied for fixed r and C, we say that E has a type r with constant C. Here
(e, [l means the expected value (average) over the uniform distribution of (¢;);cry over {-1, 1}™.Let M =
Biype>1 denote the class of all complex Banach spaces of non-trivial type. Then, UP(M) C M and F,(M) C
F8,(M) C M hold true. Indeed, having type > 1 is stated in terms of conditions on finite dimensional
subspaces; recall Remark 4.10.
Moreover, for a fixed r € (1, 2] and C > 0, if we consider the subclass Btr"’ge of all complex Banach spaces
that have type r with constants C, then ér(B;Yge) C E?ge. Indeed, the condition of the membership of
B?”Be is stated only in terms of ¢r-sums; recall the first part of the proof of Lemma 4.8. See [59] for details
of types of Banach spaces.
Celebrated work of V. Lafforgue [34], [35] yield fixed point properties with respect to Biype>1; see (1) of
Theorem 9.2.
N. Tomczak-Jaegermann [59, Chapter 6], and T. de Laat and M. de la Salle [22] studied quantities
(dx(E))ken,, and the class B B<1/2 (see also [23, Formula (1.1)]), which are defined as follows: For two
isomorphic (but not necessarily isometrically) Banach spaces E; and E,, the Banach—Mazur distance
dpn(E1, E>) is defined to be the infimum of || T||||T"}||, where T: E; = E, runs over all isomorphisms
between E; and E5, and || - || denotes the operator norm. For a complex Banach space E, for each k € N,
we define dy(E) by

di(E) = sup {dBM(E’, meED) ; dime(E') < k} ,

where E’ runs over all (complex) linear subspaces of E with the condition above. Here (3 - denotes the m-
dimensional complex /,-space for m € N. The class Bg. 4/, is defined as the class of all complex Banach
spaces E for which there exist 0 < 8 < 1/2 and C > 0 such that the condition

forall k € Nyy, dy(E) < CkP

is satisfied. Then, it follows that UT(BB<1/2) C Bp.1/; and that %(Bﬁq/z) C ?Sz(Bﬁq/z) C Bpe/a-
Moreover, for fixed B € (0, 1/2) and C > 0, if we denote by Bﬁ,c the class of all complex Banach spaces
such that the condition above holds for that pair (B, C), then £,(Bg ¢) C Bg  holds. The proofs of these
inclusions above go along the same line as ones in (4).

A fact states that a complex Banach space E is of non-trivial type if and only if limy_, .. k"/2d,(E) = 0;
see [59]. In particular, B p<1/2 € Brypes1. It is not known whether the inclusion above is strict.

de Laat-Mimura-de la Salle [23] studied fixed point properties with respect to Bg.,,; see (3) of Theo-
rem 9.2

Similar to (4), for each r € [2, o) and each C > 0, we define the class Bff’g’pe as that of all Banach spaces
that satisfy the cotype r inequality with constant C:

Eeeor (11 2 eidill’} =€ > Uil

ic[m] ic[m]

Here the expected value in the left-hand side is defined as one in (4). Then for M = Bﬁf’g’pe, in a similar
way to one in (4), it holds that ¢,(M) C M, UP(M) C M and F(M) C F8,(M) C M. The union Beotypeceo =
Ur.c i%foéy P¢ equals the class of all Banach spaces of non-trivial cotype.

A Banach space E is said to be uniformly convex if there exists a strictly positive real-valued function
A: (0, 2] — R, which is non-decreasing such that the following holds: For every &, n € S(E) with & # n,

1| 551 = a0 - .
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Here S(E) denotes the unit sphere of E. For a fixed r € [2, o), if there exists C > O such that A above satis-
fies that A(e) = C"¢’ forall € € (0, 2], then we say that E is uniformly convex with modulus of convexity of
power type r. Ball-Carlen-Lieb [6, Proposition 7] showed that the condition above is equivalent to saying
that there exists C’ > 0 such that for all ¢, 5 € X and forall t € [0, 1], the following inequality holds true:

[@-0&+em|| =@-0l&l" +tnl - (C)t@-0I&-n|"

They also made estimate between C and C’ above. In this paper, we say a Banach space E is r-uniformly
convex with constant C' if the inequality above is satisfied; this terminology is compatible with that of
r-uniformly convex metric spaces in a more general framework; see (2) of Example 4.13.

A Banach space E is said to be superreflexive if every (equivalently, some) metric ultrapower limq(E, 0)
is reflexive. Enflo’s characterization states that E is superreflexive if and only if E is isomorphic to a uni-
formly convex Banach space. A theorem of G. Pisier [53] shows that, moreover, for every superreflexive
Banach E, there exists r € [2, o) such that E is isomorphic to a uniformly convex Banach space with mod-
ulus of convexity of power type r. For r € [2, =), for C' > 0 and for D > 1, we define the class Bifc,’ pas
that of all Banach spaces whose Banach—Mazur distance at most D to r-uniformly convex Banach spaces
with constant C’. Then, for M = B¢/ p» itholds that £(M) € M, UP(M) € Mand Fr(M) € F§,(M) € M.
Indeed, without the condition of Banach—Mazur distances, they follow from a similar argument to one in
(4). It may be easily verified that the extra condition in terms of Banach—Mazur distances does not affect
the closedness properties above.

By aforementioned theorems in [6] and [53], the union Bs; = Ur.crp B} p coincides with the class of all
superreflexive Banach spaces. It is known that Bsr C Biypes1 € Beotype<es and that both of the inclusions
are strict; see [59] and [10].

We make a remark that if UP(M) € M holds, then in many cases this inclusion happens to be strict. For
instance, let M = Hilbert. Then as we argued in Example 4.11, the inclusion above holds. It is a standard fact
that a metric ultrapower of an infinite dimensional Banach space is always non-separable; see [10]. Hence,
the class UP(Hilbert) does not contain an infinite dimensional separable Hilbert space.

4.5 Examples of classes of non-linear metric spaces

In this subsection, we discuss classes of non-linear metric spaces. Our main examples are subclasses of
CAT(0) as in Lemma 4.8, as the class CAT(0) itself is too enormous. For instance, to the best knowledge
of the authors, it might not be known whether there exists an infinite RF (finitely generated) group that has
the fixed point property with respect to the class CAT(0). In order to restrict to subclasses of CAT(0), we
employ the following numerical invariant of a complete CAT(0) space.

Definition 4.12 (Izeki-Nayatani invariant; [30]). Let M € CAT(0). Let Py, (M) denote the set of all finitely
supported probability measures on M supported on more than one point. In other words, each u € Py, (M)
is of the form Zl’;l t;Diracp, with t; > 0 fori € [k], Zﬁl t; = 1and k € N,,. Here Dirac, means the Dirac mass
at p. For such py, there exists a unique point u € M that minimizes the function

k
M>x— Z tidM(pi,X)z S Rzo;
i=1

this point y is called the barycenter of u. For such u, define

2

|, )
S tlIF )2

6(p) = inf HIf@)I = dupi, W), [If(p)) - fF(p)ll < du(pi, b))

Here f runs over all maps from supp(u) to L, = L,([0, 1]) that satisfies the two conditions indicated above,
and i and j there vary all indices in [k].
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The Izeki-Nayatani invariant §(M) is defined as

6(M)=sup 6(n).
UEDPx (M)

The Izeki—Nayatani invariant takes values in [0, 1]. For instance, if M is a tree (or R-tree), a Hilbert space
or a (possibly infinite dimensional) Hadamard manifold (recall from the introduction that it is a complete,
connected and simply-connected Riemannian manifold with non-positive sectional curvature), then §(M) is
computed to be 0; see [30]. As we mentioned in the introduction, many reasonable CAT(0) spaces M, such as
all Euclidean buildings associated with simple algebraic groups, have 6(M) < 1; see [61]. For this reason, we
may regard M € CAT(0) with 6(M) = 1 as a singular CAT(0) space.

Example 4.13. Here we discuss certain classes of non-linear metric spaces.

(1) Fix 69 € [0, 1]. We define a class
CAT(0)ss, = {M : Mis complete and CAT(0), 6(M) < §o}.
Then for each 6y, the class M = CAT(0).s, satisfies
HLM) CTM, Fo (M) CFSH(M) M and  UPOV) C M.

Indeed, it is known from [30] and [60] that the Izeki—Nayatani invariant does not increase by formation
of metric ultraproducts or by taking closed and geodesically convex subsets. Also they showed that if for
every Mm € CAT(0), m € N, satisfies that §(M) < &g, then for every choice (ym)m of base points, the
space (Hm enMm, ym)) o belongs to CAT(0).s,. Hence, the assertions above follow from Lemma 4.8.
For 69 € (0, 1], we define the following class:

CATO)s, = |J CAT(O)s:-
& <§0

Then for M = CAT(0).s,, it holds that
FoM) CFSH (M) C M and UP(M) C M.

However, it does not hold that ¢,(M) C M; recall the discussion below Definition 4.5.
Izeki and Nayatani [30] studied fixed point properties with respect to CAT(0).s, for certain §y; see (2) of
Theorem 9.2.

(2) Fixr € [2, o). Then, some /,-analogue of item (1) may be defined as follows: Let C € (0, 1]. A geodesic
space M is said to be r-uniformly convex with constant C if for every x € M and for every geodesic
c: [0, d(y, z)] - M with c(0) = y and c(d(y, z)) = z and for every O < t < 1, the following inequality

dix,c)) <(1-8dx,y) +td(x,z)" - C't(1 - t)d(y, z)"

holds true, where c¢; denotes c(td(y, z)). See also [46]; compare with the inequality of r-uniformly convex
Banach spaces in (7) of Example 4.11. The Clarkson inequality (see for instance [10]) shows that L, is
r-uniformly convex with a certain constant C,. For fixed C € (0, C,], we write the class of all complete
r-uniformly convex (geodesic) spaces with constant C as UC, ¢. Note that UC; 1 = CAT(0).

Note that we may modify the proof of Lemma 4.8 to the current case. Indeed, the inequality above is stated
only in terms of ¢,-sums and that validity of it is stable under formation of rescalings. Furthermore, the
proof of Lemma 4.9 may be adapted to the current setting. Thus, we conclude that for every C < (0, C/],
the class M = UC, ¢ satisfies that

L) CM, F:(M) CFS (M) CM and UPOM) C M.

In addition, it follows that every M € UC,  is uniquely geodesic.
However, similar to CAT(0), the class M = UC, ¢ itself is too huge. We discuss some subclass in Exam-
ple 4.14.
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In the next example, we discuss certain subclasses of UC, ¢ into which fibred coarse embeddability may
be reasonable to study. Before proceeding to it, we explain importance of the Izeki—Nayatani invariant of a
complete CAT(0) space in relation to fixed point properties. Let M € CAT(0). Let I' = (V(I'), E(I'), m) be a
weighted finite connected graph(we consider I' as a directed graph by considering each unoriented edge as
two oriented edges). It means, m: E(I') — R.q, satisfies that m(v, w) = m(w, v) for all (v, w) € E(I). For
v e VI, let m(v) = Y weV(D):(v, w)ET) m(v, w). For I = (V(I'), E(I'), m), define the Wang-type non-linear
spectral gap with target in M by

inf ze:(v,w)eE(I‘) m(v, w)d(f(v), f(w))>

=1
ne 2 £ V(DM S vevin MWA(F(W), )2

Here f runs over all non-constant maps V(I') — M; f is the (2-)barycenter of f(V(I')) (recall Definition 4.12).
Namely, f denotes the unique point in M that minimizes

M35x— Y mWd(f(v), ) € Rao.
vev(r)

It is known that if M = R, then A;(I', R) equals A;(I'), the first strictly positive eigenvalue of the weighted
graph Laplacian of I'. The key property of 6(M) to the fixed point property is that for every I', the following
inequality

M@, M) = (1 -6(MA(D)

holds; see [30, Proposition 6.3].

Now fix r € [2, o). Let M be a complete and r-uniformly convex metric space. Then, in a similar way to one
above, we may define a Wang-type non-linear r-spectral gap with target in M for a weighted finite connected
I = (V(I), E(I'), m) by

A(r)(l", M) = 1 inf Ze:(V,W)EE(F) m, W)d(f(v()’)f(W))r '
2 f: V(DM Sverm m)d(f(v), f )"

Here f runs over all non-constant maps V(I') — M; f(r) is the r-barycenter of f(V(I')), that means, a point that
minimizes
M>x— Z mW)d(f(v), x)" € Rso.
veV(I)

By r-uniform convexity and completeness of M, f(r) uniquely exists. In this setting, it might not be reasonable
to require A”(I", M) to be bounded from below by some scalar multiple of AY)X(T, R). Instead, we consider
a function which controls the behavior of A" (I', M) for each weighted graph I in terms of A" (I', R). This
formulation yields the following example of subclasses of UC, .

Example 4.14. Fixr € [2, o). Fix a non-decreasing function
¥: [0, +00) — [0, +00)

such that forall t € [0, +o0), ¥(t) < t. For C € (0, Cr], let U,G;{'C be the class of all complete r-uniformly convex
metric spaces with constant C such that the following holds true: For every weighted finite connected graph
T, it holds that

A, M) = wQAD(T, R)).

Then it may be showed that for every ¥ (and for every r and C), the subclass M = UG;{' ¢ of UG, ¢ satisfies
that
M) CM, FM)CM and UPM) C M.

Indeed, in a similar argument to one in the proof of Lemma 4.9, we may show some stability (with respect
to approximations) of r-barycenters of maps. Then, for a fixed graph I'" and for a fixed € > 0, the following
condition on M,

AT, M) = €
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can be essentially written as some inequalities with uniform constants on uniformly finitely many elements
(the number is estimated in terms of #(V(I'))) on M. It then follows that UP(M) C M. To show that ¢,(M) C M,
observe that the condition on M above is stated only in terms of ¢,-sums.

For instance, if (r, C) = (2, 1) and if ¥ = ¥y is of the form
Ws(t) = (1 - 0)t,

for some 6 € [0, 1], then it follows that
UCYY 2 CAT(0).s.

As we mentioned above, non-linear spectral gaps relate to the study of fixed point properties; see Re-
marks 9.3 and 9.4.

We make a remark that this construction of UG;{'C is not new: It has been studied by Naor [44] and other
researchers. See also [46]. In [44], Naor regarded a weighted finite graph as a symmetric stochastic matrix via
the associated weighted adjacency matrix, and he considered r-Poincaré modulus. Although the formulation
may look different, our example in Example 4.14 is essentially identical to his.

Remark 4.15. The main difference between F4(M) and UP(M) is that the latter does not take (finite) ¢4-
products (or rescaling) before taking metric ultraproducts. Therefore, the latter procedure may preserve some
‘dimension’ under certain conditions. First we consider the class RT of all R-trees (namely, geodesic O-
hyperbolic metric spaces). By the four-point condition of Gromov-hyperbolicity [13, Chapter III. Remark 1.21],
it follows that UP(RT) C RT. Even if we consider a smaller class T of all simplicial trees (considered as
geodesic spaces, possibly with uncountably many vertices), then UP(T) C 7. This is because we may endow
a metric ultraproduct with a simplicial structure by declaring vertices to be (equivalence classes of) bounded
sequence of vertices; we draw edges between those with the limit distance 1.

We consider the class QT of quasi-trees, namely, graphs (considered as geodesic spaces, possibly with
uncountably many vertices) that are quasi-isometric ([13, Chapter I. Definition 8.14]) to simplicial trees. By
the argument above, we see that UP(QT) C QT; recall that we fix a single element of M and take pointed
metric ultraproducts of it to construct UP(M).

Definition 4.16. Let M be a non-empty class of metric spaces and g € [1, oo). Denote (H<NO M) t by the class
of all metric spaces (isometric to) finite ¢4-products (1_[]-E F Mj)gq, where 1 < #(F) < coand M; € M forallj € F.

Since for a fixed m € N,,, taking an m-fold product is compatible with taking a metric ultraproduct,
we conclude that 11?((]_[<N0 Q7)) C (]_[<N0 Q7)¢,. (We may replace ¢; simultaneously with ¢4 for each g €
(1,00).)

Another construction is the following. Let M = M be a proper metric space that is cocompact. Here the
properness means that all closed bounded balls are compact; M is said to be cocompact if the full isometry
group of M acts on M cocompactly. Then, UP(M) = M. Here the cocompactness assumption is needed in order
to make control on choices of base points (ym)m to take a pointed metric ultraproduct.

Remark 4.17. Here we make more precise on what ‘dimension’ means in examples in Remark 4.15. Gromov
[26] introduced an analogue of covering dimension in coarse geometry for a generalized metric space M. This
concept is called the asymptotic dimension, written as asdim; see [47, Chapter 2.2] for the definition. This is
an invariant under coarse equivalence. Moreover, it is showed that if f: X — M is a coarse embedding, then
it holds that

asdim(X) < asdim(M).

Also, a finite product of spaces with finite asymptotic dimension has finite asymptotic dimension. See [47,
Proposition 2.2.4, Theorem 2.2.5 and Example 2.4.1] for details of these facts. Every tree has asymptotic di-
mension at most 1 ([47, Proposition 2.3.1]; see also [14, Proposition 10.2.1] for R-trees). Hence, every element
in ([.yx, 27)¢, has finite asymptotic dimension. For M a complete, connected and simply connected finite
dimensional Riemannian manifold with sectional curvature strictly negative, results in 1.E] in [26] implies
the following: If such M is cocompact, then asdim(M) < oo.
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5 lIdea of the proof: Metric ultraproducts and the key to non-linear
version of Gromov’s trick

We explain how metric ultraproducts play a role in the proofs of Proposition 5.2 and (i) of Theorem A.

5.1 Metric ultraproducts and proof of Proposition 5.2
To illustrate the ideas, we first prove the following result.

Lemma 5.1. Let M be a non-empty class of metric spaces. Let (Gm)men be a convergent sequence in G(k)
(k € Nyp) and let G be the limit. Let p, w: [0, o) — [0, oo) be two non-decreasing proper functions. Then, the
following holds true: If | |, . Cay(Gm) admits a (genuine) coarse embedding into M with control pair (p, w),
then Go. admits a coarse embeddings into UP(M) with the same control pair (p, w).

If M consists only of Banach spaces, then the following holds true: If | |,y Cay(Gm) admits a coarse em-
bedding into M, then G.. admits a coarse embedding into the original class M.

One key to the proof of Lemma 5.1 is (*) in Lemma 3.1: For each m € N, take R, € N as in there. Hence,
B6,,6...,, gives a complete identification between Rp-balls BCayD(Gm)(eGm , Rm) and BCayD(GN)(eGN, Rn); also,
Rm — +o0 as m — oo. By employing this identification and by taking a pointed metric ultraproduct asso-
ciated with a well-chosen sequence of base points (ym)men, We construct a coarse embedding Cay(Geo) —
limy (M, ym) out of the original coarse embedding | | Cay(Gm) — M. The precise argument goes as fol-
lows.

meN

Proof of Lemma 5.1. Let M € M. Suppose there exists a coarse embedding
f: |_| Cay(Gm) - M
meN
with control pair (p, w). For every m € N, take Ry as above.

Now, for each g € G, we associate the following sequence (y(g)m)men of points in M:

Y(&m = { f((B6y,6..,r,) ' (8)),  ifg € Beayc.)(€G., Rm),
fleg,)s otherwise.

By (*), we observe the following:

e Forevery g € Goo,
sup du(y(8)m, f(eg,)) < wldg_(ec.., 8))(< o).

e For every 81,82 € G, let mg, g, be the smallest m such that for every n = m, it holds that g;,8, €
Beay(G..)(€6..s Rn). (Since limm—.c0 Rm = +oo, such m exists.) Then, for all m = mg, g, it holds that

p(de_(81,82)) < dy(y(g1)m, y(82)m) < w(dg_(g1, 82))-

Finally, fix a non-principal ultrafilter U over N and take the pointed metric ultraproduct My =
limy (M, dy, f(eg, )); we define the following map

foo: (Cay(Geo), dg.) = My; 8~ [(V(@)m)menlu-

By the two observations above, we conclude that this fo. is well-defined, and that it is a coarse embedding
with the same control pair (p, w) as one for the original f.

If M = E is a Banach space, then the arguments in the paper of Ostrovskii [50] indicate a way to construct
a coarse embedding from Cay(G<) to the original E out of the metric ultraproduct construction above; this
procedure will affect the control pair by some multiplicative errors. O
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Lemma 5.1 can be generalized to the following proposition, which deals with the general case where the
sequence of marked groups may not converge in the Cayley topology.

Proposition 5.2. Let M be a non-empty class of metric spaces. Let (Gm)men be a sequence in G(k) (k € Nyp).
If | |nen Cay(Gm) admits a fibred coarse embedding into M as a disjoint union, then 0cay(Gm)men admits equi-
coarse embeddings into UP(M); that means,

N CPupon(Ge) #0.
Geo GaCaV(Gm)m

If M consists only of Banach spaces, then the following holds true: If | |, ., Cay(Gm) admits a fibred coarse
embedding into M as a disjoint union, then cay(Gm)men admits equi-coarse embeddings into the original class
M.

See Proposition 5.4 for a further generalization to disjoint unions of connected graphs with uniformly
bounded degree, not necessarily those of Cayley graphs.

Proof. Let M € M. Suppose there exists a fibred coarse embedding from | |, Cay(Gn) into M with control
pair (p, w). Let Goo € Ocay(Gm)men. By definition, there exists a subsequence (Gm,)n of (Gm) that converges
to G in G(k). By Lemma 3.9, there exists a fibred coarse embedding from | |, Cay(Gm,) into M with control
pair (p, w). Thus, we may assume that (Gm)mcy itself converges to Geo.

For every m € N,1, take Riy asin (*) and take R}, as in Lemma 3.8. Let Ry, be the minimum of R,;, and R},.
By construction, limm—se Ry, = +oo. Take the local trivialization

teGmyR;n : I_l My — BCay(Gm)(eGm’ R;’n) x M.

X€Bcay(Gm) (€6 Ry

Define a map
fm: Beay(G,)(€6,s Rm) = M; X teg g (X)(s(X)).

By (2) in Lemma 3.8, this fi, is a coarse embedding with compression pair (p, w).
Then, we may modify the construction of (y(g)m) as in the proof of Lemma 5.1 by setting for every m € N,

(& = fn((Be,y,6..,r1) 71 (8)),  if & € Beaye.y(€c. R,
fm(eg,,)s otherwise.

Then it will complete our proof of Proposition 5.2. O

Remark 5.3. To prove these lemma and proposition, we do not use the property that B¢, .., is an isomor-
phism as rooted diagrams; what we needed above is this map is an isomorphism as rooted (non-labelled,
non-oriented) graphs. From this point of view, we consider the space of rooted graphs with bounded degree
and generalize Proposition 5.2 in the following manner; see Proposition 5.4 for the conclusion.

Fix k € N.,, We set R(k) as the space of all connected graphs (without labellings/orientations) (I, rr)
with roots rr(€ V(I') such that the degrees of all vertices are at most k. We say ¢: (I'1, r1,) 3 (I, rr,) is
an isomorphism as rooted graphs if ¢(rr,) = rr, and if ¢ is a graph isomorphism. In R(k), we identify two
rooted graphs that are isomorphic in the sense above. We endow R(k) with the topology of local convergence
as rooted graphs. This means, (I'm, r1,,))men converges to (I'., rr) if for every R € N, 1, there exists mp € N
such that for every m > mg, the R-balls B, (rr,,, R) and Br_(rr.., R), centered at roots, are isomorphic as
rooted graphs. The space R(k), equipped with this topology, is a compact metrizable space.

Consider a sequence (I'm)men of connected graphs with all degrees at most k. Then, each I', forms a
(possibly, non-singleton) subset Im = {(I'm, v) : v € V(I'm)} of R(k); we define the rooted graph boundary of
(I'm)m by the set of all possible accumulation points of | J,,, Imin R(k)as m — oo. We write it as 0r(I'm)men-
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Proposition 54. Let k € N,;. Let M be a non-empty class of metric spaces. Let (I'm)men be a sequence of
connected graphs with all degrees at most k. If | |, .y, I'm admits a fibred coarse embedding into M as a disjoint
union, then the rooted graph boundary o:(I'm)mcn admits equi-coarse embeddings into UP(M); that means,

m CPupovyTs) # 0.

(Teos720) €0r (Tim)m

If M consists only of Banach spaces, then the following holds true: If | |, I'm admits a fibred coarse em-
bedding into M as a disjoint union, then or(I'm)mcn admits equi-coarse embeddings into M.

5.2 Metric ultraproducts of fragmentary actions

In Subsection 5.1, we saw how to recover (non-equivariant) coarse embeddings from Cayley limit groups out
of a (fibred) coarse embeddings of the disjoint union.

In this subsection, we discuss some recovery procedure of equivariant coarse embeddings. One important
point here is that for this, what we need is not the global actions of the whole groups G, but local actions of
balls; compare with the proof of Lemma 5.1. Here we give the definition of a fragmentary action of a subset of
a group, which is a local version of the action of the whole group.

Definition 5.5. Let M be a metric space. Let G be a group and ez € K C G be a subset. A partial homomor-
phism from K to the isometry group Isom(M) is called a fragmentary action of K on M. In other words, a right
fragmentary action a: M .~ K (where for all g € K, a(g) is an isometry on M) satisfies the following property:
For every g1, 8> € K such that g,18> € K,

z-a(g182) = (z- alg1)) - algy)

forall z € M.

We use the word ‘fragmentary’ because the terminology ‘partial action’ is referred to a quite different
concept in the literature.

Proposition 5.6. Let G Y Geo. Let p, w: [0, 00) — [0, o) be two non-decreasing proper functions. Assume
that for every m € N, there exists rm € Ny1 With limm—eo rm = +oo such that the following holds: For every
m € N, there exists an pointed isometric right fragmentary action (a¢m, Mm, ym) of Bg, (€g,,, 'm)

a: Mm BGm(eGm’ 'm), Ym € Mm

such that the orbit map of ym is an (equivariant) coarse embedding of (Bg,,(ec,,, rm), dg,,) with (equivariant)
control pair (p, w).

Then, for every non-principal ultrafilter U over N, there exists a pointed isometric right action (ay , My, Y1)
of Goo such that the orbit map of yy is an (equivariant) coarse embedding of (Ge., dg_) wWith equivariant control
pair (p, w). Here My = limy (Mm, ym) and yy = [((ym)m]v.

Compare the statement of Proposition 5.6 with the standard argument, for instance, in a survey of Y.
Stalder [58, Theorem 3.12].

Proof. Foreverym € N, take Rm € Nand g, 6 g, asin (*).Set Ry, = min{Rm, rm}. For each g € G, define
am(g): Mm — Mm; z — z - an(g) by

' o2 ] 2 am(Be,6.r,) (), if g € B (ec_, Ri),
z- an(g) —{ z, otherwise.

By construction, the restriction of ay, on Bg_(eg_, Ry is a fragmentary action.
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Finally, for every g € G, define ay(g): My — My by

[(Zm)mly - ar(8) = [(zm - a;n(g))m]u for every [(zm)mlu € My.

It is straightforward to check that this is well-defined. Since limm o Ry, = +oo, this ay is a (global) action of
G 0n My (by isometries). By assumption, it furthermore holds that for every g4, g2 € G,

p(de._(81,82)) < duy, (Y - av(81), ya - au(g2)) < w(dg_ (81, 82)),

as desired; compare with the proofs of Lemma 5.1 and Proposition 5.2. O

5.3 Key to the non-linear version of Gromov’s trick

Proposition 5.6 will be used for the proof of (i).(1) of Theorem A. To deal with (i).(2), we employ the following
definition.

Definition 5.7. Let G be a group and e € K C G be a subset. Let M be a metric spaceand y € M. Let € = 0.
We say that a map a: K — Isom(M) is an e-almost fragmentary (right) action at y if the following condition
is fulfilled: For every g1, g2 € Ksuch that g18, € K,

d(y - a(g182), (y - a(g1)) - a(g2)) < €.

If K = G and a is a 0-almost fragmentary at y, then a: G — Isom(M) gives rise to a genuine action on the
G-orbit {y - a(g) : g € G} of y.

Proposition 5.8. Let Gn Cay Ge. Let p, w: [0, o0) — [0, o) be two non-decreasing proper functions. Assume
that for every m € N, there exist rm € Nyp Withlimm—eo rm = +oo, a sequence (pm, Wm)m of two non-decreasing
proper functions [0, oo) — [0, 00), €, 2 O with limm— 0 €m = 0 and ym € My, such that the following conditions
hold:

e For every m € N, there exists an em-almost (right) fragmentary action am at ym of Bg, (ec,,, rm) (by
isometries) on Mp,.

o Two sequences (om)m and (wm)m, respectively, converge to p and w pointwise.

* For every m € N and for every g1, 82 € Bg, (eg,, , 'm), it holds that

pm(dg, (81, 82)) < dum,,(Ym - am(g1), ym - am(g2)) < wm(dg, (81, 82))-

Assume that there exists a non-principal ultrafilter U over N such that My = limy (Mm, ym) is uniquely geodesic.
Then, for every such U over N, there exist a closed and geodesically convex subset Ly of My and anisometric
right (genuine)action (ay, Lo) of G that satisfy all of the following conditions:

o Foryy = [(ym)mlw, it holds that {yy; - a(8) : § € Geo} C Lo.
e The orbit map of yy by ay is an (equivariant) coarse embedding of (G-, dg_) (into Lo) with equivariant
control pair (p, w).

Here we equip Lo with the induced metric from that of My.

Proof. For each g € G, the construction of ay(g): My — My is exactly the same as one in the proof of
Proposition 5.6. Indeed, since each am(h), for h € Bg, (eg,,, rm), is isometric, am is e-almost fragmentary
action at y and the ‘orbit map’ of y» by am is a coarse embedding with control pair (om, wm), it follows that
for each g € G,

sup du,, (m * an(g), ym) < oo for every (zm)m € (H(Mm,ym)> ;
loo

meN m
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recall that p, and wym are non-decreasing. The construction of ay(g) above is well-defined, and ay((g) is an
isometry. We, however, warn that in general, ay(gh) may not coincide with ay(g) o ay(h) (the composition
is from left to right) as maps My — My.

Nevertheless, we observe that ay : G — Isom(My) is 0-almost fragmentary action at y,; because
limm— o0 €m = 0. Therefore, it is a genuine action on L’ = {yy - ay(g) : & € G }. For every g1, 8> € Geo,
define

Lg,.g, = {z € My : z- (a(g1) o a(g2) o a(g182) ™) = z}.
Because a(g1) o a(gy) o a(g1g2) ! is an isometry and we assume that My, is uniquely geodesic, each Lg, ¢, is
a closed and geodecially convex subset of My with L’ C Lg, ¢,. (Observe that every isometry sends geodesics
to geodesics.) Finally, take
Lo = ﬂ Lglygz (2 Ll)-
81,8266

Then Lg = Lg - a(Gs) holds, and ay gives rise to a genuine action on L. We rewrite the restriction of ay; on
Ly as ay: Lo v Geo; it satisfies the required two conditions. O

Remark 5.9. We may remove the assumption of the unique geodesic property on My = Ey if M = & consists
only of Banach spaces. Indeed, if we assume that all a;;, are complex affine, then take Ly as the closure of
the algebraic complex affine span of L'; this Ly is a non-empty complex affine subspace of Ey;. Even if we do
not assume it, the Mazur—Ulam theorem states that all a,, are real affine. Then we can take a desired Ly as a
non-empty real affine subspace of Ey;.

6 From fibred coarse embeddings to equivariant embeddings of
groups in the Cayley boundary

In this section, we prove item (i) of Theorem A. As mentioned in the introduction, our idea of the proof(s) is
based on a trick of Gromov. We first demonstrate the proof of (i).(1) in Subsection 6.1. Then we proceed to the
proof of (i).(2) in Subsection 6.2.

6.1 Proof for finite marked group sequences

We already know from Proposition 5.2 the way to recover (non-equivariant) coarse embeddings of groups in
the Cayley boundary from local information from the fibred coarse embedding. The point in our proof is how
to recover moreover equivariant coarse embeddings. The key tool here is Proposition 5.6.

Proof of (i).(1) of Theorem A. Similar to the proof of Proposition 5.2, we may assume that (Gm)ncn is @ conver-

gent sequence. Let G- be the Cayley limit of it. Assume that | |, ., Cay(Gm) admits a fibred coarse embedding

into M, M € M, with control pair (o, w). Take as s, Ry, tg.R: > tg, g,k s in Lemma 3.8. Fix q € [1, o0).
Foreach m € N, set

1 1/q
Mm,q = H (M, (m) ) H

xeGm eq

recall Definition 4.1.
For every g € Bg, (g, » Rin), define am(g): Mm,q — Mm,q by

(z)xe6, - Am(g) = (txgx.r, (Zex))xeG,>  fOT (z)x € Mm,q.
We claim the following.
Lemma 6.1. (1) This an is a fragmentary action (by isometries)

Mm,q ~ B, (eg,» Rm)-
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(2) Let ym = (Ymx)xcG,, € Mm,q, where ymx = ty g: (X)(s(x)) for every x € Gm. Then the orbit map of ym by
the fragmentary action am is an (equivariant) coarse embedding from Bg, (e, , Rin) into Mm,q with control
pair (p, w).

Proof of Lemma 6.1. Since all ty gy, g are isometries, am(g) is an isometry for all g € Gp. Assume that
81,82,8182 € Bg,(eg,,Rm). Then since for each x € Gm, g182x € Bg,(8182X, Rin) N Bg,, (82X, Ryy) N
Bg, (x, Rpy), it holds that

tx.gxR, © toxgiganR, = bxr (8182X) 0 (lfgzx,R;,,(glgzx)f1 o tg,x,r: (8182X) o (tg g,x.R!, (g1820)7"
= tyr (8182X) 0 (tg,g,xr: (8182X))7"
= tygigxR,
Therefore, we have that by setting wx = ty g, x.r: (2g:x);
((z)x - alg1) - alg2) = (tx,gzx,R;" (Wg,x))x
= (txgxry, © tgxgigon.k:, (Zg1g2x))x

= (tx,g1g2X,R§n (ZgngX))X
(zx)x - a(g182).

This proves (1).
For (2), observe that for every g € Bg, (X, Ry,) and every x € Gm,

Ay (Vm s b g r, Omage)) = dua(t p, 0O, b, (8)(s(2)).
By assumption and by recalling Remark 4.6, we verify (2). O

By applying Proposition 5.6 with r,m, = R},, we obtain from Lemma 6.1 an equivariant coarse embedding
from G into limq (Mm,q, ym) with equivariant control pair (p, w). Since limy (Mm,g, ym) € Fq(M), it proves
the desired assertions. O

6.2 Non-linear version of Gromov’s trick and proof for amenable group sequences

In order to extend the argument as in Subsection 6.1 to the case of amenable marked group sequences, we
employ a Falner set of G instead of G, itself and utilize Proposition 5.8. This idea dates back to Gromov, and
well known if M = Hilbert. We extend this framework to possibly non-linear settings.

For € > 0 and for R € N, an (€, R)-Folner set F of a marked group G is a non-empty finite subset of G that

satisfies
#0c(F, R) _

#(F)
Amenability of G is characterized by the existence of (¢, R)-Fglner sets for all e(> 0) and for all R (this property
does not depend on the choices of markings of G).

Proof of (i).(2) of Theorem A. We describe the modifications needed from the proof (i).(1) of Theorem A. Fix
q € [1, o0). For each m € N, choose §,, > 0 appropriately (we will specify later) and take an (6, R},)-Folner
set F™ of Gy,. Set

1 1/q
Mo | T1 00 ()

XEFm) 0y

For every g € Bg, (eg,» Rm), let am(g): Mm,qg — Mm,q be (2x)ycpm = am(g) = (Wx)x for (zx)x € Mpm,q. Here
wx € M is defined by

we = 4 bosur,(Zgd,  ifgx e Fim,
* Zx, otherwise.

We claim the following.
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Lemma6.2. Letym = (Ym,)xeG,, € Mm,q, Where ym,x = t g, ()(s(x)) for every x € Gm. Let 8 q = SH90w(RY,).

(1) Forevery g € Bg, (e, , Rin), am(g) is an isometry.
(2) This am is a 36y, 4-almost fragmentary action of Bg, (eg,,, | Rin/2]) at ym; recall Definition 5.7.
(3) Forevery g1, € Bg, (e, , |[Rm/2)), it holds that

(1-26m)p(de, (81,82)) < du,, Ym - Am(g1), Ym - am(g2)) < w(dg,, (81, 82)) + 26,4

Proof of Lemma 6.2. Item (1) is by construction. For (2), let g1, 8> € Bg, (eg,, |[Rm/2]) such that g18, €

Bg, (€G,,» [Rm/2)). Let Fom, = F™ 1 (g7 F™) 1 (g3' F™) 1 ((g182) ' F™) and F{) = F™ \ F{7) . Then, by

the Fglner property for F, #(F (M) < 36, #(F™). Note that by the proof of Lemma 6.1, for all x € F (m)

bad good’
((ym - a(g1)) - a(g2))(xX) = (ym - a(g182))(x),

where (-)(x) indicates the x-th coordinate.
Now let x € F{j’:}i. Then, similar to one above, we have that

du((ym - a(g1)) - a(g2))(0), (ym - a(g182))(x))
< max{w(dg,(v,7)) : 7,7 € {eq,81,82,8182}}
= w (max{dg,(v,7) : 7,7 € {eG,, 81,82, 8182}})
< w(Ry).

By recalling that we take the scaling factor (1/#(F™))'/4 to construct M m,q from M, we conclude that

<35m#(F('">) : MRW) %

IN

du,, ,(ym - a(g1)) - a(g2), ym - a(g182))) #(Fm)

3659w (R;y),

IN

as desired. Item (3) will be proved in a manner quite similar to one above. O

For given ¢ € [1,00), w: [0,00) — [0, c0) and (Ry,)m, we can choose (8m)m, 6m > O, such that
limm 00 6m = O and limm o0 6n,q = O. Finally, apply Proposition 5.8 with rm = |Rn/2], em =
max{28m, 36m,q} and (om, wm) = (1 - em)p, w + €m), and we thus obtain the conclusion. If M only con-
sists of Banach spaces, then consult also Remark 5.9. O

By setting G, = G for a fixed amenable group and by restricting embeddings to genuine coarse embed-
dings (recall Remark 3.6), we in particular have the following corollary. It may be regarded as a non-linear
version of Gromov’s trick. Although this may have been previously observed by other researchers, we include
it for the sake of convenience of the readers; compare with [45, Theorem 9.1] for the case of Banach spaces.

Corollary 6.3. Let M be a non-empty class of metric spaces that satisfies the conditions as in Theorem A.(i).(2).
Assume that for some of such g, it holds that F84(M) C M. Then for every amenable marked group G, it holds
that

CP(G) = CP(G).

On the other hand, for non-amenable marked groups, G?gw(G) is much restrictive than Gﬂ’_f}v[ (G). For in-
stance, E. Guentner and J. Kaminker [28, proposition 4.2] showed that for every a € (0, 1), there exist C, C' > 0
such that (Cr* - C’)v 0,1) € G‘fP;mbert(Fz). However, they [28, Theorem 5.3] also proved that if there exist

ac(1/2,1]and C, C’' > Osuch that (Cr*-C')vO0,r) € G?uﬂ{ﬂbert(G), then G must be amenable.
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7 From equivariant equi-coarse embeddings of the Cayley
boundary to fibred coarse embeddings

Here we prove (ii) of Theorem A. Unlike the proofs in Section 6, we do not need to impose conditions on Gm,
m ¢ N. First, we provide the proof where (Gn)m is a convergent sequence.

Proof of (ii) of Theorem A for the case where #(dcay(Gm)m) = 1. Let Goo be the Cayley limit of (Gim)m. For each
m € N, take Ry and g, G..,r,, as in Lemma 3.1. Assume that there exist M € M and an equivariant coarse
embedding from G into M with equivariant control pair (p, w), Let a: M G- be an action by isometries
and y € M such that the orbit map Geo > 8o + ¥ - a(g) € M gives the (equivariant) coarse embedding above.
Write as X = | |,y Cay(Gm).

Let Ry, = |[Rm/2] for every m € N and My = M for every x € X. Define a sections: X — | | .y Mby s(x) =
y(e M = My) for every x € X. Now for m € N, g € G, define a local trivialization tgr, * leeBgm(g,R{,,) M —
Bg, (g, Rm) x M by

(tg,r, 02 = 2 - a(Bg,, ..k, (xg 1), forx e B, (g, Ry) and z € M.

Here note that since Gm acts on CayD(Gn) by right, Bg, (g, Ri)g™" = Bg,, (€c,,» Rm)-
In what follows, we will verify conditions (1)-(3) of Lemma 3.8. For (1), for each x € Bg, (g, Ry,), the map
tg,R,’u(X): M — M is an isometry. For x1, x, € Bg, (g, Rin),

dM((tg,R;W(Xﬂ)(S(Xl)), (tg,RI’M(XZ))(S(XZ))) = dy(y - a(Bg, 6.8, (xig™),y- a(BG,,Goc, R (x28™")

Since

dg, 187", x28™")

dGm(X]_’ XZ)’

de_ (B, 6.z, (18", B6,.6.k, (28 )

it follows (2). Finally, we check (3). Let Bg, (g, Rm)NBg,, (&', Ry) # 0. Foreach x € Bg, (g1, Rm)NBg,, (82, Rm),

((tgl,R,'w(X))O(tgz,R;W(X))_l)(Z) = (z-a((Be,.c..r, x82" N ™) - @B, 6.z, X81")
(z- a((Bg,.6..r, (82X ")) - a(Bg, 6.k, (xg1"))
z- a(B, 6.k (&2X B, 6., (X811)

z - a(Bg,,6.,r, (82X 'xg1"))

z- a(Be, G...x, (8281))-

Indeed, here we observe that S ¢ g, is a partial isomorphism from Bg (e, , Rm) to Bg_(ec_, Rm) and
that g,g7* € Bg, (e, » 2Rm) C Bg, (eg,» Rm). The expression in the very below side of the equalities above
is independent of x € Bg, (g1, Rin) N Bg, (82, Rm). It proves (3), and hence our proof completes. Moreover, it
follows from our arguments that

(p, w) € CPEP(X).

O

We proceed to the proof of the general case; we here employ the class ¢4(M). Recall the definition of an
open neighborhood N(G, R) of G from Lemma 3.1.

Proof of (ii) of Theorem A in full generality. For each R € N, {N(H, R) : H € 0cay(Gm)m} is an open cover of

Ocay(Gm)m. By compactness of dcay(Gm)m, there exist i(R) € N and HE)R), . Hl(.ﬁg) such that

i(R)
JNMEP, R) 2 dcay(Gm)m.
i=0
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Let HBR), - ,Hl(&)) be, respectively, the underlying groups of H(R), ey Hl(.gg). By definition of aCay(G)m, for

each R, there exists ng € N, such that,
i(R) ———~——Cay
UNEP,R) 2 Gm)m  \{Gos - ., g1}
i=0

holds, where ﬁcay denotes the closure in the Cayley topology. Note that for R = 0, then the left-hand side

— ¢
above, in fact, includes (Gm)m “ For each R € N and for every m € Nsp,, choose O < i < i(R) such that
GneN (HgR), R) (if there exist at least two such i, choose the smallest i). We write this i as ig,lf).
Set a new disjoint union as

X/ = |_| |_| |_| Cay(Gm)

REN \0sisi(R) \ng<msng,,+R : iP=i

Now assume that dcay(Gm)m is uniformly a-M-menable; there exists a pair (p, w) of non-decreasing
proper functions [0, oo) — [0, o) such that

pwe () CPhMH.

HeaCay (Gm)m

In particular, for every R € N and for every O < i < i(R), there exist MgR) e M, ng) € Ml(.R) and an action
al(.R): MgR) ) HER) such that the orbit map HgR) Shw ng) . aER)(h) € MI(R) is an (equivariant) coarse embed-
ding with equivariant control pair (p, w). Fix g € [1, o0) and define

Mg=(TT  IT @M.y
ReN \ 0<i<i(R) ¢

Note that this is an (at most) countable ¢4-product; hence My € £4(M).

By Lemma 3.9, it suffices to construct a fibred coarse embedding as a disjoint union from X’ into M. Let
(Mg)x = Mg forallx € X" and s: X' — | |, .y, Mg be s(x) = (y](.')),,]-. For each ng < m < ng,; + R with i® = i,
consider the component Cay(Gn) in X’ associated with these R and i. Set Ry, = [R/2| and construct ¢, R, by

(tg,R;n (X))((Z)r,j) = (Wr,j)r,j

for x € Bg,, (g, Rm) and for (2),; € Mg, where,

o] i dP B w87, () = R, D,
™ Zrj, otherwise.

Then in a similar argument to one in the previous proof for the case where #(0¢cay(Gm)) = 1, we may verify
conditions (1)-(3) in Lemma 3.8; recall also Remark 3.7. Furthermore, we obtain that

(p, w) € CPiY <|_| Cay(Gm)> )

meN
O

Proof of Corollary B. For the case where M = Hilbert, B?”ge or CAT(0)gs,, the assertions immediate follow
from Theorem A; see also arguments in Examples 4.11 and 4.13. For M = L4, Naor and Y. Peres employed
the classification of separable closed subspaces of Lg-spaces and indicated a way to coming back to Lq from
F84(Lyg); see the last assertion of [45, Theorem 9.1] for more details. O
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8 The absorption trick

In this section, we explain the absorption trick, which appeared in the work of Bartholdi and Erschler [7]. We
employ this trick to prove Theorem C.

8.1 Standard (restricted) wreath products

We recall the definition of standard (restricted) wreath products; see also [43, Proposition 2.11]. For two groups
G and H, G H is defined to be (EBh cH G) x H, where H acts by permutation of coordinates by right. Forg € G
and h € H, by g6, we denote the element in (P, _,; G whose h-entry is g and all of the other entries are eg.
We use e for the group unit of @, G. If G = (G; s1,...,s;) and H = (H; t4, ..., t;) are two marked groups,
then we endow G H with the standard (k + I)-marking as follows:

((51591-13 eH)’ (82661-1’ eH)s ceey (Sk(seH, eH)’ (e, tl)a (e5 tz)’ ceey (e’ t[))-

We write the marked group of G ! H with the standard marking above as G : H. Then, for G — Ge and
H, — H.. (respectively in G(k) and §(0)) in the Cayley topology, we have that as min{m, n} — oo,

GniHy % GelHe inGlk+I)
see §2.4. Theorem in [62] or [41, Lemma 4.6] for more detailed explanation. This may be clear to the reader
who is familiar with a relationship between wreath products and random walks.

8.2 The absorption trick

The following lemma enables us to absorb a group into some abelian group by taking the wreath product by
an infinite group. For this reason, we call the idea of it the absorption trick. The original form in the paper of
Bartholdi and Erschler [7] stated it in terms of permutational (restricted) wreath products; here we formulate
it for a simpler case.

Lemma 8.1 (A prototype of the absorption trick; Special case of Lemma 6.13 in Bartholdi—Erschler [7]). Let
G be a finitely generated group and fix (g1, . . ., §) a marking of G. For each j € [k], let C; be the cyclic group of
the same order as of g;; in other words, Cj ~ (g;) holds true. Then, for every infinite and finitely generated group
P, there exists a system of marking (Sm)men of G @ P with fixed size such that

(G1P; Sm) Rt (C1xCyx-+-xCP,

with a suitable marking of the Cayley limit group.

For the sake of completeness, we include (idea of) the proof. See [41, Subsection 5.2] for a more detailed
demonstration for P = Z.

Proof. Fix a marking T = (t1,...,t;) of P. Since P is infinite, for every m ¢ N, there exists ep =
x(l"'), x(z’"), ... ,xi’") € P such that BCayD(P;T)(x](m), m), j € [k], are mutually disjoint. Now, define a system
(Sm)men of markings of G 1 P by

Sm = ((gl‘sBP’ eP)s (g25x(2m)’ eP)’ ceey (gk(sxs(m), eP)s (e’ tl)’ ceey (es tl))s

where e means the group unit of @, G. Let (Sm)1 be the set of the first k elements in the marking Sy. Then
the following holds true: For 1, v, elements in G P of the form 1201, 0 € (Sm)1, T € P, if v1,v2 and y1v, are
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all contained in the ball B(g,p.s, y(ec,p, m) of radius m, then -, and ~, commute. By a similar reasoning to one
in the proof of [43, Lemma 5.1], we conclude that as m — oo,

(G1P;Sm) % (C1xCyx-+-xCP,

with a suitable marking of the Cayley limit group. See [41, the proof of Lemma 5.3] for more details. O

Since the constant sequence of G ! P with a fixed standard marking converge to itself, Lemma 8.1 can
be utilized as a source of producing two systems of different markings of a group that produce Cayley limit
groups of quite different nature. For instance, we have the following.

Lemma 8.2 (A variant of the absorption trick). Let G be a LEF group. Let (Gm)men be a sequence of finite
groups that is obtained from the underlying groups of a LEF approximation of G (with a fixed marking). Then,
there exist two different systems of markings (Sm)m and (Tm)m of (Gm 2 (Z/ MZ)) men., such that the following
two conditions hold true:

¢ The sequence (Gm 1 (Z/ mZ); Sm)men., converges in the Cayley topology to a solvable marked group.
¢ The sequence (Gm ! (Z/mZ); Tm)men., converges in the Cayley topology to G Z with a suitable marking.

We will make use of another variant of the absorption trick in the proof of Theorem C.

Proof. Fix (gy,...,gy) amarking of G. For every m € N3, let (g(lm), cees gE{m)) be the corresponding marking

of G in the LEF approximation. Note that ((Z/mZ; 1)) uen., converges to (Z; 1) in the Cayley topology; here
we can take Ry, = |[(m - 1)/2] as in (*) in Lemma 3.1. For every m € N,3, set

Pt = min{Ry, | SMCYDZ/mZ); 1) |,
4k
Then, limy eo fim = +oo. There exist 0 = x{™, x{, ..., x{™ € Z/mZ such that Beyypzmz;1) (8™, ), j € [K],
are mutually disjoint. Finally, define two systems (Sm)m and (Tm)m of markings of (Gm ¢ (Z/mZ))men,, by
Sm = ((g(lm)(sez/mz, eZ/mZ)’ (g(zm)5x(2m) ’ eZ/mZ)x ey (gim)ﬁxggﬂ), eZ/mZ), (e, 1))a
fm = ((g(lm) sez/mz, eZ/mZ)’ (g(zm)ael/mz’ eZ/mZ): ceey (gg(m)b‘ez/mz, eZ/mZ)» (e, 1)):

where e means the group unit of &, /mz, Gm- (Hence Ty, is the standard marking of Gp, ¢ (Z/mZ).) Then, we
have that

(Gm2(@Z/mZ);Sm) 5 (CLx Cax-+x CNZ,
(Gm Z/mZ); Tm) =% G127,
where for every j € [k], C; is the cyclic group of the same order as for g;. O

Remark 8.3. K. W. Gruenberg [27] showed that a wreath product G: H with an infinite H is never RF unless G is
abelian. Hence, our construction as in Lemma 8.2 may be available only after we extend the framework from
RF approximations to LEF ones. In addition, if G is not abelian, then the Cayley convergence of (Gm ! Pm; Sm)
to the amenable marked group (C; x - - - x C;) ¢ P above is a LEF approximation, but not an RF one. This is
because C; x - -+ x Cy, is abelian while G, for large m is not.

We refer the reader to [41] for a further development on the absorption trick.
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9 Examples

9.1 Special linear groups

Here we discuss coarse properties of X', Y/, V/ and W’ as in Examples 1.5 and 2.1. In our Part I paper [43,
Remark 5.10], we observed that

(Gm; Sm) XN (Z,Fplt) ¥ Z (G Tm) <% SL(Z, Fplt]) % Z,

(Hm; Pm) N2, )22, (Hu; Qm) % SL(Z, Z) x Z,
with respectively suitable markings of the Cayley limit groups. Here for a unital commutative ring A (asso-
ciative), the group SL(Z, A) denotes the union of SL(K, A) = {g € Matg.x(4) : det(g) = 1} over all finite
non-empty sets K C Z (via the natural inclusion SL(K, A) < SL(Z, A)). Similarly, N>(Z, A) denotes the union
of
N»(K, A) = {g € Matg.x(4) : (g);,; = 1foralli € K, (g);; =0foralli>j,i,jeK}

over all finite non-empty sets K C Z. Here > is the standard total order on Z. The actions of Z in the semi-
direct products above are given by the right translation of Z on the coordinate set Z. In the Part I paper [43,
Remark 5.10], we deduced property A for X’ and V' by amenability of the Cayley limit groups Ns(Z, Fp[t]) x Z
and N> (Z, Z) x Z.

Definition 9.1. Let M be a non-empty class of metric spaces. We say that a group G has property (Fy¢) if for
every M € M, every action a: M .~ G by isometries admits a global fixed point.

The following are showed by several researchers.

Theorem 9.2. (1) (V. Lafforgue [34], [35]) For every prime p and for every n € N3, the group SL(n, Fp[t]) has
property (Fg_..).

(2) (Izeki-Nayatani [30]) For every prime p and for every n € N3, the group SL(n, Fp[t]) has property
(Feaz(o.o)-

(3) (de Laat—Mimura—de la Salle [23]) ForeveryE € B p<1/2» there exists Ng € N3 such that foreveryn € Nyy,,
the group SL(n, Z) has property (Fg).

Indeed, (2) is deduced from the following argument: First, we consider a uniform lattice in
SL(n, Fp((t1))). Consider the first strictly positive Laplace eigenvalue A; for the link graph associated to it;
recall the argument above Example 4.14. Then, exactly the same estimate as one for a uniform lattices in
SL(n, Qp) applies. This is because local information is the same for buildings associated with PGL(n, Qp) and
for those associated with PGL(n, F,((¢t™1))). By [30, Section 6, Example 1], the estimate is given as

_._ VP
A =1 R
For every prime p, the estimate above of A, is strictly bigger than 1/2. Then, by [30, Theorem 1.1], every uni-
form lattice in SL(n, F,((t"1))) has property (Fe A7(0),)- Even though SL(n, Fp[t]) is a non-uniform lattice in
SL(n, Fp((t 1)), we obtain the same conclusion as in (2) through L,-induction process; see [5, Section 8].
Item (1) of Theorem 9.2 has been generalized to other higher rank lattices over non-archimedean fields;
see [36].

Remark 9.3. On (2) of Theorem 9.2, with the aid of [30, Proposition 6.3], the following strengthening holds
true: For every prime p and for every n € N,s3, the group SL(n, Fy[t]) has property (F,(), where M =
CAT(0).s(,) and 6(p) is described above Corollary 1.6. The key here is for every 8¢ < 6(p), it holds that

N AN
(1—50)(1—p+1) >§.
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By combining this with the inequality
A, M) 2 (1 - 6(M)AL(T)

as in the argument above Example 4.14, we have that for every M in CAT(0).4(,), the Wang-type non-linear
spectral gap of the link graph with target in M is greater than 1/2. Then, [30, Theorem 1.1] applies and estab-
lishes property (Fy).

Proof of Corollary 1.6. Item (1) follows from the main result [43, Theorem A] of our Part I paper, because the
Cayley limit groups for X’ and V' are both amenable. To show (2), observe that SL(Z, Fp[t]) x Z, N>(Z, Z) x Z,
SL(Z, Z) x Z have infinite asymptotic dimension. Then combine it with Proposition 5.2 and Remark 4.17. Items
(3) and (4) both follow from (i).(1) of Theorem A (and Corollary B) and Theorem 9.2, together with Remark 9.3.
Note that if a group G contains an isomorphic copy of an infinite group with property (F,.), then G fails to be
a-M-menable. O

We make a remark that similar constructions to ones above are available for even numbers m by slight
modification; see the last part of [43, Remark 5.10].

Remark 9.4. The proof of (2) of Theorem 9.2 by Izeki and Nayatani [30] has been generalized to the case of
fixed point properties with respect to r-uniformly convex metric spaces. More precisely, if

v, R) > T

is satisfied for a large enough T = T(r, C) (for instance, T = 1/2 works for several situations), then we may es-
tablish property (Fuewc) for the corresponding group. In this manner, results in [12] may be utilized to demon-

strate certain fixed point properties for groups acting on A,-buildings.

9.2 Three markings one of whose limit is amenable but the others are non-exact

We prove Theorem C. The main ingredient is a remarkable result by Osajda [49] of the existence of a (finitely
generated) RF group that is non-exact. In fact, what we need in our construction is the LEF property. This
property is deduced in a much simpler way than the full argument in [49]: Indeed, it is automatic because
this group is constructed as a limit in the Cayley topology of RF groups, and such groups are always LEF. In
[48] and [3], discussion on the LEF property was not explicitly written. In aforementioned work of Osajda
[49], the construction that satisfies the condition above was given.

Remark 9.5. Osajda pointed out to the authors that although it is implicit in his paper, the resulting group (RF
but non-exact) in [49] is furthermore a-T-menable. To see this, he used a method developed in [48] to transfer
wall structures on the finite presented graphical small cancellation groups in his construction at all finitary
stages to that on the infinitely presented limit group. See also [48] and [3]. We employ this a-T-menability in
our proof of Theorem C.

An outline of our construction as in Theorem C goes as follows: We combine the absorption trick in Sub-
section 8.2 with our examples as in Subsection 9.1 (Example 1.5),

(SL(m, Fpnn); 0™, v 700y 2 N (7, Fy[f]) % Z,

(SL(m, Fpun); 0™, '™,y 10y % 17 7, [6]) % 2,
with respect to suitable markings of the Cayley limit groups. Here recall that the former limit group
N> (Z, Fplt]) x Z is amenable, whereas the latter SL(Z, Fp[t]) x Z contains a copy of SL(3, Fp[t]), which has
property (Fy,) for M = Biypes1 and M = CATI (0)<5(p).

Proof of Theorem C. Let G be the (finitely generated) non-exact RF group constructed in [49], and S =
(g15..-,8)) be a k-marking of G. Take (Gn),cn an RF approximation of (G; S) (in fact, what we need here
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in principle are a non-exact LEF group and a LEF approximation of it; see also [48] and [3]). For every n € N,
write G, = (Gp; g(ln), ceey gg(")). Recall from Remark 9.5 that this G is a-T-menable.

Recall two systems (o™, v™, (M) v = and (o™, ™, v ¢M) . = of markings of
(SL(m, Fprn))men,,, from Example 1.5. Set m = 2n + 3, and rewrite n, and g™ g/m) ym) m) - e
spectively, as I, and oy, 0y, Un, Tn. Hence, we have two markings (on, Un, Tn) and (on, 05, Un, Tn) of
SL(2n + 3, F iy ).

Let Hp,p = Gn ! SL(2n + 3, Iﬁ‘pz,,). Let d = k + 4. Then,

(SN +3,Fp,); On, Un, Tn)  —%  No(Z, Fplt]) » Z,

with the suitable marking of N> (Z, Fp[t]) x Z. For each n € N, take R, € N as in (*) in Lemma 3.1 associated
with the convergence above. Let

diam(CayD(SL(2n + 3,F 1,); On, Un, T
rn=min{Rn,{ (CayDGL( pin)s O U n))J}.

4k

Then limpm—eo rn = +oo. By definition of r,, for each n € N, there exists x(l") = esLeni3E,, ) x(zn), .. ,xg‘) €

SL(2n+3, Fpin ) such that the ry-balls in the Cayley diagram CayD(SL(2n+3, Fpi ); On, Un, Tn) centered at x]("),
j € [k], are mutually disjoint. Finally, for every n € N, set a marking S, of Hn,p as

Sn = ((g(1n)6€s"(2”*3’Fp1n)’ eSL(2n+3,Fp1,, )), (g(zn)(sx(zn) s eSL(2n+3,IFp1" )) ey (g;(")(sxg(n) s eSL(2"+3,Fp1n))’
(ey O'n), (e9 (Un)il): (e9 UY!)! (ey Tn));

where e is the group unit of @SL(2n+3 F o) Gn. (The (e, (04)™!) above is redundant as a marking; this element
Fotn
is added only in order to meet assertion (1) of the theorem.)
(n) (n)

For the other two markings (Tn)» and (Un)n, without employing x7", ..., x;’, we simply set
Ty = ((gﬁ"’5e5LW,Fpln ) €SL@n+3,F ), Pseees (gin)(sesums,l«"p,n ) €SLQn43F ), ))s
(e, on), (e, (0n) ™), (e, un), (e, Tn)),
Un = ((g(l")fSesuMFp,n )2 eSL(2n+3,IFp1" )), cees (gin)aesuua,l«‘p,n )2 eSL(2n+3,IFp1n )))
(e, an), (e, 07), (e, un), (e, Tn)).

Then as n — oo, respectively with suitable markings of the Cayley limit groups, we have the following Cayley
convergences:

Cay

(Hn,p;Sn) — (Cl XCZ X eeoeX Ck)Z(N>(Z, Fp[t]) X Z),
Hup;sTn) <% GL(N-(Z, Fplt]) x 2),
Cay

(Hnp; Un) — GU(SL(Z,Fplt]) x Z),

where Cq, ..., Cy are as in Lemma 8.1. Indeed, the first Cayley convergence follows from a variant of the
absorption trick; compare with Lemmata 8.1 and 8.2. By Theorem 9.2 and Remark 9.3, we confirm (2) and (4);
note that exactness of countable discrete groups passes to subgroups. To see (3), recall Remark 9.5 and the
fact that in a short exact sequence of countable discrete groups,

1 — Gl — G2 — G3 — 1,

G, is a-T-menable if G; is a-T-menable and if G is amenable; see [19, Example 6.1.6]. Assertion (1) is by
construction; observe that (0,)~! and ¢/, are conjugate in SL(2n + 3, Isz,,). It ends our proof. O

9.3 Embedded Banach expanders

In this subsection, we give a definition of embedded Banach expanders.
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Definition 9.6. Let & be a non-empty class of Banach spaces and fix g € [1, o). A sequence of finite con-
nected graphs (I'm) ey Of uniformly bounded degree is said to admit embedded Banach (€, q)-expanders if
there exist a subsequence (mn),cy of (M)m and a sequence of finite connected graphs (Am, )nen such that all
of the following hold true:

e There exists D > 0 such that for each n € N, there exists an injective map tm, : V(Am,) — V(I'm,) between
the vertex sets such that the map tm, : (V(Am,), d Nmy) = (V(Im,), d ['mn) is D-Lipschitz.

e There exists d € N,, such that for every n, each vertex of Am, has degree at most d.

¢ The number #(V(An,)) tends to oo as n — oo.

e (Poincaré-type inequality) For every E € &, there exists Cg > 0 such that the following holds true: For
every n € N and for every map fm, : V(Am,) — E, it holds that

1

Ty o Mm@ -mEm) = Ce | gy 2 Mm@ fm 0l ]

veV(Am,) e=(v,w)€E(Anm,)

where m(fm,)n denotes the mean of fi,:

1
m(fm,) = m Ve% )fm,,(V) (€ E).

The sum on the right-hand side of the inequality above runs over all edges e € E(Am,) in Am,, and for
each e ¢ E(Am,), by writing e = (v, w) we express that e connects the vertices v and w.

We say that (I'm)men is a family of Banach (€, q)-expanders if we can take m, = m and Am, = I'm (that also
means that tm = idy, ) for every n € N.

The concept of ordinary expanders is one with (€, q) = (Hilbert, 2). It is known from work of Q. Cheng
[18] that the condition of being Banach (€, g)-expanders does not depend on the choice of the exponent
q < [1, o0). Also, the Poincaré-type inequality above naturally relates to (unweighted and non-normalized
version of) Wang-type non-linear spectral gaps; see Example 4.14. Here we use the mean of f, instead of the
r-barycenter, thanks to the linear structure of the Banach space E.

The following is a variant of the well-known fact asserting that expanders do not admit a coarse embed-
ding into a Hilbert space. For the sake of completeness, we provide a proof; compare with the proof of [47,
Theorem 5.6.5].

Proposition 9.7. Let & be a non-empty class of Banach spaces and let q¢ € [1, o). If a sequence of finite
connected graphs (I'm)men of uniformly bounded degree admits embedded Banach (€, q)-expanders (Am,)nens
then for the disjoint union | |,,.(I'm, dr,,) does not admit a coarse embedding into .

In particular, if (Tm)men admits embedded (ordinary) expanders, then | |,,.(I'm, dr,,) does not admit a
coarse embedding into a Hilbert space.

Proof. Suppose that there exists a coarse embedding f: | |,,.(I'm, dr,,) — E with control pair (p, w). Then
for every n € N and for every v, w € V(An,) adjacent in Ap,, it holds that ||f(¢(v)) — f(t(w))|| ¢ w(D). By the
Poincaré-type inequality in the conditions above, we therefore have that

Ty 2 Mm@ = m o mlyia, I = Ced - (D).
veV(Am,)

Since the right-hand side of the inequality above is independent of n, the images f(im,(V(Am,))) must be
concentrated around its mean m((f o tm, )|y Amn))' It contradicts the properness of p as n — oo, because tm, is
injective, #(V(Am,)) — oo, and (I'm)m is of uniformly bounded degree. O

The proof above works for a more general setting of graphs that admit weakly embedded expanders; see
[4].
The following is deduced from [39, Theorem A]; compare with [44, Theorem 1.10] and [51, Appendix Al.
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Proposition 9.8. Let F be a Banach space and let q € [1,o0). Let E be a Banach space that is sphere
equivalent to F, namely, there exists a bijection @: S(F) — S(E) between unit spheres such that @ and ®~!
are both uniformly continuous. If a sequence of finite connected graphs (I'm)men admits embedded Banach
(F, q)-expanders, then it admits embedded Banach (E, q)-expanders.

Recall that [30, Proposition 6.3] shows the following inequality for (Wang-type) non-linear sepctral gaps:
For M € CAT(0) and for every weighted finite connected graph I,

A, M) = (1 - (M)A (D).

From this, the following may be showed in a similar manner to one in the proof of Proposition 9.7.

Proposition 9.9. If a sequence of finite connected graphs of uniformly bounded degree (I'm)mcn admits em-
bedded expanders, then | |,, enIm does not admit a coarse embedding into CAT(0);.

Mendel and Naor [38] constructed a complete CAT(0) space M and a sequence of graphs (I'm)m such that
(I'm)m forms an expander family with respect to M, but that expanders coming from random graphs are not
expanders with respect to M. This M must have the Izeki—Nayatani invariant 1.

9.4 Uniformity is not automatic for a-V-menability

For a non-empty class of metric spaces, we say that a non-empty set K C G(k) is pointwise a-M-menable if
every G € K is a-M-menable. Concerning amenability and property (T), uniformity is automatic for Cayley-
compact subsets, namely, the pointwise property automatically implies the uniform one; see [43, Proposi-
tion 3.4] and [42, Proposition 5.1]. In contrast, concerning a-M-menablity, uniformity is not automatic, as the
example below indicates.

Example 9.10. The classical ping-pong argument shows that F» = (Go; ( (1) i ) , ( ; (1) ) as marked

groups, where Go(~ F,) is the group generated by these two elements. For each odd prime p, consider the
mod p reduction. Then Gy maps onto SL(2, Fp) and

1 2 1 0 Cay
L2, Fp); F
(SL(2, p),< 0 1 ) modp,( 5 1 ) modp) — Fa,

as p — oo. We write the marked group in the left-hand side as Gp. Then K = {Gp, : p odd prime.} U {F,} isa
compact subset in G(2). This set K is pointwise a-T-menable, but not uniformly a-T-menable. Indeed, for the
latter assertion, by work of A. Selberg [56], it follows that (Cay(Gp))p forms an expander family; see also [37].
By Proposition 9.7, there does not exist a common pair (p, w) that serves as a control pair of all of the Gp, p
odd primes.

In this example, the obstruction to uniformity is the coarse non-embeddability, not the equivariant one of
the sequence. Hence, we are able to utilize this observation to prove Proposition 1.8 in the following manner.

Proof of Proposition 1.8. By the way of contradiction. Assume that | |, .y I'm does not admit a coarse em-
bedding into M. Choose an element A in the rooted graph boundary 0,(An),en; recall the definition from
Remark 5.3. Then, for every m € N, the subsequence (I'm x An)pen, With changing roots, has I'm x A« as an
accumulation point in the space of rooted graphs. Hence by Proposition 5.4, in particular, (I'm x Aeo) mecn, must
admit equi-coarse embeddings into M. This contradicts coarse non-embeddability of | |,y I'm into M. [

9.5 Upper triangular products

We saw in the previous subsection that by taking the disjoint union | |, , en(I'm x An), we can embed a copy
of each I'm and Ay (as an isometrically embedded subgraph) in the rooted graph boundary. In what follows,
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we slightly modify this construction and call the resulting object the upper triangular product. We exhibit it
in the context of the space of marked groups.

Let (Gm)men C (k1) and (Hn)nen C G(ky). For each G = (G; s1,...,5k,)and G = (H; t1, ..., ty,), define
the direct product marked group G x H by

GxH=(GxH;(s1,en),...,(sk,en) (g t1), ..., (eg, tr,))(€ G(k1 + k2)).
Definition 9.11. The upper triangular product of | |, Cay(Gm) and | |, Cay(Hy) is defined by

| ] Cay(Gm x Hy)

(m,n)eNxN,msn

equipped with the total order given by comparison firstly on n and secondly on m on the index set {(m, n)};
namely, (0,0) < (0,1) <(1,1) <(0,2) <(1,2) < (2,2)<(0,3) < -+-.If (Gm)m and (Hn), are indexed by sets
that are respectively order isomorphic to (N, >), then we modify the order accordingly.

We write the sequence (G, x Hn)(m’ n)EN2, men il S(kq +k,), with the enumeration with respect to the order
above, identified with that by I € N, as (Gmn)m v (Hn)n.

Note that for the upper triangular product,

aCay((Gm)m v (Hn)n) = ( U (Gm x aCay(Hn)rl)) U ( U (G x aCay(Hn)n)>

mEN GmeaCav(Gm)m

In this way, we can embed (isomorphic and isometric copies of) (Gm)m in the Cayley boundary (as subgroups
of respectively suitable Cayley boundary groups).

Proof of Theorem 1.9. Take the sequence of marked groups (Gp), over odd primes p as in Example 9.10, and
construct the upper triangular product (Hp);en = (Gp)p v (Gp)p. Set I'; as Cay(H;). Since (Cay(Gp))p forms
an expander family, so does (I}),cn. The Cayley boundary of that sequence contains an isometric copy of
(Cay(Gp))p; hence by Proposition 5.2 together with Propositions 9.7, 9.8 and 9.9, we confirm the second as-
sertion. To see the third assertion, G. A. Margulis showed that there exists ¢ > 0 such that for all odd prime
b,

girth(Cay(Gp)) = c - diam(Cay(Gp))

holds, where the girth of a connected graph is the length of shortest cycle; see [20, Appendix A]. For such a
sequence of finite graphs (Cay(Gp))p, T. Kondo [32] constructed a complete CAT(0) space My = Mo ((Cay(Gp))p)
such that the disjoint union |_|p Cay(Gp) embeds biLipschitzly into My. Therefore, the disjoint union of (),
admits a biLipschitz embedding into M = (Mo x Mo)y, . O

9.6 Embedded expanders from fixed point property, and exotic examples from
symmetric groups

Here we prove Theorem D. First we prove the following proposition, which may be of its own interest. It may
be regarded as a generalization of [42, Corollary 1.2] of our Part III paper.

Proposition 9.12. Let (G = (Gm; s(l”’), cees sE{’")))meN be a Cayley convergent sequence consisting of finite
marked groups and G = (G; sy, . .., ;) be the limit. Let & be a non-empty class of Banach spaces that satisfies
both of the following two conditions:

(1) There exists q € [1, oo) such that for every E € &, it holds that ¢4(N, E) € €.
(2) The class & can be written as a union of subclasses

e=Jex
A
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such that each such subclass & satisfies the following: For every (Em)men With Em € &, for every m, there
exists a non-principal ultrafilter U over N such that limy (Em, 0) € &,.

Assume that G contains an infinite subgroup H with property (F¢). Then the sequence of Cayley graphs
(Cay(Gm))men admits embedded Banach (&, q)-expanders.

By combining this with Proposition 9.7, we deduce that the disjoint union | |, Cay(Gm)) of such a se-
quence does not admit a coarse embedding into £.
To prove Proposition 9.12, we employ the following three results.

Lemma 9.13. Assume that a non-empty class of Banach spaces & satisfies condition (1) as in Proposition 9.12.
Then, if a countable discrete group H satisfies property (F¢), then H is finitely generated.

Proof. Generalize the proof of [9, Proposition 2.4.1 and Corollary 2.4.2]. O

Proposition 9.14. Assume that a non-empty class of Banach spaces & satisfies condition (1) as in Proposi-
tion 9.12. Let H = (H; T) be an infinite marked group such that H has property (F¢). Let (Hn = (Hn; Tn))nen be
a sequence of finite marked group quotients (recall the definition from Definition 3.2) such that limn—,.. #(Hp) =
oo,

Then, the sequence (Cay(Hn))ncn forms a family of Banach (€, q)-expanders.

Proof. By [5, 3.a], H has property (T¢) in the sense of Bader—Furman—Gelander-Monod. For each E < €.
in particular, H has property (TZq(N, g))- This implies that the (1)-type constant associated with (H, £4(N, E)),
defined in our Part I paper [43, Definition 6.6.(2)], is strictly positive. Then, in a similar argument to one in
the proof of [43, Lemma 6.8] (by replacing the square sums there with g-sums), we deduce that (Cay(Hn))en
satisfies the Poincaré-type inequality as in Definition 9.6. By construction, degrees are bounded by 2k, and
(00 >)#(Hp) — oo. O

Proposition 9.15. Assume that a non-empty class of Banach spaces & satisfies condition (2) as in Proposi-
tion 9.12 with &, = &. Let H = (H; T) be an infinite marked group such that H has property (F¢). Then there
exists a finitely presented marked group H such that it has property (F¢) and there exists a marked quotient
map H — H.

Proof. This follows from a well-known Gromov-Schoen argument; see the survey [58] of Stalder. More pre-
cisely, [58, Theorem 1.5] implies that the subset of all marked groups in G(k) with property (F¢) forms an open
subset in the Cayley topology. Here k = #(T). If H itself is finitely presented, then we are done. Otherwise,
there exists a Cayley convergent sequence (Hy)men to H

Ca
=

Ho=F, >H; »H, » -+ > Hp — - H

consisting of finitely presented marked groups, constructed by putting relations of H one by one. By the open-
ness property above, there must exist m € N such that Hy, has property (F¢). This Hy, is a desired H. O

On Proposition 9.15, the case where & = FHilbert was proved by Shalom [57]; see also [33]. In this case,
property (Fqgimert) (for countable discrete groups) is equivalent to the celebrated property (T) of D. Kazhdan;
see [9] on property (T), including this equivalence (the Delorme-Guichardet theorem).

Proof of Proposition 9.12. By Lemma 9.13, H is finitely generated. Fix a finite generating set T = (t1, ..., t;) of
H.Then, each t;, j € [I], may be written as a product of elements in S = (s1, . .., s;); fix such an expressions
foreachj < [l]. Foreachm € N, t}(.m), j € [1], be the element in G, constructed by replacing s; with sl(.’") in that
expression for all i € [k]. Let Hn(< Gm) be the group generated by these t(lm), ey t;(m). Then for every m € N,
Hp, is finite, and

Hu; 6, ..., ™) 20 g,
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Now fix E € &. Then by condition (1) and (2), there exists a subclass &, as in (2) of € that contains ¢4(N, E). We
apply Proposition 9.15 to &, and take finitely presented marked lift H of H with property (F¢ ). Then by finite
presentation of H, the set of all marked group quotients of H is an open neighborhood of H; recall Remark 3.3.
In particular, the sequence ((Hm; t(l”’), cees tSj”)))m eventually consists of marked group quotient of H. There-
fore, Proposition 9.14 applies and (Am)m = (Cay(Hm; t(lm), cees ti’")))m forms a Banach (E, q)-expander family.
(Strictly speaking, for small m, the marked group might not be a marked group quotients of H. However, since
these are only finitely many, they do not affect the Banach (E, g)-expander property.) Because this holds for
each E € &, (Am)m forms a Banach (&, g)-expander family.

Finally we go back to the original graphs (I'm)men = (Cay(Gm))men- First, the vertex set V(Am) = Hm
injects into V(I'm) = Gm via tm: Hn < Gm (as a subgroup Hn < Gm). Moreover, by construction of
(t(lm), cees tgm)), there exists D > O such that for every m € N, the map (Am, ds,) — (I'm, dr, ) induced by
tm is D-Lipschitz. This ends our proof. O

Before proceeding to the proof of Theorem D, we state the following lemma, which enables us to encode
information of a Cayley convergence into symmetric groups. Here, for a non-empty set B, denote by Sym(B)
the full symmetric group, and by Sym. (B) the symmetric group with finite support, namely, the group of all
permutations on B that fix all but finitely many elements in B. For [ € N, 1, we abbereviate Sym([I]) as Sym(l).

Lemma 9.16 (Encoding into symmetric groups). Let k € N,1. Let (Gm)men = (Gm; 5(1’"), - Sg")))m be a LEF
approximation of an infinite group Geo = (Goo; s(1°°), ceey s§<°°)). Assume that for every m € NU{eo} and for every
j € [k, it holds that s](.'") # €G-

Then we have the following Cayley convergence in G(2k):

(SYm(Gm);Xs(lm), e X 93<1m>, cees 935(»0)

Cay
— (SYII]<N0(G°<>) X Goo;Xs(m), e ,XS(N), Gs(m), ey GS(N)).
1 k 1 k

Here, Goo acts on Sym.y, (G) as permutations induced by right multiplication; for a countable group G
and for v € G\ {eg}, we define elements x € Sym_y (G) and 6 € Sym(G) by

Xy = (thetranspositionon {eg,~}),
6,

(the permutation on G given by the right-multiplication of ).

For the proof, see [41, the proof of Lemma 4.9].

Proof of Theorem D. We take two sequences of marked groups ((Gm; Sm))men,, and ((Gm; Tm))men,,, @s in
Example 1.5. More precisely, Gm = SL(m, Fpmn), Sm = (o™, pm M) and Ty = ('™, o/ ym) M)y 1t
(Hn)nen., = (Z/nZ; 1))n. Then, take upper triangular products

(Il)leN = ((Gm;Sm))m v Hn)n in G(4),
(Jl)leN = ((Gm; Tm)Im \V4 (Hn)n  in G(5).

By construction, concerning Cayley boundaries, we have that

OcayI); = {(Gm; o™, pm My m e Nogq} x Z
U {(N>(Z, Fplt]) x Z; 6, v, 7)) x 73,
aCaY(Il)l = {(Gm; G(m)r a/(m)’ U(m)a T(m)) tmc Nodd} xZ

U {(SL(Z, Fp[t]) x Z; 0, ¢’®), ), 1)) x 73,

for some markings (6©, v, 7)) and (¢, ¢/, v™, 1(>)). Here Z = (Z; 1).

Note that for each I € N, the underlying groups of I; and J; are the same; we write it as K;. The marking
of I, is of the form (b(ll), b(zl), bgl), ¢?) and the one of J; is of the form (b(ll), b’l(l), b(zl), bg), c). Here by, b, b,
b5 are associated, respectively, with ¢, ¢’, v, 7, and ¢ corresponds to the generator 1 of Hy.
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Finally, we employ the encoding into symmetric groups as in Lemma 9.16. More precisely, consider two
systems of markings (£7);cy and (Q);cy of (Sym(K))),cn by

[1)

1 = (Xbl(z),Xb2(1>,Xb3<1),XC<z), eblu), 9;,2(1), 9b3(1>, 0.0),
Q = (Xbl(n,sz(z),)(b3(n,)(c(n, 91;1(0’ 91,2(1), 9[73“)’ 0.0, eb;“))'

In what follows, we will verify the assertions as in Theorem D. Item (1) is by construction. To see (2), all
underlying groups appearing in d¢,y(I7); are

Sym_y, (Gm x Z) x (Gm x Z), m € Nogq, and  Sym_y, (Geo) % (Geo),

where Goo = (N>(Z, Fp[t]) x Z) x Z. Since all of them are amenable, [43, Theorem A] implies that the disjoint
union | |, Cay(I;) has property A.

Finally, we deal with (3). In a similar argument to one above, we see that the Cayley boundary dcay(J;);
contains an isomorphic and isometric copies of ((Gm; Tm))men,,, (s subgroups of respectively suitable Cayley
boundary groups). Now recall that

GCmsTm) &% SLZ, Fplt]) x Z
with respect to a suitable marking of the limit, and that the Cayley limit group contains SL(3, Fp[t]), which
has property (F3 et ). Note that the class Biype-1 fulfills the two conditions in Proposition 9.12. Indeed, to see
(2), decompose as
Btype>1 = U 'Btzge.
re(1,2], €>0

Hence by Proposition 9.12, we conclude that (Cay(Gm; Tm))men,,, admits embedded Banach (Bypes>1, 2)-
expanders. This with Propositions 9.7, 9.8 and 9.9 imply that dc.y(J;); does not admit equi-coarse embeddings
into M, where M is either of the two classes as in the assertion of (3). Thus by Proposition 5.2 we complete
the proof. Here for every | € N, we set k; = #(K;) and identify Sym(k;) with Sym(K;). O

Remark 9.17. In this specific example above, we do not need to appeal to Proposition 9.15 to obtain a finitely
presented lift with property (Fg, ., ). Indeed, it follows from work of H. Behr [8] that SL(n, Fpr[t]) is finitely
presented for every prime p and for every r € N,;, provided that n = 4. Thus the Cayley limit group
SL(Z, Fp[t]) x Z of our concern in the example above contains a copy of a finitely presented group SL(4, Fp[t])
with property (Fg, ., ) as a subgroup.

We make a final remark, which is similar to one in the Part I paper [43]: The construction above is ‘semi-
explicit’ because in general, there is an issue to have an explicit generator of ., . To obtain a fully explicit
construction, replace coefficient rings (Fpm)m with explicit other quotient rings of Fp[t]; for instance take

(Fpltl/(t" - t))m, and replace (tn,, € Fprn)m with (t € Fp[t]/(t" - O))m.
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