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Abstract

Adversarial learning is an emergent technique that provides better security to machine learn-
ing systems by deliberately protecting them against specific vulnerabilities of the learning
algorithms. Many adversarial learning problems can be cast equivalently as distributionally
robust optimization problems that hedge against the least favorable probability distribution
in a certain ambiguity set.

The main objectives of this thesis center around the development of novel analytics toolboxes
using advanced probability and statistics machinery under the distributionally robust op-
timization/adversarial learning framework. Using a type-2 Wasserstein ambiguity set and
its Gelbrich hull, which constitutes a conservative outer approximation, we propose new
solutions with strong performance guarantees to several problems in statistical learning and
risk management, while at the same time mitingating the curse of dimensionality inherent to
these problems.

The first chapter proposes a distributionally robust inverse covariance estimator that mini-
mizes the worst-case Stein’s loss. The optimal estimator admits a closed-form representation
and exhibits many desirable properties, none of which are imposed ad hoc but arise naturally
from the distributionally robust optimization approach. The optimal estimator is closely
related to a nonlinear eigenvalue shrinkage estimator. For this reason we refer to it as the
Wasserstein shrinkage estimator. Furthermore, the Wasserstein shrinkage estimator can also
be interpreted as a robust maximum likelihood estimator.

The second chapter proposes a distributionally robust minimum mean square error estimator.
Under a mild assumption on the nominal distribution of the uncertain data, we show that
the optimal estimator is an affine function of the observations, which can be constructed effi-
ciently using a first-order optimization method to solve the underlying semidefinite program.
The third chapter studies distributionally robust risk measures under the Gelbrich hull ambi-
guity set, which is an outer approximation of the Wasserstein ambiguity set. We prove that
the robustified Gelbrich risk of many popular law-invariant risk measures admit a closed
form expression. The result is extended to provide tractable reformulations for the worst-case
expected loss as well as the value-at-risk of nonlinear portfolios.
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Zusammenfassung

Gegnerisches Lernen (adversarial learning) bezeichnet eine Methodik des Maschinellen Ler-
nens, die gezielt die Schwachstellen der lernenden Systeme absichert. Viele dieser Methoden
koénnen als ein robustes Optimierungsproblem beziiglich Verteilungen (distributionally ro-
bust optimization problem) formuliert werden, welche sich gegeniiber der ungiinstigsten
Wahrscheinlichkeitsverteilung einer spezifischen Unsicherheitsmenge absichern.

Das Hauptziel dieser Dissertation ist die Entwicklung von neuen analytischen Techniken
zur Berechnung und Beschreibung der erwdhnten Optimierungsprobleme anhand von sta-
tistischen und wahrscheinlichkeitstheoretischen Ansitzen. Wir stellen neue, mit starken
Garantien ausgestattete Losungen zu verschiedenen Problemen des Statistischen Lernens
und des Risiko-Managements vor. Diese Losungen werden mit Hilfe einer Wasserstein typ-2
Unsicherheitsmenge und ihrer sogenannten Gelbrich-Hiille, d.h. einer konservative Approxi-
mation der Unsicherheitsmenge, hergeleitet. Gleichzeitig zeigen wir, dass diese Losungen den
sogenannten Fluch der Dimensionen (curse of dimensionality) elegant umgehen.

Im ersten Kapitel beschreiben wir einen gegen die zugrundeliegende Wahrscheinlichkeits-
verteilung robusten Schitzer fiir die inverse Kovarianz, welcher die Steinsche Verlustfunk-
tion im ungiinstigsten Fall minimiert. Wir zeigen, dass dieser optimale Schitzer analytisch
berechnet warden kann und viele begehrenswerte Eigenschaften besitzt. Diese Eigenschaf-
ten entstammen der robusten Betrachtungsweise und werden in keiner Weise als Bedin-
gung vorausgesetzt werden. Der beschriebene optimale Schitzer ist eng verwandt mit dem
nichtlinearen Schrumpfschitzer (shrinkage estimator). Deshalb nennen wir ihn Wasserstein
Schrumpfschitzer. Der Wasserstein Schrumpfschitzer kann des Weiteren als ein robuster
Maximum-Likelihood-Schitzer interpretiert werden.

Das zweite Kapitel befasst sich mit einem robusten Schitzer zur minimalen mittleren quadra-
tischen Abweichung. Unter schwachen Annahmen iiber die nominale Verteilung unbekannter
Daten zeigen wir, dass dass der optimale Schitzer durch eine affine Funktion der Beobachtun-
gen beschrieben wird, welche mit Hilfe einer Optimierungsmethode erster Ordnung fiir das
zugrundeliegende Semidefinite Programm effizient berechnet werden kann.

Das dritte Kapitel untersucht robuste Risikomalfle, beziiglich aller Verteilungen in einer
Gelbrich-Hiille als Unsicherheitsmenge. Wir beweisen, dass die robuste Version vieler bekann-
ter und verteilungsinvarianter Risikomalle eine geschlossene Darstellung hat. Wir verallge-
meinern dieses Ergebnis, um eine effizient 16sbare Formulierung des erwarteten Verlustes im
ungiinstigsten Fall und des “Werts-im-Risiko” (Value-at-Risk) eines nichtlinearen Portfolios
herzuleiten.
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Introduction

The beginning is the most important part of the work.
— Plato

Many decision problems in science, engineering and economics are affected by uncertain
parameters ¢ with probability distribution P. Usually, the complex decision making process
is mathematically captured as an optimization model whose aim is to find the best decision
which minimizes a certain risk index. The risk index radically depends on the decision chosen
and the distribution P of the random vector ¢. Unfortunately, PP is fundamentally unknown
in practice, and we lack an important input parameter for the decision problem. However,
[ may be indirectly observable through training samples drawn independently from P. In
addition, some structural properties of P may be known. For example, if the random vector
represents a vector of uncertain prices, then P must be supported on the nonnegative orthant.
Alternatively, P may be known to display certain symmetry or unimodality properties, or it
may even be known to belong to some parametric distribution family.

If the true distribution P is unknown, it could be replaced with a nominal distribution P
estimated from the training samples in the decision problem. Note that unlike [?, the nominal
distribution P is accessible as it is constructed from observable quantities. Therefore, the
decision problems under the nominal distribution P are at least in principle solvable. On
the downside, even if the most sophisticated statistical tools are deployed, the nominal dis-
tribution P will invariably differ from the unknown true distribution P that generated the
training samples. Moreover, if P is used instead of P, the solutions of the decision problem
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under the nominal distribution P are likely to inherit any estimation errors in P. In the context
of financial portfolio theory it has even been observed that estimation errors in the input
parameters of an optimization problem are often amplified by the optimization [27, 116]. To
make things worse, one can generally show that even if the distributional input parameters of
a decision problem are unbiased, the optimization results tend to be optimistically biased.
Thus, implementing the optimal decisions leads to disappointment in out-of-sample tests. In
decision analysis this phenomenon is sometimes termed the optimizer’s curse [157], and in
stochastic optimization it is referred to as the optimization bias [37, 153].

Ideally, to mitigate this issue, one should construct an estimator P that is close to the un-
known true distribution P with high confidence. Unfortunately, the accuracy of the nominal
distribution P cannot be increased beyond some fundamental limit by tuning the estima-
tor. The only remaining option to reduce the estimation error is to increase the sample size,
which may be expensive or impossible. Indeed, additional training samples may only become
available in the future. Thus, the optimizer’s curse is fundamental and cannot be eliminated.
However, once the potential to improve the estimator P is exhausted, it may still be possible
to alleviate the optimizer’s curse by altering the decision problems directly. Specifically, we
propose here to robustify these problems against the uncertainty about the true distribu-
tion P. Distributional uncertainty is often referred to as ambiguity or Knightian uncertainty
and is conveniently captured by an ambiguity set, that is, an uncertainty set in the space of
probability distributions.

This thesis consider the distributionally robust decision problem that seeks decisions having
minimum risk under the most adverse distributions in the ambiguity set. Intuitively, the
distributionally robust decision problem can thus be viewed as a zero-sum game, where
the decision-maker first selects a decision with the goal to minimize the risk, in response to
which some fictitious adversary or ‘nature’ selects a distribution from within the ambiguity
set with the goal to maximize the risk. The hope is that by minimizing the worst-case risk,
we actually push down the risk under all distributions in the ambiguity set—in particular
under the unknown true distribution P, which is contained in the ambiguity set if the radius
is large enough. Thus, there is reason to hope that the solutions of distributionally robust
optimization problems with carefully calibrated ambiguity sets display low out-of-sample risk.

Recently, the Wasserstein distance emerges as an appealing option to construct the ambiguity
set [100]. The distributionally robust optimization problems in general and distributionally
robust optimization problems with Wasserstein ambiguity sets in particular are attractive for
a multitude of diverse reasons.

* Fidelity: Distributionally robust models are more ‘honest’ than their nominal counterparts
as they acknowledge the presence of distributional uncertainty. They also benefit from
information about the type and magnitude of the estimation errors, which is conveniently
encoded in the geometry and size of the ambiguity set.

* Managing expectations: Due to the optimizer’s curse, the solutions of nominal decision
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problems equipped with noisy estimators P display an optimistic in-sample risk, which
cannot be realized out of sample. In contrast, the solutions of distributionally robust
decision problems are guaranteed to display an out-of-sample risk that falls below the
worst-case optimal risk whenever the ambiguity set contains the unknown true distribution.
Thus, nominal decision problems over-promise and under-deliver, while distributionally
robust decision problems under-promise and over-deliver.

Computational tractability: The distributionally robust problem can often be reformu-
lated as (or tightly approximated by) finite convex programs that are solvable in polynomial
time using off-the-shelf numerical solvers.

Performance guarantees: For judiciously calibrated ambiguity sets, it can be proven that
the worst-case optimal risk for any fixed sample size provides an upper confidence bound
on the out-of-sample risk attained by the optimizers of the distributionally robust decision
problem (finite sample guarantee) and that the optimizers of the distributionally robust
decision problem converge almost surely to an optimizer with perfect knowledge of I’ as
the number of training samples tends to infinity (asymptotic guarantee).

Regularization by robustification: The optimizer’s curse is reminiscent of overfitting phe-
nomena that plague most statistical learning models. One can show that distributionally
robust learning models equipped with a Wasserstein ambiguity set are often equivalent
to regularized learning models that minimize the sum of a nominal objective and a norm
term that penalizes hypothesis complexity. Similarly, one can show that some distribu-
tionally robust maximum likelihood estimation models produce shrinkage estimators.
Thus, Wasserstein distributional robustness offers new probabilistic interpretations for
popular regularization techniques. The empirical success of regularization methods in
statistics fuels hope that Wasserstein distributionally robust models can effectively combat
the optimizer’s curse across many application areas.

Anticipating black swans: If uncertainty is modeled by the empirical distribution, then
the nominal decision problem evaluates the admissible loss functions only at the training
samples. However, possible future uncertainty realizations that differ from all training
samples but could have devastating consequences (‘black swans’) are ignored. If the
empirical distribution may be perturbed within a Wasserstein ball with a positive radius, on
the other hand, then (possibly small amounts of) probability mass can be moved anywhere
in the support set of the random vector. Thus, the Wasserstein distributionally robust
decision problem faithfully anticipates the possibility of black swans. We emphasize that
all distributions in a Kullback-Leibler divergence ball must be absolutely continuous with
respect to the nominal distribution, which implies that the corresponding distributionally
robust decision problems ignore the possibility of black swans.

Axiomatic justification: Adopting a distributionally robust approach when facing un-
certainty can be justified axiomatically. Under mild technical conditions, the decisions
must be ranked by their corresponding worst-case risk over the ambiguity set of P’ [38,
Theorem 12].
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e Optimality principle: Data-driven optimization aims to use the training data directly
to construct an estimator for the risk index under the unknown true distribution P (a
predictor) and a decision that minimizes this predictor (a prescriptor) without the detour
of constructing an estimator for P. It has been shown that optimal predictors and the
corresponding prescriptors can be constructed by solving a meta-optimization model
that minimizes the in-sample risk of the predictor-prescriptor pairs subject to constraints
guaranteeing that the in-sample risk is actually attainable out of sample. It has been
shown that this meta-optimization problem admits a unique solution: the best predictor-
prescriptor pair is obtained by solving a distributionally robust optimization problem over
all distributions in some neighborhood of the empirical distribution [132, Theorem 7].
Thus, if one aims to transform training data to decisions, it is in some precise sense optimal
to do this by solving a data-driven distributionally robust optimization problem.

Distributionally robust optimization models with Wasserstein ambiguity sets were introduced
in [137]. Reformulations of these models as nonconvex optimization problems as well as initial
attempts to solve these problems via algorithms from global optimization are reported in [175]
and [136, § 7.1]. Convex reformulations and approximations were discovered in [118, 178] and
significantly generalized in [16, 68].

Ideas from distributionally robust optimization also permeate several other areas of statistics
and machine learning, ranging from hypothesis testing [69], inverse optimization [119] to
classification and regression [151, 150]. At the technical level, distributionally robust optimiza-
tion is the backbone of various adversarial learning techniques such as generative adversarial
networks [5, 76] and auto-encoders [164].

Contributions and Structure of the Thesis

The main contributions of this thesis are divided into three self-contained chapters organized
in the chronological order of discovery.

In Chapter 1 we revisit the problem of estimating the inverse covariance matrix of a random
vector from i.i.d. sampled data from the lens of distributionally robust optimization. Using a
coherent robustification of the maximum likelihood estimation problem for Gaussian random
vector using the Wasserstein type-2 ambiguity set, we will show that the optimal robust esti-
mator is a nonlinear shrinkage estimator. We also develop a Newton-type numerical method
to solve the robust maximum likelihood estimation problem when there are conditional inde-
pendence constraints in the estimation process. The content of this chapter is condensed in
the following paper.

(i) V.A. Nguyen, D. Kuhn, and P. Mohajerin Esfahani. Distributionally Robust Inverse Co-
variance Estimation: The Wasserstein Shrinkage Estimator. Minor revision at Operations
Research - Resubmitted.
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In Chapter 2 we revisit the fundamental problem of minimum mean square error estimation.
We show that if the nominal distribution is a Gaussian distribution, the optimal estimator is
an affine function of the observations. Moreover, we prove that the optimal estimator can be
recovered from the optimal solution of a linear semidefinite program. The result can be further
extended to the case of elliptical nominal distribution. For large scale estimation problem we
develop a first-order Frank-Wolfe method which enjoys linear convergence guarantees. The
content of this chapter is presented in the following paper.

(ii) V.A. Nguyen, S. Shafieezadeh-Abadeh, D. Kuhn, and P Mohajerin Esfahani. Bridging
Bayesian and Minimax Mean Square Error Estimation via Wasserstein Distributionally
Robust Optimization. Working paper.

In Chapter 3 we introduce the Gelbrich hull that exploits only the information about the first
two moments of the nominal distribution and it is provably the superset of the Wasserstein
type-2 ambiguity set. We propose a principled approach to construct the Gelbrich risk which
conservatively approximates the risk under the Wasserstein ambiguity set. We show that the
Gelbrich risk can be reformulated as a finite convex optimization, and in specific case, admits
an analytical expression. The content of this chapter is exhibited in the following paper.

(iii) V.A. Nguyen, S. Shafieezadeh-Abadeh, D. Filipovi¢ and D. Kuhn. Distributionally Robust
Risk Measures with Structured Ambiguity Sets. Working paper.

Statement of Originality

I hereby certify that this thesis is the result of my own work, where some parts are the result
of collaborations with my supervisor Dr. Daniel Kuhn, my supervisor Dr. Peyman Mohajerin
Esfahani, as well as my scientific collaborators: Dr. Damir Filipovi¢ and Soroosh Shafieezadeh-
Abadeh. No other person’s work has been used without due acknowledgment.






The enchanting charms of this sublime science reveal themselves in all their beauty only to
those who have the courage to go deeply into it.
— Carl Friedrich Gauss






1] Distributionally Robust Inverse Co-
variance Estimation: The Wasserstein
Shrinkage Estimator

It can scarcely be denied that the supreme goal of all theory is to make the irreducible basic
elements as simple and as few as possible without having to surrender the adequate
representation of a single datum of experience.

— Albert Einstein

We introduce a distributionally robust maximum likelihood estimation model with a Wasser-
stein ambiguity set to infer the inverse covariance matrix of a p-dimensional Gaussian random
vector from n independent samples. The proposed model minimizes the worst case (maxi-
mum) of Stein’s loss across all normal reference distributions within a prescribed Wasserstein
distance from the normal distribution characterized by the sample mean and the sample
covariance matrix. We prove that this estimation problem is equivalent to a semidefinite
program that is tractable in theory but beyond the reach of general purpose solvers for prac-
tically relevant problem dimensions p. In the absence of any prior structural information,
the estimation problem has an analytical solution that is naturally interpreted as a nonlinear
shrinkage estimator. Besides being invertible and well-conditioned even for p > n, the new
shrinkage estimator is rotation-equivariant and preserves the order of the eigenvalues of the
sample covariance matrix. These desirable properties are not imposed ad hoc but emerge
naturally from the underlying distributionally robust optimization model. Finally, we develop
a sequential quadratic approximation algorithm for efficiently solving the general estimation
problem subject to conditional independence constraints typically encountered in Gaussian
graphical models.



Wasserstein Shrinkage Estimator

1.1 Introduction

The covariance matrix = £ Epl-Ep[E]) (& -Ep [6])T] of a random vector ¢ € R” governed by
a distribution P collects basic information about the spreads of all individual components
and the linear dependencies among all pairs of components of ¢. The inverse 2! of the
covariance matrix is called the precision matrix. This terminology captures the intuition that
a large spread reflects a low precision and vice versa. While the covariance matrix appears
in the formulations of many problems in engineering, science and economics, it is often the
precision matrix that emerges in their solutions. For example, the optimal classification rule
in linear discriminant analysis [60], the optimal investment portfolio in Markowitz’ celebrated
mean-variance model [115] or the optimal array vector of the beamforming problem in sig-
nal processing [48] all depend on the precision matrix. Moreover, the optimal fingerprint
method used to detect a multivariate climate change signal blurred by weather noise requires
knowledge of the climate vector’s precision matrix [142].

1.1.1 Background on Precision Matrix Estimation

If the distribution P of ¢ is known, then the covariance matrix ¥ and the precision matrix >l
can atleast principally be calculated in closed form. In practice, however, P is never known and
only indirectly observable through n independent training samples &1,...,&, from P. In this
setting, = and X! need to be estimated from the training data. Arguably the simplest estimator
for T is the sample covariance matrix % % xh Ei-WE -7, where i 2 %Z;’zl &; stands
for the sample mean. Note that ji and X simply represent the actual mean and covariance
matrix of the uniform distribution on the training samples. For later convenience, % is defined
here without Bessel’s correction and thus constitutes a biased estimator.! Moreover, as a sum
of n rank-1 matrices, < is rank deficient in the big data regime (p > n). In this case, = cannot be

inverted to obtain a precision matrix estimator, which is often the actual quantity of interest.

If ¢ follows a normal distribution with unknown mean p and precision matrix X > 0, which we
will assume throughout the rest of the paper, then the log-likelihood function of the training
data can be expressed as

— A Nhp n 1 & - Tos
2L, X) £ -="log(2m) + - logdet X - - Y (Ei—w X(E-w
i=1
- —%log(Zn) + glogdetX - gTr [SX]- g(ﬁ— W X({@- ). (1.1)
Note that 2 (4, X) is strictly concave in p and X [18, Chapter 7] and depends on the training
samples only through the sample mean and the sample covariance matrix. It is clear from the
last expression that 2 (1, X) is maximized by u* = fi for any fixed X. The maximum likelihood

estimator X™* for the precision matrix is thus obtained by maximizing 2 ({1, X) over all X >0,

1 An elementary calculation shows that Epr [$] = ”7712.
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which is tantamount to solving the convex program
inf —logdet X + Tr [ZX]. (1.2)
X>0

If £ is rank deficient, which necessarily happens for p > n, then problem (1.2) is unbounded.
Indeed, expressing the sample covariance matrix as = = RAR" with R orthogonal and A > 0
diagonal, we may set X; = RAxR' for any k € N, where A > 0 is the diagonal matrix with
(AR)ii =1if A; >0and (Ag);; = kif A; = 0. By construction, the objective value of Xj in (1.2)
tends to —oo as k grows. If T is invertible, on the other hand, then the first-order optimality
conditions can be solved analytically, showing that the minimum of problem (1.2) is attained at
X* =371, This implies that maximum likelihood estimation under normality simply recovers
the sample covariance matrix but fails to yield a precision matrix estimator for p > n.

Adding an ¢;-regularization term to its objective function guarantees that problem (1.2)
has a unique minimizer X* > 0, which constitutes a proper (invertible) precision matrix
estimator [84]. Moreover, as the ¢;-norm represents the convex envelope of the cardinality
function on the unit hypercube, the ¢;-norm regularized maximum likelihood estimation
problem promotes sparse precision matrices that encode interpretable Gaussian graphical
models [6, 65]. Indeed, under the given normality assumption one can show that X;; = 0 if
and only if the random variables ¢; and ¢ ; are conditionally independent given {{x}key;, j; [102].
The sparsity pattern of the precision matrix X thus captures the conditional independence
structure of ¢.

In theory, the ¢;-norm regularized maximum likelihood estimation problem can be solved in
polynomial time via modern interior point algorithms. In practice, however, scalability to high
dimensions remains challenging due to the problem’s semidefinite nature, and larger problem
instances must be addressed with special-purpose methods such as the Newton-type QUIC
algorithm [84].

Instead of penalizing the ¢;-norm of the precision matrix, one may alternatively penalize its
inverse X! with the goal of promoting sparsity in the covariance matrix and thus controlling
the marginal independence structure of ¢ [15]. Despite its attractive statistical properties, this
alternative model leads to a hard non-convex and non-smooth optimization problem, which
can only be solved approximately.

By the Fisher-Neyman factorization theorem, ¥ is a sufficient statistic for the true covariance
matrix 2 of a normally distributed random vector, that is, £ contains the same information
about X as the entire training dataset. Without any loss of generality, we may thus focus on
estimators that depend on the data only through £. If neither the covariance matrix X nor the
precision matrix X! are known to be sparse and if there is no prior information about the
orientation of their eigenvectors, it is reasonable to restrict attention to rotation equivariant
estimators. A precision matrix estimator X () is called rotation equivariant if X(RERT) =
RXE)RT for any rotation matrix R. This definition requires that the estimator for the rotated
data coincides with the rotated estimator for the original data. One can show that rotation
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equivariant estimators have the same eigenvectors as the sample covariance matrix (see, e.g.,
[134, Lemma 5.3] for a simple proof) and are thus uniquely determined by their eigenvalues.
Hence, imposing rotation equivariance reduces the degrees of freedom from p(p +1)/2 to
p. Using an entropy loss function introduced in [90], Stein was the first to demonstrate that
superior covariance estimators in the sense of statistical decision theory can be constructed
by shrinking the eigenvalues of the sample covariance matrix [159, 160]. Unfortunately, his
proposed shrinkage transformation may alter the order of the eigenvalues and even undermine
the positive semidefiniteness of the resulting estimator when p > n, which necessitates an ad
hoc correction step involving an isotonic regression. Various refinements of this approach
are reported in [43, 79, 176] and the references therein, but most of these works focus on the
low-dimensional case when n = p.

Jensen’s inequality suggests that the largest (smallest) eigenvalue of the sample covariance
matrix ¥ is biased upwards (downwards), which implies that £ tends to be ill-conditioned [169].
This effect is most pronounced for X = I. A promising shrinkage estimator for the covariance
matrix is thus obtained by forming a convex combination of the sample covariance matrix
and the identity matrix scaled by the average of the sample eigenvalues [105]. If its convex
weights are chosen optimally in view of the Frobenius risk, the resulting shrinkage estimator
can be shown to be both well-conditioned and more accurate than . Alternative shrinkage
targets include the constant correlation model, which preserves the sample variances but
equalizes all pairwise correlations [104], the single index model, which assumes that each
random variable is explained by one systematic and one idiosyncratic risk factor [103], or the
diagonal matrix of the sample eigenvalues [166] etc.

The linear shrinkage estimators described above are computationally attractive because
evaluating convex combinations is cheap. Computing the corresponding precision matrix
estimators requires a matrix inversion and is therefore more expensive. We emphasize that
linear shrinkage estimators for the precision matrix itself, obtained by forming a cheap convex
combination of the inverse sample covariance matrix and a shrinkage target, are not available
in the big data regime when p > n and £ fails to be invertible.

More recently, insights from random matrix theory have motivated a new rotation equivariant
shrinkage estimator that applies an individualized shrinkage intensity to every sample eigen-
value [106]. While this nonlinear shrinkage estimator offers significant improvements over
linear shrinkage, its evaluation necessitates the solution of a hard nonconvex optimization
problem, which becomes cumbersome for large values of p. Alternative nonlinear shrinkage
estimators can be obtained by imposing an upper bound on the condition number of the
covariance matrix in the underlying maximum likelihood estimation problem [173].

Alternatively, multi-factor models familiar from the arbitrage pricing theory can be used to
approximate the covariance matrix by a sum of a low-rank and a diagonal component, both of
which have only few free parameters and are thus easier to estimate. Such a dimensionality
reduction leads to stable estimators [28, 58].

12
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1.1.2 Problem Statement and Contributions

This paper endeavors to develop a principled approach to precision matrix estimation, which
is inspired by recent advances in distributionally robust optimization [39, 73, 172]. For the sake
of argument, assume that the true distribution of ¢ is given by P = A (ug, Zo), where Zg > 0. If
Lo and Xy were known, the quality of some estimators p and X for pg and 2!, respectively,
could conveniently be measured by Stein’s loss [90]

L(X,w) & —logdet(ZoX) + Tr[Zo X | + (o — ) X (o — ) — p
= —logdet X +Fp [(¢ — )" X (& — )] —logdetZo - p, (1.3)

which is reminiscent of the log-likelihood function (1.1). It is easy to verify that Stein’s loss
is nonnegative for all u € R” and X € Sf and vanishes only at the true mean u = 4y and the
true precision matrix X = X 1, Of course, we cannot minimize Stein’s loss directly because P is
unknown. As a naive remedy, one could instead minimize an approximation of Stein’s loss
obtained by removing the (unknown but irrelevant) normalization constant —logdetXy — p
and replacing P in (1.3) with the empirical distribution P,, = .4 (11, £). However, in doing so we
simply recover the standard maximum likelihood estimation problem, which is unbounded
for p > n and outputs the sample mean and the inverse sample covariance matrix for p < n.
This motivates us to robustify the empirical loss minimization problem by exploiting that P,
is close to [P in Wasserstein distance.

Definition 1.1 (Wasserstein distance). The type-2 Wasserstein distance between two arbitrary
distributions Py and P, on RP with finite second moments is defined as

W (P, P,) 2 ilr}f{ (f [€1-¢&2 HZH(dfl,dfz) *, Misajoint distribution ofy and s }
RP xRP

" with marginals Py and P, respectively

The squared Wasserstein distance between [°; and PP, can be interpreted as the cost of moving
the distribution P; to the distribution P,, where ||& — &, |12 quantifies the cost of moving unit
mass from &; to &s.

A central limit type theorem for the Wasserstein distance between empirical normal distribu-
tions implies that n- W (P, P)? converges weakly to a quadratic functional of independent
normal random variables as the number 7 of training samples tends to infinity [143, The-
orem 2.3]. We may thus conclude that for every n € (0,1) there exists g(n) > 0 such that
P [W(@n, P)<qgm n_%] > 1 —n for all n large enough. In the following we denote by .A” the
family of all normal distributions on R” and by

By ={Qe€ AP :W(@Q,Py) < p}

the ambiguity set of all normal distributions whose Wasserstein distance to P, is at most p = 0.
Note that B, depends on the unknown true distribution P only through the training data and,
for p = g(n) n"z, contains P with confidence 1 — 1 asymptotically as n tends to infinity. It is
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thus natural to formulate a distributionally robust estimation problem for the precision matrix
that minimizes Stein’s loss—modulo an irrelevant normalization constant—in the worst case
across all reference distributions Q € B,,.

Z([@,2)2  inf {—logdetX+ sup Eq [(€ - " X(E-w)] } (1.4)
HERP, XeZX QeB,

Here, €S, denotes the set of admissible precision matrices. In the absence of any prior
structural information, the only requirement is that X be positive semidefinite and invertible,
in which case 2" = S”, . Known conditional independence relationships impose a sparsity
pattern on X, which is easily enforced through linear equality constraints in . By adopting
a worst-case perspective, we hope that the minimizers of (1.4) will have low Stein’s loss with
respect to all distributions in B, including the unknown true distribution P. As Stein’s loss
with respect to the empirical distribution is proportional to the log-likelihood function (1.1),
problem (1.4) can also be interpreted as a robust maximum likelihood estimation problem
that hedges against perturbations in the training samples. As we will show below, this robusti-
fication is tractable and has a regularizing effect.

Recently it has been discovered that distributionally robust optimization models with Wasser-
stein ambiguity sets centered at discrete distributions on R” (and without any normality
restrictions) are often equivalent to tractable convex programs [118, 178]. Extensions of these
results to general Polish spaces are reported in [16, 68]. The explicit convex reformulations of
Wasserstein distributionally robust models have not only facilitated efficient solution proce-
dures but have also revealed insightful connections between distributional robustness and
regularization in machine learning. Indeed, many classical regularization schemes of super-
vised learning such as the Lasso method can be explained by a Wasserstein distributionally
robust model. This link was first discovered in the context of logistic regression [151] and
later extended to other popular regression and classification models [16, 150] and even to
generative adversarial networks in deep learning [67].

Model (1.4) differs fundamentally from all existing distributionally robust optimization models
in that the ambiguity set contains only normal distributions. As the family of normal distribu-
tions fails to be closed under mixtures, the ambiguity set is thus nonconvex. In the remainder
of the paper we devise efficient solution methods for problem (1.4), and we investigate the
properties of the resulting precision matrix estimator.

The main contributions of this paper can be summarized as follows.
* Leveraging an analytical formula for the Wasserstein distance between two normal distri-
butions derived in [72], we prove that the distributionally robust estimation problem (1.4)

is equivalent to a tractable semidefinite program—despite the nonconvex nature of the
underlying ambiguity set.

* We prove that problem (1.4) and its unique minimizer depend on the training data only
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through £ (but not through fi), which is reassuring because £ is a sufficient statistic for the
precision matrix.

* In the absence of any structural information, we demonstrate that problem (1.4) has an
analytical solution that is naturally interpreted as a nonlinear shrinkage estimator. Indeed,
the optimal precision matrix estimator shares the eigenvectors of the sample covariance
matrix, and as the radius p of the Wasserstein ambiguity set grows, its eigenvalues are
shrunk towards 0 while preserving their order. At the same time, the condition number of
the optimal estimator steadily improves and eventually converges to 1 even for p > n. These
desirable properties are not enforced ex ante but emerge naturally from the underlying
distributionally robust optimization model.

* In the presence of conditional independence constraints, the semidefinite program equiva-
lent to (1.4) is beyond the reach of general purpose solvers for practically relevant problem
dimensions p. We thus devise an efficient sequential quadratic approximation method
reminiscent of the QUIC algorithm [84], which can solve instances of problem (1.4) with
p < 10* on a standard PC.

* We derive an analytical formula for the extremal distribution that attains the supremum
in (1.4).

An important aspect of the distributionally robust estimation problem (1.4) is the choice of
the radius p = 0 of the ambiguity set B,. Ideally, this hyperparameter should be tuned so as
to minimize the distance between the precision matrix estimator X* (p) that solves (1.4) and
the unknown true precision matrix X~!. While this paper was under review, Blanchet and
Si managed to prove that if distances in S” are measured via Stein’s loss function and there
are no conditional independence constraints, then the Wasserstein radius that minimizes
the expected distance between the estimator X*(p) and the true precision matrix X! scales
linearly with the sample size as n~!, where the proportionality constant is a function of the
true covariance matrix that is known in closed form [17, Theorem 1]. This result is surprising
vis-a-vis the central limit type theorem [143, Theorem 2.3], which suggests a canonical square
root scaling of the form n"z.In practice, p should be calibrated in view of the training samples
&ly..., &, for example via cross-validation using application-specific performance measures.
Concrete examples of different cross-validation schemes are described in Section 1.6.

The paper is structured as follows. Section 1.2 demonstrates that the distributionally robust
estimation problem (1.4) admits an exact reformulation as a tractable semidefinite program.
Section 1.3 derives an analytical solution of this semidefinite program in the absence of any
structural information, while Section 1.4 develops an efficient sequential quadratic approxi-
mation algorithm for the problem with conditional independence constraints. The extremal
distribution that attains the worst-case expectation in (1.4) is characterized in Section 1.5, and
numerical experiments based on synthetic and real data are reported in Section 1.6.

Notation. For any A € RP*P we use Tr [ A] to denote the trace and [ Al = \/Tr[AT A] to denote
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the Frobenius norm of A. By slight abuse of notation, the Euclidean norm of v € R” is also
denoted by | v|. Moreover, I stands for the identity matrix. Its dimension is usually evident
from the context. For any A, B € RP*?, we use (A, B) = Tr [AT B] to denote the inner product
and A® B eRP *P* to denote the Kronecker product of A and B. The space of all symmetric
matrices in R”*? is denoted by S”. We use S/ (S%,) to represent the cone of symmetric
positive semidefinite (positive definite) matrices in S”. For any A, B € $”, the relation A = B
(A>B) means that A-BeS! (A-BeS”,).

1.2 Tractable Reformulation

Throughout this paper we assume that the random vector ¢ € R” is normally distributed. This
is in line with the common practice in statistics and in the natural and social sciences, whereby
normal distributions are routinely used to model random vectors whose distributions are
unknown. The normality assumption is often justified by the central limit theorem, which
suggests that random vectors influenced by many small and unrelated disturbances are
approximately normally distributed. Moreover, the normal distribution maximizes entropy
across all distributions with given first- and second-order moments, and as such it constitutes
the least prejudiced distribution compatible with a given mean vector and covariance matrix.

1.2.1 Preliminaries

In order to facilitate rigorous statements, we first provide a formal definition of normal distri-
butions.

Definition 1.2 (Normal distributions). We say that P is a normal distribution on RP with mean
U € RP and covariance matrix X € §f, that is, P = N (u,2), if P is supported on supp(P) =
{u+ Ev : v € R}, and if the density function of P with respect to the Lebesgue measure on
supp(P) is given by
or(§) = L e~ C-WTEDTETC-p)
V (2m)* det(D)

where k = rank(Z), D € S¥, is the diagonal matrix of the positive eigenvalues of X, and E €
RP*k is the matrix whose columns correspond to the orthonormal eigenvectors of the positive
eigenvalues of Z. The family of all normal distributions on RP is denoted by AP, while the
subfamily of all distributions in &P with zero means and arbitrary covariance matrices is
denoted by %p .

Definition 1.2 explicitly allows for degenerate normal distributions with rank deficient covari-
ance matrices.

The normality assumption also has distinct computational advantages. In fact, while the
Wasserstein distance between two generic distributions is only given implicitly as the solution
of a mass transportation problem, the Wasserstein distance between two normal distributions
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is known in closed form. It can be expressed explicitly as a function of the mean vectors and
covariance matrices of the two distributions.

Proposition 1.3 (Givens and Shortt [72, Proposition 7]). The type-2 Wasserstein distance be-
tween two normal distributions Py = A (u1,X1) and Py = N (U2, X2) with u1,ue € RP and
21,22€ Sf amounts to

WP, P,) = \/||u1 — o ||F + Te[21] + Tr[Z2] —2Tr [\ VE221VZ2).

If P; and P, share the same mean vector (e.g,, if y; = yo = 0), then the Wasserstein distance
W(P,,P,) reduces to a function of the covariance matrices X; and X, only, thereby inducing a
metric on the cone S7,.

Definition 1.4 (Induced metric on S%). Let Ws:S” x S? — R, be the metricon S? induced
by the type-2 Wasserstein metric on the family of normal distributions with equal means. Thus,
forallx,,%, € §f we set

Wg(Z,20) 2 \/Tr [Z1] + Tr[Zo] - 2Tr [\ VZ2 21V Z2].

The definition of W implies via Proposition 1.3 that W(P;,Py) = Wg(Z1,%») for all P, =
N (u1,21) and Py = A (42, 22) with y; = pp. Thanks to its interpretation as the restriction
of W to the space of normal distributions with a fixed mean, it is easy to verify that W is
symmetric and positive definite and satisfies the triangle inequality. In other words, W
inherits the property of being a metric from W.

Corollary 1.5 (Commuting covariance matrices). If%;,%, € §f commute 12> =2»,21), then
the induced Wasserstein distance W g simplifies to the trace norm between the square roots of

21 and Z,, that is,
Ws(Z1,22) = [VZ1 - V.

Proof. The commutativity of X; and X, implies that 222, v/Xy = X125, whereby

2
Ws(Z,20) = \/Tr [Z1] + Te[Z2] - 2Tr [VE132] = \/Tr [ (\/21 - \/zz) | = [VE - VZ.
Thus, the claim follows. O
Proposition 1.3 reveals that the Wasserstein distance between any two (possibly degenerate)

normal distributions is finite. In contrast, the Kullback-Leibler divergence between degenerate
and non-degenerate normal distributions is infinite.

Remark 1.6 (Kullback-Leibler divergence between normal distributions). A simple calculation
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shows that the Kullback-Leibler divergence from Py = A (U2, 22) toPy = A (u1,Z1) amounts to
1 _ _
Dyt (P1lIP2) = 2 [(u2 —p1) "25 (uo — 1) + Tr [£125, 1] — p—logdet 2, +logdet =, |

whenever uy, iy € RP and 21,2, € §f+. If either Py orP, is degenerate (that is, if 2, is singular
and X, invertible or vice versa), then Py fails to be absolutely continuous with respect to P,
which implies that Dy (P |P2) = oco. Moreover, from the above formula it is easy to verify that
D1 (P11IP,) diverges if either X, or Z, tends to a singular matrix.

In the big data regime (p > 1) the sample covariance matrix £ is singular even if the samples
are drawn from a non-degenerate normal distribution P = A (u,Z) with X € §’f +- In this case,
the Kullback-Leibler distance between the empirical distribution P= (I, 3) and P is infinite,
and thus P and P are perceived as maximally dissimilar despite their intimate relation. In
contrast, their Wasserstein distance is finite.

1.2.2 Precision Matrix Estimation when the Mean Vector is Known

Before investigating the general problem (1.4), we first address a simpler problem variant
where the true mean g of ¢ is known to vanish. Thus, we temporarily assume that ¢ follows
N(0,Zp). In this setting, it makes sense to focus on the modified ambiguity set [EBg £ Qe
JVJ’ : W(Q,P) < p}, which contains all normal distributions with zero mean that have a
Wasserstein distance of at most p = 0 from the empirical distribution P = .4/ (0,%). Under these
assumptions, the estimation problem (1.4) thus simplifies to

f(f)éXig;{—logdetX+ sup E@KffT,X}]}. (1.5)
QeB)

We are now ready to state the first main result of this section.

Theorem 1.7 (Convex reformulation). For any fixed p >0 and £ = 0, the simplified distribu-
tionally robust estimation problem (1.5) is equivalent to

. inf —logdetX +y(p?-Tr[Z]) +y*{(yI- X)7L, %)
F(E)=1 X (1.6)
s.t. yI>X>0, XeX.

Moreover, the optimal value function _¢ (2) is continuous inX€S,.

The proof of Theorem 1.7 relies on several auxiliary results. A main ingredient to derive the
convex program (1.6) is a reformulation of the worst-case expectation function g: S, xSy — R
defined through

g, X) 2 sup Egl{&¢T, X)I. (1.7)
QeB)
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In Proposition 1.9 below we will demonstrate that g (&, X) is continuous and coincides with
the optimal value of an explicit semidefinite program, a result which depends on the following
preparatory lemma.

Lemma 1.8 (Continuity properties of partial infima). Consider a function ¢ :& xI' — R on two
normed spaces & and T, and define the partial infimum with respect toy as ®(e) = infyer (e,y)
foreveryeeé.

(i) Ifp(e,y) is continuousine ateg € & foreveryy € I, then ®(g) is upper-semicontinuous at
0.

(ii) If (g,y) is calm from below at €y € & uniformly iny €T, that is, if there exists a con-
stant L = 0 such that @(&,y) — @(€o,Y) = —Llleg — €|l for all y € T, then ®(¢) is lower-
semicontinuous at €.

Proof. As for assertion (i), we have
limsup®(e) =inf sup P(e) =inf sup infe(e,y)
e—£ 0>0g—gy|<5 6>0g—gy| <5 YET

<infinf sup ¢(e,7) =inflimsupp(e,y) = infp(ey,y) = D(ep),
yer yer

Yel'6>0 le—eoll<b £E—¢&)

where the inequality follows from interchanging the infimum and supremum operators,
while the penultimate equality in the last line relies on the continuity assumption. As for
assertion (ii), note that

liminf®(g) = su inf ®(e) =su inf infe(e,y) =supinf inf (g,7)
E—E&g 5>Iglls—£0||56 5>§\|£—£0||56y€1"(p Y 5>€yef|lg—golls6(p Y

>supinf inf (€0,7) — Llleg — €ll) = sup inf (¢(€9,y) — LO
6>gY€F\|£—£o||56(¢ oY llo ”) §>E’y€r(‘l’ 07 )

= infp(€o,y) = P(€o),
yer
where the inequality in the second line holds due to the calmness assumption. O

Proposition 1.9 (Worst-case expectation function). For any fixed p >0, E =0 and X > 0, the
worst-case expectation g(E, X) defined in (1.7) coincides with the optimal value of the tractable
semidefinite program

inf y (= Tr[E]) +y*((r1 - 2071,2)
s.t. yI>X.

(1.8)
Moreover, the optimal value function g (£, X) is continuous in (£, X) e S? xS¥, .

Proof. Using the definitions of the worst-case expectation g(Z, X) and the ambiguity set BY,
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we find

g, X) = sup (EglééT], X) = sup {(S, X): Ws(S,2) < p},
Qe Ses?

where the second equality holds because the metric W on S” is induced by the type-2
Wasserstein metric W on J/()p , meaning that there is a one-to-one correspondence between
distributions Q € %p with W (Q, P) < p and covariance matrices S € Sf with Wg(S, )< p-
The continuity of g(£, X) thus follows from Berge’s maximum theorem [11, pp. 115-116],
which applies because (S, X ) and W (S, ) are continuous in (S, %, X) € S” x S” x S”_ while
{Ses? :Wy(s, %) < p} is nonempty and compact for every £ € s” and p > 0.

By the definition of the induced metric W we then obtain

g, X) = sup {(s, X):Te[E] + Te[S] -2 Tr [V £2582] < pz}. (1.9)

Ses?

To establish the equivalence between (1.8) and (1.9), we first assume that £ > 0. The gener-
alization to rank deficient sample covariance matrices will be addressed later. By dualizing
the explicit constraint in (1.9) and introducing the constant matrix M = $2, which inherits
invertibility from i, we find

g, X) = sup ing(S,X—yU +2y(VMSM, I) +vy(p* - Tr[Z])
’y>

sesP =

= ing sup (S, X —yI) +2y(VMSM,I) +y(p* - Tr[Z])
Y20 ges?

= inf{y(p2 ~Tr[Z]) + sup {(BZ,M_I(X—)/I)M_1>+2y(B,I>}}. (1.10)
=0 BeS?

Here, the first equality exploits the identity Tr [ A] = (A, I) for any A € RP*P, the second equality
follows from strong duality, which holds because £ constitutes a Slater point for problem (1.9)
when p > 0, and the third equality relies on the substitution B — v/MSM, which implies that
S = M~'B>M~!. Introducing the shorthand A = M~ (X —yI)M~" allows us to simplify the
inner maximization problem over B in (1.10) to

sup {(B* A)+2y(B, I)}. (1.11)
BeSP

If A £0, then (1.11) is unbounded. To see this, denote by Z(A) the largest eigenvalue of A
and by 7 a corresponding eigenvector. If A(A) > 0, then the objective value of By = k- v =0
in (1.11) grows quadratically with k. If Z(A) =0, then y > 0 for otherwise X < 0 contrary to
our assumption, and thus the objective value of By in (1.11) grows linearly with k. In both
cases (1.11) is indeed unbounded.
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If A <0, then (1.11) becomes a convex optimization problem that can be solved analytically.
Indeed, the objective function of (1.11) is minimized by B* = —yA~!, which satisfies the
first-order optimality condition

BA+AB+2yI=0 (1.12)

and is strictly feasible in (1.11) because A < 0. Moreover, as (1.12) is naturally interpreted as
a continuous Lyapunov equation, its solution B* can be shown to be unique; see, e.g., [83,
Theorem 12.5]. We may thus conclude that B* is the unique maximizer of (1.11) and that the
maximum of (1.11) amounts to —y* Tr[A™!].

Adding the constraint yI > X to the outer minimization problem in (1.10), thus excluding all
values of y for which A £ 0 and the inner supremum is infinite, and replacing the optimal
value of the inner maximization problem with —y?Tr [A™1] = y*((yI - X)‘1,§> yields (1.8).
This establishes the claim for £ > 0.

In the second part of the proof, we show that the claim remains valid for rank deficient sample
covariance matrices. To this end, we denote the optimal value of problem (1.8) by g’(Z, X).
From the first part of the proof we know that g’(i, X) = g(i, X) for all i, Xe §f+. We also know
that g(Z, X) is continuous in (£, X) € S” x S¥, . It remains to be shown that g'(Z, X) = g(&, X)
forallSeS” and X e S”,.

Fixany 2 € S” and X € S”,, and note that £ + £I > 0 for every £ > 0. Defining the intervals
=Ry andI'={y eR:yI> X} as well as the auxiliary functions

DE)=g E+el,X) and ¢(e,y) =y (p* ~Tr[E+el]) +y*{((yI-X)", T +eI),

it follows from (1.8) that
®e) =infp(e,y) Veeé.
yer

One can show via Lemma 1.8 that ®(¢) is continuous at € = 0. Indeed, ¢(¢,7) is linear and
thus continuous in ¢ for every y € I', which implies via Lemma 1.8(a) that ®(¢) is upper-
semicontinuous at € = 0. Moreover, ¢(¢,7) is calm from below at € = 0 with L = 0 uniformly in
Y €T because

e, -0, =yTr[U-y'X)"'-I]e=0 Vyel.

Here, the inequality holds for all y € T' due to the conditions I > y~! X > 0, which are equivalent
to0<I-— )f_lX < I and imply (I - }f‘lX)_1 > I. Lemma 1.8(b) thus ensures that ®(¢) is lower-
semicontinuous at € = 0. In summary, we conclude that ®(¢) is indeed continuous at € = 0.

Combining the above results, we find
gE X) = lim gE+el,X) = lim gE+el,X)= lim ®(¢) = ®(0) = gE, X,
e—0* e—0* e—0*

where the five equalities hold due to the continuity of g(i,X) in f, the fact that g(f,X) =
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g'(=, X) for all £ > 0, the definition of ®(¢), the continuity of ®(e) at & = 0 and once again from
the definition of ®(e), respectively. The claim now follows because £ € S” and X € S”, were
chosen arbitrarily. O

We have now collected all necessary ingredients for the proof of Theorem 1.7.

Proof of Theorem 1.7. By Proposition 1.9, the worst-case expectation in (1.5) coincides with
the optimal value of the semidefinite program (1.8). Substituting this semidefinite program
into (1.5) yields (1.6). Note that the condition X > 0, which ensures that logdet X is well-
defined, is actually redundant because it is implied by the constraint X € &'. Nevertheless, we
make it explicit in (1.6) for the sake of clarity.

It remains to show that _# () is continuous. To this end, we first construct bounds on the
minimizers of (1.6) that vary continuously with £. Such bounds can be constructed from any
feasible decision (Xp,Yo). Assume without loss of generality that yy > p/p?, and denote by
fo ) the objective value of (Xy,yo) in (1.6), which constitutes a linear function of 3. Moreover,
define two continuous auxiliary functions

_ R - &)
(Z)Afo(z) p-logyo) 4 el (1.13)

0% - pyy! B0 it

which are strictly positive because yo > p/p?. Clearly, the infimum of problem (1.6) is de-
termined only by feasible decisions (X,y) with an objective value of at most fj (f). All such
decisions satisfy

fo® =-logdetX +yp* +y{((I-y ' X)™' = I,2) = —~logdet X +yp? (1.14)
—plogy +yp® = (0>~ vy p)y + p(1-logyo),

where the second and third inequalites exploit the estimates (I -y~ 'X)™! > I and detX <
det(yI) = yP, respectively, which are both implied by the constraint yI > X > 0, and the last
inequality holds because logy <logyo + 7, Y(y —yo) for all y > 0. By rearranging the above
inequality and recalling the definition of f(i), we thus find y < f(i), which in turn implies
that X <yl <x(3)I.

Denoting by {x;};<) the eigenvalues of the matrix X and setting xmin = min;<p X;, we further
find

p
fo(2) = —logdet X = —log( ]_[ x,) >— log xmmx(Z)p 1) = —log Xmin — (p — 1)logx(2),

where the first inequality follows from (1.14), while the second inequality is based on overesti-
mating all but the smallest eigenvalue of X by X(%). By rearranging the above inequality and
recalling the definition of x(Z), we thus find xyj, = x(Z) which in turn implies that X > x(Z)I
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The above reasoning shows that the extra constraint x(2)I < X < X(2)I has no impact on (1.6),
that is,

~ inf —logdetX +inf{y (p®=Tr[E]) +y*{((yI- X)L, 2):yI> X
j(Z):{ n g AY{Y(P A[ D+ )iyl> X}
s.t. XeZ, xOI=X=x3)I.
{ igf —logdetX + g(£, X)

] st Xex, xOI=x=<3O)],

where the second equality follows from Proposition 1.9. The continuity of _# () now follows
directly from Berge’s maximum theorem [11, pp. 115-116], which applies due to the continuity
of g(%, X) established in Proposition 1.9, the compactness of the feasible set and the continuity
of x(2) and X(2). O

An immediate consequence of Theorem 1.7 is that the simplified estimation problem (1.5) is
equivalent to an explicit semidefinite program and is therefore in principle computationally
tractable.

Corollary 1.10 (Tractability). For any fixed p > 0 and £ = 0, the simplified distributionally
robust estimation problem (1.5) is equivalent to the tractable semidefinite program

. _ 2_ S
Xn}fy logdetX +y (p* - Tr[Z]) + Tr [ Y]
Y yfé
yfé yI-X
yI>X>0, Y>=0, XeX.

F3) =1 st (1.15)

Proof. We know from Theorem 1.7 that the estimation problem (1.5) is equivalent to the
convex program (1.6). As X represents a decision variable instead of a parameter, however,
problem (1.6) fails to be a semidefinite program per se. Indeed, its objective function involves
the nonlinear term h(X,y) = y?{(yI - X)~},Z), which is interpreted as oo outside of its do-
main {(X,y) € S+ xR: yI > X}. However, h(X,y) constitutes a matrix fractional function as
described in [18, Example 3.4] and thus admits the semidefinite reformulation

hX,y)=inf{r: yI>X, y(@I-X7"%) <1}
=i§ltf{f=Yl>X, Y=y SEyI- X718, Tr[v] <
ySz

=inf<Tr[Y]:yI>X, | <1
Y vZz yl-X

where the second equality holds because A = B implies Tr [ A] = Tr [ B], while the third equality
follows from a standard Schur complement argument; see, e.g., [18, Appendix A.5.5]. Thus,
h(X,7y) is representable as the optimal value of a parametric semidefinite program whose
objective and constraint functions are jointly convex in the auxiliary decision variable Y and
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the parameters X and y. The postulated reformulation (1.15) is then obtained by substituting
the last expression into (1.6). O

1.2.3 Joint Estimation of the Mean Vector and the Precision Matrix

Now that we have derived a tractable semidefinite reformulation for the simplified estimation
problem (1.5), we are ready to address the generic estimation problem (1.4), which does not
assume knowledge of the mean and is robustified against all distributions in the ambiguity set
B, without mean constraints.

Theorem 1.11 (Sufficiency of 2). For any fixed p >0, i€ R” and 2 € S, the general distribu-
tionally robust estimation problem (1.4) is equivalent to the optimization problem (1.6) and the
tractable semidefinite program (1.15). Moreover, the optimal value function ¢ (fi,X) is constant
in i and continuous in 2.

Proof. By Proposition 1.3, the optimal value of the estimation problem (1.4) can be expressed
as

R sup (W'~ X - +(S,X)
Z([,3)= inf —logdetX+{ H5%°
,U,XE% S al ol 2 12 ~112
s.t. Tr[S]+Tr[Z]-2Tr[\V 22822 < p? — |/ — A
= inf —logdetX+ sup (4 - X —p
wXeX Wil —gll<p

. 2 r_ =12 & 2 -1
+Y:;rgxy(p =l = al? -1 [S]) X o T- 07 E),
Here, the second equality holds because the Wasserstein constraint is infeasible unless ||y’ —
LIl < p and because the maximization problem over S, which constitutes an instance of (1.9)
with p? — || i’ - fil|? instead of p?, can be reformulated as a minimization problem over y thanks
to Proposition 1.9. By the minimax theorem [13, Proposition 5.5.4], which applies because y’
ranges over a compact ball and because X —yI < 0, we may then interchange the maximization
over y' with the minimization over y to obtain

F(@,2)= inf —logdetX+ sup (U —w' X -pw
pXeX, pllp=gl=p
viyl>X 2 ;2 N 2 1e
+y (o= o -l - [S]) + (0 T- 071 5),

Using the minimax theorem [13, Proposition 5.5.4] once again to interchange the minimization
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1.3. Analytical Solution without Sparsity Information

over u with the maximization over u’ yields

Z([@1,2)= inf —logdetX+ sup inf(u —w' X' —w
X(—:IF[,X Wil -gli<p H
yiyl> - N
#y(p? = - al* - [£]) + (0T - 071 8)
= inf —logdetX +vy(p*-Tr[E]) +y*{(yI- X)L Z),

XeX,
yiyl>X

where the second equality holds because p' is the unique optimal solution of the innermost
minimization problem over u, while fi is the unique optimal solution of the maximization
problem over . Thus, the general estimation problem (1.4) is equivalent to (1.6), and _# (i, %)
is manifestly constant in fi. Theorem 1.7 further implies that _# (fi, £) is continuous in ¥, while
Corollary 1.10 implies that (1.4) is equivalent to the tractable semidefinite program (1.15).
These observations complete the proof. O

Theorem 1.11 asserts that the general estimation problem (1.4) is equivalent to the simplified
estimation problem (1.5), which is based on the hypothesis that the mean of ¢ is known to
vanish. Theorem 1.11 further reveals that the general estimation problem (1.4) as well as its
(unique) optimal solution depend on the training data only through the sample covariance
matrix 3. This is reassuring because £ is known to be a sufficient statistic for the precision
matrix. As solving (1.4) is tantamount to solving (1.5), it suffices to devise solution procedures
for the simplified estimation problem (1.5) or its equivalent reformulations (1.6) and (1.15).

We emphasize that the strictly convex log-determinant term in the objective of (1.15) is sup-
ported by state-of-the-art interior point solvers for semidefinite programs such as SDPT3 [168].
In principle, problem (1.15) can therefore be implemented directly in MATLAB using the
YALMIP interface [112], for instance. In spite of its theoretical tractability, however, the
semidefinite program (1.15) quickly becomes excruciatingly large, and direct solution with a
general purpose solver becomes impracticable already for moderate values of p. This moti-
vates us to investigate practically relevant special cases in which the estimation problem (1.5)
can be solved either analytically (Section 1.3) or numerically using a dedicated fast Newton-
type algorithm (Section 1.4).

1.3 Analytical Solution without Sparsity Information

If we have no prior information about the precision matrix, it is natural to set & =S¥, . In this
case, the distributionally robust estimation problem (1.5) can be solved in quasi-closed form.

Theorem 1.12 (Analytical solution without sparsity information). Ifp >0, & =S¥, and
Se §f admits the spectral decomposition s = Zle Aiv; viT with eigenvalues A; and corre-
sponding orthonormal eigenvectors v;, i < p, then the unique minimizer of (1.5) is given by
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X*=¥" x*viv], where

* *

x =y VYisp (1.16a)

1- % (V22002 +4hiy* - 2iy*)

andy* >0 is the unique positive solution of the algebraic equation

12 17
(pz—EZ)Li)y—p+§z\/)L?}/2+4)L,-)/=0. (1.16b)
i1 in1

Proof. We first demonstrate that the algebraic equation (1.16b) admits a unique solution in
R.. For ease of exposition, we define ¢(y) as the left-hand side of (1.16b). It is easy to see that
@(0) =—-p<0andlimy_ @)y = p?, which implies that ¢(y) grows asymptotically linearly
with y at slope p? > 0. By the intermediate value theorem, we may thus conclude that the
equation (1.16b) has a solution y* > 0.

Asdiy+2> //lfyz +4A;7, the derivative of ¢(y) satisfies

12 Aiy+2
F |
i=1 | \/A2y2 +40;y

whereby ¢(y) is strictly increasing in y € R... Thus, the solution y* is unique. The positive
slope of ¢(y) further implies via the implicit function theorem that y* changes continuously
with 1; eR4, i< p.

i (y) = 0%+ -1]>0
dY(PY—P )

In analogy to Proposition 1.9, we prove the claim first under the assumption that £ > 0 and
postpone the generalization to rank deficient sample covariance matrices. Focussing on £ > 0,
we will show that (X*,y*) is feasible and optimal in (1.6). By Theorem 1.7, this will imply that
X* is feasible and optimal in (1.5).

As y* >0 and £ > 0, which means that A; > 0 for all i < p, an elementary calculation shows
that

1
2> \//llz.(y*)z +AL Y =AY >0 = 1>1- > (\/A?(y*)z +4A,7* - /1,-)/*) > 0.

Multiplying the last inequality by y* proves that y* > x* > 0 for all i < p, which in turn implies
that y*I > X* > 0. Thus, (X*,y”*) is feasible in (1.6), and X* is feasible in (1.5).

To prove optimality, we denote by f(X,y) the objective function of problem (1.6) and note
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1.3. Analytical Solution without Sparsity Information

that its gradient with respect to X vanishes at (X*,y*). Indeed, we have
Vxf(X* 7)) =-(X) T+ ()2 - X)) 12 - xM)!

(2 = x) 2= e ) wiv]

>

i=1

POy )P xfAi— (Y —x))?
; (r* = x7)%x;
where the first equality exploits the basic rules of matrix calculus (see, e.g., [12, p. 631]), the

second equality holds because £ and X share the same eigenvectors v;, i < p, and the last
equation follows from the identity

Y )Px A=y  -xN)? Visp, (1.17)

which is a direct consequence of the definitions of y* and x7, i < p, in (1.16). Similarly, the
partial derivative of f(X,y) with respect to y vanishes at (X*,y*), too. In fact, we have

%f(x*,y*) =p* =Tr[E] +2y* Tr[(y* I - X ) 'E] - ()P Tr [ T - X )12 T - X))

* (7/*)2 p *)2
+ ()f* _ xl ) ) Z *)2

P 2
:pz—.Z/li(]._Y Y

1 p
o[- ) o

where the second equality expresses = and X in terms of their respective spectral decomposi-
tions, the fourth equality holds due to (1.17), and the last equality follows from the observation
that p?(y*)? = Zl %7+ In summary, we have shown that (X *,y*) satisfies the first- order
optimality conditions of the convex optimization problem (1.6), which ensures that X* i
optimal in (1.5).

Consider now any (possibly singular) sample covariance matrix € SP. As y* >0, similar
arguments as in the first part of the proof show that y* = x* > 0 for all i < p, which in turn
implies that y* I > X* > 0. Moreover, if £ has at least one zero eigenvalue, it is easy to see that
Y*I # X*, in which case (X*,y*) fails to be feasible in (1.6). However, X* remains feasible
and optimal in (1.5). To see this, consider the invertible sample covariance matrix S+el>0
for some ¢ > 0, and denote by (X* (¢),y* (¢)) the corresponding minimizer of problem (1.6) as
constructed in (1.16). As the solution of the algebraic equation (1.16b) depends continuously
on the eigenvalues of the sample covariance matrix, we conclude that the auxiliary variable
v* (¢) and—by virtue of (1.16a)—the estimator X* (¢) are both continuous in ¢ € R;.. Thus, we
find

FE) = lim FE+eD)= lim —logdet X*(e) + g(E + ¢, X*(¢)) = —logdet X* + g(£, X*),
e—0+ e—0*t
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where the first equality follows from the continuity of _¢ (2) established in Theorem 1.7, the
second equality holds because X* (¢) is the optimal estimator corresponding to the sample
covariance matrix £ +&1 > 0 in problem (1.5), and the third equality follows from the continuity
of g(i, X) established in Proposition 1.9 and the fact that lim,_o+ X*(¢) = X* > 0. Thus, X* is
indeed optimal in (1.5). The strict convexity of —logdet X further implies that X* is unique.
This observation completes the proof. O

Remark 1.13 (Properties of X*). The optimal distributionally robust estimator X* identified in
Theorem 1.12 commutes with the sample covariance matrix = because both matrices share the
same eigenbasis. Moreover; the eigenvalues of X* are obtained from those of & via a nonlinear
transformation that depends on the size p of the ambiguity set. We emphasize that all eigenval-
ues of X* are positive for every p > 0, which implies that X* is invertible. These insights suggest
that X* constitutes a nonlinear shrinkage estimator, which enjoys the rotation equivariance
property (when all data points are rotated by R € RP*P, then X* changes to RX*R").

Theorem 1.12 characterizes the optimal solution of problem (1.5) in quasi-closed form up
to the spectral decomposition of £ and the numerical solution of equation (1.16b). By [131,
Theorem 1.1], the eigenvalues of £ can be computed to within an absolute error € in @(p?)
arithmetic operations. Moreover, as its left-hand side is increasing in y*, equation (1.16b)
can be solved reliably via bisection or by the Newton-Raphson method. The following lemma
provides a priori bounds on y* that can be used to initialize the bisection interval.

Lemma 1.14 (Bisection interval). For p > 0, the unique solution of (1.16b) satisfies y* €

[Ymin, Ymax], where

PP Amax +2P0% = P\/ P A + 4P P2 Aima
Ymin = 200 >0,

and Amay denotes the maximum eigenvalue of <.

Proof. By the definitions of y* and x* in (1.16) we have 1;x* = (y* — x})?/(y*)* < 1, which
implies that x* < AL, Using (1.16) one can further show that (y*)? = # Zle xr < # Zle 1
which is equivalent to y* < %(Zle %)%. Note that this upper bound on y* is finite only if
A;>0forall i < p. To derive an upper bound that is universally meaningful, we denote the
left-hand side of (1.16b) by ¢(y) and note that p?y — p < ¢(y) for all y = 0. This estimate

LA D)2 = Ymaxe

implies that y* < %. Thus, we find y* < min{, 5

To derive a lower bound on y*, we set Ajpax = max;< pAi and observe that
2 ¢ 2
P <p*y=p+ Y \J Ay <Py —p+ Py Amaxy,
i=1

where the first inequality holds because vVa+b < va+ Vb for all a,b = 0. As the unique
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1.3. Analytical Solution without Sparsity Information

positive zero of the right-hand side, ymin provides a nontrivial lower bound on y*. Thus, the
claim follows. O

Lemma 1.14 implies that y* can be computed via the standard bisection algorithm to within
an absolute error of ¢ in log, ((Ymax — Ymin)/€) = @ (log, p) iterations. As evaluating the left-
hand side of (1.16b) requires only & (p) arithmetic operations, the computational effort for
constructing X* is largely dominated by the cost of the spectral decomposition of the sample
covariance matrix.

Remark 1.15 (Numerical stability). Ifbothy* and A; are large numbers, then formula (1.16a)
for x becomes numerically unstable. A mathematically equivalent but numerically more
robust reformulation of (1.16a) is

. 2

xf=y*|1- —
1+ \/ 1+ W
In the following we investigate the impact of the Wasserstein radius p on the optimal Lagrange

multiplier y* and the corresponding optimal estimator X*.

Proposition 1.16 (Sensitivity analysis). Assume that the eigenvalues of S are sorted in ascending
order, that is, .y < -+ < Ap. Ify* (p) denotes the solution of (1.16b), and x} (p), i < p, represent
the eigenvalues of X* defined in (1.16a), which makes the dependence on p > 0 explicit, then
the following assertions hold:

(i) v*(p) decreases with p, andlim,_.,y*(p) =0;

(ii) x; (p) decreases with p, andlim,_.o, xl’.'( (p) =0 foralli < p;

(iii) the eigenvalues of X* are sorted in descending order, that is, x; (p) = --- = x;(p) for every
p>0;

(vi) the condition number x} (p)/x; (0) of X* decreases with p, andlim,_., xl*(p)/x; (p)=1.

Proof. As the left-hand side of (1.16b) is strictly increasing in p, it is clear that y* (p) decreases
with p. Moreover, the a priori bounds on y* (p) derived in Lemma 1.14 imply that

N . P _
Osf}ggoy (p)sf)ll_{{.lo?—o.

Thus, assertion (i) follows. Next, by the definition of the eigenvalue x:.* in (1.16a), we have

*

1 2(y*)2 +20:7*
S =1+ Ay -5 \/Alz.(y*)2+4/1iy*+ i r|- 1+ A7 - :
9 2 VA2 + a0y VA2 +4dy

AZ(r*)? +30:y*
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Elementary algebra indicates that (1 + z)V'z2 + 4z = z> + 3z for all z = 0, whereby the right-
hand side of the above expression is strictly positive for every 1; =0 and y* = 0. We conclude
that x}* grows with y* and, by the monotonicity of y*(p) established in assertion (i), that
xl?* (p) decreases with p. As y*(p) drops to 0 for large p and as the continuous function (1.16a)
evaluates to 0 at y* = 0, we thus find that x* (p) converges to 0 as p grows. These observations
establish assertion (ii). As for assertion (iii), use (1.16a) to express the i-th eigenvalue of X* as
x; =1- %1//(/1,-), where the auxiliary function y(1) = \/A2(y*)? + 4Ay* — Ay™* is defined for all
A = 0. Note that (1) is monotonically increasing because

d Ay*)? +2y* Ay* +2

— ()= G +2y” * = y* y -1]|>0.
dA /12(7*)2"'4&7* //12(),*)2 +4/1),*

As A;j11 = A; forall i < p, we thus have y(A4;41) = w(A;), which in turn implies that x;’:l < x;.

Hence, assertion (iii) follows. As for assertion (iv), note that by (1.16a) the condition number
of X* is given by

st 13 (A2 + 40y (o) - 1y (o)
x;(P) 1—%(\//%Y*(P)Lr‘l/lp)’*(p)—ApY*(p))

The last expression converges to 1 as p tends to infinity because y* (p) vanishes asymptoti-
cally due to assertion (i). A tedious but straightforward calculation using (1.16a) shows that
# log(x7/ x;) > 0, which implies via the monotonicity of the logarithm that x;*/ x; increases
with y*. As y*(p) decreases with p by virtue of assertion (i), we may then conclude that the
condition number x;} (p)/ x; (p) decreases with p. O

Figure 1.1 visualizes the dependence of y* and X* on the Wasserstein radius p in an example
where p = 5 and the eigenvalues of £ are given by A; = 10°~3 for i < 5. Figure 1.1a displays y*
as well as its a priori bounds ymin and ymax derived in Lemma 1.14. Note first that y* drops
monotonically to 0 for large p, which is in line with Proposition 1.16(i). As y* represents the
Lagrange multiplier of the Wasserstein constraint, which limits the size of the ambiguity set
to p, this observation indicates that the worst-case expectation (1.7) displays a decreasing
marginal increase in p. Figure 1.1b visualizes the eigenvalues x7, i < 5, as well as the condition
number of X*. Note that all eigenvalues are monotonically shrunk towards 0 and that their
order is preserved as p grows, which provides empirical support for Propositions 1.16(ii)
and 1.16(iii), while the condition number decreases monotonically to 1, which corroborates
Proposition 1.16(iv).

In summary, we have shown that X* constitutes a nonlinear shrinkage estimator that is rota-
tion equivariant, positive definite and well-conditioned. Moreover, (X*)~! preserves the order
of the eigenvalues of 3. We emphasize that neither the interpretation of X* as a shrinkage
estimator nor any of its desirable properties—most notably the improvement of its condition
number with p—were dictated ex ante. Instead, these properties arose naturally from an intu-
itively appealing distributionally robust estimation scheme. In contrast, existing estimation
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(a) Lagrange multiplier y* and its a priori (b) Eigenvalues (left axis) and condition number
bounds ymin and Ymax from Lemma 1.14. (round marker - right axis) of X*.

Figure 1.1 - Dependence of the Lagrange multiplier y* (left panel) as well as the eigenvalues
x?, i <5, and the condition number x/x}" of the optimal estimator X* (right panel) on p.

schemes sometimes impose ad hoc constraints on condition numbers; see, e.g., [173]. On
the downside, as X* shares the same eigenbasis as the sample covariance matrix %, it does
not prompt a new robust principal component analysis. We henceforth refer to X* as the
Wasserstein shrinkage estimator.

1.4 Numerical Solution with Sparsity Information

We now investigate a more general setting where 2 may be a strict subset of S* , , which cap-

tures a prescribed conditional independence structure of ¢. Specifically, we assume that there
exists & < {1,..., p}2 such that the random variables ¢; and ¢ ; are conditionally independent
given ¢_; j; for any pair (i, j) € &, where ¢_y; j; represents the truncation of the random vector
¢ without the components ¢; and ¢ ;. It is well known that if ¢ follows a normal distribution
with covariance matrix S > 0 and precision matrix X = S, then¢; and & j are conditionally
independent given ¢_(; j) if and only if X;; = 0. This reasoning forms the basis of the cele-
brated Gaussian graphical models, see, e.g., [102]. Any prescribed conditional independence
structure of ¢ can thus conveniently be captured by the feasible set

Z={XeSt, :X;j=0 V(i jeé.

We may assume without loss of generality that & inherits symmetry from X, thatis, (i, j) €
& = (j,i) € &. In Section 1.3 we have seen that the robust maximum likelihood estimation
problem (1.5) admits an analytical solution when & = @. In the general case, analytical
tractability is lost. Indeed, if & # @, then even the nominal estimation problem obtained
by setting p = 0 requires numerical solution [34]. In this section we develop a Newton-type
algorithm to solve (1.5) in the presence of prior conditional independence information. For
the sake of consistency, we will refer to the optimal solution of problem (1.5) as the Wasserstein
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shrinkage estimator even in the presence of sparsity constraints.

Remark 1.17 (Conditional independence information in B,). We emphasize that our proposed
estimation model accounts for the prescribed conditional independence structure only in the
feasible set X but not in the ambiguity setB,. Otherwise, the ambiguity set would have to be
redefined as

B, ={Qe AN : WQ,P)<p, Eglé¢"1™h;j=0 Vi, j)eé}.

While conceptually attractive, this new ambiguity set is empty even for some p > 0 because
the inverse sample covariance matrix ="' violates the prescribed conditional independence
relationships with probability 1.

Recall from Theorem 1.7 that the estimation problem (1.5) is equivalent to the convex pro-
gram (1.6) and that the optimal value of (1.6) depends continuously on Se §f:. In the remain-
der of this section we may thus assume without much loss of generality that = > 0. Otherwise,
we can replace < with £ + 1 for some small € > 0 without significantly changing the estimation
problem’s solution. Inspired by [130, 84], we now develop a sequential quadratic approxima-
tion algorithm for solving problem (1.6) with sparsity information. Note that the set & of
feasible precision matrices typically fixes many entries to zero, thus reducing the effective
problem dimension and making a second-order algorithm attractive even for large instances
of (1.6).

The proposed algorithm starts at Xy = I and at some 7y, > 1, which are trivially feasible in (1.6).
In each iteration the algorithm moves from the current iterate (X;,y;) along a feasible descent
direction, which is constructed from a quadratic approximation of the objective function
of problem (1.6). A judiciously chosen step size guarantees that the next iterate (X;+1,7¢+1)
remains feasible and has a better (lower) objective value; see Algorithm 1. The construction of
the descent direction relies on the following lemma.

Lemma 1.18 (Fact 7.4.9 in [12]). Forany A,B € RP*P and X € SP, we have
Tr[AXBX] = vec(X)' (B® A")vec(X).

Proposition 1.19 (Descent direction). Fix (X,y) € SV, x Ry, with yI > X, and define the
orthogonal projection P : RP°+1 . RP°H through (Pz) =0 ifk=p(j—1)+i for some(i, j) € &;
= %zp(j_l)ﬂ- + %Zp(i—1)+j ifk=p(j—1)+i forsomei,j< p with (i,j) ¢ & = zx ifk = p*> + 1.
Moreover, define G £ %,

X leox 1t %G‘liG‘l ®G! —Y—lzvec(c;—l XG1S+3G71X1G™Y

. N N §p2+1
—%Vec(G_l (XGE+3G671x16°HT % TG 1XG 112G 1 X]

H:
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and

vec(G'1EG1 - X7
P>+ Tr[GTI1E( - 3610 - b))

L

g= eRVTL,

Then, the unique solution (A%, A}) € SP xR of the linear system
PH((vec(A))",0)T+g) =0 and (A%);j=0 V(i je& (1.19)

represents a feasible descent direction for the optimization problem (1.6) at (X, 7).

Proof. We first expand the objective function of problem (1.6) around (X,y) € Sf + xRy with
yvI > X. By the rules of matrix calculus, the second-order Taylor expansion of the negative
log-determinant is given by

1
~logdet(X + Ax) = —logdet(X) - Tr [ X 'Ax] + 5T [X'Ax X 'Ax]+@UAXIP)

for Ax € SP, see also [18, page 644]. Moreover, by using a geometric series expansion, we
obtain

-1
X+Ax)"! X+A A, A2
(1— X) =1- -+ Lroaa®

Y +Ay Y v

y v ¥ oy 7

-1
X XA, XA2 Ay AxA
_(,__+_Y Y AX L 2 Ak A

for Ay € R. Expanding the matrix inverse as a Neumann series and setting G = I — %, which is

invertible because y I > X, the above expression can be reformulated as

1 1 1 1 1 1 -1
“3XG 2 G 2XG 2A? -1 -1 -3 -3
e e ”Ym(n(AX,Ay)n?')) G
_ G_l 3 G—1XG_1AY N G_IXG_IA%, s G_leG_l ~ G_lAXG_lAXG_lAY N G_IXG_IXG_IAg,
y? Y3 Y y? rt
G IAYG 'AxG™! G 'XG'AxG'A, G 'AxG1XG A
I - L . L ol(Ax, A)IP).
Y Y Y

G i1+

Thus, the second-order Taylor expansion of the last term in the objective function of (1.6) is

33



Wasserstein Shrinkage Estimator

given by
X+Ax\ !
7/+Ay

Y+ AT [ (Y + AT - (X +Ax) ' 8] = (y+AY)Tr[(I— z]

- o 1 A -
=yTr[G'Z]+A, Tt [GT'S( - J—/G—IX)] + Y—g Tr[G'XG 126G X]

- A - -
+Tr[GT'E67 Ax] - S Tr [GT'SGT'AXGT X + GTIEGT XG T Ay ]
Y
1 -1 -1$ -1 3
+;Tr[G AxG'EGAx]+0UI(Ax, APIP),

where the second equality follows from the Taylor expansion of the matrix inverse derived
above. Using Lemma 1.18, the objective function of (1.6) is thus representable as

—logdet(X + Axy) + (y +A)) (0% = Tr [£]) + (y + AP Tr [ ((y + AT = (X +Ax)) ' £

=c+g' (vec(Ax)',A) " + %(VBC(AX)T, Ay Hwec(Ax) T, A0 T +O1(Ax, APIP)

for some c € R, where the gradient g € RP and the Hessian H € S” are defined as in the
proposition statement. A feasible descent direction for problem (1.6) is thus obtained by
solving the auxiliary quadratic program

. T T T, 1 T T T

min g’ (vec(Ax)',Ay) ' +5(vec(Ax)',Ay)H(vec(Ax)',Ay)

Ax,Ay LA ' ’ (1.20)
s.t. Ax€eSP, (Ax)ij=0 V(,j)eé&

Note that (1.20) has a unique minimizer because H is positive definite. Indeed, we have

4 < 2 e ! <
— vec(G'XG'EGTHT (X_l ®X '+-G'EG e G_l) vec(G'XGT'EG™)
Y Y

4 - 2 . -1 -
<Fvec(G_1XG_12G_1)T(;G_IZG_IQDG_I) vec(G'XGT1EG™

2 - - -
=—vec(G'XG'SG T (GZ'Ge G)vec(G'XG'EG )
Y

=%Tr[G—IXG—1§G‘1x],
Y

where the inequality holds because X ® X is positive definite and G lXG1EG! # 0, the first
equality follows from [12, Proposition 7.1.7], which asserts that (A® B '=A"1l¢B!for any
A Be€ §’f +» and the second equality follows from Lemma 1.18. The above derivation shows
that the Schur complement of the positive definite block X' ® X1 + %G‘lfG_l ®GlinH
is a positive number, which in turn implies that the Hessian H is positive definite. In the
following, we denote the unique minimizer of (1.20) by (A*,A)’,‘ ). AsAx =0and A, =0is
feasible in (1.20), it is clear that the objective value of (A%, A;‘ ) is nonpositive. In fact, as H > 0,
the minimum of (1.20) is negative unless g = 0. Thus, (A%, AY) is a feasible descent direction.
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1.4. Numerical Solution with Sparsity Information

Note that P defined in the proposition statement represents the orthogonal projection on the
linear space

Z = {z = (vec(Ax),A)TeRP I Ax €SP, (Ax)ij=0 V(i j)e g’}

Indeed, it is easy to verify that P> = P = PT because the range and the null space of P corre-
spond to Z and its orthogonal complement, respectively. The quadratic program (1.20) is
thus equivalent to

1 1
min {gTz + —zTHz} = min {gTz +-2z Hz:Pz= z} .
zeZ 2 ZGRF’Z“ 2

The minimizer z* of the last reformulation and the optimal Lagrange multiplier u* associated
with its equality constraint correspond to the unique solution of the Karush-Kuhn-Tucker
optimality conditions

Hz*+g+(I-Pu*=0,(1-P)z*=0 <= P(Hz"+g)=0,(1-P)z*=0,

which are mainfestly equivalent to (1.19). Thus, the claim follows. O

Given a descent direction (A%, A;,‘ ) at a feasible point (X, y), we use a variant of Armijo’s rule
[126, Section 3.1] to choose a step size @ > 0 that preserves feasibility of the next iterate
(X +aAy,y+ aA; ) and ensures a sufficient decrease of the objective function. Specifically, for
a prescribed line search parameter o € (0, %), we set the step size a to the largest number in
{ZL,,,} mez, satisfying the following two conditions:

(C1) Feasibility: (y + @A) I > X + aA} > 0;

(C2) Sufficient decrease: f(X+aA},y+aA}) < f(X,y)+oad, whered = g' (vec(A})T,A7) " <
0, and g is defined as in Propostion 1.19.

Notice that the sparsity constraints are automatically satisfied at the next iterate thanks to the
construction of the descent direction (A%}, A; ) in (1.19). Algorithm 1 repeats the procedure
outlined above until || g| drops below a given tolerance (10~3) or until the iteration count
exceeds a given threshold (10%). Throughout the numerical experiments in Section 1.6 we set
o =107, which is the value recommended in [126].
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Algorithm 1 Sequential quadratic approximation algorithm

Input: Sample covariance matrix & > 0, Wasserstein radius p > 0,
line search parameter o € (0, %).

Initialize Xo = I and yp > 1,and set t — 0
while stopping criterion is violated do
Find the descent direction (A%, AY) at (X,y) = (X;,Y,) by solving (1.19);
Find the largest step size a; € {zlm} mez., satisfying (C1) and (C2);
Set Xrr1 = X¢ + @AY, Yer1 = Ve + AT
Sett—1t+1;
end while

Output: X;

Remark 1.20 (Steepest descent algorithm). The computation of the descent direction in Propo-
sition 1.19 requires second-order information. It is easy to verify that Proposition 1.19 remains
valid if the Hessian H is replaced with the identity matrix, in which case the sequential quadratic
approximation algorithm reduces to the classical steepest descent algorithm [126, Chapter 3].

The next proposition establishes that Algorithm 1 converges to the unique minimizer of
problem (1.6).

Proposition 1.21 (Convergence). Assume that >0, p >0 and o € (0, %). For any initial
feasible solution (Xy, 7o), the sequence {(Xt’Yt)}teL generated by Algorithm 1 converges to
the unique minimizer (X*,y*) of problem (1.6). Moreover, the sequence converges locally
quadratically.

Proof. Denote by f(X,y) the objective function of problem (1.6), and define
€ E{X,P) e X xRy : f(X,7) < f(Xo,70), 0< X <yI}

as the set of all feasible solutions that are at least as good as the initial solution (Xy, v¢). The
proof of Theorem 1.7 implies that x/ < X <XI and x <y < X for all (X,y) € €, where the strictly
positive constants x and X are defined as in (1.13). Note that, as £ is fixed in this proof, the
dependence of x and x on Tis notationally suppressed to avoid clutter. Thus, ¥ is bounded.
Moreover, as S > 0, it is easy to verify f(X,y) tends to infinity if the smallest eigenvalue of X
approaches 0 or if the largest eigenvalue of X approaches y. The continuity of f(X,y) then
implies that € is closed. In summary, we conclude that € is compact.

By the definition of f(X,y) in (1.6), any (X, y) € € satisfies

0 < f(Xo,y0) +logdet(X) -y (0* - Tr [Z]) - (I -y ' X)71,E)
< f(Xo,Y0) + plog®) + XTr [Z] = x Amin Tr[(T =y X) 7],
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1.4. Numerical Solution with Sparsity Information

where Apin denotes the smallest eigenvalue of £, which is positive by assumption. Thus, we
have

Tr[(I-y 'X)7] < Ml

A /lmin

(f (Xo,y0) + plog(®) + X Tr [£]),

which implies that the eigenvalues of I - % are uniformly bounded away from 0 on €. More
formally, there exists ¢y > 0 with I — % > ol for all (X,y) € €. As the objective function f(X,7)
is smooth wherever it is defined, its gradient and Hessian constitute continuous functions
on €. Moreover, as f(X,7y) is strictly convex on the compact set €, the eigenvalues of its
Hessian matrix are uniformly bounded away from 0. This implies that the inverse Hessian
matrix and the descent direction (A% ,A; ) constructed in Proposition 1.19 are also continuous
on %. Hence, there exist ¢, ¢; > 0 such that A} =<c;Iand IA;I < ¢p uniformly on 6.

We conclude that any positive step size @ < x min{cl‘ ey + cz)‘lco} satisfies the feasibility
condition (C1) uniformly on € because X + aA% > (x — ac;)I =0 and

(Y +adA) = X +coxl +a(Ax A% +ATT) = X + coxI + a(Ay — (1 + ) [) > X + alk

for all (X,y) € €. Moreover, by [167, Lemma 5(b)] there exists @ > 0 such that any positive
step size a < « satisfies the descent condition (C2) for all (X,y) € €. In summary, there exists

m* € Z, such that

1 — .- -
a* = o < min{a, x min{c;?, (c; + c2) ' co}}

satisfies both line search conditions (C1) and (C2) uniformly on ¥. By induction, the iterates
{(X:,7 1)} ren generated by Algorithm 1 have nonincreasing objective values and thus all belong
to €, while the step sizes {a};en generated by Algorithm 1 are all larger or equal to a*. Hence,
the algorithm’s global convergence is guaranteed by [167, Theorem 1], while the local quadratic
convergence follows from [84, Theorem 16]. O

Remark 1.22 (Refinements of Algorithm 1). For large values of p, computing and storing the
exact Hessian matrix H from Proposition 1.19 is prohibitive. In this case, H can be approx-
imated by a low-rank matrix as in the limited-memory Broyden-Fletcher-Goldfarb-Shanno
(BFGS) method without sacrificing global convergence [167]. Alternatively, one can resort to a
coordinate descent method akin to the QUIC algorithm [84], in which case both the global and
local convergence guarantees of Proposition 1.21 remain valid.

Remark 1.23 (Learning the sparsity pattern). If the precision matrix is known to be sparse
but has an unknown sparsity pattern, then one may set & = S%, and add a weighted ¢ -
regularization or Lasso term to the objective function of problem (1.6) in order to generate sparse
Wasserstein shrinkage estimators. Different sparsity patterns can be obtained by tuning the
weight of the Lasso term. The regularized nonlinear SDP (1.6) can then be solved with a variant
of the QUIC algorithm [84]. Indeed, the gradient and the Hessian matrix of the smooth part
of the objective function (which coincides with the robust version of Stein’s loss function) can
again be computed efficiently by leveraging Proposition 1.19. Details are omitted for brevity.
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1.5 Extremal Distributions

It is instructive to characterize the extremal distributions that attain the supremum in (1.7) for
a given sample covariance matrix £ and a fixed candidate estimator X.

Theorem 1.24 (Extremal distributions). Foranys,X € Sf + and p >0, the supremum in (1.7)
is attained by the normal distribution Q* = A (0, S*) with covariance matrix

S* — (Y*)Z(Y*I_ X)—li(,y*l _ X)_l,
wherey* is the unique solution with y* I > X of the following algebraic equation

P? =Tr[Z] +2y* Tr [ I-X)'E] - ()P Tr [ I - X) ' 2 T-X) M =0. (1.21)

Proof. From Proposition 1.9 we know that the worst-case expectation problem (1.7) is equiva-
lent to the semidefinite program (1.8). Note that the strictly convex objective function of (1.8)
is bounded below by

Y (p* =Tt [E]) + Aminy* Tr[(y1 = 2071],

where Ay, denotes the smallest eigenvalue of £. As Ay, is positive by assumption, the
objective function of (1.8) tends to infinity as y approaches the largest eigenvalue of X, in
which case yI — X becomes singular. Thus, the unique optimal solution y* of (1.8) satisfies
Y*I > X and solves the first-order optimality condition (1.21).

Now we are ready to prove that Q* is both feasible and optimal in (1.7). By the formula for
$* in terms of y*, £ and S and by using Definition 1.4 and Proposition 1.3, it is easy to verify
that (1.21) is equivalent to

Tr[S*] +Tr[S] -2Tr[VE28%87] = p? <= W(S52)=W@Q* P =0p,

which confirms that Q* is feasible in (1.7). Moreover, the objective value of Q* in (1.7) amounts
to

Eg [(&ET, X) = (8%, X) = ¢y - X' S  1- X7, X)
=X I-X)TEGI-X) "L (X =y D+ )
=~y I- X2+ ()P T [ T- X)) 'S T- X))
=y*(0* -Tr[ED+ ()" 1-X7,2) = g%, X),

where the penultimate equality exploits (1.21), while the last equality follows from the opti-
mality of y* in (1.8) and from Proposition 1.9. Thus, Q* is optimal in (1.7). O

In the absence of sparsity information (that is, if & = S%,), the unique minimizer X* of
problem (1.5) is available in closed form thanks to Theorem 1.12. In this case, the extremal
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distribution attaining the supremum in (1.7) at X = X* can also be computed in closed form
even if 2 is rank deficient.

Corollary 1.25 (Extremal distribution for optimal estimator). Assume thatp >0, % =S”, and
Se Sf admits the spectral decomposition sS= Zle Aiv; vl.T with eigenvalues A; and correspond-
ing orthonormal eigenvectors v;, i < p. If (X*,y*) represents the unique solution of (1.6) given
in Theorem 1.12, then the supremum in (1.7) at X = X* is attained by the normal distribution
Q* = A (0,S*) with covariance matrix

PNy =x)7% ifdi >0,
! if1; =0.

i=1

p
S*=Y sfviv], where sf= {

Proof. If £ > 0, the claim follows immediately by substituting the formula for X* from The-
orem 1.12 into the formula for S* from Theorem 1.24. If £ > 0 is rank deficient, we consider
the invertible sample covariance matrix S +¢el >0 for some € > 0, denote by (X* (¢),y* (¢))
the corresponding minimizer of problem (1.6) as constructed in (1.16) and let S* (¢) be the
covariance matrix of the extremal distribution of problem (1.7) at X = X*(¢). Using the same
reasoning as in the proof of Theorem 1.12, one can show that (X* (¢),y* (¢)) is continuous in
€ € R, and converges to (X*,y*) as ¢ tends to 0. Similarly, S* (¢) is continuous in ¢ € R, and
converges to S* as £ tends to 0. To see this, note that the eigenvalues s (¢), i < p, of $*(¢)
satisfy

im 5% (e) = lim @i+
Elil%)l+ s; (&)= Elir{){ (y* () - x;‘ (e))?

4(A;
= lim (Ai +e) =s' Visp,

+ 2 l
=0 (V i+ 27 ()2 + 40 + )™ (&) — (A; + e)y*(e))

where the first equality follows from the first part of the proof, the second equality ex-
ploits (1.16a) and the third equality holds due to the definition of s?.

We are now armed to prove that Q* is both feasible and optimal in (1.7). Indeed, using the
continuity of $* (¢) and Wg(S1, S2) in their respective arguments, we find

W(Q*,P) = Wg(S*,2) = 11%1 Ws(S*(e),E+eD) =p,
£— +

where the last equality follows from the construction of $* (¢) in the proof of Theorem 1.24.
Thus, Q* is feasible in (1.7). Similarly, using the continuity of S* (¢) and X* (¢) in €, we have

B [(§67,X*)1 = (8%, X*) = lim (§%(e), X" (2)) = lim (X +£1,5"(©) = g%, 8",
e—0* e—0*

where the last two equalities follow from the construction of $* (¢) in the proof of Theorem 1.24
and the continuity of g(&, X) established in Proposition 1.9, respectively. Thus, Q* is optimal
in (1.7). O
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1.6 Numerical Experiments

To assess the statistical and computational properties of the proposed Wasserstein shrinkage
estimator, we compare it against two state-of-the-art precision matrix estimators from the
literature.

Definition 1.26 (Linear shrinkage estimator). Denote by diag(2) the diagonal matrix of all
sample variances. Then, the linear shrinkage estimator with mixing parameter « € [0,1] is
defined as

X* = [1-wE+adiag®)] ™.

The linear shrinkage estimator uses the diagonal matrix of sample variances as the shrinkage
target. Thus, the sample covariances are shrunk to zero, while the sample variances are
preserved. We emphasize that the most prevalent shrinkage target is a scaled identity matrix
[105]. The benefits of using diag(f) instead are discussed in [148, § 2.4]. This particular linear
shrinkage estimator can also be interpreted as the maximum a posteriori estimator based on
an inverse Wishart prior [120, § 4.2.6]. Note that while 3 is never invertible for n < p, diag(i)
is almost surely invertible whenever the true covariance matrix is invertible and n > 1. Thus,
the linear shrinkage estimator is almost surely well-defined for all @ > 0. Moreover, it can be
efficiently computed in @ (p®) arithmetic operations.

Definition 1.27 (¢, -Regularized maximum likelihood estimator). The ¢, -regularized maxi-
mum likelihood estimator with penalty parameter 3 = 0 is defined as

p
X* = argr)r(ligl{—logdetX+(Z,X> +B . |X,~j|}.
> P
= i,j=1

Adding an ¢;-regularization term to the standard maximum likelihood estimation problem
gives rise to sparse—and thus interpretable—estimators [6, 65]. The resulting semidefinite
program can be solved with general-purpose interior point solvers such as SDPT3 or with
structure-exploiting methods such as the QUIC algorithm, which enjoys a quadratic conver-
gence rate and requires O ( p?’) arithmetic operations per iteration [84]. In the remainder of
this section we test the Wasserstein shrinkage, linear shrinkage and ¢, -regularized maximum
likelihood estimators on synthetic and real datasets. All experiments are implemented in
MATLAB, and the corresponding codes are included in the Wasserstein Inverse Covariance
Shrinkage Estimator (WISE) package available at https://www.github.com/nvietanh/wise.

Remark 1.28 (Bessel’s correction). So far we used N (fi, %) as the nominal distribution, where
the sample covariance matrix 2 was identified with the (biased) maximum likelihood estimator.
In practice, it is sometimes useful to use £/x as the nominal covariance matrix, wherex € (0,1)
is a Bessel correction that removes the bias; see, e.g., Sections 1.6.2 and 1.6.2 below. Under the
premise that & is a cone, it is easy to see that if (X*,y*) is optimal in (1.15) for a prescribed
Wasserstein radius p and a scaled sample covariance matrix £/x, then (k X*,xy*) is optimal
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in (1.15) for a scaled Wasserstein radius /xp and the original sample covariance matrix X.
Thus, up to scaling, using a Bessel correction is tantamount to shrinking p.

1.6.1 Experiments with Synthetic Data

Consider a (p = 20)-variate Gaussian random vector ¢ with zero mean. The (unknown) true
covariance matrix Xy of ¢ is constructed as follows. We first choose a density parameter
d € {12.5%,50%, 100%}. Using the legacy MATLAB 5.0 uniform generator initialized with
seed 0, we then generate a matrix C € RP*? with |d x p?] randomly selected nonzero elements,
all of which represent independent Bernoulli random variables taking the values +1 or —1
with equal probabilities. Finally, we set Z( = (CTC+1073D71>0.

As usual, the quality of an estimator X™ for the precision matrix X ! is evaluated using Stein’s
loss function
L(X*,%Z¢) = —logdet(X*Z¢) + (X*,Z0) - p,

which vanishes if X* = Z L andis strictly positive otherwise [90].

All simulation experiments involve 100 independent trials. In each trial, we first draw n €
{10,20,40,60} independent samples from .4'(0, Zy), which are used to compute the sample
covariance matrix £ and the corresponding precision matrix estimators. Figure 1.2 shows
Stein’s loss of the Wasserstein shrinkage estimator without structure information for p €
[1072,10'], the linear shrinkage estimator for a € [107°,10°] and the ¢;-regularized maximum
likelihood estimator for B € [5 x 107°,10°]. Lines represent averages, while shaded areas
capture the tubes between the empirical 20% and 80% quantiles across all 100 trials. Note that
all three estimators approach ~! when their respective tuning parameters tend to zero. As &
is rank deficient for n < p = 20, Stein’s loss thus diverges for small tuning parameters when
n=10.

The best Wasserstein shrinkage estimator in a given trial is defined as the one that minimizes
Stein’s loss over all p = 0. The best linear shrinkage and ¢; -regularized maximum likelihood
estimators are defined analogously. Figure 1.2 reveals that the best Wasserstein shrinkage
estimators dominate the best linear shrinkage and—to a lesser extent—the best ¢, -regularized
maximum likelihood estimators in terms of Stein’s loss for all considered parameter settings.
The dominance is more pronounced for small sample sizes. We emphasize that Stein’s loss
depends explicitly on the unknown true covariance matrix 2. Thus, Figure 1.2 is not available
in practice, and the optimal tuning parameters p*, a* and * cannot be computed exactly.
The performance of different precision matrix estimators with estimated tuning parameters
will be studied in Section 1.6.2.

For d =12.5% and d = 50%, the true precision matrix X, ! has many zeros, and prior knowledge
of their positions could be used to improve estimator accuracy. To investigate this effect, we
henceforth assume that the feasible set & correctly reflects a randomly selected portion of
50%, 75% or 100% of all zeros of X 1, while & contains no (neither correct nor incorrect)
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Figure 1.2 - Stein’s loss of the Wasserstein shrinkage, linear shrinkage and ¢;-regularized
maximum likelihood estimators as a function of their respective tuning parameters for d =
100% (panels 1.2a-1.2c), d = 50% (panels 1.2d-1.2f) and d = 12.5% (panels 1.2g-1.2i).

information about the remaining zeros. In this setting, we construct the Wasserstein shrinkage
estimator by solving problem (1.5) numerically.

Figure 1.3 shows Stein’s loss of the Wasserstein shrinkage estimator with prior information
forpe [1072,101]. Lines represent averages, while shaded areas capture the tubes between
the empirical 20% and 80% quantiles across 100 trials. As expected, correct prior sparsity
information improves estimator quality, and the more zeros are known, the better. Note that
251 contains 21.5% zeros for d = 12.5% and 68% zeros for d = 50%.

In the last experiment, we investigate the Wasserstein radius p* of the best Wasserstein
shrinkage estimator without sparsity information. Figure 1.4 visualizes the average of p*
across 100 independent trials as a function of the sample size n. A standard regression analysis
based on the data of Figure 1.4 reveals that p* converges to zero approximately as n™* with
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Figure 1.3 — Stein’s loss of the Wasserstein shrinkage estimator with 50%, 75% or 100% sparsity
information as a function of the Wasserstein radius p for d = 50% (panels 1.3a-1.3c) and

d =12.5% (panels 1.3d-1.3f).

K ~61% for d =12.5%, k =~ 66% for d =50% and x =~ 68% for d = 100%.

1.6.2 Experiments with Real Data

We now study the properties of the Wasserstein shrinkage estimator in the context of linear
discriminant analysis, portfolio selection and the inference of solar irradiation patterns.

100, —d =125%
--------- d=50%
---d=100%

Figure 1.4 — Dependence of the the best Wasserstein radius p* on the sample size n.
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Linear Discriminant Analysis

Linear discriminant analysis aims to predict the class y € %, |%| < oo, of a feature vector
z € R” under the assumption that the conditional distribution of z given y is normal with a
class-dependent mean py € R” and class-independent covariance matrix Xg € §f + [82]. If all
py and Xy are known, the maximum likelihood classifier € : R” — % assigns z to a class that
maximizes the likelihood of observing y, that is,

€ in(z—py) 2ot (z— py). 1.22
(z)eargryrég}(z Hy)  Zy (2= py) (1.22)

In practice, however, the conditional moments are typically unknown and must be inferred
from finitely many training samples (z;, ;), i < n. If we estimate p, by the sample average

1
fy=—">2 %
915,

where ¥, = {i € {1,...,n} : ¥; = y} records all samples in class y, then it is natural to de-
fine the residual feature vectors as E i = Zj — liy;, I < n. Accounting for Bessel’s correction,
the conditional distribution of E i given ¥; is normal with mean 0 and covariance matrix
(BZARRVIEZA |71%0. The marginal distribution of E ; thus constitutes a mixture of |%| normal
distributions with mean 0, all of which share the same covariance matrix up to a scaling
factor close to unity. As such, the residuals fail to be normally distributed. Moreover, due to
their dependence on the sample means, the residuals are correlated. However, if each class
accommodates many training samples, then the residuals can approximately be regarded as
independent samples from A (0, Zp).

Irrespective of these complications, the sample covariance matrix

1

s =

¢ raval
fifi
=1

provides an unbiased estimator for X(. Indeed, by the law of total expectation we have

~ 1 n ~
Ep[S] = E Ep[&E] |9
pl2] | P ;:21 P[él&lb’z]]
1 |- 5,1 -1 1
= E RN ) (2,1 -1)Z0 = Zo,
n—l@lyezg ’ iéy 7] ] n—l@flyezg reue e

where [P stands for the unknown true joint distribution of the residuals and class labels. In a
data-driven setting, the ideal maximum likelihood classifier (1.22) is replaced with

€)= argryrégl(f—ﬁy)TX*(E—ﬁy), (1.23)

which depends on the raw data through the sample averages iy, y € %/, and some precision
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matrix estimator X*. The possible choices for X* include the Wasserstein shrinkage estimator
without prior information, the linear shrinkage estimator and the ¢;-regularized maximum
likelihood estimator, all of which depend on the data merely through £. Note that the naive
precision matrix estimator ! exists only for n > p and is therefore disregarded. All estimators
depend on a scalar parameter (the Wasserstein radius p, the mixing parameter « or the penalty
parameter f) that can be used to tune the performance of the classifier (1.23).

We test the classifier (1.23) equipped with different estimators X* on two preprocessed
datasets from [42]:

1. The “colon cancer” dataset contains 62 gene expression profiles, each of which in-
volves 2,000 features and is classified either as normal tissue (NT) or tumor-affected
tissue (TT). The data is split into a training dataset of 29 observations (9 in class NT and
20in class TT) and a test dataset of 33 observations (13 in class NT and 20 in class TT).

2. The “leukemia” dataset contains 72 gene expression profiles, each of which involves
3,571 features and is classified either as acute lymphocytic leukemia (ALL) or acute
myeloid leukemia (AML). The data is split into a training dataset of 38 observations (27
in class ALL and 11 in class AML) and a test dataset of 34 observations (20 in class ALL
and 14 in class AML).

Classification is based solely on the first p € {20,40, 80, 100} features of each gene expression
profile. We use leave-one-out cross validation on the training data to tune the precision matrix
estimator X* with the goal to maximize the correct classification rate of the classifier (1.23).
To keep the computational overhead manageable, we optimize the tuning parameters over
the finite search grids

pe{lon1:j=0,..,60, ae{lox3:j=0,..,60} and Be{lo®m3:j=0,...,60}.

We highlight that, in case of the ¢;-regularized maximum likelihood estimator, cross validation
becomes computationally prohibitive for p > 80 even if the state-of-the-art QUIC routine is
used [84] to solve the underlying semidefinite programs. In contrast, the Wasserstein and linear
shrinkage estimators can be computed and tuned quickly even for p >> 100. Once the optimal
tuning parameters are found, we fix them and recalculate X* on the basis of the entire training
dataset. Finally, we substitute the resulting precision matrix estimator into the classifier (1.23)
and evaluate its correct classification rate on the test dataset. The test results are reported
in Table 1.1. We observe that the Wasserstein shrinkage estimator frequently outperforms
the linear shrinkage and ¢, -regularized maximum likelihood estimators, especially for higher
values of p.
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Table 1.1 — Correct classification rate of the classifier (1.23) instantiated with different precision
matrix estimators. The best result in each experiment is highlighted in bold.

Colon cancer dataset Leukemia dataset

Estimator p=20| p=40| p=80 | p=100 | p=20 | p=40 | p=80 | p=100

Wasserstein 7273 | 75.76 | 78.79 75.76 | 73.53 | 67.65 | 91.18 91.18

Linear 57.58 | 72.73 | 72.73 72.73 | 70.59 | 70.59 | 82.35 82.35

¢)-regularized | 72.73 | 78.79 | 78.79 72.73 | 7059 | 64.71 | 82.35 82.35

Minimum Variance Portfolio Selection

Consider the minimum variance portfolio selection problem without short sale constraints

(87]

min w'Zow
weRP

s.t. 1Tw=1,

where the portfolio vector w € RP captures the percentage weights of initial capital allocated
to p different assets with random returns, 1 € R” stands for the vector of ones, and 2y € S¥,
denotes the covariance matrix of the asset returns. The objective represents the variance of
the portfolio return, which is strictly convex in w thanks to the positive definiteness of (. The
unique optimal solution of this portfolio selection problem is given by w* = Z; 1y HTZa 7,
In practice, the unknown true precision matrix X ! must be replaced with an estimator X*,
which gives rise to the estimated minimum variance portfolio @W* = X*1/17 X*1.

A vast body of literature in finance focuses on finding accurate precision matrix estimators
for portfolio construction, see, e.g., [161, 40, 104, 75, 165]. In the following we compare the
minimum variance portfolios based on the Wasserstein shrinkage estimator without structural
information, the linear shrinkage estimator and ¢; -regularized maximum likelihood estimator
on two preprocessed datasets from the Fama-French online data library:? the “48 industry
portfolios” dataset (FF48) and the “100 portfolios formed on size and book-to-market” dataset
(FF100). Recall that the estimators depend on the data only through the sample covariance
matrix &, which is computed from the residual returns relative to the sample means and thus
needs to account for Bessel’s correction. The datasets both consist of monthly returns for the
period from January 1996 to December 2016. The first 120 observations from January 1996 to
December 2005 serve as the training dataset. The optimal tuning parameters that minimize
the portfolio variance are estimated via leave-one-out cross validation on the training dataset
using the finite search grids

pe{l0m2:j=0,..,200}, ae{l0®™ 2:j=0,..,200 and Be{l0%*:j=0,...,200}.

2See http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html (accessed January 2018)
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The out-of-sample performance of the minimum variance portfolio corresponding to a partic-
ular precision matrix estimator is then evaluated using the rolling horizon method over the
period from January 2006 to December 2016, where the sample covariance matrix needed
as an input for the precision matrix is re-estimated every three months based on the most
recent 120 observations (10 years), while the tuning parameter is kept fixed. The resulting
out-of-sample mean, standard deviation and Sharpe ratio of the portfolio return are reported
in Table 1.2. While the ¢, -regularized maximum likelihood estimator yields the portfolio with
the lowest standard deviation for both datasets, the Wasserstein shrinkage estimator always
generates the highest mean and, maybe surprisingly, the highest Sharpe ratio.

Table 1.2 — Standard deviation, mean and Sharpe ratio of the minimum variance portfolio
based on different estimators. The best result in each experiment is highlighted in bold.

FF48 dataset FF100 dataset

Estimator std mean | Sharpe | std mean | Sharpe

Wasserstein shrinkage | 3.146 | 0.701 0.223 | 3.518 | 1.079 | 0.307

Linear shrinkage 3.152 | 0.688 0.218 | 3.484 | 0.965 0.277

¢:-regularized ML 3.077 | 0.668 0.217 | 3.423 | 1.010 0.295

Inference of Solar Irradiation Patterns

In the last experiment we aim to estimate the spatial distribution of solar irradiation in Switzer-
land using the “surface incoming shortwave radiation” (SIS) data provided by MeteoSwiss.
The SIS data captures the horizontal solar irradiation intensities in W/m? for pixels of size
1.6km by 2.3km based on the effective cloud albedo, which is derived from satellite imagery.
The dataset spans 13 years from 2004 to 2016, with a total number of 4,749 daily observations.
We deseasonalize the time series of each pixel as follows. First, we divide the original time
series by a shifted sinusoid with a yearly period, whose baseline level, phase and amplitude
are estimated via ordinary least squares regression. Next, we subtract unity. The resulting
deseasonalized time series is viewed as the sample path of a zero mean Gaussian noise pro-
cess. This approach relies on the assumption that the mean and the standard deviation of
the original time series share the same seasonality pattern. It remains to estimate the joint
distribution of the pixel-wise Gaussian white noise processes, which is fully determined by
the precision matrix of the deseasonalized data. We estimate the precision matrix using the
Wasserstein shrinkage, linear shrinkage and ¢; -regularized maximum likelihood estimators.
As each pixel represents a geographical location and as the solar irradiation intensities at two
distant pixels are likely to be conditionally independent given the intensities at all other pixels,
it is reasonable to assume that the precision matrix is sparse; see also [36, 171]. Specifically, we
assume here that the solar irradiation intensities at two pixels indexed by (i, j) and (i’, j') are

3See http://www.meteoschweiz.admin.ch/data/products/2014/raeumliche- daten-globalstrahlung.html (ac-
cessed January 2018)
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Figure 1.5 — Average solar irradiation intensities (W/m?) for the Diablerets region in Switzer-
land.

conditionally independent and that the corresponding entry of the precision matrix vanishes
whenever |i —i'| + |j — j'| > 3. This sparsity information can be used to enhance the basic
Wasserstein shrinkage estimator.

Consider now the Diablerets region of Switzerland, which is described by a spatial matrix of
20x20 pixels. Thus, the corresponding precision matrix has dimension 400x400. The average
daily solar irradiation intensities within the region of interest are visualized in Figure 1.5. We
note that the sunshine exposure is highly variable due to the heterogeneous geographical
terrain characterized by a high mountain range in the south intertwined with deep valleys in
the north. In order to assess the quality of a specific precision matrix estimator, we use K-fold
cross validation with K = 13. The k-th fold comprises all observations of year k and is used to
construct the estimator X;. The data of the remaining 12 years, without year k, are used to
compute the empirical covariance matrix $_j. The estimation error of X,’: is then measured
via Stein’s loss
L(X},Z_4) = —logdet(Xy Z_p) + (X}, Z_) - p.

We emphasize that here, in contrast to the experiment with synthetic data, £_; is used as a
proxy for the unknown true covariance matrix Z. Figure 1.6 shows Stein’s loss of the Wasser-
stein shrinkage estimator with and without structure information for p € [1072,109], the linear
shrinkage estimator for a € [1073,2 x 1072] and the ¢ 1-regularized maximum likelihood es-
timator for € [107°,1073]. Lines represent averages, while shaded areas capture the tubes
between the best- and worst-case loss realizations across all K folds.

The Wasserstein shrinkage estimator with structure information reduces the minimum average
loss by 13.5% relative to the state-of-the-art ¢;-regularized maximum likelihood estimator.
Moreover, the average runtimes for computing the different estimators amount to 51.84s
for the Wasserstein shrinkage estimator with structural information (Algorithm 1), 0.08s for
the Wasserstein shrinkage estimator without structural information (analytical formula and
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Figure 1.6 — Stein’s loss of the Wasserstein shrinkage, linear shrinkage and ¢, -regularized
maximum likelihood estimators as a function of their respective tuning parameters.

bisection algorithm), 0.01s for the linear shrinkage estimator (analytical formula) and 1493.61s
for the ¢;-regularized maximum likelihood estimator (QUIC algorithm [84]).
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¥4 Bridging Bayesian and Minimax Mean
Square Error Estimation
via Wasserstein Distributionally
Robust Optimization

This duality can be pursued further and is related to a duality between past and future and the
notions of control and knowledge. Thus we may have knowledge of the past but cannot
control it; we may control the future but have no knowledge of it.

— Claude Shannon

We introduce a distributionally robust minimium mean square error estimation model with
a Wasserstein ambiguity set to infer an unknown signal from a noisy measurement. The
proposed model minimizes the worst-case (maximum) of the mean square expected loss
across all reference distributions within a prescribed Wasserstein distance from a nominal
distribution. We show that the proposed model can be conservatively approximated by the
optimal value of a finite convex optimization problem. If the nominal distribution is elliptical,
we prove that the optimal estimator is affine and can be recovered from the optimal solution
of the related dual estimation problem whose reformulation is equivalent to a tractable
semidefinite program. Finally, we develop a Frank-Wolfe algorithm for efficiently solving the
robustified estimation problem in high dimensional settings, such as for image denoising
using wavelet shrinkage.
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2.1 Introduction

Consider the problem of estimating an unknown parameter x € R” based on a linear measure-
ment y € R™ corrupted by additive noise w € R". This setup is formalized through the linear
measurement model

y=Hx+w, 2.1)

where the observation matrix H € R"*" is assumed to be known. We further assume that
the distribution P,, of w has finite second moments and is independent of x. Thus, the
conditional distribution Py, of y given x is obtained by shifting P,, by Hx. Note that the
linear measurement model is fundamental for numerous applications in engineering (e.g.,
linear systems theory [74, 127]), econometrics (e.g., linear regression [162, 174], time series
analysis [25, 80]), machine learning and signal processing (e.g., Kalman filtering [97, 120, 129])
or information theory (e.g., multiple-input multiple-output systems [32, 113]) etc.

An estimator of x given y is a measurable function ¥ : R”* — R” that grows at most linearly.
Thus, there exists C > 0 such that |y (y)| < C(1 + ||y||) for all y € R™. The function value v (y)
is the prediction of x based on the measurement y under the estimator . In the following
we denote the family of all estimators by &. The quality of an estimator is measured by a risk
function Z : & x R" — R, which quantifies the mismatch between the parameter x and its
prediction ¥ (y). A popular risk function is the mean square error (MSE)

Ry, x) £Ep,, [lx-y W],

which defines the estimation error as the expected squared Euclidean distance between v (y)
and x. If x was known, then R(y, x) could be minimized directly, and the constant estimator
w* (y) = x would be optimal. In practice, however, x is unobservable. Otherwise there would be
no need to solve an estimation problem in the first place. With x unknown, it is impossible to
minimize the MSE directly. The statistics literature proposes two complementary workarounds
for this problem: the Bayesian approach and the minimax approach.

The Bayesian statistician treats x as a random vector governed by a prior distribution P
that captures her beliefs about x before seeing y [114, § 1.2.4] and solves the minimum MSE
(MMSE) estimation problem

minimize Ep_[R(v,x)]. (2.2)
yeF

If the distribution P, of x has finite second moments, then (2.2) is solvable. In this case,
the optimal estimator, which is usually termed the Bayesian MMSE estimator, is of the form
v, () = Ep, [x], where the conditional distribution P, of x given y is obtained from P and
Py|x via Bayes’ theorem. However, the Bayesian MMSE estimator suffers from two conceptual
shortcomings. First, y7, is highly sensitive to the prior distribution Py, which is troubling if
the statistician has little confidence in her beliefs. Second, computing 1,//;;, requires precise
knowledge of the noise distribution P,,,, which is typically unobservable and thus uncertain
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at least to some extent. Moreover, ¥, may generically have a complicated functional form,
and evaluating v, (y) to high precision for a particular measurement y (e.g., via Monte Carlo
simulation) may be computationally challenging if the dimension of x is high.

These shortcomings are mitigated if we restrict the space & of all measurable estimators
in (2.2) to the space

AE{yeF : JAeR™™ beR" withy(y) = Ay+bVyeR™} (2.3)

of all affine estimators. In this case the distributions P, and P, need not be fully known.
Instead, in order to evaluate the optimal affine estimator ¢, (y) = A*y + b*, it is sufficient
to know the mean vectors u, and y,, as well as the covariance matrices X, and X, of the
distributions P, and P, respectively. If HZ.H" +%, > 0, which is the case if the noise
covariance matrix has full rank, then the coefficients of the best affine estimator can be
computed in closed form. Using (2.1) together with the independence of x and w one can
show that

A* =3 H'(HES H"+2,)"" and b* =px— A*(Hpyx + fw). (2.4)

If the random vector (x, y) follows a normal distribution, then the best affine estimator is
also optimal among all measurable estimators. In general, however, we do not know how
much optimality is sacrificed by restricting attention to affine estimators. Moreover, the
uncertainty about P, and P, transpires through to their first- and second-order moments. As
the coefficients (2.4) tend to be highly sensitive to these moments, their uncertainty remains
worrying.

The minimax approach models the statistician’s prior knowledge concerning x via a convex
closed uncertainty set & < R"” as commonly used in robust optimization. The minimax MSE
estimation problem is then formulated as a zero-sum game between the statistician, who
selects the estimator y € & with the goal to minimize the MSE, and nature, who chooses the
parameter value x € & with the goal to maximize the MSE.

minimize max R(y, x) (2.5a)
YeF XEX
By construction, any minimizer ulf% of (2.5a) incurs the smallest possible estimation error
under the worst parameter realization within the uncertainty set &. For this reason 1//:% is
called a minimax estimator. Note that the MSE R(y, x) generically displays a complicated
non-concave dependence on x for any fixed v, which implies that nature’s inner maximization
problem in (2.5a) is usually non-convex. Thus, we should not expect the zero-sum game (2.5a)
between the statistician and nature to admit a Nash equilibrium. However, the inner maxi-
mization problem can be convexified by allowing nature to play mixed (randomized) strategies,
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that is, by reformulating (2.5a) as the (equivalent) convex-concave saddle point problem

minimize max Eq, [R(y,x)], (2.5b)
YeF Qe (X))

where ./ (%) stands for the family of all distributions supported on & with finite second-order
moments. As Eg [R(y, x)] is convex in ¢ for any fixed Q, and concave (linear) in Q, for any
fixed v, while & and 4 (%) are both convex sets, the zero-sum game (2.5b) admits a Nash
equilibrium (1//;[, QZ) under mild technical conditions. Note that wjﬂ is again a minimax
estimator. Moreover, y*, is the statistician’s best response to nature’s choice Q% and vice
versa. Using the terminology introduced above, this means that 1//:‘% is the Bayesian MMSE
estimator corresponding to the prior Q}. For this reason, Q} is usually referred to as the
least favorable prior. Even though the minimax approach exonerates the statistician from
narrowing down her beliefs to a single prior distribution Qy, it still requires precise information
about P, which may not be available in practice. On the other hand, as it robustifies the
estimator against any distribution on &', the minimax approach is often regarded as overly
pessimistic. Moreover, as in the case of the Bayesian MMSE estimation problem, ¢, may
generically have a complicated functional form, and evaluating * () to high precision may
be computationally challenging if the dimension of x is high. A simple remedy to mitigate
these computational challenges would be to restrict & to the family </ of affine estimators.
The loss of optimality incurred by this approximation for different choices of & is discussed
in [95, § 4] and the references therein.

In this paper we bridge the Bayesian and the minimax approaches by leveraging tools from
distributionally robust optimization. Specifically, we study distributionally robust estimation
problems of the form

mig?gize leeegv Eg, [Ry,x)], (2.6)
where 2, < .4 (R") is an ambiguity set of multiple (possibly infinitely many) plausible prior
distributions of x. Note that if the ambiguity set collapses to the singleton 2, = {P,} for
some P, € ./ (R"), then the distributionally robust estimation problem (2.6) reduces to the
Bayesian MMSE estimation problem (2.2). Similarly, under the ambiguity set 2, = 4 (%)
for some convex closed uncertainty set & < R, problem (2.6) reduces to the minimax mean
square error estimation problem (2.5b). By providing considerable freedom in tailoring the
ambiguity set 2, the distributionally robust approach thus allows the statistician to reconcile
the specificity of the Bayesian approach with the conservativeness of the minimax approach.

The estimation model (2.6) still relies on the premise that the noise distribution P, is precisely
known, and this assumption is not tenable in practice. However, nothing prevents us from
further robustifying (2.6) against uncertainty in P,,. To this end, we define .# (R"*™) as the
family of all joint distributions of x and w with finite second-order moments. Moreover, we
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define the average risk # : # x 4 (R"*™) — R through
Ry, P) £ Epllx—w(Hx+ w)|?).

IfP =P, x P, for some marginal distributions P, € .# (R") and P, € .4 (R™), which implies
that x and w are independent under P, and if Py, is defined as P, shifted by Hx, then
Z(y,P) =LEp [R(y,x)]. Thus, the average risk 2 (y,P) corresponds indeed to the risk R(y, x)
averaged under the marginal distribution P,. In the remainder of this paper we will study
generalized distributionally robust estimation problems of the form

minimize sup Z(y,Q), 2.7
Ve QeB®)

where the ambiguity set BP) c .4 (R"™) captures distributional uncertainty in both PP, and
P,,. Specifically, we will model B(P) as a set of factorizable distributions Q = Q, x Q,, close
to a nominal distribution P = P, x P, in the sense that @, and Q,, are close to P, and P, in
Wasserstein distance, respectively.

Definition 2.1 (Wasserstein distance). Forany d € N, the type-2 Wasserstein distance between
two distributions Q,,Q, € .4 (R%) is defined as

1
2
W,éinf(f — &P n(déy,dE) |,
(@1,Q2) weridh o Ul g €1 &2 7 (dér, déa)
where T1(Q1,Q,) denotes the set of all joint distributions or couplings w € 4 (R? x R?) of the
random vectors &, € R and &, € R with marginal distributions Q, and Q,, respectively.

The dependence of the Wasserstein distance on d is notationally suppressed to avoid clutter.
Note that W (Q;, @,)? is naturally interpreted as the optimal value of a transportation problem
that determines the minimum cost of moving the distribution @, to 2, where the cost of
moving a unit probability mass from ¢ to ¢» is given by the squared Euclidean distance || —
&3 12, For this reason, the optimization variable 7 is sometimes referred to as a transportation
plan and the Wasserstein distance as the earth mover’s distance.

Formally, we define the Wasserstein ambiguity set as

BP) =4 Qxx Qu:

X '/% Rl’l » W xy@x =
Qx € M ([R") @ " ) = , 2.8)
P

Px
Quwe AR™), WQu, Pw

IA

w)

where P, and P, represent prescribed nominal distributions that could be constructed via sta-
tistical analysis or expert judgement, while the Wasserstein radii p, = 0 and p,, = 0 constitute
hyperparameters that quantify the statistician’s uncertainty about the nominal distributions
of x and w. We emphasize that the distributionally robust estimation model (2.7) generalizes
all preceding models. Indeed, if p,, = 0, then (2.7) reduces to the first distributionally robust
model (2.6), which in turn encompasses both the MMSE estimation problem (2.2) (for p, = 0)
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and the minimax estimation problem (2.5b) (for p, = co) as special cases.

The distributionally robust estimation model (2.7) is conceptually attractive because the
hyperparameters p, and p,, allow the statistician to specify her level of trust in the nominal
prior distribution P, and the nominal noise distribution P,,. In the remainder of the paper
we will show that (2.7) is also computationally attractive. This is maybe surprising because
mixtures of factorizable distributions are generally not factorizable, which implies that the
Wasserstein ambiguity set [E‘B(@) is non-convex.

We remark that one could also work with an alternative ambiguity set of the form
B'(P) 2 {Qx x Qu: Qx € A R™), Qu € MR™), W(Qy x Qu, Py x Pyy) < p}, (2.9)

which involves only a single hyperparameter p = 0 and is therefore less expressive but maybe
easier to calibrate than B(P). The following lemma is instrumental to understanding the
relation between B(P) and B’ (P).

Lemma 2.2 (Pythagoras’ theorem for Wasserstein distances). For any @}C, @i e M R" and
Ql,, @2, € 4 [R™) we have

W@} x @}, Q% x @3,)° = W(Q,09)° + W(Q,,,03,)%

Proof. By the definition of the Wasserstein distance and by the standard Pythagorean theorem
we have

W@} x Q},, Q% x Q2)?

= inf f ||x1—x2||2+ l w1—wz||27t(dx1,dw1,dx2,dwz)
7ell(Q} xQ},, Q% x Q3,) JR+m xRr+m

< inf f xl—x2||2nx(dx1,dx2)+ inf f | wr - wz||27rw(dw1,dwz)
m€1(Q},Q3) JR" xR" 7w €N(Q},Q%) JR™ xR™

W(QL,0%2+W(@Ql,02%)?%

where the inequality follows from the restriction to factorizable transportation plans of the
form 7 = 7, x 7, for some 7, € TI(QL,Q2) and 7, € TI(Q!,,Q?). To prove the converse in-
equality, we define IT,(Q,Q2) as the set of all joint distributions 7 € .4 R x R"*™) of
(x1, wy) € R"™™ and (xy, w,) € R"*™ under which x; and x, have marginal distributions Q.
and Q2, respectively. Similarly, we define I1,,(Q},,@?,) as the set of all joint distributions
e MRV x R of (x1, w;) € R and (x,, w,) € R under which w; and w» have
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marginal distributions @}, and @2, respectively. Using this notation, we find

X1 — X2 ||2n(dx1,dw1,dx2,dwz)

W@ x @, Q2 x Q%)% = inf f
T ren(@lx @), Q8 @) Jreem e

. 2
+ inf f ” wi; — w»r ” n(dxl,dwl, de,dbUz)
HEH(@}(X@%U,@EX@%U Rr+m [RA+M

. 2
> inf f ||x1 —x2|| m(dx;,dw;,dxy, dws)
7T€HX(@)1(, i) RA+m x [RA+mM

. 2
+ inf f || wy — W || n(dx;, dw;,dxs, dw,)
”Enw(@lwy %u) R7+1M x [R1+M

=W(@Q,09)°+W(@,,, Q%)%

where the first inequality exploits the superadditivity of the infimum operator, while the second
inequality holds because T1(QL x @}, @2 x @2,) contains both I1,(Q,Q2) and I1,,(Q},, @2, as
subsets. The equality in the last line follows from the observation that for any 7 € I x(@}c, @i)
the marginal distribution 7 of (x1, x») is an element of H(@}C, @i), and for any 7 € I1 w(@}c, @i)
the marginal distribution 7, of (w, w») is an element of H(@{U, @%U). Thus, the claim follows.

[

If we denote the ambiguity sets (2.8) and (2.9) temporarily by B, ,,, (P) and [HS;) (P) in order to
make their dependence on the hyperparameters explicit, then Lemma 2.2 implies that

IB;) ® = U Boopu ®).

Pi+pi=p?

This relation suggests that [EB:O (P) could be substantially larger than Bp,,0. (®) for any fixed
0, Px, Pw =0 with p2 + p2 = p? and thus lead to substantially more conservative estimators.

The key contributions of this paper can be summarized as follows.

» Using the subset of affine estimators and a superset of distributions prescribed by the
Gelbrich distance, we propose a safe approximation for the generalized distributionally
robust minimum mean square error estimation problem (2.7). We prove that this safe
approximation is equivalent to a finite convex optimization problem, whose optimal
solution is used to form the optimal affine estimator.

« If the nominal measure P is a Gaussian distribution, we propose in Section 2.2 a conser-
vative approximation for the dual estimation problem (2.22) by confining the ambiguity
set to Gaussian distributions. We prove that this conservative approximation is equiva-
lent to a finite convex optimization problem, whose optimal solution is used to form the
least favorable prior.

e If the nominal measure P is a Gaussian distribution, we consider in Section 2.3 the dual
MMSE estimation problem. We show that this dual problem is equivalent to a finite
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convex optimization problem. We then prove in Section 2.4 that the optimal Wasserstein
MMSE estimator that solves (2.7) is an affine estimator, and more interestingly, this
optimal estimator is the Bayesian MMSE estimator corresponding to the least favorable
prior, and can be recovered from the least favorable prior.

* In Section 2.5 we discuss the extension to the case when P is an elliptical distribution.
Interestingly, with a slight modification of the required assumption, the results in Sec-
tion 2.4 still hold and we can show that the optimality of the affine estimator is also
retained.

* We further develop in Section 2.6 a decomposable Frank-Wolfe algorithm to solve the
resulting nonlinear SDP programs with a linear convergence rate. We illustrate in Sec-
tion 2.7 the performance of our proposed estimator on an image denoising application,
and show the superior quality of the Wasserstein affine estimator.

The minimax MSE estimation problem (2.5a) also known as Chebyshev center [4] was first
studied with ellipsoidal uncertainty set in [55, 56] and then extended to the case for which
the matrix H has circulant pattern in [9]. Exact reformulation was presented in [8] when the
uncertainty set X is the intersection of two ellipsoids. A semidefinite programming relaxation
was later introduced in [54] to handle the case when X is the intersection of several ellipsoids.
In this setting, the near-optimality of the affine estimators is proved in [96]. Distributionally
robust MSE estimator have been studied in [57, 7, 53, 125] using uncertainty sets for the signal
and noise covariance matrices and in [108, 109, 181, 182] using ambiguity sets defined via
information divergences. In particular, restring to affine estimator, a minimax theorem using
the uncertainty set over the covariance matrix space is established in [125]. Furthermore, the
optimality of affine estimators is proved in [108, 109, 181, 182] for ambiguity sets constructed
by information divergences.

The paper is structured as follows. Sections 2.2 and 2.3 develop conservative approximations
for the primal and dual Wasserstein MMSE estimation problems, respectively, both of which
are equivalent to tractable convex programs. Section 2.4 shows that if the nominal distribution
is normal, then both approximations are exact and can be used to find a Nash equilibrium
for the zero-sum game between the statistician and nature. Extensions to elliptical nominal
distributions are discussed in Section 2.5. Section 2.6 develops an efficient Frank-Wolfe
algorithm for the dual MMSE estimation problem, and Section 2.7.2 reports on numerical
results.

Notation. For any A € R**? we use Tr [ A] to denote the trace and || Al| = {/Tr[ AT A] to denote
the Frobenius norm of A. By slight abuse of notation, the Euclidean norm of v € R is also
denoted by | v||. Moreover, I stands for the identity matrix in R?*?. For any A, B € R%*4, we
use (A, B) =Tr[ A" B] to denote the trace inner product. The space of all symmetric matrices
in R?*? is denoted by $%. We use Sf (Sf +) to represent the cone of symmetric positive
semidefinite (positive definite) matrices in s, For any A,B e S, the relation A> B (A> B)
means that A— B e S% (A— B € S%,). The unique positive semidefinite square root of a matrix
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A€ §ﬂ is denoted by Az. For any A€ S% Amin(A) and Amax(A) denote the minimum and
maximum eigenvalues of A, respectively.

2.2 The Gelbrich MMSE Estimation Problem

The distributionally robust estimation problem (2.7) poses two fundamental challenges. First,
checking feasibility of the inner maximization problem in (2.7) requires computing the Wasser-
stein distances W (P +»Qx) and WP w»Qw), which is #P-hard even if P » and I]5w are simple
two-point distributions, while Q, and Q,, are uniform distributions on hypercubes [163].
Efficient algorithms for computing Wasserstein distances are available only if both involved
distributions are discrete [33, 135, 158], and analytical formulas are only known in exceptional
cases (e.g, if both distributions are Gaussian [72] or belong to the same family of elliptical
distributions [71]). The second challenge is that the outer minimization problem in (2.7)
constitutes an infinite-dimensional functional optimization problem. In order to bypass these
computational challenges, we first seek a conservative approximation for (2.7) by relaxing
the ambiguity set B(P) and restricting the feasible set . We begin by constructing an outer
approximation for the ambiguity set. To this end, we introduce a new distance measure on the
space of mean vectors and covariance matrices.

Definition 2.3 (Gelbrich distance). Foranyd € N, the Gelbrich distance between two tuples of
mean vectors and covariance matrices (U1,Z1), (2, X2) € R% x S‘f is defined as

1

1 1
G ((p1,21), (2, 22)) = \/||,u1 —o|? + Tr 21 + 2 —2(222212;) ].

The dependence of the Gelbrich distance on d is notationally suppressed in order to avoid
clutter. One can show that G constitutes a metric on R% x §ﬁf , that is, G is symmetric, non-
negative, vanishes if and only if (u1,Z1) = (12, 2) and satisfies the triangle inequality [72,
pp- 239].

Proposition 2.4 (Commuting covariance matrices (72, p. 239]). Ifu1, 2 € R are identical and
21,20€ S‘f commute (1%, = 2221), then the Gelbrich distance simplifies to G ((,ul, 21), (U2, Zg)) =
IVE = VE|.

While G itself is non-convex, we will see below that G2 is convex. Our interest in the Gelbrich
distance stems mainly from the next proposition, which lower bounds the Wasserstein distance
between two distributions in terms of their first- and second-order moments. We will later
see that this bound becomes tight when Q; and Q, are normal or—more generally—elliptical
distributions of the same type.

Proposition 2.5 (Moment bound on the Wasserstein distance [71, Theorem 2.1]). For any
distributions Q,,Q. € 4 (R%) with mean vectors U1, U2 € R% and covariance matrices 21,20€
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Sf, respectively, we have

W(@Q1,Q2) = G ((u1,21), (2, 22)) -

Proposition 2.5 prompts us to construct an outer approximation for the Wasserstein ambiguity
set B(P) by using the Gelbrich distance. Specifically, we define the Gelbrich ambiguity set
centered at P =P, x P, as

Qx€ MR, py=Eqg,[x], Zy=Eq,[xx']—pep;
GP) 2 QxxQu: QueM®R™), uy=Eq, (W), Ty =Fg, lww' | -pypu), ¢
CG(n Z0), ([0 Z0) < 0 Gl Zw), (B Ew)) < Pw

where [iy and [i,, denote the mean vectors and fx and iw the covariance matrices of P, and
P w» respectively.

Corollary 2.6 (Relation between Gelbrich and Wasserstein ambiguity sets). For anyP =P, x
Py withPy € M R") and P, € M R™) we have BP®) < G(P).

Proof. Selectany Q=Q, xQ € B(P) and define Uy and u,, as the mean vectors and X, and
X, as the covariance matrices of Q, and Q,,, respectively. By Proposition 2.5 we then have

G((ﬂxr Zx), (/-Alx» ix)) = W(Qy, @x) =Px and G((,Uw»zw); (ﬁw:iw)) = W(@L{H@w) = Pw>

which in turn implies that Q € G(P). We may thus conclude that B(P) < G(P). O

By restricting % to the set o of all affine estimators while relaxing B(P) to the Gelbrich
ambiguity set G(P), we obtain the following conservative approximation of the distributionally
robust estimation problem (2.7).

minimize sup Z(y,Q) (2.10)
Ved  QeG®)

From now on we will call (2.7) and (2.10) the Wasserstein and Gelbrich MMSE estimation
problems, and we will refer to their minimizers as Wasserstein and Gelbrich MMSE estimators,
respectively. As the average risk Z(y,Q) of a fixed affine estimator ¥ € «f is convex and
quadratic in the mean vector u and affine in the covariance matrix X of the distribution @,
the inner maximization problem in (2.10) is non-convex. Thus, one might suspect that the
Gelbrich MMSE estimation problem is intractable. Below we will show, however, that (2.10) is
equivalent to a finite convex program that can be solved in polynomial time. To this end, we
first show that, under mild conditions, problem (2.10) is stable with respect to changes of its
input parameters.

Proposition 2.7 (Regularity of the Gelbrich MMSE estimation problem). The Gelbrich MMSE
estimation problem (2.10) enjoys the following regularity properties.
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(i) Conservativeness: Problem (2.10) upper bounds the Wasserstein MMSE estimation prob-
lem (2.7).

(i) Solvability: The minimum of (2.10) is attained if$,, > 0 or p,, > 0.

(iii) Stability: The minimum of (2.10) is continuous in (px,pw,ﬁx,ﬁw,fx,iw) iffw >0 or
pw>0.

Proof. The Gelbrich MMSE estimation problem (2.10) upper bounds the Wasserstein MMSE
estimation problem (2.7) because < < .% and G(P) 2 B(P); see Corollary 2.6. Thus, assertion (i)
follows. Recall now that any ¥ € o can be represented as ¥ (y) = Ay + b for some A € R™"*"™
and b € R”. Moreover, for any distribution Q = Q, x Q,, € G(P), denote by p, and ,, the mean
vectors and by £, and Z,, the covariance matrices of Q, and Q,, respectively. Hence, the
objective function and the constraints of (2.10) depend on ¥ and Q only through A, b, yy, tw,
2y and Z,,. Indeed, the average risk of ¥ under Q satisfies

Z(y,Q) =Eg [lx— A(Hx + w) - bl|I*] = Eq [II(I, - AH)x — Aw — b||*]
= (Un— AH)" (I — AH), o+ pixpiy ) + (AT A Zy + rptly) + b b
—2py (In— AH) " Apy = 2b" ((In = AH) px — Apw) = f(A b, s o Zx, Z).

Similarly, the constraints ¥ € o7 and Q € G(PP) can be reformulated in terms of A, b, iy, fw, Zx
and X ,,. Thus, the Gelbrich MMSE estimation problem (2.10) is equivalent to

i‘ng sup f(Ar b! Hx, HW)Z)Crzw)

PPN 2.11

s.t. Gy, Zy), ([x, 24))? < 02 (2.11)
G((Lw, Zw), B, Zuw))? < P2,

Note that both sides of the two Gelbrich distance constraints have been squared without loss
of generality. In the remainder we will use the shorthand 6 £ (Oxr Pw> bix» Bw» s o fw) to denote
the vector of the problem’s input parameters, which ranges over the set @ 2 R, x R, x R” x
R™ x ST x S As f is continuous, while the feasible set of the inner maximization problem is
compact and depends continuously on 6, the optimal value of the minimax problem (2.11) is
locally bounded in 0. Next, we introduce the continuous functions

L 2
U@ 20y, Hw@ 2y, @)=, and Z,0)2 ia,+p—”’lm).
Jm

Trivially, we have G((ux(0), Z,(0)), (fix, $.)) = 0 for all @ € ©. Moreover, it is easy to see that Su
and X,,(8) commute. Proposition 2.4 thus implies that

- 1 1
G((pw(9), 20 0)), (Huw, Z0) = [|25,0) =25 || = pw
for all 8 € ©. This allows us to conclude that u.(0), p,(0), £,(0) and Z,,(0) are feasible in

61



Wasserstein MMSE Estimator

the inner maximization problem in (2.11). Assume now that iw >0 or py >0, which implies
that £,,(0) > 0. In this case f is strongly convex in the decision variables A and b of the outer
minimization problem in (2.11), and

{(A,b) eR™™ xR : f(A, b, 11x(0), thu (0), 2x(6), 2, (0)) < f}

is compact for every f € R. Thus, the minimax problem (2.11) satisfies all conditions of
Lemma 2.32 in Appendix 2.8.1, which implies that both (2.11) and the equivalent Gelbrich
MMSE estimation problem (2.10) are solvable and that their optimal value changes continu-
ously with § whenever £,, > 0 or p,, > 0. O

We are now ready to prove the main result of this section.

Theorem 2.8 (Gelbrich MMSE estimation problem). The Gelbrich MMSE estimation prob-
lem (2.10) is equivalent to the finite convex optimization problem

inf y.(p2 = TrZ4)) + Y2y eln — Un— AH) T (I, - A7), )
+Yw (0% —TrEw]) + Y2 (rwln — AT AL Ey)

s.t. AeR™™, yoyweRy
Yeln—Up—AH) (I, - AH) >0, yuln—ATA>0.

(2.12)

Moreover, if £, > 0 or p, > 0, then (2.12) admits an optimal solution' A*, and the infimum
of (2.10) is attained by the affine estimatory* (y) = A*y + b*, where b* = i, — A*(Hfix + iy).

Proof. Throughout this proof we denote by v 4 ;, € &/ the affine estimator w4 ,(y) = Ay+b
corresponding to the sensitivity matrix A € R and the vector b € R” of intercepts. In the
following we fix some A € R"*™ and define K = I, — AH in order to simplify the notation. By
the definitions of the average risk 2 (y, Q) and the Gelbrich ball G(P), we then have

inf - sup (KK, Zy+ gty ) +(ATA Ty + puopty,) + bTh
HxoMw
2 Zw=0 -2 TKTA _sz Kie— A
Hblf SupA ‘%(WA,b!@) = l’tx AHW ( Mx IJLU)
QeG(P) st Gl Zx), (i, 2x))? < p2

C (> Zw), ([uwr 20))? < P2,
(2.13)

The outer minimization problem in (2.13) is convex because the objective function of the min-
imax problem is convex in b for any fixed (i, tw, Zx, Z) and because convexity is preserved
under maximization. Moreover, the inner maximization problem in (2.13) is non-convex
because its objective function is convex in (i, ). This observation prompts us to maximize

IWe say that A* solves (2.12) if adding the constraint A= A* does not change the infimum of (2.12). Note that
the infimum of the resulting problem over (y,y,y) may not be attained, i.e., the existence of a solution A* does
not imply that (2.12) is solvable.
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over (U, Uy) and (Z4, Z,,) sequentially and to reformulate (2.13) as

irl}f sup sup  (KTK,Zy+pxpl Y+ (AT ATy + ppl,) + b b
Hax>Hw 2,Zw=0
llbx—=Exll=<px —2ulKTAuy,—2b" (Kuy,— A
It =pu M K Aty =20 (R = Ato) (2.14)

st Gy Zx), (A, 22))% < p2
G((IJ/LU)ZW), (ﬁw;zw))z S p%‘).

As |lux — fxll < G((ux, Zy), (ﬁx,fx)) and as this inequality is tight for X, = fx, the extra con-
straint || uy — x|l < py is actually redundant and merely ensures that the maximization problem
over X, remains feasible for any admissible choice of . An analogous statement holds for
Uy and X,,. By the definition of the Gelbrich distance, the innermost maximization problem
over (Xy,%,,) in (2.14) admits the Lagrangian dual

info sup (KTK,Zy+pxpi )+ (AT Ay + b, ) + b b—2ul KT Ay —2b 7 (K — Apty)
YoYw203 5 >0
]

=~ ~L L1
+Yx (Pi — Il x _ﬁxllz —Tr [zx +2y—2 (ZJZCZXZJZC)

1
+Yw(p?u —lpw — ﬁw”z -Tr [Zw + iw -2 (iéuzwiliu) : ]) .
(2.15)
Strong duality holds by [13, Proposition 5.5.4], which applies because the primal problem has
anon-empty compact feasible set. Next, we observe that the inner maximization problem
in (2.15) can be solved analytically by using Proposition 2.33 in the appendix, and thus the
dual problem (2.15) is equivalent to

Yinyf (KTK, pxpil Y+ (AT A ol Yy + b b —2ul KT Apyy — 207 (K — Apy)

;;Z’fﬁ; +x (02 =l = Bal? = Tr [Ex] +yx{ (Y2 I = KT K7L Ey)) (2.16)

TYw (Pi, =l —ﬁwll?‘ -Tr [iw] +Yw<(7/w1m - ATA)_I;iw» .
Substituting (2.16) back into (2.14) then allows us to reformulate the Gelbrich MMSE estima-
tion problem (2.7) as

irblf sup 7/ir%,f (K"K, pxpi Y+ (AT A o,y + b b —2ul KT Apyy —2b7 (Kpy — Apy)
HxrHw lw R .
ha—fial<px Vel KKy (02—l = Bell? = Tr 4] + 720 ln = KTEO T E))

lw=Buwl<pw Ywln>AT A

+Yw (p%u —llpw — ﬁw”2 —Tr [iw] + Yw<(7wlm —ATAT, Ew» .
2.17)

The infimum of the inner minimization problem over (y,,v,) in (2.17) is convex quadratic
in b. Moreover, it is concave in (uy, 14,) because KTK- YxIn <0and ATA- YwIm <0 for any
feasible choice of (y,Y ) and because concavity is preserved under minimization. Finally, the
feasible set for (uy, () is convex and compact. By Sion’s classical minimax theorem, we may
therefore interchange the infimum over b with the supremum over (uy, t£,y). The minimization
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problem over b thus reduces to an unconstrained (strictly) convex quadratic program that has
the unique optimal solution b = Ku, — Ayy,. Substituting this expression back into (2.17) then
yields

sup BLUSINE: (02 = lpx — Bxl? = Tr [Z4]) + Y2 (rx L - KT K) 7L, 2,)

T ll< T ~ ~ _ o~
i Belzpe Yl B K Y (0% = I = Bl = Tr[20]) + V3 0wl = ATA T 2.
(2.18)

It is easy to verify that the resulting maximization problem over (uy, (1) is solved by u, = [iy
and y,, = fiy. Substituting the corresponding optimal value into (2.13) finally yields

YXVYW
YeIn=KTK

inf sup Z(yap,Q) = ~ N
YwIn>ATA +Yw(P%u_Tr[zu/])+7i}<(7wlm_ATA)_l’zw>'

inf  yx (o~ Tr[Ee]) +v2(raln - KTK) !, Zy)
b gec®

From the above equation and the definition of K it is evident that the Gelbrich MMSE estima-
tion problem
inf sup Z(y,Q)=inf sup Z(W4, Q) (2.19)
Ve geo®) Abgeg®)

is indeed equivalent to the finite convex optimization problem (2.12).

Assume now that £, > 0 or Pw > 0. In this case we know from Proposition 2.7 (ii) that
the Gelbrich MMSE estimation problem (2.19) admits an optimal affine estimator w* (y) =
A*y+ b* for some A* € R"*" and b* € R™. The reasoning in the first part of the proof then
implies that A* solves (2.12). Moreover, it implies that b* is optimal in (2.13) when we fix
A= A*. As (2.13) is equivalent to (2.17) and as the unique optimal solution of (2.17) for A= A*
is given by b = i, — A*(H[i, + [i,,), we may finally conclude that

b* =iy — A* (Hfiy + [iy).

By reversing these arguments, one can further show that if A* solves (2.12) and b* is defined
as above, then the affine estimator w*(y) = A* y + b* is optimal in (2.19). This observation
completes the proof. O

The strict semidefinite inequalities in (2.12) ensure that the inverse matrices in the objective
function are well-defined. Using Schur complement arguments, the convex program (2.12)
can be further simplified to a standard semidefinite program (SDP), which can be addressed
with off-the-shelf solvers.

Corollary 2.9 (SDP reformulation). The Gelbrich MMSE estimation problem (2.10) is equiva-
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lent to the SDP

inf  yy (02— Tr(Ex]) + Tr[Uy] + i (02, — Tr[Z 1) + Tr[Uy ]
s.t. AeR™™, yoyweR,
UyeS?, VeSSt U,eSY, V,eST

P
U vaZe| o [Yaln=Va L=HTAT (2.20)
A I,- AH I,
Ui,,l YwZl -0, Yuwln =V AT o,
YWl Vy A I,
Proof. Define the extended real-valued function h,, : R"* x R, — (—o0,00] through
B (Ay) 2 VA wln—ATALELY ifyuln—ATA>0,
wih W 00 otherwise.
Ifywlm—ATA>0,then,wehave
-1 !
hw(A,yw):Uin;fO{Tr[Uw] C U = Y220 (Ywln — AT A) 125,}
1 1
=, nf >0{Tr[Uw] C U = Y22 VIS Yl — AT A= Vw}
1
= it ATe[uy]: |Teim Ve AT, Uo - ve2ul Lol oo
U,=0,V,,>0 A Iy Yw2i Vuw

where the first equality holds due to the cyclicity of the trace operator and because U, = Uy,
implies Tr[Uy | = Tr[Uy] for all U, Uy, = 0, the second equality holds because V;, = V,, is
equivalent to Vu_,1 < \71;1 for all V,,, V,, > 0, and the last equality follows from standard Schur
complement arguments; see, e.g., [18, § A.5.5]. If y, I, — ATA # 0, on the other hand, then the
first matrix inequality in (2.21) implies that V;, must have at least one non-positive eigenvalue,
which contradicts the constraint V;, > 0. The SDP (2.21) is therefore infeasible, and its infimum

evaluates to co. Thus, h,,(A,Yy) coincides with the optimal value of the SDP (2.21) for all
AeR""™andy, eR,.

A similar SDP reformulation can be derived for the function &, : R xR, — (—o0,00] defined
through

By 2 L Ve aln = Un = AH) Uy = A B) i8Yxln = (In = AR (In = AH) >0,
Y oo otherwise.

The claim now follows by substituting the SDP reformulations for h,,(A,y,) and hy(A,yx)
into (2.12). In doing so, we may relax the strict semidefinite inequalities V,, > 0 and V, > 0 to
weak inequalities V;;, = 0 and V, > 0, which amounts to taking the closure of the (non-empty)
feasible set and does not change the infimum of problem (2.12). This observation completes
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the proof. O

Remark 2.10 (Numerical stability). The SDP (2.20) requires the square roots of the nominal

covariance matrices as inputs. Unfortunately, iterative methods for computing matrix square

roots often suffer from numerical instability in high dimensions. As a remedy, one may replace
1 1

those matrix inequalities in (2.20) that involve 2% and 22, with

Uy yxAI
YxAx Vi

Uy ywAI,
YwAw Vw

>0 and >0,

where A and A, represent the lower triangular Cholesky factors of £ and %, respectively.
Thus, we have s, = AXAI ands,, = AWAL. We emphasize that A, and A, can be computed
reliably in high dimensions.

2.3 The Dual Wasserstein MMSE Estimation Problem over Normal
Priors

We now examine the dual Wasserstein MMSE estimation problem

maximize inf Z(v,Q), (2.22)

QeB®) VEF
which is obtained from (2.7) by interchanging the order of minimization and maximization.
Any maximizer Q* of this dual estimation problem, if it exists, will henceforth be called a
least favorable prior. Unfortunately, problem (2.22) is generically intractable. Below we will
demonstrate, however, that (2.22) becomes tractable if the nominal distribution P is normal.

Definition 2.11 (Normal distributions). We say that P is a normal distribution on R* with
mean y € R and covariance matrix £ € S%, that is, P = N (u, %), if P is supported on supp(P) =
{u+Ev: v € R}, and if the density function of P with respect to the Lebesgue measure on supp(P)
is given by
1 i - t4
op(OL W EDTETC)
V (2m)k det(D)

where k = rank(Z), D € S, is the diagonal matrix of the positive eigenvalues of =, and E €
R4k is the matrix whose columns correspond to the orthonormal eigenvectors of the positive
eigenvalues of X.

Definition 2.11 also accounts for degenerate normal distributions with singular covariance
matrices. We now recall some basic properties of normal distributions that are crucial for the
results of this paper.

Proposition 2.12 (Affine transformations [59, Theorem 2.16]). If¢ € R follows the normal dis-
tribution N (11, %), while A€ R**? and b e R*, then A¢ + b € R¥ follows the normal distribution
N (Apu+b,AZAT).
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Proposition 2.13 (Affine conditional expectations [22, Corollary 5]). Assume that ¢ € R fol-
lows the normal distribution P = A (u,X) and that

_ |4
f_[fz

Zin Zi2
o1 X

M1
M2

and 2=

) )

where {1, € RY, &, pip € R%, 34y € RU*4, 55, € R2*® and 31, = 5], € RY*® for some
di,dr € Nwithd, +d, = d. Then, there exist A€ RY*% and b e R such that Ep[&;|&,] = Aéo+b
P-almost surely.

Another useful but lesser known property of normal distributions is that their Wasserstein
distances can be expressed analytically in terms of the distributions’ first- and second-order
moments.

Proposition 2.14 (Wasserstein distance between normal distributions [72, Proposition 7]).
The Wasserstein distance between two normal distributions Q1 = A (11, 21) and Q2 = N (U2, Z2)
equals the Gelbrich distance between their mean vectors and covariance matrices, that is,
W(@1,Q2) = G((u1,21), (U2, Z2)).

Assume now that the nominal distributions of the parameter x € R” and the noise w € R™ are
normal, that is, assume that P, = N (ly, S and P, = N (fw, 3.). Thus, the joint nominal
distribution P = P, x P, is also normal, that is,

[ Hx and > =

P=A(1%)  where [i (2.23)

B

We highlight that normal distributions are natural candidates for P. One reason for this is
that the normal distribution has maximum entropy among all distributions with prescribed
first- and second-order moments [32, § 12]. Therefore, it has appeal as the least prejudiced
baseline model. Similarly, if the parameter x in (2.1) is normally distributed, then a normal
distribution minimizes the mutual information between x and the observation y among all
noise distributions with bounded variance [44, Lemma I1.2]. In this sense, normally distributed
noise renders the observations least informative. Conversely, if the noise in (2.1) is normally
distributed, then a normal distribution maximizes the MMSE across all distributions of x
with bounded variance [77, Proposition 15]. In this sense, normally distributed parameters
are the hardest to estimate. Using normal nominal distributions thus amounts to adopting a
worst-case perspective.

Armed with the fundamental results on normal distributions summarized above, we are
now ready to address the dual Wasserstein MMSE estimation problem (2.22) with a normal
nominal distribution. In analogy to Section 2.2, where we proposed the Gelbrich MMSE
estimation problem as an easier conservative approximation for the original primal estimation
problem (2.7), we will now construct an easier conservative approximation for the original
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dual estimation problem (2.22). To this end, we define the restricted ambiguity set

3z, eS?, 2, €S™ with
By @) 2 QrxQue MR x MR™): Q=N ([, 22), Qu =N () Zw),
W(QX»P)C) =< px; W(Qw; [FDW) = Pw

By construction, B_y (P) contains all normal distributions Q = Q, x Q,, from within the original
Wasserstein ambiguity set B(P) that have the same mean vector (fiy,fi,) as the nominal
distribution P = P, x P, and where the covariance matrix of Qy is strictly positive definite.
Thus, we have B _4 (P) < B(P). Note also that B Y% (P) is non-convex because mixtures of normal
distributions usually fail to be normal.

By restricting the original Wasserstein ambiguity set B(P) to its subset B_4 (P), we obtain the fol-
lowing conservative approximation for the dual Wasserstein MMSE estimation problem (2.22).

maximize inf Z(y,Q) (2.24)
QeBy (@) VeF
We will henceforth refer to (2.24) as the dual Wasserstein MMSE estimation problem over
normal priors. The following main theorem shows that (2.24) is equivalent to a finite convex
optimization problem.

Theorem 2.15 (Dual Wasserstein MMSE estimation problem over normal priors). Assume that
the Wasserstein ambiguity setB_y (P) is centered at a normal distribution P of the form (2.23).
Then, the dual Wasserstein MMSE estimation problem over normal priors (2.24) is equivalent
to the finite convex optimization problem

sup Tr[L,-3,H' (HZH' +3%,) " Hz,]
st Z,eST, T,eSM

~ 1 1)2

Tr[zx+zx—2(z;zxz;)2 | <02 (2.25)
-~ 1 1\2

Tr[zw+zw—2(z;,zw25,) ] <03,

IfS,, > 0, then (2.25) is solvable, and the maximizer denoted by (2%, X%) satisfies 2% = Amin(Ex) I
andZ}, = Amin(E ) I;n. Moreover, the supremum of (2.24) is attained by the normal distribution
Q* = Q% x Q7 defined through Q% = N (fiy, £%) and Q}, = N (U, Z3).

Proof. 1f (x, w) is governed by a normal distribution Q € B_ (), then the linear transformation
(x,¥) = (x, Hx + w) is also normally distributed by virtue of Proposition 2.12, and the average
risk Z (v, Q) is minimized by the Bayesian MMSE estimator w;a y) = pr‘y [x], which is affine
due to Proposition 2.13. Thus, in the dual Wasserstein MMSE estimation problem with normal
priors, the set & of all estimators may be restricted to the set < of all affine estimators without
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sacrificing optimality, that is,

sup inf Z(y,Q)= sup inf Z(y,Q). (2.26)
QeB, ) V< QeB,, B) V<4

As the average risk Z (v, Q) of an affine estimator ¥ € «f simply evaluates the expectation of
a quadratic function in (x, w), it depends on Q only through its first and second moments.
Moreover, as Q and P are normal distributions, their Wasserstein distance coincides with the
Gelbrich distance between their mean vectors and covariance matrices; see Proposition 2.14.
Thus, the maximization problem over @ on the right hand side of (2.26) can be recast as an
equivalent maximization problem over the first and second moments of Q. Specifically, by the
definitions of Z(y, Q) and [B(/,(I]5) we find

sup inf ing (KTK, Zx+ L ) +{ATA S, + Qi) +b'h

B i San 20T KT Afig — 27 (Kfix — Afiw)
sup inf (y,Q) = 7 _
QeB 4 () vesd s.t. G ((,ax» Zy), (ﬁxr Zx)) = Px G ((ﬁw; 2w, (,u\un zw)) = Pw
3,20, >0,

where the auxiliary decision variable K = I,,— AH has been introduced to simplify the objective
function. The innermost minimization problem over b constitutes an unconstrained (strictly)
convex quadratic program that has the unique optimal solution b = Kfi, — Afi,,. Substitut-
ing this minimizer back into the objective function of the above problem and recalling the
definition of the Gelbrich distance then yields

sup inf (KTK,Z,)+(ATAZ,)

TS AK
K=I,-AH
1
-~ 1 _1)2

s.t. Tr[zx+zx—2(z;zx2§) ] <02

sup inf Z(y,Q) =1 2.27)

Qe () V€ 1

~ 1 1
Tr[Zw+2Zw—2 (z;,zwz;,) |<p3,

>0, 2, >0.

By using the equality K = I, — AH to eliminate K, the inner minimization problem in (2.27)
can be reformulated as an unconstrained quadratic program in A. As X, > 0, this quadratic
program is strictly convex, and an elementary calculation reveals that its unique optimal
solution is given by

A =3 H (HEH +3,) .

Substituting A* as well as the corresponding auxiliary decision variable K* = I,, - A* H into
the objective function of (2.27) finally yields the postulated convex program (2.25).

Assume now that £, > 0, and define

e 22, €S G ([ Z0), By, Z0)) < px}
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and
Fw = {Zw € ST :G ((,aw» Zw), (ﬁw;iw)) = Pw}-

Equations (2.26) and (2.27) imply that

sup inf Z(y,Q)< sup sup inf (K'K,Z,)+(ATAZ,)
Qe @) V<7 TeeSTyeSy . AK

K=I,-AH
= sup sup inf (K'K,Z,)+(ATAZ,), (2.28)
I.e Zu€Sy AK

o By B g (B ) K==
where the inequality holds because we relax the requirement that X,, be strictly positive
definite, and the equality follows from applying Lemma 2.35 consecutively to each of the two
maximization problems. If fw > 0, then problem (2.28) constitutes a restriction of (2.27) and
therefore provides also a lower bound on the dual Wasserstein MMSE estimation problem. In
summary, we thus have

sup inf (KTK,Z,)+(ATAZ,)
0w AK
K=I,-AH

1
-~ 1 1\2
s.t. Tr[zx+zx—2(z;zxz;) | <p%
sup inf Z(y,Q) =1
Qek B VT

(2.29)

1
-~ 1 1\2
Tr(Zp+Z, -2 (z;zwz;) ] <02,

z:x = Amin(ix)ln; z:w = Amin(iw)lm'

This reasoning implies that if fw > 0, then the constraints X, > Amin & olpand X, = Amin(fw) Iy,
can be appended to problem (2.27) and, consequently, to problem (2.25) without altering
their common optimal value. Problem (2.25) with the additional constraints Z = AminE0) In
and 2, = Amin(Ew) In has a continuous objective function over a compact feasible set and
is thus solvable. Any of its optimal solutions is also optimal in problem (2.25), which has no
redundant constraints. Thus, problem (2.25) is solvable.

It remains to show that Q* as constructed in the theorem statement is optimal in (2.24). The
feasibility of (£¥,2%) in (2.25) implies that Q* € B_y (P), and thus Q* is feasible in (2.24).
Moreover, we have

sup inf 2(y,Q)= inf R(y,Q*) =Tr[} -3 HT (HSXH +3%) 7 HZY],  (2.30)
QeB,, () YeF YeF

where the equality follows from elementary algebra, recalling that the affine estimator w(y) =
A*y+ b* with

A =3FHT(HSXH+3%)7 and  b* = e — A* (Hfix + fl)

is the Bayesian MMSE estimator for the normal distribution Q*. As the right hand side
of (2.30) coincides with the maximum of (2.25) and as problem (2.25) is equivalent to the dual
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Wasserstein MMSE estimation problem (2.24) over normal priors, we may thus conclude that
the inequality in (2.30) is tight. Thus, we find

sup inf Z(y,Q) = inf %(w,@*),
Qe B) V<7 veF

which in turn implies that Q* is optimal in (2.24). This observation completes the proof. [

Remark 2.16 (Singular covariance matrices). A nonlinear SDP akin to (2.25) has been derived
in [152] under the stronger assumption that the covariance matrix of the nominal distribution
P is non-degenerate, which implies that ix >0 and fw > 0. However, the weaker condition
S > 0 is sufficient to ensure that the matrix inversion in the objective function of problem (2.25)
is well-defined. Therefore, Theorem 2.15 remains valid if the nominal covariance matrix . is
singular, which occurs in many applications; see Section 2.7.2 for an example. On the other
hand, it is common to require that iw =0%I, for some o >0, see, e.g., [23].

Corollary 2.17 below asserts that the convex program (2.25) admits a canonical linear SDP
reformulation. The proof is omitted as it relies on standard Schur complement arguments
familiar from the proof of Corollary 2.9.

Corollary 2.17 (SDP reformulation). Assume that the Wasserstein ambiguity set B_y ®) is
centered at a normal distribution P of the form (2.23) with noise covariance matrix fw > 0.
Then, the dual Wasserstein MMSE estimation problem (2.24) over normal priors is equivalent
to the SDP

max Tr[Z,]-Tr[U]
s.t. Z,eS1Z,eSTVieS},V,eSTHUeS

1 1
23,52V,
Vi Inm

1 1
23,52V,
v, I,

>0, =0

(2.31)
Tr[Ze+3,—2Vi] <02, Tr[Zu+2u -2V <%

U S.HT

HE, HE HT43,|=% Zr=AmnCEoln Zw=AnnEw)ln

We emphasize that the lower bounds on Z, and X, are redundant but have been made explicit
in (2.31).

2.4 Nash Equilibrium and Optimality of Affine Estimators

If P is a normal distribution of the form (2.23), then we have

inf sup Z(v,Q)= inf sup Z(v,Q)= sup inf Z(v,Q)= sup inf Z(y,Q), (2.32)
Ve gec®) VeZ geB®) QeB® V< Qe ) VT
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where the first inequality follows from the inclusions o < % and B(P) < G(P), the second in-
equality exploits weak duality, and the last inequality holds due to the inclusion B_4 (P) < B(®).
Note that the left-most minimax problem is the Gelbrich MMSE estimation problem (2.10)
studied in Section 2.2, and the right-most maximin problem is the dual Wasserstein MMSE
estimation problem (2.24) over normal priors studied in Section 2.3. We also highlight that
these restricted primal and dual estimation problems sandwich the original Wasserstein esti-
mation problems (2.7) and (2.22), which coincide with the second and third problems in (2.32),
respectively. The following theorem asserts that all inequalities in (2.32) actually collapse to
equalities.

Theorem 2.18 (Sandwich theorem). IfP is a normal distribution of the form (2.23), then the
optimal values of the restricted primal and dual estimation problems (2.10) and (2.24) coincide,
ie.,

inf sup Z(y,Q)= sup inf Z(v,Q).
Ve ge(®) Qe B VET

Proof. By Theorem 2.8, the Gelbrich MMSE estimation problem (2.10) can be expressed as

. . 2 & 2 Tl §

nf sup Zw.Q)— inf Jof oy (03 =T [Za]) + Y 0 = KO 2a)

c p 2, K=I,-AH y,I,>K"K 2 3 2 Tl $
Ve QeG(®) AT A +Yw (0%, = Tr [Z0]) + V2, Ywlm — AT ATLEY),

where the auxiliary variable K = I, — AH has been introduced to highlight the problem’s
symmetries. Next, we introduce the feasible sets

1
~ ~1 ~1\2
yxé{zxegf:Tr[zx+zx—2(z;zxz;) ]Spi}

and

~ 1 1
Fp 2 {zw eST:Tr[Zy+2, -2 (z;zwz;)

D=
IA
o)
g A}
—_——

both of which are convex and compact by virtue of Lemma 2.36. Using Proposition 2.34 (i) to
reformulate the inner minimization problem over y, and y,,, we then obtain

inf sup %(y,Q)= inf sup (KTK,Z,)+(ATAZy)

yed EG(@) ’ 2y €S
Q K=I,-AHs ¢

= sup sup  inf (KTK,Z,)+(ATAZ,)

2 e ZpeSy K:I,;—AH
= sup sup inf (K'K,Zy)+(ATAZ,)
DI ZwESw AK

& Y K=I,-AH
Z"JCZ/lmin(zx)In szﬂfmin(zw)lm "

= sup inf Z(v,Q),
@6[53&%(“3)1/16‘?

where the second equality holds due to Sion’s minimax theorem [156], and the third equality
follows from Lemma 2.35 applied twice separately to X, and Z,,. The last equality has already
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been derived in the proof of Theorem 2.15; see Equation (2.29). Thus, the claim follows. O

Theorem 2.18 suggests that solving any of the restricted estimation problems is tantamount to
solving both original primal and dual estimation problems. This intuition is formalized in the
following corollary.

Corollary 2.19 (Nash equilibrium). IfP is a normal distribution of the form (2.23) with %, > 0,
then the affine estimator w* that solves (2.10) is optimal in the primal Wasserstein MMSE
estimation problem (2.7), while the normal distribution Q* that solves (2.24) is optimal in
the dual Wasserstein MMSE estimation problem (2.22). Moreover, w* and Q* form a Nash
equilibrium for the game between the statistician and nature, that is,

RW*,Q) < Zy*, Q%) < Z(y,Q*) VyeZF, QeBP). (2.33)

Proof. As fw > 0, the Gelbrich MMSE estimation problem (2.10) is solved by the affine estima-
tor w* defined in Theorem 2.8, and the dual Wasserstein MMSE estimation problem (2.22)
over normal priors is solved by the normal distribution Q* defined in Theorem 2.15. Thus, we
have

%(w*,@*)z&E;%(w,@*): max_ inf Z(y,Q)

QeBy P VEF
=min sup Zy,Q)= sup Z(y*,Q) =R w*,Q"),
Ve gee®) QeG(P)

where the three equalities follow from the definition of Q*, Theorem 2.18 and the definition of
w™*, respectively. As the left and the right hand sides of the above expression coincide, we may
then conclude that

R, Q") =RW*,Q) < ZW*, Q") < Z(y,Q*) VyeZF, QeGP).

Moreover, as B(P) < G(P), the above relation implies (2.33).

It remains to be shown that * and Q* solve the primal and dual Wasserstein MMSE estimation
problems (2.7) and (2.22), respectively. As for *, we have

sup Z(w*,Q) < sup Z(y*,Q)= inf sup Z(y,Q)= inf sup Z(y,Q),
QeB®) QeG®) Vel geg®) VT geB®)

where the first equality follows from the definition of y*, while the second equality exploits
Theorem 2.18, which implies that all inequalities in (2.32) are in fact equalities. This reasoning
shows that ¢* is optimal in (2.7). The optimality of Q* in (2.22) can be proved similarly. Details
are omitted for brevity. O

Corollary 2.19 implies that ¢* can be viewed as a Bayesian estimator for the least favor-
able prior Q* and that Q* represents a worst-case distribution for the optimal estimator y*.
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Next, we will argue that * can not only be constructed from the solution of the convex
program (2.12), which is equivalent to the Gelbrich MMSE estimation problem (2.10), but
also from the solution of the convex program (2.25), which is equivalent to the dual MMSE
estimation problem (2.24) over normal priors. This alternative construction is useful because
problem (2.25) is amenable to highly efficient first-order methods to be derived in Section 2.6.

Corollary 2.20 (Dual construction of the optimal estimator). IfP is a normal distribution of
the form (2.23) with £, > 0, and (ZX,Z}) is a maximizer of (2.24), then the affine estimator
w*(y)= A*y+b* with

A*=3XH' (HZXH + z;;,)‘1 and b* =iy — A*(Hfix + i) (2.34)

solves the Wasserstein MMSE estimation problem (2.7).

Proof. Define w* as the affine estimator that solves (2.10) and Q* as the normal distribution
that solves (2.24). By Corollary 2.19, the second inequality in (2.33) holds for all admissible es-
timators € %, which implies that ¢* € argminyes % (y, Q*), that is, * solves the Bayesian
MMSE estimation problem corresponding to Q*. As any Bayesian MMSE estimator satisfies
wr(y) = E@;Iy [x] for Q*-almost all y and as X}, > 0, we may use the known formulas for condi-
tional normal distributions to conclude that the unique affine Bayesian MMSE estimator for
Q* is of the form y* (y) = A* y + b* with parameters defined as in (2.34). O

Remark 2.21 (Non-normal nominal distributions). The results of this section imply that the
optimal values of the finite convex programs (2.12) and (2.25) typically coincide even if the
nominal distribution fails to be normal. To see this, assume thatP =P, xP,,, whereP, andP,,
are arbitrary signal and noise distributions with finite mean vectors [i, and [i,, and covariance
matrices 2 and 2, respectively, and denote by P' = P'. x P, the normal distribution with the
same first and second moments as P. Iffw > 0, then the optimal values of (2.12) and (2.25) are
equal by virtue of the Theorems 2.8, 2.15 and 2.18 applied toP'. As (2.12) and (2.25) depend only
on the first and second moments of ®', their optimal values do not change if P' is replaced with
P. Therefore, the optimal values of (2.12) and (2.25) coincide for any nominal distribution P
with finite first and second moments provided that £, > 0. In this case, however, the minimum
of the Gelbrich MMSE estimation problem (2.10) may strictly exceed the maximum of the dual
Wasserstein MMSE estimation problem (2.24) over normal priors. Note that in this case the
ambiguity setB_y (P) may even be empty. Moreover, while typically suboptimal for the original
Wasserstein MMSE estimation problem (2.7), the affine estimator constructed in Corollary 2.20
remains optimal for the Gelbrich MMSE estimation problem (2.10) even if P fails to be normal.

2.5 Elliptical Nominal Distributions

We will now show that the results of Sections 2.2-2.4 remain valid if P is an arbitrary elliptical
(but maybe non-normal) distribution. To this end, we first review some basic results on
elliptical distributions.
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Definition 2.22 (Elliptical distributions). The distribution P of & € R? is called elliptical if the
characteristic function ®p(t) = Eplexp(it'&)] of P is given by ®p (1) = exp(it' (¢ St) for
some location parameter € R?, dispersion matrix S € S% and characteristic generator ¢ : R, —
R. In this case we writeP = é"g (1, S). The class of all d-dimensional elliptical distributions with

characteristic generator ¢ is denoted by & (Z .

The class of elliptical distributions was introduced in [98] with the aim to generalize the family
of normal distributions, which are obtained by setting the characteristic generator to ¢(u) =
e"“2, We emphasize that, unlike the moment-generating function Mp () £ Ep[exp(t'¢)], the
characteristic function ®p(¢) is always finite for all ¢ € R% even if some moments of P do not
exist. Thus, Definition 2.22 is general enough to cover also heavy-tailed distributions with
non-zero tail dependence coefficients [85]. Examples of elliptical distributions include the
Laplace, logistic and z-distribution etc. Useful theoretical properties of elliptical distributions
are discussed in [22, 59]. We also highlight that elliptical distributions are central to a wide
spectrum of diverse applications ranging from genomics [141] and medical imaging [147] to
finance [92, § 6.2.1], to name a few.

If the dispersion matrix S € $% has rank k, then there exists A € R9*F with S= AAT, and there
exists a generalized inverse A~! € R¥*4 with A™'A = I = AT(A™!)T. One easily verifies that
if ¢ € R? follows an elliptical distribution P> = 6’(21 (1, S), then & £ A~1(¢ — u) € RF follows the
spherically symmetric distribution P = éa(‘; (0, It,) with characteristic function @3 (£) = ¢ (|| £]1?).
Thus, the choice of the characteristic generator ¢ is constrained by the implicit condition
that ¢ (|| ¢]|%) must be an admissible characteristic function. For instance, the normalization
of probability distributions necessitates that ¢(0) = 1, while the dominated convergence
theorem implies that ¢ must be continuous etc. As any distribution is uniquely determined
by its characteristic function, and as ¢(|| t1%) depends only on the norm of ¢, the spherical
distribution P is indeed invariant under rotations. This implies that Ep [f ] =0 and, via the
linearity of the expectation, that Ep [¢] = u provided that & and ¢ are integrable, respectively.
Thus, the location parameter p of an elliptical distribution coincides with its mean vector
whenever the mean exists. By the definition of the characteristic function, the covariance
matrix of P, if it exists, can be expressed as

S=—Vi0p(0)|, o = — ViPUILI%)],o = —2¢ (0) I,

where ¢'(0) denotes the right derivative of ¢ () at u = 0. Hence, 3 exists if and only if ¢’ (0)
exists and is finite. Similarly, the covariance matrix of P’ is given by = = —2¢'(0) S, if it exists [22,
Theorem 4]. Below we will focus on elliptical distributions with finite first- and second-order
moments (i.e., we will only consider characteristic generators with |¢'(0)| < co), and we will
assume that ¢’ (0) = —%, which ensures that the dispersion matrix S equals the covariance
matrix ¥. The latter assumption does not restrict generality. In fact, changing the characteristic
generator to (p(ﬁﬁ‘o)) and the dispersion matrix to —2¢’(0)S has no impact on the elliptical
distribution P but matches the dispersion matrix S with the covariance matrix X.
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The elliptical distributions inherit many desirable properties from the normal distributions but
are substantially more expressive as they include also heavy- and light-tailed distributions. For
example, any class of elliptical distributions with a common characteristic generator is closed
under affine transformations and affine conditional expectations. Moreover, the Wasserstein
distance between two elliptical distributions with the same characteristic generator equals
the Gelbrich distance between their mean vectors and covariance matrices [71, Theorem 2.4].
Thus, the Propositions 2.12, 2.13 and 2.14 readily extend from the class of normal distributions
to any class of elliptical distributions that share the same characteristic generator.

The above discussion suggests that the results of Sections 2.2-2.4 carry over almost verbatim
to MMSE estimation problems involving elliptical nominal distributions. In the following we
will therefore assume that

-~

. 0
0 3,

-~

@:ggmm,i) with ﬁ:[“x and = , (2.35)

Bw

where ¢ denotes a prescribed characteristic generator. As the class of all elliptical distribu-
tions with characteristic generator ¢ is closed under affine transformations, the marginal
distributions P, and P,, of x and w under P are also elliptical distributions with the same
characteristic generator ¢.

Note that while the signal x and the noise w are uncorrelated under P irrespective of ¢,
they fail to be independent unless P is a normal distribution. When working with generic
elliptical nominal distributions, we must therefore abandon any independence assumptions.
Otherwise, the ambiguity set would be empty for small radii p and p,,. This insight prompts
us to redefine the Wasserstein ambiguity set as

B®) £ {Qe. 4R : Eglxw'] = Eglx]-Eglw]", W@QxP)) < px, WQu,Pu) <pu},
(2.36)
which relaxes the independence condition in (2.8) and merely requires x and w to be uncorre-
lated. When using the new ambiguity set (2.36) to model the distributional uncertainty, we can
again compute a Nash equilibrium between the statistician and nature by solving a tractable
convex optimization problem.

Theorem 2.23 (Elliptical distributions). Assume that P is an elliptical distribution of the
form (2.35) with characterisic generator ¢ and noise covariance matrix £, > 0, and define
the ambiguity set B(P) as in (2.36). If(Z;, Z;‘,) solves the finite convex program (2.24), then the
affine estimatory* (y) = A* y + b* with

-1 . o
A*=3YHT(HIXH" +3}) and b*=[i,— A*(Hfx+ )
solves the Wasserstein MMSE estimation problem (2.7), while the elliptical distribution

=F 0

*=gmtmg sty with X =
Q" =8y " (1h,Z7) 0 3,
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solves the dual Wasserstein MMSE estimation problem (2.22). Moreover, y* and Q* form a
Nash equilibrium for the game between the statistician and nature, that is,

R, Q=R Q") <Ry,Q*) YyeZF, QeBP).

Proof. The proof replicates the arguments used to establish Theorems 2.8, 2.15 and 2.18 as
well as Corollary 2.19 with obvious minor modifications. Details are omitted for brevity. O

Theorem 2.23 asserts that the optimal estimator depends only on the first and second moments
of the nominal distribution P but not on its characteristic generator. Whether P displays
heavier or lighter tails than a normal distribution has therefore no impact on the prediction of
the signal. Note, however, that the characteristic generator of P determines the shape of the
least favorable prior.

2.6 Numerical Solution of Wasserstein MMSE Estimation Problems

In this section, we first briefly review the basic setting of the Frank-Wolfe algorithm follow-
ing with three different stepsize rules proposed in the literature. We then show that under
additional regularity assumptions the proposed rule indeed enjoys a linear convergence rate.
We further show that the dual Wasserstein estimation reformulation in (2.25) meets these
requirements.

2.6.1 Frank-Wolfe Algorithm for Generic Convex Optimization Problems

Consider a generic convex minimization problem of the form

* D .
f = min f(s) (2.37)

with a convex compact feasible set . < R? and a convex differentiable objective function
f < — R. We assume that for each precision ¢ € [0, 1] we have access to an inexact oracle
F:% — & that maps any s € . to a §-approximate solution of an auxiliary problem linearized
around s. More precisely, we assume that

(F(s)— )" VF(s) < dmin (z—s)  Vf(s). (2.38)

Note that the minimum on the right hand side of (2.38) vanishes if and only if s solves the
original problem (2.37). Otherwise, the minimum is strictly negative. If § = 1, then the oracle
returns an exact mininizer of the linearized problem. If § = 0, on the other hand, then the
oracle returns any solution that is weakly preferred to s in the linearized problem. Given
an oracle satisfying (2.38), one can design a Frank-Wolfe algorithm whose iterates obey the
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recursion
Sk+1 =Sk +Nik(F(sp) —sp) VkeNuU{0}, (2.39)

where sy € . is an arbitrary initial feasible solution, § is a prescribed precision, and 7 € [0, 1]
is a stepsize that may depend on the current iterate sx. The Frank-Wolfe algorithm was origi-
nally developed for quadratic programs [63] and later extended to general convex programs
with differentiable objective functions and compact convex feasible sets [107, 41, 51, 49, 50].
Convergence guarantees for the Frank-Wolfe algorithm typically rely on the assumption that
the gradient of f is Lipschitz continuous [107, 49, 50, 70, 64], that f has a bounded curvature
constant [29, 89], or that the gradient of f is Hélder continuous [122].

Our convergence analysis will rely on the following regularity conditions.

Assumption 2.24 (Regularity conditions).

(i) The objective function f is B-smooth for some >0, i.e.,

IVF(s1)=Vf(s2)ll < Pllsy—s20l Vs1,52€ L.

(ii) The feasible set ¥ is a-strongly convex for some a >0, i.e.,

Vf(s1)

€S Vs;,s€SL,0€]0,1].
IVF (sl b2

05, +(1—0)s2—9(1—9)%nsl—s2||2

(iii) The objective function f is e-steep for somee >0, i.e.,

IVF(s)l=e Vse L.

Assumption 2.24 (ii) relaxes the standard strong convexity condition prevailing in the liter-
ature, which requires that the condition used here remains valid if the normalized gradi-
ent Vf(s1)/IIVf(s1)ll is replaced with any other vector in the Euclidean unit ball, see, e.g., [94,
Equation (25)]. We emphasize that our weaker condition does not invalidate the standard
convergence proofs for the Frank-Wolfe algorithm but is necessary for our purposes because
the feasible set of (2.25) fails to be strongly convex in the traditional sense.

In the following we will distinguish three variants of the Frank-Wolfe algorithm with different
stepsize rules. The vanilla Frank-Wolfe algorithm employs the harmonically decaying static

stepsize
2

s
which results in a sublinear @'(1/k) convergence whenever Assumption 2.24 (i) holds [63, 51].

Nk
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The adaptive Frank-Wolfe algorithm uses the stepsize

_ T
(sk— F(sp) 'V f(sk) } (2.40)

=min<1,
T { Bllsk — F(sp) |2

which adapts to the iterate s. If all of the Assumptions 2.24 (i)—(iii) hold, then the adaptive
Frank-Wolfe algorithm enjoys a linear @(6¥) convergence guarantee, where 6 € (0,1) is an
explicit function of the oracle precision 9, the strong convexity parameter @, the smoothness
parameter § and the steepness parameter € [107]. Note that the stepsize (2.40) is constructed
as the unique solution of the univariate quadratic program

1
min_ f(sk) = sk = F(s1) TV (s) + = pn? lse — E(si) 12,
nelo,1] 2

which minimizes a quadratic majorant of the objective function f along the line segment from
Sk to F(sg).

The adaptive stepsize rule (2.40) has undergone further scrutiny in [70], where it was dis-
covered that one may improve the algorithm’s convergence behavior by replacing the global
smoothness parameter f in (2.40) with an adaptive smoothness parameter f; that captures
the smoothness of f along the line segment from si to F(sg). This extra flexibility is useful
because ; can be chosen smaller than the unnecessarily conservative global smoothness
parameter  and because f is easier to estimate than 3, which may not even be accessible.

Following [133], we will henceforth only require that § > 0 satisfies the inequality

1
f(Sk k(B (s — F(Sk))) < f(s1) = k(B (sk = F(sw)) 'V F(sp) + Eﬁknk(ﬂk)z sk = Fesi|%,
(2.41)

where 1, (B) is defined as the adaptive stepsize (2.40) with S replaced by Bj. As it adapts
both to s and B, we will from now on refer to 1y = i (Bx) as the fully adaptive stepsize.
The above discussion implies that (2.41) is always satisfiable if Assumption 2.24 (i) holds,
in which case one may simply set f; to the global smoothness parameter §. In practice,
however, the inequality (2.41) is often satisfiable for much smaller values §; < f that may
not even be related to the smoothness properties of the objective function. A close upper
bound on the smallest S > 0 that satisfies (2.41) can be found efficiently via backtracking line
search. Specifically, the fully adaptive Frank-Wolfe algorithm sets S to the smallest element
of the discrete search space % {1,7,72,73,...} that satisfies (2.41), where 7 > 1 and { > 1 are
prescribed line search parameters. A detailed description of the fully adaptive Frank-Wolfe
algorithm in pseudocode is provided in Algorithm 2.

It has been shown in [133] that Algorithm 2 enjoys the same sublinear ©(1/k) convergence
guarantee as the vanilla Frank-Wolfe algorithm when Assumption 2.24 (i) holds. Below we will
leverage techniques from [107, 70] to show that Algorithm 2 offers a linear convergence rate if
all of the Assumptions 2.24 (i)—(iii) hold.
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Algorithm 2 Fully adaptive Frank-Wolfe algorithm

Input: initial feasible point sp € ., initial smoothness parameter
p-1>0
line search parameters 7 > 1, { > 1, initial iteration counter
k=0
while stopping criterion is not met do

solve the oracle subproblem to find §; = F(s)
set dy — ¢ — Sg and gy — —d,ij(sk)
set B — Br_1/¢ and n — min{l,gk/z(ﬁklldkllz)}
while f(si +ndy) > f(s) —ngk + nTﬁk ldilI? do
Br — TPx and n — min{l, g/ (Bl dlI*)}
end while
setn —nand sgy1 — Sp +Nidy
setk—k+1
end while

Output: si

Theorem 2.25 (Linear convergence of the fully adaptive Frank-Wolfe algorithm). IfAssump-
tion 2.24 holds and B £ max{z B, B_1}, then Algorithm 2 enjoys the linear convergence guarantee

) 1-v1-96ae
—4_

k
f(sk)_f*ﬁmax{l—z,l— } (f(so)—f*) VkeN.

The proof of Theorem 2.25 relies on the following preparatory lemma.
Lemma 2.26 (Bounds on the surrogate duality gap). The surrogate duality gap gy = —d;v fisk)
corresponding to the search direction dy. = F(sy) — sy admits the following lower bounds.

(i) If the objective function f is convex, then g = 6(f (sx) — ™).

(ii) Ifthe feasible set ¥ is a-strongly convex in the sense of Assumption 2.24 (ii), then

1-vV1-6
gk 2 %ndknzuw(sk)n.

Proof. By the definition of g; we have
ge=(sk—F(s0) V(s = 8(sk—s) Vflsy)  Vses, (2.42)

where the inequality follows from the defining property (2.38) of the inexact oracle with
precision §. Setting s in (2.42) to a global minimizer s* of (2.37) then implies via the first-order
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convexity condition for f that

ge=0(sk—s*) VIis) =8(f(s) - f*).
This observation establishes assertion (i). To prove assertion (ii), we set

2 V(i)

a
0)=0F(s;) +(1—0)sp— =01 —0)|| F(sy) — :
s(0) (sK) + (1 —0) sk 5 (1 -OIF(s) — sl IV £ (sp)ll

where « is the strong convexity parameter of the feasible set ., and 6 € [0, 1] is an arbitrary
convex weight. By assumption 2.24 (ii) we have s € . Moreover, setting s in (2.42) to s(0)
implies that

V f(sk)
IVf(sl

=6(0gk + %9(1 —OIF(sK) = sellIVF(sll) YO e[0,1].

.
g2 0(0(si— Flsp) + ge(l —O)IF(sp) — sill? ) Vs

Reordering the above inequality to bring gy to the left hand side yields

60(1-6
8k = g”F(Sk) = sklIVf (sl ﬁ VO €[0,1]. (2.43)
A tedious but straightforward calculation shows that the lower bound on the right hand side
of (2.43) is maximized by 6* = (1 — v 1-5)/8. Assertion (ii) then follows by substituting 6*

into (2.43). O

Proof of Theorem 2.25. By Assumption 2.24 (i) the function f is f-smooth, and thus one can
show that

B
Fsk+ndi) < fs0) —nge+ —=Idill® ¥nelo,11, (2.44)
where the surrogate duality gap g = 0 and the search direction dy € R are defined as in
Lemma 2.26. We emphasize that (2.44) holds in fact for all n € R. However, the next iterate
Sk+1 = Sk +ndy may be infeasible unless 17 € [0, 1]. The inequality (2.44) implies that any ;. = 8
satisfies the condition of the inner while loop of Algorithm 2, and thus the loop must terminate
at the latest after [log({B/5-1)/log(7)] iterations, outputting a smoothness parameter 3y and

a stepsize 1 that satisfy the inequality (2.41).

We henceforth denote by i = f(si) — f* the suboptimality of the k-th iterate and note that

1
Rir1 = f(Sk+nedr) — f(sK) + hi < —gg + Eﬁknindknz +hy, (2.45)

where the inequality exploits (2.41) and the definitions of g; and dj. In order to show that hj
decays geometrically, we distinguish the cases (i) g/ (Billdil1?) = 1 and (ii) gx/ (Brlldil®) < 1.
In case (i), the stepsize n; defined in (2.41) satisfies n; = min{1, gi/(Brlldxl?)} = 1, and thus
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we have
Brlldl?

his1 < ( 281

0
_1)gk+hk5—%+hk5(1—§)hk, (2.46)
where the first inequality follows from (2.45), while the third inequality holds due to Lemma 2.26 (i).

In case (ii), the step size satisfies 1y = gi/ Bl dk I%2 < 1, and thus we find

2 2
08k
Ris1 < -8+ ——F— 4 hp<———F 4+ h s(l——)
e Y NP E 2Bcldil? " * 2Bildil?) "
1-vV1- 1-v1-
< l—ﬁﬂvf(sk)” pi< 1 EVm0as, (2.47)
4B 4p

where the first and the second inequalities follow from (2.45) and from multiplying —gy
with 1y < 1, respectively, while the third and the fourth inequalities exploit Lemmas 2.26 (i)
and 2.26 (ii), respectively. The last inequality in (2.47) holds because of Assumption 2.24 (iii)
and because Sy < B for all k € N; see [133, Proposition 2]. By the estimates (2.46) and (2.47),
the suboptimality of the current iterate decays at least by

0 1-v1-0%)ae
maxsl—-—1—-— <1
2 4

in each iteration of the algorithm. This observation completes the proof. O

2.6.2 Frank-Wolfe Algorithm for Wasserstein MMSE Estimation Problems

We now use the fully adaptive Frank-Wolfe algorithm of Section 2.6.1 to solve the nonlinear
SDP (2.25), which is equivalent to the dual Wasserstein MMSE estimation problem over normal
priors. Recall from Corollary 2.20 that any solution of (2.25) can be used to construct both
a least favorable prior and an optimal estimator that form a Nash equilibrium. Unlike the
generic convex program (2.37), the specific nonlinear SDP (2.25) is a convex maximization
problem, and thus Algorithm 2 is applicable only after some obvious minor modifications.

Throughout this section we assume that 3, > 0, which implies via Theorem 2.15 that the
nonlinear SDP (2.25) is solvable and and can be reformulated more concisely as

max Zx, 2w
eryx,zweéﬁwf ewh

where the objective function f: % x %, — R is defined through

fEOZ) 2T [, — S H (HE HT +3,) 7 HE,,
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and where the separate feasible sets for Z, and X,, are given by
1 1 3
PN ~1 L 1)2 R
P2 {zx eST:Tr[Z,+Z,-2 (z;zxz;) |<p% 2= /lmin(zx)ln}

and

1
R 1 _1\2 =
S {zw €S Tr[Zy+ S0 —Z(Zizwzi) | <Pl Zw= Amin(zwﬂm} ’

respectively. One readily verifies that f is convex and differentiable. Moreover, Lemma 2.36
implies that both ., and ., are convex and compact. The oracle problem that linearizes the
objective function of the nonlinear SDP around a fixed feasible solution £, € % and Z,, € ¥},
can thus be expressed concisely as

Lxeérﬁgl?feyw <Lx -2y Dx> + <Lw - Zuw, Dw> ,

where Dy £ Vs _f(2y,2y) and Dy = Vs, f(Zx, Zw)-
Dy=U,-2H' G'H)"(I,-=.H G 'H)

and
Dy, =G 'HZH'G!,

respectively, and where G2 HX, H' + X ,,. Details on the calculation of the derivatives can be
found in Appendix 2.8.2.

The oracle problem is separable in (Ly, L,,) and its approximate solution can be found inde-
pendently as the optimal solutions of two separate sub-programs of similar structure. In fact,
we are interested in finding a feasible point L; satisfying

(Li-%i,Di)z6max  (Li—X;,D;)
L€8% L (2.48)
s.t. Tr(L; +Z; —2(21? L;2?)?] < p?, Lix= Amin G 14

1

Nl

for i € {x, w}. In the earlier version of this paper, we construct an approximate additive oracle
for the above maximization problem whose correctness was guaranteed by [152, Theorem 3.2].
Algorithm 3, however, constructs an approximate multiplicative oracle to ensure the linear
convergence of the fully adaptive Frank-Wolfe Algorithm 2.

Theorem 2.27 (Direction-finding subproblem). For any fixed input (£;, D;, 3, 0i,0) withie
{x, w}, Algorithm 3 returns a feasible point satisfying (2.48).

Proof. Denote the feasible set of the optimization program in (2.48) by .%#;. Note that the
objective function f is jointly concave in X, and X,,. Therefore, by concavity of f, for any
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Algorithm 3 Bisection algorithm to solve (2.48)

Input: covariance matrix £ € $¢, and its gradient matrix D € ¢,
Wasserstein center £ € S, and radius p >0,
oracle parameter 6 € (0,1)
Denote the largest eigenvalue of D by A4, let v; be an eigenvec-
tor of 1;
Set LB — A1 (1+ (v £v1)2/p), UB — A, (1 +Tr 2] 2/p)
repeat
Sety «— (UB+LB)/2, L —y*(yl;— D) 'E(yI; - D)~}
if p2 - (%, (Ig—y(yIs— D)™)*) < 0 then
Set LB —y
else
SetUB —y
end if
Set A — (L-%,D)/(y(p*~Tr[E)+y*{(yI;-D) ', 2)~(Z, D))
until p? - (3, (Ia—yyl;— D)_1)2> >0and A=6
Output: L

Z0Zw) € F x Fy we have

max <Li—zi,Di>2fi*_f(zx,zw) =0
Li&%

for i € {x, w}, where f} = maxg cv, f(Sx,Zy) and fj; = maxg, ez, f(Zx, Sw); see for example
[88, Section 2.2] for a proof. By Proposition 2.34 (i) and (iii), the above maximization admits
the dual

yl»>iti,?a£(Di) Yi(P? +{yi(y;iI-D)" - I»§i>) -(Z;,Di)=0 (2.49)

and its optimal solution follows the form
L =(0yN?(yfI-Dy)~'Ei(y;I-Dy~,
where Y} is the unique optimizer of the above minimization problem satisfying
P (i (1= i 1-D)7')") =0.

Itis proved in [152, Theorem 3.2] that the condition p? —{(Zi, (I-yily:I- D,-)‘l)2> > 0 ensures
the feasibility of the output; thus, we only focus on proving that the output is a §-approximate
solution, that is, it satisfies (2.48). Notice that any y in Algorithm 3 is feasible in (2.49) by
construction, and thus, we have

y(* -Tr[E) +y*{(yl; - D) 1, 2) - (Z,D) = max (L; - 2;,D;) = 0.
€S
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Therefore, the condition A = § implies that L satisfies (2.48), that is,

(L-%;,D;)
maxs,cy (Si—Zi,D;

Az = y =0.
Note that both numerator and denominator of A are Lipschitz continuous in y for the bisection
interval, and therefore, the bisection Algorithm 2 will terminate in finite time. O

If S is singular, one simple idea is to add x I; with x > 0 to the nominal matrix in (2.48) and
obtain an approximate solution to the direction finding subproblem using Algorithm 3. The
next proposition asserts that the dual estimation problem (2.25) satisfies the conditions of
Assumption 2.24.

Proposition 2.28 (Properties of the dual estimation problem (2.25)). The dual estimation
problem (2.25) satisfies the following properties:

(i) Its objective function is 3-smooth over its feasible set, with the smoothness constant 3
satisfying
B=2A.% E,) (C+CAZ (H"H) + Amax(HT H)), (2.50)
- « 11
where C = min {A;L (HTH), Amax (HT H) - A%, Su) -(px + Tr [£4]2)*}.
(ii) Its feasible set is a-strongly convex with parameter

5
4
/lmin

-~ 5
(Zx) Ay

min 2 w)

2pw(pw+Tr[§w]§)

a = min 7

2px(px+Tr[§x]5)2

7
2

(iii) Its objective function satisfies the lower-bounded gradient condition over its feasible set.
More specifically, we have
min{||Dxllr, IDwlr} = €,

where e = minf{ey, £,,} with

2
Amin(iw)
Ex = 1 T )
((pwm[iw]z)z : (px+Tr[fx12)%max<HTH>)
2
£ = Amax(HTH) : Amin (Zx) '
(Pw +Tr [iw] Z)2 + Amin(ix)ﬂmax(HTH)

(iv) Its feasible set has diameter upper bounded by

~ 41 =~ 1
Dy =(p+Tr[£:]2)* + (0w +Tr[24]2)%.

Proof. To establish the smoothness property of f in claim (i), it suffices to provide a uniform
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upper bound for the largest eigenvalue of the negative Hessian matrix -# defined in Sec-
tion 2.8.2 over the feasible set of problem (2.25). The maximum eigenvalue of . can be upper
bounded by

Amnax(FE) < Adnax(Frxx) + Amax(Fuww) = 2 (Amax (D) - Amax (H' G H) + Amax (D) - Amax (G71)),

where the inequality follows from [12, Fact 5.12.20] and the equality follows from [12, Proposi-
tion 7.1.10]. In the sequel, we provide the upper bound for each individual term in the above
expression.

Because G= HX, H'" +X,,, we have G > Amin () [n = Amin(fw)lm and thus
Anax(G™Y) = 0max (G < A0, B,
and furthermore,

Amax(H' GVH) < 0max (G102 (H) = AL (20) - Amax(H T H).

min
Because D, = G_IHZiHTG_l, we find

Mnax(Dw) < A2 i (E2) - A2 (G Amax (H T H) < (0 +Tr[24]7)* 472 G 0) - Amax(H T H),

*“min
where the last inequality follows from the bound in Lemma 2.36. Finally, we bound Ampax(Dy)

by

Amax(Dx) < Amax(In) + Amax(H' G"'HELH' G H)
=1+02 (H G 'HZ,)
<1+ A2 (Z0) A2 (GH-A2 . (HH)

<1+ (px +Tr[S4]2) A2 ) - A2, (HT HD.

min

The upper bound on Apa(Dy) and Apax(Dy) can be strengthened whenever H is of full
column rank by exploiting the relationship G* > (HZ xHT)z > Amin(H' H)- HZ2HT, which in
turn implies that

Amax(Dw) = Amax(G™ HEZH' G < Ain(H H) 7,
Amax(Dx) < Amax(UIn + H' GYHE2HT G H) < 1+ Amax(H " H) Ain(HT H) 7L,

Combining all the inequalities, we conclude that
Amax(7) <2271 (Z,) (C+ C A2 (HT H) + Amax(H' H)),

where the constant C admits the value

N =

min

C= min{/l_l (H"H), Amax(H H)- 173 (S0) - (px + Tr [Z4]

i}
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The claim about the smoothness of f thus follows.

To prove claim (ii), it is sufficient to show strong convexity for § = 0.5. We denote by .#; and
) the feasible sets of the variables X, and X, in problem (2.25), that is,

= o ~L 11
7E {zx €% Za = Amin(Z) Iy Tr [+ 20 = 2(2p2e2y) ] = pi} @51a)
and
~ ~ Al Al 1
e {Zw €SI 20w = Amin ) I, Tr[Zw+ 20w —2(23Z022)? ] < P?u} 2.51b)

where the redundant constraints X, > Amin(ix)ln and X, > Amin(fw)lm has been made
explicit in %, and .}, respectively. Fix any 2y € %, Ly € %, Zyw € ¥ and L, € F,. Let
E,= %(Zx +Ly)and E,, = %(Zw + L) be the corresponding midpoint, while D, and D, denote
the components of the derivative of the objective function at (X,,%,,). Let Zx = Dy/||Dxllr =0
and Z,, = D, /IIDyll r = 0, where the positive semidefiniteness of Z, and Z,, follows from the
positive semidefiniteness of Dy and D,,, respectively. Consider now the point

=~ = a 2 a 2
(Lo L) = (Bx+ 122 = Lellt Zes B + S 1% = Ll Zo )

Because X,, L, and Z,, are positive semidefinite, L,, is also positive semidefinite by con-
struction. Because )Lmin(iw)lm < iw <(pw+Tr [fw] %)21,”, [14, Theorem 1] implies that the
non-negative function X, — Tr[Z, + Su— 2(2%02“,2%,,)%] is ﬂim(iw)/[Z(Pw +Tr [iw] %)3]—
strongly convex and (p,, + Tr [fw] %)/ [Z/llgnin(fw)] -smooth. One can now use the reasoning in
the proof of [94, Theorem 12] to show that

1.1
T [Lop + S0~ 2(22, L S2)? | < 02

w

Through an analogous argument, we have L, > 0 and

~ Ll 1
Tr[L, +zx—2(z;sz;)5] < p>

P
These results imply that (Ly, L,,) is feasible for problem (2.25), and thus claim (ii) holds.

Finally we proceed to prove the lower-bounded gradient condition of f in claim (iii). Denote
by spec(T) the spectrum, or the set of eigenvalues, of any square matrix T. Recall that we set
G=H>H ' +%,. Let 1 =1,-2,H' G 'Hand T, = HS,H' G ! = I,, - £,G" . Then the
largest eigenvalue of D, = TlT T satisfies

Amax(Dy) = 02%,(T) = max_ [A*= max [1-A%=212,.(Z,G, (2.52)
Aespec(Ty) Aespec(T»)

where | -] is the absolute value of a (possibly complex) number. The first inequality follows
from Browne’s theorem [12, Fact 5.11.21], the second equality holds because the nonzero
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spectrum of , H' G~! H is identical to the ones of HX,H ' G~! [12, Proposition 4.4.10], and
the last equality follows from the fact that

spec(T>) = spec((G—Zw)G_l) = l—spec(ZwG_l).

Notice that all eigenvalues of >, G are real because the nonzero spectrum of >»G 1and
G‘%ZWG_% are identical, and G2 ZwG_% is a symmetric matrix with real eigenvalues.

To achieve a uniform lower bound on the largest eigenvalue of D, we are interested in the
following optimization problem and its lower bounds

inf, AnaxEwG ™Y = inf, Amax (2w Ew + Amax(Ex) Amax (H' H) In)) ™)

xE€Sx x€FSx
Sw€Fw ZweESLw
> inf Amin(zw)
= ~ .1
FE Anax (Z) + (03 + T [£4]2) Amax (HT H)
Amin(E
- min (Zw) . (2.53)

= ~ 1 ~ 1
(ow+Tr[E0]2) + (02 + T [£4]?)* Amax (HT H)
Combining (2.52) and (2.53), we find | Dyl = Amax(Dy) = 6, where § is defined in the lemma

statement.

Using an analogous reasoning, a uniform lower bound on the largest eigenvalue of D,, can be
obtained by

Amax(Dw) - Amax(H' H) = Amax(H' Dy H) = 020 (H' G"1HEy)
> 22 (HEH G = (1= Adpin(E0Gh)°
1 2
1+ Amax(HZ HTZ,H

A uniform lower bound for Aax(HZH ' Z}') can be obtained by

Amnin (2 Amin(E
inf Ama(HE,H'2,) = inf M-AM(HTH)E min ’“)1 Amax(HT H),
Z €% €% Amax(zw) (p +TI'[§ ]E)Z
ZweSy ZweLw w w

~ 41

where the last inequality follows from the fact that X, < (p,, +Tr [Zw] )21, for any X, € %y
(see Lemma 2.36) and =y = Amin(E4) I, for any X, € %. If we define §,, as in the Lemma
statement, then | Dy llF = Amax(Dw) =04

Lemma 2.36 implies that both sets ., and .#}, defined in (2.51) are bounded, thus the diameter
of the joint feasible set . = % x %, with respect to the Frobenius norm can be bounded by

),

D=

diamy. |, (&) < sup Tr[Z.]+ sup Tr[Z,]= (px+Tr[§x]%)2+(pw+Tr[§w]
e Zw€SFw
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where the first inequality holds due to [12, Equation (9.2.16)] and the second inequality follows
from the proof of Lemma 2.36. This completes the proof. O

2.7 Numerical Experiments

All experiments are run on an Intel XEON CPU with 3.40GHz clock speed and 16GB of RAM.
All SDPs are solved with MOSEK 8 using the YALMIP interface [112]. In order to ensure the
reproducibility of our experiments, we make all source codes available at https://github.com/
sorooshafiee/WAE.

2.7.1 Convergence Behavior on Synthetic Problems

In the first experiment we aim to study the convergence behavior of the Frank-Wolfe algorithm
and make a comparison to a commercial SDP solver. The experiment comprises 10 simulation
runs. In each run we randomly generate two covariance matrices , and %, as follows. First,

R4 and we

we draw two matrices Q, and Q,, from the standard normal distribution on
denote by R, and R, the orthogonal matrices whose columns correspond to the orthonormal
eigenvectors of Q, + Q, and Q,, + Q,, respectively. Then, we define £, = R*A*(R*)" and
S = RART, where A* and A are diagonal matrices whose main diagonals are sampled
uniformly from [1,10]¢ and [1,2]¢, respectively. The distributionally robust MMSE estimator

is obtained by solving (2.25) for p, = p,, = V/d via the Frank-Wolfe algorithm from Section 2.6.

Figure 2.1a and Figure 2.1b compare the execution time and the number of required iterations
to obtain the duality gap below 1073 for different dimension d and solution approaches. In
particular, we compare the solution time and iteration numbers when we solve the linear
SDP (2.31) with MOSEK and the nonlinear SDP (2.25) with different variants of the Frank-Wolfe
algorithm. Unfortunately, we fail to solve the linear SDP (2.31) using MOSEK with an out of
memory error when the dimension d is larger than 100. Figure 2.1c compares the empirical
rate of convergence for different variants of the Frank-Wolfe algorithm. As we observe, the
fully adaptive version convergence to a very accurate solution after 20 iterations.

2.7.2 Image Denoising via Wasserstein Wavelet Shrinkage

In this section, we consider a wavelet shrinkage settings which has gained ubiquitous ap-
plications in image processing [46]. Suppose that our raw data Y € R2" consists of noisy
observations at 2"V regularly spaced points

Yi=Xi+W;, i=1,...,2",

of an unknown signal X € R2" and W; are i.i.d. noise following a normal distribution .4/ (0, azw).
The wavelet-based approach is centered around the assumption that the signal X is, or can be
approximated by, a function with a small number of non-zeros wavelet coefficients. Under this
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Figure 2.1 — Convergence behavior of the Frank-Wolfe algorithm (shown are the average (solid
line) and the range (shaded area) of the respective performance measures across 10 simulation
runs)

assumption, the observation Y, the signal X and the noise W can be encoded onto the wavelet
space using a periodic Discrete Wavelet Transform (DWT) represented by an operator # .
Under the operator #/, the linear observation system can be written in the wavelet coefficient
space as

y=x+uw, (2.54)

where y=#Y e R2" are the wavelet coefficients of the noisy observation Y, x=%#'X € R%" are
the wavelet coefficients of the true signal X and w=#W € R2" are the wavelet coefficients
of the additive white noise. Because the periodic DWT # is an orthogonal operator, the
DWT transforms a white noise into another white noise, thus the components of w are also
i.i.d. random variables following a normal distribution .4 (0, U%U).

Because of the orthogonality of the wavelet basis #, the inverse DWT is its adjoint # T. Thus,
if X is an estimate of the true wavelet coefficient of the signal x, there exists an estimate X
of the true signal X constructed from X using the inverse DWT as X = # ' . Furthermore,
the Parseval’s relation [114, Theorem 2.3] implies the isometric property | X — x[» = | X - X| Ly
As a consequence, the MMSE estimator in the wavelet coefficient space leads to the MMSE
estimator in the true signal space through the inverse wavelet transformation # 7. The readers
are encouraged to refer to [114] for a comprehensive introduction on wavelet transform and
its applications in signal processing.

Based on these properties, a wide class of signal, and especially image, denoising algorithms
is based on the combination of the DWT and a wavelet coefficient shrinkage method. De-
noising additive Gaussian white noise via thresholding wavelet coefficients was pioneered
by [47], where the coefficients are compared to a given a threshold. Other examples include
VisuShrink [47], RiskShrink [47], and SureShrink [45], where the thresholding operator is either
hard or soft thresholding functions. Nevertheless, thresholding methods suffer from several
drawbacks: (i) the threshold is usually selected in an ad hoc manner, (ii) soft thresholding
provides a biased image, and (iii) hard thresholding yields an image with less bias but a higher
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variance. Shrinking the wavelet coefficients using a Bayes estimator can provide a better
performance, and has been exploited in [23, 24, 117, 149]. The basic approach in Bayesian
methods assumes that the local distribution of the wavelet coefficients are Gaussian with spa-
tially varying variance. For example, the wavelet coefficients within subbands is assumed to
follows an independent Gaussian distribution in [23, 149]. BayesShrink exploits this stochastic
representation to introduce a data driven scheme for adaptive soft thresholding in different
subbands [23].

Our Wasserstein denoising filter consists of the following three components:

1. ADWT to transform noisy data into wavelet coefficients and an inverse DWT to recon-
struct the signal.

2. Alocal estimator of the covariance matrix for the signal and noise similar to [47, 45, 117].

3. A Wasserstein estimator, constructed using the Frank-Wolfe algorithm with an efficient
implementation to exploit the structure of the denoising problem that can scale up for
high resolution data.

Given a specific image ¥ = (¥}),_ 1,...2N, one can apply the DWT to get the wavelet coefficients
y= #'Y and set the nominal noise distribution to P,, ~ A (0,%,,) with £, = 6?1, I,n, where the
noise variance is estimated from the components j; contained in the subband HH; using a
robust median estimator [47, 45] of the form

_ Median({|y;l}ienn,)

Oyp= > 0.
w 0.6745

Furthermore, an estimation of the moments information of the wavelet coefficients of the
true signal x is proposed in [117] where the true image wavelet coefficients are modelled as
realizations of a doubly stochastic process. In more details, x are assumed to be independent
zero-mean Gaussian random variables with varying variances. These variances can be locally
estimated as

(Zx)ii = max|0, yi—0

L] ];ﬂ ;o
for the i-th wavelet coefficient, where .# is a set containing the indices of coefficients in the
neighborhood of the i-th coefficient, and |.#] is its cardinality. The reference distribution of
the true image distribution is P, ~N (0, s x). Given the nominal distribution P = P, x P, the
classical MMSE estimator A € R2" *2" has the form

N )i
i (Zx)ii

s=—2t = 1,..2N and A;i=0 i=1,....2N,j=1,...2Ni#],
Y Ein+0 Y / /

and the wavelet coefficient estimate of the true image are X; = Aji x yiforanyi=1,.. 2N,
We would like to emphasize that A;i < 1 because G, > 0, thus the classical MMSE estimator
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already provides the shrinking effect for the wavelet coefficient estimation problem.

Alternatively, one may construct a denoising filter w; by resorting to the distributionally
robust MMSE estimator, which is equivalent to solving the following estimation problem

inf sup Z(y,Q). (2.55)
VET eB(Py)

The wavelet coefficients of the true image will be estimated by 1//; (3 and the denoised image
is WTWJ’; (3). There are two imporant points that are worth to notice in this framework. First,
the nominal distribution @JA, in (2.55) is a Gaussian distribution distributions. Second, the
estimator is dependent on the observed data y through the construction of the ambiguity
set By (I]AIJA,), and then applied to the same data  to obtain the denoised coefficients. This is
in stark constrast with the models studied in the previous sections where the ambiguity set,
and thus the estimator, is independent of the data which will be used for testing. Indeed,
the construction of the ambiguity set involves prior information which often come in the
form of observations similar to the possible unrevealed test data. Nevertheless, for the image
processing applications, any images can be unique which prohibits the initialization of a
sensible reference distribution and the construction of a one-size-fits-all MMSE estimator for
the denoising purpose. As a result, it is more plausible to look for an ad hoc estimator for each
observed image, and the observed images should be used for both the construction and the
application of the estimator. Using observed data to construct the reference distribution for
the signal and noise has been widely applied in image processing and signal processing [57].
Through a similar argument, in a small sample setting, all of the data should be used for
training and the error is also estimated on the same data [35, Section 1].

Because %, > 0 by construction, Theorem 2.15 applies and the estimator can be found by
solving program (2.25). There are two main difficulties that hinder the applications of the
Frank-Wolfe algorithm introduced in Section 2.6. First, the reference covariance matrix
of the signal may be low-rank, and thus the Frank-Wolfe algorithm is only guaranteed to
converge sublinearly. Second, the high image resolution can slow down the convergence
speed of the algorithm due to the exponential up-scaling of the dimension. Fortunately, the
image denoising setup entails some advantages which can be thoroughly exploited to provide
speedup to the numerical method: first, the matrix H in (2.54) is the identity matrix I,;, and
second, the covariance matrices =, and £, are both diagonal by construction. In the rest of
this section, we present an efficient implementation of the Frank-Wolfe algorithm that exploits
the structure of the denoising setting to solve (2.25) in a high dimensional setting.

Lemma 2.29. If D and £ share the same eigenbasis, then the optimal solution L* of pro-
gram (2.48) also admits the same eigenbasis for any p = 0.

Proof. Forany§ =0, let £5 2 3+ 51, >0, thus £ = 3 and 5 shares the same eigenbasis with
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S for any 8 = 0. Let L* (§) be the optimal solution of the perturbed program

arg min (D,L)
L*(é)é LeS¢

1
-~ ~1 1\2
s. 1. Tr[L+25—2(Z§LZ§) | < p?

By Berge’s maximum theorem [11, pp. 115-116], L* (§) is an upper hemicontinuous correspon-
dence, and thus is closed [11, Theorem 6, pp. 112]. This implies that as § tends to 0, the limit
point of L* () belongs to the set of optimal solutions of input £ [11, Theorem 4, pp. 111].
Because for any § > 0, L* (§) shares the same eigenbasis with D and £, see [123, Theorem 5.1],
the limit point of L*(§) also shares the same eigenbasis because the feasible set is closed
thanks to Lemma 2.36. This implies that there exists an optimal solution of program (2.48) for
input (£, D) which shares the same eigenbasis with £ and D. The claim thus follows. O

Proposition 2.30. If3,,%,, are diagonal matrices and H = I,,, then the optimal solution
(Z;, X% of program (2.25) are also diagonal matrices.

Proof. Suppose that the Frank-Wolfe algorithm developed in Section 2.6 is used to solve
program (2.25). Because the algorithm is initialized at £, and £, which are diagonal, it is
straightforward to see that (Dy, D,,) are diagonal matrices from the definition. By applying
Lemma 2.29, we conclude that chk) and Zﬂf) are also diagonal matrices at any iteration k € N.
Because the Frank-Wolfe algorithm produces an approximate solution of problem (2.25) at
any accuracy level, we thus can employ a continuity argument to conclude that there exists,
in the limit as the accuracy level goes to zero, an optimal solution of program (2.25) which is
diagonal. O

As aresult of Lemma 2.30, the Frank-Wolfe algorithm can be modified to keep track of only
the diagonal elements of the matrices, and thus, all matrix multiplications can be reduced to
vector multiplications. The algorithm used for the wavelet coefficient shrinkage is hence more
efficient in both memory usage and computational complexity. It has been widely observed
that the wavelet coefficients are usually sparse, thus we are interested in constructing an
estimator which has more prominent shrinking effect than the classical MMSE estimator. One
such situation is highlighted in the following lemma.

Proposition 2.31. Ifp, =0 and p, >0, then the Wasserstein MMSE estimator is equivalent to

a shrinkage estimator of the wavelet coefficients, i.e., A%, < A;iVi=1,...,2N.

Proof. Because the nominal distribution PP is a Gaussian distribution of the form (2.23), Corol-
lary 2.20 affirms that the optimal MMSE estimator can be recovered from the optimal solution
(ZX,Z%) of program (2.25). Because p, = 0, we have =% = 2. Because (2});; > (£,,);; for all i,
we conclude that A%, < 4;;Vi=1,...,2". O
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Table 2.1 — Average PSNR over 10 independent trials

Noise | Variance | Noisy | RiskShrink SureShrink BayesShrink MMSE DRO
o=10 | 27.78 31.04 32.19 32.88 33.58 33.66
o=15 | 24.26 29.26 29.97 30.94 31.15 31.32
normal | 0=20 | 21.76 28.00 28.46 29.64 29.36  29.58
o=25 | 19.82 27.03 27.31 28.69 27.95 28.20
o0=30 | 18.24 26.30 26.39 27.93 26.70  27.08
o=10 | 27.78 31.07 32.16 32.87 33.40 33.53
o=15 | 24.27 29.25 29.90 30.94 30.86 31.10
logistic | o=20 | 21.77 27.96 28.35 29.66 29.04 29.32
o=25 | 19.83 26.96 27.16 28.69 2755 27.93
0=30 | 18.24 26.18 26.19 27.96 26.29  26.80
o=10 | 27.78 31.05 32.05 32.79 33.14 33.34
o=15 | 24.26 29.17 29.70 30.83 30.50 30.81
laplace | o=20 | 21.77 27.82 28.03 29.50 28.52  28.95
=25 | 19.82 26.75 26.71 28.49 26.92 27.51
o0=30 | 1823 25.90 25.71 27.73 25.62  26.33
o=10 | 27.77 30.77 31.82 32.49 32.68 32.98
o=15 | 24.23 28.66 29.32 30.32 29.87  30.28
t o=20 | 21.77 27.21 27.66 28.92 27.89 28.54
o=25 | 19.82 25.97 26.26 27.77 26.23  27.03
o0=30 | 1823 2491 25.12 26.79 24.83  25.73
o=10 | 27.78 30.30 30.83 30.41 30.94 31.40
o=15 | 24.27 27.83 27.90 27.56 27.79  28.59
pink o=20 | 21.77 25.99 25.73 25.48 2551  26.47
o=25 | 19.82 24.82 24.13 23.84 23.72 2477
o0=30 | 18.24 23.92 22.72 22.45 22.23  23.33
o=10 | 27.78 27.94 28.30 28.05 28.22  28.43
o=15 | 24.26 24.99 24.86 24.65 2477  25.11
brown o=20 | 21.77 22.85 22.41 22.23 2232 2271
o=25 | 19.83 21.06 20.49 20.32 20.38  20.78
o0=30 | 18.25 19.72 18.96 18.80 18.85 19.29

We emphasize that our Wasserstein affine estimator is not an independent coefficient shrink-
age method. Indeed, the optimal estimator will have the form

. Coii

f= e Vi=1 2N
Eii + )i

where in general we have (2});; # (£};); for i # j. In addition, (2}));; and (Z}));; are depen-
dent because they are extracted from the optimal solution X}, which in turns depends on all
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diagonal elements of Spand 2,

To showcase the capability of our proposed model we consider several different cases where
the noise does not follow Gaussian distributions. In specific, we consider the Laplace, Logistic,
and t distributions to generate the random independent noise. We also consider the colored
noise for the dependent noise. The color of a noise refers to its power spectrum with different
colors of noise have significantly different properties: for example, as audio signals they will
sound different to human ears, and as images they will have a visibly different texture. Many of
these noises assume a signal with components at all frequencies, with a power spectral density
per unit of bandwidth proportional to 1/ f# and hence they are examples of power-law noise.
For instance, the spectral density of white noise is flat (§ = 0), while pink noise has f =1, and
Brownian noise has § = 2. The denoising result of the corrupted Lena image is presented in
Table 2.1.

2.8 Appendix

2.8.1 Auxiliary Results

In order to prove Proposition 2.7 in the main text, we establish here general conditions for the
solvability and stability of parametric minimax problems.

Lemma 2.32 (Parametric minimax problems). Consider the parametric minimax problem

A .
J(0)= uelgfg) Uig%)f(u, v,0),
whereU, V and © are metric spaces, [ :UxV x © — R is a continuous function, U :© = U is
a continuous multifunction and V : ® = V is a compact-valued continuous multifunction.
If there exist €,6,] > 0 and a continuous function v : © N Bs(0y) — V such that v(0) € V(0),
1J@O)| <] and U, 0) £ {uecU®): f(u,v(0),0) < J + €} is compact for every 8 € © n B(0y), then
the minimax problem is solvable for 8 = 0, and J(0) is continuous at0 = 0.

Proof. As J(0)is finite and € > 0, the outer minimization problem admits an e-optimal solution
u:(0) for every parameter 6 € © N %5 (6y). Thus, we have

fue(0),v0),0) < sup f(u:(0),v,0)< inf sup f(u,v,0)+e< J+e,
vev(9) uel©® yev(9)
which implies that u.(0) € U, (0) for every 6 € © n %B5(8y). Without loss of generality, we can
thus restrict the feasible set U(0) to U, (), that is, for any 6 € © N %5 (6y) we may reformulate
the minimax problem as
0)= inf su u,0v,0).
J(0) walor uev%)f( )
Note that the optimal value function F(u,0) £ sup ¢y, f (4 v,0) of the inner maximization
problem is continuous on U x (©@N%s(0p)) by virtue of Berge's theorem [11, pp. 115-116], which
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applies because f is jointly continuous in all of its arguments, while V is a compact-valued
continuous multifunction. For 8 = ), the reformulated minimax problem thus minimizes the
continuous function F(u,8) over all u in the compact set U (6p) and is thus solvable.

The compact-valued multifunction U, is continuous on © N %;(6y) by the continuity of
f(u,v(0),0). Applying Berge’s theorem once again thus guarantees that J(0) = mincy, ) F (1, 0)
is continuous at 0 = 6. O

In order to derive a tractable reformulation for the Gelbrich MMSE estimation problem studied
in Section 2.2, we need to be able to solve nonlinear SDPs of the form

J* 2 sup (D,z) - yTr[2—2(S253)?] (2.56)
>0

parameterized by D € S%, £ € S% and y € R,.. It is known that, under certain regularity condi-
tions, problem (2.56) admits a unique optimal solution that is available in closed form [123]. In
the following we review the construction of this optimal solution under slightly more general
conditions.

Proposition 2.33 (Closed form solution of (2.56)). For any D € sd Se Sf andy € Ry the
optimal value of the nonlinear SDP (2.56) is given by

y{(yl;-D)™,Z) ify > Amax(D),
J= hrﬁiyan((?Id—D)‘li) ify = Amax(D),

+00 ify < Amax(D).

Moreover, problem (2.56) is solved by £* = yz (ylg— D)_lf(yld -D)! whenevery > Amax (D).
This solution is unique if < > 0.

Proof. Assume first that y > Apa¢ (D). Moreover, in order to simplify the proof, assume tem-
porarily that £ > 0. By applying the nonlinear variable transformation B — 5> E%)%, which
implies that X = $-2 B2572, we can reformulate problem (2.56) as

[N

J*=sup (D,S 2 BS 1) —yTr[S"2 B2S 2 —2B]
B>0
=sup (B35 2 (D—yI) S 2) +2y(B, I ),
B>0

where the second equality exploits the cyclicity of the trace operator. Introducing the auxiliary
parameter A £ $-3(D- Y1 d)f_%, we can then rewrite the last maximization problem over B
more concisely as

J* =sup (B* A)+2y(B,I;). (2.57)
B>0
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Note that (2.57) represents a convex maximization problem because y > Amax (D) and £ > 0,
which imply that A < 0. Ignoring the positive semidefiniteness constraint on B, the ob-
jective function of (2.57) is uniquely minimized by the solution B* = —yA~! of the first-
order optimality condition BA + AB + 2y1; = 0. Uniqueness follows from [83, Theorem 12.5].
As it is strictly positive definite, B* thus uniquely solves (2.57), which in turn implies that
s*=%"2 (B*)Zi_% =y?(yly— D)~ 'S(yI; — D)~! uniquely solves (2.56). Substituting >* back
into the objective function of (2.56) further shows that J* = y?{(yI; - D)7}, f).

Next, we will argue that the analytical formula for J* in the regime y > A ax (D) remains valid
even when 2 is rank-deficient. To see this, define

&2 y¥(yl;-D)LE) and *(®) 2y (yly-D) 'E(yl;-D)7!

as explicit continuous functions of the parameter = € §‘f_ . Similarly, define the function

]

-~

F(2,3)2(D,5)-yTr[Z-2(S2552)

D=

which is jointly continuous in = € S$¢ and £ € S¢. We then have

J*(E) =liminfJ* (£ + eI) =liminfsup F(Z,E +el;) = sup F(Z,2) = F(*(2),2) = J* (3),
€l0 el0 3>0 >0

where the first equality follows from the continuity of J* (£), while the second equality holds
because 2 + el > 0 for every € > 0 and because J*(£') = supy, o F(Z,2') for every &' > 0,
which was established in the first part of the proof. The first inequality exploits the fact that
a pointwise supremum of continuous functions is is lower semicontinuous, and the second
inequality holds because =* (£ + £1,) > 0 for every & > 0. Finally, the last equality follows from
elementary algebra. The above arguments imply that J* ) and =* () represent the optimal
value and an optimal solution of (2.56), respectively, even if Se §f is rank-deficient.

Assume next that ¥ < Amax(D), and denote by 7 € R a normalized eigenvector of D corre-
sponding to the eigenvalue Ay ,x(D). By optimizing only over matrices of the form Z = tvv’

for some ¢ = 0, we find

J* = sup (D -yIg, 5T )+ 2V Iy Tr[(S2 0D £2)?]
t=0

= Sup t(Amax(D) =) + 2V Tr [(£2 07 £2)2] = o0,
=0

Assume finally that y = Ahax(D). To investigate this limiting case, note that the objective
function of (2.56) is linear in y, which implies that the optimal value of (2.56) is convex
and lower semicontinuous in y. Given the results for y # Anax(D), it is thus clear that for
¥ = Amax(D) the optimal value of (2.56) must be given by J* = liminf,-,wi/Z(()?Id - D)‘l,f).
This observation completes the proof. O
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In order to derive search directions for the Frank-Wolfe algorithm developed in Section 2.6,
we need to be able to solve constrained nonlinear SDPs of the form

sup (D,X)

z>=0

o (e et (2.58)
st Tr[z+S-2(SixcS) ] < p?

parameterized by D € $9, £ € §f and p € R;. It is known that problem (2.58) admits a
unique optimal solution that is available in quasi-closed form [123]. Below we review the
construction of this optimal solution under more general conditions and uncover several
previously unknown properties of this solution.

Proposition 2.34 (Quasi-closed form solution of (2.58)). The following statements hold.

(i) IfDe s 5e §f and p € R., then problem (2.58) is solvable, and its maximum matches
that of the univariate convex minimization problem

inf y(o?+ (rirla - D)7 - 10,5)) (2.59)
¥>Ammax(D)

(ii) IfD#0, S>0and p >0, then problem (2.59) has a unique minimizer y* € (Amax(D),00),
and problem (2.58) is solved by =* = y**(y*1;— D) 'S(y*1; - D).

(iii) IfD=0,D#0,Z>0andp >0, theny* is the unique solution of the algebraic equation
0> = (& (la-y* 0" la-D)")*) =0, (2.60)
and X* is the unique maximizer of (2.58). Moreover, the Gelbrich distance constraint

in (2.58) is binding at ¥*, and we have £* > Amin ) 1.

Proof. As for assertion (i), note that the Lagrangian dual of (2.58) can be represented as

NI

inf sup (D, X) —yTr[Z+§—2(§%Z§%)

] +yp% (2.61)
120 320

Strong duality as well as primal solvability follow from [13, Proposition 5.5.4], which applies
because the primal problem (2.58) has a continuous objective function and—by virtue of
Lemma 2.36 below—a nonempty, compact and convex feasible set. The postulated reformula-
tion (2.59) then follows immediately from replacing the supremum of the inner maximization
problem in (2.61) with the analytical formula derived in Proposition 2.33. We emphasize that
for y = Amax (D), depending on the problem data, the inner supremum in (2.61) may evaluate
to any nonnegative real number or to +oo. In order to avoid cumbersome case distinctions,
we thus exclude the point y = Ahax(D) from the feasible set of (2.59) without affecting the
problem’s infimum.
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As for assertion (ii), note that = = £ represents a Slater point for the primal problem (2.58)
because p > 0. Thus, the dual problem (2.61) is solvable by [13, Proposition 5.3.1]. To prove
that (2.59) is also solvable, it remains to be shown that (2.61) does not attain its maximum
at the boundary point y = Anax (D), which has been excluded from the feasible set of (2.59).
This is the case, however, because of the assumption that S >0and D # 0, which ensures that
the objective function value of y = A o< (D) in (2.61) amounts to +co. We may thus conclude
that (2.59) admits a minimizer y* € (Apax(D),00). This mimnimizer is unique because the
objective function of (2.59) is strictly convex when £ > 0. Finally, the Karush-Kuhn-Tucker op-
timality conditions [13, Proposition 5.3.2] imply that any solution of the primal problem (2.58)
also solves the inner maximization problemin (2.61) aty = y*. The formula for Z* thus follows
from Proposition 2.33.

To prove assertion (iii), note that the assumptions D > 0 and D # 0 imply that y* > Amax(D) >
0. Therefore, none of the constraints in (2.59) are binding at optimality. As the objective
function of (2.59) is smooth and strictly convex, y* is thus uniquely determined by the first-
order optimality condition (2.60), which forces the gradient of the objective function to vanish.
The uniqueness of £* follows from the uniqueness of y* and the uniqueness of the inner
maximizer in (2.61); see Proposition 2.33. Moreover, as y* > 0, the Gelbrich distance constraint
in (2.59) is binding at Z; due to complementary slackness. Finally, we have

1 _ *y—1) _ *20 %1 =l k7 -l -1
m—ﬂmax((z) )—Amax((Y (y*In—D) "2(y"Ia—D) )
= Amax((La= DIY*)E ™ (Ig = DIy))
- - 1
< Amax(Ia = DIY)? Amax &™) < Amax &1 = —,
max( d Y max max Amin )

where the strict inequality holds because y* > Apmax (D) > 0. We may thus conclude that the
smallest eigenvalue of =* exceeds the smallest eigenvalue of £. This observation concludes
the proof. O

In Sections 2.3 and 2.4 we repeatedly encounter nonlinear SDPs of the form

inf (LTL,X L
W R

1 (2.62)
st Tr[z+S-2(8ix88) ] <p?

parameterized by £ € S$% and p € R,, where € R‘*? is a convex set and [ : € — R a convex
continuous function. Problem (2.62) is reminiscent of (2.58) but accommodates a nonlinear
convex objective function. We do not attempt to characterize the maximizers of (2.62) for arbi-
trary choices of € and f, but we can prove that there is at least one well-behaved maximizer
that is bounded away from 0.

Lemma 2.35 (Structural properties of the maximizers of (2.62)). Assume that 2 € S¢ and
p €R,. If6 <R’*? is a nonempty convex set and f : € — R is a convex continuous function,
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then the nonlinear SDP (2.62) admits a maximizer * = Amin(2) I;.

Proof. Note thatif p=0or Amin(2) = 0, then the claim holds trivially. Thus, we may henceforth
assume without loss of generality that p >0 and £ > 0. Denoting the feasible set of (2.62) by

72{ses] Tr[2+8-2(88584)?) <p?},
we then find

sup inf (LTLZ)+f(L) = inf sup (LTLE)+ f(L)
e

sey Le€
=inf su LTL3+ f(l)= su inf (LTL2)+ f(L),
Le€ Z&g < > f( ) ZE.Spﬂ Le€ < > f( )
22 Amin (B) 1 22 Amin (8) 1

where the first and the third equality follow from Sion’s minimax theorem [156], which ap-
plies because (LTL,X) is convex and continuous in L for every fixed £ > 0 and because .
is convex and compact by virtue of Lemma 2.36. The second equality follows readily from
Proposition 2.34 (iii). The last maximization problem in the above expression has a solu-
tion * = Amin(2)1; because its feasible set is compact and its objective function is upper
semicontinuous. Clearly, =* also solves (2.62), and thus the claim follows. O

The proofs of Proposition 2.58 and Lemma 2.35 rely on the following auxiliary result.
Lemma 2.36 (Compactness of the feasible set [152, Lemma A.6]). Foranye S% andpeR;,

the set

is convex and compact. Moreover, for any X € & we have Tr [Z] < 6 and X < 51,, where
&2 (p+Tr[S]2)2.

2.8.2 Taylor Expansion of the Objective Function

In this section, we provide the detailed steps leading to the Taylor expansion of the objective
function f of the semidefinite program (2.25). We use ® to denote the Kronecker product of
two matrices [12, Definition 7.1.2]. We remind that

fCLZW) =Tr[Zy -2 H (HZH' + zw)‘1 H,]
forany Z, € S, Z,, € ST". The following lemma serves as a useful tool to shorten the notations.
Lemma 2.37 ([12, Fact 7.4.9]). For any matrices A, B, C, D of appropriate dimensions, we have
Tr[ABCD] = vec(A)" (B® D")vec(C).
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At any feasible solution (Z,,X,) with 2, > 0,let A, € $", A, € S™ be two symmetric perturba-
tion matrices and let G£ HX, H' +X,, € S, the matrix inverse term of the objective function

f can be approximated to the second order by

(HE +ADHT +30 +Ay) "
1 _1 T 1 111
:(G2(1m+G 2(HALH' +A,)G z)Gz)
=G (I + G 2(HAH' +A,)G2)"1G2
_1 _1 T _1 _1 T -1 T _1 3 -
ye z(]m—G J(HA H' +Ap)G %+ G 2(HALH +Ap)G Y HALH +A)G 2 +G(IA] ))G

1
2
=G ' -G HHMHT +A,)G + G N HAH +A)G HHAH +A,)GH+O(I1AIP),
where the third equality is the result of the second order approximation of matrix inversion [12,
Proposition 9.4.13]. Hence, the second order approximation of the objective function f can be
written as
FEx+AxZw+Ay)
=Tr[Zx+ Ay~ Cx +AH (HE, +A)H +23, + A,,,)*1 H(EZ+Ay)]
T
1 [vec(Ay) vec(Ay) 3
=fZxZw) +(Dx,Ax)+{(Dw,Ap)—= JE +O (A1),
fE0Zw) + (D, 8x) + (Dwn Buw) = 5 (Vecmw)) (Vecmw)) (W
where (Dy, D,,) is defined as
Dy=U,-2:H G'H)'U,-2H' G 'H),
D,=G'HZ2H'G!,

and the negative Hessian matrix ./ is defined as

oo | fow}

Jf;w Fww

with

Hex=2D,®H'G 'H
HAw=H G'®H'D,-2,H GYHY+H ' D,-2,H GHeH' G!

Hpw =2Dyp ® G

thanks to Lemma 2.37.
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8] Distributionally Robust Risk Measure
with Structured Ambiguity Sets

Truth is much too complicated to allow anything but approximations.
— John von Neumann

We formally introduce the Gelbrich hull, which is an outer approximation of the Wasserstein
type-2 ambiguity set, and the corresponding Gelbrich risk, which is a conservative approxi-
mation of the Wasserstein risk. We provide theoretical insights about the Gelbrich hull and
a decomposition of the Gelbrich risk as a two-layer optimization problem, which leads to
a systematic approach to reformulate the Gelbrich risk. For a linear loss function, we show
that the Gelbrich risk admits a closed-form expression for any family of consistent positive
homogeneous and translation invariant risk measures. We provide the reformulation for the
Gelbrich expected loss as a finite convex optimization problem for loss functions that can
be expressed as the pointwise maximum of possibly non-convex quadratic functions. We
further provide several extensions including the incorporation of support information and the
generalization to the worst-case Value at Risk of nonlinear portfolios.
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3.1 Introduction

Portfolio managers face the continuing challenges of optimally distributing their funds over
a collection of possible assets to maximize the future return. Arguably, the seminal work
of Markowitz [115] is one of the earliest mathematical models for portfolio optimization,
in which the portfolio manager aims to maximize the expected return while at the same
time minimizing the risk of a portfolio. While the risk of an investment in the Markowitz
model is measured using its variance, it is well known that the stochastic return of an asset is
rarely symmetric in practice, which renders the variance unsuitable to be used for portfolio
allocation.

Numerous propositions for a more appropriate risk assessment have made research on down-
side risk measures a vibrant field spanning from economics to finance, with emerging applica-
tions in engineering, physics and operations research. The Value-at-Risk (VaR) of a portfolio,
defined using the extremal quantile of its return distribution, has been serving as the industry
standard to measure risk [93] and its used has been imposed by popular financial standards.
Nevertheless, VaR suffers from a major theoretical pitfall which leads to heavy criticisms amid
the 2008 financial crisis. VaR does not satisfy the subadditivity condition and thus it is not a
convex risk measure. As a consequence, using VaR as a measure of risk may not necessarily
promote portfolio diversification. In addition, portfolio allocation using VaR is notoriously
challenging because VaR is not convex, and the resulting optimization problem that minimizes
VaR is computationally intractable.

The Conditional Value-at-Risk (CVaR), which computes the average loss that exceeds the
extremal quantile, has arisen as a favorable replacement of VaR. Contrary to VaR, CVaR is a
convex risk measure and thus minimizing CVaR can be formulated as a convex optimization
problem. Being a coherent risk measure, CVaR satisfies many desirable properties from the
theoretical perspective. Moreover, CVaR is also a spectral risk measure and it can be expressed
as the weighted average of returns and exhibits strong connection with risk aversion via its
representation as an expectation of a piecewise linear utility function.

The expectation of a portfolio loss is also a spectral risk measure, despite the fact that it
totally disregards the dispersion of the distribution. One can further convolve the expectation
operator with a utility function to form the expected utility of the portfolio loss that better
matches the risk attitude of portfolio managers.

The common problem with employing the distribution-based risk measures to assess the
riskiness of an investment is that in reality precise knowledge of the underlying joint probability
distribution of the asset returns are rarely available. In the best case, the portfolio managers
have to leverage on historical data to estimate the distribution, which expose themselves to
statistical risk. This problem has triggered the development of worst-case risk measures which
are more robust to noise and misspecification of the asset returns’ distribution. Instead of
assessing the risk of a position with respect to a single distribution, the worst-case risk measure
determines the worst possible risk over a set of candidate distributions that represents the
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portfolio managers’ ambiguity with respect to the uncertain asset returns.

Worst-case risk measures where the ambiguity set is prescribed by the first two moments
was originally proposed for VaR [52], CVaR [121, 26] and later on extended for spectral risk
measure and coherent risk measure [110]. Worst-case expected loss for moment ambiguity set
has also been widely studied in different contexts [39, 172]. Though intuitively appealing and
admits closed form expression in many cases, estimating the first- and second-moments of
the underlying random vector is difficult, or even impossible, when the available data is scarce.
Alternatively, worst-case risk measures with (semi-)distance based ambiguity set was studied
for Kullback-Leibler divergence [20] and phi-divergence [78]. The worst-case risk measures
with Wasserstein ambiguity set was first studied in [138, 175] and was further extended to
worst-case expected loss in [118, 16, 68, 178].

Motivated by these recent development, the starting point of this paper relies on the Wasser-
stein type-2 worst-case risk measures. While limited analytical solution exists for specific
risk measure using the dual representation approach [175], this method will typically not
generalize to a broader setting. For worst-case expected loss with the Wasserstein ambiguity
set centered at an empirical distribution, tractable convex reformulations using duality tech-
niques are available [179], nevertheless, these reformulations often result in an optimization
problem that incurs a large number of auxiliary variables and constraints which prohibits its
applications either in high-dimensional problems or in the big-data setting.

While calculating the Wasserstein type-2 distance between any two given distributions involves
solving an optimization problem, there exists a generalized lower bound based on only the
information about the first- and second-order moment of the two probability measures of
interest [71]. Using this lower bound, which we term the Gelbrich distance, we construct a
Gelbrich hull as a superset of the Wasserstein type-2 ambiguity set. As a consequence, instead
of directly resolving the Wasserstein type-2 worst-case risk measures, this paper introduces the
Gelbrich risk, a systematic conservative approximation of the Wasserstein risk. Throughout
this paper, we demonstrate that the Gelbrich risk exhibits many nice properties, notably that
its reformulation is more tractable than the reformulation for the original Wasserstein risk.
Interestingly, we show that under certain conditions, the Gelbrich risk measure is a tight
approximation of the Wasserstein risk measure.

The main contributions of this paper can be summarized as follows.

1. We introduce the Gelbrich hull, an outer approximation of the Wasserstein type-2 ambi-
guity set defined using the Gelbrich distance that takes into account only the information
about the first two moments of the probability measures. We show that the Gelbrich hull
is convex and closely related to the Chebyshev ambiguity set that is commonly used in
the literature.

2. Using the Gelbrich approximation of the Wasserstein type-2 distance, we propose the
Gelbrich risk which conservatively approximates the worst-case risk under the Wasser-
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stein ambiguity set. We demonstrate structural properties of the Gelbrich risk, notably
the decomposition of the Gelbrich risk as a two-layer optimization problem which fa-
cilitates a systematic reformulation of the Gelbrich risk as a finite dimensional convex
optimization problem.

3. For a consistent family of law-invariant, positive homogeneous and translation invariant
risk measures, we show that the corresponding Gelbrich risk of a linear loss admits a
closed-form expression. This result paves the way for the generalization of the Gelbrich
risk to any spectral risk measure and coherent risk measure.

4. We derive the semi-definite program reformulation for the Gelbrich expected loss for a
wide range of loss functions that satisfy the quadratic growth condition. The reformula-
tion of the Gelbrich expected loss typically involves a lower number of auxiliary variables
and constraints, thus is supposed to be easier to solve than the Wasserstein expected loss.

5. We provide several extensions to generalize the Gelbrich risk by incorporating the support
information, as well as deriving the Gelbrich Value-at-Risk for nonlinear portfolios.

The paper is structured as follows. Section 3.2 provides necessary background material for the
construction of the Wasserstein risk. Section 3.3 proposes a principled approach to construct
the Gelbrich hull that outer approximates the Wasserstein ambiguity set, and the related
Gelbrich risk that safely approximates the Wasserstein risk. Section 3.4 studies the Gelbrich
risk for linear (portfolio) loss, and Section 3.5 examines the Gelbrich expected loss for nonlinear
loss function. Section 3.6 and 3.7 further expands the Gelbrich risk to different applications
and to take into consideration the support information, and Section 3.8 concludes with a
numerical application for the robust portfolio index tracking problem.

Notations. Throughout this paper, |- || denotes the 2-norm on the vector space. The space
of all n-dimensional symmetric matrices is denoted by S and S} (S”,) denotes the space
of symmetric positive semidefinite (definite, respectively) matrices. For any square matrix
A € R™ ™ the trace operator is defined as Tr [A] = ;7:1 Aji, and for any A € $”", Anin(A)
and Amax(A4) denote the minimum and maximum eigenvalue of A. For N e N, we set [N] =
{1,...,N}L

3.2 Problem Statement

We provide in this section the preliminary elements that form the foundation for the theoretical
development of the paper. We are equipped with a measurable space (R", 28 (R")), where
2B(R"™) denotes the Borel algebra of R”, and a random vector ¢ with values on R”. The set of
all probability measures supported on R” is denoted by Z2. For a given probability measure
Q € &, the distribution of ¢ under Q is uniquely determined by the cumulative distribution
value Q¢ <1)=Q(¢; <71; Vi=1,...,n) for any 7 € R". The first two moments of ¢ under Q can
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be defined using the expectation operator as

Eql¢] = fR £QWY), and Eglég']= fR 8 Q).

We first review some common definitions of the distribution of ¢.

Definition 3.1 (Finite second moment distribution). The random vector ¢ has finite second
moment under Q if its expectation Eq[¢] and its second moment matrix Eq[¢ET] are both finite.

Definition 3.2 (Symmetric distribution). The random vector ¢ is (centrally) symmetric about
1€ R" under Q if for all vectorst € R, we have Q¢ =z u+ 1) =Q(¢ < u—1).

Definition 3.3 (Linear unimodal distribution). The random vector ¢ is linearly unimodal about
0 under Q if for all vectors w € R", the cumulative distribution function of w' ¢ under Q is
convex on (—oo, 0] and concave on [0, +00)

Definition 3.4 (Elliptical distribution). The random vector ¢ is (symmetric) elliptically dis-
tributed under Q if its characteristic function is given by

E@[exp(\/—_erf)] = exp(\/—_erp)g(TTZr)

for some location parameter € R", dispersion matrix £ € S and characteristic generator
g R+ —R.

The class of elliptical distributions generalizes common distributions such as the Gaussian
distribution, the logistic distribution and the ¢-distribution [22, 59]. Through an appropriate
normalization of the characteristic generator function ¢, we assume without loss of generality
that the covariance matrix of an elliptical distribution coincides with its dispersion matrix.
Furthermore, because the characteristic function uniquely determines the distribution func-
tion, the tuple (¢, i, X) uniquely identifies an elliptical distribution with generator function ¢,
mean vector y and covariance matrix Z, and this distribution is denoted by Q = &2 (u,Z). We
denote by ® the set of all possible characteristic generators of finite second-moment ellipti-
cal distributions. If ¢ € @ is a characteristic generator of a unimodal (multimodal) elliptical
distribution, then we say ¢ is a unimodal (multimodal, respectively) characteristic generator.
Examples of unimodal elliptical distributions include Gaussian, ¢- and logistic distributions,
while examples of multimodal elliptical distributions include a subclass of Kotz type and the
multivariate Bessel type distributions.

Despite the fact that the true distribution of ¢ is unknown, it is reasonable to assume that
the decision maker possesses a certain belief about the true distribution of £. To this end, we
consider the following hierarchy of ambiguity sets with structural information that captures
the beliefs of the decision maker.

Definition 3.5 (Structural ambiguity sets). The hierarchy of structural ambiguity sets includes:
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1. The ambiguity set %, contains all probability measures supported on R with finite second
moment.

2. The ambiguity set s contains all probability measures in & under which ¢ is symmetric
about its mean.

3. The ambiguity set Psy contains all probability measures in &, under which & is symmetric
and linearly unimodal about its mean.

4. The ambiguity set Py contains all probability measures under which ¢ is elliptically dis-
tributed with characteristic generator function ¢.

Throughout this paper, we utilize o as an index for the ambiguity set 2;, and 0 may admit a
value in % = {2,§,SU} U ®@. By construction, one can readily verify that 22, N2y, = @ for any
elliptical characteristic generators ¢, # ¢,. Furthermore, it holds that 22y, ¢ Psy € Ps 22,
for any unimodal characteristic generator ¢ € ®, and &, ¢ &Ps c 22, for any multimodal
characteristic generator ¢ € ®. We note that only 2%, is a convex set, while 2 for o € {S,SU}u®
are non-convex. Indeed, a mixture of two symmetric distributions is in general non-symmetric.

After choosing an information structure o € ., it is natural for the decision maker to establish
a nominal distribution P € 2, which can be constructed from training samples in the data-
driven setting, or from experts’ belief in the Bayesian approach. Instead of making decision
solely based on the nominal distribution P, we assume that the decision maker will take into
account an ambiguity set that contains probability measures in the neighborhood of P. An
attractive approach to construct the ambiguity set is to use the type-1 Wasserstein distance
as a measure of dissimilarity between two distributions [118, 16, 68]. Recently, an emerging
alternative is to use the type-2 Wasserstein distance in the ambiguity set which has revealed
many interesting properties of the corresponding optimal solution [123, 152, 124].

Definition 3.6 (Type-2 Wasserstein distance). The type-2 Wasserstein distance between two
probability measures Q and Q' on (R", B(R™)) is defined as

W(@Q,Q" = (inf E[IX - X"I?])?2, (3.1)

where || - | is the Euclidean norm on R" and the infimum is taken over all joint distributions of
n-dimensional random vectors X and X' with marginal distributions Q and Q', respectively.

We define the structured Wasserstein ambiguity set
[Bp,a(@) = {@ €y W(@,@) = P}

as the ball of radius p = 0 in 2, centered at the nominal distribution P with respect to the type-
2 Wasserstein distance. Because P € 2, the ball [Bp_g(@) is non-empty. We emphasize that
Bp,o (P) contains only probability measures that satisfy the information structure o prescribed
by the decision maker’s beliefs about the distribution of £.
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In this paper, we consider a loss function ¢ that maps any realization of the random vector
¢ e R™ to areal value ¢(¢). We denote by L the set of measurable loss functions from (R", 8(R"))
to (R, #(R)). For every Q € 2%, we define a risk measure Zq : L — RU {+oo} that associates
any loss function ¢ € I with a risk index %¢(¢). Moreover, we assume that the family of risk
measures {Zg}ge, is consistent in the following sense.

Definition 3.7 (Consistent family of risk measures). The family of risk measures {Zq}gez,
is consistent if for any Q1,Q2 € 9%, Rq, (¢1) = Rq,((2) whenever the marginal distribution of
21(&) under Q, and the marginal distribution of ¢»(¢) under Q, are equal.

By definition, the consistency property implies that Z¢ is a law-invariant risk measure for any
Q € #2,. We note that the consistent property has been defined on %, the most general set
among all ambiguity sets in Definition 3.5, which in turns guarantees that the family of risk
measures is consistent under any restriction 22, for o € .#. Furthermore, many worst-case
risk measures studied in the literature implicitly assumes that the family of risk measures is
consistent, they include the worst-case Value-at-Risk [52, 121], worst-case Conditional Value-
at-Risk [180], worst-case law-invariant coherent risk measure [110], the worst-case expected
loss [39, 118], etc. We emphasize that there exists a systematic way to construct a consistent
family of risk measures {%¢} Qew, a5 highlighted in the following remark.

Remark 3.8 (Construction of a consistent family of risk measures). There is a systematic way
of constructing the family of risk measures {Zq}qes, so that it satisfies the consistency property
stated in Definition 3.7. First, fix a non-atomic probability measure P and a law-invariant
risk measure Zp. For every probability space (R", B(R"),Q) for Q € $,, define a measurable
function Xg : R" — R" such that Q = Po Xo L. The existence of Xg is guaranteed because
(R", B(R™),P) is atomless, in this case, Q is the pushforward measure of P under Xg. The risk
measure Zq is constructed as follows for any ¢ € L:

Ro(0) = Zp (L (Xgp)).

Using the structured Wasserstein ambiguity set, we define the Wasserstein risk of aloss function
¢ € as the highest risk over all probability measures contained in B, » (), that is,

Rpo®,0)= sup Rq0). (3.2)
Qel, , ()

Furthermore, given a subset of loss functions £ < L, the Wasserstein optimal risk over £ is
defined as
Rpo®, L) = inf Z,,@,0), 3.3)
e’

which is a decision problem that searches for the loss function that minimizes the Wasserstein
risk.

While being appealing at first glance, evaluating the Wasserstein risk in (3.2) is a challenging
task because computing the type-2 Wassertein distance between two distributions is in general
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#P-hard [163]. If the nominal distribution P is a discrete distribution supported on a finite
number of points, problem (3.2) can be potentially reformulated as a finite dimensional
optimization problem [179]. Unfortunately, these reformulations usually add a large number
of auxiliary dual variables which prohibits the scalability of the reformulation approach as the
number of atoms in the nominal distribution increases. In the remainder of this paper, we will
explore a systematic approach to construct a conservative approximation of the Wasserstein
risk, as well as the tractable reformulations of these approximation problems under specific
settings.

3.3 Conservative Approximation of the Wasserstein Risk

3.3.1 Gelbrich Risk Approximation

A fundamental element of the Wasserstein risk evaluation problem (3.2) is the Wasserstein
ball [EBP,U(@). In this section, we form an outer approximation of B, » ®) using the moment
information of the nominal distribution . Given a finite second-moment nominal measure
P € 2, we denote by fi € R” the mean vector and by £ € S” the covariance matrix of ¢ under
. We consider the Gelbrich distance defined on the mean vector-covariance matrix space.

Definition 3.9 (Gelbrich distance). The Gelbrich distance between two tuples (4, X) € R" x S¥
and (I, 2) € R" x S" amounts to

NI

].

G2, @) 2 \/nu—ﬁug +Tr[+5-2(32582)

One can readily show that G is non-negative, symmetric, vanishes if and only if (y,%) =
(1,Z) and satisfies the triangle inequality, and thus G is a metric on R” x S$” [72, pp. 239].
The Gelbrich distance provides a lower bound on the Wasserstein type-2 distance between
probability distributions in terms of their mean vectors and covariance matrices as highlighted
in the following theorem.

Theorem 3.10 (Gelbrich bound [71, Theorems 2.1 and 2.4]). If the distributions Q and Q' have
mean vectors p, (i € R" and covariance matrices Z,%' € S, respectively, then

W(@Q,Q) =G (k32),w,2"). (3.4)
The bound is exact if Q and Q' are elliptical distributions with the same characteristic generator.

Using the Gelbrich distance as a measure of dissimilarity, we define the uncertainty set in the
space of mean vectors and covariance matrices as

Up([@,2) = {(1,2) eR" x S": G((1,2), (1,2)) < p}.

Intuitively, %, (i, %) contains all tuples of mean vectors and covariance matrix of a Gelbrich
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distance less than or equal to p from the center (fi,%). The uncertainty set U, (11,2) is of
interest because it covers the projection of the type-2 Wasserstein ball B, » (P) onto the space
of mean vectors and covariance matrices. Moreover, if ¢ is a unimodal characteristic generator
andP = Py (@, i), then the uncertainty set %, (@, i) actually coincides the projection of B, ®)
for any o € {2,S,SU, ¢}.

Proposition 3.11 (Projection of [prg(@) onto the mean-covariance space). If the nominal
distribution P has mean vector fi € R* and covariance matrix % € S”, then for any o € &,

{(Eglé], Eql€ ~EgliNE —EqléD 1) : Q€ By o )} <%, (1, ).

The inclusion becomes an equality if P = Py (L, %) is an elliptical distribution.

Proposition 3.11 follows immediately from Theorem 3.10. Furthermore, if P= Q%(ﬁ, 3) then
any elliptical distribution Q@ = % (u,Z) with the same characteristic generator ¢ and with
W (Q,P) < p belongs to Bp,2 ®@).

A useful ambiguity set in the space of probability distributions is the Gelbrich hull, which is
constructed as the pre-image of %, (@, i) under the mean-covariance projection.

Definition 3.12 (Gelbrich hull). For any o € ., the Gelbrich hull is given by

Gpo (1, 2) = {Q € P, : (Eglé], Egl(€ - EgléN (¢ — EgléD) 1) € %, (1, %)}

By definition, G, ; (fi, %) contains all distributions supported on R” satisfying the information
structure 0 whose mean vectors and covariance matrices fall into the uncertainty set %, (f, ).
If we define 22, (u, Z) as the structural Chebyshev ambiguity set that contains all distributions
on R” satisfying the information structure o with fixed mean vector u € R” and covariance
matrix X € S, then the Gelbrich hull can also be expressed as

Goo@= U Zw. (3.5)
(DU, (1,5

From this representation it is evident that if G, » (T, 3) contains a distribution Q, then it
contains all distributions on R” that satisfy the information structure o and have the same
mean vector and covariance matrix as Q. It is easy to verify that the Gelbrich hull G, (i, )
provides an outer approximation for any Wasserstein ball [EBp,a([IS). Indeed, if B, » (P) contains
a distribution Q with mean vector y and covariance matrix X, then (u, Z) € %, (i, %) by virtue
of Proposition 3.11, which implies via (3.5) that Q € G, (i, %). These insights culminate in the
following theorem.

Theorem 3.13 (Gelbrich hull). If the nominal distribution P has mean vector fi € R" and
covariance matrix £ € S", then we have [EBp,U(@) € Gp,o (H, ) foranyo € . Ifo = ¢ and
P=24{,5), then By ¢([P) = Gy ¢ (@, 2).
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Proof. Pickany Qe [Bp,a(@) and define p € R” as the mean vector and X € S’} as the covariance
matrix of { under Q. By Theorem 3.10, we find

G((p2), @) =WQ,P) <p,

which implies that Q € G, o (i, ). We may thus conclude that Bp,o ® < Gp,o ({, %) for any
ge.

When o = ¢, pick any Q € Gp_(p(@) and define pu € R” as the mean vector and X € S” as the
covariance matrix of { under Q. By Theorem 3.10, we find

WQ,P)=G((w2), (@) <p,

where the equality holds because both P and Q share the same characteristic generator ¢. This
implies that Q € By ¢ (P), and hence [EBp_(/,(Iﬁ) =Gy, ([, %). This completes the proof. O

Theorem 3.13 shows that the Gelbrich hull provides an outer approximation for all Wasserstein
balls B » (P) solely on the basis of mean and covariance information. Discarding all informa-
tion about P beyond its first- and second-order moments can be seen as a compression of
available information. This amounts to sacrificing higher-order moment information and may
improve the tractability of the risk evaluation problem (3.2) and the distributionally robust
decision problem (3.3). To show this, we define the Gelbrich risk as

Rpo(@Z,0)= sup  Ro0) (3.6)
Q€Gy, (1,5)

and the optimal Gelbrich risk as
‘%p,U(ﬁrzyx) :llé’{; %‘D,U(ﬁ) Z)[) (3-7)

Theorem 3.13 immediately implies that the (optimal) Gelbrich risk provides an upper bound
on the (optimal) Wasserstein risk.

Corollary 3.14 (Gelbrich risk). If the nominal distribution P has mean vector fi € R" and
covariance matrix £ € S", then for any o € #, we have

Rpo®,0) < Rpo(@2,0) V0L and RpoP®, L)< Rpo(Z, L)
Ifo=¢ andP = Py (L, ), we have
Rpp @0 =Rpp(@,2,0) YL and Rpp® L) =Rpp([,2, L)
Unlike the mean vector p = I£g[¢] and the second-order moment matrix M = g [{¢ 71, both

of which constitute linear functions of the underlying distribution @Q, the covariance matrix
% =M - uu' is nonlinear in Q. The condition (u, ) € U, (L, %) thus appears to be nonconvex
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in Q. To gain a clearer understanding, it is instructive to introduce the uncertainty set 7, (i, )
for (1, M) induced by the uncertainty set %, (i, %) for (u, %), that s,

Vp(@,2) = {(, M) eR" xS : (u, M—pup") € %, (1, 2)} .

Maybe surprisingly, even though it is defined as the pre-image of a convex set under a nonlinear
transformation, one can prove that 7, (i, %) is convex, see Proposition 3.17.

The representation (3.5) of the Gelbrich hull as a union of Chebyshev ambiguity sets suggests
that the Gelbrich risk of any fixed loss function ¢(¢) can be expressed as the optimal value of
the following two-layer optimization problem

ﬁp,a @20 = sup sup  Zg(l) (3.8a)
WDex,([18)  QePs(1x)
= sup sup R 0) (3.8b)

(W, M)V, ([1,%) QEPy (1, M~ppT)

Note that (3.8b) follows immediately from the definition of the uncertainty set 7, (I, ) and the
formula for the covariance matrix in terms of the mean vector and the second-order moment
matrix. The inner problems in (3.8a) and (3.8b) both represent the same distributionally robust
optimization problem over a Chebyshev ambiguity set but with different parameterizations.
This problem can be viewed as an infinite-dimensional linear program over all probability
distributions @ that satisfy the linear equality constraints [Eg[¢] = p and Eg[¢¢ T = M. The
outer problem in (3.8a) hedges against ambiguity in the mean vector and the covariance matrix,
while the one in (3.8b) hedges against ambiguity in the first- and second-order moments. The
formulation (3.8a) is conceptually appealing because of its connection to the Wasserstein
distance and because it is more natural to characterize a distribution in terms of its mean
vector and covariance matrix. The formulation (3.8b), on the other hand, is computationally
attractive because it expresses the inner problem with linear constraints while the feasible set
of the outer problem remains convex.

Remark 3.15 (Second layer of robustness). Distributionally robust optimization problems
akin to (3.8a) and (3.8b) that accommodate a second layer of robustness to account for moment
ambiguity have been investigated in [39, 52, 81, 121, 145, 184], among others. As the optimal
value of the inner maximization problem is always concave in (u, M) but typically nonconcave
in (4, Z), moment ambiguity has mostly been modeled through convex uncertainty sets for (u, M),
thereby ensuring convexity of the outer maximization problem. For example, uncertainty sets
that force p to lie in an ellipsoid and M in the intersection of two positive semi-definite cones
were studied in [39], while box-type uncertainty sets for (1, M) were proposed in [121] and refined
in [81, 184]. Convex uncertainty sets for (u,X) were shown to render the outer maximization
problems convex only in special cases, e.g., when evaluating a worst-case value-at-risk of a
linear or quadratic loss function [52, 145]. The convex uncertainty set U ([, ) for (u,%) is
remarkable because it leads to a second-layer maximization problem in (3.8a) that potentially
admits a convex reformulation. g
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3.3.2 Convexity of the Gelbrich Hull

We now establish the convexity of the Gelbrich hull G, » (). To this end, we first prove a
structural result certifying that the uncertainty set %, (i, %), a finite dimensional subset on the
space of mean vector and covariance matrix, is compact and convex.

Proposition 3.16 (Convexity of %, (i, %)). Foranyfie R", £ € S" and p € Ry, U, ([, 2) is
compact and convex.

Proof. Notice that %, (I, ) can be expressed as
%p(,5) = {1, D) R xS : G((,3), @,9) <p?},

where the squared Gelbrich distance G((y, %), (&, f))2 is a continuous, convex function of
(1, Z) e R x S Hence, %, (i, %) is convex and closed. Furthermore, for any (u, %) € U, (i, ),
we have ||y — [ill < p, which implies that y is bounded. Moreover, [152, Lemma A.6] implies
that for any (i, %) € %,(@,%), we find 0 < X < (p + Tr[£] %)21. We conclude that %, (f, %) is
compact. O

Proposition 3.17 (Convexity of 7, (i, 3)). Foranyfie R",£ e S" andp € R,, Vo, %) is compact
and convex.

The proof of Proposition 3.17 requires the following preparatory lemma that establishes the
equivalent formulation of the squared Gelbrich distance as the optimal value of a maximiza-
tion problem.

Lemma 3.18. Forany u,ji€R" and Z, Se S%, we have

sup Tr[(Z+pu )T - A +CE+ARN) U - Ap) | +p" A+ 0" Apfi—20"

G2, @) = Ay -1

s.t. A;1€S? ApeSh,
11 + 22 + 7 A22

>=0.

Proof. We first define the function G’ for any y, i € R” and M, M € S" as

sup Tr[M(I— Ap)+MUI - Ap)] +u" Anp+a" Apii—24" u

G'((w, M), (@, MD)* 2 An -1
-1 A

S.t. A11€§_’Z,A22€§_7_, =0.

3.9)
From the proof of [72, Proposition 7], we can re-express the Gelbrich distance G as the optimal
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value of a minimization problem

min [lp- @l +Tr[Z+Z-2C]

G((H;Z);(ﬁrz))z = s.t CeR™" 2 C
o "lcT oz
min  Tr|pp" +@a" |+ Tr[Z+Z] -2Tr[C+pug']

_ s c
s.t. CeR™™

>0

>0

;.CT 24
min Tr[E+ppD)+E+aa")]-2Tr[K]
=) S+pp’ K ul [u]”
s.t. KeR™" T o 1=l -] »
K Z+[p gl e

where the last equality follows from the change of variable K < C + ufi'. Using a weak duality
argument, we have

sup Tr[(Z+pu )T -An)+E+AE) I - Ap)]| +p' App+ 0 Apfi-20"

G2, @) = An -1
-1 Ap

s.t. A11€§?_, AngSZ, =0

=G (w2 +uu"), @S +aan)°,

where the equality follows from the definition of G’ in (3.9). Thus, G((u, %), (1, f))2 constitutes
an upper bound on G'((, Z+pu’), (@, S+ ﬁﬁT))z. We now proceed to prove that the inequality
above holds as an equality. Denote momentarily fx(2) as the optimal value of the problem

inf Tr[ZA;;]+Tr[SAg)]
fz(i) = An -1

-1 A

(3.10)

S.t. A11€§Z, A22€§Z, =0

parametrized by Z. By construction, for any g, i € R” and X, € S”, we have

sup —Tr[ZAn]—Tr[SAs| +Tr[Z+Z] + u— [l

~Q A 2
G'((wZ+puh), @+ann) = i lan -1
S.t. A11€§+, A22€§+, I A >0
- 22

=@ +Tr[Z+Z] +Ilu-al,

where the first equality follows from the definition of M and M while the second equality holds

t t
29> Where A,, denotes the

(Moore-Penrose) pseudoinverse of Az, into the infimum problem (3.10), we have the trivial

due to the definition of fx(Z). By imposing the constraint A;; = A
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upper bound on f5(2) as
inf Tr[ZAL]+Tr[SAz]
T
Ay —I
-1 A

3 <

S.t. A22€§ﬁ, > 0.

If £ > 0, the above infimum problem over Ay, admits the optimal value Tr [2 Sz Zi%] (128,
Theorem 4]. As a consequence, for any % > 0, we have

where the last equality is from the analytical expression of G in Definition 3.9. Combining
with the upper bound established previously, we conclude that for any $>0

G2, @ D) =C (= +uu"), @E+aaH)°.

To complete the proof, we now extend the equality above to the case when £ is singular. To
this end, we first show that f5(£) defined in (3.10) is continuous on S”. Fix £ € S”, it is clear
that £ + eI > 0 for any € > 0. Define the interval & = R, and the feasible set

-}

In addition, define the auxiliary functions (e, A) = Tr[ZA1; ] + Tr [EAz] + £ Tr [ Azz| with
A=(A11,A2),and ¥ (¢) £ bi> < + eI). Tt follows from the definition of b (2) in (3.10) that

A -1

A =4A11 €S, Ay eS":
{ 11 + 22 + 7 A22

W(e) = inf wE+el,A) Veeé.
Aed

We now show that W (¢) is continuous at € = 0. Because v is linear and thus continuous in € for
any A € o, it implies that W is upper-semicontinuous at € = 0 [123, Lemma 2.7(a)]. Moreover,
v is calm from below at € = 0 uniformly over A € o with the calmness constant 0 because

Y, A—w(0,A) =¢Tr[An]| =0 VAed.

We can assert that W is lower-semicontinuous at € = 0 [123, Lemma 2.7(b)]. This implies that
¥ is continuous at £ = 0, and as a consequence, f5 () is continuous over $”. Thus, for any
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singular covariance matrix X~ € S”, we have

G((w2), @) = lim G 2), (3,5 + D)’

= 11%103’((#,2 +up), @ +el+ann)
€

= 11?01—fz(§+51) +Tr[Z+Z] +llu—qal?
€
= 11{101—\1!(3) +Tr[Z+Z] +lu—qal?
€
=—W(0)+Tr[Z+Z] + |u— Il
=& +Tr[Z+Z] + llu- ol
=G/ (w2 +pp"), (@ E+aan),
where the equalities come from the continuity of G, the equivalence between G and G’ when
3 > 0, the definition of bi> (2) in (3.10), the definition of VY, the continuity of ¥ at € = 0, the

definition of ¥ again and finally the definition of G/, respectively. We now can finally conclude
that for any g, i€ R” and 2,2 € S”

G2, @) =C' (w2 +uu"), @S +aaH)°

This completes the proof. O

Proof of Proposition 3.17. Let G’ be defined as in (3.9). Thanks to the equivalence between G
and G’ established in Lemma 3.18, we find

ATHE {('U,M) ER"xS":M—pu' =0, G'((u, M), (@2 +aa"N)% < pz}.

For a fixed i € R” and £ € S?, the squared-G’ function is jointly convex over (i, M) because it
is the pointwise supremum of convex quadratic functions. Hence, 7, (i, %) is a convex set. The
compactness of 7, (i, %) is a direct consequence of the compactness of U, (1, %) established in
Proposition 3.16. O

We emphasize that G, 4 (i, %) is in general non-convex for o € {S,SU} U® due to the non-
convexity of the structural ambiguity set 2?,. Moreover, the convexity of G, » (i, %) is not
apparent from Definition 3.12, which introduces the Gelbrich hull as the pre-image of a
convex set under a nonlinear transformation. Fortunately, by the definition of the induced
uncertainty set 7, (@, i), the set G, 2 (7 f) can be equivalently expressed as

Gp2([1,2) = {Q e P : (Eglé], Eqléé 1) € %, (1,5}

Thus, the Gelbrich hull G, » (g, %) can be expressed as the pre-image of the convex set 7, (1, )
under a linear transformation, which shows that it is actually convex. This fact is summarized
in the following corollary whose proof is omitted.
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Corollary 3.19 (Convexity of the Gelbrich hull). Foranyfie R*, £ € S% and p € R, the Gelbrich
hull Gy » (L, ) is convex.

3.3.3 Support functions of %, (i, %) and Vo (0, )

The uncertainty set %, (i, %) can conveniently be used in classical robust optimization. Indeed,
arobust constraint that requires a concave function k(y, Z) to be nonpositive for all (i, X) €
U, (L, %) can be reformulated as a convex constraint that involves the concave conjugate 7
of h and the support function of the uncertainty set %, (f, %) (10, Theorem 2], that is,

h(u,2)<0 V(,u,Z)e%p(ﬁ,f) <~ JqeR",QeS" such thaté;( 5 (g,Q)— hx(q,Q) <0,

This constraint is computationally tractable for many commonly used constraint functions
because the support function of %, (I, ) is conic representable.

Lemma 3.20 (Support function of %, (I, ). The support function of %, (I, ) coincides with
the optimal value of a tractable SDP that is, forany p e Ry, g e R" and Q € S”, we have

* _ . ~T 2 ~
6%@2)(%@— inf g'g+7r+y(p*-Tr[Z])+Tr[Z]

s.t. YER,, TeRy, ZeSY}
lal
=Y

I- $3
4 Q Lkl <T+Y.
Proof. Evaluating the support function of %, (@, i) at (¢,Q) € R" x S amounts to solving the

)/22 VA

finite convex program

sup q'p+Tr[QZ]
(q,Q =4 #*=0 o (3.11)
s.t. p-glP+Tr[Z+Z-2(222%2)2] < p2.
Suppose that p > 0. Using duality arguments, we find
%(ﬂz)(q,Q)
=sup inf ¢ ,u+Tr[QZ]+y[p2—||p—ﬁ||2—Tr[2+§—2(§%Z§%)%]]
wE=0YZ0
=inf sup ¢q'pu+Tr[QZ] +y[p2—IIp—ﬁIIZ—Tr[2+§—2(§%2§%)%]]
¥20,,5>0
=;gg{y(p ~Tr[E]) +sup{q u—ylu- u||2}+sup{Tr[(Q yDE] +2yTr[($3282)? ]}},

(3.12)

where the second equality follows from strong duality, which holds because p > 0 and (fi, £)
constitutes a Slater point for the primal problem. The subproblem in y is a concave maximiza-
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tion problem, thus we can reformulate its optimal value by the epigraph formulation

~. 49
vl YEtZ |
qa+HT yla+n

sip{un—Yllu—ﬁllz} <n =

Due to its arrow-shaped structure, the above SDP constraint can be simplified to a second-

)

The maximization subproblem over X can be solved analytically by using Proposition 3.54,

order cone constraint, and thus we have

=7+7, TER;.

sip{un—Yllu—ﬁllz} <n <= nz@'qg+7,

and thus problem (3.12) is equivalent to

1nf ATg+t+y(p?-Te[Z]) +y?Tr [(yI- Q)'E]

()

Notice that the reformulation (3.13) is valid for p = 0 because 6;{ @5 (g,Q) defined in (3.11) is

continuous over p € R;, and the optimal value of the infimum problem (3.13) is also continu-

(3.13)

s.t.  yI>Q, ST+Y.

ous over p € R,.

To complete the proof, we provide the semidefinite program reformulation for the nonlinear
term in the objective function of (3.13). Define momentarily the extended real-valued function
f) 2 y?*Tr[(yI - Q)~'Z] over the domain {y € R, : yI > Q}, and f(y) is interpreted as co
outside this domain. For any y such that yI > Q, we can write

- 0} ,

where the first equality is from the cyclicity property of the trace operator and the fact that
A > B implies that Tr[A] = Tr[B], and the second equality is from the Schur complement
argument [18, §A.5.5]. Thus, we find

yI-Q y%:

fy) = mm{Tr[z] Z=y*Si(yI-Q)"! 2}:1}1301{Tr[2]: sy

inf A'g+t+y(p?-Tr[Z])+Tr[Z]
YER,, TER,, Z€S}
gl
=Y

yI-Q y3:
yfé Z

Because the objective function of the above program is continuous, we can replace the con-

straint yI > Q by yI = Q. Moreover, the constraint yI = Q can be omitted because the first

semidefinite constraint already implies that yI = Q. The proofis completed. O

<Tt+7y,7vI>Q.

_ )

The next lemma establishes the optimal mean vector and the covariance matrix that solves
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the optimization problem involved in the evaluation of the support function of %, (1, ).

Lemma 3.21 (Extremal mean vectors and covariance matrices). Suppose thatE > 0 and either

* q#0,0r
* Amax(Q) >0, or

e Q=-LL" #0 forsome Le R"* and p? < Tr[EL(LTL)7'LT].

Then there exists y* = 0 with y* I > Q that solves the nonlinear algebraic equation

lql? -1)2 2
7 P07 =% (3.14a)
and the value 6% @ 2)(q Q) is attained by (u*,=*) e R" x ST satisfying
-1 -1
ur =i+ q*, Z*:(I—g) i([—g) ) (3.14b)
2y r* r*

Moreoever, if Q = 0 then we haveX* = Amin (S 1.

Proof. Tt suffices to show that (u*,Z*) solves the maximization problem (3.11). If p = 0, the
asymptotic value y* = +oo solves (3.14a), thus we have pu* = fi, * = £ and (u*, =*) is trivially
optimal for problem (3.11) when p = 0. It remains to show for the case p > 0.

First, consider the case where g # 0. From the proof of Lemma 3.20, evaluating the support
function of %, (i, %) is tantamount to solving problem (3.13) which can be expressed in the
equivalent form

inf g'g+ ”Z)l/‘ +y(p? = Tr[Z]) + Y2 Tr [(y I - Q)'E]
s.t. YeER iy, yI>Q

S5 @Q = { (3.15)

because ||g| # 0. Denote momentarily the objective function of problem (3.15) as f(y). Be-
cause S > 0, the objective value of (3.15) evaluated at any feasible solution vy is lower bounded
by

lg1®

fr=q i+ s +y(0? =Tt [E]) + Amin DY T [(yI - Q7]

and thus as y approaches max{0, A;1ax(Q)}, the objective value of (3.15) tends to co. Thus, the
constraints y >0 and yI > Q in (3.15) becomes redundant. Moreover, the gradient of f can be
written as

2
vyf:_%ﬂo? Tr[Z] +2y Tr[(yI - Q'S - y* Tr [(y I - Q) %E]
_ o gl _
=P S(I-yqI-Q7)).
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This implies that if y* > max{0, Amax(Q)} solves the nonlinear algebraic equation (3.14a), then
y* is also the solution of the first-order optimality condition of problem (3.15), and thus
y* is the optimal solution of (3.15). Furthermore, one can constate that as y approaches
max{0, Amax(Q)}, Vy f tends to —oo, and as y tends to infinity, V,, f tends to ,02 > 0. This asserts
that there exists a finite value y* that solves (3.14a).

In the sequel, we verify that (u*, £*) defined in (3.14b) is the optimal solution of problem (3.11).
Notice that

lgl?

* vk [~ SN2 _
Gl 20 @) = 1055

+Tr[EU-y*(y* T-Q™H?] = p?,

where the first equality follows from the definition of (u*,X*) in (3.14b), and the second
equality holds because y* solves (3.14a). As such, (u*,Z*) is feasible for the optimization
problem (3.11). Furthermore, the objective value of (u*,X*) in (3.11) amounts to

gt T[] = 0T+ “21” PO - QTS - QY]
=q' i+ ”2‘;" VP T[Q-y I+y D I-Q T2y [-Q 7]
=q i+ ”26;"* YT T-Q7 ]+ Tr [ZyT- Q7]
_ligll® lg1l® < e
=q" topr ¥ *( 2—4(Y*)2—Tr[Z])+(y*)2Tr[(y*I—Q) 'z]

T I 6]||2 _1a
=4 Y (PP - [Z])+ P T [(*T-Q7'E] = 80 5@ Q:
where the fourth equality is from the fact that y* > 0 solves (3.14a) and thus the relationship

lq1®

~ P Tr[E* I-Q 7+ (P T[Sy [-Q) 72 =y* (p2 e Tr [i])+(y*)2Tr [(y* 1-Q)7'Z]

holds. Finally, the last equality follows from the optimality of y* in (3.15). Thus, (u*,Z*) is
optimal in (3.11).

In the second case, consider when g = 0 and A4x(Q) > 0. In this case, we can follow the steps
as in the case of g # 0 almost verbatim to arrive at the same conclusion, the only difference is
that now ||g|| = 0 and the related fractional term can be dropped from the calculation.

In the last case, consider when g = 0, Amax(Q) <0 and p? < Tr [EL(LTL)"'LT]. If we use I} to
denote the k-by-k identity matrix, then we have

Tr[SU-T-y 'Q Y =Tr[EU-U+y ' LLTY D] = Tr [SU - U~ Ly Iz + LTL) "' LT))?]
=Tr Sy +LTD)7' LT,
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where the second equality utilizes the Woodbury matrix inversion formula [12, Corollary 2.8.8].
One can now verify that as y approaches 0, V, f tends to p? - Tr [EL(LTL)"'L"] = 0, thus there
exists y* € R, that solves the algebraic equation (3.14a).

To complete the proof, we notice that when Q > 0 then (I — ()f*)_1 Q)_1 > I because y*I > Q,
and thus it is easy to verify that =* defined in (3.14b) satisfies Z* > Amin(2)1. O

Thanks to its convexity established in Proposition 3.17, the uncertainty set 7, (i, %) can again
conveniently be used in classical robust optimization. Indeed, a robust constraint that requires
a concave function h(u, M) to be nonpositive for all (1, M) € ¥, (i, %) can be reformulated as a
simple convex constraint involving the concave conjugate of i (i, M) and the support function
of ¥, (i, %). This constraint is computationally tractable for many commonly used constraint
functions because the support function of 7, (I, 3)is SDP-representable.

Lemma 3.22 (Support function of 7/p(ﬁ, ). The support function of ¥, (L, 3) coincides with
the optimal value of a tractable SDP that is, for any p e R, g € R" and Q € S", we have

67’;(AA(q,Q) = inf y(e®-18I*-Tr[Z]) +2z+Tr[Z]
o (1,%)
n
s.t. ye[Rer,zeI]ﬁJrl,ZESJr (3.16)
yI-Q yz: YI-Q yi+3
al = Y, —~ q\T EO.
yX2 VA (yp+3) z

Proof. Evaluating the support function of 7/p(ﬁ,§) at (q,Q) € R" x $" amounts to solving a
maximization problem

sup p'q+Tr[(Z+up"Q]
6;(ﬁi)(q,Q): s.t. ueR™, ZeS”" (3.17)
p

whose objective function is convex when Q > 0. Consider now the optimization problem

sup plg+Tr[E+upHQ]
s.t. peR", XeSt

-~ ~ ~1,1
-2 +Tr[Z+2-2(22382)7 | < p? +¢
= al* < p?,

L) =

parametrized by € = 0, where we have made the dependence of _¢ on [, % and p implicit to

. . * * _
avoid clutter. By construction, we have § 7 @5) (q,Q) = #(¢) forany € = 0 and 6%@2) (q,Q) =
Z(0).
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If p >0 and € > 0, we have

wip-gl<p? Z=0
N aloalyl 2 ~n12
s.t. Tr[Z+2-2(22222)2 | <p+e—|u—ql

sup sup u'g+Tr[(Z+pu)Q]
F(€)

sup sup inf 'uTq+Tr[(z+'u‘uT)Q]+V(p2+£_||#—ﬁ||2—Tr[Z+§—2(§%z§%)
wip-pl=p2 z=0 V=0

sup inf sup ,uTq+Tr[(Z+,u,uT)Q]+v(p2+£—IIy—ﬁIIZ—Tr[Z+§—2(§%Z§%)
wlip=pl=p2Vz0 >0

sup inf {uTqg+p"Qu+v(p®+e—lp-al%-Tr[Z])
pllp-plsp? V=0

+sup {Tr [((Q-vDE]+2vTr [(iizii)i]}}
>0

where the third equality follows from strong duality which holds because £ > 0 and £ consti-
tutes a Slater point for the primal problem. We can apply Proposition 3.54 to solve analytically
the inner-most supremum problem over X

Je)=  Sup irgg prg+pTQu+v(p?+e—llu—alI? -Tr[Z]) +v2 Tr[(vI- Q)1E]
wlp=al=p® o

_ inf sup prg+putQu+v(p?+e—llu—al%-Tr[Z]) +v? Tr[(vI- Q) 7E],
= v=0 N—7i 2
vi>Q Hlu-fl=p
where the second equality exploits Sion’s minimax theorem [156, Corollary 3.3]. As the ob-
jective function of the resulting minimax problem is concave in u for any fixed v satisfying
vI > Q and as p > 0, the inner maximization problem constitutes a strictly feasible convex
optimization problem. By strong duality, we have

L&) = ion/lf O{(v+/1)p2 +v(£—Tr[§]) +v2Tr[(vI— Q)_lf]
vI=Q

+sup{u’ g+pu' Qu- v+l al*} }
u

By introducing an epigraphical variable 7 for the supremum over ¢ and by definingy = v+1 =0,
we can rewrite _#(¢) as

inf yp2+v(£—Tr[§])+v2Tr[(vI—Q)_lf]+T
s.t. veR,, TeR,, YeR,
YI-Q  y@+7
ya+HT ylal?+t

Fe) = (3.19)

=0, y=zv,vI>Q.

Let _# (¢) be the optimal value of the infimum program on the right hand side of (3.19). So far,
we have shown that _¢ (¢) = ¢ (¢) for any € > 0. We now establish the equality when € = 0. By
Berge’s maximum principle [11, pp. 115-116], _# (¢) is continuous over R, . Applying a similar
argument as in the proof of [123, Theorem 2.8], we can show that j (g) is continuous over R, .
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As such, we can conclude that
Z(0)=lim _#(¢) =lim _#(¢) = _#(0),
e|0 €l0

where the equalities are from the continuity of _¢, the fact that _#(¢) = j (¢) for any € > 0, and

the continuity of j_ Because 67’% @5 (g,Q) = _#(0), we find for S >0and p>0

inf yp?-vTr [f] +Vv2Tr[(vI— Q)_lf] +7

s.t. veER;, TERy, YER,
yI-Q  yi+3

qa+HT yiat+z

* _
5%(@2)(6]’ Q) = (3.20)

=0, yzv,vIi>Q.

In the next step, we proceed to eliminate the variable v from the above optimization problem.
Problem (3.20) can be re-express in the following equivalent form

inf yp?+1+f(y)
s.t. TeR,, yeR,
yI-Q  ypa+1
qa+HT yla+t

(3.21)
=0, yI> Q,

where the function f: R; — R is momentarily defined as
fon) = inf{—vTr[f] +v2Tr [(vI- Q)_lf] :0sv<y, vIi>Q}.

Suppose that Q # 0 and thus Q can be written using its eigenvalue decomposition Q = LDL"
for some diagonal matrix D € R**¥ with non-zero diagonal elements, and L € R"*¥ satisfying
L' L = Iy, where we denote by I}, the k-by-k identity matrix. Suppose further that y > 0. For
any 0 < v <7y, we have

vwI-Q ' =(I-v'LDLT) ' =1+ LoD - [\ LT,

where the second equality follows from the Woodbury matrix inversion formula [12, Corol-
lary 2.8.8]. Thus, for any 0 < v <y, we have

—vTr [Z] +V*Tr [(vI- Q) '] =vTr[vD ' - ) 'LTEL].

Notice that the above formula is also valid when v = 0, in which case both sides of the above
equation evaluate to 0 and the evaluation of the left hand side is understood in the limit as v
tends to 0. This implies that whenever y > 0, we have

f@) =inf{vTr[vD ' - 1)'LTEL]: 0<v <y, vIy > D}.

Denote momentarily by g(v) the objective function of the above program. It is easy to verify
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that g(v) is continuous over [0, Y], and for any v > max{0, Amax (D)}, the gradient of g satisfies
g0 =-Tr[wD ' =) 'LTELvD - 1)) <0

which implies that given any y which is feasible in problem (3.21), the optimal value f(y) is
attained by the optimal solution v* (y) = y. Evaluating the objective function g at this optimal
solution gives

@ =—yTr[Z]+y*Tr [y I - Q) 'Z].

Notice that when y = 0, the feasible set of v becomes a singleton and the above expression for
f () holds trivially. Hence, we conclude that when Q # 0, problem (3.20) is equivalent to

inf y(p?-Tr[Z]) +y*Tr[(yI-Q7'E] +7
s.t. TER,, YeR,

YI-Q  yi+%
a+H"T ylp?+e

5%@5)(% Q) = (3.22)

=0, yI> Q.

One can readily verify that the reformulation (3.22) is also valid when Q = 0. Indeed, when
Q =0, problem (3.22) collapses into

inf yp?+7
s.t. TER,, yeR
85 @9 @0) = LA
s vI YE+ 5 =0,7>0
a+H" ylpli?+z|

The optimal solution of this minimization problem can be shown to be y* = ||gl|/(2p) and
* = i" g+ pliqll/2, with optimal value i g + pl g|l. This optimal value coincides with the
value of the support function at (g, 0) evaluated using the definition of the support function

8y o5 (@O =sup{u’q: peR”, lu-al*<p*t=a"q+plql,
p(B,2)
where the last equality follows from the property of the dual norm.

The extension of the reformulation (3.22) to the situation where p = 0 can be achieved by
employing a similar continuity argument as in the proof of Lemma 3.20. The last step involves
applying the Schur complement to reformulate the nonlinear term in the objective function
of (3.22) as a linear semidefinite program constraint, and performing a variable substitution
zZ=T+ }/Ilﬁllz. We thus find

inf y(p?-IgI2-Tr[Z]) +z+Tr[Z]
s.t. TeER,, YeR:, zeRy, Z€ST

~ <l
YI-Q yi+7% yI-Q yX2
~ ~1
ya+pt oz 52 Z

* —
5} a5 (@Q = (3.:23)

>0, =0, yI> Q.

The last constraint yI > Q can be altered to yI = Q because problem (3.23) has a continuous

125



Robust Risk Measures

objective function, and this constraint yI > Q can be dropped because the other semidefinite
constraints of (3.23) necessarily imply that yI = Q. This completes the proof. O

As a parallel counterpart to Lemma 3.21, the next lemma establishes the result regarding the
optimal mean vector and covariance matrix that solves the optimization problem involved in
the evaluation of the support function of 7, (@, ).

Lemma 3.23 (Extremal mean vectors and covariance matrices). Suppose thatE > 0 and either

° Amax(Q) >0, or
* Amax(Q) <0 and p* <Te[S] + 15+ Q 7 /2|, or

e Q=-LL" #0 forsome Le R"** and p> < Tr [EL(LTL)"'LT].

Then there exists y* = 0 with y* I > Q that solves the nonlinear algebraic equation

Ia-0T- Q7 @2+ YD1+ T[S (I -y I- Q)] = p%, (3.24a)
and the value 6; @ i)(q, Q) is attained by (u*,=*) € R" x S" satisfying
p i
-1 -1
pr= 0 -Q)7! (y*ﬁ+g), o* = (1—%) i([—%) . (3.24b)

Moreover, if Q = 0 then we have Z* = Apin S)1I.

Proof. It suffices to show that (u*, *) defined in (3.24b) is the maximizer of problem (3.17). If
p =0, the asymptotic value y* = +oo solves (3.24a), thus we have u* = fi, £* = £ and (u*,=*)
is trivially optimal for problem (3.17) when p = 0. It remains to prove for the case p > 0.

The proof of Lemma 3.22 implies that evaluating the support function of 7, (i, %) is equivalent
to solving problem (3.23). Because < > 0, we can re-express the SDP (3.23) using the Schur
complement reformulation of the SDP constraints as

5 (.0 { inf y(p? — AN ~Tr [S]) +Y* Tr [T - Q7]+ B+ DTy - QI 0+ )
Vo) s.t. YeRy, yI>Q.
(3.25)
Denote momentarily the objective function of (3.25) as f(y). The gradient of f for any feasible
solution vy satisfies

- 132 ~ (o, 9|7
VS =0 -1y 1-Q 7] - |a- o7 (ya+ ) |
Thus if y* solves the nonlinear algebraic equation (3.24a), then y* also solves the first-order
optimality condition of problem (3.25). This in turn implies that y* is the minimizer of
problem (3.25).
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First, consider the case where Amax(Q) > 0. One can verify that as y approaches Amax(Q), Vy f
tends to —oo, and as y tends to infinity, V, f tends to p? > 0. This asserts that there exists
a finite value y* that solves (3.24a). We are now ready to show that (u*,X*) is feasible and
optimal in problem (3.17). Notice that

Gl 2@ = |0 1= e+ d) g s By 0 -0 ) =2,

where the first equality follows from substituting the value of u* and £* from (3.24b) into the
definition of the Gelbrich distance G, and the second equality is because y* solves (3.24a).
This implies that (u*,2*) € %, (fi, ). Finally, we show that (u*,X*) will attain the value
5; ( i)(6/, Q). We find

o (@,

Tt [QZ*] =Tr [Qy )’ I- Q'S - Q)7 (3.26a)
=Tr[((Q-y* I+Y* DOV - Q7 'S* - Q7Y
= [ T- Q7S+ P T [ - QT2 - Q7]
=y (0*-1E- (0 I-Q 7'y A+ q/2)1*-Tr [E] +y* T [ * I-Q'Z])  (3.26D)
=y*(p* = a-p* 1> -Tr [E] +y* Tt [ T- Q) 'E]) (3.26¢)
=y*(0® = 1N = Tr [£]) + (P Te [T - Q7' E] w2y BT =y ™1,

where equality (3.26a) is from the definition of Z* in (3.24b), equality (3.26b) follows from the
fact that y* solves (3.24a) and thus we can write
T [ T- Q7S+ P T [ T- QTS - Q)Y
=p == 1-Q g/ 2+y* PI* = Te [E] +y* Tr [y T - Q) 7'Z].
Finally, equality (3.26¢) is from the definition of u* in (3.24b). We thus find
g +Tr[QE* +p* (u) )]

=y*(0* =181 =T [E]) + ()P T [ T- Q7'E] +20* B+ /2 Tw* + (W) T (Q-y* Dy

=y* (P> - 1817 - Te [E]) + P T [ - Q'] + 0 B+ q/2) (7 I-Q ' (y* i+ q/2)
which equals the optimal value of the dual program (3.25) because y* is also the minimizer

of problem (3.25). This implies that (u*,X*) is optimal for the support function evaluation
problem of 7, (i, ).

Consider the case where A,,x(Q) <0 and ,02 <Tr [i] + I+ Q! q/2||2. One can verify that as
Y approaches 0, V, f tends to p?—Tr [f] —fE+Q1q/2]?> <0, and as y tends to infinity, v, f
tends to p? > 0. This asserts that there exists a finite value y* that solves (3.24a). Showing that
(u*,z*) is feasible and optimal in (3.17) follows verbatim from the first part of the proof.

In the last case, consider the case where Q = —LL" #0 for some L € R"*F and p2 <Tr [i] The
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gradient of f can be re-expressed as

2
VoS =0? =[S (1-ytr1+ L1 ] = |a- o1+ 11D v+ 1) |
<p?~Tr[S(I-y(yI+LL)Y)].

Using the same calculation as in the proof of Lemma 3.21, we can show that as y tends to 0, Vy f
tends to a non-positive value. This justifies the existence of y* that solves equation (3.24a).

To show that * > Amin(£)I whenever Q = 0, we can employ an analogous reasoning to the
last part of the proof of Lemma 3.21. This completes the proof. O

To give an intuition for Lemma 3.23, note that the SDP (3.16) can be converted to an equivalent
nonlinear program (NLP) in the single decision variable y by using Schur complements to
show that

~1

z=(q+yD " yI-Q YHg+y@m and Z=y? ZZ(yI Q%

at optimality. The resulting NLP minimizes a strictly convex objective function that explodes
as y drops to Amax(Q) or as y tends to infinity. Equation (3.24a) represents its first-order
optimality condition, whose unique solution y* can be computed efficiently to any precision
via bisection or the Newton-Raphson method.

Remark 3.24 (On the existence of the solution of (3.24a)). Consider the following one dimen-
sional example with$ =1, i = 0.5, g = 1 and Q = —1. Evaluating the support function of
7, (L, %) is equivalent to solving

sup{u—llull?‘—Tr[Z] : peER, TRy, ||u—0.5||2+Tr[1+Z—ZZ%] sz}.

If p > 1, we can easily verify that the optimal solution is u* = 0.5, Z* = 0. In this case, the
optimal solution (u*,Z*) lies strictly inside the feasible set prescribed by the Gelbrich distance
constraint, and thus there is no solution to the first-order optimality condition. Indeed, (3.24a)

becomes
1 2

which admits a solution only if p*> < 1. This example also shows that the condition q # 0 is not
sufficient to ensure the existence of y* that solves (3.24a).

3.4 Risk Measures of Linear Portfolios

We study in this section the family of consistent risk measures which enjoys widespread
applications in risk management and finance [62]. We briefly review some basic properties of
arisk measure Zg.

Definition 3.25 (Properties of risk measures). A risk measure Zq : L — RU {+oo} satisfies the
condition of
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* translation invariance if Zg(( + 1) = Zg(() + A forany ¢ €L, L€ R.
* positive homogeneity if Zg(Al) = A% (¢) forany A =0 and ¢ € L.
* monotonicty if g (¢1) < Ro(l>) forany (1,0» €L and €1 < (> Q-almost surely.

* convexity if Ro(Al1+ (1 - A1) 03) < AR (l1) + (1 = V)R ({2) forany £1,¢, €L,A€[0,1].

A risk measure % is monetary if it satisfies translation invariance and monotonicity. A
monetary risk measure is convex if it additionally satisfies the convexity condition. A convex
risk measure is coherent if it is also positive homogeneous.

We focus on a subset of loss functions that can be written as a linear function of the asset
returns ¢ of the form ¢(¢) = —w ¢ for some w € R”. To facilitate a rigorous exposition, we
define & as the (convex) set of cumulative distribution functions F on R. More specifically, &
contains all functions F : R — [0, 1], F is non-decreasing and right-continuous, lim;| o, F(f) =
0,1im1 4 F(#) = 1. For any information structure o € ., we can in a straightforward manner
define 9, < 9 as the space of structural distribution functions that satisfy the finite second
moment (for o = 2), symmetric (for o = S), symmetric and linearly unimodal (for o = SU), and
the elliptical distribution with generator function ¢ (for o = ¢) conditions correspondingly.
Using similar notation, 9, (m, s2) will restrict @, to distribution functions whose underlying
random variable has fixed mean m € R and variance s € R,.

Under the assumption that the family of risk measures {Zq}ge, is consistent, there exists
a distributional risk measure p : 9, — R defined over the space of cumulative distribution
functions such that

R, (0)) = Q(F?ll) = Q(F?f) = Rq,(l2) VYQ1,Q2€ Py, V), 05 € L such that F?il = ng.

In this case, we say that g is translation invariant (monotone or positive homogeneous, respec-
tively) if Zq is translation invariant (monotone or positive homogeneous, respectively) for
any Q € Z;. We first establish an auxiliary projection result, pioneered by [140, 177], which
binds the family of risk measures {Z¢g}geg, With its corresponding distribution function risk
measure p.

Proposition 3.26 (Univariate projection). Foranyu€R" andX e S", if¢(&) = —w'¢ for some
w € R", then for any o € &%, we have

sup  Rg(-w'é)= sup o(F).
QeZ, (1,%) FeZ,(—wTp,wZw)

Proof. To simplify the notations, we use the shorthands m = —w ' pand s> = w"Zw = 0. When
s =0, the distribution of —w "¢ under any Q € 2, (u, X) coincides with the distribution of a
random variables with value —w " u almost surely, and the claim holds trivially. It suffices thus
to prove for the case when s > 0.
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In the first step, we prove the inclusion 2, (m, s?) € {Ff‘pwT ¢ Q € Z5 (1, 2)}. To this end, fix

any F € 9,(m, s2), we show that there exists a measure Qe Z;(u, %) such that F = F?WT ¢
We prove this claim by construction. First, construct a probability space (R", B(R™),v,) and
a univariate random variable 7 : R" — R such that vi(n < t) = F(#), V¢ € R. Using the one-
dimensional version of the mapping in the proof of [177, Theorem 1], we construct the auxiliary

n-dimensional random vector { : R” — R" such that
E=—s2Zwn+(U-s2Zww"). 3.27)

Construct another probability space (R, 8(R"),v,) such that under v, the random vector
( satisfies the information structure o with mean vector p and covariance matrix . On the
product probability space (R" x R", B(R") ® B(R")), we define the product measure v; x vy,
the existence of which is guaranteed by the result of the Hahn-Kolmogorov theorem. On
(R, 8(R™)), we can then deduce a probability measure Q from the product measure v; x v,
under which ¢ satisfies the information structure o with mean vector p and covariance matrix
2. The measure Q can be constructed using [30, Theorem 5.1.4] as

Q¢=<1)= / v (- sPXww ) < T+s2Zwt)dvin < 0
R

:fvn((I—s‘ZwaT)(sT+s_22wt)dF(t)
R

for any 7 € R". By construction in (3.27), —wTé =1, and as a result, the distribution of
- wT(f under Q is equivalent to F. From (3.27), it is easy to verify that under Q, ¢ satisfies the
information structure o with mean vector y and covariance matrix X, so Q € 2;(u, Z). Thus
for any distribution function F € 9, (m, s2), there exists a measure Q € Z;(u, Z) such that
F=r® .
— ng

Next, we prove the inverse inclusion, i.e., we will show that {F?)wT % Qe P, (1,2} S Dy(m, s?).
Fix any measure Q € 22, (u, Z) and construct the cumulative distribution function F such that
F(t) =Q(— wTE < t) for any ¢ € R. Because the information structure o is preserved under
linear combination, we find F € &,. Furthermore, by construction, F is the distribution
function of a random variable with mean m and variance s?. Thus, there exists F € @ (W, )
such that F = F?wa’ SO {FEDwa Qe (1,2} Dy (m, s2) holds.

We have

sup g (- wT.f) = sup Q(F?wa) = sup o(F),
Qe (1,X) QeZ; (1,2) FeDy(—wTu,wTZw)
where the first equality follows from the consistency property of the family of risk measures,
and the second equality is from the equivalence 2, (—w 'y, w'Zw) = {F?wT ¢ QeP;(u,2)}
established previously. Noticing that the proof is valid for any arbitrary o and as such the
claim is proven whenever s > 0. This completes the proof. O
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For a risk measure p defined over distribution function space and an information structure o,
we define the standard risk coefficient a € R as the minimum uniform bound of the risk over
all standard distribution functions in 92, with mean 0 and variance 1

aZ sup p(F). (3.28)

Fe2,(0,1)
By construction, a depends only on the information structure o and the risk measure p.
Moreover, the next result shows that under mild assumptions about p, the worst-case risk over
all distribution functions of arbitrary fixed mean m € R and standard deviation s € R, can be
re-expressed as a linear function of the standard risk coefficient « as the result of the following
proposition.

Proposition 3.27 (Mean-Standard deviation reformulation). Suppose that the distributional
risk measure p is translation invariant and positive homogeneous. For any information struc-
ture o € &, if the standard risk coefficient a defined in (3.28) is non-negative, then for any
(m,s) e R xR,, we have

sup pF)=m+as.
FeD,(m,s?)

Proof. To simplify the notation, define the worst-case risk function hs :Rx R, — R as

ho(m,s)= sup o(F),
FeD,(m,s?)
and thus the standard risk coefficient @ defined in (3.28) satisfies @ = h5(0,1). For any F € 2
and m € R, we define the m-shifted function F, ,,, as F, ,(t) = F(t — m) Yt € R. For any Fe9
and 1 € R, ,, we define the A-scaled function Fj as Fy(t) £ F(t/AM)VteR. For A =0, F,
coincides with the Heaviside function, which is the cumulative distribution function of a
random variable which equals 0 almost surely.

We first prove that h, inherits a form of translation invariance and positive homogeneity from
©. We have

he(m,s)= sup po(F)= sup {p(F-p)+m}= sup o(F)+m=hs0,s) +m,
FeD,(m,s?) FED,(m,s?) Fe2,(0,52)

where the first and last equality come from the definition of &, the second equality comes
from translation invariance of the risk measure p. For the third equality, notice that each F €
2, (0, %) is equivalent to a shifted distribution F_,, of some F € @,(m, s%), and if F € 2,(m, s?)
then F_,, € 24(0, s?). Furthermore, for any A > 0 we have

he(Am,As)=  sup p(F)= sup p(F)=A sup o(F)=2Ahs(m,s),
FeDy(Am,A2s2) FeDy(m,s?) FeDy(m,s?)

where the first and last equality come from the definition of i, and the third equality comes
from positive homogeneity of the risk measure p. For the second equality, notice that for
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any F € 9,(m, s?), its scaled distribution F is equivalent to some F € 2, (Am, A%s?), and any
F € 25(Am, A?s?) is equivalent to the scaled distribution F) of some F € @,(m, s?). For A =0,
the above relationship holds trivially because p is positive homogeneous and thus p(Fy) = 0 by
normalization.

In the second part of the proof, for any A > 0 we find
A(hg(0,8)+m)=Ahs(m,s) = heg(Am,As) = hy(0,A8) + Am = hs(0,As) = Ahs(0, ).

Substituting s = 1 into the above equation gives h;(0,1) = Ahs(0,1) = A which then implies
hs(0,5) = as. The proof is now completed by noticing that when A = 1, we have h;(m, s) =
ho(0,8) +m=as+m. O

We are now ready to present the main theorem of this section which provides the tractable
reformulation of the Gelbrich risk under some conditions of the risk measure family {Zq}ge, -

Theorem 3.28 (Gelbrich risk of linear portfolios). Given any information structure o € &#,
suppose that {Zq}ge, is a consistent family of translation invariant and positive homogeneous
risk measures with the corresponding distributional risk measure g, and that the standard risk
coefficient a defined in (3.28) satisfies 0 < @ < +oo. Then the Gelbrich risk of the linear portfolio
loss £(¢) = —w' & admits the following closed-form expression

sup %@(—wa)=—ﬁTw+a\/wT§w+p\/1+a2llwll. (3.29)
Q€G, (1,5

Ifo=¢andP = Py (1, %), then the Wasserstein risk of a linear portfolio is equal to the Gelbrich
risk.

Proof. We can write the Gelbrich risk for a linear portfolio loss as

sup  Zol(- w'é) = sup sup %@(—wTé) (3.30a)
QEGP,U (ﬁvi) (H,Z)E%p (ﬁ,i) @eya (H;Z)
= sup sup Q(F?WT 6) (3.30b)
(W2)e,([1,2) VeP0 (1,2)
= sup sup o(F) (3.30¢)
(WU, ([1,2) FEDo(—uT w,w Zw)
= sup —,uTw+ avVwTZw (3.30d)
(uvz) E%p (ﬁri)
sup —p'w+avw Zw
— w,2=0
- aloalsl
st lp-pl?+Tr[Z+E-2(32382)2] < p?,

where equality (3.30a) is the result of the decomposition (3.8a), equality (3.30b) utilizes the
consistency property of the family of risk measures, equality (3.30c) and (3.30c) are the results
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of Proposition 3.26 and Proposition 3.27 respectively. The last equality follows from the
definition of the uncertainty set %, (i, ).

Consider the case when p > 0 and a > 0. Using a duality argument, the Gelbrich risk is
equivalent to

sup inf —-pu w+a\/wTZw+y[p —lp—- ,uII —Tr[2+2 22% % ]]
©w,2=07=0

= inf sup  —p w+a\/wTZw+y[p - A -Tr[2+S-2(32352)2 ]] (3.31a)
r=0pu3>0

:ing{y(pz—Tr[i]H sup {—#Tw—yllu—ﬁllz+a\/wT2w+yTr[—z+2(i§zii)5]}}
Y= wE=0

= in(f){y(p2 ~Tr[E]) +sup{-p w-ylu-al*} + sup{(x\/ w'Zw+yTr[-2 +2(§5225);]}}
Y= u z>0

where equality (3.31a) is from strong duality which holds because (fI, ) constitutes a Slater
point for the convex primal problem (3.30). For the supremum subproblem over y, we can
employ an epigraphical formulation to show that for any y = 0

T ) T ||w||2
sup{—p' w-ylp—-p1*=-g'w+ :
It 4y

where for y = 0, the expression on the right hand side is understood in the limit sense as y
tends to 0. The supremum subproblem over X is equivalent to a convex optimization problem

~ 1
sup ar+yTr[-Z+2(82352)7]
[

s.t. 120,220, *—w'Zw=<0.

This optimization problem satisfies the Slater’s condition. Suppose momentarily that £ > 0.
Using a duality argument, the above optimization problem is equivalent to

sup inf ar+yTr[- Z+2(§% %) |+ Aw zw - %)

r=0,220120
=inf sup at-A?+Tr[SAww' —yD]+2yTr[(E %Zi%)%] (3.32a)
A20420,2>0
=inf sup {at-At*+2yTr[B]+Tr[B*Al}, (3.32b)

A=0 ¢>0,B>=0

where equality (3.32a) follows from strong duality. In (3. 32b), we have used the following
change of variable B? — $:333 and thus we can rewrite Z $-2B25% which is valid thanks
to the invertibility of £ and define A £ £~ 2 AwwT —yDE~ 2. The inner maximization problem
is separable in ¢ and B, and the joint first order condition is

a=-2At* = 0
B*A+AB* +2yI 0.
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The first condition requires that A > 0, and in this case it implies that t* = a/(21) > 0. A
necessary condition for the optimal value of B is that 0 > A, which in turns requires yI —
Aww' >0, or equivalently A < y||w||?. Under that condition, the optimal value of B is B* =
—yA‘l, which further can be shown to be unique [83, Theorem 12.5]. Problem (3.32b) can be
reformulated as

2
a

inf {—

0<A<y|wl-2 (4A

2 TS
2 ral Ty-151 ; @ |
T[S (yI - A ok f FyTr[z]+
PRy I - Aww ) ]} 0<a<ylul 2 {4/1 . ||W||2}

2 12
yTr[Z] + az | u;/ll +aVwTIw,

where the first equality is by applying the Sherman-Morrison formula [12, Corollary 2.8.8] to
rewrite the matrix inversion. The optimal solution 1* of the infimum problem satisfies

1 2 2 =
L _ w2 w'Zw
A* Y a
which leads us to the second equality. As a consequence, Gelbrich risk admits an equivalent
reformulation
. - =, 1+a? Jwl’
sup Zo(-w ¢)=inf {—u w+avVwTZw+yp®+ } (3.33a)
Q€G,, (1,3 r>0
=—fTw+aVw Sw+poV1+a|wl, (3.33b)

where the optimal solution for y in the infimum problem (3.33a) is y* = (2p)_1 vV1+a?|wl,
and replacing y* into (3.33a) gives the expression (3.33b) when $>0,a>0and p > 0. One
can readily verify that the reformulation (3.33b) is also valid under a more general condition
where @ =0 and p = 0.

We complete the proof by extending the reformulation (3.33b) to the case when £ > 0. Denote
by ¢ (2) the Gelbrich risk parametrized by £, that s,

sup —-p'wH+avwIw
j(i) 2 ) pz=0

st lp-pl2+Tr[s+S-2(St554)2] < p?.

=

By Berge’s maximum theorem [11, pp. 115-116], _¢ is continuous over the domain S. Let
57 &) =-fi"w+aVwTSw+pV1+a?||wl, which is a continuous function over S 't. Previously,
we have shown that _#(£) = _#(£) for any £ > 0, and as such we can conclude that _#(£) = _#(%)
for any £ € S” because both _¢ and _¢ are continuous over S”.

We note that when o = ¢, the Wasserstein risk equals to the Gelbrich risk, which is a direct
consequence of Corollary 3.14. This completes the proof. O

When a < 0, the reformulation of the Gelbrich risk measure involves solving a non-convex
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optimization problem, thus in this case the reformulation is not available. We can show that
the standard risk coefficient a defined in (3.28) is non-negative whenever g is a coherent risk
measure.

Lemma 3.29 (Non-negative standard risk coefficient). Ifp is a coherent distributionally risk
measure, then the standard risk coefficient a defined in (3.28) is non-negative for any o € .

Proof. Fix a distribution F € 24(0, 1) such that F is the distribution of w' & undera symmetric
probability measure Q € 2. Denote by F_ the distribution of —w " ¢ under Q. By construction,
we have F_ € 2,(0,1), and because Q is a symmetric measure, we have F = F_. Let Z¢ be the
risk measure constructed from p (cf. Remark 3.8). We find

0=Rg(0) = R(0.5w' ¢-0.5w' &) <0.5R¢(w' )+0.5%Zg(-w' &) = 0.50(F)+0.50(F-) = o(F),

where the first equality follows from the normalization of the coherent risk measure, the
inequality is due to the convexity of the risk measure, and the last equality follows from the
fact that F = F_. The claim thus follows. O

Using Theorem 3.28, given that the portfolio manager’s (ambiguous) risk attitude can be
represented using a family of consistent risk measures which are translation invariant and
positive homogeneous with standard risk coefficient a = 0, the problem of finding a portfolio
weight that minimizes the Gelbrich risk can be written as

min sup Zol(-w'd= min{—ﬁTw+ a\/waw+p\/1 + a?|| wll}. (3.34)
WEWQEGP,U(@) wewW

From Corollary 3.14, the optimal value of the above optimization problem provides a con-
servative approximation for the optimal Wasserstein risk of the best portfolio in #'. For any
p > 0, the objective function of the optimization problem on the right hand side of (3.34)
is convex in w, and thus problem (3.34) can be efficiently solved using off-the-shelf conic
programming solvers provided that the set of feasible portfolio allocations #’ is representable
using semidefinite constraints.

For a specific feasible set #, the optimizer of the portfolio optimization problem that min-
imizes the Gelbrich risk (3.34) can be shown to converge to a 1/n-uniform portfolio as the
degree of ambiguity increases. This phenomenon was first formally proven in [138] for a
specific class of convex risk measures under the Wasserstein ambiguity set.

Corollary 3.30. Suppose that# ={w € R" : e" w = 1}, where e is a vector of ones. As the level of
ambiguity p tends to oo, the optimal portfolio that minimizes the Gelbrich risk in problem (3.34)

converges to the 1/ n-uniform portfolio.

Proof. As p approaches oo, the term pV'1 + @?||w|| dominates the other terms in the objective
function of (3.34). Thus, the minimizer of problem (3.34) converges to the minimizer of the
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following problem
min {|w|: weR?, e w=1},

which can be shown to be the uniform portfolio. This completes the proof. O

We now provide some examples of the Gelbrich risk corresponding to popular risk measures
in the literature, along with its reformulation. For a probability measure @Q, the Value-at-Risk
(VaR) at the risk level g € (0,1) of a portfolio loss #(£) is defined as

Q-VaRg(£(é)) £inf{r e R: Q(z = (&) < i}

Even though VaR is neither a coherent nor a convex risk measure because it does not satisfy the
sub-additivity condition, VaR is still considered as an industry standard measure of risk [31].
Because VaR satisfies translation invariance and positive homogeneity, the Gelbrich risk for
the family of VaR risk measures {Z¢}ge,, where Zq is Q-VaRg for each Q € &, can be
conveniently constructed using the results established previously in this section.

Lemma 3.31 (Gelbrich Value-at-Risk). Forany € (0,1) and o € #, the Gelbrich VaR of a loss
(&) is

sup @-VaRﬁ(é(E)) = inf{r eR: sup Q(r=s/() =< ,B}. (3.35)
Q€Gy,0 (f1,2) Q€0 (3,5

Moreover, the Gelbrich VaR for a linear portfolio loss £(¢) = —w " & admits the following expres-
sions:

(i) Supposethato =2.If€(0,1), thena =+/(1-p)/p and

1- =
sup Q-VaRg(-w'&=-0"w+ —'B\/ wTZw+Lllwll.
Q€Gp2 ((,5) p VB

(ii) Supposethato =S. If € (0, %), thena =+/1/2p8) and

1 = 1
sup Q—VaRﬁ(—wTuf) =0 w+ | =VwTSw+p/1+=wl.
Q<G s(35) V 28 V2P

Ifpe [%,1), then a =0 and

sup Q-VaRg(- w' & =-g"w+plwl.
QeG,s(@,5)

(iii) Suppose thato =SU. If B € (0, %), thena =2/(3\/2p) and

2 |1 — 2
sup  Q-VaRg(-w' &) =-0"w+=(/ =Vw Zw+p/1+—wl.
Q€Gp5u(R5) 3V 28 " 9B
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Ifels, ), thena=0and

sup @-VaRﬁ(—wa) = —ﬁTw +pllwll.
@EGQ,SU (ﬁri)

(iv) Suppose thato =¢. If B € (0, %], then a = F(;l (1-p) and

sup  Q-VaRg(-w'&) =~ w+F, - pVw Sw+ p\/l +(F, (1= p)2lwl.
@EGP&P(ﬁrE)

where Fy is the cumulative distribution function of a univariate standard elliptical
distribution with mean 0, variance 1 and characteristic generator ¢.

Proof. For each information structure o € {2,S, SU}, the corresponding value of the standard
risk coefficient a can be found in [177, Proposition 1]. The analytical expression for each case
is a direct application of Theorem 3.28.

For o = ¢, the standard elliptical distribution with characteristic generator ¢ of mean 0 and
variance 1 admits a well-defined cumulative density function Fyp, and « is defined using the
1- B quantile value ¢ = F ® 1(1 - B). This completes the proof. O

Contrary to VaR, the Conditional Value-at-Risk (CVaR) is a coherent risk measure [144]. For a
probability measure @, the CVaR at the risk level § € (0, 1) for a portfolio loss ¢(¢) is defined as

Q-CVaRg(£(8)) £ inug{r + %]E@ (&) -1)7] }

where (£(¢) —7)" = max{0, £({) — t}. The next lemma establishes the analytical expressions for
the Gelbrich CVaR for different information structures.

Lemma 3.32 (Gelbrich Conditional Value-at-Risk). Forany € (0,1) and o € &, the Gelbrich
CVaR of aloss ¢(¢) is

1
sup @-CVaRﬁ(é(cf))zinf{T+— sup E@[(f(f)—rf]}.
Q€6 o (1,5) TeR Q€Gp o (1,5)

Moreover, the Gelbrich CVaR for a linear portfolio loss ((§) = —w' ¢ admits the following
expressions:

(i) Suppose thato =2. Iffe(0,1), thena=+/(1—B)/p and

1- _
sup @-CVaRﬁ(—wa):—ﬁTWﬂ/—ﬁ\/ wiSw+ L jwl.
Q€Gp (1,5 B VB
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(ii) Supposethato =S. If € (0, %], thena =+/1/28) and

1 = 1
sup @-CVaRﬁ(—wTE) =0 w+ \/ 57V wTZw+p\ 1+ —|w].
Qe6,s(@5) 2p 2p

IfBel3,1) thena=+/1-B/(v2p) and

sup Q-CVaRg(— w'd=-g"w+ VwTZw+p‘/
@Epr IJZ)

(iii) Suppose thato =SU. If € (0, %], then a = 2/(3\/5) and

2 = 4
sup @-CVaRﬁ(—wTé)z—ﬁTw+—v wZw+p/1+—=lwl.
3VB 956

QG su (L)

Ifﬁe[g,g] then a = v3(1 - B) and

sup Q-CVaRg(-w'&=-0" w+vV3(1-Vw Sw+p\/1+30-p2lwl.

QeGysu (@2

IfBel3,1) thena =2\/1- p/(3p) and

24/ 1— = 4(1 -
sup Q-CVaRﬁ(—wTE):—ﬁTw+—'BV wTZw+p‘/1+ ( zﬁ) lwll
QeGpsu (@) 3p 96

(iv) Suppose that o = ¢, where ¢p(u) = exp(—u/2) represents the characteristic generator of
Gaussian distribution. If € (0, 3), then a = (fv2m) ™! exp(—z%/ 2), where zg is the upper
B-percentile of the standard Gaussian distribution.

exp(— Zg 2/2)
sup Q-CVaRp(—wTé):—ﬁTw+ VuwTSw+p t
@Eﬁw(ﬁi) v 2”ﬁ

Proof. For each information structure o € .#, the corresponding value of the standard risk
coefficient a can be found in [177, Proposition 2]. The analytical expression for each case is a
direct application of Theorem 3.28. O

The closed-form expression for the Gelbrich CVaR for other family of elliptical distributions
also exists but it is case dependent. Next, we consider the family of spectral risk measure

proposed by [1].
Definition 3.33 (Spectral risk measure [1]). A distributional risk measure oy, is called a spectral
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risk measure with spectrum y € < if

1
oy (F) = fo v(BF 1 (B)dB,

where F~1(B) = inf{q : F(q) = B} and < is the set of all possible spectra

1
o2 {w: [0,1) — Ry f w(B)dpB = 1,y: right continuous, monotonically nondecreasing}.

0
Lemma 3.34 (Gelbrich spectral risk). Suppose that o =2 and that the family of risk measures
{Zqlgem, admits a spectral distributional risk measure py with spectrum y. Ify is square
integrable, then the Gelbrich spectral risk of a linear portfolio loss (&) = —w T & is

sup %@(—wa):—ﬁTw+a\/wT§w+p\/l+azllwll, (3.36)
Q€62 (1,5

where a =/ fol w(B)2dp—-1=0.

Proof. Because a spectral risk measure is coherent [1], it is therefore translation invariant and
positive homogeneous. Hence, we can apply a similar decomposition as (3.30) to have

sup  Rg(-w'é)=  sup sup oy (F)
Q€62 ([1,5) (W,2)eU, ((,5) FEDo (T w,wT Zw)
= sup {—,uTw+a\/ wTZw},
(LEDE,(1E)

where the last equality is a direct application of [110, Theorem 2] with a = y/ fol w(B)?dB-1=0.
The reformulation of the last supremum problem follows the same procedure as the proof of

Theorem 3.28. This completes the proof. O

The CVaR risk measure at the risk level § € (0, 1) is also a spectral risk measure with spectrum
Yv(p) = ﬁ_lﬂ[l_ﬁ,l) (B), and thus fol w(B)2dB = . One can easily verify that the expression
for the Gelbrich CVaR with o = 2 in Lemma 3.32 coincides with that for the Gelbrich CVaR
using the spectral risk property in Lemma 3.34.

Interestingly, there is a tight connection between a coherent risk measure and the family
of spectral risk measures. More specifically, the Kusuoka representation dictates that any
coherent risk measure can be expressed as a supremum risk of a subset of admissible spectral
risk measures.

Definition 3.35 (Kusuoka representation [101, 154]). Any distributional coherent risk measure
o admits the following representation

o (F) = sup gy (F) VF €9,
yeV¥
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where Y < of is a set of admissible spectra.

Using the Kusuoka representation, the Gelbrich risk can be generalized to any consistent
family of coherent risk measures by the result of the following lemma.

Lemma 3.36 (Gelbrich coherent risk). Suppose that o = 2 and that the family of risk measures
{Zq}gem, admits a coherent distributional risk measure p with a Kusuoka representation using
admissible spectra¥V. If v is square integrable for allw € Y, then the Gelbrich coherent risk of a
linear porfolio loss ¢ (&) = — chf is

sup %@(—wa)=—ﬁTw+a\/wT§w+p\/l+azllwll, (3.37)
Q€6 (1,5)

where a = \/Sllpwe\p fol y(B)?dp-1=0.

Proof. Because g is translation invariant and positive homogeneous, we can apply a similar
decomposition as (3.30) to have

sup Rg(-w'é)=  sup sup Oy (F)
Q€62 (,5) (1,2, (1,5) FEDo(—uT w,wT Zw)
= sup {—,uTw+a\/ wTZw},
(LE)E, (1,2)

where the last equality is a direct application of [110, Theorem 3] with

1
a=,|sup | w(B)2dp-1=0.
yevJo

Reformulating the last supremum problem as in the proof of Theorem 3.28 completes the
proof. O

It is often instructive to construct the extremal probability measure that attains the optimal
value of the Gelbrich risk measure. Given a portfolio allocation w € R”, let Q* € &, be the
extremal probability measure associated with the linear portfolio loss ¢(¢) = — w' ¢, thatis,

Q*£arg max _ Rg().
Q€G, 0 (1,5

The next proposition characterizes Q* up to its first- and second-moment information.

Proposition 3.37 (Extremal mean vector and covariance matrix). Suppose that the conditions
of Theorem 3.28 hold. The extremal distribution Q* that attains the Gelbrich risk has mean
vector u* € R" and covariance matrix £* € S}, where

u =i p w, and** =|I+ paww! )i([+ paww’
V1+a?|wl Vi+|lwlIVw Sw Vit |w|vVw Ew
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Furthermore, ifo = ¢ andP = Py({i, ), then Q* = P, (u*,2*) attains both the Gelbrich risk
and the Wasserstein risk.

Proof. From the proof of Theorem 3.28, we find

sup %@(—wa)z sup —n'wrav wTZw:—ﬁTw+a\/wT§w+p\/l+(lelwll,
Q€Gp,0 ([1,5) (WD), (1,5

thus it suffices to show that (u*, =*) is the optimal solution of the optimization problem

max {—uTw+ av wTZw}.

(LDE,(LE)

Indeed, by using the definition of the Gelbrich distance G in Definition 3.9, we have

G(W* =), (@ D)% = lu* - Al +Tr [S+ 5% - 2(S25*53)?]

p? « patww ww’
= 5 +Tr (2 =
l+a 1+ad)|wlPw™Zw
02 p2a?

_ _ 2
T 1+a? 1+a? P

where the second equality utilizes the definition of u* and £* in the statement of the proposi-
tion. This implies that (u*,Z*) € %, (fi, ). Furthermore, we find

2

*\T ~T pllwll ( = pa
- w+aVw'Zw=-0"w+ +a/|[VwTZw+ w
W) H 1+ a? 1+oc2|| :

=—ﬁTw+a\/wT§w+p\/l+a2||w||,

which coincides with the value of the Gelbrich risk.

If o = ¢, then Q* = 24 (u*, Z*) belongs to the Gelbrich hull G, ¢ (1, %) and thus it is an extremal
distribution for the Gelbrich risk. The claim for the Wasserstein risk holds trivially because
Gpp([1,2) =By g (P). O

Proposition 3.37 only characterizes the first two moments of the extremal distribution Q*.
Since the projection constructed in the proof of Proposition 3.26 is potentially many-to-one,
there may exist multiple extremal distributions in the Gelbrich hull G, (T, i) that share the
same extremal mean vector and covariance matrix (u*, 2*) specified by Proposition 3.37. Once
the information structure is elliptical o = ¢, we can uniquely identify the extremal probability
measure. We conclude this section with two remarks regarding the reformulation of the worst-
case linear single chance constraint and the connection between the Gelbrich risk and robust
optimization.

Remark 3.38 (Distributionally robust linear chance constraint). The Gelbrich VaR provides a
straightforward reformulation for the worst-case linear chance constraint over the Gelbrich hull
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Gp,o (I, %) as follows

{w eR™: inf _ Q-w'é¢<h =1 —,8} = { weR": sup Q-VaRﬁ(—wa) < b}
Q€60 (15) Q€6 o (8D

forany B € (0,1). Replacing the reformulation of the Gelbrich VaR in Lemma 3.31 corresponding
to the information structure o provides the reformulation of the Gelbrich chance constrained
feasible set.

Remark 3.39 (Connection with robust optimization). The reformulation of the Gelbrich risk of
a linear portfolio loss (3.29) is equivalent to the robust counterpart of

sup u'w,

uel

where the uncertainty setU is defined as
~1
U= {uEIR”:EIul eER", up eR" such that |l < a,luzl <pV1+a?,u=22u +u2+ﬁ}.

Remark 3.40 (Factor model). For practical purposes, it is common to assume that the return of
k stocksn € R can be decomposed using a factor model with n < k components asn = A& for
some A€ Rk*", If the Wasserstein ball [EBp_g(Iﬁ) and the Gelbrich hull G, ; (i1, ) are constructed
over the factor ¢, the result of Theorem 3.28 can be applied in a straightforward manner to
provide the reformulation for the Gelbrich risk of the linear portfolio ¢ (&) = —w " A¢ for some
portfolio allocation w € R* as

sup  Zg(- LUTAE) =0 ATw+ a\/wTAiATw+p\/1 +a?)|ATw.
Q€6 (1,5

The portfolio optimization problem that searches for the optimal allocation w € R* remains
convex provided that the feasible portfolio allocation set is convex, and it is tractably solvable if
the feasible portfolio allocation set is SDP representable.

3.5 Reformulations of Worst-case Expected Loss Risks

In Section 3.4, we have studied thoroughly the Gelbrich risk of a linear loss function with
different structural information o. Throughout this section, we attempt to evaluate the risk of
a nonlinear loss function. Towards this end, we restrict the setting to o = 2 and consider the
family of risk measures {Zg}ge, Where Zq is defined as the expect loss, that is,

Ro(0) =Egll()] VQeP,.

By construction, this family of expectation risk measures satisfies the consistency property in
Definition 3.7. Following the results of Corollary 3.14, given the nominal distribution P with
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mean fI € R” and covariance matrix X € S, the Wasserstein expected loss

sup Egl€(S)]
Qe (P)

is upper bounded by the Gelbrich expected loss

sup Egl[f(d)]. (3.38)
QeG,, (1,5)

Consequently, this section will focus on the Gelbrich expected loss as a tractable conservative
approximation of the Wasserstein expected loss. We can employ (3.8) to decompose the
worst-case expected loss under the Gelbrich hull G, » (@, %) into two consecutive maximization
problems

sup  Egll(O)l=  sup sup Eg[£(S)],
Q€Gp2(1,5) (2%, (0,5) Q€2 (1.X)
which offers a systematic approach to derive convex reformulations. A tractable SDP reformu-
lation is available, for example, when the loss function ¢(¢) is a pointwise maximum of finitely
many (possibly indefinite) quadratic functions.

Theorem 3.41 (Piecewise quadratic loss I). Assume that ¢ () = max e[y {g’T Qj¢+ 2q].T€ + q?}
withQ; € S", q; e R", and q? eR for any j € []] is a piecewise quadratic loss function. Ifo = 2,
deR" andX € S", then for any p € R, the Gelbrich expected loss is equal to the optimal value
of a tractable semidefinite program, that is,

inf  yo+y(p? = 1G> -Tr[E]) + 2+ Tr[Z]
s.t. YeER:, yoeR, yeR", YeS", zeRy, Ze S
-1 ~
sup  Egll(&)] =4 YIZY YRR o | YIEY YRR (3.39)
Q€6 (B.5) yx:  Z (Yii+y) z
Y-Q y-dq; .
I "l1=0 vieun.
y —4; Yo—4;
Proof. By applying the decomposition (3.8a), we find
sup [Egll()]= sup sup IEg[l(S)].
Q€62 (1,5) (WD, ([@3) QP (1Y)

We can appply [183, Lemma A.1] to construct the dual of the inner supremum problem as

inf  yo+2y u+Tr[Y(E+up")]
sup LEg[l({)]={ s.t. yeR, yeR", YeS" (3.40)
Rezein® Wo+2yTEHETYER L) VEER”,

where the inequality is tight whenever X > 0 thanks to the strong duality result [86]. Let % be
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the convex feasible set defined by

W ={ypeR yeR", YeS 1 yy+2y ¢+ YE20(E) VEeR"}

Y-Qj y-gqj
0

:{yoe[R{,ye[R{",YES”: T ~
y qj Jo q]'

=0 ‘v’je[]]},

where the equality is obtained by simply substituting the expression of the loss function and
formulating the quadratic constraints using semidefinite constraints. We now have

sup Egll()]= sup sup IEg [£(&)] (3.41a)
Q€62 (1,2) (1,2, ([1,5) QP2 (1.X)
< sup inf  yo+2y u+Tr[V(E+puh)] (3.41b)
(w2, ([,5) Yoy VY
= sup inf  yo+2y p+Tr[YM] (3.41¢)
(MY, (@,5) Yoy YIe¥
= inf sup  yo+2y u+Tr[YM] (3.41d)
Yo YIEV () Mye,, (@15

= inf + su 2y u+Tr YM}
(yo,y,Y)e@{y" p 2y u+Tr[YM]

(1, M€V, (1,2)
= inf { +6X (2 ,Y},
(Yo,y,Y)e&¥ Yo Vp(u,z)( »Y)

where the inequality (3.41b) is from the weak duality result of the inner supremum problem
established in (3.40), and the equality (3.41c) follows from the equivalence of the uncertainty
set %, ([, $) and Vo, ]T/I\) with M =3+ ﬁﬁT. Finally, equality (3.41d) is due to Sion’s minimax
theorem [156, Corollary 3.3]. By replacing the reformulation of the support function for
Yy (L, f) evaluated at (2y, Y) using Lemma 3.22, we have established that the infimum problem
in (3.39) is the upper bound of the worst-case expected loss.

In the second part of the proof, we show that the bound is actually tight, which means the
inequality in (3.41b) holds with equality. Denote momentarily by f the optimal value of the
inner infimum in (3.41¢), that s,

M2 inf +2y u+Tr[YM].
fM = inf yo+2yTh [YM]

By definition, f is the pointwise infimum of upper semicontinuous functions, thus f is upper
semicontinuous [3, Lemma 2.41]. Furthermore, by virtue of Proposition 3.17, 7, (fi, %) isa
compact set. Thus the set of optimizers of the supremum problem (3.41c) is non-empty [3,
Theorem 2.43] and (3.41c) can be written with the maximum operator as

max _ f(u,M). (3.42)
(LMY, (13,5

Denote by (u*, M*) the optimal solution of (3.42). If M* — u*(u*)" > 0, then (u*, M* —
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w*(u*) ) is feasible for problem (3.41a) and thus (3.41b) holds trivially as an equality. It now
suffices to show the equality when M* — u*(u*) " # 0. For any p > 0, it is easy to show that
there exists (i, %) € %, ({1, ) such that £ > 0. Denote M = £+ i . Consider the sequence
{lk, My} ken defined as

1. k-1, 1. k-1,

e =i+ ——p*, Mp=—M+-——M*

k k
Notice that the covariance matrix X associated with (uy, My) is positive definite for any k € N
because

1 k-1 1 k-1

e 1_ _ i
2= My — prhy = E(ZHWT) + T(Z* S (OIS (E:“J” Tﬂ*) (E:“J” Tﬂ*)

1. k-1 k-1 _ ) -
:EZ+TZ*+7(u—u*)(u—y*) > 0.

Because f is the pointwise infimum of linear, thus concave, functions, f is also concave. Thus
we find

1 _ k-1
F e, M) 2 - (M) + Tf(u*,M*).

As a result, we have

1 - k-1
Fu*, M) = lim = f (@, M)+ —— f(u*, M*) < lim £ (ug, Mi)
k—oo k k k—o0
= lim sup Egl4(S)]
k=0 Qeg, (e, My —puip])

< sup sup Egl4(S)],
(4, M)V, (1,%) Q€P (U, M~ppT)

where the first equality is from the concavity of f, the second equality is from the strong
duality because X > 0 [86], and the last inequality is from the definition of the supremum.
This renders (3.41b) an equality and thus completes the proof. O

In order to construct an extremal distribution for the Gelbrich risk evaluation problem (3.6), it
is expedient to derive the dual of the SDP (3.39).

Theorem 3.42 (Piecewise quadratic loss II). If all conditions of Theorem 3.41 hold, then we

have
max Z TI'[Q]'@)]'] +2qu9]~+6]]0.0¢]~
Jjell
s.t. peR", ZeSY, ajeR,0;eR",0;€S} Vjel]]
sup  Egle©)] = ©; 0; .
0$ >0 VjelJ]
@E‘Gp,z(ﬂ»z) 0;’ (X] J
Yoaj=1, Y 0j=p Y 0;=Z+uu’, (u3) €% {3
jeu jeun jemn

(3.43)
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Proof. Following the results of Theorem 3.41, we have the equivalence

sup inf yo+2y u+Tr[Y(E+pup")]
(WE)E,([1,2)
sup [Egll(§)]= s.t. yeR yeR",YeS"
Q€62 (1D) Y-Q; y-gqj

=0 Yje[Jl.
y'-aj n-4

Consider the inner infimum subproblem. Notice that the Slater’s condition holds for this
infimum problem, and thus we can derive its SDP dual form as

sup ZTr[Gij]+2qu0j+q?aj
Jjeul
s.t. peR", ZeSY, 0;eSY,0;eR", a;jeR Vjel[]]
) Y oaj=1, % 0j=p ) Oj=pp’ +X
jel jeul JelJl
1 %ilso vieu
HT aj - J )
J
Rejoining the two supremum operators completes the proof. O

Note that problem (3.43) has a continuous objective function as well as a compact feasible set
and is therefore solvable. Any optimal solution (u*,Z*, {a}‘,@}‘,@}(} j) can principally be used
to construct an extremal distribution Q* that attains the supremum in the Gelbrich expected
loss problem (3.38). Specifically, for any j € []] let @]*. be any distribution supported on

= ={teR":ETQiE+2q] ¢+ q) =& QpE+2q)E + 4 ¥ # ]}

If a}‘ > 0, we impose the additional requirement that Q}( has mean value 9;‘ / a; and second-
order moment matrix @;‘/ a}*. Such a distribution is indeed guaranteed to exist. One can then
show that the mixture distribution Q* = ¥ ;¢ a;? -@]f is optimal in (3.38). By construction,
this distribution Q* has mean vector u* and covariance matrix £*. We emphasize that
problem (3.43) can be reformulated as a tractable SDP because the uncertainty set %, (i, %)
is SDP-representable. Thus, problem (3.43) can be solved in polynomial time. Even though
the mixture components (I;D;f, j € [J], are guaranteed to exist, however, one can prove that
it is NP-hard to construct them. In other words, even though it is easy to solve (3.43) and
even though any solution of (3.43) gives rise to a solution Q* of the Gelbrich expected loss
evaluation problem (3.38), constructing Q* remains hard.

While exactly computable in polynomial time, the Gelbrich expected loss of a piecewise
quadratic loss function may only provide a loose upper bound on the Wasserstein expected
loss, which is often the actual quantity of interest. One can prove, however, that the Gel-
brich expected loss (3.38) coincides with the worst-case expected loss with respect to a type-2
Wasserstein ball [Bp,z(@) if the loss function is quadratic and the nominal distribution is ellipti-
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cal.

Theorem 3.43 (Indefinite quadratic loss I). Assume that (&) =& QE+2q ' & with Qe S™ and
q € R" is a quadratic loss function. Ifo = 2, i€ R" and S € S", then for any p € R, the Gelbrich
expected loss is equal to the optimal value of a tractable semidefinite program, that is,

inf y(p? -Gl -Tr[E]) +z+Tr[Z]
s.t. YeER,, zeR,, ZeS”}

yI-Q y::
)/f% Z

sup Eqll(§)] =
QeG,, (1,5)

R (3.44)
yI-Q yii+q

>=0.
ya+q'  z

—_ ’

Moreover, if P = Py (L, %) is an elliptical distribution with mean vector fi and covariance matrix
s, then

sup Egll()l= sup Egll)].
QeB, 2 (1,2) Q€Gp2(1,2)

Proof. By applying the decomposition of the Gelbrich ambiguity set (3.8b), we have

sup [Eg[f()]l=  sup sup Eq [£(9)]
Q€6 (L,Y) (L, MET, (1,8) Q€D (1, M—puT)
= sup 2q p+Te[QM] =57 @520 Q-
(L MEY,(B,5) P

Applying the reformulation of the support function of 7, (f, %) using Lemma 3.22 completes
the reformulation (3.44).

IfP = g’(p(ﬁ, 3), we can bound the worst-case expected loss over the Wasserstein ball B, » ®)
by restricting to the subspace of all elliptical distributions sharing the same generator function
¢ with P as
sup  Eqll@)l= sup Egll()].
QeB, 2 (P) QeBy 4 (P)

The decomposition of the worst-case expected loss over the ambiguity set B, ¢ (P) can be

written as
sup  Egl¢(@]=  sup sup  Eqgll(S)]
QeBy, 4 () (MY, (B,T) QEPy(u,M—ppT)
= sup 2q p+Tr[QM] =4 @52 = sup Eq ()],
(U M)V, (1,2) P Q€Gp 2 (f1.5)

where the equalities are from the decomposition (3.8b), the fact that the expectation of a
quadratic function depends only on the first and second moment of the distribution, the
definition of the support function of 7, (i, %) and the reformulation established in the first
part of the proof. From Corollary 3.14, we have

sup  Eqll(Ol= sup Egll()l,
QeBy» () Q€G,2(1,2)
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This shows that
sup Eql¢()l= sup Egll(9]=67 0520 Q,
QeB,(®) Q€62 (1,5 L
and all of them are equal to the optimal value of (3.44). The proof is completed. O

The SDP (3.44) is easily obtained from (3.39) by setting / = 1 and noting that Y = Q, y = g and
yo = 0 at optimality. As usual, a discrete extremal distribution Q* for the Gelbrich expected
loss evaluation problem (3.38) can be derived from the dual of the SDP (3.44). In the following
we denote the mean vector and the covariance matrix of Q* by u* and X*, respectively. As
Q* e Gp,2 (I, %), and as the Gelbrich hull is constructed solely on the basis of first- and second-
order moment information, any distribution with mean vector u* and covariance matrix £*
belongs to G, » (f, %), too. Moreover, as ¢(¢) is quadratic, the risk R~ (¢) depends on Q* only
through its first- and second-order moments. This implies that any distribution with mean
vector u* and covariance matrix £* is optimal in the Wasserstein expected loss evaluation
problem.

Consider now the problem of evaluating the worst-case expected loss of the quadratic loss
function ¢(¢) over a Wasserstein ball B, » (P) centered at an elliptial nominal distribution
P= Py (i, 3). Theorem 3.10 ensures that all elliptical distributions in the Gelbrich hull with
the same characteristic generator as P belong to the Wasserstein ball Bp,2 (P). This implies that
the special elliptical distribution Q* = 2, (u*,*) is feasible in the Wasserstein expected loss
evaluation problem. Moreover, we have

sup Rol)=Rg-(0)< sup Rgl)< sup o),

Q€Gp2 (1,5 QeB,, (P Q€6 (1,5
where the equality holds because Q* is optimal in the Gelbrich expected loss evaluation
problem (3.38), while the two inequalities follow from the feasibility of Q* in the worst-case
risk evaluation problem under the Wasserstein ball B, » (P) and Corollary 3.14, respectively.
Thus, all inequalities in the above expression are exact, which implies that Q* is actually
optimal in the Wasserstein expected loss evaluation problem.

We highlight that the SDP (3.44) derived in Theorem 3.43 for elliptical nominal distributions
accommodates only two linear matrix inequalities. If we take a non-parametric approach
with empirical nominal distributions, the reformulation of the worst-case expected loss for
quadratic loss function entails the same number of linear matrix inequalities as the number of
atoms of the nominal distribution, and may thus be considerably harder to solve [179]. Next,
we show how Q* can be constructed from the optimality conditions of the SDP (3.44).

Corollary 3.44 (Indefinite quadratic loss II). 0 Suppose that all conditions of Theorem 3.43
hold. IfS > 0 and either

* Amax(Q) >0, or
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* Amax(Q) <0and p? <Tr[E] + @+ Q ' qlI?

* Q=-LL" #0 forsome Le R"™* and p?> < Tr[SL(LTL)"'LT].

Then there exists y* = 0 withy* I > Q that solves the nonlinear algebraic equation
1A~ I-Q7 A+ IP+ T [E(I-y(r - Q7Y ] =, (3.46a)

and the Gelbrich expected loss is attained by any probability measure with mean vector u* € R"
and covariance matrix £* € S! satisfying

* * -1 * o~ * Q ! S Q -
p=0*I-Q 7 (y*i+q), = :(1—)7) Z(I—Y—*) . (3.46b)
If P= Py @, ), then the elliptical distribution Q* = 9?’(/,(;1*, >*) attains the worst-case expected
loss under both the Wasserstein and Gelbrich ambiguity set.

Proof. The proof of Theorem 3.43 implies that

sup Bqlt(1=0] . 2q,Q.
Q6,2 (1,2) P

Applying Lemma 3.23, one can show that (u*,~*) defined in (3.46b) belongs to 7, (i, £) and

attains the value § ; @5 (2¢,Q). This implies that any distribution with mean vector u* and
o (@

covariance matrix =* will attain the value of the Gelbrich expected loss.

IfP = 2 (f1, %), we can easily verify that Q* = 2, (u*,~*) belongs to B, » (P), and hence Q* is
the extremal distribution for the Wasserstein expected loss. O

We end this section by providing the reformulation of the Gelbrich expected loss when the
loss function can be expressed as the infimum convolution of two quadratic functions. The
infimum convolution representation of the loss function can be used to model a more complex
penalization when facing outliers, see Corollary 3.53 for an application in robust regression.

Theorem 3.45 (Infimum convolution loss functions). Suppose that ¢ (&) is the inf-convolution
of two quadratic functions parametrized by 6 € R* as

2(6) = inf [1(19)5)—’_[2(6_19)6))
DeRF

where €;(0,8) =7 Q;(0)§ +2q;(0)T¢ + q}(0) for some Q;(60) € S™, 4;(0) eR" and q(6) € R for
any j € {1,2}). Ifo =2, i€ R", and £ € S", then for any p € R, the Gelbrich expected loss is
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equal to the optimal value of a finite dimensional optimization problem, that is,
inf  yo+y(0? - IEI2-Tr[Z]) + 2+ Tr [ Z]

s.t. YER,, JoeR, yeR", YeS", zeR,, ZeS?, 9eRF
yI-y ySi YI-Y  yfi+y
Yz oa+y»' =z
Y-Qi)-Q0-9) y-q(0)—q2(0-10)
Y- —q20-NT  yo— YD) - 30 -9

sup  Eqll(S)] =4
Q€G, 2 (1,5)

=0 (3.47)

—_ ’

>0

IfQ;(0) and q(0) are linear functions of 0, and q? (0) are convex quadratic functions of 0 for
j €1{1,2}, then problem (3.47) can be further reformulated as a semi-definite program.

Proof. Let % be the convex feasible set defined by

W ={ypeR yeR", YeS 1 yp+2y ¢+ YE2 (&) VEER"}

Y-Q1()-Q:0-9) y-—q1()—q200-9) ] >0}

={peR, yeR"”, YeS":39eRF s.t.
{ Y- —q20-9" yo—qd ) —q3O-9)

where the last equality is obtained by simply substituting the expression of the loss func-
tion 4(¢) and formulating the quadratic constraints as semidefinite constraints using S-
lemma [139]. Following the similar steps as in the proof of Theorem 3.41, we have

sup _Eql@]= sup  sup Eolt@)]
@EGp,Z(ﬁyi) (MZ)EGZZP (ﬁ,i) @692 (,LL,Z)
i *
= ()’odlf,rll/f)eg {J/O + 67/1)(@2) 2y, Y)} ,

where the inequality can be further shown to hold as an equality using the same techniques
as in the second part of the proof of Theorem 3.41. Substituting the formula for the support
function of 7, (I, 3) in Lemma 3.22 and the definition of % into the above infimum problem
gives the reformulation (3.47).

When ¢ (0) are linear functions of 6, and Q; (6), q;.’ (8) are convex quadratic functions of 6 for
j €1{1,2}, the last constraint of (3.47) can be reformulated as semidefinite constraints using
standard techniques [170, Section 2]. This finishes the proof. O

3.6 Extensions

We present in this section several extensions of the worst-case risk under the Gelbrich hull
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3.6.1 Robust Mean-Variance Portfolios

In this section, we consider the situation where the consistent family of risk measures {Zg}geg,
is related to the popular class of mean-variance risk measures. Given the mean vector y € R"”
and the covariance matrix X € S of the asset returns, the risk R (£) of a linear portfolio loss
(&) =- wa can be written as a weighted combination of the mean and variance as

Ro(— w'é) = Egl- w! &)+ aVarg(— w'é),

where Varg (- w' &) denotes the variance of the loss —w ' € under the probability Q. The mean-
variance risk measure is the building block of modern portfolio theory introduced in [115],
and it also arises in many other settings including but not limited to the entropic risk measure
for Gaussian returns [61] and the log-optimal portfolio problem [99].

Because the mean-variance risk measure is not positive homogeneous, the results in Sec-
tion 3.4 are not applicable to calculate the Gelbrich mean-variance risk. Nevertheless, for a
linear portfolio loss £ = —w ¢, the Gelbrich mean-variance risk can be expressed using the
two-layer decomposition (3.8a) as

sup Ro )= sup sup %@(—ng‘)
Q€6p0 (B,5) (WD, ([@1,3) Q€Ps (1.X)
= sup {~wTp+raw'zw}=6" . (~waww").

< U, (1T
W)U, (1,5 pU)
At this point, the reformulation of the support function of %, (i, %) in Lemma 3.20 can be
readily applied to reformulate the Gelbrich mean-variance risk as the optimal value of a
semidefinite program. The next theorem asserts that under additional assumptions on a and
%, the resulting optimization can be further reduced to a second-order cone program.

Theorem 3.46 (Gelbrich mean-variance risk). Suppose that {Zq}qez, is a family of mean-
variance risk measure with a > 0. IfE > 0, the Gelbrich mean-variance risk of a linear portfolio
loss €(&) = —w' & is equal to the optimal value of the following second order cone program

)

inf yp’-gTw+iy+az

s.t. ER,, yeR,, zeR
PRy VER * (3.48)
222w

z+ay-1

<z-ay+], <y+v,ay=1l.
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Proof. By applying Lemma 3.20, we can rewrite the Gelbrich mean-variance risk measure as

Ty _ ok _ T
supA Ro(—w 5)‘5%@,2)( w,aww')
QG0 (11,5)

inf —-g'w+t+y(p?-Tr[E]) +Tr[Z]

)

When « >0 and £ > 0, we can show using a limit argument that the objective value of the
above optimization problem tends to infinity as y tends to «|| w||? = 0. Thus, we can rewrite

s.t. YeR;, TeR,, ZeSt

yI-aww' y3:

ol =0,
YZ2 Z

<T+y.

the above semidefinite program using the Schur complement as

inf —ATW+M+ 2T [E) +y2Te[(y [ - aww ") 1S
cp  o(_wTE)= f - tr(e*=Tr[2]) +y* e[y |
QeC, 0 (1,5) s.t. yeRy, v>alw|?.

Applying the Sherman-Morrison formula [12, Corollary 2.8.8] to re-express the matrix inversion
term, we find for any y > max{0, «/|| wl|?}

Te
- = aw'Zw
YTr[(yI - aww ) 'E] =y Tt [E] + — 55—
1-2l wl|?

Substituting this expression into the reformulation of the Gelbrich risk gives

sup Ro(-w'&= inf ypz—ﬁTw+%+a(1—ay‘lllw||2)‘leiw.

QG (1,5 r>alwl?
p,0 (U,

By adding an auxiliary variable y > 0 coupled with the constraint || w|?/y < y < a™!, we have

sup  Ro(-w'¢)=

{ inf yp’-pg'w+ % +a(l-ay)'wSw
QeG, . (11,3

S.t. ||w||2/y§ V= a’l v >0.

The last part of the proof involves rewriting the quadratic-over-linear term using the second
order cone reformulation [111, Equation (8)] with the epigraphical variable z as

252w
z+ay-1

This completes the proof. O

~

w'Zw
l-ay

<z-ay+l.

To construct the extremal distribution for the Gelbrich mean-variance risk, we can directly use
the result of Lemma 3.21 to characterize the first two moments of the extremal distribution. In
addition, we can also conclude that when o = ¢, the extremal distribution is unique because
an elliptical distribution with generator function ¢ is uniquely defined by its mean vector and
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covariance matrix. These results are omitted.

3.6.2 Gelbrich Polyhedral Value-at-Risk

We now consider the problem of evaluating the Gelbrich VaR of a portfolio that consists of
both stocks and their derivatives. A naive approach is to treat the derivatives as usual stocks
and proceed with the evaluation of the Gelbrich VaR of a linear portfolio loss as introduced in
Section 3.4. However, because the Gelbrich risk depends only on the first- and second-moment
of the joint stock-derivative return distribution, this approach fails to capture the inherent
nonlinear dependency of the derivative returns on the stock returns. Thus, we consider an
explicit portfolio model that consists of an allocation w € # < R" over n stocks and a derivative
allocation x € & < R¥ over k derivatives. For simplicity, we consider only vanilla derivatives of
the stocks, and in this case, the return of the derivatives can be written as a piecewise linear
function of the stock return ¢. Given a mixed portfolio (w, x) e # x &, the portfolio loss can

kxn

be written as a polyhedral function of ¢ for some matrices A, B € R**” and vectors a, b € R¥ as

/(&) = —wa —x' max{A¢ + a, B¢ + b},

where the max operator is understood as the element-wise maximum of two vectors. We
emphasize that the short selling of derivatives is prohibited in this model.

The Gelbrich VaR defined in (3.35) can be employed to evaluate the worst-case VaR of a
polyhedral loss function over all possible probability measures contained in the Gelbrich hull
Gp,2 (L, %). The next theorem demonstrates that the Gelbrich polyhedral VaR can be computed
efficiently by solving a semidefinite program.

Theorem 3.47 (Gelbrich polyhedral VaR). Suppose that ¢(¢) = w' &+ x" max{A& + a, B¢ + b}
for some matrices A, B € R¥*™ and vectors a, b € R*. For any p € R, and B € (0,1), the Gelbrich
polyhedral Value-at-Risk is equivalent to the optimal value of a semidefinite program, that is,

inf 71

s.t. JeR, yeR", YeS], yeR,, zeRy, ZeST]
TeR neR,, teRE, veRF
Yo+y(p? = IAN* =Tt [E]) + 2+ Tr [ 2] <

su “VaRg(£(¢)) =4 I-Y yS2 I-Y yp+ Y
@er,zl()ﬁ.i)Q ple6D Yyii YZ =0, ()Z/ﬁ+y)T le Y =0, i ;:) =0
t<x, v=w+(A-B) t+BTx
Y y 0 v
v’ )’o}+ v! -n+2@+(@-b)Tt+b"x) =0.

(3.49)
Proof. For any 7 € R, define the following set
Fr={¢eR" 7+ w' &+ x" max{A¢ + a, BE + b} < 0}
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By applying Lemma 3.55, we have

sup Q(r=-w'é-x"max{Al+a,BE+bY) = sup QEEHA)
Q€Gps (1,2) Q€62 (71,5)

inf  yo+y(0® = 141> -Tr[E]) + 2+ Tr [ Z]

s.t. YeER:, yoeR, yeR", YeS", zeRy, Ze S

Y y (3.50)

J/T Yo

YI-Y yf% YI-Y yi+y
yfé Z ya+yT z
Yo+2y E+ETYE2L Ve,

=0, >0, >0

By applying the same argument in the proof of [184, Theorem 4.1], problem (3.50) is equivalent
to the following semidefinite program

inf  yo+y(p? - 11> -Tr[E]) + 2+ Tr [ Z]
s.t. YER:, yoeR, yeR", YeS", zeRy, ZeSY
neR,, teRk, veRF

al .
YI;Y rEE | , YAI—YT TEEY Lo YT Yo,
rxe2 Z (ru+y) z ¥ Yo
r<x,v=w+(A-B)"t+B'x

Y y 0 nv o
AR nv' —1+2n@+@-b)Tt+b"x)|

for all but one value of 7. Because the Gelbrich polyhedral VaR can be rewritten as

sup @-VaRﬁ(é(E)) = inf{r eR: sup Qr=s/() =< ﬁ},
Q€62 (1,5 Q€6 (1,5

we can re-express the Gelbrich polyhedral VaR as the optimal value of the following optimiza-
tion problem

inf 1
s.t. YER:, yoeR, yeR", YeS", zeR,y, ZeSY
TeER, neR,, teRr, veRF

yo+y(0* - IAI>-Tr[E]) + 2+ Tr[Z] < B

~1

I1-Y 22 I-Y i+ Y (3.51)
YAl YZ_’ YA TYHJ/ZO’ TJ’EO’

Y2 Z g+ z y Yo
t<x,v=w+(A-B)"t+B'x

Y 0

T ar T v T T..=0

Yy Y nv'  —-1+2n(T+@-b)' t+b'x)

Problem (3.51) is non-convex because of the bilinear terms in the last constraint. It can be
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shown that any feasible solution of (3.51) with vanishing n-component will satisfy
yo+y(P? = 1aI? - Tr[E]) + 2+ Tr [Z] = 1,

which is in conflict with the constraint
yo+y(e* = IGI*=Tr [Z]) + 2+ Tr[Z] < B

for B € (0,1). This implies that any feasible solution of (3.51) will have r > 0. Thus, we can divide
all constraints of problem (3.51) by 1. Subsequently, we substitute 1 by 1/ and substitute
¥, y0, %Y, 2z, 2)in (3.51) by (y/n, yo/n,y/n, Y In,z/n, Z/n). This completes the proof. O

The constraints in the semidefinite program reformulation (3.49) are linear in terms of (w, x),
and thus the portfolio optimization problem that minimizes the Gelbrich polyhedral VaR
can be formulated as a finite convex optimization problem provided that # and & are both
convex, conic representable sets. While in this section we have assumed that there is no
coupling constraint between the stock allocation feasible set #  and the derivative allocation
feasible set &, incorporating this interaction is straightforward provided that the coupling
constraints can be written using conic constraints.

3.6.3 Gelbrich Quadratic Value-at-Risk

The results of Section 3.6.2 rely fundamentally on the restriction that the stochastic returns
of the derivatives can be modelled using a piecewise linear function of the stock returns ¢.
In practice, an exotic derivative may exhibit strongly nonlinear dependence on the stock
returns ¢, hence the polyhedral model in Section 3.6.2 is inadequate for assessing the risk of
a complex portfolio position. We consider in this section an approximation of the portfolio
return using a second-order Taylor expansion which is commonly known as the delta-gamma
approximation [91]. Given a portfolio allocation w € R” over both stocks and derivatives, the
loss of a portfolio is approximated using a quadratic function of ¢ as

1
006 =-0(w)—Aw) &~ ErSTF(w)E,

where 6(w) € R, A(w) € R" and I'(w) € $" are parameters derived from the current portfolio
position w. We emphasize that ¢ is possibly a non-convex function of ¢ and that we do not
prohibit the short selling of derivative in this section.

Theorem 3.48 (Gelbrich quadratic VaR). Suppose that ¢ (&) = —0(w) - A(w) & - % w'T(w)¢ for
somef(w) e R, A(w) eR" andT (w) € S”. Forany p € Ry and B € (0,1), the Gelbrich quadratic
VaR of the quadratic loss function ¢ (&) is equivalent to the optimal value of a semidefinite
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program, that is,

inf 1
s.t. YoeR, yeR", YeS!, yeRy, zeRy, ZeST, TeR, neRy
yo+y(0? = 1012 -Tr [Z]) + 2+ Tr [ Z] <np

yI-Y yié YI-Y yh+y
gz lya+pT oz
Y y I'(w) A(w)

T + T _

Yy Yo Alw) n+2(7 +0(w))

sup Q-VaRg(£(S)) = 4
Q€6 (1,5

Y y

yT Yo

>0 >0, >0

(3.52)

Proof. For any 7 € R, define the following set
1
Sy = {f ER":T+0(w)+Aw) &+ chTI“(w)f < o}.
By applying Lemma 3.55, we have for any 7 € R

sup Q (r <—0(w)-A(w)"&- l,fTr(w)é) = sup QEeHA)
Q€eGp (1,5 2 QeG,, (1,5)

inf  yo+y(0? - @12 -Tr[Z]) + 2+ Tr[Z]

s.t. YeER:, yoeR, yeR", YeS", zeRy, Ze ST
Y oy (3.53)

J’T Yo

yI-Y yS YI-Y  yi+y
Yz ya+»T oz
Yo+2yTE+ETYE2L VEe .

=0

=Y

=0

=Y

By applying the S-lemma [139] to reformulate the semi-infinite constraint into an equivalent
semidefinite constraint, problem (3.53) is equivalent to

inf  yo+y(p? - IEI2-Tr[Z]) + 2+ Tr[Z]
s.t. YER:, yoeR, yeR", YeS", zeRy, ZeST, neRy

~1
_ i _ S Y
yS:  Z (Ya+y) z y' oy
Y y nl(w) nA(w) 0
T nA(w)T -1+2n(r+0w))|
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The Gelbrich quadratic VaR is thus equivalent to the optimal value of the problem

inf 1
s.t. YERy, JoeR, yeR", YeS", zeRy, ZeS!, TER, nER,
yo+y(0? - IaI>-Tr[E]) + 2+ Tr[Z] < B

1
_ 1 _ ~ Y (3.54)
yIAlY yx2 0, yAI YT YH+Y -0, y =0
Yz Z g+ z yT Yo
Y y nI'(w) nA(w)

J/T Yo " nA(w)T —-1+2n(r+60(w))

One can verify using an analogous reasoning as in the proof of Theorem 3.47 that no feasible
solution of (3.54) has a vanishing n component. Dividing the constraints of (3.54) by n > 0 and
perform an analogous variables substitution as in Theorem 3.47 completes the proof. O

For a delta-gamma approximation, 6(w), A(w) and I'(w) are all linear functions of the portfolio
position w, as a consequence, the problem of finding the optimal portfolio that minimizes
the Gelbrich quadratic VaR is a finite convex optimization problem provided that the feasible
portfolio allocation set #  is conic representable.

3.6.4 Product of Lognormal Random Variables

The product of random variables that arises in many applications related to statistics, physics
and various branches of sciences [66] and it governs many multiplicative process that explains
the evolution of economic indices and biological measurements [2]. In finance, product of
random variables is widely used to model the discrete-time wealth level subject to stochastic
returns. In this section we are interested in evaluating the tail probability of a product of
non-negative but ambiguous random variables, which are heavily used to calculate the risk of
bankruptcy or to stress test the financial system. Instead of modelling ambiguity using the
Chebyshev ambiguity set that directly imposes the first- and second-moment information
regarding the distribution of the random variables [146], we assume that the random variables
follow an ambiguous log-normal distribution. As a consequence, to model the primitive
random variables we restrict ourselves to the family of Gaussian distributions, which is a
special instance of elliptical distribution with characteristic generator ¢(u) = exp(—u/2). For a
given measure Q € Py (u, ), ¢ is normally distributed with mean vector u € R" and covariance
matrix X € S, and we denote by exp(¢) the n-dimensional lognormal distribution with its
i-th element defined by exp(¢); = exp(¢;) Vi = 1,...,n. The problem of evaluating the tail
probability of the product of random variables is equivalent to verifying sequentially whether

@( [T exp&p < T) <p

ie[n]
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is true for some threshold T € R,; and some uncertainty level € (0, %). When the true
probability measure is unknown, we instead resort to evaluating the worst-case tail probability
under the Gelbrich hull centered around the nominal distribution P which is a Gaussian
distribution with mean [i € R" and covariance matrix Se S. As a consequence, we are
interested in verifying whether

sup @( [T expa =< T) <p (3.55)
QeG, (@S  \icln]

is true for different levels of T and . The next proposition shows that verifying the above
relationship is equivalent to verifying a simple inequality.

Proposition 3.49. Suppose that ¢ is the characteristic generator of Gaussian distributions. For
anyTeR, and B € (0, %), the relation (3.55) is true if and only if

~iTe+F;'a —ﬁ)\/eTie+p\/n(1 +(F,'(1- p)?) = -logT,

where e is a vector of ones and F, » 1 is the inverse cumulative distribution function of a standard
Gaussian distribution.

Proof. Using the definition of the Gelbrich Value-at-Risk in Lemma 3.31, for any threshold
T e R, we find

|

sup @( [T exp@n) < T)Sﬁ < sup @(1 < [I eXp(—éi))sﬁ

Q€6 gy (D) \i€ln] Q€Gpy(1,D) ie(n]

= sup Q(-logT<-e'&)<p
QG (@)

< sup Q-VaRﬁ(—eTé) < -logT,
QG (@)

where e is a vector of ones. Because ¢ is the characteristic generator of Gaussian distribution
and B € (0, %), Lemma 3.31 part (iv) can be utilized to reformulate the last constraint as

~i'e+F,'(1-p) \/eTie+p\/n(1 +(Fy1(1-p)?) < ~logT,

which completes the proof. O

3.7 Injecting Support Information

In many cases, the decision maker possesses additional information that ¢ is supported on
a strict subset = c R”. This information can be used to alleviate the conservativeness of the
distributionally robust solution. We denote by 2?(=Z) the collection of all probability measures
on (R”, A(R™)) with support =. In an analogous counterpart of Definition 3.5 for measures
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3.7. Injecting Support Information

with support information, for o € {2,S,SU} we define
P5(B) 2 PN P(D)

as the set of probability measures supported on = that satisfy the information structure o. We
emphasize that the structural information o = ¢ typically requires that = = R"”, thus the case
o = ¢ will be omitted in this section.

Given a nominal measure P whose support is contained in Z, we define the Wasserstein
ambiguity set with support information as the ball of radius p = 0 in 2, (Z) centered at P’ with
respect to the type-2 Wasserstein distance

Bpo(E,P) = {Qe P (E): WQ,P) < p}.

The Gelbrich hull with support information G, (=, i, %) associated with a mean vector fi € R”
and a covariance matrix = € $” can be defined in an analogous way as in Definition 3.12 as

Gpo(E 1,5 2{Qe 2,(2): (Eglé], Egl€ - EgléN & —Eqlé) ') € %, (@, %)}

for o € {2,5,SU}. One can readily verify that G, ; (=, i, S)isa superset of B, ; (=, P) whenever
the mean vector and the covariance matrix of the nominal measure P are fi and  respec-
tively. This result is exhibited in the below lemma, whose proof is omitted because it is a
straightforward extension of Theorem 3.13 to take into account the support information =.

Lemma 3.50 (Gelbrich hull with support). Ifthe nominal distribution P has mean vector LeR”
and covariance matrix 2 € S, then we have Bo,o (E, P)c Gp,o(E, i, b3) foranyo €{2,S,SU}.

Furthermore, if we define the Chebyshev ambiguity set with support information that includes
all probability measures supported on = with mean vector u € R" and covariance matrix
>eS!tas

P5(E,1,2) £ P5(2) NPy (1, %),

then we can re-express the Gelbrich hull with support information G, (2, o, f) as the union
of Chebyshev ambiguity sets with support information via

GooERD= U ZERD.
(W), ([1,5)

Consequentially, the decomposition (3.8) remains valid with the additional support informa-
tion, that is,

sup Ro(0) = sup sup  Zg(¥) (3.56a)
Q€6y 0 (E,0,5) WD, (12  QePs(EwX)
= sup sup Ro(0). (3.56b)

(L M)EV,([1,5) QP (B, 1, M—pupiT)
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The above decomposition is a fundamental building block for the reformulation of various
Gelbrich risks under the Gelbrich hull with support information G,  (Z, [, %). In the remainder
of this section, we will focus on the case o = 2 and provide the reformulation and/or the
approximation of the Gelbrich expected loss, as well as an extension to the approximation of
joint linear chance constraints.

3.7.1 Gelbrich Expected Loss with Support Information

We provide in this section the reformulation of the Gelbrich expected loss with support
information. For simplicity, we focus on the case where the support can be described as an
intersection of (possibly non-convex) ellipsoids. The next proposition shows that the Gelbrich
expected loss of a piecewise quadratic loss function can be conservatively approximated by
the optimal value of a semidefinite optimization problem, and this approximation is exact
when the support is an ellipsoid.

Proposition 3.51 (Approximation of Gelbrich expected loss). Suppose that the conditions
of Theorem 3.41 hold, and assume furthermore that the support Z can be represented as the
intersection of I = 1 quadratic constraints of the form

E={¢eR":¢T A +2a] E+al <0, A;eS" Vielll},

and E has a non-empty interior. Ifo =2, fie R" and 2 € S", then for any p € R, ,, the Gelbrich
expected loss of a piecewise quadratic loss function admits the conservative approximation

inf yo+y(0? - 1012 -Tr [Z]) + 2+ Tr [ Z]

s.t. y€R+,n€Rf1, YoER, yeR", YeS" zeR,, Z€S?

-1 ~
sup  Eqll(S)] = YI—1Y Y2 yI=-Y yp+y >0
QeGp2(E,0,2) yii z |7 ()f,ii+y)T z B
Y-Qj y-4j Ai a;
+ Y ni; =0 VjelJl.
y'-a] yw-4° 2" ]

Furthermore, for I = 1, the above inequality becomes an equality.

Proof. By applying the decomposition (3.56a), we find

sup Eglf(5)] = sup sup Egll(S)].
Q€Gy 2 (E,11,2) W2, ([1,8) QEP2(E,1X)

We can appply [183, Lemma A.1] to construct the dual of the inner supremum problem as

inf  yo+2y u+Tr[Y(Z+uuh)]
sup [Eg[l@)]=<q s.t. weR yeR", YeS"
QP& 2) Yo+2yTE+ETYE= () VEEE,
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3.7. Injecting Support Information

where the inequality is tight whenever X > 0 thanks to the strong duality result [86]. Let % be
the convex feasible set defined by

W ={ypeR, yeR", YeS " 1 yp+2y {+& YE20(E) VEeE}.

Because p > 0, we can follow closely the proof of Theorem 3.41 to show that

WP g = e sup _ Eql¢(¢))
0<Gr2= 2 (WD), ([1,2) QP (E mE)
_ N
- (YOle’rl}f;E@ {J/o * 671,(@2) 2y, Y)}

inf  yo+y(0® - 141> -Tr[E]) + 2+ Tr[ Z]
s.t. YeER:, yoeR, yeR", YeS", zeRy, ZeS!

YI-Y )ff% YI-Y yi+y
~1 =0, R T =0
Y2 Z (Yfi+y) z
o,y Y)ew.

The last part of the proof involves the reformulation of the feasible set 2. Indeed, we can
rewrite % as

@ ={ypeRyeR", Y S  y+2yT¢+E VE= gl +q]E+E Q¢ VEeE Yjeln}).

The set % can be outer approximated using the S-lemma [139] as

Y-Q;j —q; A: ,
@g{yoeR,yeR",Yes”:aneRi”s.t. L Y qjo + Y |1 il =0 Vje[]]}.
Yy —d4; Yo—d4;| iem |4 &
The above approximation is tight if I = 1. This completes the proof. O

We remark that the support information can be injected into the reformulation of the Gelbrich
expected loss for a quadratic loss function in Theorem 3.43 using an analogous reasoning,
thus the details are omitted.

3.7.2 Conservative Approximation of Joint Chance Constraints

Suppose that we are interested in verifying whether the below joint chance constraint

inf A@(qﬁ?ﬂiffso Vje[]])zl—ﬁ (3.57)
QEGy» (5,11,2)

is valid for some q;.’ €Rand g;j e R" Vj e []] atarisklevel § € (0,1). For a decision problem,
q? and q; are dependent on the decision variables. If J = 1 and Z = R", we recover the single
chance constraint problem without support information and the analytical expression of the
Gelbrich VaR in Lemma 3.31 can be utilized to verify this chance constraint using Remark 3.38.
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In this section, we consider the case when = is a compact subset of R” and J = 2.

Applying the same approach as in [183], we associate a scaling factor a; € R, to the j-
th constraint in the joint chance constraint (3.57), and thus given a strictly positive vector
ae IRE{r +» the joint chance constraint (3.57) is equivalent to an individual but nonlinear chance

constraint

@e@:zr(lé,ﬁ,i)@ (If'ré?f)]({aj (j+aj¢)} < 0) =1-F

We resort to the CVaR conservative approximation of the above individual chance constraint
that holds in the following sense: if

sup__ Q-CVaRy (113-&3‘ {a;{af+ q;f)}) =0 (3.58)
QEGp,Z (E,ﬁ,Z) —]—]

is valid, then (3.57) hold. The CVaR approximation approach requires evaluating the CVaR
of a polyhedral loss function over the Gelbrich hull with support information G > (Z, i, ).
Under minor additional assumptions on =, the next proposition shows that this quantity can
be safely approximated by the optimal value of a convex program.

Proposition 3.52. Suppose that the compact support Z has non-empty interior and that = can
be represented as the intersection of I = 1 quadratic constraints of the form

E={¢eR":¢ A +2a] E+al <0, A;eS" Vie[ll}.

Ifo=2,icR" and2 € S, then for any p € R, , and a € R, , we have

L 0w macfa o)+ o]

inf 7+87 (yo+y(0? - IGI2-Tr[Z]) + 2+ Tr[Z])
s.t. TER yeR,, neRXV yieR, yeR"”, YeS”, zeR,, ZeS"
yYI-Y yfé YI-Y yi+y
- =0, | T >0
) yx:  Z (Ye+y) z
<
- Y y-3a;4; A a; ,
Gl e |+ S| ] =0 vien
y-3@iq;)’ Yo—@;q;+T| jen |4 4
Y y A; a;
+ nio =0
y' oy ieX[‘}]l al a

Furthermore, if I = 1 then the above reformulation is tight.
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Proof. For any a € R/, , we find

@e@j;g,ﬁ,i)Q-CvaRﬁ (r]ré?}];{a] ( q;+4; ‘f)})

1
= su inf{T+—]E ([maX a 0+ T -7
@EGp,z(gﬁ,i)TER e JE[IJ{ ](q] qj 5)}

+
)} (3.59a)

+
)}, (3.59b)

where equality (3.59a) utilizes the definition of the CVaR in [144]. Because = is compact,

1
=infer+—  sup I ([max ailqg®+ql¢
TeR{ ﬁ@EGp,Z(E,ﬁ,i) ¢ ]€U]{ f( j )}

Gp2(E, [, %) is weakly compact, and the interchange of the sup-inf operators in equality (3.59b)
is justified by a version of the stochastic saddle point result [155, Proposition 3.1]. Let £({) be a
loss function inside the expectation operator in (3.59b). More specifically, we have

+

0(5) =

I]n?])]({a](q +67] )} T :max{lj;;%{aj(q]+q]§) r},O},

which is equivalent to a pointwise maximum of J + 1 quadratic loss functions of the form
lo(&) =0, éj(f):ajq] T+a]q]cf Vjel]l.

The Gelbrich expected loss in (3.59b) can be approximated using Proposition 3.51 as

@e@j.?(gﬁ,i) E@( 1}1;@)}({05] (q? * qu (’r)} -

inf  yo+y(0? - 141> -Tr [Z]) + 2+ Tr [ Z]
s.t. ye&,ne[ﬂzl”,yoeﬂ%,yeﬂ%”,Y€§",z€IR+,Z€§?_
[yI-y iz yI-Y yi+y
S =0
<A 722 Z (yu+y) z
Y - 5;q; A a
Lo TRy g | % =0 wen)
(J’—‘aijj) J’O—ajqj+T i) a; a
+ nio i >0,
Ly yO z;[I]l ;I' a?

and the above approximation is tight if I = 1. The proof is completed by replacing the above
approximation into (3.59b). O

Proposition (3.52) derives the CVaR approximation of the joint chance constraint for a given
scaling vector a € R{r +- When the joint chance constraint is utilized as an elementary constraint
of a decision problem, the parameters q? and g; are dependent on the decision variables. In
this case, one can further tighten the CVaR approximation using a sequential optimization
procedure similar to [183, Algorithm 3.1] that optimizes sequentially over the scaling factor

163



Robust Risk Measures

a € R/, and the primitive decision variables.

3.8 Numerical Experiment: Index Tracking Portfolio Optimization

We consider the passive portfolio allocation strategy where the goal is to construct a portfolio
of n— 1 stocks that tracks the return of a pre-specified market index. Let r € R”~! be a random
vector representing the stochastic return of 7 — 1 stocks and ryariet € R is the random return
of the market index that the portfolio manager aims to track. Define the random vector
= (r’, rmarket]T, the nominal index tracking portfolio allocation problem can be formulated

as
: ~ T
1r€1f EP [é(w E)],

where the expectation is taken over the nominal joint probability measure P of ¢, and ¢ : R —
R is a loss function that penalizes the mismatch between the portfolio return and the market
index. The feasible set # is confined to

Wz{we[R”: Y wi=1, wy,=-1, w; =0 Vizl,...,n—l},
i€[n-1]

where w; is the i-th element of the vector w. For simplicity, we assume that the support of the
random vector ¢ is Z = R”, and we emphasize that the injection of the support information is
straightforward from the results of Section 3.7.

If we denote by fi the mean vector and by £ the covariance matrix of ¢ under P, the correspond-
ing distributionally robust index tracking portfolio allocation problem under the Gelbrich hull
Gp,2 (I, %) can be formulated as

inf  sup [Eg [f(fT LU)] . (3.60)
wew Q<G (ﬁ,i)

Interestingly, index tracking problem (3.60) can be considered as a special instance of a broader
class of distributionally robust regression problems where ¢ represents a (convex) regression
loss function.

Corollary 3.53 (Gelbrich regression problems). Suppose that ¢ is a convex loss function. The
optimal value of the distributionally robust regression problem (3.60) equals the optimal value
of the following optimization problem

inf  yo+y(p® - 1G> -Tr[E]) + 2+ Tr [ Z]

s.t. wWeW,yeRy, yoeR, yeR", YeS", zeR,, Ze St

~1 (3.61)
YI-Y yZxz

yfé Z
Vo, 1, Y) e¥(w),

yI-Y yi+y

>0
ya+y" oz

=Y
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3.8. Numerical Experiment: Index Tracking Portfolio Optimization

where % (w) is a parametrized feasible set

Y w) ={yeRyeR",YeS :yy+2¢ y+& Y2 (w'é) VEeR".

For common regression loss functions listed below, % (w) is representable as semidefinite con-
straints, and problem (3.61) is a semidefinite program.

(i) Robust regression. If ¢ is the Huber loss function with target value a € R and robustness
parameter > 0, that is,

Blw'é—al-3p) otherwise,

e(wTa:{%(wa—a)z iflw'¢-al<p,

then the feasible set % (w) can be expressed as

360, R, 6; € R,

Y y—gw
J’T_ng Yo— 02+ Pla+61)
Y y+§w
YT+ Bw 0= Bla+0)

0, 0,
>0,
o

>0

Y(w) =X yoeR,yeR", YeST:

(ii) Support vector regression. If ¢ is the e-insensitive loss function with target a € R, that is,
C(w'é) = max{O, lw'é—al- e}, then the feasible set % (w) can be expressed as

Y -1 Y +l
Y (w)=3WeR,yeR", YeST: T o1t y—aw >0, I ytaw =0 &
y'-sw yta+te yi+sw y-a+te

(iii) Quantile regression. If ¢ is the pinball loss function with target a € R and parameter [ €
0,11, that is, £(w' &) = max{-B(w & -a),(1 - B)(w'¢& - )}, then the feasible set ¥ (w)
can be expressed as

Y y+—(1;ﬁ) w
T,0-8 T
N4 +Tw y0+(1—,6)a

Y y—gw

T_ BT

=0,
y —3w  yo-pa

@/(w):{yOEIR,yE[R",YESZ:

-0 |

@iv) | -ll1 loss. If ¢ is a 1-norm loss function with target a € R, that is, {(w'¢) = |w & - al,
then the feasible set % (w) can be expressed as
-0 }

@) | -||§ loss. If ¢ is a squared 2-norm loss function with target a € R, that is, C(wTé) =

Y y—lw .

2
T 1.7
y —sw Yo+«

Y y+%w

T,1,T
y tw y-a

@/(w):{yOEIR,yE[R{”,YeSﬁ:
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lw' & - all2, then the feasible set %, can be expressed as

Y-M w
L |

M y+aw
y +aw’ yy-a?

@(w)z{yoeR,yeR”,Y€§Z:EIME§Z,

-0 |

Proof. The reformulation (3.61) follows directly from the proof of Theorem 3.41 by noting
that because ¢ is convex, % (w) is also a convex feasible set. We now proceed to provide the
reformulation of % (w) for different loss functions.

w

Consider when ¢ is a Huber loss function. In this case, we can write ¢ using the inf-convolution
formulation as

1
Tey _ sp 12 Te
f(w gt)—ellrg“Re 201+ﬁ|w E—a—-04]

1 1
:infnmx{—0%+ﬂUUTf—a—9ﬂ,—9%+ﬂ0—wT§+a+Hﬂ}.
0,€R 2 2

The semi-infinite constraint defining the feasible set % (w) can be reformulated as

Yo— 102+ Ba+0)+Ry—px)TE+ETYEZ0 VEER!

3 R:
O {y — 302 —Bla+60)+QRy+px) E+ETYE=0 VEER”,

and hence % (w) admits a conic representation

301€R,
Y y—gw
_ n n. T_B,,T _1p2 =0
Yw)={ WeRyeR", YeS: |y —5w yo—307+pa+6)) r
Y y+§w .
J’T+§WT yo—%t‘)f—ﬁ(a+91) a

which is nonlinear because of the quadratic terms in 8. In the last step, we replace the term
%Bf by an auxiliary variable 6, € R, with an additional constraint 6, = %6% Formulating this
additional constraint as a semidefinite constraint completes the proof for the Huber loss.

The other loss functions can be trivially re-expressed as a pointwise maximium of quadratic
functions, and the reformulation of % (w) follows an analogous reasoning. The detailed proof
is thus omitted. O

Because the portfolio manager wants to match the portfolio return as close as possible to
the market return, the target parameter can be set to a = 0. Furthermore, we will focus
on the ¢, and ¢, loss to avoid the extra hyper-parameter of the loss function to be tuned.
We use the standard dataset for index-tracking portfolio balancing [19] which includes the
weekly returns for DowJones, NASDAQ100, FTSE100, the summary data about the dataset
is shown in Table 3.1. We use a similar rolling horizon approach for portfolio balancing as
in [19]: we use 52 weeks of return to estimate the sample average joint mean vector and
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Figure 3.1 — Tracking error using ¢, loss (panels 3.1a-3.1b) and ¢, loss (panels 3.1d-3.1e)

covariance matrix of the assets and index returns. These estimates are used to construct the
nominal distribution P for each level of ambiguity p € {0.1 x ¢, =0,...,250} for the DowJones
dataset and p € {0.1 x £, =0,...,100} for the NASDAQ100 and FTSE100 dataset to find the
optimal portfolio allocation that minimizes the worst-case index tracking expected error. The
portfolio allocation is kept constant for 12 weeks to compute the weekly portfolio return and
the corresponding mismatch between the portfolio return and the specified index.

Table 3.1 — Datasets for the experiments

Dataset Name | # of assets (n) | # of weeks (T) | Time interval # of rebalancing
Dow]Jones 28 1363 Feb 1990-Apr 2016 | 110
NASDAQ100 82 596 Nov 2004-Apr 2016 | 46

FTSE100 83 717 Jul 2002-Apr 2016 56

All experiments are run on an Intel XEON CPU with 3.40GHz clock speed and 16GB of RAM. All
semidefinite programs are solved with MOSEK 8.1 using the YALMIP interface [112]. In
order to ensure that our experiments are reproducible, the underlying source codes are
accessible at https://github.com/nvietanh/GelbrichRM. Figure 3.1 shows the additional
benefit of embracing the distributionally robust index tracking model (3.60) with the Gelbrich
hull ambiguity set. For both the ¢; and ¢, loss function and throughout all three datasets, the
optimal radius that minimizes the worst-case expectation of the misalignment between the
portfolio return and the index target are all strictly positive.
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3.9 Appendix

To derive certain results in this paper, we need to solve the nonlinear semidefinite program of
the form
=~ ~1,1
sup Tr[(Q-yDZ] +2yTr[(22237)7].
>0

The following result asserts that this optimization problem can be solved in quasi-closed form.

Proposition 3.54 ([124, Proposition A.2]). ForanyQeS", Se 5?_ andy € Ry we have

YIr[oI-Q'E] ifY > Amax(Q),
sup {Tr[(Q—yI)z] +2yTr[(§%zi%)%]} = lirplinf)'/zTr [(FI-Q)7'E]  ify = Mnax(Q),
>0 1234

+oo ifY < Amax(Q).

Moreover, the maximization problem is solved by =* = y*(yI — Q)" 'E(yI - Q)~! whenever
¥ > Amax(Q). This solution is unique ifE > 0.

Proving the results in Sections 3.6.2 and 3.6.3 requires the following lemma which is an
extension of [21, Lemma 1].

Lemma 3.55. Let. € R" be a measurable set (not necessarily convex). For any fi € R", Se S
andp €Ry 4, letGp o (L, ) be the Gelbrich hull defined as in Definition 3.12. We have

inf yo+y(0® = I1AI% - Tr[Z]) + 2+ Tr[ Z]

s.t. YeER:, yoeR, yeR", YeS", zeRy, ZeS"

a1 ~
supAQ(fey):< yl—lY Y2 yI-Y yi+y o
Q€62 ([@5) vz z |7 op+nT oz |
Y
- >0, yo+2y E+ETYE2L Ve
y Yo

Proof. Let 1 #(&) be the indicator function of the set #, that is,

1 ifées,
1y =

0 otherwise.
Given a set .#, define momentarily the feasible set % by

Y ={ypeR yeR", Y €S :y9+2y ¢+ YE2 10 VEER"}

T

:{yoeR,yeR”, YesS":
Yy Yo

=0, yo+2y E+ETYE=1 vgey}.
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Notice that % is a closed and convex set. We have

sup QEeSH)=  sup sup Eglls(S)] (3.62a)
Q€62 ([,5) (W)U, (1,2) QP2 (1.X)

< sup inf y0+2uTy+Tr[(Z+'uHT)Y] (3.62b)
(L2)e,([1,2) (Yo, ), Y)W

i T
= sup lnf yo +2IJ y+TI. [MY]
(L M)ET, (@5 (Yo, ), Y)e¥

= inf sup  yo+2u' y+Tr[MY] (3.62¢)
Yo, 0, Y)EY (/.t,M)EV,,(ﬁ,i)

= ity 0505, a5 @0 Y,
where equality (3.62a) is from the two layer decomposition (3.8a) of the Gelbrich hull, and
inequality (3.62b) is from the Isii’s duality result [86]. Equality (3.62c) follows from the Sion’s
minimax theorem [156] which holds because 7, (i, %) is compact by virtue of Proposition 3.17.
The semidefinite program reformulation in the statement of the Lemma is obtained by uti-
lizing the reformulation of the support function of 7, (i, %) in Lemma 3.22. In the last step,
inequality (3.62b) can be proven to hold as an equality using an analogous argument as in the
second part of the proof of Theorem 3.41. This completes the proof. O
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Conclusions

We can only see a short distance ahead, but we can see plenty there that needs to be done.
— Alan Turing

This thesis contains three independent chapters which lay the foundations for distributionally
robust optimization using Wasserstein type-2 ambiguity set along with various applications in
statistical optimization, machine learning and risk assessment.

Chapter 1 studies the robustified maximum likelihood estimator for the inverse covariance
matrix of a Gaussian random vectors. Using an ambiguity set that contains only Gaussian
distributions, we show that the optimal estimator exists in closed-form and it belongs to the
wider class of nonlinear shrinkage estimators. We demonstrate that the Wasserstein shrinkage
estimator possesses many nice properties, all of which are not imposed adhoc but arise
naturally from the framework of distributionally robust optimization. We develop a quadratic
approximation numerical algorithm to solve the robustified estimation problem if additional
constraints regarding the conditional independency among the components of the random
vector are involved.

Chapter 2 studies the robustified estimator which aims to recover the true signal from noisy
measurements with minimum mean square error. If only the center of the Wasserstein ambi-
guity set is supposed to be elliptical, we show that the optimal Wasserstein MMSE estimator
is an affine function of the noisy measurements, and it can be recovered from the optimal
solution of a semidefinite program if the nominal distribution of the noise is non-degenerate.
We further develop a decomposable first-order Frank-Wolfe algorithm that converges linearly
to the optimal solution of the semidefinite program.
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Conclusions

Chapter 3 studies the Gelbrich hull, a superset of the Wasserstein ambiguity set, and the
Gelbrich risk, a safe approximation of the Wasserstein risk. We show that the Gelbrich risk
admits a two-layer decomposition that facilitates the reformulation of the Gelbrich risk. We
prove that for a linear loss function, the Gelbrich risk of a family of consistent, positive
homogeneous and translation invariance risk measures can be expressed in closed form. We
also show that evaluating the Gelbrich expected loss is, under some regularity conditions,
equivalent to solving a finite convex optimization problem.

The promising horizons for future research are highlighted below.

Wasserstein Statistical Estimation

This thesis examines the distributionaly robustification of two fundamental estimation prob-
lems in statistics, namely the maximum likelihood estimation problem and the minimum
mean square error estimation problem. There is an abundance of other statistical estima-
tion/inference problem where a coherent robustification can be applied in the same spirit of
Chapter 1 and 2.

Parametric Family of Distributions

The backbone of this thesis is built upon the Gaussian distribution and its generalization to
the family of elliptical distributions. A natural extension is to study other family of parametric
distributions, a potential candidate is the family of exponential distributions of which the
normal distribution is also an element. Family of discrete distributions, whose applications
are ubiquitous, is another interesting subject for distributional robustification.

Approximation Schemes for Type-p Wasserstein Ambiguity Set

This thesis concentrates on Wasserstein type-2 distance and exploits its lower approximation
using the Gelbrich distance. It is left unanswered whether a similar approximation can be
obtained for the Wasserstein type-1 distance, and whether there can be a tight approximation
for type-p Wasserstein distance with p > 2. The discovery of any lower bound of this type
will lead to novel approximations of the Wasserstein risk and potentially enjoy widespread
applications.

Applications in Various Problems

Apart from theoretical studies, the applications of the technical results in this thesis in oper-
ations management, healthcare and power systems is a large unexplored field. At the same
time, there are a plethora of important adversarial learning tasks where the Wasserstein type-2
ambiguity set is left untouched. Developing application-tailored model using the results
presented in this thesis, especially in Chapter 3, is an exciting future work.
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