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Abstract

Let g > 2 be a prime number. We obtained in this thesis asymptotic formulae for two different
moments of L-functions.

In the first part, we study a twisted fourth moment of Dirichlet L-functions of the form
2 IO %)I“x((l)f(ﬁg), where the sum runs over characters of F; and ¢, ¢, are natural
numbers less than g. The principal tool is a careful analysis of a shifted convolution problem
involving the divisor function and it is made through the spectral theory of automorphic
forms.

In the second part, we analyse a generalized cubic moment ¥, ;) L(f ® 1, %)L()(, %) x(£),where
¢ < q, f is either a cuspidal Hecke eigenform with trivial central character and level dividing
g, or an Eisenstein series y; H y» associated to an arbitrary pair (y1, y2) of multiplicative
characters modulo q. This requires an extention of the work of Fouvry, Kowalski and Michel
on correlation between Hecke eigenvalues of modular forms and a certain class of g-periodic
functions called algebraic trace functions modulo g.

Finally in the last chapter, we combine the first two parts together with the mollification
method to obtain some simultaneous nonvanishing results for these families of L-functions.






Résumé

Soit g > 2 un nombre premier. Dans cette these, nous obtenons des formules asymptotiques
pour deux différent moments de fonctions L.

Dans la premiére partie, nous étudions un quatrieme moment tordu de fonctions L de Diri-
chlet delaforme }_ (4 IL(x, %) |4)((€1)I(£2), ol y parcourt les characteres de FZ] and ¢, ¢, sont
des nombres naturels plus petit que g. Loutil principal est une analyse fine d'un probleme
de convolution impliquant la fonction diviseur et est réalisé grace a la théorie spectrale des
formes automorphes.

Dans la deuxieme partie, nous analysons un moment cubique généralisé de la forme }_, ;) L(f®
X %)L()(, %) x(6), ou ¢ < g, f est soit une forme cuspidale de Hecke avec charactere central
trivial et de niveau divisant g, soit une série d’Eisenstein y; H y» associée a une paire de cha-
racteres multiplicatif (y;, y2) de module g. Cela requiert une extension du travail de Fouvry,
Kowalski et Michel sur la correlation entre les valeurs propres de Hecke de formes modulaires
et une certaine classe de fonctions g-périodique appelé fonctions trace modulo q.
Finallement, nous combinons dans le dernier chapitre les deux premieres parties a la mé-
thode de mollification pour obtenir certains resultats de non-annulation simultanée pour ces
familles de fonctions L.
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Introduction

The zeros of automorphic L-functions on the critical line have received considerable attention
these last years [12, 17, 48, 43, 35]. In particular, at the central point s = %, an L-function is
expected to vanish only for either a good reason or a trivial reason. For example, if E is an
elliptic curve defined over Q and L(E, s) is its associated L-function, then according to the
Birch and Swinnerton-Dyer conjecture, L(E, %) = 0 if and only if the group of Q-points E(Q)
has positive rank. A trivial reason is for instance when the sign of the functional equation is
—1, which is the case if the L-function is attached to an odd Hecke-Maass form.

A typical approach in the study of nonvanishing problems is to consider a family of L-functions
{L(m, %)} for 7 varying in some finite set A and try to give a lower bound for the proportion of
7 € A such that L(r, %) #0as |A| — oco. In [31], H. Iwaniec and P. Sarnak examined L(y, s) at

1

s = 5 as yx ranges over all primitive Dirichlet characters modulo an integer g > 2. They proved

2
that at least % of the central values L(y, %) are not zero as g — oo. This proportion has been
slightly improved to 0.3411 by H.M. Bui [11] and finally to % by R. Khan and H.T. Ngo [40] with

the restriction to prime moduli g.

0.1 Simultaneous nonvanishing and the mollification method

In [50], P. Michel and J. Vanderkam considered simultaneous nonvanishing problems : given
three distinct Dirichlet characters y1, y2, 3 of fixed modulus D,, Dy, D3 (satisfying some tech-
nical conditions), they proved that a positive proportion of holomorphic primitive Hecke
cusp forms f of weight 2, prime level g and trivial nebentypus are such that the product
L(f® 1, %)L(f@)(z, %)L(f@ 13 %) is not zero for sufficiently large g (in terms of Dy, Dy, D3).
They derived various arithmetic applications, especially the existence of quotients of Jy(g)
of large dimension satisfying the Birch and Swinnerton-Dyer conjecture over cyclic number
fields of degree less than 5.

In this thesis, we let g > 2 a prime number, y1, x2 be arbitrary Dirichlet characters of modulus
g, xo be the trivial character modulo g, D(g) (resp. D 1112 (@) the set of primitive characters
modulo g (resp. different from ¥,,¥,) and f a cuspidal Hecke eigenform for SL,(Z) (holo-
morphic or Maass). We are interested in the distribution of the values of the two families

1We point out that there is no additional difficulty by considering fixed y1, y2 of conductors D1, D> < g.
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{L003) Lo 5) a2 3) = x€ Dy (@)} 0.1
and
{Lfor3)L(xs) : xe D@}, 0.2)
as g — oo through the prime numbers. Set
" (@) :=1D(@)| and ¢}, (@) =Dy, 1, (@)

and observe that ¢*(q) = g —2 and |$, ,,(q) — g < 4. We state the two main results of this
thesis :

Theorem 1. Let e > 0 be a real number. There exists an explicit absolute constant ¢ >0 and
Q = Q(¢e) > 2 such that for any prime q > Q and every Dirichlet characters x1, x2 of modulus q,
we have the lower bound

D :|L N> i=o1,2l|> .
X€ MMWL|(mmﬂLﬁ&5J—.L > (c1 - O}, 1, (@),
where y is the trivial character modulo q.
Theorem 2. Let f be a Hecke cusp form for SL,(Z) which we assume to satisfy the Ramanujan-

Petersson conjecture and let ty be its spectral parameter. Let € > 0 be a real number. Then there
exists an explicit absolute constant c; > 0 and Q = Q(g, t¢) > 2 such that for any prime q > Q,

er@(q) CL(fex3)| > H)(CZ—E)cp*(q).

log* q

We now discuss the general principle that has made the success of many of the papers cited
above. It starts with the so called method of moments. Assume that we are interested in the
non-zero values of the family (0.1), we can consider the following moment

1
M (a2 @)= ———— 3. L(oz)L(xxz) Lixxe 3)-
(/)XIVXZ (q) XED)H.)(Q (q)

Noting that the summation can be restricted to the y € D, ,,(g) such that the triple product
is not zero, we obtain using the generalized Holder inequality

1/4

3/4 1
|M3(7(1,X2;Q)| < (M4(Q)) m > 1 )
XX L L, 3L, 3)#0



0.1. Simultaneous nonvanishing and the mollification method

where M*(q) is the fourth moment

> L)l

M4(q) = —

It follows that the proportion of y € Dy, y,(g) such that L(x,3)L(xx1,3) L(xx2,3) # 0is at
least given by the ratio

IM3(x1, x2; )I*

M () 0.3)

However, we know from [29] that M4(gq) ~ clog4 q for some explicit positive constant ¢ and
Ms(x1, x2; 9) ~ 1 as we will see in Theorem 4 with ¢ = 1. Therefore, the proportion (0.3) tends
to zero when g goes to infinity !

The mollification method is usually used to remedy this situation. The origin of the method
goes back to the works of Bohr and Landau [10] and of Selberg [54] on zeros of the Riemann
zeta function. The starting idea is to attach to the supposedly nonvanishing value L(y, %) a
quantity M(y), called the “mollifier”, which, on average, approximates its inverse. The goal
is to choose a mollifier such that the two mollified moments .#> (X1,x2;9) and A 4(q) are
comparable; that is, we want

2
Mo x )i =——— Y, [1LOxipMax) =1 0.4)
(leer (q) XEDy1 1, (@) i=0
M) = — Ly, HM(y) ‘=1, (0.5)
(p (q) Xe%(q) | 2 |

where Y is the trivial character modulo g. From this a positive nonvanishing proportion can
be inferred, namely at least
|22 (g, x2 @)1
%4 ( q)?)

In [31], Iwaniec and Sarnak introduced a systematic technique that has since served as a

> 1.

model for other families of L-functions. They took the mollifier

_« 10x@) _(log(%)
M(x)—% 172 P(logL :

where L is a small power of g, (x(¢)), is a sequence of complex numbers and P(X) € C[X] is a
polynomial satisfying P(0) = 0 and P(1) = 1.

Given integers 1 < 4,41, ¢, < q such that (¢1,¢,) = 1, the above treatment suggests us to study
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three twisted moments

1
T3 x2,6q) = ———— L(x,3)L(xx13) L(xxz23) x(© (0.6)
Prre (D yev, 7, @

1
TNGq) =—— Y L(fex3)L(x.3)x0) 0.7)
¢*(q) x€D(q)

T, 5 q) = L D[ xenen. 0.8)

1

We will prove

Theorem 3. Let q > 2 be a prime number, ¢1,¢, € N be cubefree integers such that (¢1,¢,) =
(b102,9)=1, 01,0, < Lande > 0. Then the twisted fourth moment defined in (0.8) admits the
following decomposition

(0.9)

4 (€1€2)3/2L5
T(1,02;q9) =MTp(l1,42;q9) +MTOD(£L[2;(])+O(—),

qne

where MTp(61,42; q), MTop (€1, €2; q) are main terms given respectively by (3.10), (3.87) and
n=1/14-30/7 with6 =7/64.

The cubefree assumption is not essential but it simplifies a lot our treatment. Since the primary
goal of this paper is mollification, we did not concentrate our efforts on the optimization of
the power of L and on the value of i, but rather on the computation of the main terms.

Theorem 4. Let q > 2 be a prime number, x1, x2 be Dirichlet characters of modulus q, f a
primitive Hecke cusp form of level 1 or q and trivial central character. Assume that f satisfies
the Ramanujan-Petersson conjecture, then for any1 < £ < g°''3 and € > 0, we have

T30, 12,05 G) = Bp=1 + O(q‘fﬁ”), (0.10)

T3 6q) =6e:1+0(q‘5%+€), 0.11)

where the implied constant only depends on € > 0 and polynomially on the Archimedean
parameters of f (the weight or the Laplace eigenvalue) in (0.11).

In Chapter 4, we use Theorem 3 to compute an asymptotic formula for the mollified fourth
moment of Dirichlet L-functions .#*(q) defined in (0.5). More precisely, if L = g* with A >0,
we will obtain



0.2. Structure of the twisted fourth moment

Theorem 5. Let x; = u(¢) be the Mobius function and P(X) = X2. Then forany0 < A < ﬁ, we

have the asymptotic formula

4 . 1
=Y A+ 0y —],
My (q) l;ocl + A(logq)

for some calculable coefficients c; € R.

0.2 Structure of the twisted fourth moment

In 2010, Young established in a breakthrough paper [58] the following asymptotic formula for
the fourth moment of Dirichlet L-functions at s = 1/2 and for prime moduli g with a power
saving error term

1 4 _5
- L X’l :P(logq)+o q 51z € R (0.12)
@, 2 L (a7+)

for any £ > 0 and where P is a degree four polynomial with leading coefficient (272)~! and
5/512 = (1 —-20)/80 with 8 = 7/64 is the best known approximation towards the Ramanujan-
Petersson conjecture and it is due to Kim and Sarnak [41].

More recently, Blomer, Fouvry, Kowalski, Michel and Miliéevi¢ revisited the problem in [5] by
considering more general moments, namely of the form

Y L(feyx3)Lgex )

Mj (q) = ——
/g ¢*(q) x€D(q)

where f and g can be cuspidal Hecke eigenforms (holomorphic or Maass) or E(z), the central
derivative of the unique non-holomorphic Eisentsein series for the full modular group PSL; (Z).
They obtained various asymptotic formulae depending on the nature of f, g (see [5, Theorems
1.1,1.2,1.3]). In particular, the case f = g = E corresponds to (0.12) since the twisted L-function
associated to E is given by

LE®Y, ) =) —T(”)f(")

n=1

=L(x,5)% Re(s)>1,

where 7(n) =Y 4, 1 is the divisor function. [5, Theorem 1.1] gives a significant improvement
in the error term by passing to an exponent —1/32. They used on one hand, powerful results
coming from algebraic geometry concerning general bilinear forms involving trace functions
associated to ¢-adic sheaves on the projective line Pllgq [23, 46]. On the other hand, they
managed to almost eliminate the dependence in 6 in their error bound by using an average
result concerning Hecke eigenvalues (see [51, Lemma 2.4] and [5, § 3.5]). More recently, the
five authors lowered the exponent to —1/20 in [2] using a smooth version of a Theorem of
Shparlinski and Zhang [55, Theorem 3.1] where the trace function corresponds to rank 2
Kloosterman sums.
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The mollification method and its view toward nonvanishing results is an example of why we
may consider more general moments, called twisted moments. Indeed, asymptotic formulae
for (0.8) can also be applied to the resonance method, as in the work of Bob Hough on the
angle of large values of L-functions [30] where he established a formula for the same moment
(see Theorem 4 and the proof is in the Appendix) by adapting the method of M.P. Young. We
mention that our present approach is different and allows us to deal with not necessarily
squarefree integers ¢, ¢», which is crucial for our application.

0.2.1 Outline of the proof of Theorem 3

In this section, we outline the proof of Theorem 3. Using the functional equation for | L(y, 1/2) |4
(c.f. (1.28)), we represent the twisted central values as a convergent series

T(n)t(m) nm
2

1 4 — _ nwnjrun) —
IL(x,3)| x@0xl2)=2) %" —y x(nﬂl)x(mfz)V( 7 )

n,m=1
for some function V(¢) which depends on the archimedean factor Lo, (y, s) and decays rapidly
for t > g°. An important fact is that V depends on the character y only through its parity. It
is therefore natural to separate the average into even and odd characters. Assuming we are
dealing with the even case, the orthogonality relations (c.f. (3.2)) gives

! i DIy @7 1 q T(n)7(m) (nm)
L 1) (Z ) (é )= (d) — vVI— ,
(p*(q)(eD%Q(q) | (X 2)| X xyles (p*(q) C%J(P ’u(d) [lnzi%'mz(mod o (nm)uz qz

where the + on the summation means that we restrict to even characters. A first main term
MTp (41, %2, q) is extracted from the diagonal contribution ¢;n = ¢, m and is computed in
section 3.1. Putting this part away, applying a partition of unity and we are reduced to the
evaluation of the following expression

1 q n m
- - @ d — Wl=|W|—|,
(NM)UZ(P* (q) t%igb( )H(d)fzn:;[zl:m%mod d)T(n)T(m) (N) (M) 0.13)
1h#lom

where 1 < M < N (up to switch ¢; and ¢,), NM < g™ and W is a smooth and compactly
supported function on Rs satisfying W) « j 1. Since g is prime, the arithmetical sum over
d|q could be separated into two terms corresponding to d = 1 and d = q. However, as expected
by the beautiful work of Young, an off-diagonal main term MTg D (1,02, N, M; q) arises when
N = M and this sum facilitates its calculation since it cancels some poles whose contributions
seem to be big (c.f. Section 3.5.2 and Lemma 3.9). This technical step allows us to rebuild the
partition of unity and to express the second main term as a contour integral of the form

1 ds
MTop(41,02;q9) = — | F(s,01,02;,9)—,
op(l1,42;q) Py f(g) (s,41,¢2;,9) S



0.2. Structure of the twisted fourth moment

for some function F(s, £1, ¢2; q) (c.f. (3.73)). A critical feature of this term is that the g° has
disappeared, making it impossible to evaluate the integral by standard contour shift on the left.
The situation is similar to that of § 4.3 in [44] where they study mollification of automorphic
L-functions. Fortunately, using the functional equation for the Riemann zeta function, a
crucial trigonometric identity for the gamma function (c.f. (3.85)) and a careful analysis of a
Dirichlet series involving the ¢ ’l.s variables, we show that the integrand is odd and therefore,
we are able to evaluate explicitly this integral through a residue at s = 0 (see Lemma 3.14 and
Proposition 3.15). Computing such contour integral exactly using the symmetry properties of
the integrand was also observed in the work of Soundararajan [56], Blomer-Harcos [7] and
Blomer [4].

For the rest of this outline, we only consider the case d = ¢ in (0.13) and we put this off-diagonal
main term aside by writing

+ L 1 n m
Bt (0, 02, N, M; ) = s >y T(n)r(m)W(N)W(A—/I)

{1n=+l,m (mod q)
éln#igm

- MT}, (1,42, N, M; q). (0.14)

We mention that MTop becomes small when N >> M. More precisely, we prove in Lemma 3.13

M 1/2
MTi(r)D(fl,fz,N, M;q) < quE (ﬁ) )
The conclusion of Theorem 3 will follow as soon as we prove that
Err* (01,42, N, M; q) < LAq_’l

for some absolute constants A,n > 0. By the trivial bound

1/2
Errt (41,0, N, M; q) < qu%,

we may assume that NM is close to g>*¢. We will treat (0.14) by different methods depending
on the relative ranges of N and M.

The shifted convolution problem

When M and N are relatively close to each other, we interpret the congruence condition
{in=+fom (mod q) (¢1n#¥om)asyn¥,m—hqg=0with h #0. Hence for each h # 0, we
need to analyze the shifted convolution problem for the divisor function. This problem is
interesting in its own right and has a long history. Blomer and Mili¢evi¢ in [9] used Jutila’s
variant of the circle method. This has the main advantage to have a certain degree of freedom
with respect to the choice of the moduli and one can deal directly with the congruence
subgroup I'y(¢1¢>) in the trace formula. Unfortunately, this method is useless here essentially
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because the uniform estimate for Hecke eigenvalues of cuspidal forms (Wilton’s bound) fails
for the divisor function.

In the case ¢ = ¢» = 1, Young used an approximate functional equation for the divisor function
[58, Lemma 5.4] to separate the variables n and m. Adapting this technique to our case involves
the choice of a lift of a multiplicative inverse ¢» (mod q) whose location is hard to control.

Another possibility would be to use a recent method of Topacogullari [57], but in the end we
would face similar issue .

The first thing to do is to smooth the condition ¢1n F 2,m — hq = 0. We chose to return to the
classical §-symbol method which was developed by Duke, Friedlander and Iwaniec in [18, 19].
We follow closely the first steps of [20] and are reduced to estimate sums of the shape (see
(3.29))

S(hq,d\ 0} n— dalym; cdydy)
(o

-1
@ Y Y tmt(m) ) G(n,m,cddy), (0.15)
h

1/2
(MN) d;|; n,m (c,g’lg/z):l
c=Q

where Q is the parameter of the delta symbol, G is a weight function, ¢ = ¢;/d; and the inverse

of ¢} (resp ¢},) have to be taken modulo cd, (resp cd;). For this, we exploit cancellations in the

Kloosterman sums using spectral theory of automorphic forms. Returning to (0.15), we focus

on the quantity

S(hq,d ¢\ n— dyym; cdydy)
c

)3

(c,0}0})=1

G(n,m,cdydy).

At this step, we cannot apply directly the usual Kuznetsov formula because of the different
inverses ﬁ_’l, 7’2 which are not with respect to the modulus (they are mod cd, (resp cd;)) and
we need first to transform the Kloosterman sum. Inspired by [57], we factor in a unique
way d; = d} d; with (d},¢}) = 1, d;|(¢})* and use the twisted multiplicativity to obtain the
factorization (we set v := d;|d}),

S(hq,dv0,n— dtym; cdidy) = S(hq, v (d1 € n— dr 0y m); cd d3)
x S(hq, (cd; d)*(d 0" n—drlym); v),

where all multiplicative inverses are this time modulo the modulus of the Kloosterman sum.
We then exploit an idea of Blomer and Mili¢evi¢ [9] to separate the variable ¢

1 brys * 3K\ Q =
(,b(U) Z X(Cdl dZ)SV(X’n’m’girhCI);
1)

S(hq, (cd; d})2(di ¢\ n— dylym); v) =
with

Sornom, i, hq):= Y, T(S(hqy, (d1€_’1n - dzf_’zm)?; v).
y()
(yv)=1

In this way we obtain sum of Kloosterman sums twisted by Dirichlet characters which we can



0.3. Structure of the twisted cubic moment

evaluate using Kuznetsov formula for automorphic forms with non trivial nebentypus. We
finally obtain the bound

N2
Err* (01,05, N, M; q) < LA g*~1/?*0 (M) :
for some A > 0 and it is exactly the expected error term (modulo the power of L) according to
the treatment of Young. We thus obtain Theorem 3 as long as
N 1-20-2n

— <
v S

The analysis of the shifted convolution sum in the complementary range has already been
done first in [5] and then improved in [2]. We briefly recall their work in Section 3.2.1.

0.3 Structure of the twisted cubic moment

Before going in the sketch of the proof of Theorem 4, we mention the work of S. Das and R.
Khan [13] who evaluated a moment of the form

—— ¥ Lfexd)Lln))
q-1 ¥ (mod ¢)

171

As the authors explained, the complex conjugation above L(y,1/2) was introduced to avoid
difficulties connected to the oscillations of Gauss sums. What we show here is that these
difficulties are resolved using variants of the methods of [24] [46]. We point out that there is
also an advantage in considering the two moments without the complex conjugation. In this
case we obtain a main term only when ¢ = 1 and this main term is 1 (in particular independent
of g, x; or f), which greatly facilitates the average over ¢ in the mollification method (see
Section 7.1).

After an application of the approximate functional equation to (0.6) and (0.7), which expresses
the central value of automorphic L-functions as a convergent series, and an average over the
characters, we isolate a main term which appears onlyif £ =1 (c.f. § 6.1.1-6.1.3).

The treatment of the error term passes by the analysis of sums of the shape

1
(gNo N1 N)112 11 ()T ()Kls(moming, x1, x2,1;9),  (0.16)
(qNo Ny N,)1/2 no;VUX,:‘QENlh DXz (nm2)Kstnonynz, x1, X2, 1, q

I’l2~Ng

Sy x2q) =

Cfiq = Y Y Ap(mKlz(nm;q), (0.17)

1
(qMN)l/Z n~N,m~M
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where Kl3 is the 2-dimensional normalized hyper-Kloosterman sum, Kls(x1, x2,1; g) is the
twisted version as defined in (2.9), {A ¢ (n)},>1 are the Hecke eigenvalues of f and Ny, N1, N2, N, M
are parameters satisfying

1< NiyN,M, NoNi N> < ¢¥'2%€ and MN < ¢°/2*¢.
The ultimate goal is to obtain a bound of the form

S X2 0, €(f59) = 0(q7°),

for some absolute constant § > 0. Using Poisson summation in the three variables in (0.16),
or Voronoi formula in the n-variable in (0.17) (followed by Poisson on m) allows us to get rid
of the cases where the product of the variables is larger than g; namely in Sections 6.1.4 and
6.2.3, we prove

q

NoN; N,

1/2 q 1/2
. £
) and C(f;9) < q (—N ) .

S(x1,x29) < qg(

Combining these two estimates with the trivial bounds

NoN: N- 1/2 1/2
S(x1,x29) < (%) and C(f; q) < qE(T) ,

we can assume for the rest of this outline that
NoyN;No,=NM = q.

We treat these sums differently according to the relative size of the various parameters. If
N1 ~ 1 (say) and M ~ 1, we exploit the ng, np-sum (resp. the n-sum) in (0.16) (resp. in (0.17))
and average trivially over the others. Grouping ngn, into a long variable n and we need to
analyze roughly

1 1
— Y A3,(n,00Kl3(nny, x1,x2:9) and = Y Ar(m)Kls(nm; q),
qi=y qd n~q

where for any 7 € R, .
it
Ay, (n,in) = no%:nzz(ng) (Z—E) .
In [23] and [24], Fouvry, Kowalski and Michel studied these sums when f is a fixed cusp
form for the group SL,(Z), ﬂ% (n,1it) is replaced by the generalized divisor function d;;(n) =
Y ab=n a''b~'" and for a general Frobenius trace function modulo g instead of Kl3. We will
show in Chapter 5 that their theorems [24, Theorem 1.2] [23, Theorem 1.15] can be extended
to a Hecke eigenforms (cuspidal or not) of level g and arbitrary central character w. More

10



0.3. Structure of the twisted cubic moment

precisely, for V' a smooth and compactly supported function on R}, we consider the sums

Sv(f,K;q):= ) Af(n)K(n)V(E), (0.18)
n>1 q
Sv(w,it,K;q):=Y. Aw(n,it)K(n)v(g). (0.19)
n>1

Theorem 6. Let q > 2 be a prime number, w a Dirichlet character of modulus q, f a primitive
Hecke cusp form of level q, nebentypus w and spectral parameter t¢. Let K be an isotypic trace
function modulo q of conductor cond(K) such that its Fourier transform is not w-exceptional,
as defined in (2.3) and (2.5). Let V be a function satisfying V (C, P, Q) (see Definition (2.1)). Then
there exists constants s > 1 and A > 1 such that

Sv(f,K; @) <cs (L+1tp) cond(K)*q" 2 (PQ)'2 (P + Q!
Sv(,it,K;q) <cp (1+]t)cond(K) g 2 (PQ) 2 (P+ Q2

forany b <1/16, where A depends on € and s is absolute.

Therefore, Theorem 6 provides the desired power saving (set P = Q = 1) in the special case
where one of the variable is very small in (0.16) and M ~ 1 in (0.17). Assume now that
No, N1, N2 > q" and M > q" for some small real number 1 > 0. From now, we need to take
care of the different nature of expressions (0.16) and (0.17). Indeed, for (0.16), the fact of
having three free variables allows us to factorize two of them (say ngn,) in such a way that
NoN, > g'/2*"_ In this case, we can form a bilinear sum and use a general version of Polya-
Vinogradov (see Theorem 2.19) to obtain a power saving in the error term. The same method
also works for (0.17), as long as M < q'/>7" or N < g'/277, because in this case N > q'/>*" or
M > g"'?*"_ Hence the critical range for the second sum, i.e. when Polya-Vinogradov is useless,

1/2

appears when M ~ g'/? and N ~ g'/? and here we apply the general result of Kowalski, Michel

and Sawin concerning bilinear forms involving classical Kloosterman sums [46, Theorem 1.3].
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1] Preliminaries I : Automorphic Forms

1.1 Summation formulae

We give here two versions of the Voronoi summation formula. The first one concerns the
divisor function 7(n) and it is provided by [36, Theorem 1.7]. The second one involves Hecke
eigenvalues of cusp forms of prime level and a reference for this result can be found in [45,
Appendix A.3-A.4].

Proposition 1.1. Let g be a smooth and compactly supported function inR} and d,¢ > 1 be
integers such that (d,¢) = 1. Then

x dn x dn
> r(n)e( )g(n) ff (logx+2y—2logl)g(x)dx+) Z n)e( )g (n),
n=1 + n=1

where d denotes the inverse of d modulo ¢ and g* are the Bessel transforms of g defined by

4 [ 4
g ) ::zfo g(x)Ko( JI}/x_y)dx

\/X_J’)d

and

_ 27w [® 47
g (y):=—7f g(x)Yo(
0

where Ky, Yy are the usual Bessel functions.

Proposition 1.2. Let q > 2 be a prime number, w a Dirichlet character of modulus q and f
a primitive Hecke cusp form of level q and nebentypus w with associated Hecke eigenvalues
(Af(M)nz1. Let a be an integer coprime with q and g : R — C a smooth and compactly
supported function. Then we have the identity

lef(n)e( )g(n) w(a)ZZM(n)e( ) (%) 1.1

n=1 + n>1

13



Chapter 1. Preliminaries I : Automorphic Forms

where o

gi(y):[) g(x)d+(@m\/xy)dx,
with

I () =271 (0, J-(0) =0

if f is holomorphic of weight k and

3+(x)=—.L.

sin(rity) (J2it; (%) = J-2i1, () , 3 (%) = £ p4cos(mity) Kpir, (X)

if f is a Maass form of parity € y € {-1,+1} and spectral parameter t¢.

Finally, we consider the decay properties of the Bessel transforms g.. (see [5, Lemma 2.4]).

Lemma 1.3. Let g: R} — C be a smooth and compactly supported function satisfying
X' gD () <ie g (1.2)

foranye>0andi > 0. In the cuspidal and non-holomorphic case set 9 = Re(itf), otherwise
setd =0. Then foranye >0, forany i, j > 0 and all y > 0, we have

(1+y)"? (1+y—219—s)'

j g y
Vs ) <ie (1+ (yq—f)llz)i

1.2 Automorphic forms

In this section, we briefly compile the main results from the theory of automorphic forms. An
exhaustive account of the theory can be found in [33] and [32] from which we borrow much of
the notations.

1.2.1 Hecke eigenbases

Let N > 1 be an integer, w a Dirichlet character of modulus N, « = l_wT(_” €{0,1}and k> 2
satisfying k = x (mod 2). We denote by B (N,w) (resp. B(IN,w)) a Hecke basis of the Hilbert
space of holomorphic cusp forms of weight k (resp. of Maass cusp forms of weight k) with
respect to the Hecke congruence subgroup I'g(N) and with nebentypus w. The continuous
spectrum is continuously spanned by the Eisenstein series E4(:,1/2 + it) where a runs over the
singular cusps of ' (V) with respect to w.

Sometimes it is useful to employ another basis of Eisenstein series formed of Hecke eigenforms:
the adelic reformulation of the theory of modular forms provides a natural spectral expansion
of the Eisenstein spectrum in which the basis of Eisenstein series is indexed by a set of

14



1.2. Automorphic forms

parameters of the form
{(w, 02, /) | wwz = o, f€Bw,w)}, (1.3)

where (w1, w7) ranges over the pairs of characters of modulus N such that w; w2, = w and
B(w1,w,) is a finite orthonormal basis in some induced representation. We do not need to be
more explicit here and we refer to [26] for a precise definition of these parameters. The main
advantage of such a basis is that the Eisenstein series are eigenforms of the Hecke operators
T, with (n, N) =1 : we have

TnEory 9, f (2 112+ i) = Aoy i, (1, OBy, 0, (2, 112+ 111,
with
Aovw, (1) := Y. wi(@a' wy(b)b~ . (1.4)
ab=n
The Eisenstein series in the special case N =2g

Let g > 2 be a prime number. For some technical reasons, it is convenient for the proof of
Theorem 6 to embed our form f of level g in an orthonormal basis of forms of level 2g (see the
beginning of Section 4.1 and Section 5.5 in [24]). For arbitrary level N, the Eisenstein series
Eq4(-,1/2 + it) are usually not eigenfunctions of the Hecke operators. In the special case where
N =2¢q, there are exactly four inequivalent cups for I'g(2g) which are

see for example [32, Proposition 2.6] and all are singular. The main advantage in this situation
is that these Eisentein series are eigenforms of the Hecke operators T, for (n,2g) = 1. More
precisely, if a = 1/v with v € {1,2, g,2q}, then we have for (n,2q) =1,

ThEq(,1/2+it)=Aq(n, i Eq(-,1/2+11),
with explicitly

Zab:nw(a)(%)” if v=g,2q
Aa(n,it) = (1.5)

Yap-no®) (&) i v=1,2,
see [21, (6.16)-(6.17)].

Remark 1.4. In the case N = g, there are exactly two inequivalent cusps a = 1,1/ g and the two
Eisenstein series are eigenfunctions of the Hecke operators T, for (n, g) = 1 with eigenvalues
given by (1.5). Moreover, they are also Eisenstein series of level 2q after the normalization by

1/+/3.

15
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Remark 1.5. It can be shown more generally that Eisenstein series are always Hecke eigen-
functions for squarefree level.

1.2.2 Hecke eigenvalues, Fourier coefficients and boundedness properties

Let f be a Hecke eigenform for I'g (V) with central character w and Hecke eigenvalues A ¢(n)
for all (n, N) = 1. We write the Fourier expansion of f at a singular cusp a as follows (z=x+iy)

fito. (@ = Y pralmn' e(nz) for f € Br(N,w),

n>1

Jiio. (@)= Z pf,a(n)InI_I/ZWﬁgy,-tf(4n|n|y)e(nx) for f € B(N,w),
n#0
where o, is a scaling matrix of a, i.e. o, € SLy(R) is such that 0,00 = a and aglrg(N)aaa =
B:={(} b) . beZ} where I'y(N), denotes the isotropy subgroup of a, Wﬁ £ ity 1 the Whittaker

function and ¢ is the spectral parameter of f.i.e. 1y =1/4+ tj% with A7 the eigenvalue for the

hyperbolic Laplace operator. For any y = (¢ Z) € SL,(R), the two slash operators |y and |,y of
weights k and « are defined by

cz+d
lcz+d)|

ﬁk},(Z) = (cz+d)_kf(yz) and fj y(2) :2( ) flrz).

For an Eisenstein series E (-, 1/2 + it) indexed by { = (w1, w2, f) or { = b is a singular cusp for
I'o (), we write its Fourier expansion as

1/2+it 1/2—it

Eplo, (2,112 +08) = €1,0,a(D)y +¢2,0,a(D)y

+ ) poaln, it)n"Y2 Wi
n#0 "

,l.t(4n|n|y)e(nx).

IR

When f is a Hecke eigenform and a = oo is the usual cusp, there is a closed relation between
the Fourier coefficients and the Hecke eigenvalues 1 r(n); for (m,N) =1and n > 1, one has

Asmppm= Y w(d)pf(?). (1.6)
d|(m,n)
In particular, for all (m, q) =1,
Apm)py(1) = py(m). (1.7)

If f is primitive, the relations (1.6) and (1.7) are valid for every m > 1. In particular its first
Fourier coefficient is not zero and we have the following lower bounds for p ¢(1) : for any € > 0

cosh(miy)

Narg N f fEBIV,)
lp (DI >, (1.8)
(4”)k—1 .
(k—1)INTFe ke if fEBk(Nrw)v

16
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see [21, (6.22),(7.16)] and [49, Lemma 2.2 and (2.23)]. For an Eisenstein series E,(-,1/2 +it),
we have

cosh(mt)

NQ +|£)*(log(N +|t]))2’ (1.9)

lpe(1,i0)|* >

see [21, (6.23),(7.15)].

The Hecke eigenavlues A ¢(n) satisfy the following multiplicative property : for (nm, N) =1, we

have
ApmApm= Y w(d)/lf(';—’?), (1.10)
d|(n,m)
and also
Ar(n) =@(mAp(n). (1.11)

Note that if f is holomorphic, then by the work of Deligne and Serre, we have the Ramanujan-
Petersson conjecture, namely

Ar(m)] < T(n). (1.12)

The same bound is of course trivial if f is an Eisenstein series with eigenvalues (1.4) or (1.5)
in the case where N|2q. In the case of a Maass cusp form f, the best result is due to Kim and
Sarnak [41] and it is given by

Al < T(mn?, 0=, (1.13)
with an analogous bound for the spectral parameter

ISm(tp)| <0, (1.14)
However, the conjecture is true on average, in the sense that for every X > 1,

Y AP < (N(L+] 1)) X, (1.15)

n<X

with an implied constant depending only on € [21, Proposition 19.6]. We will also need later
similar bound for the fourth-power on average and it is enough for our purpose to restrict to
prime numbers p not dividing the level N,

Y APt < (XNA+t))EX, (1.16)
p<X
(p,N)=1

for any € > 0 and the constant only depends on ¢. This bound is a consequence of the
automorphy of the symmetric square Sym? f [25] and Rankin-Selberg theory.
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1.3 Spectral identities

1.3.1 Bessel transforms

We collect here some facts about Bessel functions and their integral transforms. Let ¢ : [0,00) —
C be a smooth function satisfying ¢(0) = ¢'(0) = 0 and (p(” «; (1+x)3forall 0<i<3. For
K € {0, 1}, we define the following three integral transforms

. o0 d

b(k) = i f O T (1),
0 X

it

2sinh(mwt)

N x [ dx

o) :=2i ff(x)cosh(ﬂt)Kgit(x)T.

0

) . d
B = fo Uais0) = (121000 =, (1.17)

Here are some useful estimates concerning the above Bessel transforms.

Lemma 1.6. Let ¢ be a smooth and compactly supported function in (X,2X) satisfying
(p(i) < X—i

foranyi > 0. Then forall t > 0 and real k > 1, we have

O 1+]logX|
1o PPN < 120 (1.18)
o) . . ner1ox

where all implied constants are absolute.

Proof. The case x =0 is covered in [3, Lemma 2.1]. The proof carry over to the case x = 1 with
minimal changes. O

1.3.2 The Petersson formula

For k > 2 an integer such that k = x (mod 2), the Petersson trace formula expresses an average
of product of Fourier coefficients over B (N, w) in terms of sums of Kloosterman sums (see
[33, Theorem 9.6] and [34, Proposition 14.5]) : for any integers n, m > 0 and a, b two singular
cusps, we have

(k-2)! ToV) 4 4/ mn
= Bu

Pga(Mpgp(m) =8(n,my+2ri Y ;Sz,b(n,m;c)]k_l ) (1.20)
[

-1
(4”)k g€Br(N,w)

18
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where sg}’ (n, m; c) is the generalized twisted Kloosterman sum and it is defined by
b L _ a b\ _ na+ md
Se (n,m;c) := Z w(oa(c d)abl)e(T .
(g g)eB\aglro(N)ab/B

Lo (N)

The notation Y. means that we sum over all positive ¢ such that Sf‘f’ (n, m; ) is not empty.

Remark 1.7. If a = b = oo, the Kloosterman sum becomes

So(n,m;)= ) w(de
d (mod c¢)
(d,0)=1

md + nd
c

Lo(N) +

and thesum ), is taken over N|c.

1.3.3 The Kuznetsov formula

Let ¢p: Ry — C be a smooth function satisfying ¢(0) = ¢'(0) = 0 and (,b(f) (x) <, (1+x)~27¢ for
0< j<3andeverye>0. Let ¢ be a finite set indexing the basis of the continuous spectrum
(4 is the set of singular cusps or (1.3)).Then for every integers m, n > 0 and every pair of
singular cusps a, b, we have the following spectral decomposition of the Kloosterman sums
(33, Theorem 9.4 and 9.8].

YolV) ¢ Anmn
Y S m; c)¢>( i m”) YY)~ — )k g ()
e
g€Br(N,w)
(1.21)
+
geﬁ%w)(p g)co h(z tg)pg,a(n)pg,b(m)
e (1) ———= .
+ Z[ #mpo,a(n,lt)po,b(m,lt)dt,
O
and
Yol q 4m/mn —_—
Y Es;*,"(n,—m;c)(p( )= Y g tg) h( coshoeiy PenMPep(=m)
c geB(N,w) g (1.22)

< Plt) ———— .
+ Z[o #(m‘)po,u(n,zt)poyb(—m,zt)dt.
Oece

1.3.4 The spectral large sieve inequality

Often the Kuznetsov formula is used hand in hand with the spectral large sieve inequality.
Before stating the result, we denote by Ny the conductor of w and we also recall that each cusp
for I'o(N) (not necessarily singular) is equivalent to a fraction of the form u/v, where v > 1,

19



Chapter 1. Preliminaries I : Automorphic Forms

v|N and (v, u) = 1. We define the following quantity :
4 N
pla) =N v, 7 . (1.23)

Furthermore, if (a,,) is a sequence a complex numbers and M is a real number such that
M >1/2, we set

Naml3:= Y laml,
M<n<2M
(k—-1)!
z(H)(k’ ’]\4) = _— a (m);
! (4m)k-1 M<r§é2M mPre
(L+tph*E
EM(fM)= = ¥ ampralzm),
\/cosh(mtp) M<m<2M
1+]2)*2
z(f) ©,it, M) := ﬂ Z aAmPo,a(xm,it).

cosh( ) m<m<om
Then the following bounds are known as the spectral large sieve inequalities.

Proposition 1.8. Let T > 1 and M > 1/2 be real numbers, (a,;) a sequence of complex numbers
and a a singular cusp for the group T'g(N). Then

2 1
YooY E®U M| < [ TP+ NE @M | amll3,,
2<k< T feBr(N,w)
k=x (2)
2 1
y Z(iM)(f,M)| < [T%+ N2 @M | [|apl2,,
[trI<T
T (E) . 2 2 % 1+¢ 2
> (<>,lt,M)| dt < | T+ NZ p@M" | [|anmli3,,
Qe

with all implied constants depending only on €.
Proof. We refer to [16]. O
We can improve the above Proposition in the case where a = oo is the usual cusp and the

conductor of w is odd and squareftree.

Lemmal.9. Let N > 1 be an integers and w a Dirichlet character of modulus N whose conductor
is odd and squarefree. Then for any m,n € Z and N|c, we have the Weil bound

1S (m, n; )| < 7(c)(m, n,c)Y?c!2.

Proof. The proofis a consequence of the twisted multiplicativity of Kloosterman sums and
[42, Propositions 9.7 and 9.8]. O
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Proposition 1.10. Let N > 1 be an integer, w a Dirichlet character of modulus N with squarefree
and odd conductor. Let T > 1, M > 1/2 and (am) M<m<2Mm a Sequence of complex numbers.
Assume that a = oo and let € > 0. Then each of the three quantities appearing in Proposition 1.8
is bounded, up to a constant depending only on €, by

) 1+¢€ )
T +T) Hamllyy-

Proof. The extra factor N&’ 2 in the conslusion of Proposition 1.8 comes from [16, Lemma 4.6,
(4.20)] and is a consequence of the general estimation [42, Theorem 9.3]

Su(m, n;¢) < 7(c)°Y (m, n, )2 (Noo) 2.

By the hypothesis on the conductor of w (that it is squarefree and odd), we can apply Lemma
1.9 whose consequence is the cancellation of the factor Né/ 2 in [16, Lemma 4.6, (4.20)] and
the rest of the proof is completely similar. O

1.4 L-functions and functional equations

1.4.1 Dirichlet L-functions

Let ¥ be a non-principal Dirichlet character of modulus g > 2 with g prime, « € {0, 1} satisfying
1 (—=1) = (-1)* and define the complete L-function

A(Y, 9) := q%2 Lo (1, LY, 9),

where

Loo(},$) = n‘s’zr(HTK). (1.24)

It is well known that A(y, s) admits an analytic continuation to the whole complex plane and
satisfies the functional equation [34, Theorem 4.15]

Ay, s) =i"e(A(,1-39), (1.25)

where £(y) is the normalized Gauss sum defined by

1 X
£(x) ;:W Y )((x)e(g). (1.26)

x
xeF;

Using (1.25), we can express the central value of a Dirichlet L-function as a convergent series
[34, Theorem 5.3] and thus, extend in an easy way the proof to a product of three or four
L-functions.

Lemma 1.11. Let ¥, x1,x2 be Dirichlet characters. Let x (resp k1, k2) € {0,1} be such that
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x(=1) = (=D* (resp y1(=1) = (=1)*, x2(=1) = (=D*2).

1) Ifx #1,%;,Xo, we have

x(noning)x1(ny)xa2(ny) nghniny
L) Lxn3) Lxrez) = 23 meZ( 3,2)

no > 1 (nonynp)'/? q
j X(mom o)z, ()7, () Roni 1
D e eere) LYY Iy, (MO,
ng,n1, 15 >1 (ngniny)

where

1 [ Loo(X3+5) Loo (X1 3+ 5) Loo (X2, 3 +9)
Vi (%)= 2 f 1 1 1
wi Je) Loo (X 3) Loo (XX1,3) Loo (X X2, 3)

s ds
X Q(S)T. (1.27)

2) Ify #1, we have

IL(X,%)|4=ZZ > (n)T(IIZ) (n)%(m)vx(m—f), (1.28)
n=1m=1 (nm) q
with
1 L2 (x, 12+ 92, 1/2+s) _,  ds
Vi) = o f(z) 12,(x, 1/2)I2,(7,1/2) Q)5 (1.29)

In (1) and (2), Q(s) is an entire and even function having exponential decay in vertical strips
and satisfying Q(0) = 1.

Remark 1.12. Observe that for V=V, or V=V, , ., the function V depends on y only
through its parity. Shifting the s-contour to the right in (1.27) or (1.29) and we see that for
x > 1 and any A > 0, we have the estimation

V() <a x4
Now moving the s-line to Re(s) = —% + €, we pass a simple pole at s = 0 of residu 1 and thus,

we obtainfor0 < x <1
V(x) =1+ 0 (x/%79).

1.4.2 Twisted L-functions

Let g > 2 be a prime number, w a Dirichlet character of modulus g and f a primitive Hecke
cusp of level g or 1 and nebentypus w (w = 1 if the level is 1). For y a non trivial character
modulo g, we can construct the twisted modular form f ® y whose n-th Fourier coefficient
is given by p s (n)x(n). This form is a Hecke eigenform of level ¢* with nebentypus wy* and
eigenvalues A ¢(n)y(n) for (n, ) =1 (see [32, Chapter 7]). The following proposition says when
f ® yx stills a primitive form and derives the functional equation of the associated L-function
L(f ®y,s) (see for example [27] and [28]).
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Proposition 1.13. Let g > 2 be a prime number, f,w and y as above and assume further that
x # 1,@. Then the twisted modular form f ® y is a primitive Hecke cusp form of level q* and
nebentypus y*>w with associated Hecke eigenvalues y(n)A r(n) foreveryn>1. If

=)
Lifeys:=) w Re(s) > 1 (1.30)

n=1

is its associated L-function, then there exists a factor Lo (f ® ¥, s) such that the product
Afox,9):=qLoo(f® Y, L(f® ], )
extends holomorphically to C and satisfies the functional equation
A(f®x,s)=Eoo(f,)()s(fébx)A(?@j,l—s), (1.3

wheree(f @ x) = e(x)e(wy), e(x), e(wy) are defined by (1.26), the infinite factor oo (f, x) satisfies
leco (f, x)1 =1 and both Loo(f ® ¥, ) and (), e(wy) depend on y only through its parity.

Remark 1.14. The infinite factor presents as a product of Gamma functions

S_Hl,f®)()r(s_u2,f®x)

Loo(f®),8)=m7 F( 5 >

where (; rsy are the local parameters at the infinite place (encodes the weight in the holomor-
phic setting or the Laplace eigenvalue if f is a Maass form) and we recall that they depend on
x at most through its parity. In any case, a consequence of the work of Kim and Sarnak [41]
toward the Ramanujan-Petersson conjecture is that

7
Re(i,for) < - (1.32)

We finally state the analogous of Lemma 1.11 for the product L(f ® ¥, s) L(y, s) on the critical
point s =1/2.

Proposition 1.15. Let g > 2 be a prime number,  a Dirichlet character of modulus q and f a
primitive Hecke cusp form of level q or 1 and nebentypus w with associated Hecke eigenvalues
Af(n) for all n > 1. Then for every character y modulo q such that y # 1,0, x(=1) = (-1)* with
x €10, 1}, we have

L(fex3)L(x3)= 2

n,m>=1

Ar(m)x(n)x(m) nm
sl i)

(nm)uz q3/2
(1.33)

+ “exo(f,E(fONEN) DD

n,m=1

A (MY (m) nm
(nm)1/2 fvl(qslz '
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where

N ds
V = -s —_— 1.34
A= fm Ry TR (1.34)

for any entire even function Q(s) with exponential decay in vertical strips and satisfying Q(0) = 1.

Remark 1.16. Shifting the s-contour on the right in (1.34) and we obtain that for every x > 1
and any A >0,
Vi (0 <ax .

By (1.32), moving the s-line to Re(s) = —1/4, we catch a simple pole at s = 0 of residue 1 and
thus

Vi () =1+0(x"" foro<x<1.

24



4 Preliminaries II : Algebraic Trace
Functions

2.1 /-adic twists of modular forms

In this chapter, we fix g > 2 a prime number, w a Dirichlet character modulo ¢, f a primi-
tive Hecke cusp form of level g and nebentypus w and we denote by {1¢(n)},>1 the Hecke
eigenvalues of f. For any ¢ € R, we also define the twisted divisor function A, (n, it) by

. ayit

Ao(n,it):= ) w(a)(—) , 2.1)
ab=n b

which, for (n, q) = 1, appears as Hecke eigenvalues of Eisenstein series E4(-,1/2 +it) of level g

and nebentypus w for a suitable choice of cusp a (c.f. Section 1.2.1 and (1.5)).

As announced in Section 0.3, for K : Z — C a g-periodic function, a crucial step in the proof
of Theorem 6 requires non trivial estimates for sums of the shape

Sv(f,Kq)=) ﬂf(n)K(n)V(ﬁ), (2.2)
n>1 q
Sy, it,K;q)= ) Aw(n,it)K(n)V(Z), (2.3)
n>1

where V is a smooth and compactly supported function on R} . Assuming that |K(n)| < M for
every n € Z, we obtain by Cauchy-Schwarz inequality and (1.15),

Sv(w,it,K;q),8v(f,K;q) < Mq'*, (2.4)

with an implied constant depending only on V, ¢ and the spectral parameter 5 and this
bound can be seen as the trivial one. Theorem 6 improves on (2.4) with a power saving in the
g-aspect, namely

Sv(w,it, K;q),8v(f,K;q) < g%,
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for any € > 0 and with an implied constant depending on ¢, V, 7 (or t) and controlled by some
invariant of K, called the conductor (see Definition (2.5)). As in [24, Definition 1.1], we make
the following definition about the test function V.

Definition 2.1 (Condition V(C, B, Q)). Let P > 0 and Q > 1 be real numbers and let C = (C,)y>0
be a sequence of non-negative real numbers. A smooth compactly supported function V on R
satisfies Condition (V (C, B, Q)) if

(1) The support of V is contained in the dyadic interval [P, 2P];

(2) Forall x >0 and all integer v > 0, we have the inequality

|x' vV ()] < ¢ Q.

In practice, the test function V is not compactly supported, but rather in the Schwartz class.
We give here a simple Corollary of Theorem 6.

Corollary 2.2. Let g > 2 be a prime number, f,w and K as in Theorem 6. LetQ > 1, C= (C,)y a
sequence of non-negative real numbers and V a smooth function on R with the property that
forany M >0,

V(x) <a and |x'V" ()| <C,Q", v=0. (2.5)

1 +1xhM
Then for every X > 0 and every € > 0, we have

1/2
) Af(n)K(n)V(ﬁ) <ce (@X)F(1+117) cond(K)° XQ? (1 + 1) g 18,
= X X

1/2
y /lw(n,it)K(n)V(§) <ce (@X)(L+]tD cond (K)*XQ? 1+ %) g~ "s,

n=1

where A is the constant appearing in Theorem 6.

Proof. We consider the cuspidal case since the other is completely similar. Applying a partition
of unity to [1,00) leads to the decomposition

n n n
n;af(n)K(n)v(}) - %rgl)tf(n)K(n)V(}) w(g):
where W is a smooth and compactly supported function on (1/2,2) satisfying Ixj ww (I < ¢
for some sequence ¢ = (¢;) of non-negative real numbers and N runs over real numbers of
the form 27 with i > 0. Since V has fast decay at infinity, we can focus on the contribution
of 1 < N < ¢gfX at the cost of an error of size O(q_w), (say). Hence, we just need to bound
O(log(g X)) sums of the form

,;1 A mKmV (2w ().
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By Mellin inversion formula, we have for any € > 0

n n 1 X\~ n
Ar(MKn)V|=|W|—= :—,f —) V(s) Ar(mMK(m)Ws|—||ds,
n; f (X) (N) 21i Jio) \N n; ! S(N))
where the function W (x) := x~SW (x) satisfies
WP () <z (1+1s). (2.6)

For fixed s with Re(s) = €, we apply Theorem 6 to the inner sum with the function V(x) =
W;(xq/N) which satisfies condition V(C, N/ q,1+|s|) for some c depending on ¢, obtaining
the bound

1 1 X & _ N 1/2
(1+Ith)Acond(K)qu_w”(N)f V()N +|s])*? ;+1+|s|) ds.
(e)

Using the fact that the Mellin transform V (s) satisfies

B
V(s)<<( Q ),
1+]s]

for every B > 0 with an implied constant depending on B and Re(s), we see that we can
restrict the integral to |s| < g° Q. Hence replacing 1 + | s| by its maximal value, maximizing over
N < ¢g°X and average trivially over |s| < g®Q in the integral yields the desire result. O

2.2 Trace functions of /-adic sheaves

The functions to which we will apply Theorem 6 are called trace functions modulo g, which
we now define formally.

Let ¢ # g be an auxiliary prime number. To any constructible Q,-sheaf F on A%q and any point
Xe A}:q, we have a linear action of a geometric Frobenius F, acting on a finite dimensional

Q-vector space Fz. We can thus consider the trace Tr(F,|J%). Because this trace takes values
in Q,, we also fix a field isomorphism

1:Q, —C,
and we consider functions of the shape
K(x) =1(Tr(F4|F5), @2.7)

as defined in [39, (7.3.7)].

Definition 2.3 (Trace sheaves). 1) A constructible ag-sheaf Fon Allzq is called a trace sheaf if
it is a middle extension sheaf (in the sense of [22, Section 1]) whose restriction on any non
empty open subset U c Aéq where ¥ is lisse is pointwise pure of weight zero.
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2) A trace sheaf is called a Fourier trace sheaf if in addition, it is a Fourier sheaf in the sense of
[38, Definition 8.2.2].

3) We say that J is an isotypic trace sheaf if it is a Fourier trace sheaf and if for every non empty
open subset U as in (1), the associated ¢-adic representation

ﬂl(U®Fq ﬁq,m — GL(?ﬁ),

of the geometric etale fondamental group is an isotypic representation [38, Chapter 2]. We
define similarly an irreducible trace sheaf.

Definition 2.4. Let g be a prime number. A function K : F; — C s called a trace function
(resp. Fourier trace function, isotypic trace function) if there exists a trace sheaf (resp Fourier
trace sheaf, isotypic trace sheaf) F such that K is given by (2.7).

There is an important invariant which measures the complexity of a trace function which we
define now.

Definition 2.5 (Conductor). Let F be a constructible Q,-sheaf on A%q with n(JF) singularities
in Pllzq. The conductor of ¥ is the integer defined by

cond(J) :=rank(F) + n(FP) + Y Swan,(F),

1
xeP
Fq

where Swan, (F) = 0 if F is lisse at x (see for example [37, Section 4.6]). If K is a trace function,
the conductor cond(K) of K is the smallest conductor of a trace sheaf F with trace function K.

Let ¥ be a trace sheaf with associated trace function K : F; — C. The normalized Fourier
transform of K, denoted by K or FT(K), is the function on F; defined by

PN 1 Xy
Ky := pIE > K(x)e(7).

xeF,

When J is a Fourier sheaf, there is a deep interpretation of the Fourier transform at the level of
sheaves that was discovered by Deligne and developed by Laumon, especially in [47]. To be
precise, there exists a Fourier sheaf § whose conductor satisfies

cond(9) < 10 cond(F)?, (2.8)

and with the property that
1(Tr (FxlS5)) = —K(x).

Moreover, the sheaf G is geometrically isotypic (resp. geometrically irreducible) if and only if &
has this property [24, Lemma 8.1].
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2.2. Trace functions of /-adic sheaves

2.2.1 Kloosterman sheaves

Let k > 2 be an integer, y1,.., ¥« be multiplicative characters on Fj. The twisted rank k
Kloosterman sum Kl (x1, ..., x&; q) is the function on Fj; defined by

1 X1+ ...+ Xk

K@ X1, Xk @) = —= Y. X1(x1)"')(k(xk)e( ) 2.9)
qz x,. xx€F,
X1 Xp=a
for every a € F;. If y1 = ... = xx = 1, we write Kl (a; g) instead of Kli(a, 1,...,1; ). The main

result is the existence of Kloosterman sheaves and it is due to Deligne [38, Theorem 4.1.1].

Theorem 2.6 (Kloosterman sheaves). For every prime ¢ # q, there exists a constructible Q-
sheaf on Alq, denoted by Xl (x1,..., Xk; q) (or simply X¢), of rank k satisfying the following
properties :

(1) Forevery a € ¥y, we have the equality
L(Tr (Fal (KO)z)) = (CDF K@, 11,00 Xk 9);

(2) K¢ is geometrically irreducible, lisse on Gy, g, and pointwise pure of weight zero;

(2) K¢ has wild ramification at oo with Swane(K¥¢) = 1, tamely ramified at 0 and has
conductor k + 3.

In particular, X¢ is an irreducible trace sheaf in the sense of Definition 2.3 (3).

Corollary 2.7. For every a € F};, we have the sharp bound

Kl (a, x1, .0 Xk DI < k. (2.10)

It will be convenient in Chapter 6, specially because of the Poisson summation and Fourier
inversion formula, to present the Klososterman sum Kl as a Fourier transform of a function
defined on F. For this, we set

a
Kli(a, x1;q) := xl(a)e(a),
and we see that for any k > 2 and a € F};,, Klg(a, x1, ..., X&; ) is given by the formula

Klg(a, x1, Xk 9) = Xk(a)FT(Fq 3 X = Xk(X)Kg-1(%, X1, Xk-15 q))(a), (2.11)
where the function Kj._; is defined by

K16 X1, -0 Xk-159) i xeFy,
K10, X1, 0 Xk-1q) = (2.12)
0 if x=0.
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Remark 2.8. There are several ways to extend the function Kl to a = 0. One can choose for ex-
ample the extension by zero. We choose here the middle extension, i.e. that Kl (0, x1, .., Xx; 9)
coincides with the trace of the Frobenius at x = 0. It is a deep result of Deligne that the estimate
(2.10) remains valid for a = 0 (see [14, (1.8.9)]).

2.3 Twisted Correlation Sums and the w-Mobius Group

The strategy in the proof of Theorem 6 is to estimate an amplified second moment of Sy (g, K; q)
for g varying in a basis of cusp forms of level g and nebentypus w. After completing the spec-
tral sum, applying Kuznetsov-Petersson and Poisson formula, we have to confront some sums
that we call twisted correlation sums, which we now define.

We let PGL, (F,) acts on the projective line P! (F,) by fractional linear transformations

Yz = € PGL,(F,).

az+b  [a b
cz+d’Y_ d

Definition 2.9 (Twisted correlation sum). Let y = ( ) € PGL,(F,). For w a multiplicative
character modulo g and K : F; — C, we define the twisted correlation sum C(K, w;y) by

CK,wy):i= Y wlcz+dKy2)K(z).
z€F,
z#—dlc
Remark 2.10. Note that for y € PGL2(Fy), C(K,w;y) is well defined up to multiplication by
w(—1) € {-1,+1}. This is in fact not a problem since only the complex modulus |C(K, w;y)| will
be considered later. We also mention that unlike the definition of correlation sum that the
authors made for the original Theorem (see [24, eq. (1.10)]), we have the presence here of a
twist by the nebentypus of the modular form f. This is because the Kloosterman sums that we
obtain after the application of Kuznetsov trace formula are also twisted by w.

Note that for K a trace function, we have the bound || K|| < cond(K). Hence using Cauchy-
Schwarz and Parseval identity, we get

IC(K,w;y)| < cond(K)?q. (2.13)

In order to obtain better bounds, we introduce a geometric object associated to the correlation
sum C(K, w; 7).

Definition 2.11. Let g be prime number and J an isotypic trace sheaf on A1 Let w be a
multiplicative character modulo g and £, the associated Kummer sheaf. The w- Moblus group
Gy, is the subgroup of PGL;, (F,) defined by

a
G?M?Z{YZ(C

b .
d EPGLz(Fq) | &r:geom,}, Fe Lw(cX+d)}-
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Remark 2.12. Note that Definition 2.11 makes sense in the sense that if y,y’ € GL,(F,) are
equal in PGL, (F;), then y = +I,y’ and thus

/ ! /
Y I Lgexia) =Y T ®Lgox-a) Zgeom Y T ® Lgxian ® La-1) Zgeom Y T ® Lo x+dr)-

The crucial property here is that Gz, is indeed a subgroup of PGL; (F).

Proposition 2.13. Gy, is a subgroup of PGL, (F).

Proof. Let .# be the set of geometric isomorphism classes of trace sheaves. To show that G,
is a subgroup, it is enough to prove that the map .# x PGL,(F,) — .7 given by

F—TF-y:=y"Fe Lgecx+ay (2.14)

defines a right group action because Gy ,, will be the stabilizer of F. For this, we will use the
fact that we have geometric isomorphisms (we use the notation = instead of ~geom)

Lo =Qr = Laexid) ® Loex+a) (2.15)

where Q, denotes the constant sheaf. The first isomorphism implies that the identity matrix
acts trivially. For the second part, note that for y; = (¢ Z) and y, = (‘Cl,' Z',) € PGL,(F,), we have

- . 0 1
Loexray=JW) Ly, j) = (c d)’

and
” )= 0 1 s = fod d'
T2 = eavac eb'+aa| TV cavde b +dal|
Combining the above equality with the second isomorphism in (2.15) leads to
F1y2) Lo =G yDy2) Lo ® jly2) L.

Hence we obtain

F-nr2) =0y Fe jr1y)* Lo =v31iFeys j(y1)* Lo ® jr2) Lo
=13 (riF e jor" L)@ D) Lo
= (F-v1) 72,

which completes the proof of this Proposition. O

We will also need the following fact about the conductor of & - y.
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Lemma 2.14. LetJ be a trace sheaf andy € PGLy(F;). Then

|cond(3’"- Y — cond(?)| <2.

Proof. Since the Kummer sheaves are of rank one and tamely ramified at the singularities, we
have for any x € P%q (by definition (2.14) of the action of y on &),

rank(y*F ® Lgcx+a)) = rank(y*F) = rank(F), Swan,(F-y) = Swany(F),

see [37, 4.6 (iv)]. Moreover, if n(J) (resp n(Lgzx+q4))) denotes the number of singularities
of J (resp. of Lg(cx+a)), the tensor product y*F ® Lg.x+q) satisfies (see for example [53,
Proposition 1.23])

() = nCaex+a) = nly™ P = nlaex+a)
<ny*Fe Lyex+a)

<y I +nlLgex+a) = 1)+ nllgexra)

which completes the proof since n(Lgx+q)) = 0 or 2 depending on whether ¢ =0 ornot. [

The following proposition establishes the link between the correlation sum €(K, w;y) and the
w-Mobius group Gy . The proof uses deep results on /-adic cohomology for varieties over
finite fields.

Proposition 2.15. Let g > 2 be a prime number, J an isotypic trace sheaf with associated trace
function K modulo q of conductor cond(K). Letw : Fj — C* be a multiplicative character. Then
there exists absolute constants A, s > 1 such that for anyy € PGL2(F) — Gg ),

|€(K, w;y)| < Alcond(K)) g2
Proof. See [24, Theorem 9.1]. O

The last part of this section is devoted to the structure of the group Gz, < PGL,(F,). For
some technical reasons due to the amplification method and the fact that we are dealing
with forms of level g, we want to avoid the presence of unipotent elements in our group Gy,
because in contrast to [24, Theorem 1.2], parabolic matrices could appear in our case and
their contribution seems to be big. We therefore impose an additional hypothesis on our sheaf
J and prove that under this extra assumption, the group Gz, does not contain any unipotent
elements. Before doing this, we introduce the following notation :

— For x # y in P!, the pointwise stabilizer of x and y in PGL; is denoted by T (this is a
maximal torus) and its stabilizer in PGL; (or the stabilizer of the set {x, y}) is denoted by
N*Y,
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Definition 2.16. Let F be an isotypic trace sheaf. We say that F is w-exceptional if its geometric
irreducible component is of the form Ly -y =y* Ly ® L (cx+a) for some Artin-Schreier sheaf
Ly and some y € PGL, (Fj).

Proposition 2.17. Let g > 2 be a prime number, F an isotypic trace sheaf on A%:q andw:Fy —
C*. Assume that F is not w-exceptional and that q is large enough compared to the conductor
cond(K). Then Gy, satisfies one of the following :

(a) |G5,,| < 60 and the non trivial elements of Gg , belong to at most 59 different tori.

(b) Gy is cyclic and is contained in the normalizer N*Y of a certain maximal torus TV for
x#yinPl

(¢) Gy is dihedral and its cyclic subgroup is contained in a maximal torus TV and any
element not contained in it is in the normalizer N*Y (x # y).

In particular, Gg ,, does not contain parabolic elements.

Proof. 1f the order of G, is coprime with g, the first paragraph in the proof of [24, Theorem
1.14] says that G, is one of the three types of groups cited above.

We now show that the order of G5, cannot be divisible by g. Assume by contradiction that it
is the case and fix an element y, € G5, of order g. Then vy is necessarily parabolic, so it has a
unique fixed point x € P! (Fg). Let 0 € PGL,(Fy) be such that

1 1
01

o

)U_1=Y0,

and define

b
9::3:'0-:0*?®LE(CX+(1)’ U:(a )
c d

Since geometrically we have [+1]*F = F- (} 1), we see that we have a geometric isomorphism
[+11"G=G.

Suppose first that G is ramified at some y € A! (E,), then by the above, G is also ramified at
y+1,...,y+ p—1and we obtain by Lemma 2.14

cond(F) > cond(§)-2>g—-2+rank(9) > g-1,

which is a contradiction with the fact that cond(¥F) < g—1. Assume now that § is lisse on A’ (F).
Since JF is geometrically isotypic, the same is true for G and the geometrically irreducible
component G of G also satisfies [+1]*G; = §1. Using [22, Lemma 5.4, (2)] with G = F; and
Py, =0, we have either

cond(9) > Swany,(G1) > g +rank(G)
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and in this case we are done as before, or G, is geometrically isomorphic to some Artin-Schreier
sheaf £ for some additive character y. It follows that § is geometrically isomorphic to a
direct sum of copies of L, and thus, by definition of G, we have a geometric isomorphism

F=(PLy)- o' =PLy-07",

which contradicts the fact that 3 is not w-exceptional. O

2.4 Bilinear forms involving trace functions

We begin with a classical result, which is a simple consequence of the Poisson summation
formula.

Proposition 2.18 (Polya-Vinogradov method). Let g be a prime number and F be a Fourier
trace sheaf on Aéq with corresponding trace function K modulo q. Let f be a smooth and
compactly supported function on R and N > 0 be a real number. Then for any € > 0, we have

N 1+¢
ZK(n)f(£)<<min{N,W(l+q )}
nez N q N
where the implied constant depends on €, f and the conductor of F.
A more elaborate treatment of the Polya-Vinogradov method can be used to obtain bounds for

bilinear sums [23, Theorem 1.17].

Theorem 2.19. Let K be an isotypic trace function modulo q associated to an isotypic ¢ -adic
sheaf J such that J does not contain a sheaf of the form L, ® Ly, in his irreducible component.
Let M, N > 1 be parameters and (&) m, (Bn)n two sequences of complex numbers supported on
[M/2,2M] and [N/2,2N] respectively.

(1) We have

1 1 q1/410g1/2q
1/2
Zm; amPnK(mn) < [lall2l|Bll2(NM) (q1/4 ot |
(m,g)=1

with

lall5 =Y lanl®, 1BI15 = 1Bnl*
m n

(2) We have

1 1/21o
Y oam Y Kimn) < (Z|am|)N(q”2+q Ngq '

(m,q)=1 n<N m

In both estimates, the implicit constants depend only, and at most polynomially, on the conduc-
tor of F.
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The above theorem beats the trivial bound and gives a power saving in the error term as
long as max(N, M) > ¢"/?*% and min(M, N) > ¢° for some & > 0. In the critical case where
N ~ M ~ g"'?, we have the powerful result of Kowalski, Michel and Sawin, which still saves a
small power of g, but has been proved in the special case of classical hyper-Kloosterman sums
[46, Theorem 1.3].

Theorem 2.20. Let g be a prime number and a an integer coprime with q. Let M, N > 1 be
such that

1<M<N? N<gq, MN<qg*? (2.16)

Let (& m) m<m be a sequence of complex numbers and N c [1, q — 1] be an interval of length N.
Then for any € > 0, we have

-1/12

M?2N®
) ) (2.17)

1/2 1/2 3 1/4
Y Y awKlilanm;q) < q°llally ||(x||2/M/N(—3
neN1<m<M q
with
lalh= Y lanl

1<m<M

where the implied constant in (2.17) only depends on € and k.
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] Proof of Theorem 3

Let g > 2 be a prime number and ¢;,¢, be two cubefree integers such that (¢,,¢,) = 1,
(£1¢5,q) =1and ¢; < Lwith L asmall power of g. The fundamental quantity that we will study
in this chapter is the twisted fourth moment defined in (0.8). It is in fact more natural to split
the family {y (mod g)} separately into even characters and odd characters because they have
different gamma factors in their functional equations. In this chapter, we concentrate almost
exclusively on the even characters because the case of the odd characters is similar (we could
treat both cases simultaneously but it would clutter the notation). We briefly describe the
necessary changes to treat the odd characters at the end of Section 3.5.3 since we need to take
them in account for the symmetry of a certain function (see Section 3.5.3). We thus study

T, 03;9) = YL [ xene), (3.1)

2
(rb* (q)( (mod g)
1#1

where the symbol + over the summation means that we restrict ourselves to the case of even
characters and we recall that ¢*(q) denotes the number of primitive characters modulo g
(here g —2).

Using the approximate functional equation (1.28) from Lemma 1.11 (we omit the dependence
in y in the definition of V, since we deal with even characters and V; depends on yx only
through its parity) we can rewrite (3.1) as

4 t(m)t(m) _(nm . 3 _

S i) = V(— (T X EDT(E2).

WO D= G & qzl%dq)%wmx DT
1#1

We now use the following identity which allows us to average the sum over the characters and
it is valid for (m, g) = 1 (see for instance [31, (3.1)-(3.2)])

1
YUam=sY Y g@u(d). (3.2)
x (mod q) 2 + dlqg d
x#1 m=+1(d)
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Hence we obtain .74(¢1,0.;q) =Y., T4%(¢1,05; q) with

(n)t(m) nm
Y201, 00 q) = T—V(_)
Ty, 03 ) (p*(q)Zd)( )u(d)mzﬁzzm o (3.3)
(mn,q)=1

We now decompose .7 4(¢1, £2; q) into a diagonal part and a off-diagonal term by writing

T4, 02;q) = 29 S(01,00;9) + T3 (01,02 q), (3.4)

where 9 oD 201, 04; q) is the same as in (3.3) but with the extra condition that n¢; # m#¢, and
the diagonal part is given by

(mt(m)_ (nm
4001, 00 q) =2 T—V(—) 35
T (1,023 q) [%:gzm oz Y\ (3.5)
(nm,q)=1

3.1 Computation of the Diagonal Part

In this section, we extract a main term coming from the diagonal part 951 (¢1,%2; q). We use
the standard technique consisting in shifting the contour of integration. We first remark that
up to an error of size oY 2q‘l”), we can remove the primality condition (nm, g) = 1. Once
we have done this, we write V as inverse Mellin transform (see definition (1.29)), obtaining
(up to an error term of O(L!/2g~1+%))

2 T(n)t(m)
Ty, 0; =—fG » 3.6
p (€1,€2;9) 271 Jo (8)q [é%m (nm)m” s 3.6)
where G(s) is the integrand in 'V, i.e. (see (1.29) and recall that ¥ = 0 here)
RY:
()
G(s) =12 ————Qs). 3.7
4
Lemma 3.1. We have the factorization
T(WT(m)  f(01€2;1+2s) (*(1+29)
= . 3.8
ZZ (nm)1/2+s ([1[2)1/2+s ((2+4S) ( )

f]l’l:[gm

where n— f(n;s) is a multiplicative function supported on cubefree integers whose values on p
and p? are given by

3-p~°
1+p=s

f(p;s) , f(p%s) = (3.9)

1 +p~s
Proof. Since (¢1,¥¢>) =1, the condition ¢1n = ¢,m is equivalent to n = ¢, j and m = ¢, j with
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3.1. Computation of the Diagonal Part

j = 1. Thus, the lefthand side of (3.8) can be written as

1 5 T(01/)T(02])
([152)1/2“ =1 j1+23

Using the fact that the ¢ ;.s are cubefree, we factorize the above sum as an infinite product over

the primes
[T Ly [T Ly I1 Lp 1 Lp 1 L,
pttl,  plit P14, plit2  p?le,
with
Za>0 (a;rg()1(+%:)—l) if P”gi,
L,= Z@o% if p*le;,
2 .
Za>o% it ptlils.
Using
(@+1) 1 d (@+1)?  1+p 172
0;0 pa(1+23) - (1- p—1—23)2 an a2>:0 pa(1+23) - a- p—1—25)3
and we get for p||¢;
(@+1) (a+1)? 1 1+p~172
LP - az>:O pa(1+2$) + az>:O pa(1+25) - a- p—1—25)2 + (1- p—l—ZS)S
1-— p—1—23 1+ p—1—23 B 2 1+ p—l—ZS
- 1+ p—lfzs a- p71—2$)3 - 1+ p—172s - p*1*28)3 :

We proceed in a similar way for p?|¢; and we obtain

_ 3 _ p—1—28 1+ p—1—2s

P71+ p—1—2$ 1- p—1—2$)3'

We conclude the lemma by the well known identity

tm)? o l+p™ )
n; nt _l;[(l—l?‘s)s'_((ZS)'

We insert the factorization (3.8) in (3.6), obtaining

2 G()g>® f(£102;1+25) ds
TX1,05,q) = — 4(1+25)—,
plnbad) =5 @ (2+45) (£102)1/2+s ¢d+29)

Moving the s-line on the left to s = —1/4 + ¢, we pass a pole of order five at s = 0. Note that for
Re(s) =06 >—1/2, we have uniformly f(¢102,1+2s) <5, (£1¢2)° and thus, we can bound the
remaining integral by O(g~'/2*¢(¢,¢,)~'/*). Hence we obtain
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Chapter 3. Proof of Theorem 3

Proposition 3.2. The diagonal part given by (3.5) can be written as

q£—1/2 )

_— Nl
(0105)1/4 (.10

T3(01,02;9) = MTp (01,02 q) + o(

whereMTp (41,45, q) is given by the residue

G()G*s f(£102;1+25)
((2+4s) (010)12%s

2Ress_o{s (4(1+23)},

and f(€1€2,1+2s) is defined in Lemma 3.1.

3.2 The off-diagonal term

We evaluate in this section the off-diagonal part in the decomposition (3.4). Removing the
primality condition (mn, ) = 1 in (3.3) for an error cost of O(Lg~/?*¢) and we are reduced to
analyze the following quantity

2 q T(n)t(m) _ (nm

94’i 01,05;9) = d — —V(—) 3.11

on 1,42, 9) (@) d|q¢( )“(d)élnzi%n;modd) (nm)1/2 7 (3.11)
[1”#[2"’1

It is convenient for the analysis of (3.11) to localize the variables n and m by applying a
partition of unity. We choose a partition on R x R5¢ as in the work of Young (c.f. [58]),
namely, of the form {Wy »(x, y)}n m where N, M runs over power (positive and negative)
of 2. In consequence, the numbers of such N, M such that 1 < N, M < X is O(log® X). The
functions Wy p(x, y) are of the form Wy (x) Wi, (y) with Wy a smooth function supported
on [N,2N]. Moreover, it is possible to take Wy (x) = W (x/N) with W a fixed, smooth and
compactly supported function on R satisfying W\ « j 1. Applying this partition to (3.11),
we obtain ygg(ﬁl,fg; 9 =XNMm ﬁgﬁ(fl,éz,N, M; q) with

2 q
TYE,,0,, N M,q) = ————————— du|—
OD( L2 q) (NM)I/Z(,D*(q) %}‘p( )'u(d)
n m nm
X » T(MTMW | —|W|— v(—) (3.12)
Can=+0m (mod d) (N) (M) q°
[171;5[2}72
where we made the substitution
W(x) — x Y2wx). (3.13)

Because of the fast decay of the function V(y) as y — +oo (see Remark 1.12) we can assume
that NM < g**¢ for arbitrary fixed £ > 0 at the cost of an error term O(g~'%°). Furthermore,
since each dependency in ¢1, £, which will appear in the error terms will be of the form (¢, ¢ N
or LB, we can also assume that N > M. We will treat differently (3.12) according to the relative
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3.2. The off-diagonal term

size of M and N. We also note that the trivial bound is given by

MN 1/2
T (01,02, N, M; q) < ﬂ%. (3.14)

3.2.1 The off-diagonal term when N > M

In this section, we treat the shifted convolution sum (3.12) when N and M have relatively dif-
ferent sizes (see (3.17)). As a first step, we replace ¢* (q) by ¢(g) for an error cost of O(Lg~1*¢).
Once we have done this, we separate the arithmetical sum over d|q. When d = ¢, since
(¢1,9) = 1, we detect the congruence condition n = ¢; ¢, m (mod g) using additive characters.
We thus get (up to O(Lg~'*¢))

4+ o 2 m J_raé_lﬂgm
9OD (ZI»EZ;N»Myq)—W;T(m)W(—) Z e(—)

M a (mod q) q
(a,q)=1
an n nm
x ; r(n)e(7)w(ﬁ)v(?) (3.15)
[11’1#[2}71
gl-¢* (! n m nm
Ty o ’;n T(n)T(m)W(N)W(A—/[)V(?), (3.16)

l(in£lom

where the line (3.16) is the contribution of the trivial additive character and the case d =1 (the
minus sign comes from the Mébius function) and is of size at most O(g~!*¢). Hence we are
reduced to the estimation of (3.15). It is also convenient to separate the variables n, m in the
test function V. This technical step can be achieved using the integral representation of V
(see for example [58, Section 4.1]). Hence, we are reduced to bound sums of the shape

iaf_lfzm (an)) n m

P — tmt(me| ——e|— || W1 | = | Wa|—],

q(NM)Uza(m%:‘i q) n,;:}l ( q q (N) (M)
(a,q)=1 {1n#lym

K*(N,M; q) =

where the functions W; are smooth, compactly supported on Ry and satisfy Wl.(j )« 6] q¢! for
every € >0 and every j > 0.

Let N =¢g", M = g* and let > 0 be a small real number. By the fast decay of V(y) as y — +oo
and the bound (3.14), we can assume that 2 —2n < v+ u < 2 + €. Anticipating the results of
Section 3.3, we also make the additional assumption that

v—uz=1-260-2n, 3.17)

where 0 = 7/64 is the current best approximation toward the Ramanujan-Petersson conjecture
(c.f. (1.13)). Following [2, Section 4], we obtain
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Chapter 3. Proof of Theorem 3

Proposition 3.3. Assume that we are in the range (3.17). Then for any € > 0, we have
K*(N,M; q) < g~ "¢,

where the implied constant depends only on € and

1-60 11
n=——=

_1b (3.18)
14 448

Proof. We sketch the proof of this proposition. Applying Voronoi summation formula in the
n-variable and opening the divisor functions reduces the problem of bounding sums of the
shape

1 4 m;
_ W; | — | Kl (£ l;q),
@i, 2, 1 ’(Mi) 2Gemmamsmatid)

Lyreeer

SE(My, My, M3, My) =

where ¢ is an integer coprime with g, W; are smooth and compactly supported functions on
[1,2] satisfying Wl.(]) < qgj and N* = qZ/N, M; = g, M = M) + M, satisfying

*

0< i Spo<pz<pa, Y pi=p+v, vV <vi,vi=2-v.

Using the trivial bound for the Kloosterman sum and (3.17), we can assume that
1-2n<pu+Vv <pu+v* <1+20+2n. (3.19)

The strategy is the following : if the largest variables m3, my are large enough, we apply [2,
Proposition 1.2] to them (fixing m;, m,); otherwise, we find it more beneficial to group vari-
ables differently producing a bilinear sum of Kloosterman sums to which we apply Theorem
2.19.

Explicitly, using [2, Proposition 1.2], we obtain that

M, M. Ma M.
§*(My, M, M3, My) < ¢° 1°¥°2 (1/2Jr 3 4)

(qMN*)I/Z q1/2
. (MIMZ)I/Z (MN/)I/Z . (MIMZ)UZ -
<q + <q +q ,
MsMy q Ms M,

assuming that %(1 + 20 +21n) — 1 < —1n. We may therefore assume that

M3 + Ha — (1 + H2) < 21 (3.20)

We now apply Theorem 2.19 with M = My and N = M; M, M3 so that NM = q““’l < MN* and

derive
[
2

S*(My, My, Mz, M) < g rq i),
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3.3. The off-diagonal using spectral theory of automorphic forms

For the first term, we have since py > u; fori=1,2,3,

1 4 3 3
(1+§)(H1+H2+H3+H4)§ lli<1+29+277=>H1+H2+H3<Z+§(9+77),
i=1
so that bt ] 1 3
p1+H2+ U3 —
o LS+t +p<—
2 g ta0rmsm
assuming that
< 1 —36 (3.21)
ST '
For the second term, we use (7.6) and u; < pp < s < g to get
1
p4<217+,u1+,u2—,u3<217+,u1<2n+§(1+29+217—,u4).
Hence 5
<=-N+-+=
Ha 477
and 1 1 5 6
Ha
ot oS ogtont oSN,
472 ST g s
aslongasn < %, which is true assuming (3.21). O

3.3 The off-diagonal using spectral theory of automorphic forms

We analyze in this section the shifted convolution problem when N, M are relatively close.
More precisely, by the trivial bound (3.14) and the Proposition 3.3, we can assume that N = g"
and M = g* are located in the range

2-2n<v+pu<2+e and v-pu<1-20-2n. (3.22)
In particular, this restriction implies that
1 3
p25+0 and 1—n<v<5—9—1ﬁ—£/2. (3.23)

After an application of the Voronoi summation formula, we will see that the off-diagonal part
given by (3.12) decomposes as

yOAlD)i(gl)[Z)N»M;q) :MTéD(£1)€2)N»M)q)+Erri(£1v€27N»M;q))

where the first is a main term and the second is an error term. We treat here the error term
Err* and evaluate MTg p, in Section 3.5.
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Chapter 3. Proof of Theorem 3

3.3.1 The §-symbol

We follow [20]. Let Q > 1 be a real number and choose a smooth, even and compactly
supported function w in [Q,2Q] satisfying w(0) =0, w® <« Q"'"" and ¥, w(r) = 1. We can
express the delta function in terms of additives characters in the following way

5(n) = ZZ ([)Ag(n),

0=1k(0)

where the superscript * means that we restrict the summation to primitive classes modulo ¢
and
00 4 u
Ap(u) = r;(rf) (w(ré) - w(ﬁ)).

The function A, satisfies the following bound [20, Lemma 2]

1 . 1 1
Ay (u) <<m1n(Q2 FQ) mln(m,m), (3.24)

and we also have a good control on its derivatives [1, Lemma 4.1]

Ay (u) < MQ%

To keep partial track that ¢1n + £,m — hd is not too large, it is also convenient to pick ¢ a
smooth function such that ¢(0) =1, ¢(u) =0 for |u| > U and (p(” «< U~ for some U satisfying
U < Q?. We thus remark that A, () = 0 if |u| < U and ¢ > 2Q (the parameters U and Q will
be explicit in Lemma 3.5). We now return to the expression (3.12) and write the congruence
condition /1n=+¢,m (mod d) as ¢1nF ¢>,m = hd for h # 0 (since ¢1n # ¢, m). We see that
if d = g, we can assume that (h, g) = 1 for a cost of O(Lg~'*¢), an extra condition that will
be used only in Section 3.3.3 and will not be srated under each h-summation until there. It
follows that (3.12) can be written as

4 N S ( khd)
THEW, 02, N, M; ) = (MN)l,z(p*(q)qu)u(d); >3 el

<2Q h#£0k(0)
k(e ¢ -
« S S rmrimye (M)E+(n, m, 0), (3.25)
n=1m=1
with (omitting the dependence in d and ¢; in these definitions)
E*(x,3,0) := F*(x,)Ay(€1x + 02y — hd), (3.26)

and . . ) Xy
F*(x,y) = W(N) W(M)(p(flxiézy— hd)V(?).
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3.3. The off-diagonal using spectral theory of automorphic forms

3.3.2 Application of the Voronoi summation formula

We apply the Voronoi summation formula twice (c.f. Proposition 1.1) on the (m, n)-sum in
(3.25) and get eight error terms plus a principal term [20, (23)]. We write explicitly the principal
term in Section 3.5 (c.f. eq (3.49)). All error terms can be treated similarly, so we only focus
here on the one which is of the form (recall that (¢1,¢5) = 1)

1 (5152’[)
Err* (01,05, N, M;q) ' = ———————— (d)
b 1 (MN)2¢* (g )Z(P u(d)eéo 2 P;OI%)

(’lk Z’k -
7 el+m o I"(n,m,?),

where ¢, = 0;/(£;,0), 0' = €1(£1,0), £" = £1(£2,0), the overlines denote the inverse modulo the
respective denominators and where I (n, m, ¢) involves the Y Bessel function :

I+(n,m,€)::4n2ffE+(x,y,£)Yo( n “”x)YO( z zvmy)dxdy, (3.28)
00

(3.27)

( khd

4 4

where we also set d; := (¢;,¢). The main result of this section is the following non-trivial
bound.

Theorem 3.4. The quantity defined by (3.27) satisfies
B N2 N4
Err* (01,02, N, M; q) < V20 (0,0,)3"? L5 (1\_4) +q°L® (?) :
where the implied constant only depends on €.

From now on, we only consider the case Err* (¢1,¢», N, M, q) since the other treatment is
completly identical and we write I(n, m,¢) and Err instead of I~ (n, m,¢) and Err*. As in
Section 3.2.1, we can also remove the test function V in the definition of E(x, y, ) using its
integral representation for an error cost of g° and a minor change on the function W. To not
clutter further notations and computations, we will assume that W) « 1 instead of < g¢/.
The following Lemma allows us to assume that £ is not too small and further that n, m are not
too big for a suitable choice of the parameters Q and U.

Lemma3.5. Set Q™ := N'/27¢, Q= LNY2*¢ qnd U = LN.

(a) Thel-sumisvery small (<c q_c forany C >0) unless
Q™ <r<2Q.

(b) IfQ™ < ¢ < Q, then the integral is negligible unless

2+¢€ 2+¢€
Q m - Q

n<N02= N
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Chapter 3. Proof of Theorem 3

Proof. The lemma is proved by successive integration by parts. We refer to [1, Lemmas 4.1,4.2]
for the details. O

3.3.3 Preparation for the Kuznetsov formula

We go back to (3.27) (remember that we are dealing with Err(, ;) and multiply the arguments
of the exponential in the n-sum (resp the m-sum) to obtain the numerators —ndlm (resp
de@) over the same denominator ¢. Once we have done this, we execute the k-summation
over primitive class modulo ¢, obtaining the complete Kloosterman sums. Applying finally
a partition of unity to the interval [Q~,2Q], we are reduced to estimate O(log g) sums of the

shape
1 _14(cd1d>
Y oo Yen(d) ¥ co“RE) T ¥ ¥
QNM'2 j7, ¢ (‘/) diq (d) @i 0)=1 i20n>1 m1 (3.29)
x 1(n)T(m)S(hd, dlé_’ln - dgf_’zm; cdydy)I(n, m, cdydy),
where Q™ < Q@ < Q and 9 is a smooth and compactly supported function on R such that

IV « j 1for all Jj = 0. The first obstruction for the application of the trace formula is the
presence of inverses in the Kloosterman sums which are not with respect to its modulus.
Indeed, z (resp f_’l) need to be understood modulo cd, (resp cdy). We note that if the original
[’l.s were squarefree, then one could take these inverses to be modulo cd; d,.

To solve this problem, we factor in a unique way d; = d; dl’. with (d;‘,[’l.) =1and dl’.l(é’l.)‘”. Now
since (cd; d;,d}d}) = 1, we may apply the twisted multiplicativity of the Kloosterman sums,
getting

S(hd, dy €\ n— dyym; cdydy) = S(hd, (d]db)2(dy €, n— do €y m); cd dy)
x S(hd, (cd} d3)2(dy 0 n— dalym); d} dy),

where the inverse of d| d;, (resp cd; d;) is taken modulo cd; d; (resp dd,). In the first line,
both ¢, are coprime with cd|'d; and therefore, we can take the inverse to be with respect
to this modulus. In the second line, the quantity dlﬁ_’ln - dgé_’zm does not depend anymore
on ¢ since we are modulo d; d;. Following an idea of Blomer and Mili¢evi¢ [9], also used by
Topacogullari in [57], we separate the dependency in ¢ in the second Kloosterman sum by
exploiting the orthogonality of Dirichlet characters, namely writing v := d| d;, we have

S(hd, (cd} d3)?(d 0 n—dpthm); v) = ¢>( 5 Y xledy d3)Su(x,n,m, ¢, hd),
x@)
with
Su(r,n,m, 0, hd):= Y. F(S(hdy, (di 0} n—drlm)¥;v), (3.30)
y(@)
(=1
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3.3. The off-diagonal using spectral theory of automorphic forms

and where the inverse of ¢/ (resp ¢5) has to be taken modulo 4, (resp d;). We note that the
trivial bound for S, is (recall that d = 1 or ¢ and (v, q) = 1 since (¢;,q) =1)

Altough we do not really need it in our treatment, it is in fact possible to do better. In [57, (3.6)],
he obtained

5 v
S “1hy———|v. 3.31
v << q ( cond()()) v (38.31)

Inserting the previous factorization of the Kloosterman sums in (3.29), we obtain

drd,) d

V) yw) dlq
xy 3y r(n)r(m)sy(y, n,m,?;, hd) (3.32)
h#0n,m>1
_ S(hd, vl 0L (d1bn—do b m);cdrdr) did
x Z x(c) 127172 271 12 19(6 L 2)I(n,m,cdldg).
(0 )=1 ¢

The strategy is to analyze carefully the two last lines of (3.32) and then to average trivially over
the first line. It is convenient from now on to localize the variables n, m and h by applying
a partition of unity. Inspired by [9], we also localize b := d1¢,n — d>¢ m and are therefore
reduced to estimate O(log* g) sums of the form

INM,B,H;d, )= Y. Y. Y3 t(mTtm)Sy(x, n,m,¢;, hd)
h=H |b|=B d, ¢, n—d, ¢, m=>b

n=N,m=M
S(hd, v2¢' ¢! b;cd: d¥) d.d
x Y 700 L 1‘)(6 L Z)f(n,m,b,h,cdldg)
(c.010h)=1 ¢ 9
=9+ 9 +9°, (3.33)

where 1 <N <Ny, 1 <M <My, 1 < H<LN/d, and where 2° (respectively 2%, 27) denotes
the contribution of b = 0 (respectively b > 0, b < 0) and the function . (n, m, b, h, cd, dy) is
given by the product G(n, m,|b|, h)I(n, m, cd d,) with G a smooth and compactly supported
function on [N, 2N] x [M,2M] x [B,2B] x [H,2 H] satisfying

GIIEP « NTIMTBRHP,

Remark 3.6. The size of B depends on the sign of d,¢,n—d,¢,m = b. If b > 0, then B <
d 04N < L*N while for b < 0, B < L*M which is much larger (c.f. Lemma 3.5 (b)).
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Chapter 3. Proof of Theorem 3

Evaluation of 2°

To estimate the contribution of b = 0, we use the bound Yy (z) <« z~'/2 for z > 0 [45, Lemma
C.2], the fact that x = N,y = M, n = N, m = M and (3.24) for the delta function which allows us
to bound the integral :

C(dldg)llz fOOj‘OO
—_——— E(x,y,cdidz)ldxd
NN Sy Sy |E(x, y,cdidz)|dxdy

(MN)3/4
=< OO (dy ) 12Q

I(n,m,cd;dy) <

We now use (3.31), the Weil bound for Kloosterman sums and H < LN/d, N <Ny to obtain
(recall that v = d| d)

20 < qE(NMN)3’4u(dfd;)1’2 Yoy (h, v)(hd, cd; d})"?
MU4Q cli2

P=Hesqn

(3.34)

) (NMN)3/4 UI/ZNQI/Z - qud—l U1/2M3/4NQZ

¢ Ld- _—
<4 (dydy) ' 2MI73Q (d1d>)'2Q

We come back to (3.33) and we write 2* in a uniform way (recall that v|(¢}¢5)*° and d; = d d)

9* =4an*dydy\/ 00, Z Yoo XY tmrmS,(x,n,m, ¢, hd)
=Hb=Bd,lyn-dy¢, m=b
n=N,m=M

S(hd,v*0' ¢, b;cd;d; a7/
» Z %(C) ( 1¢2 1 2)q) JT |b|hd ’
(c,0 0, v?)=1 Cdldzy/fllflz Cdldzy/gllglz

where the function ® depends also on the variables n, m, b and h and is defined by

(3.35)

blhd bihd
Oz, b1 = Gl o,y | 10 f f VIbihd
06 z\/ﬁ

00, 010
xYy | zdy Ib}hdnx Yol zd> Iblhdmy dxdy.

Remark 3.7. We can always assume that we are treating the case where h = H is positive since
otherwise, we write 1 — —h and use S(-hq, ¢ ¢, b; cd1dp) = S(hq, (' 0,(=D); cdy d3).

Proposition 3.8. The function ® is C° (R®) with each variable supported in

BH
z=Z:=—d, n=N,m=M, b=B, h=H.

0\/e16;
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3.3. The off-diagonal using spectral theory of automorphic forms

Further, its partial derivatives satisfies the following bound

(@ M3/4N1/4
@ o e T —tls e
PV <a Ta oA N MRETE T, (3.36)

for any multi-index a = (a1, ..., as) € N°.

Proof. Setting ¢ := 4n,/|b|hd/€’1€’2, using the bound Y < z7V2 the fact Ap(u) < (£Q)7!
provides by (3.24), the ranges x = N, y = M and the value Q = LN 1/2+¢ Jead to
¢ -1/2 s [
O < Z(did») (MNNM) |E(x,y,¢él2)|dxdy
z o Jo

(dldz)—l/Z(MN)3/4 - M3/4N1/4
(MN)1/4Q L(dldz)I/Z(NM)IM'

For the second part, we take the derivatives under the sign of the integral and we use the
following estimations [45, Lemma C.2]

_ 1+]logz|
iy (@) .
2 Yy (2) <« PP
and .
6l
—Ex,1,0) <j ——.
I 2reQ)
We mention that when we differentiate ¢ (£1x— €2y — hd)Ay(€1x — €2y — hd) with respect to h,
we catch a factor d/LN but since H < LN/d, we get the desired 1/ H. O

3.3.4 Applying the trace formula

Before applying the Kuznetsov trace formula to the second line in (3.35), we need the following
identity (c.f. [15, (9.1)-(9.2)] or [57, (2.3)]) which allows us to get rid of the inverses in the
Kloosterman sum by moving to a suitable cusp (apply this identity with r = £} ¢/, V2, s= d;d;
andc=o¢):

S(hd, v2¢' ¢ b;cdd* 47/ |blhd
e 1a0icdi &), | AmyID m, b, h

,n7 M M
(0, 0,v1)=1 cdydy /v L, cdyd; /vl
bd:d; \Tohit) X (hd, b; 4m+/|blhd
— (_ 21,2,) ooa( Y)(D 7/ 1Dl ,n,m,b,h,
vl Y Y Y
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Chapter 3. Proof of Theorem 3

where a:=1/d] d; is a singular cusp for the congruence group I'g(v¢1¢2). We now apply the
Kuznetsov formula (1.21) to the y-sum and we write separatly

Y AN bd; d;
VAL .
gt = e ) Ze( 26’4’) Y3 tmTrm)S, (X, n,m, hd)
(did2)™" p=hp=p 2 ) aytyn=d,0, m=b
n=N,m=M

x (A (n,m,b,h)+ 4" (n,m,b,h)+&* (n,m,b, h)),

Y A4 bd d; R
Gg-—_V 12 Yy e( ) Y3 tmTrm)Sy (X, n,m, hd)
A

-1 2 p!
(did)™ jSpmp | v2OL 0 n—d 0, m=b
nANm M

x (M~ (n,m,b,h)+ & (n,m,b,h)),

where 77, ./ and & denote the contribution of the holomorphic part, the Maass cusp forms
and the Eisenstein spectrum and are given respectively by

. (k=1)! -
AT mm b= Y Sumpn O o Y Dreohd)pralb)
k>2 feBrwlils,))
k=x (2)
M*(n,m,b,h) = Q) (tf) Proo(hd)pfa(b),
feB(vZMz,x) mmbhy COSh(’”f)pf'oo Pl
1 ~ 1
&Y (n,m,b,h) = —f(b H)————— hd,t b, t)dt.
,m ) xlxzz:x 47 ”’m’b’h()cosh(ﬂt)pf’oo( Pralb,t

feBxix2) R

We have the same expressions for .#Z ~ and &, but with Cbn,m,b, n, instead of (/I\Dn, m.bh (see (1.22)).
We will analyze in detail 2, whose contribution is bigger than the plus case. This is due to the
fact that if b > 0, then B is at most N < g L? while for b < 0, B could be of size M < g LN/ M
(c.f. Remark 3.6). Furthermore, the holomorphic setting and the continuous spectrum will
give a better bound than the discrete part since the Ramanujan-Petersson conjecture is true
for both of them. Finally, since the treatment of these three terms is similar, we only focus on
the Maass cusp forms in ™.

3.3.5 Spectral analysis of 7~

As said in the previous paragraph, we only focus on the discrete spectrum, writing 2™ for its
contribution to Z~. By @I;'M, we mean that we restrict the spectral parameter to the dyadic
interval K < #y < 2K in the definition of 2~M. Using Proposition 3.8 and Lemma 1.6 (eq
(1.19)), we see that we can restrict our attention to K < g®(1 + Z) at the cost of O(q_loo). We
now separate the variables in ® n.m,b,h(2) using the Mellin inversion formula in n,m, b, h :

(I) r Yooy
4f f f f s( )(jl 5 S4S) d 4d83d82d81,
@ai)* Joy Jo Jo Joy n*rm2|b|% s

nmbh(t)
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3.3. The off-diagonal using spectral theory of automorphic forms

where the Mellin transform equals

¥ « dndmdbd
O(1)(s1, ..., Sa) :f ®n,m,b,h(t)nslmszbs3f)s“Lﬁh. (3.37)
(R>0)* nmbh

By virtue of Proposition 3.8 (the bound (3.36)), we see that we can restrict the supports of the
integrals to |Im(s;)| < (Kq)¢ for a cost of O((Kq)~'%°). We have therefore

@*,M B 47'[2611612\/5,15,2

K - @ni)t ffff BM (51, s0)dssds3dsrds + O ((Kg) '), (3.38)

[Sm(s;)|<(Kq)¢
where we defined

O(L7) (51, 54)

FeBWls0sy) cosh(m ) n=H

-M . _
%K (S],...,S4) = S

K<|ty|<2K (3.39)
x Y |bI™%a(b, h, $1,52)0f 00 (hd)pf,a(D),
b=B
and
bd; d; T(n)t(m)
a(b, h,s1,s2) = e(—%) ﬁsyq, n,m,h). (3.40)
VO ) doyn—dytym=p T
n=N
m=M

Since we want to apply Cauchy-Schwarz in (3.39) to make the square of the i and b sum
appear in order to use the large sieve inequality, we need to separate k from b in a(b, h). Using
the Definition (3.30) of S, (¥, n, m, h) and opening the Kloosterman sum, we have

%—,M yeeoy = .Q{ » Vo yeeoy )
(51,000 8) WZ(U) XN F (X, Y, 51, ..., 54) 3.41)

(xy,v)=1

with this time

B(1) (51,0 54)

fK<|lz)f|1<221§ (3.42)

x Y 1bI™Sw(b, 51,520 f .00 (hd)p 0 (D),
b=B

K (X, Y, 81,00y Sa) 1= 6(h,sa)

where

)

hdy
S, s4) = h‘%(%)
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and

w(b, s1,$2,53) := e( 27y

2 v

bd*d*) T(n)r(m)e((dlg_,ln_dzgm)x_)’)

S S

dlyn—d, 0, m=p TV
n=N
m=M

Since the supports of the integrals in (3.38) are restricted to |Sm(s;)| < (Kq)¢, we can just
estimate the quantity (3.39) and then average trivially over the s;-integrals for an error cost

of (Kq)*. In fact, we will analyze <7k (x, y, 1, ..., s4) and then apply the trivial bound %k <
¢(v)?sup x5 1K (%, ¥, 81, .., $4)|. Using Cauchy-Schwarz inequality, we infer

|k (x, y, 81, 80)| < sup |(i)(t)(51»---;34)' (3.43)
K<t<2K
Re(s;)=0
1/2

(L+12pD* ?

FEB(T 02,1) cosh(mty) |,/
K<|tr1<2K

z 8(h, $)Pfo0(hd)

1/2

(L+1ep) 7™ ?

FeBWE, £, COSDUTLF) |
K<Itp|<2K

Z |bI™ 3w (b, 51,52)p f,a(b)

’

where « € {0,1} satisfies y(—1) = (-1)X. We mention that we implicitly used the fact that
cosh(mty) is always positive since |[Sm(zf)| < 6 = 7/64 by (1.14) (it is enough to have |Sm(tf)| <
1/2). Before applying the spectral large sieve, we need to control the size of the Mellin-
Kuznetsov transform N

t— ®()(s1, ..., Sa).

To do this, we return to Definitions (3.37) and (1.17) and note (by permutation of integrals)
that this is in fact the Bessel transform of the function

z— Y(z, S1,.. 84) —ffffq)(z n, m’b b)n31m52b83h34 dndmdbdh

nmbh
(R>0)*

Using again Proposition 3.8, we see that the support of ¥ is z = Z and that it satisfies the
uniform bound (recall that Re(s;) = 0)

M3/4N1/4
Z
L(dldz)I/Z(MN')lM

-1

v « q°

Therefore, it follows from Lemma 1.6 (the bound (1.18)) that

M3/4N1/4

ot £ .
(D) (s1,...,84) < g 2L dy) 2OV 1A

(3.44)
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3.3. The off-diagonal using spectral theory of automorphic forms

We substitute the bound above in the first line of (3.43). In the second line, we exploit the fact
that we are at the cusp co by mean of the Hecke relation between the Fourier coefficients and
the eigenvalues (c.f. (1.6)), namely (we recall that we assumed throughout that (k, q) = 1 and
we use this hypothesis only here)

Pfo0hd) =Ar(d)p f,00(h).

Note that we also used the fact that g is coprime to the level of the group I'g(v¢;¢>) since
(€142,q9) = 1 and v|¢1¢,. We now use the bound [A¢(d)| < 2dY (c.f (1.13) and recall that
either d = 1 or d = q is prime), the large sieve inequality (c.f Proposition 1.8), the fact that
pla) = (v0165)71 (c.f(1.23)), cond(y) < v, the two bounds

611 < HY?, llollg < gENB'?

and we obtain

QQ% - que M3/4N1/4(BH)1/2N3/4 ( U—l/4Bl/2)( U_1/4H1/2)
K .

+— K+ ———
ZL(d1d2)1/2M1/4 ([1[2)1/2 (4152)1/2

For K, we have since Q > N'/27¢ and H < NL/d,

K<qZ=q (BHd)''? . (LN)'? B2 - (LB)!2
b Qe 0,)11? Q (L2 (@ ez

Hence,
M3/4N1/4BH1/2N3/4

d 8d9L—1/2
Kk<q Z (10 2MVA (2 )12

Using Z =< Q71 (£} ¢})""2(BHd)"'? leads to

Ed—1/2+9L—1/2 M3/4N1/4BI/2N3/4Q
M1/4([1€2)1/2

S < q (LB)'2 + H'?)

=: JZ{K(B) +MK(H).

For the first expression, we have using B < L*M and the maximum values of M and N given
by Lemma 3.5 (b)

eg-1/2+0 2 (MMN)** N0

Ay (B
x(B) < q (0102)172
30 NQ
< 8d—1/2+9L2 Q < Sd—1/2+9L5 .
il (014, N)1/2 1 (0102)12
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For the second term, we have using also H < LN/d

Gy (H) = qfd—1/2+9L_1/2 M3/4N”4(BH)”2N3/4Q

M1/4([1[2)1/2
~ (NMN)3/4M1/4Q B Q2M1/2Q
« Ed 1+9L « Ed 1+0L—
1 (0162)1/? 1 (0102)1/?
NM]/ZQ
Ed_1+6L3 .
=4 G

3.3.6 Conclusion of Theorem 3.4

We insert these two estimations first in (3.41), so that it will be multiplied by ¢(v)?. We
next multiply by d; dg\/m as in (3.38). Finally, we replace the two last lines of (3.32) by
these bounds and execute the first line summation, obtaining that the contribution of 2~ to
Err(4y,¢2,N,M; q) is

I6N\2 1012 N2
qe—1/2+0(€1£2)3/2(( - ) +( - ) « qs—1/2+6L5(£142)3/2(A_/[) , (3.45)

since M/q < 1. We do exactly the same thing with 2° (see (3.34)), getting that its contribution
to Err is at most

M1/4N1/2 N 1/4
FL———— < ¢ 18| (3.46)
q q*

which completes the proof of Theorem 3.4.

3.4 Combining the error terms of sections 3.2.1 and 3.3

We combine now the error terms coming from Sections 3.2.1 and 3.3. We remind that N = g"
and M = g" with v > u. If we are in the case v+ u < 2 — 27, then we can apply the trivial bound
(3.14), obtaining

Toi (01,02, N,M; q) < Lg=™". (3.47)

Assume now that we are in the range 2—2n < v+u. If v—u > 1-26-2n, we apply Proposition 3.3,
getting the same as (3.47) (without the factor L). In the complementary case v—pu < 1-260-2n,
we apply Theorem 3.4 to the error term Err and we obtain

L5
Err* (41,02, N, M; q) < q5(51£2)3/2$ +qfI8qiv?,
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3.5. The Off-Diagonal Main Term

Finally, applying the second part of (3.23) on the second term yields

L5 0.0 3/2 LB
Brr (01, £, N, M; q) < g | L1277 (3.48)
q’? q4( +0+n)

Setting L = g*, the first term is automatically bigger than the second if A < 1), a condition we
henceforth assume to hold and that gives the desired error term of Theorem 3.

3.5 The Off-Diagonal Main Term

We return to the main term that we left besides in the beginning of Section 3.3.2. This expres-
sion corresponds to the product of the two constants terms after the application of Voronoi
summation formula to (3.25) and is given by (see also [20, Section 5])

(3142,[)

1
MTE, (01, £, N, M; g) = 22D > o @r ¥ Sthd, 001, (3.49)

(MN)'2 & h700<2Q

and I, is the integral defined by
[e.0] (0]
I, ::f0 fo (logl1x—A¢,,0) (log €2y — Ap, ) E*(x,y,0)dxdy, (3.50)

with E* given by (3.26) and

007
hase =108 ) -2

As a first step, we need to remove the delta function A, in our integral because this is an
obstruction for the calculation. This can be done as follows : we make a first change of
variables ¢1x — x and ¢,y — y and then, x = ¥y + hd + u, getting

1 o0
I+:—f fC(¢y+ hd+u,y)Ar(w)dudy, (3.51)
0142 Jo Jr

where we defined

C(x,y):=(logx—Ap, ¢)logy—Ap, g)F( Y )
0’ 0

For the inner integral in (3.51), we use equation [20, (18)] and obtain

f_Q)f
/N) )

where the implied constant depends on j > 1. Assuming ¢ < (/1 N/£Q)'~¢, we make the error

f CFy+hq+u,y)Ap(wdu=C(Fy+hd,y)+ O(
R

term above very small by choosing j large enough. Therefore, we have for ¢ in this range

I = f C(Fy+hd,y)dy+0(q ).
010,
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Chapter 3. Proof of Theorem 3

On the other hand, we also have the bound (c.f. (30), [20]) I+ < MlogQ which is valid for all
¢. Hence, using |h| < LN/d, the bound for the Ramanujan sum S(kd, 0; ¢) <« (hd, ¢) and the
definition of Q = LN'/2*¢, we get

(ZIZZ,Z)

N 2(p*(q)0102)7 !
MT% (01,02, N, M; q) = 29 @hly) Zgb(d)u(g) Y Z S(hd,0;0)
dlq h#0¢

(MN)I/Z

o0

x fC(TLx+ hd,x)dx+O(L*q*""?), (3.52)
0

where the error term takes care of the tail of the /-sum. We now recall that we have made the
substitution W (x) — x~V2W (x) (c.f. (3.13)), so up to an error term of O(L2g¢~'/?), we have to
compute the following expression

2 5 (1 Ocatha
MTg, (€1, 02, N, M; q) = —————— % $(d) — 2
op (00 £ N M3 @) = s i 29 u(a )§§

y f A% (x, hd, 01, 02, 6; ) dx,
0

where ¢, (hd) = S(hd,0; ¢) and where the function A* is defined by

(log(Fx+ hd) — Ay, p)dogx— Ay, r)
(x(Fx+ hd))1/2

(x(Trerhd))W Trx+hd)W( X )
/1N oM

0102q°
Before evaluating the x-integral, we use the well known formula for the Ramanujan sum

A*(x,hd, 01,05,0;q) =
(3.53)

cothd)= ) pab,
Hnd

to get

MTpp, (61,62, N, M; q) =

2 q pla)  (£1€2,ab)
= dulL
¢*(q)(€1€2)1/2 6%]()[)( )”(d)t,;l a? lgl b

. (3.54)
X Z At (x,hd, 0y, 05, ab; q)dx.
h#0 Y0

blhd
It is convenient to replace the condition b|hd by b|h. If d = 1, there is nothing to do. Now
if d = g, we use the fact that the integral is supported on x = ¢, M, the h-summation to
|h| < LN/q and b < LN to obtain that up to an error term of O(L? q‘”'S ), we can assume that
(b, q) = 1. Once we have done this, we can also remove the condition (b, q) = 1 for the same
cost.
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3.5. The Off-Diagonal Main Term

3.5.1 Evaluation of the x-Integral

For this evaluation, we need to separate the + case. Using the integral representation for V
from (1.29) and the Mellin inversion formula for W, we have for the minus case

fA—(x hd, 01, 00,abi q)dx = s [ [ Wizt wo
() ()

[o,0)
G(s)q V2—s—w, 108X = Az, ap) (log(x + hd) = Ag, ap)
(—s wlg—s [ X (x+ hd)1/2+s+w1

(%)

dx ds
X (0 >0+ 0n<obx>— hd)——szdwl, (3.55)

while for the plus case, we clearly have zero if < 0 and otherwise

X G(S) 28
fA*(x hd,?1,¢,,ab;q)dx = on )3ffWNM(wl,wZ)/£_STZ_S_wZ
2
0 a ( )( (%) (%) ) (3.56)
. (logx—2Ap, ap) (log(hd — x) — Ay, ap dxds
1/2 ) 2,0 1
Xoj‘x S—w (hd_x)1/2+s+w1 6x<hd7—dw2dl/l}1

Here (*) means that we choose contours such that the x-integral is convergent. More precisely,
for (3.55), we need to impose

Re(s+uy)<1/2,Re@s+w;+uwy)>0 if h>0

. (3.57)
Re(s+wy)<1/2, Re@s+w;+w2) >0 if h<0,
and for (3.56), we must have
Re(s+w;) <1/2 and Re(s+ wy) <1/2. (3.58)

In order to perform this computation and to deal later with real Dirichlet series, we put the
logarithm factors in a more appropriate form, namely

x(€s, ab)z)uz ((ix + hd)(¢1, ab)®\"

(logx = A, ap) (log(xx + hd) = Ag, ap) =Dy - ( >(ab)? ¢1(ab)? ’

where
Dy = 0y, +2Y)Ou, + 2V luy=ur=0

Assuming that (3.57) and (3.58) hold, we can rewrite the two last lines of (3.55) in the form

(3.59)

[e.0]
2 2
@ . ([l) ab) % (82; ab) e 1/2_s_w2+u2 5h<06x>—hd + 6h>0 @
Ui ply X 1/24s+w,—u ’
[1 [2 a2u1+2u2b2u1+2u2 (x+ hd) 1 1 X
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and the last line of (3.56) equals

oo
0.1 b ab)?"1 (€, ab)** [RI— 8 x<hd dx (3.60)
Y [141 ggz q2u+2u p2u+2u, (hd — x)V/2+stwi-u x :
Now using [52, (2.21)&(2.19)], we obtain that the Mellin transform (3.59) equals
D (¢1,ab)*"1 (€, ab)**
s [ih ggz @21 +2uz p2ua+2uz (| ]| )25+ W1+ W=t~ iz
o 1_ o
r(z”wl“ﬁz(l:‘;’:jl’fz) W) i pso, (3.61)
2
X
TCs+wi+wr—u—ux)T (2 —s—wi+uy) .
/24 5T w0,=113) if h<O0.
Similarly, we use [52, (2.20)] for (3.60) and we obtain
D (¢1,ab)*" (€5, ab)**
i [ih [32 a2 +2u p2uy+2u; (|h|d)2s+w1+wz—u1—u2
F(%—s—w1+u1)l"(%—s—u&+u2) if h> 0, (3.62)

T(1-25—w; — Wy +U; +Up)
0 if h<O.
According to (3.57) and (3.58), we choose finally the following contours

€,0,e if h>0
Re(s),Re(wy),Re(w,) = (3.63)
e,e,0 if h<o,

assuming of course that the u} s variables are sufficiently small compared to .

3.5.2 Assembling the Partition of Unity

The partition of unity is an obstruction for the computation of the second main term, so
we need to rebuild it. This step requires some preparations. We return to Expression (3.54)
(recall that we have removed b|hd — b|h) and separate the case h < 0 from h > 0 by writ-
ing MTE (41,02, N, M; q) = MT5/”0 (01, 02, N, M; @) + MT5/<°(¢1, 05, N, M; @), recalling that
MTg’g<0 = 0. In order to have a symmetric situation, we may group the terms as follow :

1
— + —,h>0 +,h>0
MTop := §+ MTOD MTOD + _ZMTOD

1
+ MT—,h<0 + _MT+,h>0
( OD 2 OD (3.64)
:81(61’€Z»N)M;q)+62(£ly[2’NrM;q)'
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3.5. The Off-Diagonal Main Term

In MTJ“'h>O appearing in the second term, we just change the w;, w,-contours to have the

same as MT ’h<0 (see (3.63)). Inserting the results (3.61) and (3.62), we obtain

Z(p( ) ( )Zﬂ( Z (£1€5,ab) Z

¢*( ) g a>1 1 b=
bih

G(s)qzs
(2711)3 WNM(wl’wz) 1/2 s— wlgl/z S— 10 (3.65)
(0) (e) (g)

D (01, ab)*"1 (€3, ab)*¥2 Hy (s, wy, wa, uy, up)
A f?lfgz(ab)zulﬂuz(hd)25+wl+wz Uy — Uy

el(fl)éz’N’M;q)

—dedwl
S

where

I'es+w;+wy—u; — uz)F(% —S—wy+ Up)

Hi (s, wy, w2, uy, up) := 1
FG+s+w—w) (3.66)

1F(%—s—w1+u1)1“(%—s—w2+u2)

2 I'A-2s—wy—wy+uy+ uy)

The definition of C»(¢1, €2, N, M) is the same, but with Re(w;) = €, Re(w-) = 0 and H, instead
of Hl with

Ires+w;+wy—u; — ug)F(— —S—wy+uy)

Hy (s, wy, wa, uy, up) := 1
IFG+s+ws—up) (3.67)

1F(——s—w1+u1)F(——s—w2+u2)

2 I'AQ-2s—wy—wy+ up+uy)

Shifting the s-contour

The goal here is to move the s-line on the right to make the #-summation absolutely conver-
gent and bring up the zeta function. We will see that we catch some poles whose contributions
seem to be big. Fortunately, the arithmetical sum over d|q cancels these extra factors and
this is the reason why we did not separate it at the beginning of Chapter 3. We treat here only
C1(¢1,¢2, N, M; q) since the other is completely similar by changing w; < w» in our arguments.
Since we deal with the s, w;, w»-integrals, we can put the differential operator ’Dy outside and
only focus on the following quantity :

—— Y pu(2 )Z(Z oE f f Wi (w1, w2) (3.68)

gb*(q) dlq bih
G(s) CIZSHl(S, w1, W, Uy, Uz) ds
X —dedwl.
51/2—5—W1+u1g5/2—5—w2+u2 (hd)2stwitwa—ti~uz §

(€)

We now move the s-line of integration to Re(s) = 1/2 — €/3, passing a simple pole at s =
1/2 — wy + up coming from the factor I'(1/2 — s — w» + up) in the function H; (s, wy, wy, uy, uz).
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Chapter 3. Proof of Theorem 3

Note that since we moved to the right, the residue has to be taken with the minus sign. Hence
we obtain that J = —R +J" where J' is the same as (3.68) but with Re(s) = 1/2 —¢/3 and the
residue part is given by

3

q 1 fj‘N
wer DG W, ’ 3.69
Z(P* (q) 6%7(/)( )M(d)l;l (27”.)2(0)( ) N,M(wl wo) ( )

G(1/2 — wo + up) g —2We+2ue

Z;uz—wﬁul—ug (hd)1+w1—wz+u2—u1

dwrdw;.

In R, we shift the w;-contour to Re(w;) = 2¢, passing no pole. Since Re(1+ wy — wo + uz —uy) >
1, we can switch the k-summation with these two integrals, obtaining

3

gl [
=@ ,%,‘P(d)“(d) eni? ) J Wi, m(wr, we) (3.70)

G(1/2— wo + up) gl —2W2+2te

[il/z—wﬁul—uz (bd)1+w1—u/2+ug—u1

dwrdw;.

x{(1+w — wy+ up — uy)

Now we deal with J’. Since Re(2s+ w; + w» — uj — us) > 1, we can also switch the #-summation
with the three integrals. Once we have done this, we move the s-line to Re(s) = €, passing two
poles : one at 2s + w; + wy — u; — Uy = 1 coming from the new factor {(2s + wy + w» — u; — uy)
and the other again at s = 1/2 — w», + uy. Hence we have (this time the residues have to be
taken with positive signs) I’ = 7" + R’ + % where R’ is the same as (3.70), but with Re(w;) =0
instead of 2e and & is the residue at 2s + w; + wy — u; — up = 1. In summary, we obtained the
following decomposition of (3.68) :

J=9"+R -R+Z. (3.71)
Lemma 3.9. With the above notations, we have

IR =R+ 2| = O((gb)~'**).

Proof. We begin with R’ — R. Since the only difference between these two expressions is the
w, -contour, we want to shift it in R to Re(w,) = 0. Before doing this, we switch the arithmetic
sum over d with the w;-integrals, obtaining

3 1 — G(1/2— wo + up) gl ~2W2+2te
R=- Z(P* (q) (27.”')2 f fWN'M(wl’ wz)gwrwﬁul—uzb1+wrwz+u27u1
2¢) (e) 1

¢(q)
x{(l+ Wy — Wy + Up — U) (W—l dw.dw;.
From the obvious observation that
(p(q) _1_( wz—w1+u1—u2_1)_ 1
q1+w1—wz+u2—u1 =4 q1+w1—wQ+ug—u1’
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3.5. The Off-Diagonal Main Term

we can separate R as a sum of two terms R = R; + R, according to the above decomposition.
In the second expression, we can average trivially over the w;-integrals, obtaining the bound
O((gb)~'*%). In R, since the pole of the zeta function at w; — u; = w» — u, is cancelled
by the factor g2~*1**“1~% — 1 we can shift the w;-line to Re(w;) = 0. Writing the same
decomposition for R’, namely R’ = R + R}, we obtain that R} = R; and R/, = O((gb)~'*¢). We
play the same game for %. We have, after summing over d|q,

1—wi—wr+u + —wy—
G(W)ql wy—we+ur+uUp

K = ! ffW (w1, wy)
- z(p*(q) (Zﬂl)z N,M 1, W2 €W2’W12+“1’”2 [WI’WZZH‘Z’“] b
0) (e 1 2

1—wy—woe+uy +
><H1( at wzz “h uz,wl,wz,ul,uz) (@-gdwzdwl,
which is bounded by O((gb)~'*%). O

We substitute the decomposition (3.71) of J together with Lemma 3.9 in the expression (3.65)
of C1(41,42,N,M; q). After doing this, we only retain in the d-summation the case where
d = q ; the other contributes O(g~'*¢). We collect the previous computations in the following
proposition.

Proposition 3.10. The quantity defined by (3.65) is equal, up to O(q~'*%), to

el(glr[Z)N;M;q) =2 Z

wa)(102,ab) 1 ffWN,M(wbwz)

aps1 ((102)12a*b (Zni)3(0)(0) ey
G(s) (€1, ab)?" (05, ab)**

x (0105)~5 A a2 +2u;

(&)

C2s+wi+wy—uy —ux) Hi(s,wy, wo, ug, up) | ds
wazdwl.

[?1[32 h2stwitwet+ur+u, qw1+wz—u1—u2

Remark 3.11. The previous Proposition is also valid for C,(¢1, €2, N, M; q) but with H> re-
placed by H;.

Adding the missing pairs (N, M)

We recall that at this step, the variables N and M belong to the set
N
{(N, M) ITSMEN, < g %", NM < q“"’}-

If we could add all the other pairs (N, M) to complete the partition of unity, then we could use
the following lemma (see [58, Section 6])

Lemma 3.12. Let F(s1, S2) be a holomorphic function in the strip a < Re(s;) <b witha<0<b
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Chapter 3. Proof of Theorem 3

that decays rapidly to zero in each variable (in the imaginary direction). Then we have

1 _
Z —zf W Mm(S1, S2) F (81, $2)d s2d sy = F(0,0).

Proof. Let f(x,y) be the inverse Mellin transform of F(sy, s2) ; then the left handside equals

N ! — dxdy
» — W , S1 Szd d
1\%\:/1[) fO fx y)((ZJTi)2 f(*) (+) N,M (81, $2) X7y dszds) Xy
Y dxd
= Zf [ f(X,y)WN,M(x_lyy_l)ﬂ
nmdo Jo Xy
* [ dxdy
= (x,9) = F(0,0),
fo fo ooy xy
and the lemma is proved. -

In order to apply Lemma 3.12, we have the following result which allows us to add all the
missing pairs (N, M) at the cost of a negligible error.

Lemma 3.13. The quantity defined in Proposition 3.10 satisfies the following bound

M2 [ g2 C (NMyl2
‘ X ET2 s _
el([ng’N’M’q) <<q L mln{(N) ’(MN) ' q ’

where in the second estimation, the implied constant depends on C.

Proof. Thislemma is obtained by moving suitably the different lines of integration. By suitably,
we mean that we need to avoid the poles coming from the three different factors (we focus on
C1)

1
(2s+wi+ws—u;—uy), I'Cs+ w1+wz—u1—u2),F(E—s—w2+u2).

In other words, after each manipulation, we must have (recall that u; are arbitrarily small)
O0<Re@s+w;+ur)<1 and Re(s+w;)<1/2,i=1,2.

For the first bound, we just shift the w»-contour to Re(w-) = 1/2—-2¢ and then, the w; -contour
to Re(wy) = —1/2+ 2e.

For the second bound, we fix a constant C > 1 and we shift the w;-contours to Re(w;) = —e/4%C.
The first step is to move to Re(s) = 1/2 and then to Re(w;) = —1/2 + £/4%C. The second step is :
Re(s) = 1 -2¢/4°C and then Re(w;) = —1 +4¢/4°C. Again, the third step is Re(s) = 3/2—8¢/4%C
and Re(w;) = —3/2 + 16¢/4%C. It follows that after the j" step, we are at (j > 2)

j 4l j 4l le

§1?9(8):5—2‘42C and %e(wl')z—§+42—c.
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3.5. The Off-Diagonal Main Term

Taking j = [2C] finishes the proof.

The last part is obtained by shifting Re(w;) to 1/2 — 2¢. O

This Lemma allows us to sum over all (N, M), getting (recall Decomposition (3.64))

2
MTODMI,[?_,C]):: Z MTOD(€1’£2)N)qu): Z Z ei(£1)€2’N’qu)
N,M

iZIN,M (372)
2

ds
= :}' ,[ ,Z ) -
27ri/(5) (5,61, 62,0) S

where the function s — J(s, 41, ¢5; q) is defined by

(5,01, 030) =D, - { G(s)H(s, w1, uz)(c;(lzz‘z;lleq—_izzi(s, uy, uz, 61, £2) } (3.73)
with
H(s,uy, up) := H1(s,0,0, u1, up) + Ha(s,0,0, uy, uz),
L(s,ur, up; 01,02) = 0705 "2 L(s, u1, uz; £1,02),
and L(s, uy, up; ¢1,¥>») is the Dirichlet series given by
LGs,up, ug; 01,62):= Y. Y M@y, ab) > (L, ab) e . (3.74)

24+2u1+2up 1425+ uy +uy
a>1531 a 1 2 b 1+uU2

3.5.3 A Symmetry for the Function 3 (s, 41, ¢>; q)

As we note actually in Expression (3.73), we have completely removed powers of g in the
s-aspect in (3.72). Thus the usual method of evaluation consisting in shifting the s-contour to
the left (as in section 3.1) to get a negative power of g and taking the residues passed along
way cannot work here. As it turns out, we will be able to evaluate explicitly the s-part through
aresidue at zero since the function s — J(s, 1, ¢>2; q) is even in s. This affirmation does not
follow directly from definitions (3.73) and (3.74) and requires a finer analysis on the Dirichlet
series £, the functional equation for the Riemann zeta function and a crucial identity for the
function H.

Analysis of L (s, uy, uz, ¢1,¢2)
We will use the following notations
r=2+4+2u;+2uy; and r=1+2s+u;+uy (3.75)
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Chapter 3. Proof of Theorem 3

and factorize £ as an infinite product (recall that ¢, ¢, are cubefree and coprime)

L= H LPHLP HLPHLPHLP’ (3.76)

pte, ¢, plld, P21l plle, p?ey
where for each prime p, we have

(- 1)apz§:1 min(a+b,vp(£;)(1+2u;)

vp (1) (s—u1) ,,Up(£2) (s~ )

0<a<l
b>0

Lp =p p par+bs

We will compute the above expression according to the different cases appearing in decompo-
sition (3.76). When p 1 ¢,¢;, we easily get

-1
Lp:(l—%)(l—%) : (3.77)

If pl|¢;, we have

-1
L,,:( N S S — )(1—i). (3.78)

p—s+ui pt—s+u,- pt—s—l—u,- pr—s—l—u,-

Finally, assuming p?|¢;, we obtain

( 1 N 1 1 1 1
—25+2u; 1=2s—1  r—2s—1  ,t—-2s+2u;  2t—2s—1
P P P P P (3.79)

+

1 1 1 1 -1
p2t_25—2—2ui + pt+r—25—1 - pt+r—23—2—2u[ 1- ; :

From (3.77), (3.78), (3.79) and the change of variables (3.75), we infer the following factoriza-
tion
(A +2s+up +up)

L(s,ur,u;01,02) = (@2 +2u) 6(01;8,u1, up)0(02; s, up, uy), (3.80)

where n— 6(n; s, uy, up) is the multiplicative function supported on cubefree integers and
whose values on p and p? are given by

. 1 1 1 1
6(p,s,u1,u2) T ps+u2 1_p1+2u1 +p—s+u1 1_p1+2u2

1 -1
X (1_ p2+2u1+2u2) ’

(3.81)
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3.5. The Off-Diagonal Main Term

N [ 1 1 1
6(p%s w1, Up) = p2s+2u; 1_’91+2u1 +p—25+2u1 1_’91+2u2

1 1 1 1
+pu1+u2 1+ p2u1+2u2 - p1+2u1 - p1+2u2 (3.82)

1 -1
X (1_ p2+2u1+2u2) :

Parity of 5 (s, 41, 02; q)

We split the differential operator ©, = %:09; with ’D?, = 4)/2, ”}3}1, =2y(0u, +0u)lu;=0, CD)Z, =
ai,:o and separate the function F(s, £1, ¢2; q) = Z?ZO Fi(s, €1, 22; q) according to this decompo-
sition. We will show that each J; is even in s. For this, we exploit the factorization (3.80) and
define

G(S)H(s,up, u){(2s—up — up){ (1 + 28+ uy + up)
(242U +2up)g
6(01;s, U1, Uup)0(C2;s, U, Uy)

A(s,ur,uz; q) =

’

B(s,u1, up; £1,£2) := YBLE : (3.83)

in order to have
F(s,01,02;q) =Dy - {A(s, u1, u; ) B(s, ur, up; €1, 02)} .
We also mention the functional equation for the Riemann zeta function
T'(—
(1 +25) = x5 (-29) i ) (3.84)
T+
and a crucial identity for the function H(s, uy, u») (see [58, (8.5)&(8.6)])
%+u1—s %+u2—s
r (—ul—Tuzﬂs) I'|i5—|T'|*=
H(s,uy, up) = '/ (3.85)

1"(1+u1+u2_25) 1 u+s Loyprs)
2 N e L

Lemma 3.14. Each of the following functions are even in s : A(s,0,0; q), B(s,0,0;¢1,£2), (04, +
0u)lu=0B, Ou=0A, 0%, oA andd’ , _oB.

u up=0 Uiup=

Proof. We begin with A(s,0,0; g). Recalling Definition (3.7) of G(s) and using the Identity
(3.85), we have

/ 1+82 132
1/2-2s 2 2_
r T
i ( 2 ) ( 2 ) I'(s)

2 1+2 .
forams IR

A(s,0,0;9) = Q(s)
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Chapter 3. Proof of Theorem 3

Applying now the functional equation (3.84) to {(1 + 2s), we obtain

i) (1os)?
F(T) F(T) T()T(~s)

2 -2§) ——————————,
toraar P I gy

A(s,0,0,9) = Q(s)m

which is of course even. For the function B(s,0,0; ¢1,¢>), we easily see from Definitions (3.81)
and (3.82) that it is even, since each local factor is even. To compute the others, it will be very
convenient to express them as logarithmic derivatives. To be more precise, we can express

0y,=0A as

Hy, C(+25) ('@s) Q)
H T Tar2s  c@y i Tosd)

Ou;=0A = A(s,0,0; q) (

On one hand, we have using (3.85),
H,

i 3-s [ 3+s
. Iy Td-9 ' (T) 3 (T)

e
2

On the other hand, we have by applying the logarithm derivative to (3.84),

{'1+29) {(=25) T'(=s) T'(G+9)
2———— =2log(m) -2 - - .
C(1+2s9) {(=25) T(=8) T(+9)

2

It follows that d,, A is even. Similarily, we can compute 97, , _

Ain afancy way :

Hy C0+25) (@5 0@ +logq)2

H  {(1+2s) (29 (2
Hul(s,O,u2)+(’(1+25+u2)_(’(Zs—ug)_(’(2+2u2))}
H(s,0,us) ((A+2s+up) {(2s—up) ((2+2up) )}’

a%aMz:OA = A(s,0,0; q) { (

+ 6u2:0 (
We already know that the first line is even. For the second, we have by (3.85),

1 1
—Uy+25 1+u,—2s rf2=S 2+
Hots0u)  17(75%) 025 r( 2) r( 2)

1
H(s,0,up) ZF(—u22+2$) _Er(1+u§—2s) 2

and using again (3.84), we infer

{2s—w) 1TCEE) 1 TEEH

{a+2s+uy) _ _ _1
((_23_ uz) 2 r(—ZSZ—uz) 2 r(1+2;+u2) :

(A +2s+up)

log ()
Hence the parenthesis in the second line of 6i1u2:0 is preserved under the action of 0,,-¢.
It remains to evaluate (9, +9y,)|,,-0B and 621

1 u,—0 B+ In this case precisely, it is very useful
to express as logarithm derivatives since B(s, u;, uy; ¢1, ¢2) can be written as a product of the
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3.5. The Off-Diagonal Main Term

primes dividing ¢; ¢, and the logarithm derivative transforms this product into a sum in which
each term will be even. Indeed, we compute

2. Oy +0u,) |lu=08(p 0 5,1, up)
(O, +0u,)u=0B = B(5,0,0; 01, 03) IRRACELT
u uzJu;=0 €2 ;mz[t 6(]91/’3(&);3;0,0)

and it is easy to check that each term appearing in the sum above is even. We mention that
the 0y,-00 are not individually even; it is (0, +0y,)|4,=0 that creates the symmetry (see (3.86)).
Finally, we have for the last one (recall that u; and u, are swapped when we deal with ¢,)

0%, 0B = B(s,o,o;fl,éz){(

Uy up

6111 ((];S,0,0) " 6142([2;3,0,0))
6(£1;5,0,00  6(£2;5,0,0)
6u2 ([1;5,0,0) 61,{1 (€2;SJ 010) 6u1 (41;8)07 u2)
x ; + - +au2|u2:0 o
6(€I»Sr0’0) 6(£2) SYO)O) 6(81’8’0) uZ)
6u2(€2;5, UI,O))}
8(02;5,u1,0) )]

+ aul |u1:0(

Using the symmetry

6u1 (él)_syoro) _ 6142 (ZI)S)O)O)
8(01;-5,0,00  8(¢;,50,0)

(3.86)

we remark that the product of the two parentheses is invariant under s < —s since it just
switches the two factors. We conclude this Lemma by checking that the local value (at a prime
p) of the two order two terms is given by

i 81y, (pPP7;5,0,0) 8, (pPr“7;5,0,008,, (p"7;5,0,0)
=il 8(pvrd;s,0,0) 8(pUr¥;s,0,0)2

and each individual term is even by a direct computation and (3.86) (using of course (3.81)
and (3.82)). O

Proposition 3.15. The function F;(s,¢1,¢2; q) is even fori =0,1,2.
Proof. We do not mention the arguments of the functions and write A, instead of 0,9 A.
Since A, = Ay,, we have

Fo=4y>AB, 1 =2y(Ay, + Ay,) B+ A(By, + By,),

F2=Auu, B+ By, +By,) Ay, + ABy,u,,

and the conclusion follows directly from Lemma 3.14. O

Corollary 3.16. The off-diagonal main term (3.72) equals

(3.87)

2 Fi(s,01,¢2;9)
MTop (01, l2;q) =Y. ReSs:O{#}-
i=0

N
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A note on odd characters

In this chapter, we concentrated exclusively on even characters. The contribution of the odd
characters carries through in the same way with slight changes that we mention now. First of
all, the function G(s) defined in (3.7) becomes

(3/22+s)4
G(s) =1 % —==2—-Q(),
() TG3/2)° Q(s)
so we need to remove the original G(s) in the diagonal main term (3.10). The estimations of
the error terms as did in Sections 3.2.1 and 3.3 carry through as before. The most significant
change appears in the treatment of the off-diagonal main term. Here, the last gamma factor
coming from the dual terms (c.f (3.62)) is subtracted in the definition of H instead to be added.
Fortunately, the parity of the function F(s, £1, £»; q) is preserved trough a similar identity (apply
[58, Lemma 8.4 witha=1/2—s+u;and b=1/2—s+ up)

3_ 3_
i r(23—1421—u2) F(z 52+u1)r(2 52+u2)

r(1_25+u1+u2) 35—y Sis-up )
2 I =—|I'*=

H(s,uy, up) =1’ (3.88)
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The Mollified Fourth Moment

In this chapter, we explain how to use Theorem 3 to prove Theorem 5, i.e. to establish an
asymptotic formula for a mollified fourth moment of the form

VA YL Ml 4.1)

¢ (q) 1€D(q)

where M(y) is our mollifier which is expressed as a short linear form

x(O)x ()
M= ) = (4.2)
=1
and the coefficients x(¢) are given by
log ()
0):=u)6 o<1 P , 4.3
x(0) = pu)or<r logL (4.3)

for some suitable polynomial P € R[X] that satisfies P(0) = 0 and P(1) = 1. The parameter
L will be a small power of g (L = g* with A > 0) and p is the Mébius function. Now for
P(X) = ¥ >1 ar XF € R[X], we define

Pr(s):=) ax——

(4.4)
k>1 (slog L) k*

Then we have the following integral representation which can be easily deduced using contour
shift.

Lemma4.1. For L > 0 not an integer and ¢ € N, we have

log(%)) 1 LS ds

m — L(S)T.

Op<1P
sk ( 2mi @ 0
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Chapter 4. The Mollified Fourth Moment

4.1 Reduction to the twisted fourth moment

Opening the fourth power in (4.1), we obtain

YU x(a)x(b)x(c)x(d)
A= %,,CZ,,} (abcd)!/?

T*(ab, cd; q),

where .74 is the twisted fourth moment defined in (0.8). To ensure the coprimality condition
between ab and cd, we use the definition of the coefficients x and then use the integral
representation provided by Lemma 4.1

1 4 —
M) = —— ffff L*Pr(z;)
2mi)t I_HI t

2223 (4.5)

(@) u(b) u(c) u(d) 4 _ dzidzydzzdzy
X ZZ all2+z1 hli2+z, 0112425 (J1/2+24 7 (ab, cd; q) 21222324 :

a,b,c,d

For the sum in the second line, we group the variables ab = ¢, cd = ¢, and then set d = (¢1,¢>),

obtaining
o (Al 5,2, (dl>)
e ll/étizz3 1Z;L2+z - T4, 0 9), (4.6)
A>T (0ri=1  dVFATE LTS
(dl,1¢3,9)=1

where for any complex number v € C, sy, is the inverse of the generalized divisor function
ov(n) =¥ 4, d" for the Dirichlet convolution, namely

pov(m) =) w@ub)b. 4.7)

ab=n
In particular this is a multiplicative function supported on cubefree integers and whose values
on prime powers are given by

toy(P)==1-p", o (pH=p" por(p))=0,Vj>3. (4.8)

Inserting (4.6) in (4.5), we see (by shifting the z;-line to Re(z;) = C > 1) that we can assume
that £; < L?*¢ for an error cost of O(g~'%°) because L is a positive power of g. We are now in
position to apply Theorem 3 to .74(¢1,¢»; q). Once we applied the Theorem, we can again
remove the condition ¢; < L2*¢ for the same cost and sum over all ¢;. The decomposition into
a diagonal, off-diagonal and error term leads to the following decomposition

MG) = Mp(q)+ Mop(@) +E L), 4.9)
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4.2. Evaluation of .Z g (q)

where

P 2122 ae 123~ 24 al
///4(07) on )4ffffHLZiPL(Zi) ZZZ H2, (dl)uz (de»)

1/2 1/2
o0 d>1 (Crlz)=1 d1+Z1+ngl +z; €2 +2z3
(dt,03,q9)=1 (4.10)

dzidzydz3dz
(T8 s+ T30, 0 0) T

21222324

Nlb—l

=~ 12,2 -2, (A1) U2, 7,2, (A¥2)
///op(q) 27 4ffffHLz'PL(Zi) ZZZ Zl - 1/z+zzl3 1Z/2+z3
(2mi) d>1 (6, 0)=1 d'TAtsl, l,
2@ (dl,0y,q)=1 4.11)

ledZZdZ3dZ4

1
= (MTop (€1, €2; q) + MT g (41, £2;
x 2( op (01,02, ) + MTp (41, €2; ) 21222324

1 . Do Z1—2p d€ 23—24 d[
éa(L,q):: W/f fHLZiPL(Zi) ZZZ M2, ( 1)[12’ (dl>)

ol ‘. 1+2z+23 1/2+2z p1/2+23
@ooo ! a2 i d 67
102,9)=1 (4.12)
5 O(qg (4142)3’%10) dzidzydzsdzy
q" 21202324

where 95‘((1,82; q), MTop(£1,£2,q) are respectively given by (3.10), (3.87) and ﬂg'_,MTaD
are the contribution of the odd characters (see the end of Section 3.5.3 for the necessary
changes). We can immediately evaluate the error term E(L, q). For this, we move the z;-lines
to Re(z;) = 2+ €, making all summations absolutely convergent, obtaining therefore

£L18
&L, q) = O(q ﬁ)’ (4.13)

which is non-trivial as long as

n 1-60 11 1
A< —= —— = —  ~ —— (4.14)
18 18-14 8064 733

4.2 Evaluation of .7} (q)

We focus on 7 (¢1, £2; ) since the other term gives the same result. Indeed, the change is on
the function G(s) but we will see that the terms which contribute in the asymptotic formula
only involve G(0), which is equal to 1 in any case. We now recall that .7 (¢1,¢2; q) is given by
the following residue (up to some error term, see Proposition 3.2)

G(S) qZS

2Res;_gd ——d
s "{ 16550 (2 + 45)

F(€1£2;3)H(3)},
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Chapter 4. The Mollified Fourth Moment

where we factorize { (1 +2s) = (2s) "' H(s) with H(0) = 1. Since it is a pole of order five, this
residue can be expressed as a linear combination in which the sum of the order of derivation of
each function (except s~°) is four, but it turns out that only the terms where G(s) H(s){ (2+4s) !
are not differentiated that contribute in our asymptotic formula; the contribution of the others
are at most O (log_1 q). Hence we infer

1 , 1
ME(G) = —— @jhr@logq) 4G+ 0 (—) (4.15)
b =57 i+,2-24 j gq) A iogg
where
4 . 1 ffff 4 P~ i ledZZd23dZ4
= L P _oL(8,21,20,23,24) ——————————, 4.1
V430 i) ]}:[1 1 (2K) 05 L (s, 21, 22, 23, Z4) " (4.16)

22 @@

and £(s, z1, ..., z4) is the Dirichlet series defined by (recall the definition of F(¢1¢5; s) given in
Proposition 3.2)

L(s,21,22,23,24):= Y.

d>1 (61,62)=1

M2,z -2, (A1) 2, 25—z, (A02) f (€151 +25) f(€2;1+25)

14+z,+s pl+zz+s
dl+z1+z3g1 1 62 3

. (4.17)

Writing £ (s, 21, 22, 23, 24) as an Euler product using (4.8) and (3.9) and examining the polar
parts leads to (see also [6, Lemma 2.24 & Corollary 2.25])

Lemma 4.2. The Dirichlet series L(s, z1, 22, 23, 24) factorizes as

2

1+2z;+2z; 1+2z,+2z;
L(s,21,22,23,24) = P (8,21, 22,23, 24) | | i 1+ Z1e2)C 2t Ziv2)

AU A+ zi+9C U+ zia+9) ) (4.18)

where (s, z1, 22, 23, 24) is an explicit Euler product which is absolutely convergent in the region
Re(s),Re(z;) = —« for somex > 0.

It will also be convenient to isolate the polar parts of the various zeta functions appearing in
Lemma 4.2. Namely, we write
(21 +9)%(22+ 9)* (23 + 8)* (24 + 9)°

L(S)ZIIZZ’ZB»ZZL) = cg‘\(S,Zl,Zz,ZS,Z@» (4~19)
(21 + z3) (21 + 24) (22 + 23) (22 + 24)

where this time .% (s, z1, 22, 23, 24) is a holomorphic function which does not vanish in a domain
that we describe now. From the Prime Number Theorem, we know that there exists an absolute
constant ¢ > 0 such that the Riemann zeta function does not vanish in

Qz{s€C|§Re(s)>l—+}.
log(2+|Sm(s))

The function .7 is therefore holomorphic in the domain
{Re(s),Re(z;) > —«xIn{l+z;+s€Q,i=1,...,4}.

72



4.2. Evaluation of .Z g (q)

We insert now the factorization (4.19) in (4.16) and apply the operator (3;':0. In this linear
combination, we again retain only the terms where .7 still not differentiated since the others
will also not contribute in the the formula of Theorem 5. This is of course not obvious right
now, but it is enough to convince yourself to apply exactly the same calculations that follow
from now on, but with js+ j; +... + j4 <4 and with at least one derivative of .% at s =0 in
expressions (4.20), (4.21) below. It follows that (4.15) can be written in the form

1 ; 1
%g(q) = ﬁ ' ZZZZ 4(210gq)h%js,jl,wh.ﬂg(]’l,...,j4;9)+O;L (@), (4.20)
s 1+ ot jat ja=
0 T2, bt
where

Cisjrrenjs = €1 ey JA)Ci

1
Cigjtymis = T
]sr]lr ]4 ]s']1']2!]3']4'

4
a(ji, . ja) =[] aG) , a0 =1 al) =a2) =2,
i=1

and

1 4
///f)(h,..-,jz;;ﬂ)::WffffHLZ‘PL(zi)ﬁ(O.zl,Zz,Z3,Z4)
G 4.21)

2—j1 2—jo _2=j3 _2—]a
z) "z, Czg Tz, dzydzsdzrdzy

X
(z21+23)(21 + z4) (2 + 23) (22 + 24) 24232221

By (*) under the integrals, we mean that 1 + z; € Q with Re(z;) > 0 and furthermore, we want
that the real parts sufficiently small so that all future manipulations are justified, for example
1+ zj +...+ z4 also belongs to Q.

4.2.1 Shifting the z;-contours

We focus now on the calculation of ///g(jl, oy Ja; F) for a fixed multi-index (ji, ..., j4) such
that j; + ...+ ji < 4. We also choose the polynomial in 1in (4.3) to be P(X) = X2. Using the

10f course we could take a general polynomial P(X) = Y. k>1 a4 X k and try to minimize the coefficients at the
end. In [6, Prop 6.5], the authors found P(X) = X for the mollification of the second moment of twisted L-functions
L(f ® x), where f is a cuspidal Hecke eigenform. This polynomial does not work in the case where f = E is the
Eisenstein series mentioned in Section 0.2 because of the pole of the zeta function. The choice P(X) = X2 appears
to be the simplest adaptation to our treatment
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Chapter 4. The Mollified Fourth Moment

Definition (4.4) of f’z and we get

/// Lz1+22+zs+z4j(0 21y Z4)
( N ’J) ) ffff ) yeeey
D10 Ja (105;1'4)8(27”)4 (%) (%) (%) (+ (21 + 23) (21 + 24) (22 + 23) (22 + 24)

dzysdzzdzzdz;
X

1+j4 1+j3 1+j2 1+j1.
z, 'zg Tz, Tz

(4.22)

We start by shifting the z,-contour left to zero such that Re(z; + z2 + z3 + z4) <0, passing three
poles : one of order 1 + j; at z4 = 0 and two of order one at z; = —z; and z4 = —z». Since
Re(z) + 22 + 23 + z4) < 0, the resulting integral is at most O(log™® L). We will analyze separately
the three poles and find out that each of them contributes.

The pole at z, = —z;

Since it is a simple pole, the residue at z4 = —z; is given by

16(—1)1*is L2%8 (0,21, 22, 23, — 2 dzsdzpdz
(-1) f[f 0,21, 22, 23, —21) 3dzpdz) (4.23)

(log L)3(27i)® (21 + 23) (22 + 23) (22 — 21) Zl+Js jlthe 2+ iit)a”
(%) (%) (%) 3 2 1

In this integral, we move the z3-line such that Re(z; + z3) < 0, passing a pole of order 1 +

js at zg = 0 and one of order one at zz3 = —zp. We immediately see that the one at z3 =

—z, contributes at most O(log 8 L). The residue at z3 = 0 is given by the following linear

combination (again we do not take in account the z3-derivatives of .%

logL)k—8 L2F(0,21,2,0,—
(og) /f 0,21,22 21) dzpdz,

340+ j1+]s 2+n+]
)

16(-D" YN Bk, e,n)

k+0+n=j3 (22— 271 )Z

(%) (%)
where for any (a, b, ¢) € N3, we defined

(_1)b+c
a

Pla,b,c):= (4.24)

We fix k + n+ ¢ = j3 and we move the zp-line to Re(z,) < 0, passing two poles : one at z = z;
of order 1 and the other at z, = 0 of order 2 + n + j». The last one is easily see to be bounded
by O((log L)' +*+7+i2=8) = O((log L)' */2*/3=~8) and thus, will contribute at the end at most
O(log~2 q) (recall that L = g*). The residue at z, = z; equals

(logL)k-8 fLZlﬁ?(o,zl,zl,o,—zl) ;
27 L

5+ji1+j+js+l+n
() 1

16(-D" YN Bk, ¢, n)

k+l+n=j;
Finally shifting to Re(z;) < 0 and we obtain that the above sum is

16.7(0,0,0,0,00¥ (j1, j2, ja, ja) log L)1 2+ is+is=4 1 o ((logL)f1+f2+f3+f4‘5) , (4.25)
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4.2. Evaluation of .Z g (q)

with
Bk, 4, n)

(1 Jas Ja, ja) i= (=DM (4.26)
YU, Jo, J3, s k%ﬂthhﬂzﬂﬁmm,

The pole at z, = -z,

It is not difficult to see that in fact, the pole at z; = —z, has the same main term as in the
previous case. In fact, applying the changes z; — z, and we see that this residue is given by
(4.23), but with the first two variables switched in .%. This is not a real problem since the main
term only involves .7 (0,0,0,0,0).

The poleat z, =0

We return to Expression (4.22). The residue at z4 = 0 is given by the linear combination (we do
not mention the derivatives of .%#)

6 ZZ ﬁ(k,[,n)(lOgL)k_S.A(jl,...,j4,k,£,n),

k+l+n=j,

where B(k, ¥, n) is defined by (4.24) and

fffLZI+ZZ+Z39(O,Z1,Z2,Z3,0)ngdZ2dZ1

1+j3 2+jo+n 2+ j1+€ °
2 1

-A(jl) ceey j4) k; [) n) =

N3
@n1) D Bt a)(z2tz3)z,

We now move the z3-line such that Re(z3) < —Re(z; + z2), passing three poles : one at z3 = 0 of
order 1 + j3, one at zz = —z; of order 1 and the last at z3 = —z, that is also simple. We thus get
the decomposition

2
Ao jar ks ,0) = Y Ri (1, eeor jar ki, €, 1) + O(L).
i=0

It is the routine now to see that

a Z1+2
ZZ Bla,b,c )(logL) ffL (0,21, 2,0, O)dZZle.

3+ +0+b 3+ +n+
a+b+c=js h Jknre

Now moving the zp-line to Re(z2) < —Re(z;) and then the z;-contour to Re(z;) < 0 and we
obtain that

%(0,0,0,0,0) (logL)4+j1+j2+j3+€+n
@2+ jo+n+0)!2+ j1+£+D) 42

+ O ((logL)3+]1+]Z+]3+[+n) .

ZZ pla,b,c)

a+b+c=js
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Chapter 4. The Mollified Fourth Moment

For R, we just obsere that

ngle,

1_

(- 1)1+13ff L*2%(0,21,22,—21,0)

(27.”)2 (ZZ—Z )Zs+]1+13+£ 2+ jo+n
() (%)

and we can proceed as in the previous case (the pole at z4 = —z;), obtaining
(_ 1) 1+js3 <)5;(0, 0’ O, 0, 0) (lOgL)4+j1 +jo+j3+l+n

@A+j1+jo+j3+¢+n) (4.28)
+ O ((logL)3+j1+j2+j3+[+n) .

Ry =

Finally, we see that R, = R;.

Assembling the main terms

We define
p(k,¢,n)B(a,b,c)
. _ 4.29
MU T2 I3 )= k2+:e+ZnX]: @+jo+n+l@+ 1+ L+Db) e
a+b+c=j3
and
6(j1)j2vj3)j4) ;:2y(j1,,_,,j4)+2Y(j1,j2,j4,j3)+77(j1’""j4)' (430)

Then we obtain

Proposition 4.3. The quantity defined by (4.21) equals

F(0,... 008 (1, o0y ja) 1

4 C L) —
%D(llr'“’]‘l’J) =16 (logL)4—(j1+...j4) (logL)S J1tetja)

where G(jy, ..., ja) is defined by (4.30).

In order to finalize our computation, we have

Lemma 4.4. The value of % (s, z1,..., 24) at (0, ...,0) is {(2).

Proof. Examining (4.18) and (4.19) and we see that
%1(0,0,0,0,0) = £(0,0,0,0,0).

To prove the result, it is enough to show that for each prime p, we have

1 _1
2,(0,...,0) = (1—?) :
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4.3. Evaluation of .7, ()

By (4.18), the local factor at p of &(s, z1,..., 24) is given by the local factor of £ (s, z1, ..., 24)
divided by the one of the righthand side involving the zeta functions. Since we evaluate at
(0,...,0), we obtain

-4
P(0,...,0) = £ (0, ...,0) (1 ~ %) :

Thus, it is enough to show that

Writing p» for u2 9, we have

2 (P Y o (p402) F(pP5 1) f(pP251)
Lp0,0) = 33 pd+0i+ts

0<d+¢,;<2
(1[2:0

w2 (P Hua(ph f(ph51) p2(p
=2 ). pd+ -2

d)z

0<d+0<2 o<d<2 P

Using (3.9) and (4.8) (with v = 0), we obtain that this expression is

4 8 8 1 2
l+———— ———+ S+ —

p p+l pp+l) p> p

3—p‘1)
1+p )

Finally, multiplying by (1 — p~2) = p~2(p? — 1) leads to the desired factor (1 - p~1)*. O

We now replace .% (0, ...,0) by {(2) in Proposition 4.3 and then insert the value of M‘B( J1 e Ja)
in (4.20). Writinglogqg = A~ 'log L, we get

Proposition 4.5. We have the following asymptotic formula for the diagonal main term ap-
pearing in decomposition (4.9)

2\Js 1
Mp@p=2 Y 3¥Y (1) Cojir j46(]'1,---»j4)+0/1(@)- (4.31)

Jstjit..+ja=4
0<jr<2, k=1,...,4

4.3 Evaluation of .7}, (q)

We proceed in a completely analogous way as in the previous section. First of all, we also
restrict the computation to MTop (€1, ¢2, q) since the dual term gives the same result. We will
begin by evaluating the residue (3.87) up to some terms that will not contribute. After that, we
will return to (4.11) and find an appropriate expression for a certain Dirichlet series in order to
localize the various poles. Finally, we will see that the resulting expression matches perfectly
with (4.21) whose value has already been established in Proposition 4.3.
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Chapter 4. The Mollified Fourth Moment

4.3.1 Computation of the residue of 7 (s,¢;,¢,;q) at s=0

We recall that

2
MTOD([ng’q) = ZReSSZO{ s
i=0

A very pleasant fact is that Res;—¢JF; will not contribute in the final asymptotic formula unless
i = 2; the two others will be at most Oj (log_1 q). The heuristic reason is the following : in
Section 4.3.2, we will express our main term as the z;-integral in which a certain differential
operator (see (4.38)) depending on s, u;, uy and logq acts on a function. If we look at this
operator, we remark that for each term, the sum of the order of differentiation plus the power
oflogq is 4. If we take in count the residue of J; with i < 1, then we just add some lower "order’
terms to (4.38). We therefore focus on i = 2. By Proposition 3.15 and Lemma 3.14, we see that
each part of &, is even, so we can take the residue at s = 0 for each of them separately. We first
isolate the polar part in the function A around s = 0 by writing

g1t (s, uy, up)
@2s+up+ux)2s—u; — up) ’

A(S’ Uy, U; LI) = (4~32)
where 97 (s, Uy, up) is entire and does not vanish in a neighborhood of Re(s) = Re(u;) = 0. We
now easily get

. (5,0,0
aul:oA:exz%(s,O,O)(l N (S )),

452 27 (s,0,0)
and
7(s,0,0) oy, (s,0,0) 2y, (s,0,0)
2 A=27 0] 1—)( 2—)
Furu=0 152 {(0 (50,0 T (5,0,0)
+ L+a (dul(s, ul,O))}
252 = 5 uy,0) )
Writing

By(s;€1,¢2) := B(s,0,0;¢1,¢5),

B1(s;01,02) 1= (0yy=0 + 0u,=0) B(S, U1, uz; €1, 02), (4.33)
BZ(S;€1»€2) = 6i1u2:0B(8’ uy, u2;€1)£2))

we infer that the contribution of F; (s, ¢1, ¢2; g) to our final asymptotic formula comes from the
residue at s = 0 of the following quantity (in fact we drop out all factors where we derive <7)

7 (s,0,0) 1
a3 {30(3;51,52) Y +log? q|+ By (s;¢1,02)logq + Bz(S;fbfz)}, (4.34)
which is
<7(0,0,0) (1
— (—6;*:030(5;51, 02) +10g*(q)0%_yBo(s; 01, 02)
8 4! (4.35)

+10g(g)0%_B1(s;€1,02) + 0% Ba(s; 01, 52)) +E(l1,02;q),
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4.3. Evaluation of .7, ()

where the error term E(¢1,¢2; q) is such that when we average it over the ¢;,d in (4.11), we
obtain O((log q)‘l) (here E(¢1,¢5; q) contains all term where 7 is derived at least one time).
By construction, we have 27(0,0,0) = 20027 = =¢(2)7! (see (3.83), (3.85), (4.32)) and
thus, taking into account the error coming from J;, i < 1, we can summarize all previous
computation in

Proposition 4.6. Let MTop(¢1,42; q) defined by (3.87). Then we have the formula
MTop(l1,42;q) = c(b1,€2;q) + E(€1,02;q),

where c(€1,¥2; q) is given by (4.35) with <7 (0,0,0) = —{(2)~! and the error term £ (¢4, 05; q) is
such that when we average it over £; in (4.11), we get O, ((logq)™!).

4.3.2 Averagingover /;

We come back to (4.11) and insert the quantity MTop given by (4.35). We can remove the
primality condition (k€1 ¢,, q) = 1 for an acceptable error term and we obtain our off-diagonal
main term

%éD(q) 8((2)(2 )4[fffHLZZPL(Zl)© {L(S,UI,UZ,ZI, )Z4)}

oo ! (4.36)

dzisdzzdzodz;
X —_——
Z4232021

where £ (s, u1, Uz, z1, ..., 24) is the Dirichlet series defined by (recall Definitions (4.33) and (3.83))

L(s,u1, uz, 21, ..., 24)
YYY M2,z —z, (KO P2, 2,2, (K€2)6 (€15, Uy, uz) 8 (25 s, uz»ul) (4.37)

kST (0 tne1 k1+21+23[1+21£1+z3

and ’D‘}] is an order four differential operator given by

1
Dy = Fa;* +log”(q)0% +10g(q)0%(8y, +0y,) + 007 )

ST ULU

(4.38)
s=u;=0
It is very important now to have an adequate expression for (4.37) in a way to locate the poles
and their orders for future contour shift in the z;-integrals. The classical method, as in Section
4.2, is to compute for each prime p the local factor £, at p. This is a quite tedious calculation,
but is not difficult since all arithmetic functions are cubefree and we already computed their
values on prime powers (see (4.8), (3.81) and (3.82)). We do not want to figure out all details,
but by close examination of the polar part in the local factor, we can conclude that £ admits
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Chapter 4. The Mollified Fourth Moment

the following factorization

L=P(s,u1, iz, 21, e ( {1+ 2 +23){ (1 + 2; + 24) )

(A+s+z;+u)l(1—s+z;+up)
) (4.39)

(A+s+zi+u)lA-s+zi+u))

[l
11z

where & is an Euler product absolutely convergent in a "good" neighborhood of the domain
of holomorphy of the above product. Furthermore, if we factorize now the poles of the zeta
functions, then we can rewrite (4.39) as

L =F(s,u1,up,21,...,24) Q(S, U1, Uz, 21, ..., 24), (4.40)

where .7 is an entire function in a neighborhood of (0,...,0) which does not vanish and
QeC(s,uy,up,21,..., 24) is the rational function defined by

Q(s, U1, U2, 21, ..y 24) 1= (21 + S+ U) (21 — S+ U1) (22 + S+ U2) (22 — S+ U7)
(z3+Ss+uy)(zz—s+ux)(za+s+uy)(za— s+ u) (4.41)
X .
(21 + 23) (21 + 24) (22 + 23) (22 + 24)

Using our classical argument concerning the derivatives of .# and we obtain

//OD(Q) Wfffflle ’PL(ZI)J 0,0,0, z1,...,24)

2223

x ’D‘; Qs ur,up, 21, ..., 24)}

dzsdzzdzodz; ( 1 )
+0

A
24232221 logg

4 1
=Y A2 (i;9)+0 (—)
z':zl oDt DT EM  (ogq

where this decomposition takes care of the separation of the operator @‘}7 in (4.38). We will
compute each term separately.

4.3.3 Computation of .7}, (i; q)

We compute in this last section ///é p(i;q) for i =1,...,4. Fortunately, we will see that these
main terms can be expressed as the same integral as (4.22), which has already been computed.
We start with i = 1; first of all, we have

1 i
564 ()(NUH’I(Q(S,O 0,21,...,24))) = ZZZZ ‘%11 Jenlasja sz o ]k

i +]1 +.. +l4+]4
0<i, jik<1
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4.3. Evaluation of .7, ()

where

p ~ (_1)j1+...+j4 (4.42)
11, J1reelas Ja — il!jl!---i4!j4!. .

Hence, writing explicitly P; (z;) and we obtain

My (1;q) = XX %l,l, in o+ 1y ia+ a5 F), (4.43)

{(2) i+ i+ Figtja=
0< ik, jk<1

where for any (a, b, ¢, d) € N*, we define

%(a bcd'ﬂ)- (logL) Sffff Lzl+zz+23+24y(0,0,0,Z1,...,Z4)
) ) ) ) . (

mi)* 21+ 23) (21 + z4) (22 + 23) (22 + Z4)
(%) (%) (%) (%)

dzydzsdzrydz;

1+a 1+b l+c 1+d’
2 & k3 %y

We remark that this integral is exactly the expression .#/ ]‘; (j1y - ja3 ) in (4.22) (modulo the
factor 16), then its value is given by (see Proposition 4.3)

ML+ 1y s+ ja3 . F) = F(0,..,008 (i1 + ji, iz + j2, i3+ 3, ia + ja)

o . 4.44
x (lOgL)_4+Z;t:1 e+ Jk +O((10gL)_5+Zi:1 lk+]k), ( )

where & is given by (4.30).

Let ///OD(Z q) denotes the contribution of log?(q)0> ‘-0 then we get

My (25 ) = 2 1og(q) YY¥Y %1,1 sinjs W1+ fiyeia+ a5 F). (4.45)

C(z) ll+]1+ +l4+]4
0<ik, je<1

We now compute the part with log(q)ai (Ou, +0u,)|s=y,=0. We remark that the action of (9,, +
0y,)lu;=0 consists of a sum of eight terms in which one of the eight factors is missing. We have

therefore
M35 q) = log(q)z YyYyy %1, e O+ e i+ 5 F), (4.46)
((2) O=1i1+ji1+..ds+js=
0<iy, jr <1
i¢je=0

where .7 means that we add 1 at the £ component.

Finally, we can focus on the action of 0507, ,,|s=u;=0- We see first that 8% _,(NUM(Q)) consists

of a sum of sixteen terms where there are two missing factors (one indexed by i,, and the other
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by iy). It follows that

4 4
Mo &= YNNN By i O e is + [ T, (4.47)
6(2) n,€:1i1+j1+...i4+j4:2
0< ik, jk<1
in=jr=0

where this time, M»?) means that we add 1 to i, and 1 to j,. To finalize the calculations, we
have

Lemma 4.7. The value of % (0, ...,0) is given by the infinite product

1+p‘1

Z(0,...,0) =2 1+2———-—=].
©,...,0) C()];[ P

Proof. Asin Lemma 4.4, we have by examining (4.39) and (4.40),

Z(0,..,0) = £(0,...,0)

and for each prime p,

1 _4
2,(0,...,0) = £ (0,...,0) (1 ~ —) :
p
By (4.37), we see that

k00 1, (p*+ )8 (p?1;0,0,0)8 (p*2;0,0,0)

£,0,.,0= Yy HP

0<k+0;<2 prtatte
(1[2:0
Yy 2 (PO 2 (p8 (p*;0,0,0) p2(p*)?
- k+¢ - K’
0<k+6<2 p o<k<2 P

with (see (3.81) and (3.82))
4(p;0,0 0)—2(1—1) (l—i)_l and 6( 2:0,0 0)—4(1—1) (l—i)_l
p’ ¥ p pz P; Yy p .

Hence (recall (4.8))

p? p

1
_{I_L_i_i+8}(1_i)_l
pt p p* p? p?
e (=)

p) p? p? p?)

Multiplying by the factor (1 - p~!)~* finishes the proof. O

4 1 8 1\7!
Lp(o,...,0)=1+—+—_—(1__)(1__2)
p pIU p
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Proof of Theorem 6

This chapter is devoted to the proof of Theorem 6. For the cuspidal case, we will indicate the
necessary changes in [24, Sections 4,5,6] due to the level g and the presence of a nebentypus.
Finally, we will explain in Section 5.2 how to adapt [?, Section 2] and put together with Section
5.1 to obtain the conclusion of Theorem 6 in the Eisenstein case.

5.1 The cuspidal case

Let g > 2 be a prime number, w a Dirichlet character of modulus g and « € {0, 1} such that
w(-1) = (-1)X. Let f be a L?>-normalized primitive Hecke cusp form of weight kf=x (mod2)
(resp. with Laplace eigenvalue 1/4 + t]%) if f is holomorphic (resp. if f is a Maass form) of level
g and nebentypus w. For some technical reasons, it is convenient to view f as a modular form
of level 2¢q (see the beginning of § 1.2.1) under the isometric embedding (with respect to the
Petersson inner product)
. f(2) _f®
To(q) :To@2q1Y2 /3
which can be embedded in a suitable orthonormal basis of modular cusp forms of level 2¢, i.e.
either ka (2q,w) or B(2q,w).

f(2)

’

5.1.1 The amplification method

The strategy is to estimate an amplified second moment of the sum 8y (g, K; g) where g runs
over a basis of ka (2q,w) and B(2q,w).

To be precise, let L > 1 and (by) a sequence of coefficients supported on 1 < ¢ < 2L. For any
modular form g, we let
B(g):= ). boAgld).

1<0<L2L
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For an Eisenstein series E,(-,1/2 + it), we set

B(a,it):= Y beda(l,it),
1<0<L2L

where for any singular cusp a, A4(¢, i t) is given by (1.5). Since the original form is of level g and
L will be at the end a small power of g, we cannot choose the standard coefficients by = A ¢(¢)
for ¢ a prime p ~ L, but rather the less obvious amplifier found by Iwaniec in [?],

LY2 and (p,2q) =1,

Ar(po(p) if  l=p~
br=3 -w(p) if ¢=p’~Land(p,2g)=1, 6D

0 else.

Since we will apply the trace formula, it is also better to consider the Fourier coefficients pg(n)
instead of the Hecke eigenvalues A4 (n) in the definition of Sy (g, k; q). For this, we define

n

and note that for g primitive, it is related to the original sum Sy (g, K; q) by the simple relation
(ct. (1.7)),

Sv(g K q) = pg(DSv (g K; q). (5.2)
We then let
MM@L):= Y  $k)k-1)M(L;k)
k=x (mod 2)
k>«
+ ) P g) o IB(g)I 13v g, K )| (5.3)
geB(2q,w)

i 1 - o
+ Za:f_oowﬂmlB(a,lt)l ISv(Ea(,1/2+i0),K; )| dt,

where for any k = x (mod 2) with k > «,

k—2)! 8
M(L; k) := (—,C)_l Y B@PSvie Kl (5.4)
AT geBiCaw

and we refer to [24, Section 3.2] or [8, (2.9)] for the choice and properties of the test function
¢ = ¢, p. The key Proposition is the following [24, Proposition 4.1].

Proposition 5.1. Let K:F; — C and V as in Theorem 6. Let (by) be the sequence of complex
numbers defined by (5.1). Then for any € > 0, there exists k(e) > x such that for any k > k(¢)
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5.1. The cuspidal case

and any integers a > b > 2 satisfying
a—b>k(e), a—b=x (mod 2),
we have the bound
M(L), M(L; k) < cond(K)* {g"**LY?P(P + Q) + ¢"*L* PQ*(P + Q)}, (5.5)
for some absolute constant s > 1, provided
G°LQ < q1/4 (5.6)

and where the implied constant depends on C, €, a, b, k and polynomially on the archimedean
parameter of f.

Theorem 6 can be deduced from Proposition 5.1 exactly in the same way as in [24, Section 4.2].
The only changes is to use (5.2) to pass from |B(f)[2|Sv (f, K; ) to IB(H)I?ISv (f, K; q)|*> and
then (1.8) for the upper bound on |p ¢(1) | 2. Finally, since for any prime p different from g we
have the elementary relation

Ar(p)* = Ap(p?) = w(p),

we obtain the lower bound "

B(f) > ——,
(>
simply using the prime number Theorem. Hence it remains to prove Proposition 5.1.

Expanding the square in |B(g)|?> and |Sv (g, K; q)| (choosing the variables ¢1,¢, for those
comming from the amplifier), we get a first decomposition of M(L) and M(L; k)

M(L) = Mg (L) + Mpq(L) and M(L; k) = Mg(L; k) + Mpa(L; k), (5.7)

depending on weither (¢1,¢,) > 1 (the diagonal term) or not. For the diagonal term, we have
the following lemma which is the analogous of [24, Lemma 5.1].

Lemma 5.2. Foranye >0, we have
My(L), My(L; k) < cond(K)2g' ¢ LY?P(P + 1),
where the implied constant depends only on €.
Proof. We consider M;(L) which decomposes as a sum of the holomorphic, Maass and Eisen-

stein contributions
Mg (L) = Mg hot(L) + Mg Maass (L) + Mg gis (L).

We treat only M maass (L) since the other contributions are the same and even simpler. For
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instance, we have

Md,Maass(L) = Z (,b( g) h( P )%(g, L)
geB(2q,w) g

7

with
C(gL):= Y. beboAg(lD)Ag(£2).
(61,02)>1
By definition of the coefficients b, (c.f. (5.1)), the case (¢1,¢,) > 1 appears when ¢, = ¢, =
p~ V2 ¢, = p2 = fg ~ L (or the inverse) and ¢1 = ¢5 = p2 ~ L. We write €(g,L) =%1(g, L) +
©>(g,L) +63(g, L) according to the different possibilities and we estimate the three quantities
individually. We first have by Cauchy-Schwarz inequality and (1.16),

gD =Y IA(pIFPIAg(p)?

p~L!"2
p prime
1/2 1/2
<| XY it Y Ag(mI*
p~L1/2 p~L1/2

< (qLOL+1tp) (A + )L,

where the implied constant only depends on €. For the second case, we have using M(pz)l <
1+ M(p)l2 (c.f. (1.10)), Holder and again (1.16),

628, DI< Y. APIAgPIAg(PII< Y. AP (PIA+IAg(p)IP)

p~L1/2 p~L”2
p prime p prime
1/4 1/4 1/2
<| Y et Y g (Z (1+mg(p)|2)2)
p~L“2 p~L”2 p~L1/2

< (qL(L+ 1t (1 +tg) L2,

Using the inequality [14(p?)[*> < 2(1+|A4(p)|*), we treat in the same way 43(g, L). The rest of
the proof is exactly the same as [24, Lemma 5.1], except that we must use Proposition 1.10 for
the spectral large sieve (possible since the conductor of w is either 1 or a prime g) instead of
the original version of Deshouillers-Iwaniec [2, Theorem 2, (1.29)]. O

Now comes the contribution of the ¢1, ¢» such that (¢,,¢,) = 1. We first change the complex
conjugate W =w(l2)Ag(l3) in My 4(L) and My,(L; k) appearing in the decomposition (5.7)
(c.f. (1.11)). By the primality condition, we use the multiplicativity of the Hecke eigenvalues
(1.10) followed by the relation (1.6) to obtain

flfgl’ll)

Aglil2)pg(n) = 3 w(d)Pg( Pz

d|(l,03,m)
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5.1. The cuspidal case

Once we have done this, we apply the Petersson trace formula (1.20) to M,,;(L; k) in (5.7),
obtaining
TMpa(L; k) = My (L; k) + Ma(L; k),

where M, (L; k) corresponds to the diagonal term 8(¢1¢2n,d "2, ny). Similarily, we apply
Kuznetsov formula (1.21) to M,,4(L) and since there is no diagonal term, we write M4 (L) =
M, (L). The treatment of the diagonal term M; (L; k) is contained in [24, Lemma 5.3], with the
appropriate changes using (1.15) for the coefficients of the amplifier,

M;(L; k) < cond(K)*(q(1 +t¢))qL"*P, (5.8)

with an implied constant depending only on ¢.

5.1.2 The off-diagonal terms

This is the most important case of M, (L) and M>(L; k) and thus we write explicitly the quanti-
ties to study. For ¢ an arbitrary function, we write

1 _ _
Mylpl=— Y bybnoWy) Y od Y K(nl)K(nz)v(%)V(@)

(01,02)=1 dle. e, ny,np q
d|ny
(5.9)
-1 -2 . 4m ﬁlﬁznlnz
X ;16 Sw(flégl’lld ,I’lz,ch)(/)(ﬂ T ,
in order to have
M, (L) = Mzl p] and Mo (L; k) = Mz [yl
where ¢ =2mi ~k Ji_, is the Bessel function. We transform the sum as
Malpl= ). by bpoll) Y. wldMlp;d,el, (5.10)
(£1,02)=1 de=0,0,
where )
M(¢p;d, el = — Z 0_18¢(c, d,e)
26] cz1
and
— (4m\/eniny dm ny
Eplc,d, )= ) Syleny, na;2cq)K(dni)K(na)ep 14 V=
ny,ny ch q q
= Y Syleny, nz;2cq)K(dm)K(np) Hy(ny, np),
ny,ny
with
A,/
H¢(x,y)=(p(m)v(@)v(z). 5.11)
2cq q q
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As in [24, Section 5.4], we truncate the parameter ¢ in M>[¢;d, e] by writing Mz [¢; d, e] =
M, cl¢;d, el + Ms[¢; d, el where M, c[¢; d, e] denotes the contribution of ther terms with ¢ > C
for some C = C(d, e) > 1/2 and correspondingly

Mz [p] = Mo tail [p] + M3[p]. (5.12)

It turns out that with the choice
1 5, /e P
C=max|z,q"P\/ < | < q°LP, (5.13)

the contribution of ¢ > C is negligible (see [24, (5.9)]), so we focus on the complementary sum,
which is given by

Mg[(ﬁ;d,e]:i Y ¢ 'eglc,d,e). (5.14)

1<c<C
In particular, the above expression is zero if C < 1.

Recall that we factored the product ¢, ¢, as de = ¢1¢,. Since we allow ¢, and ¢, to be square
of primes, there are more types of factorization to consider. We distinguish three types:

» TypeI (balanced case) : this is when both d and e are # 1 and d/e ~ 1, so d and e are
either primes ~ L2 (type (LY2,112)) or square of primes ~ L (type (L, L)) with (d,e) =1
in each case.

e Type II (unbalanced case) : this is when (d, e) satisfies e/d > LY2 je. is of type
(1,L),(1,L%%),(1,1%), (L''?,1) and (L''?,13/2).

L1/2

o Type III (unbalanced case) : this is when (d, e) satisfies d/e > , so is of type

(L,1),(L32,1), (L2, 1), (L, L% and (132, LV'?).

Assuming the harmless condition
qﬁp < L2, (5.15)

we obtain by (5.13) :

Lemma 5.3. Suppose that (d,e) is of Type Il and that (5.15) is satisfied. Then we have the
equality
Ms[¢;d, el =0.

It remains to deal with the types I and II. The goal now is to transform the sums £4(c, d, e)
to connect them with the correlation sums C(K, ;) of the Fourier transform of K defined
in 2.9 for suitable matrices y. This is the content of [24, Section 5.5] and it is achieved using
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5.1. The cuspidal case

principally twisted multiplicativity of the Kloosterman sums and Poisson summation formula.
The only difference here is the appearance of the nebentypus « when we open the Kloosterman
sum. We also mention that it is in this treatment that we use the fact that the level is 2g and
not gq. The result is that for any ¢ > 1, we have the identity

w(-d) ng np

8 (C’d’e):— H (_)_)C(I?)wyy)y (5.16)
’ nlnz;éoz,(nzz,zc):l *\2¢q’ 2¢q
nyny=e(mod 2¢)

where Eﬁp is the Fourier transform of Hy and

nl nny—e
y=v(c.d, e ny,ny):= sed dzlflg € M2(Z) nGL2(Q). (5.17)

Remark 5.4. Observe that det(y) = de which is coprime with q. Hence the reduction of y
modulo g provides a well defined element of PGL; (F).

5.1.3 Analysisof &y(c,d, e)

The first step in the analysis of (5.16) passes by the study of the Fourier transform of Hy(x, y).
This is the content of [24, Sections 5.6-5.7] and it is contained in Lemmas 5.7,5.9. One of the
consequences is that it allows to truncate the ny, n2-sumin €4(c, d, e) to

Q+£ e N
(Z—Cd), 0#|np] <No:= =L (5.18)

0#|m|<Ni:=q°cd p

(see [24, (5.21)]). The final strategy is to separate the terms in (5.16) (with the restriction
(5.18) on ny, np) according to whether the reduction of y modulo ¢ belongs to Gz , or not (see
Definition 2.11). In the first case, we use the bound (see (2.13) and (2.8))

IC(K,w;y)| < cond(K)?q < 100 cond(K)*g,
while for y notin G5 ,, we have by Proposition 2.15
1C(K, w;7)| < A(cond(K))*q'? « cond(K)*q*'2.

We thus write
Ep(c,d,e)=Ey(c,d,e)+Ey(c,d,e),

where Efp(c, d, e) is the subsum of (5.16) where we restrict to the variables n1, n, such that the
reduction modulo g of y(c, d, e, n;, ny) belongs to Gf;r,w and 8(’;(0, d, e) is the contribution of

89



Chapter 5. Proof of Theorem 6

the remaining terms. According to (5.14), (5.12) and (5.10), we also write

M(psd,el = — 3 ¢ (€G(c,d,e)+Ef(c,d,e)

1
26] c<C
= M5[¢p;d, el + M3 [p; d, el,

and

Mslpl= Y. bpbrnos) Y. od(Milg;d, el +Mp;d,el)
([1,[2)21 d(%‘:(l[z
= ME[p] + M (]
Lemma 5.5. With the above notations, we have
M2 o pl < cond(K)* g 12 PQ*(P+Q), MY [di] < cond(K)*k3q'**1?PQ*(P+Q),
for any € > 0 where the implied constant depends on €, a, b for ¢ = ¢, 1, and on € for P = Py.

Proof. This is the content of [24, pp. 625-626], with minimal changes due to the different
nature of pairs (d, e) of type I and II. O

To conclude the proof of Proposition 5.1, it remains to evaluate the contribution MS? [¢;d, el
corresponding to the matrices whose reduction modulo ¢ is in G3 . The final lemma is the
following:

Lemma 5.6. Under the assumption
q*1Q<q'", (5.19)
we have
M3C [pr] < COHd(K)25k3ql+5L1/2PQ, Mgf (bap] < COHd(K)ZSqHELI/ZPQ,

where s > 2 and the implied constant depends on €, a, b.

Proof. The proofis [24, Sections 6.1,6.3,6.5] (recall that here there are no parabolic elements
by Proposition 2.17). Various arguments use the fact that the discriminant of certain binary
quadratic form is not zero. For example, if y = y(c, d, e, n1, n2) is a toric matrix, then we need
to have (n; + dn»)? —4de # 0 and we cannot say that de = ¢, ¢, is squarefree since we allow
square of primes in the amplifier. This is not a problem here because if (1 + dn,)? = 4de, then
we would get (see (5.17))

Tr(y)? —4det(y) =0in F,.

This means that y has only one distinct eigenvalue, so it is necessarily scalar since not parabolic
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5.2. The Eisenstein case

by assumption. But for y scalar, we have cd = 0 (mod q), which is not possible by (5.19) and
(5.13).

Another argument uses the fact that d ng — e # 0 in a situation where n; —dn, = 0 (c.f. [24,
Section 6.3, p.p 629]). Again, d and e are not necessarily coprime here so we cannot argue in
the same way. However, if d ng = e, then since n; = dny, we obtain n;np,—e=d ng —e=0and
the matrix y(c, d, e, ny, ny) takes the form

(¢c,d,e, ny,ny) = " 0
Y)r)lrz_zcddnz'

Since dny = ny, this matrix is parabolic with single fixed point z = 0, which contradicts the fact
that G , does not contain parabolic elements. O

5.2 The Eisenstein case

We recall the notations from Section 2.1. For g > 2 prime, w a Dirichlet character modulo g
and t € R, we set
a\it
Ao(n,it)= Y w@|—] ,
ab=n (b)
and
Svw,it,Kiq) =Y Aw(n,it)K(n)v(g),

n=>1

for K an isotypic trace function such that its Fourier transform is not w-exceptional (see Defini-
tion 2.16) and V satisfying condition V(C, B, Q). Since A, (n,1t) appears as Hecke eigenvalues
(for (n, q) = 1) of the Eisenstein series E;(-,1/2 +it) (the cusp a = 1) lying in the continuous
spectrum of the Laplacian on the space of modular forms of level g (and thus also of level 2g
after a normalization) and nebentypus w (see Section 1.2.1 and Remark 1.4), we may estimate
an amplified second moment of Sy (w, i t, K; g) by embedding in the Eisenstein spectrum and
using Kuznetsov trace formula as in the cuspidal case.

For 7 € R, we define as in (5.1)

Ao @, iT)0(F) if ¢=p~ LY2% and (p,2q)=1
be() := -w(0) if ¢=p’~Land(p,2g)=1 (5.20)

0 else,

and for g a cuspidal form, we set

Bi(@= ), be(@)Ag(0).

1<0<L2L
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For an Eisenstein series E4(-,1/2 + it), we let

Bi(a,it)= ), bp(1)Aa(4,it)
1<0<L2L

and we also write B;(w, i t) so that it corresponds to the Eisenstein series Ej (,1/2 + i t) having
Ao (n,it) as Hecke eigenvalues. Since the trace formula involves Fourier coefficients instead of
Hecke eigenvalues, we define as in Section 5.1

Syw,it,Kiq)= Y. .Ow(n,it)K(n)V(g),

n>1

with the relation
Sy(w,it,K;q) =Pw(1,it)_18v(w,it,K; q). (5.21)

Remark 5.7. Actually, the relation (5.21) is true if we restrict the n-summation in Sy (w, i ¢, K; q)
to (n, q) = 1. However, we could consider directly this restriction at the beginning since the
error to pass from one to the other is given by

Sv,it, @)= Y. Ao(n, it)K(n)V(g) +0(¢°M(P+1).
(n,q)=1

Using the lower bound for p,, (1, i) given by (1.9) and ¢, »(£) = (1 +[£)* 72072 (c.f. [8, (2.21)]),
we obtain exactly as in Section 5.1 (see Proposition 5.1),

f Sv (@, it, K;q)|°
R

. (1+epx—2b-2
(1 +||)2b+2-¢ 1Brw,infdt < qu ~ cosh(mt)

R cosh(xrt)
1+¢ (Z’a,b(t)
R cosh(m )
< cond(K)*{g** L'?P(P+ Q) + ¢**L*PQ*(P + Q)}.
(5.22)

3y (w,it,K;)| |Br(w, in)? dt

< 13v(,it,K; )| 1B (w,in) dt

In order to apply (5.22), the following Lemma gets a suitable lower bound for the amplifier
B;(w,1t) when 71 is close enough to £ (see [?, Lemma 2.4]).

Lemma 5.8. For L large enough, we have

1/2
B;(w,it) > ——,
7 ( ) logl
uniformly in t,7 € R satisfying
1
-7l <
= log® L
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Proof. Observe that since ¢ has at most three divisors, we have |b,(t)| < 3 and thus
|Br (@, i 1) = B (w,i7)| < ) |be ()| A (4, i1) = Ay (£,iT)]
¢

<3 Y {Ne(pid) = Ao(p,iD)| + 140 (p% i) — Au(p?, iD)|}
~L12
;’prime

<6 Z {|pzt_pn|+|p21t_p2n|}
p~L12
p prime

1/2

log’ L

<36lt-1 ) log(p) <
p~LY2
p prime
It is therefore enough to prove the result for ¢ = 7. But this is a consequence of the elementary
relation

Ao (p, iD*@(p) —0(p) Ao (p?,it) = 1,

valid for (p, g) = 1, and the prime number Theorem. O

The above Lemma combining with the average bound (5.22) allows us to deduce a first upper-
bound for short averages of twists of Eisenstein series. For this, we introduce the notation

1
I(T,q)::{teRllt—ﬂg 5 }
log® g

and
K(P.Q; g) := cond(K)*q" 6 (PQ)2(P + Q)!'2,

so that Theorem 6 claims that
Sv(w,it,K;q) <¢ q° 1+t K(P.Q; q)

for any € > 0 and some A > 1 depending on €.

Proposition 5.9. For any e > 0, there exists B > 1, depending only on €, such that for anyt € R
we have

fl( : |Sv(w,it,K; q)l2 dt <. ¢°(1+1T)PK (P Q; 9)%, (5.23)
.q

where the implied constant depends only on €.
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Proof. Using Lemma 5.8 and (5.22), we obtain

Sv (@, it, K;q)| 1B: (w,i0)? dt

L . (1+|T|)2b+2
2 f |5V(w,zt,K;q)|2dt<<f —
log® L Ji(z,q) 1o (1+]1) ‘

< (1 +17)*P* 2cond(K)* {g* LY P(P + Q) + ¢** L PQ* (P + Q)},

and we conclude as in [24, Section 4.2] by choosing

1
L=-g"4¢0Q"1,
PR A

and B =2b+2 which depends on €. O

The last step is to derive a pointwise bound for Sy (w,it,K;q). For this, we separate the
variables n, m in the twisted divisor function 1, (n,if) and using a partition of unity, we can
decompose Sy (w, it, K; q) into O(log Pg) sums of the shape

it K q) = mit (I 2y m
SV,M,N(w,zr,K,q)—nélK(mn)w(m)(n) Wl(M)Wz(N)V( p )
where the parameters (M, N) belong to the set
Pq
P:= (M,N)|T<NM<4PC], 1<N,M (5.24)

and W,, W, are smooth and compactly supported functions on [-1/2, 2] satisfying x/ Wl.(j ) < j
1 for every j > 0. It follows that

Sy(w,it,K;q) <log(Pq) (A%l);épwv,M,N(w, it,K;q)|. (5.25)

The relation between Sy, 3 v (w, i £, K; ) and an average of Sy (w, i £, K; q) is given through the
Mellin transform (see [2, Lemma 2.1]).

Lemma 5.10. Given s € C and x >0, we define
Ve(x):=V(x)x~°.

Then for every € > 0, we have

SVYM,N((U,Z.I,K;L]) <L ff SVM (w,it2+it,K;q)|dt1dt2+O(q_100). (5.26)
|

tllnl<qg®

Proof. Using Mellin inversion formula for W; and W5, we can write

SymNw,it,K;q) = f Wi (1) Wa(s2)Tv (51, 52) M* N2dsy dss,
0) J(0)

(2mi)?
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5.2. The Eisenstein case

where Wl, WZ denote the Mellin transform of the smooth functions W;, W> and

Ty(sn,s)= ) K(nm)w(m)m”‘sln‘”—szv(@)_

n,m=>1 q

Note that this sum can be expressed as a twist of Eisenstein series, namely
Ty(s1,5) = g "8y, (0,0, +i1,K; q),

with

S1+ 82 —S1+ 82
= , 92 = .
2 2

For Re(0,), the smooth function Vp, satisfies condition V(C, P, Q(6;)) with

01

Q1) < Q+1041, (5.27)

where the implied constant is absolute. Thus by a change of variables, we get

1 — — M\%
S ALK q) = — W10 —02)W5(01 +02) | —
vM,N(@,1t,K;q) (2]”.)2[[ 101 —02) W>(0,1 +62) N)

0) (0 (5.28)

MN\9
X (—) SVg (w,02+1t,K;q)d0,d0,.
q 1

Because we have the estimations

Wi(s), Wa(s) « ——,

1(8), Wa(s) L+ 1snC
with an implied constant depending on C and Re(s), we can truncate the integral (5.28) to
1011 < g%, 10| < g¢ for a cost of O(g~'%%) by taking C large enough in term of € and using the
trivial bound for Re(8;) = Re(d2) =0

Svp, (@,02+1t,K;q) < MPqloggq.

5.2.1 Conclusion

We are now in position to obtain the conclusion of Theorem 6 in the Eisenstein case. In-
deed, fix € > 0 and take B = B(¢) as in Proposition 5.9. By (5.25), it is enough to estimate
Sv.mNw,it,K;q) for (M, N) € P. Now let ¢’ = ¢/B such that we have the estimate (5.26) of
Lemma 5.10. We thus get

Sy,

ity

SV,M,N((U,Z'I,K; q) <Lg qel max (w,its+1it, K; q)| dtidt, + O(q—lOO).

In1<q® J1t1<q¢
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We split the above integral into O(q’f/) integrals over intervals of length log™ g. For such
interval I centered at 7, we obtain by Proposition 5.9, the value (5.27) and Cauchy-Schwarz
inequality, the bound

SuMN@, it K;q) < g+ T)P2KPQ+q%; q),

(the function Q — X (P, Q; q) is increasing). Finally, taking the maximal value |7| < |f]| + qfr
yields the desired result.
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Proof of Theorem 4

6.1 The triple product

As in Chapter 3, we separate the sum (0.6) into even and odd primitives characters and we
treat only the case of even characters since the odd case is completely similar. We therefore
consider

2
T oxa G =——= " L(x3)Llxx3)Lxxz3) 1@, 6.1)
4= Yev @

where Z+ means that we sum over even characters and D 11,12 (q) denotes the set of primitive
characters modulo ¢ different from ¥, and ¥,,.

6.1.1 Applying the approximate functional equation

Applying the approximate function equation provided by Lemma 1.11, we decompose (6.1)
into two terms
T3 x2.6:9) = 8101, X2, 6 @) + 185 (x1, X2, €5 9),

with

Noniny

2 «  x(noninal)x1(n1)x2(no)
—_ Z+ Z VX!XI'XZ( q3/2 ); (62)

_ 1/2
9= YeD,, @uonin>1 (ngny12)

S1(xn,x2,6;9) =

and

2 . XTATZOT, (M) (1)
Sl Gig)i=—— Yy AmmmOn Iz,
9= ]XEDXMZ(‘WO:”anz}l (ngnyny)

(6.3)
Nonyny
><E(X)E(XXDE(XXZ)V%XLXZ( 732 )
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Chapter 6. Proof of Theorem 4

where the symbol * over the n;.s sum means that we restrict to (nyn; ny, g) = 1 and the function
Vi 11,1- 18 defined in (1.27). In particular, since we sum over even characters, this function is
constant on the average and we write V instead of Vy , v,.

Remark 6.1. The function V has rapid decay at infinity by Remark 1.12, so that the sums (6.2)-

3/

(6.3) are essentially supported on 1 < ngn;np < g>/2*¢. It follows that the sum over ng, ny, 12

is trivially bounded by O(g3/4*¢), so we can remove as it suits us the contribution of y = 1,7,

or y = ¥, for an error of size O(g~1/4+¢).

6.1.2 Average over the primitive and even characters

We need to average the sum over the characters in (6.2)-(6.3). For this, we use the orthogonality
relations asserting that for any prime g > 2 and any integer a coprime with g, we have (c.f. [31,
(3.2)-(3.4D

-1
Y ox@= q—éazilw) -1, (6.4)
x (mod q) 2
1#1

and for x € {0, 1},

K _ q - 1 K ﬁ ].
) (n;d q)x(m)e(x) =21 ;&1) (e(i . ) + (q_l)), (6.5)

¥#1
where the supscript k means that we sum over y such that y(—1) = (-1)¥. In (6.2), we remove
the contribution of y =¥,,, (see Remark 6.1) and after applying (6.4), we get 8; = 8] + 8] +
O(q—l/4+6) with

(n1)y2(n2) . (noning
ST(y1, xo, 05 q) = A1 V( ) 6.6
12,49 %n;lgl e 732 6.6)

non;nyf=+1 (mod q)

For (6.3), we remove the contribution of y = 1, ¥, and note that for (m, g) = 1 we have, opening
the Gauss sum £(y x2) and using (6.5),

2 1 2
le+%(m)€(7(xl)8(7(7(2) =~ 2 xz(a)e(ﬁ)(—12+X(am)£(”1))
q A# X1 q ack; q4/\4- X# X1
Tom o (a)( 2 )
(@e|—||—— (am)e(y)
Y agsxm 7 6/—1,(; X X (6.7)
1 _ tam 1
—Z(m)( e 3 (2 o2 )+—q_1))
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6.1. The triple product

The second expression in the above parenthesis is easily computed as a Gauss sum. For the
first term, we have

1 _ a +am
e neoel2)

x
acF;

—_ 1 _ a +ma
it Enon(E){229

x
aqu

= Xl(im)MZ(imr X1, X2 6]),

where the twisted Kloosterman sum is defined by (2.9) (see also (2.11)). Hence we see that
(6.7) is equal to

2 + 1 — 5(717(2)71 (m)(1+ (-D*Y)
— = ——=Klo(xm, x1, x2; . (6.8
‘7‘1;(;71 x(m)e(xx)e(xx2) 7 2(2MM, X1, X2 ) + G- (6.8)
Now opening the Gauss sum () and using (6.8), we obtain for every (m, q) =1,
2 1 a\[ 2 —+
—12 xme(e(xeir = —75 > e|— —IZ x(am)e(xx)e(xx2)
9= 97" ack; \4/\97 Yz,
1
==Y Klz(im,)(bxz;q)e(g)+O(q‘3’2) (6.9)

acF;
1 m -
= B 2 )+ Og 32).
Finally, using (6.9) in (6.3) with m = Tgm 72 ¢ yields 8 = 83 +8; +0(g~"/***) (recall Remark
6.1) with

nonyny
3/2
q

1 % %1(7’11)%2(”2)
85 (xux2. 45 q) = S
2 X1, X2 q qllznoynlz;‘l2>1 (nonlnz)l/z

Klg(inonlnzz)(b)(z,l;q)V( ) (6.10)

We will evaluate each of the two terms ((6.6) and (6.10)) separately and find that a main term
appears only in 87 (x1, x2,¢; g) when ¢ = 1. The others will contribute as an error term.

6.1.3 The main term

The main contribution comes from ny = ny = n, = ¢ = 1in (6.6). Indeed, assuming nyn; ny ¢ =
1, we obtain by the Remark 1.12

V(#) =1+0(q73*9).

When ngnine¢ = £1 (mod q) with ngnyne¢ # 1, we write the congruence equation in the
form ngninyl = £1 + kq with 1 < k < £g"/?*¢ + 1. Therefore, we get that the contribution of
nonynaf #1is at most

12 _e-1/2 1
4 q 1/2
1<k<4q1/2+£+1 k

< gq—l/4+6'
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Chapter 6. Proof of Theorem 4

We conclude with
8T (X1 X2, 6:@) =801+ 0(0q™"**¢) and 87 (x1,x2,6;9) = O(€q~"***),

which gives the desired main term and error term of Theorem 4 (0.10) provided

1

0< qiei =g, 6.11)

6.1.4 The error term

In this section, we analyze the expression (6.10) and will find that it contributes as an error
term. Applying a partition of unity to [1,00) for each variable in order to locate ng, n1, n, and
we obtain 8 (Y1, ¥2,4; ) = Xy, Ny, v, S5 (€5 No, N1, No; q) with

85 (¢, No, N1, N2; q) = > Y Tix)fi

1
(qNONlNZ)l ng,N1,N2€Z ( )fz( )

— . no Noniny
xKlg(£nonin2f, x1,x2,1; @) fo (E)V(W)’

(6.12)
where the functions f; are smooth and compactly supported on (1/2,2) and the le S runs over
real numbers of the form 2/, i > 0. By the fast decay at infinity of V, we can assume that

< Ny, N1, N and NgN1 N, < q3/2+5_

Hence it remains to bound O(log® q) sums of the shape (6.12). It is also convenient to separate
the variables nyn; ny in the test function V. This can be done using its integral representation
(1.27) as in Section 3.2.1. We keep the same notation 8;—' (¢, No, N1, No; q), but with the factor V
removed, and also for the functions f;, i.e.

85 (¢, No, N1, N; q) = Y X ()X (n2)Kls (£ngminal, x1, X2, 1;.9)

(@NoN1Np)V2, = 7

(6.13)
Xﬁ( )ﬁ( )ﬁ( )
with
P00 < g (6.14)
Note finally that the trivial estimate is
85 (4, No, N1, No; q) < (M)m. (6.15)
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6.1. The triple product

Pélya-Vinogradov bound

We show here that (6.13) is very small if we assume that one of the parameters N; is bigger
than g. Indeed, since the argument is the same, we suppose that N; > /2. In this case, for
fixed (ngny, q) = 1 we focus on the n;-sum

* - n
PN q) =Y. T(n)Kls(Enomnal, x1, 2,1 9) fi (—1)
neZ Ny

By Remark 2.8, we can add the contribution of g|n; for an error of size O(N;/g) (since N >
q/2). Hence, applying Proposition 2.18 with the Fourier trace sheaf

Ly® [x (inonga] " Kl3(x1,x2, L q),

we get
N N; N;

Finally, averaging trivially over ng and 5, in (6.13) yields

85 (¢, No, N1, Ny; q) < 678( 7

Since Ny N1 N» < g°/?*¢, we obtain

Proposition 6.2. Assume that N; > q/2 for somei € {0,1,2}. Then for any € > 0, we have
85 (€, No, N1, No; q) = O(q~"/**¢),

with an implied constant depending only on €.

Applying Poisson summation in the three variables

In this section, we obtain an estimate for 8;—“ which is satisfactory if the product of the three
variables NyN; N is greater that g. This can be done using successive applications of Poisson
summation formula. Before this, we just note that by Proposition 6.2, we can assume that
N; < q/2 for i = 0,1,2, which allows us to ignore the primality condition (ngniny, q) = 1
in (6.13) since we also have N; > 1. We begin with the ny-variable. In (6.13), we write the
Kloosterman sum as the Fourier transform of the function

F;3 x—Ka(x) := Ka(x, x1, X2; 9)
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Chapter 6. Proof of Theorem 4

defined in (2.12). Hence, an application of Poisson summation in ny and Fourier inversion
formula gives (recall that (n;1n2,g9) =1)

1o N
> K2(+n0n1n2£)fo( ) 1,2 > K2(+non1n2€)fo( 0)
noeZ CI noeZ q

no N
1/2 Z K2(+n0n1n2€)fo( q 0).

noeZ

Since by Definition K, (x) = 0 for g|x, we obtain

1/2

f _ _ ~ _
P —T X1 (n) Y, (n2)Kla(Frinanel, x1, x2; 9)
q(NlNz)l/z Vlo,ﬂ;’leZ ! 2

(no,q)=1 (6.16)

A2 )i (2)

We continue with the ny-variable. As before, since the argument of Kl, is non zero modulo ¢,
we can express the Kloosterman sum as suitable Fourier transform, namely (see (2.12))

S;(f, No, N1, Np; q) =

Klo(Frinzl, x1, x2;9) = x2(Fninangd) [szﬂl)] (Frinznof). (6.17)

Using exactly the same argument as before, after replacing Kl, by (6.17) in (6.16), we get

(}l()”qu) 1

Applying Poisson in the n,-variable yields

N, pr—— - - N-
> R Em nmOp 1) = 5 3 K e |

ny€Z ny,eZ

N n - ~ (N2 N
) qsz 2 XZ(inznlnoé)Kl(inznlnof,h;Q)fz( zq 2)

ny€Z
Ny +ninongl no N
=5 )(1)(2(+n2n1n0€)e( = )fz( 2 2)
a"" (ny,q)=1 q

Hence

B NoN, | 172 nynangl
8% (¢, No, N1, No; ) = 7, (£0) y2(~1) ( quZ) Y Xl(nzno))cz(nz)e(%
1

no,N1,N2€Z
(nonz,q)=1
n\ - I’loN() -~ l’lgNz)
AR R )
(6.18)
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6.1. The triple product

It remains to do Poisson in the n;-variable. Let a € F;, we denote by 6, the Dirac function on
F, defined by 6 ,(x) = 1 if x = a and zero else. Then the exponential map

(inlnonzﬁ)
n—e|l ————
q

is the additive Fourier transform of the Dirac function x — g'/%8 . (x). It follows that the

n; sum in (6.18) is equal to

I’lol’lz[

N,
Z q1/2 +n0n2[( 1)f1( ) N Z 6+ﬂ0nzf( l)fl(nl 1)
Z

neZ me
Summarizing all the previous computations yields the bound

fo(ﬂoéVo)fl(mN1)f2(nzNz) '

NONINZ)llz

85 (¢, No, N1, No; q) < ( 7

>

non; n¢=F1(mod q)

Finally, using the fact that all these Fourier transform have fast decay at infinity, we see that

the above sum is essentially supported on |n;| < 9" and thus, a trivial estimate leads to
NoN; Ny \ /2 7 q 1/2
85 (¢, No, N1, No; q) < f( ) +1| < g | ——] . 6.19
5 (€, No, N1, Nos q) < g 7 NoN N, q NoN: N, (6.19)

Estimation of 8, using Theorems 6 and 2.19

We return to expression (6.13). The combination of (6.15) and (6.19) shows that it remains to
deal with the case where the product Ny N; N> is of length about g. The strategy is as follow :
if one of the variables N; is very small, then we factorize the two others to form a new long
variable and apply Theorem 6 for the twist of Eisenstein series. If none of the N;’s are too
small, then it is possible to factorize two variables and form a bilinear sum in such a way that
an application of Theorem 2.19 is beneficial.

We prove in this section :

Proposition 6.3. Let N = max(Ny, N1, N2), M = min(Ny, N1, N») and write D for the remaining
parameter, i.e. M < D < N. Then for every € >0, we have

( qM )”2 ~1/16
NoN: N 1/2 NoN1 N,
S% (ﬁ, NO)NI)N?_; CI) <Kg qe (M) (6-20)
q 1 1 g
a7 D T

Proof. To fix the ideas, we assume that
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Chapter 6. Proof of Theorem 4

and we leave it to the reader to ensure that the other cases can be treated with minimal changes.
We first focus on the n;, np-sum in (6.13) and write it in the form (recall that Ny, N> < /2 so
the primality condition is satisfied)

> X1X2(n1))(2(n1nz)K13(non1nzfXl,)cz,q)fl( )fz( ) (6.21)

ny,np =1

We show now how to transform this expression in order to obtain the same as in Corollary 2.2.
To simplify notations, we define

K(n) := ¥, (mKlz(+nnol, x1, x2; q)- (6.22)

Using Mellin inversion on f and f5 in (6.21) leads to

1 ~ ~ _ e
—.fofl(sl)fz(sZ)Nlef Y. Txe(m)K(ning)n, ' n, 2 dsids,.
en) 0 (0) 21

Making the change of variables
S1+5S —S1+s
g, =22 g,=_1772

and we see that the above integral takes the form

fffl(el_ez)f2(91+92)( )02

@2mi)?
NN\
x ) xm(nl)( ) K(mnz)( ) d6,do, (6.23)
n, 7l2>1 nlnz
2 N, b2 )
=— —= A= 0,)K(n)V 05| do,,
(2ﬂi)2f(0)(N1) ; T (1 02K 0D (N1N2 2)7me
where for any x > 0 and Re(6.) = 0, we defined
V(x,05):= fw)fl(el—ez)ﬁ(el +60,)x % q0,. (6.24)

Because the Mellin transforms satisfy (c.f. (6.14))

& B
q ) ) (6.25)

f1(9), fo(s) < (1+ B

with an implied constant depending on ¢, B and Re(s), the function V (x,8,) satisfies
1
V(x,62) <3 T oF and x"VY(x,0,) <, g

uniformly in Re(8,) = 0. Since we want to estimate the inner sum in (6.23) using Theorem 6
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6.1. The triple product

and then average trivially over the 6,-integral, we also need to control the function V(x,8,)
with respect to the 8,-variable. By (6.25), for any B > 1, we have uniformly on x > 0 and with
an implied constant depending only on B,

)

Vx.0 f
02 < | T+ 161 =020 +161 + 62D

0)

Note the identity

(1+161 = 02D (1 +161 +62) = 1+167 ~ 651 +161 — 021 + 161 + 62|
> 1+160% — 05| +2max(161],102)).

Hence, splitting the integral depending on whether |8,] < |02] or not and we get

q° ’ qa° ’
Vi(x,0,) <« f do; + f dao
(x,02) (1+|9§—9§|+2|91|) ! (1+|9§—9§|+2|92|) !
Re(6;)=0 Re(6,)=0

101121621 1011<162]

£ B £ B £ B-1
gf ( q )dt+[ ( q )dt<<( q ) .
1£1216,) \ 1 + 2] 7] 111<16,1 \ 1 +2(62] 1+162]

Therefore, for any &’ > 0, we obtain that (6.23) is bounded, up to a constant which depends
only on €', by

, n
q° max Az ,(n,Qg)K(n)V(—,Qg) . (6.26)
I02\<q5/ 7;1 XXz ]\]1]\]2
Re(0,)=0

We now apply Corollary 2.2 with the Schwartz function V(x,0) and with the sheaf
Fi=Ly,® [£n1001* Kls3(x1, X2, 1;9)

having trace function (6.22). Note that since Kls (-, x1, x2, 1; ¢) is invariant under permutation
of the triple (x1, x2,1), we have by (2.11) a geometric isomorphism

F = [x(xngO)I*FT (L, ® [x — x"1*Kla(x1,1; 9))

and hence 3 is not Fourier-exceptional since by Fourier inversion, its £-adic Fourier transform
is arank 2 irreducible sheaf. It follows that for any € > 0, we can estimate (6.26) by

1/2
q° max (qN1N2)5(1+|92|)AN1N2(1+ q ) g~1"s.
1621<q°" NN,

Choosing ¢’ = ¢/ A, maximizing the above quantity by setting 6, = q’f', replacing the obtained
bound in (6.21) and finally, averaging trivially over r in (6.13) yields the first estimate of (6.20)
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Sf(f,No,Nl,Nz}CI) Leq

NoN; N- 1/2 1/2
f(M) (1+L) -1/16, (6.27)

NN,

For the second bound, we group together the variables ngny = m in (6.13) and we obtain

1 —
Z amﬁanIB(innl[,XbXZ,1?‘]), (6~28)

85(0,No, N1, No; q) = —————
2 P =GN NINo) 12

with
— n n _ n
Ay = Zm"z("z)f"(ﬁ(()))fz(ﬁj and By, := Xl(nl)fl(ﬁll)-

nonz=

Applying Theorem 2.19 (1) with N = NgyN, and M = N, gives

1 1 i
At ozt 172 |
N, (NoN2)

8%(¢, Ny, N1, No; q) <<q£( "ql 2) (q (6.29)

as wishes. O

6.1.5 Conclusion of the triple product

Write N; = g# with u; > 0 and let 7 > 0 be a parameter. If o+ p; + o < 1—21 0r g + iy + o >
1+ 27, we use the trivial bound (6.15) or the estimate (6.19) to obtain

85 (¢, No, N1, No; ) = O(q77"*).
We therefore assume that we are in the range
1-2n< po+ i+ 2 < 1+21. (6.30)

Let § > 0 be an auxiliary parameter. As we already see, there is no loss of generality assuming
that po < 1 < . Suppose first that

Lo < 6. (6.31)
In this case, we apply (6.27) which, combining with (6.30) and (6.31) gives
SF(0,No, N1, Nos @) < q° (47716 + 0716 | < 77,
provided
<1 and5<1 2 (6.32)
T 32 S '

which condition we henceforth assume to hold.

106



6.2. The cuspidal case

Suppose now that we are in the case
Mo = 0.
The estimate (6.29) leads to

Szi (é’ NO)Nl)NZ; q) < qE (qn_% + q%(#O"'uZ—l) + q%(ﬂl_%)) .

(6.33)

The first term is clearly smaller than g~7*¢ by (6.32). For the second, note that y; > ug > 6

and thus, by (6.30)
Ho+ 2 —1<2n-6.

)
7£+%(#0+#2_1) < 78+T]—§ g 7—77+E,

under the assumption that
6 >4n.

Finally, the combination of (6.30), u; < u2 and (6.33) gives

1 0
M1 < S5
and hence
q£+%(y1—%) < q£+g—% < q—n+£,
provided
6 > 6mn,

(6.34)

(6.35)

which is more restrictive than (6.34). To finalize the computations, we just note that the second

condition in (6.32) and (6.35) are simultaneously satisfied as long as i < 61—4, which gives the

correct exponent of the error term in Theorem 4.

6.2 The cuspidal case

We consider as in Section 6.1 the average over primitive and even characters (recall that the

nebentypus is trivial)

2
T3NGq=—— Y L(fex.2)L(x3)x@.
q-1 (m;)il q
X

(6.36)
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6.2.1 Applying the approximate functional equation

Using Proposition 1.15, we can write (6.36) in the form

‘Z?/en(f»&q) = el(fr&q)+£oo(f;+1)62(f;€;6])

with o
2 + rlmynm nm
1,45 q ]/‘:(modq)nm>1 (nm)1/2 fx 77
1#1
Ap(n) (n)x(nm)x(g) o
Qo= L ’ 2 ¢ 3fo( 3/2),
]JC(mOd g n.m=1 m) p

1#1

where we recall that V¢ , depends on y only through its parity. Since we assume that f satisfies
the Ramanujan-Petersson conjecture, we have |1 r(m| < 7(n). Hence, proceeding as in Section
6.1.2 for the average over the characters and writingV="Vy ,, we find

Cilf,6;q) = Zeli(f,[,q) + O(q—1/4+5)’
+

where
x Ar(n) nm
CE(f L) = ! (—) , (6.37)
! nmézilz‘zmod q) (nm)“z q3/2
and
+ Ar(m) m
C(f.6q) = pYE Z 5 Kls(£nme; q)V( 3/2) (6.38)
nm=1 (nm) q

6.2.2 The main term

The extraction of the main term is done is a similar way as in Section 6.1.3. We just conclude
with

CI(f,6q)=8,-1+0(€q7V*5), CI(f, 690 =0(0q V"),
Note that the error terms are O(q‘éﬂ ) (c.f. Theorem 4) if we assume that

1

(< qi%=qn. (6.39)
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6.2. The cuspidal case

6.2.3 The error term

Applying a partition of unity to (6.38), removing the test function V using its integral represen-
tation (see § 6.1.4), we are reduced to analyze O(log? ) sums of the shape

CE(f, N, M; q) := 5 2" A Kl (Enmb Wi () Wa (<, (6.40)

1
(qNM)I/n,mEZ M N

where W; are smooth and compactly supported functions on (1/2,2) such that x/ Wl.(j )(x) < €]
g%/ forall j > 0and M, N are reals numbers with the standard restriction due to the fast decay
of V at infinity

1<M,N and NM < ¢°/?*¢.

Note that the trivial bound is
1/2
C3(f,N,M;q) < (T) ) (6.41)

Moreover, if M > q/2, then an application of Polya-Vinograov method in the m-variable (see
Proposition 2.18 and Section 6.1.4) leads to

1/2
Gg(f,N,M; q <e gt (?) « q—1/4+£.

Hence we can suppose from now on that M < g/2 in such a way that the condition (m, q) = 1
under the summation in (6.38) is automatically satisfied.

Application of Poisson/Voronoi summation formula

The first step is to apply Voronoi summation formula in the n-variable. To get in a good
position, we write the Kloosterman sum Kls for (a, g) = 1 in the form

1
Klz(a; q) = e Y. Kl (x; q)e(%). (6.42)

xEF;
Note that this definition can be extended to a = 0 with the value

Kl (03 9) =~ ( y e(f))z =2,

xeF; q

It follows that after writing Kls(+ nm#; ¢) in the form (6.42) and adding the contribution of g|n
for negligible error term (of size at most g~3/4*¢), we get

1 1 m _— +nmzx n
CEf,NM;qg) = ————=—— Y KL(x; W |— A - Wa [ —].
5 (f q) (GNME g2 x;; 2(X Cl)ran:Z 1(M),§1 f(n)e( 7 ) Z(N)
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(6.43)

Assuming we are dealing with the plus case and applying Voronoi formula (c.f. Proposition
1.2) to the inner sum in (6.43), we obtain

CS(f,N,M;q) = (i)miz > K(q) 3} Ap(mWy (ﬂ)
2\ IV, VG BM g2 5 “eF 20 = f 2 q2
+nmx€) m
X W1 —.
> e ()

Changing the order of summation, making the change of variable X — xm (recall that (m, q) =
1) allows us to write

N 72 Fnxl nN
e;(f,N,M;q):(qs—M) I,ZZZ ZAf(n)e( ) ( )

2
+ xeF;n>1 q

x Y Kly(xm; q) Wi (— (6.44)

meZ M ) .
By Poisson formula and since Kl is the Fourier transform of the function defined by (2.12), we
see that the m-sum in (6.44) is equal to

M xm\ ~ (mM
I )
947" imq=1 q q

Replacing this identity in (6.44) yields

NML/2
@;(f,N,M;q):(?)

YY Y Ttmm w5

2
+ n>1(m,g)=1 q

xl Z e(x—ini]_m),

q xeF;

(6.45)

with the same expression for the minus case €, but with F replaced by + in the exponential.
Because of the fast decay of I//V\l and Wzi at infinity (c.f. Lemma 1.3), the n, m-sum (6.45) is
essentially supported on |m| < g'*¢/M and |n| < g**¢/N. In this range, we use the estimate
A M <7(n) <, nf and we apply Lemma 1.3 with 9 = 0 (recall that f satisfies the Ramanujan-
Petersson Conjecture) to bound W, by g°. Adding the contribution of x = 0, estimating this
extra factor trivially and executing the complete x-summation gives
. NM\'2 —— (mM\_ _(nN
()5, B, 7w ()

2
* nmfl=%1 (mod q) q

+o(t (<)),
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6.2. The cuspidal case

Therefore using |4 ¢(n)| < 7(n), we obtain asin § 6.1.4,
+ e 4q \Y?
C (LN, M;q) <¢ q (W) : (6.46)

uniformly on ¢ < g.

Estimation of C, using bounds for bilinear forms and Theorem 6

We finally state the analogous of Proposition 6.3 which is an immediate application of Theorem
2.19 (1)-(2), Theorem 2.20 and Corollary 2.2.

Proposition 6.4. For any € > 0, the quantity defined in (6.40) satisfies

1/2
C;(fAN,M; q) < qf(T) 3

where the implied constant depends on € and polynomially on tf in the last bound and the
third bound is valid in the case where1 < N < M?, M < g and NM < g°'? (c.f. (2.16)).

6.2.4 Conclusion of the cuspidal case

Fix n > 0 a parameter and write M = g#, N = g" with g, v > 0. By the trivial bound (6.41) and
(6.46), we can assume that

1-2n<pu+v<1+2y, (6.47)

otherwise we get (?5—' (f,N,M; q) = O(q~"*¢). We now let 61,652,803 > 0 be sufficiently small
auxiliary parameters and we distinguish four cases :

(a) Assume that p < 6;. In this case we apply the fourth estimate of Proposition 6.4 and we
get by (6.47)

eZi(f’ N, M; q) K¢ tr CIE (q"‘i + q%_é) < 6]_17+E,
provided
1 1
< 32 and 6; < 3 -2n. 648)

111



Chapter 6. Proof of Theorem 4

(b) If8; < < 1 — &2, the first bound of Proposition 6.4 yields
CE(f, N, M; q) < qe(qn—i 4 ghoD Hﬁ(#_%))‘

1
i .
(6.47) and p > §1). Thus it is less than g°~"7 under the assumption that

The first term is less than g*~" since < 5. For the second, we have v —1 < 2n—9; (use

o1 = 4n. (6.49)
The third term is at most g~%2/2 < g7 if

by >2m. (6.50)

(c) Suppose that % -0r<u< % + 83. In this configuration, we apply the third bound and we
obtain
CE(f, N, M; q) <¢ qF 3312 = gFmatmi+i,

Using (6.47) and v < 1+2n—pu< % + 21 + &, allows us to bound the above expression by

q‘?_i+ﬁ(l+2n)+i(%+2”+52) _ qE—ﬁ(%—Bﬂ—%z) <g,
provided

1
36, < 3 —20m. (6.51)

(d) Assume that u > % + 63 the second bound gives
CF(f, N, M;q) < ° (4772 + "2 7H) < g+ g0 < g,

if we assume that
03> 2n.

Finally, the combination of conditions (6.48) and (6.49) forces n < ﬁ and (6.50)-(6.51) are

1

simultaneously satisfied as long as ) < =5,

in Theorem 4 (0.11).

which gives the correct exponent of the error term

Remark 6.5. The treatment carried out in Section 5.1 remains almost identical if f is level 1
Hecke cusp form. The only change we have to make is to replace the exponent 1/16 by 1/8 in
the fourth bound of Proposition 6.4, which is due to the original Theorem [24, Theorem 1.2]
for small level compared with q. However, it does not improve the final exponent 5L2 since
(6.50)-(6.51) is more restrictive and independent of (6.48)-(6.49).

112



7d Proof of Theorems 1 and 2

7.1 The mollification method

We show here how to derive Theorems 1 and 2 from Theorems 3 and 5. Let 1 < L < g be a
real number such that log L = log g. For any multiplicative character y (mod g), we define the

short linear form
X0 ) (logL/€)2
M(y; L) := 7.1
(L) ZEL o2 logL @D

where  is the Mobius function. Let {A¢(n)},>1 denotes the sequence of Hecke eigenvalues of
a Hecke cusp form of level one and p¢(n) be the convolution inverse of A ¢(n) given by

Ar(p) 1 X pr(n)
L(f,s)_lzn(l— fsp +—25):Zuf—s,%€($)>l.
p p p n=1 N

For 1< L' < g with logL' =log g, we also define

x@Opr (@) logL’/ﬁ)
M(feyL):= 7.2
Fonl):= 2 —m ( log L/ .2
We finally consider the two mollified cubic moments
3 1 2 1
M2 D)= - > ITL(xxi3) MG L), (7.3)
q- X€Dy, .1, (q) i=0
where y is the trivial character, and
1
M) =—— Y L(fex,3)M(FexL)L(x,3)My; L. (7.4)
91y (mod g)

21
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Chapter 7. Proof of Theorems 1 and 2

Note that (7.3) and (7.4) can be written in the form

M xn D= Y (D x(l2)x(l3)

93( ) ,[ [ é; ),
01,0,,05<L (£1£2£3)1/2 X1, X2,€1€2€3 q

xp(0)x(0")

VAT EEDY T3, q),

OLLOLL (ff’)llz

where .73 (x1, x2,€1¢2¢3; q) are T3 (f,€¢'; q) are the twisted cubic moments defined in (0.6)
and (0.7) respectively and with

logL/¢
logL

logL/é’)

2

x(0) = ,u(ﬁ)(

Since f satisfies the Ramanujan-Petersson conjecture, we have for 1 </ < Land 1< ¢' <L,
lx()| <1 and |x;(£) <),

Hence an immediate consequence of Theorem 4 is the following corollary :

Corollary 7.1. For any ¢ > 0, the mollified cubic moments (7.3) and (7.4) satisfy the asymptotic
formula

%3(;(1’%2;6]) — 1+O(L3/2q—é+€) , %S(f;q) — l_f_o((LL/)l/zq—é‘FS),

where the implied constant only depends on € > 0 and polynomially on ty in the second expres-
sion.

7.2 Proof of Theorem 1

We first present the proof of Theorem 1. For any y (mod g), we define the following character-
istic function

100 = 01112912 1k Ok 17212 1 Ol e 1721 1y

Using the generalized Ho6lder’s inequality, we infer

1 2
— Y aw[ILlxs)MaxisD

1/4
1
g(— Y 1()()) (///4(61))3/4,
A=1yeniin@  i=0 q-1

T XDy (@)

where .#*(q) is the mollified fourth moment of Dirichlet L-functions defined in (0.5). On the
other hand, we have the lower bound for the left handside

1 2
— Y 1[Il 3) ML

- > |3 x2 9| - 2,
q- XDy 12 (@) i=0
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7.3. Proof of Theorem 2

where .#3(x1, x2; q) is defined in (7.3) and

1
D = ] >
9472 xeDy 1o (@)
1(x)=0

2
TTL(xxi ) Mxxis D]
i=0

To estimate 2, note that the condition 1(y) = 0 means that one of the central values is less
than log(q)_l. Therefore, if for i = 0,1,2, Z; is the subsum of Z restricted to y such that
[L(xxi, %)I < log(q)_l, we obtain, by positivity, Z < %y + 21 + Z» with foreach i =0, 1,2,

1/2 1/2
1 1 2 1 * 4
Stea 77 2 MGD ) (— (6 )M D) )
! log(q) (q -1 X (mod q) q - ]X (mod q) 2
using again twice Cauchy-Schwarz inequality. Assuming that L = g* with 0 < A < m, we can

use the asymptotic formula provided by Theorem 5 to obtain

17/ 83

1 1/2
(— 3 IM(X;L)IZ) .

log(@) {4 =1 4 (mod ¢)

Moreover, opening the square in |[M(y; L)|> and applying the orthogonality relation yields

X(Ox() _ 1
————< —«loglL, 7.5
(e ggz o8 =

1
— Y MDY
q- x (mod q) ¢=¢' (mod q)
0,0'<L

since L < g. Hence we get

3 .04
1 5 1(X)>|//l (X1, X2 9)| ‘o ( 1

1
= +0,(1).
qd=1 imod g M (q)3 A log(q)”z) P13 A
If
C1:= max P(/l_l)_3,
0<A< AL

= 8064

then for any & > 0, there exists 0 < 1 < -1 8064 depending on ¢ satisfying |[P(A™1) ™3 —¢| < /2.

Finally, choosing Q = Q(¢) large enough such that |03 (1)| < €/2 for g > Q and the result follows.

7.3 Proofof Theorem 2

We proceed in a similar way. Setting

106 )= 01,1029 5|L(f®9(1/2)|/12

logq
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Chapter 7. Proof of Theorems 1 and 2

we obtain

1 1/4
S|l l(x,f))
(61—1)(;1 (7.6)

< (@) (5 )

1 '

T 2 W NL{Fers) MU e L)L (13 MGG L)
Y#1

1/2

where .Z*(f; q) is the mollified twisted second moment

1
A fip=—— Y |L(fexzIMfex)| .
q x(m;);l q)
X

In [6], the authors proved establishes the following asymptotic formula
4 2
A (f3q) =200+ 5) + o, (1), (7.7)

for L' = q’lr with 0 < A < ﬁ and 7 is an absolute constant satisfying n < {(3/2). As in the
previous part, the left handside of (7.6) admits the lower bound

> |5 )| -,

where % is the same as .3 (f; ), but with the absolute values inside and with the restriction
in the summation to y such that 1(y, f) = 0. Writing %) (resp. %2) for the contribution of
IL(y,1/2)| < @ (resp. IL(f® x,1/2)| < @), we get € < 61 + 6, with

1

1/2
1 1
G < —— (M g)V? | —— M(y; L) <3y —
1S ogq" (f; ) 7 > IM(;D A Gog g 172

1 -1 ¥ (mod ¢)
by (7.7) and (7.5). Finally, using again Theorem 5, we have

1/2

Y lL(n M D
q_]x(mod q) ?

1 1 1/2 1
(— Y |M(f®x;L’)|2) (—

s ——
log“(q) \g -1 % (mod q)

1/2
1 1
< — IM(f®)(;L')I2) MY
logzq(q_lx(modq)

1/2

1 1

<1 — ) IM(f®x;L’)|2) ,
logz(q) (CI— 1 1 (mod q)

with
101
(551)1/2 = Z

o<

7(£0)?

<log® L.
¢ 5%

1

— X M(feyLHP< Y

q- x (mod @) ¢=¢'" (mod ¢q)
0,0'<L’

1
@ =0y 1| ———|,
2 A'A(log(q)l’z)

Hence,
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7.3. Proof of Theorem 2

and the rest of the proof is exactly the same as in the previous case.

Remark 7.2. Let f be a primitive Hecke cusp form of prime level g satisfying the Ramanujan-
Petersson conjecture. The formula (0.11) could be used to prove simultaneous non-vanishing
for L(f®y, %)L()(, %) as y runs over non trivial Dirichlet characters modulo g provided that it
is possible to evaluate a second twisted moment of the form

1 2 —
— Y |L(fex3)| x0T,
q-1 ¥ (mod ¢)
x#1
where (¢1,5) =1 and are coprime with g. An asymptotic formula for this moment is given in
[5] in the special case where the level is 1 and ¢; = ¢, = 1 and for general (¢1,¢>) = 1in [6] (also
for level 1). The principal difficulty here is that since the level is g, we have the solve a shifted

convolution problem of the shape

L, A mv () v (57).

for Hecke eigenvalues A ¢(n) of level g.
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