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Edouard et Marie-Louise, pour leurs filets d’agneau et riz du samedi, mais aussi leurs encouragements
lors de mes études.

Enfin durant ces études, j’ai accidentellement rencontré un petit soleil qui a illuminé ma vie. Ce soleil
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chaque difficulté et passage stressant, pour ensuite les évaporer par sa plussoyance. Merci à Sabrina
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Abstract

During the last twenty years, Random matrix theory (RMT) has produced numerous results that allow
a better understanding of large random matrices. These advances have enabled interesting applica-
tions in the domain of communication. Although this theory can contribute to many other domains
such as brain imaging or genetic research, its has been rarely applied.
The main barrier to the adoption of RMT may be the lack of concrete statistical results from prob-
abilistic Random matrix theory. Indeed, direct generalisation of classical multivariate theory to high
dimensional assumptions is often difficult and the proposed procedures often assume strong hypothe-
ses on the data matrix such as normality or overly restrictive independence conditions on the data.

This thesis proposes a statistical procedure for testing the equality of two independent estimated co-
variance matrices when the number of potentially dependent data vectors is large and proportional to
the size of the vectors corresponding to the number of observed variables.
Although the existing theory builds a very good intuition of the behaviour of these matrices, it does
not provide enough results to build a satisfactory test for both the power and the robustness.
Hence, inspired by spike models, we define the residual spikes and prove many theorems describing the
behaviour of many statistics using eigenvectors and eigenvalues in very general cases. For example in
the two central theorems of this thesis, the Invariant Angle Theorem and the Invariant Dot Product
Theorem.

Using numerous generalisations of the theory, this thesis finally proposes a description of the behaviour
of a statistic under a null hypothesis. This statistic allows the user to test the equality of two popu-
lations, but also other null hypotheses such as the independence of two sets of variables.
Finally, the robustness of the procedure is demonstrated for different classes of models and criteria for
evaluating robustness are proposed to the reader.

Therefore, the major contribution of this thesis is to propose a methodology both easy to apply and
having good properties. Secondly, a large number of theoretical results are demonstrated and could
be easily used to build other applications.

Keywords: Dependent data, eigenvalue, eigenvector, equality test of two covariance matrices, high
dimension, random matrix theory, residual spike, spike model.
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Résumé

Ces vingt dernières années, la théorie des matrices aléatoires (RMT) a produit de nombreux résultats
permettant une meilleure compréhension de grandes matrices aléatoires. Ces avancées ont permis des
applications intéressantes dans le domaine de la communication. Bien que cette théorie puisse con-
tribuer à beaucoup d’autres domaines comme en imagerie cérébrale ou dans la recherche en génétique,
son application est restée très modérée.
La raison principale de cette difficulté à s’implanter pourrait être le manque de résultats statistiques
concrets qui s’inspirent de la théorie probabiliste des matrices aléatoires. En effet la généralisation
directe en haute dimension des résultats de statistiques multivariées classiques s’avère souvent difficile
et les procédures créées supposent de fortes hypothèses sur la matrices de données comme la normalité
des entrées ou des indépendances exigeantes.

Cette thèse propose une procédure statistique pour tester l’égalité entre deux matrices de covariances
estimées indépendantes quand les données sont de dimension large et que le nombre de données, po-
tentiellement dépendantes, est proportionnel au nombre de variables observées.
Bien que la théorie crée une très bonne intuition du comportement de ces matrices, elle ne procure
cependant pas suffisamment de résultats pour construire un test satisfaisant aussi bien au niveau de
sa puissance que de sa robustesse.
De ce fait, en s’inspirant des modèles spikes, nous définissons les spikes résiduels et démontrons
plusieurs théorèmes étudiant différentes statistiques construites à partir de vecteurs propres et de
valeurs propres dans des cas très généraux. Citons par exemple les deux théorèmes centraux de cette
thèse, le Théorème de l’angle invariant et le Théorème du produit scalaire invariant.

Basé sur de nombreuses généralisations de la théorie, cette thèse propose finalement une description
du comportement d’une statistique sous une hypothèse nulle. L’utilisateur pourra alors tester l’égalité
entre deux populations, mais aussi d’autres hypothèses telles que l’indépendance entre deux jeux de
variables.
Finalement, la robustesse de la méthode est démontrée dans différentes classes de modèles et des
critères évaluant la robustesse sont proposés à l’utilisateur.

Ainsi cette thèse propose principalement une méthode facile à utiliser et ayant de bonnes propriétés.
Dans un second temps, un grand nombre de résultats théoriques sont démontrés et leur utilisation
pourrait facilement être détournée pour construire d’autres applications.

Mots clés: Données dépendantes, haute dimension,modèle spike, test d’égalité sur des matrices de
covariances, théorie des matrices aléatoires, spike résiduel, valeur propre, vecteur propre.
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1 Introduction to Random matrix theory 1

1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Independent case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Prerequisite tools . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Deformed Marcenko-Pastur distribution . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5 Spiked model under the Marcenko-Pastur spectrum . . . . . . . . . . . . . . . . . . . . 7

1.6 Spiked model under the deformed Marcenko-Pastur spectrum . . . . . . . . . . . . . . 10

1.7 Linear spectral statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.8 Statistical issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.8.1 Spike model detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.8.2 Extended Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.8.3 Difference between two random matrices . . . . . . . . . . . . . . . . . . . . . . 14

1.9 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Introduction to residual spikes and our model 17

2.1 Residual spike in a particular case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1.1 The matrices and their estimators . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1.2 Introduction of the residual spike . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 Introduction of the model, the test and the hypothesis . . . . . . . . . . . . . . . . . . 20

2.2.1 Introduction of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.2 Introduction of the procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2.3 The test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.4 Assumptions on θ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 The Main Theorem 25

3.1 Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1.1 Discussion and simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4 Data, robustness and application 37

4.1 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.1.1 Ideal data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.1.2 Spatial-temporal correlation and fluctuation . . . . . . . . . . . . . . . . . . . . 39

4.1.3 Introduction of a particular model . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.2 Robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.2.1 Definition of robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.2.2 Introduction to different classes . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

vii



viii CONTENTS

4.2.3 Uncertainties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.2.5 Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.3 Power . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.4 Application of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.4.1 Spectrum estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.4.2 Standardisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4.3 Temporal perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.4.4 The problem of selecting the number of components . . . . . . . . . . . . . . . 63

4.4.5 Other applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5 Theorems 69

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2 Convergence of eigenvalue, angle and double angle . . . . . . . . . . . . . . . . . . . . 72

5.3 Asymptotic distribution of the eigenvalue and the angle . . . . . . . . . . . . . . . . . 74

5.4 Invariant Eigenvalue Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.5 Invariant Angle Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.6 Asymptotic distribution of the dot product . . . . . . . . . . . . . . . . . . . . . . . . 79

5.7 Invariant Dot Product Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.8 Component Distribution Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.9 Invariant Component Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.10 Invariant Double Angle Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.11 Tool Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.11.1 Characterization of eigenstructure . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.11.2 Unit invariant vector statistic . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.11.3 Double dot product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6 List of lemmas 91

6.1 Lemmas for Invariant Dot Product Theorem . . . . . . . . . . . . . . . . . . . . . . . . 91

6.2 Lemmas for the Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6.3 Lemmas for robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

7 Proofs 97

7.1 Proofs of the main theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

7.1.1 Unit invariant vector statistic . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

7.1.2 Convergence and general characterization . . . . . . . . . . . . . . . . . . . . . 102

7.1.3 Asymptotic distribution of the eigenvalue and angle . . . . . . . . . . . . . . . 107

7.1.4 Induction proof of Invariant Theorems . . . . . . . . . . . . . . . . . . . . . . . 114

7.1.5 Dot Product Theorem and its Invariant . . . . . . . . . . . . . . . . . . . . . . 137

7.1.6 Invariant Double Angle Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 155

7.1.7 Double dot product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

7.2 Proof of the Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

7.2.1 Sketch of the proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

7.2.2 Prerequisite Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

7.2.3 Residual spike for perturbations of order 1 . . . . . . . . . . . . . . . . . . . . . 180

7.2.4 Decomposition of the difference matrix . . . . . . . . . . . . . . . . . . . . . . . 180

7.2.5 Pseudo invariant residual spike . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

7.2.6 Pseudo residual eigenvectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

7.2.7 Dimension reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

7.2.8 Elements of H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

7.2.9 Normality discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190



CONTENTS ix

7.3 Proof of the robust theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
7.3.1 Preliminary proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
7.3.2 Proof of Model A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
7.3.3 Proof of Model B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
7.3.4 Proof of Model C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
7.3.5 Proof of Model D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
7.3.6 Proof of Power . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

7.4 Application proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
7.4.1 Spectrum estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

8 Simulations 215
8.1 Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

8.1.1 Blue and orange estimations of the residual spike . . . . . . . . . . . . . . . . . 218
8.2 Robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

8.2.1 Small perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
8.3 Estimation of the spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222
8.4 Estimation of k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224
8.5 Criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224
8.6 An application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

8.6.1 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
8.6.2 Method 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

8.7 Temporal algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229
8.8 Confirmation by simulation of some important theorems . . . . . . . . . . . . . . . . . 230

8.8.1 Invariant Double Angle Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 230
8.8.2 Invariant Dot Product Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 231

9 Conclusion 233
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237





Chapter 1

Introduction to Random matrix theory

In this chapter we introduce the main results of Random matrix theory (RMT) and then focus on the
problem of comparing two random matrices in order to decide whether they really differ. Our results
will be useful when comparing two large estimated covariance matrices.
As we will see, RMT provides many strong theoretical results but has only a few applications to date.
Although this thesis does not use all the results of this chapter, they provide important context for
our subsequent results.

1.1 Notation

Let X1, ..., Xn be centred i.i.d random vectors of size m and covariance Σm. We study the estimated
covariance matrix of these vectors

Σ̂ = Σ̂(m,n) =
1

n

n∑
i=1

XiX
t
i =

1

n
XXt,

where X = (X1, ..., Xn) is an m× n random matrix with columns Xi.
RMT concerns this random matrix; or more precisely its eigenvalues and eigenvectors when both n
and m tend to infinity. When m is finite and n tends to infinity the behaviour of the random matrix
is well known and presented in the books of Mardia, Kent, and Bibby [1979], Muirhead [2005] and
Anderson [2003] (or its original version Anderson [1958]).
When both m and n tend to infinity in such a way that m/n→ c, the behaviour is more complex, but
many results of interest are known. Anderson, Guionnet, and Zeitouni [2009], Tao [2012] and more
recently Bose [2018] contain comprehensive introductions to RMT and Bai and Silverstein [2010] covers
the case of empirical (estimated) covariance matrices. Before introducing the results we present some
concepts and notations.

Definition 1.1.1.
Let Am ∈ Rm×m be a matrix with eigenvalues λ1, λ2, ..., λm ∈ [ãm, b̃m] ⊂ R.

1. The cumulative spectrum of Am, FAm , is defined on R as

FAm(λ) =
1

m

m∑
i=1

1{λi6λ}.

2. Suppose that A1, A2, A3, ... is a sequence of matrices with cumulative spectrum, FA1 , FA2 , FA3 , ....
If the sequence of the cumulative spectra converges weakly in probability to a bounded cumula-
tive function, FA(λ), on [ã, b̃] ⊂ R,

FAm → FA,

then we call FA the asymptotic cumulative spectrum.
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3. If FA is differentiable, then we define the spectral asymptotic density

fA(λ) = F ′A(λ).

Notation 1.1.1.

1. The ratio of m and n is denoted cm = m/n and tends to c ∈ ]0,+∞[.

2. We will often use Σ instead of Σm if it is clear from the context what is meant. Note that
Σm ∈ Rm×m. We define FΣm(λ) to be the spectrum of Σm and FΣ(λ) to be the limit of FΣm(λ).

3. The empirical covariance matrix is then Σ̂(m,n) = Σ̂m and its spectrum is FΣ̂(m,n)
(x) which tends

to FΣ̂(x). Thus, F ′
Σ̂

(x) = fΣ̂(x) is the density corresponding to the limit of the empirical spectral
distribution.

4. For i = 1, 2, ...,m, λi (A) denotes the ith largest eigenvalue of the square matrix A ∈ Rm×m.

5. We will denote by λΣm,i and uΣm,i (i = 1, 2, ...,m) the eigenvalues and eigenvectors of non-
random Σm. When no confusion is possible we use the simpler notation, λi and ui.

6. The empirical eigenvalues and eigenvectors of Σ̂ are λ̂Σ̂,i and ûΣ̂,i and depend of course on n and

m. When no confusion is possible we use the simpler notation, λ̂i and ûi.

7. If a random matrix X ∈ Rm×n is not symmetric, λ̂X,i and ûX,i denote the ith eigenvalues and
eigenvectors of 1

nXXt.

8. We use σ2 for Trace(Σ)
m . We will often standardise Σ by σ2 and still call the resulting matrix Σ.

9. We denote by Σ1/2 the positive definite matrix in Rm×m such that Σ1/2Σ1/2 = Σ ∈ Rm×m.

1.2 Independent case

In this section we assume X = (X1, X2, ..., Xn) is a real random matrix of size m × n such that for
i = 1, 2, ...,m and j = 1, 2, ..., n,

Xi,j are independent,

E [Xi,j ] = 0,

Var (Xi,j) = σ2.

Many interesting results are known for this scenario, in particular:

1. the behaviour of the asymptotic empirical spectrum,

2. the asymptotic distribution of the largest empirical eigenvalue,

3. the behaviour of the empirical eigenvectors.

1. Spectrum: The most famous result of RMT gives the limiting density of the spectrum of Σ̂.

Result 1.2.1. (Marcenko-Pastur)
The spectral density of Σ̂(m,n) = 1

nXXt converges to a Marcenko-Pastur form,

fMP(x) =

(
1− 1

c

)+

δ0(x) +

√
(b− x)(x− a)

2πσ2xc
1[a,b](x),

where lim
m,n→∞

m
n = c ∈ ]0,∞[, a = σ2

(
(1−

√
c)

+
)2

, b = σ2(1 +
√
c)2, δ0 is the Dirac function at 0 and

(x)+ =

{
x if x > 0,

0 if x < 0.
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The Dirac function in 0 is necessary in the degenerate case when m > n or c > 1.
In Figure 1.1 we see an example of Marcenko-Pastur density. The empirical spectrum is asymptotically
a bulk on the interval [a, b] drawn in red in the figure.
This result was proven by Marchenko and Pastur [1967].
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Figure 1.1 – Density of Marcenko-Pastur compared with the histogram of the eigenvalues of simulated
random matrix when σ2 = 1.

2. Largest empirical eigenvalue: The second result focuses on the largest eigenvalue of Σ̂(m,n)

and provides its asymptotic distribution.

Result 1.2.2. (Tracy-Widom)
If all entries Xi,j are such that enough moments exist and their support is always strictly more than
two points, then the largest eigenvalue of the random matrix Σ̂(m,n) = 1

nXXt asymptotically follows a
Tracy-Widom (TW) distribution,

n2/3

Θm

(
λmax

(
Σ̂(m,n)

)
− σ2(1 +

√
c)2
)

D−→
n,m→∞

TW,

where lim
m,n→∞

m
n = c ∈ ]0,∞[ and Θm = σ2(1 +

√
c)
(

1√
c

+ 1
)1/3

.

Figure 1.2 shows the link between Marcenko-Pastur and Tracy-Widom.
This result was shown by Pillai and Yin [2014]. The additional moment condition is discussed by Wang
[2012] following Theorem 2.2. Moreover, this last paper extends the result to the smallest eigenvalue
when c < 1. An interesting extension of this result to correlation matrices is provided by Pillai and
Yin [2012]. The original result was introduced by Johnstone [2001] for Gaussian entries.

3. Eigenvectors: The last result of this section helps us to understand the behaviour of the empirical
eigenvectors in the independent case.

Result 1.2.3. (Eigenvector)
The eigenvectors û1, û2, ..., ûm of Σ̂(m,n) = 1

nXXt are uniformly distributed.
Assuming lim

m,n→∞
m
n = c ∈ ]0,∞[, then for a deterministic unit vector w = (w1, w2, ..., wm) we have

∀s, 〈w, ûs〉2 =
1

m

m∑
i=1

w2
i Θ (w, s) and Θ (w, s)

D−→
n,m→∞

χ2
1,

〈w, ûs〉2
P−→

n,m→∞
0.

Moreover, if the columns of X are spherical, then (û1, û2, ..., ûm) follows the unit invariant Haar
distribution.
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Figure 1.2 – a: Density of Tracy-Widom. b: Density of Marcenko-Pastur with σ2 = 1 and non-scaled
density of the maximal eigenvalue.

These results mean that an estimated eigenvector ûi carries asymptotically no information. This
conclusion is not surprising because the eigenvectors ui of Σm = σ2Im are not uniquely determined.
These results and many others are proved in Bloemendal, Knowles, Yau, and Yin [2016]. The result
for spherical entries is proved in Muirhead [2005].

1.3 Prerequisite tools

The assumption Σm = Im can be generalized to more complicated structures and is investigated in
the next section. We next define some useful mathematical tools.

First we define the Stieltjes transform and its inverse.

Definition 1.3.1. (Stieltjes transform)
Assume F is a measure supported on [a, b] ∈ R. The Stieltjes transform of the measure F evaluated
in z ∈ C \ [a, b] is defined as

mF (z) =

∫
1

z − x
dF (x).

If f = F ′ exists,

mf (z) =

∫
1

z − x
f(x)dx.

If f is continuous we have the inverse formula

f(x) = lim
y→0+

mf (x− iy)−mf (x+ iy)

2iπ
,

where z = x+ iy and y > 0.

Related to this is the T-transform.

Definition 1.3.2. (T-tranform)
Assume F is a measure supported on [a, b] ∈ R. The T-transform of the measure F evaluated in
z ∈ C \ [a, b] is defined as

TF (z) =

∫
x

z − x
dF (x).

If f = F ′ exists,

Tf (z) =

∫
x

z − x
f(x)dx.

We can easily see that

Tf (z) = zmf (z)− 1.
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1.4 Deformed Marcenko-Pastur distribution

In this section we suppose that FΣm and FΣ = lim
m→∞

FΣm (weak convergence) are known. Moreover,

the support of FΣm is bounded.

Let X = (X1, X2, ..., Xn) and X̃ =
(
X̃1, X̃2, ..., X̃n

)
be m × n matrices such that for i = 1, 2, ...,m

and j = 1, 2, ..., n,

X = Σ1/2
m X̃,

and

Σm is independent of X̃ with cumulative spectrum FΣm ,

X̃i,j are independent,

E
[
X̃i,j

]
= 0,

Var
[
X̃i,j

]
= 1.

Again, many results of interest have been demonstrated by RMT concerning the spectrum of X:

1. the asymptotic empirical spectral distribution, FΣ̂,

2. the behaviour of the maximal eigenvalue.

Properties of the eigenvectors are more difficult to obtain in this case.

1. Spectrum: The most famous result of RMT can be generalized and expresses the spectral
measure as a function of its Stieltjes transform:

Result 1.4.1. (Deformed Marcenko-Pastur)

Assume FΣ̂(m,n)
is the spectral distribution of Σ̂(m,n) = 1

nXXt = 1
nΣ

1/2
m X̃X̃tΣ

1/2
m , where X̃ is defined

above.
If lim

m,n→∞
m
n = c ∈ ]0,∞[ and the spectrum of Σm is FΣm, which tends to a limit FΣ that satisfies the

Carleman sufficiency condition, then FΣ̂(m,n)
tends to the deformed Marcenko-Pastur distribution

FΣ̂ whose Stieltjes transform satisfies:

mFΣ̂
(z) =

1

−z + c
∫

t
tmF

Σ̂
(z)+1dFΣ(t)

.

If FΣ̂ is smooth enough, the inverse transform formula gives fΣ̂ as a function of FΣ.

The inverse formula leads to the deformed Marcenko-Pastur distribution. The result was first shown
by Marchenko and Pastur [1967] for diagonal Σ and then extended by Silverstein [1995] to non-diagonal
Σ.

Example 1.4.1.1.

1. If fΣ(λ) = δ1(λ), i.e., the Dirac delta function at 1, then mfΣ̂
(z) is the Stieltjes transform of the

Marcenko-Pastur distribution. Therefore, the inverse formula leads to the M-P density.

2. If fΣ is itself an M-P density, that is, fΣ(λ) = fMP (λ), then the Stieltjes transform has to be
computed numerically and the inverse formula leads to a deformed Marcenko-Pastur distribution
as shown in Figure 1.3.
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Figure 1.3 – Plot of a deformed Marcenko-Pastur density.

2. Largest empirical eigenvalue: The extension of the largest eigenvalue distribution to more
general Σ leads to the following result.

Result 1.4.2. (Tracy-Widom for Perturbed Marcenko-Pastur)
Suppose Σ̂(m,n) is defined as in Result 1.4.1 and lim

m,n→∞
m
n = c ∈ ]0,∞[. Under the additional conditions

(C1) on FΣm → FΣ and (C2) defined below, the largest eigenvalue of Σ̂(m,n) is such that

n2/3

σ

(
λmax

(
Σ̂(m,n)

)
− µ

)
D−→

n,m→∞
TW,

where TW is a Tracy-Widom distribution and

µ =
1

k

(
1 + c

∫
λk

1− λk
dFΣm(λ)

)
,

σ3 =
1

k3

(
1 + c

∫ (
λk

1− λk

)3

dFΣm(λ)

)
,

k = km ∈ [0, 1/λmax) :

∫ (
λk

1− λk

)2

dFΣm(λ) =
1

c
.

Condition (C1) on FΣm can be written as

lim sup
n,m→∞

(λmax,mkm) < 1,

where λmax,m = sup{λ|FΣm(λ) > 0}.
The condition (C2) demands that the entries of the matrix X̃ have uniformly subexponential tails.

Figure 1.4 is a schematic drawing of the situation where fΣ(λ) = δ1(λ) or fΣ(λ) = fMP (λ).

This powerful result, first proven for normal entries by El Karoui [2007], gives a condition which al-
lows FΣm to be replaced by FΣ in the formula. The condition assumes convergence of the edges of the
support of FΣm and FΣ.
The result was later extended to entries assuming a uniform subexponential distribution by Bao, Pan,
and Zhou [2015].

The extension of the independent theory to the deformed theory could be used when the matrix Σm

is clearly not Im and standardisation of the data would be too complex.
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Figure 1.4 – Schema of a deformed Marcenko-Pastur density and Tracy-Widom density (not scaled).

1.5 Spiked model under the Marcenko-Pastur spectrum

RMT provides powerful tools based on the spiked model introduced by Baik and Silverstein [2005].
This model is based on a finite perturbation and offers tools to estimate the true covariance ma-
trix. First, we will introduce the model. Then we will present some useful results for estimating the
unknown parameters such as the asymptotic convergence of the eigenvalues or the asymptotic distri-
bution of the eigenvalues. Finally, two results will highlight the difficulty of estimating the eigenvectors.

In this section we suppose that Σm is a finite perturbation

Σm = Im +

k∑
i=1

(θi − 1)uiu
t
i,

where u1, ..., uk are unit orthogonal vectors and θi > 0. To simplify somewhat we suppose θi 6= θj
∀i 6= j. The results can be generalized to

Σm = σ2Im +
k∑
i=1

(θi − σ2)uiu
t
i = σ2

(
Im +

k∑
i=1

(
θi/σ

2 − 1
)
uiu

t
i

)

by looking only at Im +
∑k

i=1

(
θi/σ

2 − 1
)
uiu

t
i with an accompanying estimate of σ2.

In this section we present some results about the spectrum, the largest eigenvalue and the eigenvectors.

1. Spectrum: The first result shows the robustness of the spectrum against finite perturbations.

Result 1.5.1.
Suppose Σ̃ is a random matrix of size m × n with bounded spectral distribution FΣ̃. We define Σ̂ =

Σ
1/2
m Σ̃Σ

1/2
m with spectrum FΣ̂. If Σm is a finite perturbation then∫

g (λ) dFΣ̃ (λ) =

∫
g (λ) dFΣ̂ (λ) +Op

(
1

m

)
,

for g bounded on S =
{
x|FΣ̂ > 0 or FΣ̃ > 0

}
.

This robustness is a direct consequence of Cauchy’s interlacing law.

2. Largest empirical eigenvalue: Two important results about the limit and limit distribution
are contained in the literature.
The first result was shown by Baik and Silverstein [2005] and provides the asymptotic limit of the
largest eigenvalues.



8 CHAPTER 1. INTRODUCTION TO RANDOM MATRIX THEORY

Result 1.5.2. (Eigenvalue detection)
Suppose X̃ is a random matrix of dimension m×n with independent entries such that for i = 1, 2, ..,m
and j = 1, 2, ..., n,

E
[
X̃i,j

]
= 0, Var

(
X̃i,j

)
= 1, E

[∣∣∣X̃i,j

∣∣∣4] <∞.
Then we define lim

m,n→∞
m
n = c ∈ ]0,∞[ and Σ̂(m,n) = 1

nXXt where X = Σ
1/2
m X̃.

If θi > 1 +
√
c then there exists λθi

(
Σ̂(m,n)

)
such that

λθi

(
Σ̂(m,n)

)
a.s−→

n,m→∞
θi

(
1 +

c

θi − 1

)
.

If ∀i, θi < 1 +
√
c then

λmax

(
Σ̂(m,n)

)
a.s−→

n,m→∞

(
1 +
√
c
)2
.

If θi is too small we lose the empirical eigenvalue in the Marcenko-Pastur bulk. However, if θi is large
enough, the largest estimated eigenvalues are biased estimators of the true eigenvalues and can be
debiased to obtain consistent estimators

θ̂i

∣∣∣∣λθi (Σ̂(m,n)

)
= θ̂i

(
1 +

c

θ̂i − 1

)
.

Assuming Gaussian entries, the previous result can be extended to provide the distribution.

Result 1.5.3. (Eigenvalue distribution)

Suppose c ∈ ]0,∞[, lim
m,n→∞

m
n − c = o (1/

√
m) and X = Σ

1/2
m X̃, where X̃i,j

i.i.d.∼ N (0, 1).

If θi > 1 +
√
c then using the same notation as Result 1.5.2

√
n
(
λθi

(
Σ̂(m,n)

)
− νi

)
D−→

n,m→∞
Normal(0, γi),

where νi = θi

(
1 + c

θi−1

)
and γi = 2θ2

i

(
1− c

(θi−1)2

)
.

If θi < 1 +
√
c then we obtain a Tracy-Widom distribution as shown in Result 1.4.2.

The schema in the Figure 1.5 shows the behaviour of the largest eigenvalue.

Marcenko-Pastur

1 +
√
c (1 +

√
c)

2

TW

1

Marcenko-Pastur

1 +
√
c (1 +

√
c)

2

Normal

1 ν

Figure 1.5 – Schema of the impact of the transition point 1 +
√
c on the distribution of the empirical

eigenvalue. The cross represents the true eigenvalue and the green curve represents the distribution
of the estimated eigenvalues (Spike). The blue curve represents the distribution of Tracy-Widom that
is not impacted by small perturbations.
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This result was extended by Paul [2007] to understand the distribution of the estimated eigenvalues

when the entries X̃i,j
i.i.d.∼ N (0, 1). In the complex non degenerate Gaussian case the same result is

provided by Baik, Ben Arous, and Péché [2005]. They also showed the second part of the result when
the θi are small. Later this extension of the Tracy-Widom distribution was shown to be a corollary of
a more general result by Bao, Pan, and Zhou [2015].
The previous papers do not prove the result for the degenerate case when c > 1. This more general
case has been covered in Benaych-Georges, Guionnet, and Maida [2010] who also extend it to equal
eigenvalues.
Finally note that the investigation of perturbation is older than RMT. For example, this topic is
treated by Kato [1995] for small perturbations of covariance operators.

3. Eigenvectors: Some results about the asymptotic behaviour of eigenvectors exist. We first
present the almost sure convergence of the dot product and then some results about the distribution
of the eigenvectors.

Result 1.5.4. (Eigenvector bias)
Suppose lim

m,n→∞
m
n = c ∈ ]0,∞[ and X̃ a random matrix of size m × n with independent entries such

that for i = 1, 2, ...,m and j = 1, 2, ...,m,

E
[
X̃i,j

]
= 0, Var

(
X̃i,j

)
= 1.

Moreover, for p ∈ N, there is a Cp such that for all entries of X̃

E
[∣∣∣X̃i,j

∣∣∣p] < Cp.

Then we define X = Σ
1/2
m X̃ and Σ̂(m,n) = 1

nXXt.
If θi > 1 +

√
c then ∣∣∣〈ui, ûλ̂θi〉∣∣∣ a.s−→

n,m→∞

√
1− c

(θi−1)2

1 + c
θi−1

,

where ûλ̂θi
is the empirical eigenvector of Σ̂(m,n) corresponding to the empirical eigenvalue λθi

(
Σ̂(m,n)

)
described in the previous result 1.5.3.
If θi < 1 +

√
c then

∀j, 〈ui, ûj〉
a.s−→

n,m→∞
0,

where ûj is the jth empirical eigenvector of Σ̂(m,n). More precisely for all j such that θj > 1 +
√
c,

m

〈
ui, ûλ̂θj

〉
=

cθj

(θi − 1−
√
c)

2 Θ (ui, j) and Θ (ui, j)
a.s−→

n,m→∞
χ2

1.

Remark 1.5.4.1.
If c tends to 0 then the empirical eigenvector is a consistent estimator of the true eigenvector.
However, if c is different from 0, an asymptotic angle between the true and the estimated
eigenvector appears as shown in Figure 1.6. Moreover, if θi is too small, the eigenvector of
the perturbation cannot be identified, whereas if θi is large the angle tends again to 0.

A weaker result was proven for Gaussian entries by Paul [2007] and as a particular case of Benaych-
Georges and Rao [2009]. The convergence results based on these conditions are provided as a particular
case in the paper of Bloemendal, Knowles, Yau, and Yin [2016].
Assuming Gaussian entries the previous result was extended by Paul [2007] to provide some interesting
distributions.
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Figure 1.6 – Angle between the true eigenvector u and the estimated eigenvector û.

Result 1.5.5. (Eigenvector moment)

Suppose c ∈ ]0,∞[, lim
m,n→∞

m
n − c = o

(
1√
m

)
, X = Σ

1/2
m X̃, where X̃i,j

i.i.d.∼ N (0, 1) and Σ̂(m,n) = 1
nXXt.

Without loss of generality assume (u1, ..., uk) = (e1, ..., ek).
If θ1 > 1 +

√
c then we define

ũλ̂θ1
=

(
ûλ̂θ1 ,1

, ûλ̂θ1 ,2
, ..., ûλ̂θ1 ,k

)
√∑k

i=1 û
2
λ̂θ1 ,i

,

˜̃uλ̂θ1
=

(ûλ̂θ1 ,k+1, ûλ̂θ1 ,k+2, ..., ûλ̂θ1 ,m
)√∑m

i=k+1 û
2
λ̂θ1 ,i

,

where ûλ̂θ1
is the empirical eigenvector of Σ̂(m,n) corresponding to the empirical eigenvalue λθ1

(
Σ̂(m,n)

)
described in the previous result 1.5.3. Then

1.

√
n(ũλ̂θ1

− e1) n→∞−−−→ N
(
~0k, Σ̃

)
,

where Σ̃ = 1
1− c

(θ1−1)2

∑k
i=2

θ1θi
(θ1−θi)2 eie

t
i.

2. The vector ˜̃uλ̂θ1
follows the invariant Haar distribution and is independent of

∑m
i=k+1 û

2
λ̂θ1 ,i

.

1.6 Spiked model under the deformed Marcenko-Pastur spectrum

This section is essentially based on Benaych-Georges and Rao [2009] for the convergence result and
Benaych-Georges, Guionnet, and Maida [2010] for the distributions. We suppose that the structure
of the random matrix can be understood through its spectrum and a finite perturbation.
The empirical covariance Σ̂(m,n) has the following form:

Σ̂(m,n) =
1

n
XXt, X = Σ1/2

m X̃.

Therefore, if Σ̃(m,n) = 1
nX̃Xt,

Σ̂(m,n) = Σ1/2
m Σ̃(m,n)Σ

1/2
m .
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We assume the spectrum of Σ̃(m,n), FΣ̃(m,n)

weakly

n→∞−−−→ FΣ̃ with support [a, b] and for k finite,

Σm = Im +
∑k

i=1(θi − 1)uiu
t
i, where θi 6= θj if i 6= j. In order to study the eigenvalues we add

some randomness to Σm by supposing u1, ..., uk follows the same distribution as the k first columns
of an invariant Haar random matrix. Equivalently in the normal case, we can assume without loss of
generality ui = ei and Σ̃(m,n) = OmΛ̃(m,n)O

t
m with Om following a unit invariant Haar distribution of

size m.

Remark 1.6.1.
The condition on ui means that the result is valid if the eigenvectors of Σ̃m are independent
of the ui.

1. Spectrum: The spectrum is robust to a finite perturbation as in Result 1.5.1.

2. Largest empirical eigenvalue: As Result 1.5.2 we derive a detection condition by looking at
the almost sure convergence of the empirical eigenvalues.

Result 1.6.1. (Eigenvalue detection)
Suppose Σ̂(m,n) is defined as above and the support of fΣ̃ is [a, b], then two limits of eigenvalues can be
described using the same notation as in Result 1.5.2 and the T-Transform defined in Definition 1.3.2.

If θi > 1 + 1/TfΣ̃
(b+) then there exists λθi

(
Σ̂(m,n)

)
such that

λθi

(
Σ̂(m,n)

)
a.s−→

n,m→∞
T−1
fΣ̃

(
1

θi − 1

)
.

If θi < 1 + 1/TfΣ̃
(b+) and θ1 > θ2 > ... > θk then

λi

(
Σ̂(m,n)

)
a.s−→

n,m→∞
b.

This convergence has been shown by Benaych-Georges and Rao [2009], whereas the distribution of
the eigenvalues is described by Benaych-Georges, Guionnet, and Maida [2010] in Theorem 3.2. under
Assumption 1.2 and Hypotheses 1.1 and 3.1. presented in the paper.

Result 1.6.2. (Eigenvalue distribution)
Under the conditions introduced by Benaych-Georges, Guionnet, and Maida [2010], the limit distribu-
tion of the eigenvalues can be described using the same notation as 1.6.1.
If θi > 1 + 1/TfΣ̃

(b+) then

√
n
(
λθi

(
Σ̂(m,n)

)
− νi

)
D−→

n,m→∞
Normal(0, γi),

where νi = T−1
fΣ̃

(
1

θi−1

)
and γi =

−m′f
Σ̃

(νi)− 1
θi(

m′f
Σ̃

(νi)

)2 .

In this thesis we will only consider the case where θi 6= θj if i 6= j. The result of Benaych-Georges,
Guionnet, and Maida [2010] is more general and considers the case with equal eigenvalues.

3. Eigenvectors: The asymptotic limit of the dot product provided in Result 1.5.4 is generalized
in Benaych-Georges and Rao [2009].

Result 1.6.3. (Eigenvector bias)
Using the same notation as Results 1.6.1 and 1.5.4:
If θi > 1 + 1/TfΣ̃

(b+) then

|
〈
ui, ûλ̂θi

〉
| a.s−→
n,m→∞

√
− θi

(θi − 1)2νiT ′fΣ̃
(νi)

.
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If θi < 1 + 1/TfΣ̃
(b+) then for all j,

〈ui, ûj〉
a.s−→

n,m→∞
0.

All the results of this section are generalisations of the previous section. The second part of 1.6.3 is
weaker than the previous result 1.5.4.

1.7 Linear spectral statistics

This section presents a result of RMT using the whole spectrum of a matrix. This result leads to an
interesting application in statistical testing.
We assume that X and X̃ satisfy

X = Σ1/2
m X̃,

where for i = 1, 2, ...,m and j = 1, 2, ..., n,

X̃i,j are independent,

E
[
X̃i,j

]
= 0,

Var
(
X̃i,j

)
= 1,

E
[
X̃4
i,j

]
= 3.

For example X̃i,j are i.i.d. N(0, 1). Using these conditions on the matrix, Bai and Silverstein [2004]
provide a central limit theorem for linear spectral statistics.

Result 1.7.1. (Linear Spectral Statistics)

Suppose c ∈ ]0,∞[, lim
m,n→∞

m
n = c and Σ̂(m,n) = 1

nXXt = 1
nΣ

1/2
m X̃X̃Σ

1/2
m , where X̃ is defined above.

Moreover, we assume that

• fm is the spectral density induced by the spectrum cumulative distribution Fm of Σ̂m. Note that
fm is not an empirical distribution but the true non-asymptotic distribution of the spectrum.
(Fm 6= FΣ̂m

),

• when m tends to ininifty, FΣm tends to FΣ and fΣm tends to fΣ,

• Trace (Σm) is bounded in m.

Then

m

(
1

m

m∑
i=1

g1

(
λi

(
Σ̂(m,n)

))
−
∫
g1 (λ) fm (λ) dλ

, ...,
1

m

m∑
i=1

gk

(
λi

(
Σ̂(m,n)

))
−
∫
gk (λ) fm (λ) dλ

)
D−→

m,n→∞
N
(
µ~g,fΣ,c,Σ~g,fΣ,c

)
,

where

µ~g,f,s = − 1

2πi

∫
C
gs(z)

c
∫ mφ(z)3t2

(1+tmφ(z))
3 fΣ(t)dt(

1− c
∫ mφ(z)2t2

(1+tmφ(z))
2 fΣ(z)d(z)

)2dz,

Σ~g,f,s,r = − 1

2π2

∫
C1

∫
C2

gs(z1)gr(z2)

(mφ(z1)−mφ(z2))2m
′
φ(z1)m′φ(z2)dz1dz2,

mφ(z) = −1− c
z

mfΣ
(z),

where mfΣ
, mφ are the Stieltjes transforms of fΣ and φ. We note that φ = (1− c)1[0,∞[ + cfΣ.
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The interesting fact we exploit in this thesis is the order 1/m, which shows that estimating an asymp-
totic spectral statistic by the empirical one leads to an error of size 1/m.

1.8 Statistical issues

RMT offers powerful applied tools. The aim of this thesis will be to detect differences between two
random matrices by looking at the largest estimated eigenvalues (spikes). We will consider two such
applications. The first one builds a test to detect a perturbation in a covariance matrix and the second
one tests the equality between two groups by comparing two Wishart random matrices.

1.8.1 Spike model detection

Result 1.2.2 shows that the largest eigenvalue of random matrix with i.i.d. entries tends to a Tracy-
Widom distribution. Based on this, Bianchi, Debbah, Maida, and Najim [2011] constructed a test
to detect a signal surrounded by white noise. The approach was first developed in Wax and Kailath
[1985] without using RMT.

Result 1.8.1.
Assume that X is a random matrix of dimension (m× n) and the hypothesis of test are

H0 : X = X̃,

H1 : X = P 1/2X̃,

where X̃ has i.i.d. entries and P = Im + (θ − 1)uut with θ > 1.
The test statistic

S =
λmax

(
1
nXXt

)
Trace

(
1
nXXt

)
allows us to control the level α of false discovery.
Under H0,

n2/3

Θm

(
S − (1 +

√
c)2
) D−→
n,m→∞

TW,

where lim
m,n→∞

m
n = c ∈ ]0,∞[ and Θm = (1 +

√
c)
(

1√
c

+ 1
)1/3

.

Under H1,

If θ > 1 +
√
c then S

P−→
n,m→∞

θ

(
1 +

c

θ1 − 1

)
,

If θ < 1 +
√
c then S

P−→
n,m→∞

(1 +
√
c)2.

The paper motivates our work in several aspects. The Tracy-Widom distribution statistics occur when
applying a generalized likelihood-ratio test. The procedure we will propose in this thesis can be seen
as a modified generalized likelihood-ratio test. Moreover, filtering the noise by looking at spikes leads
to more powerful tests when m is large and in this work we also attempt to detect differences by
looking at spikes.

Spike detection can also be used to filter an image containing noise as in Ray et al. [2012]. Another
interesting application filters the noise in order to determine the number of endmembers in a image
Cawse-Nicholson et al. [2010]. Finally, we still cite Mestre and Lagunas [2008] and Vallet et al. [2011]
for the application of random matrix to the multiple signal classification (MUSIC) algorithm using m
antennas that detect the source of a signal. Nevertheless this last application exploits random matrices
in the complex plane.
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1.8.2 Extended Application

The test of Bianchi, Debbah, Maida, and Najim [2011] could be extended using Result 1.4.2 to more
general matrices. Doing so, would, however require the estimation of the limiting spectrum associated
with FΣm . This problem is discussed in El Karoui [2008].

1.8.3 Difference between two random matrices

Bai, Jiang, Yao, and Zheng [2009] use the linear spectral statistic result 1.7.1 to test the equality
between two covariance matrices.

Result 1.8.2. Assume X and Y are random matrices of dimension m×nX and m×nY respectively,
such that

X = ΣXX̃ and Y = ΣY Ỹ,

where the entries of X̃ and Ỹ are i.i.d. N (0, 1). The hypothesis to be tested are

H0 : ΣX = ΣY ,

H1 : ΣX 6= ΣY .

We define

Σ̂X =
1

nX
XXt and Σ̂Y =

1

nY
YYt,

cX =
m

nX
, cY =

m

nY
and N = nX + nY .

The test statistic,

S = −
2 log

(
|Σ̂X |nX/2|Σ̂Y |nY /2

|cX Σ̂X+cY Σ̂Y |N/2
)

Nm
,

allows us to control the level α of false rejections asymptotically based on the following limit. Under
H0,

m (S − µS)
D−→

n,m→∞
N
(
µ̃S , σ

2
S

)
,

where

µS = −cX + cY − cXcY
cXcY

log (cX + cY − cXcY ) +
cX + cY − cXcY

cXcY
log (cX + cY )

+
cX (1− cY )

cY (cX + cY )
log (1− cY ) +

cY (1− cX)

cX (cX + cY )
log (1− cX) ,

µ̃S =
1

2

[
log

(
cX + cY − cXcY

cX + cY

)
− cX
cX + cY

log (1− cY )− cY
cX + cY

log (1− cX)

]
,

σ2
S = −

2c2
Y

(cX + cY )2 log (1− cX)−
2c2
X

(cX + cY )2 log (1− cY )− 2 log

(
cX + cY

cX + cY − cXcY

)
.

It turns out that this test is powerful in detecting differences affecting the entire spectrum. However,
for differences of finite rank, the power is weak. Moreover, the test is not robust under non-Gaussian
entries. The procedure we will develop in this thesis will improve these two aspects.
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1.9 Conclusion

The aim of this thesis is to exploit theoretical results to construct a powerful robust procedure for
comparing two estimated covariance matrices.
We are not convinced that looking at the entire spectrum is the best approach to detect perturbations.
Therefore, we choose to study spikes in general cases. Our work can be seen as a mixture of

• Spike model detection, because we focus on the spike 1.8.1,

• The extended application of El Karoui [2008], because we assume general spectra,

• The difference procedure presented in 1.8.3.

The strength of our procedure will be:

• its robustness,

• its power when the difference is a complex finite perturbation.

On the other hand, the main weakness is

• the lack of power when the difference is sparse and explained by a few parameters.

Therefore, this work is not intended as a replacement of the usual procedure dealing with random
matrices, but instead proposes an alternative when the data or the differences are complex.
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Chapter 2

Introduction to residual spikes and our
model

We are interested in comparing the random covariance matrices of two groups of observations X and
Y .
This chapter begins with a small introduction to define the matrices of our study in Section 2.1. Then
Section 2.2 defines residual spikes and uses them to detect differences between two covariance matrices.

2.1 Residual spike in a particular case

In this section, we assume a simple normal model and introduce the concept of residual eigenvalues.

2.1.1 The matrices and their estimators

Let X1, ..., Xn and Y1, ..., Yn be i.i.d Normal(0,Σm) where Σm = Im +
∑k

i=1(θi − 1)uiu
t
i with k finite.

If Var (X1) = ΣX 6= ΣY = Var (Y1), we write uX,i, θX,i, uY,i and θY,i for the parameters of the model.

The usual estimates of the covariances are called Σ̂X and Σ̂Y . To avoid some difficulties we assume
normality of the data. Without loss of generality we can assume ui = ei, i.e., the canonical basis
vectors. In this thesis we will usually assume spherical data. The non-spherical case is investigated in
the section about robustness, Section 4.2.
Suppose that the perturbations are detectable as defined in Definition 5.1.2. In this particular case,
this means that min

i=1,2,...k
θi > 1 +

√
m
n . If this is the case, we can filter our matrices to obtain

ˆ̂
ΣX = Im +

k∑
i=1

(
ˆ̂
θX,i − 1)ûX,iû

t
X,i,

ˆ̂
ΣY = Im +

k∑
i=1

(
ˆ̂
θY,i − 1)ûY,iû

t
Y,i,

where
ˆ̂
θX,i is an asymptotic unbiased estimator of θi using Result 1.5.2. Indeed, because

θ̂X,i → θi

(
1 +

c

θi + 1

)
,

we have that

ˆ̂
θX,i such that θ̂X,i =

ˆ̂
θX,i

(
1 +

c

ˆ̂
θX,i + 1

)
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is asymptotically unbiased.
In order to detect the difference between the matrices, we are led to look at the eigenvalues of

ˆ̂
Σ
−1/2
X Σ̂Y

ˆ̂
Σ
−1/2
X and

ˆ̂
Σ
−1/2
Y Σ̂X

ˆ̂
Σ
−1/2
Y (2.1)

or

ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X and

ˆ̂
Σ
−1/2
Y

ˆ̂
ΣX

ˆ̂
Σ
−1/2
Y . (2.2)

We name these matrices the type 1 matrix and the type 2 matrix respectively. The principal aim of
our thesis is to understand the second type.

Remark 2.1.1.

1. We assume ui = ei without loss of generality because a rotation does not change
the eigenvalues of matrices (2.1) and (2.2). Moreover, if the data are normal, the
distributions of the matrices are invariant by rotation. We could also just assume a
spherical distribution for the data.
As in Benaych-Georges and Rao [2009], the spherical distribution is not necessary and
for many results, assuming ui to be random invariant by rotation is equivalent. This
is, however, not always the case as we will see in Section 4.2.

2. The results of this chapter assume spherical data such that the spectrum of the es-
timated covariance matrix asymptotically follows asymptotically the Marcenko-Pastur
distribution. Many results are still valid for more general spectra.

2.1.2 Introduction of the residual spike

If ΣY = ΣX = Σ then by looking at

ˆ̂
Σ
−1/2
X Σ̂Y

ˆ̂
Σ
−1/2
X

the distribution of the spectrum follows a Marcenko-Pastur distribution. However, because of the
non-consistency of the eigenvectors presented in Chapter 1, we observe some residual spikes that
we define later. These spikes are shown in Figure 2.1, which essentially summarizes why we need to
investigate the eigenvalues of this matrix.
Indeed even if the two random matrices are based on the same matrix, we see some spikes outside
the bulk. This observation is worse in the fourth plot because four spikes fall outside the bulk even if
there is actually no difference!

How can we distinguish the spikes indicative of a true difference from the residual
spikes?

This question is difficult and as we will see, the weaker the assumptions on the data, the more difficult
it is to obtain results. In order to provide a partial answer, we first define the notion of residual.

Definition 2.1.1.
The residual spikes of type 1 are the isolated eigenvalues of

ˆ̂
Σ
−1/2
X Σ̂Y

ˆ̂
Σ
−1/2
X .

The residual spikes of type 2 are the eigenvalues of

ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

that do not converge toward 1.
The residual zone of type 1 (or 2) is the interval where a residual spike of type 1 (or 2) falls
asymptotically.
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This thesis studies these residual spikes when the true covariance matrices of the two groups are the
same perturbation of order k, Σk = ΣX = ΣX . In this null case, we provide a bound for the largest
residual spike. Consequently, we are not able to distinguish a true small spike from a residual one.
However, when a spike is asymptotically larger than the bound, then this spike is likely not a residual
spike. This philosophy is explained in Figure 2.2. All the eigenvalues lying in what we call the residual
zone are potentially not real differences. However, when an eigenvalue is larger, this spike expresses a
true difference.
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Figure 2.1 – Example of residual spikes of
ˆ̂
Σ
−1/2
X Σ̂Y

ˆ̂
Σ
−1/2
X when θ = 10 for the first three figures and

θ1,2,3,4 = 10, 15, 20, 25 for the last figure. The residual spikes are the largest isolated eigenvalues.

As shown in Figure 2.2, the matrices of type 2,

ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X ,

also lead to residual spikes when ΣY = ΣX = Σ. These spikes do not converge to 1. In this thesis, we
will focus on this second type. Although the first type seems easier to study in term of convergence in
probability when the perturbation is of order 1, this is no longer the case in more complex situations.
Moreover, investigation of robustness is easier for the second type. Finally, the eigenvector of the
residual spike is not studied in detail in this thesis, however the author thinks that this task is simpler
for type 2 matrices.
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Marcenko-Pastur

1 +
√
c

ˆ̂
Σ
−1/2
X Σ̂Y

ˆ̂
Σ
−1/2
X

(1 +
√
c)

2
1 T−1

(
1

λ−1

)
λ = 1

2

(
2 + c+

√
c2 + 4c

)
Residual zone

1 +
√
c1

Residual zone

λ = 1 + c+
√
c2 + 2c

ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

Figure 2.2 – Residual zones of
ˆ̂
Σ
−1/2
X Σ̂Y

ˆ̂
Σ
−1/2
X and

ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X .

2.2 Introduction of the model, the test and the hypothesis

In the previous section, we introduced the residual spike when the data are very regular. In order
to generalise this work to a broader set of conditions, we introduce more general random covariance
matrices.

2.2.1 Introduction of the model

Let X1, ..., XnX and Y1, ..., YnY be our set of data. In this thesis, we investigate the eigen-structure of
the usual covariance matrix estimators

Σ̂X =
1

nX

nX∑
i=1

XiX
t
i and Σ̂Y =

1

nY

nY∑
i=1

YiY
t
i .

In Section 4.2, we will relax some assumptions on the data. For the moment, however, we assume the
following to hold.

Assumption 2.2.1.
Let WX and WY be random matrices such that

WX = OXΛXOX and WY = OY ΛYOY ,

where

OX , OY are unit orthonormal invariant and independent random matrices,

ΛX ,ΛY are diagonal bounded matrices and independent of OX , OY ,

Trace (WX) = 1 and Trace (WY ) = 1.

Assume PX = Im +
∑k

i=1(θX,i− 1)eie
t
i and PY = Im +

∑k
i=1(θY,i− 1)eie

t
i with k finite, θX,i 6= θX,j and

θY,i 6= θY,j if i 6= j. Then

Σ̂X = P
1/2
X WXP

1/2
X and Σ̂Y = P

1/2
Y WY P

1/2
Y .
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Remark 2.2.1.

1. We say that X ∈ Rm × RnX and Y ∈ Rm × RnY respect this assumption if

Σ̂X =
1

nX
XXt and Σ̂Y =

1

nY
YYt

respect the assumption.

2. Because OX and OY are independent and invariant by rotation, the assumption of
canonical perturbations PX and PY is assumed without loss of generality as in Benaych-
Georges and Rao [2009].

3. In the theoretical part, we will assume that ΛX and ΛY are observed. However, in
practice we will estimate them by estimators that do not affect the asymptotic result.
Moreover, it can be shown that in many cases the spectra are independent of OX and
OY .

4. If X1, ..., XnX are i.i.d Normal(0,Σm) where Σm = Im +
∑k

i=1(θi − 1)eie
t
i with k finite,

then

Σ̂X = Σ1/2
m WXΣ1/2

m

and

WX = OXΛXOX ,

where ΛX is asymptotically the Marcenko-Pastur spectrum.

5. If PX = PY we use the notation P and θX,i = θY,i = θi.

Remark 2.2.2. In this thesis we use the usual estimator of covariance. Nevertheless an in-
teresting generalisation would consider robust covariance estimators and will be treated in a
future work.

The stronger results of this thesis will often assume large eigenvalues. However, we always try to give
a result for general eigenvalues. The main weakness of our proofs is the assumption of non-equality of
the eigenvalues of the perturbation. Although we are not able to prove it, we are convinced that our
Main Theorem is still valid without this assumption. The following are possible assumptions about
the perturbations:

Assumption 2.2.2.

(A1) θ√
m
→∞, as n,m→∞.

(A2) θ ≡ θ(m)→∞.

(A3) θi = piθ, where pi is fixed different from 1.

(A4) For i = 1, ..., k∞, θi = piθ, θ →∞ according to (A1) or (A2),
For i = k∞ + 1, ..., k, θi = piθ0.
For all i 6= j, pi/pj 6→ 1.

(A5) No condition on the eigenvalues and the following conjecture is true.

Conjecture 2.2.1.
Theorem 5.8.1 part 3 can be improved such that for all s = 1, 2, ..., k,

m∑
i=k+1

û2
i,s = Op

(
1

θs

)
.



22 CHAPTER 2. INTRODUCTION TO RESIDUAL SPIKES AND OUR MODEL

Remark 2.2.1.1.

1. The conjecture is trivially true for k = 1 and we can prove it for k = 2 using the
tools of this thesis.

2. The Main Theorem and a majority of the results assume (A4). Under assump-
tion (A5), many important theorems are easily shown, with the exception of the
Main Theorem. Despite this fact, the author is convinced that assuming (A5) is
sufficient.

Throughout the thesis we always work under the assumption (A4).

2.2.2 Introduction of the procedure

We want to compare two estimated random covariance matrices Σ̂X and Σ̂Y obtained from nX and
nY observed random vectors of size m. We assumed nX > nY .
First we define the filtered estimator of a covariance matrix.

Definition 2.2.1.
Suppose Σ̂ respects Assumption 2.2.1.
The unbiased estimators of θi for i = 1, 2, ..., k are defined as

ˆ̂
θi = 1 +

1

1
m−k

∑m
j=k+1

λ̂Σ̂,j

θ̂i−λ̂Σ̂,j

.

Suppose that for i = 1, 2, ..., k, ûi is the corresponding eigenvectors of θ̂i.
The filtered estimated covariance matrix is defined as

ˆ̂
Σ = Im +

k∑
i=1

(
ˆ̂
θi − 1)ûiû

t
i.

Remark 2.2.3.

1. We will often use a theoretical unbiased estimator in proofs,

ˆ̂
θi = 1 +

1

1
m

∑m
j=1

λ̂W,j

θ̂i−λ̂W,j

.

Although we can show that these unbiased estimators are asymptotically equivalent
under Assumption 2.2.1, we will always specify which estimator is used.

We can now introduce the procedure investigated in this thesis.

1. If all the perturbations are detectable as in Result 1.6.1 part 1 or Definition 5.1.2, their k largest
eigenvalues are θ̂X,1, θ̂X,2, ..., θ̂X,k and θ̂Y,1, θ̂Y,2, ..., θ̂Y,k. Using an empirical inverse T-transform,
we obtain the asymptotic unbiased estimators:

ˆ̂
θX,i = 1 +

1

1
m

∑m
j=1

λ̂WX,j

θ̂X,i−λ̂WX,j

and
ˆ̂
θY,i = 1 +

1

1
m

∑m
j=1

λ̂WY ,j

θ̂Y,i−λ̂WY ,j

,

where λ̂WX ,j and λ̂WY ,j are the eigenvalues of WX and WY respectively.

Remark 2.2.4.
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In practice we do not know WX and WY and we thus replace the previous estimator by

ˆ̂
θX,i = 1 +

1

1
m−k

∑m
j=k+1

λ̂Σ̂X,j

θ̂X,i−λ̂Σ̂X,j

and
ˆ̂
θY,i = 1 +

1

1
m−k

∑m
j=k+1

λ̂Σ̂Y ,j

θ̂Y,i−λ̂Σ̂Y ,j

,

where λ̂Σ̂X ,j
and λ̂Σ̂Y ,j

are the jth ordered eigenvalues of Σ̂X and Σ̂Y respectively.
This modification does not change the asymptotic result, as we will show in Section
4.4.

2. Using the unbiased estimators of the eigenvalues and the estimator of the eigenvectors, we build
the filtered estimators of the covariance matrices:

ˆ̂
ΣX = Im +

k∑
i=1

(
ˆ̂
θX,i − 1)ûX,iû

t
X,i and

ˆ̂
ΣY = Im +

k∑
i=1

(
ˆ̂
θY,i − 1)ûY,iû

t
Y,i,

where ûX,i and ûY,i are the eigenvectors of Σ̂X and Σ̂Y respectively.

3. Finally, we look at the statistics

λmin

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
and λmax

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
.

These statistics provide a very powerful and robust test for the equality of the perturbations PX
and PY .

Remark 2.2.5.
More precisely, the simulations of Chapter 8 seem to show that in order to maintain
conservativeness when nX > nY are not very large, we should

• Estimate λmin

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
using Theorem 3.1.1,

• Estimate λmax

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
using Theorem 3.1.1 on λmin

(
ˆ̂
Σ
−1/2
Y

ˆ̂
ΣX

ˆ̂
Σ
−1/2
Y

)
and then invert the estimate.

When nX is large and nY is not very large, we could simply apply Theorem 3.1.1 to
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X .

Finally, when both nX and nY are large, both methods are equivalent.

2.2.3 The test

Under Assumption 2.2.1, we can test

H0 : P = PX = PY ,

H1 : PX 6= PY .

Under H0 :

Vmin 6 λmin

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
and λmax

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
6 Vmax,

where Vmax and Vmin are random variables depending on m and the spectra of WX and WY . These
random variables are introduced in Section 3.1.
In practice, we observe the extreme eigenvalues λ̂max,obs and λ̂min,obs. Knowing the distribution of

Vmax and Vmin, the test rejects H0 if either P
(
Vmax > λ̂max,obs

)
or P

(
Vmin < λ̂min,obs

)
is small.
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Remark 2.2.6.
This test is similar to the generalised Neyman-Pearson test of equality of variances under the
assumption of normality. In this case, we first replace the maximum likelihood estimator by
the filter estimator to build a more powerful test. Then a determinant statistic is replaced
by the extreme eigenvalues to obtain a more robust test.
As an alternative, another test using the joint distribution of the residual spikes under the
normality assumption would improve the power, but lacks robustness. This procedure is not
considered any further in this thesis.

2.2.4 Assumptions on θ

Obviously under H0, λmax

(
ˆ̂
Σ

1/2
X

ˆ̂
ΣY

ˆ̂
Σ

1/2
X

)
is a function of θ1, ..., θk. In Section 4.2, we propose two

criteria 4.2.5 and 4.2.8 to check if

λmax

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
6 lim

θ→∞
λmax

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
= Vmax,

λmin

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
> lim

θ→∞
λmin

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
= Vmin,

where θ → ∞ means all the θi tend to infinity. The previous inequalities assume that the extreme
spikes appear when the eigenvalues of the perturbation are large. We call this the worst case.
Because we focus on the worst case scenario under H0, we will often assume θi → ∞ or θi√

n
→ ∞ as

in Assumption 2.2.2.

Remark 2.2.7.
This thesis will always investigate perturbations with θi > 1 and we may well ask, what
happens if there exist some small perturbations θi < 1 ?
Some easy arguments show that we can neglect them in the estimation of the filtered estimator
without changing the procedure. Moreover, in the degenerate case, these values are not
detectable. However, if we really want to take care of the small eigenvalues, the procedure is
still valid. In this case we will assume that the small eigenvalues tend to 0 instead of infinity.



Chapter 3

The Main Theorem

3.1 Main Theorem

In this section, we present the main Theorem of the thesis concerning the distribution of extreme
residual spikes under appropriate assumptions. This theorem is the basis for testing the difference
between two covariance matrices as presented in Section 2.2.3. More precisely, it characterises the
asymptotic distributions of Vmax and Vmin.
In order to obtain useful results, assumptions that will be further discussed and relaxed in Section 4.2
are needed. The conclusion of the next section says that applying our testing procedure is in many
cases conservative, that is, the level of the test is controlled.

The Theorem is divided into two parts and remarks.

1. The first part provides asymptotic results for perturbations of order 1.

2. The second part provides the main result of this thesis. It gives a link between the largest/smallest
residual spike and the largest/smallest eigenvalue of a small random matrix of size k × k.

3. Most of the remarks extend the main result to particular cases. One of the remarks provides an
algorithm to generate the distribution of the residual spikes when nX or nY are small.
The most important remark discusses the assumptions needed for asymptotic normality. Indeed,
normality is obtained under Assumption 3.1.1 defined below and we will discuss what the result
would be without this assumption. The results using this assumption appear in red in the
theorem.

In order to prove normality, we need an assumption.

Assumption 3.1.1.
Let WX and WY respect Assumption 2.2.1 such that for s, t = 1, 2, ..., k

WX,s,t,WY,s,t,
(
WX

2
)
s,t
,
(
WY

2
)
s,t

and
1

m

m∑
i=k+1

WX,s,iWY,t,i

are asymptotically jointly normal.

Remark 3.1.1.

1. This is most likely true as a consequence of Assumption 2.2.1.

2. This assumption leads to normality and independence in the Main Theorem and its
impact is highlighted in red.
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Theorem 3.1.1.
Suppose WX ,WY ∈ Rm×m respect Assumptions 2.2.1 and 3.1.1 and for i = 1, 2, ..., k, θi respects
Assumptions 2.2.2 (A3) and (A1).

1. Let P̃i = Im + (θi − 1)eie
t
i ∈ Rm×m and define

Σ̂X,P̃i
= P̃

1/2
i WX P̃

1/2
i and Σ̂Y,P̃i

= P̃
1/2
i WY P̃

1/2
i .

The induced filtered estimators become

ˆ̂
ΣX,P̃i

= Im + (
ˆ̂
θΣ̂X,P̃i

− 1)ûΣ̂X,P̃i
ût

Σ̂X,P̃i
and

ˆ̂
ΣY,P̃i

= Im + (
ˆ̂
θΣ̂Y,P̃i

− 1)ûΣ̂Y,P̃i
ût

Σ̂Y,P̃i
,

where
ˆ̂
θΣ̂X,P̃i

and
ˆ̂
θΣ̂Y,P̃i

are the unbiased estimators of the largest eigenvalues of Σ̂X,P̃i
and Σ̂Y,P̃i

respectively, as defined in Definition 2.2.1.

Then, conditioning on the spectra of WX and WY ,

√
m

(
λmax

(
ˆ̂
Σ
−1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ
−1/2

X,P̃i

)
− λ+

)
σ+

∼ N(0, 1) + op;m(1),

where

λ+ =
√
M2

2 − 1 +M2,

σ+2
=

1

(M2,X +M2,Y − 2) (M2,X +M2,Y + 2)(
9M4

2,XM2,Y + 4M3
2,XM

2
2,Y + 4M3

2,XM2,Y + 2M3
2,XM3,Y − 2M2

2,XM
3
2,Y

+4M2
2,XM

2
2,Y − 11M2

2,XM2,Y − 8M3,XM
2
2,XM2,Y + 2M2

2,XM2,YM3,Y

−2M2
2,XM3,Y +M2

2,XM4,Y + 4M2,XM
3
2,Y +M2,XM

2
2,Y + 4M2,XM2,Y

−4M3,XM2,XM
2
2,Y − 4M3,XM2,XM2,Y − 2M2,XM

2
2,YM3,Y − 4M2,XM2,YM3,Y

−6M2,XM3,Y + 2M4,XM2,XM2,Y + 2M2,XM2,YM4,Y − 2M3,XM
2
2,Y

+2M3,XM2,Y +M4,XM
2
2,Y + 4M5

2,X + 2M4
2,X − 4M3,XM

3
2,X − 13M3

2,X

−2M3,XM
2
2,X +M4,XM

2
2,X − 2M2

2,X + 10M3,XM2,X + 4M2,X + 4M3,X

−2M4,X +M5
2,Y + 2M4

2,Y −M3
2,Y − 2M2

2,Y + 4M2,Y − 2M3
2,YM3,Y

−2M2
2,YM3,Y + 2M2,YM3,Y + 4M3,Y +M2

2,YM4,Y − 2M4,Y − 4

)
+

1√
(M2,X +M2,Y − 2) (M2,X +M2,Y + 2)(

5M3
2,XM2,Y −M2

2,XM
2
2,Y + 2M2

2,XM2,Y + 2M2
2,XM3,Y −M2,XM

3
2,Y

+2M2,XM
2
2,Y − 4M2,XM2,Y − 4M3,XM2,XM2,Y − 2M2,XM3,Y +M2,XM4,Y

−2M3,XM2,Y +M4,XM2,Y + 4M4
2,X + 2M3

2,X − 4M3,XM
2
2,X − 5M2

2,X

−2M3,XM2,X +M4,XM2,X + 2M2,X + 2M3,X +M4
2,Y + 2M3

2,Y +M2
2,Y

+2M2,Y − 2M2
2,YM3,Y − 2M2,YM3,Y − 2M3,Y +M2,YM4,Y

)
,
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Ms,X =
1

m

m∑
i=1

λ̂sWX ,i
,

Ms,Y =
1

m

m∑
i=1

λ̂sWY ,i
,

Ms =
Ms,X +Ms,Y

2
.

Moreover,

√
m

(
λmin

(
ˆ̂
Σ
−1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ
−1/2

X,P̃i

)
− λ−

)
σ−

∼ N(0, 1) + op;m(1),

where

λ− = −
√
M2

2 − 1 +M2,

σ−
2

=
(
λ−
)4
σ+2

.

2. Let Pk = Im +
∑k

i=1(θi − 1)eie
t
iRm×m and define

Σ̂X,Pk = P
1/2
k WXP

1/2
k and Σ̂Y,Pk = P

1/2
k WY P

1/2
k .

The induced filtered estimators become

ˆ̂
ΣX,Pk = Im +

k∑
i=1

(
ˆ̂
θΣ̂X,Pk ,i

− 1)ûΣ̂X,Pk ,i
ût

Σ̂X,Pk ,i
and

ˆ̂
ΣY,Pk = Im +

k∑
i=1

(
ˆ̂
θΣ̂Y,Pk ,i

− 1)ûΣ̂Y,Pk ,i
ût

Σ̂Y,Pk ,i
,

where
ˆ̂
θΣ̂X,Pk ,i

and
ˆ̂
θΣ̂Y,Pk ,i

are the unbiased estimators of the i th largest eigenvalue of Σ̂X,Pk and

Σ̂Y,Pk respectively.
Then, conditioning on the spectra of WX and WY ,

λmax

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
= λmax

(
H+
)

+ 1 +Op

(
1

m

)
+Op

(
1

θ
√
m

)
,

λmin

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
= λmax

(
H−
)

+ 1 +Op

(
1

m

)
+Op

(
1

θ
√
m

)
,

where

H± = ζ±∞


ζ̂±1 /ζ

±
∞ w±1,2 w±1,3 · · · w±1,k

w±2,1 ζ̂±2 /ζ
±
∞ w±2,3 · · · w±2,k

w±3,1 w±3,2 ζ̂±3 /ζ
±
∞ · · · w±3,k

...
...

. . .
. . .

...

w±k,1 w±k,2 w±k,3 · · · ζ̂±k /ζ
±
∞

 ,

and

ζ̂+
i = λmax

(
ˆ̂
Σ

1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ

1/2

X,P̃i

)
− 1,

ζ̂−i = λmin

(
ˆ̂
Σ

1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ

1/2

X,P̃i

)
− 1,

ζ±∞ = lim
m→∞

ζ̂±i = λ± − 1,

w±i,j ∼ N

(
0,

1

m

2(M2,X − 1)(M2,Y − 1) +B±X +B±Y(
(ζ±∞ − 2M2 + 1)2 + 2(M2 − 1)

)2
)

+ op

(
1√
m

)
,
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B+
X =

(
1−M2 + 2M2,X +

√
M2

2 − 1

)2

(M2,X − 1)

+2

(
−1 +M2 − 2M2,x −

√
M2

2 − 1

)
(M3,X −M2,X) + (M4,X −M2

2,X),

B+
Y =

(
1 +M2 +M2,Y −M2,X −

√
M2

2 − 1

)2

(M2,Y − 1)

+2

(
−1−M2 −M2,Y −M2,X −

√
M2

2 − 1

)
(M3,Y −M2,Y ) + (M4,Y −M2

2,Y ),

B−X =

(
1−M2 + 2M2,X −

√
M2

2 − 1

)2

(M2,X − 1)

+2

(
−1 +M2 − 2M2,x +

√
M2

2 − 1

)
(M3,X −M2,X) + (M4,X −M2

2,X),

B−Y =

(
1 +M2 +M2,Y −M2,X +

√
M2

2 − 1

)2

(M2,Y − 1)

+2

(
−1−M2 −M2,Y +M2,X −

√
M2

2 − 1

)
(M3,Y −M2,Y ) + (M4,Y −M2

2,Y ).

The matrices H+ and H− are strongly correlated. However, within a matrix, all the entries are
jointly independent.

Remark 3.1.2.

1. Without Assumption 3.1.1, the red parts of the theorem are weaker. The entries wi,j
have the same two first moments but not necessarily the asymptotic normal distribution.
Then, the entries of H± are just uncorrelated instead of being independent.

2. If the spectra follow Marcenko-Pastur distributions, then

c =
cX + cY

2
,

λ+ = c+
√
c(c+ 2) + 1,

σ+2
= c3

X + c2
XcY + 3c2

X + 4cXcY − cX + c2
Y + cY

+
(8cX + 2c2

X +
(
c3
X + 5c2

X + c2
XcY + 4cXcY + 5cX + 3cY + c2

Y

)√
c(c+ 2)

c+ 2
,

w+
i,j ∼ N

(
0,
σ2
w

m

)
,

σ2
w =

2cX

(√
c(c+ 2) + 2

)
+ 2cY

(
−
√
c(c+ 2) + 2

)
+ c2

X + c2
Y

4c
(
−
√
c (c+ 2) + c+ 2

)2 .

3. If cX tends to 0, then

σ+2
=

(
M5

2,Y + 2M4
2,Y − 2M3,YM

3
2,Y +M3

2,Y − 4M3,YM
2
2,Y +M4,YM

2
2,Y + 2M2

2,Y

+2M4,YM2,Y + 2M2,Y − 2M3,Y −M4,Y − 2

)/(
(M2,Y − 1) (M2,Y + 3)

)

+

(
M4

2,Y +M3
2,Y − 2M3,YM

2
2,Y + 2M2

2,Y − 2M3,YM2,Y +M4,YM2,Y

−2M3,Y +M4,Y

)/√
(M2,Y − 1) (M2,Y + 3).
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4. When m is not large enough, the normality assumption of λ̂i is not respected. In this
case, and in particular if k is large, it could be profitable to estimate the order 1 residual
spike (P̃i) with the following algorithm.

(a) Let λ̂WX ,i, λ̂WY ,i be the eigenvalues of WX and WY respectively.

(b) Generate ux and uy, two independent uniform unit vectors of size m.

(c) Generate Z, a standard normal independent of ux and uy.

(d) We define

Wx,1,1 =
m∑
i=1

λ̂WX ,iu
2
x,i and W 2

x,1,1 =
m∑
i=1

λ̂WX ,iu
2
x,i,

Wy,2,2 =
m∑
i=1

λ̂WY ,iu
2
y,i and W 2

y,2,2 =
m∑
i=1

λ̂WY ,iu
2
y,i.

Assuming 2.2.1, the statistics Wx,1,1 and W 2
x,1,1 follow the distribution of the first

entry of WX and WX
2 respectively.

(e) Construct

θx = θ Wx,1,1 and α2
x = 1 + 1/θ − θ/θ2

x W
2
x,1,1,

θy = θ Wy,2,2 and α2
y = 1 + 1/θ − θ/θ2

y W
2
y,2,2,

α2 = α2
xα

2
y + 2

√
α2
xα

2
yZ

√
(1− α2

x)(1− α2
y)

m
.

(f) Finally, because θ is large enough

λmax

(
ˆ̂
Σ

1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ

1/2

X,P̃i

)
∼
θy
(
1− α2

)
+ 1 +

θy
θx

+

√
−4

θy
θx

+
(
θy (1− α2) +

θy
θx

+ 1
)2

2
,

λmin

(
ˆ̂
Σ

1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ

1/2

X,P̃i

)
∼
θy
(
1− α2

)
+ 1 +

θy
θx
−
√
−4

θy
θx

+
(
θy (1− α2) +

θy
θx

+ 1
)2

2

In practice the spectra of WX and WY are not observed and will be replaced by the
m− k smallest eigenvalues of Σ̂X,Pk and Σ̂Y,Pk .

5. Assuming that we would like to use Monte Carlo methods to estimate the distribution,
we should first estimate the eigenvalues of the covariance matrices.
Without the theorem, the loops of the simulation generating the residual spikes generate
O
(
m2
)

elements.
Using the theorem, the loops generate k2 elements.
Finally, using the previous algorithm, the loops generate O(m) elements.

(Proof page 168.)

3.1.1 Discussion and simulation

The above theorem gives the limiting distribution of the test statistic of the Section 2.2.3, Vmax and
Vmin. When the perturbation is of order k, Theorem 3.1.1 reduces the size of the matrix needed for
estimating eigenvalues from m×m to k × k.
The theorem is asymptotic in m, θ and fixed value of cX , cY , 1/cX , 1/cY and k finite. Moreover, the
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eigenvalues of the perturbation are all distinct.
By simulation, it appears that some assumptions are actually not necessary:

• The result holds if some eigenvalues θi and θj are equal for i 6= j.

• The result does work if nX and nY are very large and m is not so large. In this case, 1/cX and
1/cY are very large. However, because m is small, the normality is not achieved and we should
use the algorithm introduced in Remark 3.1.2. In particular the result holds for cX tending to
0.

• If k = 1, then the result works even for relatively large cX and cY .

Some other assumptions are very important:

• If cX and cY are very large, then convergence to the limit is slow.

• If k is large, then the asymptotic result gives poor results and can give approximations far from
the true distributions of the residual spikes even for cX and cY reasonably larger than 1.

Some simulations

1. Assume X ∈ Rm×nX and Y ∈ Rm×nY with X = (X1, X2, ..., XnX ) and Y = (Y1, Y2, ..., YnY ).

Xi ∼ Nm

(
~0, σ2Im

)
and Xi+1 = ρXi +

√
1− ρ2 εX,i+1, with εX,i+1

i.i.d∼ Nm

(
~0, σ2Im

)
,

Yi ∼ Nm

(
~0, σ2Im

)
and Yi+1 = ρYi +

√
1− ρ2 εY,i+1, with εY,i+1

i.i.d∼ Nm

(
~0, σ2Im

)
Let PX = Im+

∑k
i=1(θX,i−1)uX,iu

t
X,i and PY = Im+

∑k
i=1(θY,i−1)uY,iu

t
Y,i be two perturbations

in Rm×m. Then,

XP = P
1/2
X X and YP = P

1/2
Y Y,

Σ̂X =
Xt
PXP

nX
and Σ̂Y =

Yt
PYP

nY
.

As proposed in Theorem 3.1.1, we build the filtered estimators
ˆ̂
ΣX and

ˆ̂
ΣY defined in 2.2.1 .

We assume PX = PY = P and that with high probability we have

λmax

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
6 λmax

(
H+
)

+ 1,

λmin

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
6 λmin

(
H−
)

+ 1.

In particular, by the Main Theorem, if the eigenvalues are all large enough, then we have asymp-
totic equality. Later in Section 4.2, we will propose a criterion to ensure that if the eigenvalues
are small, we obtain strict inequalities.
The following simulations compare in different scenarios the distributions of the empirical ex-
treme residual spikes with the estimation obtained by H± of Theorem 3.1.1.

Equality of the eigenvalues:
What happens when some eigenvalues of the perturbation are the same?
The following simulations compare our estimate usingH± of Theorem 3.1.1 with 10′000 replicates
with a time consuming empirical simulation using only 500 replicates.
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ρ = 0.5 cX = 0.5 cY = 2

m = 1000 nX = 2′000 nY = 500

k = 4, ~θ = (15′000, 5′000, 2′000, 500).

Figure 3.1 – Distributions of the residual
spikes and their estimation in blue.
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ρ = 0.5 cX = 0.5 cY = 2

m = 1000 nX = 2′000 nY = 500

k = 4, ~θ = (5′000, 5′000, 5′000, 5′000).

Figure 3.2 – Distributions of the residual
spikes and their estimate in blue.
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Figures 3.1 and 3.2 compare the estimated to the real distributions. They are close even when
the eigenvalues are all the same in Figure 3.2.

The choice of k:
In practice, we need to determine k and this could be very difficult. In the next simulations, we
choose the wrong k. Figure 3.3 shows the spectrum of Σ̂Y of the first simulation. We clearly see
four perturbations on the first plot, but it is difficult to argue the exact number of perturbations
as we see in the second plot enlarging the limit zone near the bulk.

Spectrum of the group Y

Spectrum

F
re

qu
en

cy

0 5000 10000 15000

0
10

0
20

0
30

0
40

0
50

0

Limit zone of Spectrum Y

Spectrum

F
re

qu
en

cy

5 6 7 8 9 10

0
10

20
30

40
50

60
70

Figure 3.3 – Spectrum of Σ̂Y and zoom on the right side of the bulk.

ρ = 0.5 cX = 0.5 cY = 2

m = 1000 nX = 2′000 nY = 500

k = 4, ~θ = (15′000, 5′000, 2′000, 500).
kest = 7

Figure 3.4 – Distributions of the residual
spikes and their estimation in blue.
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ρ = 0.5 cX = 0.5 cY = 2

m = 1000 nX = 2′000 nY = 500

k = 4, ~θ = (15′000, 5′000, 2′000, 500).
kest = 3

Figure 3.5 – Distributions of the residual
spikes and their estimation in blue.
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ρ = 0.5 cX = 0.5 cY = 2

m = 1000 nX = 2′000 nY = 500

k = 4, ~θ = (15′000, 3′000, 8, 6).
kest = 2

Figure 3.6 – Distributions of the residual
spikes and their estimation in blue.
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Figure 3.4 overestimates the number of perturbations. In this case, although the convergence
does not work, the inequality remains valid, as overestimating the number of perturbations leads
to a conservative test.
What happens if we underestimate the number of perturbations? Figure 3.5 neglects a large
perturbation with θ4 = 500. This perturbation is large and in this case, the inequality does not
work. This leads to a non-conservative test!
However, as we see in Figure 3.6, if we neglect small perturbations θ3 = 8, θ4 = 6, then the
convergence in distribution remains true.
We can argue that a wise selection of k will not neglect large perturbations. Therefore, assuming
this, our method is resistant to mistakes in the estimation of k due to small perturbations.

Fluctuation of k:
The next simulations present the robustness of the result as a function of k.

ρ = 0.5 cX = 0.5 cY = 2

m = 1000 nX = 2′000 nY = 500

k = 1, ~θ = (5′000).

Figure 3.7 – Distributions of the residual
spikes and their estimation in blue.
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ρ = 0.5 cX = 0.5 cY = 2

m = 1000 nX = 2′000 nY = 500

k = 8, ~θ = (5′000, 5′000, ..., 5′000).

Figure 3.8 – Distributions of the residual
spikes and their estimation in blue.

Spike minimum

Lambda

D
en

si
ty

0.12 0.13 0.14 0.15 0.16

0
10

20
30

40
50

60

Spike maximum

Lambda

D
en

si
ty

6.5 7.0 7.5 8.0

0.
0

0.
5

1.
0

1.
5



3.1. MAIN THEOREM 33

ρ = 0.5 cX = 0.5 cY = 2

m = 1000 nX = 2′000 nY = 500

k = 15, ~θ = (5′000, 5′000, ..., 5′000).

Figure 3.9 – Distributions of the residual
spikes and their estimation in blue.
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The Main Theorem creates a natural test tending to be more conservative when k grows. When
k = 1 the convergence is very good as we see in Figure 3.7. Moreover, Figure 3.8 shows that
when k = 8 our estimation is still good despite a small conservative bias in the distribution of
the minimum. However, when k = 15 in Figure 3.9, the distributions are quite different. Luckily,
the procedure remains conservative.
The lack of precision is due to k. Indeed in all our results we always neglect errors of size
Op(k/nY ) and these quantities are not necessarily small when nY is not large enough.

Fluctuation of cX and cY :
In the following simulations we change cX and cY .

ρ = 0.5 cX = 0.1 cY = 0.2

m = 100 nX = 1′000 nY = 500

k = 4, ~θ = (15′000, 5′000, 2′000, 500).

Figure 3.10 – Distributions of the resid-
ual spikes and their estimations in blue
and orange (Remark 3.1.3).
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ρ = 0.5 cX = 0.25 cY = 5

m = 500 nX = 2′000 nY = 100

k = 4, ~θ = (15′000, 5′000, 2′000, 500).

Figure 3.11 – Distributions of the resid-
ual spikes and their estimations in blue
and orange (Remark 3.1.3).

Spike minimum

Lambda

D
en

si
ty

0.05 0.06 0.07 0.08 0.09

0
10

20
30

40
50

60

Spike maximum

Lambda

D
en

si
ty

10 11 12 13 14 15 16

0.
0

0.
1

0.
2

0.
3

0.
4

ρ = 0.5 cX = 0.2 cY = 0.1

m = 1000 nX = 200 nY = 100

k = 4, ~θ = (15′000, 5′000, 2′000, 500).

Figure 3.12 – Distributions of the resid-
ual spikes and their estimations in blue
and orange (Remark 3.1.3).
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ρ = 0.5 cX = 0.2 cY = 0.1

m = 3000 nX = 600 nY = 300

k = 4, ~θ = (15′000, 5′000, 2′000, 500).

Figure 3.13 – Distribution of the residual
spikes and their estimations in blue and
orange (Remark 3.1.3).
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The minimum spike seems to be well estimated in the different regimes in Figure 3.11, 3.12 and
3.13. However, we underestimate the true distribution in Figure 3.10, where nX and nY are
larger than m. Therefore, our procedure gives a conservative test.
On the other hand, the maximum spike is well estimated in Figure 3.10 and 3.11. When nX
and nY are small, Figure 3.12 underestimates the true distribution. This error would lead to
non-conservative test. Nevertheless, the asymptotic theory is confirmed by Figure 3.12 keeping
the same ratio cX and cY and a larger sample.

Remark 3.1.3.
The Figures 3.10, 3.11, 3.12 and 3.13 present an orange curve that estimates the mini-
mum residual spike quite well. There are two ways to estimate the minimum residual
spike.

(a) First, we estimate the minimum eigenvalue of
ˆ̂
Σ

1/2
X

ˆ̂
ΣY

ˆ̂
Σ

1/2
X using the Main Theo-

rem 3.1.1. This leads to the blue curve.

(b) The second way estimates and inverts the largest eigenvalue of
ˆ̂
Σ

1/2
Y

ˆ̂
ΣX

ˆ̂
Σ

1/2
Y . This

leads to the orange curve.

We might be surprised to see a difference between these two curves. However, when m,
nX and nY tend to infinity then the estimations converge to the same distribution.
Our simulations tend to show that, although the orange curve is closer to the real
distribution in Figure 3.10, it tends to overestimate the minimum eigenvalue in other
cases as in Figure 3.11, 3.12 and 3.13.
These imprecisions are probably mainly due to the inversion of one of the matrices.
Therefore,

We highly recommend choosing nX > nY !

2. In the previous simulations, we compare our estimates to an empirical distribution computed
easily by Monte Carlo methods. However, the complexity of the algorithm is equal to the num-
ber of loops times m2. This approach tends to be too long in high dimensions. Therefore, it
becomes necessary to use the dimension reduction of Theorem 3.1.1.
The next simulation introduces a concrete case. We compute the singular value of two data ma-
trices X and Y. Looking at the spectra on Figure 3.14, we sensibly choose kest = 5. A procedure
to choose k is proposed in Section 4.4. Then, we compute the largest observed residual spikes,
λ̂max,obs and λ̂min,obs.
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ρ = 0.5 cX = 1/3 cY = 4

m = 20′000 nX = 60′000 nY = 5′000

kest = 5, λ̂max,obs = 9.31, λ̂min,obs = 0.09.

Figure 3.14 – Estimated distribution of
the residual spikes and observed values
in red
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In Figure, 3.14 we can directly compare the observed statistics in red , λ̂max,obs and λ̂min,obs with
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the estimated distribution of λmax

(
ˆ̂
Σ

1/2
X

ˆ̂
ΣY

ˆ̂
Σ

1/2
X

)
and λmin

(
ˆ̂
Σ

1/2
X

ˆ̂
ΣY

ˆ̂
Σ

1/2
X

)
.

In this case, we would reject H0 because one residual spike is too small. Therefore, the pertur-
bations are different and the difference is in the eigenvector of λ̂min,obs.

Some other simulations are presented in the Chapter 8.
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Chapter 4

Data, robustness and application

The Main Theorem 3.1.1 provides the distributions of the extreme residual spikes under some condi-
tions, which are:

• The perturbation, P = Im +
∑m

i=1(θi − 1)uiu
t
i respects Assumptions 2.2.2(A1) and (A3): The

eigenvalues of the perturbation are proportional but not equal and tend to infinity faster than√
m.

θi/
√
m→∞,

θi = piθ, pi 6= pj if i 6= j and pi is fixed.

• The covariance matrices Σ̂X and Σ̂Y built from the data respect Assumption 2.2.1. If the
perturbation Pk is known and cancelled, then the resulting matrices, WX = P−1/2Σ̂XP

−1/2 and
WY of the two groups have independent unit invariant orthonormal eigenvectors, OX and OY ,
and their bounded spectra, ΛX and ΛY , are either fixed or independent of the eigenvectors.

Σ̂X = P
1/2
k WXP

1/2
k and Σ̂Y = P

1/2
k WY P

1/2
k ,

where

WX = OXΛXOX and WY = OY ΛYOY ,

Pk = Im +
k∑
i=1

(θi − 1)eie
t
i,

with k finite, θX,i 6= θX,j if i 6= j and

OX , OY are unit orthonormal invariant and independent random matrices,

ΛX ,ΛY are bounded diagonal matrices.

Remark 4.0.1.
In Assumption 2.2.1, the perturbations PX and PY can be different. Nevertheless, in this
section, we study the behaviour of our procedure when the perturbations are the same,
Pk = PX = PY .

These assumptions allow us to prove some results and to give an explicit form to the residual spike.
This chapter shows that applying our model to data that do not satisfy some of the conditions often
leads to a conservative test. For example, we can assume the weaker condition 2.2.2 (A4) instead of
2.2.2(A1) and (A3). Another example relaxes the assumptions of 2.2.1 that OX and OY are invariant
or independent.
Therefore, we argue that despite the restrictiveness of the assumptions, our procedure is valid in
broader circumstances.
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Unluckily, we are not able to prove rigorously our method protects against wrong discoveries. More-
over, we can even build counterexamples where the conservativeness of the model fails. For example
we can chose ΛX and ΛY such that the largest residual spike occurs for small perturbations!
Despite this counterexample, studying estimated covariance matrices with our model is conservative
in most practical applications. Moreover, we provide a criterion that partially checks this assumption.

This chapter is divided into three sections. First, we introduce some typical data. Then, we study
the “robustness” of our procedure through some classes of models that we define later. In particular,
this study introduces some criteria to check whether the largest residual spike is due to a large
perturbations. Finally, the last section solves some practical difficulties and proposes tools using the
residual spike to solve well-known problems.

Notation 4.0.1.
In order to distinguish different types of data derived from random matrices, we use colours:

• The data X ∈ Rm × RnX such that Var(X·,i) = P
1/2
k ΣP

1/2
k and Var(Xi,·) = Ψ, where Σ ∈

Rm × Rm and Ψ ∈ RnX × RnX are covariance matrices,

• The data without the perturbation, X = P
−1/2
k X ,

• The data without correlation between the rows (spatial), X = Σ−1/2P
−1/2
k X,

• The data without any correlation (spatial-temporal) X = Σ−1/2P
−1/2
k XΨ−1/2.

4.1 Data

First, we introduce data satisfying the assumptions of the Main Theorem 3.1.1. Then, we explain the
difficulties that could arise in practice with spatial-temporal data. This consideration leads to more
realistic models.

4.1.1 Ideal data

In order to respect the conditions of the Main Theorem 3.1.1, we assume that data X ∈ Rm×nX and
Y ∈ Rm×nY are such that:

X = P
1/2
k X and Y = P

1/2
k Y,

where

Pk = Im +
k∑
i=1

(θi − 1)uiu
t
i,

with
θi√
m
→∞ and for i 6= j = 1, 2, ..., k, ∃δ > 0 such that

θi
θj

= pi,j /∈ [1− δ, 1 + δ],

X and Y are independent and invariant by rotation with bounded spectra.

This section introduces data that create random matrices respecting Assumptions 2.2.1 and 2.2.2(A1),(A3).

Remark 4.1.1.

1. Because θi√
m
→∞, it is not necessary to assume bounded spectra.

2. Usually the literature assumes independent columns of X. In this sense, our model is
more general. Benaych-Georges et al. [2010] prove some results under similar conditions.
However, many existing results treat X with independent entries. In this sense, our
result is less general.
Note that comparing assumptions with equivalent results would be fairer. For example,
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we can probably show that the residual spikes converge in probability to some value
under weaker conditions.

4.1.2 Spatial-temporal correlation and fluctuation

In order to explain the particularities of our model, we need to explain the two types of correlations
or fluctuations that we can add and are likely to meet in practice.
Suppose our matrix of data X is of size m × nX . The spatial size is m and represents the features.
The temporal size is nX and represents the number of patients or replicates of the spatial vectors.
Ideally, the data are a finite perturbation of independent spatial vectors with independent entries:

X = P
1/2
k X,

where X ∈ Rm × RnX has independent entries (often Gaussian). The following schema explains this
simple situation.

Independence

−−−−−−−−−−−−−−−−−→

P
k

−−−−−−−−→


X1,1 X1,2 · · · X1,nX

X2,1 X2,2 · · · X2,nX
...

...
. . .

...
Xm,1 Xm,2 · · · Xm,nX



Independence

−−−−−−−−−−−−−−−−−→

In
d

ep
en

d
en

ce

−−−−−−−−→


X1,1 X1,2 · · · X1,nX

X2,1 X2,2 · · · X2,nX
...

...
. . .

...
Xm,1 Xm,2 · · · Xm,nX


However, in practice we always meet more realistic data :

• The correlation of the spatial vectors is usually more complex than a finite perturbation.

• The distribution can fluctuate in time, with different fluctuations in each row.

• The temporal vectors can be correlated.

Fluctuation of the distribution + Correlation

−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

C
or

re
la

ti
on

Σ
an

d
P
k

−−−−−−−−−−−−−−−→


X1,1 X1,2 · · · X1,nX

X2,1 X2,2 · · · X2,nX
... ... . . . ...

Xm,1 Xm,2 · · · Xm,nX


It is clear that without any additional assumptions on this second matrix, it is not possible to prove
interesting results. Our goal is to add the smallest number of conditions possible and to argue that
they make sense in practice.

4.1.3 Introduction of a particular model

We present a practical case involving the comparison between two random matrices in brain imaging:
A study investigates the behaviour of n = nX +nY brains of patients, where each brain is represented
as a spatial vector of size m. The first group contains nX healthy patients and the second one contains
nY patients suffering from a disorder.
It is expected that the brains behave differently in the two groups. What could be a good model for
such data?
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Model 1: The first model is based on one image per patient and independence between the
patients. However, the vectors derived from image contain strongly correlated entries and the
structure of correlation can fluctuate from patient to patient. We define X ∈ Rm×nX such that

X = P 1/2X,

X = Σ1/2XΨ
1/2
X ,

ΨX,i,i
i.i.d.∼ RV

(
1, σ2

Ψ

)
, ΨX,i,j = 0,

where X is a matrix of independent normal random variables. With this model the image of the
ith patient, X·,i is

X·,i = P 1/2X·,i,

X·,i = Σ1/2X·,iΨ
1/2
X,i,i,

X·,i|ΨX,i,i
i.i.d∼ N (0,ΨX,i,iΣ) .

Model 2: The brain images are usually repeated for each patient, in order to increase precision,
that is, each patient provides many correlated images in function of the time. In this case, we need
to extend model 1 to X ∈ Rm×nX such that,

X = P 1/2X,

X = Σ1/2XΨ̃
1/2
X ,

Ψ̃X = Ψ1/2RΨ1/2,

ΨX,i,i ∼ RV
(
1, σ2

Ψ

)
, ΨX,i,j = 0,

where R is a correlation matrix and X is a matrix of independent normal random variables.

General model: The most general model that we hope to evaluate with our test is

X = P 1/2X, where P = Im +
k∑
i=1

(θi − 1)uiu
t
i,

X = (X·,1,X·,2, ...,X·,nX ) ,

X·,1,X·,2, ...,X·,nX ∼ RV (0,Σ) (not necessarily the same distribution.)

X1,·,X2,·, ...,Xm,· are dependent random vectors. (temporal correlation.)

General fluctuations can modify the images through time, dependence can occur between the
images, distribution of the entries of X are free, and spatial dependence (more complex than a
covariance) can exist.
This model would be very general; however, we need to assume some hypotheses to extend existing
theory.
Comparison with our model: Our model assumes invariance by rotation of X. Therefore, we
can only treat the model 2 for Σ = Im without any condition on Ψ̃X . In Section 4.4, we see that
temporal finite perturbations are difficult to cancel; therefore, we should assume that the spectrum
of Ψ̃X is compact enough in the sense that it does not create isolated estimated eigenvalues outside
from the spectrum.

What happens if we use the methods derived from the simple model in situations
where the true model is more general?

Remark 4.1.2.
In practice, we will observe a spectrum, which most probably will be deformed.
The general model assumes that the deformation is due to complex behaviour of the random
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matrix such as:

• Spatial dependence, temporal fluctuations of the density and temporal correlations
possibly different in each row.

On the other hand, our model assumes that all the deformation is due to:

• Spatially uncorrelated dependence due to the rotation invariance, and identical tempo-
ral correlations and fluctuations of the density in the rows.

Fluctuation of the distribution + Correlation

−−−−−−−−−−−−−−−−−−→

P
k

−−−−−−−−−→


X1,1 X1,2 · · · X1,nX

X2,1 X2,2 · · · X2,nX
...

...
. . .

...
Xm,1 Xm,2 · · · Xm,nX



Fluctuation of the distribution + Correlation

−−−−−−−−−−−−−−−−−−→

In
v
a
ri

a
n
t

b
y

ro
ta

ti
o
n −−−−−−−−−→


X1,1 X1,2 · · · X1,nX

X2,1 X2,2 · · · X2,nX
...

...
. . .

...
Xm,1 Xm,2 · · · Xm,nX


Our model seems to be too restrictive to treat such data. Nevertheless, the next section will
show that it is robust to a range of violations of the assumptions. For example we show that
the location of the residual spike of our model is robust to the presence of Σ when θ is large
and k = 1.

Example 4.1.2.1.

If X·,1, ...,X·,nX ,Y·,1, ...,Y·,nY
i.i.d.∼ N (0,Σ) or if X·,1, ...,X·,nX ,Y·,1, ...,Y·,nY

i.i.d.∼ N (0, Im),
then the expectation of the resulting residual spike when k = 1 is asymptotically (in m and
θ) the same under weak conditions on Σ.

4.2 Robustness

This section investigates the robustness of our model under perturbations of order 1 for four classes
of models. First, we define what kind of robustness we hope to achieve. Then, we introduce the four
classes. Each classes is, then, investigated by means of a theorem of robustness. The next section
discusses the remaining ambiguities of our investigation and the difficulties to prove perfect robustness.
Then, all the results are summarised in a table. Finally a small section argues for a stronger claim of
robustness of our procedure based on simulations.

4.2.1 Definition of robustness

Robustness of a model means that its results will remain accurate under some modifications. In this
thesis, we argue that our model is robust because it is still conservative under some perturbations of
the model.
Before defining the robustness, we define the moments in probability.

Definition 4.2.1.
If Xn is such that

Xn − µn
σn

D−→ RV (0, 1) ,

with σ2
n
n→∞−→ 0, then

Ep(n) [Xn] = µn + on(µnσn),

Varp(n) [Xn] = σ2
n + on(σ2

n)

are called the expectation and the variance in probability.
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Remark 4.2.1.1.

1. In particular if Xn ∼ N
(
µ, σ

2

n

)
+ op

(
1√
n

)
, then Ep(n) [Xn] = µ and Varp(n) [Xn] = σ2

n .

2. When the errors op do not affect the two first moments, i.e.,

E

[
Zn + op

(
1√
n

)]
= E [Zn]+on

(
1√
n

)
and Var

(
Zn + op

(
1√
n

))
= Var [Zn]+on

(
1

n

)
,

then the moments in probability coincides with the usual two first moments.

3. If Xn ∼ N
(
2, 1

n

)
+ op

(
1
n

)
and X̃n ∼ N

(
1, 1

n

)
+ op

(
1
n

)
, then

Ep(n)[Xn] = 2 > 1 = Ep(n)[X̃n] and Varp(n) (Xn) = Varp(n)

(
X̃n

)
=

1

n

but we could have
E[Xn] < E[X̃n].

4. We could relax the condition σn → 0. However, for the purpose of this section it is
convenient and not restrictive.

Next we define two sorts of robustness, the strong robustness and the weak robustness.

Definition 4.2.2.
Suppose that a procedure using n replicates leads to a test statistic Tn and a test will reject its
hypothesis if the random variable Tn exceeds a bound.

• Assuming a null model, the random statistic is T0,n.

• Assuming a model Ci in C a class of models, the statistic is TCi,n.

1. A null model is asymptotically strongly robust on the right in a class C of models if:
For all models Ci in C, there exists εn such that

Ep(n) [TCi,n] 6 Ep(n) [T0,n] + εn,

lim
n→∞

ε2n
Varp(n) (TCi,n)

= lim
n→∞

ε2n
Varp(n) (T0,n)

= 0.

Moreover,

if ∃ ε̃n such that Ep(n) [TCi,n] = Ep(n) [T0,n] + ε̃n and

max

(
ε̃2n

Varp(n) (TCi,n)
,

ε̃2n
Varp(n) (T0,n)

)
6→

n→∞
∞,

then
Varp(n) (TCi,n)

Varp(n) (T0,n)
= 1 + on(1).

2. A null model is asymptotically weakly robust on the right in a class C of models if
For all models Ci in C, there exists εn with lim

n→∞
εn = 0 such that

Ep(n) [TCi,n] 6 Ep(n) [T0,n] + εn.

3. The definition of asymptotically strongly robust on the left and asymptotically weakly
robust on the left are obtained by substituting

Ep(n) [TCi,n] 6 Ep(n) [T0,n] + εn

in the previous definitions by

Ep(n) [TCi,n] > Ep(n) [T0,n] + εn.
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4.2.2 Introduction to different classes

Our model is confronted with four classes:

• Class CA is very general and extends our model to very general spatial structures, Σ, possibly
linked to the direction of the perturbation, u. Moreover, the temporal fluctuations and correla-
tions in the direction u can be a little different from the other directions. The main restriction
of this class is the asymptotic assumption that θ, the eigenvalue of the perturbation, tends to
infinity.

• Class CB generalises our model to perturbations with any θ.

• Class CC assumes that X = P−1/2X have i.i.d. symmetric entries. Moreover, no assumption is
made on θ.

• Class CD makes no assumption on θ or Σ. However, the perturbation is invariant by rotation.

These classes are inspired by the previous Section 4.1. Naturally, they do not cover all the possible
realities; however, controlling these classes is a good first step to validate our procedure.
Recall that our model assumes that X and Y are two independent identical random matrices invariant
by rotation of size m×nX and m×nY respectively. Then, we assume our data, X and Y, to be such
that,

X = P 1/2X and Y = P 1/2Y, where P = Im + (θ − 1)uut and
θ√
m
→∞.

The residual spike obtained from this model observing m features is λ0,m such that,

√
m
λ0,m − Ep(m) [λ0,m]√

Varp(m) (λ0,m)
∼ N (0, 1) + op;m(1).

In the Main result we showed that µλ0 = µλ0 (M2), where M2 = M2,X +M2,Y and M2,X ,M2,Y are the
second moments of the spectra of X and Y.

Class A

In this part, we define the class CA and introduce a theorem proving the robustness of our model in
this class.

Definition 4.2.3.
For Σ ∈ Rm×m, we define the class CA(Σ) of models assuming random matrices X ∈ Rm×nX such that

X = P 1/2X,

P = Im + (θ − 1)e1e
t
1 with θ →∞,

X = Σ1/2X,

Trace (Σ) = m, λmax (Σ) = Op (1) ,

X1,· ∼ L1, X2,·, ...,Xm,· ∼ L,
Var (X1,·) = Ψ1,X ,Var (X2,·) = Var (X3,·) = ... = Var (Xm,·) = ΨX ,

where λmax (ΨX) and λmax (Ψ1,X) are Op(1) and

∆X = Ψ1,X −ΨX is such that Trace
(
∆2
X

)
= o (nX) ,

X·,i are vectors with i.i.d. independent entries,

If WX =
1

nX
XXt,

λmax (WX) = Op(1), Var (WX,1,1) = O (1/m) and Var
((
W 2
X

)
1,1

)
= om (1) .

If WX =
1

nX
XXt, λmax (WX) = Op(1).
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Finally we assume m/nX = cX is a fixed constant. (Or m/nX − cX = o(1/m1/2)).

Remark 4.2.3.1.
The condition ∆ = Ψ1 −Ψ and Trace

(
∆2
)

= o (nX) can be replaced by

Ψ1 = Ψ +
R∑
r=1

ηrvrv
t
r,

where R = o(nX). This means that ∆ has rank o(nX) and implies the original weaker
condition because

||∆||F = Trace
(
∆2
)1/2

6
√

rank (∆)λmax (∆) ,

and λmax (∆) is finite. ( λmax (Ψ1) and λmax (Ψ) are finite.)

The following theorem investigates the consequences of applying our model to data from class CA.

Theorem 4.2.1.
Assume X ∈ Rm×nX and Y ∈ Rm×nY are random matrices from class CA(Σ) defined in 4.2.3. By
definition of CA,

X = P 1/2Σ1/2X and Y = P 1/2Σ1/2Y.

We define

X̃ = P 1/2X̃ and Ỹ = P 1/2Ỹ,

such that X̃ and Ỹ are invariant by rotation with spectra equal to the spectra of X and Y respectively.
Moreover, we define λA,m and λ0,m as the largest residual spikes obtained using

(
X,Y

)
and

(
X̃, Ỹ

)
respectively.
Then,

1. The new data X̃ and Ỹ satisfy the conditions of our model.

2. Our model is asymptotically weakly robust on the right,

Ep(min(m,θ)) [λA,m] 6 Ep(min(m,θ)) [λ0,m] with equality when Σ = Im.

3. If Trace (Σ)− 1 > d, where d is a positive constant, our model is asymptotically strongly robust
on the right,

Ep(min(m,θ)) [λA,m] +D(d) < Ep(min(m,θ)) [λ0,m] ,

where D(d) is positive and depends on d,

lim
m,θ→∞

Varp(min(m,θ)) (λA,m) = lim
m,θ→∞

Varp(min(m,θ)) (λ0,m) = 0.

Remark 4.2.1.1.

1. The theorem shows that applying the procedure based on our base model to data
generated by model A leads to conservative tests.

2. This theorem can be extended to the minimum residual spike to show robustness on
the left.

(Proof page 201)
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Class B

In this part, we define the class CB and an additional criterion. A theorem shows the robustness of
our base model applied to data from CB if in addition the criterion is satisfied.

Definition 4.2.4.
We define the class CB of models assuming random matrices X ∈ Rm×nX such that

X = P 1/2X,

where P = Im + (θ − 1)uut,

X is invariant by rotation.

Finally we assume m/nX = cX is a fixed constant. (Or m/nX − cX = o(1/m1/2)).

The models generated by class CB are close to our base model but θ can be finite. Thus, we need to
define a criterion to ensure that the largest residual spike increases with θ.

Definition 4.2.5.
Let SX and SY be the spectra of XXt

nX
and YYt

nY
, where X = P

1/2
k X and Y = P

1/2
k Y. We define the

curve

µλ(θ, SX, SY) =
1

2

θ + α2 − θα2 +
1 + (θ − 1)α2 +

√
−4θ2 + (1 + θ2 − (θ − 1)2α2)2

θ

 , (4.1)

where

α = αXαY, α2
X = mθ

(θ−1)2θ̂X
∑m
i=k+1

λ̂X,i

(θ̂X−λ̂X,i)2

, α2
Y = mθ

(θ−1)2θ̂Y
∑m
i=k+1

λ̂Y,i

(θ̂Y−λ̂Y,i)2

,

θ̂X

∣∣∣∣ 1
θ−1 = 1

m

∑m
i=k+1

λ̂X,i

(θ̂X−λ̂X,i)
, θ̂Y

∣∣∣∣ 1
θ−1 = 1

m

∑m
i=k+1

λ̂Y,i

(θ̂Y−λ̂Y,i)
,

and λ̂X,i = λi

(
XXt

nX

)
∈ SX and λ̂Y,i = λi

(
YYt

nY

)
∈ SY.

The criterion is satisfied if the curve is monotone increasing.

Remark 4.2.5.1.
We can use this as a criterion to argue that the expectation of a residual spike is monotone
increasing in θ. However, when θ is large compared to m, this estimator fails and we should
use an asymptotic estimator of α based on:

α2
X = 1 +

1

θ

(
1− 1

m

m∑
i=k+1

λ̂2
X,i

)

+
1

θ2

1 +
2

m

m∑
i=k+1

λ̂2
X,i +

3

m2

(
m∑

i=k+1

λ̂2
X,i

)2

− 2

m

m∑
i=k+1

λ̂3
X,i

+Op

(
1

θ3

)
,

θX = (θ − 1) +
1

m

m∑
i=k+1

λ̂2
X,i +Op

(
1

θ2

)
.

Using this approximation, the estimated curve criterion 4.1 makes an error of Op
(
1/θ2

)
.

Theorem 4.2.2.
Assume X ∈ Rm×nX and Y ∈ Rm×nY are random matrices from class CB defined in 4.2.4. By
definition of CB,

X = P 1/2X and Y = P 1/2Y,
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where P = Im + (θ − 1)uut. We define

X̃ = P̃ 1/2X and Ỹ = P̃ 1/2Y,

such that P̃ = Im + (θ̃ − 1)uut and lim θ̃√
m

= ∞. Moreover, we define λB,m and λ0,m as the largest

residual spikes obtained using
(
X,Y

)
and

(
X̃, Ỹ

)
respectively.

If the criterion defined in 4.2.5 is such that

∀θ > 0, µλ(θ, SX, SY) < lim
θ→∞

µλ(θ, SX, SY) + o(1/
√
m),

then

1. If the variances in probability of θ̂X , θ̂Y , 〈ûX , ûY 〉 are O (1/m), our model is asymptotically
strongly robust on the right,

Ep(m) [λB,m] 6 Ep(m) [λ0,m] .

The equality occurs when

lim
m→∞

Varp(m) (λB,m)

Varp(m) (λ0,m)
= 1.

2. If the variances in probability of θ̂X , θ̂Y , 〈ûX , ûY 〉 are om (1), our model is asymptotically weakly
robust on the right,

Ep(m) [λB,m] 6 Ep(m) [λ0,m] .

Remark 4.2.2.1.

1. If the criterion is satisfied, then applying the Main Theorem to data generated by model
B leads to conservative tests.

2. This theorem can be extended to the minimum residual spike to show robustness on
the left.

(Proof page 202)

Class C

In this part we define the class CC . Then, we introduce a theorem proving the robustness of our model
applied to data from CC which satisfies the criterion 4.2.5.

Definition 4.2.6.
We define the class CC of models assuming random matrices X ∈ Rm×nX such that

X = P 1/2X,

P = Im + (θ − 1)e1e
t
1,

X1,·,X2,·, ...,Xm,· ∼ L,
X·,i are vectors with i.i.d. independent symmetric entries.

Finally we assume m/nX = cX is a fixed constant. (Or m/nX − cX = o(1/m1/2)).
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Theorem 4.2.3.
Assume X ∈ Rm×nX and Y ∈ Rm×nY are random matrices from class CC defined in 4.2.6. By
definition of CB,

X = P 1/2X and Y = P 1/2Y,

where P = Im + (θ − 1)uut. We define

X̃ = P̃ 1/2X̃ and Ỹ = P̃ 1/2Ỹ,

such that P̃ = Im + (θ̃ − 1)uut, lim θ̃√
m

= ∞ and X̃ (respectively Ỹ) is invariant by rotation with

spectrum equal to the spectrum of X (respectively Y). Moreover, we define λC,m and λ0,m as the
largest residual spikes obtained using

(
X,Y

)
and

(
X̃, Ỹ

)
respectively.

If the criterion defined in 4.2.5 is such that

∀θ > 0, µλ(θ, SX, SY) < lim
θ→∞

µλ(θ, SX, SY) + o(1/
√
m)

and if the variance in probability of θ̂X , θ̂Y , 〈ûX , ûY 〉 are om (1), our model is asymptotically weakly
robust on the right,

Ep(m) [λC,m] 6 Ep(m) [λ0,m] .

Remark 4.2.3.1.

1. We can show that assuming data of the classes CB and CC with same spectrum leads to

Ep(m) [λC,m(θ)] 6 Ep(m) [λB,m(θ)] .

2. If θ is large, Ep(m) [λC,m] = Ep(m) [λ0,m] but we have no information about the variance.

3. If the criterion is satisfied, then applying the Main Theorem to data generated by model
C leads to conservative tests.

4. This theorem can be extended to the minimum residual spike to show robustness on
the left.

(Proof page 203)

Class D

In this part we define the class CD and a criterion. A theorem shows the robustness of our model
applied to data from CD satisfying the criterion 4.2.8.

Definition 4.2.7.
We define the class CD(u) of random matrices, where u ∈ Rm. We say that X ∈ Rm×nX and
Y ∈ Rm×nY are in CD(u) if

X = P 1/2Σ1/2X, and Y = P 1/2Σ1/2Y,

P = Im + (θ − 1)uut, where u is a unit uniform random vector,

Var (X.,i) = Im for i = 1, 2, ..., nX ,

Var (Y.,i) = Im for i = 1, 2, ..., nY .

Finally we assume m/nX = cX and m/nY = cY are fixed constants. (Or m/nX − cX = o(1/m1/2)
and m/nY − cY = o(1/m1/2)).

We define a second criterion for small θ.



48 CHAPTER 4. DATA, ROBUSTNESS AND APPLICATION

Definition 4.2.8.
Suppose

(
SX, ÛX

)
and

(
SY, ÛY

)
are the spectra and the eigenvectors of X and Y, two random

matrices deformed by a perturbation P of order k in direction u1, u2, ..., uk. We apply the same
random rotation U = (u1, u2, ..., uk, uk+1, ..., um)t to ÛX and ÛY and rename them ÛX and ÛY. We
define WX and W Y as

WX

(
SX, ÛX

)
=

m∑
i=k+1

λ̂X,iûX,iû
t
X,i,

W Y

(
SY, ÛY

)
=

m∑
i=k+1

λ̂Y,iûY,iû
t
Y,i,

where λ̂X,i and ûX,i are the ith eigenvalue and eigenvector of 1
nX

XXt.
Then, we define for θ,

QX

(
θ, SX, ÛX

)
=

m∑
i=k+1

λ̂X,i

θ̃X − λ̂X,i
ûX,iû

t
X,i, QY

(
θ, SY, ÛY

)
=

m∑
i=k+1

λ̂Y,i

θ̃Y − λ̂Y,i
ûY,iû

t
Y,i,

1

θ − 1
=

m∑
i=k+1

λ̂X,i

θ̃X − λ̂X,i
û2
X,1,i,

1

θ − 1
=

m∑
i=k+1

λ̂Y,i

θ̃Y − λ̂Y,i
û2
Y,1,i.

The matrices QX ≡ QX

(
θ, SX, ÛX

)
and QY ≡ QY

(
θ, SY, ÛY

)
are in Mat((m− k)× (m− k)).

Then, we define

Tr,s

(
θ, SX, SY, ÛX, ÛY

)
=

QX,r,s√∑
t6=r(QX,r,t)2

QY,r,s√∑
t6=r(QY,r,t)2

,

T
(
θ, SX, SY, ÛX, ÛY

)
=

1

m− k

m−k∑
s

m−k∑
r 6=s

Tr,s

(
θ, SX, SY, ÛX, ÛY

)
.

1. We define T
(
θ, SX, SY, ÛX, ÛY

)
as the first part of the second criterion for small θ.

2. We define the general criterion for small θ as µGλ (θ, SX , SY , ÛX, ÛY) constructed from 4.2.5 by
replacing the estimation of α by

α = αXαY + T
√

1− α2
X

√
1− α2

Y .

Remark 4.2.8.1.

1. Assuming our model, T = Op(1/m
1/2). Moreover, it seems that in practice T tends to

be positive. Therefore, the general criterion is bounded by the first criterion 4.2.5,

µλ > µGλ .

If this hypothesis holds, then the general criterion would always be useless. However,
we are not able to prove such a result.

2. In practice we could replace T by the simpler estimator:

T =
1

d

d∑
s

m−k∑
r 6=s

Tr,s,

where d is smaller than m− k. If T tends to be strictly larger or smaller than 0, then
a finite d is asymptotically sufficient to detect it.
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3. This criterion check case for consistency is necessary because X and Y are no longer
independent! Indeed the random u is the same in the two matrices.

Theorem 4.2.4.
Assume X ∈ Rm×nX and Y ∈ Rm×nY are random matrices from class CD(u) defined in 4.2.7 for
u ∈ Rm. By definition of CD,

X = P 1/2X = P 1/2Σ1/2X and Y = P 1/2Y = P 1/2Σ1/2Y,

where P = Im + (θ − 1)uut. We define

X̃ = P̃ 1/2X̃ and Ỹ = P̃ 1/2Ỹ,

such that P̃ = Im + (θ̃ − 1)uut, lim θ̃√
m

= ∞ and X̃ (respectively Ỹ) is invariant by rotation with

spectrum equal to the spectrum of X (respectively Y). Moreover, we define λD,m and λ0,m as the
largest residual spikes obtained using

(
X,Y

)
and

(
X̃, Ỹ

)
respectively.

If the criterion defined in 4.2.5 is such that

∀θ > 0, µλ

(
θ, SX, SY, ÛX, ÛY

)
< lim

θ→∞
µλ

(
θ, SX, SY, ÛX, ÛY

)
+ o(1/

√
m)

and the variance of 〈ûX , ûY 〉 is om (1), then

1. If the criterion 4.2.8 is such that T = 0, then our model is asymptotically weakly robust on the
right,

Ep(m) [λD,m] 6 Ep(m) [λ0,m] .

2. If the criterion of 4.2.8 is such that T > d for d a positive constant, then our model is asymp-
totically strongly robust on the right,

Ep(m) [λD,m] +D(d) < Ep(m) [λ0,m] + om(1), where D(d) is a positive function of d,

lim
m→∞

Varp(m) (λD,m) = lim
m→∞

Varp(m) (λ0,m) = 0.

Remark 4.2.4.1.

1. If Ep(m) [λD,m] = Ep(m) [λ0,m] when θ tends to infinity, the asymptotic variances are not
necessarily the same. We recall that models letting θ tend to infinity are in class CA.
Therefore, assuming Σ 6= Im leads to conservative tests.

2. Simulations seem to show that for all θ, when Σ 6= Im, we usually have

Ep(m) [λD,m] < Ep(m) [λ0,m] .

3. If the criterion is respected and the variance of the residual spike tends to 0, then
applying the Main Theorem to data generated by model D leads to conservative tests.

4. This theorem can be extended to the minimum residual spike to show robustness on
the left.

(Proof page 204)

4.2.3 Uncertainties

In this section, we discuss the shortcomings of the robustness investigation.
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1. The robustness is proven for perturbations of order 1.

(a) CA can probably be extended to finite perturbation of order k with some assumptions on
Σ.

(b) Some additional work is needed to check if criteria 4.2.5 and 4.2.8 still work for perturbation
of order k in class CB and CD.
It is easy to show that if the data are perturbations of order k, then the criteria still checks
if the residual spike of a perturbation of order 1 is increasing. However, the criteria do
not check if a perturbation of order k creates an increasing residual spike as a function of
(θ1, θ2, ..., θk).
This extension is not in the thesis but can probably be proven using its theorems. Indeed
when θ is small many theorems have a weak form that usually allows the computation of
expectations or bounds on the expectation.

(c) The Main Theorem 3.1.1 assumes 2.2.2(A1) and (A3). We do not show that data satisfying
only 2.2.2(A1) and (A4) would lead to a conservative test. It is reasonable to think that
small perturbations are not as problematic as large one. Moreover, it seems that all the
material to prove such a result is provided in this thesis and we refer to the proof of the
Main Theorem and Lemma 6.2.4 to convince the reader.

2. We have proved weak robustness in a large number of scenarios. However, if θ is small and the
perturbation is not random (for example linked to Σ as in class CA), we are not able to prove
robustness.

3. The weak robustness only assumes that we are conservative in expectation. Assuming that the
variance tends to 0, this robustness is sufficient. However, the variance does not necessarily tend
to 0. Moreover, even if the variance tends to 0, a finite number of data could easily create a
residual spike with smaller expectation but larger variance such that the quantile 0.95 is enlarged.

4.2.4 Summary

This section summarises in Table 4.1 all the classes where our test is conservative with their weak-
nesses and their strengths. The weak points are in red and the strong one are in blue. The black
comments are considered as interesting generalisations or results. Nevertheless, because another class
is more general or provides more powerful results, these comments are not in blue.

θ Σ Temporal u Distribution Criteria Robustness

Our
model

θ√
m
→∞ Σ = Im

A unique
temporal

fluctuation
trough the rows

No condition
on u

Invariant
distributions

No

CA θ →∞
Weak

conditions on
Σ

Small temporal
differences in
direction u

No condition
on u

Weak conditions
on the

distributions
No

Weak,
Strong if
Σ 6= Im

CB ∀θ > 1 Σ = Im

A unique
temporal

fluctuation
trough the rows

No condition
on u

Invariant
distributions

Simple
criterion

Strong

CC ∀θ > 1 Σ = Im

A unique
temporal

fluctuation
trough the rows

No condition
on u

Symmetric
distributions

Simple
criterion

Weak

CD ∀θ > 1
No condition

on Σ

Temporal
differences in all

directions are
allowed

u is uniform
No condition on
the distributions

Heavy
criterion

Weak if
T = 0,

Strong if
T > 0

Table 4.1 – Summary of all the classes.

Remark 4.2.1.

1. The Table 4.1 shows that the most interesting classes are CA and CD. The temporal cases
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of CA just says that the temporal fluctuation, Ψ1, in the direction of the perturbation has

to be closed to the fluctuation, Ψ, in the other directions such that Trace
(

(Ψ1 −Ψ)2
)

=

o (nX) as in the remark of Definition 4.2.3.

2. If Σ = Im, then CA is still weakly robust. If T < 0, then CD is no longer robust!

3. Although we write the invariant distributions in red in the table, this condition is
already more general than the condition of Gaussianity.

4.2.5 Simulation

Chapter 8 simulates many scenarios and confirms the good behaviour of our model.
Assuming X with Xi,j i.i.d. random variable with finite fourth moment, the main conclusions of these
simulations are:

1. For X = P
1/2
k X, the procedure still seems weakly robust and “nearly” strongly robust. Moreover,

the first criteria 4.2.5 seems to be always satisfied.

2. The procedure appears to be strongly robust for X = P
1/2
k Σ

1/2
m X.

3. The criterion 4.2.8 for Class CD with general k seems to be always respected.

These conclusions hold for autoregressive Xi,·. The problems appearing in the simulations are:

1. It is not so clear that the procedure remains strongly robust with X = P
1/2
k X and θi large. The

simulations only show that using the quantile 0.95 leads to conservative procedures.

2. We can create spectra such that the largest residual spike appears for small θ. Moreover, this
construction is feasible for data that are invariant by rotation.
However, such an example is based on data with a complex temporal structure leading to a
spectrum with isolated eigenvalues.

4.2.6 Conclusion

This Chapter argues that, despite strong underlying assumptions, our procedure is a good choice to
treat all kinds of data and protects against wrong discoveries.
As seen in the part uncertainties 4.2.3, our four classes do not cover all possibilities. However, it seems
that data with large perturbations lead to conservative tests. If this theoretical part does not convince
the reader, simulations of Chapter 8 demonstrate the conservative properties of the test applied to
other data.
In conclusion, the procedure developed in this thesis is an intuitive test constructed on the basis of a
model that is difficult to treat with traditional tools. Moreover, this test has good robustness properties
and can easily be applied in practice without risking of mistake in the level of false rejections.

4.3 Power

Our procedure seems to have interesting robustness properties. However, we have not yet investigated
its power.
A good test must necessarily have an asymptotic power of 1 when nX and nY tend to infinity for fixed
m. Moreover, it would be interesting to reach a power 1 when m also increases with constant ratio,
cX = m

nX
and cY = m

nY
.

First, we define the continuity property.

Definition 4.3.1.
Let P = Im +

∑k
i=1(θi − 1)uiu

t
i. We say that the perturbation, θiuiu

t
i for i = 1, 2, ..., k, satisfies the

continuity property if θi ∝ m.
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Remark 4.3.0.1.
The property of continuity is intuitive for imaging. Assuming that we increase the number
of pixels, then a perturbation affects more pixels and increases with m.
If we call hm =

√
θmum, then hmh

t
m is the perturbation applied to the matrix. For m large

we define h0 such that, θm = ||hm||2 = m||h0||2. Then, we can use an argument of continuity
to argue that θ2m ≈ 2θm.

h2m = (hm,1, h̃m,1, hm,2, h̃m,2, ..., hm,m, h̃m,m),

with

hm = (hm,1, hm,2, ..., hm,m),

h̃m = (h̃m,1, h̃m,2, ..., h̃m,m)

and by continuity we can reasonably assume that

||h̃m||2 = ||hm||2 + o(||h||2).

Finally

θ2m = ||h2m||2 = (2 + o(1))||hm||2 = 2θm + o(θm) = 2m||h0||2 + o(m).

The same computation holds for θ3m, θ4m...
Therefore, assuming θ ∝ m seems plausible in practice.

Theorem 4.3.1.
Suppose X = P 1/2X ∈ Rm×nX and Y = P 1/2Y ∈ Rm×nY are data such that for X ∈ Rm×nX and
Y ∈ Rm×nY 2.2.1 and furthermore P ∈ Rm×m satisfies Assumption 2.2.2(A4). We test

H0 : PX = PY ,

H1 : PY = PX + (λ− 1)vvt,

where PX is a finite perturbation such that

PX = Im +
k∑
i=1

(θi − 1)uiu
t
i.

We define the Power as

βm = Pm {H0 rejected } .

1. Assuming the continuity properties defined in 4.3.1, then the Power tends to 1 in the following
two cases:

(a) 〈v, ui〉 = 0 for i = 1, 2, ..., k,

(b)
∑k

i=1 〈v, ui〉
2 6= 1,

2. Assuming the classical multivariate assumption, nX , nY → ∞ with m
nX
, mnY → 0 and a fixed

dependence between the columns (temporal structure), then the Power tends to 1 in the two
cases defined above.

3. Assuming m,nX , nY →∞ with cX = m
nX

, cY = m
nY

, then

(a) If 〈v, ui〉 = 0 for i = 1, 2, ..., k, and

λ > M2 +
√
M2

2 − 1,
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where

M2 =
M2,X +M2,Y

2
, M2,X =

1

m

m∑
i=1

λ̂2
X,i and M2,Y =

1

m

m∑
i=1

λ̂2
Y,i,

the Power tends to 1.

(Proof page 208)
This shows that despite the good robustness properties, our procedure keeps a good asymptotic power.

4.4 Application of the model

When applying the procedure to real data, we typically want to achieve the following:

• Estimation of the spectra and their moments,

• Standardisation the data,

• Estimation of k, the order of the perturbation,

• Avoiding the effects of temporal finite perturbation which can lead to a failed test.

Our main result provides a tool to deal with two well-known problems:

• A first group of size nX looks at m features. What should be the size of the second group in
order to obtain results?

• How should the number of principal components be selected and justified in a principal compo-
nent analysis?

This section will study this problem theoretically and the simulation in Chapter 8 presents some con-
crete cases of spectrum estimations, standardisation of the data, and control of temporal perturbations.
All the routines for the analysis are proposed in our R package ”RMTResidualSpike”.

4.4.1 Spectrum estimation

Assume data X ∈ Rm×nX and Y ∈ Rm×ny respect Assumption 2.2.1 such that

X = P
1/2
k X and Y = P

1/2
k Y,

where X, Y are invariant by rotation random matrices with compact bounded spectra and Pk =
Im +

∑k
i=1(θi − 1)uiu

t
i has distinct eigenvalues whose kX and kY respectively are detectable in X and

Y. We build the estimated covariance matrices,

Σ̂X =
XXt

nX
and Σ̂Y =

YYt

nY
.

In case of difficulties in estimating kX and kY the last remark of Theorem 4.4.1 recommends under-
estimating them for the estimation of the spectra.
Theorem 3.1.1 provides the variance and the expectation of random variables leading to the extreme
residual spikes:

λ±, σ±
2

and σ±w
2
.

However, these values are expressed in function of the four first moments of the spectra of WX and
WY where

WX =
XXt

nX
and WY =

YYt

nY
.
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Theorem 4.4.1 suggests estimating the moments with

Ms,Σ̂X
(kX) =

1

m− kX

m∑
i=kX+1

(
λ̂Σ̂X,i

)s
=

1

m

m∑
i=1

(
λ̂WX ,i

)s
+Op

(
1

m

)
= Ms,WX

+Op

(
1

m

)
,

Ms,Σ̂Y
(kY ) =

1

m− kY

m∑
i=kY +1

(
λ̂Σ̂Y,i

)s
=

1

m

m∑
i=1

(
λ̂WX ,i

)s
+Op

(
1

m

)
= Ms,WY

+Op

(
1

m

)
,

where λ̂WX ,i is the ith eigenvalue of WX and λ̂Σ̂X,i
is the ith eigenvalue of Σ̂X. These estimators

provide good results in practice as we will see in the simulation section.
Nevertheless the estimation of λ± could lose conservative properties when m is not large enough, k
is large and the extreme eigenvalues of WX are far from 1. This problem is partially solved by using
a bounded estimation of M2,X and M2,Y . This second estimator is provided in the second part of
Theorem 4.4.1,

M2,WX
+Op

(
1

m

)
=

∑m
i=kX+1

(
λ̂Σ̂X,i

)2
+ 2kX

(
λ̂Σ̂X,kX+1

)2

(m− kX)M1,Σ̂X
(kX) + 2kX λ̂Σ̂X,kX+1

>M2,WX
+Op

(
1

m5/3

)
,

M2,WY
+Op

(
1

m

)
=

∑m
i=kY +1

(
λ̂Σ̂Y,i

)2
+ 2kY

(
λ̂Σ̂Y,kY +1

)2

(m− kY )M1,Σ̂Y
(kY ) + 2kY λ̂Σ̂Y,kY +1

>M2,WY
+Op

(
1

m5/3

)
.

Using the previous notation, we present the theorems of this section:

Theorem 4.4.1.
Using the notation of Section 4.4.1 and assuming φ is an increasing function on the support of the
spectrum, the following holds.

1. If the values λ̂Σ̂X,i
for i = kX , kX + 1, ..., k are finite (k > kX),

0 <
1

m

m∑
i=1

φ
(
λ̂WX ,i

)
− 1

m− kX

m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)
6 Op

(
1

m

)
.

In particular if ρ ∈ R is outside the spectrum support, for s1, s2 > 0,

Ms1,s2,WX
(ρ) =

1

m

m∑
i=1

(
λ̂WX ,i

)s1(
ρ− λ̂WX ,i

)s2 +Op (1/m) = Ms1,s2,Σ̂X
(ρ) +Op (1/m) .

More precisely

kX
∑m

i=kX+1 φ
(
λ̂Σ̂X,i

)
m(m− kX)

6
1

m

m∑
i=1

φ
(
λ̂WX ,i

)
− 1

m− kX

m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)

6
2kφ

(
λ̂WX ,1

)
−
∑k

i=kX+1 φ
(
λ̂Σ̂X,i

)
m

+
kX
∑m

i=kX+1 φ
(
λ̂Σ̂X,i

)
m(m− kX)

.

2. The estimator can be improved when φ(x) = x2 using another estimator. We assume that the
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variance of the entries of the data is σ2 and σ2 −M1,Σ̂X
= Op

(
1

mnX

)
, then

1

σ2

1

m

m∑
i=1

(
λ̂WX ,i

)2
−

∑m
i=kX+1

(
λ̂Σ̂X,i

(kX)
)2

+ 2kX

(
λ̂Σ̂X,kX+1

)2

(m− kX)M1,Σ̂X
+ 2kX λ̂Σ̂X,kX+1

6
2k
(
λ̂WX ,1

)2
−
∑k

i=kX+1

(
λ̂Σ̂X,i

)2
− 2kX

(
λ̂Σ̂X,kX+1

)2

σ2m

+

(∑m
i=kX+1

(
λ̂Σ̂X,i

)2
)

mσ2M1,Σ̂X(
M1,Σ̂X

− σ2 +
−
∑k

i=kX+1 λ̂Σ̂X,i
+ 2kX λ̂Σ̂X,kX+1 − (k + 1)M1,Σ̂X

m

)
+Op

(
1/m2

)
.

Remark 4.4.1.1.

1. The first inequality shows that the error of the intuitive estimator is of order 1/m.
Moreover, we always underestimate the true value and this underestimation can lead
to a non-conservative test. Nevertheless, asymptotically, this estimation is enough and
simulations show very good performance with reasonably large m.

2. We propose the second estimator to improve the conservative properties of the first one.
The first estimator underestimates M2,X with an error of size

2kφ
(
λ̂WX ,1

)
−
∑k

i=kX+1 φ
(
λ̂Σ̂X,i

)
m

=
2k
(
λ̂WX ,1

)2
−
∑k

i=kX+1

(
λ̂Σ̂X,i

)2

m
.

This estimator has also an error of order 1/m and tends to bound M2,X . However,

assuming λ̂Σ̂X,kX+1 close to λ̂WX ,1, the terms that contribute to the underestimation
are

2kX λ̂Σ̂X,kX+1

m
and

(k − kX)
(
λ̂WX ,1

)2

σ2m
.

The error is of order 1/m, but the numerator is smaller than k
(
λ̂Σ̂X,kX+1

)2
.

3. We do not treat the case kX > k because,

• If kX 6 k, the estimators are Op (1/m) when the missing perturbations are small.
Moreover, underestimation of k leads to overestimation of M2

• If kX > k, we tend to underestimate M2 and the procedure loses the property of
conservativeness.

Before concluding that choosing kX < k is better, we should remember that this scenario
creates errors on the statistics used for the Main Theorem 3.1.1. A better answer could
be:

Choose kX < k to estimate the spectrum and kX > k for the rest of the
procedure.

Of course all this discussion can be neglected when m is large enough.
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(Proof page 211.)

Simulations: In this paragraph we investigate the consequences of Theorem 4.4.1 on the Main
Theorem 3.1.1. All the simulations are on page 222.
We recall that Theorem 4.4.1 proposed two estimators, the intuitive estimator and the corrected one
which improves the properties of conservativeness.

• The main conclusion of the simulations is the better performance of the intuitive estimator when
m is sufficiently large. This does not contradict the theorem that says that both estimators
commit an error of order 1/m and the corrected one tends to overestimate M2,X .

• The simulations directly compare the estimators in the estimation of the residual spikes for
known and unknown k. This leads to the second main conclusion. Although we recommend
underestimation of kX and kX to favour conservativeness, we find in simulation that neither a
small overestimation nor a small underestimation substantially affect the test.

• Finally we see that asymptotically both estimators provide good results, even though for small
m, large k, and nX , nY >> m, the intuitive estimator tends to underestimate the residual spike.

4.4.2 Standardisation

Raw data X and Y are not centred and scaled. In order to use our procedure we need to standardise
our data. The aim of this section is to argue that some standardisations can be applied without
perturbing the procedure.
In this section we suppose k as known and defined some colour code and operators for the data
X ∈ Rm×nx .

µ (X) =
1

mnX

∑
i,j

Xi,j ∈ R,

µc (X) = (µ (X1,1:nX ) , µ (X2,1:nX ) , ..., µ (Xm,1:nX )) ∈ Rm,
µr (X) = (µ (X1:m,1) , µ (X1:m,2) , ..., µ (X1:m,nX )) ∈ RnX ,

σ (X) =

√
1

mnX

∑
i,j

X2
i,j ∈ R,

σc (X) = (σ (X1,1:nX ) , σ (X2,1:nX ) , ..., σ (Xm,1:nX )) ∈ Rm,
σr (X) = (σ (X1:m,1) , σ (X1:m,2) , ..., σ (X1:m,nX )) ∈ RnX ,
P−1
k (X) = U1:m,k+1:mΛk+1:m,1:nXV

t
1:nX ,1:nX

where we use the svd X = UΛV t.

In this section, we use red, as in X, to denote the raw data, and blue as in X, the processed data
ready for our procedure. The other colours allow us to distinguish the data as it moves through the
steps of the standardisation process.

The different procedures of the standardisation processes are as follows.

Centring the column vectors:

We can subtract from column the column average in order to simplify the computation of covariance
matrix estimator.

X = X−
(
µc(X)t, µc(X)t, ..., µc(X)t

)
= X− 1

nX
11tX ∈ Rm×nX ,

Y = Y −
(
µc(Y)t, µc(Y)t, ..., µc(Y)t

)
∈ Rm×nY ,

Σ̂X = XXt/nX and Σ̂Y = YYt/nY .
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Justification: Assume

X = P
1/2
k X +M or X·,i = P

1/2
k X·,i + ~µ,

where M = (~µ, ~µ, ..., ~µ) is a matrix of size m× nX and X is invariant by rotation.
Then, the matrix Σ̂X is invariant by rotation because

X·,i = X·,i − µc(X)t

= (X·,i − ~µ)− (µc(X)− ~µ)

=
(
P

1/2
k X·,i

)
− 1

nX

nX∑
j=1

(X·,j − ~µ)

=
(
P

1/2
k X·,i

)
− 1

nX

nX∑
j=1

P
1/2
k X·,j .

Moreover,

X = X

(
InX −

1

nX
11t
)1/2

= P
1/2
k X

(
InX −

1

nX
11t
)1/2

.

The right perturbation does not affect the global spectrum and the spike of PkX except by adding
a null eigenvalue.

Adaptation of the method: We cannot directly apply the Main Theorem 3.1.1. Indeed the
spectrum of the matrix X is not standardised. This generalisation is not proposed because we can
just replace Ms,X and Ms,Y by

Ms,X

σs
and

Ms,Y

σs
,

where σ2 = E
[
Trace

(
XXt

nX

)]
= E

[
Trace

(
YYt

nY

)]
.

This value can be estimated by Theorem 4.4.1 assuming σX 6= σY or σX 6= σY .
In the first case we recommend to use

σ̂X = M1,Σ̂X
,

σ̂Y = M1,Σ̂Y
.

In the second scenario we could choose,

σ̂X,Y =
nXM1,Σ̂X

+ nYM1,Σ̂Y

nX + nY
.

We recall that a second estimator is given by Theorem 4.4.1 and the choice of k should be an
underestimate of the correct value to protect conservatism.

Centring and rescaling the column vectors:

Instead of rescaling the matrices, the above procedure rescales the spectra when using the Main
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Theorem. We could also rescale the data.

X = X−
(
µc(X)t, µc(X)t, ..., µc(X)t

)
∈ Rm×nX ,

X = X/σ
(
P−1
k (X)

)
,

Σ̂X = XXt/nX .

Justification: It is clear that if the procedure works for X and Y, then it also works asymptot-
ically for X and Y despite the fact that a small mistake on k creates an error of order 1/m.

Adaptation of the method: In this case we can directly apply the Main Theorem by replacing
Ms,X and Ms,Y by their estimators introduced in Theorem 4.4.1.
When m is not large enough and in case of uncertainty on k, we recommend to overestimate it a
little in σ

(
P−1
k (X)

)
and to underestimate it when using Theorem 4.4.1.

Centring and rescaling of Subgroups column vectors:

If the nX samples are divided in ñX subgroups, then we could standardise each subgroup separately.
We use the notation XGs to look at the data matrix created by the subgroup s.

XGs = XGs −
(
µc(XGs)

t, µc(XGs)
t, ..., µc(XGs)

t
)
∈ Rm×nX ,

XGs = XGs/σ
(
P−1
k (XGs)

)
.

Then, we could also rescale the whole matrix by the estimated standard error.

Adaptation of the method: In this case we can directly apply the Main Theorem by replacing
Ms,X and Ms,Y by their estimators introduced in Theorem 4.4.1.
When k is unknown we should overestimate it a little in σ

(
P−1
k (XGs)

)
and underestimate it when

using Theorem 4.4.1.

Remark 4.4.1.
The procedure does not work for all partitions of nX and nY in subgroups. We are only
able to treat the data if at least one of the following conditions holds:

• all the sizes of the subgroups are of same size,

• the subgroups do not create isolated temporal spikes presented in Section 4.4.3.

In other cases, the subgroups could create temporal spikes that we can not distinguish
from the spatial spikes.

Centring and rescaling the row and the column vectors:

Some temporal structure interfering with the study could be minimised by a stronger standardisa-
tion. However, this kind of processing creates weaker, but not necessarily less useful tests.

X = X−
(
µc(X)t, µc(X)t, ..., µc(X)t

)
∈ Rm×nX ,

X = X−


µr(X)
µr(X)

...
µr(X)

 ∈ Rm×nX ,

X = X/σ
(
P−1
k (X)

)
.
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Justification: Assume

X = P
1/2
k X +M + M̃ or X·,i = P

1/2
k X·,i + ~µ+ ηi,

where M = (~µ, ~µ, ..., ~µ) and M̃ t = (~η, ~η, ..., ~η)t are matrices of size m × nX and X is invariant by
rotation. Therefore, ~µ = (µ1, µ2, ..., µm) and ~η = (η1, η2, ..., ηnX ).
The matrix Σ̂X is invariant by rotation because

X·,i = X·,i − µc(X)t

=
(
X·,i − ~µ− ηi~1m

)
−
(
µc(X)− ~µ− ηi~1m

)
=

(
P

1/2
k X·,i

)
− 1

nX

nX∑
j=1

(
X·,j − ~µ− ηi~1m

)
=

(
P

1/2
k X·,i

)
− 1

nX

nX∑
j=1

(
P

1/2
k X·,j + ηj~1m − ηi~1m

)
=

(
P

1/2
k X·,i

)
− 1

nX

nX∑
j=1

(
P

1/2
k X·,j

)
− η̄~1m + ηi~1m,

where ~1m = (1, 1, ..., 1) ∈ Rm.
Then,

Xt,i = Xt,i − µr(X)i

=
(
P

1/2
k X·,i

)
t
− 1

nX

nX∑
j=1

(
P

1/2
k X·,j

)
t
− η̄ + ηi

−
m∑
h=1

(
P

1/2
k X·,i

)
h

+
1

mnX

m∑
h=1

nX∑
j=1

(
P

1/2
k X·,j

)
h

+ (η̄ − ηi)

=
(
P

1/2
k X·,i

)
t
− 1

nX

nX∑
j=1

(
P

1/2
k X·,j

)
t
−

m∑
h=1

(
P

1/2
k X·,i

)
h

+
1

mnX

m∑
h=1

nX∑
j=1

(
P

1/2
k X·,j

)
h
.

Therefore

X =

(
Im −

1

m
11t
)1/2

X

(
InX −

1

nX
11t
)1/2

=

(
Im −

1

m
11t
)1/2

P
1/2
k X

(
InX −

1

nX
11t
)1/2

= H1/2
m P

1/2
k XH1/2

nX
.

The temporal perturbation HnX just adds a null eigenvalue; however, the spatial perturbation is
projected on a subspace without the direction 1 by Hm. We define

P̃k = H1/2
m PkH

1/2
m

such that

Σ̂X = H1/2
m P

1/2
k XHnXXtP

1/2
k H1/2

m

= OΛU tXHnXXtUΛOt

= OΛOtOU tXHnXXtUOtOΛOt

= P̃
1/2
k OU tXHnXXtUOtP̃

1/2
k

∼ P̃
1/2
k XHnXXtP̃

1/2
k ,
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where the last line is obtained by invariance under orthogonal transformation and H
1/2
m P

1/2
k =

OΛU t is a singular value decomposition.

Remark 4.4.2.
If X and Y are not invariant by rotation, this transformation is still allowed. Because

Σ̂X = P̃
1/2
k OU tXHnXXtUOtP̃

1/2
k = P̃

1/2
k X̃HnX X̃tP̃

1/2
k

Σ̂Y = P̃
1/2
k OU tYHnY YtUOtP̃

1/2
k = P̃

1/2
k ỸHnY ỸtP̃

1/2
k ,

the distributions of X and X̃ are different but X̃ has still same distribution as Ỹ.

Therefore,

X = P̃k
1/2

XH1/2
nX

= ˜̃P
1/2
k H1/2

m XH1/2
nX

Y = P̃k
1/2

YH1/2
nY

= ˜̃P
1/2
k H1/2

m YH1/2
nY

where P̃k is a finite perturbation with a null eigenvalue and ˜̃Pk replaces the null eigenvalue of P̃k
by 1.
The resulting matrices are ready for our procedure. We still look at a finite spatial perturbation after
adding two null eigenvalues. The spectra bulk of the matrices were asymptotically unaffected by
the standardisation process. However, the eigenvectors of the perturbation are strongly modified by
the projection cancelling the direction 1. Therefore, if the difference is exclusively in this direction,
the procedure will not detect it.

Adaptation of the method: As for the previous processes, we can use Theorem 4.4.1 to estimate
the parameters of the Main Theorem 3.1.1. The choice of k has an impact when m is not large
enough and was discussed previously.

Centring and rescaling of subgroups row and column vectors:

Some temporal structure could be divided in ñX groups. In this case we would like to standardise
each subgroup separately. We use the notation XGs to look at the data matrix created by the
group s.

XGs = XGs −
(
µc(XGs)

t, µc(XGs)
t, ..., µc(XGs)

t
)
∈ Rm×nX ,

XGs = XGs −


µr(XGs)
µr(XGs)

...
µr(XGs)

 ∈ Rm×nX ,

XGs = XGs/σ
(
P−1
k (XGs)

)
.

The problem of data pre-processing is created by the effect that the preprocessing has on the distri-
bution of the data. Can we still justify our model ?
Through the description of all the processes, we see that if the data can be expressed as a trans-
formation of X invariant by rotation, then we can invert the transformation to keep the invariance
properties.
More generally if we can express the data as a transformation of X such that the procedure is justified
for X, then the procedure is valid for the pre-processed data applying the inverse of the transformation.

Simulations: We comment on the effect of the pre-processing on page 8.
The five processes introduced in Section 4.4.2 provide good results when applying them to appropriate
data. If the data are adapted for the procedure, it seems that we can apply the processing and build
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conservative tests.
However, the two last standardisations, which center the rows, loose all power in the direction ~1
by applying a projection. We think that this loss a power is not important for two reasons. First,
differences in this direction are directly found by other methods. Second, it is important in addition
to cancel temporal structures as well as possible in order to decrease large temporal perturbations.

4.4.3 Temporal perturbation

The strongest point of our method is its ability to deal with temporal structures. As shown previously,
temporal structures do not affect our result as long as we are able to distinguish temporal spikes from
spatial spikes. In practice, this is typically not the case! Temporal and spatial perturbations are
merged in the spectrum and treating a temporal spike as a spatial spike leads to mistakes. In this
section we call X, the data before preprocessing, X the transformed data suitable for our procedure
and X the data without any finite perturbations.
On the one hand, dealing with compact temporal structures is our strength. These structures do not
create isolated estimated eigenvalues. On the other hand finite isolated temporal perturbations are
our weakest point as we explain below. We want to test

H0 : PX = PY ,

H1 : PX 6= PY .

This null hypothesis is wrong if the data create temporal finite perturbations. It is also the case even
if these perturbations are the same in the two groups. The correct hypotheses would be,

X = P
1/2
X XP

1/2
X,T ,

Y = P
1/2
Y YP

1/2
Y,T

such that X and Y have no isolated spike and we test

H0 : PX = PY and PX,T = Inx , PY,T = InX ,

H1 : PX 6= PY or PX,T 6= Inx or PY,T 6= InY .

Therefore, H0 could be rejected because of temporal perturbations.

In this section we proposed a heuristic method to filter temporal perturbations. In this context, the
data under H0 are such that

X = P 1/2XP
1/2
X,T ,

and create k either temporal or spatial spikes.
In order to treat the temporal perturbation we proposed the following algorithm based on the singular
value decomposition.

Algorithm:

1. For i = 1, 2, ..., nX , compute Ri such that

X1:m,−i = RiΛiVi.

Define
X = (X1,X2, ...,XnX ) ,

where Xi = RtiX1:m,i.

2. Compute
X = Xψ̂−1/2,
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where

ψ̂ = (m− k)

(
InX +

k∑
i=1

(λ (W−k)− 1)u (W−k)u (W−k)
t

)
,

W−k =
Xt
k+1:m,1:nX

Xk+1:m,1:nX

m− k
∈ RnX×nX .

3. Finally we call X the temporal filtered matrix,

X1:m,i = RiX1:m,i.

Justification:
The following algorithm is heuristic. It works for data X that are invariant under rotations or are
such that the singular values allow for spatial-temporal separability. We have not formally proved
it, but we present a convincing heuristic argument for this case.
If the temporal and spatial perturbations correspond to different eigenvalues, then the rotation, Ri
in the first part of the algorithm sends all the spatial perturbations on e1 to ek but does not affect
the temporal perturbation.
The reason for this temporal robustness to the rotation Ri is the lack of precision of the spatial
eigenvectors corresponding to temporal spikes. More precisely, let λt be an eigenvalue corresponding
to a temporal perturbation in direction vt ∈ RnX and denote by ût ∈ Rm a spatial noisy estimated
eigenvector. Because λt is mainly temporal, the estimation of the same perturbation without the
ith column (nX − 1 samples) provides an other noisy û−i,t with 〈û−i,t, ût〉 tending to 0.
Luckily for us this noisy estimator allows us to invert the temporal perturbation without touching
the spatial perturbation. Indeed in the second step we estimate the temporal perturbation, ψ̂, with
only m− k rows and this estimation tends to the correct perturbation.
Therefore, we do not affect the spatial perturbation and neutralise to some degree the temporal
perturbation.
The question is whether we neutralize enough of the temporal perturbation ?
By simulation, the answer seems to be yes if the temporal perturbation is not too large.

Simulations:

The simulations on page 8.7 indicate the following:

• If there is no temporal perturbation, then the algorithm does not affect the existing spikes.
The procedure creates k temporal spikes that do not change the asymptotic behaviour of the
residual spike.

• Assuming a data matrix X that is invariant by rotation and a finite temporal perturbation,
then the algorithm deletes the temporal spikes without touching the spatial perturbation.

• Intuitively we would expect worse simulations for temporal perturbations of order larger than
o(m). However our simulations still show good conservative properties in this case.

Remark 4.4.3.
Another temporal filtered procedure consists of rescaling each column by its variance. This
process will delete canonical temporal perturbations. We will not pursue this procedure
any further in this thesis.

Summary:

In conclusion, if the data X and Y are suspected to have temporal perturbations, we should use
the algorithm of this section. Alternatively, the user can simply apply the usual procedure and
check in the end if the residual eigenvalue is due to a temporal eigenvector. Therefore, instead of
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looking at the eigenstructure of

ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X ,

we look at the eigenstructure of

ˆ̂
Σ
−1/2
X

(
m∑

i=k+1

ûY,iv̂
t
Y,i +

k∑
i=1

(
ˆ̂
θY,i − 1)ûY,iv̂

t
Y,i

)
,

where v̂Y,i is the ith singular vector of Y. If the square of extreme residual eigenvalue of the
previous matrix is too large compared to the theory, we can then investigate its corresponding
temporal eigenvector.

4.4.4 The problem of selecting the number of components

The method of this section is completely heuristic and could probably be improved. In the section of
the Main Theorem 3.1, we showed by simulation that an error on k does not lead to a less conservative
test. If we add too many perturbation we build a very conservative test and on the other hand if we
miss some small perturbations we still build a conservative test when m is large.

How to choose k?

We recall that we look at

λmax

(
ˆ̂
Σ−1
X

ˆ̂
ΣY

)
and λmin

(
ˆ̂
Σ−1
X

ˆ̂
ΣY

)
,

where
ˆ̂
ΣX and

ˆ̂
ΣY are the filtered estimators of Σ̂X and Σ̂Y . We reject if the value is outside an

interval.
The estimated covariance matrices are assumed to be finite perturbations of WX and WY ,

Σ̂X = P
1/2
X WXP

1/2
X and Σ̂Y = P

1/2
Y WY P

1/2
Y ,

where PX and PY are finite perturbations of order kX and kY respectively.
The method of this section selects the numbers kX and kY respecting the three following points:

• The algorithm tends to choose the correct kX and kY asymptotically (if easily detectable).

• The procedure is conservative.

• If a perturbation is only detectable in the group X, the procedure must not reject this pertur-
bation.

We propose the following method. We define the interval,

I(kx, ky, SΣ̂X ,−kx , SΣ̂Y ,−kY , β)

=
[
Quantileβ

(
λ̂min,max(kX ,kY ),SΣ̂X,−kx

,SΣ̂Y ,−kY

)
,Quantile1−β

(
λ̂max,max(kX ,kY ),SΣ̂X,−kX

,SΣ̂Y ,−kY

)]
,

where λ̂min,max(kX ,kY ),SΣ̂X,−kX
,SΣ̂Y ,−kY

is the random residual spike defined in the Main Theorem 3.1.1

when the perturbation is of order k = max(kX , kY ). The estimated spectra are SΣ̂X ,−kX and SΣ̂Y ,−kY ,

the spectra of respectively Σ̂X and Σ̂Y without respectively the kX , kY largest eigenvalues.

The idea of the algorithm is the following :
The matrices Σ̂X and Σ̂Y have some biased perturbations. It seems obvious that if an unbiased ob-
served eigenvalue falls inside the interval, I(kX , kY , SΣ̂X ,−kX , SΣ̂Y ,−kY , β) for β close to 1, this value
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will not create an interesting residual spike and can be neglected. Indeed, it will create a residual
spike much smaller than our threshold.

We look at different values of kX and kY in K chosen by the user.

1. For kX , kY ∈ K, define SΣ̂X ,−kX and SΣ̂Y ,−kY the estimated spectra of Σ̂X and Σ̂Y without
respectively the kX and the kY largest eigenvalues.

2. Compute two tables with entries (kX , kY ) equal to

• 1 if the kth
Y unbiased eigenvalue of Σ̂Y ,

ˆ̂
θY,kY is larger than I

(
kX , kY , SΣ̂X ,−kX , SΣ̂Y ,−kY

)
,

• 0 else,

and the second

• 1 if the kth
X unbiased eigenvalues of Σ̂X is such that 1/

ˆ̂
θX,kX is smaller than

I
(
kX , kY , SΣ̂X ,−kX , SΣ̂Y ,−kY

)
,

• 0 else.

For example

kX

kY 1 2 3 4 5

1 0 0 0 0 0

2 1 1 0 0 0

3 1 1 1 0 0

4 1 1 1 0 0

5 1 1 1 0 0

.

kY

kX 1 2 3 4 5

1 0 0 0 0 0

2 1 1 0 0 0

3 1 1 1 0 0

4 1 1 1 1 0

5 1 1 1 1 0
Selection of kY Selection of kX

3. Finally we choose the largest kX such that the kth
X column contains a 1 in the selection table of

kX . The second table chooses kY similarly. In the example, we set kX = 4 and kY = 3.

Remark 4.4.4.
When a perturbation θ is detectable only in X but not in Y , the test should not reject
the equality. Indeed the worst possible case occurs when nX tends to infinity and the kth

perturbation θk is not detectable in Y . In this case, if we want to avoid detecting a difference
in θk, we need

θk <<
1 +M2,Y

2
+

√
(1 +M2,Y )2

4
− 1.

Assuming Wishart distributions for WX and WY then the spectra tend to Marcenko-Pastur
distributions and M2,Y = 1 + cY . In this case the property is straightforward:

• θk is not detectable in Y because θk < 1 +
√
cY by 1.5.2,

• θ is detectable as a difference if θ > 1 + cY
2 +

√
cY +

c2Y
4 > 1 +

√
cY > θk.

Therefore, the algorithm satisfies the condition in this case.
However, we were not able to prove this property for general spectra. Therefore, when nX

nY
is large, we recommend checking if the unbiased eigenvalues are detectable in both groups.
The following could be applied:
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Suppose that nX is larger than nY , we test if
ˆ̂
θX,k could have been detected in Y . We solve

1

ˆ̂
θX,k − 1

=
1

m− kY

m∑
i=kY +1

λ̂Σ̂Y ,i

ρY − λ̂Σ̂Y ,i

to find ρY . Then, we could apply a test to see whether ρY is strictly larger than λ̂Σ̂Y ,kY +1 or
just look whether

ρY − λ̂Σ̂Y ,kY +1 >> λ̂Σ̂Y ,kY +1 − λ̂Σ̂Y ,kY +2,

where the difference should be important in practice.
When the difference does not seem significant enough, we should just neglect this perturba-
tion.

4.4.5 Other applications

The method developed in this thesis can also be used in different situations.

Estimation of the size of the second group

Suppose a study has already collected nX data on healthy patients. The analysis seems to show a
perturbation of order k. The researchers need to estimate a minimum number nY 6 nX of patients
for the second group. The Main result 3.1.1 can be used to estimate this number.
We know the distribution of the residual spike under H0. Moreover, if an additional perturbation
(η − 1)uηu

t
η orthogonal to the other is applied to the group Y , the reader can show that

λmax

(
ˆ̂
Σ−1
X

ˆ̂
ΣY

)
H1∼
Asy

ˆ̂η,

1. First we choose some group sizes nY that we would like to test. For example ny = 100, 300, 800.

2. We need to estimate the spectrum of Y for different values nY by the spectrum of X[1 : m, 1 : nY ]
without the k largest eigenvalues.

3. We use the Main Theorem to estimate the distribution of the residual spikes under H0. The
spectrum of X is known, the spectrum of Y is replaced by its estimator and k is replaced by
k + 1.

4. For nY and a fixed α, we can plot the power in function of η,

βα(η) = Pη

{
ˆ̂η > qλmax,k+1(1− α)

}
,

where qλmax,k+1(1− α) is the (1− α)−quantile of the largest residual spike assuming a pertur-
bation of order k + 1. This value is easily computed by the Main Theorem 3.1.1.
This allows us to choose nY such that interesting η can be detected with good probability.

Remark 4.4.5.
This heuristic way to estimate the power can be criticised for many reasons such as for
example:

• The model is conservative and leads to an overestimation of nY ,

• The estimation is slow because we compute the eigenvalues of huge matrices for each
size nY .
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Estimation of the number of principal components

The Main Theorem 3.1.1 can help to solve the famous problem of selecting the number of principal
components.

In this case, we have only one matrix Y = P
1/2
k Y. The idea of the selection criterion is to assume

that the ith component with unbiased eigenvalues
ˆ̂
θi is interesting if

ˆ̂
θ > qλmax,i(1− α),

qλmax,i(1 − α) is the (1 − α)−quantile of the largest residual spike assuming perturbation of order i
and SX is a spectrum of 1.
The distribution of this largest eigenvalues is computed in the remark of the Main Theorem 3.1.1 or
by assuming Ms,X = 1 for s = 1, 2, 3, 4.

This method considers that
ˆ̂
θi creates a new principal component if, applying our procedure to

Y = P
1/2
i Y and X∞ = P

1/2
i−1X∞, a sample of size nX →∞ with Pi−Pi−1 = (θi−1)uiu

t
i, would detect

the difference between perturbations.

Of course if the sth component with s > r is accepted as principal component, then the rth is also
accepted.

Remark 4.4.6.

1. The same idea could be used to compute

P
{

ˆ̂
θi > λmax

(
P−1
i−1

ˆ̂
ΣY,Pi−1

)∣∣∣ ˆ̂
θi

}
,

where Pi−1 is the perturbation containing the i− 1 largest perturbations of Pk.

2. We let the user decide how many component have to be tested. But we recall that our
test only allows a finite number of principal components and we recommend k < 15.

3. We could imagine a less restrictive criterion that would compare each principal compo-
nent to the residual spike created by a perturbation of order 1. Indeed in our criteria,
the kth component is significant if it is larger than the residual spike induced by per-
turbation of order k.

Testing a particular covariance matrix

Suppose that the data X ∈ Rm×n have centred normal entries with covariance Σ. We divide the

columns of X into two groups of size m1 and m2 and write Σ =

(
Σ1,1 Σ1, 2
Σ2,1 Σ2,2

)
with Σ1,1 ∈ Rm1×m1 ,

Σ2,2 ∈ Rm2×m2 and Σ1,2 = Σt
2,1 ∈ Rm1×m2 .

The books of Muirhead [2005], Anderson [2003] and Mardia et al. [1979] proposed a test for

H0 : Σ1,2 = 0.

Using the ratio of the likelihood, the classical theory proposed to use the test statistic,

T =

∣∣∣Σ̂m1+1:m,m1+1:m − Σ̂m1+1:m,1:m1Σ̂1:m1,1:m1Σ̂1:m1,m1+1:m

∣∣∣∣∣∣Σ̂m1+1:m,m1+1:m

∣∣∣ .
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Using the independence of

W1 = n
(

Σ̂m1+1:m,m1+1:m − Σ̂m1+1:m,1:m1Σ̂1:m1,1:m1Σ̂1:m1,m1+1:m

)
∼Wishart (Σ2,2, df = n− 1−m1)

and

W2 = n
(

Σ̂m1+1:m,1:m1Σ̂1:m1,1:m1Σ̂1:m1,m1+1:m

)
∼Wishart (Σ2,2, df = m1) ,

this random variable is a Wilks.
This statistic is looking at the difference between two independent Wishart random matrices, W1 and
W2. We easily see that

T =
1∣∣Im2 +W−1

1 W2

∣∣ .
As is usual for a test from the classical theory, this test is weak when the differences are finite
perturbations and affects only a few eigenvalues.
We propose to directly test equality between W1 and W2 using the Main Theorem 3.1.1. On one hand,
this new test will be more powerful in some situations. On the other hand, some investigations of the
robustness are still necessary for non normal entries.
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Chapter 5

Theorems

5.1 Introduction

In this chapter, we introduce the main theorems of this thesis :

• The convergence of the eigenvalues, the angle and the double angle.

• The joint distribution of the asymptotic eigenvalues and angles for perturbation of order 1.

• Invariant Eigenvalue Theorem.

• Invariant Angle Theorem.

• Invariant Dot Product Theorem.

• Invariant Component Theorem.

• The Double Invariant Angle Theorem. (Corollary)

The name “invariant” comes from invariant statistics as functions of k, the order of the perturbation.

Definition 5.1.1.
Suppose W is a random matrix. Moreover, define P1 = Im+(θ1−1)u1u

t
1 and Pk = Im+

∑k
i=1(θi−1)uiu

t
i

to be perturbations of orders 1 and k respectively. We say that a statistic T (Wm, P1) is invariant
with respect to k, if T (Wm, Pk) is such that

T (Wm, Pk) = T (Wm, P1) + εm, where max

(
εm

E [T (W,P1)]
,

ε2m
Var (T (W,P1))

)
→ 0.

Before introducing the theorems of this thesis, we need to clarify the notation.

Notation 5.1.1.
Although we use a precise notation to enunciate the theorems, the proofs often use a simpler notation
when no confusion is possible. This difference is always specified at the beginning of the proofs.

• If W is a symmetric random matrix, we denote by
(
λ̂W,i, ûW,i

)
its ith eigenvalues and eigenvec-

tors. If a random matrix X ∈ Rm×n is not symmetric, λ̂X,i and ûX,i denote the ith eigenvalues
and eigenvectors of 1

nXXt.

• A finite perturbation of order k is denoted by Pk = Im +
∑k

i=1(θi − 1)uiu
t
i. Similarly, a pertur-

bation in the direction ui is denoted by P̃i = Im + (θi − 1)uiu
t
i.
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• We denote by W ∈ Rm×m an invariant by rotation random matrix as defined in Assumption

2.2.1. Moreover, the estimated covariance matrix is Σ̂ = P
1/2
k WP

1/2
k .

When comparing two groups, we use WX , WY and Σ̂X , Σ̂Y .

• When we consider only one group, Σ̂Pr = P
1/2
r WP

1/2
r is the perturbation of order r of the matrix

W and:

– ûPr,i is its ith eigenvector.

– ûPr,i,j is the jth component of the i eigenvector.

– λ̂Pr,i is its ith eigenvalue. If θ1 > θ2 > ... > θr, then for i = 1, 2, ..., r we use also the

notation θ̂Pr,i = λ̂Pr,i. We call these eigenvalues the spikes. When r = k, we just use the

simpler notation θ̂i = θ̂Pk,i.

– α̂2
Pr,i

=
∑r

j=1 〈ûPr,i, uj〉
2 is called the general angle.

With this notation, we have Σ̂ = Σ̂Pk = P
1/2
k WP

1/2
k .

• When we look at two groups X and Y , we use a notation similar to the above. The perturbation

of order r of the matrices WX and WY are Σ̂X,Pr = P
1/2
r WXP

1/2
r and Σ̂Y,Pr = P

1/2
r WY P

1/2
r

respectively. Then, we define for the group Σ̂X,Pr (and similarly for Σ̂Y,Pr):

– ûΣ̂X,Pr ,i
is its ith eigenvector.

– ûΣ̂X,Pr ,i,j
is the jth component of the i eigenvector.

– λ̂Σ̂X,Pr ,i
is its ith eigenvalue. If θ1 > θ2 > ... > θr, then for i = 1, 2, ..., r we use the notation

θ̂Σ̂X,Pr ,i
= λ̂Σ̂X,Pr ,i

. When r = k, we just use the simpler notation θ̂X,i = θ̂Σ̂X,Pk ,i

– α̂2
Σ̂X,Pr ,i

=
∑r

j=1

〈
ûΣ̂X,Pr ,i

, uj

〉2
.

– α̂2
X,Y,Pr,i

=
∑r

j=1

〈
ûΣ̂X,Pr ,i

, ûΣ̂Y,Pr ,j

〉2
is the double angle and, when no confusion is pos-

sible, we use the simpler notation α̂2
Pr,i

. When this simpler notation is used, it is stated
explicitly.

• The theorems can assume a sign convention

ûPs,i,i > 0, for s = 1, 2, ..., k and i = 1, 2, ..., s,

as in Theorem 5.7.1 or 5.8.1. On the other hand, some theorems assume the convention

ûPs,i,s > 0, for s = 1, 2, ..., k and i = 1, 2, ..., s,

as in Theorem 5.11.1.
Other theorems are not affected by this convention and do not specify it precisely. Nevertheless,
the convention will be given in the proofs when confusion is possible.

• We define the function Ms1,s2,X(ρX), Ms1,s2,Y (ρY ) and Ms1,s2(ρX , ρY ) as

Ms1,s2,X(ρX) =
1

m

m∑
i=1

λ̂s1WX ,i(
ρX − λ̂WX ,i

)2 ,

Ms1,s2,Y (ρY ) =
1

m

m∑
i=1

λ̂s1WY ,i(
ρY − λ̂WY ,i

)2 ,

Ms1,s2(ρX , ρY ) =
Ms1,s2,X(ρX) +Ms1,s2,Y (ρY )

2
.
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In particular, when s2 = 0, we use Ms1,X = Ms1,0,X . When we only study one group, we use the
simpler notation Ms1,s2(ρ) when no confusion is possible.

• We use three transforms:

– TfS is used for the T-transform defined in Definition 1.3.2 using fS , but if no confusion is
possible we call it T .

– TW,u(z) =
∑m

i=1
λ̂W,i

z−λ̂W,i
〈ûW,i, u〉2 is the transform in direction u using the random matrix

W .

– T̂Σ̂X
(z) = 1

m

∑m
i=k+1

λ̂Σ̂X,i

z−λ̂Σ̂X,i

, and T̂WX
(z) = 1

m

∑m
i=1

λ̂WX,i

z−λ̂WX,i
are the estimated transforms

using Σ̂X and W respectively.

• Finally, we define some convenient notations for the eigenvectors. Assuming ûi the ith eigenvector
of size m with jth entry ûi,j , then

– û·,j = (û1,j , û2,j , ..., ûm,j),

– ûr:s,j = (ûr,j , ûr+1,j , ..., ûs,j),

–
∑
û2
q:r,s:t =

∑r
i=q

∑t
j=s û

2
i,j .

Assumptions

In this section, we assume two sets of data, X1, ..., XnX and Y1, ..., YnY satisfying Assumption 2.2.1.

This means that without loss of generality the perturbations are canonical. We build
ˆ̂
ΣX and

ˆ̂
ΣY ,

ˆ̂
ΣX = Im +

k∑
i=1

(
ˆ̂
θX,i − 1)ûX,iû

t
X,i,

ˆ̂
ΣY = Im +

k∑
i=1

(
ˆ̂
θY,i − 1)ûY,iû

t
Y,i,

where

ˆ̂
θX,i = 1 +

1

T̂Σ̂X

(
θ̂X,i

)
= 1 +

m∑m
i=k+1

λ̂Σ̂X,i

θ̂X,i−λ̂Σ̂X,i

,

where the λ̂Σ̂X ,i
are the eigenvalues of Σ̂X .

The aim of all the following theorems is to understand the joint behaviour of all the unbiased eigen-

values,
ˆ̂
θX,i, and all the possible dot products between the eigenvectors.

This task is difficult and we must assume detectable perturbations of order k satisfying Assumption
2.2.2(A4),

θi 6= θj if i 6= j,

For i = 1, 2, ..., k1, θi = piθ with θi →∞,
For i = k1 + 1, k1 + 2, ..., k, θi are finite.

These assumptions allow us to prove the theorems, although they are not necessary for all the theorems.
First, assumption (θi 6= θj) is necessary for the second moment results of many theorems, but seems
to be useless in the Main Theorem 3.1.1.
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Then, the finite proportionality pi does not seem necessary even though many arguments in all the
proofs use the fact that pi is fixed when θi is large.
Finally, a detectable perturbation is just a perturbation that we can see in the spectrum of our data.
More precisely,

Definition 5.1.2.

1. We assume that a perturbation P = Im + (θ − 1)uut is detectable in Σ̂ = P 1/2WP 1/2 if the
perturbation creates a new largest isolated eigenvalue, θ̂.

2. We say that a finite perturbation of order k is detectable if it creates k largest eigenvalues well
separated from the spectrum of W .

In the following theorems, we always assume that the perturbations are detectable. Nevertheless, with
a small amount of additional calculation, we could extend all the results to the existence of a finite
number of non-detectable perturbations.

5.2 Convergence of eigenvalue, angle and double angle

In this section, we study the convergence of the random variable
ˆ̂
θX and the angle between the

eigenvectors. The parts 2.a and 2.b are proven in Benaych-Georges and Rao [2009] which also provides
the main idea of the theorem. We only proves convergence results for perturbations of order k = 1,
P = P1, although we express eigenvectors and eigenvalues of a matrix P 1/2WP 1/2 as a function of the
eigenstructure of W in general.

Theorem 5.2.1.
In this theorem, P = Im + (θ − 1)uut is a finite perturbation of order 1.

1. Suppose W is a symmetric matrix with eigenvalues λ̂W,i > 0 and eigenvectors ûW,i for i =
1, 2, ...,m (without any additional assumptions on the eigenstructure).
For i = 1, 2, ...,m, we define ũP,i and λ̂P,i such that

WPũP,i = λ̂P,iũP,i,

and the usual ûP,i such that if Σ̂P = P 1/2WP 1/2, then

Σ̂P ûP,i = P 1/2WP 1/2ûP,i = λ̂P,iûP,i.

• The eigenvalues λ̂P,s are such that for s = 1, 2, ...,m,

m∑
i=1

λ̂W,i

λ̂Σ̂P ,s
− λ̂W,i

〈ûW,i, u〉2 =
1

θk − 1
.

• The eigenvectors ũP,s are such that

〈ũP,s, v〉2 =

(∑m
i=1

λ̂W,i

λ̂P,s−λ̂W,i
〈ûW,i, v〉 〈ûW,i, u〉

)2

∑m
i=1

λ̂2
W,i

(λ̂P,s−λ̂W,i)2
〈ûW,i, u〉2

.

In particular if v = u,

〈ũP,s, u〉2 =
1

(θ − 1)2

(∑m
i=1

λ̂2
W,i

(λ̂P,s−λ̂W,i)2
〈ûW,i, u〉2

) .
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Moreover,

ûP,s =
P 1/2ũP,s√

1 + (θ − 1) 〈ũP,s, u〉2
.

Therefore, for u and v such that 〈v, u〉 = 0,

〈ûP,s, u〉2 =
θ 〈ũP,s, u〉2

1 + (θ − 1) 〈ũP,s, u〉2
= − θ

(θ − 1)2λ̂P,sT ′W,u(λ̂P,s)
,

〈ûP,s, v〉2 =
〈ũP,s, u〉2

1 + (θ − 1) 〈ũP,s, u〉2
,

where TW,u(z) =
∑m

i=1
λ̂W,i

z−λ̂W,i
〈ûW,i, u〉2.

2. Suppose that WX , WY and P = PX = PY satisfy Assumption 2.2.1. Moreover, suppose that θ
is large enough to create detectable spikes, θ̂X and θ̂Y , in the matrices Σ̂X = P 1/2WXP

1/2 and
Σ̂Y = P 1/2WY P

1/2. Then,

a)
ˆ̂
θX ,

ˆ̂
θY

P−→
n,m→∞

θ,

b) 〈ûX , u〉 − αX , 〈ûY , u〉 − αY
P−→

n,m→∞
0,

c) 〈ûX , ûY 〉 − αXαY
P−→

n,m→∞
0,

where

θ̂X
P−→

n,m→∞
ρX ,

ˆ̂
θX = 1 +

1

T̂Σ̂X

(
θ̂X

) = 1 +
m∑m

i=k+1

λ̂Σ̂X,i

θ̂X−λ̂Σ̂X,i

,

α2
X = − θ

(θ − 1)2ρX T̂ ′WX
(ρX)

,

α2
Y = − θ

(θ − 1)2ρY T̂ ′WY
(ρY )

,

λ̂Σ̂X ,i
and λ̂Σ̂Y ,i

are the eigenvalues of respectively Σ̂X and Σ̂Y .

Remark 5.2.1.1.
If the spectra of WX and WY tend fast enough to the Marcenko-Pastur distribution with
parameter cX and cY respectively, then

α2
X =

1− cX
(θ−1)2

1 + cX
θ−1

,

ˆ̂
θX is such that θ̂X =

ˆ̂
θX

(
1 +

cX
ˆ̂
θX − 1

)
, and

lim
m→∞

θ̂X = θ

(
1 +

cX
θ − 1

)
.

(Proof page 103)
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The second part of Theorem 5.2.1 2 is very surprising! We already knew that the eigenvectors are not
consistent. We show in the proof that the difference between ûX and ûY is larger than the difference
between ûX and u or ûY and u.
The consequences of this Theorem are simple:

We can not conclude that two estimated eigenvectors are different even if they are
asymptotically different! There is always a bias !

5.3 Asymptotic distribution of the eigenvalue and the angle

Suppose that you observe a perturbation of order k = 1 applied to two random matrices X ∈ Rm×RnX

and Y ∈ Rm × RnY such that Assumption 2.2.1 is respected. We investigate the distribution of
ˆ̂
θX ,

ˆ̂
θY , 〈ûX , u〉2 and 〈ûX , ûY 〉2.

Theorem 5.3.1.
Suppose WX and WY satisfy 2.2.1 with P = PX = PY , a detectable perturbation of order k = 1.
Moreover, we assume that the spectra of of WX and WY are known. We defined

Σ̂X = P 1/2WXP
1/2,

Σ̂Y = P 1/2WY P
1/2,

P = Im + (θ − 1)uut,

where u is fixed and the eigenvalues of WX and WY are λ̂WX ,i and λ̂WY ,i for i = 1, 2, ...,m ,respectively.
We construct the unbiased estimators of θ,

ˆ̂
θX

∣∣∣∣ 1

ˆ̂
θX − 1

=
1

m

m∑
i=1

λ̂WX ,i

θ̂X − λ̂WX ,i

and
ˆ̂
θY

∣∣∣∣ 1

ˆ̂
θY − 1

=
1

m

m∑
i=1

λ̂WY ,i

θ̂Y − λ̂WY ,i

where θ̂X = λ̂Σ̂X ,1
and θ̂Y = λ̂Σ̂Y ,1

are the largest eigenvalues of respectively Σ̂X and Σ̂Y corresponding
to the eigenvectors ûX = ûΣ̂X ,1

and ûY = ûΣ̂Y ,1
.

We can also construct these estimators using the m− 1 smaller eigenvalues of Σ̂X and Σ̂Y instead of
λ̂WX ,i and λ̂WY ,i.

1. If θ√
m
→ 0, we define

Ms,r,X ≡Ms,r,X(ρX) =
1

m

m∑
i=1

λ̂sWX ,i

(ρX − λ̂WX ,i)
r
, Ms,r,Y ≡Ms,r,Y (ρY ) =

1

m

m∑
i=1

λ̂sWX ,i

(ρY − λ̂WX ,i)
r
,

where we assume

ρX = E
[
θ̂X

]
+ o

(
θ√
m

)
, ρY = E

[
θ̂Y

]
+ o

(
θ√
m

)
.

and convergence rate of (θ̂X , θ̂Y ) to (ρX , ρY ) in Op (θ/
√
m),(

ˆ̂
θX

〈ûX , u〉2

)
∼ N

((
θ
α2
X

)
,

1

m

(
σ2
θ,X σθ,α2,X

σθ,α2,X σ2
α2,X

))
+

 op

(
θ√
m

)
op

(
1

θ
√
m

) ,


ˆ̂
θX
ˆ̂
θY

〈ûX , ûY 〉2

 ∼ N


 θ

θ
α2
X,Y

 ,
1

m

 σ2
θ,X 0 σθ,α2,X

0 σ2
θ,Y σθ,α2,Y

σθ,α2,X σθ,α2,Y σ2
α2,X,Y


+


op

(
θ√
m

)
op

(
θ√
m

)
op

(
1

θ
√
m

)
 ,
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where

α2
X =

θ

(θ − 1)2

1

ρXM1,2,X
,

α2
X,Y =

θ2

(θ − 1)4

1

ρXρYM1,2,XM1,2,Y
,

σ2
θ,X =

2
(
M2,2,X −M2

1,1,X

)
M4

1,1,X

,

σ2
α2,X =

2θ2

((θ − 1)ρXM1,2,X)
4

(
ρ2
X

(
M2,4,X −M2

1,2,X

)
+

(
2ρX

M1,3,X

M1,2,X
− 1

)2 (
M2,2,X −M2

1,1,X

)
−2ρX

(
2ρX

M1,3,X

M1,2,X
− 1

)(
M2,3,X −

M1,1,X

M1,2,X

))
,

σθ,α2,X =
2θ

M2
1,1,XM

3
1,2,Xρ

2
X(−1 + θ)2

(
M1,1,XM

2
1,2,XρX + 2M1,3,XM2,2,XρX

+M2
1,1,X(M1,2,X − 2M1,3,XρX)−M1,2,X(M2,2,X +M2,3,XρX)

)
,

σ2
α2,X,Y = σ2

α2,Xα
4
Y + σ2

α2,Y α
4
X + 4α2

X,Y (1− α2
X)(1− α2

X).

2. If θ√
m
→∞ (Assumption 2.2.2 (A1)), then we can simplify the formulas. We define

Mr,X =
1

m

m∑
i=1

λ̂rWX ,i
and Mr,Y =

1

m

m∑
i=1

λ̂rWY ,i
.

Using this notation,(
ˆ̂
θX

〈ûX , u〉2

)
∼ N

((
θ + Op (1)

1 +
1−M2,X

θ
+ Op

(
1
θ2

)) ,
1

m

 2θ2
(
1−M2,X

)
2
(
2M2

2,X −M2,X −M3,X

)
2
(
2M2

2,X −M2,X −M3,X

)
2
θ2

(
4M3

2,X −M
2
2,X − 4M2,XM3,X +M4,X

) +

 op

(
θ√
m

)
op

(
1

θ
√
m

) ,


ˆ̂
θX
ˆ̂
θY

〈ûX , ûY 〉2

 ∼ N


 θ + Op (1)

θ + Op (1)

1 +
2−M2,X−M2,Y

θ
+ Op

(
1
θ2

)
 ,

1

m


2θ2

(
1−M2,X

)
0 2

(
2M2

2,X −M2,X −M3,X

)
0 2θ2

(
1−M2,Y

)
2
(
2M2

2,Y −M2,Y −M3,Y

)
2
(
2M2

2,X −M2,X −M3,X

)
2
(
2M2

2,Y −M2,Y −M3,Y

)
S
θ2


 +


op

(
θ√
m

)
op

(
θ√
m

)
op

(
1

θ
√
m

)
 ,

S = 2
(
4M

3
2,X −M

2
2,X − 4M2,XM3,X +M4,X

)
+ 2

(
4M

3
2,Y −M

2
2,Y − 4M2,YM3,Y +M4,Y

)
+ 4(M2,Y − 1)(M2,X − 1).

Moreover, the asymptotic distributions of θ̂X and
ˆ̂
θX are the same.

3. If θ√
m
→ d, a finite constant, then a mixture of the two first scenarios describes the first two

moments of the joint distribution.
The formula of the second moment is asymptotically the same as the variance formula when
θ√
m
→∞.

The formula of the first moment is asymptotically the same as the expectation formula when
θ√
m
→ 0.

4. The random variables can be expressed as functions of invariant unit random statistics of the
form:

u
M r,s,X(ρ) =

m∑
i=1

λ̂rWX ,i(
ρ− λ̂WX ,i

)s 〈ûWX ,i, u〉
2 .
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(Assuming a canonical perturbation leads to a simpler formula)

• Exact distributions:

θ̂X

∣∣∣∣ 1

θ − 1
=

u
M1,1,X

(
θ̂X

)
,

〈ûX , e1〉2 =
θ

(θ − 1)2

1

θ̂X
u
M1,2,X

(
θ̂X

) .
Moreover,

〈ûX , ûY 〉 = 〈ûX , e1〉 〈ûY , e1〉+

√
1− 〈ûX , e1〉2

√
1− 〈ûY , e1〉2Z,

m∑
i=2

ûX,1ûY,1 =

√
1− 〈ûX , e1〉2

√
1− 〈ûY , e1〉2Z,

Z ∼ N

(
0,

1

m

)
+Op

(
1

m

)
,

where Z is independent of 〈ûX , e1〉, 〈ûY , e1〉, θ̂X and θ̂Y . In order to get the exact distribu-
tion, we should replace Z by

∑m−1
i=1 viṽi where viṽi are independent unit invariant random

vectors.

• Approximations:

θ̂X = ρ+

(
u
M1,1,X (ρ)−M1,1,X(ρ)

)
M1,2,X (ρ)

+Op

(
θ

m

)
= θ

u
M1,X +Op (1) ,

ˆ̂
θX = θ + (θ − 1)2

(
u
M1,1,X (ρ)−M1,1,X(ρX)

)
+Op

(
θ

m

)
.

We provide three methods of estimation of the angle in order to estimate it for all θ.

〈ûX , e1〉2 =
θ

(θ − 1)2

 1

ρXM1,2,X(ρX)
+

(
2M1,3,X(ρX)

M1,2,X(ρX)
− 1

ρX

) u
M1,1,X(ρX)− 1

θ−1

(M1,2,X(ρX))2

−
u
M1,2,X(ρX)−M1,2,X(ρX)

ρX (M1,2,X(ρX))2

+Op

(
1

m

)
,

= 1 +
1

θ

(
1−

u
M2,X + 2M2,X

(
u
M1,X − 1

))
+

1

θ2

(
1− 2

u
M2,X + 3

u
M

2

2,X − 2
u
M3,X

)
+Op

(
1

θ3

)
+Op

(
1

θm

)
,

= 1 +
1

θ
− 1

θ

u
M2,X +

2

θ
M2,X

(
u
M1,X − 1

)
+Op

(
1

θ2

)
+Op

(
1

θm

)
Finally, the double angle is such that

〈ûX , ûY 〉 = 〈ûX , e1〉 〈ûY , e1〉+

√
M2,X − 1

√
M2,Y − 1

θ
Z +Op

(
1

θ2
√
m

)
.

Remark 5.3.1.1.
If the spectra of WX and WY tend sufficiently fast to a Marcenko-Pastur distribution of
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parameter c we have,(
ˆ̂
θX

〈ûX , u0〉2

)
Asy∼ N

( θ
1− c

(θ−1)2

1+ c
θ−1

)
,

1

m

 − 2c(θ−1)2θ2

c−(θ−1)2 − 2c2(θ−1)θ3

(c−(θ−1)2)(c+θ−1)2

− 2c2(θ−1)θ3

(c−(θ−1)2)(c+θ−1)2 − 2c2θ2(c2+(θ(θ+2)−2)c+(θ−1)2)
(c−(θ−1)2)(c+θ−1)4


and


ˆ̂
θX
ˆ̂
θY

〈ûX , ûY 〉2

 Asy∼ N




θ
θ(

1− c
(θ−1)2

1+ c
θ−1

)2

 ,

1

m



− 2c(θ−1)2θ2

c−(θ−1)2
0 − 2c2(θ−1)θ3(

c−(θ−1)2
)
(c+θ−1)2

0 − 2c(θ−1)2θ2

c−(θ−1)2
− 2c2(θ−1)θ3(

c−(θ−1)2
)
(c+θ−1)2

− 2c2(θ−1)θ3(
c−(θ−1)2

)
(c+θ−1)2

− 2c2(θ−1)θ3(
c−(θ−1)2

)
(c+θ−1)2

4c2θ2
(
c−(θ−1)2

)2(
c3+4c2(θ−1)+c(θ−1)(θ(θ+5)−5)+2(θ−1)3

)
(θ−1)4(c+θ−1)7




.

If θ tends to infinity, then(
ˆ̂
θX

〈ûX , u〉2

)
Asy∼ N

((
θ

1− c
(θ−1)2

1+ c
θ−1

)
,

1

m

(
2cθ2 2c2

2c2 2c2(c+1)
θ2

))
.

Moreover, 
ˆ̂
θX
ˆ̂
θY

〈ûX , ûX〉2

 Asy∼ N


 θ

θ
1− c

(θ−1)2

1+ c
θ−1

 ,
1

m

2cθ2 0 2c2

0 2cθ2 2c2

2c2 2c2 4c2(c+2)
θ2


 .

(Proof page 110)

5.4 Invariant Eigenvalue Theorem

The previous section provides results for perturbations of order 1. This section shows the invariant
behaviour of the estimated eigenvalue as a function of the orders of the perturbation.

Theorem 5.4.1. (Invariant Eigenvalue Theorem)
Suppose that W respects Assumption 2.2.1 and

P̃s = Im + (θs − 1)ese
t
s, for s = 1, 2, ..., k,

Pk = Im +

k∑
i=1

(θi − 1)eie
t
i satisfies 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We define

Σ̂P̃s
= P̃ 1/2

s WP̃ 1/2
s ,

Σ̂Pk = P
1/2
k WP

1/2
k .

Moreover, for s = 1, 2, ..., k, we define

ûP̃s,1, θ̂P̃s,1 s.t. Σ̂P̃1
ûP̃s,1 = θ̂P̃s,1ûP̃s,1,

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂P̃s,1 = λ̂Σ̂P̃s,1
and θ̂Pk,s = λ̂Σ̂Pk ,s

.

1. Then, for s > 1,

θ̂Pk,s − θ̂P̃s,1 ∼
θs
m
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and

θ̂Pk,1 − θ̂P̃1,1
∼ θ2

m
+

θ2

m3/2
,

where θ1 and θ2 are the largest and the second largest eigenvalue, respectively.
The distribution of θ̂Pk,s is therefore asymptotically the same as the distribution of θ̂P̃s,1 studied
in Theorem 5.3.1.

2. More precisely we define for r, s ∈ {1, 2, ..., k} with r 6= s ,

P−r = Im +

k∑
i=1
i 6=r

(θi − 1) eie
t
i.

• If θs > θr, then

θ̂Pk,s − θ̂P−r,s = −
θ̂P−r,sθ̂Pk,s(θr − 1)

θr − 1− θ̂Pk,s
û2
P−r,s,r +Op

(
1

m

)
+Op

(
θr

m3/2

)
.

• If θs < θr, then

θ̂Pk,s − θ̂P−r,s−1 = −
θ̂P−r,s−1θ̂Pk,s(θr − 1)

θr − 1− θ̂Pk,s
û2
P−r,s−1,r +Op

(
1

m

)
+Op

(
θs

m3/2

)
.

Remark 5.4.1.1.
In this work, we are interested by the unbiased estimation of

ˆ̂
θPk,1. The invariance of

ˆ̂
θPk,1 is

a direct consequence of the theorem. Moreover, Theorem 5.3.1 provides the distribution of
ˆ̂
θP1,1.

(Proof page 121 for k = 2 and 123 for all k.)

5.5 Invariant Angle Theorem

In this section, we introduce the most important theorem of this thesis, the Invariant Angle Theorem.
The usual angle between two vectors is 〈u, v〉. Here we define the general angle between a vector and
a subspace of dimension k as

∑k
i=1 〈u, vi〉

2, where (v1, ..., vk) is a orthonormal basis of the subspace.
This generalization of the angle used with the correct subspace leads to an invariance.

Theorem 5.5.1. (Invariant Angle Theorem)
Suppose that W satisfies Assumption 2.2.1 and

P̃s = Im + (θs − 1)ese
t
s, for s = 1, 2, ..., k,

Pk = Im +
k∑
i=1

(θi − 1)eie
t
i respects 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We define

Σ̂P̃s
= P̃ 1/2

s WP̃ 1/2
s ,

Σ̂Pk = P
1/2
k WP

1/2
k .

Moreover, for s = 1, 2, ..., k, we define

ûP̃s,1, θ̂P̃s,1 s.t. Σ̂P̃s
ûP̃s,1 = θ̂P̃s,1ûP̃s,1,

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂P̃s,1 = λ̂Σ̂P̃s,1
and θ̂Pk,s = λ̂Σ̂Pk ,s

.



5.6. ASYMPTOTIC DISTRIBUTION OF THE DOT PRODUCT 79

1. Then,

k∑
i=1

û2
Pk,s,i

= û2
P̃s,1,s

+Op

(
1

θsm

)
.

Therefore, the distribution of
∑k

i=1 û
2
Pk,s,i

is asymptotically the same as the distribution of û2
P̃s,1,s

studied in Theorem 5.3.1.

2. Moreover,

û2
Pk,s,s

= û2
P̃s,1,s

+Op

(
1

m

)
.

Remark 5.5.1.1.

1. If

û2
P1,1,1 ∼ N

(
α2,

σ2
α2

θ2
1m

)
+ op

(
1

θ1
√
m

)
,

then

k∑
i=1

û2
Pk,1,i

∼ N

(
α2,

σ2
α2

θ2
1m

)
+ op

(
1

θ1
√
m

)
,

where α2 = 1 − M2−1
θ1

+ Op

(
1
θ2
1

)
< 1 can be computed more precisely as in Theorem

5.3.1.

2. Assuming a Marcenko-Pastur spectrum, α2 =
1− c

(θ1−1)2

1+ c
θ1−1

and σ2
α2 = 2c2(c+ 1) + oθ(1).

In particular if θ1√
m

is large, then α2 ≈ 1− c/θ1,

3. In the general case, if θ1√
m

is large,

α2 ≈ 1 +
1−M2,X

θ1
and σ2

α2 ≈ 2
(
4M3

2,X −M2
2,X − 4M2,XM3,X +M4,X

)
.

(Proof page 132)

5.6 Asymptotic distribution of the dot product

In this section, we compute the distribution of a dot product used to compute the distributions of the
residual spikes.

Theorem 5.6.1. (Dot Product Theorem)
Suppose that W respects Assumption 2.2.1 and P2 = Im +

∑2
i=1(θi − 1)eie

t
i with θ1 > θ2. We define

Σ̂P2 = P
1/2
2 WP

1/2
2 and Σ̂P1 = P

1/2
1 WP

1/2
1 .

Moreover, for s, k = 1, 2 and s 6 k, we define

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂Pk,s = λ̂Σ̂Pk ,s
. Finally the present theorem uses the convention:

For s = 1, 2, ..., k and i = 1, 2, ..., s, ûPs,i,i > 0.
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1. Assuming that Assumptions 2.2.2(A2) and (A3) (θi = piθ →∞) hold,

m∑
s=3

ûP2,1,sûP2,2,s = ûP2,1,2

(
1

θ1
− 1

θ2

)
− 1

θ
1/2
2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)

=
− (1 +M2)W1,2 +

(
W 2
)

1,2√
θ1θ2

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
.

Thus, we can estimate the distribution conditioned on the spectrum of W ,

m∑
s=3

ûP2,1,sûPk,2,s ∼ N

(
0,

(1 +M2)2 (M2 − 1) +
(
M4 − (M2)2

)
− 2 (1 +M2) (M3 −M2)

θ1θ2m

)

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
.

2. If θ1 →∞ and θ2 is finite, then

m∑
s=3

ûP2,1,sûP2,2,s = Op

(
1√
θ1m

)
.

3. If θ1 and θ2 are finite, then
m∑
s=3

ûPk,1,sûPk,2,s = Op

(
1√
m

)
.

Remark 5.6.1.1.

1. We can easily show

ûP2,1,2

(
1

θ1
− 1

θ2

)
δ +

m∑
s=3

ûP2,1,sûP2,2,s

=
− (δ +M2)W1,2 +

(
W 2
)

1,2√
θ1θ2

+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)
∼ N

(
0,

(δ +M2)2 (M2 − 1) +
(
M4 − (M2)2

)
− 2 (δ +M2) (M3 −M2)

θ1θ2m

)

+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)
.

2. If W is a standard Wishart random matrix, then Assumptions 2.2.2(A2) and (A3) lead
to a Marcenko-Pastur spectrum and

m∑
s=3

ûP2,1,sûP2,2,s ∼ N

(
0,

(1− α2
1)(1− α2

2)

m

)
+ op

(
1

θ
√
m

)
,

where α2
s = lim

m→∞

∑2
i=1 〈ûP2,s, ui〉

2.

(Proof page 142)
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5.7 Invariant Dot Product Theorem

Theorem 5.7.1. (Invariant Dot Product Theorem)
Suppose that W satisfies Assumption 2.2.1 and

Ps,r = Im +

2∑
i=s,r

(θi − 1)eie
t
i

Pk = Im +

k∑
i=1

(θi − 1)eie
t
i respects 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We define

Σ̂Ps,r = P 1/2
s,r WP 1/2

s,r ,

Σ̂Pk = P
1/2
k WP

1/2
k .

Moreover, for s, r = 1, 2, ..., k with s 6= r, we define

ûPs,r,1, θ̂Ps,r,1 s.t. Σ̂Ps,r ûPs,r,1 = θ̂Ps,r,1ûPs,r,1,

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂Ps,r,1 = λ̂Σ̂Ps,r,1
and θ̂Pk,s = λ̂Σ̂Pk ,s

.

Assuming the convention:

For s = 1, 2, ..., k and i = 1, 2, ..., s, ûPs,i,i > 0.

leads to

m∑
i=1
i6=s,r

ûPs,r,1,iûPs,r,2,i =
m∑

i=k+1

ûPk,s,iûPk,r,i +Op

(
1√

θsθrm

)
.

(Proof page 150)

5.8 Component Distribution Theorem

Theorem 5.8.1.
Suppose Assumption 2.2.1 holds with canonical P and 2.2.2(A4). We define:

U =


ûtPk,1
ûtPk,2

...
ûtPk,m

 =

(
ûPk,1:k,1:k ûPk,1:k,k+1:m

ûPk,k+1:m,1:k ûPk,k+1:m,k+1:m.

)

To simplify the result we assume the sign convention,

For s = 1, 2, ..., k and i = 1, 2, ..., s, ûPs,i,i > 0.

1. Without loss of generality on the k first components, the kth element of the first eigenvector is

ûPk,1,k =

√
θkθ1

|θk − θ1|
ûPk−1,1,k +Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1√

θ1θkm

)

=
θ1

√
θk

|θk − θ1|
1

m

√
1− α̂2

1 Z +Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1√

θ1θkm

)

=

√
θ1θk

|θk − θ1|
1√
m

√
M2 − 1 Z +Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1√

θ1θkm

)
,
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where Z is a standard normal and M2 = 1
m

∑m
i=1 λ̂

2
W,i is obtained by conditioning on the spec-

trum.

• Therefore knowing the spectrum and assuming θ1, θk →∞,

ûPk,1,k
Asy∼ N

(
0,

θ1θk
|θ1 − θk|

M2 − 1

m

)
.

• If θ1 →∞ and θk is finite,

ûPk,1,k = Op

(
1√
θ1m

)
.

• Therefore, assuming θ1 and θk are finite,

ûPk,1,k = Op

(
1√
m

)
.

This result holds for any component ûPk,s,t where s 6= t ∈ {1, 2, ..., k}.

Remark 5.8.1.1.
The sign of ûPk,1,k obtained by construction using Theorem 5.11.1 is always positive.
By convention (ûPk,i,i > 0, for i = 1, 2, ..., k), we multiply by sign (ûPk,1,1) obtained in
the construction. Therefore, the remark of Theorem 5.11.1 describes the sign of the
component assuming the convention.

P
{

sign (ûPk,1,k) = sign
((
θ̂Pk,1 − θ̂Pk−1,1

)
ûPk−1,1,kûPk−1,1,1

)}
= 1 +O

(
1

m

)
.

2. For s = 1, ..., k, the vector
ûs,k+1:m√

1−α̂2
s

, where α̂2
s =

∑k
i=1 û

2
i,s, is unit invariant by rotation. More-

over, for j > k,

ûj,s ∼ N

(
0,

1− α2
s

m

)
,

where α2
s is the limit of α̂2

s.
Moreover, the columns of U t[k + 1 : m, k + 1 : m] are invariant by rotation.

3. Assuming Pk = Im +
∑k

i=1(θi − 1)εiε
t
i is such that

θ1, θ2, ..., θk1 are proportional, and

θk1+1, θk1+2, ..., θk are proportional,

then ∑
û2
k+1:m,1 <

∑
û2
k+1:m,1:k1

∼ RV

(
O

(
1

θ1

)
, O

(
1

θ2
1m

))
+Op

(
min(θ1, θk)

max(θ1, θk)m

)
.

Moreover, if P satisfies Assumption 2.2.2(A4) with min
(
θ1
θk
, θkθ1

)
→ 0, then

∑
û2
k+1:m,1 ∼ RV

(
O

(
1

θ1

)
, O

(
1

θ2
1m

))
+Op

(
1

θ1m

)
.

(Proof page 122 for Part 1 with k = 2 and 120 for Part 2 and 3 for k = 1. For general k, proof page
130 for Part 1 and 136 for Part 2 and 3)
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5.9 Invariant Component Theorem

Theorem 5.9.1. (Invariant Component Theorem)
Suppose that W satisfies Assumption 2.2.1 and

Ps,r = Im +
2∑

i=s,r

(θi − 1)eie
t
i

Pk = Im +
k∑
i=1

(θi − 1)eie
t
i respects 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We define

Σ̂Ps,r = P 1/2
s,r WP 1/2

s,r ,

Σ̂Pk = P
1/2
k WP

1/2
k .

Moreover, for s, r = 1, 2, ..., k with s 6= r, we define

ûPs,r,1, θ̂Ps,r,1 s.t. Σ̂Ps,r ûPs,r,1 = θ̂Ps,r,1ûPs,r,1,

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂Ps,r,1 = λ̂Σ̂Ps,r,1
and θ̂Pk,s = λ̂Σ̂Pk ,s

.

Therefore, for θs < θr,

ûPk,r,s = ûPr,s,1,s +Op

(
θ

1/2
s

θ
1/2
r m

)
,

and

ûPk,s,r = ûPr,s,2,r +Op

(
θ

1/2
s

θ
1/2
r m

)
.

(The proof of this theorem is similar to the other theorems using 5.11.1. Because it is not used in this
thesis, it is left to the reader.)

5.10 Invariant Double Angle Theorem

The Double Angle Theorem and its Invariant Theorem are two main contributions of this thesis to
Random matrix theory.

Corollary 5.10.1.
Suppose WX and WY satisfies Assumption 2.2.1 and

P̃s = Im + (θs − 1)ese
t
s, for s = 1, 2, ..., k,

Pk = Im +

k∑
i=1

(θi − 1)eie
t
i respects 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We define

Σ̂X,P̃s
= P̃ 1/2

s WX P̃
1/2
s and Σ̂X,P̃s

= P̃ 1/2
s WY P̃

1/2
s ,

Σ̂X,Pk = P
1/2
k WXP

1/2
k and Σ̂Y,Pk = P

1/2
k WY P

1/2
k .
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Moreover, for s = 1, ..., k, we define

ûΣ̂X,P̃s ,1
, θ̂Σ̂X,P̃s ,1

s.t. Σ̂X,P̃s
ûΣ̂X,P̃s ,1

= θ̂Σ̂X,P̃s ,1
ûΣ̂X,P̃s ,1

,

ûΣ̂X,Pk ,s
, θ̂Σ̂X,Pk ,s

s.t. Σ̂X,Pk ûΣ̂X,Pk ,s
= θ̂Σ̂X,Pk ,s

ûΣ̂X,Pk ,s
,

where θ̂Σ̂X,P̃s ,1
= λ̂Σ̂X,P̃s,1

and θ̂Σ̂X,Pk ,s
= λ̂Σ̂X,Pk ,s

. The statistics of the group Y are defined in analogous
manner.
Then,

〈
ûΣ̂X,P̃s ,1

, ûΣ̂Y,P̃s ,1

〉2
=

k∑
i=1

〈
ûΣ̂X,Pk ,s

, ûΣ̂Y,Pk ,s

〉2
+Op

(
1

θsm

)

=
k+ε∑
i=1

〈
ûΣ̂X,Pk ,s

, ûΣ̂Y,Pk ,i

〉2
+Op

(
1

θsm

)
,

where ε is a small integer.

Remark 5.10.0.1.

1. The procedure of the proof shows an interesting invariant:
Assuming the sign convention ûPs,i,i > 0 for s = 1, 2, ..., k and i = 1, 2, ..., s,

m∑
i=k+1

ûPk,1,i
ˆ̂uPk,1,i =

m∑
i=k

ûPk−1,1,i
ˆ̂uPk−1,1,i +Op

(
1

θ1m

)
.

2. The distribution of
〈
ûΣ̂X,P1

,1, ûΣ̂Y,P1
,1

〉2
is computed in Theorem 5.3.1.

3. An error of ε principal components does not affect the asymptotic distribution of the
general double angle. This property allows us to construct a robust test.

(Proof page 156)

5.11 Tool Theorems

This section introduces three theorems. Two theorems are key of most of the proofs and the last one
is used to prove the Main Theorem 3.1.1.
The first theorem gives a characterization of the eigenvalues and the eigenvectors of a random matrix.
It provides more precise results than Theorem 5.2.1.
The second theorem gives the distribution of statistics using unit orthonormal random vectors.
The third theorem reveals an important quantity to be a functions of the invariant statistics.

5.11.1 Characterization of eigenstructure

Theorem 5.11.1. (Characterization of eigenstructure)
Using the same notation as in the Invariant Theorem (5.5.1, 5.4.1) and under Assumption 2.2.1
and 2.2.2(A4), we can compute the eigenvalues and the components of interest of the eigenvector of
Σ̂Pk . Using assumption 2.2.1, we can without loss of generality suppose the canonical form for the
perturbation Pk.
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• Eigenvalues :

m∑
i=k

λ̂Pk−1,i

θ̂Pk,s − λ̂Pk−1,i

û2
Pk−1,i,k︸ ︷︷ ︸

(a)Op
(

1
θs

)
+

θ̂Pk−1,s

θ̂Pk,s − θ̂Pk−1,s

û2
Pk−1,s,k︸ ︷︷ ︸

(b)∼
(
θk−θs
θsθk

)
+
k−1∑
i=1
i 6=s

θ̂Pk−1,i

θ̂Pk,s − θ̂Pk−1,i

û2
Pk−1,i,k

︸ ︷︷ ︸
(c)Op

(
1

θsm

)
=

1

θk − 1
,

for s = 1, 2, ..., k.

Remark 5.11.1.1.

1. The formula is still valid without Assumption 2.2.1. However, the size estimations
of each term are not necessarily accurate anmore.

2. If we do not assume canonical perturbations, then the formula is longer but the
structure remains essentially the same. Assuming Assumption 2.2.1 leads matrices
that are invariant under rotations. Elementary linear algebra methods extend the
result to any perturbations.

• Eigenvectors :
We define ũPk,i such that WPkũPk,i = θ̂Pk,iũPk,i and ûPk,i such that

P
1/2
k WP

1/2
k ûPk,i = θ̂Pk,iûPk,i. To simplify notation we assume that θi corresponds to θ̂Pk,i. This

notation is explained in 7.1.1 and allows to describe the k first eigenvectors more efficiently.〈
ũPk,1

, e1

〉2

=



(a)Op

 1

θ
3/2
1
√
m


︷ ︸︸ ︷
m∑
i=k

λ̂Pk−1,i

θ̂Pk,1
− λ̂Pk−1,i

ûPk−1,i,1
ûPk−1,i,k

+

(b)∼
√
θ1m

min(θ1,θk)︷ ︸︸ ︷
θ̂Pk−1,1

θ̂Pk,1
− θ̂Pk−1,1

ûPk−1,1,1
ûPk−1,1,k

+

(c)Op

 1

θ
1/2
1 m


︷ ︸︸ ︷
k−1∑
i=2

θ̂Pk−1,i

θ̂Pk,1
− θ̂Pk−1,i

ûPk−1,i,1
ûPk−1,i,k



2

m∑
i=k

λ̂2
Pk−1,i

(θ̂Pk,1
− λ̂Pk−1,i

)2
û
2
Pk−1,i,k︸ ︷︷ ︸

(d)Op

(
1
θ21

)
+

θ̂2Pk−1,1

(θ̂Pk,1
− θ̂Pk−1,1

)2
û
2
Pk−1,1,k︸ ︷︷ ︸

(e)∼ θ1m

min(θ1,θk)2

+

k−1∑
i=2

θ̂2Pk−1,i

(θ̂Pk,1
− θ̂Pk−1,i

)2
û
2
Pk−1,i,k︸ ︷︷ ︸

(f)Op

(
1

θ1m

)

,

〈
ũPk,1

, ek

〉2
=

1

D1(θk − 1)2
(g), ,

〈
ũPk,1

, es

〉2

=
1

D1



(h)Op

 1

θ
1/2
s θ1

√
m


︷ ︸︸ ︷
m∑
i=k

λ̂Pk−1,i

θ̂Pk,1
− λ̂Pk−1,i

ûPk−1,i,s
ûPk−1,i,k

+

(i) ∼ min(θ1,θs)√
θs min(θ1,θk)︷ ︸︸ ︷

θ̂Pk−1,1

θ̂Pk,1
− θ̂Pk−1,1

ûPk−1,1,s
ûPk−1,1,k

+

(j)Op

(
max
i6=1,s

(
min(θ1,θi) min(θs,θi)√

θsθ1θi
√
m

))
︷ ︸︸ ︷
k−1∑
i=2, 6=s

θ̂Pk−1,i

θ̂Pk,1
− θ̂Pk−1,i

ûPk−1,i,s
ûPk−1,i,k

+

(k)Op

(
min(θ1,θs)√
θsθ1

√
m

)
︷ ︸︸ ︷

θ̂Pk−1,s

θ̂Pk,1
− θ̂Pk−1,s

ûPk−1,s,s
ûPk−1,s,k



2

.

Finally,

ûPk,1 =

(
ũPk,1,1, ũPk,1,2, ...,

√
θkũPk,1,k, ..., ũPk,

)√
1 + (θk − 1) ũ2

Pk1,k︸ ︷︷ ︸
1+Op

(
min(θ1,θk)

max(θ1,θk)m

)
,
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where
√

1 + (θ − 1) ũ2
Pk1,k is the norm of P

1/2
k ũPk,1 that we will call N1.

Remark 5.11.1.2.

1. By construction, the sign of ûPk,1,k is always positive. This is, however, not the
case of ûPk−1,i,i. We can show that :

P
{

sign (ûPk,1,1) = sign
((
θ̂Pk,1 − θ̂Pk−1,1

)
ûPk−1,1,1ûPk−1,1,k

)}
→

m→∞
1.

Moreover, the convergence to 1 is of order 1/m. If θ1 tends to infinity, then

P
{

sign (ûPk,1,1) = sign
(
(θ1 − θk) ûPk−1,1,k

)}
→

m,θ1→∞
1.

Therefore, if we use a convention such as sign (ûPk,i,i) > 0 for i = 1, ..., k−1, then
the sign of ûPk,1,k is distributed as a Bernoulli with parameter 1/2.

2. Without loss of generality, the other eigenvector ûPk,r for r = 1, 2, ..., k − 1 can
be computed by the same formula thanks to the notation linking the estimated
eigenvector to the eigenvalue θi.
However, the formula does not work for the vector ûPk,k. Applying a different
order of perturbation shows that similar formulas exist for ûPk,k. (If the pertur-
bation in e1 is applied at the end for example.)
This observation leads to a problem in the proofs of the Dot Product Theorems
5.6.1 and 5.7.1. Deeper investigations are necessary to understand the two eigen-
vectors when k = 2.

D2 =

m∑
i=2

λ̂2
P1,i

(θ̂P2,2 − λ̂P1,i)
2
û2
P1,i,2︸ ︷︷ ︸

Op

(
1

θ22

)
+

θ̂2
P1,1

(θ̂P2,2 − θ̂P1,1)2
û2
P1,1,2︸ ︷︷ ︸

Op
(

θ1
(θ2−θ1)2m

)
,

N2
2 = 1 +

1

(θ2 − 1)D2
,

N2D2 = D2 +
1

θ2 − 1

=
1

θ2 − 1
+Op

(
1

θ2
2

)
+Op

(
θ1

(θ2 − θ1)m

)
.

Furthermore, the theorem must investigate the m − k noisy components of the
eigenvectors. For r = 1, 2 and s = 3, 4, ...,m,

ûP2,r,s =

∑m
i=1

λ̂P1,i

θ̂P2,r
−λ̂P1,i

ûP1,i,sûP1,i,2

√
DrNr

.

The estimations using this last formula are difficult. When we investigate these
components, it is profitable to look at

ûP2,1,t/

√√√√ m∑
s=3

û2
P2,1,s

and ûP2,2,t/

√√√√ m∑
s=3

û2
P2,2,s

for t = 3, 4, ...,m.

3. If the perturbation is not canonical, then we can apply a rotation U , such that
Uus = εs, and replace ûPk−1,i by U tûPk−1,i. Then, 〈ũPk,1, es〉

2 is replaced by

〈ũPk,1, us〉
2.
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(Proof page 122 for k = 2 and 125 for all k.)

5.11.2 Unit invariant vector statistic

Theorem 5.11.2.
Let W be a random matrix with spectrum, λ̂W,1, λ̂W,2, ..., λ̂W,m such that its trace is 1. We denote by
up1 and up2, two orthonormal invariant random vectors independent of the eigenvalues of W . We set

~Bm (ρ,~s, ~r, ~p) =
√
m



∑m

i=1

λ̂
s1
W,i

(ρ−λ̂W,i)
s2 up1,iup2,i∑m

i=1

λ̂
r1
W,i

(ρ−λ̂W,i)
r2 up1,iup2,i

− (Ms1,s2

Mr1,r2

)
1p1=p2

 ,

where ~s = (s1, s2), ~r = (r1, r2) and ~p = (p1, p2) with indices 1 6 p1 6 p2 6 m and s1, s2, r1, r2 ∈ N.
Conditioning on the spectrum, if p = p1 = p2,

~Bm (ρ,~s, ~r, ~p) ∼ N

(
~0,

(
2
(
M2s1,2s2 −M2

s1,s1

)
2 (Ms1+r1,s2+r2 −Ms1,s2Mr1,r2)

2 (Ms1+r1,s2+r2 −Ms1,s2Mr1,r2) 2
(
M2r1,2r2 −M2

r1,r1

) ))
+ op;m(1),

where Ms,r = Ms,r(ρ) = 1
m

∑m
i=1

λ̂sW,i

(ρ−λ̂W,i)
r .

Moreover, for p1 6= p2,

~Bm (ρ,~s, ~r, ~p) ∼ N

(
~0,

(
M2s1,2s2 −M2

s1,s1 Ms1+r1,s2+r2 −Ms1,s2Mr1,r2

Ms1+r1,s2+r2 −Ms1,s2Mr1,r2 M2r1,2r2 −M2
r1,r1

))
+ op;m(1),

In particular, with the notation Ms,0 = Ms = 1
m

∑m
i=1 λ̂

s
W,i,

√
m

((∑m
i=1 λ̂W,iu

2
p,i∑m

i=1 λ̂
2
W,iu

2
p,i

)
−
(

1
M2

))
∼ N

(
~0,

(
2 (M2 − 1) 2 (M3 −M2)

2 (M3 −M2) 2
(
M4 −M2

2

)))+ op;m(1),

and

√
m

((∑m
i=1 λ̂W,iup1,iup2,i∑m
i=1 λ̂

2
W,iup1,iup2,i

)
−
(

0
0

))
∼ N

(
~0,

(
M2 − 1 M3 −M2

M3 −M2 M4 −M2
2

))
+ op;m(1).

Finally if we look at K bivariate normal random variables :

Bm (~ρ, s, r,p) =
(
~Bm (ρ1, ~s1, ~r1, ~p1) , ~Bm (ρ2, ~s2, ~r2, ~p2) , ..., ~Bm (ρK , ~sK , ~rK , ~pK)

)
,

where , ~pi 6= ~pj if i 6= j. Then, B̃m (~ρ, s, r,p) tends to a multivariate Normal. Moreover, all the
bivariate elements are asymptotically independent.

Remark 5.11.2.1.

1. In order to obtain this simple result we assume the trace of W is one. This property
can easily be obtained by rescaling the matrix by the trace.

2. The condition of independence between eigenvectors and eigenvalues of W is strong but
is an automatic consequence if the eigenvectors are Haar distributed. Moreover, if the
fluctuation of the spectra is small, the result is still valid without conditioning on the
spectra. For example for independent vector data, we can easily show that the result
still holds using Bai and Silverstein [2010] (page 259-261, Theorem 9.10).

3. If the convergence of the spectrum to fS is fast, then we can define Mi =
∫
λifS(λ)dλ.

4. If the data are such that the spectrum of W tends to Marcenko-Pastur distribution
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sufficiently fast, then fS can be replaced by fMP,c and we obtain

√
m

((∑m
i=1 λ̂W,iû

2
i∑m

i=1 λ̂
2
W,iû

2
i

)
−
(

1
1 + c

))
→

m→∞
N

(
~0,

(
2c 2c(2 + c)

2c(2 + c) 2c(c+ 1)(c+ 4)

))
.

Nevertheless the result is wrong if we only assume this spectral distribution! The
independence with invariant eigenvectors is necessary.

(Proof page 98)

5.11.3 Double dot product

Theorem 5.11.3.
Suppose WX and WY satisfies Assumption 2.2.1 and Pk = Im +

∑k
i=1(θi − 1)eie

t
i satisfies 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We set

Σ̂X = Σ̂X,Pk = P
1/2
k WXP

1/2
k and Σ̂Y,Pk = P

1/2
k WY P

1/2
k .

and for s = 1, ..., k,

ûΣ̂X ,s
, θ̂Σ̂X ,s

s.t. Σ̂X ûΣ̂X ,s
= θ̂Σ̂X ,s

ûΣ̂X ,s
,

ûΣ̂Y ,s
, θ̂Σ̂Y ,s

s.t. Σ̂Y ûΣ̂Y ,s
= θ̂Σ̂Y ,s

ûΣ̂Y ,s
,

where θ̂Σ̂Y ,s
= λ̂Σ̂Y ,s

and θ̂Σ̂X ,s
= λ̂Σ̂X ,s

. To simplify the result we assume the sign convention:

For s = 1, 2, ..., k and i = 1, 2, ..., s, ûΣ̂X ,i,i
> 0, ûΣ̂Y ,i,i

> 0.

Finally, we define

ũs = Û tX
ˆ̂uΣ̂Y ,s

,

where,

ÛX = (v1, v2, · · · , vm) =
(
ûΣ̂X ,1

, ûΣ̂X ,2
, · · · ûΣ̂X ,k

, vk+1, vk+2, · · · , vm
)
,

where the vectors vk+1, ..., vm are chosen such that the matrix ÛX is orthonormal. Then,

• If θj , θt →∞:

m∑
i=k+1

ũj,iũt,i =

m∑
i=k+1

ûΣ̂Y ,j,i
ûΣ̂Y ,t,i

+

m∑
i=k+1

ûΣ̂X ,j,i
ûΣ̂X ,t,i

−
m∑

i=k+1

ûΣ̂X ,j,i
ûΣ̂Y ,t,i

−
m∑

i=k+1

ûΣ̂Y ,j,i
ûΣ̂X ,t,i

−
(
ûΣ̂X ,t,j

+ ûΣ̂Y ,j,t

)(
α̂2

Σ̂X ,j
− α̂2

Σ̂X ,t

)
+Op

(
1

θ1m

)
+Op

(
1

θ2
1

√
m

)
,

where α̂2
Σ̂X ,t

=
∑k

i=1 û
2
Σ̂X ,t,i

.

• If θj →∞ and θt is finite:

m∑
i=k+1

ũj,iũt,i = Op

(
1

√
m
√
θ1

)
.
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• If θj and θt are finite:

m∑
i=k+1

ũj,iũt,i = Op

(
1√
m

)
.

Moreover, for s = 1, ..., k, t = 2, ..., k and j = k + 1, ...m,

k∑
i=1

ũ2
s,i =

k∑
i=1

〈
ûΣ̂X ,i

, ûΣ̂Y ,s

〉2
,

ũs,s = ûΣ̂X ,s,s
ûΣ̂Y ,s,s

+Op

(
1

m

)
+Op

(
1

θ
1/2
s m1/2

)
,

ũs,t = ûΣ̂X ,t,s
+ ûΣ̂X ,s,t

+Op

( √
min(θs, θt)

m
√

max(θs, θt)

)
+Op

(
1

θtm1/2

)
,

ũt,s = Op

( √
min(θs, θt)

m
√

max(θs, θt)

)
+Op

(
1

θsm1/2

)
,

ũs,j = ûΣ̂Y ,s,j
− ûΣ̂X ,s,j

〈
ûΣ̂Y ,j

, ûΣ̂X ,j

〉
+Op

(
1

θ
1/2
s m

)
.

(Proof page 163)
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Chapter 6

List of lemmas

6.1 Lemmas for Invariant Dot Product Theorem

This section introduces a Lemma used in the proof of the Dot Product Theorem 5.6.1.

Lemma 6.1.1.
Assuming W and Σ̂P1 as in Theorem 5.6.1, then by construction of the eigenvectors using Theorem
5.11.1,

ûP1,1,2 =
W1,2√
θ1W1,1

− W1,2

θ
3/2
1

(−1/2 + 3/2M2) +

(
W 2
)

1,2

θ
3/2
1

+Op

(
1

θ
3/2
1 m

)
+Op

(
1

θ
5/2
1 m1/2

)

=
W1,2√
θ1

+Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1 m1/2

)
,

∑m
i=2 λ̂

2
P1,i

û2
P1,i,2

= W2,2 +Op

(
1

m

)
,

∑m
i=2 λ̂P1,iûP1,i,1ûP1,i,2 = W1,2

M2√
θ1

−
(
W 2
)

1,2

1√
θ1

+Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1 m1/2

)
.

Remark 6.1.1.1.
Because the perturbation is of order 1, the two sign conventions defined in 5.1.1 are the same.

(Proof page 138)

6.2 Lemmas for the Main Theorem

This section introduces some results from linear algebra used in the proof of the Main Theorem 3.1.1.

Lemma 6.2.1.
Suppose

D =
(
Im + (θ − 1)uXu

t
X

)−1/2 (
Im + (θ − 1)uY u

t
Y

) (
Im + (θ − 1)uXu

t
X

)−1/2
.

The eigenvalues of D are 1 and

λ (D) = − 1

2θ

(
−1 + α2 − 2α2θ − θ2(1− α2)±

√
−4θ2 + [1 + θ2 − (−1 + θ)2α2]2

)
,

where α2 = 〈uX , uY 〉2.
Moreover, if

D2 =
(
Im + (θX − 1)uXu

t
X

)−1/2 (
Im + (θY − 1)uY u

t
Y

) (
Im + (θX − 1)uXu

t
X

)−1/2
.
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The eigenvalues of D2 are 1 and

λ (D2) =
1

2

θY + α2 − θY α2 +
1 + (θY − 1)α2 ±

√
−4θY θX + (1 + θY θX − (θY − 1)(θX − 1)α2)

2

θX

 ,

where α2 = 〈uX , uY 〉2.

(Proof page 176)

Lemma 6.2.2.
Suppose w1, ..., wk ∈ Rm and λ1, ..., λk ∈ R∗, then if the function λ() provides non-trivial eigenvalues,

λ

(
k∑
i=1

λiwiw
t
i

)
= λ

(
H

)
,

where

H =


λ1

√
λ1λ2 〈w1, w2〉

√
λ1λ3 〈w1, w3〉 · · ·

√
λkλ2 〈w1, wk〉√

λ2λ1 〈w2, w1〉 λ2

√
λ2λ3 〈w2, w3〉 · · ·

√
λ2λk 〈w2, wk〉√

λ3λ1 〈w3, w1〉
√
λ3λ2 〈w3, w2〉 λ3 · · ·

√
λ3λk 〈w3, wk〉

...
...

. . .
. . .

...√
λkλ1 〈wk, w1〉

√
λkλ2 〈wk, w2〉

√
λkλ3 〈wk, w3〉 · · · λk

 .

(Proof page 177)

Lemma 6.2.3.
Suppose e1, w ∈ Rm and a, b ∈ R. Then, if ||w|| = 1, the two (±) non-trivial eigenvalues and
eigenvectors are

λ±

(
ae1e

t
1 + bwwt

)
=

1

2

(
a+ b±

√
4abw2

1 + (a− b)2

)
,

u±

(
ae1e

t
1 + bwwt

)
=

1

Norm±


λ±

(
ae1e

t
1 + bwwt

)
+ b

(
w12 − 1

)
bw1

, w2, w3, w4, ..., wm

 ,

(
Norm±

)2
=

(
λ±

(
ae1e

t
1 + bwwt

)
+ b

(
w12 − 1

))2

b2w2
1

+ 1− w2
1.

If ||w|| 6= 1,

λ±

(
ae1e

t
1 + wwt

)
=

1

2

(
±
√

(a+ ||w||2)2 − 4a
(
||w||2 − w2

1

)
+ a+ ||w||2

)
,

u±

(
ae1e

t
1 + wwt

)
=

1

Norm±


λ±

(
ae1e

t
1 + wwt

)
− ||w||2 + w2

1

w1
, w2, w3, w4, ..., wm

 ,

(
Norm±

)2
=

(
λ±

(
ae1e

t
1 + wwt

)
− ||w||2 + w2

1

)2

w2
1

+ ||w||2 − w2
1.
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(Proof page 178)

Lemma 6.2.4.
Suppose u1, ..., uk ∈ Rm are orthonormal and λ1 > ... > λk ∈ R+ where k is finite. Suppose v ∈ Rm
and µ ∈ R+ such that 〈ui, v〉 = Op (1/

√
m) and µ− λ1 < d < 0 for a fixed d, then

λmax

(
k∑
i=1

λiuiu
t
i + µvvt

)
= λ1 +Op

(
1

m

)
.

Moreover, if µ− λk > d2 > 0 for a fixed d2,

λmin

(
k∑
i=1

λiuiu
t
i + µvvt

)
= λk +Op

(
1

m

)
.

(Proof page 179)

6.3 Lemmas for robustness

In this section we introduce lemmas that characterise the residual spike when θ is large. These results
are used to prove properties of robustness of our methods. In particular we use the moment in
probability Ep and Varp defined in 4.2.1.

Lemma 6.3.1.
Suppose X ∈ Rm×nX and Y ∈ Rm×nY are members of the same class, CA(Σ), CB, CC or CD(u).
Moreover, define WX = 1

nX
XXt and Σ̂X = 1

nX
XXt, where X = P 1/2X, and P is a finite perturbation

of order 1. (Without loss of generality we can assume a canonical perturbation, but ûX,1:m,1 is not
necessarily uniform. In particular the following formulas are only true for CD(u) after a rotation to
change u in e1.)
The largest residual spike obtained using X and Y is

λm,C =
1

2

 ˆ̂
θY (1− α̂2) + 1 +

ˆ̂
θY
ˆ̂
θX

+

√√√√−4
ˆ̂
θY
ˆ̂
θX

+

(
ˆ̂
θY (1− α̂2) +

ˆ̂
θY
ˆ̂
θX

+ 1

)2
+Op

(
1

θ

)
,

where

1

θ − 1
=

m∑
i=1

λ̂WX ,i

θ̂X − λ̂WX ,i

û2
WX ,i,1

,

1

ˆ̂
θX − 1

=
1

m

m∑
i=1

λ̂WX ,i

θ̂X − λ̂WX ,i

,

ˆ̂
θX = θ

m∑
i=1

λ̂WX ,iû
2
WX ,1,i

+Op (1) ,

α̂2
X =

θ

(θ − 1)

(
1− θ − 1

θ̂2
X

m∑
i=1

λ̂2
WX ,i

û2
WX ,i,1

)
+Op

(
1

θ2

)
,

α̂ = α̂X α̂Y +
m∑
i=2

ûΣ̂X,i
ûΣ̂Y,i

+Op

(
1

θ2

)
,

ûWX ,1,i is the first entry of the ith eigenvector of WX and θ̂X = θ̂Σ̂X,1
is the largest eigenvalue of Σ̂X.
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Moreover for class CA(Σ), CB and CC ,

ˆ̂
θY
ˆ̂
θX

= 1 +Op

(
1

θ

)
+

(
1

m1/2

)
,

ˆ̂
θY (1− α̂2) =

1

Σ1,1

((
WX

2
)

1,1
+
(
WY

2
)

1,1

)
− 2

Σ1,1

(
Σ2
)

1,1
+Op

(
1

θ

)
+Op

(
1

m1/2

)
.

(Proof page 191)

The next lemmas are used to prove the robustness of our model in the class defined in 4.2.3.

Lemma 6.3.2.
In the class CA (Σ) defined in Definition 4.2.3, the limit of the expectation of the residual spike is
invariant of Σ. This means that:
Suppose XΣ,YΣ ∈ CA (Σ) and XIm ,YIm ∈ CA (Im) such that

XΣ = P 1/2Σ1/2X ∈ Rm×nX and YΣ = P 1/2Σ1/2Y ∈ Rm×nY ,
XIm = P 1/2X ∈ Rm×nX and YIm = P 1/2Y ∈ Rm×nY .

Let λm,Σ and λm,Im be the resulting residual spikes using
(
XΣ,YΣ

)
and

(
XIm ,YIm

)
respectively. We

have

Ep(min(m,θ)) [λm,Σ] = Ep(min(m,θ)) [λm,Im ] .

(Proof page 193)

Lemma 6.3.3.
We define in the class CA (Im), XIm,LX = P 1/2XLX ∈ Rm×nX and YIm,LY = P 1/2YLY ∈ Rm×nY .
Moreover, XLX and YLY have temporal structure such that

XLX ,1,·,XLX ,2,·, ...,XLX ,m,· ∼ LX ,
YLY ,1,·,YLY ,2,·, ...,YLY ,m,· ∼ LY .

We define WX,LX = 1
nX

XLXXt
LX and W Y,LY = 1

nY
YLY Yt

LY .

If the spectra of

(
WX,L1 ,W Y,L3

)
and

(
WX,L2 ,W Y,L4

)
are rescaled and the second moments of the

spectra are the same, i.e.

E

[
m∑
i=1

λ̂WX,L1
,i

]
= E

[
m∑
i=1

λ̂WX,L2
,i

]
= 1 and E

[
m∑
i=1

λ̂2
WX,L1

,i

]
= E

[
m∑
i=1

λ̂2
WX,L2

,i

]
,

E

[
m∑
i=1

λ̂WY,L3
,i

]
= E

[
m∑
i=1

λ̂WY,L4
,i

]
= 1 and E

[
m∑
i=1

λ̂2
WY,L3

,i

]
= E

[
m∑
i=1

λ̂2
WY,L4

,i

]
,

then

Ep(min(m,θ)) [λm,L1,L3 ] = Ep(min(m,θ)) [λm,L2,L4 ] ,

where λm,L1,L3 and λm,L2,L4 are the resulting residual spikes using

(
XIm,L1 ,YIm,L3

)
and(

XIm,L2 ,YIm,L4

)
respectively.

(Proof page 196)
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Lemma 6.3.4.
Suppose that XLX ,XL∗X ∈ Rm×nX and YLY ,YL∗Y ∈ Rm×nY are in CA (Im) such that,

XLX = P 1/2XLX , YLY = P 1/2YLY ,

XL∗X = P 1/2XL∗X , YL∗Y = P 1/2YL∗Y ,

where P = Im + (θ − 1)e1e
t
1.

Moreover,

(
XLX ,YLY

)
and

(
XL∗X ,YL

∗
Y

)
have temporal structure such that

XLX ,1,·,XLX ,2,·, ...,XLX ,m,· ∼ LX ,
YLY ,1,·,YLY ,2,·, ...,YLY ,m,· ∼ LY ,
XL∗X ,1,· ∼ LX,1,
XL∗X ,2,·,XL

∗
X ,3,·, ...,XL

∗
X ,m,· ∼ LX ,

YL∗Y ,1,· ∼ LY,1,
YL∗Y ,2,·,YL

∗
Y ,3,·, ...,YL

∗
Y ,m,· ∼ LY .

In particular, Cov (XLX ,1,·) = Ψ1,X = ΨX , Cov (YLY ,1,·) = Ψ1,Y = ΨY , Cov (XL∗,1,·) = Ψ∗1,X ,
Cov (YL∗,1,·) = Ψ∗1,Y , ∆X = ΨX − Ψ∗1,X and ∆Y = ΨY − Ψ∗1,Y respect the conditions of the class
CA(Im).
Therefore we have

Ep(min(m,θ)) [λm,LX ,LY ] = Ep(min(m,θ))

[
λm,L∗X ,L

∗
Y

]
,

where λm,LX ,LY and λm,L∗X ,L
∗
Y

are the resulting residual spikes using

(
XLX ,YLY

)
and

(
XL∗X ,YL

∗
Y

)
respectively.

(Proof page 198)

Lemma 6.3.5.
Suppose that X = P 1/2X ∈ Rm×nX and Y = P 1/2Y ∈ Rm×nY are two random matrices in class
CA(Σ) such that

1

m

m∑
i=1

λ̂WX ,i =
1

m

m∑
i=1

λ̂WY ,i = 1,

1

m

m∑
i=1

λ̂2
WX ,i

= M2,X and
1

m

m∑
i=1

λ̂2
WY ,i

= M2,Y ,

M2 =
M2,X +M2,Y

2
.

We define λm,CA(Σ) as the resulting residual spike between X and Y.
The Main Theorem 3.1.1 says that knowing the spectra, the estimator of the expectation of residual
spike assuming our model is

λ+ (M2) = M2 +
√
M2

2 − 1.

This expectation of λm,CA(Σ) is conservative in the sense of the second robustness defined in 4.2.2.
This means that the following results are true when nX , nY and θ tends to infinity.

1: If Σ = Im, then λ+ (M2) = M2 +
√
M2

2 − 1 = Ep(min(m,θ))

[
λm,CA(Σ)

]
.

2: If Σ 6= Im, then λ+ (M2) = M2 +
√
M2

2 − 1 > Ep(min(m,θ))

[
λm,CA(Σ)

]
.

(Proof page 199)
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Chapter 7

Proofs

7.1 Proofs of the main theorems

In this section, we prove the theorems of the Chapter 5.

1. The Unit invariant vector statistic Theorem 5.11.2 and the characterisation of the eigenstructure
5.2.1,

2. The distributions of statistics when the perturbation is of order 1, Theorem 5.3.1,

3. Most of the Invariant Theorems using a circle induction procedure,

4. The Dot Product Theorem 5.6.1 and its invariant 5.7.1,

5. The double invariant angle Corollary 5.10.1.

7.1.1 Unit invariant vector statistic

Theorem 5.11.2.
Let W be a random matrix with spectrum, λ̂W,1, λ̂W,2, ..., λ̂W,m such that its trace is 1. We denote by
up1 and up2, two orthonormal invariant random vectors independent of the eigenvalues of W . We set

~Bm (ρ,~s, ~r, ~p) =
√
m



∑m

i=1

λ̂
s1
W,i

(ρ−λ̂W,i)
s2 up1,iup2,i∑m

i=1

λ̂
r1
W,i

(ρ−λ̂W,i)
r2 up1,iup2,i

− (Ms1,s2

Mr1,r2

)
1p1=p2

 ,

where ~s = (s1, s2), ~r = (r1, r2) and ~p = (p1, p2) with indices 1 6 p1 6 p2 6 m and s1, s2, r1, r2 ∈ N.
Conditioning on the spectrum, if p = p1 = p2,

~Bm (ρ,~s, ~r, ~p) ∼ N

(
~0,

(
2
(
M2s1,2s2 −M2

s1,s1

)
2 (Ms1+r1,s2+r2 −Ms1,s2Mr1,r2)

2 (Ms1+r1,s2+r2 −Ms1,s2Mr1,r2) 2
(
M2r1,2r2 −M2

r1,r1

) ))
+ op;m(1),

where Ms,r = Ms,r(ρ) = 1
m

∑m
i=1

λ̂sW,i

(ρ−λ̂W,i)
r .

Moreover, for p1 6= p2,

~Bm (ρ,~s, ~r, ~p) ∼ N

(
~0,

(
M2s1,2s2 −M2

s1,s1 Ms1+r1,s2+r2 −Ms1,s2Mr1,r2

Ms1+r1,s2+r2 −Ms1,s2Mr1,r2 M2r1,2r2 −M2
r1,r1

))
+ op;m(1),

In particular, with the notation Ms,0 = Ms = 1
m

∑m
i=1 λ̂

s
W,i,

√
m

((∑m
i=1 λ̂W,iu

2
p,i∑m

i=1 λ̂
2
W,iu

2
p,i

)
−
(

1
M2

))
∼ N

(
~0,

(
2 (M2 − 1) 2 (M3 −M2)

2 (M3 −M2) 2
(
M4 −M2

2

)))+ op;m(1),
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and

√
m

((∑m
i=1 λ̂W,iup1,iup2,i∑m
i=1 λ̂

2
W,iup1,iup2,i

)
−
(

0
0

))
∼ N

(
~0,

(
M2 − 1 M3 −M2

M3 −M2 M4 −M2
2

))
+ op;m(1).

Finally if we look at K bivariate normal random variables :

Bm (~ρ, s, r,p) =
(
~Bm (ρ1, ~s1, ~r1, ~p1) , ~Bm (ρ2, ~s2, ~r2, ~p2) , ..., ~Bm (ρK , ~sK , ~rK , ~pK)

)
,

where , ~pi 6= ~pj if i 6= j. Then, B̃m (~ρ, s, r,p) tends to a multivariate Normal. Moreover, all the
bivariate elements are asymptotically independent.

Remark 5.11.2.1.

1. In order to obtain this simple result we assume the trace of W is one. This property
can easily be obtained by rescaling the matrix by the trace.

2. The condition of independence between eigenvectors and eigenvalues of W is strong but
is an automatic consequence if the eigenvectors are Haar distributed. Moreover, if the
fluctuation of the spectra is small, the result is still valid without conditioning on the
spectra. For example for independent vector data, we can easily show that the result
still holds using Bai and Silverstein [2010] (page 259-261, Theorem 9.10).

3. If the convergence of the spectrum to fS is fast, then we can define Mi =
∫
λifS(λ)dλ.

4. If the data are such that the spectrum of W tends to Marcenko-Pastur distribution
sufficiently fast, then fS can be replaced by fMP,c and we obtain

√
m

((∑m
i=1 λ̂W,iû

2
i∑m

i=1 λ̂
2
W,iû

2
i

)
−
(

1
1 + c

))
→

m→∞
N

(
~0,

(
2c 2c(2 + c)

2c(2 + c) 2c(c+ 1)(c+ 4)

))
.

Nevertheless the result is wrong if we only assume this spectral distribution! The
independence with invariant eigenvectors is necessary.

(Page 87)

Proof. Theorem 5.11.2

The proof is divided into three steps. First, we compute the two first moments of the statistics
using the same eigenvectors. Then, we show the asymptotic joint normality. Finally, we show the
asymptotic independence of the statistics using at least one different eigenvector. In each step of
the proof, we condition on the spectrum of W .

• For any non-random g function in R,

E

[
m∑
i=1

g(λ̂W,i)u
2
1,i

]
=

1

m

m∑
i=1

g(λ̂W,i),

E

[
m∑
i=1

g(λ̂W,i)u1,iu2,i

]
= 0

This proves the formulas for the first moments. We can now compute the covariance matrix
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knowing that for unit invariant eigenvectors, Cov
(
u2

1,i, u
2
1,j

)
= −2/(m2(m− 1)). Therefore

Var

 m∑
i=1

λ̂s1W,i(
ρ− λ̂W,i

)s2 u2
1,i


=

m∑
i=1

λ̂2s1
W,i(

ρ− λ̂W,i
)2s2

2

m2
−

m∑
i,j=1
i 6=j

 λ̂s1W,i(
ρ− λ̂W,i

)s2 λ̂s1W,j(
ρ− λ̂W,j

)s2
 2

m2(m− 1)

=
2M2s1,2s2(ρ)

m
− 2Ms1,s2(ρ)2

m− 1
+

2M2s1,2s2(ρ)

m(m− 1)

=
2

m

(
M2s1,2s2(ρ)−Ms1,s2(ρ)2

)
+Op

(
1

m2

)
and

Cov

 m∑
i=1

λ̂s1W,i(
ρ− λ̂W,i

)s2 u2
1,i,

m∑
j=1

λ̂r1W,i(
ρ− λ̂W,i

)r2 u2
1,j


=

m∑
i=1

λ̂s1+r1
W,i(

ρ− λ̂W,i
)s2+r2

2

m2
−

m∑
i,j=1
i6=j

λ̂s1W,i(
ρ− λ̂W,i

)s2 λ̂r1W,i(
ρ− λ̂W,i

)r2 2

(m− 1)m2

=
2Ms1+r1,s2+r2(ρ)

m
− 2Ms1,s2(ρ)Mr1,r2(ρ)

m− 1
+

2Ms1+r1,s2+r2(ρ)

(m− 1)m

=
2

m
(Ms1+r1,s2+r2(ρ)−Ms1,s2(ρ)Mr1,r2(ρ)) +Op

(
1

m2

)
Similarly, we can show that

Var

 m∑
i=1

λ̂s1W,i(
ρ− λ̂W,i

)s2 u1,iu2,i

 =
M2s1,2s2(ρ)−Ms1,s2(ρ)2

m
+Op

(
1

m2

)

and

Cov

 m∑
i=1

λ̂s1W,i(
ρ− λ̂W,i

)s2 u1,iu2,i,
m∑
j=1

λ̂r1W,i(
ρ− λ̂W,i

)r2 u1,ju2,i


=
Ms1+r1,s2+r2(ρ)−Ms1,s2(ρ)Mr1,r2(ρ)

m
+Op

(
1

m2

)
.

• In order to prove the joint normality we show that any projections of a vector with unit
statistics components built using u1, u2, ..., uk are Normal with an error tending to 0. This
vector contains all the elements of the following matrix:(

√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
us,iur,i − 1r=s

1

m

))
s,r

,

where ar,s

(
λ̂W,i

)
are constant depending on λ̂W,i.

We start with p2 independent Normal random vectors of size m, v1, v2, ..., vp2 (p2 > p1), where
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Var (vi) = 1
m Im. Then, we apply Gramm-Schmidt.

us =
vs −

∑s−1
i=1

(
〈vs, vi〉+Op

(
1
m

))
vi

||vi||2+Op( 1
m)

||vs||+Op
(

1
m

)
=

s∑
i=1

bs,ivi.

Moreover, the central limit theorem of Bentkus [2005] shows that for any t1, t2 = 1, 2, ...k,

√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
vt1,ivt2,i − 1t1=t2

1

m

)
(7.1)

can be jointly estimated by a centred multivariate Normal when k is finite.
In particular using Slutsky’s Theorem we show that

∀s, t = 1, 2, ..., k, s 6= t,
√
m bs,t (7.2)

tends to centred joint Normal random variable with variance of size Op (1). Moreover,

∀s = 1, 2, ..., k,
√
m (bs,s − 1) (7.3)

tends to a centred joint normal random variable with variance of size Op (1) .

Finally we show that any projections of the unit statistic are Normal. Without loss of gener-

ality we keep the constant ar,s

(
λ̂W,i

)
.

k∑
s,r=1

√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
us,iur,i − 1s=r

1

m

)

=
k∑

s,r=1

s∑
t1=1

r∑
t2=1

bs,t1br,t2
√
m

m∑
i=1

ar,s

(
λ̂W,i

)
vt1,ivt2,i −

1

m

k∑
s=1

√
m

m∑
i=1

as,s

(
λ̂W,i

)

=

k∑
s,r=1

s∑
t1=1

r∑
t2=1

bs,t1br,t2
√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
vt1,ivt2,i − 1t1=t2

1

m

)

+

k∑
s,r=1

min(r,s)∑
t=1

bs,tbr,t
√
m

1

m

m∑
i=1

ar,s

(
λ̂W,i

)
−

k∑
s=1

√
m

1

m

m∑
i=1

as,s

(
λ̂W,i

)

=
k∑

s,r=1

s∑
t1=1

r∑
t2=1

bs,t1br,t2
√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
vt1,ivt2,i − 1t1=t2

1

m

)
︸ ︷︷ ︸

A1

+

k∑
s,r=1
s 6=r

min(r,s)∑
t=1

bs,tbr,t
√
m

1

m

m∑
i=1

ar,s

(
λ̂W,i

)
︸ ︷︷ ︸

A2

−
k∑
s=1

√
m
(
1− b2s,s

) 1

m

m∑
i=1

as,s

(
λ̂W,i

)
︸ ︷︷ ︸

A3
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We show asymptotic normality of the three elements using Slutsky’s Theorem:

A1 = bs,t1br,t2
√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
vt1,ivt2,i − 1t1=t2

1

m

)

= E [bs,t1br,t2 ]
√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
vt1,ivt2,i − 1t1=t2

1

m

)
+Op

(
1√
m

)
.

We recognise the equation 7.1 on the right and we know that we can neglect all the terms
when s 6= t1 or r 6= t2. Indeed in these cases by equation 7.2, bs,t1br,t2 = Op (1/

√
m) and the

terms become of order Op (1/
√
m).

A2 =
k∑

s,r=1
s 6=r

min(r,s)∑
t=1

bs,tbr,t
√
m

1

m

m∑
i=1

ar,s

(
λ̂W,i

)

=
k∑

s,r=1
s 6=r

bs,min(r,s)br,min(r,s)

√
m

1

m

m∑
i=1

ar,s

(
λ̂W,i

)
+

k∑
s,r=1
s6=r

min(r,s)−1∑
t=1

bs,tbr,t
√
m

1

m

m∑
i=1

ar,s

(
λ̂W,i

)

=
k∑

s,r=1
s 6=r

E
[
bmin(r,s),min(r,s)

]√
mbmax(r,s),min(r,s)

1

m

m∑
i=1

ar,s

(
λ̂W,i

)
+Op

(
1√
m

)

=

k∑
s,r=1
s 6=r

√
mbmax(r,s),min(r,s)

1

m

m∑
i=1

ar,s

(
λ̂W,i

)
+Op

(
1√
m

)
.

We recognise the equation 7.2 multiplied by a constant.

A3 =
k∑
s=1

√
m
(
1− b2s,s

) 1

m

m∑
i=1

as,s

(
λ̂W,i

)
.

We recognise the equation 7.3 multiplied by a constant. Therefore, we obtain :

k∑
s,r=1

√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
us,iur,i − 1s=r

1

m

)

=
k∑

s,r=1

√
m

m∑
i=1

ar,s

(
λ̂W,i

)(
vs,ivr,i − 1s=r

1

m

)
+

k∑
s,r=1
s 6=r

√
mbmin(s,t),max(s,t)

1

m

m∑
i=1

ar,s

(
λ̂W,i

)

+

k∑
s=1

2
√
m (bs,s − 1))

1

m

m∑
i=1

as,s

(
λ̂W,i

)
.

Because all the quantities in the finite three sums are approximately jointly normal, then the
quantity is approximately normal with an error op;m(1).

• Assuming si 6 ri, if (s1, r1) 6= (s2, r2), then by invariance under rotation,

Cov

(
m∑
i=1

ar1,s1

(
λ̂W,i

)(
us1,iur1,i − 1r1=s1

1

m

)
,
m∑
i=1

ar2,s2

(
λ̂W,i

)(
us2,iur2,i − 1r2=s2

1

m

))
= 0.

Therefore, when (s1, r1) 6= (s2, r2), the resulting joint Normal statistics are asymptotically
independent. However, when (s1, r1) = (s2, r2), then the statistics are jointly Normal and
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correlated.
Note that when s1 = r1 and s2 = r2 we use the linearity of the covariance and the fact that

Cov
(∑m

i=1 aiu
2
1,i,
∑m

i=1 ãiu
2
2,i

)
= Cov

(∑m
i=1 aiu

2
1,i,
∑m

i=1 ãi
1−u2

1,i

m−1

)
.

7.1.2 Convergence and general characterization

Theorem 5.2.1.
In this theorem, P = Im + (θ − 1)uut is a finite perturbation of order 1.

1. Suppose W is a symmetric matrix with eigenvalues λ̂W,i > 0 and eigenvectors ûW,i for i =
1, 2, ...,m (without any additional assumptions on the eigenstructure).
For i = 1, 2, ...,m, we define ũP,i and λ̂P,i such that

WPũP,i = λ̂P,iũP,i,

and the usual ûP,i such that if Σ̂P = P 1/2WP 1/2, then

Σ̂P ûP,i = P 1/2WP 1/2ûP,i = λ̂P,iûP,i.

• The eigenvalues λ̂P,s are such that for s = 1, 2, ...,m,

m∑
i=1

λ̂W,i

λ̂Σ̂P ,s
− λ̂W,i

〈ûW,i, u〉2 =
1

θk − 1
.

• The eigenvectors ũP,s are such that

〈ũP,s, v〉2 =

(∑m
i=1

λ̂W,i

λ̂P,s−λ̂W,i
〈ûW,i, v〉 〈ûW,i, u〉

)2

∑m
i=1

λ̂2
W,i

(λ̂P,s−λ̂W,i)2
〈ûW,i, u〉2

.

In particular if v = u,

〈ũP,s, u〉2 =
1

(θ − 1)2

(∑m
i=1

λ̂2
W,i

(λ̂P,s−λ̂W,i)2
〈ûW,i, u〉2

) .
Moreover,

ûP,s =
P 1/2ũP,s√

1 + (θ − 1) 〈ũP,s, u〉2
.

Therefore, for u and v such that 〈v, u〉 = 0,

〈ûP,s, u〉2 =
θ 〈ũP,s, u〉2

1 + (θ − 1) 〈ũP,s, u〉2
= − θ

(θ − 1)2λ̂P,sT ′W,u(λ̂P,s)
,

〈ûP,s, v〉2 =
〈ũP,s, u〉2

1 + (θ − 1) 〈ũP,s, u〉2
,

where TW,u(z) =
∑m

i=1
λ̂W,i

z−λ̂W,i
〈ûW,i, u〉2.
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2. Suppose that WX , WY and P = PX = PY satisfy Assumption 2.2.1. Moreover, suppose that θ
is large enough to create detectable spikes, θ̂X and θ̂Y , in the matrices Σ̂X = P 1/2WXP

1/2 and
Σ̂Y = P 1/2WY P

1/2. Then,

a)
ˆ̂
θX ,

ˆ̂
θY

P−→
n,m→∞

θ,

b) 〈ûX , u〉 − αX , 〈ûY , u〉 − αY
P−→

n,m→∞
0,

c) 〈ûX , ûY 〉 − αXαY
P−→

n,m→∞
0,

where

θ̂X
P−→

n,m→∞
ρX ,

ˆ̂
θX = 1 +

1

T̂Σ̂X

(
θ̂X

) = 1 +
m∑m

i=k+1

λ̂Σ̂X,i

θ̂X−λ̂Σ̂X,i

,

α2
X = − θ

(θ − 1)2ρX T̂ ′WX
(ρX)

,

α2
Y = − θ

(θ − 1)2ρY T̂ ′WY
(ρY )

,

λ̂Σ̂X ,i
and λ̂Σ̂Y ,i

are the eigenvalues of respectively Σ̂X and Σ̂Y .

Remark 5.2.1.1.
If the spectra of WX and WY tend fast enough to the Marcenko-Pastur distribution with
parameter cX and cY respectively, then

α2
X =

1− cX
(θ−1)2

1 + cX
θ−1

,

ˆ̂
θX is such that θ̂X =

ˆ̂
θX

(
1 +

cX
ˆ̂
θX − 1

)
, and

lim
m→∞

θ̂X = θ

(
1 +

cX
θ − 1

)
.

(Page 72)

Proof. Theorem 5.2.1

In the proof of this theorem, we use two transforms:

• TWX ,u(z) =
∑m

i=1

λ̂WX,i

z−λ̂WX,i
〈ûWX ,i, u〉

2,

• T̂WX
(z) = 1

m

∑m
i=1

λ̂WX,i

z−λ̂WX,i
.

1. In order to study P 1/2WP 1/2, where P = I + (θ − 1)uut, we define the diagonalisation
W = Û tWΛW ÛW .
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Eigenvalues: The matrix of interest has the same eigenvalues as WP. Thus, for z an eigen-
value of P 1/2WP 1/2,

0 = det
(
zIm − P 1/2WP 1/2

)
= det

(
zIm −W

(
Im + (θ − 1)uut

))
= det

(
zIm − Û tWΛW ÛW

(
Im + (θ − 1)uut

))
= det

(
zIm − ΛW

(
Im + (θ − 1)

(
Û tWu

)(
Û tWu

)t))
= det (zIm − ΛW ) det

(
Im − (zIm − ΛW )−1ΛW

(
(θ − 1)

(
Û tWu

)(
Û tWu

)t))
.

If z is not an eigenvalue of W but an eigenvalue of WP , then

det (zIm − ΛW ) 6= 0.

Therefore,

det

(
Im − (zI− ΛW )−1ΛW

(
(θ − 1)

(
Û tWu

)(
Û tWu

)t))
= 0

⇒ Trace

(
(zIm − ΛW )−1ΛW

(
(θ − 1)

(
Û tWu

)(
Û tWu

)t))
= 1

⇒ Trace

(
(zIm − ΛW )−1ΛW

((
Û tWu

)(
Û tWu

)t))
=

1

θ − 1

⇒
m∑
i=1

λ̂W,i

z − λ̂W,i
〈ûW,i, u〉2 =

1

θ − 1
.

In our notation, we can replace z by the eigenvalues of P 1/2WP 1/2, λ̂P,s for s = 1, 2, ...,m.

Eigenvectors: We first study ũP,s for s = 1, 2, ...,m, the eigenvectors of WP . Because λ̂P,s
is the eigenvalue of WP corresponding to ũP,s,

λ̂P,sũP,s = WPũP,s = W (Im + P̄ )ũP,s = (W +WP̄ )ũP,s.

Therefore, we have

ũP,s = ((θ − 1)utũP,s)
(
λ̂P,sIm −W

)−1
Wu.

Using the fact that ũP,s is proportional to
(
λ̂P,sIm −W

)−1
Wu and its norm is unit, we get

ũP,s =

(
λ̂P,sIm −W

)−1
W√

utW
(
λ̂P,sIm −W

)−2
Wu

u,

which leads to most of the results about eigenvectors.
Assuming v ∈ Rm, then

〈ũP,s, v〉2 =

(
vtW

(
λ̂P,sIm −W

)−1
u

)2

utW
(
λ̂P,sIm −W

)−2
WXu

=

(∑m
i=1

λ̂W,i

λ̂P,s−λ̂W,i
〈ûW,i, v〉 〈ûW,i, u〉

)2

∑m
i=1

λ̂2
W,i

(λ̂P,s−λ̂W,i)2
〈ûW,i, u〉2

.
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In particular, when v = u, utWX(λ̂P,sI − WX)−1u = 1/(θ − 1) by the previous part on
eigenvalues.
In order to obtain a more elegant formula, we need to study the denominator and its “pseudo”-
transform:∫

x2

(z − x)2
f(x)dx = −

∫
x

(z − x)
f(x)dx+ z

∫
x

(z − x)2
f(x)dx = −T (z)− zT ′(z),

where T is defined in Definition 1.3.2. Therefore,

〈ũP,s, u〉2 =
TW,u(λ̂P,s)

2

−TW,u(λ̂P,s)− λ̂P,sT ′W,u(λ̂P,s)

= − 1

(θ − 1)2λ̂P,sT ′W,u(λ̂P,s) + (θ − 1)
.

Then, we focus on ûP,s. Some simple results of linear algebra show that,

ûP,s =
P 1/2ũP,s√
ũtP,sPũP,s

.

Using the fact that ũtP,sPũP,s = 1 + (θ − 1) 〈ũP,s, u〉2, the angle can be written,

〈ûP,s, v〉2 =

〈
P 1/2ũP,s, v

〉2

ũtP,sPũP,s

=

〈(
Im + (

√
θ − 1)uut

)
ũP,s, v

〉2

1 + (θ − 1) 〈ũP,s, u〉2

=

(
〈ũP,s, v〉+

(√
θ − 1

)
〈ũP,s, u〉 〈u, v〉

)2

1 + (θ − 1) 〈ũP,s, u〉2
.

For u and v such that 〈v, u〉 = 0, we easily obtain,

〈ûP,s, u〉2 =
θ 〈ũP,s, u〉2

1 + (θ − 1) 〈ũP,s, u〉2

= − θ

(θ − 1)2λ̂P,sT ′W,u(λ̂P,s)
,

〈ûP,s, v〉2 =
〈ũP,s, u〉2

1 + (θ − 1) 〈ũP,s, u〉2
.

2. The second part of the theorem is a direct consequence of the first part. Because WX and
WY satisfy assumption 2.2.1 and P is assumed detectable, then λ̂Σ̂X ,1

= θ̂X and λ̂Σ̂Y ,1
= θ̂Y

are the spikes.

(a) We can write

1

θ − 1
= TW,u(θ̂X) =

m∑
i=1

λ̂WX ,i

θ̂X − λ̂WX ,i

〈ûW,i, u〉2 ,

where 〈ûWX ,i, u〉
2 = wi creates an unit uniform vector w independent of the spectrum of

WX .
Because

1

θ − 1
− 1

ˆ̂
θX − 1

= TW,u(θ̂X)− 1

m

m∑
i=1

λ̂Σ̂X ,i

θ̂X − λ̂Σ̂X ,i

P−→
n,m→∞

0,
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we obtain
ˆ̂
θX

P−→
n,m→∞

θ. The convergence is obtained using Theorem 4.4.1 to replace

λ̂WX ,i by λ̂Σ̂X ,i
.

(b) Moreover, assuming that θ̂X
P−→

n,m→∞
ρX ,

〈ûX , u〉2 − α2
X = − θ

(θ − 1)2θ̂XT ′W,u(θ̂X)
+

θ

(θ − 1)2ρXT ′WX
(ρX)

P−→
n,m→∞

0.

(c) Finally, a minor result from linear algebra proves the limit of the double angle. If
W = OtΛO, with invariant uniform O independent of the bounded spectrum Λ, then for
two fixed vectors v, u ∈ Rm,

vtWu = ṽtΛũ =
m∑
i=1

λ̂W,iṽiũi = 〈u, v〉Trace (W ) /m+Op (1/m) .

This result is easily proven because ṽ, ũ are uniform, 〈ṽ, ũ〉 = 〈v, u〉 and we easily show
that

E [ṽiũi] = E

 m∑
s,r=1

Oi,sOi,rvsvr

 = 〈v, u〉 /m,

Var

(
m∑
i=1

ṽiũi

)
= 0 and Var (ṽiũi) = Op

(
1/m2

)
,

Cov (ṽiũi, ṽj ũj) = Op
(
1/m3

)
.

Using the notation θ̂X = λ̂Σ̂X ,1
and θ̂Y = λ̂Σ̂Y ,1

for the estimated eigenvalues, we can
combine the first part and this small linear algebra result to obtain

〈ũX , ũY 〉2 =

(
utWX(θ̂XIm −WX)−1(θ̂Y Im −WY )−1WY u

)2

utWX(θ̂XI −WX)−2WXWY (θ̂Y I −WY )−2WY u

=

(
utWX(θ̂XIm −WX)−1(θ̂Y Im −WY )−1WY u

)2(
−TW,u

(
θ̂X

)
− θ̂XT ′W,u

(
θ̂X

))(
−TW,u

(
θ̂Y

)
− θ̂Y T ′W,u

(
θ̂Y

))
=

(
Trace

(
WX(θ̂XIm −WX)−1

)
ut(θ̂Y Im −WY )−1WY u+Op

(
1
mθ

))2(
−TW,u

(
θ̂X

)
− θ̂XT ′W,u

(
θ̂X

))(
−TW,u

(
θ̂Y

)
− θ̂Y T ′W,u

(
θ̂Y

))
= 〈u, ũX〉2 〈u, ũY 〉2 +Op

(
1

mθ

)
.

As in the first part, we use the relation between ûX and ũX to get

〈ûX , ûY 〉2 =

〈(
Im + P̄

)1/2
ũX ,

(
Im + P̄

)1/2
ũY

〉2(
ũtX(Im + P̄ )ũX

) (
ũtY (Im + P̄ )ũY

)

=

〈ũX , u〉 〈u, ũY 〉 θ +

→0︷ ︸︸ ︷
(〈ũX , ũY 〉 − 〈ũX , u〉 〈u, ũY 〉)

2

(
1 + (θ − 1) 〈ũX , u〉2

)(
1 + (θ − 1) 〈ũY , u〉2

) .

This leads to the result,

〈ûX , ûY 〉2 − α2
Xα

2
Y

P−→
n,m→∞

0.
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7.1.3 Asymptotic distribution of the eigenvalue and angle

Theorem 5.3.1.
Suppose WX and WY satisfy 2.2.1 with P = PX = PY , a detectable perturbation of order k = 1.
Moreover, we assume that the spectra of of WX and WY are known. We defined

Σ̂X = P 1/2WXP
1/2,

Σ̂Y = P 1/2WY P
1/2,

P = Im + (θ − 1)uut,

where u is fixed and the eigenvalues of WX and WY are λ̂WX ,i and λ̂WY ,i for i = 1, 2, ...,m ,respectively.
We construct the unbiased estimators of θ,

ˆ̂
θX

∣∣∣∣ 1

ˆ̂
θX − 1

=
1

m

m∑
i=1

λ̂WX ,i

θ̂X − λ̂WX ,i

and
ˆ̂
θY

∣∣∣∣ 1

ˆ̂
θY − 1

=
1

m

m∑
i=1

λ̂WY ,i

θ̂Y − λ̂WY ,i

where θ̂X = λ̂Σ̂X ,1
and θ̂Y = λ̂Σ̂Y ,1

are the largest eigenvalues of respectively Σ̂X and Σ̂Y corresponding
to the eigenvectors ûX = ûΣ̂X ,1

and ûY = ûΣ̂Y ,1
.

We can also construct these estimators using the m− 1 smaller eigenvalues of Σ̂X and Σ̂Y instead of
λ̂WX ,i and λ̂WY ,i.

1. If θ√
m
→ 0, we define

Ms,r,X ≡Ms,r,X(ρX) =
1

m

m∑
i=1

λ̂sWX ,i

(ρX − λ̂WX ,i)
r
, Ms,r,Y ≡Ms,r,Y (ρY ) =

1

m

m∑
i=1

λ̂sWX ,i

(ρY − λ̂WX ,i)
r
,

where we assume

ρX = E
[
θ̂X

]
+ o

(
θ√
m

)
, ρY = E

[
θ̂Y

]
+ o

(
θ√
m

)
.

and convergence rate of (θ̂X , θ̂Y ) to (ρX , ρY ) in Op (θ/
√
m),(

ˆ̂
θX

〈ûX , u〉2

)
∼ N

((
θ
α2
X

)
,

1

m

(
σ2
θ,X σθ,α2,X

σθ,α2,X σ2
α2,X

))
+

 op

(
θ√
m

)
op

(
1

θ
√
m

) ,


ˆ̂
θX
ˆ̂
θY

〈ûX , ûY 〉2

 ∼ N


 θ

θ
α2
X,Y

 ,
1

m

 σ2
θ,X 0 σθ,α2,X

0 σ2
θ,Y σθ,α2,Y

σθ,α2,X σθ,α2,Y σ2
α2,X,Y


+


op

(
θ√
m

)
op

(
θ√
m

)
op

(
1

θ
√
m

)
 ,

where

α2
X =

θ

(θ − 1)2

1

ρXM1,2,X
,

α2
X,Y =

θ2

(θ − 1)4

1

ρXρYM1,2,XM1,2,Y
,

σ2
θ,X =

2
(
M2,2,X −M2

1,1,X

)
M4

1,1,X

,
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σ2
α2,X =

2θ2

((θ − 1)ρXM1,2,X)
4

(
ρ2
X

(
M2,4,X −M2

1,2,X

)
+

(
2ρX

M1,3,X

M1,2,X
− 1

)2 (
M2,2,X −M2

1,1,X

)
−2ρX

(
2ρX

M1,3,X

M1,2,X
− 1

)(
M2,3,X −

M1,1,X

M1,2,X

))
,

σθ,α2,X =
2θ

M2
1,1,XM

3
1,2,Xρ

2
X(−1 + θ)2

(
M1,1,XM

2
1,2,XρX + 2M1,3,XM2,2,XρX

+M2
1,1,X(M1,2,X − 2M1,3,XρX)−M1,2,X(M2,2,X +M2,3,XρX)

)
,

σ2
α2,X,Y = σ2

α2,Xα
4
Y + σ2

α2,Y α
4
X + 4α2

X,Y (1− α2
X)(1− α2

X).

2. If θ√
m
→∞ (Assumption 2.2.2 (A1)), then we can simplify the formulas. We define

Mr,X =
1

m

m∑
i=1

λ̂rWX ,i
and Mr,Y =

1

m

m∑
i=1

λ̂rWY ,i
.

Using this notation,
(

ˆ̂
θX

〈ûX , u〉2

)
∼ N

((
θ + Op (1)

1 +
1−M2,X

θ
+ Op

(
1
θ2

)) ,
1

m

 2θ2
(
1−M2,X

)
2
(
2M2

2,X −M2,X −M3,X

)
2
(
2M2

2,X −M2,X −M3,X

)
2
θ2

(
4M3

2,X −M
2
2,X − 4M2,XM3,X +M4,X

) +

 op

(
θ√
m

)
op

(
1

θ
√
m

) ,


ˆ̂
θX
ˆ̂
θY

〈ûX , ûY 〉2

 ∼ N


 θ + Op (1)

θ + Op (1)

1 +
2−M2,X−M2,Y

θ
+ Op

(
1
θ2

)
 ,

1

m


2θ2

(
1−M2,X

)
0 2

(
2M2

2,X −M2,X −M3,X

)
0 2θ2

(
1−M2,Y

)
2
(
2M2

2,Y −M2,Y −M3,Y

)
2
(
2M2

2,X −M2,X −M3,X

)
2
(
2M2

2,Y −M2,Y −M3,Y

)
S
θ2


 +


op

(
θ√
m

)
op

(
θ√
m

)
op

(
1

θ
√
m

)
 ,

S = 2
(
4M

3
2,X −M

2
2,X − 4M2,XM3,X +M4,X

)
+ 2

(
4M

3
2,Y −M

2
2,Y − 4M2,YM3,Y +M4,Y

)
+ 4(M2,Y − 1)(M2,X − 1).

Moreover, the asymptotic distributions of θ̂X and
ˆ̂
θX are the same.

3. If θ√
m
→ d, a finite constant, then a mixture of the two first scenarios describes the first two

moments of the joint distribution.
The formula of the second moment is asymptotically the same as the variance formula when
θ√
m
→∞.

The formula of the first moment is asymptotically the same as the expectation formula when
θ√
m
→ 0.

4. The random variables can be expressed as functions of invariant unit random statistics of the
form:

u
M r,s,X(ρ) =

m∑
i=1

λ̂rWX ,i(
ρ− λ̂WX ,i

)s 〈ûWX ,i, u〉
2 .

(Assuming a canonical perturbation leads to a simpler formula)

• Exact distributions:

θ̂X

∣∣∣∣ 1

θ − 1
=

u
M1,1,X

(
θ̂X

)
,

〈ûX , e1〉2 =
θ

(θ − 1)2

1

θ̂X
u
M1,2,X

(
θ̂X

) .
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Moreover,

〈ûX , ûY 〉 = 〈ûX , e1〉 〈ûY , e1〉+

√
1− 〈ûX , e1〉2

√
1− 〈ûY , e1〉2Z,

m∑
i=2

ûX,1ûY,1 =

√
1− 〈ûX , e1〉2

√
1− 〈ûY , e1〉2Z,

Z ∼ N

(
0,

1

m

)
+Op

(
1

m

)
,

where Z is independent of 〈ûX , e1〉, 〈ûY , e1〉, θ̂X and θ̂Y . In order to get the exact distribu-
tion, we should replace Z by

∑m−1
i=1 viṽi where viṽi are independent unit invariant random

vectors.

• Approximations:

θ̂X = ρ+

(
u
M1,1,X (ρ)−M1,1,X(ρ)

)
M1,2,X (ρ)

+Op

(
θ

m

)
= θ

u
M1,X +Op (1) ,

ˆ̂
θX = θ + (θ − 1)2

(
u
M1,1,X (ρ)−M1,1,X(ρX)

)
+Op

(
θ

m

)
.

We provide three methods of estimation of the angle in order to estimate it for all θ.

〈ûX , e1〉2 =
θ

(θ − 1)2

 1

ρXM1,2,X(ρX)
+

(
2M1,3,X(ρX)

M1,2,X(ρX)
− 1

ρX

) u
M1,1,X(ρX)− 1

θ−1

(M1,2,X(ρX))2

−
u
M1,2,X(ρX)−M1,2,X(ρX)

ρX (M1,2,X(ρX))2

+Op

(
1

m

)
,

= 1 +
1

θ

(
1−

u
M2,X + 2M2,X

(
u
M1,X − 1

))
+

1

θ2

(
1− 2

u
M2,X + 3

u
M

2

2,X − 2
u
M3,X

)
+Op

(
1

θ3

)
+Op

(
1

θm

)
,

= 1 +
1

θ
− 1

θ

u
M2,X +

2

θ
M2,X

(
u
M1,X − 1

)
+Op

(
1

θ2

)
+Op

(
1

θm

)

Finally, the double angle is such that

〈ûX , ûY 〉 = 〈ûX , e1〉 〈ûY , e1〉+

√
M2,X − 1

√
M2,Y − 1

θ
Z +Op

(
1

θ2
√
m

)
.

Remark 5.3.1.1.
If the spectra of WX and WY tend sufficiently fast to a Marcenko-Pastur distribution of
parameter c we have,(

ˆ̂
θX

〈ûX , u0〉2

)
Asy∼ N

( θ
1− c

(θ−1)2

1+ c
θ−1

)
,

1

m

 − 2c(θ−1)2θ2

c−(θ−1)2 − 2c2(θ−1)θ3

(c−(θ−1)2)(c+θ−1)2

− 2c2(θ−1)θ3

(c−(θ−1)2)(c+θ−1)2 − 2c2θ2(c2+(θ(θ+2)−2)c+(θ−1)2)
(c−(θ−1)2)(c+θ−1)4
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and


ˆ̂
θX
ˆ̂
θY

〈ûX , ûY 〉2

 Asy∼ N




θ
θ(

1− c
(θ−1)2

1+ c
θ−1

)2

 ,

1

m



− 2c(θ−1)2θ2

c−(θ−1)2
0 − 2c2(θ−1)θ3(

c−(θ−1)2
)
(c+θ−1)2

0 − 2c(θ−1)2θ2

c−(θ−1)2
− 2c2(θ−1)θ3(

c−(θ−1)2
)
(c+θ−1)2

− 2c2(θ−1)θ3(
c−(θ−1)2

)
(c+θ−1)2

− 2c2(θ−1)θ3(
c−(θ−1)2

)
(c+θ−1)2

4c2θ2
(
c−(θ−1)2

)2(
c3+4c2(θ−1)+c(θ−1)(θ(θ+5)−5)+2(θ−1)3

)
(θ−1)4(c+θ−1)7




.

If θ tends to infinity, then(
ˆ̂
θX

〈ûX , u〉2

)
Asy∼ N

((
θ

1− c
(θ−1)2

1+ c
θ−1

)
,

1

m

(
2cθ2 2c2

2c2 2c2(c+1)
θ2

))
.

Moreover, 
ˆ̂
θX
ˆ̂
θY

〈ûX , ûX〉2

 Asy∼ N


 θ

θ
1− c

(θ−1)2

1+ c
θ−1

 ,
1

m

2cθ2 0 2c2

0 2cθ2 2c2

2c2 2c2 4c2(c+2)
θ2


 .

(Page 74)

Proof. Theorem 5.3.1

The proof of the theorem is divided into six parts. First, we simplify the problem and introduce
the notation. Then, we recall the characterisation of eigenvalues and eigenvectors of perturbations
of order 1. This allows us to demonstrate the fourth part of the theorem divided into three points:

eigenvalues
(

ˆ̂
θX

)
, angle

(
〈ûX , u〉2

)
and double angle

(
〈ûX , ûY 〉2

)
. Finally, the three first parts

of the theorem are just consequences of the fourth part. The computation of the particular case
assuming a fast convergence of the spectrum to Marcenko-Pastur distribution is left to the reader.

Prerequisite discussion Using the invariant by rotation property, we can assume without loss
of generality that P is canonical. Therefore, u = ε1.
In this proof, we use the following notation

u
M r,s,X(ρ) =

m∑
i=1

λ̂rWX ,i(
ρ− λ̂WX ,i

)s û2
WX ,i,1

,

Mr,s,X(ρ) =
m∑
i=1

λ̂rWX ,i(
ρ− λ̂WX ,i

)s ,
Mr,s,Σ̂X

(ρ) =
m∑
i=2

λ̂r
Σ̂X ,i(

ρ− λ̂Σ̂X ,i

)s .
In particular,

u
M1,1,X(ρ) = TWX ,ε1(ρ) and M1,1,X(ρ) = TWX

(ρ).
In Theorem 4.4.1, we show that Mr,s,X(ρ) and Mr,s,Σ̂X

(ρ) are asymptotically the same. Therefore,

both transforms lead to the same asymptotic unbiased estimator
ˆ̂
θX and we can prove results only

for Mr,s,X(ρ).
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Characterisation: Using characterisations presented in Benaych-Georges and Rao [2009],

θ = 1 +
1

u
M1,1,X(θ̂X)

= 1 +
1∑m

i=1

λ̂WX,i

θ̂X−
ˆ̂
λWX,i

û2
WX ,i,1

and

〈ûX , u〉2 =
θ

(θ − 1)2θ̂X
u
M1,2,X(θ̂X)

.

This result is generalised in Theorem 5.2.1 and its proof can be found in page 103.

Unit invariant vector statistics for eigenvalues: Assuming that E
[
θ̂X

]
= ρX and the rate

of convergence is θ/
√
m, then

1

θ − 1
=

m∑
i=1

 λ̂WX ,i

ρX − λ̂WX ,i

û2
WX ,i,1

−
λ̂WX ,i(

ρX − λ̂WX ,i

)2 û
2
WX ,i,1

(
θ̂X − ρX

)

+
λ̂WX ,i(

θ̃X − λ̂WX ,i

)3 û
2
WX ,i,1

(
θ̂X − ρX

)2

 .

Therefore,

θ̂X = ρX +

u
M1,1,X(ρX)− 1

θ−1
u
M1,2,X(ρX)

+

u
M1,3,X(θ̃X)
u
M1,2,X(θ̃X)

(
θ̂X − ρX

)2
, where θ̃X ∼ ρX ,

= ρX +

u
M1,1,X(ρ)− 1

θ−1

M1,2,X(ρ)
−

u
M1,1,X(ρX)− 1

θ−1

M1,2,X(ρX)2

(
u
M1,2,X(ρ)−M1,2,X(ρX)

)
+Op

(
θ

m

)
.

We show that
u
M1,1,X(ρX)− 1

θ−1 = Op

(
1√
mθ

)
.

u
M1,1,X(ρX)− 1

θ − 1
=

u
M1,1,X(ρX)−

u
M1,1,X(θ̂X)

=
u
M1,2,X(ρX)

(
θ̂X − ρX

)
+Op

(
1

mθ

)
= Op

(
1√
mθ

)
.

Moreover, a similar argument shows that

(
u
M1,2,X(ρX)−M1,2,X(ρX)

)
= Op

(
1√
mθ2

)
.

This leads to the first important equation:

θ̂X = ρX +

u
M1,1,X(ρX)− 1

θ−1

M1,2,X(ρX)
+Op

(
θ

m

)
(7.4)
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Then, we study the unbiased eigenvalue,

ˆ̂
θX − 1 =

1

M1,2,X(θ̂X)

=
m∑m

i=1

λ̂WX,i

θ̂X−λ̂WX,i

=
1

M1,1,X(ρX)−M1,2,X(ρX)
(
θ̂X − ρX

)
+Op

(
1
θm

)
=

1

M1,1,X(ρX)−
u
M1,1,X(ρX) + 1

θ−1

+Op

(
θ

m

)

= θ − 1− (θ − 1)2

(
M1,1,X(ρX)−

u
M1,1,X(ρX)

)
+Op

(
θ

m

)
.

This leads to the second important equation:

ˆ̂
θX = θ + (θ − 1)2

(
u
M1,1,X(ρX)−M1,1,X(ρX)

)
+Op

(
θ

m

)
. (7.5)

When θ is large we can use

1

θ − 1
=

1

θ̂X

m∑
i=1

λ̂WX ,iû
2
WX ,i,1

+
1

θ̂2
X

m∑
i=1

λ̂2
WX ,i

û2
WX ,i,1

+Op

(
1

θ3

)
to show

θ̂X = (θ − 1)
u
M1,X +

u
M2,X

M1,X
+Op

(
1

m

)
+Op

(
1

θ

)
(7.6)

= θ
u
M1,X +Op (1) . (7.7)

Unit invariant vector statistics for angles: We propose 3 Taylor expansions of the angle.

1: Expansion of θ̂X around ρX . Applying a Taylor expansion around ρX as computed previously

for θ̂ (7.4) and a similar one for
u
M1,2,X(θ̂X) lead to

〈ûX , u〉2 =
θ

(θ − 1)2θ̂X
u
M1,2,X(θ̂X)

=
θ

(θ − 1)2

 1

ρXM1,2,X(ρX)
+

(
2M1,3,X(ρX)

M1,2,X(ρX)
− 1

ρX

) u
M1,1,X(ρX)− 1

θ−1

(M1,2,X(ρX))2

−
u
M1,2,X(ρX)−M1,2,X(ρX)

ρX (M1,2,X(ρX))2

+Op

(
1

m

)
.

2: Expansion of order 2 of the transform when θ is large. Using the fact that θ is large with

(7.6) and that
u
M1,1(θ̂X) = 1/(θ − 1) leads to a different estimation,

〈ûX , u〉2 = 1 +
1

θ
− θ

θ̂2
X

u
M2,X +Op

(
1

θ2

)

= 1 +
1

θ
− 1

θ

u
M2,X(
u
M1,X

)2 +Op

(
1

θ2

)

= 1 +
1

θ
− 1

θ

u
M2,X +

2

θ
M2,X

(
u
M1,X − 1

)
+Op

(
1

θ2

)
+Op

(
1

θm

)
.
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3: Expansion of order 3 of the transform when θ is large. Using better estimations of θ̂X (7.7)

and
u
M1,2,X(θ̂X) when θ is large leads to

〈ûX , u〉2 = 1 +
1

θ

(
1−

u
M2,X + 2M2,X

(
u
M1,X − 1

))
+

1

θ2

(
1− 2

u
M2,X + 3

u
M

2

2,X − 2
u
M3,X

)
+Op

(
1

θ3

)
+Op

(
1

θm

)
.

The study of the angle 〈ûX , u〉2 is separated in many cases when θ grows,

θ finite θ3
√
m
→ constant θ2

√
m
→ constant θ2

m → constant

A B C D E F G H

A: A delta method using the first expansion of the angle leads to the result. In this case the
standard error is of order 1/

√
m; therefore, the error of order 1/m is negligible.

B − >F: Studying the first expansion shows that the error is not important. Indeed assuming
that θ →∞ allows an expansion for large θ. This shows

Var
(
〈ûX , u〉2

)
∼ 1

θ2m
.

Moreover, 1 − E
[
〈ûX , u〉2

]
is of order 1/θ. Assuming ε ∼ 1/m is the error of the first expansion,

then

ε

1/θ
∼

1
m
1
θ

=
θ

m
→ 0,

ε√
Var

(
〈ûX , u〉2

) ∼
1
m
1

θ
√
m

=
θ√
m
→ 0.

D-E-F: The previous arguments are still valid in these cases. Moreover, we can also show the
same result using the third expansion. Therefore, the estimations are asymptotically the same.

G: This scenario is the most difficult and only the third approximation works in this case. How-
ever,

• The expectations obtained by expansions 1 and 3 are asymptotically the same.

• The variances obtained by expansions 2 and 3 are asymptotically the same.

The equivalence between the variance is direct, but the expectation requires some computations
left to the reader.

H: Using expansion 2 leads to a negligible error compared to the standard error and the expec-
tation. This study provides the behaviour of the statistic for all θ

• If θ√
m
→ 0, then we use the first expansion.

• If θ√
m
→∞, then we use the second expansion.

• If θ√
m
→ d, where d is a fixed constant, then we use the first expansion to estimate the

expectation and the second expansion to estimate the variance.
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Unit invariant vector statistics for double angle: Assuming that ûX and ûY are the first
eigenvectors of Σ̂X and Σ̂Y respectively, then without loss of generality, if u = e1,

〈ûX , ûY 〉 = ûX,1ûY,1 +
m∑
i=2

ûX,iûY,i

= ûX,1ûY,1 +
√

1− û2
X,1

√
1− û2

Y,1Z/
√
m

= ûX,1ûY,1 +
√

1− α2
X

√
1− α2

Y Z/
√
m,

where α2
X and α2

Y are the limits of û2
X,1 and û2

Y,1 respectively. Because the eigenvectors are invariant
by rotations that do not affect the first component, we can easily show that Z is independent of
ûX,1 and ûY,1. Moreover, Z is the scalar product of two independent unit invariant vectors of size
m− 1 and can be estimated by a standard Normal divided by

√
m.

Joint distribution: Using Theorem 4.4.1 and applying a simple delta method to the estimation
of θ̂X , θ̂Y , 〈ûX , ûY 〉, 〈ûX , u〉, 〈ûY , u〉 and Z leads directly to the joint distribution.
The computations are lengthy but straightforward. Therefore, it is left to the reader, who simply
needs to separate the three rates of θ/

√
m as previously.

7.1.4 Induction proof of Invariant Theorems

In this section, we prove some invariant theorems all at once by induction. The procedure is summarize
in Figure 7.1. First we initialize the induction in pink. Then, the induction assumes the proven results
in the grey part and tries to prove the blue, red and green parts.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •
...

...
...

...
...

...

k-1 • • • • •
k • • • • •

Figure 7.1 – Proof procedure.

Theorem 5.5.1. (Invariant Angle Theorem)
Suppose that W satisfies Assumption 2.2.1 and

P̃s = Im + (θs − 1)ese
t
s, for s = 1, 2, ..., k,

Pk = Im +
k∑
i=1

(θi − 1)eie
t
i respects 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We define

Σ̂P̃s
= P̃ 1/2

s WP̃ 1/2
s ,

Σ̂Pk = P
1/2
k WP

1/2
k .
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Moreover, for s = 1, 2, ..., k, we define

ûP̃s,1, θ̂P̃s,1 s.t. Σ̂P̃s
ûP̃s,1 = θ̂P̃s,1ûP̃s,1,

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂P̃s,1 = λ̂Σ̂P̃s,1
and θ̂Pk,s = λ̂Σ̂Pk ,s

.

1. Then,

k∑
i=1

û2
Pk,s,i

= û2
P̃s,1,s

+Op

(
1

θsm

)
.

Therefore, the distribution of
∑k

i=1 û
2
Pk,s,i

is asymptotically the same as the distribution of û2
P̃s,1,s

studied in Theorem 5.3.1.

2. Moreover,

û2
Pk,s,s

= û2
P̃s,1,s

+Op

(
1

m

)
.

Remark 5.5.1.1.

1. If

û2
P1,1,1 ∼ N

(
α2,

σ2
α2

θ2
1m

)
+ op

(
1

θ1
√
m

)
,

then

k∑
i=1

û2
Pk,1,i

∼ N

(
α2,

σ2
α2

θ2
1m

)
+ op

(
1

θ1
√
m

)
,

where α2 = 1 − M2−1
θ1

+ Op

(
1
θ2
1

)
< 1 can be computed more precisely as in Theorem

5.3.1.

2. Assuming a Marcenko-Pastur spectrum, α2 =
1− c

(θ1−1)2

1+ c
θ1−1

and σ2
α2 = 2c2(c+ 1) + oθ(1).

In particular if θ1√
m

is large, then α2 ≈ 1− c/θ1,

3. In the general case, if θ1√
m

is large,

α2 ≈ 1 +
1−M2,X

θ1
and σ2

α2 ≈ 2
(
4M3

2,X −M2
2,X − 4M2,XM3,X +M4,X

)
.

(Page 78)

Theorem 5.8.1.
Suppose Assumption 2.2.1 holds with canonical P and 2.2.2(A4). We define:

U =


ûtPk,1
ûtPk,2

...
ûtPk,m

 =

(
ûPk,1:k,1:k ûPk,1:k,k+1:m

ûPk,k+1:m,1:k ûPk,k+1:m,k+1:m.

)

To simplify the result we assume the sign convention,

For s = 1, 2, ..., k and i = 1, 2, ..., s, ûPs,i,i > 0.
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1. Without loss of generality on the k first components, the kth element of the first eigenvector is

ûPk,1,k =

√
θkθ1

|θk − θ1|
ûPk−1,1,k +Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1√

θ1θkm

)

=
θ1

√
θk

|θk − θ1|
1

m

√
1− α̂2

1 Z +Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1√

θ1θkm

)

=

√
θ1θk

|θk − θ1|
1√
m

√
M2 − 1 Z +Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1√

θ1θkm

)
,

where Z is a standard normal and M2 = 1
m

∑m
i=1 λ̂

2
W,i is obtained by conditioning on the spec-

trum.

• Therefore knowing the spectrum and assuming θ1, θk →∞,

ûPk,1,k
Asy∼ N

(
0,

θ1θk
|θ1 − θk|

M2 − 1

m

)
.

• If θ1 →∞ and θk is finite,

ûPk,1,k = Op

(
1√
θ1m

)
.

• Therefore, assuming θ1 and θk are finite,

ûPk,1,k = Op

(
1√
m

)
.

This result holds for any component ûPk,s,t where s 6= t ∈ {1, 2, ..., k}.

Remark 5.8.1.1.
The sign of ûPk,1,k obtained by construction using Theorem 5.11.1 is always positive.
By convention (ûPk,i,i > 0, for i = 1, 2, ..., k), we multiply by sign (ûPk,1,1) obtained in
the construction. Therefore, the remark of Theorem 5.11.1 describes the sign of the
component assuming the convention.

P
{

sign (ûPk,1,k) = sign
((
θ̂Pk,1 − θ̂Pk−1,1

)
ûPk−1,1,kûPk−1,1,1

)}
= 1 +O

(
1

m

)
.

2. For s = 1, ..., k, the vector
ûs,k+1:m√

1−α̂2
s

, where α̂2
s =

∑k
i=1 û

2
i,s, is unit invariant by rotation. More-

over, for j > k,

ûj,s ∼ N

(
0,

1− α2
s

m

)
,

where α2
s is the limit of α̂2

s.
Moreover, the columns of U t[k + 1 : m, k + 1 : m] are invariant by rotation.

3. Assuming Pk = Im +
∑k

i=1(θi − 1)εiε
t
i is such that

θ1, θ2, ..., θk1 are proportional, and

θk1+1, θk1+2, ..., θk are proportional,
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then ∑
û2
k+1:m,1 <

∑
û2
k+1:m,1:k1

∼ RV

(
O

(
1

θ1

)
, O

(
1

θ2
1m

))
+Op

(
min(θ1, θk)

max(θ1, θk)m

)
.

Moreover, if P satisfies Assumption 2.2.2(A4) with min
(
θ1
θk
, θkθ1

)
→ 0, then

∑
û2
k+1:m,1 ∼ RV

(
O

(
1

θ1

)
, O

(
1

θ2
1m

))
+Op

(
1

θ1m

)
.

(Page 81)

Theorem 5.4.1. (Invariant Eigenvalue Theorem)
Suppose that W respects Assumption 2.2.1 and

P̃s = Im + (θs − 1)ese
t
s, for s = 1, 2, ..., k,

Pk = Im +
k∑
i=1

(θi − 1)eie
t
i satisfies 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We define

Σ̂P̃s
= P̃ 1/2

s WP̃ 1/2
s ,

Σ̂Pk = P
1/2
k WP

1/2
k .

Moreover, for s = 1, 2, ..., k, we define

ûP̃s,1, θ̂P̃s,1 s.t. Σ̂P̃1
ûP̃s,1 = θ̂P̃s,1ûP̃s,1,

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂P̃s,1 = λ̂Σ̂P̃s,1
and θ̂Pk,s = λ̂Σ̂Pk ,s

.

1. Then, for s > 1,

θ̂Pk,s − θ̂P̃s,1 ∼
θs
m

and

θ̂Pk,1 − θ̂P̃1,1
∼ θ2

m
+

θ2

m3/2
,

where θ1 and θ2 are the largest and the second largest eigenvalue, respectively.
The distribution of θ̂Pk,s is therefore asymptotically the same as the distribution of θ̂P̃s,1 studied
in Theorem 5.3.1.

2. More precisely we define for r, s ∈ {1, 2, ..., k} with r 6= s ,

P−r = Im +
k∑
i=1
i6=r

(θi − 1) eie
t
i.

• If θs > θr, then

θ̂Pk,s − θ̂P−r,s = −
θ̂P−r,sθ̂Pk,s(θr − 1)

θr − 1− θ̂Pk,s
û2
P−r,s,r +Op

(
1

m

)
+Op

(
θr

m3/2

)
.

• If θs < θr, then

θ̂Pk,s − θ̂P−r,s−1 = −
θ̂P−r,s−1θ̂Pk,s(θr − 1)

θr − 1− θ̂Pk,s
û2
P−r,s−1,r +Op

(
1

m

)
+Op

(
θs

m3/2

)
.



118 CHAPTER 7. PROOFS

Remark 5.4.1.1.
In this work, we are interested by the unbiased estimation of

ˆ̂
θPk,1. The invariance of

ˆ̂
θPk,1 is

a direct consequence of the theorem. Moreover, Theorem 5.3.1 provides the distribution of
ˆ̂
θP1,1.

(Page 77)

Theorem 5.11.1. (Characterization of eigenstructure)
Using the same notation as in the Invariant Theorem (5.5.1, 5.4.1) and under Assumption 2.2.1
and 2.2.2(A4), we can compute the eigenvalues and the components of interest of the eigenvector of
Σ̂Pk . Using assumption 2.2.1, we can without loss of generality suppose the canonical form for the
perturbation Pk.

• Eigenvalues :

m∑
i=k

λ̂Pk−1,i

θ̂Pk,s − λ̂Pk−1,i

û2
Pk−1,i,k︸ ︷︷ ︸

(a)Op
(

1
θs

)
+

θ̂Pk−1,s

θ̂Pk,s − θ̂Pk−1,s

û2
Pk−1,s,k︸ ︷︷ ︸

(b)∼
(
θk−θs
θsθk

)
+
k−1∑
i=1
i6=s

θ̂Pk−1,i

θ̂Pk,s − θ̂Pk−1,i

û2
Pk−1,i,k

︸ ︷︷ ︸
(c)Op

(
1

θsm

)
=

1

θk − 1
,

for s = 1, 2, ..., k.

Remark 5.11.1.1.

1. The formula is still valid without Assumption 2.2.1. However, the size estimations
of each term are not necessarily accurate anmore.

2. If we do not assume canonical perturbations, then the formula is longer but the
structure remains essentially the same. Assuming Assumption 2.2.1 leads matrices
that are invariant under rotations. Elementary linear algebra methods extend the
result to any perturbations.

• Eigenvectors :
We define ũPk,i such that WPkũPk,i = θ̂Pk,iũPk,i and ûPk,i such that

P
1/2
k WP

1/2
k ûPk,i = θ̂Pk,iûPk,i. To simplify notation we assume that θi corresponds to θ̂Pk,i. This

notation is explained in 7.1.1 and allows to describe the k first eigenvectors more efficiently.

〈
ũPk,1

, e1

〉2

=



(a)Op

 1

θ
3/2
1
√
m


︷ ︸︸ ︷
m∑
i=k

λ̂Pk−1,i

θ̂Pk,1
− λ̂Pk−1,i

ûPk−1,i,1
ûPk−1,i,k

+

(b)∼
√
θ1m

min(θ1,θk)︷ ︸︸ ︷
θ̂Pk−1,1

θ̂Pk,1
− θ̂Pk−1,1

ûPk−1,1,1
ûPk−1,1,k

+

(c)Op

 1

θ
1/2
1 m


︷ ︸︸ ︷
k−1∑
i=2

θ̂Pk−1,i

θ̂Pk,1
− θ̂Pk−1,i

ûPk−1,i,1
ûPk−1,i,k



2

m∑
i=k

λ̂2
Pk−1,i

(θ̂Pk,1
− λ̂Pk−1,i

)2
û
2
Pk−1,i,k︸ ︷︷ ︸

(d)Op

(
1
θ21

)
+

θ̂2Pk−1,1

(θ̂Pk,1
− θ̂Pk−1,1

)2
û
2
Pk−1,1,k︸ ︷︷ ︸

(e)∼ θ1m

min(θ1,θk)2

+

k−1∑
i=2

θ̂2Pk−1,i

(θ̂Pk,1
− θ̂Pk−1,i

)2
û
2
Pk−1,i,k︸ ︷︷ ︸

(f)Op

(
1

θ1m

)

,

〈
ũPk,1

, ek

〉2
=

1

D1(θk − 1)2
(g), ,
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〈
ũPk,1

, es

〉2

=
1

D1



(h)Op

 1

θ
1/2
s θ1

√
m


︷ ︸︸ ︷
m∑
i=k

λ̂Pk−1,i

θ̂Pk,1
− λ̂Pk−1,i

ûPk−1,i,s
ûPk−1,i,k

+

(i) ∼ min(θ1,θs)√
θs min(θ1,θk)︷ ︸︸ ︷

θ̂Pk−1,1

θ̂Pk,1
− θ̂Pk−1,1

ûPk−1,1,s
ûPk−1,1,k

+

(j)Op

(
max
i6=1,s

(
min(θ1,θi) min(θs,θi)√

θsθ1θi
√
m

))
︷ ︸︸ ︷
k−1∑
i=2, 6=s

θ̂Pk−1,i

θ̂Pk,1
− θ̂Pk−1,i

ûPk−1,i,s
ûPk−1,i,k

+

(k)Op

(
min(θ1,θs)√
θsθ1

√
m

)
︷ ︸︸ ︷

θ̂Pk−1,s

θ̂Pk,1
− θ̂Pk−1,s

ûPk−1,s,s
ûPk−1,s,k



2

.

Finally,

ûPk,1 =

(
ũPk,1,1, ũPk,1,2, ...,

√
θkũPk,1,k, ..., ũPk,

)√
1 + (θk − 1) ũ2

Pk1,k︸ ︷︷ ︸
1+Op

(
min(θ1,θk)

max(θ1,θk)m

)
,

where
√

1 + (θ − 1) ũ2
Pk1,k is the norm of P

1/2
k ũPk,1 that we will call N1.

Remark 5.11.1.2.

1. By construction, the sign of ûPk,1,k is always positive. This is, however, not the
case of ûPk−1,i,i. We can show that :

P
{

sign (ûPk,1,1) = sign
((
θ̂Pk,1 − θ̂Pk−1,1

)
ûPk−1,1,1ûPk−1,1,k

)}
→

m→∞
1.

Moreover, the convergence to 1 is of order 1/m. If θ1 tends to infinity, then

P
{

sign (ûPk,1,1) = sign
(
(θ1 − θk) ûPk−1,1,k

)}
→

m,θ1→∞
1.

Therefore, if we use a convention such as sign (ûPk,i,i) > 0 for i = 1, ..., k−1, then
the sign of ûPk,1,k is distributed as a Bernoulli with parameter 1/2.

2. Without loss of generality, the other eigenvector ûPk,r for r = 1, 2, ..., k − 1 can
be computed by the same formula thanks to the notation linking the estimated
eigenvector to the eigenvalue θi.
However, the formula does not work for the vector ûPk,k. Applying a different
order of perturbation shows that similar formulas exist for ûPk,k. (If the pertur-
bation in e1 is applied at the end for example.)
This observation leads to a problem in the proofs of the Dot Product Theorems
5.6.1 and 5.7.1. Deeper investigations are necessary to understand the two eigen-
vectors when k = 2.

D2 =
m∑
i=2

λ̂2
P1,i

(θ̂P2,2 − λ̂P1,i)
2
û2
P1,i,2︸ ︷︷ ︸

Op

(
1

θ22

)
+

θ̂2
P1,1

(θ̂P2,2 − θ̂P1,1)2
û2
P1,1,2︸ ︷︷ ︸

Op
(

θ1
(θ2−θ1)2m

)
,

N2
2 = 1 +

1

(θ2 − 1)D2
,

N2D2 = D2 +
1

θ2 − 1

=
1

θ2 − 1
+Op

(
1

θ2
2

)
+Op

(
θ1

(θ2 − θ1)m

)
.
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Furthermore, the theorem must investigate the m − k noisy components of the
eigenvectors. For r = 1, 2 and s = 3, 4, ...,m,

ûP2,r,s =

∑m
i=1

λ̂P1,i

θ̂P2,r
−λ̂P1,i

ûP1,i,sûP1,i,2

√
DrNr

.

The estimations using this last formula are difficult. When we investigate these
components, it is profitable to look at

ûP2,1,t/

√√√√ m∑
s=3

û2
P2,1,s

and ûP2,2,t/

√√√√ m∑
s=3

û2
P2,2,s

for t = 3, 4, ...,m.

3. If the perturbation is not canonical, then we can apply a rotation U , such that
Uus = εs, and replace ûPk−1,i by U tûPk−1,i. Then, 〈ũPk,1, es〉

2 is replaced by

〈ũPk,1, us〉
2.

(Page 84)

Proof

Pink

First, we show the initialization pink part.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •

The Invariant Theorem 5.5.1 is trivially true for perturbations of order k = 1. We directly prove
Theorem 5.8.1 (2,3) for k=1.

Proof. Theorem 5.8.1 (2,3), k = 1

We prove the theorem for k = 1. In the following picture we can assume the first result for k = 1
is proven.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •

We define

U =


ûtPk,1
ûtPk,2

...
ûtPk,m

 =

(
ûPk,1:k,1:k ûPk,1:k,k+1:m

ûPk,k+1:m,1:k ûPk,k+1:m,k+1:m.

)

and

O1 =

(
I1 0
0 Om−1

)
,

where Om−1 is a rotation matrix.
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2. Assuming a canonical P1 = Im + (θ1 − 1)e1e
t
1, we know that Σ̂ ∼ P

1/2
1 WP

1/2
1 and O1Σ̂Ot1

follow the same distribution under Assumption 2.2.1. Although the eigenvectors change, they
still follow the same distribution, O1U

t ∼ U t. Therefore, ûi,(k+1):m is rotationally invariant
and Corr (ûi,j1 , ûi,j2) = δj1(j2).
We can show that knowing the first line of the matrix, then ûP1,i,2:m/||ûP1,i,2:m|| is unit uniform
for i = 1, 2, ...,m. Therefore, these statistics are independent (not jointly) of the first line.
Uniformity of ûP1,i,2:m implies for s = 2, 3, ...,m,

√
m

ûP1,1,s

||ûP1,1,2:m||
=
√
m

ûP1,1,s√
1− α̂2

P1,1

∼ N (0, 1) + op (1) .

By Slutsky’s Theorem and the distribution of the angle for k = 1, Theorem 5.3.1,

ûP1,1,s ∼ N

(
0,

1− α2
1

m

)
+ op

(
1√
m

)
,

where α2
1 is the limit of the angle and can be approximated by 1− M2−1

θ1
+Op

(
1
θ2
1

)
< 1.

3. Using the distribution of α̂2
P1,1,1

given in Theorem 5.3.1,

∑
û2

2:m,1 = 1− α̂2
P1,1,1 ∼ RV

(
O

(
1

θ1

)
, O

(
1

θ2
1m

))
.

Then, we prove the Invariant Angle Theorem for the eigenvalues, Theorem 5.4.1 for k=2.

Proof. Theorem 5.4.1, k = 2

We prove the theorem for k = 2. In the following picture we can assume the grey results as proven.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •

Without loss of generality, we prove the invariance of θ̂P1,1. For simplicity, we assume θ1 > θ2 but
this assumption is only used to simplify notation. Each step can be done assuming θ1 < θ2. Using
Theorem 5.2.1 and the canonical perturbation P̃2 lead to

m∑
i=2

λ̂P1,i

θ̂P2,1 − λ̂P1,i

û2
P1,i,2 +

θ̂P1,1

θ̂P2,1 − θ̂P1,1

û2
P1,1,2 =

1

θ2 − 1
.

Therefore,

θ̂P1,1

θ̂P2,1 − θ̂P1,1

û2
P1,1,2 = −

m∑
i=2

λ̂P1,i

θ̂P2,1 − λ̂P1,i

û2
P1,i,2 +

1

θ2 − 1

= − 1

θ̂P2,1

m∑
i=2

λ̂P1,iû
2
P1,i,2 +

1

θ2 − 1
+Op

(
1

θ2
1

)
1∗
= − 1

θ̂P2,1

(
1 +Op

(
1√
m

))
+

1

θ2 − 1
+Op

(
1

θ2
1

)
= −

θ2 − 1− θ̂P2,1

θ̂P2,1(θ2 − 1)
+Op

(
1

θ2
1

)
+Op

(
1

θ1
√
m

)
,
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where 1* is true because

m∑
i=2

λ̂P1,iû
2
P1,i,2 =

m∑
i=1

λ̂P1,iû
2
P1,1,2 − θ̂P1,1û

2
P1,1,2

= Σ̂P1,2,2 − θ̂P1,1û
2
P1,1,2

= W2,2 − θ̂P1,1û
2
P1,1,2

= 1 +Op

(
1√
m

)
.

The last line is obtained using the fact that the canonical perturbation P1 does not affect W2:m,2:m.
Moreover, W respects assumption 2.2.1; therefore, W2,2 = 1 +Op (1/

√
m). On the other hand the

second term θ̂P1,1û
2
P1,1,2

= Op (1/m) by Theorem 5.8.1(2) for k = 1.

Thus, by Theorem 5.8.1(2),(
1 +Op

(
θ2

θ1(θ2 − θ1)

)
+Op

(
θ2√

m(θ2 − θ1)

))(
θ̂P2,1 − θ̂P1,1

)
= −

θ̂P1,1θ̂P2,1 (θ2 − 1)

θ2 − 1− θ̂P2,1

û2
P1,1,2

= Op

(
θ1θ2

m(θ2 − θ1)

)
.

We note that even without Assumption 2.2.2(A4),

θ̂P2,1 − θ̂P1,1 ∼
min (θ1, θ2)

m
.

More precisely we can write

θ̂P2,1 − θ̂P1,1 = −
θ̂P1,1θ̂P2,1 (θ2 − 1)

θ2 − 1− θ̂P2,1

û2
P1,1,2 +Op

(
1

m

)
+Op

(
min(θ1, θ2)

m3/2

)
.

Each step of the computation can be done for θ̂P̃2,1
− θ̂P2,2. Therefore, for s 6= t ∈ {1, 2} we obtain

the general result(
1 +Op

(
θt

θs(θt − θs)

)
+Op

(
θt√

m(θt − θs)

))(
θ̂P2,s − θ̂P̃s,1

)
= −

θ̂P̃s,1θ̂P2,s (θt − 1)

θt − 1− θ̂P2,s

û2
P̃s,1,t

∼ θ1θ2

m(θ2 − θ1)
.

This leads to

θ̂P2,s − θ̂P̃s,1 = −
θ̂P̃s,1θ̂P2,s (θt − 1)

θt − 1− θ̂P2,s

û2
P̃s,1,t

+Op

(
1

m

)
+Op

(
min(θ1, θ2)

m3/2

)
∼ min (θ1, θ2)

m
.

Proof. Theorem 5.11.1, and 5.8.1(1), k = 2

We prove the theorems for k = 2. In the following picture we can assume the grey results as proven.
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Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •

These proofs are exactly the same when the perturbation is of order k. Therefore, we will do it only
once in pages 130 and 125. As we will see the proof of these theorems uses only the grey results
and the proof of Theorem 5.8.1(1) for k uses Theorem 5.11.1 for k. Moreover, although the proof
of Theorem 5.11.1 for k > 2 uses Theorem 5.8.1(1) for k − 1, the initializing part k = 2 does not
need Theorem 5.8.1(1).

Blue

In this section, we assume all the results true for k − 1. These results appear in grey in the following
picture. We want to prove 5.4.1, 5.11.1 and 5.8.1(1) for k.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •
...

...
...

...
...

...

k-1 • • • • •
k • • • • •

First, we prove the Invariant Eigenvalue Theorem.

Proof. Theorem 5.4.1

To prove this result we can assume the grey results in the following picture as proven.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •
...

...
...

...
...

...

k-1 • • • • •
k • • • • •

The proof for k is the same as the proof for k = 2 with a small negligible error. We present the
proof for θ̂Pk,s − θ̂Pk−1,s, where the last added perturbation is of order θk and θ1 > θ2 > ... > θk.
Similar computations can be done to prove the result when the last added perturbation is of order
θr, r 6= s.
By using Theorem 5.2.1, 5.8.1(1) for k−1 and using the fact that the pi are different in Assumption
2.2.2(A4),

m∑
i=k

λ̂Pk−1,i

θ̂Pk,s − λ̂Pk−1,i

û2
Pk−1,i,k

+
θ̂Pk−1,s

θ̂Pk,s − θ̂Pk−1,s

û2
Pk−1,s,k

+
k∑
i=1
i 6=s

θ̂Pk−1,i

θ̂Pk,s − θ̂Pk−1,i

û2
Pk−1,i,k

=
1

θk − 1

⇒
m∑

i=k−1

λ̂Pk−1,i

θ̂Pk,s − λ̂Pk−1,i

û2
Pk−1,i,k

+
θ̂Pk−1,s

θ̂Pk,s − θ̂Pk−1,s

û2
Pk−1,s,k

+Op

 1

m min
i=1,2,3,...,k−1

i 6=s

(θs − θi)

 =
1

θk − 1
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Therefore,

θ̂Pk−1,s

θ̂Pk,s − θ̂Pk−1,s

û2
Pk−1,s,k

= −
m∑
i=k

λ̂Pk−1,i

θ̂Pk,s − λ̂Pk−1,i

û2
Pk−1,i,k

+
1

θk − 1
+Op

(
1

mθs

)
1∗
= − 1

θ̂Pk,s

(
1 +Op

(
1√
m

))
+

1

θk − 1
+Op

(
1

mθs

)
+Op

(
1

θ2
s

)
= −

θk − 1− θ̂Pk,s
θ̂Pk,s (θk − 1)

+Op

(
1

mθs

)
+Op

(
1√
mθs

)
+Op

(
1

θ2
s

)
,

where 1* is true because

m∑
i=k

λ̂Pk−1,iû
2
Pk−1,i,k

=

m∑
i=1

λ̂Pk−1,iû
2
Pk−1,i,k

−
k−1∑
i=1

θ̂Pk−1,iû
2
Pk−1,i,k

= Σ̂Pk−1,k,k −
k−1∑
i=1

θ̂Pk−1,iû
2
Pk−1,i,k

= Wk,k −
k−1∑
i=1

θ̂Pk−1,iû
2
Pk−1,i,k

= 1 +Op

(
1√
m

)
.

The last line is obtained because the canonical perturbation Pk−1 does not affect Wk:m,k:m.
Moreover, W respects Assumption 2.2.1; therefore, Wk,k = 1 +Op (1/

√
m). On the other hand the

second term
∑k−1

i=1 θ̂Pk−1,iû
2
Pk−1,i,k

= Op (1/m) by Theorem 5.8.1(2) for k − 1.

Thus, by Theorem 5.8.1(2) for k − 1,(
1 +Op

(
θk

θs(θk − θs)

)
+Op

(
θk√

m(θk − θs)

)
+Op

(
θsθk

m(θk − θs)(θk−1 − θs)

))(
θ̂Pk,s − θ̂Pk−1,s

)
= −

θ̂Pk−1,sθ̂Pk,s(θk − 1)

θk − 1− θ̂Pk,s
û2
Pk−1,s,k

= Op

(
θsθk

m(θk − θs)

)
.

and

θ̂Pk,s − θ̂Pk−1,s ∼
min (θs, θk)

m
.

More precisely we can write

θ̂Pk,s − θ̂Pk−1,s = −
θ̂Pk−1,sθ̂Pk,s(θk − 1)

θk − 1− θ̂Pk,s
û2
Pk−1,s,k

+Op

(
1

m

)
+Op

(
min(θs, θk)

m3/2

)
.

The min function can be simplified in our case θk < θs; however the above notation is more
generalisable.
Each step of the computation can be done assuming that the last applied perturbation is θr instead
of θk for r = 1, 2, ..., k. Moreover, in this case, similar computations lead to θ̂Pk,s − θ̂P−r,s where
s = 1, 2, ..., k, s 6= r. We define the notation

P−r = Im +
k∑
i=1
i 6=r

(θi − 1)eie
t
i.

Therefore, for s 6= r ∈ {1, 2, ..., k} we obtain the general result.
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• If θs > θr, then

θ̂Pk,s − θ̂P−r,s = −
θ̂P−r,sθ̂Pk,s(θr − 1)

θr − 1− θ̂Pk,s
û2
P−r,s,r +Op

(
1

m

)
+Op

(
θs

m3/2

)
∼ θr

m
.

• If θs < θr, then

θ̂Pk,s − θ̂P−r,s−1 = −
θ̂P−r,s−1θ̂Pk,s(θr − 1)

θr − 1− θ̂Pk,s
û2
P−r,s−1,r +Op

(
1

m

)
+Op

(
θs

m3/2

)
∼ θs

m
.

Finally, we obtain for s > 1,

θ̂Pk,s − θ̂P̃s,1 ∼
θs
m

and for s = 1,

θ̂Pk,1 − θ̂P̃1,1
∼ θ2

m
+Op

(
θ1

m3/2

)
.

Now, we prove the characterization of eigenvalues and eigenvectors.

Proof. Theorem 5.11.1

To prove this result we can assume the grey results in the following picture as proven.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •
...

...
...

...
...

...

k-1 • • • • •
k • • • • •

The initialisation of the induction, k = 2, is easily proven using Theorem 5.2.1, 5.4.1 for k = 2 and
5.8.1 for k = 1. Therefore, we directly prove it for k.
Assuming Assumption 2.2.2(A4) means that we have two groups of eigenvalues composing the per-
turbation. The first group is finite with bounded eigenvalues and the second group has proportional
eigenvalues tending to infinity.
In order to do a general proof we need to discuss the notation.

Notation 7.1.1.

• Usually we assume θ1 > θ2 > ... > θk such that θ̂Pk,s, the sth largest eigenvalue of Σ̂Pk

corresponds to θs.
In this proof we relax the order θ1 > θ2 > ... > θk to do a general proof. The order of θs in
the eigenvalues θ1, θ2, ..., θt, t > s is rankt(θs) = rt,s. Therefore, assuming a perturbation Pt,
θs corresponds to the rth

t,s largest eigenvalue of Σ̂Pt . In order to use simple notation, we again

call this corresponding estimated eigenvalue, θ̂Pr,s.
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Moreover, we change the notation for the eigenvector. In this theorem, for i = 1, 2, ..., r, ûPr,s
is the eigenvector corresponding to θ̂Pr,s.

• We assume two groups of eigenvalues of size k1 and k − k1 such that these groups respect
Assumption 2.2.2(A4). Moreover, θ1 is supposed to be in the first group. We say that the
groups are of order θ1 and θ respectively, such that only one of them tends to infinity.

Using this new notation we can without loss of generality build the proof for ûPk,1. However, θ1 is
not the largest eigenvalue anymore.

(a),(h) By Cauchy-Schwarz and using ρ1 = E
[
θ̂Pk,1

]
,

∣∣∣∣∣
m∑
i=k

λ̂Pk−1,i

θ̂Pk,1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k

∣∣∣∣∣ 6
∣∣∣∣∣
m∑
i=k

λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k

∣∣∣∣∣+Op

(
1

θ
3/2
1 m1/2

)
.

Some prerequisite results are easily proven using theorems for k − 1:

ûPk−1,i,1 s.t.

m∑
i=k

û2
Pk−1,i,1

= Op

(
1

θ1

)
(By Theorem 5.8.1 part 3),

ûPk−1,i,k ∼ RV (0, 1/m) ,

E
[
λ̂Pk−1,iûPk−1,i,1ûPk−1,i,k

]
= 0, (By invariance under rotation),

Var

(
m∑
i=k

ûPk−1,i,1ûPk−1,i,k

)
= Var

(
k−1∑
i=1

ûPk−1,i,1ûPk−1,i,k

)
= O

(
1

θ1m

)
.

This leads to

m∑
i=k

Var
(
ûPk−1,i,1ûPk−1,i,k

)
=

m∑
i=k

E
[
û2
Pk−1,i,1

û2
Pk−1,i,k

]
=

1

m− k + 1

m∑
i=k

E

[
û2
Pk−1,i,1

(
1−

k−1∑
s=1

û2
Pk−1,i,s

)]

= O

(
1

θ1m

)
.

In order to obtain the order size, we use the last part of Theorem 5.8.1. Either the perturbation
in direction e1 is finite and the result follows directly, or the perturbation tends to infinity
and we can separate the perturbations into two groups, one finite and the other one tending
to infinity. The last result of Theorem 5.8.1 leads to the estimation.

Var

(
m∑
i=k

λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k

)

=

m∑
i=k

Var

(
λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k

)

+

m∑
i 6=j=k

Cov

(
λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k,
λ̂Pk−1,j

ρ1 − λ̂Pk−1,j

ûPk−1,j,1ûPk−1,j,k

)
= A+B.
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The parts A and B are studied separately. By Assumption 2.2.1, λ̂Pk−1,k is bounded by a
constant λ.

A =

m∑
i=k

Var

(
λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k

)

=

m∑
i=k

E

( λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

)2

û2
Pk−1,i,1

û2
Pk−1,i,k


6

(
λ

ρ1 − λ

)2 m∑
i=k

E
[
û2
Pk−1,i,1

û2
Pk−1,i,k

]
=

(
λ

ρ1 − λ

)2 m∑
i=k

Var
(
ûPk−1,i,1ûPk−1,i,k

)
= O

(
1

θ3
1m

)
.

|B| =

∣∣∣∣∣∣
m∑

i 6=j=k

Cov

(
λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k,
λ̂Pk−1,j

ρ1 − λ̂Pk−1,j

ûPk−1,j,1ûPk−1,j,k

)∣∣∣∣∣∣
=

∣∣∣∣∣∣
m∑

i 6=j=k

(
E

[
λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

λ̂Pk−1,j

ρ1 − λ̂Pk−1,j

ûPk−1,i,1ûPk−1,j,1ûPk−1,i,kûPk−1,j,k

]
− 0

)∣∣∣∣∣∣
=

∣∣∣∣∣∣
m∑

i 6=j=k

1

m− k + 1
Ep

[
λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

λ̂Pk−1,j

ρ1 − λ̂Pk−1,j

ûPk−1,i,1ûPk−1,j,1

m∑
r=k

ûPk−1,i,rûPk−1,j,r

]∣∣∣∣∣∣
=

∣∣∣∣∣∣
m∑

i 6=j=k

1

m− k + 1
E

[
λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

λ̂Pk−1,j

ρ1 − λ̂Pk−1,j

ûPk−1,i,1ûPk−1,j,1

k−1∑
r=1

ûPk−1,i,rûPk−1,j,r

]∣∣∣∣∣∣
6

(
λ

ρ1−λ

)2

m− k

k−1∑
r=1

E

 m∑
i 6=j=k

∣∣ûPk−1,i,1ûPk−1,j,1ûPk−1,i,rûPk−1,j,r

∣∣
6 O

(
1

θ2
1m

) k−1∑
r=1

Ep

( m∑
i=k

|ûPk−1,i,1ûPk−1,i,r|

)2


6 O

(
1

θ2
1m

) k−1∑
r=1

Ep

[(
m∑
i=k

û2
Pk−1,i,1

)(
m∑
i=k

û2
Pk−1,i,r

)]

= O

(
1

θ3
1m

)
.

Thus

Var

(
m∑
i=k

λ̂Pk−1,i

ρ1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k

)
= O

(
1

θ3
1m

)
.

Therefore, because the expectation is 0 by invariance under rotation,

m∑
i=k

λ̂Pk−1,i

θ̂Pk,1 − λ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k = Op

(
1

θ
3/2
1

√
m

)
.

(b) We study

θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

ûPk−1,1,1ûPk−1,1,k.
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By Theorem 5.5.1 and Theorem 5.8.1 for k − 1, we obtain respectively

If θ1 > D, for D > 0 fixed ,∃ d(D) such that, 1 > |ûPk−1,1,1| > d(D) > 0,

ûPk−1,1,k ∼
1√
θ1m

.

We see thanks to Theorem 5.4.1 for k that

θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

∼ θ1m

min (θ1, θk)
.

The result is straightforward.

(c) We study
k−1∑
i=2

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k.

By Theorem 5.8.1,

ûPk−1,i,1 = Op

( √
θ1θi

(θ1 − θi)
√
m

)
,

ûPk−1,i,k = Op

(
1√
θi
√
m

)
.

Therefore,

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k = Op

( √
θ1θi

(θ1 − θi)2√m

)
.

Studying the different possibilities for θi and θ1 leads to the result.

(d) We study
m∑
i=k

λ̂2
Pk−1,i

(θ̂Pk,1 − λ̂Pk−1,i)
2
û2
Pk−1,i,k

.

A straightforward computation leads to

m∑
i=k

λ̂2
Pk−1,i

(θ̂Pk,1 − λ̂Pk−1,i)
2
û2
Pk−1,i,k

6 Op

(
1

θ2
1

)(
1−

k−1∑
i=1

û2
Pk−1,i,k

)
= Op

(
1

θ2
1

)
.

(e) We study

θ̂2
Pk−1,1

(θ̂Pk,1 − θ̂Pk−1,1)2
û2
Pk−1,1,k

.

By Theorems 5.4.1 and 5.8.1,

θ̂2
Pk−1,1

(θ̂Pk,1 − θ̂Pk−1,1)2
∼ θ2

1m
2

min (θ1, θk)
2 ,

û2
Pk−1,1,k

∼ 1

mθ1
.

The result is straightforward.
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(f) We study
k−1∑
i=2

θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,k

.

By Theorem 5.8.1 and 5.4.1,

û2
Pk−1,i,k

= Op

(
1

mθi

)
.

Then,

θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,k

= Op

(
θi

(θ1 − θi)2m

)
.

Studying the different possibilities for θi and θ1 leads to the result.

(g) The result is obtained directly from Theorem 5.2.1.

(h) The same proof of (a) leads to the result.

(i) We study

θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

ûPk−1,1,sûPk−1,1,k,

for s = 2, ..., k − 1.

By Theorems 5.4.1 and 5.8.1 ,

ûPk−1,1,sûPk−1,1,k ∼
min (θ1, θs)

θ1

√
θsm

,

θ̂Pk,1 − θ̂Pk−1,1 ∼
min (θ1, θk)

m
.

The result follows directly.

(j) We study
k−1∑

i=2, 6=s

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k.

By the Theorems 5.4.1 and 5.8.1 the result is straightforward as for part c.

(k) We study

θ̂Pk−1,s

θ̂Pk,1 − θ̂Pk−1,s

ûPk−1,s,sûPk−1,s,k.

By Theorem 5.5.1 and Lemma 5.8.1,

If θs > D, for D > 0 fixed , ∃ d(D) such that, 1 > |ûPk−1,s,s| > d(D) > 0,

ûPk−1,s,k ∼
1√
θsm

.

The result is straightforward.

The link between ûPk,1,1 and ũPk,1,1 is just obtained by basic notions of linear algebra and similar
estimations of the norm.
We now prove the first point of the remark.
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1. First we study sign (ûPk,1,1) by investigating ũPk,1,1 which was defined in the statement of
the theorem. Then, by construction, the results hold for ûPk,1,1 because we just rescale ũPk,1
to obtain ûPk,1. The theorem says

sign
(
ũPk,1,1

)

= sign



(a)Op

 1

θ
3/2
1
√
m


︷ ︸︸ ︷
m∑
i=k

λ̂Pk−1,i

θ̂Pk,1
− λ̂Pk−1,i

ûPk−1,i,1
ûPk−1,i,k

+

(b)∼
√
θ1m

min(θ1,θk)︷ ︸︸ ︷
θ̂Pk−1,1

θ̂Pk,1
− θ̂Pk−1,1

ûPk−1,1,1
ûPk−1,1,k

+

(c)Op

 1

θ
1/2
1 m


︷ ︸︸ ︷
k−1∑
i=2

θ̂Pk−1,i

θ̂Pk,1
− θ̂Pk−1,i

ûPk−1,i,1
ûPk−1,i,k√√√√√√√√√√√

m∑
i=k

λ̂2
Pk−1,i

(θ̂Pk,1
− λ̂Pk−1,i

)2
û
2
Pk−1,i,k︸ ︷︷ ︸

(d)Op

(
1
θ21

)
+

θ̂2Pk−1,1

(θ̂Pk,1
− θ̂Pk−1,1

)2
û
2
Pk−1,1,k︸ ︷︷ ︸

(e)∼ θ1m

min(θ1,θk)2

+

k−1∑
i=2

θ̂2Pk−1,i

(θ̂Pk,1
− θ̂Pk−1,i

)2
û
2
Pk−1,i,k︸ ︷︷ ︸

(f)Op

(
1

θ1m

)



.

The first convergence is directly obtained from

sign (ũPk,1,1) = sign

(
θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

ûPk−1,1,1ûPk−1,1,k +Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1

√
m

))
.

Using Theorem 5.4.1 and assuming m and θ1 sufficiently large lead to

sign (ũPk,1,1) = sign
((
θ̂Pk,1 − θ̂Pk−1,1

)
ûPk−1,1,k

)
= sign

(
(θ1 − θk) ûPk−1,1,k

)
.

2. The second remark supposes a perturbation of order k = 2. Then, we already know how to
investigate the behaviour of the first eigenvector. In order to obtain the second vector, we
need to replace θ̂Pk,1 by θ̂Pk,2 in the formula and the order size changes. Similar arguments
as above lead to the result.

For the last part of the proof of the blue part in the Figure 7.1, we study the first point of the
component Theorem 5.8.1.

Proof. Theorem 5.8.1

To prove this result we can assume the grey results in the following picture as proven.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •
...

...
...

...
...

...

k-1 • • • • •
k • • • • •

This proof computes ûPk,1,k, but the method can be used to study any components ûPk,s,t where
s 6= t ∈ {1, 2, ..., k}. In order to extend it we should use the notation defined in Notation 7.1.1.
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First we assume the convention of Theorem 5.11.1, ûPk,1,k > 0.

〈ũPk,1, ek〉

=

∑m
i=k

λ̂Pk−1,i

θ̂Pk,1−λ̂Pk−1,i
û2
Pk−1,i,k

+
θ̂Pk−1,1

θ̂Pk,1−θ̂Pk−1,1
û2
Pk−1,1,k

+
∑k−1
i=2

θ̂Pk−1,i

θ̂Pk,1−θ̂Pk−1,i
û2
Pk−1,i,k√√√√√√√√

m∑
i=k

λ̂2
Pk−1,i

(θ̂Pk,1 − λ̂Pk−1,i)
2
û2
Pk−1,i,k︸ ︷︷ ︸

Op

(
1

θ21

)
+

θ̂2
Pk−1,1

(θ̂Pk,1 − θ̂Pk−1,1)2
û2
Pk−1,1,k︸ ︷︷ ︸

∼ θ1m

min(θ1,θk)2

+

k−1∑
i=2

θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,k︸ ︷︷ ︸

Op
(

1
θ1m

)

=
1

θk − 1

1√
θ̂2Pk−1,1

(θ̂Pk,1−θ̂Pk−1,1
)2
û2
Pk−1,1,k

+Op

(
min(θ1, θk)3

θkθ
7/2
1 m3/2

)
+Op

(
min(θ1, θk)3

θkθ
5/2
1 m5/2

)

=
1

θk − 1

|θ̂Pk,1 − θ̂Pk−1,1|
|θ̂Pk−1,1||ûPk−1,1,k|

+Op

(
min(θ1, θk)3

θkθ
7/2
1 m3/2

)
+Op

(
min(θ1, θk)3

θkθ
5/2
1 m5/2

)
.

Then, ûPk,1 = P
1/2
k ũPk,1/N1, and

N2
1 =

k−1∑
i=1

ũ2
Pk,i

+ θkũ
2
Pk,k

+
m∑

i=k+1

ũ2
Pk,i

= 1 + (θ − 1)ũ2
Pk,k

.

We also know by Theorem 5.4.1 that

θ̂Pk,1 − θ̂Pk−1,1 = −
θ̂Pk−1,1θ̂Pk,1(θk − 1)

θk − 1− θ̂Pk,1
û2
Pk−1,1,k

+Op

(
1

m

)
+Op

(
θ1

m3/2

)
.

and

θ̂Pk−1,1 − θ̂Pk,1 = Op

(
min(θ1, θk)

m

)
.

Therefore, Theorem 5.11.1 and 5.4.1 for k leads to

ûPk,1,k =
〈ũPk,1, ek〉

Norm

√
θk

=


1

θk − 1

|θ̂Pk,1 − θ̂Pk−1,1|
|θ̂Pk−1,1||ûPk−1,1,k|︸ ︷︷ ︸
∼ min(θ1,θk)

θkθ
1/2
1 m1/2

+Op

(
min(θ1, θk)

3

θkθ
7/2
1 m3/2

)
+Op

(
min(θ1, θk)

3

θkθ
5/2
1 m5/2

)


√
θk

1 +Op
(

1
m

)

=
1√
θk

|θ̂Pk,1 − θ̂Pk−1,1|
|θ̂Pk−1,1||ûPk−1,1,k|

+Op

(
min(θ1, θk)

θ
1/2
k θ

1/2
1 m3/2

)

=

∣∣∣∣− θ̂Pk−1,1
θ̂Pk,1(θk−1)

θk−1−θ̂Pk,1
û2
Pk−1,1,k

+Op
(

1
m

)
+Op

(
min(θ1,θk)

m3/2

)∣∣∣∣
√
θk|θ̂Pk−1,1||ûPk−1,1,k|

+Op

(
min(θ1, θk)

θ
1/2
k θ

1/2
1 m3/2

)

=

√
θkθ̂Pk,1

|θk − θ̂Pk,1|
|ûPk−1,1,k|+Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1

θ
1/2
1 θ

1/2
k m1/2

)
.

Note that the sign is always positive! We can use the Remark of Theorem 5.11.1 and set ûPs,i,i > 0
for s = 1, 2, ..., k and i = 1, 2, ..., s. Then, the previous result becomes more convenient:
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Under the sign condition for the eigenvector,

ûPk,1,k =

√
θkθ1

θ1 − θk
ûPk−1,1,k +Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1

θ
1/2
1 θ

1/2
k m1/2

)
.

Therefore, we directly obtain the distribution when θ1, θk →∞. Using the notation

α̂2
Pk−1,1

=
k−1∑
i=1

〈
ûPk−1,1, εi

〉2
,

α̂2
Pk−1,1

= α2
1 +Op

(
1

θ1m

)
= 1− M2 − 1

θ1
+Op

(
1

θ2
1

)
+Op

(
1

θ1
√
m

)
and the second part of this Theorem 5.8.1 for k − 1,

ûPk−1,1,k|α̂
2
Pk−1,1

Asy∼ N

(
0,

1− α̂2
Pk−1,1

m

)
,

then

ûPk,1,k|α̂
2
Pk,1
∼ N

(
0,

θkθ
2
1

(θk − θ1)2

α̂2
Pk−1,1

− 1

m

)
+Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1

θ
1/2
1 θ

1/2
k m1/2

)

and

ûPk,1,k ∼ N

(
0,

θkθ1

(θk − θ1)2

M2 − 1

m

)
+Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1

θ
1/2
1 θ

1/2
k m1/2

)
.

Finally, we extend this result to small eigenvalues,

If θ1 →∞ and θk is finite, then ûPk,1,k = Op

(
1√
θ1m

)
,

If θ1 and θk are finite, then ûPk,1,k = Op

(
1√
m

)
.

Red

Using induction we show the part of the Invariant Theorem 5.5.1 shown in red in the picture. We
assume the grey theorems as true.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •
...

...
...

...
...

...

k-1 • • • • •
k • • • • •

Proof. Theorem 5.5.1
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We assume the induction hypotheses and prove the result for k. The idea of the proof is to use
Theorem 5.11.1 to simplify the k first entries of the eigenvector ũPk,1. Then, we show that

F̃ 2
Pk

=

m∑
i=k+1

ũ2
Pk,1,i

=

m∑
i=k

û2
Pk−1,1,i

+Op

(
1

mθ1

)
= F̂ 2

Pk−1
+Op

(
1

mθ1

)
.

Finally, we easily prove

F̂ 2
Pk

= F̂ 2
Pk−1

+Op

(
1

mθ1

)
.

Remark 7.1.1.
The following proof studies

∑m
i=k+1 ũ

2
Pk,1,i

with θ1 > θ2 > ... > θk. However, the proof

is easily extended to
∑m

i=k+1 ũ
2
Pk,s,i

for s = 1, 2, ..., k and θs > θk. Finally, the proof is
also valid for θs > θk with more difficult notation as in 7.1.1. In order to simplify the two
expansions for the reader, we will not reduce values such as min(θ1, θi).

A: First, we study

Σ̃Pk = Σ̂Pk−1
Pk

using Theorem 5.11.1 and 5.2.1. The eigenvectors of Σ̃Pk are

ũPk,i =
(θ̂Pk,iIm − Σ̂Pk−1

)−1Σ̂Pk−1
εk√

etkΣ̂Pk−1
(θ̂Pk,iI− Σ̂Pk−1

)−2Σ̂Pk−1
εk

.

Then,

〈
ũPk,1

, es

〉2

=

(∑m
i=k

λ̂Pk−1,i

θ̂Pk,1
−λ̂Pk−1,i

ûPk−1,i,s
ûPk−1,i,k

+
θ̂Pk−1,1

θ̂Pk,1
−θ̂Pk−1,1

ûPk−1,1,s
ûPk−1,1,k

+
∑k−1
i=2

θ̂Pk−1,i

θ̂Pk,1
−θ̂Pk−1,i

ûPk−1,i,s
ûPk−1,i,k

)2

∑m
i=k

λ̂2
Pk−1,i

(θ̂Pk,1
−λ̂Pk−1,i

)2
û2
Pk−1,i,k

+
θ̂2
Pk−1,1

(θ̂Pk,1
−θ̂Pk−1,1

)2
û2
Pk−1,1,k

+
∑k−1
i=2

θ̂2
Pk−1,i

(θ̂Pk,1
−θ̂Pk−1,i

)2
û2
Pk−1,i,k

=

(
A1,s,k:m + A1,s,1 + A1,s,2:k−1

)2
D1,k:m +D1,1 +D1,2:k−1

=
A2

1,s

D1

.

The size of each element of the equation can be estimated by Theorem 5.11.1.

B: We investigate the norm of the noisy part of the eigenvector. We set

F̃ 2
Pk

=

m∑
i=k+1

ũ2
Pk,1,i

= 1−
k∑
i=1

ũ2
Pk,1,i

= 1−
∑k

i=sA
2
1,s

D1
.

We want to show that F̃ 2
Pk
≈ F̂ 2

Pk−1
using Theorem 5.11.1.

First, we make an approximation of A1,s, A
2
1,s and D1:

A1,1 =

Op

(
θ
1/2
1 m1/2

min(θ1,θk)

)
︷ ︸︸ ︷

θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

ûPk−1,1,1ûPk−1,1,k +

Op

(
1

θ
1/2
1 m

)
︷ ︸︸ ︷
k−1∑
i=2

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,1ûPk−1,i,k

+Op

(
1

θ
3/2
1 m1/2

)
,
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A1,s =

Op

(
min(θ1,θs)

θ
1/2
s min(θ1,θk)

)
︷ ︸︸ ︷

θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

ûPk−1,1,sûPk−1,1,k +

Op

(
max
i 6=1,s,k

(
min(θ1,θi) min(θs,θi)

θ
1/2
s θ1θim

1/2

))
︷ ︸︸ ︷
k−1∑

i=2,6=s

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k

+

Op

(
min(θ1,θs)

θ
1/2
s θ1m

1/2

)
︷ ︸︸ ︷

θ̂Pk−1,s

θ̂Pk,1 − θ̂Pk−1,s

ûPk−1,s,sûPk−1,s,k +Op

(
1

θ
1/2
s θ1m1/2

)
,

A1,k =
1

θk − 1
,

D1 =

Op

(
θ1m

min(θ1,θk)2

)
︷ ︸︸ ︷

θ̂2
Pk−1,1

(θ̂Pk,1 − θ̂Pk−1,1)2
û2
Pk−1,1,k

+

Op
(

1
θ1m

)︷ ︸︸ ︷
k−1∑
i=2

θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,k

+Op

(
1

θ2
1

)
= Op

(
θ1m

min(θ1, θk)2

)
,

A2
1,k =

1

(θk − 1)2
,

A2
1,s =

A1,s,1︷ ︸︸ ︷
k−1∑
i=1

θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,s

û2
Pk−1,i,k

+ 2
k−1∑
i=1

k−1∑
j>i

θ̂Pk−1,iθ̂Pk−1,j

(θ̂Pk,1 − θ̂Pk−1,i)(θ̂Pk,1 − θ̂Pk−1,j)
ûPk−1,i,sûPk−1,i,kûPk−1,j,sûPk−1,j,k︸ ︷︷ ︸

A1,s,2

+Op

(
1

θ1 min(θ1, θk)

)
.

More investigations allow the estimation of
∑k−1

s=2 A
2
1,s:

k−1∑
s=1

A2
1,s =

k−1∑
s=1

A1,s,1 +
k−1∑
s=2

A1,s,2 +Op

(
1

θ1 min(θ1, θk)

)
,

k−1∑
s=1

A1,s,1 =

k−1∑
s=1

k−1∑
i=1

θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,s

û2
Pk−1,i,k

=

k−1∑
i=1

(
k−1∑
s=1

û2
Pk−1,i,s

)
θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,k

=

(
k−1∑
s=1

û2
Pk−1,1,s

)
D1 +

k−1∑
i=1

(
k−1∑
s=1

û2
Pk−1,i,s

−
k−1∑
s=1

û2
Pk−1,1,s

)
︸ ︷︷ ︸

Op
(

1
min(θ1,θi)

)
by induction

θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,k︸ ︷︷ ︸

Op
(

min(θ1,θi)

θ1(θ1−θi)m

)︸ ︷︷ ︸
Op

(
max

i=2,...,k−1

1
θ1(θ1−θi)m

)

,
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k−1∑
s=1

A1,s,2

= 2

k−1∑
s=1

k−1∑
i=1

k−1∑
j>i

θ̂Pk−1,iθ̂Pk−1,j

(θ̂Pk,1 − θ̂Pk−1,i)(θ̂Pk,1 − θ̂Pk−1,j)
ûPk−1,i,sûPk−1,i,kûPk−1,j,sûPk−1,j,k

= 2

k−1∑
i=1

k−1∑
j>i

θ̂Pk−1,iθ̂Pk−1,j

(θ̂Pk,1 − θ̂Pk−1,i)(θ̂Pk,1 − θ̂Pk−1,j)
ûPk−1,i,kûPk−1,j,k

(
k−1∑
s=1

ûPk−1,i,sûPk−1,j,s

)

= 2

k−1∑
i=1

k−1∑
j>i

θ̂Pk−1,iθ̂Pk−1,j

(θ̂Pk,1 − θ̂Pk−1,i)(θ̂Pk,1 − θ̂Pk−1,j)
ûPk−1,i,kûPk−1,j,k︸ ︷︷ ︸

If i=1, Op

(
min(θ1,θj)

min(θ1,θk)θ
1/2
1 θ

1/2
j

)
and if i>1, Op

(
min(θi,θ1)min(θj,θ1)

θ21θ
1/2
i

θ
1/2
j

m

)

(
−

m∑
s=k

ûPk−1,i,sûPk−1,j,s

)
︸ ︷︷ ︸

Op

(
1

θ
1/2
i

θ
1/2
j

)

= Op

(
max

j=2,...,k−1

1

min(θ1, θk) max(θ1, θj)

)
.

Therefore,

F̃ 2
Pk

= 1− 1

D1(θk − 1)2
−
∑k−1

i=s A
2
1,s

D1

= 1−Op
(

1

θ1m

)
−
k−1∑
s=1

û2
Pk−1,1,s

+Op

(
θ1

max(θ1, θk)2m

)

= 1−
k−1∑
s=1

û2
Pk−1,1,s

+Op

(
1

θ1m

)
= F̂Pk−1

+Op

(
1

θ1m

)
.

C: The result is proven for the eigenvector of

Σ̃Pk = Σ̂Pk−1
Pk.

Now, we need to study

Σ̂Pk = P
1/2
k Σ̂Pk−1

P
1/2
k .

The link between the eigenvectors is

ûPk−1,1 =
P

1/2
k ũPk,1√
Norm2

Norm2 =
k−1∑
i=1

ũ2
Pk,1,i

+ θkũ
2
Pk,1,k

+
m∑

i=k+1

ũ2
Pk,1,i

= 1 + (θk − 1)

Op

(
θ1

max(θ1,θk)2m

)
︷ ︸︸ ︷
ũ2
Pk,1,k︸ ︷︷ ︸

Op( 1
m)

Using the induction hypothesis, the result is true for k − 1; therefore, by Theorem 5.3.1,

F̂Pk−1
= RV

(
Op

(
1

θ1

)
, Op

(
1

θ2
1m

))
.
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Then,

F̂ 2
Pk

=
m∑

i=k+1

û2
Pk−1,1,i

=
1

Norm2

m∑
i=k+1

ũ2
Pk−1,1,i

=
1

1 +Op
(

1
m

) F̃ 2
Pk

=
1

1 +Op
(

1
m

) (F̂Pk−1
+Op

(
1

θ1m

))
= F̂Pk−1

+Op

(
1

θ1m

)
.

This last equation concludes the proof by induction

k∑
i=1

û2
Pk,1,i

= û2
P1,1,1 +Op

(
1

θ1m

)
.

Green

In this section we want to prove the green part in the following picture. In order to prove Theorem
5.8.1 (2, 3) for k, we only assume as true the grey results in the picture.

Theorem 5.5.1 Theorem 5.8.1 (2,3) 5.4.1 5.11.1 5.8.1(1)

1 • • • • •
2 • • • • •
...

...
...

...
...

...

k-1 • • • • •
k • • • • •

Proof. Theorem 5.8.1 (2,3)

To prove this theorem for k we use the same procedure as for k = 1.
Let

U =


ûtPk,1
ûtPk,2

...
ûtPk,m

 =

(
ûPk,1:k,1:k ûPk,1:k,k+1:m

ûPk,k+1:m,1:k ûPk,k+1:m,k+1:m.

)

and

Ok =

(
Ik 0
0 Om−k

)
,

where Om−k is Haar invariant.
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2. When Pk is canonical, we know that Σ̂ ∼ P 1/2
k WP

1/2
k and OkΣ̂O

t
k follow the same distribution

under Assumption 2.2.1. Therefore, ûi,k+1:m is rotationally invariant and Corr (ûi,j1 , ûi,j2) =
δj1(j2). Knowing ûPk,1:m,1:k, we can show that ûPk,i,k+1:m/||ûPk,i,k+1:m|| is uniform for i =
1, 2, ...,m. Therefore, these statistics are independent (not jointly) of ûPk,1:m,1:k. Uniformity
of ûPk,r,k+1:m implies that, for s = k + 1, ...,m and r = 1, 2, ..., k,

√
m

ûPk,r,s
||ûPk,r,(k+1):m||

=
√
m

ûPk,r,s√
1− α̂2

Pk,r

∼ N (0, 1) + op (1) ,

where

α̂2
Pk,r

=
k∑
i=1

〈ûPk,r, εi〉
2 .

By Slutsky’s Theorem and the Invariant Angle Theorem 5.5.1 for k,

ûPk,r,s ∼ N

(
0,

1− α2
r

m

)
+ op

(
1√
m

)
,

where α2
r = lim

m→∞
α̂2
Pk,r

= 1− M2−1
θr

+Op
(

1
θ2

)
< 1.

3. Then, we estimate the order of
∑
û2
k+1:m,1.

Without loss of generality we assume that the perturbation

Pk = Im +

k∑
i=1

(θi − 1)εiε
t
i

respecting Assumption 2.2.2(A4) is such that

θ1, θ2, ..., θk1 are proportional,

θk1+1, θk1+2, ..., θk are proportional.

Then by Theorem 5.5.1 and 5.8.1 Part 1 for perturbations of order k,∑
û2
k+1:m,1:k1

=
∑

û2
k1+1:m,1:k1

−
∑

û2
k1+1:k,1:k1

=
∑

û2
1:k1,k1+1:m +Op

(
min(θ1, θk)

max(θ1, θk)m

)
=

∑
û2

1:k1,k+1:m +Op

(
min(θ1, θk)

max(θ1, θk)m

)
∼ RV

(
O

(
1

θ1

)
, O

(
1

θ2
1m

))
+Op

(
min(θ1, θk)

max(θ1, θk)m

)
.

The result is straightforward.

7.1.5 Dot Product Theorem and its Invariant

In this section we prove the results concerning the partial dot product between two estimated eigen-
vectors. First, we show a useful small Lemma. Then, we investigate its distribution when k = 2.
Finally, we prove the invariance to increasing k.
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Prerequisite

Lemma 6.1.1.
Assuming W and Σ̂P1 as in Theorem 5.6.1, then by construction of the eigenvectors using Theorem
5.11.1,

ûP1,1,2 =
W1,2√
θ1W1,1

− W1,2

θ
3/2
1

(−1/2 + 3/2M2) +

(
W 2
)

1,2

θ
3/2
1

+Op

(
1

θ
3/2
1 m

)
+Op

(
1

θ
5/2
1 m1/2

)

=
W1,2√
θ1

+Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1 m1/2

)
,

∑m
i=2 λ̂

2
P1,i

û2
P1,i,2

= W2,2 +Op

(
1

m

)
,

∑m
i=2 λ̂P1,iûP1,i,1ûP1,i,2 = W1,2

M2√
θ1

−
(
W 2
)

1,2

1√
θ1

+Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1 m1/2

)
.

Remark 6.1.1.1.
Because the perturbation is of order 1, the two sign conventions defined in 5.1.1 are the same.

(Page 91)

Proof. Lemma 6.1.1

The proofs of the three results use Theorem 5.11.1.
First, we recall that

m∑
i=2

λ̂2
P1,iû

2
P1,i,2 = Σ̂2

P1,2,2 − θ̂
2
P1,1û

2
P1,1,2,

m∑
i=2

λ̂P1,iûP1,i,1ûP1,i,2 = Σ̂P1,1,2 − θ̂P1,1ûP1,1,1ûP1,1,2.

Moreover, if P̃1 =
(√
θ1 − 1

)
e1e

t
1, then

Σ̂P1 = W +WP̃1 + P̃1W + P̃1WP̃1,

Σ̂P1,1,2 = W1,2

√
θ1,(

Σ̂2
P1

)
2,2

=
(
W +WP̃1 + P̃1W + P̃1WP̃1

)2
[2, 2]

=
(
W 2
)

2,2
+ (θ − 1) (W1,2)2 ,

where A[2, 2] is the entry A2,2 of the matrix A.
In order to prove the formulas, we need some prerequisite estimations of

û2
P1,1,1, θ̂

2
P1,1 and

ûP1,1,2√
1− û2

P1,1,1

.
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A more precise estimation of û2
P1,1,1

leads to

û2
P1,1,1 = 1−

(
W 2
)

1,1
− (W1,1)

2

θ1 (W1,1)
2 +

1 +
3
(
(W 2)

1,1

)2

(W1,1)4
−

2(W 2)
1,1

(W1,1)2
−

2(W 3)
1,1

(W1,1)3

θ2
1

+Op

(
1

θ3
1

)
,

ûP1,1,1 = 1−

(
W 2
)

1,1
− (W1,1)

2

2θ1 (W1,1)
2 +

1 +
3
(
(W 2)

1,1

)2

(W1,1)4
−

2(W 2)
1,1

(W1,1)2
−

2(W 3)
1,1

(W1,1)3

2θ2
1

+Op

(
1

θ3
1

)
,

√
1− û2

P1,1,1
=

1√
θ1


√

(W 2)1,1 − (W1,1)
2

W1,1
−
W1,1

(
1 +

3
(
(W 2)

1,1

)2

(W1,1)4
−

2(W 2)
1,1

(W1,1)2
−

2(W 3)
1,1

(W1,1)3

)
2θ
√

(W 2)1,1 − (W1,1)
2


+Op

(
1

θ
5/2
1

)
.

Then, we estimate θ̂2
P1,1

,

1

θ1 − 1
=

m∑
i=1

λ̂W,i

θ̂P1,1 − λ̂W,i
û2
W,i,1

=
W1,1

θ̂P1,1

+

(
W 2
)

1,1

θ̂2
P1,1

+Op

(
1

θ3
1

)

⇒ θ̂P1,1 = θ1W1,1 +

(
W 2
)

1,1
− (W1,1)

2

W1,1
+Op

(
1

θ1

)
⇒ θ̂2

P1,1 = θ2
1W

2
1,1 + 2θ1

((
W 2
)

1,1
− (W1,1)

2
)

+Op (1) .

Finally, we estimate the rescaled component,

ûP1,1,2√
1− û2

P1,1,1

=

∑m
i=1

λ̂W,i

θ̂P1,1
−λ̂W,i

ûW,i,1ûW,i,2√∑m
s=2

(∑m
i=1

λ̂W,i

θ̂P1,1
−λ̂W,i

ûW,i,1ûW,i,s

)2

=

1
θ̂P1,1

W1,2 + 1
θ̂2P1,1

(
W 2
)

1,2
+Op

(
1

θ3
√
m

)
√∑m

s=2

(
1

θ̂P1,1
W1,s + 1

θ̂2P1,1

(W 2)1,s +Op

(
1

θ31
√
m

))2

=
W1,2 + 1

θ̂P1,1

(
W 2
)

1,2
+Op

(
1

θ21
√
m

)
√∑m

s=2

(
(W1,s)

2
+ 2 1

θ̂P1,1
W1,s (W 2)1,s +Op

(
1

θ21m

))

=
W1,2 + 1

θ̂P1,1

(
W 2
)

1,2
+Op

(
1

θ21
√
m

)
√

(W 2)1,1 − (W1,1)
2

+ 1
θ̂P1,1

[
(W 3)1,1 −W1,1 (W 2)1,1

]
+Op

(
1

θ21m

)

= W1,2

 1√
(W 2)1,1 − (W1,1)

2
−

(
W 3
)

1,1
−W1,1

(
W 2
)

1,1(
(W 2)1,1 − (W1,1)

2
)3/2

θ̂P1,1


+

(
W 2
)

1,2√
(W 2)1,1 − (W1,1)

2
θ̂P1,1

+Op

(
1

θ2
1

√
m

)
.

Using this estimation, the three formulas are easily proven.
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We start with the first formula:

ûP1,1,2 =
ûP1,1,2√

1− û2
P1,1,1

√
1− û2

P1,1,1

=
W1,2√
θ1W1,1

− W1,2

θ
3/2
1

(−1/2 + 3/2M2) +

(
W 2
)

1,2

θ
3/2
1

+Op

(
1

θ
3/2
1 m

)
+Op

(
1

θ
5/2
1 m1/2

)
.

Then, the second formula:

m∑
i=2

λ̂2
P1,iû

2
P1,i,2 −

(
W 2
)

2,2
= (θ1 − 1) (W1,2)2 − θ̂2

P1,1û
2
P1,1,2

= (θ1 − 1) (W1,2)2 −
(
θ2

1 (W1,1)2 + 2θ1

((
W 2
)

1,1
− (W1,1)2

)
+Op (1)

)
(

(W1,2)2

θ1 (W1,1)2 +Op

(
1

θ2m

))

= − (W1,2)2 − 2
(W1,2)2

((
W 2
)

1,1
− (W1,1)2

)
(W1,1)2 +Op

(
1

m

)
= Op

(
1

m

)
.

Finally, some computations lead to the last formula,

θ̂P1,1ûP1,1,1ûP1,1,2

=

(
θ1W1,1 +

(
W 2
)

1,1
− (W1,1)2

W1,1

)(
1−

(
W 2
)

1,1
− (W1,1)2

2θ1 (W1,1)2

)
(

W1,2√
θ1W1,1

− W1,2

θ
3/2
1

(−1/2 + 3/2M2) +

(
W 2
)

1,2

θ
3/2
1

)
+Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1 m1/2

)

= W1,2

(√
θ1 −

M2√
θ1

)
+
(
W 2
)

1,2

1√
θ1

+Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1 m1/2

)
.

Therefore,

m∑
i=2

λ̂P1,iûP1,i,1ûP1,i,2 =
√
θ1W1,2 − θ̂P1,1ûP1,1,1ûP1,1,2

= W1,2
M2√
θ1
−
(
W 2
)

1,2

1√
θ1

+Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1 m1/2

)
.

Distribution

Theorem 5.6.1. (Dot Product Theorem)
Suppose that W respects Assumption 2.2.1 and P2 = Im +

∑2
i=1(θi − 1)eie

t
i with θ1 > θ2. We define

Σ̂P2 = P
1/2
2 WP

1/2
2 and Σ̂P1 = P

1/2
1 WP

1/2
1 .
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Moreover, for s, k = 1, 2 and s 6 k, we define

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂Pk,s = λ̂Σ̂Pk ,s
. Finally the present theorem uses the convention:

For s = 1, 2, ..., k and i = 1, 2, ..., s, ûPs,i,i > 0.

1. Assuming that Assumptions 2.2.2(A2) and (A3) (θi = piθ →∞) hold,

m∑
s=3

ûP2,1,sûP2,2,s = ûP2,1,2

(
1

θ1
− 1

θ2

)
− 1

θ
1/2
2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)

=
− (1 +M2)W1,2 +

(
W 2
)

1,2√
θ1θ2

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
.

Thus, we can estimate the distribution conditioned on the spectrum of W ,

m∑
s=3

ûP2,1,sûPk,2,s ∼ N

(
0,

(1 +M2)2 (M2 − 1) +
(
M4 − (M2)2

)
− 2 (1 +M2) (M3 −M2)

θ1θ2m

)

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
.

2. If θ1 →∞ and θ2 is finite, then

m∑
s=3

ûP2,1,sûP2,2,s = Op

(
1√
θ1m

)
.

3. If θ1 and θ2 are finite, then
m∑
s=3

ûPk,1,sûPk,2,s = Op

(
1√
m

)
.

Remark 5.6.1.1.

1. We can easily show

ûP2,1,2

(
1

θ1
− 1

θ2

)
δ +

m∑
s=3

ûP2,1,sûP2,2,s

=
− (δ +M2)W1,2 +

(
W 2
)

1,2√
θ1θ2

+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)
∼ N

(
0,

(δ +M2)2 (M2 − 1) +
(
M4 − (M2)2

)
− 2 (δ +M2) (M3 −M2)

θ1θ2m

)

+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)
.

2. If W is a standard Wishart random matrix, then Assumptions 2.2.2(A2) and (A3) lead
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to a Marcenko-Pastur spectrum and

m∑
s=3

ûP2,1,sûP2,2,s ∼ N

(
0,

(1− α2
1)(1− α2

2)

m

)
+ op

(
1

θ
√
m

)
,

where α2
s = lim

m→∞

∑2
i=1 〈ûP2,s, ui〉

2.

(Page 79)

Proof. Theorem 5.6.1

We begin this proof with a remark about the sign convention. This Theorem assumes ûPs,i,i > 0
for s = 1, 2, ..., k and i = 1, 2, ..., s. The Theorem 5.11.1 builds the eigenvectors of random matrices
with another sign convention,

ûPs,i,s > 0, for s = 1, 2, ..., k and i = 1, 2, ..., s.

We will use the same notation for both conventions and only precise the convention. The parts A
and B use the convention of Theorem 5.11.1. The convention changes in the end of part B. Finally
part C uses the convention of this theorem.
In order to prove the theorem, we divide the proof into three parts. The first part, A, tries to
express the components of an eigenvector using Theorem 5.11.1. The second part, B, expresses the
dot product of Σ̂P2 with the eigenstructure of Σ̂P1 . Finally, with the previous part leading to a nice
formula, we investigate in C the distribution of this statistic.
We will often replace θ̂P1,1 by λ̂P1,1 to simplify computations.

A: For t = 1, 2, we study the expression:

ũP2,t,s =

∑m
i=1

λ̂P1,i

θ̂P2,t
−λ̂P1,i

ûP1,i,sûP1,i,2√∑m
i=1

λ̂2
P1,i

(θ̂P2,t
−λ̂P1,i)

2 û
2
P1,i,2

=

∑m
i=1

λ̂P1,i

θ̂P2,t
−λ̂P1,i

ûP1,i,sûP1,i,2

√
Dt

,

where by Theorem 5.11.1 and assuming θ1 > θ2,

D1 =
m∑
i=2

λ̂2
P1,i

(θ̂P2,1 − λ̂P1,i)
2
û2
P1,i,2 +

θ̂2
P1,1

(θ̂P2,1 − θ̂P1,1)2
û2
P1,1,2

=
θ̂2
P1,1

(θ̂P2,1 − θ̂P1,1)2
û2
P1,1,2︸ ︷︷ ︸

∼ θ1m
θ22

+Op

(
1

θ2
1

)
,

D2 =
m∑
i=2

λ̂2
P1,i

(θ̂P2,2 − λ̂P1,i)
2
û2
P1,i,2 +

θ̂2
P1,1

(θ̂P2,2 − θ̂P1,1)2
û2
P1,1,2

= Op

(
1

θ2
2

)
+Op

(
1

θ1m

)
.

By Theorem 5.11.1, ûP2,t,s =
P

1/2
2 ũP2,t

Nt
, where

N2
t = ũ2

P2,t,1 +
m∑
i=3

ũ2
P2,t,i + ũ2

P2,t,2θ2

= 1 + (θ2 − 1)ũ2
P2,t,2

= 1 +
1

(θ2 − 1)Dt
.
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Then,

N2
t Dt = Dt +

1

(θ2 − 1)
,

N2
1D1 =

θ̂2
P1,1

(θ̂P2,1 − θ̂P1,1)2
û2
P1,1,2 +Op

(
1

θ2

)
,

N2
2D2 =

1

(θ2 − 1)
+Op

(
1

θ2
2

)
+Op

(
1

θ1m

)
.

Therefore,

1

N1

√
D1

=
|θ̂P2,1 − θ̂P1,1|
θ̂P1,1|ûP1,1,2|

+Op

(
θ2

2

θ
3/2
1 m3/2

)

= Op

(
θ2

θ
1/2
1 m1/2

)
,

1

N2

√
D2

=
√
θ2 − 1 +Op

(
1

θ
1/2
2

)
+Op

(
θ

3/2
2

θ1m

)
.

B: We are now able to study the quantity:
m∑
s=3

ûPk,1,sûPk,2,s

First,

ûP2,1,sûP2,2,s =

∑m
i,j=1

λ̂P1,i
λ̂P1,j

(θ̂P2,1
−λ̂P1,i

)(θ̂P2,2
−λ̂P1,i

)
ûP1,i,sûP1,j,sûP1,i,2ûP1,j,2

√
D1D2N1N2

.

Then,
m∑
s=3

ûP2,1,sûP2,2,s

=

∑m
s=3

∑m
i,j=1

λ̂P1,i
λ̂P1,j

(θ̂P2,1
−λ̂P1,i

)(θ̂P2,2
−λ̂P1,j

)
ûP1,i,sûP1,j,sûP1,i,2ûP1,j,2

√
D1D2N1N2

=
1√

D1D2N1N2

 m∑
i,j=1,i 6=j

λ̂P1,iλ̂P1,j

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,j)
ûP1,i,2ûP1,j,2

(
m∑
s=3

ûP1,i,sûP1,j,s

)

+

m∑
i=1

λ̂2
P1,i

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,i)
û2
P1,i,2

(
m∑
s=3

û2
P1,i,s

))

=
1√

D1D2N1N2−
m∑

i,j=1,i 6=j

λ̂P1,iλ̂P1,j

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,j)

(
û2
P1,i,2û

2
P1,j,2 + ûP1,i,1ûP1,j,1ûP1,i,2ûP1,j,2

)
︸ ︷︷ ︸

Part 2

+

m∑
i=1

λ̂2
P1,i

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,i)
û2
P1,i,2

(
1− û2

P1,i,1 − û
2
P1,i,2

)
︸ ︷︷ ︸

Part 1

 .
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Using the part A,

1√
D1D2N1N2

= Op

(
θ

3/2
2

θ
1/2
1 m1/2

)
.

Then, we can study Part 1 and Part 2 and neglect terms smaller than Op

(
1
θ2
2

)
. (If at least one

term is of order 1
θ2
2
.)

Part 1: We decompose the sum of Part 1 into i = 1 and i > 1. Then, using Theorems
5.11.1, 5.8.1 and 5.4.1, each term can be estimated.

1.1) i=1 :

λ̂2
P1,1

(θ̂P2,1 − λ̂P1,1)(θ̂P2,2 − λ̂P1,1)
û2
P1,1,2

(
1− û2

P1,1,1 − û
2
P1,1,2

)
=

θ̂2P1,1

(θ̂P2,1 − θ̂P1,1)(θ̂P2,2 − θ̂P1,1)
û2
P1,1,2

(
1− α̂2

P1,1

)
︸ ︷︷ ︸

Op
(

1
θ1θ2

)
−

θ̂2
P1,1

(θ̂P2,1 − θ̂P1,1)(θ̂P2,2 − θ̂P1,1)
û4
P1,1,2︸ ︷︷ ︸

Op
(

1
θ1θ2m

)
.

1.2) i>1 :

∗ First, we show a small non-optimal result

m∑
i=2

û2
P1,i,2û

2
P1,i,1 = Op

(
1

θ1m1/2

)
.

We easily obtain this result by using some inequalities on the sums,

m∑
i=2

û2
P1,i,2û

2
P1,i,1 6

(
m∑
i=2

û4
P1,i,2

)1/2( m∑
i=2

û4
P1,i,1

)1/2

= Op

(
1

θ1m1/2

)
.

By Theorem 5.8.1 Part 3,
∑m

i=2 û
4
P1,i,1

= Op

(
1
θ2
1

)
, and the estimation

∑m
i=2 û

4
P1,i,2

=

Op (1/
√
m) is obtained by the spherical property. Indeed, because ûP1,i,2:m is invari-

ant by rotation, then ûP1,i,2:m/||ûP1,i,2:m|| is uniform. Therefore,

E

[
û4
P1,i,2

||ûP1,i,2:m||4

]
= Op

(
1

m2

)
and E

[
û8
P1,i,2

||ûP1,i,2:m||8

]
= Op

(
1

m4

)
.

We see that û4
P1,i,2

∼ RV
(
O
(

1
m2

)
, O
(

1
m4

))
. Finally, summing the random variables

leads to

E

[
m∑
i=2

û4
P1,i,2

]
= Op

(
1

m

)
,

Var

(
m∑
i=2

û4
P1,i,2

)
= Op

(
1

m2

)
.
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∗ Now, we can estimate the sum of interest:

m∑
i=2

λ̂2
P1,i

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,i)
û2
P1,i,2

(
1− û2

P1,i,1 − û
2
P1,i,2

)
=

1

θ̂P2,1θ̂P2,2

m∑
i=2

λ̂2
P1,iû

2
P1,i,2

(
1− û2

P1,i,1 − û
2
P1,i,2

)
+Op

(
1

θ1θ2
2

)

=
1

θ̂P2,1θ̂P2,2

(
m∑
i=2

λ̂2
P1,iû

2
P1,i,2 +Op (1)

m∑
i=2

û2
P1,i,2û

2
P1,i,1 +Op (1)

m∑
i=2

û4
P1,i,2

)
+Op

(
1

θ1θ2
2

)

=
1

θ̂P2,1θ̂P2,2

m∑
i=2

λ̂2
P1,iû

2
P1,i,2 +Op

(
1

θ1θ2

) m∑
i=2

û2
P1,i,2û

2
P1,i,1

+Op

(
1

θ1θ2

) m∑
i=2

û4
P1,i,2 +Op

(
1

θ1θ2
2

)

=
1

θ̂P2,1θ̂P2,2

m∑
i=2

λ̂2P1,iû
2
P1,i,2︸ ︷︷ ︸

Op
(

1
θ1θ2

)
+Op

(
1

θ2
1θ2m1/2

)
+Op

(
1

θ1θ2m

)
+Op

(
1

θ1θ2
2

)
.

Part 2: As for the previous part, we divide this term.

2.1)
∑m

i,j=1,i 6=j
λ̂P1,i

λ̂P1,j

(θ̂P2,1
−λ̂P1,i

)(θ̂P2,2
−λ̂P1,j

)
ûP1,i,1ûP1,j,1ûP1,i,2ûP1,j,2.

2.1.1) i=1,j>1 : We want to prove

θ̂P1,1

(θ̂P2,1 − θ̂P1,1)
ûP1,1,1ûP1,1,2

m∑
j>1

λ̂P1,j

(θ̂P2,2 − λ̂P1,j)
ûP1,j,1ûP1,j,2 = Op

(
1

θ2
2

)
.

The order size follows from Theorems 5.11.1, 5.8.1 and 5.4.1,

θ̂P1,1

(θ̂P2,1 − θ̂P1,1)
ûP1,1,1ûP1,1,2︸ ︷︷ ︸

Op

(
θ
1/2
1 m1/2

θ2

)
m∑
j>1

λ̂P1,j

(θ̂P2,2 − λ̂P1,j)
ûP1,j,1ûP1,j,2︸ ︷︷ ︸

Op

(
1

θ
1/2
1 θ2m

1/2

)
= Op

(
1

θ2
2

)
.

Remark 7.1.2.
The Theorem 5.11.1 estimates the order size of the second term for θ̂P2,1.
However, the same proof is still valid in this case.

2.1.2) i>1,j=1 : Using the fact that λ̂P1,i is bounded for i > 1, then

θ̂P1,1

(θ̂P2,2 − θ̂P1,1)︸ ︷︷ ︸
Op(1)

ûP1,1,1︸ ︷︷ ︸
Op(1)

ûP1,1,2︸ ︷︷ ︸
Op

(
1

m1/2θ
1/2
1

)
m∑
i>1

λ̂P1,i

(θ̂P2,1 − λ̂P1,i)
ûP1,i,1ûP1,i,2︸ ︷︷ ︸

Op

(
1

θ
3/2
1 m1/2

)
= Op

(
1

θ2
1m

)
.
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2.1.3) i>1,j>1,i6=j :∣∣∣∣∣∣
m∑

i,j>1,i 6=j

λ̂P1,iλ̂P1,j

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,j)
ûP1,i,1ûP1,j,1ûP1,i,2ûP1,j,2

∣∣∣∣∣∣
6

(
1

θ̂P2,1θ̂P2,2

+Op

(
1

θ1θ2
2

))( m∑
i>1

λ̂P1,i|ûP1,i,1||ûP1,i,2|

) m∑
j>1

λ̂P1,j |ûP1,j,1||ûP1,j,2|


6

(
1

θ̂P2,1θ̂P2,2

+Op

(
1

θ1θ2
2

))
λ̂2

max

(
m∑
i>1

û2
P1,i,1

)(
m∑
i>1

û2
P1,i,2

)

6

(
1

θ̂P2,1θ̂P2,2

+Op

(
1

θ1θ2
2

))
λ̂2

max

(
1− α̂2

P1,1

) (
1− û2

P1,1,2

)
= Op

(
1

θ2
1θ2

)
.

2.2)

m∑
i,j=1,i 6=j

λ̂P1,iλ̂P1,j

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,j)
û2
P1,i,2û

2
P1,j,2

=
m∑

i,j=1

λ̂P1,iλ̂P1,j

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,j)
û2
P1,i,2û

2
P1,j,2 −

m∑
i=1

λ̂2
P1,i

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,i)
û4
P1,i,2

=
1

(θ2 − 1)2
−

θ̂2
P1,1

(θ̂P2,1 − θ̂P1,1)(θ̂P2,2 − θ̂P1,1)
û4
P1,1,2︸ ︷︷ ︸

Op
(

1
θ1θ2m

)
−

m∑
i=2

λ̂2
P1,i

(θ̂P2,1 − λ̂P1,i)(θ̂P2,2 − λ̂P1,i)
û4
P1,i,2︸ ︷︷ ︸

Op
(

1
θ1θ2m

)
.

Combining Part 1 and Part 2 leads to

m∑
s=3

ûP2,1,sûP2,2,s

=
1√

D1D2N1N2

(
θ̂2
P1,1

(θ̂P2,1 − θ̂P1,1)(θ̂P2,2 − θ̂P1,1)
û2
P1,1,2

(
1− α̂2

P1,1

)
+

1

θ̂P2,1θ̂P2,2

m∑
i=2

λ̂2
P1,iû

2
P1,i,2

−
θ̂P1,1

(θ̂P2,1 − θ̂P1,1)
ûP1,1,1ûP1,1,2

1

θ̂P2,2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2 −
1

(θ2 − 1)2


+Op

(
θ

1/2
2

θ
3/2
1 m3/2

)
+Op

(
1

θ
3/2
1 θ

1/2
2 m1/2

)

=
|θ̂P2,1 − θ̂P1,1|
θ̂P1,1|ûP1,1,2|

√
θ2 − 1

(
θ̂2
P1,1

(θ̂P2,1 − θ̂P1,1)(θ̂P2,2 − θ̂P1,1)
û2
P1,1,2

(
1− α̂2

P1,1

)
+

1

θ̂P2,1θ̂P2,2

m∑
i=2

λ̂2
P1,iû

2
P1,i,2

−
θ̂P1,1

(θ̂P2,1 − θ̂P1,1)
ûP1,1,1ûP1,1,2

1

θ̂P2,2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2 −
1

(θ2 − 1)2


+Op

(
θ

1/2
2

θ
3/2
1 m3/2

)
+Op

(
1

θ
3/2
1 θ

1/2
2 m1/2

)
+Op

(
1

θ
1/2
1 θ

5/2
2 m1/2

)
.



7.1. PROOFS OF THE MAIN THEOREMS 147

In this second part we simplify the terms using Theorems 5.8.1 and 5.4.1:

ûPk,1,k =

√
θkθ1

|θk − θ1|
|ûPk−1,1,k|+Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
k m

)
+Op

(
1

θ
1/2
1 θ

1/2
2 m1/2

)

and

θ̂P2,1 − θ̂P1,1 = −
θ̂P1,1θ̂P2,1(θ2 − 1)

θ2 − 1− θ̂P2,1

û2
P1,1,2 +Op

(
θ2

m3/2

)
+Op

(
1

m

)
.

We remember that without the convention ûPk,1,1 > 0, then, by construction, we have ûPk,1,k > 0.
Because θ1 > θ2,

• P1 :

P1 =
|θ̂P2,1 − θ̂P1,1|
θ̂P1,1|ûP1,1,2|

√
θ2 − 1

θ̂2
P1,1

(θ̂P2,1 − θ̂P1,1)(θ̂P2,2 − θ̂P1,1)
û2
P1,1,2

(
1− α̂2

P1,1

)
Asy
=

√
θ2 − 1

θ̂P1,1

θ̂P2,2 − θ̂P1,1

|ûP1,1,2|
(
1− α̂2

P1,1

)
Asy
= −ûP2,1,2

(
1− α̂2

P1,1

)
+Op

(
θ

1/2
2

θ
3/2
1 m

)
+Op

(
1

θ
3/2
1 θ

1/2
2 m1/2

)
.

We use the notation
Asy
= because the probability that the sign is wrong tends to 0 in 1/m

when θ1 tends to infinity. Moreover, when θ1 is finite, the order size is 1/
√
m.

• P2 :

P2 =
|θ̂P2,1 − θ̂P1,1|
θ̂P1,1|ûP1,1,2|

√
θ2 − 1

1

θ̂P2,1θ̂P2,2

m∑
i=2

λ̂2
P1,iû

2
P1,i,2

=
θ̂P1,1θ̂P2,1θ2

|θ2 − θ̂P2,1|
û2
P1,1,2

1

θ̂P1,1|ûP1,1,2|

√
θ2 − 1

1

θ̂P2,1θ̂P2,2

m∑
i=2

λ̂2
P1,iû

2
P1,i,2

+Op

(
θ

1/2
2

θ
3/2
1 m

)
+Op

(
1

θ
3/2
1 θ

1/2
2 m1/2

)

=
|ûP1,1,2|

√
θ2 − 1

|θ2 − θ̂P2,1|

m∑
i=2

λ̂2
P1,iû

2
P1,i,2 +Op

(
θ

1/2
2

θ
3/2
1 m

)
+Op

(
1

θ
3/2
1 θ

1/2
2 m1/2

)

=
|ûP2,1,2|
θ1

m∑
i=2

λ̂2
P1,iû

2
P1,i,2 +Op

(
θ

1/2
2

θ
3/2
1 m

)
+Op

(
1

θ
3/2
1 θ

1/2
2 m1/2

)
.

• P3 : Using Lemma 6.1.1,

P3 =
|θ̂P2,1 − θ̂P1,1|
θ̂P1,1|ûP1,1,2|

√
θ2 − 1

θ̂P1,1

(θ̂P2,1 − θ̂P1,1)
ûP1,1,1ûP1,1,2

1

θ̂P2,2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2

Asy
= sign (ûP2,1,1)

1

θ
1/2
2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2 +Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
,

where the sign equality is obtained by the remark of Theorem 5.11.1 and tends to be correct
in 1/m.
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• P4 :

P4 =
1√
D1

√
θ2 − 1

1

(θ2 − 1)2

=

√
θ2 − 1

θ2 − 1
ũP2,1,2

=
1

θ2 − 1
ûP2,1,2

=
1

θ2
ûP2,1,2 +Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
By construction we know that ûP2,1,2 > 0, but this is not the case for ûP2,1,1. We will correct this
convention later. First, we can combine P1 + P2 − P4 to obtain

P1 + P2 − P4
Asy
= ûP2,1,2

(
−
(
1− α̂2

P1,1

)
+

∑m
i=2 λ̂

2
P1,i

û2
P1,i,2

θ1
− 1

θ2

)

+Op

(
θ

1/2
2

θ
3/2
1 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
Asy
= ûP2,1,2

(
−
∑m

i=1 λ̂
2
W,iû

2
W,i,1 − 1

θ1
+

∑m
i=2 λ̂

2
P1,i

û2
P1,i,2

θ1
− 1

θ2

)

+Op

(
θ

1/2
2

θ
3/2
1 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
Asy
= ûP2,1,2

(
1

θ1
− 1

θ2

)
+Op

(
θ

1/2
2

θ
3/2
1 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
.

Indeed Lemma 6.1.1 shows that
m∑
i=1

λ̂2
W,iû

2
W,i,1 =

(
W 2
)

1,1
,

m∑
i=2

λ̂2
P1,iû

2
P1,i,2 =

(
W 2
)

2,2
+Op

(
1

m

)
.

The result follows by invariance of W 2 under rotation.

Finally, we combine the different parts

P1 + P2 − P3 − P4
Asy
= ûP2,1,2

(
1

θ1
− 1

θ2

)
− sign (ûP2,1,1)

1

θ
1/2
2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
,

where the asymptotic equality is discussed in the remark 7.1.3.
We change the convention of the sign such that ûP2,i,i > 0, i = 1, 2. Therefore, we multiply by
sign (ûP2,1,1). With this convention ûP2,1,2 is not strictly positive anymore. Nevertheless, we keep
using the same notation.

P1 + P2 − P3 − P4 = ûP2,1,2

(
1

θ1
− 1

θ2

)
− 1

θ
1/2
2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
.
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Remark 7.1.3.
First we remember that the O errors are in probability and take care of this possible
fluctuation with probability tending to 0.
The simplification of P1 +P2−P3−P4 is possible thanks to the remark of Theorem 5.11.1
showing that the signs are correct with probability tending to 1 in 1/m when θ2 is large.

In particular, there is a probability of order 1/m to have an error of size Op

(
1

θ
1/2
1 θ

1/2
2 m1/2

)
.

Luckily this rare error will not affect the moment estimation of the statistic.
Then, when θ2 is finite, the formula just provides order size.

This estimation concludes part B. Nevertheless, the part C uses this formula to provide a distri-
bution.

C: In this section we express

ûP2,1,2

(
1

θ1
− 1

θ2

)
δ − 1

θ
1/2
2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2 +Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)

as a function of the unit statistic defined in Theorem 5.11.2. First, using Theorem 5.8.1 and Lemma
6.1.1 leads to the following estimations,

ûP2,1,2 =

√
θ2θ1

|θ2 − θ1|
ûP1,1,2 +Op

(
θ

1/2
2

θ
1/2
1 m

)
+Op

(
1

θ
1/2
1 θ

1/2
2 m1/2

)
,

ûP1,1,2 =
W1,2√
θ1

+Op

(
1

θ
3/2
1 m1/2

)
+Op

(
1

θ
1/2
1 m

)
,

∑m
i=2 λ̂P1,iûP1,i,1ûP1,i,2 = W1,2

M2√
θ1
−
(
W 2
)

1,2

1√
θ1

+Op

(
1

θ
1/2
1 m

)
+Op

(
1

θ
3/2
1 m1/2

)
.

Therefore, we can show that

ûP2,1,2

(
1

θ1
− 1

θ2

)
δ − 1

θ
1/2
2

m∑
j>1

λ̂P1,j ûP1,j,1ûP1,j,2

=
− (δ +M2)W1,2 +

(
W 2
)

1,2√
θ1θ2

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
+Op

(
1

θ
1/2
1 θ

3/2
2 m1/2

)
.

The result is straightforward using a delta method and Theorem 5.11.2.

Invariant

Theorem 5.7.1. (Invariant Dot Product Theorem)
Suppose that W satisfies Assumption 2.2.1 and

Ps,r = Im +

2∑
i=s,r

(θi − 1)eie
t
i

Pk = Im +

k∑
i=1

(θi − 1)eie
t
i respects 2.2.2 (A4),
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where θ1 > θ2 > ... > θk. We define

Σ̂Ps,r = P 1/2
s,r WP 1/2

s,r ,

Σ̂Pk = P
1/2
k WP

1/2
k .

Moreover, for s, r = 1, 2, ..., k with s 6= r, we define

ûPs,r,1, θ̂Ps,r,1 s.t. Σ̂Ps,r ûPs,r,1 = θ̂Ps,r,1ûPs,r,1,

ûPk,s, θ̂Pk,s s.t. Σ̂Pk ûPk,s = θ̂Pk,sûPk,s,

where θ̂Ps,r,1 = λ̂Σ̂Ps,r,1
and θ̂Pk,s = λ̂Σ̂Pk ,s

.

Assuming the convention:

For s = 1, 2, ..., k and i = 1, 2, ..., s, ûPs,i,i > 0.

leads to

m∑
i=1
i 6=s,r

ûPs,r,1,iûPs,r,2,i =
m∑

i=k+1

ûPk,s,iûPk,r,i +Op

(
1√

θsθrm

)
.

(Page 81)

Proof. Theorem 5.7.1

We begin this proof with two important remarks.

• This proof will assume the sign convention of Theorem 5.11.1. Nevertheless we correct this
convention in the end of the proof.

• We use the notation 7.1.1 to prove the result only for θ1 > θ2 and relaxing the order of the
other eigenvalues. This notation permutes the estimated eigenvalues and their eigenvector
but the reader can also read this proof as if θ1 > θ2 > ... > θk and realize that the notation
allows a generalisation. Moreover, we add the notation λ̂Pr,i = θ̂Pr,i for i = 1, 2, ..., r in order
to simplify formulas.

Thus, Theorem 5.11.1 leads to

ûPk,1,sûPk,2,s =
1√

D1D2N1N2

∑
i,j

λ̂Pk−1,iλ̂Pk−1,j(
θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,i,kûPk−1,j,kûPk−1,i,sûPk−1,j,s,

where N1 and N2 are scalars such that the vectors are unit. Therefore

m∑
s=k+1

ûPk,1,sûPk,2,s =

1√
D1D2N1N2

∑
i 6=j

λ̂Pk−1,iλ̂Pk−1,j(
θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,i,kûPk−1,j,k

(
−

k∑
r=1

ûPk−1,i,rûPk−1,j,r

)
︸ ︷︷ ︸

Part 2

m∑
i=1

λ̂2
Pk−1,i(

θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,i

) û2
Pk−1,i,k

(
1−

k∑
r=1

û2
Pk−1,i,r

)
︸ ︷︷ ︸

Part 1

.
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First we will study Part 1 and Part 2 in A. Then in B, we will show

1√
D1D2N1N2

= Op

(
min(θ1, θk) min(θ2, θk)

θ
1/2
1 θ

1/2
2 m

)
.

Finally, in part C, we combine A and B to conclude the proof.

A: Assuming the previous estimation, we can neglect all the terms of order op

( √
m

min(θ1,θk) min(θ2,θk)

)
in Part 1 and 2. The order size of the elements are obtained using Theorems 5.8.1, 5.3.1, 5.4.1,
5.11.1, the Invariant Angle Theorem 5.5.1, the Dot Product Theorem 5.6.1 and its Invariant
Theorem 5.7.1.

Part 1 : We will show that we can neglect this part.

1.1) i = 1 : Assuming without loss of generality that θ1 < θ2 leads to

θ̂2
Pk−1,1(

θ̂Pk,1 − θ̂Pk−1,1

)(
θ̂Pk,2 − θ̂Pk−1,1

) û2
Pk−1,1,k

(
1−

k∑
r=1

û2
Pk−1,1,r

)

=
θ̂2
Pk−1,1(

θ̂Pk,1 − θ̂Pk−1,1

)(
θ̂Pk,2 − θ̂Pk−1,1

) û2
Pk−1,1,k︸ ︷︷ ︸

Op
(

1
min(θ1,θk)

)

 1−
k−1∑
r=1

û2
Pk−1,1,r︸ ︷︷ ︸

=(1−α̂2
Pk−1,1)=Op

(
1
θ1

)
− û2

Pk−1,1,k︸ ︷︷ ︸
Op
(

1
θ1m

)


= Op

(
1

θ1 min(θ1, θk)

)
.

1.2) i = 2 :

θ̂2
Pk−1,2(

θ̂Pk,1 − θ̂Pk−1,2

)(
θ̂Pk,2 − θ̂Pk−1,2

) û2
Pk−1,2,k

(
1−

k∑
r=1

û2
Pk−1,2,r

)
= Op

(
1

θ1 min(θ2, θk)

)
.

1.3) i = 3, ..., k − 1 :

θ̂2
Pk−1,i(

θ̂Pk,1 − θ̂Pk−1,i

)(
θ̂Pk,2 − θ̂Pk−1,i

) û2
Pk−1,i,k

(
1−

k∑
r=1

û2
Pk−1,i,r

)
= Op

(
1

max(θ1, θi) max(θ2, θi)m

)
.

1.4) i > k :

λ̂2
Pk−1,i(

θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,i

) û2
Pk−1,i,k

(
1−

k∑
r=1

û2
Pk−1,i,r

)
= Op

(
1

θ1θ2m

)

⇒
m∑
i=k

λ̂2
Pk−1,i(

θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,i

) û2
Pk−1,i,k

(
1−

k∑
r=1

û2
Pk−1,i,r

)
= Op

(
1

θ1θ2

)
.

Part 2 : The second part is trickier but many elements can be neglected.
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2.1) i 6= j > k : By the previous part, if i = j > k, then the sum is Op

(
1

θ1θ2

)
.∣∣∣∣∣∣

∑
i 6=j>k

λ̂Pk−1,iλ̂Pk−1,j(
θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,i,kûPk−1,j,k

(
−

k∑
r=1

ûPk−1,i,rûPk−1,j,r

)
+Op

(
1

θ1θ2

)∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
i,j>k

λ̂Pk−1,iλ̂Pk−1,j(
θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,i,kûPk−1,j,k

(
−

k∑
r=1

ûPk−1,i,rûPk−1,j,r

)∣∣∣∣∣∣
=

∣∣∣∣∣∣
k∑
r=1

∑
i,j>k

λ̂Pk−1,iλ̂Pk−1,j(
θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,i,kûPk−1,j,k

(
−ûPk−1,i,rûPk−1,j,r

)∣∣∣∣∣∣
6 Op (1)×

k∑
r=1

1

θ̂Pk,2θ̂Pk,1

∑
i>k

∣∣∣λ̂Pk−1,iûPk−1,i,kûPk−1,i,r

∣∣∣
2

6 Op (1)×
k∑
r=1

1

θ̂Pk,2θ̂Pk,1

∑
i>k

λ̂2
Pk−1,iû

2
Pk−1,i,k

∑
i>k

û2
Pk−1,i,r


6 Op (1)×

k∑
r=1

λ2
max

θ̂Pk,2θ̂Pk,1

∑
i>k

û2
Pk−1,i,k

∑
i>k

û2
Pk−1,i,r


= Op

(
1

θ1θ2

)
.

2.2) i = 2, ..., k − 1, j > k :

2.2.1) r = 1, ..., k − 1:∣∣∣∣∣∣
∑
j>k

λ̂Pk−1,iλ̂Pk−1,j(
θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,i,kûPk−1,j,k

(
−
k−1∑
r=2

ûPk−1,i,rûPk−1,j,r

)∣∣∣∣∣∣
6
∑
j>k

λ̂Pk−1,iλ̂Pk−1,j(
θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,j

) ∣∣ûPk−1,i,k

∣∣ ∣∣ûPk−1,j,k

∣∣(k−1∑
r=2

∣∣ûPk−1,i,r

∣∣ ∣∣ûPk−1,j,r

∣∣)

6 Op

(
1

θ1θ2

) k−1∑
r=2

λ̂Pk−1,i

∣∣ûPk−1,i,kûPk−1,i,r

∣∣︸ ︷︷ ︸
Op
(

1

m1/2

)
m∑
j=k

λ̂Pk−1,j

∣∣ûPk−1,j,kûPk−1,j,r

∣∣
︸ ︷︷ ︸

Op(m1/2)

= Op

(
1

θ1θ2

)
.

The size could be improved; however, this estimation is enough to justify neglecting the
term.

2.2.2) r = k: ∣∣∣∣∣∣
∑
j>k

λ̂Pk−1,iλ̂Pk−1,j(
θ̂Pk,1 − λ̂Pk−1,i

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,i,kûPk−1,j,k

(
−ûPk−1,i,kûPk−1,j,k

)∣∣∣∣∣∣
6 Op

(
1

θ1θ2

)
λ̂Pk−1,i û

2
Pk−1,i,k︸ ︷︷ ︸
Op
(

1
θim

)
m∑
j=k

λ̂Pk−1,j û
2
Pk−1,j,k︸ ︷︷ ︸

Op(1)

= Op

(
1

θ1θ2m

)
.

2.3) i = 1, j > k :
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2.3.1) r = 2, 3, 4, ..., k − 1:∣∣∣∣∣∣
∑
j>k

θ̂Pk−1,1λ̂Pk−1,j(
θ̂Pk,1 − θ̂Pk−1,1

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,1,kûPk−1,j,k

(
−
k−1∑
r=2

ûPk−1,1,rûPk−1,j,r

)∣∣∣∣∣∣
= Op

(
θ1m

θ2 min(θ1, θk)

) k−1∑
r=2

∣∣ûPk−1,1,kûPk−1,1,r

∣∣︸ ︷︷ ︸
Op

(
min(θ1,θr)

1/2

θ
1/2
1 max(θ1,θr)

1/2m

)
m∑
j=k

λ̂Pk−1,j

∣∣ûPk−1,j,kûPk−1,j,r

∣∣

6 max
r=2,...,k−1

Op( θ
1/2
1 min(θ1, θr)

1/2

θ2 max(θ1, θr)1/2 min(θ1, θk)

) m∑
j=k

λ̂2
Pk−1,j û

2
Pk−1,j,k

1/2 m∑
j=k

û2
Pk−1,j,r

1/2


6 Op

(
1

θ1θ2

)
.

2.3.2) r = k: ∣∣∣∣∣∣
∑
j>k

θ̂Pk−1,1λ̂Pk−1,j(
θ̂Pk,1 − θ̂Pk−1,1

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,1,kûPk−1,j,k

(
−ûPk−1,1,kûPk−1,j,k

)∣∣∣∣∣∣
= Op

(
1

θ2 min(θ1, θk)

)
.

2.3.3) r = 1: We use the Theorem 5.11.1 for eigenvectors part (b) and (h).∣∣∣∣∣∣
∑
j>k

θ̂Pk−1,1λ̂Pk−1,j(
θ̂Pk,1 − θ̂Pk−1,1

)(
θ̂Pk,2 − λ̂Pk−1,j

) ûPk−1,1,kûPk−1,j,k

(
−ûPk−1,1,1ûPk−1,j,1

)∣∣∣∣∣∣
=

∣∣∣∣∣ θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

ûPk−1,1,kûPk−1,1,1

∣∣∣∣∣︸ ︷︷ ︸
Op

(
θ
1/2
1 m1/2

min(θ1,θk)

)

∣∣∣∣∣∣
∑
j>k

λ̂Pk−1,j

θ̂Pk,2 − λ̂Pk−1,j

ûPk−1,j,kûPk−1,j,1

∣∣∣∣∣∣︸ ︷︷ ︸
Op

(
1

θ2θ
1/2
1 m1/2

)

= Op

(
1

θ2 min(θ1, θk)

)
.

2.4) j < k, i > k : As in 2.2 and 2.3, we can show that this part is Op

(
1

θ1 min(θ2,θk)

)
.

2.5) i, j < k

2.5.1) i, j < k, i 6= 1, j 6= 2:

θ̂Pk−1,iθ̂Pk−1,j(
θ̂Pk,1 − θ̂Pk−1,i

)(
θ̂Pk,2 − θ̂Pk−1,j

) ûPk−1,i,kûPk−1,j,k︸ ︷︷ ︸
Op

(
θ
1/2
i

θ
1/2
j

max(θ1,θi)max(θ2,θj)m

)

(
−

k∑
r=1

ûPk−1,i,rûPk−1,j,r

)
︸ ︷︷ ︸

Op

(
1

θ
1/2
i

θ
1/2
j

m1/2

)
(by induction on k − 1)

= Op

(
1

θ1θ2m3/2

)
.

2.5.2) i = 1, j = 3, 4, ..., k − 1:

θ̂Pk−1,1θ̂Pk−1,j(
θ̂Pk,1 − θ̂Pk−1,1

)(
θ̂Pk,2 − θ̂Pk−1,j

) ûPk−1,1,kûPk−1,j,k︸ ︷︷ ︸
Op

(
θ
1/2
1 θ

1/2
j

min(θ1,θk)max(θ2,θj)

)

(
−

k∑
r=1

ûPk−1,1,rûPk−1,j,r

)
︸ ︷︷ ︸

Op

(
1

θ
1/2
1 θ

1/2
j

m1/2

)
(by induction on k − 1)

= Op

(
1

θ2 min(θ1, θk)m1/2

)
.
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2.5.3) j = 2, i = 3, 4, ..., k − 1: By similar simplifications as 2.5.2,

θ̂Pk−1,iθ̂Pk−1,2(
θ̂Pk,1 − θ̂Pk−1,i

)(
θ̂Pk,2 − θ̂Pk−1,2

) ûPk−1,i,kûPk−1,2,k

(
−

k∑
r=1

ûPk−1,i,rûPk−1,2,r

)

= Op

(
1

θ1 min(θ2, θk)m1/2

)
.

2.5.4) i = 1, j = 2 :

θ̂Pk−1,1θ̂Pk−1,2(
θ̂Pk,1 − θ̂Pk−1,1

)(
θ̂Pk,2 − θ̂Pk−1,2

) ûPk−1,1,kûPk−1,2,k︸ ︷︷ ︸
∼
(

θ
1/2
1 θ

1/2
2 m

min(θ1,θk)min(θ2,θk)

)

(
−

k∑
r=1

ûPk−1,1,rûPk−1,2,r

)
︸ ︷︷ ︸

Op

(
1

θ
1/2
1 θ

1/2
2 m1/2

)
(by induction on k − 1)

= Op

(
m1/2

min(θ1, θk) min(θ2, θk)

)
.

This term is non-negligible and its estimation is presented in C.

Therefore,

m∑
s=k+1

ûPk,1,sûPk,2,s =

1√
D1D2N1N2

 θ̂Pk−1,1θ̂Pk−1,2(
θ̂Pk,1 − θ̂Pk−1,1

)(
θ̂Pk,2 − θ̂Pk−1,2

) ûPk−1,1,kûPk−1,2,k

(
−

k∑
r=1

ûPk−1,1,rûPk−1,2,r

)
+Op

(
1

θ
1/2
1 θ

1/2
2 m

)
.

B: In this paragraph we study 1√
D1D2N1N2

.

D1 =

m∑
i=k

λ̂2
Pk−1,i

(θ̂Pk,1 − λ̂Pk−1,i)
2
û2
Pk−1,i,k︸ ︷︷ ︸

Op

(
1

θ21

)
+

θ̂2
Pk−1,1

(θ̂Pk,1 − θ̂Pk−1,1)2
û2
Pk−1,1,k︸ ︷︷ ︸

∼ θ1m

min(θ1,θk)2

+

k−1∑
i=2

θ̂2
Pk−1,i

(θ̂Pk,1 − θ̂Pk−1,i)
2
û2
Pk−1,i,k︸ ︷︷ ︸

Op
(

1
θ1m

)

=
θ̂2
Pk−1,1

(θ̂Pk,1 − θ̂Pk−1,1)2
û2
Pk−1,1,k

+Op

(
1

θ1m

)
+Op

(
1

θ2
1

)
= Op

(
θ1m

min(θ1, θk)2

)
.

Because ûPk,t,s =
P

1/2
k ũPk,t
Nt

, then

N2
1 =

m∑
i 6=k

ũ2
Pk,1,i

+ ũ2
Pk,1,k

θk

= 1 + (θk − 1)ũ2
P2,1,2

= 1 +
1

(θk − 1)D1

= 1 +Op

(
min(θ1, θk)

max(θ1, θk)m

)
.
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We easily obtain

1

N1

√
D1

=
|θ̂Pk,1 − θ̂Pk−1,1|
θ̂Pk−1,1|ûPk−1,1,k|

+Op

(
min(θ1, θk)

θ
1/2
1 m3/2

)

= Op

(
min(θ1, θk)

θ
1/2
1 m1/2

)

and

1

N1N2

√
D1D2

=
|θ̂Pk,1 − θ̂Pk−1,1|
θ̂Pk−1,1|ûPk−1,1,k|

|θ̂Pk,2 − θ̂Pk−1,2|
θ̂Pk−1,2|ûPk−1,2,k|

+Op

(
min(θ1, θk)

θ
1/2
1 θ

1/2
2 m2

)

= Op

(
min(θ1, θk) min(θ2, θk)

θ
1/2
1 θ

1/2
2 m

)
.

C: From A and B, we conclude using Theorem 5.4.1,

m∑
s=k+1

ûPk,1,sûPk,2,s

=

θ̂Pk−1,1
θ̂Pk−1,2(

θ̂Pk,1
−θ̂Pk−1,1

)(
θ̂Pk,2

−θ̂Pk−1,2

) ûPk−1,1,kûPk−1,2,k

(
−
∑k
r=1 ûPk−1,1,rûPk−1,2,r

)
√
D1D2N1N2

+Op

(
1

θ
1/2
1 θ

1/2
2 m

)

= sign
(
ûPk−1,1,1ûPk−1,2,2ûPk,1,1ûPk,2,2

)(
−

k∑
r=1

ûPk−1,1,rûPk−1,2,r

)
+Op

(
1

θ
1/2
1 θ

1/2
2 m

)

= sign
(
ûPk−1,1,1ûPk−1,2,2ûPk,1,1ûPk,2,2

) m∑
s=k+1

ûPk−1,1,sûPk−1,2,s +Op

(
1

θ
1/2
1 θ

1/2
2 m

)
.

Using the remark of Theorem 5.11.1, the sign of the third line is correct with a probabil-
ity tending to 1 in 1/m. Therefore, using the convention ûPs,i,i > 0 for i = 1, 2, ..., s and
s = 1, 2, ..., k leads to

m∑
s=k+1

ûPk,1,sûPk,2,s =

m∑
s=k+1

ûPk−1,1,sûPk−1,2,s +Op

(
1

θ
1/2
1 θ

1/2
2 m

)

=

m∑
s=2

ûP2,1,sûP2,2,s +Op

(
1

θ
1/2
1 θ

1/2
2 m

)
,

where we remember that the error O is in probability.

7.1.6 Invariant Double Angle Theorem

Corollary 5.10.1.
Suppose WX and WY satisfies Assumption 2.2.1 and

P̃s = Im + (θs − 1)ese
t
s, for s = 1, 2, ..., k,

Pk = Im +
k∑
i=1

(θi − 1)eie
t
i respects 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We define

Σ̂X,P̃s
= P̃ 1/2

s WX P̃
1/2
s and Σ̂X,P̃s

= P̃ 1/2
s WY P̃

1/2
s ,

Σ̂X,Pk = P
1/2
k WXP

1/2
k and Σ̂Y,Pk = P

1/2
k WY P

1/2
k .
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Moreover, for s = 1, ..., k, we define

ûΣ̂X,P̃s ,1
, θ̂Σ̂X,P̃s ,1

s.t. Σ̂X,P̃s
ûΣ̂X,P̃s ,1

= θ̂Σ̂X,P̃s ,1
ûΣ̂X,P̃s ,1

,

ûΣ̂X,Pk ,s
, θ̂Σ̂X,Pk ,s

s.t. Σ̂X,Pk ûΣ̂X,Pk ,s
= θ̂Σ̂X,Pk ,s

ûΣ̂X,Pk ,s
,

where θ̂Σ̂X,P̃s ,1
= λ̂Σ̂X,P̃s,1

and θ̂Σ̂X,Pk ,s
= λ̂Σ̂X,Pk ,s

. The statistics of the group Y are defined in analogous
manner.
Then,

〈
ûΣ̂X,P̃s ,1

, ûΣ̂Y,P̃s ,1

〉2
=

k∑
i=1

〈
ûΣ̂X,Pk ,s

, ûΣ̂Y,Pk ,s

〉2
+Op

(
1

θsm

)

=

k+ε∑
i=1

〈
ûΣ̂X,Pk ,s

, ûΣ̂Y,Pk ,i

〉2
+Op

(
1

θsm

)
,

where ε is a small integer.

Remark 7.1.0.1.

1. The procedure of the proof shows an interesting invariant:
Assuming the sign convention ûPs,i,i > 0 for s = 1, 2, ..., k and i = 1, 2, ..., s,

m∑
i=k+1

ûPk,1,i
ˆ̂uPk,1,i =

m∑
i=k

ûPk−1,1,i
ˆ̂uPk−1,1,i +Op

(
1

θ1m

)
.

2. The distribution of
〈
ûΣ̂X,P1

,1, ûΣ̂Y,P1
,1

〉2
is computed in Theorem 5.3.1.

3. An error of ε principal components does not affect the asymptotic distribution of the
general double angle. This property allows us to construct a robust test.

(Page 83)

Proof. Corollary 5.10.1

We change the notation in order to obtain shorter equations

θ̂Ps,t = θ̂Σ̂X,Ps ,t
, ûPs,t = ûΣ̂X,Ps ,t

, λ̂Ps,t = λ̂Σ̂X,Ps ,t

ˆ̂
θPs,t = θ̂Σ̂Y,Ps ,t

, ˆ̂uPs,t = ûΣ̂Y,Ps ,t
,

ˆ̂
λPs,t = λ̂Σ̂Y,Ps ,t

.

Moreover, we use a specific notation for this proof,

ucs =
u1:s

||u1:s||
, where u is a vector of size m,

α̂2
Ps,i = ||ûPs,i,1:s||2,

ˆ̂α2
Ps,i = ||ˆ̂uPs,i,1:s||2.

Finally, using the notation 7.1.1 and relaxing θ1 > θ2 > ... > θk allow us to study only ûPk,1 and
ˆ̂uPk,1 without loss of generality.
The proof is essentially based on Theorem 5.3.1,5.6.1, 5.7.1 and 5.5.1.
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1. First we study
〈
ûP1,1,

ˆ̂uP1,1

〉2
:

〈
ûP1,1,

ˆ̂uP1,1

〉2
= û2

P1,1,1
ˆ̂u2
P1,1,1 + 2ûP1,1,1

ˆ̂uP1,1,1

m∑
i=2

ûP1,1,i
ˆ̂uP1,1,i +

(
m∑
i=1

ûP1,1,i
ˆ̂uP1,1,i

)2

= û2
P1,1,1

ˆ̂u2
P1,1,1︸ ︷︷ ︸

RV

(
Op(1),Op

(
1

θ21m

))+ CP1︸︷︷︸
RV

(
0,Op

(
1

θ21m

))+Op

(
1

θ2
1m

)
.

2. Now we want to prove 〈
ûP1,1,

ˆ̂uP1,1

〉2
=

k∑
i=1

〈
ûPk,1,

ˆ̂uPk,i

〉2
+Op

(
1

θ1m

)
.

Using Theorem 5.8.1 and 5.3.1,〈
ûPk,1,

ˆ̂uPk,1

〉2
=
〈
ûPk,1,1:k, ˆ̂uPk,1,1:k

〉2
+ 2ûPk,1,1

ˆ̂uPk,1,1

m∑
i=k+1

ûPk,1,i
ˆ̂uPk,1,i︸ ︷︷ ︸

CPk

+Op

(
1

θ1m

)
,

〈
ûPk,1,

ˆ̂uPk,s

〉2
=
〈
ûPk,1,1:k, ˆ̂uPk,s,1:k

〉2
+Op

(
1

max(θ1, θs)m

)
.

In this theorem we assume Assumption 2.2.2 (A4) and without loss of generality, we can
assume θ1, ..., θk1 are of same order and θk1+1, ..., θk are also of same order but different from
the first group. Moreover, no assumptions are made between the groups except Assumption
2.2.2 (A4). This means that either all the eigenvalues are proportional or one group has finite
eigenvalues. Therefore,

k∑
i=1

〈
ûPk,1,

ˆ̂uPk,i

〉2
=

k1∑
i=1

〈
ûPk,1,

ˆ̂uPk,i

〉2
+Op

(
1

θ1m

)
.

Moreover, we easily see that for i = 1, 2, ..., k1,

ˆ̂α2
Pk,i

= ||ˆ̂uPs,i,1:k||2

= ||ˆ̂uPs,i,1:k1 ||2 +Op

(
1

θ1m

)
.

Thus
k1∑
i=1

〈
ûPk,1,

ˆ̂uPk,i

〉2
=

k1∑
i=1

〈
ûPk,1,1:k, ˆ̂uPk,i,1:k

〉2
+ Ck +Op

(
1

θ1m

)

=

k1∑
i=1

〈
ûPk,1,1:k1 ,

ˆ̂uPk,i,1:k1

〉2
+ Ck +Op

(
1

θ1m

)

=

k1∑
i=1

α̂2
Pk,1

ˆ̂α2
Pk,i

〈
û
ck1
Pk,1

, ˆ̂u
ck1
Pk,i

〉2
+ Ck +Op

(
1

θ1m

)

= α̂2
Pk,1

ˆ̂α2
Pk,1

k1∑
i=1

〈
û
ck1
Pk,1

, ˆ̂u
ck1
Pk,i

〉2
+ Ck +Op

(
1

θ1m

)

+α̂2
Pk,1

k1∑
i=2

(
ˆ̂α2
Pk,i
− ˆ̂α2

Pk,1

)〈
û
ck1
Pk,1

, ˆ̂u
ck1
Pk,i

〉2

= α̂2
P1,1

ˆ̂α2
P1,1

k1∑
i=1

〈
û
ck1
Pk,1

, ˆ̂u
ck1
Pk,i

〉2

︸ ︷︷ ︸
Part 1

+ CPk︸︷︷︸
Part 2

+Op

(
1

θ1m

)
,
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Where the last equality is obtained because for i = 1, 2, ..., k1, ˆ̂α2
Pk,i
− ˆ̂α2

Pk,1
= Op (1/θ1).

Therefore, we just need to show that

k1∑
i=1

〈
û
ck1
Pk,1

, ˆ̂u
ck1
Pk,i

〉2
= 1 +Op

(
1

θ1m

)
,

CPk = CP1 +Op

(
1

θ1m

)
.

Part 1 : First we prove that

k1∑
i=1

〈
û
ck1
Pk,i

, ˆ̂u
ck1
Pk,i

〉2
= 1 +Op

(
1

θ1m

)
.

We apply Gramm-Schmidt to ˆ̂u
ck1
Pk,1

, ˆ̂u
ck1
Pk,2

, ..., ˆ̂u
ck1
Pk,k1

,

ˆ̂wPk,1 = ˆ̂u
ck1
Pk,1

.

ˆ̂wPk,2 =
(

ˆ̂u
ck1
Pk,2
−
〈

ˆ̂u
ck1
Pk,2

, ˆ̂wPk,1

〉
ˆ̂wPk,1

)(
1 +Op

(
1

θ2
1m

))
.

Indeed by Theorems 5.6.1 and 5.7.1,

||ˆ̂uck1Pk,2
−
〈

ˆ̂u
ck1
Pk,2

, ˆ̂wPk,1

〉
ˆ̂wPk,1|| = 1−

〈
ˆ̂u
ck1
Pk,1

, ˆ̂u
ck1
Pk,2

〉2

︸ ︷︷ ︸
−αPk,1αPk,2

∑m
i=k+1

ˆ̂uPk,1,i
ˆ̂uPk,2,i

= 1 +Op

(
1

θ2
1m

)
.

ˆ̂wPk,p =

(
ˆ̂u
ck1
Pk,p
−
p−1∑
i=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,i

〉
ˆ̂wPk,i

)(
1 +Op

(
1

θ2
1m

))
.

However, the norm is more difficult to estimate for p = 3, 4, ..., k1:

||ˆ̂uck1Pk,p
−
p−1∑
i=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,i

〉
ˆ̂wPk,i|| = 1−

p−1∑
i=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,i

〉2

= 1−
p−1∑
i=1

〈
ˆ̂u
ck1
Pk,p

,

i∑
j=1

aj ˆ̂u
ck1
Pk,j

〉2

, for some |ai| < 1,

= 1−
p−1∑
i=1

i∑
j1,j2=1

〈
ˆ̂u
ck1
Pk,p

, aj1
ˆ̂u
ck1
Pk,j1

〉〈
ˆ̂u
ck1
Pk,p

, aj2
ˆ̂u
ck1
Pk,j2

〉
= 1 +Op

(
1

θ2
1m

)
.

Therefore, we can express the truncated eigenvectors in a orthonormal basis,

⇒ ˆ̂uckPk,1 = ˆ̂wPk,1,

For p = 2, ..., k1,

ˆ̂u
ck1
Pk,p

=

(
ˆ̂wPk,p +

p−1∑
i=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,i

〉
ˆ̂wPk,i

)(
1 +Op

(
1

θ2
1m

))
.
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Thus
k1∑
p=1

〈
û
ck1
Pk,1

, ˆ̂u
ck1
Pk,p

〉2

=
〈
ûckPk,1,

ˆ̂wPk,1

〉2
+

k1∑
p=2

〈
û
ck1
Pk,1

, ˆ̂wPk,p +

p−1∑
j=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉
ˆ̂wPk,j

〉2

+Op

(
1

θ2
1m

)

=

k1∑
p=1

〈
û
ck1
Pk,1

, ˆ̂wPk,p

〉2
+

 k1∑
p=2

〈
û
ck1
Pk,1

,

p−1∑
j=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉
ˆ̂wPk,j

〉2

+2

k1∑
p=2

〈
û
ck1
Pk,1

, ˆ̂wPk,p

〉〈
û
ck1
Pk,1

,

p−1∑
j=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉
ˆ̂wPk,j

〉+Op

(
1

θ2
1m

)

= 1 +

k1∑
p=2

p−1∑
j=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉〈
û
ck1
Pk,1

, ˆ̂wPk,j

〉2

+2

k1∑
p=2

p−1∑
j=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉〈
û
ck1
Pk,1

, ˆ̂wPk,p

〉〈
û
ck1
Pk,1

, ˆ̂wPk,j

〉
+Op

(
1

θ2
1m

)

= 1 +A+B +Op

(
1

θ2
1m

)
.

Next we prove separately that A and B are negligible.

A : By Theorem 5.6.1, 5.7.1,〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉
, k1 > p > j :

j = 1 :
〈

ˆ̂u
ck1
Pk,p

, ˆ̂wPk,1

〉
=
〈

ˆ̂u
ck1
Pk,p

, ˆ̂u
ck1
Pk,1

〉
= Op

(
1

θ1
√
m

)
,

j 6= 1 :
〈

ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉(
1 +Op

(
1

θ2
1m

))
=
〈

ˆ̂u
ck1
Pk,p

, ˆ̂u
ck1
Pk,j

〉
−
j−1∑
i=1

〈
ˆ̂u
ck1
Pk,j

, ˆ̂wPk,i

〉
︸ ︷︷ ︸
Op
(

1
θ1
√
m

)
〈

ˆ̂u
ck1
Pk,p

, ˆ̂wPk,i

〉
︸ ︷︷ ︸

Op
(

1√
m

)
= Op

(
1

θ1
√
m

)
.

〈
û
ck1
Pk,1

, ˆ̂wPk,j

〉
, k1 > j :

j 6= 1 :
〈
û
ck1
Pk,1

, ˆ̂wPk,j

〉(
1 +Op

(
1

θ2
1m

))
=
〈
û
ck1
Pk,1

, ˆ̂u
ck1
Pk,j

〉
−
j−1∑
i=1

〈
ˆ̂wPk,i,

ˆ̂u
ck1
Pk,j

〉
︸ ︷︷ ︸
Op
(

1
θ1
√
m

)
〈
û
ck1
Pk,1

, ˆ̂wPk,i

〉
︸ ︷︷ ︸

=Op(1)

= Op

(
1√
m

)
,

j = 1 :
〈
û
ck1
Pk,1

, ˆ̂wPk,1

〉
= Op (1) .

Consequently, p−1∑
j=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉〈
û
ck1
Pk,1

, ˆ̂wPk,j

〉2

= Op

(
1

θ2
1m

)

Therefore, A = Op

(
1

θ2
1m

)
.
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B : The same estimations as previously lead to

B = 2

k1∑
p=2

p−1∑
j=1

〈
ˆ̂u
ck1
Pk,p

, ˆ̂wPk,j

〉
︸ ︷︷ ︸

Op
(

1
θ1
√
m

)
〈
û
ck1
Pk,1

, ˆ̂wPk,p

〉
︸ ︷︷ ︸

Op
(

1√
m

)
〈
û
ck1
Pk,1

, ˆ̂wPk,j

〉
︸ ︷︷ ︸

Op(1)

= Op

(
1

θ1m

)
.

Therefore,
k1∑
i=1

〈
û
ck1
Pk,i

, ˆ̂u
ck1
Pk,i

〉2
= 1 +Op

(
1

θ1m

)
.

Part 2 : In this part we prove the invariance of CP1 . We need to show:

CPk = 2ûPk,1,1
ˆ̂uPk,1,1

m∑
i=k+1

ûPk,1,i
ˆ̂uPk,1,i

= 2ûP1,1,1
ˆ̂uP1,1,1

m∑
i=2

ûP1,1,i
ˆ̂uP1,1,i +Op

(
1

θ1m

)
= CP1 +Op

(
1

θ1m

)
.

In order to prove this result we show CPk = CPk−1
+Op

(
1

θ1m

)
and more precisely,

2ûPk,1,1
ˆ̂uPk,1,1

m∑
i=k+1

ûPk,1,i
ˆ̂uPk,1,i = 2ûPk−1,1,1

ˆ̂uPk−1,1,1

m∑
i=k

ûPk−1,1,i
ˆ̂uPk−1,1,i +Op

(
1

θ1m

)
.

The proof is similar to the proofs of invariant eigenvectors structure 5.7.1 and 5.5.1. We use
Theorem 5.11.1 in order to estimate each term of the sum. Assuming Pk−1 respects 2.2.2(A4)
the last added eigenvalue can be either proportional to θ1 or to the other group.
In this proof we do not use the convention of the sign : ûPk,i,i > 0 for i = 1, 2, ..., k.

We start by studying ûPk,1. As in Theorem 5.11.1, for s > k,

ûPk,1,s =
1√
D̂1N̂1

(
m∑
i=k

λ̂Pk−1,i

θ̂Pk,1 − λ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k +
θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

ûPk−1,1,sûPk−1,1,k

+

k1∑
i=2

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k +

k−1∑
i=k1+1

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k

)
.

By a similar proof as part (a), (b) and (c) of Theorem 5.11.1,

Âs =

m∑
i=k

λ̂Pk−1,i

θ̂Pk,1 − λ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k = Op

(
1√
mθ1

)
,

B̂s =
θ̂Pk−1,1

θ̂Pk,1 − θ̂Pk−1,1

ûPk−1,1,sûPk−1,1,k ∼
1

min(θ1, θk)
,

Ĉs =

k1∑
i=2

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k = Op

(
1

mθ1

)
,
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ĈGs =
k−1∑

i=k1+1

θ̂Pk−1,i

θ̂Pk,1 − θ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k = Op

(
1

mθ1

)
,

D̂1 =
θ̂2
Pk−1,1(

θ̂Pk,1 − θ̂Pk−1,1

)2 û
2
Pk−1,1,k

+Op

(
1

θ2
1

)
+Op

(
1

θ2
1m

)
,

N̂1 = 1 +Op

(
min(θ1, θk)

max(θ1, θk)m

)
.

Thus,

ûPk,1,s =
1√
D̂1N̂1

(
Âs + B̂s + Ĉs + ĈGs

)
.

Therefore,

m∑
s=k+1

ûPk,1,i
ˆ̂uPk,1,i =

∑m
s=k+1

(
Âs + B̂s + Ĉs + ĈGs

)(
ˆ̂
As +

ˆ̂
Bs +

ˆ̂
Cs +

ˆ̂
CGs

)
√
D̂1N̂1

√
ˆ̂
D1

ˆ̂
N1

.

Many terms are negligible,

m∑
s=k+1

Âs
ˆ̂
As = Op

(
1

θ2
1

)
,

m∑
s=k+1

Âs
ˆ̂
Cs = Op

(
1√
mθ2

1

)
,

m∑
s=k+1

B̂s
ˆ̂
Cs = Op

(
1

θ1 min(θ1, θk)

)
,

m∑
s=k+1

Ĉs
ˆ̂
Cs = Op

(
1

mθ2
1

)
.

Moreover, because ˆ̂uPk−1,1,s is invariant by rotation, then

m∑
s=k+1

Âs
ˆ̂
Bs =

ˆ̂
θPk−1,1

ˆ̂
θPk,1 −

ˆ̂
θPk−1,1

ˆ̂uPk−1,1,k

m∑
s=k+1

(
ˆ̂uPk−1,1,s

m∑
i=k

λ̂Pk−1,i

θ̂Pk,1 − λ̂Pk−1,i

ûPk−1,i,sûPk−1,i,k

)
︸ ︷︷ ︸

Op

(
1

mθ21

)

= Op

(
1

θ1 min(θ1, θk)

)
.

Using the remark of Theorem 5.11.1, the last term leads to

m∑
s=k+1

ûPk,1,i
ˆ̂uPk,1,i

=
1√

D̂1N̂1

√
ˆ̂
D1

ˆ̂
N1

m∑
s=k+1

B̂s
ˆ̂
Bs +Op

(
1

θ1m

)

=

θ̂Pk−1,1

θ̂Pk,1−θ̂Pk−1,1
ûPk−1,1,k

ˆ̂
θPk−1,1

ˆ̂
θPk,1−

ˆ̂
θPk−1,1

ˆ̂uPk−1,1,k
∑m

s=k+1 ûPk−1,1,s
ˆ̂uPk−1,1,s

θ̂Pk−1,1∣∣∣θ̂Pk,1−θ̂Pk−1,1

∣∣∣
∣∣ûPk−1,1,k

∣∣ ˆ̂
θPk−1,1∣∣∣ ˆ̂θPk,1− ˆ̂

θPk−1,1

∣∣∣
∣∣∣ˆ̂uPk−1,1,k

∣∣∣ +Op

(
1

θ1m

)

= sign
((
θ̂Pk,1 − θ̂Pk−1,1

)
ûPk−1,1,k

(
ˆ̂
θPk,1 −

ˆ̂
θPk−1,1

)
ˆ̂uPk−1,1,k

) m∑
s=k+1

ûPk−1,1,s
ˆ̂uPk−1,1,s

= sign (ûPk,1,1) sign
(

ˆ̂uPk,1,1

)
sign

(
ˆ̂uPk−1,1,1

)
sign

(
ûPk−1,1,1

) m∑
s=k+1

ûPk−1,1,s
ˆ̂uPk−1,1,s.
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Therefore,

2ûPk,1,1
ˆ̂uPk,1,1

m∑
i=k+1

ûPk,1,i
ˆ̂uPk,1,i = 2ûPk−1,1,1

ˆ̂uPk−1,1,1

m∑
i=k

ûPk−1,1,i
ˆ̂uPk−1,1,i +Op

(
1

θ1m

)
and the remark is straightforward assuming the sign convention.

7.1.7 Double dot product

Theorem 5.11.3.
Suppose WX and WY satisfies Assumption 2.2.1 and Pk = Im +

∑k
i=1(θi − 1)eie

t
i satisfies 2.2.2 (A4),

where θ1 > θ2 > ... > θk. We set

Σ̂X = Σ̂X,Pk = P
1/2
k WXP

1/2
k and Σ̂Y,Pk = P

1/2
k WY P

1/2
k .

and for s = 1, ..., k,

ûΣ̂X ,s
, θ̂Σ̂X ,s

s.t. Σ̂X ûΣ̂X ,s
= θ̂Σ̂X ,s

ûΣ̂X ,s
,

ûΣ̂Y ,s
, θ̂Σ̂Y ,s

s.t. Σ̂Y ûΣ̂Y ,s
= θ̂Σ̂Y ,s

ûΣ̂Y ,s
,

where θ̂Σ̂Y ,s
= λ̂Σ̂Y ,s

and θ̂Σ̂X ,s
= λ̂Σ̂X ,s

. To simplify the result we assume the sign convention:

For s = 1, 2, ..., k and i = 1, 2, ..., s, ûΣ̂X ,i,i
> 0, ûΣ̂Y ,i,i

> 0.

Finally, we define

ũs = Û tX
ˆ̂uΣ̂Y ,s

,

where,

ÛX = (v1, v2, · · · , vm) =
(
ûΣ̂X ,1

, ûΣ̂X ,2
, · · · ûΣ̂X ,k

, vk+1, vk+2, · · · , vm
)
,

where the vectors vk+1, ..., vm are chosen such that the matrix ÛX is orthonormal. Then,

• If θj , θt →∞:

m∑
i=k+1

ũj,iũt,i =
m∑

i=k+1

ûΣ̂Y ,j,i
ûΣ̂Y ,t,i

+
m∑

i=k+1

ûΣ̂X ,j,i
ûΣ̂X ,t,i

−
m∑

i=k+1

ûΣ̂X ,j,i
ûΣ̂Y ,t,i

−
m∑

i=k+1

ûΣ̂Y ,j,i
ûΣ̂X ,t,i

−
(
ûΣ̂X ,t,j

+ ûΣ̂Y ,j,t

)(
α̂2

Σ̂X ,j
− α̂2

Σ̂X ,t

)
+Op

(
1

θ1m

)
+Op

(
1

θ2
1

√
m

)
,

where α̂2
Σ̂X ,t

=
∑k

i=1 û
2
Σ̂X ,t,i

.

• If θj →∞ and θt is finite:

m∑
i=k+1

ũj,iũt,i = Op

(
1

√
m
√
θ1

)
.
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• If θj and θt are finite:

m∑
i=k+1

ũj,iũt,i = Op

(
1√
m

)
.

Moreover, for s = 1, ..., k, t = 2, ..., k and j = k + 1, ...m,

k∑
i=1

ũ2
s,i =

k∑
i=1

〈
ûΣ̂X ,i

, ûΣ̂Y ,s

〉2
,

ũs,s = ûΣ̂X ,s,s
ûΣ̂Y ,s,s

+Op

(
1

m

)
+Op

(
1

θ
1/2
s m1/2

)
,

ũs,t = ûΣ̂X ,t,s
+ ûΣ̂X ,s,t

+Op

( √
min(θs, θt)

m
√

max(θs, θt)

)
+Op

(
1

θtm1/2

)
,

ũt,s = Op

( √
min(θs, θt)

m
√

max(θs, θt)

)
+Op

(
1

θsm1/2

)
,

ũs,j = ûΣ̂Y ,s,j
− ûΣ̂X ,s,j

〈
ûΣ̂Y ,j

, ûΣ̂X ,j

〉
+Op

(
1

θ
1/2
s m

)
.

(Page 88)

Proof. Theorem 5.11.3

The proof of this theorem is divided into two main parts. First, we suppose Assumption 2.2.2(A3).
Thanks to this assumption, all the eigenvalues are of same order. This property will be helpful in
the computation of the dot product. In the second part we suppose Assumption 2.2.2(A4).
As in the proof of Theorem 5.10.1, we change the notation in order to obtain shorter equations :

θ̂t = θ̂Σ̂X,Pk ,t
, ût = ûΣ̂X,Pk ,t

,

ˆ̂
θt = θ̂Σ̂Y,Pk ,t

, ˆ̂ut = ûΣ̂Y,Pk ,t
.

Under Assumption 2.2.2(A3) : The proof is divided into two parts. First, we build the basis
v1, v2,..., vm using Gramm-Schmidt. Then, we directly compute the dot product.
Construction of v1, ..., vm
The construction of the terms vk + 1,...,vm is free. Therefore, we use Gramm-Schmidt and can
neglect some terms thanks to Theorems 5.3.1, 5.5.1, 5.6.1,5.7.1 and 5.8.1.

1.

v1 = û1, ..., vk = ûk.

2.

ṽk+1 = ek+1 −
k∑
i=1

ûi,k+1ûi,

||ṽk+1||2 = 1 +

k∑
i=1

û2
i,k+1 − 2

k∑
i=1

û2
i,k+1

= 1−
k∑
i=1

û2
i,k+1,

⇒ vk+1 =
ṽk+1

||ṽk+1||
.
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3.

ṽk+2 = ek+2 −
k∑
i=1

ûi,k+2ûi − 〈ek+2, ṽk+1〉
ṽk+1

||ṽk+1||2

= ek+2 −
k∑
i=1

ûi,k+2ûi +

(
k∑
i=1

ûi,k+1ûi,k+2

)(
ek+1 −

k∑
i=1

ûi,k+1ûi

)
1

1−
∑k
i=1 û

2
i,k+1︸ ︷︷ ︸

1+Op( 1
θm )

= ek+2 −
k∑
i=1

ûi,k+2ûi +


k∑
i=1

ûi,k+1ûi,k+2︸ ︷︷ ︸
Op( 1

θm )

+Op

(
1

θ2m2

)
 ek+1 −

k∑
i=1

Op

(
1

θ3/2m3/2

)
ûi,

||ṽk+2||2 = 1−
k∑
i=1

û2
i,k+2 +Op

(
1

θ2m

)
.

4.

ṽp = ep −
k∑
i=1

ûi,pûi −
p−1∑
s=k+1

〈ep, ṽs〉
ṽs
||ṽs||2

= ep −
k∑
i=1

ûi,pûi +

p−1∑
s=k+1


(

k∑
j=1

ûj,sûj,p

)(
es −

k∑
i=1

ûi,sûi

)
1

1−
∑k
i=1 û

2
i,s︸ ︷︷ ︸

1+Op( 1
θm )



= ep −
k∑
i=1

ûi,pûi +


p−1∑
s=k+1

(
k∑
j=1

ûj,sûj,p

)
es −

k∑
i,j=1

(
p−1∑
s=k+1

ûj,sûi,s

)
︸ ︷︷ ︸

by dot product

theorem :Op

(
1

θ
√
m

)
ûj,pûi


(

1 +Op

(
1

θm

))

= ep −
k∑
i=1

ûi,pûi +

p−1∑
s=k+1


k∑
i=1

ûi,sûi,p︸ ︷︷ ︸
Op( 1

θm )

+Op

(
1

θ2m2

)
 es −

k∑
i=1

Op

(
1

θ3/2m

)
ûi,

||ṽp||2 = 1−
k∑
i=1

û2
i,p +Op

(
1

θ2m

)
.

This concludes the construction of the orthonormal rotation

Û = (û1, û2, ..., ûk, vk+1, vk+2, ..., vm) .

Simplification of the partial scalar product
First, we express ũj,p as a function of ˆ̂ui and ûi for i = 1, 2, ..., k. Then, we estimate ũj,pũt,p. Finally,
we propose a formula for

∑m
p=k+1 ũj,pũt,p.
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For p = k + 1, k + 2, ...,m

ũj,p =
〈
vp, ˆ̂uj

〉

=

〈
ep −

k∑
i=1

ûi,pûi +

p−1∑
s=k+1

(
k∑
i=1

ûi,sûi,p +Op

(
1

θ2m2

))
es −

k∑
i=1

Op

(
1

θ3/2m

)
ûi, ˆ̂uj

〉
1 +Op

(
1
θm

)

=

ˆ̂uj,p − ûj,p
〈
ûj , ˆ̂uj

〉
−

k∑
i=1,i 6=j

ûi,p

ûi,j+ˆ̂uj,i+Op( 1
m )+Op

(
1

θm1/2

)︷ ︸︸ ︷〈
ûi, ˆ̂uj

〉
+

Op

(
1

θ3/2m

)︷ ︸︸ ︷
k∑
i=1

ûi,p

p−1∑
s=k+1

ˆ̂uj,sûi,s +Op

(
1

θ3/2m

)
1 +Op

(
1
θm

)
= ˆ̂uj,p − ûj,p

〈
ûj , ˆ̂uj

〉
−

k∑
i=1,i 6=j

ûi,p
(
ûi,j + ˆ̂uj,i

)
+Op

(
1

θ1/2m3/2

)
+Op

(
1

θ3/2m

)
.

ũj,pũt,p =
(

ˆ̂uj,p − ûj,p
〈
ûj , ˆ̂uj

〉)(
ˆ̂ut,p − ût,p

〈
ût, ˆ̂ut

〉)
−
(

ˆ̂ut,p − ût,p
〈
ût, ˆ̂ut

〉) k∑
i=1,i 6=j

ûi,p
(
ûi,j + ˆ̂uj,i

)

−
(

ˆ̂uj,p − ûj,p
〈
ûj , ˆ̂uj

〉) k∑
i=1,i 6=t

ûi,p
(
ûi,t + ˆ̂ut,i

)
+Op

(
1

θm2

)
+Op

(
1

θ2m3/2

)
= ˆ̂uj,p ˆ̂ut,p − ˆ̂uj,pût,p

〈
ût, ˆ̂ut

〉
− ˆ̂ut,pûj,p

〈
ûj , ˆ̂uj

〉
+ ûj,pût,p

〈
ût, ˆ̂ut

〉〈
ûj , ˆ̂uj

〉
−
(

ˆ̂ut,p − ût,p
〈
ût, ˆ̂ut

〉)
ût,p

(
ût,j + ˆ̂uj,t

)
−
(

ˆ̂ut,p − ût,p
〈
ût, ˆ̂ut

〉) k∑
i=1,i 6=j,t

ûi,p
(
ûi,j + ˆ̂uj,i

)

−
(

ˆ̂uj,p − ûj,p
〈
ûj , ˆ̂uj

〉)
ûj,p

(
ûj,t + ˆ̂ut,j

)
−
(

ˆ̂uj,p − ûj,p
〈
ûj , ˆ̂uj

〉) k∑
i=1,i 6=j,t

ûi,p
(
ûi,t + ˆ̂ut,i

)
+Op

(
1

θm2

)
+Op

(
1

θ2m3/2

)
.

m∑
p=k+1

ũj,pũt,p =

m∑
p=k+1

ˆ̂uj,p ˆ̂ut,p −
m∑

p=k+1

ˆ̂uj,pût,p −
m∑

p=k+1

ˆ̂ut,pûj,p +

m∑
p=k+1

ûj,pût,p +Op

(
1

θ2m1/2

)

−
(
ût,j + ˆ̂uj,t

) m∑
p=k+1

ˆ̂ut,pût,p


︸ ︷︷ ︸

Op( 1
θm )

−
(
ût,j + ˆ̂uj,t

) m∑
p=k+1

û2
t,p

〈ût, ˆ̂ut〉

−
k∑

i=1,i6=j,t

 m∑
p=k+1

ûi,p ˆ̂ut,p −
m∑

p=k+1

ûi,pût,p

〈
ût, ˆ̂ut

〉(ûi,j + ˆ̂uj,i

)
︸ ︷︷ ︸

Op( 1
θm )

−
(
ûj,t + ˆ̂ut,j

) m∑
p=k+1

ˆ̂uj,pûj,p


︸ ︷︷ ︸

Op( 1
θm )

−
(
ûj,t + ˆ̂ut,j

) m∑
p=k+1

û2
j,p

〈ûj , ˆ̂uj〉

−
k∑

i=1,i6=j,t

 m∑
p=k+1

ûi,p ˆ̂uj,p −
m∑

p=k+1

ûi,pûj,p

〈
ûj , ˆ̂uj

〉(ûi,t + ˆ̂ut,i

)
︸ ︷︷ ︸

Op( 1
θm )

+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)
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=

m∑
p=k+1

ˆ̂uj,p ˆ̂ut,p −
m∑

p=k+1

ˆ̂uj,pût,p −
m∑

p=k+1

ˆ̂ut,pûj,p +

m∑
p=k+1

ûj,pût,p

−
(
ût,j + ˆ̂uj,t

) (
1− α̂2

t

)
−

(
ûj,t + ˆ̂ut,j

)
︸ ︷︷ ︸

−(ût,j+ˆ̂uj,t+Op( 1
m ))

(
1− α̂2

j

)
+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)

=

m∑
p=k+1

ˆ̂uj,p ˆ̂ut,p −
m∑

p=k+1

ˆ̂uj,pût,p −
m∑

p=k+1

ˆ̂ut,pûj,p +

m∑
p=k+1

ûj,pût,p −
(
ût,j + ˆ̂uj,t

) (
α̂2
j − α̂2

t

)
+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)
.

Under Assumption 2.2.2(A4) : Under this assumption, the eigenvalues are separated into two
groups: θ1, θ2, ..., θk1 tending to infinity and θk1+1, θk1+2, ..., θk of finite size.

If k1 < j, t 6 k : The same proof as shown previously is still valid. However, because some
eigenvalues are finite, the formula leads to

m∑
i=k+1

ũj,iũt,i = Op

(
1

m1/2

)
.

If j 6 k1 and k1 < t 6 k : Assuming p 6 k1 < r 6 k, then by Theorem 5.8.1,

ũp,r =
〈

ˆ̂up, ûr

〉
=

k1∑
s=1

ûr,s︸︷︷︸
Op

(
1

θ
1/2
1 m1/2

)
ˆ̂up,s +

k∑
s=k1+1

ûr,s ˆ̂up,s︸︷︷︸
Op

(
1

θ
1/2
1 m1/2

)+
m∑

s=k+1

ûr,s ˆ̂up,s︸ ︷︷ ︸
Op

(
1

θ
1/2
1 m1/2

)
= Op

(
1

θ
1/2
1 m1/2

)
.

Then,

m∑
i=k+1

ũj,iũt,i = −
k∑
i=1

ũj,iũt,i

= −ũj,j ũt,j − ũj,tũt,t −
k1∑
i=1
i 6=j

ũj,iũt,i −
k∑

i=k1+1
i6=t

ũj,iũt,i

= Op

(
1

θ
1/2
1 m1/2

)
.

If j, t 6 k1: In this case we will apply two rotations to the eigenvectors in order to get the result.
We define three rotation matrices:

Û = (û1, û2, · · · ûk, vk+1, vk+2, · · · , vm) ,

Û∞ = (û1, û2, · · · ûk1 , v∞,k+1, v∞,k+2, · · · , v∞,m) ,

Û 6∞ = Û t∞Û .

Therefore

Û t6∞Û
t
∞

ˆ̂u1 = Û t ˆ̂u1 = ũ1.
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We define
∞
ũ1 such that

∞
ũ1 = Û t∞

ˆ̂u1.

The proof is divided into two parts.

1. First, we estimate

k∑
i=k1+1

ũj,iũt,i = Op

(
1

θ1m

)
.

2. Then, we show

k1∑
i=1

∞
ũ j,i
∞
ũ t,i =

k1∑
i=1

ũj,iũt,i.

1. Because

Û6∞ =

e1, e2, ..., ek1 ,

m∑
i=k1+1

〈∞
v i, ûk1+1

〉
ei, · · · ,

m∑
i=k1+1

〈∞
v i, ûm

〉
ei

 ,

does not affect the first k1 first components,

m∑
i=k1+1

∞
ũ j,i
∞
ũ t,i =

m∑
i=k1+1

ũj,iũt,i.

2. We compute

ũ1 = Û t6∞
∞
ũ1

=

(
∞
ũ1,1,

∞
ũ1,2, · · · ,

∞
ũ1,k1 ,

〈
m∑

i=k1+1

〈
∞
v i, ûk1+1

〉
ei,
∞
ũ1

〉
, · · · , ,

〈
m∑

i=k1+1

〈
∞
v i, ûk

〉
ei,
∞
ũ1

〉
, · · ·

)
.

We now show that ũ1,i for i = k1 + 1, ..., k are Op

(
1

θ
1/2
1 m1/2

)
.

ũ1,k1+1 =

〈
m∑

p=k1+1

〈∞
v p, ûk1+1

〉
ep,
∞
ũ1

〉

=

m∑
p=k1+1

〈∞
v p, ûk1+1

〉〈
ep,
∞
ũ1

〉
.

We need to estimate this sum using the first part of the proof and Theorem 5.8.1.
For p = k1 + 1, k1 + 2, ...,m,

∞
v p =

ep −
k1∑
i=1

ûi,pûi +

p−1∑
s=k1+1


k1∑
i=1

ûi,sûi,p︸ ︷︷ ︸
Op
(

1
θ1m

)
+Op

(
1

θ2
1m

2

)
 es −

k1∑
i=1

Op

(
1

mθ
3/2
1

)
ûi

1−
∑k1
i=1 û

2
i,p +Op

(
1

θ21m

) ,

∞
ũ1,p = ˆ̂u1,p − û1,p

〈
û1, ˆ̂u1

〉
−

k1∑
i=1,i6=1

ûi,p

(
ûi,1 + ˆ̂u1,i

)
+Op

(
1

θ
1/2
1 m3/2

)
+Op

(
1

θ
3/2
1 m

)

= ˆ̂u1,p − û1,p

〈
û1, ˆ̂u1

〉
+Op

(
1

θ
1/2
1 m

)
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and〈
∞
v p, ûk1+1

〉
=

(
ûk1+1,p +

p−1∑
s=k1+1

(
k1∑
i=1

ûi,sûi,p +Op

(
1

θ2
1m

2

))
ûk1+1,s

)(
1 +Op

(
1

θ1m

))

= ûk1+1,p +

p−1∑
s=k1+1

k1∑
i=1

ûi,sûi,pûk1+1,s︸ ︷︷ ︸
Op
(

1
θ1m

)
by Theorem 5.6.1

+Op

(
1

θ1m3/2

)

= ûk1+1,p +Op

(
1

θ1m

)
.

Therefore,

ũ1,k1+1 =

m∑
p=k1+1

〈
∞
v p, ûk1+1

〉∞
ũ1,p

=

m∑
p=k1+1

(
ûk1+1,p

ˆ̂u1,p − ûk1+1,pû1,p

〈
û1, ˆ̂u1

〉)
+Op

(
1

θ
1/2
1 m1/2

)

= Op

(
1

θ
1/2
1 m1/2

)
.

Where the last line is obtained by Theorems 5.6.1 and 5.7.1.

Therefore, because of a similar proof as in paragraph“Simplification of the partial scalar product”
shows

m∑
i=k1+1

∞
ũ j,i
∞
ũ t,i =

m∑
i=k1+1

ˆ̂uj,i ˆ̂ut,i +
m∑

i=k1+1

ûj,iût,i −
m∑

i=k1+1

ûj,i ˆ̂ut,i −
m∑

i=k1+1

ˆ̂uj,iût,i

−
(
ût,j + ˆ̂uj,t

) (
α̂2
j − α̂2

t

)
+Op

(
1

θ1m

)
+Op

(
1

θ2
1m

1/2

)
.

The proof of the formula is straightforward

k1∑
i=1

ũj,iũt,i = Op

(
1

θ1m

)
,

k1∑
i=1

∞
ũ j,i
∞
ũ t,i =

k1∑
i=1

ũj,iũt,i.

Finally, the small results are all proven in the proof of the formula and are left to the reader.

7.2 Proof of the Main Theorem

Results necessary to prove the Main Theorem 3.1.1 are separated into subsection.
First, we present a sketch of the proof without detail to explain the main idea.
Then, we prove some small useful lemmas of linear algebra.
Finally, we detail each part of the sketch of the proof.

Theorem 3.1.1.
Suppose WX ,WY ∈ Rm×m respect Assumptions 2.2.1 and 3.1.1 and for i = 1, 2, ..., k, θi respects
Assumptions 2.2.2 (A3) and (A1).
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1. Let P̃i = Im + (θi − 1)eie
t
i ∈ Rm×m and define

Σ̂X,P̃i
= P̃

1/2
i WX P̃

1/2
i and Σ̂Y,P̃i

= P̃
1/2
i WY P̃

1/2
i .

The induced filtered estimators become

ˆ̂
ΣX,P̃i

= Im + (
ˆ̂
θΣ̂X,P̃i

− 1)ûΣ̂X,P̃i
ût

Σ̂X,P̃i
and

ˆ̂
ΣY,P̃i

= Im + (
ˆ̂
θΣ̂Y,P̃i

− 1)ûΣ̂Y,P̃i
ût

Σ̂Y,P̃i
,

where
ˆ̂
θΣ̂X,P̃i

and
ˆ̂
θΣ̂Y,P̃i

are the unbiased estimators of the largest eigenvalues of Σ̂X,P̃i
and Σ̂Y,P̃i

respectively, as defined in Definition 2.2.1.

Then, conditioning on the spectra of WX and WY ,

√
m

(
λmax

(
ˆ̂
Σ
−1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ
−1/2

X,P̃i

)
− λ+

)
σ+

∼ N(0, 1) + op;m(1),

where

λ+ =
√
M2

2 − 1 +M2,

σ+2
=

1

(M2,X +M2,Y − 2) (M2,X +M2,Y + 2)(
9M4

2,XM2,Y + 4M3
2,XM

2
2,Y + 4M3

2,XM2,Y + 2M3
2,XM3,Y − 2M2

2,XM
3
2,Y

+4M2
2,XM

2
2,Y − 11M2

2,XM2,Y − 8M3,XM
2
2,XM2,Y + 2M2

2,XM2,YM3,Y

−2M2
2,XM3,Y +M2

2,XM4,Y + 4M2,XM
3
2,Y +M2,XM

2
2,Y + 4M2,XM2,Y

−4M3,XM2,XM
2
2,Y − 4M3,XM2,XM2,Y − 2M2,XM

2
2,YM3,Y − 4M2,XM2,YM3,Y

−6M2,XM3,Y + 2M4,XM2,XM2,Y + 2M2,XM2,YM4,Y − 2M3,XM
2
2,Y

+2M3,XM2,Y +M4,XM
2
2,Y + 4M5

2,X + 2M4
2,X − 4M3,XM

3
2,X − 13M3

2,X

−2M3,XM
2
2,X +M4,XM

2
2,X − 2M2

2,X + 10M3,XM2,X + 4M2,X + 4M3,X

−2M4,X +M5
2,Y + 2M4

2,Y −M3
2,Y − 2M2

2,Y + 4M2,Y − 2M3
2,YM3,Y

−2M2
2,YM3,Y + 2M2,YM3,Y + 4M3,Y +M2

2,YM4,Y − 2M4,Y − 4

)
+

1√
(M2,X +M2,Y − 2) (M2,X +M2,Y + 2)(

5M3
2,XM2,Y −M2

2,XM
2
2,Y + 2M2

2,XM2,Y + 2M2
2,XM3,Y −M2,XM

3
2,Y

+2M2,XM
2
2,Y − 4M2,XM2,Y − 4M3,XM2,XM2,Y − 2M2,XM3,Y +M2,XM4,Y

−2M3,XM2,Y +M4,XM2,Y + 4M4
2,X + 2M3

2,X − 4M3,XM
2
2,X − 5M2

2,X

−2M3,XM2,X +M4,XM2,X + 2M2,X + 2M3,X +M4
2,Y + 2M3

2,Y +M2
2,Y

+2M2,Y − 2M2
2,YM3,Y − 2M2,YM3,Y − 2M3,Y +M2,YM4,Y

)
,
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Ms,X =
1

m

m∑
i=1

λ̂sWX ,i
,

Ms,Y =
1

m

m∑
i=1

λ̂sWY ,i
,

Ms =
Ms,X +Ms,Y

2
.

Moreover,

√
m

(
λmin

(
ˆ̂
Σ
−1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ
−1/2

X,P̃i

)
− λ−

)
σ−

∼ N(0, 1) + op;m(1),

where

λ− = −
√
M2

2 − 1 +M2,

σ−
2

=
(
λ−
)4
σ+2

.

2. Let Pk = Im +
∑k

i=1(θi − 1)eie
t
iRm×m and define

Σ̂X,Pk = P
1/2
k WXP

1/2
k and Σ̂Y,Pk = P

1/2
k WY P

1/2
k .

The induced filtered estimators become

ˆ̂
ΣX,Pk = Im +

k∑
i=1

(
ˆ̂
θΣ̂X,Pk ,i

− 1)ûΣ̂X,Pk ,i
ût

Σ̂X,Pk ,i
and

ˆ̂
ΣY,Pk = Im +

k∑
i=1

(
ˆ̂
θΣ̂Y,Pk ,i

− 1)ûΣ̂Y,Pk ,i
ût

Σ̂Y,Pk ,i
,

where
ˆ̂
θΣ̂X,Pk ,i

and
ˆ̂
θΣ̂Y,Pk ,i

are the unbiased estimators of the i th largest eigenvalue of Σ̂X,Pk and

Σ̂Y,Pk respectively.
Then, conditioning on the spectra of WX and WY ,

λmax

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
= λmax

(
H+
)

+ 1 +Op

(
1

m

)
+Op

(
1

θ
√
m

)
,

λmin

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
= λmax

(
H−
)

+ 1 +Op

(
1

m

)
+Op

(
1

θ
√
m

)
,

where

H± = ζ±∞


ζ̂±1 /ζ

±
∞ w±1,2 w±1,3 · · · w±1,k

w±2,1 ζ̂±2 /ζ
±
∞ w±2,3 · · · w±2,k

w±3,1 w±3,2 ζ̂±3 /ζ
±
∞ · · · w±3,k

...
...

. . .
. . .

...

w±k,1 w±k,2 w±k,3 · · · ζ̂±k /ζ
±
∞

 ,

and

ζ̂+
i = λmax

(
ˆ̂
Σ

1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ

1/2

X,P̃i

)
− 1,

ζ̂−i = λmin

(
ˆ̂
Σ

1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ

1/2

X,P̃i

)
− 1,

ζ±∞ = lim
m→∞

ζ̂±i = λ± − 1,

w±i,j ∼ N

(
0,

1

m

2(M2,X − 1)(M2,Y − 1) +B±X +B±Y(
(ζ±∞ − 2M2 + 1)2 + 2(M2 − 1)

)2
)

+ op

(
1√
m

)
,
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B+
X =

(
1−M2 + 2M2,X +

√
M2

2 − 1

)2

(M2,X − 1)

+2

(
−1 +M2 − 2M2,x −

√
M2

2 − 1

)
(M3,X −M2,X) + (M4,X −M2

2,X),

B+
Y =

(
1 +M2 +M2,Y −M2,X −

√
M2

2 − 1

)2

(M2,Y − 1)

+2

(
−1−M2 −M2,Y −M2,X −

√
M2

2 − 1

)
(M3,Y −M2,Y ) + (M4,Y −M2

2,Y ),

B−X =

(
1−M2 + 2M2,X −

√
M2

2 − 1

)2

(M2,X − 1)

+2

(
−1 +M2 − 2M2,x +

√
M2

2 − 1

)
(M3,X −M2,X) + (M4,X −M2

2,X),

B−Y =

(
1 +M2 +M2,Y −M2,X +

√
M2

2 − 1

)2

(M2,Y − 1)

+2

(
−1−M2 −M2,Y +M2,X −

√
M2

2 − 1

)
(M3,Y −M2,Y ) + (M4,Y −M2

2,Y ).

The matrices H+ and H− are strongly correlated. However, within a matrix, all the entries are
jointly independent.

Remark 7.2.1.

1. Without Assumption 3.1.1, the red parts of the theorem are weaker. The entries wi,j
have the same two first moments but not necessarily the asymptotic normal distribution.
Then, the entries of H± are just uncorrelated instead of being independent.

2. If the spectra follow Marcenko-Pastur distributions, then

c =
cX + cY

2
,

λ+ = c+
√
c(c+ 2) + 1,

σ+2
= c3

X + c2
XcY + 3c2

X + 4cXcY − cX + c2
Y + cY

+
(8cX + 2c2

X +
(
c3
X + 5c2

X + c2
XcY + 4cXcY + 5cX + 3cY + c2

Y

)√
c(c+ 2)

c+ 2
,

w+
i,j ∼ N

(
0,
σ2
w

m

)
,

σ2
w =

2cX

(√
c(c+ 2) + 2

)
+ 2cY

(
−
√
c(c+ 2) + 2

)
+ c2

X + c2
Y

4c
(
−
√
c (c+ 2) + c+ 2

)2 .

3. If cX tends to 0, then

σ+2
=

(
M5

2,Y + 2M4
2,Y − 2M3,YM

3
2,Y +M3

2,Y − 4M3,YM
2
2,Y +M4,YM

2
2,Y + 2M2

2,Y

+2M4,YM2,Y + 2M2,Y − 2M3,Y −M4,Y − 2

)/(
(M2,Y − 1) (M2,Y + 3)

)

+

(
M4

2,Y +M3
2,Y − 2M3,YM

2
2,Y + 2M2

2,Y − 2M3,YM2,Y +M4,YM2,Y

−2M3,Y +M4,Y

)/√
(M2,Y − 1) (M2,Y + 3).
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4. When m is not large enough, the normality assumption of λ̂i is not respected. In this
case, and in particular if k is large, it could be profitable to estimate the order 1 residual
spike (P̃i) with the following algorithm.

(a) Let λ̂WX ,i, λ̂WY ,i be the eigenvalues of WX and WY respectively.

(b) Generate ux and uy, two independent uniform unit vectors of size m.

(c) Generate Z, a standard normal independent of ux and uy.

(d) We define

Wx,1,1 =
m∑
i=1

λ̂WX ,iu
2
x,i and W 2

x,1,1 =
m∑
i=1

λ̂WX ,iu
2
x,i,

Wy,2,2 =
m∑
i=1

λ̂WY ,iu
2
y,i and W 2

y,2,2 =
m∑
i=1

λ̂WY ,iu
2
y,i.

Assuming 2.2.1, the statistics Wx,1,1 and W 2
x,1,1 follow the distribution of the first

entry of WX and WX
2 respectively.

(e) Construct

θx = θ Wx,1,1 and α2
x = 1 + 1/θ − θ/θ2

x W
2
x,1,1,

θy = θ Wy,2,2 and α2
y = 1 + 1/θ − θ/θ2

y W
2
y,2,2,

α2 = α2
xα

2
y + 2

√
α2
xα

2
yZ

√
(1− α2

x)(1− α2
y)

m
.

(f) Finally, because θ is large enough

λmax

(
ˆ̂
Σ

1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ

1/2

X,P̃i

)
∼
θy
(
1− α2

)
+ 1 +

θy
θx

+

√
−4

θy
θx

+
(
θy (1− α2) +

θy
θx

+ 1
)2

2
,

λmin

(
ˆ̂
Σ

1/2

X,P̃i

ˆ̂
ΣY,P̃i

ˆ̂
Σ

1/2

X,P̃i

)
∼
θy
(
1− α2

)
+ 1 +

θy
θx
−
√
−4

θy
θx

+
(
θy (1− α2) +

θy
θx

+ 1
)2

2

In practice the spectra of WX and WY are not observed and will be replaced by the
m− k smallest eigenvalues of Σ̂X,Pk and Σ̂Y,Pk .

5. Assuming that we would like to use Monte Carlo methods to estimate the distribution,
we should first estimate the eigenvalues of the covariance matrices.
Without the theorem, the loops of the simulation generating the residual spikes generate
O
(
m2
)

elements.
Using the theorem, the loops generate k2 elements.
Finally, using the previous algorithm, the loops generate O(m) elements.

(Page 26)

7.2.1 Sketch of the proof

In this section we show the sketch of the proof. The details are presented in the next sections.

Residual spike for perturbations of order 1 :
Using Lemma 6.2.1 and Theorem 5.3.1, a delta method proves the first part of the Main Theorem
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3.1.1 for perturbations of order 1.
The details are presented in Section 7.2.3.

Decomposition of the matrix :
Generalisation of the previous result to perturbations of order k is not straightforward. We recall that
we want to study the largest eigenvalue of

ˆ̂
Σ
−1/2
Pk,X

ˆ̂
ΣPk,Y

ˆ̂
Σ
−1/2
Pk,X

,

where
ˆ̂
ΣPk,X is the filtered estimator of the random covariance matrix Σ̂Pk,X = P

1/2
k WXP

1/2
k defined

in 2.2.1. First, we define a rotation matrix ÛPk,X such that Û tPk,X ûPk,X,i = ei for i = 1, 2, ..., k and

Û tPk,X ûPk,Y,i = ũPk as in Theorem 5.11.3. Then, we propose the matrices with same eigenvalues,

Σ
−1/2
Pk,X

Σ̃Pk,Y Σ
−1/2
Pk,X

= Im +
k∑
i=1

[
Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,i − 1

)
ũPk,iũ

t
Pk,i

Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,i

− 1

)
eie

t
i

]
,

where ΣPk,X = Im +
∑k

i=1

(
ˆ̂
θPk,X,i − 1

)
eie

t
i and Σ̃Pk,Y = Im +

∑k
i=1

(
ˆ̂
θPk,Y,i − 1

)
ũiũ

t
i.

The details are presented in Section 7.2.4.

Pseudo Invariance of the residual spike :

The residual spike is not invariant when k grows. We define for i = 1, 2, ..., k, Σ̂P̃i,X
= P̃

1/2
i WX P̃

1/2
i ,

where P̃i = Im + (θi − 1)eie
t
i is a perturbation of order 1.

Therefore, an invariance is proven,

λ

(
Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,i − 1

)
ũPk,iũ

t
Pk,i

Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,i

− 1

)
eie

t
i

)
= λ

(
ˆ̂
Σ
−1/2

P̃i,X

ˆ̂
ΣP̃i,Y

ˆ̂
Σ
−1/2

P̃i,X

)
− 1 +Op

(
1

m

)
,

where λ() provides the non null eigenvalues. This result is proven assuming either that θ1 is large
or that the two non-trivial residual spikes of the perturbation of order 1 are distinct. The second
condition is clear because the eigenvectors are biased. However, when nX , nY >> m, this could create
some imprecision.
The details are presented in Section 7.2.5.

Pseudo residual eigenvectors :
The previous part demonstrates the pseudo invariance of the residual spike. The next step studies the
pseudo residual eigenvectors.
For s = 1, 2, ..., k, we set

ζ̂±s = λ

(
Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,s − 1

)
ũPk,sũ

t
Pk,s

Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,s

− 1

)
ese

t
s

)

and

w±s = u

(
Σ
−1/2
Pk,X

(
(θ̂Pk,Y,s − 1)ũPk,sũ

t
Pk,Y,s

)
Σ
−1/2
Pk,X

+

(
1

θ̂Pk,X,s
− 1

)
ese

t
s

)
,

its corresponding eigenvector. The notation ± allows ζ̂−s and ζ̂+
s to be distinguished. We define for

s = 1, 2, ..., k,

ζ±∞(θs) = lim
m→∞

ζ̂±s ,

ζ±∞ = lim
m,θs→∞

ζ̂±s .
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Then,

w±s,s =

√
θ̂Pk,X,s

Norm±s

√
θ̂Pk,Y,s − 1ũPk,s,s

(
ζ̂±s −

(
θ̂Pk,Y,s − 1

) (
1− α̂2

Pk,s

))
+Op

(
1

m

)

=

√
θs

Norm±s
√
θs − 1αs

(
ζ±∞(θs)− (θs − 1)

(
1− α2

s

))
+Op

(
1√
m

)
=

(ζ±∞ − 2 (M2 − 1))√(
ζ±∞ − 2 (M2 − 1)

)2
+ 2 (M2 − 1)

+Op

(
1√
m

)
+ op;θ (1) ,

w±s,2:m\s =

√
θ̂Pk,Y,s − 1

(
ũPk,s,1√
θ̂Pk,X,1

, ...,
ũPk,s,s−1√
θ̂Pk,X,s−1

ũPk,s,s+1√
θ̂Pk,X,s+1

, ...,
ũPk,s,k√
θ̂Pk,X,k

, ũPk,s,k+1, ..., ũPk,s,m

)
Norm±s

=

√
θ̂Pk,Y,1 − 1

(
ũPk,s,1√
θ̂Pk,X,1

, ...,
ũPk,s,s−1√
θ̂Pk,X,s−1

,
ũPk,s,s+1√
θ̂Pk,X,s+1

, ...,
ũPk,s,k√
θ̂Pk,X,k

, ũPk,s,k+1, ..., ũPk,s,m

)
√(

ζ±∞ − 2 (M2 − 1)
)2

+ 2 (M2 − 1) +Op

(
1√
m

)
+ op;θ(1)

,

(
Norm±s

)2
=

θ̂Pk,X,s

(
ζ̂±s −

(
θ̂Pk,Y,s − 1

)(
1− α̂2

Pk,s

))2(
θ̂Pk,Y,s − 1

)
ũ2
Pk,s,s

+
(
θ̂Pk,Y,s − 1

) (
1− α̂2

Pk,s

)
+Op

(
1

m

)

=
θs

(θs − 1)α2
s

(
ζ±∞ (θs)− (θs − 1)

(
1− α2

s

))2
+ (θs − 1)

(
1− α2

s

)
+Op

(
1√
m

)
.

The details of the proof are presented in Section 7.2.6.

Remark 7.2.2.
These results concerning pseudo residual structure are proven for all θ. This extension is not
used in the Main Theorem, but it could be interesting in the robust part 4.2 to argue that
the largest residual spike occurs when θ is large.

Dimension reduction :
The three previous parts showed that

λ
(

ˆ̂
Σ
−1/2
Pk,X

ˆ̂
ΣPk,Y

ˆ̂
Σ
−1/2
Pk,X

)
= λ

(
Im +

k∑
i=1

[
Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,i − 1

)
ũPk,iũ

t
Pk,i

Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,i

− 1

)
eie

t
i

])

and for i = 1, 2, ..., k, we showed

ζ̂+
i w

+
i w

+
i
t
+ ζ̂−i w

−
i w
−
i
t

=

[
Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,i − 1

)
ũPk,iũ

t
Pk,i

Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,i

− 1

)
eie

t
i

]
,

where ± allows the distinction of the pseudo eigenvalues and eigenvectors such that + is the largest
and − is the smallest. Some easy arguments of linear algebra in Lemmas 6.2.4 and 6.2.2 lead to

λmax

(
ˆ̂
Σ
−1/2
Pk,X

ˆ̂
ΣPk,Y

ˆ̂
Σ
−1/2
Pk,X

)
= λmax

(
H+
)

+ 1 +Op

(
1

m

)
,

λmin

(
ˆ̂
Σ
−1/2
Pk,X

ˆ̂
ΣPk,Y

ˆ̂
Σ
−1/2
Pk,X

)
= λmin

(
H−
)

+ 1 +Op

(
1

m

)
,
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where H± are matrices of dimension k such that

H± =



ζ̂±1

√
ζ̂±1 ζ̂

±
2

〈
w±1 , w

±
2

〉 √
ζ̂±1 ζ̂

±
3

〈
w±1 , w

±
3

〉
· · ·

√
ζ̂±k ζ̂

±
2

〈
w±1 , w

±
k

〉√
ζ̂±2 ζ̂

±
1

〈
w±2 , w

±
1

〉
ζ̂±2

√
ζ̂±2 ζ̂

±
3

〈
w±2 , w

±
3

〉
· · ·

√
ζ̂±2 ζ̂

±
k

〈
w±2 , w

±
k

〉√
ζ̂±3 ζ̂

±
1

〈
w±3 , w

±
1

〉 √
ζ̂±3 ζ̂

±
2

〈
w±3 , w

±
2

〉
ζ̂±3 · · ·

√
ζ̂±3 ζ̂

±
k

〈
w±3 , w

±
k

〉
...

...
. . .

. . .
...√

ζ̂±k ζ̂
±
1

〈
w±k , w

±
1

〉 √
ζ̂±k ζ̂

±
2

〈
w±k , w

±
2

〉 √
ζ̂±k ζ̂

±
3

〈
w±k , w

±
3

〉
· · · ζ̂±k


.

The details are explained in Section 7.2.7.

Elements of H
In this part we assume Assumptions 2.2.2(A1) and (A3). The matrices H± are functions of ζ̂±i and〈
w±i , w

±
j

〉
for i, j = 1, 2, ..., k. By the pseudo invariance of the residual spike, we know that ζ̂±i behaves

like residual spikes of perturbation of order 1. However, the behaviour of
〈
w±i , w

±
j

〉
is unknown. Using

Theorem 5.11.3 and the investigation of w±i of the previous paragraph,
〈
w±i , w

±
j

〉
can be expressed

in function of well-known statistics. We directly see that 〈w±s , w±s 〉 = 1. Moreover, for s 6= t,

〈
w±s , w

±
t

〉
=

√
θsθt(

ζ±∞ − 2M2 + 1
)2

+ 2 (M2 − 1)
×

−

(
m∑

p=k+1

ûPk,Y,s,pûPk,Y,t,p +
m∑

p=k+1

ûPk,X,s,pûPk,X,t,p

−
m∑

p=k+1

ûPk,Y,s,pûPk,X,t,p −
m∑

p=k+1

ûPk,Y,t,pûPk,X,s,p

− (ûPk,X,t,s + ûPk,Y,s,t)

(
α̃2
s − α̃2

t −
(
ζ±∞ − 2 (M2 − 1)

)( 1

θt
− 1

θs

)))

+Op

(
1

m

)
+Op

(
1

θ
√
m

)
.

By using the distribution Theorems 5.6.1, 5.3.1 and the Invariant Theorems, we can compute the

asymptotic moment of
〈
w±i , w

±
j

〉
.

〈
w±i , w

±
j

〉
∼ RV

(
0,

1

m

2(M2,X − 1)(M2,Y − 1) +B±X +B±Y(
(ζ±∞ − 2M2 + 1)2 + 2(M2 − 1)

)2
)

B+
X =

(
1−M2 + 2M2,X +

√
M2

2 − 1

)2

(M2,X − 1)

+2

(
−1 +M2 − 2M2,x −

√
M2

2 − 1

)
(M3,X −M2,X) + (M4,X −M2

2,X)

B+
Y =

(
1 +M2 +M2,Y −M2,X −

√
M2

2 − 1

)2

(M2,Y − 1)

+2

(
−1−M2 −M2,Y −M2,X −

√
M2

2 − 1

)
(M3,Y −M2,Y ) + (M4,Y −M2

2,Y )
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B−X =

(
1−M2 + 2M2,X −

√
M2

2 − 1

)2

(M2,X − 1)

+2

(
−1 +M2 − 2M2,x +

√
M2

2 − 1

)
(M3,X −M2,X) + (M4,X −M2

2,X)

B−Y =

(
1 +M2 +M2,Y −M2,X +

√
M2

2 − 1

)2

(M2,Y − 1)

+2

(
−1−M2 −M2,Y +M2,X −

√
M2

2 − 1

)
(M3,Y −M2,Y ) + (M4,Y −M2

2,Y ).

The details of the computation are presented in Section 7.2.8.

Normality discussion
When the perturbation is of order 1, we can easily show the asymptotic normality using 5.3.1.
When the perturbation is of order k and nX >> nY , then the rotation of Theorem 5.11.3 is simpler
and the joint normality is straightforward consequence of Theorem 5.11.2 .
Nevertheless, in the general case we can only express the entries of H± as a function of marginally
Normal statistics. The Assumption 3.1.1 in particular says that these statistics are asymptotically
jointly Normal. This leads to the result.
The details of the computations are presented in Section 7.2.9.

7.2.2 Prerequisite Lemmas

In order to prove the Main Theorem 3.1.1 we introduce small lemmas.

Lemma 6.2.1.
Suppose

D =
(
Im + (θ − 1)uXu

t
X

)−1/2 (
Im + (θ − 1)uY u

t
Y

) (
Im + (θ − 1)uXu

t
X

)−1/2
.

The eigenvalues of D are 1 and

λ (D) = − 1

2θ

(
−1 + α2 − 2α2θ − θ2(1− α2)±

√
−4θ2 + [1 + θ2 − (−1 + θ)2α2]2

)
,

where α2 = 〈uX , uY 〉2.
Moreover, if

D2 =
(
Im + (θX − 1)uXu

t
X

)−1/2 (
Im + (θY − 1)uY u

t
Y

) (
Im + (θX − 1)uXu

t
X

)−1/2
.

The eigenvalues of D2 are 1 and

λ (D2) =
1

2

θY + α2 − θY α2 +
1 + (θY − 1)α2 ±

√
−4θY θX + (1 + θY θX − (θY − 1)(θX − 1)α2)

2

θX

 ,

where α2 = 〈uX , uY 〉2.

(Page 91)

Proof.
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First, we see that for any m− 2 orthogonal vectors, orthogonal to uX and uY , the eigenvalues are
1. Consequently, we just need to compute the two last eigenvalues, λ1 and λ2. We will consider the
Trace of D2 and D2

2.

Trace (D2) = Trace

((
Im + (θY − 1)uY u

t
Y

)(
Im +

(
1

θX
− 1

)
uXu

t
X

))
= m+ (θY − 1) +

(
1

θX
− 1

)
+ (θY − 1)

(
1

θX
− 1

)
〈uX , uY 〉2

= m− 2 + 〈uX , uY 〉2 + θY

(
1− 〈uX , uY 〉2

)
+

1 + 〈uY , uY 〉2 (θY − 1)

θX
,

Trace
(
D2

2

)
= Trace

(((
Im + (θY − 1)uY u

t
Y

)(
Im +

(
1

θX
− 1

)
uXu

t
X

))2
)

= m− 2 + 〈uX , uY 〉4 + θ2
Y

(
〈uX , uY 〉2 − 1

)2
− 2θY 〈uX , uY 〉2 (〈uX , uY 〉2 − 1)

+

(
1 + (θY − 1) 〈uX , uY 〉2

)2

θ2
X

− 2(θX − 1)2 〈uX , uY 〉2 (〈uX , uY 〉2 − 1)

θX
.

Moreover,

Trace (D2) = m− 2 + λ1 + λ2,

Trace
(
D2

2

)
= m− 2 + λ2

1 + λ2
2.

Therefore, the result is obtained by solving an equation of second order and is left to the reader.

Lemma 6.2.2.
Suppose w1, ..., wk ∈ Rm and λ1, ..., λk ∈ R∗, then if the function λ() provides non-trivial eigenvalues,

λ

(
k∑
i=1

λiwiw
t
i

)
= λ

(
H

)
,

where

H =


λ1

√
λ1λ2 〈w1, w2〉

√
λ1λ3 〈w1, w3〉 · · ·

√
λkλ2 〈w1, wk〉√

λ2λ1 〈w2, w1〉 λ2

√
λ2λ3 〈w2, w3〉 · · ·

√
λ2λk 〈w2, wk〉√

λ3λ1 〈w3, w1〉
√
λ3λ2 〈w3, w2〉 λ3 · · ·

√
λ3λk 〈w3, wk〉

...
...

. . .
. . .

...√
λkλ1 〈wk, w1〉

√
λkλ2 〈wk, w2〉

√
λkλ3 〈wk, w3〉 · · · λk

 .

(Page 92)

Proof. Lemma 6.2.2

We define

Λ =


λ1 0 · · · 0
0 λ2 0
...

. . .
...

0 0 · · · λk

 , W = (w1, w2, ..., wk) ∈ Rm×k,
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then

λ

(
k∑
i=1

λiwiw
t
i

)
= λ

(
WΛW t

)
= λ

((
WΛ1/2

)(
WΛ1/2

)t)

= λ

((
WΛ1/2

)t (
WΛ1/2

))
(for nonzero eigenvalues! )

= λ

(
Λ1/2W tWΛ1/2

)
= λ

(
H

)
.

Lemma 6.2.3.
Suppose e1, w ∈ Rm and a, b ∈ R. Then, if ||w|| = 1, the two (±) non-trivial eigenvalues and
eigenvectors are

λ±

(
ae1e

t
1 + bwwt

)
=

1

2

(
a+ b±

√
4abw2

1 + (a− b)2

)
,

u±

(
ae1e

t
1 + bwwt

)
=

1

Norm±


λ±

(
ae1e

t
1 + bwwt

)
+ b

(
w12 − 1

)
bw1

, w2, w3, w4, ..., wm

 ,

(
Norm±

)2
=

(
λ±

(
ae1e

t
1 + bwwt

)
+ b

(
w12 − 1

))2

b2w2
1

+ 1− w2
1.

If ||w|| 6= 1,

λ±

(
ae1e

t
1 + wwt

)
=

1

2

(
±
√

(a+ ||w||2)2 − 4a
(
||w||2 − w2

1

)
+ a+ ||w||2

)
,

u±

(
ae1e

t
1 + wwt

)
=

1

Norm±


λ±

(
ae1e

t
1 + wwt

)
− ||w||2 + w2

1

w1
, w2, w3, w4, ..., wm

 ,

(
Norm±

)2
=

(
λ±

(
ae1e

t
1 + wwt

)
− ||w||2 + w2

1

)2

w2
1

+ ||w||2 − w2
1.

(Page 92)

Proof. Lemma 6.2.3

These results were computed with Wolfram Mathematica 11.1.1. and the reader can check them
by computing (

ae1e
t
1 + bwwt

)
u± = λ±u±.
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Lemma 6.2.4.
Suppose u1, ..., uk ∈ Rm are orthonormal and λ1 > ... > λk ∈ R+ where k is finite. Suppose v ∈ Rm
and µ ∈ R+ such that 〈ui, v〉 = Op (1/

√
m) and µ− λ1 < d < 0 for a fixed d, then

λmax

(
k∑
i=1

λiuiu
t
i + µvvt

)
= λ1 +Op

(
1

m

)
.

Moreover, if µ− λk > d2 > 0 for a fixed d2,

λmin

(
k∑
i=1

λiuiu
t
i + µvvt

)
= λk +Op

(
1

m

)
.

(Page 93)

Proof. Lemma 6.2.4

Suppose w is the maximum unit eigenvector of
∑k

i=1 λiuiu
t
i + µvvt. Then,

w =
k∑
i=1

αiui + βv,

where

k∑
i=1

α2
i + β2 + 2

k∑
i=1

αiβ 〈ui, v〉 = 1.

If β = Op(1/
√
m), then

wt

(
k∑
i=1

λiuiu
t
i + µvvt

)
w =

k∑
i=1

λi (αi + β 〈v, ui〉)2 + µ

(
k∑
i=1

αi 〈ui, v〉+ β

)2

=
k∑
i=1

λiα
2
i +Op

(
1

m

)
6 λ1 +Op

(
1

m

)
.

If β is larger than Op(1/
√
m),

wt

(
k∑
i=1

λiuiu
t
i + µvvt

)
w =

k∑
i=1

λi (αi + β 〈v, ui〉)2
+ µ

(
k∑
i=1

αi 〈ui, v〉+ β

)2

6 λ1

(
k∑
i=1

(αi + β 〈v, ui〉)2

)
+ µ

(
k∑
i=1

αi 〈ui, v〉+ β

)2

= λ1

(
k∑
i=1

α2
i + 2

k∑
i=1

αiβ 〈v, ui〉

)
+ µ

(
2β

k∑
i=1

αi 〈ui, v〉+ β2

)
+Op

(
1

m

)

= λ1 + (µ− λ1)β2 + 2µβ

k∑
i=1

αi 〈ui, v〉+Op

(
1

m

)
6 λ1 +Op

(
1

m

)
,

where the two last lines are obtained using
∑k

i=1 α
2
i + 2

∑k
i=1 αiβ 〈ui, v〉 = 1− β2 and because

P

{
(µ− λ1)β2 + 2µβ

k∑
i=1

αi 〈ui, v〉 < 0

}
→

m→∞
1.
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On the other hand,

λmax

(
k∑
i=1

λiuiu
t
i + µvvt

)
> ut1

(
k∑
i=1

λiuiu
t
i + µvvt

)
u1 = λ1 +Op

(
1

m

)
.

This concludes the proof.

7.2.3 Residual spike for perturbations of order 1

First we assume a perturbation of order 1, P1 = Im+(θ1−1)e1e
t
1. The Lemma 6.2.1 gives a formula for

the residual spike as a function of
ˆ̂
θX ,

ˆ̂
θY and α̂2 = 〈ûX,1, ûY,1〉2. We call this formula, λ±

(
ˆ̂
θX ,

ˆ̂
θY , α̂

2
)

.

For all θ, the asymptotic joint distribution of the three parameters,
ˆ̂
θX ,

ˆ̂
θY and α̂2 = 〈ûX,1, ûY,1〉2,

is known by Theorem 5.3.1. Therefore, applying Slutsky’s Theorem shows the asymptotic normal
distribution of the residual spike.
The computation of the asymptotic variance is left to the reader. It only requires the first derivative
of the residual formula of Lemma 6.2.1.
This proves the first part of the Main Theorem 3.1.1.

7.2.4 Decomposition of the difference matrix

As proposed in the Section 7.2.1, we decompose the matrix
ˆ̂
Σ
−1/2
Pk,X

ˆ̂
ΣPk,Y

ˆ̂
Σ
−1/2
Pk,X

.

ˆ̂
Σ
−1/2
Pk,X

ˆ̂
ΣPk,Y

ˆ̂
Σ
−1/2
Pk,X

= Im +

k∑
i=1

[
ˆ̂
Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,i − 1

)
ûPk,Y,iû

t
Pk,Y,i

ˆ̂
Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,i

− 1

)
ûPk,X,iû

t
Pk,X,i

]
.

Then, we define a rotation matrix ÛPk,X such that Û tPk,X ûPk,X,i = ei and Û tPk,X ûPk,Y,i = ũPk as in
Theorem 5.11.3. Because this rotation does not affect the eigenvalues,

λ
(

ˆ̂
Σ
−1/2
Pk,X

ˆ̂
ΣPk,Y

ˆ̂
Σ
−1/2
Pk,X

)
= λ

(
ÛPk,X

ˆ̂
Σ
−1/2
Pk,X

Û tPk,X ÛPk,X
ˆ̂
ΣPk,Y Û

t
Pk,X

ÛPk,X
ˆ̂
Σ
−1/2
Pk,X

Û tPk,X

)
= λ

(
Im +

k∑
i=1

[
Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,i − 1

)
ũPk,iũ

t
Pk,i

Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,i

− 1

)
eie

t
i

])
,

where ΣPk,X = Û tPk,X
ˆ̂
ΣPk,X ÛPk,X = Im +

∑k
i=1

(
ˆ̂
θPk,X,i − 1

)
eie

t
i and λ() provides the eigenvalues of

the matrices.

7.2.5 Pseudo invariant residual spike

Assuming that Σ̂Pk,X = P
1/2
k WXP

1/2
k and Σ̂Pk,Y = P

1/2
k WY P

1/2
k , we define Σ̂P̃i,X

= P̃
1/2
i WX P̃

1/2
i ,

where P̃i = Im + (θi − 1)eie
t
i. We show that if θ1 is large or if we assume that the residual spikes of

the perturbations of order 1 are distinct,

λ

(
Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,i − 1

)
ũPk,iũ

t
Pk,i

Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,i

− 1

)
eie

t
i

)
= λ

(
ˆ̂
Σ
−1/2

P̃i,X

ˆ̂
ΣP̃i,Y

ˆ̂
Σ
−1/2

P̃i,X

)
− 1 +Op

(
1

m

)
.

The proof of this equality is computed in two steps.

1. First we compute the non trivial eigenvalues and eigenvectors of

Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,i − 1

)
ũPk,iũ

t
Pk,i

Σ
−1/2
Pk,X

.
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2. Then, using the Lemma 6.2.3, we establish the equality.

1. We define

Σ̃X = I +

k∑
i=1

(θ̂X,i − 1)˜̃ui ˜̃u
t
i,

˜̃ui,1 = ũ1,i.

The vector ˜̃ui is just Û tY ûX,i or Ũei. Using the fact that for a matrix M , the non trivial
eigenvector of e1e

t
1M is e1,

λ

(
Σ
−1/2
X

(
(θ̂Y,1 − 1)ũ1ũ

t
1

)
Σ
−1/2
X

)
= λ

(
Σ̃
−1/2
X

(
(θ̂Y,1 − 1)e1e

t
1

)
Σ̃
−1/2
X

)

= λ

((
(θ̂Y,1 − 1)e1e

t
1

)
Σ̃−1
X

)
= et1

(
(θ̂Y,1 − 1)e1e

t
1

)
Σ̃−1
X e1

= et1(θ̂Y,1 − 1)

((
e1e

t
1

)
+

k∑
i=1

(
1

θ̂X,i
− 1)˜̃ui,1e1

˜̃uti

)
e1

= (θ̂Y,1 − 1)

(
1 +

k∑
i=1

(
1

θ̂X,i
− 1)˜̃u2

i,1

)

= (θ̂Y,1 − 1)

(
1 +

k∑
i=1

(
1

θ̂X,i
− 1)ũ2

1,i

)
.

The computation of the eigenvector leads to

u

(
Σ
−1/2
X

(
(θ̂Y,1 − 1)ũ1ũ

t
1

)
Σ
−1/2
X

)
∝ Σ

−1/2
X u

((
(θ̂Y,1 − 1)ũ1ũ

t
1

)
Σ−1
X

)
∝ Σ

−1/2
X ũ1

∝

 ũ1,1√
θ̂X,1

,
ũ1,2√
θ̂X,2

, ...,
ũ1,k√
θ̂X,k

, ũ1,k+1, ..., ũ1,m

 .

Because the previous eigenvector is not standardised, we compute its norm,∣∣∣∣∣∣
∣∣∣∣∣∣
 ũ1,1√

θ̂X,1

,
ũ1,2√
θ̂X,2

, ...,
ũ1,k√
θ̂X,k

, ũ1,k+1, ..., ũ1,m

∣∣∣∣∣∣
∣∣∣∣∣∣
2

=
ũ2

1,1

θ̂X,1
+
ũ2

1,2

θ̂X,2
+ ...+

ũ2
1,k

θ̂X,k
+ ũ2

1,k+1 + ...+ ũ2
1,m

= 1 +

k∑
i=1

(
1

θ̂X,i
− 1)ũ2

1,i

=

λ

(
ˆ̂
Σ
−1/2
X

(
(θ̂Y,1 − 1)ûY,1û

t
Y,1

)
ˆ̂
Σ
−1/2
X

)
θ̂Y,1 − 1

.

We conclude the first part with the two formulas:

λ

(
Σ
−1/2
X

(
(θ̂Y,1 − 1)ũ1ũ

t
1

)
Σ
−1/2
X

)
=

(
θ̂Y,1 − 1

)( k∑
i=1

(
1

θ̂X,i
− 1

)
ũ2

1,i + 1

)
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and

u

(
Σ
−1/2
X

(
(θ̂Y,1 − 1)ũ1ũ

t
1

)
Σ
−1/2
X

)

=

√
θ̂Y,1 − 1√√√√λ

(
ˆ̂
Σ
−1/2
X

(
(θ̂Y,1 − 1)ûY,1ûtY,1

)
ˆ̂
Σ
−1/2
X

)
 ũ1,1√

θ̂X,1

,
ũ1,2√
θ̂X,2

, ...,
ũ1,k√
θ̂X,k

, ũ1,k+1, ..., ũ1,m

 .

2. The second part uses the Lemma 6.2.3 to establish the following relation

Σ
−1/2
Pk,X

(
ˆ̂
θPk,Y,1 − 1

)
ũPk,1ũ

t
Pk,1

Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,1

− 1

)
e1e

t
1

= λ
(

ˆ̂
Σ
−1/2
P1,X

ˆ̂
ΣP1,X

ˆ̂
Σ
−1/2
P1,X

)
− 1 +Op

(
1

m

)
.

(a) We start with the order 1,

λ
(

ˆ̂
Σ
−1/2
P1,X

ˆ̂
ΣP1,X

ˆ̂
Σ
−1/2
P1,X

)
= λ

(
Σ
−1/2
P1,X

(
(θ̂P1,Y,1 − 1)ũP1,1ũ

t
P1,1

)
Σ
−1/2
P1,X

+

(
1

θ̂P1,X,1

− 1

)
e1e

t
1 + I

)

= λ

(
η̂P1uη̂P1

utη̂P1
+

(
1

θ̂P1,X,1

− 1

)
e1e

t
1

)
+ 1,

where,

η̂P1 = λ

(
Σ
−1/2
X

(
(θ̂Y,1 − 1)ũ1ũ

t
1

)
Σ
−1/2
X

)
=
θ̂P1,Y,1 − 1

θ̂P1,X,1

ũ2
P1,1,1 +

(
θ̂P1,Y,1 − 1

) (
1− ũ2

P1,1,1

)
,

uη̂P1
= u

(
Σ
−1/2
X

(
(θ̂Y,1 − 1)ũ1ũ

t
1

)
Σ
−1/2
X

)
=

√
θ̂P1,Y,1 − 1

(
ũP1,1,1√
θ̂P1,X,1

, ũP1,1,2, ..., ũP1,1,m

)
√√√√λ

(
Σ
−1/2
X

(
(θ̂Y,1 − 1)ũ1ũt1

)
Σ
−1/2
X

) .

By the Lemma 6.2.3, the non trivial eigenvalues are functions of different parameters. Using
a similar notation to the Lemma we set

aP1 =
1

θ̂P1,X,1

− 1,

bP1 =
θ̂P1,Y,1 − 1

θ̂P1,X,1

ũ2
P1,1,1 +

(
θ̂P1,Y,1 − 1

) (
1− ũ2

P1,1,1

)
,

bP1w
2
P1

=
(
θ̂P1,Y,1 − 1

) ũ2
P1,1,1

θ̂P1,X,1

.

The Lemma 6.2.3 provides a function g such that

λ

(
η̂P1uη̂P1

utη̂P1
+

(
1

θ̂P1,X,1

− 1

)
e1e

t
1

)
= g±(aP1 , bP1 , bP1w

2
P1

).

Therefore

λ
(

ˆ̂
Σ
−1/2
P1,X

ˆ̂
ΣP1,X

ˆ̂
Σ
−1/2
P1,X

)
= g±(aP1 , bP1 , bP1w

2
P1

).
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(b) For perturbations of order k,

λ

(
ˆ̂
Σ
−1/2
Pk,X

(
(θ̂Pk,Y,1 − 1)ûPk,Y,1û

t
Pk,Y,1

)
ˆ̂
Σ
−1/2
Pk,X

+

(
1

θ̂Pk,X,1
− 1

)
ûPk,X,1û

t
Pk,X,1

)

= λ

(
Σ
−1/2
Pk,X

(
(θ̂Pk,Y,1 − 1)ũPk,1ũ

t
Pk,1

)
Σ
−1/2
Pk,X

+

(
1

θ̂Pk,X,1
− 1

)
e1e

t
1

)

= λ

(
η̂Pkuη̂Pku

t
η̂Pk

+

(
1

θ̂Pk,X,1
− 1

)
e1e

t
1

)
,

where

η̂Pk,1 =
(
θ̂Pk,Y,1 − 1

)( k∑
i=1

(
1

θ̂Pk,X,i
− 1

)
ũ2
Pk,1,i

+ 1

)

=
θ̂Pk,Y,1 − 1

θ̂Pk,X,1

(
k∑
i=1

ũ2
Pk,1,i

)
+
(
θ̂Pk,Y,1 − 1

)(
1−

k∑
i=1

ũ2
Pk,1,i

)
+Op

(
1

m

)
,

uη̂Pk,1 =

√
θ̂Pk,Y,1 − 1

(
ũPk,1,1√
θ̂Pk,X,1

,
ũPk,1,2√
θ̂Pk,X,2

, ...,
ũPk,1,k√
θ̂Pk,X,k

, ũPk,1,k+1, ..., ũPk,1,m

)
√√√√λ

(
ˆ̂
Σ
−1/2
Pk,X

(
(θ̂Pk,Y,1 − 1)ûPk,Y,1û

t
Pk,Y,1

)
ˆ̂
Σ
−1/2
Pk,X

) .

As previously by the Lemma 6.2.3, the non-trivial eigenvalues are functions of different
parameters. Using a similar notation to the Lemma we set

aPk =
1

θ̂Pk,X,1
− 1,

bPk =
θ̂Pk,Y,1 − 1

θ̂Pk,X,1

(
k∑
i=1

ũ2
Pk,1,i

)
+
(
θ̂Pk,Y,1 − 1

)(
1−

k∑
i=1

ũ2
Pk,1,i

)
+Op

(
1

m

)
,

bPkw
2
Pk,1

=
(
θ̂Pk,Y,1 − 1

) ũ2
Pk,1,1

θ̂Pk,X,1
=
(
θ̂Pk,Y,1 − 1

) ∑k
i=1 ũ

2
Pk,1,i

θ̂Pk,X,1
+Op

(
1

m

)
.

The Lemma 6.2.3 provides the function g such that

λ

(
η̂Pkuη̂Pku

t
η̂Pk

+

(
1

θ̂Pk,X,1
− 1

)
e1e

t
1

)
= g±(aPk , bPk , bPkw

2
Pk,1

).

(c) Finally we show that

g±(aPk , bPk , bPkw
2
Pk,1

) = g±(aP1 , bP1 , bP1w
2
P1,1) +Op

(
1

m

)
.

By the Invariant Theorems,

aPk = aP1 +Op

(
1

θm

)
,

bPk = bP1 +Op

(
1

m

)
,

bPkw
2
Pk,1

= bP1w
2
P1

+Op

(
1

m

)
.
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Moreover, the three parameters do not converge to 0.
Because we know from Lemma 6.2.3 that g is continuous,

g±(x, y, z) =
1

2

(
x+ y ±

√
4xz + (x− y)2

)
.

This function is Lipschitz if 4xz+ (x− y)2 is not closed to 0. The reader can show that the
perturbation creates two residual spikes different from 1 when θ1 is detectable. (In other
cases the covariance matrices are the same.) In particular we can show that when θ1 is
large, the pseudo residual spike is distinct from 1.
Therefore, using this property we conclude,∣∣∣∣∣(λ( ˆ̂

Σ
−1/2
P1,X

ˆ̂
ΣP1,X

ˆ̂
Σ
−1/2
P1,X

)
− 1
)
−

(
λ

(
η̂Pk,1uη̂Pk,1u

t
η̂Pk,1

+

(
1

θ̂Pk,X,1
− 1

)
e1e

t
1

))∣∣∣∣∣
=
∣∣g±(aP1 , bP1 , bP1w

2
P1,1)− g±(aPk , bPk , bPkw

2
Pk,1

)
∣∣

= Op

(
1

m

)
Remark 7.2.3.
The hypothesis assuming that λ+ − λ− 6→ 0 is clear except when nX , nY >> m.
Nevertheless, the Main Theorem 3.1.1 assumes proportional values and so avoids
this critical case.

7.2.6 Pseudo residual eigenvectors

Knowing the pseudo residual spike, it is not difficult to find the pseudo residual eigenvector. For
s = 1, 2, ..., k, suppose

w±s = u

(
Σ
−1/2
Pk,X

(
(θ̂Pk,Y,s − 1)ũPk,sũ

t
Pk,Y,s

)
Σ
−1/2
Pk,X

+

(
1

θ̂Pk,X,s
− 1

)
ese

t
s

)

are the pseudo residual spikes corresponding to the eigenvalues

ζ̂±s = λ

(
Σ
−1/2
Pk,X

(
(θ̂Pk,Y,s − 1)ũPk,sũ

t
Pk,Y,s

)
Σ
−1/2
Pk,X

+

(
1

θ̂Pk,X,s
− 1

)
ese

t
s

)
.

We define

ζ±∞(θs) = lim
m→∞

ζ̂±s ,

ζ±∞ = lim
θs,m→∞

ζ̂±s .

Then,

w±s,s =

√
θ̂Pk,X,s

Norm±s

√
θ̂Pk,Y,s − 1ũPk,s,s

(
ζ̂±s −

(
θ̂Pk,Y,s − 1

) (
1− α̂2

Pk,s

))
+Op

(
1

m

)

=

√
θs

Norm±s
√
θs − 1αs

(
ζ±∞(θs)− (θs − 1)

(
1− α2

s

))
+Op

(
1√
m

)
=

(ζ±∞ − 2 (M2 − 1))√(
ζ±∞ − 2 (M2 − 1)

)2
+ 2 (M2 − 1)

+Op

(
1√
m

)
+ op;θs (1) ,
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w±s,2:m\s =

√
θ̂Pk,Y,s − 1

(
ũPk,s,1√
θ̂Pk,X,1

, ...,
ũPk,s,s−1√
θ̂Pk,X,s−1

ũPk,s,s+1√
θ̂Pk,X,s+1

, ...,
ũPk,s,k√
θ̂Pk,X,k

, ũPk,s,k+1, ..., ũPk,s,m

)
Norm±s

,

=

√
θ̂Pk,Y,1 − 1

(
ũPk,s,1√
θ̂Pk,X,1

, ...,
ũPk,s,s−1√
θ̂Pk,X,s−1

,
ũPk,s,s+1√
θ̂Pk,X,s+1

, ...,
ũPk,s,k√
θ̂Pk,X,k

, ũPk,s,k+1, ..., ũPk,s,m

)
√(

ζ±∞ − 2 (M2 − 1)
)2

+ 2 (M2 − 1) +Op

(
1√
m

)
+ op;θs(1)

,

(
Norm±s

)2
=

θ̂Pk,X,s

(
ζ̂±s −

(
θ̂Pk,Y,s − 1

) (
1− α̂2

Pk,s

))2

(
θ̂Pk,Y,s − 1

)
ũ2
Pk,s,s

+
(
θ̂Pk,Y,s − 1

) (
1− α̂2

Pk,s

)
+Op

(
1

m

)

=
θs

(θs − 1)α2
s

(
ζ±∞ (θs)− (θs − 1)

(
1− α2

s

))2
+ (θs − 1)

(
1− α2

s

)
+Op

(
1√
m

)
.

We used the fact that the rate convergence of θ̂Pk,X,s, θ̂Pk,Y,s and α̂2
Pk,s

is in 1/
√
m.

Moreover, when θ is large,
(
1− α2

s

)
= 2(M2−1)

θs
+Op

(
1/θ2

s

)
.

7.2.7 Dimension reduction

The previous parts showed that the non-trivial eigenvalues of

ˆ̂
Σ
−1/2
Pk,X

ˆ̂
ΣPk,Y

ˆ̂
Σ
−1/2
Pk,X

− Im

are the same eigenvalues of

k∑
i=1

ζ̂+
i w

+
i w

+
i
t
+

k∑
i=1

ζ̂−i w
−
i w
−
i
t ∈ Rm ×Rm.

We can use 6.2.2 to show that for all non null eigenvalues,

λi

(
k∑
i=1

ζ̂+
i w

+
i w

+
i
t
+

k∑
i=1

ζ̂−i w
−
i w
−
i
t

)
= λi (H) ,

where

H =

(
H+ Hb

Hbt H−

)
,

H± =



ζ̂±1

√
ζ̂±1 ζ̂

±
2

〈
w±1 , w

±
2

〉 √
ζ̂±1 ζ̂

±
3

〈
w±1 , w

±
3

〉
· · ·

√
ζ̂±k ζ̂

±
2

〈
w±1 , w

±
k

〉√
ζ̂±2 ζ̂

±
1

〈
w±2 , w

±
1

〉
ζ̂±2

√
ζ̂±2 ζ̂

±
3

〈
w±2 , w

±
3

〉
· · ·

√
ζ̂±2 ζ̂

±
k

〈
w±2 , w

±
k

〉√
ζ̂±3 ζ̂

±
1

〈
w±3 , w

±
1

〉 √
ζ̂±3 ζ̂

±
2

〈
w±3 , w

±
2

〉
ζ̂±3 · · ·

√
ζ̂±3 ζ̂

±
k

〈
w±3 , w

±
k

〉
...

...
. . .

. . .
...√

ζ̂±k ζ̂
±
1

〈
w±k , w

±
1

〉 √
ζ̂±k ζ̂

±
2

〈
w±k , w

±
2

〉 √
ζ̂±k ζ̂

±
3

〈
w±k , w

±
3

〉
· · · ζ̂±k


,

Hb =



0
√
ζ̂+

1 ζ̂
−
2

〈
w+

1 , w
−
2

〉 √
ζ̂+

1 ζ̂
−
3

〈
w+

1 , w
−
3

〉
· · ·

√
ζ̂+
k ζ̂
−
2

〈
w+

1 , w
−
k

〉√
ζ̂+

2 ζ̂
−
1

〈
w+

2 , w
−
1

〉
0

√
ζ̂+

2 ζ̂
−
3

〈
w+

2 , w
−
3

〉
· · ·

√
ζ̂+

2 ζ̂
−
k

〈
w+

2 , w
−
k

〉√
ζ̂+

3 ζ̂
−
1

〈
w+

3 , w
−
1

〉 √
ζ̂+

3 ζ̂
−
2

〈
w+

3 , w
−
2

〉
0 · · ·

√
ζ̂+

3 ζ̂
−
k

〈
w+

3 , w
−
k

〉
...

...
. . .

. . .
...√

ζ̂+
k ζ̂
−
1

〈
w+
k , w

−
1

〉 √
ζ̂+
k ζ̂
−
2

〈
w+
k , w

−
2

〉 √
ζ̂+
k ζ̂
−
3

〈
w+
k , w

−
3

〉
· · · 0


.
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Then, we can use Lemma 6.2.4 to argue that

λmax (H) = λmax

(
H+
)

+Op

(
1

m

)
,

λmin (H) = λmax

(
H−
)

+Op

(
1

m

)
.

We will see that the covariance between all the entries of H+ is null. However, the entries of H+ and
H− are correlated. Therefore, this step is very useful to avoid the need to study this correlation.

7.2.8 Elements of H

Computation of the distribution of the entries of H requires the distributions of ζ̂±i and
〈
w±i , w

±
j

〉
,

for i, j = 1, 2, ..., k with j 6= i. By the pseudo Invariance Section 7.2.5,

ζ̂±i = λ±
(

ˆ̂
Σ
−1/2

P̃i,X

ˆ̂
ΣP̃i,Y

ˆ̂
Σ
−1/2

P̃i,X

)
− 1 +Op

(
1

m

)
.

Therefore, using the Section 7.2.3, we obtain the two first moments of the diagonal elements.
The off-diagonal terms are more difficult to estimate and we assume that Assumptions 2.2.2(A2) and
(A3) hold.

First, we will express
〈
w±i , w

±
j

〉
as a function of the usual statistics when all the eigenvalues are of

order θ. Then, we will compute its two first moments. Finally, a small argument similar to Lemma
6.2.4 leads to a result for all perturbations.

Remark 7.2.4.
Using Theorem 5.11.3, the reader can prove that the off diagonal terms are of order Op(1/

√
m)

when at least one eigenvalue θi or θj is finite (Assumption 2.2.2(A4) ).

Formula Suppose k > 1 and

w±i = u

(
Σ
−1/2
Pk,X

(
(
ˆ̂
θPk,Y,i − 1)ũPk,iũ

t
Pk,Y,i

)
Σ
−1/2
Pk,X

+

(
1

ˆ̂
θPk,X,i

− 1

)
eie

t
i

)

We want to prove the following formula :

〈
w±s , w

±
t

〉
=

√
θsθt(

ζ±∞ − 2M2 + 1
)2

+ 2 (M2 − 1)
×(

m∑
p=k+1

ûPk,Y,s,pûPk,Y,t,p +
m∑

p=k+1

ûPk,X,s,pûPk,X,t,p

−
m∑

p=k+1

ûPk,Y,s,pûPk,X,t,p −
m∑

p=k+1

ûPk,Y,t,pûPk,X,s,p

− (ûPk,X,t,s + ûPk,Y,s,t)

(
α̃2
s − α̃2

t −
(
ζ±∞ − 2 (M2 − 1)

)( 1

θt
− 1

θs

)))

+op;m,θ

(
1

m1/2

)
,

where limm,θ→∞
op;m,θ

(
1

m1/2

)
1

m1/2

= 0 with probability tending to 1.
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• In section Pseudo residual eigenvector, 7.2.6 we proved that assuming ε = Op

(
1

m1/2

)
+ op;θ (1),

(ws,s)
± =

(ζ±∞ − 2 (M2 − 1))√(
ζ±∞ − 2 (M2 − 1)

)2
+ 2 (M2 − 1)

+ ε,

w±s,k+1:m =

√
θ̂Pk,Y,s − 1ũPk,s,k+1:m√(

ζ±∞ − 2 (M2 − 1)
)2

+ 2 (M2 − 1) + ε
,

w±s,1:k\s =

√
θ̂Pk,Y,s − 1

(
ũPk,s,1√
θ̂Pk,X,1

, ...,
ũPk,s,s−1√
θ̂Pk,X,s−1

,
ũPk,s,s+1√
θ̂Pk,X,s+1

, ...,
ũPk,s,k√
θ̂Pk,X,k

)
√(

ζ±∞ − 2 (M2 − 1)
)2

+ 2 (M2 − 1) + ε
.

• Then, by Theorem 5.11.3,

ũPk,s,t = ûPk,X,t,s + ûPk,Y,s,t +Op

(
1

m

)
+Op

(
1

θm1/2

)
.

First, we set b = + or b = − and separate the scalar product in three parts.

〈
wbs, w

b
t

〉
=

∑
i=s,t

wbs,iw
b
t,i︸ ︷︷ ︸

3)

+
k∑

i 6=s,t
wbs,iw

b
t,i︸ ︷︷ ︸

1)

+
m∑

i=k+1

wbs,iw
b
t,i︸ ︷︷ ︸

2)

.

1) If k = 2, the second term does not exist. However, if k > 2, then asymptotically for i = 1, ..., k,
i 6= s, t,

wbs,iw
b
t,i =

√
(θ̂Pk,Y,s − 1)(θ̂Pk,Y,t − 1)

(ζb∞ − 2 (M2 − 1))
2

+ 2 (M2 − 1) + ε

ũPk,s,i√
θ̂Pk,X,t

ũPk,t,i√
θ̂Pk,X,s

= Op

(
1

m

)
.

2) By Theorem 5.11.3,

m∑
i=k+1

ũj,iũt,i =

m∑
i=k+1

ûΣ̂Y ,j,i
ûΣ̂Y ,t,i

+

m∑
i=k+1

ûΣ̂X ,j,i
ûΣ̂X ,t,i

−
m∑

i=k+1

ûΣ̂X ,j,i
ûΣ̂Y ,t,i

−
m∑

i=k+1

ûΣ̂Y ,j,i
ûΣ̂X ,t,i

−
(
ûΣ̂X ,t,j

+ ûΣ̂Y ,j,t

)(
α̂2

Σ̂X ,j
− α̂2

Σ̂X ,t

)
+Op

(
1

θ1/2m

)
+Op

(
1

θm1/2

)
.

Therefore,

m∑
i=k+1

wbs,iw
b
t,i =

√
θ̂Pk,Y,s − 1

√
θ̂Pk,Y,t − 1√

(ζb∞ − 2 (M2 − 1))
2

+ 2 (M2 − 1) + ε

m∑
p=k+1

ũPk,s,pũPk,t,p.
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3) Asymptotically,

wbs,sw
b
t,s + wbs,tw

b
t,t =

ζb∞ − 2 (M2 − 1) + ε

(ζb∞ − 2 (M2 − 1))
2

+ 2 (M2 − 1)
(wt,s + ws,t)

=
ζb∞ − 2 (M2 − 1)

(ζb∞ − 2 (M2 − 1))
2

+ 2 (M2 − 1)

(√
θt√
θs
ũPk,t,s +

√
θs√
θt
ũPk,s,t

)
+Op

(
1

m1/2

)
ε

=

(
ζb∞ − 2 (M2 − 1)

)√
θsθt

(ζb∞ − 2 (M2 − 1))
2

+ 2 (M2 − 1)(
1

θs
(ûPk,X,s,t + ûPk,Y,t,s) +

1

θt
(ûPk,X,t,s + ûPk,Y,s,t)

)
+Op

(
1

m1/2

)
ε

=

(
ζb∞ − 2 (M2 − 1)

)√
θsθt

(ζb∞ − 2 (M2 − 1))
2

+ 2 (M2 − 1)(
1

θt
− 1

θs

)
(ûPk,X,t,s + ûPk,Y,s,t) + op;θ,m

(
1

m1/2

)
.

Therefore, we obtain

〈
wbs, w

b
t

〉
=

√
θsθt

(ζb∞ − 2M2 + 1)
2

+ 2 (M2 − 1)
×(

m∑
p=k+1

ûPk,Y,s,pûPk,Y,t,p +
m∑

p=k+1

ûPk,X,s,pûPk,X,t,p

−
m∑

p=k+1

ûPk,Y,s,pûPk,X,t,p −
m∑

p=k+1

ûPk,Y,t,pûPk,X,s,p

− (ûPk,X,t,s + ûPk,Y,s,t)

(
α̃2
t − α̃2

s −
(
ζb∞ − 2 (M2 − 1)

)( 1

θt
− 1

θs

)))

+op;θ,m

(
1

m1/2

)
.

Moment We separate the formula into three parts

1.
∑m

p=k+1 ûPk,Y,s,pûPk,Y,t,p − ûPk,Y,s,t
(
α̃2
t − α̃2

s −
(
ζb∞ − 2 (M2 − 1)

) (
1
θt
− 1

θs

))
2.
∑m

p=k+1 ûPk,X,s,pûPk,X,t,p + ûPk,X,s,t

(
α̃2
t − α̃2

s −
(
ζb∞ − 2 (M2 − 1)

) (
1
θt
− 1

θs

))
3.
∑m

p=k+1 ûPk,Y,s,pûPk,X,t,p +
∑m

p=k+1 ûPk,X,s,pûPk,Y,t,p

Without loss of generality, we present the proof for s = 1 and t = 2.
In order to compute the moments of the first and second parts, we use the remark of Theorem 5.6.1,

ûP2,1,2

(
1

θ1
− 1

θ2

)
δ +

m∑
i=3

ûP2,1,iûP2,2,i

∼ N

(
0,

(1 +M2 + δ)2 (M2 − 1) +
(
M4 − (M2)2

)
− 2 (1 +M2 + δ) (M3 −M2)

θ1θ2m

)

+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)
.
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1.

m∑
p=k+1

ûPk,Y,1,pûPk,Y,2,p − ûPk,Y,1,2
(
α̃2

2 − α̃2
1 −

(
ζb∞ − 2 (M2 − 1)

)( 1

θ2
− 1

θ1

))

=

m∑
p=k+1

ûPk,Y,1,pûPk,Y,2,p + ûPk,Y,1,2

(
−M2,X − ζb∞ + 2M2 − 1

)( 1

θ1
− 1

θ2

)
+Op

(
1

θ2
√
m

)
.

Using the remark, we set δ = −M2,X + 2M2 − 1− λb,
m∑

p=k+1

ûPk,Y,1,p
ûPk,Y,2,p

− ûPk,Y,1,2
(
α̃
2
2 − α̃

2
1 −

(
ζ
b
∞ − 2 (M2 − 1)

)( 1

θ2
−

1

θ1

))
+ Op

(
1

θm

)
+ Op

(
1

θ2m1/2

)

= N

0,

(
1 +M2 +M2,Y −M2,X ∓

√
M2

2 − 1

)2
(M2 − 1) +

(
M4 − (M2)2

)
− 2

(
1 +M2 +M2,Y −M2,X ∓

√
M2

2 − 1

)
(M3 −M2)

θ1θ2m



2. Similar computation leads to

m∑
p=k+1

ûPk,X,1,p
ûPk,X,2,p

+ ûPk,X,1,2

(
α̃
2
2 − α̃

2
1 −

(
ζ
b
∞ − 2 (M2 − 1)

)( 1

θ2
−

1

θ1

))
+ Op

(
1

θm

)
+ Op

(
1

θ2m1/2

)

= N

0,

(
1−M2 + 2M2,X ±

√
M2

2 − 1

)2
(M2 − 1) +

(
M4 − (M2)2

)
− 2

(
1−M2 + 2M2,X ±

√
M2

2 − 1

)
(M3 −M2)

θ1θ2m

 .

3. We easily show that

m∑
p=k+1

ûPk,Y,1,pûPk,X,2,p +

m∑
p=k+1

ûPk,X,1,pûPk,Y,2,p = RV

(
0,

2 (M2,X − 1) (M2,Y − 1)

θ1θ1m

)

+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)

Indeed the covariance between the first and the second term is negligible. This can be shown
using the independence between X and Y , and Theorem 5.6.1.

Cov

 m∑
p=k+1

ûPk,Y,1,pûPk,X,2,p,

m∑
p=k+1

ûPk,X,1,pûPk,Y,2,p


=

m∑
p=k+1

E [ûPk,Y,1,pûPk,Y,2,p]
m∑

p=k+1

E [ûPk,X,1,pûPk,X,2,p] = op

(
1

θ2m

)
.

Because the null covariance between the three parts is easily proven by the independence between X
and Y , we conclude:〈

wbi , w
b
j

〉
∼ RV

(
0,

1

m

2(M2,X − 1)(M2,Y − 1) +Bb
X +Bb

Y(
(ζ±∞ − 2M2 + 1)2 + 2(M2 − 1)

)2
)

+Op

(
1

θm

)
+Op

(
1

θ2m1/2

)
,

B+
X =

(
1−M2 + 2M2,X +

√
M2

2 − 1

)2

(M2,X − 1)

+2

(
−1 +M2 − 2M2,x −

√
M2

2 − 1

)
(M3,X −M2,X) + (M4,X −M2

2,X),

B+
Y =

(
1 +M2 +M2,Y −M2,X −

√
M2

2 − 1

)2

(M2,Y − 1)

+2

(
−1−M2 −M2,Y −M2,X −

√
M2

2 − 1

)
(M3,Y −M2,Y ) + (M4,Y −M2

2,Y ),
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B−X =

(
1−M2 + 2M2,X −

√
M2

2 − 1

)2

(M2,X − 1)

+2

(
−1 +M2 − 2M2,x +

√
M2

2 − 1

)
(M3,X −M2,X) + (M4,X −M2

2,X),

B−Y =

(
1 +M2 +M2,Y −M2,X +

√
M2

2 − 1

)2

(M2,Y − 1)

+2

(
−1−M2 −M2,Y +M2,X −

√
M2

2 − 1

)
(M3,Y −M2,Y ) + (M4,Y −M2

2,Y ),

where b = + or b = −.

7.2.9 Normality discussion

Assuming nX >> nY , the normality is straightforward to prove using 5.11.2 and 5.11.3. Nevertheless,
when nX ∼ nY , new marginally normal statistics enter in the formula. These statistics are

m∑
p=k+1

ûPk,Y,s,pûPk,X,t,p +
m∑

p=k+1

ûPk,X,s,pûPk,Y,t,p.

Despite this difficulty, the reader can check that assuming large θ, asymptotic joint normality of the
entries of H is equivalent to asymptotic joint normality of

WX,s,t,WY,s,t,
(
WX

2
)
s,t
,
(
WY

2
)
s,t

and
1√
m

m∑
i=k+1

WX,s,iWY,t,i

for s, t = 1, 2, ..., k. Note that joint normality holds for the first four elements by Theorem 5.11.2.
The part left to the reader is nearly done. Theorem 5.6.1 and Lemma 6.1.1 already showed that nearly
all the statistics that composed H are functions of the first four elements. Then, a similar proof to
Theorem 5.10.1 proves that for s, t = 1, 2, ..., k,

m∑
p=k+1

ûPk,Y,s,pûPk,X,t,p

can be expressed in function of the statistics.

7.3 Proof of the robust theorems

In this part we use the moment in probability Ep and Varp defined in 4.2.1.

7.3.1 Preliminary proofs

Before proving the theorems concerning the robustness, we need to prove the following small Lemma
that characterises the residual spike when θ is large.

Lemma 6.3.1.
Suppose X ∈ Rm×nX and Y ∈ Rm×nY are members of the same class, CA(Σ), CB, CC or CD(u).
Moreover, define WX = 1

nX
XXt and Σ̂X = 1

nX
XXt, where X = P 1/2X, and P is a finite perturbation

of order 1. (Without loss of generality we can assume a canonical perturbation, but ûX,1:m,1 is not
necessarily uniform. In particular the following formulas are only true for CD(u) after a rotation to
change u in e1.)
The largest residual spike obtained using X and Y is

λm,C =
1

2

 ˆ̂
θY (1− α̂2) + 1 +

ˆ̂
θY
ˆ̂
θX

+

√√√√−4
ˆ̂
θY
ˆ̂
θX

+

(
ˆ̂
θY (1− α̂2) +

ˆ̂
θY
ˆ̂
θX

+ 1

)2
+Op

(
1

θ

)
,
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where

1

θ − 1
=

m∑
i=1

λ̂WX ,i

θ̂X − λ̂WX ,i

û2
WX ,i,1

,

1

ˆ̂
θX − 1

=
1

m

m∑
i=1

λ̂WX ,i

θ̂X − λ̂WX ,i

,

ˆ̂
θX = θ

m∑
i=1

λ̂WX ,iû
2
WX ,1,i

+Op (1) ,

α̂2
X =

θ

(θ − 1)

(
1− θ − 1

θ̂2
X

m∑
i=1

λ̂2
WX ,i

û2
WX ,i,1

)
+Op

(
1

θ2

)
,

α̂ = α̂X α̂Y +
m∑
i=2

ûΣ̂X,i
ûΣ̂Y,i

+Op

(
1

θ2

)
,

ûWX ,1,i is the first entry of the ith eigenvector of WX and θ̂X = θ̂Σ̂X,1
is the largest eigenvalue of Σ̂X.

Moreover for class CA(Σ), CB and CC ,

ˆ̂
θY
ˆ̂
θX

= 1 +Op

(
1

θ

)
+

(
1

m1/2

)
,

ˆ̂
θY (1− α̂2) =

1

Σ1,1

((
WX

2
)

1,1
+
(
WY

2
)

1,1

)
− 2

Σ1,1

(
Σ2
)

1,1
+Op

(
1

θ

)
+Op

(
1

m1/2

)
.

(Page 93)

Proof. Lemma 6.3.1

First, we study the limit of the expectation of the residual spike when θ is large. Using Lemma
6.2.1,

λm,C =
1

2

 ˆ̂
θY + α̂2 − ˆ̂

θY α̂
2 +

1 + (
ˆ̂
θY − 1)α̂2 +

√
−4

ˆ̂
θY

ˆ̂
θX +

(
1 +

ˆ̂
θY

ˆ̂
θX − (

ˆ̂
θY − 1)(

ˆ̂
θX − 1)α̂2

)2

ˆ̂
θX


=

1

2

 ˆ̂
θY (1− α̂2) + 1 +

ˆ̂
θY
ˆ̂
θX

+

√√√√−4
ˆ̂
θY
ˆ̂
θX

+

(
ˆ̂
θY (1− α̂2) +

ˆ̂
θY
ˆ̂
θX

+ 1

)2
+Op

(
1

θ

)
.

The idea of the proof consists of looking at the expectation of
ˆ̂
θY
ˆ̂
θX

and
ˆ̂
θY (1− α̂2).

1: By Theorem 5.3.1,

ˆ̂
θY
ˆ̂
θX

=
θ
∑m

i=1 λ̂WY ,iû
2
WY ,1,i

+Op (1)

θ
∑m

i=1 λ̂WX ,iû
2
WX ,1,i

+Op (1)
=
WY,1,1

WX,1,1
+Op (1/θ) = 1 +Op

(
1

θ

)
+Op

(
1

m1/2

)
.
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2: By Theorem 5.3.1,

α̂2
X α̂

2
Y =

θ2

(θ − 1)2

(
1− θ − 1

θ2 (WX,1,1)2

(
WX

2
)
,1,1

)(
1− θ − 1

θ2 (WY,1,1)2

(
WY

2
)

1,1

)
+Op

(
1

θ2

)

=

(
1 +

2

θ
− 1

(θ − 1) (WX,1,1)2

(
WX

2
)
,1,1
− 1

(θ − 1) (WY,1,1)2

(
WY

2
)

1,1

)
+Op

(
1

θ2

)

=

(
1 +

2

θ
− 1

(θ − 1) (Σ1,1)2

((
WX

2
)
,1,1

+
(
WY

2
)

1,1

))
+Op

(
1

θ2

)
+Op

(
1

θm1/2

)
,

α̂X α̂Y =

(
1 +

1

θ
− 1

(θ − 1) (Σ1,1)2

(
WX

2
)
,1,1

+
(
WY

2
)

1,1

2

)
+Op

(
1

θ2

)
+Op

(
1

θm1/2

)
.

3: We can estimate
∑m

i=2 ûΣ̂X,i
ûΣ̂Y,i

as in the proof of Lemma 6.1.1. Nevertheless, this previous

proof does not directly solve the problem. Indeed, the term
(
W 2
)

1,2
is not of order 1/

√
m

anymore. The reader can show that the following extended result remains true. For s =
2, 3, ...,m, there exist B1 and B2 two finite constants such that∣∣∣∣ûΣ̂X,i,s

−
WX,1,s

θ1/2WX,1,1

∣∣∣∣ < B1WX,1,s

θ3/2
+
B2

(
WX

2
)

1,2

θ3/2
.

Thus,
m∑
i=2

ûΣ̂X,i
ûΣ̂Y,i

=
1

θ(WX,1,1WY,1,1)

m∑
i=2

(Σ1,s)
2 +Op

(
1

θ2

)

=
1

θ(Σ1,1)2

m∑
i=2

(Σ1,s)
2 +Op

(
1

θ2

)
.

This last result follows from bounded spectra of WX and WY , which imply the following
bounded quantities, (

m∑
s=2

WX,1,s

(
WY

2
)

1,s

)2

6
(
WX

2
)

1,1

(
WY

4
)

1,1
,

(
m∑
s=2

(
WX

2
)

1,s
WY,1,s

)2

6
(
WX

4
)

1,1

(
WY

2
)

1,1
,

(
m∑
s=2

(
WX

2
)

1,s

(
WY

2
)

1,s

)2

6
(
WX

4
)

1,1

(
WY

4
)

1,1
.

Despite the fact that the error could be large for some Σ, when θ tends to infinity, it is small.

4:

α̂ =

(
1 +

1

θ
− 1

θ (Σ1,1)
2

((
WX

2
)
,1,1

+
(
WY

2
)

1,1

2
+

m∑
i=2

(Σ1,s)
2

))
+Op

(
1

θ2

)
+Op

(
1

θm1/2

)
,

α̂2 =

(
1 +

2

θ
− 2

θ (Σ1,1)
2

((
WX

2
)
,1,1

+
(
WY

2
)

1,1

2
+

m∑
i=2

(Σ1,s)
2

))
+Op

(
1

θ2

)
+Op

(
1

θm1/2

)
.

Finally, because
ˆ̂
θY = θWY,1,1 +Op (1) = θΣ1,1 +Op (1) +Op

(
m−1/2

)
,

ˆ̂
θY (1− α̂2) = −2Σ1,1 +

1

Σ1,1

((
WX

2
)
,1,1

+
(
WY

2
)

1,1

)
− 2

Σ1,1

m∑
i=2

(Σ1,s)
2

+Op

(
1

θ

)
+Op

(
1

m1/2

)
=

1

Σ1,1

((
WX

2
)
,1,1

+
(
WY

2
)

1,1

)
− 2

Σ1,1

(
Σ2
)

1,1
+Op

(
1

θ

)
+Op

(
1

m1/2

)
.
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Then, we prove four lemmas necessary to prove 4.2.1.

Lemma 6.3.2.
In the class CA (Σ) defined in Definition 4.2.3, the limit of the expectation of the residual spike is
invariant of Σ. This means that:
Suppose XΣ,YΣ ∈ CA (Σ) and XIm ,YIm ∈ CA (Im) such that

XΣ = P 1/2Σ1/2X ∈ Rm×nX and YΣ = P 1/2Σ1/2Y ∈ Rm×nY ,
XIm = P 1/2X ∈ Rm×nX and YIm = P 1/2Y ∈ Rm×nY .

Let λm,Σ and λm,Im be the resulting residual spikes using
(
XΣ,YΣ

)
and

(
XIm ,YIm

)
respectively. We

have

Ep(min(m,θ)) [λm,Σ] = Ep(min(m,θ)) [λm,Im ] .
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Proof. Lemma 6.3.2

Using 6.3.1, we just need to show

E [TΣ,X ] = E [TIm,X ] + omin(m,θ) (1) ,

where

TΣ,X =
1

Σ1,1

(
WX

2
)

1,1
− (Σ2)1,1

Σ1,1
,

WX =
1

nX
Σ1/2XXtΣ1/2,

TIm,X =
(
WX

2
)

1,1
− 1,

WX =
1

nX
XXt.

The proof is divided into two parts. First, we compute E [TΣ,X ] and, then, we compare it to
E [TIm,X ].

1.

E [TΣ,X ] =
1

Σ1,1
E
[(
WX

2
)

1,1

]
− (Σ2)1,1

Σ1,1

=
1

Σ1,1

m∑
s=1

E
[
(WX,1,s)

2
]
− (Σ2)1,1

Σ1,1

=
1

Σ1,1

m∑
s=1

Var (WX,1,s)

=
1

Σ1,1

m∑
s=2

Var (WX,1,s) +O

(
1

m

)
.

The last line is obtained using the condition Var (WX,1,s) = O (1/m) of class CA.
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We recall that WX = Σ1/2WXΣ1/2. Then,

m∑
s=2

Var (WX,1,s) =
m∑
s=2

Var

((
Σ1/2WXΣ1/2

)
1,s

)

=

m∑
s=2

m∑
i,j

(
Σ1/2

)2

1,i

(
Σ1/2

)2

s,j
Var (WX,i,j)︸ ︷︷ ︸

A

+
m∑
s=2

m∑
i>j

2
(

Σ1/2
)

1,i

(
Σ1/2

)
s,j

(
Σ1/2

)
1,j

(
Σ1/2

)
s,i

Var (WX,i,j)︸ ︷︷ ︸
B

.

The last equality is obtained using the fact that X·,i have independent entries. Indeed,
assuming p 6 q and r 6 t,

Cov (WX,p,q,WX,r,t) =
1

n2
X

∑
i,j

Cov (Xp,iXq,i,Xr,jXt,j)

= δp=r,q=t Var (WX,p,q) .

The expression depends on Var (WX,i,j) and this terms can take four values.

If i = j = 1, Var (WX,i,j) =
V1,1

nX
,

If i = 1, j > 1 Var (WX,i,j) =
V1,2

nX
,

If i = j > 1, Var (WX,i,j) =
V2,2

nX
,

If i > 1, j > 1, i 6= j, Var (WX,i,j) =
V2,3

nX
.

Therefore,

A:

A=

m∑
s=2

m∑
i,j

(
Σ1/2

)2

1,i

(
Σ1/2

)2

s,j
Var (WX,i,j)

=

m∑
s=2

(
Σ1/2

)2

1,1

(
Σ1/2

)2

s,1

V1,1

nX
+

m∑
s=2

m∑
j>2

(
Σ1/2

)2

1,1

(
Σ1/2

)2

s,j

V1,2

nX
+

m∑
s=2

m∑
i>2

(
Σ1/2

)2

1,i

(
Σ1/2

)2

s,1

V1,2

nX

+

m∑
s=2

m∑
i>2

(
Σ1/2

)2

1,i

(
Σ1/2

)2

s,i

V2,2

nX
+

m∑
s=2

m∑
j>2
i>2
i6=j

(
Σ1/2

)2

1,i

(
Σ1/2

)2

s,j

V2,3

nX

=
(

Σ1/2
)2

1,1

(
Σ1,1 −

(
Σ1/2

)2

1,1

)
V1,1

nX
+

m∑
s=2

(
Σ1/2

)2

1,1

(
Σs,s −

(
Σ1/2

)2

s,1

)
V1,2

nX

+

(
Σ1,1 −

(
Σ1/2

)2

1,1

)2
V1,2

nX
+

m∑
i>2

(
Σ1/2

)2

1,i

(
Σi,i −

(
Σ1/2

)2

1,i

)
V2,2

nX

+

m∑
s=2

(
Σ1,1 −

(
Σ1/2

)2

1,1

)(
Σs,s −

(
Σ1/2

)2

s,1

)
V2,3

nX

=
(

Σ1/2
)2

1,1
mV1,2/nx + Σ1,1 max

i=2,...,m
{Σi,i}

V2,2

nX
+

(
Σ1,1 −

(
Σ1/2

)2

1,1

)
m
V2,3

nX
+O

(
1

nX

)
= Σ1,1cXV2,3 +

(
Σ1/2

)2

1,1
cX (V1,2 − V2,3) +O

(
1

nX

)
.
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Below, we show that V1,2 − V2,3 = op(1). For r < t,

Var (WX,r,t) = Var

(
1

nX

nX∑
i=1

Xr,iXt,i

)

=
1

n2
X

nX∑
i,j=1

Cov (Xr,iXt,i,Xr,jXt,j)

=
1

n2
X

nX∑
i,j=1

E [Xr,iXt,iXr,jXt,j ]

=
1

n2
X

nX∑
i,j=1

E [Xr,iXr,j ]E[ Xt,iXt,j ] .

Therefore,

V1,2 =
1

nX

nX∑
i,j=1

E [X1,iX1,j ]E[ X2,iX2,j ] =
1

nX

nX∑
i,j=1

Ψ1;i,jΨi,j ,

V2,3 =
1

nX

nX∑
i,j=1

Ψ2
i,j ,

V1,2 − V2,3 =
1

nX

nX∑
i,j=1

Ψi,j (Ψ1;i,j −Ψi,j)

6
1

nX

√√√√ nX∑
i,j=1

Ψ2
i,j

√√√√ nX∑
i,j=1

(Ψ1;i,j −Ψi,j)
2

= om(1),

where the last line is obtained by the condition on Ψ in the class CA defined in Definition
4.2.3.

B: The fact that λmax (Σ) is bounded implies Σi,i is bounded for i = 1, 2, ...,m and Hölder
inequalities,

B =
m∑
s=2

m∑
i>j

2
(

Σ1/2
)

1,i

(
Σ1/2

)
s,j

(
Σ1/2

)
1,j

(
Σ1/2

)
s,i

Var (WX,i,j)

=
m∑
s=2

m∑
i=2

2
(

Σ1/2
)

1,i

(
Σ1/2

)
s,1

(
Σ1/2

)
1,1

(
Σ1/2

)
s,i
V1,2/nX

+
m∑
s=2

m∑
i>j>1

2
(

Σ1/2
)

1,i

(
Σ1/2

)
s,j

(
Σ1/2

)
1,j

(
Σ1/2

)
s,i
V2,3/nX

=
m∑
s=2

m∑
i>j

2
(

Σ1/2
)

1,i

(
Σ1/2

)
s,j

(
Σ1/2

)
1,j

(
Σ1/2

)
s,i
V2,3/nX +O

(
1

nX

)

=

m∑
s=2

m∑
i,j=1

(
Σ1/2

)
1,i

(
Σ1/2

)
s,j

(
Σ1/2

)
1,j

(
Σ1/2

)
s,i
V2,3/nX

−
m∑
s=2

m∑
i

(
Σ1/2

)2

1,i

(
Σ1/2

)2

s,i
V2,3/nX +O

(
1

nX

)
= O

(
1

nX

)
.
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Therefore, we conclude

E [TΣ,X ] = cXV1,2 + om(1).

2. On the other hand, when Σ = Im,

E [TIm,X ] =
m∑
s=2

Var (WX,1,s)

=
1

nX

∑
V1,s

= cXV1,2 + om(1).

Therefore, the expectation in probability of the residual spike is asymptotically independent of Σ
in the class CA.

Lemma 6.3.3.
We define in the class CA (Im), XIm,LX = P 1/2XLX ∈ Rm×nX and YIm,LY = P 1/2YLY ∈ Rm×nY .
Moreover, XLX and YLY have temporal structure such that

XLX ,1,·,XLX ,2,·, ...,XLX ,m,· ∼ LX ,
YLY ,1,·,YLY ,2,·, ...,YLY ,m,· ∼ LY .

We define WX,LX = 1
nX

XLXXt
LX and W Y,LY = 1

nY
YLY Yt

LY .

If the spectra of

(
WX,L1 ,W Y,L3

)
and

(
WX,L2 ,W Y,L4

)
are rescaled and the second moments of the

spectra are the same, i.e.

E

[
m∑
i=1

λ̂WX,L1
,i

]
= E

[
m∑
i=1

λ̂WX,L2
,i

]
= 1 and E

[
m∑
i=1

λ̂2
WX,L1

,i

]
= E

[
m∑
i=1

λ̂2
WX,L2

,i

]
,

E

[
m∑
i=1

λ̂WY,L3
,i

]
= E

[
m∑
i=1

λ̂WY,L4
,i

]
= 1 and E

[
m∑
i=1

λ̂2
WY,L3

,i

]
= E

[
m∑
i=1

λ̂2
WY,L4

,i

]
,

then

Ep(min(m,θ)) [λm,L1,L3 ] = Ep(min(m,θ)) [λm,L2,L4 ] ,

where λm,L1,L3 and λm,L2,L4 are the resulting residual spikes using

(
XIm,L1 ,YIm,L3

)
and(

XIm,L2 ,YIm,L4

)
respectively.
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Proof. Lemma 6.3.3

Lemma 6.3.1 implies

ˆ̂
θY (1− α̂2) =

1

Σ1,1

((
WX

2
)
,1,1

+
(
WY

2
)

1,1

)
− 2

Σ1,1

(
Σ2
)

1,1
+Op

(
1

θ

)
+Op

(
1

m1/2

)
.

Thus, we only need to check the result for

TX,LX =
(
WX,LX

2
)

1,1
− 1,
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where, in this case,
(
WX,LX

2
)

1,1
=
(
WX,LX

2
)

1,1
. Therefore, we need to show that

E [TX,L1 ] = E [TX,L2 ] .

Because each row of the matrix XL1 has the same distribution, we obtain

1

m
E

[
m∑
i=1

λ̂2
WX,L1

,i

]
=

1

m
E

 m∑
i=1

λ̂2
WX,L1

,i

m∑
j=1

û2
WX,L1

,i,j


=

1

m

m∑
j=1

E

[
m∑
i=1

λ̂2
WX,L1

,iû
2
WX,L1

,i,j

]

=
1

m

m∑
j=1

E
[(
WX,L1

2
)
j,j

]
= E

[(
WX,L1

2
)

1,1

]
.

The last line is true because each row has same distribution and can be permuted. Therefore,

E
[(
WX,L1

2
)

1,1

]
= E

[(
WX,L1

2
)
i,i

]
for i = 2, ...,m. The same path leads to

1

m
E

[
m∑
i=1

λ̂2
WX,L2

,i

]
= E

[(
WX,L2

2
)

1,1

]
.

This concludes the proof.

Lemma 6.3.4.
Suppose that XLX ,XL∗X ∈ Rm×nX and YLY ,YL∗Y ∈ Rm×nY are in CA (Im) such that,

XLX = P 1/2XLX , YLY = P 1/2YLY ,

XL∗X = P 1/2XL∗X , YL∗Y = P 1/2YL∗Y ,

where P = Im + (θ − 1)e1e
t
1.

Moreover,

(
XLX ,YLY

)
and

(
XL∗X ,YL

∗
Y

)
have temporal structure such that

XLX ,1,·,XLX ,2,·, ...,XLX ,m,· ∼ LX ,
YLY ,1,·,YLY ,2,·, ...,YLY ,m,· ∼ LY ,
XL∗X ,1,· ∼ LX,1,
XL∗X ,2,·,XL

∗
X ,3,·, ...,XL

∗
X ,m,· ∼ LX ,

YL∗Y ,1,· ∼ LY,1,
YL∗Y ,2,·,YL

∗
Y ,3,·, ...,YL

∗
Y ,m,· ∼ LY .

In particular, Cov (XLX ,1,·) = Ψ1,X = ΨX , Cov (YLY ,1,·) = Ψ1,Y = ΨY , Cov (XL∗,1,·) = Ψ∗1,X ,
Cov (YL∗,1,·) = Ψ∗1,Y , ∆X = ΨX − Ψ∗1,X and ∆Y = ΨY − Ψ∗1,Y respect the conditions of the class
CA(Im).
Therefore we have

Ep(min(m,θ)) [λm,LX ,LY ] = Ep(min(m,θ))

[
λm,L∗X ,L

∗
Y

]
,

where λm,LX ,LY and λm,L∗X ,L
∗
Y

are the resulting residual spikes using

(
XLX ,YLY

)
and

(
XL∗X ,YL

∗
Y

)
respectively.
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(Page 95)

Proof. Lemma 6.3.4

Using Lemma 6.3.1, we just show that the expectations of
(
WX,LX

2
)

1,1
and W 2

X,L∗X ,1,1 tend to the

same value.

E
[(
WX,L∗X

2
)

1,1

]
=

1

n2
X

m∑
r=1

nX∑
i,j=1

E
[
XL∗X ,1,iXL∗X ,1,jXL∗X ,r,iXL∗X ,r,j

]
=

1

n2
X

nX∑
i,j=1

E
[
X2
L∗X ,1,i

X2
L∗X ,1,j

]
+

1

n2
X

nX∑
i,j=1

E

[
XL∗X ,1,iXL∗X ,1,j

m∑
r=2

XL∗X ,r,iXL∗X ,r,j

]

=
1

n2
X

E

[(
nX∑
i=1

X2
L∗X ,1,i

)]
+

1

n2
X

nX∑
i,j=1

E
[
XL∗X ,1,iXL∗X ,1,j

]
E

[
m∑
r=2

XL∗X ,r,iXL∗X ,r,j

]

= Var
(
WX,L∗X ,1,1

)
+ 1 +

1

n2
X

nX∑
i,j=1

E
[
XL∗X ,1,iXL∗X ,1,j

]
E

[
m∑
r=2

XL∗X ,r,iXL∗X ,r,j

]
.

The same computation leads to

E
[(
WX,LX

2
)

1,1

]
= Var (WX,LX ,1,1) + 1 +

1

n2
X

nX∑
i,j=1

E [XLX ,1,iXLX ,1,j ] E

[
m∑
r=2

XLX ,r,iXLX ,r,j

]
.

Because in class CA, Var
(
WX,L∗X ,1,1

)
and Var (WX,LX ,1,1) are O (1/m),∣∣∣∣EL∗X [(WX,L∗X

2
)

1,1

]
− E

[(
WX,LX

2
)

1,1

]∣∣∣∣
=

∣∣∣∣∣∣ 1

n2
X

nX∑
i,j=1

(
E
[
XL1,X ,i,1XL1,X ,j,1

]
− E [XLX ,i,1XLX ,j,1]

)
E

[
m∑
r=2

XLX ,i,rXLX ,j,r

]
+O

(
1

m

)∣∣∣∣∣∣
=

∣∣∣∣∣∣ cXnX
nX∑
i,j=1

(
Ψ∗1,X;i,j −ΨX;i,j

)
ΨX;i,j +O

(
1

m

)∣∣∣∣∣∣
6
cX
nX

√
Trace

(
∆2
X

)
Trace

(
Ψ2
X

)
+O

(
1

m

)
= om(1).

This concludes the proof.

Lemma 6.3.5.
Suppose that X = P 1/2X ∈ Rm×nX and Y = P 1/2Y ∈ Rm×nY are two random matrices in class
CA(Σ) such that

1

m

m∑
i=1

λ̂WX ,i =
1

m

m∑
i=1

λ̂WY ,i = 1,

1

m

m∑
i=1

λ̂2
WX ,i

= M2,X and
1

m

m∑
i=1

λ̂2
WY ,i

= M2,Y ,

M2 =
M2,X +M2,Y

2
.
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We define λm,CA(Σ) as the resulting residual spike between X and Y.
The Main Theorem 3.1.1 says that knowing the spectra, the estimator of the expectation of residual
spike assuming our model is

λ+ (M2) = M2 +
√
M2

2 − 1.

This expectation of λm,CA(Σ) is conservative in the sense of the second robustness defined in 4.2.2.
This means that the following results are true when nX , nY and θ tends to infinity.

1: If Σ = Im, then λ+ (M2) = M2 +
√
M2

2 − 1 = Ep(min(m,θ))

[
λm,CA(Σ)

]
.

2: If Σ 6= Im, then λ+ (M2) = M2 +
√
M2

2 − 1 > Ep(min(m,θ))

[
λm,CA(Σ)

]
.
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Proof. Lemma 6.3.5

Our simple model assumes Σ = Im and elliptical data. Therefore, Lemma 6.3.1 is still true and we

just need to investigate
ˆ̂
θY
ˆ̂
θX

and
ˆ̂
θY (1− α̂2). We call Esimple and ECA(Σ), the expectations assuming

our simple model and a model in the class CA(Σ). By analogy we define Ep;simple and Ep;CA(Σ) as
the expectation in probability.

Ep(m);simple

[
ˆ̂
θY
ˆ̂
θX

]
= 1 +O

(
1

m

)
,

Ep(min(m,θ));simple

[
ˆ̂
θY (1− α̂2)

∣∣∣M2

]
= Esimple

[(
WX

2
)
,1,1

+
(
WY

2
)

1,1

∣∣∣M2

]
− 2

= 2M2 − 2.

In order to prove the robustness in expectation of the estimators obtained assuming this model, we
just need to show that

Ep(min(m,θ));simple

[
ˆ̂
θY (1− α̂2)

∣∣∣M2

]
> Ep(min(m,θ));CA(Σ)

[
ˆ̂
θY (1− α̂2)

∣∣∣M2

]
.

Using the Lemma 6.3.4, we can assume that Ψ1 = Ψ in the class CA.

1: If Σ = Im, then using the restriction, Ψ1 = Ψ, leads to

ECA(Im)

[(
WX

2
)
,1,1

]
=

1

m

m∑
i=1

ECA(Im)

[(
WX

2
)
,i,i

]
+ om(1)

=
1

m
ECA(Im)

[
Trace

((
WX

2
))]

+ om(1)

= M2,X + om(1).

Therefore,

Ep(min(m,θ);simple

[
ˆ̂
θY (1− α̂2)

∣∣∣M2

]
= 2M2 − 2 = Ep(min(m,θ);C(Im)

[
ˆ̂
θY (1− α̂2)

]
.

2: If Σ 6= Im, then, by using the proof of Lemma 6.3.2 (and its estimations of A and B), we
obtain

Ep(min(m,θ));CA(Σ)

[
ˆ̂
θY (1− α̂2)

]
= ECA(Σ)

[
1

Σ1,1

((
WX

2
)
,1,1

+
(
WY

2
)

1,1

)
− 2

Σ1,1

(
Σ2
)

1,1

]
=

∑m
s=2 VarCA(Σ) (WX,1,s) +

∑m
s=2 VarCA(Σ) (WY,1,s)

Σ1,1

= m
(
VarCA(Σ) (WX,1,2) + VarCA(Σ) (W Y,1,2)

)
,
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where WX = 1
nX

XXt is such that WX = Σ1/2WXΣ1/2.
We remember that assuming our model leads to

Ep(min(m,θ));simple

[
ˆ̂
θY (1− α̂2)

∣∣∣M2

]
= 2M2 − 2.

Therefore, using the same argument as above and the restriction Ψ1 = Ψ,

2M2 − 2 = ECA(Σ)

[
1

m

(
Trace

((
WX

2
))

+ Trace
(
W 2

Y

))]
− 2

=

m∑
i=1

ECA(Σ)

[((
WX

2
)
,i,i

+
(
WY

2
)
,i,i

)
− 2

(
Σ2
)
i,i

]
+

2

m
Trace

(
Σ2
)
− 2

=
1

m

m∑
i=1

Σi,i

(
m
(
VarCA(Σ) (WX,1,2) + VarCA(Σ) (W Y,1,2)

))
+

2

m
Trace

(
Σ2
)
− 2

= m
(
VarCA(Σ) (WX,1,2) + VarCA(Σ) (W Y,1,2)

)
+

2

m
Trace

(
Σ2
)
− 2.

Because (Trace (ΣIm))2 < mTrace
(
Σ2
)
, then 2

mTrace
(
Σ2
)
− 2 > 0. Therefore

2M2 − 2 > Ep(min(m,θ));CA(Σ)

[
ˆ̂
θY (1− α̂2)

]
.

Finally, the last inequality follows from the formula of the residual spike.

λ+(M2) = M2 +
√
M2

2 − 1 > Ep(min(m,θ))

[
λm,CA(Σ)

]
.

7.3.2 Proof of Model A

Theorem 4.2.1.
Assume X ∈ Rm×nX and Y ∈ Rm×nY are random matrices from class CA(Σ) defined in 4.2.3. By
definition of CA,

X = P 1/2Σ1/2X and Y = P 1/2Σ1/2Y.

We define

X̃ = P 1/2X̃ and Ỹ = P 1/2Ỹ,

such that X̃ and Ỹ are invariant by rotation with spectra equal to the spectra of X and Y respectively.
Moreover, we define λA,m and λ0,m as the largest residual spikes obtained using

(
X,Y

)
and

(
X̃, Ỹ

)
respectively.
Then,

1. The new data X̃ and Ỹ satisfy the conditions of our model.

2. Our model is asymptotically weakly robust on the right,

Ep(min(m,θ)) [λA,m] 6 Ep(min(m,θ)) [λ0,m] with equality when Σ = Im.
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3. If Trace (Σ)− 1 > d, where d is a positive constant, our model is asymptotically strongly robust
on the right,

Ep(min(m,θ)) [λA,m] +D(d) < Ep(min(m,θ)) [λ0,m] ,

where D(d) is positive and depends on d,

lim
m,θ→∞

Varp(min(m,θ)) (λA,m) = lim
m,θ→∞

Varp(min(m,θ)) (λ0,m) = 0.

Remark 4.2.1.1.

1. The theorem shows that applying the procedure based on our base model to data
generated by model A leads to conservative tests.

2. This theorem can be extended to the minimum residual spike to show robustness on
the left.

(Page 44)

Proof. Theorem 4.2.1

The proof of Theorem 4.2.1 uses four lemmas.

1: By Lemma 6.3.2, the expectation of the residual spike depends only on the temporal structure
when θ is large. Therefore, the result is invariant of Σ.

2: Using the first point, we can consider only models with Σ = Im. By Lemma 6.3.3, if Σ = Im,
the expectation is the same for all the temporal structures with the same two first moments
of the spectrum.

3: A small fluctuation of the first rows (time) does not affect the expectation by Lemma 6.3.4.

4: Lemma 6.3.5 proves that applying our model leads to a conservative test when the true model
is A.

Moreover, in the class CA, the variance of WX,1,1 and
(
WX

2
)

1,1
tends to 0. Combining this obser-

vation with Lemma 6.3.1 shows the limit of the residual spikes variances.
The combination of the four lemmas and the convergence of the variances prove Theorem 4.2.1.

7.3.3 Proof of Model B

Theorem 4.2.2.
Assume X ∈ Rm×nX and Y ∈ Rm×nY are random matrices from class CB defined in 4.2.4. By
definition of CB,

X = P 1/2X and Y = P 1/2Y,

where P = Im + (θ − 1)uut. We define

X̃ = P̃ 1/2X and Ỹ = P̃ 1/2Y,

such that P̃ = Im + (θ̃ − 1)uut and lim θ̃√
m

= ∞. Moreover, we define λB,m and λ0,m as the largest

residual spikes obtained using
(
X,Y

)
and

(
X̃, Ỹ

)
respectively.

If the criterion defined in 4.2.5 is such that

∀θ > 0, µλ(θ, SX, SY) < lim
θ→∞

µλ(θ, SX, SY) + o(1/
√
m),

then
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1. If the variances in probability of θ̂X , θ̂Y , 〈ûX , ûY 〉 are O (1/m), our model is asymptotically
strongly robust on the right,

Ep(m) [λB,m] 6 Ep(m) [λ0,m] .

The equality occurs when

lim
m→∞

Varp(m) (λB,m)

Varp(m) (λ0,m)
= 1.

2. If the variances in probability of θ̂X , θ̂Y , 〈ûX , ûY 〉 are om (1), our model is asymptotically weakly
robust on the right,

Ep(m) [λB,m] 6 Ep(m) [λ0,m] .

Remark 4.2.2.1.

1. If the criterion is satisfied, then applying the Main Theorem to data generated by model
B leads to conservative tests.

2. This theorem can be extended to the minimum residual spike to show robustness on
the left.

(Page 45)

Proof. Theorem 4.2.2

We recall the formula for the residual spike :

λ̂residual =
1

2

 ˆ̂
θY + α̂2 − ˆ̂

θY α̂
2 +

1 + (
ˆ̂
θY − 1)α̂2 +

√
−4

ˆ̂
θY

ˆ̂
θX +

(
1 +

ˆ̂
θY

ˆ̂
θX − (

ˆ̂
θY − 1)(

ˆ̂
θX − 1)α̂2

)2

ˆ̂
θX


1 : First, we note that if the variance of θ̂X , θ̂Y , α̂2 is Op

(
1/mβ

)
, the expectation of the residual

spike tends to the function of the criterion 4.2.5, µλ(θ, SX , SY ), with SX and SY the spectra
of the random matrices before applying the perturbation P . The error is of size op

(
1/mβ/2

)
.

(If the variances are just o(1), the error is op(1).)
However, we need to check that asymptotically E[α̂] = α = αXαY . Indeed we already know

by construction that
ˆ̂
θX is asymptotically an unbiased estimator of θX .

2 : Because the matrices X and Y are in the class CB defined in 4.2.4, we can suppose without
loss of generality that u = e1. Therefore,

E[α̂] = E
[
ûΣ̂X,1

ûΣ̂Y,1

]
+ E

[
m∑
i=2

ûΣ̂X,i
ûΣ̂Y,i

]
= αXαY +

m∑
i=2

E
[
ûΣ̂X,i

]
E
[
ûΣ̂Y,i

]
= αXαY ,

where ûΣ̂X
and ûΣ̂Y

are the largest eigenvectors of Σ̂X = XXt

nX
and Σ̂Y = YYt

nY
respec-

tively. The last equality is obtained because the invariance by rotation implies E
[
ûΣ̂Y,i

]
=

E
[
−ûΣ̂Y,i

]
= 0 for i > 1.

3: Therefore, the criterion 4.2.5 is the expectation of the residual spike of model B with a small
error of size op

(
1/mβ/2

)
or op(1) depending on the variance of the estimators.

Therefore, assuming that the criterion µλ(θ) increases as a function of θ, the largest expectation
appears for large θ and this scenario corresponds to our model.
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7.3.4 Proof of Model C

Theorem 4.2.3.
Assume X ∈ Rm×nX and Y ∈ Rm×nY are random matrices from class CC defined in 4.2.6. By
definition of CB,

X = P 1/2X and Y = P 1/2Y,

where P = Im + (θ − 1)uut. We define

X̃ = P̃ 1/2X̃ and Ỹ = P̃ 1/2Ỹ,

such that P̃ = Im + (θ̃ − 1)uut, lim θ̃√
m

= ∞ and X̃ (respectively Ỹ) is invariant by rotation with

spectrum equal to the spectrum of X (respectively Y). Moreover, we define λC,m and λ0,m as the
largest residual spikes obtained using

(
X,Y

)
and

(
X̃, Ỹ

)
respectively.

If the criterion defined in 4.2.5 is such that

∀θ > 0, µλ(θ, SX, SY) < lim
θ→∞

µλ(θ, SX, SY) + o(1/
√
m)

and if the variance in probability of θ̂X , θ̂Y , 〈ûX , ûY 〉 are om (1), our model is asymptotically weakly
robust on the right,

Ep(m) [λC,m] 6 Ep(m) [λ0,m] .

Remark 4.2.3.1.

1. We can show that assuming data of the classes CB and CC with same spectrum leads to

Ep(m) [λC,m(θ)] 6 Ep(m) [λB,m(θ)] .

2. If θ is large, Ep(m) [λC,m] = Ep(m) [λ0,m] but we have no information about the variance.

3. If the criterion is satisfied, then applying the Main Theorem to data generated by model
C leads to conservative tests.

4. This theorem can be extended to the minimum residual spike to show robustness on
the left.

(Page 47)

Proof. Theorem 4.2.3

The proof of 4.2.3 is the same as the proof of Lemma 4.2.2. Because the data are symmetric and
identical, we can apply rotations that permute elements of the matrices or change the sign of rows.
Therefore, the expectation of the residual spike is exactly the same as for model B, page 202.

7.3.5 Proof of Model D

Theorem 4.2.4.
Assume X ∈ Rm×nX and Y ∈ Rm×nY are random matrices from class CD(u) defined in 4.2.7 for
u ∈ Rm. By definition of CD,

X = P 1/2X = P 1/2Σ1/2X and Y = P 1/2Y = P 1/2Σ1/2Y,
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where P = Im + (θ − 1)uut. We define

X̃ = P̃ 1/2X̃ and Ỹ = P̃ 1/2Ỹ,

such that P̃ = Im + (θ̃ − 1)uut, lim θ̃√
m

= ∞ and X̃ (respectively Ỹ) is invariant by rotation with

spectrum equal to the spectrum of X (respectively Y). Moreover, we define λD,m and λ0,m as the
largest residual spikes obtained using

(
X,Y

)
and

(
X̃, Ỹ

)
respectively.

If the criterion defined in 4.2.5 is such that

∀θ > 0, µλ

(
θ, SX, SY, ÛX, ÛY

)
< lim

θ→∞
µλ

(
θ, SX, SY, ÛX, ÛY

)
+ o(1/

√
m)

and the variance of 〈ûX , ûY 〉 is om (1), then

1. If the criterion 4.2.8 is such that T = 0, then our model is asymptotically weakly robust on the
right,

Ep(m) [λD,m] 6 Ep(m) [λ0,m] .

2. If the criterion of 4.2.8 is such that T > d for d a positive constant, then our model is asymp-
totically strongly robust on the right,

Ep(m) [λD,m] +D(d) < Ep(m) [λ0,m] + om(1), where D(d) is a positive function of d,

lim
m→∞

Varp(m) (λD,m) = lim
m→∞

Varp(m) (λ0,m) = 0.

Remark 4.2.4.1.

1. If Ep(m) [λD,m] = Ep(m) [λ0,m] when θ tends to infinity, the asymptotic variances are not
necessarily the same. We recall that models letting θ tend to infinity are in class CA.
Therefore, assuming Σ 6= Im leads to conservative tests.

2. Simulations seem to show that for all θ, when Σ 6= Im, we usually have

Ep(m) [λD,m] < Ep(m) [λ0,m] .

3. If the criterion is respected and the variance of the residual spike tends to 0, then
applying the Main Theorem to data generated by model D leads to conservative tests.

4. This theorem can be extended to the minimum residual spike to show robustness on
the left.

(Page 49)

Proof. Theorem 4.2.4

To prove Theorem 4.2.4, we need to understand how the T criterion 4.2.8 is built. Then, the proof
uses simple results of linear algebra.
In this theorem we use the following notation:

Σ̂X = XXt

nX
, ûX = ûΣ̂X ,1

, θ̂X = λ̂Σ̂X ,1

Σ̂Y = YYt

nX
, ûY = ûΣ̂Y ,1

, θ̂Y = λ̂Σ̂Y ,1

1 : First we can without loss of generality apply the same invariant by rotation matrix to X
and Y in order to change u by e1. Then, the matrices without perturbation, X and Y are
rotationally invariant but not independent anymore.
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2 : We realize that only the expectation of α̂ changes compared to model B. (Indeed the expec-

tations of
ˆ̂
θX and

ˆ̂
θX are asymptotically θ.)

E[α̂] = αXαY +

m∑
i=2

E [ûY,iûX,i] = αXαY +mE [ûY,2ûX,2] .

The characterisation 5.11.1 of the perturbed eigenvector shows that the component i of the
eigenvector is

ûX,s√
1− û2

X,1

=
QX,1,s√∑
t6=1(QX,1,s)2

,

QX,1,s =
(
WX (θIm −WX)−1

)
1,s
,

where WX = 1
nX

XXt.
Therefore, we have

E

 ûY,2ûX,2√
1− û2

Y,1

√
1− û2

X,1

 = E

 QX,1,2√∑
t6=1(QX,1,t)2

QY,1,2√∑
t6=1(QY,1,t)2

 .
This last equation explains the T criterion. The scalar product is computed from QX and
QY. Therefore, the criterion replacing QX and QY by QX and QY seems intuitive. In the
next part, we will show that this replacement is valid.

3: The previous part express E [ûY,2ûX,2] as a function of QX,1,2; however, we can only look at
QX,2,3. To prove that replacing X by X has no asymptotic impact, we need to show

QX,2,3 ∼ QX,2,3,

where

QX,2,3 =
(
WX (θIm −WX)−1

)
2,3
,

QX,2,3 =

((
Σ̂X − θ̂X ûX ûtX

)(
θIm −

(
Σ̂X − θ̂X ûX ûtX

))−1
)

2,3

.

To simplify equation, we use the following notation:

Q (M, θ) =
(
M (θIm −M)−1

)
.

The equivalence is proven in three steps.

(a) Q (WX , θ)2,3 = Q
(

Σ̂X,−1,−1, θ
)

1,2
+Op

(
1

θ2m

)
, where Σ̂X,−1,−1 is the matrix Σ̂X without

the first row and the first column.

(b) Q
(

Σ̂X,−1,−1, θ
)

1,2
= Q

(
Σ̂X , θ

)
2,3

+Op
(

1
θm

)
.

(c) Q
(

Σ̂X , θ
)

2,3
= Q

(
Σ̂X − θ̂X ûX ûtX , θ

)
2,3

+Op
(

1
θm

)
.

(a) Q (WX , θ)2,3 = Q
(

Σ̂X,−1,−1, θ
)

1,2
+Op

(
1

θ2m

)
.

Because Σ̂X = P 1/2WXP
1/2 and P is a canonical perturbation of order 1, then

ΣX,−1,−1 = WX,−1,−1.
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Moreover,

Q (WX , θ)2,3 =
(
WX (θIm −WX)−1

)
2,3

=

((
WX,1,1 WX,1,−1

WX,−1,1 WX,−1,−1

)(
θIm −

(
WX,1,1 WX,1,−1

WX,−1,1 WX,−1,−1

))−1
)

2,3

=

((
WX,1,1 WX,1,−1

WX,−1,1 WX,−1,−1

)(
θ −WX,1,1 −WX,1,−1

−WX,−1,1 θIm−1 −WX,−1,−1

)−1
)

2,3

.

If κ = (θ −WX,1,1)−WX,1,−1(θIm−1 −WX,−1,−1)−1WX,−1,1, then κ ∼ θ and

(
θ −WX,1,1 −WX,1,−1
−WX,−1,1 θIm−1 −WX,−1,−1

)−1

=

(
1/κ

1/κ
(
(θIm−1 −WX,−1,−1)−1WX,1,−1

)t
1/κ(θIm−1 −WX,−1,−1)−1WX,1,−1

(θIm−1 −WX,−1,−1)−1 + 1/κ(θIm−1 −WX,−1,−1)−1WX,1,−1WX,−1,1(θIm−1 −WX,−1,−1)−1

)
.

Therefore,

Q (WX , θ)2,3

=
(
WX,2,1 WX,2,−1

)( 1
κ

(θIm−1 −WX,−1,−1)−1WX,1,−1

(θIm−1 −WX,−1,−1)−1 + 1
κ

(θIm−1 −WX,−1,−1)−1WX,1,−1WX,−1,1(θIm−1 −WX,−1,−1)−1

)
·,2

= WX,2,1
1

κ

(
(θIm−1 −WX,−1,−1)

−1
WX,1,−1

)
2

+
(
WX,−1,−1(θIm−1 −WX,−1,−1)

−1
)
1,2

+

(
WX,−1,−1

1

κ
(θIm−1 −WX,−1,−1)

−1
WX,1,−1WX,−1,1(θIm−1 −WX,−1,−1)

−1
)

1,2

=
(
WX,−1,−1(θIm−1 −WX,−1,−1)

−1
)
1,2

+ Op

(
1

θ2m

)
.

The last line is obtained in two steps.

• Using the invariance by rotation of ~B =
(
(θIm−1 −WX,−1,−1)−1WX,1,−1

)
∈ Rm−1

implies that, for s = 3, 4, ...,m,

B2 =
(
(θIm−1 −WX,−1,−1)−1WX,1,−1

)
1
∼
(
(θIm−1 −WX,−1,−1)−1WX,1,−1

)
s−1

= Bs.

Then, (
m∑
s=2

|Bs|

)2

6 m

(
m∑
s=2

(Bs)
2

)
= m|| ~B||2

= m(WX,1,−1)t(θIm−1 −WX,−1,−1)−2WX,1,−1

6 mλmax

(
(θIm−1 −WX,−1,−1)−1

)2 ||WX,1,−1||2.

Because the spectrum of WX is bounded, there exists C a constant such that
||WX,1,−1||2 < C2. Therefore,

E [|B2|] 6 C
λmax

(
(θIm−1 −WX,−1,−1)−1

)
√
m

+Op

(
1

θm

)
.

Because κ ∼ θ and WX,2,1 = Op (1/
√
m), then

WX,2,11/κ
(
(θIm−1 −WX,−1,−1)−1WX,1,−1

)
2

= Op

(
1

θ2m

)
.
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• By invariance under rotation, for 1 < i 6= j 6 m,

B2,3

=
(
WX,−1,−1(θIm−1 −WX,−1,−1)−1WX,1,−1WX,−1,1(θIm−1 −WX,−1,−1)−1

)
1,2

∼
(
WX,−1,−1(θIm−1 −WX,−1,−1)−1WX,1,−1WX,−1,1(θIm−1 −WX,−1,−1)−1

)
i−1,j−1

= Bi,j . m∑
i,j=2
i6=j

|Bi,j |


2

6

 m∑
i,j=2

(Bi,j)
2

m2

= Trace
(
B2
)
m2

6 Cλmax

(
(θIm−1 −WX,−1,−1)−1WX,−1,−1(θIm−1 −WX,−1,−1)−1

)2
m2.

Therefore

E [|B2,3|] 6 C
λmax

(
(θIm−1 −WX,−1,−1)−1WX,−1,−1(θIm−1 −WX,−1,−1)−1

)
m

+ op

(
1

θ2m

)
.

Because κ ∼ θ, the last term is of order Op
(

1
θ3m

)
.

This concludes the first step.

(b) Q
(

Σ̂X,−1,−1, θ
)

1,2
= Q

(
Σ̂X , θ

)
2,3

+Op
(

1
θm

)
.

This equality is proven as in the previous step by replacing WX,1,1 and WX,−1,1 by Σ̂X,1,1

and Σ̂X,−1,1 respectively. In this case, the constant C change,

C = ||Σ̂X,−1,1|| = Op (θ) .

However, we still can prove the result with a weaker power of 1/θ.

(c) Q
(

Σ̂X , θ
)

2,3
= Q

(
Σ̂X − θ̂X ûX ûtX , θ

)
2,3

+Op
(

1
θm

)
.

We directly compute

Q
(

Σ̂X − θ̂X ûX ûtX , θ
)

2,3
=

((
Σ̂X − θ̂X ûX ûtX

)(
θIm −

(
Σ̂X − θ̂X ûX ûtX

))−1
)

2,3

=

(
m∑
i=2

λ̂Σ̂X ,i

θ − λ̂Σ̂X ,i

ûΣ̂X ,i
ût

Σ̂X ,i

)
2,3

=

(
Σ̂X

(
θIm − Σ̂X

)−1
)

2,3

− θ̂

θ − θ̂
û2û3

=

(
Σ̂X

(
θIm − Σ̂X

)−1
)

2,3

+Op

(
1

θm

)
.

This concludes the third step.

3: Finally if T is the criterion,

E [α̂] = αXαY +mE

 ûY,2ûX,2√
1− û2

Y,1

√
1− û2

X,1

√1− α2
Y

√
1− α2

X + om (1)

= αXαY +mE

 QX,1,2√∑
t6=1(QX,1,t)2

QY,1,2√∑
t 6=1(QY,1,t)2

√1− α2
Y

√
1− α2

X + om (1)

= αXαY + T
√

1− α2
Y

√
1− α2

X + om (1) .
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The theorem assumes the criterion defined in 4.2.5 µλ as strictly increasing with θ.
First, this condition proves that if T = 0, then µλ0 6 µλD + om(1).
Then, the expectation of the residual spike is strictly decreasing as a function of T . Therefore,
the estimation µλ0 , neglecting strictly positive T , is asymptotically strictly larger than µλD .
Moreover, assuming that the variance of the angle tends to 0 proves the second point of the
theorem.

7.3.6 Proof of Power

Theorem 4.3.1.
Suppose X = P 1/2X ∈ Rm×nX and Y = P 1/2Y ∈ Rm×nY are data such that for X ∈ Rm×nX and
Y ∈ Rm×nY 2.2.1 and furthermore P ∈ Rm×m satisfies Assumption 2.2.2(A4). We test

H0 : PX = PY ,

H1 : PY = PX + (λ− 1)vvt,

where PX is a finite perturbation such that

PX = Im +
k∑
i=1

(θi − 1)uiu
t
i.

We define the Power as

βm = Pm {H0 rejected } .

1. Assuming the continuity properties defined in 4.3.1, then the Power tends to 1 in the following
two cases:

(a) 〈v, ui〉 = 0 for i = 1, 2, ..., k,

(b)
∑k

i=1 〈v, ui〉
2 6= 1,

2. Assuming the classical multivariate assumption, nX , nY → ∞ with m
nX
, mnY → 0 and a fixed

dependence between the columns (temporal structure), then the Power tends to 1 in the two
cases defined above.

3. Assuming m,nX , nY →∞ with cX = m
nX

, cY = m
nY

, then

(a) If 〈v, ui〉 = 0 for i = 1, 2, ..., k, and

λ > M2 +
√
M2

2 − 1,

where

M2 =
M2,X +M2,Y

2
, M2,X =

1

m

m∑
i=1

λ̂2
X,i and M2,Y =

1

m

m∑
i=1

λ̂2
Y,i,

the Power tends to 1.

(Page 52)

Proof. Theorem 4.3.1
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We prove each part of Theorem 4.3.1 in a different order.

〈v, ui〉 = 0:

• m/nX = cX and m/nY = cY :
Under H0, the asymptotic residual spike tends to M2 +

√
M2

2 − 1. We just need to show
that the asymptotic residual spike tends to be larger than λ under H1.

Under H1, we build
ˆ̂
λ, the unbiased estimator of λ used in

ˆ̂
ΣY with its corresponding

eigenvector v̂, then

λmax

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
> v̂t

ˆ̂
Σ−1
X

ˆ̂
ΣY v̂

> ˆ̂
λv̂t

ˆ̂
Σ−1
X v̂

> ˆ̂
λ+

ˆ̂
λ

k∑
i=1

(1/
ˆ̂
θX,i − 1) 〈v̂, ûX,i〉2

> ˆ̂
λ+Op (1/m) .

The first part of the result follows because
ˆ̂
λ tends to λ. Therefore, when λ > M2 +√

M2
2 − 1, the power tends to 1.

• cX and cY tend to 0:
When nX and nY tend to infinity, we are in the classical theory. Under H0, the residual
spike tends to 1 and because the previous computation still holds under H1, the power
tends to 1.

• Continuity property:
Assuming the continuity property, λ tends to infinity and the power tends to 1.∑k

i=1〈v, ui〉2 6= 1:
In this case the difference is not orthogonal. We use the same computation as previously,

λmax

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
> ˆ̂

λ+
ˆ̂
λ

k∑
i=1

(1/
ˆ̂
θX,i − 1) 〈v̂, ûX,i〉2

> ˆ̂
λ− ˆ̂

λ

k∑
i=1

〈v̂, ûX,i〉2

> ˆ̂
λ

(
1−

k∑
i=1

〈v̂, ûX,i〉2
)
.

• cX and cY tends to 0:

Under H0, the residual spike tends to 1, but, under H1,
ˆ̂
λ does not tend to 1. Therefore

the power tends to 1.

• Continuity property:

Because
∑k

i=1 〈v̂, ûX,i〉
2 < 1 and λ tends to infinity, then λmax

(
ˆ̂
Σ
−1/2
X

ˆ̂
ΣY

ˆ̂
Σ
−1/2
X

)
neces-

sarily tends to infinity. Therefore the power tends to 1.
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7.4 Application proofs

7.4.1 Spectrum estimation

Theorem 4.4.1.
Using the notation of Section 4.4.1 and assuming φ is an increasing function on the support of the
spectrum, the following holds.

1. If the values λ̂Σ̂X,i
for i = kX , kX + 1, ..., k are finite (k > kX),

0 <
1

m

m∑
i=1

φ
(
λ̂WX ,i

)
− 1

m− kX

m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)
6 Op

(
1

m

)
.

In particular if ρ ∈ R is outside the spectrum support, for s1, s2 > 0,

Ms1,s2,WX
(ρ) =

1

m

m∑
i=1

(
λ̂WX ,i

)s1(
ρ− λ̂WX ,i

)s2 +Op (1/m) = Ms1,s2,Σ̂X
(ρ) +Op (1/m) .

More precisely

kX
∑m

i=kX+1 φ
(
λ̂Σ̂X,i

)
m(m− kX)

6
1

m

m∑
i=1

φ
(
λ̂WX ,i

)
− 1

m− kX

m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)

6
2kφ

(
λ̂WX ,1

)
−
∑k

i=kX+1 φ
(
λ̂Σ̂X,i

)
m

+
kX
∑m

i=kX+1 φ
(
λ̂Σ̂X,i

)
m(m− kX)

.

2. The estimator can be improved when φ(x) = x2 using another estimator. We assume that the

variance of the entries of the data is σ2 and σ2 −M1,Σ̂X
= Op

(
1

mnX

)
, then

1

σ2

1

m

m∑
i=1

(
λ̂WX ,i

)2
−

∑m
i=kX+1

(
λ̂Σ̂X,i

(kX)
)2

+ 2kX

(
λ̂Σ̂X,kX+1

)2

(m− kX)M1,Σ̂X
+ 2kX λ̂Σ̂X,kX+1

6
2k
(
λ̂WX ,1

)2
−
∑k

i=kX+1

(
λ̂Σ̂X,i

)2
− 2kX

(
λ̂Σ̂X,kX+1

)2

σ2m

+

(∑m
i=kX+1

(
λ̂Σ̂X,i

)2
)

mσ2M1,Σ̂X(
M1,Σ̂X

− σ2 +
−
∑k

i=kX+1 λ̂Σ̂X,i
+ 2kX λ̂Σ̂X,kX+1 − (k + 1)M1,Σ̂X

m

)
+Op

(
1/m2

)
.

Remark 4.4.1.1.

1. The first inequality shows that the error of the intuitive estimator is of order 1/m.
Moreover, we always underestimate the true value and this underestimation can lead
to a non-conservative test. Nevertheless, asymptotically, this estimation is enough and
simulations show very good performance with reasonably large m.

2. We propose the second estimator to improve the conservative properties of the first one.
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The first estimator underestimates M2,X with an error of size

2kφ
(
λ̂WX ,1

)
−
∑k

i=kX+1 φ
(
λ̂Σ̂X,i

)
m

=
2k
(
λ̂WX ,1

)2
−
∑k

i=kX+1

(
λ̂Σ̂X,i

)2

m
.

This estimator has also an error of order 1/m and tends to bound M2,X . However,

assuming λ̂Σ̂X,kX+1 close to λ̂WX ,1, the terms that contribute to the underestimation
are

2kX λ̂Σ̂X,kX+1

m
and

(k − kX)
(
λ̂WX ,1

)2

σ2m
.

The error is of order 1/m, but the numerator is smaller than k
(
λ̂Σ̂X,kX+1

)2
.

3. We do not treat the case kX > k because,

• If kX 6 k, the estimators are Op (1/m) when the missing perturbations are small.
Moreover, underestimation of k leads to overestimation of M2

• If kX > k, we tend to underestimate M2 and the procedure loses the property of
conservativeness.

Before concluding that choosing kX < k is better, we should remember that this scenario
creates errors on the statistics used for the Main Theorem 3.1.1. A better answer could
be:

Choose kX < k to estimate the spectrum and kX > k for the rest of the
procedure.

Of course all this discussion can be neglected when m is large enough.

(Page 54)

Proof. Theorem 4.4.1

We look at the eigenvalue of WX and P
1/2
k WXP

1/2
k . Without loss of generality we assume Pk is

canonical.
We define P̃i = Im + (θi − 1)eie

t
i. Therefore,

P
1/2
k WXP

1/2
k = P̃

1/2
k P̃

1/2
k−1 · · · P̃

1/2
1 WX P̃

1/2
1 · · · P̃ 1/2

k−1P̃
1/2
k .

1. We first compute the error of the intuitive estimator. We start by assuming kX = k = 1, then
k = kX > 1 and finally k > kX .

(a) First we show the result for a perturbation of order k = 1.

Σ̂P1,X = P
1/2
1 WXP

1/2
1 =

(
Σ̂P1,X,1,1 Σ̂P1,X,1,2:m

Σ̂P1,X,2:m,1 WX,2:m,2:m

)
We use the notation WX,−1,−1 = WX,2:m,2:m to simplify equations. By the Cauchy
interlacing law for symmetric matrices we have

λ̂WX ,1 > λ̂WX,−1,−1,1 > λ̂WX ,2 > λ̂WX,−1,−1,2 > · · · > λ̂WX ,m−1 > λ̂WX,−1,−1,m−1 > λ̂WX ,m.

Therefore,

0 6
m∑
i=1

φ
(
λ̂WX ,i

)
−
m−1∑
i=1

φ
(
λ̂WX,−1,−1,i

)
6 φ

(
λ̂WX ,1

)
.
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Using the same argument,

0 6
m−1∑
i=1

φ
(
λ̂WX [−1,−1],i

)
−

m∑
i=2

φ
(
λ̂Σ̂1,X ,i

)
6 φ

(
λ̂WX,−1,−1,1

)
.

Therefore,

0 6
m∑
i=1

φ
(
λ̂WX ,i

)
−

m∑
i=2

φ
(
λ̂Σ̂1,X ,i

)
6 φ

(
λ̂WX [−1,−1],1

)
+ φ

(
λ̂WX ,1

)
6 2φ

(
λ̂WX ,1

)
.

Finally,

−

∑m
i=2 φ

(
λ̂Σ̂1,X ,i

)
m(m− 1)

6
1

m

m∑
i=1

φ
(
λ̂WX ,i

)
− 1

m− 1

m∑
i=2

φ
(
λ̂Σ̂1,X ,i

)

6
2φ
(
λ̂WX ,1

)
m

−

∑m
i=2 φ

(
λ̂Σ̂1,X ,i

)
m(m− 1)

.

(b) We can apply the same idea to perturbations of order k and assuming kX = k.

Σ̂X = P
1/2
k WXP

1/2
k =

(
Σ̂X,1:k,1:k Σ̂X,1,(k+1):m

Σ̂X,(k+1):m,1 WX,(k+1):m,(k+1):m

)
.

By successive applications of the Cauchy interlacing law,

0 6
m−s∑
i=1

φ
(
λ̂WX,−s,−s,i

)
−
m−s−1∑
i=1

φ
(
λ̂WX,−s−1,−s−1,i

)
6 φ

(
λ̂WX,−s,−s,1

)
.

Therefore,

0 6
m∑
i=1

φ
(
λ̂WX ,i

)
−
m−k∑
i=1

φ
(
λ̂WX,−k,−k,i

)
6

k−1∑
s=0

φ
(
λ̂WX,−s,−s,1

)
.

Moreover, by successive Cauchy interlacing law,

0 6
m−s−1∑
i=k−s

φ
(
λ̂Σ̂X,−s−1,−s−1,i

)
−

m−s∑
i=k+1−s

φ
(
λ̂Σ̂X,−s,−s,i

)
6 φ

(
λ̂Σ̂X,−s−1,−s−1,k−s

)
.

Then, because φ
(
λ̂Σ̂X,−s−1,−s−1,k−s

)
6 φ

(
λ̂Σ̂X,−k,−k,1

)
and Σ̂X,−k,−k = WX,−k,−k,

0 6
m−k∑
i=1

φ
(
λ̂WX,−k,−k,i

)
−

m∑
i=k+1

φ
(
λ̂Σ̂X,i

)
6 kφ

(
λ̂WX,−k,−k,1

)
.

Finally,

0 6
m∑
i=1

φ
(
λ̂WX ,i

)
−

m∑
i=k+1

φ
(
λ̂Σ̂X,i

)
6

k−1∑
s=0

φ
(
λ̂WX,−s,−s,1

)
+ kφ

(
λ̂WX,−k,−k,1

)
6 2kφ

(
λ̂WX ,1

)
.
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(c) Suppose that we choose kX 6 k principal components. Then, the previous equation
leads to

0 6
m∑
i=1

φ
(
λ̂WX ,i

)
−

m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)
6 2kφ

(
λ̂WX ,1

)
−

k∑
i=kX+1

φ
(
λ̂Σ̂X,i

)
.

Therefore

kX
∑m

i=kX+1 φ
(
λ̂Σ̂X,i

)
m(m− kX)

6
1

m

m∑
i=1

φ
(
λ̂WX ,i

)
− 1

m− kX

m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)

6
2kφ

(
λ̂WX ,1

)
−
∑k

i=kX+1 φ
(
λ̂Σ̂X,i

)
m

+
kX
∑m

i=kX+1 φ
(
λ̂Σ̂X,i

)
m(m− kX)

.

In particular, if the eigenvalues λ̂Σ̂X,i
for i = kX , kX + 1, ..., k are finite,

0 <
1

m

m∑
i=1

φ
(
λ̂WX ,i

)
− 1

m− kX

m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)
6 Op

(
1

m

)
.

2. The error can be improved with the estimator

∑m
i=kX+1 φ

(
λ̂Σ̂X,i

)
+ 2kXφ

(
λ̂Σ̂X,kX+1

)
(m− kX)M1,Σ̂X

(kX) + 2kX λ̂Σ̂X,kX+1

.

Suppose σ = 1
nX

E [Tr (WX)], then we compute the following error,

ε =
1

σ2

1

m

m∑
i=1

φ
(
λ̂WX ,i

)
−

∑m
i=kX+1 φ

(
λ̂Σ̂X,i

)
+ 2kXφ

(
λ̂Σ̂X,kX+1

)
(m− kX)M1,Σ̂X

(kX) + 2kX λ̂Σ̂X,kX+1

=

∑m
i=1 φ

(
λ̂WX ,i

)
−
∑m

i=kX+1 φ
(
λ̂Σ̂X,i

)
− 2kXφ

(
λ̂Σ̂X,kX+1

)
σ2m

+

 m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)
+ 2kXφ

(
λ̂Σ̂X,kX+1

)
(

1

σ2m
− 1

(m− kX)M1,Σ̂X
(kX) + 2kX λ̂Σ̂X,kX+1

)
.

By the previous computations, we see that

m∑
i=1

φ
(
λ̂WX ,i

)
−

m∑
i=kX+1

φ
(
λ̂Σ̂X,i

)
− 2kXφ

(
λ̂Σ̂X,kX+1

)

6 2kφ
(
λ̂WX ,1

)
−

k∑
i=kX+1

φ
(
λ̂Σ̂X,i

)
− 2kXφ

(
λ̂Σ̂X,kX+1

)
.
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and using (m− kX)M1,Σ̂X
(kX) = (m− k)M1,Σ̂X

(k)−
∑k

i=kX+1 λ̂Σ̂X,i
,

1

σ2m
− 1

(m− kX)M1,Σ̂X
(kX) + 2kX λ̂Σ̂X,kX+1

=
1

σ2m
− 1

(m− k)M1,Σ̂X
(k)−

∑k
i=kX+1 λ̂Σ̂X,i

+ 2kX λ̂Σ̂X,kX+1

=
(m− k)

(
M1,Σ̂X

(k)− σ2
)
−
∑k

i=kX+1 λ̂Σ̂X,i
+ 2kX λ̂Σ̂X,kX+1 − (k + 1)σ2

m(m− k)σ2M1,Σ̂X
(k) +mσ2

(
2kX λ̂Σ̂X,kX+1 −

∑k
i=kX+1 λ̂Σ̂X,i

) .

We assumed that σ2 −M1,Σ̂X
= Op

(
1
m

)
; therefore,

=
(m− k)

(
M1,Σ̂X

(k)− σ2
)
−
∑k

i=kX+1 λ̂Σ̂X,i
+ 2kX λ̂Σ̂X,kX+1 − (k + 1)σ2

m2σ2M1,Σ̂X

+Op

(
1

m3

)

6
M1,Σ̂X

(k)− σ2

mσ2M1,Σ̂X

+
−
∑k

i=kX+1 λ̂Σ̂X,i
+ 2kX λ̂Σ̂X,kX+1 − (k + 1)M1,Σ̂X

(k)

m2σ2M1,Σ̂X
(k)

+Op

(
1

m3

)
.

Finally,

ε 6
2kφ

(
λ̂WX ,1

)
−
∑k
i=kX+1 φ

(
λ̂Σ̂X,i

)
− 2kXφ

(
λ̂Σ̂X,kX+1

)
σ2m

+

(∑m
i=kX+1 φ

(
λ̂Σ̂X,i

))
mσ2M1,Σ̂X(

M1,Σ̂X
− σ2 +

−
∑k
i=kX+1 λ̂Σ̂X,i

+ 2kX λ̂Σ̂X,kX+1 − (k + 1)M1,Σ̂X
(k)

m

)
+Op

(
1/m2

)
.

Replacing φ(x) by x2 concludes the proof.



Chapter 8

Simulations

In this section we present some simulation results in order to convince the reader that the most
important theorems announced in the thesis are confirmed. In addition some conjectures, not proven
in the thesis, are supported by the simulations. In order to highlight some weaknesses of the procedure
developed in this thesis, some values in the tables will be in red.
In section 8.6.1 we give an example of analysis. All the useful routines are proposed in our R package
”RMTResidualSpike”.

8.1 Main Theorem

In this first section, we extend the simulations of Chapter 3. We test our Main Theorem 3.1.1 under
different hypotheses on X ∈ Rm×nX and Y ∈ Rm×nY (recall that WX = 1

nX
XXt and WY = 1

nY
YYt):

1. The matrices X and Y contain independent standard normal entries.

2. The columns of the matrices X and Y are i.i.d. Multivariate Student with 8 degrees of freedom.
For i = 1, 2, ..., nX and j = 1, 2..., nY ,

X·,i
i.i.d.∼

N
(
~0, Im

)
√

χ2
8

8

and Y·,j
i.i.d.∼

N
(
~0, Im

)
√

χ2
8

8

3. The rows of X and Y are i.i.d. ARMA entries of parameters AR = (0.6, 0.2) and MA = (0.5, 0.2).
Moreover, the traces of the matrices are standardised by the estimated variance.

The two Tables 8.1 and 8.2 compare the estimations of the mean and the standard error of the residual
spikes (µ̂, σ̂) to their empirical values (µ, σ).
The simulations are computed for the three scenarios described above. The perturbations
Pk = Im +

∑k
i=1(θi − 1)uiui are without loss of generality assumed canonical and the eigenvalues

θi are all fixed to 5000.
The numbers in red highlight bad results. Indeed, the number of data is large but the procedure is
not conservative enough. We explain this red values by the strong temporal correlation of the data.

Details of the simulations of Tables 8.1 and 8.2

We apply our procedure to elliptical data after adding a perturbation Pk = Im +
∑k

i=1(θi − 1)uiu
t
i

of order either k = 1, 4 or 10 with eigenvalues θi = 5000.
This leads to observed residual spikes and repeating the experience 1000 times allows the estimation
of their moments.
On the other hand, the theoretical moment of the extreme residual spikes are obtained by applying
Theorem 3.1.1 using the spectra of X and Y.
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λ
m

a
x

( ˆ̂ Σ
−

1
/
2

X
,P
k

ˆ̂ Σ
Y
,P
k

ˆ̂ Σ
−

1
/
2

X
,P
k

)
1.Normalentries.

n
Y

n
X

1
0
0

5
0
0

1
0
0
0

2
0
0
0

k
m

1
0
0

1
0
0
0

1
0
0

1
0
0
0

1
0
0

1
0
0
0

1
0
0

1
0
0
0

(µ̂
,
σ̂

)
(µ
,
σ

)
(µ̂
,
σ̂

)
(µ
,
σ

)
(µ̂
,
σ̂

)
(µ
,
σ

)
(µ̂
,
σ̂

)
(µ
,
σ

)
(µ̂
,
σ̂

)
(µ
,
σ

)
(µ̂
,
σ̂

)
(µ
,
σ

)
(µ̂
,
σ̂

)
(µ
,
σ

)
(µ̂
,
σ̂

)
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8.1.1 Blue and orange estimations of the residual spike

Suppose nX > nY . We easily see that

λmax

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
=

1

λmin

(
ˆ̂
Σ
−1/2
Y,Pk

ˆ̂
ΣX,Pk

ˆ̂
Σ
−1/2
Y,Pk

) , (8.1)

λmin

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
=

1

λmax

(
ˆ̂
Σ
−1/2
Y,Pk

ˆ̂
ΣX,Pk

ˆ̂
Σ
−1/2
Y,Pk

) . (8.2)

Using the Main Theorem, estimation of the blue or the orange values leads to an error of order Op(1/m)
in the equalities. We already observed this difference in Section 3.1.1. The Table 8.3 compares the
estimations of the blue and the orange values assuming that nX is larger than nY .

Recall that we try to estimate the distributions of λmin

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
and

λmax

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
. The simulations results show that conservative properties can be main-

tained if we observe the following rules.

• Estimate the maximum by applying the Main Theorem to

λmin

(
ˆ̂
Σ
−1/2
Y,Pk

ˆ̂
ΣX,Pk

ˆ̂
Σ
−1/2
Y,Pk

)
.

Then invert the distribution.

• Estimate the minimum by applying the Main Theorem to

λmin

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
.

On the other hand, when both nX and nY are sufficiently large, it is seems reasonable to use only the
blue estimators for the minimum and the maximum.
Although inversion of the estimates leads to conservative properties, it usually also leads to worse
estimates.

Details of the simulations of Table 8.3

We apply our procedure to normal data after adding perturbations Pk = Im +
∑k

i=1(θi − 1)uiu
t
i of

order k = 1, 4 or 10 with eigenvalues θi = 5000.
Repeating the experience 1000 times, we can estimate the moments of the observed extreme resid-
ual spikes.

The observed residual spikes are obtained using
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

. On the other hand, the the-
oretical residual spikes are obtained by two different ways. Either we apply our procedure to
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

, or to
ˆ̂
Σ
−1/2
Y,Pk

ˆ̂
ΣX,Pk

ˆ̂
Σ
−1/2
Y,Pk

. In this last orange case, we invert the estimations.

8.2 Robustness

In this section we present simulation results to check the validity of our procedure by simulating some
scenarios assuming that the columns of X and Y have i.i.d. entries with a particular distribution and
the data have the form:

1. X = P 1/2X and Y = P 1/2X.

2. X = P 1/2Σ1/2XΨ
1/2
X and Y = P 1/2Σ1/2XΨ

1/2
Y , where ΨX ∈ RnX×nX and ΨY ∈ RnY ×nY are

temporal covariances that do not create spikes and Σ ∈ Rm×m is a spatial covariance matrix
that does not create spikes.
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In these cases, we present the number of false rejections in the table 8.4 using our procedure with a
level of 0.05. Note in particular that the second table contains only zeroes. This is, however, to be
expected from the theory, because when the trace of Σ2 is larger than m, we tend to overestimate the
location with probability 1.
Moreover, the red results show that our model does not work very well with the binomial distribution
with success probability 0.9. We believe that the reason of this failure is the large fourth moment.
The same underestimation could appear with a strongly asymmetric gamma distribution.
Despite the weakness of the estimation of some quantiles, our procedure estimates the location of the
spikes very well. The results show that wrongly assuming that Σ 6= Im leads to asymptotic conservative
tests for any distribution.
Indeed, assuming Σ = Im when Σ 6= Im leads to an overestimation of order Op(1). On the other hand,
the location underestimation or overestimation due to non-spherical distribution is small compared to
the previous overestimation due to assuming Σ = Im.

Details of the simulations of Table 8.4

We apply perturbations Pk = Im +
∑k

i=1(θi − 1)uiu
t
i of order k = 1, 4 and 10 with θi = 5000

to matrices containing i.i.d. data. Then we use the procedure with level 0.05 assuming that the
spectra of X and Y is known. (Estimation are proposed in the next section.)
Finally by repeating the operation n = 1000 times, we estimate the percentage of false rejections
of our generated data respecting H0 : ΣX = ΣY .

8.2.1 Small perturbations

Our procedure implicitly assumes that the largest and the smallest residual spikes occur for large
θ. This assumption can be proven for particular spectral distributions such as Marcenko-Pastur.
Nevertheless, the universality of this assumption is wrong.
The second part of this section assumes perturbations of order 1 and in Figure 8.1 exhibits the curve
of the residual spike as a function of θ. As expected, all the curves are monotonic and diverge from 1.
Nevertheless, we also create an artificial example where the curve decreases!
To understand why this counterexample is different from the other simulations we need to explain
how we generate the curve.

• The increasing curves are built from data X = P 1/2Σ1/2XΨ ∈ Rm×nX and
Y = P 1/2Σ1/2YΨ ∈ Rm×nY defined as previously where P = Im + (θ − 1)uut. Thus the covari-
ance matrices become Σ̂X = 1

nX
XXt and Σ̂Y = 1

nY
YYt both in Rm×m and we can construct

the residual spike as a function of θ.

• The decreasing curve is built directly from WX ∈ Rm×m and WY ∈ Rm×m such that
Σ̂X = P 1/2Σ1/2WXΣ1/2P 1/2 and Σ̂Y = P 1/2Σ1/2WY Σ1/2P 1/2. In addition, WX = OXΛXO

t
X

and WY = OY ΛYO
t
Y , where OX , OY ∈ Rm×m are uniformly distributed and ΛX ,ΛY ∈ Rm×m

are diagonal matrices with entries generated by independent exponential random variables of
parameter 1.

Therefore, we argue that this second scenario is less plausible in practice. However, even if it occurs,
the criteria 4.2.5 allows us to detect it.

Remark 8.2.1.
The last curve is noisy before becoming monotone. This behaviour is due to largest eigen-
values being created by the spectra instead of the perturbations. Indeed in some cases,
λmax (X) is such that the perturbation of order 1 is not detectable as the largest eigenvalue
of X = P 1/2X.
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1. Σ = Im, ΨX = InX , ΨY = InY
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nY

nX 100 200 400 100 200 400 100 200 400

k
m

200 400 200 400 200 400 200 400 200 400 200 400 200 400 200 400 200 400
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4 0.02 0.03 0.05 0.07 0.08 0.14 0.00 0.00 0.00 0.01 0.01 0.02 0.15 0.17 0.25 0.27 0.29 0.34
10 0.00 0.00 0.00 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.04 0.07 0.09 0.14 0.11 0.16

200
1 0.06 0.06 0.09 0.12 0.00 0.00 0.01 0.00 0.14 0.13 0.17 0.21
4 0.01 0.03 0.06 0.09 0.00 0.00 0.01 0.01 0.11 0.15 0.18 0.27
10 0.00 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.03 0.07 0.06 0.13
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1 0.05 0.05 0.00 0.00 0.12 0.13
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4 0.19 0.20 0.10 0.14 0.08 0.07 0.04 0.05 0.02 0.02 0.02 0.02 0.36 0.40 0.23 0.29 0.14 0.15
10 0.49 0.61 0.20 0.30 0.10 0.14 0.32 0.37 0.10 0.14 0.05 0.05 0.71 0.79 0.39 0.52 0.14 0.25

200
1 0.08 0.08 0.06 0.08 0.01 0.00 0.02 0.01 0.14 0.16 0.13 0.14
4 0.13 0.17 0.07 0.10 0.02 0.03 0.03 0.02 0.29 0.34 0.17 0.23
10 0.24 0.38 0.12 0.16 0.13 0.16 0.05 0.07 0.47 0.60 0.25 0.32

400
1 0.08 0.09 0.01 0.01 0.13 0.15
4 0.09 0.13 0.03 0.02 0.23 0.27
10 0.17 0.21 0.06 0.07 0.31 0.40

2. N(0, 1), Wi ∼ Wishart(σ2
i Im/3, 5m) are fixed
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4 0.00 0.00 0.00 0.01 0.01 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

200
1 0.00 0.02 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

400
1 0.00 0.00 0.00 0.00 0.00 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00
10 0.00 0.00 0.00 0.00 0.00 0.00
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, ρ =

0.6

nY

nX 100 200 400 100 200 400 100 200 400

k
m

200 400 200 400 200 400 200 400 200 400 200 400 200 400 200 400 200 400

100
1 0.03 0.03 0.00 0.01 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
4 0.05 0.02 0.02 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 0.00 0.00
10 0.25 0.35 0.00 0.09 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.01 0.05 0.00 0.00 0.00 0.00

200
1 0.00 0.01 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10 0.01 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

400
1 0.00 0.00 0.00 0.00 0.00 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00
10 0.00 0.00 0.00 0.00 0.00 0.00

Table 8.4 – Simulations of the percentage of false rejections when the α-level of the procedure is 0.05.
In the second table, the values σ2

i are 0.5, 1, 4 for i = 1, 2, 3. The red values are not accurate enough.
However they show that the location of the residual spike is well estimated. (Number of replicates:
1000, θi = 5000)
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Figure 8.1 – Estimation of residual spikes (with quantiles 0.05 and 0.95) as a function of θ, the
eigenvalue of P , a perturbation of order 1. The simulations always assume m = 400, nX = 800 and
nY = 200.

8.3 Estimation of the spectrum

Usually we do not know the spectra of the random matrices X ∈ Rm×nX and Y ∈ Rm×nY , but we
estimate them in the Main Theorem 3.1.1 by using the spectra of X = P 1/2X and Y = P 1/2Y as in
Theorem 4.4.1.
The Table 8.5 presents the false rejection rates of our procedure assuming a level of 0.05. Two ways
of estimating the spectra are tested, the usual and the robust method defined in Theorem 4.4.1.
As expected from the theorem, the usual estimator tends to underestimate the extreme residual spikes
and this can be corrected by the more conservative robust estimator.
When nX or m is small, an interesting idea could be to combine this robust estimation of the spectra
and the orange estimator of the residual spike introduced in Table 8.3.
Despite the poorer results of the procedure when k is large, the table confirms a good asymptotic
performance for reasonably large k.

Details of the simulations of Table 8.5
We apply perturbations of order k = 1, 4, 10 with θi = 5000 to normal data.
Then, we use the procedure with level 0.05. In particular, we use two different methods to estimate
the moments of the spectra, the usual and the robust one defined in 4.4.1.
Finally by repeating the operation n = 1000 times, we estimate the percentage of false rejections
of our generated data respecting H0 : ΣX = ΣY .
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8.4 Estimation of k

In this section we show in Table 8.6 that a small underestimation or overestimation of k does not
affect the estimation of residual spikes.
Recall that in the simulations of Section 3.1, we assumed the spectra of X = P−1/2X and Y =
P−1/2Y are known. In this scenario, neglecting overly large perturbations led to loose conservatism.
The simulations of this section estimate the spectra using the observed spectra of X = P 1/2X and
Y = P 1/2Y. In this case it seems that,

Errors on k lead to conservative procedures in all cases. However, underestimation of k
can lead to a large loss of power!

Details of the simulations of Table 8.6
We apply a perturbation of order k = 4 to normal data.
Then we use the procedure with different kest = 1, 2, 3, 4, 5, 6.
The moments are estimated using the usual estimators of the spectra assuming k = kest and
n = 1000 replicates of the experiment.
The correct perturbation, P4, that is applied to the data has eigenvalues, θ1 = 1000, θ2 = 200,
θ3 = 16, θ4 = 2.1.

8.5 Criterion

In Section 4.2, we investigate the criterion T defined in 4.2.8. In this section we use simulation to
argue that assuming class CD as defined in 4.2.7, T is never negative. In particular it becomes strictly
positive when Σ 6= Im. The simulations of Table 8.7 compute the criterion for different scenarios.
The simulations always give positive values for the criterion. Therefore, our procedure leads to con-
servative tests in class CD.

8.6 An application

In this section, we apply our procedure to data X and Y. First, each step is briefly explained. Then,
an analysis is presented on simulated data together with the mathematical work and the important
plots.
This procedure is not unique and other solutions better adapted to the problem could be implemented.
For example, the choice of k and the number of perturbations, could certainly be improved. The goal
of this section is to provide a procedure as conservative as possible with reasonably good asymptotic
power.

1. First, we center the data with regard to the rows and columns.

2. Then, we need to estimate k and rescale the variance. However, in order to rescale the matrix
we need to know k! There are two ways to select k:

(a) The user chooses k by looking at the spectra and keeping in mind that overestimation is
preferable to underestimation of the actual value.

(b) i. By looking at the spectra, we can select different interesting values for kX and kY to
test.

ii. Assuming some kX and kY , we rescale the matrices by assuming θ̂X,1, ..., θ̂X,kX pertur-

bations in the matrix X and θ̂Y,1, ..., θ̂Y,kY perturbations in the matrix Y.

iii. If the perturbations θ̂ added to one matrix respect the condition proposed in Section
4.4.4 depending on kX and kY , then the couple (kX , kY ) is relevant.
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Σ = Im,
Ψ = I

Σ = Λ, Λ ∼ MP(c = 0.5) , Ψ = I

Σ = Diag(5, 5, ..., 1, 1, ..., 0.5, 0.5, ...),

Ψ =


1 ρ ρ2 · · ·
ρ 1 ρ · · ·
ρ2 ρ 1 · · ·
.
.
.

. .
.

. .
.

. .
.

, ρ = 0.6

nY

nX 100 200 400 100 200 400 100 200 400

k
m

200 400 200 400 200 400 200 400 200 400 200 400 200 400 200 400 200 400

100
1 0.009 0.001 -0.005 -0.002 0.015 0.004 0.185 0.108 0.272 0.136 0.283 0.176 0.158 0.086 0.238 0.128 0.283 0.165
4 0.002 0.004 0.015 0.009 0.004 -0.000 0.189 0.108 0.266 0.127 0.270 0.181 0.168 0.089 0.239 0.125 0.267 0.159
10 0.022 0.008 0.036 0.004 0.045 0.016 0.176 0.104 0.262 0.135 0.268 0.182 0.181 0.092 0.241 0.118 0.283 0.160

200
1 0.002 0.004 0.014 0.002 0.315 0.196 0.436 0.261 0.304 0.175 0.358 0.217
4 0.012 0.008 0.019 0.005 0.320 0.197 0.425 0.265 0.279 0.165 0.377 0.214
10 0.051 0.006 0.067 0.020 0.309 0.197 0.444 0.253 0.295 0.176 0.372 0.217

400
1 0.011 0.002 0.485 0.326 0.434 0.279
4 0.052 0.018 0.484 0.322 0.462 0.295
10 0.075 0.025 0.479 0.323 0.430 0.292

Table 8.7 – Results of the simulations of the criterion 4.2.8 for data with normal entries. The order
size of T under H0 is O(1/m1/2) ≈ 0.07 and 0.05. The values in the table are computed once from
generated data and may fluctuate.

iv. Finally, the user wisely chooses k = max
P

(kX , kY ), where P is the group of the relevant

pairs. In the case of doubt, the user can also set kX,rob 6 k and kY,rob 6 k two probable
underestimations of the true values.

Using appropriate kX,rob and kY,rob, we can rescale the matrices X and Y to create X and Y.

3. Next, we apply the procedure to X and Y by assuming the relevant k. This leads to two observed
extreme residual spikes.

4. We compute the distribution of the residual spike. As in the previous part, we assume k perturba-
tions. Nevertheless, to ensure conservative properties, the estimation of M2 uses (kX,rob, kY,rob).
In this step we can use either the usual estimator of M2 or the bounded estimator defined in
Theorem 4.4.1.

5. Finally, we can compare the extreme values with their distribution under H0 for testing purposes
or we can compute the expectation and the variance of the theoretical residual spike and use
Chebyshev’s inequality to discuss the likelihood of H0.

Remark 8.6.1.

1. By simulations of Section 8.4, the choice of k does not affect the conservative properties.
However strong underestimation greatly reduces the power. This explains the advice
to overestimate k.

2. We could also rescale the matrices by groups as in Section 4.4.2. Moreover we can
rescaled each columns by its variance. As consequence of this strong transformation,
we will loose some power.

8.6.1 Analysis

We observe data X ∈ Rm×nX and Y ∈ Rm×nY that we suppose already centred in rows and columns
using Section 4.4.2. Knowing the size of the perturbation, k, we can estimate the variances,

σ̂2
X =

1

m− k

m∑
i=k+1

λi

(
1

nX
XXt

)
,

σ̂2
Y =

1

m− k

m∑
i=k+1

λi

(
1

nY
YYt

)
.

In this example we have:

m = 1000, nX = 2000, nY = 500.
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Figure 8.2 – Spectra of X and Y with largest isolated eigenvalues indicated by arrows.

Method 1

The first method overestimates k based on Figure 8.2. The spectrum of X seems to have 6 isolated
eigenvalues, but we could argue that two other eigenvalues are perturbations. The spectrum Y clearly
shows 5 isolated eigenvalues and at most 2 additional ones.
We thus set k = 8 knowing that we probably overestimate the true value.
Knowing k, we can rescale the matrices X and Y by σ̂X and σ̂Y respectively to create the covariance
matrices

Σ̂X =
1

nX σ̂2
X

XXt and Σ̂Y =
1

nY σ̂2
Y

YYt.

Next, we filter the matrices as in definition 2.2.1.

ˆ̂
ΣX = Im +

k∑
i=1

(
ˆ̂
θX,i − 1

)
ûΣ̂X ,i

ût
Σ̂X ,i

,

ˆ̂
θX,i = 1 +

1

1
m−k

∑m
j=k+1

λ̂Σ̂X,j

λ̂Σ̂X,i
−λ̂Σ̂X,j

.

The computed residual spikes of
ˆ̂
Σ−1
X

ˆ̂
ΣY are shown in Table 8.8.

λmax 56.03 10.25 9.88 8.96 8.29 7.27 5.71 5.10
λmin 0.04 0.10 0.13 0.13 0.18 0.21 0.34 0.36

Table 8.8 – Observed residual spikes.

Using Figure 8.3 a, these values are compared to the theoretical distributions of the extreme residual
spikes assuming equality of the perturbations of order k. The distribution in blue uses the usual
estimator of the spectra and the orange uses the conservative estimator introduced in Theorem 4.4.1.
The moments of the spectra are summarize in Figure 8.3 b.
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a b

Figure 8.3 – a: Distribution of the extreme residual spike assuming equality of the covariance, k = 8
and θi large. (Robust estimation of the spectra in orange.) b: Estimated residual spikes moments,
(µ, σ) using usual or robust estimators of the moments spectra.

We finally clearly detect two residual spikes. Figure 8.4 presents the residual eigenvectors of the
residual eigenvalues.

λ = 56.03 λ = 0.04
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Figure 8.4 – Representation of the entiere residual eigenvectors and only the 20 first entries.

We conclude that the differences are in direction e3 and e4. As we see in the figure, two other
eigenvectors also exhibit a structure. Without our test, we could have concluded that they also
represent significant differences, but this residual structure is merely due to the biased estimation of
the eigenvectors.

A structure in a residual eigenvector does not imply a real difference!
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8.6.2 Method 2

An alternative way to choose k could be to define the set of the possible pairs kX and kY by looking
at the spectra of X and Y on the Figure 8.2. In our example, we set P = {{4, 5, 6, 7} × {4, 5, 6, 7}}.
Next we estimate σ2 with σ̂2

X,Pi and σ̂2
Y,Pi for a pair Pi ∈ P.

The second method tries to be less conservative by estimating k wisely. In case of overestimation of
k, we are in the same case as previously. On the other hand, neglecting some values could lead to a
mistake.
Therefore, an algorithm checks if the neglected eigenvalues could interfere with the maximum residual
spike. This algorithm is presented in Section 4.4.4. Assuming that we choose the quantile 0.05, we
obtain the following table:

kY

kX 4 5 6 7

4 1 1 0 0
5 1 1 0 0
6 0 0 0 0
7 0 0 0 0

When the table displays 1, the pairs (kX , kY ) contain only perturbations that can interfere with the
maximum residual spike. When the value is 0, this means that with high probability the smallest
estimated eigenvalues will not affect the residual spike.
In this example we would choose k = 5 and the rest of the analysis is similar to the first method. In
this case it provides the same results, but in some scenarios it could increase the power.

8.7 Temporal algorithm

In this section, we apply the algorithm presented in section 4.4.3 to simulated data

1. without temporal perturbations,

2. with small temporal perturbations of order
√
m,

3. with large temporal perturbations of order m2.

The data are of the form:

X = P 1/2XP
1/2
X,T ∈ Rm×nX and Y = P 1/2YP

1/2
Y,T ∈ Rm×nY ,

where P ∈ Rm×m is the same spatial perturbation of order k for both groups and PX,T ∈ RnX×nX , PY,T ∈
RnY ×nY are temporal perturbations of order kT . We apply the algorithm to matrices with normal
entries and present the results in Table 8.9.
The main conclusion of the simulations is that the algorithm seems to improve the non-asymptotic
conservative properties of the procedure.

λmax

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
PX,T = InX , PY,T = InY

Small perturbations
PX,T and PY,T

Large perturbations
PX,T and PY,T

kT (µ̂, σ̂) (µ, σ) (µ̂, σ̂) (µ, σ) (µ̂, σ̂) (µ, σ)

1
(4.32,0.27) (4.23,0.26)

(4.34,0.29) (4.31,0.31) (4.35,0.27) (4.18,0.26)
3 (4.30,0.24) (4.38,0.27) (4.37,0.25) (4.19,0.24)

λmin

(
ˆ̂
Σ
−1/2
X,Pk

ˆ̂
ΣY,Pk

ˆ̂
Σ
−1/2
X,Pk

)
PX,T = InX , PY,T = InY

Small perturbations
PX,T and PY,T

Large perturbations
PX,T and PY,T

kT (µ̂, σ̂) (µ, σ) (µ̂, σ̂) (µ, σ) (µ̂, σ̂) (µ, σ)

1
(0.230,0.015) (0.229,0.017)

(0.230,0.015) (0.230,0.018) (0.227,0.013) (0.234,0.019)
3 (0.227,0.017) (0.226,0.018) (0.230,0.017) (0.233,0.018)

Table 8.9 – Moment of the extreme residual spikes when m = 300, nX = 400, nY = 200 and k = 2.
Small temporal perturbation are of order

√
m and large pertrubation are of order m2.
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8.8 Confirmation by simulation of some important theorems

In this section, we demonstrate by simulation the central theorems of this thesis. We assume three
scenarios,

1. nX = 400, nY = 400, m = 400, ρ = 0.5,

2. nX = 400, nY = 200, m = 300, ρ = 0.5,

3. nX = 200, nY = 200, m = 400, ρ = 0.5.

First, we generate WX = 1
nX

XXt ∈ Rm×nX and WY = 1
nY

YYt ∈ Rm×nY , where

X·,i ∼ Nm

(
~0, Im

)
and X·,i+1 = ρX·,i +

√
1− ρ2 εi+1, with εi+1

i.i.d∼ Nm

(
~0, Im

)
,

Y·,i ∼ Nm

(
~0, Im

)
and Y·,i+1 = ρY·,i +

√
1− ρ2 εi+1, with εi+1

i.i.d∼ Nm

(
~0, Im

)
.

Then, we apply canonical perturbation Pk = Im +
∑

i=1 k(θi − 1)eie
t
i ∈ Rm×m to the matrices WX

and WY ,

Σ̂X,Pk = P
1/2
k WXP

1/2
k ,

Σ̂Y,Pk = P
1/2
k WY P

1/2
k .

8.8.1 Invariant Double Angle Theorem

In this part we compute the generalized double angle of Theorem 5.10.1,

k∑
i=1

〈
ûΣ̂X,Pk ,k

, ûΣ̂Y,Pk ,i

〉2
,

where we assume θ1 < θi for i > 1.
Figure 8.5 shows that in the first scenario, the value of the double angle is invariant of k. Indeed for
a fixed color pink, we generate WX and WY . We successively apply P1, P2,...,P8 to the pink matrices
and compute the pink statistics. Then we generate new matrices WX and WY with same spectra as
WX and WY . Applying successively P1, P2,...,P8 to the matrices leads to the cyan lines.
The fluctuations within the colour lines are small compared to the fluctuations between the color lines.
The Table 8.10 shows that the moments of 1000 replicates of X and Y coincide with the Theorem
5.3.1 when the perturbation is large.
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Figure 8.5 – Generalized double angle corresponding to θ1 of
(
P

1/2
k WXP

1/2
k , P

1/2
k WY P

1/2
k

)
,(

P
1/2
k WXP

1/2
k , P

1/2
k WY P

1/2
k

)
,
(
P

1/2
k WXP

1/2
k , P

1/2
k WY P

1/2
k

)
,... in function of k. (The spectrum of all

the WX (respectively WY ) are the same.) The perturbation is Pk = Im +
∑k

i=1(θi− 1)eie
t
i with θ1 = 8 in

the first figure and θ1 = 300 in the second one. The fluctuation between the colors lines represents the
variance of the statistic, Op(1/

√
m), and the stability inside each line shows the invariance, Op(1/m).
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k Theory 1 2 3 8

scenario 1
1− µ 0.0113 0.0114 0.0113 0.0113 0.0113
σ 0.0010 0.0011 0.0011 0.0011 0.0011

scenario 2
1− µ 0.0128 0.0124 0.0123 0.0123 0.0123
σ 0.0014 0.0015 0.0015 0.0015 0.0015

scenario 3
1− µ 0.0219 0.0222 0.0222 0.0222 0.0222
σ 0.0023 0.0025 0.0026 0.0026 0.0027

Table 8.10 – Moments of the double angle when the perturbation is large, θ1 = 300 and θi > θ1 for i > 1.
(Number of replicates: 1000)

8.8.2 Invariant Dot Product Theorem

In this part, we compute the dot product for k > 1 of Theorem 5.7.1,

m∑
i=k+1

ûΣ̂X,Pk ,i,k
, ûΣ̂X,Pk ,i,2

,

where we assume θ1, θ2 < θi for i > 2 and the convention ûΣ̂X,Pk ,i,i
> 0.

Figure 8.6 shows that in the three scenarios, the value of the dot product is invariant of k. This figure
is explained in the previous section. The Table 8.11 shows that the moments of 1000 replicates of X
and Y coincide with the Theorem 5.3.1 when the perturbation is large.
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Figure 8.6 – Dot product corresponding to θ1 and θ2 of P
1/2
k WXP

1/2
k , P

1/2
k WXP

1/2
k , P

1/2
k WXP

1/2
k ,...

in function of k. (The spectrum of all the WX are the same.) The perturbation is Pk = Im +∑k
i=1(θi − 1)eie

t
i with θ1 = 8, θ2 = 20 in the first figure and θ1 = 300, θ2 = 800 in the second one.

The fluctuation between the colors lines represents the variance of the statistic, Op(1/
√
m), and the

stability inside each line shows the invariance, Op(1/m).

k Theory 1 2 3 8

scenario 1
µ 0 0.0000 0.0000 0.0000 0.0000
σ 0.000208 0.000214 0.000214 0.000213 0.000212

scenario 2
µ 0 0.0000 0.0000 0.0000 0.0000
σ 0.000182 0.000176 0.000176 0.000175 0.000177

scenario 3
µ 0 0.0000 0.0000 0.0000 0.0000
σ 0.000483 0.000493 0.00049 0.000492 0.000498

Table 8.11 – Moments of the dot product when the perturbation is large, θ1 = 300, θ2 = 800 and
θi > θ2 for i > 2.
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Chapter 9

Conclusion

In this thesis, we defined the new notion of the residual spike in Chapter 2. Using it, we built a
statistical test for comparing two populations in Chapter 3. The proposed test is based on some
hypotheses. Therefore, we investigated

1. Its good robust properties in Section 4.2.

2. The consequences of the preprocessing in Section 4.4.

3. The impact of correlated data on the results in Section 4.4.3.

On the other hand, in Chapter 5, we proved many theorems of Random matrix theory such as the
central theorem of this thesis, the Invariant Angle Theorem 5.5.1.

This thesis also addressed difficulties in relaxing some assumptions, and we now list some interesting
possibilities for future work.

Extension to any eigenvalues: The Main Theorem 3.1.1 assumes large eigenvalues. An interesting
extension could show the distribution of the residual spike for any perturbations.

Large eigenvalues: We assume that real data will always create a larger residual spike when the
eigenvalues are large. An interesting question concerns the necessary conditions to satisfy this as-
sumption. Recall that we already proposed some criteria.

General distribution: The simulations of Chapter 8 seem to show that the variance of the residual
spike depends on the fourth moment of the random matrices entries. It would be of interest to find a
bound on this variance as a function of the fourth moment.

Faster procedure: The computation of the spectra is the most computationally intensive part of
the procedure. Finding a bound on the extreme residual spikes as a function of “worst spectra”
computed only with a few extreme eigenvalues of the spectra would be of interest. Because we only
look at the first four moments of the spectra, another interesting work could compare the speed of the
estimation of the spectra with the traces of the first four powers of the covariance matrices.

Outlier and temporal perturbation: We already proposed an heuristic algorithm to cancel tem-
poral perturbations in Section 4.4.3. An interesting alternative could be to use robust estimators of
the covariance matrices. This approach is proposed by Couillet et al. [2014], Couillet et al. [2015] or
Kammoun and Alouini [2017].
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Complex and quaternion: Many existing results of random matrices concern random matrices
with complex or quaternion numbers. Some examples using quaternions could be Mays and Ponsaing
[2017], Mays [2013] or Wang [2009]. The extension of our procedure beyond R could find applications
in shape analysis as in Dryden and Mardia [2016].
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