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Abstract

This thesis is devoted to the study of the local fields in the Ising model. The scaling limit of
the critical Ising model is conjecturally described by Conformal Field Theory. The explicit
predictions for the building blocks of the continuum theory (spin and energy density) have
been rigorously established [HoSm13, CHI15]. We study how the field-theoretic description of
these random fields extends beyond the critical regime of the model. Concretely, the thesis
consists of two parts:

The first part studies the behaviour of lattice local fields in the critical Ising model. A lattice
local field is a function of a finite number of spins at microscopic distances from a given point.
We study one-point functions of these fields (in particular, their asymptotics under scaling
limit and conformal invariance). Our analysis, based on discrete complex analysis methods,
results in explicit computations which are of interest in applications (e.g. [HKV17]).

The second part considers the behaviour of the massive spin field. In the subcritical massive
scaling limit regime first considered by Wu, McCoy, Tracy, and Barouch [WMTB76], we show
that the correlations of the massive spin field in a bounded domain have a scaling limit. Fur-
thermore, to this end we generalise the notions and methods of discrete complex analysis
in the critical case to the massive regime, and give a new derivation of the formula for the
two-point correlation in the full plane in terms of a Painlevé III transcendent.

Keywords: Ising Model, Statistical Mechanics, Probability Theory, Conformal Field Theory,
Isomonodromy, Discrete Complex Analysis.






Résumé

Cette these est consacrée a l’étude des champs locaux du modele d’Ising. Il est conjecturé que
la limite d’échelle du modele d’Ising critique est décrite par une théorie conforme des champs.
Les prédictions explicites pour les éléments de base (le spin et la densité d’énergie) de la théo-
rie continue ont été démontrées rigoureusement dans [HoSm13, CHI15]. On étudie comment
la description du point de vue de la théorie des champs s’étend au-dela du comportement
critique de ces champs aléatoires. Concrétement, cette these se compose de deux parties :

La premiere partie étudie le comportement des champs locaux de réseau. Un champ local
au niveau du réseau est une fonction d’'un nombre fini des spins a distances microscopiques
d'un point donné. On étudie les fonctions de corrélation a 1 point de ces champs (en particu-
lier, comment ils se comportent dans la limite d’échelle). L'analyse, basée sur des méthodes
d’analyse complexe discréete, a pour résultat des calculs explicits d'intérét pour applications
(e.g. [HKVI1T7]).

La seconde partie examine le comportement du champ de spin. Dans le régime de limite
d’échelle sous-critique considéré pour la premiére fois par Wu, McCoy, Tracy et Barouch
[WMTB76], on démontre que les corrélations du champ de spin massif dans un domaine a
borne posseédent une limite d’échelle. Dans ce but, on généralise les notions et méthodes
d’analyse complexe discrete du cas critique au régime massif, et on donne une nouvelle
dérivation la formule pour la corrélation a 2 points dans le plan en termes de la fonction
transcendante de Painlevé III.

Mots-clés : modele d'Ising, mécanique statistique, théorie des probabilités, théorie conforme
des champs, déformation isomonodromique, analyse complexe discréte.
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|§ Introduction

1.1 The Ising Model

1.1.1 Definition

The Ising model was introduced as a mathematical model of ferromagnetism by Lenz [Len20]
and has been applied to a wide range of fields (see e.g. [DIK13]) and has seen a tremen-
dous mathematical development in the field of equilibrium statistical mechanics. Given a
finite graph A and inverse temperature > 0, one defines the probability measure Pg 5 on a
configuration of +1 spins o; on the sites (or vertices) i in A by:

B) 0io;

i~j

Pp.alo] ox exp

’

where the sum is over pairs of adjacent sites i, j. As the inverse temperature § increases,
configurations with fewer disagreements between neighbouring o;, 0 j become more likely.

1.1.2 Phase Transition

In the case where the graph A is taken to be a finite subdomain of a lattice (such as 7?) the
Ising model is an emblematic example of a lattice model. One is typically interested in a large
scale behaviour which emerges as A becomes progressively bigger (thermodynamic limit). A
typical question one may ask is:

* Inalarge A c 72, how strongly do spins at far-apart sites i, j interact? In other words:
how does the correlation Eg 5 [0 ;| behave as |i — j| grows?

The Ising model goes through a phase transition at . = %ln (1+v2): at B < B, the model is
disordered, and at 8 > B, there is a long range order. In fact, the Ising model on Z2 undergoes a
continuous phase transition: as |i — j| grows, the correlation E 5,22 [U o j] tends to a continuous

1
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function of 8 which is zero if § < ., and strictly positive if 8 > .. Its explicit formula was
given by Onsager and Yang [Yan52]. It was Onsager [Ons44] who had given a celebrated exact
solution of the model in Z? which allowed for the demonstration that the model admits a
continuous phase transition at .. Previously, Peierls [Pei36] had shown the existence of a
phase transition, and Kramers and Wannier [KrWa41] had determined S, to be the self-dual
point.

While the correlation does not decay to zero when f > B, the truncated correlationEg 7: [oi0j]-
Epz2[0iEp 72 [0 j] decays at an exponential rate ¢, known as the correlation length, for any
B # Be IMcWu73].

1.1.3 Relation to Other Models

The Ising model has a rich array of equivalent formulations and generalisations based on them.
Many spin models can be considered to be natural generalisations of the model: among them
are the g-Potts, Z,,, and O(N)-models, all of which allow the set of possible spins to be bigger
than {+1} (see e.g. [Mus10]). The family of g-Potts models, including the Ising (g = 2) case,
also has a fundamental connection to models called the Random Cluster or Fortuin-Kasteleyn
(FK) models; under the Edwards-Sokal coupling (see e.g. [Gri06]), one may sample a Potts
model from the corresponding FK model, and vice versa.

Another generalisation is based on the representation of the two-dimensional Ising model
in terms of loops. For example, with a + boundary condition, i.e. conditioning the boundary
spins to be +1, the interfaces separating plus and minus spins are precisely loops made of
dual edges, leading to the low-temperature expansion, where we describe a spin configuration
(up to 0 — —o symmetry) in terms of them. This loop model was then generalised to the loop
O(n) model, where the Ising case corresponds to n = 1. The loop O(n) models are themselves
a form of resummation known as high-temperature expansion of O(N) models with N=n -1
(see e.g. [Smi06]).

In both cases, the Ising model serves as the central example of the above families. As we
will see below, the theory is incredibly rich; the Ising model is arguably the best known ex-
ample of exactly solvable models in two dimensions (see e.g. [Bax89]). In the recent years,
significant progress was made possible towards understanding these models rigorously (e.g.
[DGHMT16]), thanks to Smirnov’s introduction of discrete holomorphic parafermionic ob-
servables for these families [Smi06]. The exact analysis possible for the Ising model has not
only enriched our understanding of the model itself, but also shows potential for far-reaching
generalisation in analysis of various statistical mechanics models.



1.2. Scaling Limit and Conformal Invariance

1.2 Scaling Limit and Conformal Invariance

1.2.1 Scaling Limit and Universality

At the critical temperature S, of the 2D Ising model, the one-point functions Eg 5 [0i,j] decay
to zero proportionally to dist(i, ON) V8 as A grows [CHI15]. In the thermodynamic limit, the
correlation Eg 72 [oi0 j] decays proportionally to |i — j|~'/4, and the correlation length is infi-
nite, indicating there are fluctuations at all scales [CHI15]. To extract long-range information
from the decaying correlations, it is natural to consider the (renormalised) scaling limit: while
looking at progressively larger scales, offset the decay by multiplying a factor growing with
the scale. Renormalisation group arguments (see e.g. [Hen99]) suggest the emergence of
a continuous regime, which is scale invariant and is independent of the underlying square
lattice structure, a phenomenon known as universality.

60— 0

0—0
¢:Q—D

Figure 1.2.1 — Convergence of the spin interface to conformally invariant random curves.

1.2.2 Conformal Invariance

Concretely, instead of taking domains A approaching Z2, consider a domain Q < C and set
Qs := QN 672 with § | 0, fixing appropriate boundary conditions (say, + boundary conditions).
While Q5 still approximates §Z? = Z? as a graph as § | 0, it becomes an approximation of
the continuous domain Q by considering a sequence of sites z° — z € Q in Q5. This setup is
particularly useful to understand the fine structures of the critical model. The scaling limit is
conjectured to be universal and connected to two fundamental theories: Schramm-Loewner



Introduction

Evolutions (SLE), a family of conformally invariant random curves, and Conformal Field
Theory, (CFT), a framework providing a conjectural description of the local fields of the model,
to be elaborated below.

At the heart of both SLE and CFT is a symmetry called conformal symmetry or conformal
invariance. Loosely speaking, this symmetry may be formulated as follows: for any conformal
mapping (i.e. any angle-preserving diffeomorphism) ¢ : Q; — Q,, we have

¢ (Scaling limit of Ising Model on Q;) ) Scaling limit of Ising Model on Q.

Conformal invariance is an especially powerful symmetry in two dimensions thanks to the
size of the family of conformal transformations, as exemplified by the Riemann Mapping
Theorem, which states that such a map always exists between two simply connected proper
subdomains in the complex plane. As a result, the data of the critical Ising scaling limit on a
simply connected domain different from C can be reduced to that on, e.g., the disc.

1.2.3 Schramm-Loewner Evolutions

A particularly natural framework to understand the conformally invariant scaling limit of
the Ising model is that of Schramm’s [Sch00] SLE curves (see Figure 1.2.1): at criticality, the
macroscopic interfaces which separate plus and minus spins converge in law to continuous
random curves which are conformally invariant (in law). The SLE curves and their variants
form a one-parameter family indexed by a parameter x > 0 corresponding to various univer-
sality classes. The universality class of the Ising model corresponds to x = 3. The convergence
to SLE5; and variants has been shown in a number of cases, in particular for the interfaces
generated by boundary condition changes [CDHKS14, HoKy10, I1zy17] and for the so-called
full scaling limit (the set of all loops arising with + boundary conditions) [BeHo16].

1.2.4 Conformal Field Theory

A manifestation of conformal invariance in the Ising model at a more local level is given by
the fact that Conformal Field Theory (CFT) accurately predicts various local statistics. For
example, if z% is an Qs-approximation to z € Q, Chelkak, Hongler, and Izyurov [CHI15] have
shown that

_ 5 _
(2= o (0,51 2% Clrha)] ",

where the boundary spins on 0Q are set to +1 and the conformal radius rqo(z) of Q seen from
z=x+1iyisdefined as ro(z) := |¢/,(0)| where ¢, : D — Q as a conformal map mapping 0 € D to
z € Q. The expectation decays with a factor of §'/8, and both the shape of the domain Q and
the + boundary condition have a nontrivial effect as we renormalise; furthermore, their effect



1.3. Massive Regimes

reflects the overall continuous conformal geometry of the domain independent of the square
lattices structure, as suggested by universality.

Conformal Field Theory was initiated in the 1980s by physicists Belavin, Polyakov, and
Zamolodchikov [BPZ84]. Based on these ideas, [BuGu93] provided precise predictions for
the limit of 5~/ S[EE“Q& o Y zﬁ]' later proven by [CHI15]. It is a theory which conjecturally
describes conformally covariant fields in the continuum, such as the spin o, which may be
understood as the continuous limit of the discrete spin o ,;. The spin field o is treated as an
abstract object of the correlation operation which transforms well under conformal maps: for

example, it scales as o — a~'/8

o when the underlying domain is dilated by a factor of a. First
developed in terms of physical arguments, CFT has attracted diverse attempts to formalise
it (e.g. [Seg88]); a surprising facet to a result of the above type is that it may be also used to
make sense of the field o, itself in the continuum as a random distribution [CGN15]. In other
words, proving that the predictions of a CFT hold true may be the key to rigorously establish

its mathematical foundation.

Recently, a new approach to understand the relationship between the Ising model and CFT in
the continuum has been proposed. The idea is to define lattice local fields and try to realise
CFT directly on the lattice (cf. [GHP19, HKV17]). In this setup, a lattice local field (b(z‘S )isa
function F(0 5,5, : v € V) of the spins applied to a finite neighbourhood z’ + § v of a given
point z°, and serves as the building blocks of the discrete field theory.

1.3 Massive Regimes

The vicinity of the critical point may also be studied by field theories, which are known as
massive field theories (as opposed to massless, i.e. scale invariant, field theories). In the
physical terminology, the mass of a field theory refers to the reciprocal of its correlation
length ¢. Renormalisation group arguments suggest that there are two ways of perturbing the
Ising model around criticality that leads to nontrivial perturbation of the Ising CFT (see e.g.
[Mus10]).

1.3.1 Magnetic Perturbation

A magnetic perturbation introduces a bias between +1 spins by introducing a magnetic field
parameter & in the measure exp [,Bczl-Nj oi0jt+h); U,-]. To yield a massive theory in the

scaling limit § — 0, h should be simultaneously scaled like 5'%/8

, and this setup has yielded
some preliminary results [CGN16] based on the convergence of the critical spin. In general,
the physical analysis of this regime has proved deeply complex and is still an active area of

research (see e.g. [Zam87]).
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1.3.2 Thermal Perturbation

In this thesis, we are interested in the perturbation by the other relevant perturbation of the
Ising model: the thermal perturbation to the critical model, which corresponds to 8 # .. To
keep the correlation length finite as § — 0, we simultaneously take § — S, so that { — oo.

Below S, the two-spin correlation IE;,ZZ [0i0 ] decays exponentially; in this supercritical

regime, the correlation length ¢ scales like (8, — ,B)_l, meaning that § should be scaled like
Bc — P to get nontrivial correlation length within the scaling limit. In the subcritical regime
(B> Bc), instead of the correlation, the truncated correlation Ef , [oioj] - Ej 72 1011ES 5. (o]
decays exponentially with correlation length ¢ scaling like (8 — B.)~! [McWu73]. In other

words, one should scale the temperature $(6) such that § o< |f(d) — B.| in both cases.

1.3.3 Massive Ising Correlations

Unlike in the critical regime, the massive regime lacks conformal symmetry in the continuum,
and as such a theory analogous to CFT. Nonetheless, the scaling limit in the full plane Cs — C
has been studied by Wu, McCoy, Tracy, and Barouch [WMTB76] and subsequently Sato, Miwa,
and Jimbo and others [SM]77, KaKo80]. It has been shown [PaTr83] that the scaling functions

: —n/8r+
zl,...,an(lsli%(S [Eﬁ(é)'%[azf,...,azg]

exist in both super- and subcritical regimes, and describe a highly nontrivial integrable system:
for example, the two-point function, as a function of the distance r := |z; — z»|, may be written
exactly in terms of a Painlevé transcendent of the third kind. The Painlevé equations have a
central role in the isomonodromic deformation of holomorphic functions (see e.g. [FIKN06]),
or infinitesimal movement of their singularities and monodromies; indeed [SM]77] derives
the formula by considering a similar deformation for certain massive correlation functions.
Their continuous setup, a general quantum field theoretic analysis known as holonomic field
theory, is related to but independent of CFT.

1.4 Methods of Analysis

1.4.1 Field Theory and Combinatorics

The two-dimensional Ising model has been analysed in a variety of ways. The Transfer matrix
method takes a view akin to a discretisation of a quantum mechanical setup, in that it considers
the evolution of a one-dimensional state (for example, the plus boundary condition on the x-
axis) under a suitable (possibly infinite dimensional) matrix, one lattice spacing at a time, with
the y-axis playing the role of (pure imaginary) time. Taking the scaling limit is equivalent to
finding the operator theoretical limit of the discrete transfer matrix as mesh size tends to zero.
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For example, this is the view taken by [SM]77], subsequently used in a proof of convergence
by [PaTr83]; note that the method is inherently suited for rectangular domains, rendering
modification of their methods into the case of general domains unfeasible.

As is common with other statistical mechanics models, combinatorial bijections have also
been fruitful in the study of the Ising model. A well-known example is a mapping to the dimer
model (perfect matching) through a modification of the underlying lattice, such as the Fisher
lattice [Fis66]. The investigation of such bijections enjoys continued attention and progress to
this day, being associated to other combinatorial representations of the model (e.g. Kac-Ward
determinants) [CCK17] or involving also the six-vertex and the eight-vertex models [Dub11].

1.4.2 Fermionic Observables

Throughout this thesis, we use lattice fermionic observables to analyse the model, which
combines combinatorics with the field-theoretic approach. These observables, which are
deterministic functions, are correlations of a discrete field v called fermion with other fields
(possibly including v itself) in the model, and converge to continuous functions which are
correlations of the continuous fermion, described at criticality by CFT. The fermion is not a
lattice local field in that its definition involves non-local quantities; it is designed precisely to
exploit the Kramers-Wannier duality inherent in the model [KrWa41, KaCe71].

A concrete definition for fermionic observables is given combinatorially, for example [HoSm13]:

Y exp

Qs yeb(a,z)

Fo,(a,z) = exp [-2Blyl],

i
—EW(Y)

where the sum is over sets y of edges of Q5 which form a path from a to z with prescribed
orientation at a and closed loops, and W (y) is the total turning of the tangent vector of the
path (see Figure 1.4.1). The normalisation factor Zq; is the partition function of the aforemen-
tioned low-temperature expansion of the Ising model (loop O(n = 1) model), defined by sum
over loops y with weight exp [-2f|y|]. Fq, is a natural modification of the low-temperature
expansion obtained by adding a path from a to z and complexify the weights. As z approaches
a, or both a, z approach the boundary, the sum reduces to recognisable combinatorial repre-
sentations of spin or energy density (product of two adjacent spins) correlations.

1.4.3 Criticality and Discrete Holomorphicity

The feature that makes fermionic observables particularly suitable for analysing the scaling
limit is that they are discrete holomorphic at the critical point: they satisfy discrete analogues
of the Cauchy-Riemann equations. Discrete holomorphic functions, being discrete harmonic
functions, are suitable for analysis using probabilistic methods; this follows from the connec-
tion between discrete harmonic functions and simple random walk. There is a rich theory
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) W () = 57 /4

Figure 1.4.1 — An example loop-path configuration y.

of discrete complex analysis mirroring that of the continuous analysis developed based on
assumptions on the behaviour of random walk on a general lattice [Chel6].

While methods involving holomorphic fermionic observables were among the many early
ones applied to the Ising model [SML64], there was a groundbreaking progress made in the
last 15 years with Smirnov’s identification of the notion of s-holomorphicity [Smil0]. The
observable Fq, satisfies this strong notion of discrete holomorphicity, which allows for an
effective integration of the square of the observable: concretely, one may define the line integral
Re f Fésdz. The existence of such integral is remarkable, since the square Féa is not discrete
holomorphic. S-holomorphicity guarantees just enough regularity for the real part of the
integral to be well-defined and approximately harmonic. It has consequences for universality
in the aforementioned sense as well, being suited to a large class of lattices called isoradial
lattices (where each face is inscribed in circles of identical radius) [ChSm11, ChSm12], and
even larger families called s-embeddings [Chel8].

A notable consequence of integrability of the square is that it allows for a unique characterisa-
tion of the fermionic observables in general simply connected domains through a boundary
value problem. One sees from the complex weight in the definition of Fo, that it has a pre-
. . . . -1/2
scribed phase at any boundary point, which can be normalised as v, ;
complex number in the direction exiting the domain. This condition translates to a constant

where v, is the unit

Dirichlet condition for the (approximate) discrete Laplace equation which Re [ F& dz solves.

Given s-holomorphicity and integrability of the square, the strategy for the analysis of the
scaling limit of the Ising model is a natural one in the field-theoretic viewpoint: one con-
structs a discrete fermion correlation related to the desired physical quantity, then shows that
it converges to a continuous ‘correlation’ uniquely identified by an analogous continuous
boundary value problem, suggesting some sort of convergence of the discrete fermion to a
continuous field. S-holomorphicity, the integral of the square in particular, is used to show
precompactness of the discrete correlations (in a suitable function space). Convergence then
follows once one has uniquely identified the limit.

8
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Discrete complex analysis is useful then to analyse the model in the scaling limit, but it also
provides the appropriate setting to study CFT symmetries at the lattice level. In general,
the symmetries of a CFT include actions of the Virasoro algebra on the space of local fields.
Surprisingly, one may implement an analogous representation of the Virasoro algebra at the
lattice level as well [HKV17]; it relies heavily on the discrete holomorphicity of the fermion
and construction of a basis of discrete holomorphic functions.

1.4.4 Massive Discrete Complex Analysis

As mentioned above, the thermal massive regime corresponds to perturbing the inverse
temperature § away from the critical point §.. The discrete notion of s-holomorphicity
survives in a perturbed form [BeDC12, HKZ15], facilitating analysis of the thermal massive
regime: instead of converging to continuous holomorphic functions satisfying the Cauchy-
Riemann PDE (0;f := %(ax +1i0y) f = 0), a massive s-holomorphic function should converge
to continuous functions satisfying the Vekua equation d; f = mf, where m is a real constant.
Many of the useful features in discrete complex analysis of s-holomorphic objects, such as
the integral of the square and harmonicity, survive in a perturbed form: the discrete massive
harmonic functions should converge to functions satisfying A f = m?f.

1.5 Objectives

The precise correspondence between discrete quantities and continuous fields is a matter of
considerable interest in the analysis of the Ising model in terms of Conformal Field Theory.
As mentioned in preceding sections, many foundational conjectures on the description of
the scaling limit of the critical Ising model in terms of Conformal Field Theory have been
verified explicitly; the pioneering results of Smirnov and Hongler [HoSm13], and Chelkak,
Hongler, and Izyurov [CHI15] have yielded convergence of the most basic field correlations,
those of the energy density and the spin. Smirnov’s introduction of s-holomorphic fermions
was instrumental in both formulating the physics of the model in terms of discrete complex
analysis and the subsequent analysis.

Armed by these results and their methods, we go on to give a more detailed field-theoretical
description of the model. The building blocks of the discrete field theory are the random spin
configurations, and any local functions of the configurations constitute a meaningful quantity
in the discrete field theory. Given the fact that the continuous theory primarily revolves around
the two aforementioned local fields [DMS97], how would a general local statistic fit into the
continuous CFT? Concretely, how would it scale and what would the rescaled limit be? The
second chapter of this thesis studies this question.

In the full plane, we know that spin correlations converge to massive limit (see e.g. [Pal07]);
does the bounded domain field theory generalise to the massive setup as well? The third
chapter of this thesis studies this question.
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Allin all, the questions treated in this thesis arise naturally in the discrete Ising field theory
but have not been treated before. In the process of answering them, we situate the analysis in
the context of precursors and identify the relevant analytical ingredients and objects.

1.6 Main Theorems

In this section, we outline the main theorems of this thesis. For technical reasons, we consider
the Ising model on the dual rotated square lattice: consider the faces C5:= (1+i)6Z%. Let Q c C
be a bounded simply connected domain and define Qs := C5 N Q. We consider the model at

Be=3In(1+V?2).

Theorem A (Theorems 2.1.1, 2.1.2; page 24). Assume0 € Q. Let 9B :={ey,..., ey} be a set of edges
inCs=,. Thende,...,0e, are edges in Qs for small enough 6 > 0. Define the energy density
atan edge e = {f1, fo} < (Qs) bye(e) := i -040f, and its correlation e (0 B) := ]_[] €(6e]) The
spin-weighted energy density €[ (e) and its correlation €0 (698) = [1; €0l e i) are defined
analogously, replacing ‘/72 by the spin-weighted volume limit (2.1.1).

Then there exist explicit, real-valued constants §% % ,S%], Qix‘%[o], C€y (0] such that

Ej 0,[€@B) =37 +6r5' (€% +0(8);
Eg. 0, (006101 (62)]

=3 +0 (ax logra(0)€%,, +dylogrq(0) (’E‘jﬁo]) +0(6),
ﬁ Qs [UO]

in the scaling limit 6 | 0, where rq is the conformal radius (defined below (1.2.4)).

Theorem A yields an analogous scaling result on the probability of a specific spin pattern
occuring at a point z € Q: see Corollary 2.1.1.

Outline of Proof. We outline the different steps in the proof.

Combinatorial Representation. As noted above, we use discrete complex analytic methods

95[ 0€(6B)]

to analyse the quantities [E [6(593)], e . Recall that the notion of discrete

[oo]
ﬁ Q5
holomorphicity we use is the s- holomorphlczty (Definition 2.2.1). The connection to

discrete s-holomorphic functions is made in Propositions 2.4.9 and 2.4.10:

Eg. 0, 00610/ (62B)]

= (—-2)"PfEls")]

Ef 0, €0B)] = (=2)"PEF 925,01

[EEDQ& [oo]

where F[{e’“}] F{é’“ o) are 2n x 2n antisymmetric matrices whose entries are values of s-
holomorphlc two-point fermions Fqy;, Fo,,0) (Definitions 2.3.2, 2.3.3) evaluated at the

edges in 8. This decomposition of the energy multipoint function is based on the

10
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combinatorial definition of the fermions as in Figure 1.4.1 and requires a decomposition
of the 2n-point fermion, which are discrete s-holomorphic functions identified by their
singularities and a boundary condition, in terms of the two-point fermions. In the case
of £

ﬁL‘)Q(T
have to verify that the formula applies to adjacent correlations as well: this is based on a

[€(698)], the formula is essentially identical to [Hon10, Proposition 85], but we

refinement (2.2.1) of the definition of s-holomorphicity on corners.

Boundary Value Problem. It suffices to study the asymptotics of the two-point observables,
concretely the complexified ones H, “6, H[‘éw] (Definitions 2.3.4, 2.3.5). These are dis-
crete s-holomorphic functions in the variable z defined in terms of contours as in Figure
1.4.1, with defining properties:

* Singularity: s-holomorphicity fails when z approaches a, with explicit discrete
residue (Lemma 2.4.3);

* Monodromy: in the case of the spin-fermion observable I]-I]flgg o) the natural domain

of definition is the double cover of Q5 ramified at 0, i.e. the covering space of Qs \ {0}
with two sheets, and the observable might have a singular behaviour (but not an
s-holomorphic pole) at 0 (Lemma 2.2.4);

* Boundary Condition: when z is taken on a boundary outer edge of the direction
Vout> VVourH € R. (Lemma 2.4.4).

These properties uniquely determine the observables by an argument based on the inte-
gral of the square (Propositions 2.5.1-2.5.1), and their natural continuous counterparts
similarly constitute a boundary value problem (Remark 2.5.3).

Bulk Convergence. We show that the renormalised discrete two-point observables converge
as 6 — 0 to continuous functions in the sense that the discrete functions, suitably
interpolated to the continuous domain, converge to continuous functions, uniformly in
compact subsets away from a and the monodromy at 0, if present. The case of § ‘1H55
is a known result [Hon10, Theorem 91], so we have to treat the observables H [‘;25,0] with
monodromy. In our scheme, since we study local correlations near 0, a is in fact taken
to be a lattice point 6 a at a microscopic distance from 0.

We use a precompactness argument: the functions {5~/ ZHfél& 0y}6>0, are precompact
and thus admit a subsequential limit, but then we show that there can be at most one
continuous limit, proving convergence.

By the Arzela-Ascoli theorem, it suffices to show uniform boundedness and equicon-
tinuity on any compact subset. The aforementioned integration of the square (Propo-
sition 2.5.3) is useful in this setup. The (approximately) discrete holomorphic func-

: -1 da
tions & (H[Q5,0]

. -1 )
:=Re [§ (H[Qﬂm

2
) are derivatives of the (approximately) discrete harmonic functions

2
I][é’l/szglé 0l ) dz. Aslongas |6~ 1/2 H5¢

[©5,0]

is locally uniformly

bounded, the derivatives 6~ (H[%lﬁ 01) are locally bounded and equicontinuous. To

show that the integral [ is bounded, we use a full-plane observable H[‘E o Constructed

11
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by an infinite volume limit procedure in the discrete (Theorem 2.3.2). This observable
has the same discrete singularity as the domain observable, and can be explicitly shown

to scale at power 6 ~!/2 with a limit of the form \C/—‘% (Lemma 2.5.4).

We finally argue that the integral of the square of the domain observable H %"5,0]

scale differently, yielding 6~'/2 scaling. Comparison with the full-plane observable

cannot

uniquely identifies the limit as well: we expect the continuous limit of =/ 2H[5§f§ 0l

to have a singularity and a monodromy at 0 behaving like \C/—“E, since that is the limit
of the full-plane observable sharing the same discrete singularity. Such comparison
arguments are done by cancelling out the discrete singularity using the full-plane ob-
servable and showing that the remainder needs to be well-behaved (Proposition 2.5.7);
an added complication is that we need to control potential singular behaviour directly
near the monodromy, which is done by first estimating the value of the function near

the monodromy (Lemma 2.5.6).

The boundary condition /v,,H € R of the continuous limit is verified in terms of
its square integral: this boundary condition is equivalent to having a square integral
(the real part thereof) which is constant and has positive outer normal derivative on
the boundary. While we use familiar arguments based on uniform bounds (Beurling
estimate) on discrete harmonic functions here, we note that this part poses considerable
challenge in the massive case in the next chapter.

Analysis near the Singularity. In view of the statement of the Theorem A, we would like a

12

convergence result of the following type (Theorem 2.5.2): with both da, §b scaling to
Zero,
H[gfi,m (62) =Fqp+06-Eqp+0(6),

where F, 3, E, ;, are explicitly identifiable constants, the latter in terms of the conformal
map @z.

The bulk convergence gives that the discrete fermion 51 H[‘zf& o is uniformly close on
any small but macroscopic domain around 0 to its continuous limit h[%“m, which indeed
has a series expansion near z (Definition 2.5.4, Theorem 2.5.2) which is

B 1
o' = 7 + 2/ 001l

where the coefficient o/, is determined by ¢, (Remark 2.5.4).

But we are not allowed yet to compare the discrete observable to the continuous at
the point 6 8 scaling to zero. We need to find a way to say that the discrete fermion
mimics the above expansion at microscopic scales near 0. The strategy for the proof of
Theorem 2.5.2 is to model the series expansion above using discrete counterparts. The
singularity C,/+/z already had to be cancelled out with the full-plane fermion, and the
next is the square root behaviour. We construct a discrete s-holomorphic square root
Gic,,01 (Definition 2.3.7) for this purpose using a discrete integration procedure.
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Then we subtract a suitable multiple of Gic;,0) from the discrete fermion to get 0(d)
behaviour near 0; by bulk convergence, the difference can be controlled in any small but
macroscopic circle. While a holomorphic (thus harmonic) function which is small on
the boundary should be small everywhere, there is a potential problem here because of
the monodromy at 0. To use uniform bounds on discrete harmonic functions (Beurling
estimate) we additionally use an inherent symmetry (Remark 2.3.4) in the discrete
fermion to produce a discrete harmonic function in the slit plane and vanishing on the
slit.

Explicit Formulae and Spin Patterns. As mentioned above, we give explicit formulae for all
coefficients appearing in the statements of Theorem A. To this end, we introduce a new
explicit formula for the discrete harmonic measure of the tip of the slit plane (Proposition
2.7.1, Figure 2.3.2): the probability of a random walk on §(1 + i)Z? hitting 0 before any
point on the negative real line. All of our auxiliary functions (full-plane observables and
discrete square root) may be expressed in terms of this harmonic function (Proposition
2.3.9, Corollary 2.3.11, Definition 2.3.7). The formula is based on Fourier analysis, and
has been instrumental in fixing the scaling factor 9(5) (Section 2.5.4) implicitly used in
[CHI15].

Spin patterns are treated by noting that the correlations of the type treated in this chapter
form a basis for any local function of the spin. We give an explicit matrix to translate
correlations into probabilities of specific patterns in Section 2.6.3.

O

Theorem B (Theorem 3.1.1; page 90). Assume the boundary of Q2 is smooth. Let 3(0) = B — %s
for a fixed m < 0. Then for ay,...,a, € Q, there is a continuous function {ay, ..., an);f2 m Such
that
_ 510
6 nl8ﬂ£;(5)yg5 [Uaf o Uﬂz] - (al) ceey an)?z,m ’

where a‘f, e a‘fl € Qs are the closest faces to the respective points. In other words, the subcritical

massive spin correlations converge to continuous scaling functions when properly normalised.
The scaling functions < - >q , in Theorem B are identified by their logarithmic derivatives and
asymptotics near the diagonal and 0Q); for example the one-point scaling functions approach
their critical counterparts near 0X).

This theorem allows us to give a new derivation of the formula [WMTB76] of the spin two-point
function in the full plane in terms of Painlevé III transcendent (Corollary 3.1.2).

Outline of Proof. We again outline the different steps in the proof.

Logarithmic Derivatives. As in the previous chapter, we first need to connect physical quan-
tities to discrete complex analytic objects. Concretely, if ay, ..., a, € Q are identified with

13
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o

Treeer aﬁ of Ising spins, we will show the convergence of:

the locations a

o\ Ejgy0, 00 0] 5

+ +
1 [Eﬁ(5).Q§ [Ua‘f+26 B 'Uafl] ) ; 1 (Eﬂ(§),Q§ [Uu‘f+2i5 B 'Ua(fz]
B(6),Qs

+ .o
Ep6),0517a O a)

i.e. the discrete logarithmic derivatives of the spin correlation [EE 6,05 [o‘a? 0] in
the x, y directions. Note that above convergence, by a discrete integration procedure,

implies the convergence of
+ e
Ep6).0, 7 9]

+ “e e ’
Ep6),05 900 O3]
for any other by, ..., b, € Q. The connection to discrete fermions is made in Proposition
3.2.3, which says that

+
30 [Eﬁ(é),Qa [O-u‘ls+25 e O-afl]
F[Q(;,al ..... an](al"'?): £ [ ]
)07 a9 d}

’

where Fiq;,q4,,..,a,) 1S @ massive generalisation (Definition 3.2.1) of the observable with
monodromy defined in the previous chapter; in this case, it is defined on the double
cover ramified at points ay,..., a,. Our desired convergence result (Theorem 3.3.5) is of
the form

Fos a,...a, (a1 + §) =1+2dq(ay,...,a,)d +0(d),

where o/ (ay,..., a,), the logarithmic derivative, is a quantity uniquely determined by
the continuous domain Q and the positions of a,..., a, (Definition 3.2.17).

Massive Holomorphicity. To use a precompactness argument, we need analytic means to
both analyse and identify the discrete and continuous fermions. This is given by the
notion of massive s-holomorphicity, which the massive fermions Fiq;,q,,...,q, Satisfy
(Proposition 3.2.2). It is a discrete version of the continuous equation d; f = m f (Propo-
sition 3.5.1, Remark 3.5.2) which we call massive holomorphicity.

Then we prove that many of the helpful notions from the massless analysis also exist in
this regime, namely:

* Integration of the square: the real part of the integral of the square H\q; 4,,..,a,] :=

0 [F[Zgé — ] exists (Proposition 3.2.4). Instead of being approximately harmonic,

..........

.....

¢ Identification via a boundary value problem: there is a boundary value problem
for a continuous massive holomorphic functions that admits at most one solution
(Proposition 3.2.15).

Massive holomorphic functions belong to a more general class of functions called gen-
eralised analytic functions, and we use some parts of the continuous theory, such as

14
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the fact that they may be expanded in a series resembling the power series for holo-
morphic functions (Corollary 3.2.13). In addition, in both discrete and continuous
senses, massive holomorphic functions are massive harmonic, i.e. solves a version of
the equation A f = m? f. Massive harmonic functions share many regularity properties
with harmonic functions; in particular, L? bounded massive harmonic functions are
locally bounded and equicontinuous (Proposition 3.5.4).

Convergence. Instead of the uniform boundedness of the integral of the squarel | § ‘1F[296 .

as in the previous chapter, we rely on an L? estimate and massive harmonicity of the

.....

* Precompactness: since m < 0, the integral of the square is nearly superharmonic
<. Superharmonicity fails at the

with approximate laplacian 4m|Fiq; a,,..a,]
singularity a;, where Fiq;,4,,...,a,] s singular but has very explicit bounds (Proposi-
tion 3.2.3). We may bound the singular laplacian at a;, and this gives an L? bound
for the fermion (Proposition 3.3.1).

¢ Identification of the limit: in our subcritical massive regime where the integral of

the square Hq;,q,,....a, IS approximately superharmonic, many of the two-sided

estimates from the massless case, where the integral is approximately harmonic,
become only one-sided inequalities. As mentioned before, the boundary condition
VVourFios,a,,..,a,) € R translates to the integral of the square being constant and of
positive outer normal on the boundary (Remark 3.2.16). Even given boundedness
in the bulk, this condition might not be preserved for a continuous bulk limit of
general discrete superharmonic functions satisfying it.

Our strategy in the proof of unique identification is to show uniform boundedness
of 6‘”2F[gé,al,m_an] away from the singularities at a;, ..., a,, and thus uniform con-
vergence of 6! Hiq;,4,...a,) Near the boundary. Since 6~2Fjq, 4,...4,] is bounded
in the bulk, it suffices to show that it is bounded at the boundary by massive
by its harmonic minorant (a constant multiple of the domain Green’s function),
whose values are O(6) on points adjacent to the boundary (Lemma 3.5.3). But
by positivity of outer derivatives, this is the only derivative bound one needs at
the boundary; thus the derivative § -u ZF[Qﬁyal,.,,,an] is bounded at the boundary
(Proposition 3.3.3).

* Analysis near the Singularity: near the singularity, we rely on short-scale behaviour
of massive harmonic functions, which asymptotically approaches that of harmonic
functions. For example, the massive counterpart of the slit plane discrete harmonic
measure of the previous chapter is the hitting probability of a random walk ex-
tinguished at each step with a given probability (Proposition 3.2.11); full-plane

€2 (Lemma 3.3.2). Therefore,

vz
analysis near the singularity proceeds as in the previous chapter, with discrete

observable converges to exponentially weighted

square root constructed using a discrete massive integration procedure (Proposi-
tion 3.3.4).

15
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Integration of the Coefficients. Given convergence of the logarithmic derivatives, and there-

Y
Epo.05 [Ua'f 0]

fore convergence of the ratios we simply need to show the convergence

+ wee ’
Ep6).05 19007015
of one renormalised correlation §~"/*E s [0+ 0 3] for any domain Q and n.

, 1 n

The convergence of the two-point fermion (3.3.7) in fact gives additional information, in
that 55 o 100021 ~Ef o [0,00 ] (3.1.1) as a1, a; approach themselves in the bulk.
Given the convergence result at 8. of [CHI15], this yields convergence of the two-point

functions.

For the convergence of other n, we use decorrelation near the boundary: as a; — 09,
the correlation of the spins is primarily determined by interaction with the bound-
ary, and not so much the interaction within themselves. In fact, by [CHI15, (1.3)],
[EENQ& o &0 ag] ~ EEC,Qa lo afls][EEmQ& o ag] as ay,ap approach the boundary away from
each other. To use this information, we bound the difference of logarithmic deriva-
tives /g (a;, a») in the massive and massless cases (Lemma 3.4.9) to show that (3.1.2)
one may make aj,a; — 0Q such that we still have E},

B(6),Qs
while at the same time there is a decorrelation of the two-point functions. This yields

+
0 a%a) ~ B 0,107 )

the fact that massive one-point functions approach the critical one-point functions near
the boundary (3.1.3), and therefore convergence of the massive one-point functions.
For n = 3, we show that the n-point correlation near the boundary should decorrelate
into products of n one-point functions, which results in a uniquely identified n-point
function scaling at n-th power of the 1-point function.

Painlevé Transcendent. The formula [WMTB76] for the two-point spin correlation in the full
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plane in terms of the Painlevé III transcendent has been obtained by an isomonodromic
deformation procedure [SM]77]. In Section 3.4.2, we follow this strategy (as presented
in [KaKo80]) with our fermionic observables. The idea is simple: the change of the
observable under infinitesimal movements of the points a;, a; may be expressed in
terms of the observables and their derivatives, since they form a basis of the space
of solutions to the massive boundary value problem (Proposition 3.2.15). To justify
differentiation in aj, we verify that the continuous observables are indeed differentiable
in the positions of the monodromies (Proposition 3.4.10).
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Chapter 2. Local Correlations and Conformal Invariance

Abstract.

We study the 2-dimensional Ising model at critical temperature on a simply connected subset
Qs of the square grid 6Z2. The scaling limit of the critical Ising model is conjectured to
be described by Conformal Field Theory; in particular, there is expected to be a precise
correspondence between local lattice fields of the Ising model and the local fields of Conformal
Field Theory.

Towards the proof of this correspondence, we analyze arbitrary spin pattern probabilities
(probabilities of finite spin configurations occurring at the origin), explicitly obtain their
infinite-volume limits, and prove their conformal covariance at the first (non-trivial) order. We
formulate these probabilities in terms of discrete fermionic observables, enabling the study
of their scaling limits. This generalizes results of [Hon10, HoSm13] and [CHI15] to one-point
functions of any local spin correlations.

We introduce a collection of tools which allow one to exactly and explicitly translate any
spin pattern probability (and hence any lattice local field correlation) in terms of discrete
complex analysis quantities. The proof requires working with multipoint lattice spinors with
monodromy (including construction of explicit formulae in the full plane), and refined analysis
near their source points to prove convergence to the appropriate continuous conformally
covariant functions.

2.1 Introduction

The 2D Ising model is one of the most studied models of statistical mechanics. In its simplest
formulation it consists of a random assignment of +1 spins o x to the faces of (subgraphs of) the
square grid Z?; the spins tend to align with their neighbors; the probability of a configuration
is proportional to e”#7@) where the energy H(c) = — ¥, ;00 j sums over pairs of adjacent
faces; alignment strength is controlled by the parameter § > 0, usually identified with the
inverse temperature.

The 2D Ising model has found applications in many areas of science, from description of
magnets to ecology and image processing. Due to its simplicity and emergent features, it
is interesting both as a discrete probability and statistical field theory model. Of particular
physical interest is the phase transition at the critical point B.: for g < B, the system is
disordered at large scales while for 8 > . a long-range ferromagnetic order arises. Classically,
the phase transition can be described in terms of the infinite-volume limit: in the disordered
phase § < B, there is a unique Gibbs measure, while in the ordered phase § > 3, infinite-
volume measures are convex combinations of two extremal measures. It has a continuous
phase transition: only one Gibbs measure exists at § = .

Critical lattice models at continuous phase transition points are widely expected to have
universal scaling limits (independent of the choice of lattice and other details). In 2D, such
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scaling limits are expected to exhibit conformal symmetry. This can be loosely formulated as
follows: for a conformal mapping ¢ : Q — Q,

¢ (scaling limit on Q) = scaling limit on Q.

There are two main tools used to describe the scaling limits of planar lattice models: curves
and fields. Schramm-Loewner Evolution (SLE) curves naturally arise in conformally invariant
setups: for the Ising model, they describe the scaling limit of interfaces between opposite
spins ([CDHKS14, BeHo16]). The fields on a discrete level, such as the +1-valued spin field
o, can be described by Conformal Field Theory (CFT): their correlations, in principle, are
conjecturally described using representation-theoretic methods. Such conjectures have been
proved for a number of natural fields ([Hon10, HoSm13, CHI15]); the present paper is part of
this program.

What makes it possible to mathematically analyze the 2D Ising model with great precision
is its exactly solvable structure, first revealed by Onsager [Ons44]. The exact solvability can
be formulated in many different ways; in recent years, the formulation in terms of discrete
complex analysis has emerged as one the most powerful ways to understand the scaling limit
of the model rigorously. In particular, the model’s conformal symmetry becomes much more
transparent in this context.

The results of [Hon10] and [CHI15] on (asymptotic) conformal invariance of spin and energy
fields can be formulated, in their simplest cases, as follows: consider the critical Ising model
with plus boundary conditions on the discretization Q4 by a square grid of mesh size § > 0 of
a simply-connected domain Q around the origin. Take the origin 0 € Q, identify it with the
closest face of Q5 and let § be the face to the right of 0. Then, as 6 — 0, we have the asymptotic

expansions,
[spin field] Eq, [00] = 0+ Cy |’ (0)] 5 6 +o(6%),
2 _
[energy density field] Eq,lo005] = % +Ce |’ (0)] '5+0(05),

where Cy, C, > 0 are explicit (lattice-dependent) constants and ¢ is any conformal map from
the unit disk D to Q fixing the origin. The first terms in the respective expansions are the
infinite-volume limits of the left-hand side quantities. These results illustrate the following:
for any local field one-point function, the correction to its infinite-volume expectation is
described by Conformal Field Theory (CFT) quantities.

The Ising Model is conjectured to be described by the unitary CFT minimal model .43 4 (see
e.g. [BPZ84], [DMS97]), also known as the Ising CFT. The Ising CFT consists of three primary
fields: those of respective scaling dimensions 0 (the identity field — a constant field identically

19



Chapter 2. Local Correlations and Conformal Invariance

° °
+ + t f
t + t t f
+ + - + +
+1P-01-+!0+~0-11-"1-1+1|+
1 - _ + 1 - + N I +
+ 1+ +y -1 -0+ -0+ +
f - - + - | - +
t t f
+ 0 -f + |+ t -+ +
f f + + t + f
o °

Figure 2.1.1 — An Ising model configuration on the faces of a square subset of Z2 with all-
plus boundary conditions, along with its “low-temperature expansion", indicating interfaces
separating plus and minus spins.

equal to one), % (the spin field) and 1 (the energy field). Each of these primary fields generates
an infinite-dimensional tower of fields called its descendants.

We conjecture that the space of the Ising CFT fields describes the limits of Ising lattice local
fields:

Definition. Let & be a finite connected collection of faces of Z? including 0. For any F :
(+1}%7 — C, a lattice local field CI>6F is a random field on the faces of Q5 whose values are
given by Cl)g (x) = F(O|x+52)- We call a local field spin-antisymmetric if F(—o) = —F(0) and
spin-symmetric if F(—o) = F(0).

Conjecture. For any nonzero lattice field (i.e. whose correlations do not vanish generically;
see [HKV17]) ®F, there exists D e NU (N + §) such that

s Pof - o

in the sense of correlations (meaning that the n point functions converge), where ® is a nonzero
primary or descendant CFT field. If ® is spin-antisymmetric then D € N+ %; if ® is spin-
symmetric then D € N. Moreover every Ising CFT field can be obtained in such a manner.

Spin Pattern Probabilities

Correlations of any lattice local field at a point x can be rewritten in terms of probabilities
of observing certain spin patterns centered at x, i.e. probabilities of spin configurations in
a microscopic neighborhood of x. The main objective of this paper is to obtain explicit
representations for probabilities of spin pattern events, which are the most general local
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2.1. Introduction

quantities describing the model: we obtain infinite-volume limits for arbitrary local pattern
probabilities and give their first-order corrections corresponding to what can be expected
from the Ising-CFT correspondence (see Theorems 2.1.1-2.1.2 and Corollary 2.1.1).

More precisely, Let & be a finite connected set of faces in 7? and fix a configuration p € (+1}7.
We look at two types of lattice local fields:

* spin-antisymmetric pattern fields @g" (x) where F, = 1{o|# = p}, whose expectation
gives the probability of the spin-antisymmetric pattern p on &,

. . Fy + L
* spin-symmetric pattern fields ® 5" (x) where Fj = 1{o|# € {+p}}, whose expectation gives
the probability of the spin-symmetric pattern +p on &.

Every Ising lattice local field can easily be seen to be a finite linear combination of such fields.
The main result of the paper is the following.

Theorem (see Corollary 2.1.1). Let & and p be as above and let Pz be the infinite-volume
measure of the critical Ising model. Consider the critical Ising model on Qs with plus boundary
conditions, and denote it by Pq,. Then as — 0, we have

Po, [0ls#=p] = Pz[ols =p]+5¢-geometric effect(p, Q) + 0(55),

Pa, [0ls# € {£p}] P22 [olg € {£p}] + 6 - geometric effect(+p, Q) + 0 (5) .

The infinite-volume probability and the geometric effects are given in terms of explicit Pfaffian
formulae.

The distinction between spin-symmetric and spin-antisymmetric pattern fields is both natural
and important in the CFT framework: the spin and energy fields are the most elementary
instances of spin-antisymmetric and spin-symmetric local fields respectively. The space of
lattice local fields is a vector space that can be decomposed into the direct sum of fields that
are symmetric and antisymmetric under spin flip.

The above theorem proves the aforementioned conjecture in the following specific case:
it allows one to study the scaling limit of the one-point function of 57 @g for D <1 in
simply-connected domains. Following [Hon10, HoSm13, CHI15], we expect the proof naturally
extends to multi-field correlations, in order to prove—in full—the conjecture for fields of
scaling dimension D € {0,1/8,1}. Beyond that, the method we use provides a general toolbox
to express multipoint correlations of any local lattice field in terms of discrete fermionic
observables in discrete domains, and hence to give explicit infinite-volume limits and first
order corrections, and reduce the calculation of all subsequent CFT terms to questions in
discrete complex analysis (see Applications 2.1.3).

Moreover, the results allow one to study new interesting quantities: for instance, one can
estimate spin flip rates for critical Ising Glauber dynamics, including the geometric effects on
them up to first order in the mesh size (see Applications 2.1.3).

21



Chapter 2. Local Correlations and Conformal Invariance

The results and approach of this paper, as well as the conjectured connection between Ising
lattice local fields and CFT, are expected to straightforwardly generalize in two directions.
First, the approach can be generalized to arbitrary combinations of +, — and free boundary
conditions (the three conformally invariant boundary conditions according to CFT [Car84]).
Second, the results should extend to more general planar graphs, including, in particular,
isoradial graphs.

Let us also point out similar connections between pattern probabilities and conformal invari-
ance obtained by Boutillier in [Bo07] in the context of the dimer model.

The proofrelies mainly on discrete complex analytic methods: we use lattice observables, mod-
ifying the objects introduced in [Hon10] and [CHI15], to connect pattern probabilities with
solutions of discrete boundary value problems. This requires precise treatment of multipoint
observables on a topological double cover of the lattice with microscopically separated source
points at their singularities. We then study the scaling limits of such solutions using discrete
complex analysis technique, where, in particular, the neighborhood of the monodromy of the
double cover needs to be analyzed delicately. The new techniques introduced for this purpose
are: refined analysis of convergence of observables and constructions and characterizations
of lattice spinor observables on the slit plane (C\Rx¢)s-0, both as limits of finite-volume ones
and in terms of discrete harmonic measures (explicitly computed with Fourier techniques).
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2.1. Introduction

2.1.1 Notation

We begin by defining the most important notation, that will be necessary for the statements of
the main theorems. We defer a more extensive discussion of the notation used in the proofs to
§2.1.5.

In this paper, we consider the Ising model with spins on the faces of the graph Qs, a discretiza-
tion of Q of mesh size § > 0. More precisely:

Identify Z? with the square lattice with vertex set at Z + iZ  C and nearest-neighbor edges.
Let

Ci:=(1+92*+1 and Cs=0C,
be the rescaled, rotated and shifted lattice, and its rescaling by a mesh size 6 > 0, respectively.

For a simply connected open domain Q c € bounded by a smooth curve containing 0 (this
is easily relaxed to arbitrary simply connected domains [CHI15, Remark 2.10]), define Q5 as
the largest connected component of the graph QN Cs. Denote by 7, the set of vertices of Qg,
and by éq, the set of edges in Q5. We denote the set of faces of the graph by %q,. Whenever
needed, we identify the edges in £q, with their midpoints, and the faces in &q; with their
centers, such that the origin is identified with a face.

Ising Model

An Ising configuration o is an assignment of +1 spins to the faces in %#q;. We consider the
critical Ising model on q, with plus boundary conditions, given by,

Pq,(0) = Pg, (0) o e PeH@,

where B, = %ln(\/i +1) is the critical inverse temperature and H (0) = —} 1., 00y with
boundary faces fixed to have +1 spin. Let Eq, = [E;f26 be its corresponding expectation.

Define the energy density field (e(0e))cec, as follows: for e € £q, separating faces 6 f1 ~ 0 f,

V2
e(5e)=,u—05f105f2, where ,u:=7=[E<56[a5fl05f2]=[EC1[Uflaf2].

Define the spin-weighted energy density field (€| (0 €))cec, on Eq; by

. Eqslo00s0s5] . Eq,lo000 /0]
€0)(6e) = e — 05705, where pe:=(121_r¥01: 2 = [Uf;] L2 =sl)1—r»r01:1[EQ—[af;]ﬁ
& 1

(2.1.1)

where the limit is trivially independent of 6 and exists for every e € C; by Theorem 2.1.2 (see
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Chapter 2. Local Correlations and Conformal Invariance

Figure 2.4.2 for some exact values). Given a set of edges 98 c &¢,, we write

€(0RB) = H ede) and analogously €10)(69B) := H e (be).
ecRB eeRB

2.1.2 Main Results

In this section we present the main results. By translation, it suffices to consider the statistics
of fields centered at x = 0. For a collection 98 = {ey, ..., e,} < é¢,, consider the spin-symmetric
field e(0B) = e(dey)---e(dey), i.e., the product of energy densities on a collection of edges
around x, and the spin-antisymmetric field o€ (09B) = ope(Oe1) -+ €0 (0ey,). If A, B are
anti-symmetric square matrices of the same dimensions, define the directional derivative of
the Pfaffian Pf(B) (defined in (2.4.6)) by

Pf(B + tA) — Pf(B
DAPf(B) =lim ( ) ®) .
tl0 r
For spin-symmetric and spin-antisymmetric fields, we obtain the following two convergence
results:

Theorem 2.1.1 (Spin-symmetric correlations). Let 98 = {ey, ...,en} < &c,. There exist explicit,
real-valued anti-symmetric 2n x 2n matrices F2 andE?%, such that as 5 — 0,

Eq, [€(0B)] = (=2)" - PEE?) + (=2)" -5 - 15 (0) - Dga PEE?) + 0(5),

where rq(z) is the conformal radius of Q) seen from z€ Q (i.e. rq(z) = |(p’(0)| where@:D — Q is
the conformal map such that ¢(0) = z).

Theorem 2.1.2 (Spin-antisymmetric correlations). Let % = {ey,...,ey} < &c,. The limits .,

defined in (2.1.1) exist for every e € &c, and are given explicitly. There exist explicit anti-

PB

symmetric 2n x 2n matrices F'[gg] and E[O],

the former being real-valued, such that asd — 0,

[Egé [0'06[()] (5%)]

[EQ§ [00]

1
= (-2)"-PIF{) + (-2)"-8- Re | ~;0:logra (2) | _ - Dia PE(Ffy) | +0),

wherez=x+1iyandd, = %(ax—iay).

Remark. Theorems 2.1.1 and 2.1.2 yield that the infinite-volume limits of Eq, [o0€(0] (68)] /Eq, [00]
and Eq, [€(698)] exist and are given explicitly by

E 0B
glziH‘}:[EQ(; [6(5%)] — (_2)71 Pf(FgB), and lim Qs [006[0]( )] _ (_Z)n Pf(F%]) .

Q-C IEQ§ [00]
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2.1. Introduction

For spin pattern fields, our results translate to the following:

Corollary 2.1.1 (Conformal invariance of pattern probabilities). Let % be a finite connected
collection of faces of C, including0. For any p € {+1}” we have:

671 (Pa, [0lss € (£p}] —Pc, [0l € (£p}]) ﬁ((g,{ipmgy

5718 (Pq,lolsz = pl —Pe, [0l = pl) ﬁ«g,p»b,

where the functions {(-))q and {{-)), depend only on Q, and where:

o infinite-volume limits Pc, [0]g € {xp}] = (lli_%ﬂ:bgl lolg € {£p}] and Pc,[olg = pl are

explicit.

o (F,(£pM)a and (F,p)), are explicit and are such that for the map ¢ : D — Q as in
Theorem 2.1.1,

(F xpMa =10 OUF (xpMp,  and  (F,p)g=14" O)(F,p)p.

As aresult of Corollary 2.1.1, our results include explicit expressions for all the finite-dimensional
distributions of P2 as finite linear combinations of a certain Fourier integral given in Theo-
rem 2.3.3.

2.1.3 Applications

In this subsection, we briefly detail three applications of our results: the lattice local field
conjecture of the introduction, relations between Markov chain dynamics flip rates and
the geometry of the domain where the dynamics live, and explicit computations of pattern
probabilities under the Gibbs measure.

Lattice Local Fields and CFT

Returning to the conjectured Ising-CFT correspondence in terms of lattice fields, we observe
that any lattice local field CDI; (x) is such that F can be expressed as a linear combination of indi-
cator functions of spin-pattern events in a microscopic neighborhood of x; a spin-symmetric
lattice local field can in particular be written in terms of indicators of spin-symmetric pattern
events.

Then Theorems 2.1.1-2.1.2 give the infinite-volume limits, and first-order CFT corrections of
the one point function of any lattice local field @g (x) in terms of those of spin-symmetric and
spin-antisymmetric pattern fields, whose one-point functions can be obtained explicitly. We
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Chapter 2. Local Correlations and Conformal Invariance

believe extending this to multi-field correlations of fields with scaling dimension D < 1 should
carry over from [Hon10, CHI15].

In the other direction, though our main statements only go up to first-order corrections (5'/8

or 0), the methods of this paper can, in principle, be employed to reduce the computation of
higher order CFT corrections to correlations of any local lattice field to questions of discrete
complex analysis. Of course, then obtaining the necessary sharper discrete complex analytic
expansions is itself a major obstacle to the extension of such results. All the same, using the
present framework along with, hypothetically, improved discrete complex analysis asymp-
totics, should yield that all Ising lattice local fields are, as conjectured in the Introduction,
either zero in correlations, or have scaling dimensions A e NuU (N + %), as predicted from the
Ising CFT.

Local Markov Chain Dynamics

There are a number of Markov chain dynamics for which the Ising measure is the stationary
measure; as a result, an efficient way to sample the Ising model is to run such a Markov chain
for long times.

Of particular importance are local dynamics, such as the Glauber dynamics, where one picks
a spin at random, and flips it with a probability given by the state of spins in a microscopic
neighborhood of it (the simplest one using only the four neighbors). At critical temperature
interesting dynamical behavior arises (see [LuSl12]). In particular, as our results explain, the
geometry of the domain Q has a measurable (i.e. inverse polynomial-sized) effect on the local
dynamics of the Markov chain.

For such a dynamics, our results allow one to describe, once we are at equilibrium, the relevant
observables to compute the average flip rates of the system: those are indeed given in terms of
the occurence probabilities of various spin patterns (typically spin-symmetric patterns).

In particular Corollary 2.1.1 gives us the following: at criticality, for any Glauber dynamics
(see e.g., [LuSl12, Section 2.1]), we can derive exact information about spin-symmetric pattern
probabilities, how they behave at constant order, and how the first-order correction depends
on a geometric quantity.

Knowing the long-term history of a Glauber dynamics in a microscopic neighborhood of a
point enables the computation of various spin pattern probabilities and hence lattice local
field one-point functions. Higher order corrections of these terms in turn give geometric
information beyond the conformal radius of the domain. A particularly interesting question,
for which our results provide relevant tools, is the following one, due to Benjamini (private
communication to the second author): does the complete (i.e., unbounded in time) knowledge
of the flip history of a single spin allow one to recover the shape of the domain Q, up to isometry?
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Explicit Computations

Explicit calculation of infinite-volume limits and finite-size corrections of pattern probabilities
in the critical Ising model is of general interest, and may be particularly useful for the program
of Application 1.3.2. Such computation requires the explicit matrices of Theorems 2.1.1-2.1.2,
which are expressed in terms of the full-plane fermion and spin-fermion observables: some
values of the former are given in e.g., [Ken00]; we characterize the latter as a Fourier integral
(see Theorem 2.3.3) and give some of its values in Figure 2.3.2. In particular, the entries of
the matrices in Theorems 2.1.1-2.1.2 are given as finite linear combinations of a slit-plane
harmonic measure, whose values are explicitly computable as a Fourier integral.

We present an example computation of the infinite-volume limit and first-order conformal
correction of Eq, [002s] in Corollary 2.9.1 of Appendix 2.9, where, since the spins live on the
rotated square lattice, this is a pair of diagonally “adjacent” spins. The first and second order
corrections to this term, and their representation in terms of discrete complex analysis will
be used in the Ising stress tensor on the lattice level (see [BeHo18] and, for an alternative
approach to the stress tensor, [CGS17]).

As a computation of spin-antisymmetric fields, Corollary 2.9.2 gives the values of the infinite-
volume limit and conformal correction to the spin weighted “L’-shaped correlation
Eq,[00001+1)50251/Eq,[00].

2.1.4 Proof Outline

In this subsection we outline the strategy for proving our main results: Theorems 2.1.1-2.1.2.
The proof combines ideas from [Hon10, CHI15], and we try to focus the outline on the places
where substantial new ingredients are needed. The steps in proving the main theorems broadly
consist of the following.

Section 2.2 defines standard concepts in discrete complex analysis as well as the discrete
Riemann boundary value problems solved by certain discrete observables. Section 2.3 begins
by defining the two-point discrete fermion and spin-fermion (given by (a, () — Fgf and F[‘gim
respectively) via the low-temperature expansion of the Ising model and disorder lines, as well

as their full-plane analogues.

* In §2.3.1, we define the bounded domain observables on Qgs, as previously defined
in [HoSm13, CHI15].

* In §2.3.2, we introduce their full-plane analogues: the full plane fermion Hg1 (2) is given

explicitly by a formula due to Kenyon. For the special value of ag = %, the full plane
a

[C01,0]
volume limit of the spin-fermion H,

spin-fermion H, (z) was given by [CHI15]. Here, we prove existence of the infinite-

a
(Cy,0]

combination of discrete harmonic measures on C; \R.(. Moreover, we give an explicit

for every a, and express it as a finite linear

representation formula using Fourier techniques for this discrete harmonic measure
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Chapter 2. Local Correlations and Conformal Invariance

(see Theorem 2.3.3), allowing computation of H[‘g‘:l o (2) for arbitrary a.

Section 2.4 defines and analyzes n-point analogues of the two-point fermion and spin-fermion.
This section is notationally heavy, but many of its proofs are straightforward adaptations of
proofs in [Hon10].

e We first recall the multipoint fermion defined in [Hon10] and slightly, but crucially,
generalize its properties to the setting where its arguments are permitted to be adjacent
edges.

* Motivated by this definition, we consider a multipoint version of the spin-fermion
observable in Definition 2.4.2 and prove that the same properties hold after minor
modifications.

¢ In Proposition 2.4.6 we relate specific values taken by the multipoint fermion and
spin-fermion to the n-point spin-symmetric and spin-antisymmetric correlations of
Theorems 2.1.1-2.1.2.

* These results allow us to arrive at the spin-antisymmetric analogues of the Pfaffian
formulae of [Hon10], connecting spin-antisymmetric n-point Ising correlations to the
Pfaffian of a matrix with entries consisting only of the two-point spin-fermion (see
Proposition 2.4.10).

Section 2.5 defines two-point continuous observables, and proves that they are the renormal-
ized scaling limits (as § — 0) of the discrete two-point observables.

¢ In §2.5.2 we introduce the continuous analogues of the discrete Riemann boundary
value problem defined in Section 2.2 and give their full-plane solutions and bounded

domain solutions hg and hf& e Again this was already done for the fermion in [Hon10,

_1
fgé] [CHI15]; extra care is
needed in constructing the continuous bounded domain and full-plane spin-fermions

for arbitrary source point a.

HoSm13] and for the spin-fermion in the particular case of &

¢ The heart of Section 2.5, §2.5.4 proves convergence of a rescaled, renormalized discrete

a
Q.01

for arbitrary a@. In adapting the proof of convergence in [CHI15] to the case where

spin-fermion to a conformally covariant quantity obtained by Taylor expanding &

a# %, we require refined analysis of the observables near their branch points and
singularities. Here we encounter some discrete complex analytic peculiarities regarding
discretizations of the function i+/z which are independently interesting.

Section 2.6 combines the Pfaffian formulae of §2.4.4 expressing n-point correlations in terms
of two-point discrete observables, with the convergence results of §2.5, to prove Theorems
2.1.1-2.1.2.
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In Appendix 2.7, we prove the validity of our explicit construction of the discrete harmonic
measure on C;\R( and provide a recursive formula to obtain its value at any lattice point
as a finite linear combination of Fourier integrals. In Appendix 2.8, Proposition 2.8.1, we
provide a combinatorial proof of the well-definedness of the discrete multipoint spin-fermion
we introduce in Definition 2.4.2. As mentioned earlier, Appendix 2.9 consists of explicit
computations of the infinite-volume limit and first-order correction of the correlations of two
diagonally adjacent spins and three spins in an “L” shape.

2.1.5 Extra Notation and Glossary

We now introduce extended notation that will be used globally throughout the paper. This
notation mimics very closely that of [CHI15], and we try to make note of places where our
conventions differ.

Relevant Constants

The following constants will recur throughout the paper.

A= ein/4

S

Be = 3log(1+v2)

=
Il

Graph Notation

We list below the additional graph notation that will be used throughout the paper.

* For two adjacent vertices a, b € 7o, the edge e = {a, b} is identified with the line segment
in Q connecting a and b; we define the set of medial vertices 7/9”; as the set of edge
midpoints; given an edge e € £q,;, we denote its midpoint by m(e) € 7/9’;‘, and conversely
forme VQ’? the corresponding edge e(m) € q;.

* We call corners the points that are at distance §/2 from the vertices in one of the four
+1, +i directions. Following [CHI15], we set

0 i6

5 i6 i
Vo, =Yas+ 5 Yo, =Yas =5 Vo =Ya, -5 and g =To,+

c : . 1 i A A
The set of corners 7/95 is the union 7/95 u 7/95 U 7/95 U 7/95‘

* The domain of definitions for most discrete functions in the following sections is the
set of both corners and medial vertices, or 7/65’" = 7/55 u VQ’Z. We declare a medial vertex
and a corner adjacent if they are g apart from each other.

* The boundary faces 0% q;, boundary medial vertices 07/9’?, boundary edges in 06, are
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Vas=*
7/976 =4&7
7/905 =4
Yoy =°
7/cm ‘,
ggé =X

Figure 2.1.2 — The graph notation on discretizations of Q where 7 € {1,, A, 1}; the notation on
[Qs,0] is analogously defined.

those faces, medial vertices, and edges in Cs that are incident to but not contained in
9:9 5 7/ and gQ 5

* Given a boundary edge z (resp., boundary medial vertex), we define the unit normal
outward vector v, as the unit vector in the direction of the vertex in C \ Q viewed from
the vertex inside Q.

Graph lifts to the double cover

For the discrete functions with monodromy which will be introduced in Section 3, we work
with graphs lifted to the double cover [(2, 0] of Q\ {0}.

¢ We denote by [C,0] the double cover of the plane C ramified at 0, i.e. the surface on
which the function z — /z € C\ {0} is naturally defined; above each point of C \ {0} lie
exactly two points of [C,0]. We will sometimes use z € [C, 0] to refer to its projection on
C in unambiguous cases.

¢ If z1, 2, € [C, 0] are two points above w;, wy € C\{0} such that Re ( ) > 0, we say that they

are on the same sheet if Re ( g) > 0 and that they are on opposite sheets if Re ( ‘ﬁ) <0.

o

e If z€ [C,0] lies above w € C\ {0}, we define z + x € [C, 0], for x € C small enough, as the
point above w + x that is on the same sheet as z.

¢ We define complex conjugation on the double cover by conjugating the square root.
In other words, the complex conjugate z of z € [C, 0] is defined by the condition that

Vi=z
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* We call functions with monodromy —1 around 0 spinors; these are naturally defined on
[C,0].

* We denote by [Qs,0] the double cover of Q5 ramified at 0; in other words, the vertices,
medial vertices, and corners get lifted from Qs to yield the lifted vertex, edge and corner
sets. We use similar notations for the lifted vertex, edge, and corner sets as above by
replacing Qs with [Qg,0]. Moreover, [Q5,0] can be naturally viewed as a subgraph of
[Cs, 0] via the natural inclusion [Q,0] c [C,0].

* Identify the branches of the double cover [C,0] using the function /z as follows:

X:=C\Rg with X* ={z € [C,0] : Re(v/z) > 0} and X~ ={z € [C,0] : Re(v/z) < 0}

Y:=C\R5o with Y* ={z € [C,0] : Im(y/z) >0} and Y~ ={z € [C,0] : Im(y/z) < 0}

On the discrete level, define the lift of 7/915 to X* as X;—', and the lift of 7/&6 to Y* as Y;.

Orientations

We define orientations and s-orientations for corners and medial vertices.

* Given an edge e = {a, b} € 6q;, we denote the two orientations of e by the complex
numbers (a—b)/|a—b| and (b—a)/|b—al. We can subdivide e into two half edges
{a, m(e)} and {m(e), b}; their union is identified with the whole edge e. An orientation
o0 = o(e) is compatible with a half edge {a, m(e)} if a— m(e) points to the same direction:
i.e,o=(a—m(e))/|la—m(e)l.

* We call an oriented medial vertex and denote by m° an edge midpoint m (e) together
with an orientation of the edge e. We denote by 7/55 the set of oriented medial vertices.

* For a corner ¢, we define its orientation o = o(c) as the complex number (v—c¢)/|v—c|,
where v is the nearest vertex to c.

* To an orientation o we further associate two s-orientations corresponding to the two
choices of square root for o; we often denote an s-orientation by (\/5)2, indicating this
choice.

Glossary

For the reader’s convenience, we compile some of the most important terminology and
quantities used across the paper (see also Fig. 2.1.2 for the graph notation). We first recall the
various graphs we work with: if Q is a simply-connected smooth domain containing the origin
and Q is its complex conjugate,

Ci=Q10+0Z%+1 Cs =6C, Qs =QNCs As=Q5N (D)5 ap =

D=
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and the quantities [C1,0], [Qs,0], etc. are analogously defined on the ramified plane [C,0].
When proofs are independent of the choice, we let Ds denote either of Qs or [Qs,0].

The domain-dependent quantities of interest match with [CHI15] and read as follows for fixed
zeQ.

Geometric quantities

@ (w) conformal map ¢ : D — Q with ¢(0) =z
ra(z) ra(z) = ¢’ (0)| conformal radius of z
q oo =—-10;logra(2)|,_, Remark 2.5.4

In what follows, we present the notation for the fundamental observables we deal with; in
order to reduce multipoint observables to such two-point functions via Pfaffian relations we
need much heavier notation, that is restricted to §2.4. In the sequel, a, z will be medial vertices
or corners and a and ¢ will be their s-oriented counterparts, e.g., a = alVo?,

Fermion observables

Fgf discrete real fermion Definition 2.3.2

H&S (2) discrete complexified fermion Definition 2.3.4

Fgl’Z discrete full-plane fermion Theorem 2.3.1

Hgl (2) discrete full-plane complexified fermion Proposition 2.3.5
fa,ha, fc, he continuous counterparts of the above Definitions 2.5.1, 2.5.3
Fl HY  fhh, N e

The notation for the spin-fermions is analogous to the above, but on the respective double
covers.
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2.2. Discrete Complex Analysis

Spinor observables

F{S;O] discrete real spin-fermion Definition 2.3.3

H [%510] (2) discrete complexified spin-fermion Definition 2.3.5

F[‘::’io] discrete full-plane spin-fermion Theorem 2.3.2, item (E)
H [%1 0@ discrete full-plane complexified spin-fermion Proposition 2.3.9

8%25,0] (2), A[CE)&O] (z) symmetrized and anti-symmetrized observables Definition 2.3.6
Gic,,0(2), G[JT;:I,O] (z) auxiliary functions Definitions 2.3.7
Cy=Cpo C,=-Re i\/E(G[TChO] — G[_Cl,O])(a) Corollary 2.5.8

The lower-case versions of the spin-fermions above again are their continuous counterparts,
and when there is a T superscript, that denotes the difference of the bounded-domain and
full-plane spin-fermions.

2.2 Discrete Complex Analysis
In this section, we review basic notions of discrete complex analysis that will be useful in this
paper. We use discrete complex analysis for the following:

* To relate the Ising correlations to Pfaffians of fermion and spin-fermion observables.

* To obtain explicit formulae for the full-plane observables.

* To establish the convergence of the two-point observables and study their local behavior.

2.2.1 S-holomorphicity

Definition 2.2.1. Associate to each corner c € 765 with 7 € {1,, 1, A}, the line I (¢) := TR in the
complex plane. A function Hs defined on corners and medial vertices of a discrete domain
Qs is said to be s-holomorphic at a corner c € Y/QT5 if for any adjacent medial vertex a € 7/9’? we
have .

He (¢) = Py(e) [Hy (@) := 2 (H; (@) + 7 Hs (a), 2.2.1)

where Pj) denotes orthogonal projection in the complex plane onto the line /(c). The
function Hj is said to be s-holomorphic at a medial vertex a € VQ’Z if Eq. (2.2.1) holds for all
corners ¢ adjacent to a. A function is said to be s-holomorphic on Qg if it is s-holomorphic at
every c € 7/906.

Remark 2.2.1. If a function Hj is s-holomorphic on a discrete domain then it is purely real
on the corners of type 1 and purely imaginary on the corners of type i. We call respective
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Chapter 2. Local Correlations and Conformal Invariance

restrictions to those corners the real part and the imaginary part of Hg.

Remark 2.2.2. S-holomorphicity implies usual discrete holomorphicity of the real and imag-
inary parts, defined by a lattice version of Cauchy-Riemann equations ([Smil0]). If Hs is
s-holomorphic, then the following discrete derivative vanishes:

05 Hs(x) := Hg(x+ %)—Hg(x—%)+i(H5(x—%)—H5(x+ %)) =0

for x e 7/&6 U 7/91. One similarly defines 05 by taking a negative sign in front of i. We extend
the definition to x € 7, U %q, by setting 05 Hs(x) := 05 Hs(x — %) +0sHs(x + %). Note the
differences in our definitions compared to their continuous counterparts, as the discrete
derivatives are taken in rotated directions (thus differing by a phase factor); however, we will
not take direct scaling limits of the operator and this poses no problem.

The information defined on corners of type 1, i is enough to recover an s-holomorphic function
on 7/55'”: one can start from a discrete holomorphic function defined on corners of type 1
and i, reconstruct values on medial vertices based on their projections onto R and iR, then
project to corners of type A and A (discrete holomorphicity guarantees well-definedness at
those corners); see [CHI15, Remark 3.1].

Definition 2.2.2. We define the discrete Laplacian As by
AsHs(x)=Hs (x+0+i0)+ Hs(x—0+i0)+ Hs (x—0—i0)+ Hs (x+6 —i0) —4Hgs (x) .

This quantity makes sense on any discrete domain of rotated square type, for example 7/915
or 7/9’6. A function Hg on such a lattice is said to be discrete harmonicif As Hs (x) = 0 for all x
at which Ag Hp is defined. Analogously, it is discrete sub-harmonic if As Hs = 0, and discrete
super-harmonic if AsHs < 0.

Remark 2.2.3. The real and imaginary parts of an s-holomorphic function on a planar domain
are discrete harmonic on their respective lattices, 7/&6 and 7/5'5. This is a direct consequence of
Remark 2.2.2: discrete holomorphicity converts discrete outward derivatives from the center
point in the Laplacian into discrete derivatives in the angular direction, and going in a closed
loop around the center point gives zero.

Remark 2.2.4. The notions of discrete complex analysis thus far introduced have been defined
on the planar domain Qg, but they generalize to [Qs,0] in a straightforward manner since the
double cover is locally isomorphic to a planar domain (cf. Section 2.1.5). However, great care
is needed in applying Remark 2.2.3 because, if the center point of the Laplacian is one of the
corners on the monodromy face labeled by 0, the loop around the center point must enclose
the monodromy; as a result its lift to [Qs,0] is not closed, and thus discrete holomorphicity
does not imply harmonicity at the real and imaginary corners on the face 0. We may still
obtain harmonicity of a discrete holomorphic spinor at one of those two types of corners if
we assume in addition that it vanishes at the other, since the sum of discrete derivatives will
vanish as though the spinor does not branch at 0.
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2.2. Discrete Complex Analysis

2.2.2 Discrete Singularities

Discrete singularities appear as violations of the s-holomorphicity projection relations rela-
tions. To study these, we define front and back values at a singularity in order to introduce the
notion of discrete residue of a function Hg at an oriented medial vertex.

Definition 2.2.3. Let Hs be a function defined on an oriented medial vertex a = a® and its

adjacent four corners. Let cj, ¢; be the two corners adjacent to a in the direction of o (i.e.,

V2Re(0)d v2Im(0)8
2 2

c=a+ andc,=a+

such that

). We define the front value Hs(a ) as the unique value

Hs(c1) =Py [Hs(ay)], and  Hs(co) =Py, [Hs(ay)] .

Likewise if c3, c4 are the two corners adjacent to a in the direction of —o (i.e., c3 =a - M

v2Im(0)8
2

andcy=a- ), we set the back value Hs(a_) as the unique value such that

Hs (¢3) = Py, [Hs(a-)], and  Hs(cy) = Py, [Hs(a2)] .

Definition 2.2.4. The discrete residue of Hg at « is the difference Res, (Hs) := Hs (a+)— Hg (a-).

By definition Hs has an s-holomorphic extension to a if and only if the discrete residue is
zero at a. It is an analog of the residue in the continuous setting in that doing a closed
contour sum around a along the edges of the lattice (i.e. summing Hg(e)€é where & is the vector
pointing from the start to the end of the edge e on the closed counterclockwise path) will yield
V20id Resy (Hs), for any choice of o.

2.2.3 Discrete Riemann Boundary Value Problems

The key tool for our analysis is the study of discrete Riemann boundary value problems. To
prove the convergence of the Ising model observables as the mesh size goes to zero, we will
formulate them as the unique solutions to such problems.

Recall that we denote by 67/9’? the set of boundary medial vertices, by v, the outer normal at
any z € 67/9';’, i.e. the orientation at z which points outward from Qs, and 0, the outer normal
difference, i.e. the value on the outer adjacent vertex minus the value on the inner adjacent
vertex.

Definition 2.2.5. We say that a function Hy : 7/65’” — C defined on corners and medial vertices
of a discrete domain Q5 is the solution to the discrete Riemann boundary value problem on
1

Qs with boundary data f : 67/9';’ — C if it is s-holomorphic and Hy(z) — f5(z) € v, 2R for any

boundary medial vertex z € 07/9’?; note that the definition is independent of the branch of the
_1

square root v, 2. This notion is straightforwardly generalized to a function on the double cover

Hy : 7/[6’;0] — C and the boundary data g : 67/[31&01 — C by adding the assumption that both

have monodromy —1 around the origin.

35



Chapter 2. Local Correlations and Conformal Invariance

Before proving a useful uniqueness result for the discrete Riemann boundary value problems,
we introduce the crucial notion of integration of the square of an s-holomorphic function,
defined on the vertices and faces (see also [Smil0, Hon10, CHI15]). Although the square of
an s-holomorphic function is not s-holomorphic, we can “line-integrate” the square of its
magnitude to obtain a single-valued function without monodromy. Its restrictions to the
two rotated square lattices respectively of faces and vertices are not harmonic, but they are
respectively super-harmonic and sub-harmonic, which will allow us to derive estimates crucial
for proofs of the convergence.

Is (Hjs) is a discrete analogue of the line integral Re [ [Hj]? dz, defined as follows.

Proposition 2.2.1 ([Smil0, Lemma 3.8]). Let Hs be an s-holomorphic function on Qgs. There
exists a functionls [Hs| : Fq; U Vq; — R uniquely constructed (up to an additive constant) with
therule

2
Is [Hs] (w) —ls [Hs] (v) =26

»

Hs (%(w-# v))

where w is a face, v is a vertex incident to the face, so that % (w + v) is the corner between them.

It has Asls [Hs) = 26105 Hs? on Fq,, Asls [Hs] = —28 |05 Hs | on ¥, .

The following uniqueness statement for both types of the discrete Riemann boundary value
problems then allows one to characterize s-holomorphic functions in terms of their boundary
values.

Lemma 2.2.2. [f Hs is a solution of the discrete Riemann boundary value problem on Qg with
boundary data 0, it is identically zero. Similarly, if Hy is a solution of the discrete Riemann
boundary value problem on [Qs,0] with boundary data 0, it is identically zero.

Proof. The case of Hy is treated in [Hon10, Proposition 28], but we summarize it here. Given
2

s-holomorphicity and P 1 Hj =0, we can calculate 9,5 (Hs) (2) = \/§6‘P. -1 H5(z)' . Then
v, iv,

by using the discrete divergence formula ([Hon10, Lemma 6]) and the Laplacian, we can

bound from above the orthogonal component of Hs on the boundary:

0< > 0vIs(Hs)(@) = ), Asls(Hs)(v) <0,

m
zeﬁlhﬁ velhﬁ

which implies that Hs = 0 on 67/9"; and that Asls [Hs) = —28 |05 Hs|*> = 0 in Va5, 50 Hs =01in
V-

For Hy, note that (see [Chlz13, Proposition 4.1]) we can similarly define the single-valued
square integral I (H}) with single valued increments [ 5 [H!S] (w)-ls [H(’S] (v)=26 |H<,5 (% (w+ 1)) |2.
While its restriction to faces fails to be sub-harmonic at the monodromy face in general, I5(H (’5)
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on vertices is nonetheless super-harmonic everywhere with positive outer difference, and we
can apply the same argument as in the Hy case. O

2.3 Discrete Two-point Observables

In this section, we introduce discrete observables, which connect Ising model correlations to
discrete complex analysis. Bounded domain observables are defined by summing Boltzmann
weights over the set of contours made of the edges in the lattice, alluding to a path integral
formulation.

In this section, we define the two-point functions, in terms of which the correlations will be
formulated in Propositions 2.4.9 and 2.4.10. In §2.4, multipoint versions of these observables
are introduced to prove these statements.

Low-temperature Expansion

In this paper, we will use the low-temperature expansion of the Ising model: we represent
a spin configuration by the set of edges separating faces of opposite spins. Through this
representation, the probability of a set of edges w is proportional to e2#1¢!, When considering
+ boundary conditions, the relevant set of edges form a collection of loops (sets of distinct
edges {e, ..., ex} such that e; is incident to e;; for every 1 < i < k with er,; = e1). In identifying
an edge configuration w in which every vertex is incident to an even number of edges, with
a collection of loops, there is a possible ambiguity at vertices incident to four edges. For
concreteness, we fix the convention that at such ambiguous vertices, loops proceed by joining
northwest edges to northeast edges and southwest edges to southeast edges. We further prove
that all quantities we consider are independent of choice of convention at ambiguous vertices.
Denote by €q; the set of all such w (subsets of edges of £q; with every vertex incident an even
number of edges), corresponding to collections of closed loops in Q5.

As a result, for the critical Ising model with + boundary conditions, the low-temperature
expansion of the partition function is thus obtained by summing over the set 6q;:

Zoyi= ) e~2Pelol

(,t)€<ggt7

We also note that in this representation, the value of a spin is determined by the parity of the
number of loops around it (independently of the choice of convention above), and it is easy to

see that
e_zﬁcla)l (_ 1)[((1))

Za;,

where ¢(w) counts the number of loops in w that surround 0.

Zw€(€96

[EQ§ [00] =

)
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Chapter 2. Local Correlations and Conformal Invariance

Disorder Lines

The main tool in the study of the 2D Ising model is its fermionic formulation. In this paper, we
use the low-temperature representation of the Ising fermion. The relevant sets of contours are
deformed versions of 6, above: in addition to the collection of closed loops in Qg, there are
paths linking a pair of marked points of the lattice. In the language of Kadanoff and Ceva (see
[KaCe71]), these correspond to the results of the insertion of disorder operators next to the
spin.

A medial vertex divides the corresponding edge into two half-edges. A walk between two
medial vertices a, z is a sequence that consists of a half-edge of a, then continues on succes-
sively adjacent, all distinct edges, before reaching a half-edge of z. If y*# is any such a walk,
%5;’ ={wey*?:w e 6q,;}, where & denotes the symmetric difference operation (where the
symmetric difference of a half-edge and its edge is defined in the natural way), clearly does
not depend on the choice of y**. Each y € %5; corresponds to a walk from a and to z and
possibly some collection of loops.

For an element y € ‘gaf , we say a walk 7(y) c y from a to z is an admissible choice of walk
if whenever it arrives at an ambiguous vertex, i.e. incident to four edges in v, it chooses to
connect northeast with northwest edges and southeast with southwest edges (in accordance
with the aforementioned convention for loops). Again, we will prove well-definedness of
relevant quantities so that the choice of convention here is irrelevant. When one or both of
a, z are instead corners, the above is defined analogously, where “half-edge” is understood to
mean the segment joining the corner to its nearest vertex.

Recall that any choice of orientation on a medial vertex is in the direction of exactly one of its
two incident half-edges (see Section 2.1.5). If @ = a® and { = z” are oriented medial vertices,
set (656( to be the subset of y € %g;z including the particular half-edges given by the respective
orientations at a and z.

2.3.1 Bounded Domain Observables

In this subsection, we define the fermion and the spin-fermion observables. The former is
a function defined on the discrete domain Qg5, whereas the latter is defined on the double
cover, [Qg,0]. Using the above definitions of loops, walks, ‘6“{;(, and admissible choices of
walks, we define some quantities central to the presentation of the (two-point) fermion and
spin-fermion observables.

Definition 2.3.1. If a = a° and { = zP are s-oriented medial vertices or corners, define the
constants,

1 ifv(—:?/Q";

cosZ ifve¥s Vo
8 Qs
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For a walk and loops y € Cé“(’f, define its length |y| as the number of full edges (where the
two half-edges at the ends together count as one) in y and for an admissible choice of walk
7(y) in y from a to z, denote its winding (more accurately, turning) angle by W(z(y)) as
the total change in argument of the velocity vector of the walk 7 (y) from a to z (see §5.2.1
of [Hon10]). The choice of counting two half-edges together as one full-edge, is different from
the counting in [CHI15]; this leads to an appearance of a normalizing factor of (cos %)Ze_zﬁf =
TI@’ whenever considering observables with both arguments in corners.
The following is a real-valued weight on y € %&f:
ba (Y) =ilag e_ZﬁcM e_%W(H(Y)) :

We also recall for a collection of loops w € €q, the definition of /(w) as the number of loops of
w around 0 (whose parity is independent of our convention for loops). See [Hon10, Proposition
67] for the well-definedness (i.e., independence of the choice of convention for the admissible

path 7 (y)) of g -

When «,{ are s-oriented medial vertices or corners on [Qg,0], we define the spin-fermion
weight as

0% (V) = ¢ai (v) DOV s (m()

where 7(y) is any admissible choice of walk, and s, ¢ is the sheet number defined by

+1 if n(y) lifted to [Qs,0] connects a to {

Sa (T(1)) = {

-1 if n(y) lifted to [Qs, 0] connects a to {* '

where {* is the point on [Qg, 0] that is distinct from ¢ but shares its projection with {. Here, the
real-valued weight ¢4 ¢ (y) is still computed by identifying a, { with their projections to Q.

See Remark 2.2(ii) of [CHI15] for the well-definedness of the spin-fermion weight cpi IS

We are now in position to define the real fermion Fg; and the real spin-fermion F[‘:)i o

Definition 2.3.2. The (real) fermion observable Fq, is a function of two variables («,{) — Fg’f,
where a := a° and { := z” are s-oriented corners or medial vertices of Q5 given by

Fav( — 1

Qs eZQ Z (p“;( (Y) .

5 al
€
ba ‘696

Definition 2.3.3. The (real) spin-fermion observable Fiq; ) is a function of two variables
(a,() — F[‘gg o Where a := a® and ( := zP live on the double cover [Qg,0] of domain Qg
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al
[Q5,0]”
a to ¢. The winding of the walk has \Xl(n(y)) = 2. The loop number ¢(y) is 1 since there is

precisely one loop with 0 in its interior and s, ¢ (7(y)) = 1.

Figure 2.3.1 - An configuration y € 6, with an admissible choice of walk 7(y) in blue, from

ramified at 0. Define F[‘SZ'O] by

1
F& = z .
(25,01 zQa [EQa (ool ¥ Z (pa’( (Y)

al
€
<€Q§

Again, when computing Zq,, and ng&( and ¢, ¢, identify a, { with their projections to Q5.

The well-definedness of Fg;v and F[%g,()] are implied by well-definedness of ¢ ¢ and ¢> ¢

respectively.

Remark 2.3.1. Informally, one can think of Fjq, ¢ as the natural modification to Fo, when
one tries to reweight it by the value of the spin at 0. Since the spin and the disorders are
not mutually local (but quasi-local instead), this gives rise to a multivalued function (with
monodromy —1 around 0).

Antisymmetry of the Observables

An important elementary feature of the observables Fo,, Fio, 0y is their antisymmetry proper-
ties, immediate from their definitions. The fermion observable satisfies the following:

Lemma 2.3.1. If a := a°( := z” are s-oriented corners or medial vertices of Qs and a' :=

a® (' :=z" where o := " 0 and p' := €*™' p, then we have the following antisymmetry prop-
p p g Y ry prop
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erties:

al _  pla_ o'l _ a,d’
FQ& ——Fﬂé ——F% __FQa .

Similarly, the spin-fermion observable satisfies the following antisymmetry properties.

Lemma 2.3.2. Ifa:= a®{ := z” are s-oriented corners or medial vertices of [Qs,0], and a',{’
are as in the previous lemma and a* := (a*)°,(* := (z*)” where a,a* and z,z* are respectively
distinct lifts of the same points in Q\ {0}, we have

al _ plta _ padd _ gl et gl
F[Qﬁ,O]_ F[Q(S,O]_ F[Q(S,O]_ F[Q(LO]_ F[Q5,0]_ F[Qe;y()]'

Recall that we define complex conjugation on the double cover by letting the square root be
conjugated. We similarly conjugate the s-orientations, and define @ := @° if @ = a°. The fact
that the contour set of Q5 and its mirror image Qs have a natural bijection arising from the
complex conjugation immediately yields the following.

Lemma 2.3.3. If a,( are s-oriented corners or medial vertices in [Qg,0], we have F[‘gg o =
~FEE
[B5.0]

Complexified Observables

As explained in the previous subsections, the observables introduced in the previous subsec-
tions are real quantities antisymmetric in their two variables; exploiting those properties we
can define the following complexified versions, which can be analyzed with discrete complex
analysis.

Definition 2.3.4. Let a be an s-oriented corner or medial vertex of Q5. For an (unoriented)
medial vertex z € 7", we define the complex fermion-fermion observable Hj by
5 5

__patty L patt
l\/ﬂ Qs l\/ﬁ Qs

where (! := z”' and {? := z”? are arbitrary s-orientations of z with opposite orientations, i.e.

p2 = e*™ p1. The resulting quantity is easily seen to be well-defined regardless of the choice of

HSE (2):=

s-orientations. Similarly for a corner c € 7/906 with s-orientation « = ¢9, define

1
Hp, (0) = —=F3*.

ivg @
Define the complexified spin-fermion observable in the same way:

Definition 2.3.5. Let a be an s-oriented corner or medial vertex of [(Q5,0], let z be a medial
vertex of [(5,0], and let ¢ be a corner of [Qg,0]. Using the same notation as in Definition 2.3.4,
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we define the complex spin-fermion observable Hq; o by

1 1 1 2
a _ a,l _t pal
Higs01@ = b, * 75 Fasor
1
a _ a,K
Higy01©@ = 572 ids 01

Remark 2.3.2. Note that, given a complexified observable, the real observables can be recov-
ered by Fg; = z'\/ﬁPﬁ[R [Hg(s (z)] =Re [i\/ﬁHgé (z)] for medial vertices { = z”, and obviously

at corners x = ¢9, we have FS(;K =Re [i\/ﬁH&s ).
Definition 2.3.6. Let A; = Q5 N Qs. Then define the symmetrized and antisymmetrized
observables:

1 _
a —2ga _pga
A[Q&O] ) H[Q&O] Q5,01

1 _
a o a a
S50 = 5 [ Hios0 + Hig 5

The following lemma then follows immediately from Lemma 2.3.1 and the definition of Hg; o).

Lemma 2.3.4. Let a be an s-oriented corner or medial vertex in [Qs,0], and z be a corner or
medial vertex in [As,0]. Then,

1 i a _ rya a -n-.
on 7/[95,0] NR>0,¥q,.0y N R<0, we have S[Q(;,O] =Hg, o and A[Qé_O] =0;

i 1 a _ ya a _
on 7/[95,0] NRso, 7/[95,0] NR<o, we have A[Q&O] = H[QE’O] and 5[95,01 =0.

2.3.2 Full Plane Observables

In this section, we study the infinite-volume limits of the fermion and spin-fermion observ-
ables. By scale invariance, it is enough to give a characterization on the rotated unit grid
C=0+0)Z%+1 placed on increasing domains. On C5 we can define Hc, (ad) := Hc, (a) and
Hic,,01(ad) := Hic, 0)(a). In the 6 — 0 scaling limit, these converge to meromorphic functions
with a singularity at zero.

We first give a unique characterization for the full-plane limits and establish their existence,
and then we give an explicit construction. Using those explicit formulae, we define auxiliary
s-holomorphic functions on the double cover which are discrete forms of \/z and i/z.

We take the limit Q; — C; using an increasing sequence of bounded domains Q{ c Q% c---c
Qf c--- such that U, Qf = C,. The limiting functions will be seen to be unique, so that they
do not depend on the particular sequence.

Full Plane Fermion Observable

The following are straightforward modifications to our setting, of the construction [Hon10] of
the full-plane fermion.
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Theorem 2.3.1. As Q; — C,, the complexified fermion observable Hg, :=limq_.c Hq, exists
and is uniquely characterized by the following properties:

* ifa = a® is an s-oriented medial vertex,

- Hg1 is s-holomorphic on Cy \ {a};
— At a we have the discrete residue Hgl (ay) — H“ (@)=L~ 75
- H&(l)—»Oaslll — 00.

e For({ = zP, the full-plane fermion
FECi=1VpeP g [HE ()]

satisfies the antisymmetry properties of Lemma 2.3.1.

Proof. For a given s-oriented medial vertex a, such an Hgl must be uniquely determined: if
any two satisfy the above properties, their difference will have an s-holomorphic extension to
a, but any entire s-holomorphic function which decays to 0 at infinity must be zero, since its
real and imaginary parts will be discrete harmonic functions.

To use the same reasoning when « is an s-oriented corner with adjacent medial vertices z, z/,
it suffices to show that the s-holomorphic singularity at a, i.e. concretely the value of nonzero
H¢ a (z’ )] -Piw H¢ a (z)] is fixed by the medial vertex case above. But the antisymmetry

Pl

relation of Lemma 2.3.1 gives H“ (2) = lngI( + l\lﬁ C for (! = zP' and {? = zP2, where
1

p1 and p, are s-orientations of the two opposite orientations of z. Since Fe! ad! FC and

Fg - F{ '® both terms are determined by their values on medial vertices, and 31m11arly for

!
C, ¢ ().
An explicit formula, Eq. (2.3.1), for this full-plane observable, and thus its existence, is given

by Proposition 2.3.5. Then the fact that the given explicit function is the infinite-volume limit
is immediate from Theorem 2.5.1. O

Proposition 2.3.5. Leta,z € 7/6’1" and for an s-orientation (,/0)? on a, write a = a° for the
s-oriented medial vertex. The function

a mil8 V2a 2z V2a . V2z
Hcl(z): NG cosg(Co( 5 +1,— 5 ) Co (T—l T)) (2.3.1)
e 3mil8 V2a 2 V2a V2
+ \/5 Slng(CO(T—l,TZ)‘FCO(T‘FZ,TZ

for z # a satisfies the properties of Theorem 2.3.1, where the translation invariant function Cy is
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the dimer coupling function defined in [Ken00]:

z”fz” exp(i(xs—yt))

Co(z1,20) =
0t =2 2isins+2sint

dsdt, ifzp—z1=x+1y.

Moreover, at a, the front and back values of the s-holomorphic singularity are given by Hgl (ay) =
pl
2\/o°

Proof. These properties were verified in [Hon10, Proposition 22] for a version on the non-
rotated lattice, which we will call Hz.. We note that for any s-oriented medial vertex a = a°,
we have .
HE (2) = ¢ HY(2)

if o’ = (') is the rotated medial vertex @’ = = 1% €77 oriented to Vo' = e™ % '\/0,and 2/ = =&
Given that the projection lines in the s- holomorph1c1ty relation Eq. (2.2.1) are also rotated by
e~ from the definition in [Hon10], the results are easily seen to carry over. The explicit front
and back values Hgl (a+) follow from straightforward computation. O

Full Plane Spin-fermion Observable

First we recall some notation. Define the left slit plane X = C\ Ry and the right slit plane
Y = C\Rs¢. The double cover [C,0] contains two lifts X* of X and two lifts Y* of Y; define \/z
on the double cover such that the superscripts of X* denote the sign of the real part of v/z
and those of Y* denote the sign of the imaginary part of /z. In other words, X* N Y*, X" nY~
are lifts of the upper half plane, and X* N Y™, X~ nY* are lifts of the lower half plane. We use
the process outlined in Remark 2.2.2 to define an s-holomorphic extension from a discrete
holomorphic function defined on type 1 and i corners, so let us define the slit discrete domains

X1 =7 nXZYL o nXFand Yi:= ¥ nY 2V o nYE

Theorem 2.3.2. AsQ — C;, the complexified spin-fermion observable Hic, o) := limq_.c Hiq,,0]

exists and is uniquely characterized by the following properties: for every a = a° € 7/[5’”0],

A H[C (o has monodromy —1 around0.

B H“ is s-holomorphic on [Cy,0] \ {a, a*}, where a* is the point in [Cy,0] distinct from a

[C1,0]
which shares its projection onto Cy with the projection of a.

C ifa = a® is an s-oriented medial vertex, we have discrete residue Hﬁé1 0l (ay) — H[?f:l o (@) =
) ) ,

75.
D Ifa = a° is an s-oriented real or imaginary corner, Py H[%l olat é) = ?\—ff

E For( = zP, the full-plane spin-fermion,
ﬂcm~w¢—P1R[mQ]wﬂ

44



2.3. Discrete Two-point Observables

satisfies the antisymmetry properties laid out in Lemmas 2.3.2-2.3.3.

F HC 0](l) —0as|l| — oo.

We first present the following three lemmas, then conclude the proof using them.

Lemma 2.3.6. There exists a uniform constant M > 0 such that ’H[Qn (z)’ <M foralln=0
and any s-oriented corner a and any corner z.

Proof. The strategy will be to progressively extend the validity of the result to more and more
points of the domain. Below we will denote by a and z both corners and medial vertices
interchangeably:

1. When «a := ay is the imaginary corner on the monodromy face 0 (specifically, the lift
of 140 Xs)and z=a+1, H[ 0l (z) has a probabilistic interpretation as a ratio of
magnetlzatlons |EQ" lo2]/ [EQn [00] which is bounded from above by the finite-energy
property of the model.

2. When a = ap and z is on the boundary, we claim that Zzeaj/[m ] ’HEXQ” (z))2 < Cst-

[Qn 0] (a+1) (theright hand side of which is bounded by step 1). This inequality follows
by considering the discrete analogue Q; := [Ig(Hf‘ ?,0]) of Re ([ (H™®)?) analyzed in
Section 2.5.1. By Proposition 2.5.3, the restriction of Q; to the vertices is super-harmonic
(except perhaps at a + 1), the sum of the Laplacians is hence bounded from above by
Cst- HE"Q 0] (a+1). At the same time the sum of the Laplacians equals the sum of the
outer normal derivatives d,_,Q; on the boundary of [Q”, 0] , and these normal derivatives

2
dy, Q1 equal V2 |H[Qn 0] (z)| . Hence we deduce the inequality.

3. When a = ag and z (corner or medial vertex) is in the interior, we extend the bound of
step 2 by the maximum principle.

4. When «a is on the boundary and z is the imaginary corner adjacent to the monodromy
(z= %), the bound follows from the antisymmetry of H and step 2.

5. When « and z are on the boundary, we have that |H[Qn (z)‘ acquires a probabilistic
interpretation: the winding factors out from the sum in the definition of H, and we sum
over contours that represent the low-temperature expansion of an Ising model with +/—
boundary conditions switching at a and z. As a result, it is easy to show that |H[Qn 0] (z)‘

is the ratio Eg? [oo]/ [E+i' [0o], where + and + indicate the boundary conditions. By

monotonocity of the Ising magnetization in boundary conditions, this ratio is less than

one, which gives us the desired bound.

6. When «a is on the boundary and z in the interior, the result follows from steps 4 and 5
and the maximum principle.
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Chapter 2. Local Correlations and Conformal Invariance

7. When « is in the interior and z is next to the monodromy or on the boundary, the result
follows from steps 3 and 6 by antisymmetry.

8. When a and z are in the interior, the result follows from the maximum principle. O

Lemma 2.3.7. Any bounded function H := Hic, o) that satisfies the properties A-E decays at
infinity.

Proof. We exploit the antisymmetry properties E, as specified in Lemmas 2.3.2-2.3.3. The
idea is to symmetrize-antisymmetrize H as in Definition 2.3.6 by writing it as S + A, where
$¥=1(H"+H%) and A = ] (H* - H%). Let us now show that S and A both decay at infinity.

We have that the restriction of S to real corners vanishes of the positive half-line. We can make
a branch cut where it vanishes and study the function on both slit-plane sheets separated by
the cut. Since it is uniformly bounded and harmonic except near 0 and a, a, one can use planar
random walk arguments (Beurling estimate) to show that the function vanishes at infinity.

Similarly, the restriction to imaginary corners and analogous restrictions of A vanish on either
the positive or the negative half-line. By the same arguments as above, we can conclude the
proof. O

Lemma 2.3.8. There is at most one function satisfying the properties A-E

Proof. To prove the uniqueness, it suffices that if we have two such functions, their difference
is zero. Denote by D“ (z) this difference, which will be everywhere s-holomorphic and decay
at infinity. However, as noted in Remark 2.2.4, the absence of s-holomorphic singularities does
not guarantee harmonicity on the monodromy face, and some care is needed there (note that
below, we abuse notation to refer to points of [C, 0] by their projections on C).

For ag = (%)0 , D% extends s-holomorphically to ay by zero by property D, and we have that
the real part of D* is everywhere harmonic by Remark 2.2.4. As a result, by the maximum
principle and discrete holomorphicity, the real part of D* vanishes and D% = 0.

For an arbitrary corner a, by antisymmetry and the previous step, we have D% (ag) = 0. As
a result the real part of D* (z) is harmonic. Thus, as in the previous step, D% (z) vanishes
everywhere. O

Proof of Theorem 2.3.2. By Lemma 2.3.6, we have that for each s-oriented corner « of [C,,0],
a

. . [27,0] . .
arguments, it admits convergent subsequences as 7 — oo on any finite graph. Any limit along

the sequence of harmonic functions H is uniformly bounded and hence by standard

such subsequences satisfies properties A-E and as a result tends to 0 at infinity by Lemma
2.3.7. By Lemma 2.3.8, it is uniquely determined. This shows the convergence of the sequence
itself to a limit which satisfies the conditions of the theorem, which we call Hic, o). O
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2.3. Discrete Two-point Observables

Analytical Expressions

In this subsection, we give characterizations of Hc, o; in a few special cases, then outline an
inductive process to construct it explicitly in general.

For the observables with monodromy, we have the following characterization near 0 from
[CHI15]. Recall g = aj where ag € X* is the lift of% to X* and o = (272,

Proposition 2.3.9. Forze 7V, [c oY 7/[}: 0 \{%} we have the characterization
1 +
fhmw(z) ifzeV, [C gnX

ao _ _ i +
H[CI,O] (2) = fhm 1/Z(Z) ifzeV [C on Y+,
0 otherwise

where hm ”35 (z), for a discrete domain Ds and a € Dg U 0D, denotes the harmonic measure of a
as seen from z, i.e., the probability that a simple symmetric random walk on Ds started at z will
first hit a when or before exiting Ds.

Proof. In [CHI15, Lemma 2.14] the function defined above (without the additional normal-
ization factor cos? 3 e72Pe = ié) is proved to be the only function on [C;,0] which decays

at infinity and is s-holomorphic everywhere away from the singularity at ap = % given by
Pl(a)H[C O]( 21) =
in Theorem 2.3.2 for a = ay. O

Fi. Thus we can identify it as the unique infinite-volume limit introduced

Remark 2.3.3. The zeros in the definition reflect the fact that a slit plane harmonic measure
vanishes everywhere on the slit except at the tip, e.g. 5 L in case of hm iz(z). This function is
harmonic on all points of Y! 1» but harmonicity fails on the slit (positive real axis), the boundary
of the domain.

The following explicit characterization of the discrete harmonic measure of the slit plane may

be of independent interest. Using this, we provide the values of 2v/2H°

c, 0 () near the origin

in Figure 2.3.2.
Theorem 2.3.3. We have the following expression for the discrete harmonic measure:

1 T clkg)

g - ,/l_e—2i9

Hy(2) := hmi{}z(2=s+ik+%) = e 19 40,

where C(0) := 1+C|‘;fg6|

Proof. We defer the proof of this theorem to Appendix 2.7, Proposition 2.7.1. O

in the cases where a € 7 '

Now we inductively characterize H* col
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Chapter 2. Local Correlations and Conformal Invariance

Figure 2.3.2 — Some explicit values for the full-plane spin-fermion observable 2\/§H[‘;‘:°1 0@ for
zE€ 7/[01:’1i o N X*, where ag = % The function has a monodromy about the origin, marked by the

orange x, and singularity at &y marked by the blue ¢.

Proposition 2.3.10. For an s-oriented corner a = a° with a € X* NRxq, we can recursively
compute H[‘}:I,O] starting from the case ag = %OO, 00 = (€*™)?, as a finite linear combination
of functions given explicitly in Theorem 2.3.3. Explicitly, for s-oriented corners ag+2n :=
/ i 2
(ap+2n)®, ap+2n+1:=(ap+2n+1)?%,0' = (e7) , we have on any of the four half-planes
XEnyvE,
" Hy(-2m+2)
Qo+2n, _\ _ 17 _ _ 0 o _ _
HL' (@ =H o (z-2n) mz_l —— Hid, 0z =2(n-m), and

Hy(2n)

ap+2n+1 _pg®t2n, 1y _ _—
Hic,op (&) =1iHg, o (z=1) I(H°(2n+2)+2(n+1)

(%)
)H[m] (z+1).

In fact, forany a e 7/[01:1 oY 7/[é1 o) ON the real or imaginary axes, we can compute H[?C] o) Using

rotational symmetry: if a = a° is any s-oriented corner on the real or imaginary line, and

o . _mi , _mi _mi
o' = (a')? is the rotated corner @’ = e”2 a€ V¢ oriented to o' = (¢~ % \/0)*, and z' = ¢” 2 z,
we have,

a R /
Hic, 0@ =€ % H, /().
Proof. Generalizing from the proof of Proposition 2.3.9, we construct a function on [C4,0]

which decays at infinity and is s-holomorphic everywhere away from the specified singularity
at a, and we argue that it is the unique function which can satisfy the properties specified in
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2.3. Discrete Two-point Observables

Theorem 2.3.2. For convenience, we will take source points @ on the sheet X* unless otherwise
specified; i.e. the positive real line approached from above on Y*.

NRs( and consider the restriction H* of H[Of; 0]

N Y*. The function H* can be characterized as the unique discrete

Assume a € 7/[43 0]

on the slit plane 7/[C 0]

harmonic function on the slit plane 7/[<lt 0]

H% a) := _#i v/0 and zero elsewhere on the slit R, and decays at infinity. The harmonic

to the imaginary corners

N Y* which has the single-valued boundary data

function with these properties can be obtained by translating H @2 for ¢ — 2 := (a—2)° (which
takes its only nonzero boundary value at a — 2) to the right, and subtracting off a multiple of
H% in order to cancel the nonzero value at ay = % Specifically, letting

H%2) = H* *(z-2)- H* *(-3)- hmllz(z) H*?(z-2)- hma ,(=3)-H*(2),

then discrete holomorphicity relations imply that the real part is determined up to a an
additive constant; however since the real part must vanish on R, the real part is uniquely
determined. In fact, it is easy to see that, in order to maintain discrete holomorphicity, the
above recursive relation should also hold for the entire H, [‘(’l‘: 0]
real-translation invariant half-planes X* nY*. For the explicit identification of the coefficients,

as long as we are in the four

we refer to Proposition 2.7.2.

For a € 7/[03 0 NR>0, we use a similar recursive process but now instead first construct the
restriction H'* of H[?é () to the real corners on Y*, starting from the case a = % Unlike the

imaginary case, we need to consider —% as well as 7/[01:1 oy NR>o as part of the slit boundary
(where harmonlclty fails): since H[(E 0 ( ) # 0 in general, we cannot assume that the real part
is harmonic at —= (see Remark 2.2.4).

In other words, H'® is the function harmonic on the slit plane 7/[01: on Y\ {—%} which takes

nonzero boundary values only at a and —% = —ag. As above H'*(a) = ﬁ Vo.

For the value at —ag := €™ ay with oriented version —ag := (—610)0’, where o' = (e%i)2 we

use antisymmetry in the two inputs to write H, [C o(—a0) =i Vo oH ' o o (@. Since by rota-
+ 1700 -7 —7”

tion H[c 0](01) —iH( (e a), we conclude H[CLO]( ap) = \/_H[c ole \/_

hm 1/2 ', (—a). We can match these boundary values with recursion as above.

The general rotation identity can be verified independently with the same strategy, i.e., identi-
fying the restriction of the left-hand side to a specific type of corner as the unique harmonic
function with suitable boundary values, which the right-hand side solves. O

Remark 2.3.4. The coefficients in Proposition 2.3.10 of various translated and rotated versions

of H[‘é“ o (with the same scaling limit) become important when identifying the scaling limit

of the observables in Lemma 2.5.4. In particular, by Proposition 2.7.2, the coefficients in the

recursive expansion sum to zero in the case of a € 7, NRso, which will yield that Cy=0=C,

[C ,0]
in Corollary 2.5.8.
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Chapter 2. Local Correlations and Conformal Invariance

Figure 2.3.3 — The full plane spinor H&I’O] (z) is first defined at all blue corners ¢ by its anti-
symmetry relations and Proposition 2.3.10. By s-holomorphicity, we can then deduce its value
at the brown medial vertex o, and then project from there onto the two brown corners ¢. We
continue this process, next moving to the red o, then the red ¢, and then green etc.

a

Corollary 2.3.11. For any a € V™, we can recursively compute Hg o

[C4,0]
combination of functions given by Theorem 2.3.3.

as a finite linear

Proof. By Proposition 2.3.10, H[‘j‘zl ol (z) is given for all z € 7/[51”0] whenever a € 7/[01:’1i g N (RsqU
iR>¢). The antisymmetry relations it satisfies thus give H[‘j‘zl 0l (z) for every a, whenever z €

R>o U iR~ (as a finite linear combination of explicit harmonic measures).

Now observe that s-holomorphicity implies that the value, say, of H (%i) can be recovered

(C1,0]

from its values at the %, % From there, one can project the values of H[(él o (2) when z = 1+§ and

% + i (see Figure 2.3.3). Continuing this process allows for a recursive construction of H[‘j‘zl o (@)

forany z e 7/[52”0] as a finite linear combination of the explicit functions of Theorem 2.3.3. O

Auxiliary Functions

We introduce here full-plane auxiliary functions G and G*, which are everywhere s-holomorphic
functions on [C1, 0] which do not decay at infinity. The real part of G was defined in [CHI15] as
a discrete version of the holomorphic function /z on the double cover; we extend the result in
order to give full s-holomorphic discrete representations of ﬁ vz and ﬁi v/z. Convergence
results for these functions will be proved in Section 2.5.4.

As in previous subsections, we define the functions on the unit grid [C;,0], and then scale
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2.4. Discrete Multipoint Observables

them by Gic,,0(26) := 8Gic, 0 (2) and G, (,(20) := 6Gic
and imaginary corners by “integrating” the harmonic measures, then extend to other points
by s-holomorphicity. The fact that there are two discrete versions of ﬁé vz is a peculiarity
that will be important in the proof of the main convergence result in Section 2.5.4 (see also

[Dub15]).

(z). We define them first on real

Definition 2.3.7. Defineforze %L UV

i o .
ic,.01 Y V¢, o the auxiliary functions

(] 1 Xi : 1 +
nzoimhm 3/{2(z—2n) 1fz€7/[C1’0] NnX
- 0 i Y . i +
Gic,,0(2) : nzoimhm _3p(z2+2n) ifze 7/[C1_0] NnY*,
0 otherwise

and
Gig, 0@ :=iGic,0(z£ 1),

where translation by 1 is well-defined at any point other than i%; Gic,,01 (i%) =0 on both

. N oot =zl
sheets so there is no ambiguity in defining G[JE:I,O] (F3).

Remark 2.3.5. In [CHI15, Lemma 2.17] well-definedness and harmonicity of the real part of

Gic, 0; were proven. From symmetry, we see the same holds for the imaginary part. Discrete
+

[Cy,01°
formula of Theorem 2.3.3. Using that, we then extend these to s-holomorphic functions on

holomorphicity of G, o}, and thus of G is proved in Appendix 2.7 using the explicit

the corners and medial vertices, again using the process of Remark 2.2.2.

Remark 2.3.6. Since Gic,0) (and thus G[ia:l,()]) is defined using infinite sums, one cannot a
priori calculate them exactly. However, once its s-holomorphicity is exhibited in Appendix 2.7,
we can use a propagation procedure similar to one shown in Fig. 2.3.3 and explained in
Corollary 2.3.11 to recursively calculate its values from its values on the real and imaginary
axes. Indeed, Gic, o) is explicitly computable on the real line since the summands eventually
become zero; then we use the rotation identity e””4G[¢1,o] (e"27) = % GE’ChO] + G[_a:l,ol (2),
proved in Proposition 2.7.4, to find the values on the imaginary axis.

Using this procedure, we provide some explicit values of G|, o] (z) near the origin in Figure 2.3.4

2.4 Discrete Multipoint Observables

In this section, we prove Pfaffian formulae expressing n-point energy correlations, with or
without a spin weight, in terms of the real fermion and spin-fermion two-point functions.

For the n-point energy correlations, we formulate them in terms of s-holomorphic multipoint
fermion observables introduced in [Honl0] and follow the strategy there to obtain their
Pfaffian formulation with the two-point observables introduced in Section 2.3. In [Hon10],
the arguments of the multipoint observable were required to be distinct, non-adjacent medial
vertices; we slightly but crucially generalize this to allow for adjacent medial vertices in
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Chapter 2. Local Correlations and Conformal Invariance

Figure 2.3.4 — Some explicit values for the auxiliary function 2v/2Gic, o) (z) for z € 7/[%11‘ o N X,

as defined in Definition 2.3.7. The function has monodromy about the origin, represented by
the orange x.

Proposition 2.4.1 and Lemma 2.4.2, using a combinatorial correspondence between paths
sourced at medial vertices and at corners.

When looking at n-point energy correlations weighted by a spin, the process is analogous,
and we get fused multipoint spin-fermion observables, which then reduce to Pfaffians of the
two-point spin-fermion observables of Section 2.3.1.

The proofs of these relations connecting the two-point fermion and spin-fermion observ-
ables to edge correlations (namely, Propositions 2.4.9-2.4.10) are quite notationally heavy,
but all the extra notation is contained completely to this section. After generalizing the dis-
crete complex analytic properties of the multipoint observables to adjacent medial vertices
in Proposition 2.4.1, the rest of the proof is just a natural extension of the steps outlined
in [Hon10] to prove the desired relations. For an alternative approach using mostly combina-
torial arguments, see [CCK17].

2.4.1 Multipoint Observables

Recall that in Section 2.3 we denoted by Zq, the low-temperature expansion of the partition
function defined by summing e 2Plol gyer all w € 6q;, where €q, is the set of closed loops
in Qg. Furthermore, for oriented corners or medial vertices a, {, we defined the contour sets
ngf as well as admissible walks. We also chose the convention that and at ambiguous vertices
in the walk, we connect northeast to northwest edges and southeast and southwest edges
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(see §2.3.1).

We now generalize the two-point observables defined in Section 2.3. First, let us define the

1,2,...,2n. For now we assume that the underlying points ay, ..., a2, are distinct (we will later
generalize to the case where they can take the same value: see Remark 2.4.3). In [Hon10], these
points were all medial vertices, and were required to be non-adjacent (the edges corresponding
to them were not allowed to be adjacent). We do not impose this non-adjacency requirement,
and this small extension is important to the proofs. As before, the half-edge of a corner is the
line segment connecting it to its nearest vertex.

Each element y € 6,!"“*" is a set containing

e 2n half-edges of ay, ..., az, selected by their respective orientations oy, ..., 025, and

* a (possibly empty) collection of edges distinct from the above-mentioned half-edges of

2
{aj}jrzll’

such that any vertex of Q5 is incident to an even number of the edges and half-edges. Such ay
will be an edge-disjoint union of n walks connecting a1, ... a2, pairwise as well as a (possibly
empty) collection of edge-disjoint loops. In particular, the definition of the 2-point set ‘635(
coincides with the one given in Section 2.3.

Generalizing from the 2-point case in Section 2.3, given y we can pick n admissible walks
which connect {a;} pairwise. We denote by I'(y) c y, a set of those n edge-disjoint admissible
walks {y% %} chosen from the half-edges and edges constituting y. We label them so that
j < k for each y%%_ Define the crossing parity ¢(I'(y)) as the number of crossings, modulo
2 when linking 1,...,2n € R pairwise with generic simple curves in the upper half plane (i.e.
connect j, k if there is a walk in I'(y) connecting a;, a). Moreover, recall the definitions of
Aa e and W(y) from Definition 2.3.1.

Definition 2.4.1. For a collection of s-oriented corners or medial vertices {a j}izl in Qg, define
the multipoint fermion observable as

F(xly--naZn
Qs

= Y P,

(p{a]} (,y) = e—2ﬁ0|y| (_1)C(F(Y)) H i/"/a{i’aj e—%w(yajvak) )
yHker(y)

In analogy with the two point case, if { 1 = zP1 and {? = zP2 are s-orientations of the two
opposite orientations of z := ay,, so that p, = exmi p1, and k = ¢7 is an s-orientation of a corner
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Chapter 2. Local Correlations and Conformal Invariance

Figure 2.4.1 - An example of a choice of two admissible walks between «; and a3 and @, and
a4 and a loop. The winding of y*"% is 27 while the winding of y%»% is —%. The crossing
parity has c(I'(y)) = 1.

¢ in Qg, we define the complexification of the multipoint fermion observable,

Hgl:...yazn—l (2) = - 1 FSI)---r‘xanlv{I_,’_ : 1 FS1,...,tx2n71,(2’ (2.4.1)
9 1 /pl o 1 /pz o
1
A1y, X2p-1 — ®1...,&2n-1,K
H§! ©):= 7=, :

Definition 2.4.2. For a collection of s-oriented corners or medial vertices {a j}§2 1 in [Qs,01,
define the multipoint spin-fermion observable,

Pay ()= P () DO T g, (),
yirtker (y)

where ¢ and sg;,q, are defined as in Definition 2.3.1. As in the two-point spin fermion, the

. a,...,a
contour collection ‘69; n

and the weight ¢ o) are computed with respect to the projections
of aj onto Qg, but the sheet choices come in the terms s, ;. Define the complexified spin-

fermion H%!r%2n-1

[Q00) on medial vertices and corners of [Q5,0] analogously to Eq. (2.4.1).

Remark2.4.1. [Hon10, Propositions 67, 68] proves well-definedness of gb{aj} (y) In Proposition

2.8.1 we prove the well-definedness of (—1)¢("'\UI®) [Tsa;,e, (y*7%¥), and thus of (Pfa SO that
J

it is independent of our convention for admissible walks and the choice of pairings of source
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points; in particular, it is independent of our choice of admissible I'(y).

In addition to increasing the number of inputs, we can also define observables summing

ay,...,d2p c <gal~-~,0f2n

over a subset <€ oy Q0 formed by specifying the inclusion or exclusion of given
€k

edges. Given a collection of edges {er}), in Qs (disjoint to the half-edges given by {a ]}2”1)
and corresponding inclusion variables sy € {e,0}, let

ay,...,q2p

ay,...,A2, . .
= € : € = e, = O¢.
ot gy ={y Car ex€yif sp=-o, and e ¢ y if s = o}

Definition 2.4.3. We define the restricted fermion and spin-fermion observables, denoted

Fov-mdan and Fo % and their complexifications as in Definitions 2.4.1-2.4.2,
Qs:ley ...ep} [Qs,0:e" ...en}

replacmg the contour set Sﬁal' »®n by the restricted contour set %“1' e

Qs:eyt..epmy’

The following propositions will characterize the complexified fermion and spin-fermion
observables in terms of discrete complex analysis, proving the connection to the discrete
Riemann boundary value problem defined in Section 2.2 for possibly adjacent medial vertices
aly...,Azp.

We first modify the real weight ¢4,; defined on ng;"“’az” for 2n s-oriented vertices ay, ..., a2,
into a complex weight y defined on

@H1rQan-1,02n . cg“l""’aZW 1, |_|C€a1' 202n-1,05,
Qs ° Qs

for 2n —1 s-oriented medial vertices or corners (xl, ., 2,1 and another medial vertex ay;,.

1 p1

. . _ 2
Choose two s-orientations a,, = a,, and a5, = aZn of ay;, such that the orientations p1, p»

]
are the two opposite permissible orientations on ay,. Define for y € %Q; Tan %g;“"’az”’““z"
the complex weight (where dependence on the choice of ,/p; eventually cancels out),

x(y) = al ()

\/_

noting that the complexified observables can be defined in terms of sums of this weight. If
@2y = ag, is an s-oriented corner, there is only one corresponding orientation and y (y) :=

#aﬁb{ak} .

Proposition 2.4.1. H*"21 gpd g% are s-holomorphic wherever defined.
Qs: {e‘1 e €t} [Q5,0]: {el e €t}

Proof. This was proven for the complexified fermion in [Hon10, Lemma 74] in the setting
where the a; are non-adjacent medial vertices. We extend this to all possible a; via the
extension of the complexified fermion to corners in addition to medial vertices. The idea is
that there is a natural bijection between the set of paths to a medial vertex e and those to an
adjacent corner c. Namely, if e(c) is the shortest walk from ay;, to ¢ consisting of two half-edges
both incident to the common vertex v, the map y — y @ e(c) is a bijection. One needs to show
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Chapter 2. Local Correlations and Conformal Invariance

that the projection in s-holomorphicity relations (2.2.1) sends the winding weight e s W0 o
the winding weight of the image, times a factor of cos(r/8).

Following this, the next lemma therefore proves s-holomorphicity in the case of Hgl’.'{';;fz"‘; sy
6167 o€

The summands in the definition of H[’Z)l"'(')’]“{ze’g !, Only have additional real factors invariant
5,00:{e)" ..., o

under the - ® e(c) bijection, so the lemma implies the s-holomorphicity for %"

(Qs,01:{e]L ..., e}

well. O

as

Lemma 2.4.2. Let {a j}izzl, {ek},’f:1 be distinct medial vertices of Qs and denote the s-oriented

versions of{aj}izzl by aj = a?j, and inclusion variables sy, ..., Sy € {¢,0}. Suppose c is an
interior corner and ay,, is an adjacent interior medial vertex distinct from {a ]}?ZII Lete(c) be
the shortest walk from ay,, to ¢ consisting of two half-edges both incident to a common vertex v.
Then the bijection,

Y—7v®elc),

from %“1"{'"“2}"’1’“2” to <€“1""’izf’1’c satisfies the projection relation,

5k BN
Qs:ye Qg.{ek

Piox =x(yee().

Proof. Suppose yr € I'(y) is the walk ending at a,, starting at some a. Suppose c is a corner
of type 7 adjacent to az,. Then I'(y @ e(c)), chosen using paths in I'(y) with y ¢ replaced by

yYroe(c),is clearly an admissible choice of walks in y & e(c). Note that if 0., is any s-orientation

of az,, compatible with y ¢, i ‘/% e~sW07) is areal quantity. Thus it suffices to show that

=2Bclyl —2Bcly@e)l
¢ e W) —cos 2. 8 e iW(rree()

Vo5 8 Vo

Pl

Commuting real quantities with projections, we may rewrite the left hand side as

§Y020 o sW(ry) g2pelrip, L
NN i\v/0on

There are two cases to consider: the cases when the half-edge (azp, v) € yy and when (az,, v) ¢
Yr-

', where the sign depends

z
4

s In the first case, |y @ e(c)| = |y|. Subsequently 7205, = —e*
on the winding change W(y @ e(c)) = W(y) ¥ 7. Now we have

T
igl

1 1-7%20,, e /1
= cos —,

O2n 2i\/02n i 02 8

I:)l(c) i
and the result follows.
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2.4. Discrete Multipoint Observables

7[

* In the second case, |y ® e(c)| = |y| + 1. Then 7205, = €**', where the sign depends on
the winding change W(y @ e(c)) = W(y) + %”. Then

b 1 1-1%0y, ety
NG Joan  2i\/ozn  ivoam 8

Upon noting that tan % = ¢~2Pc the result follows. O
Lemma 2.4.3. The discrete residues at an s-oriented interior oriented medial vertex aj are

i+1
(_1)] A1yeery X j1, & j1 1500 A20-1

A1yeeny X2p— 1 ( +)_ Uéh -»Q2p-1 ( . ):
Qs:le),..e aj Qs:le) ey ) /07 Qs:fe]L,....esm) ’
i+1
A15eey A2p-1 al; @2p-1 _ (- 1)] Q1o X jo 1»06]+1, @2p— 1
(@)~ H s (@) =
[Qs5,00:{e}! ..., ey} [Qs,01:e)" ... e} /_0]- [Qs,01:{e)! ... 5"}

where in the two cases a;, ..., @2,—1 are all taken respectively on Qs and [Qs,0].

Proof. We prove this for the fermion and spin-fermion simultaneously, letting D5 represent
Qs or [Qg,0]. It suffices to show that the front and back values of H Gleodon-l gt g j are given

Ds:ey’,...en'}
by
j+1
A1,..A2p-1 (@iy) = (_1)] A1peeny X j—1,& 1 A2p-1
4 -7
Ds:e)’,...en" @ VOj  Ds: {el yeer € ,aj} ’

(_1)] Fa’p S 1,06,+1r <A2p-1

N

where in the case Ds = [Qs,0] the projection of a; onto Qs is considered in a;”.

) (2.4.2)

A1y X2p-1 ( ,_)
Ds:e}l,...enm} J

Let c; denote one of the two corners adjacent to the end vertex of a; in the direction 0;. We

verify that Hgl'{ ’a,z".’”‘ }(er+) projects to Hg"{ 'la?",l - (c1). Let ¢; be a corner of type 7.

ay,...,X2p— 1yC1 . . .0 . .6
WenotethatanyyecéD e }contalnsthewalke(cl) —{<a],a]+0]\[> <a]+0] \[,cl>},

so we can start from y r and complete I'(y). In addition, y @ e(c1) € <g“1' 2@ =L@ j 1 X2n—1

and
Ds: e1 yeenr @3] ,aj}

I'(y) \ {e(c1)} is naturally an admissible choice of walk for 27 — 2 points. Since the additional
real factor in the case of Ds = [Q5,0] is easily seen to be invariant under the bijection, it now

suffices to show the projection relation

(_1)j+l

\/F (p{al,.,.,aj_l,aj+1,...,a2,,_1}(Y@ e(cl)) = X(Y) .
J

I(c1)

i i .
. . . 1 _ 2B . e zWel) 37 . ez Weel)
This relation can be rewritten as P e Jg; = € Tecosg T o = 0085 - o

explicit formulae and admissible choices I'(y) and T'(y @ e(c1)) (where (—1)/*1 is precisely the
ratio between the crossing parity factor of I'(y @ e(c;1)) and I'(y); one sees this by drawing the

using
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Chapter 2. Local Correlations and Conformal Invariance

pairing between j and 27 very close to [j,2n] c R, so that it crosses exactly 2n — j — 1 other
lines).

Note that 0;e™W©)) = 72 and W(e(c1)) = +2X. Commuting real values with projection, we
have,

b 1] 11 o5 1 1+eWee) 35 gmsWel)
lle) | —F—=—|—75 + > | = =CoOS— - —m——. O
N 2 T N 2 8 N

Remark 2.4.2. The explicit front and back values (2.4.2) shown in the proof above give us a
simple correspondence between the full-plane observables and the full-plane (normal and
spin-weighted) nearest-pair correlations p, y, for edges a = §a’ € £, defined in (2.1.1).

Notice that, by low-temperature expansion, the correlation of the nearest spin pair separated
. 1 — _
by an edge a can be written Tor [Zwe%ﬁzmg} g2l _Zw€<€n5:{a'} e Z\wl] = Fos:(ae} — Fas:tary- By

the values given in (2.4.2), this is precisely v/o

Hg(S (@) + H&S (a_)] , for any s-oriented version
a of a. Now taking the infinite-volume limit by sending Q { C (whose existence is known by
Theorem 2.3.1), we have

u=vo|HE (@) +HE (@),

matching the values H¢ () = given by Proposition 2.3.5.

f

By analogous reasoning, for every a = §a’ € o, we can calculate p, as defined in (2.1.1) by

Ha = \/5 H[((][!jﬁ’()] () + H[%&o](a—) »

or equivalently for every a = §a’ € &g, we have H [‘C‘E& o (@) = ”2“\'/%1 , where we know the infinite-
volume limit Q 1 C of \/_[HQ olas)+ H[‘fzﬁ o (@-)] exists by Theorem 2.3.2.

Recall the definition of v, as the outer normal at a boundary medial vertex z.

Lemma 2.4.4. If{a; }2” ! are interior s-oriented medial vertices, {e1 ,...e;"} are edges with
corresponding inclusion variables, and z = ay;, is a boundary medial vertex, we have that

HC{; ..... A2n— 1 (Z) \/V_Z eR;

Qs:ey’ ..,
Hal, o®2n-1 z /v cR.
[Q5,01:{e; .. ,es’"}( VY2

Proof. [Honl0, Proposition 79] proves the lemma for Hg"{ nitan= 18m}
si{et,...em

The idea is that if z is on the boundary, a path can only reach z via the half-edge in the

with non-adjacent «;.

inner direction, which fixes the complex phase in the weight; this goes through unchanged
for possibly adjacent «;. For the spin-fermion observable, since the additional factors in
GL-o@n-l - gre real, the result holds. O
1Q5,01:e)"...e5"}
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2.4. Discrete Multipoint Observables

1
o (22-7V2)

Figure 2.4.2 — Some explicit values of (te)eeg, - This represents the mean of the physical
quantity, the spin-weighted energy field. The orange x marks the identified origin face, whose
spin y, is weighted by; as |e| — oo, we have y, — p.

2.4.2 Fused Observables and Ising Correlations

In this subsection, we formulate the Ising correlations in a bounded domain in terms of fusions
of the observables introduced above. We again write a;,..., az, for distinct s-oriented medial
vertices in Qg or [Qs,0] and ey, ..., e, distinct edges with inclusion variables sy, ..., Sy, € {e,0}.

Definition 2.4.4. Suppose by,..., by are distinct medial vertices in Qg with by =0 b;v. Define
the fused fermion and fused spin-fermion observables and their complexifications inductively
by

A1,...,A2p:[D1,...,bN] — A1,y @y (D1, DN -1] _ l“‘ 1 A1,y A2y [Dy,e, by-1] (2 4 3)

Qs:tell,... e} Qa:te]! ... e’ b} 2 Qsell,..en ’ o
+1

@1sees @2 (D1 DN] L @15 @2 D1y buo1] 'ub;\/ A1y @221, Dy-1]

(Qs5,01:{e) est T Q5,01 e b 2 (Qs,01:{e]....e5" ’

and the usual complexification scheme on a2, (see e.g. (2.4.1)).

These fusions arise naturally from the process of removing singularities. Suppose a; is an
s-oriented interior medial vertex. Note that, by Lemma 2.4.3 and Theorems 2.3.1-2.3.2, the

functions
@15eey A2p—1 Jp@len®j-1,Qj4 10 @2n-1 77 f
+(-1)'F H 2.4.4
Qg;:{ei' @3 (=1) Qg:{e;' o€} Cs’ ( )
R SN R F TR TN 7 SR 7
H(X],...,azn,l } + (_1)]F 1 Jj-DLWj+1 2n lH J (2'4.5)

[Qs,01:e)" ... e [Qs,0:{e} ... e} [C5,01”
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Chapter 2. Local Correlations and Conformal Invariance

have discrete residue 0 at a ;; thus they extend to a; s-holomorphically. In fact, we have the
following extension result for them, which also applies to the corresponding fused observables.

Lemma 2.4.5. The following fused versions of the functions defined in (2.4.4)-(2.4.5) have
s-holomorphic extensions to a;j given by the values

[Hal, SQop-1:ler,.. ,em]+(_1)] Alyeey Xj1,A s 150, H2p—1" ler,.. :em]

j+1
(-1)/ @y @1, 41y C2p1:[ €15 €, ]

Vo '
A1y Xop1:[€] e €] 1 Ao @@ i1 A2n-1:€1) 8] Ot]
[H[95,01 + (=D Fg g H, o] @)

j+1
-1/ QLyees -1, & i1y O2p-1:[ €15, ]

= \/0—] [Q5,0] ’

where in the second case, aj in [Qs,0] is identified with its projection on Qs in the expression

[e1,....em, aj].

Proof. By R-linearity of s-holomorphicity and the definition of fused observables, it suffices
to show that the unfused observables given by (2.4.4)—(2.4.5) extend s-holomorphically to a;
with above right hand side values (without ey, ..., ;).

Since the function (2.4.4) has discrete residue 0 at aj, it has an s-holomorphic extension to a;

given by
A1y X2p—1 ] ALy X j—1, A j1 15000, A2p—1 aj )
+(=1) F H.'| (a)
Qsiley!,...en'} Qs:ley!,...en'} Co |
ALy X j-1, A j4 15000 A2n-1 77X
:H(xlv ,Ctz”_l a + 1]P j-b4j H J a
oo Lo (@) (CDTEQM T (@)

In turn, by the explicit values in the proof of Lemma 2.4.3, this is given by

(_1)j+1 ALyeeey X ju1, X j4 150 Q251 J Q- 1y06]+1, 2Q2n-1 77&j
— ‘ +(-D/F] H;
NAT: Q5:{e11,...,efnm,a]} Qs:el...epm

i+1
DI a1, @ @14

- )

\/O_j Q,;:{ef1 e}

(a’]+)

using that H (a i) = (see Remark 2.4.2). Identical computation gives the [Qg,0] case,
M, r +1
where now we use the fact that for every a; = =0 a , we have H[a: 0] (@jy) = W' O

Remark 2.4.3. So far, we have assumed that the 27 inputs a;, ..., @2, of the real observable
are s-orientations of distinct ay, ..., a2;. An important observation to be made is that the
combinatorial definition of the real observable is robust enough for the pairwise-fused case,
where a medial vertex e appears twice among the 2n inputs (say a; = ai = e), as long as their
respective orientations 0;, o point to opposite directions.
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2.4. Discrete Multipoint Observables

In the complexified case, a medial vertex can appear twice, again oppositely oriented, among
the first 21 — 1 s-oriented medial vertices; if a; = a; on Qs with opposite orientations o; and
ok, one can verify that the residue at a; is given by

- - —F
N Qs:{eyl...emt /o Qotle)' e’

This is precisely a directed superposition of the two residues derived in Lemma 2.4.3 for s-
oriented medial vertices a j, ay; similarly Lemma 2.4.5 and the resulting Propositions 2.4.7-2.4.8,
introduced in the next subsection, easily generalize to the pairwise-fused case.

We are now in position to connect the fused multipoint observables to multipoint Ising
correlations.

Proposition 2.4.6. Suppose {bk}gzl is a set of N distinct interior edges in Q5. We have

Eo, | 1 e(b)] = (-DN2NFt,
l’)E{bk}
Eqs [00 Tbein, €101 (D)] — (_1)NoN Elbi-by]
Eq, [00] (Qs,0]

Proof. The first identity was proved in [Hon10, Proposition 72] inductively, where our above
extensions of the projection relations to adjacent edges now allow for the by to be adjacent.
Explicitly, denoting {e;j } = {e}',..., ey} for a set of edges (distinct from by) with inclusion
variables s; € {e, 0} and recalling <€Q§: {ej ; }, it is straightforward to show by induction on N (the

base case is trivial),

Eq,

by,.b
Lo 11 e(b)] = (~DN2N e,
7 ) beiby Qs{e/'}
(where for an edge e separating faces x, y with inclusion variable s € {s, o}, the indicator 1
denotes an indicator on the event that oy =0 if s=oand o # 0 if s = ») using the expansion

Eq, l{e;j}€(b1)“'€(b1v+1) = (L—DEq, l{e;j,b;vﬂ}e(bl)"'e(bN)
+(pu+ DEq, l{eﬁj bt }€(b1)---€(bzv)] )
' ON+1

and that by definition F[bl"";i’N] = [b""';i’N] [bl"“;i’N] .
Q,;:{ej } Qg:{ei rb?vu} Q(s:{ej 'bz.v+1}

The second identity follows from an analogous process, where we note that for a collection of
loops and walks w, we have o (w) = (~1)°® due to the plus boundary condition. O
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Chapter 2. Local Correlations and Conformal Invariance

2.4.3 Pfaffian Formulae

Having related the Ising correlations to the fused observables, in this subsection we will
elucidate how the recursive relation (2.4.3) gives rise to the Pfaffian relation in Section 2.4.4.
The argument is identical to the one presented in Chapter 6 of [Hon10], albeit with the stronger
lemmas introduced in Section 2.4.1 allowing the «;’s to be adjacent.

We first prove that a 2n-point observable is in fact a Pfaffian of a matrix of two-point observ-
ables. Recall that for a 2n x 2n antisymmetric matrix A = (Ajk) j k=1,..2n

PfA:=

7] Y s8n(0) As1yo@ Ao@)o@) *** Ao2n-1o@n) (2.4.6)

T oesn
and we have the recursive expansion formula,

2n-1

PfA= 21 (—1)fAj,2nPfA@, (2.4.7)
j:

where Aszn is the matrix where the j and 2n-th rows and columns are removed.
Proposition 2.4.7. Suppose aj = a;.)j ,j =1,...,2n are distinct (possibly pairwise-fused) s-
oriented interior medial vertices of Dg = Qs or [Qs,0]. Define the 2n x 2n antisymmetric matrix

0 Fg;,az . Fg;,am—l Fg;y(hn
0 . ng,lhnfl ngraZn
{aj} . .
By = 0
A2n-1,A2n
FD§
0

Then

A1y X2y {(X]}
Fplten = pfRS) .

Proof. The 2 x 2 case is trivial. Given the recursive formula (2.4.7) for the Pfaffian, inductively
it suffices to show
2n-1

A1, lopy 1\ @@ -1 410 A2p-1 &), A2n
Fp! =) D/Fp, Fp.
j=1

The boundary condition is obviously satisfied; the fact that all singularities at ;, ..., @2, are
removable, i.e. have residue zero, is immediate from Lemma 2.4.3. O

We now extend the Pfaffian representation to the fused observables. For any edge e, write
et =e°, e =e° forapair of s-orientations o* of e, so that o* = e" 0. Recall the use of the T
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to denote
T _ T —
FQ& = FQ§ — Fq:5 and F[Qé,O] = F[Qé,o] — F[Cﬁ,O] .

For edges ey, ..., ey, define the 2m x 2m antisymmetric matrix with FLZ" i on the anti-diagonal
i+j=2m+1, i< m,and more generally, entries,

etelr et,et ete, et,e; tel,er
0 F 172 F 12"m F 1’°m F 1272 F 1’71
Ds Dy | D, Dy Dy
e, ,e e, ,e, te, e e, ey
0 F 2'%m F 2’%m F 2772 F 2771
Ds Ds Ds Ds
0 . . .
. et e et e, e e
pllexl]._ o Epmen Fyres e
Ds efq,ez‘ eﬁ,e‘
0 F F m 1
Ds Ds
e,,6;
0 FD5
0

Proposition 2.4.8. Suppose aj = a;j forj=1,...,2n and ey for k =1,..., m are distinct (possi-
bly pairwise-fused) interior medial vertices of Ds = Qg or [Qg,0]. Define the block antisymmet-

ric2(m+ n) x 2(m + n) matrix F{Dij}:[{ek}] by
l{ex)] _ [glapxtiea] T
ng}:[{ek}] = Fp, Fos , Where
5 F{uj}X[{ek}] F{uj}
Ds Ds
a,ef ay,epn, ai,ep, a,e;
e Fp, - Fp Fp! - Fp
ajtx[{eg] . . . .
F) =
062nr€f O«'vae:'y, QA2ns€py Q2n,€)
Fp e Fpm FR o Fp
Then
Ay, @oniler,e,em] {a;}:[{ex}]
Fp! = PfE,.

In particular, since Fg;"“’“z":[el"“’e"'] does not depend on the choice of s-orientations o}, 0; on
ex, the Pfaffian does not.

Proof. Without loss of generality, we will assume Ds = Qg; the case Ds = [Q5,0] can be treated
identically. We use induction on m. The case m = 0 is given by Proposition 2.4.7. Now we
assume the result holds for m, and consider the case m + 1. By Lemma 2.4.5, ife , =e? | is

an s-orientation of e+, we can extend to the removed singularity

A1pees @2, 1301 erEm] @1yees @api€1 e @] 17€me1 b e anlenemi]
Hp)! F§! HE | (emen) = —=Fo; :
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Chapter 2. Local Correlations and Conformal Invariance

Then by the projection relations given by s-holomorphicity, we can deduce

+ - . + -
Fal""’azn’emﬂ'em+1'[el""'em] _ FOvanilenen] poninCni . p1-Qznilenemsl
Qs Qs Cs : Qs :

+ - .
By the inductive hypothesis, we have the desired Pfaffian formulations of FS;""’“Z""?'"“ 1ol

and Fg; e @anil@renbm] Expanding the Pfaffian along the last column as in (2.4.7) the result easily
follows. O

2.4.4 Observables and Ising Correlations

In this subsection we present the connection between Ising model correlations and spin-
weighted correlations and the two-point observables defined in Section 2.3.1. These formulae
follow immediately from the results of Sections 2.4.2 and 2.4.3.

Spin-symmetric correlations

Recall that we have defined a spin-symmetric correlation as the expectation of a product of
energy densities which scale with the mesh size §. Our characterization of the correlation
consists of a Pfaffian involving the real observables introduced in Section 2.3. For an edge e,
we will denote by e* := e, e” := ¢° for any pair of s-orientations o*, 0~ such that o* = " 07;
the following characterization shows in particular that the Pfaffian does not depend on such
choice.

Proposition 2.4.9. For any collection of distinct (possibly adjacent) interior edges ey, ..., en in
Qs,

Eq,

il e(e)] = (1" 2"pr(ER),

eeler}

where for any admissible s-orientations, OI—’, ..., 0%, the antisymmetric matrix Fg‘;k}] is given by

o FUG L g pehen | peea prene

QS Fse)f eh Fgez2 em Fi%;e; F%zyef
Qs Qs Qs Qs
0 . . .

ter, e enres en,er

FQ& Figd o Fﬂgﬁ e |

. m>*2 m*1
0 FQ5 F95

e;,e

F 271
0 Qs
0

ta,l . pad a,
where FQa = Fgﬁ _FCa .
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2.5. Scaling Limits of Observables

Proof. Starting from the characterization of Proposition 2.4.6, we can calculate the fused
observable via an application of Proposition 2.4.8. O

Spin-antisymmetric Correlations

Recall that a spin-weighted correlation was defined as the expectation of a product of the spin
at 0 and energy densities on adjacent sites. We characterize it as a Pfaffian analogously to
the previous subsection, but with Qs replaced by its double cover and the two-point fermion
replaced with the spin-fermion observable. Accordingly, we again fix orientations e*, e~ as
well as a choice of lift in [Qg,0] for an edge e in 5, on which the value of the Pfaffian does not
depend.

Proposition 2.4.10. For any collection of distinct (possibly adjacent) interior edges ey, ..., em
in Qg,

1
Hext]
Eas |00 [] cwe)|= (—l)mszf(F oo ) ,
[EQ§ [o0] ecier) [Qs,0]
where for any admissible s-orientations oli, ..., 0%, the antisymmetric matrix F{g;‘?(])] is given by
ef,ey el e, e; e, e;.e; tel,ef
0 Faso = F [5,0] F Q501 F 19901 1050)
e;,ep, e;,en, e;,e, e;,e)
0 F[Qa.O] F[st,O] F[Q&O] F[Qﬁ,O]
0 . . . .
ter,enm en,e; en.er
F[Q(LO] F[est,eO,] F[efl&yeo,] )
.o me2 mr1
0 F[Q5,0] F[Qa,O]
e,,e;
0 F[QaYO]
0
tal ._ pal _ pal
where Fia o= Figs0 ~ Fics.or-

Proof. Again starting from the characterization of Proposition 2.4.6, we can calculate the
fused observable via Proposition 2.4.8, using now the equations corresponding to the spin-
fermion. O

2.5 Scaling Limits of Observables

We have thus far defined the discrete observables which encode probabilistic information
in the form of n-point correlations. As a result of the Pfaffian formulae of Section 2.4.4,
it suffices to consider two-point discrete observables since all multipoint correlations can
now be written in terms of only two-point observables. In this section, we introduce the
continuous observables, which are precisely defined to have continuous analogues of the
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Chapter 2. Local Correlations and Conformal Invariance

properties satisfied by the discrete observables; see Section 2.2. With the appropriate scaling,
the discrete observables will be shown to converge to these continuous observables.

As the heart of convergence proofs is the extension of the convergence results of [CHI15] for
H["éﬁ o) to the case where the singularity point & is no longer at &, familiarity with the proofs
of convergence in [CHI15] for the case a = ay is very helpful to understanding the sequel.

2.5.1 Integration of the Square

Write v, for the unit outward normal vector at z € 6Q). We have the following characterization
of the complex fermion observable Hq, in terms of discrete complex analysis:

Proposition 2.5.1 (see [Hon10]). Let a = a® be an s-oriented medial vertex of Qs that is not on
the boundary. The function Hgé is the unique function such that:

. Hgd is s-holomorphic on Qs \ {a};
. . ) - 1.
* Hg has discrete residuel at a: Hy) (ay) — Hp (a-) = Nl

J Hga (2) /v € R for any boundary medial vertex z.

Similarly, we have the following characterization of the complex spin-fermion observable
Hig,01-

Proposition 2.5.2. Let a = a° be an s-oriented medial vertex of [Qs,0] that is not on the bound-

ary. The function H[ofzg,m is the unique function such that:

o H[%é 0l has monodromy —1 around 0;

. H[‘f)(; 0l is s-holomorphic on [Qg, 0] \ {a,, a*}, where a,a* are on opposite sheets of [Qs,0];

a . . Crra L 1.
* Hp, o has discrete residuel ata: Hi, o (@) - Hpg (@) = s

J H[%S’O] (2) /v € R for any boundary medial vertex z.

Proof of Propositions 2.5.1-2.5.2. Monodromy for the latter is clear from the sheet factor s, ;.
Proposition 2.4.1 and Lemmas 2.4.3 and 2.4.4 provide the remaining properties. Uniqueness
follows from Lemma 2.2.2. O

We now consider the square integral Qf of the observables. These are the same discrete square
integral analogues l5(Hs) = Re [ (Hs)? introduced in Section 2.2.3 in the case where Hj is
one of Hgﬁ, H[%ﬁ’m, but we need to analyze their properties near the singularity at ¢ and the
monodromy. These square integrals will be our primary means of estimating both observables,

but for conciseness, we will assume that we are working with H[Oé& o)- Neither the construction
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2.5. Scaling Limits of Observables

nor the properties are changed in the Hg(s case, except for the fact that there are no longer
complications arising from the branching at 0.

Proposition 2.5.3. Suppose a = a° is an s-oriented corner in [Qs,0]. Consider the single-valued
integral of the square Qg :=ls [H["éﬁ 01] 1 Fq, U, — R constructed with the usual rule

2

’

1
Q5 (w) - Q5 (v) =25’Hf§25,0] (5(w+ v))

where w is a face, v is a vertex incident to the face, so that %(w + v) is the corner between them

2
(note that at the singularity a, H[‘;)&O] (a)' = % ), and the Dirichlet boundary condition

Q5 (w) =0 for w e 0%, .

It has

2 2
. 25Q% = 25|05H[0;25‘0]| on Fa, \ {0, a- og}, AsQE = —26’65H“ |

5.
Q50| OT Yas \ {a + 05},

2
* The outer normal derivative 0,y Q¢ = V2 ’H[%é 0l ’ on 67/0";.

Proof. The proof follows from direct computations in Chapter 2 of [Hon10] and Section 3.3
of [ChSm12]. Note that as in [CHI15, Proposition 3.6], the singularity at a (two projections
from neighboring medial vertices differing only by a sign) and branching at 0 does not affect
well-definedness of Qf, but does affect the Laplacian at 0, a + og. O
Remark 2.5.1. In keeping with the Dirichlet boundary condition, we can define Og which
simply modifies the value of Qf on d7q; to be zero. This affects the Laplacian and normal
derivative, but one can define an alternate Laplacian As modified at the boundary which gives
55(55 = A5Q§‘; see [CHI15, Preposition 3.6].

Remark 2.5.2. Similarly, one can define the integral Qg“ =15 [ [‘66 o H[‘j‘:ﬁ oy |> this has the

advantage of removing the singularity at @, so that we have sub- and super-harmonicity at all

points except for 0. [CHI15, Remark 3.8] notes that in the special case a = g we in fact do have

A : a a o—
sub-harmonicity at a, owing to the fact that H[Q&O] - H[C,;,O]] (a):=0.

2.5.2 Continuous Observables

The continuous observables are the solutions of the continuous Riemann boundary value
problem corresponding to the discrete b.v.p. of Lemma 2.2.2. We prove that they are in fact
the scaling limits of their discrete counterparts in Section 2.5.3.
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Chapter 2. Local Correlations and Conformal Invariance

Continuous Full-Plane Observables

We begin by defining the continuous full-plane observables. In analogy with the discrete case,
we define an s-orientation o of a point a in a continuous domain ( as a choice of any unit
complex number o with a specified square root.

Definition 2.5.1. Let a := a° and { := z” be two s-oriented points of C with a # z. We define
the continuous fermion observable f¢ by

JEQ=ivVP-P 1 g [hE()] =Re [ivP-hE ()],

where the complex observable h¢ is defined by

1 Vo
V2nz—a’

hé (2):=

Analogously to the previous definition, we proceed to define the continuous full-plane spin-

fermion observable. Since the source point d« of the discrete two-point spin-fermion tends to

m
1,0

of the continuous spin-fermion on « by da (not to be confused with 6« € 7/[52”0], which is the

the monodromy point 0 as § — 0, we fixitas @ € ", and formally denote the dependence

scaling of & by 6 > 0).

Definition 2.5.2. Let a := a° be an s-oriented corner or medial vertex of [C;,0]. Let { := z” be
an s-oriented point of [C,0]. We define the continuous spin-fermion observable fic o by

[ @) =Re [iy/p-hi% (2],

where the complex observable h[‘éao] is defined by
C
d _a
hic (@)= 2

and the scaling limit factor Cy € R is given by
Ca =Re [iV0(Gic, o~ Gic,0)) @] - (25.1)

Recall, here, that G* are the discrete analogs of 2\4@\/2 given by Definition 2.3.7. Note that
when « is an s-oriented corner, we do not need to take the real-part in the definition above as
iv/0G* (a) are already real, due to s-holomorphicity. In particular, if a is an s-oriented real or
imaginary corner we have that

) X . i *
o _)ERgVohmp@  ifacic o nX
@ = : Y .
— 1 i . *
F;zVo-hm (@) ifae¥ o nY
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2.5. Scaling Limits of Observables

Continuous Bounded Domain Observables

Let Q c C be a bounded simply connected domain containing 0. Recall that we denote by
¢ the conformal mapping from Q to the open unit disk D with ¢ (0) = z and ¢’(0) > 0. Here
we set z = 0. We transform a = a° as ¢(a) = (p(a)"’, o' = (\/m\/ﬁ)z / |(p’(a)| under ¢ (with a
continuous square root branch choice for ¢’ such that \/m >0).

Definition 2.5.3. Let @ = a°,{ = zP be two s-oriented points of Q with a # z. We define the
fermion observable fq by

§O:= i\/ﬁPﬁw[hg(z)] =Re [iyp-hi(2)],

where the complexified fermion observable hq is defined by

@ ; g e@) Qi) . 1 (1 1 \/5)
hg (@)= \/|¢'(@]\/¢' (2 hy, " (p(2), where  hp(2): \/g,,(\/a 1—az z-a)’

Definition 2.5.4. Let @ = a° be an s-oriented corner or medial vertex on [C1,0], and { = z” be
an s-oriented point of Q with a # z. We define the spin-fermion observable fiq 0 by

f[?)c,lol ) := i\/ﬁpﬁw h[dggm(z)] =Re [i\/ﬁ-h[‘f{o] (Z)] ’

where the complexified spin-fermion observable hq g is defined by
Ca
vz

Remark 2.5.3. As explained above, these definitions imply continuous versions of the proper-
ties satisfied by the discrete observables; they share the singularities of the full-plane observ-

hiso (2):= /@' (DR (@(2), where R (2) =

ables, and satisfy the boundary condition hg(z), h[‘g‘o] (2) € vz_” 2R, if v, is the unit outward
normal vector at z € Q. These also uniquely characterize a holomorphic function: see [Hon10,
Proposition 48] and [CHI15, Lemma 2.9].

2.5.3 Observable Convergence: Statements

We now state the two observable convergence results for the fermion and spin-fermion that
are needed for the proof of the main theorem in Section 2.6. The bulk of the remaining work is
in the proof of the spin-fermion observable convergence; that proof is deferred until the next
subsection.

In what follows, we say an s-holomorphic function Hg : 7/DC(;" — C converges to a continuous
function h: D — C if for any sequence as € VD";‘ such that as — a € D we have Hg(as) — h(a).
Equivalently, the values of Hs on type 1 and i corners respectively converge to the real and
imaginary parts of A.

For notational convenience and concreteness, when we take z € D to be the argument of an
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Chapter 2. Local Correlations and Conformal Invariance

s-holomorphic function Hs defined on 75, we will take a closest medial vertex z5 € 7} to
z and evaluate it at z5. Then the convergence is often uniform on a compact set K c D, i.e.
| Hs(zs5) — h(z)| is small uniformly in z € K.

By a slight abuse of notation, we will then use the notation a = a° and { = z” both for the the
s-orientations of a or z, and those of a5 and zs.

Theorem 2.5.1 ([Honl0, Theorem 91]). Asd — 0, we have

1
<8, -F8) O~ (1 - 1) @,

uniformly for a, z away from 0Q).

Now let a := a° and { := z” be s-oriented corners on [C;,0]. For § > 0, denote by da := (§a)°
and 8¢ := (62)” their corresponding scaled versions on [Cg,0] and, for sufficiently small &, on
[Qs,0]. Recall that G, G* are the discrete analogues of ﬁ vz, 2%[2\/2, respectively, introduced
in Definition 2.3.7.

Theorem 2.5.2. For a,( any s-oriented corners or medial vertices in [Cy,0], we have asd — 0,

1
5 (FiS o~ F3 ) (60) —2-2v2Re st - (CaRe [1y/BGic, 01(2)] - CRe [iV0Gic, 0)(@)])

+2:2V2Im s - (CaRe |iVPGig, /(2] - CcRe |iVoGig, (@),
where, for ay = %0 as before, <1q is the coefficient in the expansion

1 1
hdafo :_(_ 2.& O 3/2 ) .
o (2 AN aVz+0(z"%)

Proof. This statement is the consequence of results proved in §2.5.4. Theorem 2.5.3 shows
the following in the case where a, { are both s-oriented corners: %[H[%‘E 0(02) — HE?E‘; 0,(62)]
converges to

2:2v2- [Re so - (CaGic,0/(2) + V0| G, o = Gic, 01| ()Gic, 0 (@)

+Im ofq - (Ca Gic,0(@ +ivo [G[Jh,m - G[};ho]] (2)Gic, 0 (a))] :

where we used Corollary 2.5.8 in order to identify C, with C, defined by (2.5.1). This formula
also applies in the case where z is a medial vertex by linearity. Reformulation in the form of
the theorem statement follows from the definition of the real observable; we can then swap
a, ¢ from the antisymmetry of the real observable and proceed to prove the result for the case
where both are medial vertices. O

Remark 2.5.4. It was shown in [CHI15, Lemma 2.21] that </ = <f|q,0] = —}‘Ozlog rQ(z)|z:0
which is the logarithmic derivative of the conformal radius as viewed from 0 € Q. This is
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2.5. Scaling Limits of Observables

used in Theorem 2.6.2 to identify the coefficient in the first-order correction to spin weighted
correlations with — id zlogra(2)|z=0-

2.5.4 Observable Convergence: Proofs

We now prove the aforementioned observable convergence theorems, in particular, the con-
vergence of the full-plane observables and Theorem 2.5.2.

A tricky point of this subsection is that the explicit coefﬁcient Cq of Definition 2.5.2, in the
claimed limit h[‘é”‘m (z) = Cq/+/z of the full-plane spinor H [c o

once all convergence results are proven; until then we introduce a recursively defined stand-in
C, and h[q:am (2) := Cq/v/z. We then show the equality C, = C, at the end of this subsection in
Corollary 2.5.8.

can only be identified as such

Convergence of the Full-plane Observables

We first state direct extensions of some results in [CHI15] regarding convergence of the full-
plane observables and functions. In [CHI15], the renormalization factor 9(5) := hm C5\R<o 26126)71)
is used; we are able to calculate the constant explicitly thanks to Proposition 2. 7 1. Specif-
ically, writing N := [(26)7!], 9@8) = 1-3 ... 2N-1 _ @M and Stirling’s approximation shows

2 4 2N T 4NnNe
19(6) ~ \/TW ~ \/ 7.

Ca 1o
Lemma2.5.4. Forae¥,", we have /35 H‘”r 0] (2) 22 hﬁ;"‘o] (2) := 7% uniformly on compact

subsets in C\ {0} for some C, € R, which can be computed recursively.

Proof. [CHI15, Lemma 2.14] provides the case where a = ag = 1°,0 = (€7)? (Cy, = ﬁi in
our normalization). The other cases easily follow from the recursive constructions given in
Proposition 2.3.10 and Corollary 2.3.11. The fact that C, € R is inductively apparent from the
fact that for any source point a, the function H, ﬁz";o] (z) vanishes if z is an imaginary corner of

the positive real line, or a real corner of the negative real line. O

Lemma 2.5.5. We have that /35Gic,,0(2) — 200, 2\[\/_ z and /55 Gm 0l (z) 2\"/2\/2 uni-
formly on compact subsets in C\ {0}.

Proof. By [CHI15, Lemma 2.17], we have convergence of the real part of Gic;,0). The lemma
follows by rotation and multiplication by i. O

Convergence of the Bounded Domain Observables

We begin by proving the following convergence result, which is a simple generalization of
[CHI15, Theorem 2.18]. It provides a local estimate near the monodromy point 0 which will be
crucial to the proof of the general global convergence.
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Chapter 2. Local Correlations and Conformal Invariance

as the counterpart of h%® where C, was replaced by C, in

(C,0]
using Definition 2.5.4 where C, in h%%

As we have introduced h[‘f:“o]

Lemma 2.5.4, we define 7% is replaced by C,

Q, 0] 1©,0]
(i.e. hdam (2) =/ ¢'(2) W). Note Cqy, = C% = 1 . Recall also that we defined </ as the

coefficient in the expansion,

o

higs (2) = his (2) =

1 1
— | —+240vz+0 3’2).
AN avz+0(z?)
1

Lemma 2.5.6. For ag = 50, Vo =1, and a corner or medial vertex a on [C1,0],

HIS® (6a) = Hiy®, (6a) — HI™, (6a) = (2Re st Gic, 01+ 2Im s - G, o)) (6) + 0(6)

Proof. We closely follow the strategy in Section 3.5 of [CHI15]. Note that

16
H[Qa?)] - (ZRC q - G[CB o] + 2Im Ao -G [C O])

is s-holomorphic, so it suffices to show that it is 0(d) on real and imaginary corners and
propagate.

a a a .
H[Qay()] H[Q(;,()] ’A[Qa,O] -
and Az = Q5 N Qs from Definition 2.3.6, define the following functions,

Recalling the symmetrized and antisymmetrized observables S Q5,01 =

1
Hig, 0 H[Qﬁ 0]

S- holomorphlc everywhere on [Ag,0]:

Sgi=80% _ 0% 9 Reosq- G[Ca 01

[€26,0] [Cs,0]
- 6(10 66{0
A= A0S = AN —2Imadn - Gig, .-

Given that S5 + As = H[Tg“‘)o] (2Re ot - Gic,,0) + 2Im /g - Gic,,01), it remains to estimate the

real and imaginary parts S} := 55|7/1 ]mX+’S(5 35|7/z oY and Ay := A5|7/[1 ]mw,Ag =
A0
A5|71 L Without loss of generahty we show the 0(6) estimate for S}s (0a), where S(lS is

harmonlc in the slit domain 7/[ 250N X' and vanishes on 7/[ 250 R.g.

Define the discrete circle w(r) :={z € Dom(S(ls) 11 <|z| < r+56} for small r > 0. The same twist
of the discrete Beurling estimate ([LaLi04, Theorem 1]) as in [CHI15, Lemma 3.3] or our proof

of Theorem 2.3.2 gives hm ?f?&a} (z) < C61'?|z|~1/2. By reversibility of the simple random walk we

X . . . . L .
have hm w‘s( " (8a) < C6Y2r~Y2 which gives an estimate of a harmonic function identically 1
on w(r) and vanishing on the slit. Comparing this with S¢1$ on w(r) and applying the maximum
principle in the interior gives

|S(15 (6a)| < Cé‘%r_% sup|S(13|.
w(r)
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2.5. Scaling Limits of Observables

Now by convergence of , / %H&Z ‘o tO h[dgi"o], away from the singularity, as § — 0 (see Theo-

rem 2.16 of [CHI15]), we have

/A
Mg%mem

=0(z*?).

1(- . ~
E(ﬂg&@y+mg&@)—Jﬂ%#m—zmbRewE

Here we used the fact that fz%(-) = fz[”g”g] (*) since the right hand side is the unique solution

to the boundary value problem in Remark 2.5.3. Thus, we have |S<1$ © a)| < C'6r and since r is
arbitrary we have S(ls (ba)=o0(0)asd — 0.

The estimate follows analogously for Sé, A(ls’ Ag, since they share the following properties
which were the two properties needed to deduce that S(ls (6a) = 0(0) above:

1. they are harmonic functions on their respective slit domains and vanish on the slits; we

might extend the slit by a point, specifically the slit for AZ includes § € Vih,.0 VX given
that Ag(g) = Ag(g) = 0 (which also implies that A(lS is harmonic at —g).
2. they are O(|z3/?) on the discrete circle w(r) defined above. O

Now we prove global convergence for general source point a # @, away from 0.

Proposition 2.5.7. Ifa = a° is an s-oriented corner or medial vertex on [Cy,0]; then asd — 0,
1) = .
we have . / %H[(S(Z;,O] (2) olo, h[‘g’fo] (z) uniformly on compact subsets of Q \ {0}.

Proof. [CHI15, Theorem 2.16] proves the case where @ = ag = 12 Jo=1; they consider the

2
square integrals Qg“" and Qz;‘s“" as introduced in Section 2.5.1 (in their notation, Hg, Hg), and

. . 7dag 2 oy 7oy 2
show that they converge to the continuous functions Re [ (h[Q,O]) and Re [ (h[Q,OJ - h[C’O]) ,

which implies convergence of the integrand (see Section 3.4 of [CHI15]). In our notation, they
show uniform boundedness, and thus equicontinuity, of Ogao, ana‘) in 6 in each subdomain
of Qs, away from the boundary and 0. Their subsequential limits are then identified with the

continuous square integrals above.

We argue that a similar strategy works for all a. In fact, the only difference here is that the
sub-harmonicity of Q:;‘s“ at 0 fails, since in general H[ngo] (g) # 0. Sub-harmonicity of the
square integral is used twice in the proof of [CHI15, Theorem 2.16]: it shows that their Hs
(which corresponds to our Q;‘S“) is uniformly bounded near 0, which is needed to identify
the limit, and it is needed to apply the maximum principle near 0 and obtain [CHI15, Lemma
3.10]. We will thus reproduce these two bounds, except that we replace Q:;‘s“ in their argument

by a modified version Qy‘s“, which we now introduce.
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Chapter 2. Local Correlations and Conformal Invariance

By Lemma 2.5.6 and rescaling,
H[*g;’fg] ba)=05 (2Re Ao - Gic,0(@) +2Im oo - Gie, g (@) + 0(1)) ,
1

and by antisymmetry between the two arguments, it is easy to see that H[Tg;”m (0ag) = W (Ag+
0(1))id as 6 — 0 for some constant A,. Then the modified observable

toa
H 0] (5610) 4

ttoa ._ pytéa [Qs, _ rrtéa S
Hig,0)3= Higgo =2V2 51 Cics0 = Hig; 0~ (Aat oGy, g

16 — 0 <0 ite toa . _
H[Qaf"o] (6ap) = 0, so its integral Qg =5 [

is sub-harmonic on faces and super-harmonic on vertices. It converges to

H'H'&l’

is everywhere s-holomorphic and satisfies 05,0]

. 2
~ ~ 1
Re f (hﬁg’fo](z)—hﬁ’c‘fO](z)—mAa\/Z dz

uniformly away from 0, so both the discrete observable and the continuous function are single-

valued and bounded near 0. This fact, alternatively to its analogue for Q:;‘S“, also implies

[CHI15, (2.8)], which identifies the singularity at 0. The analog of [CHI15, Lemma 3.10] also

ttoa
]

easily follows by replacing Hg in their proof by Q as defined above. O

We now analyze the observable near the singularity at 0, finally giving the proof of the main
+

[Cs,01]
harmonic function which is amenable to the methods of analysis used thus far is crucial to the

convergence theorem. Balancing the two discrete analogues G of 2\#@\/2 to create a

proof.

Theorem 2.5.3 (Convergence Content of Theorem 2.5.2). If ze€ & . and a = a° is an s-

[C1,0]
oriented corner on [C1,0], thenas é — 0,

4 A ~
HBLQzO] (62) = 2\/§Ca (2Re Za - Gigs,0) +2Im g - G[Cg,O]) (02)
+i2v2v/0 (2Re o Gie, o) +2Im o - c“;[—cl_m) (@) [G[}M ~Gie 0| 62
+0(0).

Proof. We argue that the same strategy as in the proof of Lemma 2.5.6 works here. Indeed,
after defining

S5 =S80 o1 = SO o) —2-2V2Ca Reelqy - Giey )
. A0 1) A A—
As:=AYS o~ AYE o) 2 2v2C, Im ot - Gic, 0
. ~— ~+ ~—
— 12\/5\/5 (2Re A - G[Cl,O] +2Im o - G[Cl,O]) (a) [G[CE,O] — G[Cg,()] ,

one sees that the real and imaginary parts of these two functions satisfy properties (1) and (2)
at the end of the proof of Lemma 2.5.6, sufficient to conclude that S, Sé, A<15’ Afs evaluated at
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(0z) are 0(6). The additional term in A5 above is needed because we require As(d ag) = 0;

B ) _ rrtéa _ toa,
A0~ Ay 0| @a0) = Higly (8ag) = —VoH o 7 (6a)

= ~6v/0(2Re o~ Gic, 0+ 2Im s - Gig, ) (@) + 0(),

so we insert G* to cancel out this nonzero value, then adjust the coefficient in front of G~ to
match the global limit. O

We are now in position to explicitly characterize C,. The following is a consequence of
Theorem 2.5.3.

Corollary 2.5.8. Foreverya € 7/[3”0] , the constant C,, defined in Lemma 2.5.4 is given explicitly
by
Ca=—Re |ivo(Gi, 0~ Git,0) @] =: Ca,

pda  _ pda
and therefore hic’y, = hicy,.

Proof. First we suppose a is a real or imaginary corner; note that in this case the real part
operator in the definition of Cy or real observables is superfluous. In Theorem 2.5.3, let z = %,

say on X*, and let { = zP with \/p = i. Since Fjo ¢ =Re i /PHS%) (62) = iy/PHIO? | (82),

~1 ~16a,d = . ok
2v/26) IF[QS,O]( —Cy [l\/ﬁ (ZRe 2q - Gic,,01 +2Im Aq - G[Cl,O]) (Z)]

= C¢|ivo(2Re - Gic, 0+ 21m st -G, | (@],
@v28) " Fjtar —Ce |iv/0(2Re sta- Gic, 0 +2Im ot Gic, o) (@)

= Ca|iv/P(2Re st~ Gic 0 +2Im st Gic, ) (2)]

Since the two limits should differ only by sign, the result follows by using that Gic, 0)(2z) #
0, G[J—gzl 0l (z) = C; = 0, and the fact that, by our recursive construction, C'( = 0 (see Proposi-
tion 2.3.10, and in particular, Proposition 2.7.2).

In the case where a is a medial vertex, note that by s-holomorphicity of Hg:ﬁ,()] and antisym-
metry of its real counterpart, in their arguments, we can express Cy as a linear combination
of Cﬁi, where * are adjacent real and imaginary (s-oriented) corners. Notice that this linear
combination is exactly mirrored in the case of C, since G[EI‘O] - G[_ccl,()] is s-holomorphic; thus
the desired equality holds. O

2.6 Proofs of Theorems

In this section, we complete the proofs of Theorems 2.1.1-2.1.2 and Corollary 2.1.1.
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Chapter 2. Local Correlations and Conformal Invariance

2.6.1 Spin-symmetric Fields

We first prove Theorem (2.1.1), establishing the conformal invariance of spin-symmetric fields.

Definition 2.6.1. Suppose a # z are medial vertices on C;. For s-orientations o,p on a,z
respectively, write a = a®,{ = z”. Define

&4 =Re [iypHE (2],
NN

E®* =Re
V2n

G

)

where Hg] (z) was explicitly defined in (2.3.1).

Now let {ex} = {ey, ..., e,} be a collection of distinct edges of C;. Set

(X1, eer Xy X1, e X2n) 1= (€] .00, €50, .00€7 )

+ - . . . .
where e}r = e]”. and e; = e;? denote a choice of opposite s-orientations of e; such that

o =e"o".
We write F' to denote the 27 x 2n antisymmetric matrix with entries (F¢) k= ng " for
j+k#2n+1,and (F{ek})jk := 0 on the anti-diagonal j + k = 21+ 1; we also set E!*! to be the

matrix taking values (E'?) ;; := E"* . Now define

c -

P = (-2)"Pf(F'H),
21 1= (=2)" Do PEE'H),

where Dy, Pf denotes the directional derivative of the Pfaffian function in the direction of
Eles,

Remark 2.6.1. The values 22! and 2!° only depend on the unordered collection {e;} since
they arise as limits of the Pfaffian from Proposition 2.4.9, which has an interpretation as a
physical quantity only depending on {ey}.

Theorem 2.6.1 (Restatement of Theorem 2.1.1). Let {ek}Z:1 be a collection of n distinct edges
of Cy. Asd — 0, we have

=2 15151 (0)- 2% +0(5),

1_[ ede)

eefex}

Eq,

where rq (z) is the conformal radius of Q at z € Q, defined rq(z) := ’(p’(0)| where@:D—Qisa
conformal map with ¢(0) = z.

76



2.6. Proofs of Theorems

Proof of Theorem 2.6.1. By Proposition 2.4.9, we have that

[T e6e

eciex}

Eo, = (-D"2"pf(Fe)

Write Fg‘ze"}] = Fgfe"” + [Fg‘zek” - Fq[:{fe"” ] By scale invariance, Fgfe’“” = Fq[:{f"}], which, by defi-

nition, satisfies FET’C” = Flext,

By Theorem 2.5.1, for any a = a®,{ = z”, if we set a := (6 a)?, 6 := (6 2)P we can calculate

L sasr  oa6C 0° _ £0° al ~1
(1511%5 [FQ5 _FCa ] - [fQ _fC ] (07) = E‘El o ©,

and the result follows from Taylor expansion of Pf (Fg‘ze"”) =Pf (F{ek} + SElex! r51 (0) + 0(6)). O

2.6.2 Spin-antisymmetric Fields
We now generalize the above proof to spin-antisymmetric fields, proving Theorem 2.1.2.

For any s-oriented medial vertex or corner { = z”, we introduce the real quantity

Gic,,0Q) =Re [i\/pGic,,0(2)],

and define the real quantities G=

. At ;
(€101 () analogously; Gic, 0(2), G¢, o, (2) were defined in Sec-
tion 2.3.2.
Definition 2.6.2. Suppose a # z are medial vertices on [Cy,0]. For s-orientations o, p respec-
tively on a, z, write a = a,{ = z” for the s-oriented medial vertices. Set

al  _ .
Fic, o =Re [’\/ﬁHf«le,OJ (z)] '

a!( «— L ~ A=
Eié o= 2'2‘/5([(;[@1'01 = iGic, o/ (@G, o~ Gic, 0] €)

~[Gie, 01 = iGig, o) DIGig, 0 — Gie, 0 (@) |-

Let {ex} = {ey,...,e,} be a collection of distinct edges of C;. Let &y, ..., &, be a choice of lifts of
el,..., e, to [Cy,0]. Set
(X1,.e Xon) = (8] ..., 85, 8,,...,87 ),

where é}“ = é;.’+ and &; := &% denote a choice of opposite s-orientations of €; such that

J J
ot=e"o".
Define F%gf} as the 2n x 2n antisymmetric matrix with entries (F%S]’“})jk = F[Jf‘:j;g] for j+k #

2n+1, and (F%g]’“}) L =0on the anti-diagonal, j + k = 2n + 1. Define also E‘%g]’“} the 2n x 2n
j
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Chapter 2. Local Correlations and Conformal Invariance

antisymmetric matrix given by (E{ek}) s EZ™  Let
J

(0] TG00

{ex}
'@[0]

(-2)"PE(Efer),

fex} _  (_oyn {ex}
2% = (-2) DE[{(;k}Pf(F[O] ).
Remark 2.6.2. By the same reasoning as in the spin-symmetric case, the values 22! and 2+
only depend on the unordered collection {ey}.

Theorem 2.6.2 (Restatement of Theorem 2.1.2). Let {ex}};_, be a set of n edges of C;. For every
1 < k < n, the quantity 1., defined in (2.1.1) exists and, independently of s-orientation oy on ey,
is

Helzk Ok Hezk Ok
ic,,01€) + Hie, (€0

/Jek = \/O_k ) (2~6~1)

so thate) (O ey) is a well-defined random variable for every k, and as § — 0,

Eqs [00 [Teete, €101 (5€)]
[EQ(; [UO]

{ex}

_ oplexd .
P +6-Re (0]

o

+0(6),

1
—Zazlogm (2) |Z:O-£2

where 0, = %(ax —1i0y) ifz= x+1y. In particular, it follows from the results of [CHI15] that

() H €[0](5€)

acfey}

Eo, (0]

=0+%-55- P21 10(0) 5 +0(67),
where € is a constant given explicitly by Eq. (1.1) of [CHI15].

Proof of Theorem 2.6.2. The expression for . for every e € ¢, was given by Remark 2.4.2.
Now by Proposition 2.4.10, we have that

[EQ§ [00 Hee{ek} 6[0] (68)]
[Eﬂg [UO]

_(_1\on {6er}
= (-D"2"PE(FR, ),

; {6ert _ plbert 0er} _ pider}
Write Fi, ') = Fie0 + [F[ﬂa,m Fieso |-

. . {0er} _ plext ‘e fer} _ plexd
As before, by scale invariance, F[C&O] = F[Q,O]’ and by definition, F[Cl,O] = F[O] . By Theorem

2.5.2, forany a = a®,{ = z”, if we set a := (6a)’, 6{ := (6z)P we have

1 _tsasc 1 al
lim ~F3% = ~Re Zazlogrg(z)|Z:O-E[0] ,
and hence we get
lim  [EC99 _g0e) | __Re | 15,106, @] _, B
505 L1950 ™ Fics,00] T g 0=z08Tal@)| By | -
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The first result then follows from Taylor expansion as in the proof of the previous theorem,
and the second follows by multiplying through by the conformally covariant expansion of
Eos o] =621 - ra(0)75 -5% + 0 (67 given by [CHIL5]. 0

2.6.3 Spin Pattern Probabilities

Finally, we prove Corollary 2.1.1 as a consequence of the above two proofs.

Proof of Corollary 2.1.1. We begin by proving the corollary for the spin-symmetric pattern
fields. For a subset & < Z¢,, let 28 be the set of all edges separating two adjacent faces in &.
To any spin-symmetric pattern +p on &, we can associate an edge subset B < 98 via the usual
low-temperature expansion (see Figure 2.1.1 and Section 2.3). Denote the collection of such
edge subsets in 2 that are associated to a spin-symmetric pattern on & by Pg(98) c P(98).
We will index the 2¥~1-dimensional vector PZ = (Pp)ge p, () of the probabilities of all spin-
symmetric patterns by corresponding edge subsets.

Given any such an edge subset B, we can calculate a spin-symmetric correlation Eg =

Eq, [€(6B)] = Eq; []'[eEB €(6e)] and also form another vector EZ = (EB)Bep, (e of dimension
217171,

Clearly, every correlation function Eq, [e(B)] can be expressed as a linear combination of

probabilities of the 2/¥!~1 spin-symmetric patterns on 28.

Thus we have a 27171 x 21Z1-1 matrix (EP‘g)BB/ = [leep(t — (21{eepy — 1)), such that E7 =
(EP7)P7 . One can check by hand that the matrix has inverse given by:

1
(PE?)pp =W(—1)ZM Yeem®heers T (1 + (21 ey — 1).
eeB

Applying the inverse to EZ, consisting of conformally covariant spin-symmetric correlations
from Theorem 2.1.1, yields the desired result for spin-symmetric patterns.

For the spin-antisymmetric patterns, an analogous approach but conditioning on oy = +1
and replacing u by pt., combined with the conformally covariant expansion Eq,[oo] = €6 - 21 .
ra(0)7# -85 + 0(5'/8) from [CHI15], gives the desired resul. O

2.7 Appendix: The Harmonic Measure on C;\R.,

We start this section by giving an analytic formula for the harmonic measure of the tip of the
slit plane. This uses Fourier series techniques, which was inspired by [ChHo16]. Using the

formula, we prove that the auxiliary functions Gic, 0;, G are discrete holomorphic.

+
[C1,0]

Since the slit-plane harmonic measures appear as different translations of the same function,
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Chapter 2. Local Correlations and Conformal Invariance

we present the following prototype:

Proposition 2.7.1. Fors+ike (1+ )72, the function Hy given by,

1 7 Clkl ) .
Ho(2) := hm 07\ 220 (7 = 54 jk e 04p, 2.7.1
0(2):=hm| ( )= - m ( )
cosf . . . .
where C(0) :== ———— and the square root is evaluated on the principal branch, is the unique

1+ |sin@)|
discrete harmonic function on the diagonal slit plane (1 + i)Z? \ Zs( with boundary values 1 at

the origin and 0 elsewhere on Z>o and as — co.

Proof. We first state two Fourier expansions, thanks to the generalized binomial theorem:

~3| —2nio L 2i0, 3 —si0 O -sio
_Z( D" 2le™ =1+7e WiZe ™y —e™® 4 (2.7.2)

V1-e2i0 520 8 16

; 02 1
sin6l __, /S0 m-_g 17| 2 |e2nit
V1_e-2i0 1—e2i0 n

The first identity immediately gives the boundary values on Z. Discrete harmonicity when
k # 0 follows directly from the structure of the integrand, and when k = 0 values of the discrete
Laplacian correspond to the Fourier coefficients in the second identity of Eq. 2.7.2, so vanishes

on Z since there are no negative Fourier modes.

For the decay at infinity, it suffices to show |Hy(s + i k)| — 0 as | k| — co uniformly in s and as

|s| — oo for fixed k. Note the latter is just the Riemann-Lebesgue Lemma. For the former, we
|C\ I(9)| |C|k|(9)|

which is integrable. O

can use dominated convergence since | 0 pointwise a.e. as |k| — oo and

1 _ 1
VIi=e2]  /2[sin6|’

Now, the above characterization of the harmonic measure of the tip of the slit plane leads
to a recursive construction of harmonic measures of other points on the slit, as discussed in
Proposition 2.3.10. Suppose Hy :=hm (“’)Z denotes the harmonic measure of the point 2n
on the slit plane (1 + )Z*\Rsg. We have the following recursion formula:

Hy(m) = Hp—1(m—2)— Hp—1(—=2)Hy(m) (2.7.3)
=:Hym-2n)- X Hy(m-2n+2)-XoHy(m—-2n+4)—---— X, Hy(m).

The coefficients X, := H,_1(—2) can be used to calculate the recursive coefficients in Proposi-
tion 2.3.10 and the scaling limit coefficients C, in Section 2.5.2 explicitly. We now give a simple
formula for X;.

Proposition 2.7.2. Foralli =1, we have that X,, = % Consequently,

1—X1—X2—"'—Xn=H0(—21’l).
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2.7. Appendix: The Harmonic Measure on C; \R-(

Proof. Define the generating functions

1
X(2):= Z Xpe'=—z+ -2+ —23+---,
n=1 16
x 1 3 1
F(2):= ) Ho(-20)z"=1+—-z+=z"+---= .
n=0 2 8 1-z

Note that Eq. (2.7.3) implies a convolution identity by taking m =0,

m
Hy(-2m) =) XpHo(-2m+2n),
n=0

and setting Xo =0. Thus XF=F-1,and X =1-V1-z=Y% 1(—1)”4“1(17/12)z”. Given that
Hy(-2n) = (-1)"(” 1 2) by Eq. (2.7.2), both results are straightforward. O

Corollary 2.7.3. The auxiliary functions, Gic, 0}, G [C (o) defined in Definition 2.3.7 are discrete

holomorphic on [Cy,0].

Proof. Without loss of generality, we will show discrete holomorphicity of Gic, o; at a type-A
corner z=s+i(k+ %) € X" NY™* (k=0). By the fact that

OZO" hm ( + — 1+ +2n)— hm ( 1+i+2n) lika(H) -1 0
z z—— = — =0,

o 3/2 2 3/2 2 0—0 V1 e-2i0

and discrete holomorphicity of H| [C o we have

1-1 1-1i
Gic,,01(z— —) = Gic,,0(z+ —)

; 1—i
+2n hm zZ+— +2n
) — 1/2( > )

1-
[hm 122 = N

2\/_n 1

1+i x} 1+1i
—Z hm ) 2(z+ 5~ T2m —hm g, (2= ——+2n)
=

i o0
_2\/zn:0
1+

] +i
=i|Gic,,0(z+ T)—G[Cl,m(z—T) ,

1+ x! 1+
hmg/z( z+— 5 —2n) 3/12(Z—T—2n)

as desired. O

Now we show that G in fact has some rotation symmetry, which can be exploited to recursively
compute its values as outlined in Remark 2.3.6. The proof relies on the same kind of analysis
of discrete harmonic functions as in the proof of Lemma 2.5.6 and therefore we omit some of
the details.

Proposition 2.7.4. OnCs, the following holds: €""'* - G, 0)(€"'/?2) = G[Tc 0G| @-
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Chapter 2. Local Correlations and Conformal Invariance

Proof. We will write Ls(z) for the left hand side, and Rs(z) = kG[JjC ogta-k G[C 0| (® for
an as yet undefined real number k. Both are s-holomorphic functions, and by Lemma 2.5.5,

both ,/ %Lg(z), \/ %Rg (z) converge to ﬁi v/z on compact subsets away from 0 as § — 0.

First, it is straightforward to check that Gc,,0; vanishes on A-corners on the upper half of
the imaginary axis, and on A-corners on the lower half by the symmetry between its real
and imaginary parts (in addition, Gi¢;,0(2) = W). So Ls(z) has zero real part on the
positive real line, and zero imaginary part on the negative real line. This is also true for Rs(z).
Now, Ls ( ) is not necessarily zero, so we will choose (taklng 5 on X" k=-iLs (5) Then

Ls(z) — R5(2) is zero at £, so we have harmonicity at -3 % by Remark 2.2.4.

Without loss of generality, consider the restriction of |/ 75 [Ls — Rs] to 7/[0":5 o N X*. It vanishes

on the boundary R<o and g, and as 0 — 0 the values on the boundary w(1) of the discrete
ball Biy(0)n7¥; [C 0] decays as o(1). By the discrete Beurling estimate (see proof of Lemma 2.5.6)

we can bound |, /2 [Ls— [a: aqn X* from above by C5120(1). Since by
definition |/ X [Ls — Rs] (26) = \/ 22 [L; — R] (2), [L1 — R1] (2) = 0, and thus Ls = Rs.

foranyze 7/

Then we conclude k = % ince (1 — /’c)G[C 0]( ’g) =Ls (67”6) 1L5( ) lkGF&: 0]( ) and

si
G[‘Cé 0l ( i g) GF&:g,O] (g) Gics,01 (7) again by the symmetry between real and imaginary
parts of Gic,,0). O

2.8 Appendix: Contour Weights

Here we prove the well-definedness of the spin-fermionic contour weights introduced in full
generality in Section 2.4.1.

Recall from Sections 2.3 and 2.4.1 the definition of y € ng; """ %n and the admissible choices

of walks {I'(y)} associated to it. Moreover recall the definition of the multipoint observable
Fiq;s,q) from Definition 2.4.2.

Proposition 2.8.1. For any collection of distinct oriented medial vertices ay, ..., &2, and any
Y €6, “1' 92 for every two admissible choices of walks, T'(y), T’ (y), we have

(_1)l(y\ul“(y)) H Saj (Yaj,ak) — (_1)€(y\ul" ) l—[ S a0 (Yajr,akr) )
y*i el (y) Y €T (y)

As a result, the function Fiq;, q is well-defined.

We will need the following two lemmas for the proof of the above proposition.

Lemma 2.8.2. If A, B are unions of disjoint loops in Qg, (—1)!(4®B) = (—1)¢(A) (—1)¢®B),

Proof. For each of A and B, fill in the faces of the lattice with spins, beginning with the plus
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2.8. Appendix: Contour Weights

boundary conditions, such that there is an edge between two faces if and only if they differ in
sign. For each loop collection, we have the spin at zero o = (-1)’¥ and 6% = (-1)/®).

The result follows after noting that A @ B is identified with the spin configuration constructed
by multiplying the spins of configurations A and B pointwise. O

Lemma 2.8.3. Supposel walks wy,...,w; € {y1,...,Yn,Y},..., Y} andl distinct oriented medial

L. alelay,...,az,} formacycle, i.e. wy connects (projections of) a' with a?, w,

connects a® with a3, ..., w; connects a' with a'*' := a'. Then we have,

vertices o

(_I)Z(WIQ}--Q)WI) - Sal,az(wl) .. 'Sal,al (wl) .

Proof. Fix a half-line A = e?®R such that it is not parallel to any edges and is disjoint from all
a',...,al. Note that Q\ A lifts to [€,0] as two sheets. We now define two quantities: given a
piecewise C! path in Q\ {0}, we can count the number of times N, that the path crosses A;
given two points a, z € [Q2,0] \ A, we define Si’( := 1 if they belong to the same sheet in [Q, 0] of

Q\ A and SX’( := —1 otherwise.

Concatenate the (possibly reversed) walks such that w := w; ® wy @ --- @ wy is a continuous

loop on Q\ {0} starting from al. Then clearly ¢(w; & --- & w;) = Npy(w) mod 2. Now it suffices
j i+1

to note that for any j, (_I)NA(wj)Sa,j,a,jH (wj) = SX]’“] so that

1 1
(DM [T s gint (i) = [T (DN sy i (w))
j=1

j=1
l aj aj+l al al
= HSA' =S, =L,
j=1

from which the lemma follows. O

Proof of Proposition 2.8.1. First observe that yl,...,yn,y’l,...,)f’n and a,,..., ay, are parti-
tioned into disjoint cycles Py,..., Py in the sense of Lemma 2.8.3 (suppose each P; is the
resulting collection of loops of the form w; & --- ® w;). Note that P; & --- & Py = Ul'(y) @ UL (y),
and thus (y\ul'(y)) @ (y\uIl'(y))® P, ®---& Py = @. By Lemma 2.8.2,

(_l)é(y\ul"(y)) H Saj (yaj,ak) . (_l)é(y\ur’(y)) H Sa g (Yaj;,akr)
y"f'“kel‘(y) }/aj/'ak,€r()/)
l/

j=1

concluding the proof. O
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2.9 Appendix: Explicit Pattern Probabilities

In this section we give an example using Theorem 2.1.1 by computing explicitly the infinite-
volume limit of and first-order conformal correction to a diagonal spin-spin correlation. On
rotated lattices, Q5 < Cs with plus boundary, this corresponds to Eq, [00025] and is a quantity
that appears in the study of the lattice level Ising stress tensor ([BeHo018]). We then explain
how the similar computation would be done for an “L" shaped spin-weighted correlation
Eqs;lo000+i)50261/Eq,[00] and give the explicit values one gets from the explicit recursion
process outlined to get values of the infinite-volume spin-fermion.

Corollary 2.9.1. Consider the Ising model on Qs with plus boundary conditions and 0 € Fq;;
then, as6 — 0,

2 2
Eq,[00025]1 = = +8-= 15 (0) + 0(8).
T T

Proof. We first observe that Eq, [00025] = Eq,[000(1+1)60 1+1)5025] and

1 2
Eq,[e(ar)e(an)] =3 +Eq;[0000+0500+i)6025] — T(EQ(; 000 a+i)s] +Eqsloa+i50250),

where a; = %i, ap = % By the first-order Taylor expansion of [HoSm13] (after rescaling) for

the energy density (Eq,[e(a;)] = -0 - vz, r(;l (0) + 0(0)), this implies that as § — 0,

T

1 2
Eo, 1000251 =3 +Eo,le(ane(az)] +0-—- o (0) +0(6).

From this it suffices to compute the first-order asymptotics of lims_.o Eq; [€(a1)e(ap)]. In order
to do so, we consider the antisymmetric matrix

al ay afa; taj a;
0 F th ] Fcl+ ) 0 a b ¢
a, a, a, a,
F{ek} — 0 qul F%La‘ — 0 g e
27
0 Fg f
0 0
where we choose orientations o, = e™'* and 05 = /% on C;. Plugging in the explicit values

from the observable defined in Eq. (2.3.1) and using the definition Fgl'( =Re[i \/ﬁHgl’Z 1, where
we choose the principal branch of the square root, observe that

1 V2 1 1 1
a=-—+-—+-, b=——+—,
2n 2m 4 4 2r
c=0, d=0,
1 1 1 V2 1
e=——+—, f=—+—-—-
27 2n 2n 4
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Combined with Pf(F°) = af — be + cd and lims_oEq, [00025] = 3 + 4Pf(F'®)) (where we
applied Theorem 2.1.1 to Eq, [e(a1)e(a2)]),

) 2
lim Eq, [00025] = Ec, [00025] =—.
5—0 n

In order to compute the constant in the conformal correction, note that the matrix Eled g

given by Eg;( =Re % so that, here,
ataf ata, ata; 2 2

0 E¢, * Eg ° Eg ' 0 % 5 ;

ala ara 2

glet — 0 EC? 2 ECZL i _ 1 0 1 5
0o E2Y | Von 0 -2

(ol 2

0 0

Inverting Flexl by hand, and using the Pfaffian expansion formula Pf(A+6 B) = Pf(A) +O0Pf(A)Tr(A™!B),
along with the above expressions, we see that, in fact, 4 D, PE(F®)) = 4Pf(Fled) Tr((Fie)) "1 Eled)) =
0 which, combined with Theorem 2.1.1 implies the desired geometric correction. O

Corollary 2.9.2. Consider the Ising model on Qs with plus boundary conditions and 0 € q,;
thenasé — 0,

E - 5v2-7
0000 a002) 5y, 5. 5V277 B 0,108 72 (2)] 2=0] + 0(5)
[Eﬂg[ao] 2

Proof. First observe that the edge e separating 0(;+)s from 0,5 has midpoint at 6 a where
a=3+1.

Eo;lo0€0(6a)] _ Easlo00a+is025]
Eq; ool Eq;slool

a-
They by Eq. (2.6.1), picking an s-orientation o on a,
pa=VolHE o(a)+HE (a%)]

To compute the front and back values of H[‘gl o(a+) we have implemented the recursion
procedure for H using Mathematica as outlined in Proposition 2.3.10 and Corollary 2.3.11 (see
also Fig. 2.3.3). That yields that

Usja+iz =2V2-2.

Now by Theorem 2.1.2, we wish to compute 2 = (=2)Pf(F;) but since Fy is a 2n x 2n

antisymmetric matrix that is zero on its anti-diagonal, 23 = 0. On the other hand, that
implies that Q[‘B] = E["O] whose entries are given by Definition 2.6.2 in terms of values of Gic, o]
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and GE. . evaluated on oppositely oriented a®" . Via the explicit construction of the slit-plane

(C1,0]
harmonic measure recursion procedure outlined in Remark 2.3.6, one can calculate

a® ,a’ _
Ec of =5vV2-17.

Putting these together and plugging in to the expansion given by Theorem 2.1.2 for the spin-
weighted correlation, we obtain the desired geometric correction. O
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Chapter 3. Massive Scaling Limit

Abstract.

We study the spin n-point functions of the planar Ising model on a simply connected domain
Q discretised by the square lattice 572 under near-critical scaling limit. While the scaling limit
on the full-plane C has been analysed in terms of a fermionic field theory, the limit in general
Q has not been studied. We will show that, in a massive scaling limit wherein the inverse
temperature is scaled § ~ B, — my0 for a constant mg < 0, the renormalised spin correlations
converge to a continuous quantity determined by a boundary value problem set in Q. In
the case of Q = C and n = 2, this result reproduces the celebrated formula of [WMTB76]
involving the Painlevé III transcendent. To this end, we generalise the comprehensive discrete
complex analytic framework used in the critical setting to the massive setting, which results in
a perturbation of the usual notions of analyticity and harmonicity.

3.1 Introduction

The Ising model is a classical model of ferromagnetism first introduced by Lenz [Len20],
whose simplicity and rich emergent structure have allowed for applications in various areas of
science. In two dimensions, tt famously exhibits a continuous phase transition [Ons44, Yan52],
where the characteristic length of the model diverges and the model becomes scale invariant.
Consequently the model at the critical temperature S, is expected to exhibit conformal sym-
metry under scaling limit, a prediction which has been formalised in terms of the Conformal
Field Theory [BPZ84].

Given the infinite dimensional array of 2D local conformal symmetry [DMS97], it is natural
to study the scaling limit of the model not only on the full plane C but on an arbitrary simply
connected domain Q. Accordingly, recent research has focused on giving a rigorous descrip-
tion of the interaction between various physical quantities of the model under critical scaling
limit and the conformal geometry of 2, which results in explicit formulae for the limit of spin
correlations at the microscopic scale [HoSm13, GHP19], at the macroscopic scale [CHI15],
or in some mixture of the two [Hon10, CHI18] in terms of quantities such as the conformal
radius and its derivatives. Convergence of correlations also proves to be useful in proving
convergence in more general senses: [CGN15] proves that the discrete spin field converges to
a continuous random distribution using the convergence of their correlations.

Central to such analyses of the critical regime are discrete fermion correlations, which manifest
themselves as discrete functions capable of encoding relevant physical quantities. They
are discrete counterparts of the massless free fermion correlations in the continuous CFT,
which turn out to be explicit holomorphic functions thanks to conformal symmetry. Discrete
fermions instead enjoy a strong notion of discrete analyticity [Smil0], which, unlike some
of its weaker variants, readily lends itself to precompactness estimates that ultimately yield
convergence to the continuous fermion.

However, the free fermion is not an object unique to the massless (conformal) field theory;
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indeed, the general field theory of the free fermion specifies a mass parameter m, or equiv-
alently a length scale {  1/|ml]. In general, the corresponding regime in the Ising model is
the near-critical scaling limit, where the deviation from criticality 8. — 8 scales proportionally
to the lattice spacing 6. Such scaling keeps the physical correlation length ¢ asymptotically
constant, allowing the limit to be physically described by the massive fermion.

The discrete fermion survives in this near-critical setup, and discrete analyticity persists albeit
in a perturbed sense [DGP14, HKZ15, dT18]. While the continuous massive fermion is usually
described by the two-dimensional massive Dirac equation, our strong discrete analyticity in
fact features twice as many relations, resulting in (the discrete counterpart of) a perturbation
of the ordinary Cauchy-Riemann equations in 1D. Since there are as many lattice equations
in the near-critical limit as in the critical limit, it is natural to attempt to carry out in the
former the analogues of analyses from the latter. We note here that in addition to such a
thermal perturbation, one may also consider a magnetic perturbation to introduce mass (e.g.
[CGN16]). Another direction of research has recently focused on universality with respect to
general lattice, see [Chel8].

In this paper, we undertake the analysis of macroscopic Ising spin correlations on a simply
connected domain Q in the near-critical scaling limit where . — § is held equal to m6 for a
fixed my < 0 with + boundary conditions. We establish the existence of scaling functions to
which renormalised spin correlations converge, and show that their logarithmic derivatives are
determined by an explicit boundary value problem set in Q. This extends the results of [CHI15]
to the massive regime (save for the conformal covariance, which should not hold), and our
proof combines the strategies of that paper with a massive perturbation of analytic function
theory, both in the discrete and the continuous settings. In the former, massive harmonic and
holomorphic functions can be studied via their relation to massive (extinguished) random
walk; in the latter, the perturbed Cauchy-Riemann equation is dubbed Vekua equation and
extensively treated in a theory established by Carleman, Bers, and Vekua, among others
[Ber56, Vek62].

In the full plane, the massive scaling limit of the spin correlations was revealed to exhibit
a surprising integrability property. Wu, McCoy, Tracy, and Barouch [WMTB76] first demon-
strated that the 2-point function on the plane can be described in terms of the Painlevé III
transcendent. Subsequently, Sato, Miwa, and Jimbo [SM]77] recast the continuous analysis in
terms of isomonodromic deformation theory, where Painlevé equations are known to arise,
and obtained a closed set of differential equations for the n-point function. Letting Q = C,
we reproduce the 2-point scaling limit in the case of full-plane (whose classical treatment is
given in, e.g., [PaTr83, Pal07]), setting up the continuous analysis. We explicitly carry out the
isomonodromic analysis following the formulation of [KaKo80].
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3.1.1 Main Results

Let Q be a bounded simply connected domain with smooth boundary. We will treat the
unbounded cases Q = C,H as well. Define the rotated square lattice Qg := QN5 (1 +i)Z% =
QN Cs. We define the Ising probability measure P = [F"aﬁ’ 8
inverse temperature 8 > 0 on the space of spin configurations {+1}* by

with + boundary conditions at

Poy,p10 1 Q5 — (F1} o exp;jﬁa,-aj,

where the sum is over pairs {i, j} < Cs,i € Qs such that |i — j| = 26 and we define g; = 1 for
Jj € Qs (j € F[Qs] in terms of detailed notation in Section 3.1.2). If a € O, we understand by
o, the spin at a closest point in Qs to a.

The planar Ising model on the square lattice undergoes a phase transition at the critical
temperature . = %ln(l +v/2). Henceforth we will fix a negative parameter m and set § =
B6) =PBc— m75. This is a subcritical massive limit, where the spins stay in the ordered phase
while approaching criticality.

Theorem 3.1.1. Let Q be a bounded simply connected domain and suppose ay,...,a, € Q.
Underd | 0,6 = B.— mT‘s, the spin n-point function converges to a continuous function of
alv ceey an:

-2+ +
) "Ep, 5o) (04, 0a,] = (a1, An) s

and its logarithmic derivative 04, In(ay,..., ap)l . = .szié + idé, where 0,4, = % (0x, —i0y,), is
determined by the solution to the boundary value problem of Proposition 3.2.15 set on the do-
main Q. The functions{ay, ..., an){, ,, are uniquely determined by their diagonal and boundary

behaviours, see Section 3.1.3. In particular, as a; — 09,
+ + 1 -1
(@q,m~ag:=€-21rad &(a,Q),
where € :=25e 3¢V, rad(ay,Q) is the conformal radius of Q as seen from a,, and { is the

Riemann zeta function.

If ¢ : D — Qs a conformal map with ¢(0) = ai, then rad(a;,Q) = |¢(a1)|. The normalisation
of our continuous functions (-) 5’0 differ to that of [CHI15] by a factor of ¢”. The derivation of
the following result in our analytical setup may be of independent interest.

Corollary 3.1.2 ([WMTB76, SMJ77, KaKo80]). The2-point function in the full-plane is given
by

(—a, “>E,m = cst-cosh hg(am) - exp

am 2
f r[(h(’)(r)) —4sinh22h0(r)]dr],
a

(—a,ayc _,, = cst-sinh ho(am)-exp

am 2
f r[(hf)(r)) —4sinh22h0(r)]dr],

(o9}
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3.1. Introduction

where a> 0 andng = —% In hy is a solution to the Painlevé Il equation

rong = r (ng)” —nomy — 4r +4rmg,

The constants are fixed by the condition that as a — 0

ch

+ +
(—a,a)¢ ;~(—a,d)c o= 2’

1 371
and € =25 e 25V as above.

3.1.2 Notation

Following signs will be used throughout the paper:

in 1
Ai=e1,Bc= Eln(1+\/§),ﬂ-ﬂ:: {zeC:Imz>0},A®B:=(AUB)\ (AN B).

We will write partial derivatives in contracted form, i.e. 85 = %, etc. And denote by d,,0; the
Wirtinger derivatives: where z=x+1y,
0y—i0y _  0y+i0, €"“(0,+ir 'dy)

0y:=———,03:
z 2 “ 2 2

We will also use 0 to denote directional derivatives; i.e. 91 = 0y, 0; = dy, and so on. If z € 0Q,
denote by vyt (z) € C as the unit normal at x, i.e. the unit complex number which points to the
direction of outer normal vector at z. Then 9, is the outer normal derivative in the direction
Of Vout.

We denote by 8%, A% the following discrete operators:

6gf(z) = f(z+ \/516) - f(2), etc.,
N f(2):= f(z+ V2A8) + f(z— V2A8) + f(z— V2A6) + f(z+ V2A8) —4f (2),

wherever they make sense, if z ¢ 7' [Q5]. On 7 [Qs], we make a small modification in the
coefficients in A5; see (3.2.10). Note that (v/28) 2A% — A.

Mass Parametrisation.

There are various equivalent ways of parametrising the deviation . — §, and we summarise
the relation amongst them here at once, which hold at all times. In this paper, M, m,® will be
supposed to be negative unless otherwise specified. We also assume 6 is small enough to, e.g.,
have g € (0,00).
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Chapter 3. Massive Scaling Limit

* Discrete mass M := .- P isscaled M = Wlth the continuous mass m being a constant.

* Pure phase factor *'© := 17374 = Wlth Oc]-%, %[ Equivalently e = cot(% +©). ©

is scaled ® ~ 22, Also deﬁne MH = 2sin20
massive harmon1c1ty.

os 4@ which is the mass coefficient in

Graph Notation.

Recall that we work with the rotated square lattice Cs := §(1 + i) Z2. Our graph Q5 comprises
the following components (see Figure 3.1.1):

faces F [Qs] := QN1 +i)Z?,

vertices V [Qs) :={f +6,f +i6: f € F [Qsl} cC3,

edge & (Qs1:={(ij)=(i):i,j €V [Qs],|i— j| = vV26}, and

corners € [Qs] :={(vf): veV [Qsl, f € F [Qs],|v - f| =6}

For consistency with the low-temperature expansion of the model, we prefer to visualise the
lattice in its dual form. Note that just as the faces are represented by thelr m1dp01nts above, an
edge (ij) and a corner (v f) will be identified with their mldpomts 2J and £ f , respectively.
Additionally, we draw a half-edge between either an edge mldpomt or a corner to a nearest
vertex.

For 7 =1,i,A,, a corner c € € [Qs] is in €7 [Q5] if the nearest vertex is in the direction —772.
The edges in 6! [Qs], €’ [Qs] are respectively called real and imaginary corners.

We will frequently denote union of various sets by concatenation, e.g. £6 [Qs] := &[Qs]U
6 [Qs].
Graph Boundary.

© 81Qs1:={(i)) = (ji):i €V [Qs],j €V [Col,li = jl = V26}, 08 [Q5] := & [Qp] \ E 1Qs1,

* boundary vertices 07 [Q)s] are the endpoints of edges in 08 [Qs5] not in 7' [Q5],

boundary faces 0.% [Qs] are faces in & [Cs] \ F [Qs5] which are § away from a vertex in
¥V [Qs], and

e boundary corners 06 [Qs] = {(vf): v €V [Qs], f € 0F [Q5],|v—f| =6

Vout(2) for z € 08 [Qs] is the unit complex number corresponding to the orientation of z
pointing outwards from Q.
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3.1. Introduction

Figure 3.1.1 - The square lattice. Proposition 3.3.3: Fiq; 4,,...,a,] = O(1) on boundary edges and

corners in orange, since H[.Q(s P O(0) on adjacent vertices in 7 [Qg, ay, ..., @n].
y yeeypn

Double Cover.

The fermions we introduce in forthcoming sections are functions defined on the double
cover of the continuous and discrete domains Q,Qs. Define [Q,a;,...,a;] as the double
cover of Q) ramified at distinct interior points ay,...,a, € Q; in particular, it is a Riemann

surface where /(z—ay) --- (z — a,) is well-defined, smooth and single-valued. In the case
where {ay,...,d,} ={ay,..., a,}, conjugation on the double cover is defined by requiring that

VGZ-a)---(Z-ay) =V(z—a1) - (z—ay,). On [C, 1], we will refer to the slit domains X* :=
{Reyz>0} and Y* := {Im\/z > 0}.

When the choice of the lift of z € Q is clear, we will write z to denote the lift in [Q, a1, ..., a,].
Conversely, if z€ [Q, ay, ..., a,], we will write z, or, for clarification, n(z) € Q\{ay,...,a,} for
the projection onto the planar domain; z' € [Q, ay, ..., a,] is the lift of 7(z) which is not z. A
function which switches sign under switching z and z' is called a spinor.

We say that two points z, w € [Q, 4y, ..., a,] are on the same sheet if we can draw a straight line
segment between them; i.e. the straight line segment on Q2 which connects 7 (z), 7(w) can be
lifted to connect z, w on [, a;, ..., a;].

For the discrete double cover [Qg, a1,..., a,], we will take closest faces in Qg5 to ay,...,a, € Q,
and then lift components of Qs minus those n faces. Clearly, [Qs, a1,..., a,] is a lattice which
is locally isomorphic to the planar lattice Qg. Given the first monodromy face a;, we will fix a
lift of a; + g and refer to it throughout this paper.
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Chapter 3. Massive Scaling Limit

3.1.3 Proof of the Main Theorems

Proof of Theorem 3.1.1. Given the fermion convergence of Theorem 3.3.5 and identification
of Ising quantities in terms of the fermions of Proposition 3.2.3, we can integrate the discrete
logarithmic derivative which converges in the scaling limit (see also [CHI15, Proposition 2.22,
Remark 2.23])

[Eé'; [O'a1+260'a2 ce O'a,l]
20 [Eﬁ »+

1
-1 - y(a,...,an),
(04, Ta,]

1 [Egé [Ua1+2160a2 O'a,l]
26 [Eﬁ’+ [0'“1 .

- - _dé(al)n-)an)r
"Udn]

13 [ N
Ty Oy . o (B

—" scales to a continuous limit <1—">Q’"

[o'al G ap 1,y Q) gy

to getthat foray,...,ay,, by,..., b, € Q. The

convergence for dé follows by considering the result in a —90° rotated domain (see also
[CHI15, Proof of Theorems 1.5 and 1.7]).

Now it remains to uniquely relate the massive convergence rate to the massless conver-

ﬁ'+[0“1""7an] (@1 @)
gence rate: ﬁc T

— for some a,,...,a, € Q. Given the convergence of
(04,0 ay] (a1,-an) ¢
1 n !

— 1B+ . - i
678 [EgiS (o4 -aan] to a continuous limit {a, ..., an){ ,, we have convergence of the massive
correlation to unique {as, ..., an)} ..

The procedure partially relies on the process in the massless case of relating the bounded
domain correlations to full-plane correlations from [CHI15].

Note that 8 > ., and denote the dual temperature by 8* < .. We always assume a scaling
ﬁc—ﬁzmT‘sform<0.

ﬁ+[ Tay0a]

1. Relating two point functions: tends to a continuous limit, since

[E?zi; [0a,04,]

|E'B o+ [E'B o [O-ulo.(lg] Eﬁ - [Ual U“Z]

[E'BC) [aﬂlaﬂz] [Eg&& [Uﬂladz] - [Egﬁyfree [Udladz]

[Uu1aa2]

— |Balar, axlm)| ™, (3.1.1)

where we successively used the monotonicity of spin correlation in inverse temperature
(e.g. by coupling with FK-Ising) and in boundary condition (FKG inequality, [FrVel?7,
Theorem 3.21]). We also used the convergence of Theorem 3.3.5 of the Ising ratio to
|%Bq (ay, alm)|. We conclude by noting that |%8q (a1, a2/ m)| can be made arbitrarily close
to 1 (Lemma 3.4.5) by merging a,, a,.
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3.1. Introduction

2. One point functions: note that by above, we may write

(a1, @2)f,

——— =€exp
+
(ar,az2)q

f 1[tszié(z,azlm)—,szfgll(z,agIO)]dx
- [ﬂfs’i(Z» azlm) - 4 (z, azIO)] dy], 3.1.2)

along any line from a, to a, if the integral converges. Choose a; and a, asin Lemma 3.4.9

+ — —
(see Figure 3.1.2), then we can bound the integral: % < oSt (€ M- altla—al™)
’ Q,0
(ay,a2)§ -1
(ay,a2)4

as € — 0, while the hyperbolic distance between a; and a, grows; indeed, the hyperbolic

distance is comparable to In % o (1-x)|Inel. Therefore, by [CHI15, (1.3)],

for some fixed y € (0, 1). Now choose |a; — az| = €* for some y < x < 1. Then

(a,a2)§
(@) g la) o
ones, so that the former are uniquely identified in terms of the latter. By the monotonic-

ity of spin correlation, [Eg”é "oa] < [Eg: [04, ], and by GKS inequality [FrVel7, Theorem

3.20], [Eg: (0] [Eg;r [04,] < [Eg(:r [04,04,],s0

— 1. Now we may relate the massive one-point functions to the massless

[Eg::— [Udl] < [Eg; [Ualaﬂz] _ [ng:r [aﬂlaﬂz] [Eg: [Uﬁlladz]
Bt (0] B0 [0a|En " [06) B0 (06BN (0] BN [000a]

(3.1.3)
By the above discussion, both factors on the right is made arbitrarily close to 1 by taking
small enough ¢. Moreover, such choice of ¢ is uniform in the smoothness of the domain
(concretely, the bound on the derivative of a conformal map to the disc).

3. More points: we again use the GKS inequality, in that

ﬁv+ ﬁ,+
Egyz:— [O-uln.o-an] EQ; [Ual]"'ﬂEQg [Uan]

- = : (3.1.4)
[Eg’&+ (04 ] "'[Eg: [0a4,] [Eg'(:r [04] ...[Eg’(s+ [04,]

where Q! 3 a4,...,Q" 3 a,, are choices of disjoint smooth simply connected subdo-
mains of Q, each sharing a macroscopic boundary arc with Q. By FKG inequality,
requiring the spins in Q \ U;‘zl Q/ to be plus raises the correlation, which gives the sec-
ond inequality above. By the uniform identification of the one point functions, there
is € > 0 such that if each of a,,..., a, are e-close to the boundary arc that Ql...Qn
shares with Q, both [Eg’ T loa] ,[Eg’;r [04;] become close to their massless counterparts.
o
Since the massless correlations are Caratheodory stable ([CHI15, (1.3)]), as € decreases,
[Eg2+ log,] /[Eg;’+ [04,] become close to 1. Clearly, any ratio between [Egé+ [Uaj],[Eg'(: lo4,],
Ber+ Be,+ . . .
E f; [04,] Eq," [0a;] may be made arbitrarily close to 1 by setting e small enough, and

[Eg; [Ty an]

[Eg;r [U 1]|Eg; [Uan]

thus

as well; this fixes the normalisation of an arbitrary n-point func-

tion.
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Q
GKZ
+——>
ay &
¥ °
€
H I

Figure 3.1.2 — Setup for applying Lemma 3.4.9 to have decorrelation between a;, a;.

Proof of Corollary 3.1.2. Note that the argument for the scaling limit of the two-point functions
in the proof of Theorem 3.1.1 apply in the full plane as well. It also fixes the normalisation as
a — 0 by [CHI15, Remark 2.26]. From Theorem 3.3.5, we need to integrate dé (—a, a). Recall
r = am, and define (r)E ={—a, “>q+:,m'

By (34.22), =™ dgIn(=a,b) .| = ~%(ncoshho(r)) -7 [% (r,(r))? —2sinh22h0(r)] ’ ,
’ =a r=am
which can be rephrased as

0rIn(ryg = m1d,(-a, “>¢+:,m =(Incosh ho(r)) +r [(h(’)(r))2 —4sinh22h0(r)] )
Then

(—a, a%m =(r)¢ = cst-cosh hg(am) - exp

f r[(hé(r))2—4sinh22ho(r)] dr].

(o)

Then the definition tanh hy := %8, gives the other case. O

3.1.4 Structure of the Paper

This paper contains four sections and one appendix to which technical calculations and
estimates are deferred. Section 3.2 defines our main analytical tool, the discrete fermions.
The combinatorial definition in 3.2.1 involves contours on the discrete bounded domain and
is seen to naturally encode the logarithmic derivative of the spin correlation. Its discrete
complex analytic properties are then established, which are exploited in Section 3.2.2 to give a
definition on the full plane by an infinite volume limit.

Since analysis of the continuous fermions is needed for the scaling limit process (for a unique
characterisation of the continuous limit), we carry out the continuum analysis first in Section
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3.2. Massive Fermions

3.2.3. We formulate the boundary value problem on Q for our continuous fermions, which
will be a massive perturbation of holomorphic functions treated in [Ber56, Vek62]. We verify
various properties we will use: such as the expansion in terms of formal 'powers’. Analysis in
the continuum is continued in Section 3.4.1.

Convergence of the discrete fermion under scaling limit is done in Section 3.3. The analysis is
divided into two parts: bulk convergence (Section 3.3.1), where the discrete fermion evalu-
ated on compact subsets of [Q2, ay, ..., a,] is shown to uniformly converge to the continuous
fermion, and analysis near the singularity (Section 3.3.2), where the discrete fermion evaluated
atapointin [Qs, a1,..., a] microscopically away from a monodromy face is identified from
the coefficients of a massive analytic version of power series expansion of the continuous
fermion. Bulk convergence is done in a standard manner, by first showing that the set of
discrete fermion correlations are precompact and then uniquely identifying the limit. Analy-
sis near the singularity mainly uses ideas from [CHI15], where the continuous power series
expansion is modelled in the discrete setting then the coefficients carefully matched.

In Section 3.4, we collect the analysis of the massive fermions necessary for the integration of
the logarithmic derivatives and isomonodromic analysis in Section 3.4.1, and finally in Section
3.4.2 we carry out the isomonodromic analysis and obtain the Painlevé III transcendent, which
can be identified in the logarithmic derivative of spin correlations in C given the convergence
results.
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3.2 Massive Fermions

In this section, we introduce the main discrete tool of our analysis, the massive discrete
fermion correlations. While the object and the terminology hearkens back to the physical
analysis of the Ising model, we shall give an explicit definition in Section 3.2.1 as a complex
function which extrapolates the desired local physical quantity to the entire domain. In the
same subsection we also show that, as a discrete function, it exhibits a notion in discrete
complex analysis called (massive) s-holomorphicity. At first we only define the fermion in
bounded discretised domains, i.e. finite sets; however we will define them in the complex
plane in Section 3.2.2. Then, we carry out analysis of the continuous spinors, to which the
discrete spinors presented in the previous section is shown to converge in Section 3.3. Since
the proof of scaling limit requires unique identification of the continuous limit, we first give
necessary analytic background in Section 3.2.3.
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Chapter 3. Massive Scaling Limit

3.2.1 Bounded Domain Fermions and Discrete Analysis

We introduce here the main object of our analysis, the discrete fermion F. Note that this
function is essentially the same object as in [CHI15, Definition 2.1] albeit at general §, and
we try to keep the same normalisation and notation where appropriate. The contents of this
subsection are valid for any > 0.

In order to use the low-temperature expansion of the Ising model, we first define I'q; 2610
as the collection of closed contours, i.e. set w of edges in Q5 such that an even number of edges
in w meet at any given vertex. Given + boundary condition, any w is clearly in one-to-one
correspondence with a spin configuration o (where w delineates clusters of identical spins),
and we can compute the partition function of the model and the correlation

+B._ s
Zol= ) e
WEGn,
Ty g2hlel(_qyoopsa .0, @),

(A)EFQ(7

[E;fz’f [Om ...O'a”] = ‘zg(;ﬁ

where #loops, . denotes the parity of loops in w which separate the boundary spins
from an odd number of a3, ..., a,. The unnormalised correlation Zg;ﬁ [0g,"0a,] = ng :

[E;;’f (04, +-04,] will be used for normalisation below.

Definition 3.2.1. For a bounded simply connected domain Q < C with » distinct interior
points ay, ... a, and inverse temperature > 0, define for z € £€ [Qs, a1, . .., a,] which is nota
lift of a; + g the discrete massive fermion correlation, or simply the discrete fermion

1

Z Cze_zﬁh/l “Pa,...a, (7/' Z)

F[Q&aly---yunl (Zlﬁ) = +,ﬁ
ZQ(T [O-al ce O-LZ”] yel"gg (u1+g,z)

where

e Tg,(ar + g, z) is the collection of y = w @ y(, where w runs over elements over I'q;, Yo is
a fixed simple lattice path from a; + g to (z) € §€ [Qs], and @ refers to the XOR (sym-
metric difference) operation. |y| is the number of full edges in y. c; := cos (% +0(p) i
zis an edge, and 1 if it is a corner. Note that none of these definitions refer to the double
cover.

* ¢a,,..a, (7 2) is a pure phase factor, independent of §, defined by

where p(y) is a simple path (we allow for self-touching, as long as there is no self-
crossing) from a; + g to 7(z) chosen in y, wind(p(y)) is the total turning angle of the
,,,,, a,(P(y)) € {£1} is defined to be +1 if the lift of p(y) to the
double cover starting from the fixed lift of a; + g (fixed once forever in Section 3.1.2)

tangent of p(y), and sheet,,
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ends at zand —1ifitends at z'. ¢q,, . 4, is well-defined; see e.g. [Chlz13, CHI15].

Note that Fiq;,q,,...a, is naturally a spinor, i.e. Fio;,a,,..a,1 (2'18) = —Fias,a,,...a,1 (218)-

The massive fermion satisfies a perturbed notion of discrete holomorphicity, called massive

2i0 . .
L€ to be the projection

s-holomorphicity. First, define the projection operator Projiogx :=
of the complex number x to the line e’/R.

Proposition 3.2.2. The discrete massive fermion Fiq; q,,....a,] (-I ,6) is massive s-holomorphic,
i.e. it satisfies

-2;5
T(C)Tl|ﬁ) = F[Q5,a1,...,an] (dﬁ) ) 3.2.1)

FiO . —
e’ Pro]eiier(c)RF[Qé>ﬂly.-.,dn] (C+

—2.
between c ¥ T(C)T“s €&[Qs,a1,...,an] and c € € [Qg,ay,...,a] which is not a lift of a; + g. At

(the fixed lift of) a; + 9 we have instead

0+6i
2

eiiGPTOjeiieiRF[Q&al_._‘,an] (a1 + |ﬁ) = Fi. (3.2.2)

Proof. The proof of massive s-holomorphicity, essentially identical to the massless case

[CHI15, Subsection 3.1], uses the bijection between I'q, (a1 + g, CF %) and ' (a; + g, )

by the @ (symmetric difference) operation. Without loss of generality, notice thaty — y & ¢
-2 -2 -2 2
with the fixed path r:= {(c— LG T(C)Z 5) (c— T(C)z 5 c)} maps L, (a; + g, c— M) to

2
I'o, (a1 + g, c) bijectively (see Figure 3.1.1).

5.
We now only need to show that the summand in the definition of Fiq;,q,,....a,] (c F w | ﬁ) for

a given y transforms to the summand in Fg;,q,,...4, (¢|B) for y & ¢. Given p(y) < y, we may
take p(y @ 1) := p(y) @ ¢. Clearly (-1) #loops sheet remain the same for Y and y & t, while

ind 7 ifynt
wind (p(y @ 1)) = v (p(}f))+§ fyne#o et(c
wind (p(y)) -2 ifynt=¢

In the case where yn ¢ # @, |y @ t| = |y| and
e OProji0, gre” 2P0 = T OProj 0, [ei@e‘éwmd(pwm))] P s
) [eie)e—gwind(p(y@t))] Ree~ 5 —i©

= e—%wind(p()@t)) CcOS (% + @) ,
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761—‘((11+g,6+$) ’y@tef‘(aleg,c)

a1+g (11+%

Figure 3.2.1 — The proof of massive s-holomorphicity by bijection.

whileifynt =g, |y€B t| = |y| + 1 and similarly

H_io

1 . _L . 1 . _L .
e ZGPTOJeiG)T(c)Re 2Wlnd(p()/)) —e i® el®e 2w1nd(p(y€Bt)) Ree’s

= ¢~ zind(p(re1) gip (% + @)

— ¢~ swind(p(re1) y26 g (% + @) ’

and the result follows.

Atay + g, (say) y € Tqs(ar + g, a + g + %) is mapped bijectively to y @ t € I'q;. It is easy to see

that

o

T

2421 iftcy,
wind (p(y) = !

’

1
-T+2n ifynt=9¢

.....

similar to above yields the result. O

We will take (3.2.1) as the definition of (M, 8, ©)-massive s-holomorphicity (or just s-holomorphicity
when the mass is clear) at c (or between c+ @). We will see later that massive s-holomorphicity

corresponds to the continuous notion of perturbed analyticity 8, f = mf.

The fermion defined above is a deterministic function without explicit connection to the Ising
model-we now record how it encodes probabilistic information.

Proposition 3.2.3. Forv=-1,0,1, we have

- B+
ivg Qs

a1+6+ei”% 50'a2 o o-a”]

, (3.2.3)

5 — —ivZ
e

e
Fios,a,,....a,) (m +0+ s
[EQ()« [O'al -..o—an]

where a; + 96 + ei? 0 is lifted to the same sheet as the fixed lift of a; + g, and thus for any 1 < B
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3.2. Massive Fermions

there exist constants C (1, B2), C2(B1, B2) > 0, uniform in f € 1, B2],Q,6, such that

iv%
C < F[Qg,al,...,(l"] (al +0+ 2 §|ﬁ) < C,.
In the case n = 2 we have also
o [Eg;;’free [0, +60 a,+5]
Fias,a1,a,) |2+ S IB|| = . (3.2.4)
2 2" [04,04,]
Qg ay az

Proof. (3.2.3) and (3.2.4) were proved for the massless case in [CHI15, Lemma 2.6] and the
proof is easily seen to not depend on a specific value of .

We carry out the v = 1 case here: the path ¢ := {(m + g,al +0),(a;+06,a; +06 + %‘3)} is ad-

,,,,,

choose p(y) = tU L with wind (p(y)) = § + 27. In this case, sheety, .4, (p(y)) = 1 if and only if
L encloses an even number of a;. This means that

the result follows. The uniform bound comes from the finite energy property of the Ising
model (such expectations are uniformly bounded from 0 and oo in any finite distribution). O

A crucial feature of (discrete) massive s-holomorphicity, shared with its continuous counter-
part, is that the line integral Re [ [Fia;,4,,...a,] (2l ﬁ)]2 dz can be defined path-independently.

Proposition 3.2.4. There is a single valued function H o, 4,,..a, (X|8) up to a global constant

onV F [Qs] constructed by

.....

2
, (3.2.5)

H[DQ‘“al""'“n] (f|ﬁ) - H[.Q&db...,an] (Vlﬁ) =26 2

v+ f
Fias,a,...an ( Iﬁ)

where f € F [Qs] U0 [Qs] and v € V [Qs] are d away from each other so that %f is the corner

2
between them. Put |F[Qé,a],_,_,an] (al + glﬂ)| =1.

At the boundary faces H° is constant, so we may put

Hi, ara (F1B):=0if f € 0F [Qs], (3.2.6)

.....
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Chapter 3. Massive Scaling Limit

and further define H;, (vIB) :=0 ifv € 3V [Qs), then across a boundary edge e = (ajn;a)

[Qs,a1,...,a,]

with ain €V [Qs],a € 0V [Qs], we have

agomH[.Qg,al,...,an] (€|ﬁ) = _H[.Q(;,al,...,an] (ai"f|ﬁ)

= 2cos? (% +0)6|Fio,.ar,.. (€lB)]° (3.2.7)

= 0.

Proof. (3.2.5) gives rise to a single valued function because doing a loop around any edge

..... e i)
25|F[Qg,a1,...,an] (—flg"‘) +26 —fzgvz)

fi2+vie
2

= 26 |Fio,a,....a,) (e)|2, since the two cor-

F[Qa,ah...,an] (

ner values at are simply projections of Fq; 4,,..4, (€) onto orthogonal lines by s-

....................

.....

Then the boundary behaviour can be easily verified noting that Fiq; 4,,....a,] (el ,B) € Vout (€) V2R
if e is a boundary edge. See [CHI15, Proposition 3.6] for a massless counterpart. O

Remark 3.2.5. Writing corner values in terms of edge projections, we obtain that Hiq; 4,,...a,]

.....

o o . T
ity st 11B) = iy ... a1 (216) = V25in (5 +20) Re | g .. (216)° (fi - f2)|.
(3.2.8)
forall fi, f> of distance V268 from each other, and

..........

3.2.9)
for vy, v- of distance v/26 from each other.

The functions H>* constructed in the previous proposition satisfy a discrete version of a
second-order partial differential equation. We first recall the standard discrete operators
6‘; ,A?; as alluded to in the notation section, we make a small modification to the conven-
tional definition for the laplacian in 7 [Qs]. We make this boundary modification specifically
for 7 [Qs], which lets us define H| | = 0 on boundary vertices; see [ChSm12] for a

[Qs,a1,....,an
motivation.

Definition 3.2.6. Suppose A is a function defined on & [Q2s5] and B on 7 [Qs] (or & [Qs], or
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3.2. Massive Fermions

any locally isomorphic graph). We define the discrete Wirtinger derivative and laplacian by

3 . 5
A =Y ime’”/4A(x+ime””4—) if, e.g., x € VF [Q5],

m=0 \/§
3
ABx):= Y cp [B(x+lm l”"*\/_a) B(x)] if, e.g., x €7 [Qg], (3.2.10)
m=0
sin(§ -20)

where ¢, = 1 if x + i"e™*\/25 € ¥ [Qs], and ¢;, = m if x+i™me'™*\/25 € 0¥ [Qs). For

any other lattice, ¢,, = 1. 1f A°B(x) = M2,B(x) for M% = 83020 \ye call B ©,M2,)-massive

harmonic at x.

The spinor Fiq;,4,,..,a, 15 ©-massive harmonic [BeDC12, DGP14, HKZ15], at least away from
monodromy; see Proposition 3.5.1, and also the proof of Proposition 3.2.11 for the behaviour
near monodromy.

Note that in the scaling limit § | 0, —=38% — 0; := % (0x +i0,) and A% — A. Therefore,

1
2f 5 % (v20)”
in the following result, the second terms become negligible as § — 0 compared to the first, at

least if F is in some sense regular; for an analogue in the scaling limit, see (3.3.3).

Proposition 3.2.7. Forx # a; +0, ay,...ay, we have

b4
A6H[05 eyl (x)= ZSin(Z +2@))5-

3

2
(x+l"e’”/4j§) +Bo|0:F|° () (3.2.11)

=0

A6 H[Qé ay,...,an) (x) 25111 (— —_ 2@)

2

3
~B_o|0:F|" (%)

_A—GZ

n=0

Flx+i"e

n iml4 6)

where Ag, Bg are explicit numbers which depend on ©. A is odd and B is even in ©, Ag ~ 420
and Bg ~ == as©® — 0 (see (3.5.3)).

2v2
Proof. We calculate 9; F, [Q ara,) D Proposition 3.5.1. The laplacians follow straightforwardly
by noting that A? H[Q P (x) Re [2 sin(§ +0)60; F[zle @] ] , which is true if x € 7' [Qs]

is adjacent to 67 [Qs] as Well (the boundary conductances are deﬁned precisely to preserve
this relation). See also Remark 3.2.8. O

Remark 3.2.8. Note that Proposition 3.2.7 applies for x = a; as well, since, thanks to the singu-
larity (3.2.2), projections of Fiq; a,,...a,] (m +elt \/%) yFlas,ar,....an (al +els . elf \%) (on the
sheet which is cut along R and has the fixed lift of a; + g on the upper side of Rx¢) onto the
line iR are equal to —i; on this sheet, Fiqo;,q,,....a,] does show s-holomorphicity between 4 edges
surrounding a;. The singularity effectively transfers the monodromy at face a; to the vertex

a1+5.
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Chapter 3. Massive Scaling Limit

3.2.2 Full-Plane Fermions

We now define the fermion Fiq; 4,,....4,) for Q = C by taking increasingly bigger balls Bg = Bg(0),
allowing us to extract informations about the Ising measure on the corresponding discretised

domains.

.....

.....

C forany ce€ € ([(Br)s, a1, ..., an)).

Proof. Discrete Green’s formula implies that

sin (% -20)

O rre 4 I} .

A" H )= —— 00 H (e) (3.2.12)
> [(BR)»@1,..n U] > O Hissa.an (@

Ve (Bl ot cos? (§+0) ecadmp,

and we can use (3.2.11) on vertices other than a; +§ for the laplacian and (3.2.7) for the
boundary outer derivatives, so leaving just the laplacian at (a; + 0) on the left hand side

AéH[.(BR)a ay,...,dy) (a1 +0) =
h/1 3 s -
Z Zsin(z—(a)&. A_@Z F(V+i"e””4ﬁ) +B_@|02F| (v)
veV [(Br)s] n=0
U¢a1+5

(T
+ Z 20 sin (Z — 2@) ’F[(BR),s,al _____ an (e) |2
€€0&[(Br)s]
EZSin(% ~0) 460 y IF () (3.2.13)
ce€ € [(Br)s]
cZar+0+ @

Note that A_g, B_g > 0, so we have the desired bound if AéH['(BR)g — (a1 +6) is bounded.
But by s-holomorphicity, clearly

2

A H® , (3.2.14)

[(BR)s,a1,...,an

(a1 +6) <16v2 max &
0=m=3

eiv%
Fi(Bp)s,ar,..an) | @1 +0 + 5 )

but the fermion value on the right hand side is bounded by a constant only depending on § by
Proposition 3.2.3. O

Given uniform boundedness, we can use diagonalisation to get a subsequential limit Fic;,q, ,....a,,]
on the whole of [Cs, a4, ..., ay]. It suffices to show that such a limit must be unique.

Proposition 3.2.10. Any subsequential limit Fic,,a,,....a, Of Fi(Bp)s,ai,...,a,] 45 R — 00

)

1. shows massive s-holomorphicity and the singularity at a, + 5 as in Proposition 3.2.2,
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3.2. Massive Fermions

2. atinfinity: Fic;,a,
constant,

a,) tends to a finite

..........

3. has finite discrete 'L> norm'’:

2

T 3 N
y Zsin(z—(@)é- Ao |F v+i"e””4—) (3.2.15)
ve7 [Csl n=0 V2
v£a;+0
< Y [AHg @] <ests<oo,
ve7V [Csl
v#Za+0

with constant independent of 6.
Moreover, there is only one such function Fic;,a,,...a,]-

Proof. The first entry is immediate from the corresponding properties of Fi(g,);,a,,....a,]-

The inequality (3.2.15) can be deduced from a uniform bound for the analogue for )A‘S H{gos an.anl
It is bounded independently of R by (3.2.12) and (3.2.14), so monotone convergence gives the
desired inequality for the limit as R — oo.

2 along

.....

any line in C\ Bg vanishes uniformly as R — oo by (3.2.15).

If there are two such Fic; 4,,... 4], their difference F[q; s,a1,..a,] 1S everywhere s-holomorphic, and
2 L e
along any line in C\ By, is finite and decays to zero, the square

since the sum of |F[¢5,a1,_,_,an]
integral A [Cs,a1,..,a,] 15 finite and constant at infinity. J2) [‘95 4 is everywhere superharmonic

=0. O

1reees an]

. . . . to . +
and is finite at infinity, so Hio: a....q,) 1S cONstant and Fiosanan

Fix © < 0. On the full plane, we have an explicit characterisation of the one point spinor in
hm?

0 .

(140 72\Rey - ) 4 jy 72, (210©) for

z € (1+i)Z? is the probability of a simple random walk started at z extinguished at each step
i oF 2sin?20 ) ! 2sin?20

with probability (1 + 2 05@0) ) o)

hm?1+,-)zz\R (1O is the unique ®-massive harmonic function (in the sense of (3.5.2)) on

(1+1)Z? \ R<o which has the boundary values 1 at 0 and 0 on (1 + i)Z?> "R and infinity.

terms of the massive harmonic measure of the slit plane hm

to successfully reach 0 before hitting (1 + i)Z? N R.

Proposition 3.2.11. Denote the slit planes X* := {z€[C,0]: Rey/z>0} = C\ Ry and Y* :=
{z€[C,0]: Imy/z >0} =ZC\Rso. Then

0 3 1
Fic,,0,(c810) = ey 7, (6=3210) 0 €XT NG (Cs,0]
()

—ihl, e (3-C10) O EYFNETCs,01
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Chapter 3. Massive Scaling Limit

Proof. By Proposition 3.5.1, Fic;,0;(cd) restricted to €1 [Cg,0] or €' [Cs,0] is ©-massive har-
monic, except possibly at the lifts of ig (because there is no planar neighbourhood G5 around
these points in [Cg, 0], see Figure 3.5.1) and % (because Fic;,0,(cd) is not s-holomorphic at the
lifts of 3).

From Definition 3.2.1, it is clear that Fic,ng,,0(cd) = 0 for any c € ¢! [Cs,0] on the (lift
of) negative real line and c € € ‘ [Cs,0] on the (lift of) positive real line, since the complex
phase ¢4, .. a, (y, c) foranyy € I'csnp, (g, 7(c)) switches sign for the reflection across the real
line y, := {é te€ y}, and I'c;nB, (g, 7t(c)) is invariant under the reflection. We conclude that
Fic,,0)(cd) =0 for c€ €1[Cs,0] .

Also note that Fc,,o (%5) =1, where % is evaluated at the lift which is on the same sheet as
the fixed lift of g, since the corresponding Ising quantity in (3.2.3) is precisely the ratio of two
adjacent magnetisations (spin 1-point functions); in the infinite volume limit with > ., the
ratio tends to 1.

Allin all, Fi¢;,0;(-1©) restricted to Xt ne! [Cs, 0] is the massive harmonic function which takes

the boundary values 1 on the lift of % inX*ne! [Cs,0] and 0 on the lift of the negative real
0
(1+1)Z2\Reg

its restriction to Y+ N6’ [Cs, 0], noting the boundary value at g given by (3.2.2). O

line and infinity, whence the identification with hm . The same argument applies for

3.2.3 Massive Complex Analysis: Continuous Fermions and their Uniqueness

We now present the boundary value problem which the limit of our discrete fermions solves.
Since massive models by definition do not possess conformal invariance, we cannot expect
the limit to be holomorphic as in the critical case; instead, it satisfies a particular perturbed
notion of holomorphicity 8; f = mf, which belongs to various similar families of functions
dubbed generalised analytic or pseudoanalytic in writings of, e.g., L. Bers and I. N. Vekua.
Here we use a small excerpt of the established theory, saying that f is holomorphic up to a
continuous factor. Although any nonzero smooth function is trivially pseudoanalytic (with the
non-constant complex coefficient 8/ f), fixing the governing equation d; f = m f allows us to
use known functions which satisfy the same equation to successively cancel out singularities;
in other words, we have a generalised version of Laurent series. Imposing a real constant m in
addition yields the possibility to define the line integral Re [ f2dz.

In analogy with the discrete terminology, we refer to our particular continuous condition
(m)-massive holomorphicity. We will assume m < 0 is fixed throughout this section.

Lemma 3.2.12 (Similarity Principle). Let D be a bounded domain in C. If a continuously
differentiable function f : D — C is m-massive meromorphic, i.e. satisfies 0z f := %% f+ % % f=
mf except on a finite set, there exists a Holder continuous function s on U such that e *f is
holomorphicin U.

In particular, f only vanishes at isolated points.
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3.2. Massive Fermions

Proof. See [Ber56, Section 10] or [Vek62, Section II1.4]; we also explain the underlying idea
and explicitly carry out specific cases in Section 3.4.1, e.g. the proof of Lemma 3.4.4. O

Corollary 3.2.13. There exists a family of m-massive holomorphic functions Z}, Z\, for each
neZ such thatasz— 0
ZN2) ~ 2", Zk(2) ~iZ",

and any function f that is m-massive holomorphic in a punctured neighbourhood of a can be
expressed near a as formal power series in Z,, i.e.

f@=Y |ALZ)z-a)+ AL Z(z—a) (3.2.16)

n

for real numbers A}Z’i. If f(2) is a spinor defined on a double cover ramified at a, [ admits
formal power series in analogous functions indexed by half-integers Z,, 1 These expansions
are uniformly convergent in a small disc or annulus around a, respectively if f has a singularity
at a or not.

Proof. This corollary depends on the fact that s in Lemma 3.2.12 is continuous, so that if a
massive holomorphic function is o((z — @)") at a then it is automatically O((z — a)"*!); see
[Ber56, Section 5]. O

Remark 3.2.14. There is no canonical choice of the ‘local formal powers’ Z,ll’i. We will need
explicit functions to expand continuous fermions around their singularities and analyse them
further to derive Painlevé III in Section 3.4; we hereby fix the following radially symmetric
functions for half-integers v:

o T+D7 :

Zl(re'%):= ﬁ eV 1, 2lmlr) + (sgnm) - e_’("+l)¢lv+1(2|m|r)] : (3.2.17)
. T+, .

Zi(re') = % ie"?I,2Im|r) - i(sgnm)- e“(v+1)¢’fv+1(2|m|r)] ,

where I, is the modified Bessel function of the first kind. One can easily verify the desired
asymptotics and massive holomorphicity from the corresponding facts about I,,, namely that
r—0

I,(n) "=°Twv+1)(%)" and I},(r) = I+1(r) + X1, (r) [DLMF, Chapter 10] (See Section 3.4 for
useful formulae, and note also that d; = %eie (0, +ir~1oy)).

. 2m)|z|
As a special case, we have Zh (2) = eﬁ .
2

Proposition 3.2.15. The following boundary value problem on a bounded smooth simply
connected domain Q has at most one solution:

f:Qa,...,a,] — C satisfies

1. f is continuously differentiable, square integrable, anddf = mf in[Q, ay,..., a,),

2. f(z) ey /V;;t(z)[R on the lift of 0Q), where vy, (z) is the outer normal at n(z) € 0Q2,
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Chapter 3. Massive Scaling Limit

3. (z—aN"?f(z) = 1asz— a1, and

4. 398 € R such that(z—aj)uzf(z) —i%Bjasz—ajforj=2,...,n.

Proof. 1f there are any two such functions fi, f>, applying Green-Riemann’s formula to their
difference f on Q, =Q\u jBr(a;) for small r > 0 yields

fzdz:2iff azfzzsz 2m|f2dz € iR. (3.2.18)
09, Q, Q,

f ~cst-(z— al)”2 near a, in view of Corollary 3.2.13 so faB,(al) fzdz tends to zero as r — 0,
and f — i@j(z - aj)_”2 for some 332,- € Ras z tends to any other a;. On the inner circles, we
have

f fzdzr;O»—Znigéie iRfor j=2,...,n, (3.2.19)
aBr(aj)

whereas the boundary condition on the lift of 0Q readily gives 1 §;, f2dz = 5 |f|?ds = 0.
Therefore

1 A A A
0<- fzdz=2ff 2m|f|2dz—22n%j250,
1 JoQ Q, 7

sofEO. O

Remark 3.2.16. Asin the proof of the Proposition 3.2.15, it is easy to show that h:=Re [ f2dz is
globally well-defined in Q\ {ay, ..., a,}. In terms of &, the boundary condition f(z) € vl R

out
and the asymptotics around a; is equivalent to

1. his constant on 6Q and there is no xy € Q2 such that z > h(9Q) in a neighbourhood of
Xg, and

2
2. hisbounded below near ay,..., a, and h'(w) :=Re [* f(z)—Zil(z—al)) dzis single
2

valued and bounded near a;.

We note that this boundary problem can easily be extended to the case where Q = C, by requir-
ing that h be finite and constant at infinity (we will in fact require that f decays exponentially
fast, see also Lemma 3.3.2).

We now define quantities which reflect the geometry of Q exploiting the boundary value
problem above, which will turn out to be directly related to the Ising correlations through the
connection which is precisely our main convergence result in Section 3.3.2. Determination of
these quantities through isomonodromic deformation is the main subject of Section 3.4.

Definition 3.2.17. Given a solution fiq 4,,..,4, 0f the boundary value problem presented in

Proposition 3.2.15 (the continuous massive fermion), define dé‘i = dé’i (aq,...,an|m) as the
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3.3. Discrete Analysis: Scaling Limit

real coefficients in the expansion

fiva a2 =21 (z—a)) + 25 2z — a)) + 24, 7L (z— a)) + O ((z— @)*'?).  (3.2.20)
2 2 2

In addition, in the case where n = 2, define 8q = Bq (a1, ax|m) as the coefficient

fiaa (2 =BaZ!  (z—a)+0(z—a)'?). (3.2.21)

For notational convenience, we do not assume % > 0 as in [CHI15]; instead, its sign depends
on the sheet choice of Z i , (z—ay), which we will explicitly fix whenever needed.
2

3.3 Discrete Analysis: Scaling Limit

In this section, we show the convergence of the discrete fermions introduced in Section 3.2
to their continuous counterparts. Then we show that the family of discrete fermions as 6 | 0
is precompact in Section 3.3.1, whose limit satisfies a unique characterisation as laid out in
Proposition 3.2.15. These suffice to show convergence to the desired limit. Throughout this
section, we assume a continuous mass m < 0 is fixed.

3.3.1 Bulk Convergence

We finally undertake convergence of the discrete fermion Fiq;,4,,....4,) tO its continuous coun-

terpart fi,q4,,....a,) in scaling limit. First, we need to interpolate the discrete function defined on
[Qs,a1,...,a,] on the continuous domain [Q, a1,..., a,]. While any reasonable interpolation
(e.g. linear interpolation used in many papers dealing with massless case) should converge to
the unique continuous limit, we will assume an interpolation scheme with a continuously dif-
ferentiable Fiq; 4,,..,4,] @s an easy way to show that the limit itself is continuous differentiable.
While we do not explicitly carry it out, we could show the limit is smooth by using arbitrarily

more regular interpolation scheme.
Proposition 3.3.1. SupposeQ is bounded, simply connected with smooth boundary or C. For

any compact subset K c Q, any infinite collection (%5k)_1/2 F[ = f[

Qak,ab.--yﬂn] Q5,105 n

] with
8k | 0 has a subsequence that (suitably interpolated as above) converges in C' (K)-topology to a
continuously differentiable limit.

Proof. By Arzela-Ascoli, it suffices to show that the discrete derivatives

5_16335]0[05,(11,...,51"] (Z) = 6_1 [ﬁQ5,a1,...,un] (Z + 26) - f[Q,;,ul,...,a,l] (Z)] ;

are equicontinuous on K. In view of Proposition 3.5.4, it suffices to show that the 'discrete L2
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Chapter 3. Massive Scaling Limit

.....

Apply the discrete Green’s formula as in (3.2.12) to Hq,,q,
analogue to (3.2.15) (dividing both sides by 6),

.....

cst=8'AHy, . (ay+0) (3.3.1)
(T 2
= 2sin (Z - (9) Z 6A-e |f[Qa,a1,-..,an] (C)|
CcE € [Qs]

sm
c#Ea+6+152

_ 25sin(% ~20))|fiasap.an @,
e€d&[Qs)
_(m 2
> 2sin (Z - @) Y 5A 0| ficsar.ay (O] (3.3.2)
CE L [Qs]
cEa +6+152

.....

O

With a sequence K, of increasing compact subsets such thatU,, K, = Q\{ay, ..., a,} and using
diagonalisation, we can find a global subsequential limit fiq 4,,..., 4,1 With uniform convergence
in compact subsets of 3. We finish the proof of convergence by showing that a limit must
satisfy the boundary value problem of Proposition 3.2.15, and thus is unique. We note that
continuous differentiability, square integrability and the condition 0z fiq,4,,...,a,] = mm
follows straightforwardly from Proposition 3.5.1 and Remark 3.5.2, so we are left to verify the
boundary conditions, as laid out in Remark 3.2.16.

We first treat the following explicit case:

Lemma 3.3.2. The one point spinor fic; 0 converges to Zi 1(z= reif) = % uniformly in
2

compact subsets of [Cs, 0].

Proof. We show that a subsequential limit fic g satisfies the unique characterisation of Remark
3.2.16, and thus has to be equal to Z' |, an explicit solution. We first show that fic o) vanishes
z

at infinity sufficiently fast to yield that k¢, := Re [ f[%:,()] dz is constant at infinity. But this
follows from the identification of the discrete spinor with the massive harmonic measure (the
hitting probability of an extinguished random walk) of the tip of a slit in Proposition 3.2.11
and the exponential estimates of Proposition 3.5.4.

It now remains to identify the singularity at 0 as fic,o) ~ z~'/2. Note that the massless harmonic
measure [Kes87, LaLi04] and thus the spinor [CHI15, Lemma 2.14] (for the identification 9(d) =
(%6)1/2, see [GHP19, Lemma 5.14]) show that exact behaviour. Since the hitting probability
of a massive random walk is dominated by the hitting probability of a simple random walk,
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3.3. Discrete Analysis: Scaling Limit

-0 o . .
fico - 2'"? £ a for some a € [0,1]. But the probability that the massive random walk is
extinguished can be made arbitrarily close to 0 as length scale becomes negligible compared
to ﬁ, so the two harmonic measures become asymptotically equal as z — 0 and we conclude

a=1. O

By translation invariance of its definition, fic;,4,1(2) converges to Z} 1 (z = a1) uniformly in
2

compact subsets of [C, a;].

Proposition 3.3.3. A subsequential limit fiq q,,...a,) Of fis,a1,...a,] Satisfies the conditions of
Remark 3.2.16, and thus is unique.

Proof. We first suppose Q # C. Consider the renormalised discrete square integral i, q,,...a,] =
(25)_1 H0;,a,,...a,)- By Propositions 3.2.7 and 3.2.10, k', = 5 'H

b4 [Qs,ay,....a, [Qs,az,...,
superharmonic on 7 [Qs] \ {a; + 6} and takes the boundary value 0 on 7 [Qs]. Moreover, by
Proposition 3.3.1, A‘Sh['% .
lower bounded by ¢y%;s, where %; is the domain Green’s function %5 := 9y ;) (-, a1 + 6) with

Dirichlet boundary condition on 87 [Qs].

is discrete
an)

a] (a1 +6) < cst =: ¢p. Thus, by superharmonicity,

Since ¥ is O(0) on any vertex ajn; € ¥ [Qs] adjacent to a € ¥ [Q5] (Lemma 3.5.3), we have that

.....

and corners (see Figure 3.1.1). Since | f |2 is subharmonic by (3.5.5), fia;,a,,....a,] iS uniformly
bounded on Q, := Q\U; B (a;) for small fixed r > 0. Therefore by equicontinuity h(q;,a,,....a,] —
hiq,a,,...,a,) uniformly on Q,, and hiq,a,,..,a, is continuous up to the boundary. Note that since

.....

2

AhiQ,ar,..a,) = 4020z P10 ,ar,.an = 202 f 16y a,..a = 41| fiuar,.an) (3.3.3)

We now verify the two remaining conditions of the boundary value problem.

1. hiqa,,..a, in Q; is a continuous solution of a Poisson equation with bounded data

4m |f[Q,a1p..,an]
up to the boundary thanks to standard Green’s function estimates (e.g. [GiTr15, The-

% and smooth boundary data; hiq,4,,...4, is continuously differentiable

orem 4.3]). From [ChSm12, Remark 6.3], which only uses the superharmonicity (in

[Qs,a1,...,
we see that there is no neighbourhood of xy € 6Q where h > 0.

their convention, subharmonicity) of 4 ] and does not depend on a particular

o
[Qs,a1,...,an]"

property of h

2. higs,ay,...,a,) is bounded below by ¢%s, which is bounded from negative infinity away
from a; in the scaling limit. So near ay,...,a,, hiq,q,,.. 4, is bounded below. For the

.....
------

.....

monic (unlike in the proof of Proposition 3.2.11, the zero prevents a singularity near
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Chapter 3. Massive Scaling Limit

monodromy; see also [GHP19, Remark 2.6]). But both fio;,4,,....a.1» fics,a,1 are uniformly
bounded, say, in a discrete circle S, := B;;55(a1) \ Br(a;) for small r > 0. As above, we
conclude that f[gﬁ aontty] is uniformly bounded in B;(a;). Given Lemma 3.3.2, this
suffices to show boundedness and well-definedness for the continuous limits f t ut.

.....

If Q = C, we first show that fiq; q,
stant and finite at infinity using Proposition 3.5.4 and the uniform L? bound (3.3.1). Since
fios,ar,...a,) — 0 at infinity uniformly in 6, we may compare with the Green’s function of a
suitably large ball to obtain lower boundedness around ay, ..., a,. The above proof applies

a,] — 0 at infinity uniformly in 6 and hq;,q,,... 4, iS cON-

..........

near aj. O

3.3.2 Analysis near the Singularity

To show convergence of Fiq;,4,,....a,] (al + ?’2—5), we model the expansion of fiq 4,,...4,] around
a; from Definition 3.2.17 in the discrete setting, and carefully analyse the magnitude of the
difference. The candidate for discrete Z!, is clear: Fic,,q4,) is able to cancel out the singularity

.....

Then, we need to build a discrete analogue of Z] (or rather, some massive s-holomorphic
2

function that has square root behaviour around 0). Following [CHI15, (3.12)], we define a

discrete function Gic;,4,] by discrete integrating the Fic; q,1-

Proposition 3.3.4. Construct the spinor Gics,q,) : € 1Qs, a1] = R by

m .
Gicsa (2):=8 Y T!Fc; a(2—2j6), (3.3.4)
j=0

whereT (6]0) := tan? (% + 2@), and z—2j6 is taken on the same sheet as z if n(z) ¢ a; +Rsq or if
n(2),7(2—2j6) € a1 + R, while Fic,,a,1(z—2j6) = 0 naturally as soon asn (z—2j6) € a1 +R<
(cf- Proposition 3.2.11).

. . . . -1/2
It is massive harmonic with coefficient M?{ on Xt ne! [Cs,01, and (%6)

uniformly in compact subsets of [C, a1] to gic,a,) Which has the asymptotic behaviour gic,q,1(2) ~

Re\/z— a; near a,.

Gics,a,] COnverges

Proof. We first show that the discrete integrand I'/ Fic,,4,(z—2j8) is summable. Without loss of
generality, work on the sheet where Fic; 4,1(z—2j6) > 0. By Proposition 3.2.11, Fic;,4,1(z2—2j0)
is the probability of a massive random walk started at the real corner z—2 jé and extinguished

t each step with probability (1 + 25020 ™ 280°20 ¢ 1viving (o hit @, + 32 before a; + Reo;
at each step with probability <0s(30) cos@o) surviving to hit a; + > before a; + R<o;
denote by h; the probability of the same event with © = 0, i.e. the massless harmonic measure.
Project the two-dimensional walk into two independent one-dimensional walks respectively

in the x, y-directions with step lengths 6. If p; is the probability of the one-dimensional
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3.3. Discrete Analysis: Scaling Limit

massive random walk started at x — 2 j surviving to hit x, we have the upper bound
I/ Fics,a(2—2j8) <T pajh;.

However, p»; is the massive harmonic measure of 0 as seen from —2j in Z<o. From the
boundary conditions py = 1, p-o = 0 and massive harmonicity in 1D pj_»+ p; —2pj-1 =
45;21%9 pj-1, itis straightforward to verify p; =I'~//2, and we have I'/ Fi¢, a,)(z— 2j6) < hj. By
[CHI15, Lemma 3.4], hj = O(j ~3/2) uniformly for z in a compact subset, and thus the sum is

finite.

’
eZmr

We know that (26 =

subsets away from a; . Also note that in the scaling limit x—2j& = x', I'/ converges to e2(=*),

)—1/2

Fics,a) (') converges to Re on €' [Qs, a1] uniformly in compact

By above, if z= x + iy is in a compact subset, the discrete integrand F%F[cé,al] (z") decays to
. . -1/2
zero as x' — —oo uniformly in z, so we conclude that gic;,q,) := (%5) Gics,a,] CONVErges

2mr’
. 5—0 1 X I e
8I(Cs,a1] (Z =X+ ly) 5 eZm(x X)Re

2J- VX +iy

uniformly for z in a compact subset. As z — 0, we can uniformly bound €2~ ¢2m"" close to

dx, (3.3.5)

1, which gives the asymptotic of gjc 4,) near z.
Massive harmonicity is clear unless 71(z) € Rsq. If 7(z) € a; +Rxo, (A5 - MIZLI) Fics,a,1(z—=2j6) =0
if 1(z—2j8) € ar + 32 + Rxg while Fic,q,)(z - 2j6) = 0if m(z —2j6) € a1 + Reo, thus
5_ag2 - i (AB _ ag2
(A2-M3)Giepan (=6 Y. T (A= M) Fic, a1 (2-2)0)
j=l(z—a1)/26]

[(z=a1)128] N j (NS n g2 36 .
= 6T > V(8% - M) Fieya (ar + = ~2j0),
j=0

where the laplacian is taken on the planar slit domain X* n ¢! [C4,0] with zero boundary
values on the slit.

We need to show that the last sum vanishes.

N 36
Y 17 (A% = M) Fica(ar + = —2J0)

30 n 36
Fics anlar+ 7 -+ $)8 +i6) —tan (Z - 826) Fics,a (ar + ? - 2]6)]

j=0 s=%1

N 36 . , n 36 .
+3 1 Ficy.a(a1+ — — 2] + )8 — id) —tan(— + s2®) Ficy.ay (a1 + — —2j8) |,

j=0  s=x1 2 4 2

where two sums are done respectively above and below the slit. By massive discrete holo-
morphicity, we can convert the differences of real corner values into differences of imaginary
corner values: we need to be careful, since the points in X* directly above and below the cut
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Chapter 3. Massive Scaling Limit

are on opposite sheets. We can in fact think of a; + g as lying on the slit, since the singularity
(3.2.2) ascribes two values at a; + g, coming from above and below a; +R. Above the slit, (3.5.1)

implies
30 . . b4 30 .
Z Ficsan(ar+——2j+5)06+i) —tan(— - 52(9) Fics,a (a1 + — —2]6)]
s=%1 2 4 2
30 b8 30

=i | Ficyan(a + = =25 +i0) —tan(Z +20) Fic, (a1 + < @)= 1)5)]

. 36 . . b4 36 .
+i | Ficyan(@ + = ~2j5+i0) —tan(Z —2@) Ficyatan + 5 = 2] + 1)6)]

. b4 36 . . b4 30 .
=ztan(Z +2®) Ficya)(ar + 5 = (2]~ 10) - ztan(Z - 2@) Ficpa)(a + = = 2]+ 10).

Thanks to the factor of I'/, the sum telescopes (see Figure 3.5.1)

s=+1

30 ) . b4 30 )
Ficpa) (a1 + = = (2] +9)0+i8) - tan(Z - s2®) Ficga (@ + 5 - 2]5)]
. V2 50 N T 30
:ztam(Z +20) Fic, a1 (@1 + Z)=ir tan(Z ~20) Fic, a (@1 + < —@N+1d).
The sum below the slit analogously gives

36 . ) T 36 .
Ficpa(@ + % = 2j+5)5 - i8) - tan (Z +520) Fic o (@1 + < ~2J0)

s=+1

N .
RS
j=0
. /2 50, . N b2 36

=i tan(Z +2®) Ficya) (@ + =) +iT tam(Z —2@) Ficga) (@ + = = @N +1)9),

where a; + % — (2N +1)¢ is approached from below the sheet. Summing the two and taking
a + 375 — (2N +1)6 from above the slit,

N

: 30 . . b4 30
S 1 (A5 - Ml%,) Ficpa) (@ + = ~2j0) = —.erNtan(Z - 2@) Ficya) (a1 + =~ @N +1)5).
j=0

Now, by Proposition 3.2.11, —i - Fic;,q4,](a1 + % — (2N +1)6) is the massive harmonic measure

of the point a; + g in the discrete plane Y+ N6 [Cs, 0] slit by a; +Rsq. —i - TN Fic;,q,) (@1 + % -
(2N +1)8) = O(N~?) since we may bound it by the massless harmonic measure as above, and

the sum decays to zero, as desired. O
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3.3. Discrete Analysis: Scaling Limit

Theorem 3.3.5. Asé — 0, for ay, ..., a, at a definite distance from the boundary and each other,
we have uniformly

F[Qg,ﬂl,...,ﬂn] a]. + ? - 1 + 26%95 (alr sy an) + 0(5)1 (336)

0
Fias,a1,a5) (“2 + E)‘ = |%Bq(a1, az)| +o(1). (3.3.7)

Proof. We adapt the strategy of [CHI15, Subsection 3.5]; the massive harmonic nature of
our functions are hardly visible since at short length scale massive hitting probabilities ap-
proach simple random walk hitting probabilities. While we try to use the same notation
for corresponding notions where appropriate, the functions we work with are all massive
harmonic.

Note that, due to explicit constructions in Propositions 3.2.11 and 3.3.4, (3.3.6) can be written
as

36
a + > + 0(0).

36 36 .
Flas,a,,....a,) ar+— = Fies,a1) a+— +29q (ay,...,an) Gigy,a)

Define the reflection Z (QQ) of Q across the line a; + R. Then there is a ball B(a;) around
a; which belongs to QN2 (Q). Denote A to be the lift of the slit neighbourhood B(a;) \

[a1 +R<o] such that both Fiq; 4,
)
2
of Proposition 3.2.11, we have Fiq; q,,....a,] (al + 32—5) = Flaz@Qs),a1,....a,] (al + %), whereas the

a,) Flz(Qs),a1,..,a,) have their fixed lift of the path origin

.....

a; + 5 on A. By symmetry arguments about the path set I'(a; + g,z) similar to the proof

boundary values Fiq;,q,,....a,]1(2),Fi22Qs),a1,...,a,] (2) on the slit 7(z) € a; + R<g cancel out to give
Fas,a,...a, (@D +Fa@s),ai,...,a,(2) =0for z € €' [Qs,a1]NOA (see also [CHI15, Subsection 3.5]).

Then, restricted to €' [Qs, a1]1 N A, (recall gic;,q,) := (%6)_1/2 Gicsay)

is everywhere massive harmonic with zero boundary values on the slit €' [Qg, a;] N dA. We
have to show

30 30
Ks(ar + ?) = fias.ay,..a, (@1 + 7) -1 —2&65 (a,...,an) 8 = 0(8"?).

Noting the expansion of Definition 3.2.17, we see that, on A, away from a;,

1
Ks — > [ficaran + fir@,arman] = 211 = Zafglza (ay,...,an)Reyz—ar = o((z— a)''?),

~1
2

so on the discrete circle S; = B, 455(a;) \ Br(ay) for r > 0, maxg, |Ks| = o(rV?)asr—0. Sharp
discrete Beurling estimate (see [CHI15, (3.4)] for the form used here) for harmonic functions
may be used to dominate the value of the massive harmonic function S at a; + %, and we
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Chapter 3. Massive Scaling Limit

have
30
Ks(aq + ?)

<cst-6YV2p712 IIlSElX|K5| = cst-51/20(1),

r

where o(1) holds for r — 0. We conclude the right hand side is 0(5'/%) as 6 — 0.

For (3.3.7), without loss of generality assume %q (a1, a2) > 0. Define this time 2 (Q) as the
reflection of Q2 across a, + R. As above, write A for the lift of the slit disc B(ay) \ [ay + R<g] such
that we simultaneously define Fiq; 4, 4, (a2 + g) = Flz(Qs),a1,a,) (G2 + g) =: i%s with %5 > 0.
Again, by symmetry, fia,,a,a,1 + fi%(Qs),a1,a,] 1 Z€r0 on the boundary 0A N €* [Qs, a1, azl, i.e.
the lift of ay + R<y. Define the massive harmonic measure of the point a; + g in the lattice
ANE! [Qs, a1, a»] as Ws. Then define

which is massive harmonic on AN€* [Qs, a1, az] \{ag + g}, takes the value 0 on dANE" [Qg, a1, as]

and {ag + g} Since % [ﬁgﬁyal,m,anl + f[@(gé),ulwan]] restricted to the imaginary corners con-

. e e .. Bas (ay,az) _ . .
verges to a continuous limit with asymptotic i ~Re% +o((z—ay) 112y on the discrete cir-

cle S; = Briss(a2) \ Br(ay), it is easy to see that unless B5 — %Bq(ay, ay) and T (ag + g) =o(1),
we can find a point in the bulk which is greater than any value on the boundary S, contradict-
ing the maximum principle; see also [CHI15, (3.23)]. O

3.4 Continuum Analysis: Isomonodromy and Painlevé III

3.4.1 Continuous Analysis of the Coefficients

In this section, we carry out analysis of the continuum coefficients such as </, %q needed
for the proof of the main theorem and the derivation of the Painlevé III transcendent in the
next section. We will assume that a continuous mass parameter m < 0 is fixed throughout this
section.

Preliminaries: Massive Cauchy Formula.

In Section 3.2.3, we have seen that massive holomorphic functions admit a generalisation of
Laurent-type expansions. Here we give explicit formulae related to the formal powers Zvl” and
note that a Cauchy-type integral formula holds.

Recall 9, = %e‘ie (0, —ir 10g),0z = %eie (0, + ir~1dg). The following holds ([DLMF, Section
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3.4. Continuum Analysis: Isomonodromy and Painlevé III

10)):

, _ v
L(r)=1y.1(r) £ 7Iv(r),

sinvm
-2

=L,y 1(r) = L1 (r) I (r). 3.4.1)

Define W, (re'?) := e/*?1, (2|m| r). The formal powers Z&”' defined in can be written as

I'v+1)
Z\} = W (WV + (sgnm) WV+1) , (342)
; T+
V= (lWV —i(sgnm) WV+1).

Proposition 3.4.1 ([Ber56, Section 6]). Let f is an m-massive holomorphic function defined on
a ramified disk [Br(a), al. The coefficients A},” of Zvl'l in the expansion (3.2.17) may be extracted
by the line integrals:

1_ 7 f i _
V= i Re Cf(z)Z_l_v(z a)dz, (3.4.3)
i_ Ul 1 _

A, = ETGERYE Refcf(z)Z_l_v(z a)dz,

where the line integral is taken on any smooth curve C going once around a.

Proof. As in the discrete case, if f, g are m-massive holomorphic functions, the real part
Re [ f-gdzis well defined: indeed, the increment around a closed curve 4D inclosing a region
Dis [55, f-gdz=2i [8:(fg)d*z=2i [ mRe(fg) d*z € iR by the Green-Riemann formula. So
the integral (3.4.3) has a well-defined value regardless of choice of C.

We will take C = 0B, (a) for some small r > 0. In view of the definition (3.4.2), it is straight-
forward to verify first that any line integral of the form Re [ Z; Z;,dz, Re /- Zf;Z";,dz vanish.
Similarly one can verify the mixed integral

. —4|m|v?
Re f ZyZhdz= 6V+V/,_1#,
C T

with the help of (3.4.1) and the standard Gamma function equality [DLMF, Section 5.5]

I'zx)I'(1-2) B 1 T

I'e)I'(-1-2) = = - .
z(1+2) z(1+ z)sinzm

Finally, we note the derivatives of the formal powers.

0, W, (rel?) = 0.2 |m|- (IViI(ZImI r)+ Zl—,‘;”rIV(ZImI r)) and dp Wy (re'®) = ive™?1, 2\m|r),
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Chapter 3. Massive Scaling Limit

and we see that
0, W, =Im|W,_1,0: W, = |m| W41,

and the corresponding identities for Zvl’i follow. In fact, we will record, noting 0 =0, +0z,0, =
i (az - aZ)’

0, ZL=vzl [+ v+ 1) 'm?Zl, 0, 2L =vZ [+ v+ D)TImPZL |,

0yZy=vZl_ - v+ 1) 'm?Zl, 0, ZL = —vZ_ + v+ ) 'm?Z),,.

Preliminaries: Cauchy Transform and Harmonic Conjugate.

To work with generalised analytic functions, the Cauchy transform € = €q : t(-) — —% Ja %dz w
will be used as the inverse of the derivative 0;. Define the Holder seminorm [#]¢e«(q) (W) :=
Sup,cq %, [tlceq) 1= Supeq [tlce ) and the norm [tlca = e + [tceq- The

following estimates are standard and may be shown by direct analysis of the kernel wl_ =

Proposition 3.4.2. Let B = B,(z) be a ball of radius r > 0.

e Ifg € LP(B) for some p > 2, €g € C*(C) fora = ijzy holomorphic outside of B, and
vanishes at infinity, with

|Cg| <est-r¥|g| ) (€8] cee =5t 18l1m)» (3.4.4)
where the constants only depend on p;

e Ifge C*(B), €g is differentiable at z, with
|Veg(a)| < ost(|g@)] + [ cagry (2 (3.4.5)
where the constant only depends on a € (0,1].
Proof. See [Vek62, Sections 1.4-8]. Specifically, for (3.4.4) refer to [Vek62, Theorem 1.19]; (3.4.5)
follows from [Vek62, (8.2), (8.7)]. O

Another standard analytic fact that we use is the Hélder regularity of harmonic conjugates.

Proposition 3.4.3 (Privalov’s Theorem). Let D be a smooth bounded simply connected domain,
and fix a conformal map ¢ : D — D such that M~ < |¢'| < M for some M > 0.

Let t € C*(0D) be a real-valued function on the boundary. Then there exists a holomorphic
function g € C%(D) such that Img = t which is unique up to a real constant. Moreover, if Reg = 0
at any point in D,

8] cagpy = €5t A+ M*) |tlceopy),

where the constant only depends on a.
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Proof. See, e.g., [GaMa08, Theorem 3.2], for the proof in the unit disc. Then it is straightfor-
ward to transfer the result to D using the conformal map ¢’ given that the Hélder seminorm
transforms with a factor of |¢’|*. O

Analysis of the Continuous Observables.

We now study the continuous observables fiq 4,,... 4, (-|m) with m < 0 and its coefficients. Fix
a conformal map ¢ : Q — D and let M > 0 be such that M~! < ¢’ < M. Note that diamQ < 2M.

We first give the following lemma based on the Lemma 3.2.12 (similarity principle). The
following proofin fact contains the idea of the proof of the principle, but strictly speaking we
do rely on it, e.g. for the existence of the observable itself. Write f,(2) := fiq,q,,...,a,](zlM).

Lemma 3.4.4. There exists a unique function s in Q such that

e s is continuous in Q;
e sisreal on dQ and Ree 5@ =1;

e e73 fiy, is holomorphic in [Q, a1, ..., ay].

Then, defining c; := Relim, .o, e~%®\/z=aj fn (notec, =1)

n

e fn(2) =Y chfiaa,..a(2l0), (3.4.6)
j=1

Moreover, for any a € (0,1),
ISlca < cst-|m|(1+ M'12%),

where the constant only depends on a.

Proof. First assume existence of such s. Suppose there are two such functions s;, s2. Then
e $1@+%() js bounded, real on 4Q, and holomorphic in Q\ {a, b}; thus the value at a fixes it to
be constantly 1. So s1 — s = 0 given that Im (s; — s2) = 0 on 6Q2 and s is unique.

Then f(z) = e_s(z)fm (2) is holomorphic in [Q, ay,...,a,] and \/mf € R on the boundary
0Q. Near aj, Re,/z=aj f (2) ~ ¢j. Thus we obtain (3.4.6) since the difference of both sides is
zero by the uniqueness of the boundary value problem ([CHI15, Lemma 2.9], i.e. the massless
version of Proposition 3.2.15).

Now we show the existence of s. Define sp:= € [62 fm! fm]. Note that

(3.4.7)

0z fm _ 0z fia,a,b) (2lm) o fia,a,p (zIm)
fm fio,a,p (zIlm) fia,a,p (zIm)
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Chapter 3. Massive Scaling Limit

isin LP(Q) for any p since f;;, only vanishes at isolated points, so s is bounded by Proposition
3.4.2.

We claim s is differentiable almost everywhere in Q. sy is differentiable at any point zy near
which 8z fin/ f, satisfies a Holder condition, since €q [0z fin/ fin ] is the sum of €org, (z) [0z fm/ fin ],
which is holomorphic at zy, and €p, 5, [6 zfm! fm], which is differentiable by Proposition 3.4.2.
Since f, is smooth on [Q, ay, ..., ay], s is differentiable away from a; and at isolated points
where f};, vanishes.

So e f;, is holomorphic almost everywhere, and by removable singularity it is holomorphic
on [Q,a,...,a,]. Now let s; be a holomorphic function on Q with boundary data Ims; = Imsg
on 0Q). We fix Ree® ™% = 1. Then s:= sy — s; satisfies the desired properties.

2
For the Holder estimate, recall that diamQ < 2M and thus |62 fm! fm | Q) S €St |m|Mv. Then
from Proposition 3.4.2 we have |sy|ce < cst-(1+ M%) -|m| M2 Then the corresponding norm
for s; is given by Proposition 3.4.3, and the sum gives the desired estimate. O

The above lemma allows us to give the following results in the case n = 2.

Lemma 3.4.5. |%Bq (a;, az|m)| — 1 as % —0.

Proof. By [CHI15, Remark 2.24], the result holds for m = 0.

Now consider the decomposition (3.4.6). Comparing the imaginary parts of the coefficient of
L_ in both sides, we see that %q (a;, az|m) Re [e~$1%)]| = Bq (a1, a|0). Since Ree s @) = 1

V<Z—ay

- . - Balay,alm) | _ _ N
and e™° is Holder continuous by the previous lemma, we have o (@ ml0) ‘ las|a; — ay|
0. O

Before we go on to give a more delicate estimate on the two-point observable, we note a few
facts we use.

Remark 3.4.6. As mentioned above, the possible zeroes of f;,, are problematic for the regularity
of s. However, in the case where n = 2, f;;, cannot vanish in Q.

Indeed, f = e *f,, is a holomorphic function on [Q, a1, a,] with the boundary condition
VVour f € R. By the argument principle for solutions of a Hilbert boundary problem ([Wen92,
Theorem 2.2]), one sees that 1 = %N@Q + Nq, where 1 is the index of vy, - (z— a1)(z — az) on
09, Njq, N are number of zeroes of f 2(z—a))(z— ap) respectively on 62, Q counted with
multiplicity. But since it is a square, any zero of f2(z — a;)(z — ay) is second order; the only
possible scenario then is that N3g = 2, Ng = 0. So f does not vanish in Q, and since s is
bounded, f;,; does not.

Remark 3.4.7. Since f is a linear combination of the two observables with m = 0, we may
estimate f;;, using properties of them. The massless observables are conformally covariant: if
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¢:Q— Q' is a conformal map [CHI15, Lemmas 2.9, 2.21],

ma)'2 [(b-a)(b-a)]"* (z-b) +[(b-a)(b- @) (z-b
f[H,a,b](Z|0)= (Zl_lma) [( A a)] (2 )+ I @) _a)] (2 ). (3.4.8)
|b—al+[b-al V(z—a)(z-a)(z—b)(z—D)

Now we list some properties of the half-plane observable which need simple verifications.

Lemma 3.4.8. Suppose a,b € H with Ima = Imb =€, Rea < Reb (i.e. |b— al = Reb— Rea)
1. Letr < %min(e, d). Then

|VZ=af,an(2)| < cst forz€ B, (a),
|\/z —bfi,ab (z)| <cst forze€ B, (b),

with constants independent of the positions of a, b, r.

2. Letngp € R be the zero of fiy,4,p)-

0=<ngp—npq<I|b-al+2e

|na,b—a| >|b-al+e.

. % can be extended to a holomorphic function in Q, and
fiopa@o| ’(f[l]—l],b,a](zm)), __ cst
fioan @0 N\ fian0)),_ | Ib—al+e

Proof. These results all follow from the explicit formulae above.

1. Notethat|b—a|<|b-al <2e¢+|b- al. We have

((h-a (- )"

- <1.
|b—al+|b-al

_|lb-al(b-al+201"2|  VIb-al
2|b—al+2¢ ~ V2|b—al+2e¢

Then we estimate the two terms in (3.4.8) separately, noting that Ima =€ < |z — al, and

also (\/ﬂ( < |\/ﬁ|,

ilma)Y'? (z— b) ilma)''?\/(z - b) __cst (3.4.9)
Ve-aiz-az-bz-b| |Ve-az-ae-b| [Vz-a

Since |z—l_9| <e+ 'bg—“',

Vib—al 2ilma)'/? (z— b) ‘<

V2lb—al+2¢ \/(z—a)(z— a)(z— b)(z— D)

csty/|b—al

Vea-a)z-b)|
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If z € B, (a), we have the result from |z — b| > % la—bl. If z € B;(b), similarly note |z — a| =
% |la— b|, and apply |\/z— a| > ’\/z— b’ to (3.4.9).

2. From the formula on fiy 4 ), we may write

_ReV(b-a)(b-a)b — Reb_ ImV b — almb

Na,b = = € =
Rev(b—-a)(b-a) Revb-a
Imvb — alma ImV b - alma
npa=Rea— ————— =Rea+ —————.

ea
Revb-a ReVb-a
So

0<ngp—npq<I|b-—al+2e

and
|74~ al = (ng,~Rea) +Ima = |b-al +e,

since V' b — a belongs to the fourth quadrant and thus

ImVb-a
0<—<1.

Revb-a

3. Again examining the formula, we have, away from b, a (and then everywhere in H by
removable singularity),

fina(Zl0) _Re[@-b@a-n)"*-npd  z-nmpa

f[l]-l],a,b](Z|0)_Re[(}}_g)([,_a)]uz(z_na,b) ' Z—na,b’

SO

|b—al+2¢
+—x<3;

—_ )

f[lH],b,a](alO) _ ’1 " Ngp— Np,a <1

firnap (@0)| a-ngp lb—al+e
‘(f[ﬂ-ﬂ.b,a](zm)), _|ab = Mba| _ |b—al+2¢ <_ 68t
f[l]-l],a,h](zm) z=a (a—na'b)z a (|b—a|+€)2 - |b—6l|+€'

Recall that we fix a conformal map ¢ : Q — D such that M~! < ¢’ < M. Now fix the standard
conformal map D — H such that 0 € D is mapped to i € H, and fix ¢y : Q — H. Similar
estimate cst(R)- M~ ! < (p’H < Cst(R)- M holds in (p_l (Bg NH) for R > 0. Write .szfé(al, a|\m) +
it} (ay, azlm) =: oo (ay, azlm).

Lemma 3.4.9. Letay,a € (p[[ﬂl(BR NH) c Q be such that Imey(ay) = Impy(az) = €. Then for
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3.4. Continuum Analysis: Isomonodromy and Painlevé III

any fixed 0 <y < 1, we have
lefa (ar, az|m) — fo(ar, az|0)| < cst- (€7 +|ar — ap|™7),

where the constant only depends on M, R, m, Y.

Proof. We will refer to quantities only depending on M, R, m,y as constants in this proof. To
extract the desired difference o/ := dalay, axlm) — g (ay, a»|0), we will study
e 2mlzmail g (2)! fia,a,,a,1(210). Indeed, around a;, we have

2m|zfa |
e~2mlz—all £ () ~ 1 (e\/z_;all +2.Q¢Q(a1,a2|m),/z—a1+0(|z—a1|”2))
T e2mlz—ayl
fio,a1,a,1(210) e2mlz—a (\/zl_ial+2,9¢9(a1,a2|0),/z—a1+0(|Z—d1|1/2))

=1+2o2 (z—a)+o(z—al,

. . . —2m|z—ay |
therefore <72 is half the derivative of ¢ fnl@

T ] ) at a,.

By (3.4.6),
MO @ M) _ ser-amiz-al (1 4 o, fif.0.a1 (Z10)
Jio.a1,a,1(210) fio.a1, (210)

and we will estimate the derivatives of the two factors separately. Fixa =1 —7.

For the second factor, note that |c;| = [Ime™*) Bq (a1, az|m)| < [Ime™*@)|, but since s is

uniform a-Hélder continuous and purely real on 0Q, [Ime )| < csz- dist(az, 0Q) < cst -
f[ﬂ,az,al] (210) _ f[Q,(pH(az),q)H(al)] (pn(2)10)

a .
(Me)*. Now by conformal covariance, T a0 = Tt o] @a@0)? SO WE May apply the
third estimate in Lemma 3.4.8:
Q,a7,a11(a10)
1+ czm <1+cst-(Me)* <cst,
f[Q,al,az](alm)
(z10)\ cst-MYtle® _
1 4 ¢ {10 (Z10) <——— <cst-M*e® (3.4.10)

2 =
fio,a,a1(210)) ,_,  laz—ail+e

Now for the first factor, we claim that s(z) — 2m|z — a;| is differentiable at a;. Take r =
ﬁ/[min(lal —azl,€). fm(z) = e‘S(Z)f(z), where f(z) = fio,a,a] + €2fi0,a,4,]- By the first es-
timate of Lemma 3.4.8, \/z— a; f (z) is bounded on B, (a;) (the factor of M in r is there so that
¢(B;(a1)) c H satisfies the condition of the first estimate Lemma 3.4.8). Expand for z € Bi (ay),

~ cSst
|Vz=aif(z) - e ™| < —lz-al, (3.4.11)

where we use the fact that z—aif(2)|,_ o = € and the derivative of \/z=a f(2) is
bounded by £* uniformly in B: (a1) by the Cauchy formula. Then again using the uniform
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Chapter 3. Massive Scaling Limit

Holder regularity of s,

|\/Z——a1fm(z) _ 1| — |e—S(Z) \/Z——alf(z) _ e—S(Z)+S(a1) + e—S(Z)+S(a1) _ 1|
= (759 [VEm @ (2) - @0+ et 1]

cst cst
<—lz—-al+cstlz—a1|* s —|z—a;|”.
r re

Note that by (3.4.11) there is a constant ¢ € (0, %] such that |,/z = alfm(z)| >cst>0on B.(ap).
Thus we have in B, (a;)

mfm myz—a

10z(s(z) —2m|z—a1])| = ‘

fm z-a
_| fmvZ= A= fmvZ= @
fmvz=ar
< CStr'alml lz—a1|®.

Then by (3.4.5), €p_,(4,)0z(5(2) —2m|z— a;|) is differentiable at a;, with the derivative bounded
by |s(a1)| + cst-|m| < cst.

The remainder s(z) —2m|z — a1| - €p,, (4,)0z(s(2) —2m|z — a1 ) is holomorphic in B, (a;), with

uniformly a-Holder boundary values on 6B, (a;). By Cauchy formula again, its derivative

at a; is bounded by rﬁs_f,. Therefore, s(z) —2m|z — a;| is differentiable and its derivative is

bounded by 54 for small r. Combining this estimate with (3.4.10) and writing y = 1 - & gives
the desired estimate. O

Finally, we show that the full plane observables are differentiable in the positions a; of the
spins, grounding the isomonodromic analysis in the next section.

Proposition 3.4.10. The value of the full-plane observable fc,a,,...a, (2) and thus its coefficients
of the formal power series expansion around a; are differentiable in the positions ay, ..., a.

.....

Proof. Differentiability of the coefficients follow directly from that of the observable value,
since we can recover the coefficients using the Cauchy formula (3.4.3).

Without loss of generality, we show the x-derivative in a; exists. Now, set hg > 4h > 0, a{’ =a+
h and embed all [C, a{’, ce an] in the double cover C2" of C \ [Boj (1) Uiay,...,a,}]. Consider
the difference f" := fic.a...an) ~ fic.ar,...a,) defined on c2h,

Clearly f" is massive holomorphic, lim;—q, /z=a;f h(z) = i%;f € iRfor j =2, and f" decays
exponentially fast at infinity. So by applying the Green-Riemann theorem as in (3.2.18) to
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3.4. Continuum Analysis: Isomonodromy and Painlevé III

(fh)z on C", we see that

2 2
iyg (") dz:—sz 2mif"Pdz+y 2n (). (3.4.12)
tho(al) C\Bho(al) | J

We claim that the left hand side, which is nonnegative and real since it is equal to the right
hand side, is O(h*) on 0By, (a1) as h — 0, which will be proven below. Then {7 f"}, _, ‘is
uniformly L?-bounded in C/». By a continuous version of Proposition 3.5.4, there exists a
subsequence hy such that hlk f" converges uniformly in compact subsets; the limit satisfies
the same boundary value problem as in Proposition 3.2.15 away from a;. By diagonalising as
ho — 0, we may assume that there exists a limit f on [C, ay, ..., a,]. It suffices to show that f is
unique. But by the expansion (3.2.20), the form of a subsequential limit near a, is determined;
indeed, the singular behaviour is

1 ..
—EZi§ (z—ay) + ZﬂéZil (z—a1) +24, 7" | (z— a1) + (regular part),
2 2 2

so the difference of any two limits is zero by the uniqueness of the boundary value problem.

Once smoothness in the position of a,; is proved, one may repeat the same arguments for

other points, say, a;. The difference is that the singularity at a, is \/’%72 and we need to

z—ay’
first show differentiability of %, to make the argument work. But fic 4, 4,,...,a,] and its coef-
. . . . . (Bl-2,) . . .
ficients is differentiable in a, by above, and i (222 7 2) is equal to the coefficient of \/21_7 in

...............

so its limit as i — 0 exists.

Proof of Claim. Note that (3.4.12) shows that the integral is real and positive. Suppose
hiz ftho( a) (f h)zdz — oo as h — 0, possibly along a subsequence (for notational conve-

. . . . ho._ s 2
nience, we do not explicitly write the subsequence). Define Spy = ftho(al) ( f ) dz, then

% — 0. Consider Z" := Zi%(z - a{l) - Zié(z —ay). Clearly, %Zh is bounded on 0By, (a1),

- 2 . . .
SO j fthO(al) (f"—2z""dz — 1. But f" — Z" is massive holomorphic in C?", so the Green-

Riemann’s formula gives

iyiB (fh—Zh)zdz:ij{ (fh—Zh)zdz—2f2m|fh’2d2z,
2n(d1) 0B, (a1)

i 2 i 2 h—0
" h=2" dz= o (=21 az 2=,
Sh 0By (ay) Sy 0By, (a1)
0 0

so it suffices to show that the left hand side tends to zero as & — 0 to derive contradiction.

Fix hg. Define f;lr(z) = f[C,a{l ] (2) — Zi(z— a{’) for h < %, which is bounded near a{l.
2

.....

.....
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Chapter 3. Massive Scaling Limit

h< %), | f[c, at,..an) | isbounded (uniformly for & < %) on the circle 0By, (a1) by the continuous

version of Proposition 3.5.4. Similarly;, ZE 1 (z— a{’) is bounded on 0By, (a;) (uniformly for
2 -

I

31| o

is a holomorphic function in [Bho(al), a{l] which remains bounded near a{’ and bounded

h< %). By Proposition 3.4.2 and the proof of Lemma 3.4.4, f}, := exp

g, (@) [m

(uniformly for & < %) on 0By, (a1). Therefore, fh2 is a holomorphic function on By, (a;)
which is zero at a{@ € Byj(ay) and has a bounded derivative in Byj(a;) (uniformly for h <
"), applying Cauchy integral formula on 0By, (a1). Therefore, | f2(@)| < cst-hon Bypla)

3
for any h < %. Taking into account uniform boundedness of exp | €p, (4 m% , f};r =
h
1T )
exp | €p,, (a)) m% ] fn is similarly bounded: )f;(z)| < cst-hon Byp(ay) for h < %. Therefore
the integral
i n h 2 i + + 2 CcSt- hz
— (F"-2") dz=—- (£l - f) dz= ==~
Sy, JOBan(a) Sy, JOBan(a) S
0 0 0

tend to zero.

3.4.2 Derivation of Painlevé II1

In this section, we take the convergence results established in Section 3.3 and derive estab-
lished correlation results in the full plane, first shown in [WMTB76] and reformulated in terms
of isomonodromic deformation in [SM]77]. We will explicitly carry out the basic 2-point case
following the presentation of [KaKo80, Sections III, IV], using the continuous limit of our
discrete massive fermions which has been characterised in terms of a boundary value problem
in Definition 3.2.17. We cannot directly cite their formulae, since instead of considering a
complex space of functions which solve a two-dimensional Dirac equation, we cast them in
terms of a real space of massive holomorphic functions because massive holomorphicity is an
R-linear notion. The resulting analysis is equivalent.

Isomonodromy.

We would first like to note how the functions behave under rotation around the origin. We will
compose rotation of the coordinate system with multiplication by a phase factor and denote
itby Ry W, (2) := W, (e"'%2)e"¢'? and so on: first we see that Ry W, (2) = e~V DPW. (2), and
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3.4. Continuum Analysis: Isomonodromy and Painlevé III

similarly
I'v+1 ; j OV
RyZy = —TZW ) (e“(”%WWV + (sgnm) el(”%)‘pW«m) (3.4.13)
1 1 . 1 i
=cos v+§ ¢| Z, +sin v+§ (O] A
; 1 i . 1 1
Ry Z, = cos v+§ ¢| Z,—sin v+§ ¢l Z,.

Recall we fix m < 0. Suppose a > 0 is a positive real number, and consider the double cover
[C, —a, a]. Consider the real vector space of m-massive holomorphic functions on the double
cover which have singularity of order at most 3/2 at each monodromy and decay at infinity.
Around each monodromy, we can expand the singular part of a function in Zg’ _,»and from

. 272

Proposition 3.2.15 we see in fact fixing the coefficients of ZE'SZ, Z', at each monodromy fixes
3 T2

the function. 6 basis functions are given by the two fermions fi := fic,—a,a), f2 := fica-al

and their derivatives 0y f1,0y f1,0x f2,0y f2. The idea is to express the variation of f; under

movement of the monodromies +a as a linear combination of these six functions, and to

get a nontrivial equality by looking at the dependent coefficient of Z i , - First, we augment
2

the expansions (3.2.20), (3.2.21): fic,—a4,q) is equal to (€ Li gre real constants, unrelated to the
discrete notation €% [Q5])

ZYzra)v24 2Nz v a) 424 7L (2 + @) + 29" ZE (2 + )
2 2 2 2
+2@iZ£ (z+a)+O((z+ a)5/2) near z = —a,
2
BeZ' (z—a)+26' Z (z—a)+2€6' Z1 (z— a) + 26" Z} (z— a)
2 2 2 2

+28'Zk (z— a)+ O((z— @) near z = a.
2

We need to make some reductions. Let us first note that fj(z) and fl(Z) both solves the
boundary value problem of Proposition 3.2.15 on [C, —a, a], and thus are equal to each other;
since only Z! switches sign under the same transformation, we can conclude o’ = ¢! =2’ =
&l =0.

Similarly, f,(z) and i fi(e'” z) are equal, assuming we carefully track the interaction between

global rotation z — e'"z and the expansion bases Z! (- + a); given a sign choice of ZZ(z + a)

(which is fixed by the coefficient +1 of Z!, (z+ a)) we will define Z*, (z—a) :=iZ7, (e z +
2 2 2

a), which then fixes signs for general v by ZZ(e'"z + a) = +e!"" ZI(z F a). As a result we
have dé”(a,—a) = —dcl”(—a, a) = A, Bela,—a) = -Bc(-a,a) = -B, Cgé"(a,—a) =
Gl (—a,a) =", 20 (a,-a) =20 (-a,a) =DV, 60 (a,—a) = -6 (-a,a) = -V

In fact, given ZJ (z + a), if we define Z" | (z + el%aq) = e‘i7¢ AR (e~ %z + a) for small |(,b|,
2

2
f[C,_aeilﬁ’aei(b] (Z) = R(pf[q;,_aya] (Z) again from (3.4.13)2
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fic-aei®,aeiv] (2) = Ry f1(2) = Zi% (z+ae'?)

+2cos</m¢1Zzl1 (z+ae'?) +Zsin¢,<z¢1Z§ (z+ae'?) +20032¢>@1Z%1 (z+ae'?)

+ 2sin2¢@1Z§ (z+ae'®)+0 ((z + aei‘/’)S/Z) near z = —a, and

fie-aeiv,aeiv] (2) = Ba Zf% (z—ae'?) +2cos ¢<gizé' (z— ae'?) - 2sin ¢<g"Z%1 (z—ae'?)

i i i - i 1 ip ip)>'?
+2c082¢p&° Z;(z—ae’™) —2sin2¢pE° Z;(z—ae’”) + O (z—ae ) near z = a.
2 2

Expansion.
We are now ready to analyse the variation of Ry fi under both d, and 9 at ¢» = 0.
Around z = —a,
filz) = Zi%(z+a)+2g¢12%1(z+ a) +2@1Z%1(z+a)+0((z+ a)®'?),
0, fi(2) = —%Zi%(“ a)+.sz¢12i%(z+ a) + (32" +2m2)Z%1(z+ a)+0(z+a)®?),
dyfi(2) = —%Zﬁ'%(m a)+.sz¢lZi%(z+ a)+ (32" —2m2)Z§(z+ a)+0(z+a)®?),
while around a,
fil2) =%Zi%(z—a)+2‘€izg(z—a) +2£i2§(z—a)+0((z—a)5/2),
0, fi(2) = —%Zf%(z—a) +<gizj%(z— a) + (3£i +2m238) Zé (z-a)+0((z-a)*'?),
3, fi(2) = ?Z}%(z— @) —%izi%(z— @)+ (2m2%—3£i)Z%1(z—a) +0((z-a*'?),

and similar formulae hold for f, with —a and a interchanged and the signs in front of </, %, &
reversed. As for the varied functions, we have
1
0afi(2) = —EZZ (z+a)+A' 7 (z+a)+ (2(0a4") +32" +2m?) Z1 (2 + @)
2 2 2
+0((z+a)?®?),
dpRyfi(2) = gzjg (z+a)—add'Z' (z+a)+ (24" —3a2" +2am®) Zi (z + a)
2 2 2

+0((z+a®?),
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and
0ufi(2) = %Z’;(z a)+(698 aﬁl)zll(z a)+( (aa%i)—sgi—zng)zj(z—a)
2
+O((z—a)3/2),
aB il 2 i i\ ~1
0pRyfi(2) = 2! (2= a) - a% Z_l(z—a)+(2am B—3a8' —2%€ )Zl(z—a)
2 2 2

+0((z-a)®?).

The resulting expansions are

2(A B + €1 B 1+ %% 2B

0afi=— o f1+1 %zaxfl — %zayfz, (3.4.14)
2a(A B+ € 2a 1+@2
OpRpfi = — a — = _0,fi. 3.4.15
oRo 1 =22 f2- 1= 22 xfo— 1 22 il ( )
Derivation.
Comparing the coefficients of Z' |, Z1, Z!, we get from (3.4.14)
2 2 2
. A\ B+E€HRB 1+%B% . 2%
0,B—€" =— + €'+ o,
a 1- 2 1-92 1- B2
2m? 2(A B +€HB 1+ B> 2 ,
1 1 _ 1 1 0,2 i
2(0ust") +32" + = = 2l 589"+ 1_%2( 2m*% +36"),
, . 2mPRB 2AB+E€HB . 1+B . 2B
A i_ - _ i i 2 _ 1_ 2
2(056") 36"~ — 26 s (367 r2m’ B) - 539" —2m?),
while for (3.4.15) we get
2am? 20( A B+€YH . 2aB . 1+ B>
1_ 1 _ [ttt i_ 2 _ 1_ 2
24" ~3a2" + = = 2% 1_@2( 38 —2m @) az——5(32" —2m),
2am*RB ; i 2a(A'B+€Y | 2aB ., . 1+ ;
-3a6' ~26' = = —s——add' - 5 (39" v 2m) —ar g (Zm ,%"—35’).

We now make the dependence in rn explicit. Similarly to above, forany k > 0, fic —qk-1,ax-1] (2lmk) =
fic,—a,.a)(kzlm)k''2. Analysing the effect of this dilation, which leaves r := am fixed, on the indi-
vidual coefficients, we can write o ' (a, m) =: m<ty(r), B(a, m) =: By(r), €' (a, m) =: mEy(r).
Then we have 0,/ = m*<4], 0,98 = m%B|, 0,€" = m*€}. In terms of these functions, we
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have
2(Hy By + 6)) 2 2 298,
Bl =——" B+ o + oy = 2.4y By + 26, (3.4.16)
0 1_%8 0 1_%(2) 0o+ 1 %2 0 020 0
2B (Ho By + €, 4982 3 .
oy = - 22T ) 4 TP 3B g, (3.4.17)
1-9%; (1-283) 1-2
2By (A By + 6p) 49, 3m~ 2 1 ;
€ =— 6o + BD' - &Y, (3.4.18)
0 1- 2 @) 1-2 )
21 (A By + 6p) 4r.%§ 3am™~ 'R 1 i
oy = — 6o + - B - &Y, (3.4.19
° -2 0 (1-2Y) 1—922 ( ) )
27'(%0%0 + (go) 47‘%0 3am 1 i
6o =— oy + + BYD - E&"). 3.4.20
0 1_%3 () (1_%3) 1= %2( ) ( )
2
Define %, =: tanh ho. Then 72, %Z = ) and (14?2)2 = sinh22hy. From (3.4.19),(3.4.20),
()
Ao Bo+Cy Ao+ By, 2(to Bo + €o)? 8982
cly + By L0 G0 _ ot Pothy _ | 2thF : o - 2] (3.4.21)
1-%,; 1-%; (1_%0) (1_@0)
and noting (3.4.16),
_ 1 / 1 1\2 s 1.2
dg——é(lncoshho) -r E(h(’) —2sinh“2hg | . (3.4.22)

To characterise h, first combine (3.4.17),(3.4.18) to get

Ay +CL By 2(clo B+ Co) (Ao PBo + Bi6o0) BB
= — —+ ,
1-%; (1-5)" (1-5)"
2(y By + 60)* 8%§]+s%ﬁ
-2 (-2)] =%

then differentiate (3.4.21) to get
.$2¢0, + cg(;%o + 936(50 2980%, (= + By6))
1-%; (1-22)
2(oto By + €0)? 8982 | 26020 +%6)?  8%; ]’
(1-2)° (1-2) -2 (-]

Then combining the two we finally have

2@6 (A By + 6) _
(1-283)°

2(%0930 + cgo) 8933 ] '
-#)  (-®)
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or
1 !
(h(l))z =-r 5 (I’l(,))z —2sinh22h0

Simplifying, we have hg + % =4sinh4hy(r). This is equivalent to the Painlevé III equation

rMong =T (176)2 —nomn, —4r +4rn} by a change of variables no = e~ [KaKo80, (4.12)].
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3.5 Appendix: Harmonicity Estimates

In this Appendix, we collect together the discrete analytic calculations and estimates used
in the paper. Fix a discrete simply connected planar graph Gs, which can be thought of as a
subgraph of Qs or [Qs, a1, ...,a,] .

Proposition 3.5.1. A massive s-holomorphic function F : £€ [Gs] — C is massive discrete
holomorphic, that is to say

cos (f + 2@) F(r,) —cos (E ~20)F(r) =i (cos (E +20) F(i,) - cos(z - 2@) F(i_)),
4 4 4 4
cos(% ~20) F(i}) - cos (% +20) F(il) =i cos (% ~20) F(r}) - cos (% +20) F(r)),
3.5.1)

if there is a A-corner c such thatry = c+ 52‘” (real corners) and iy = c + %*‘” (imaginary

corners), or a A-corner ¢’ such that il =c+ 52‘5’ andri, =c+ % (resp. imaginary and real

corners).

It is massive harmonic, i.e.

5 cos(§—20) cos(% +20)
NOF(c) = 2| — +— ~2|F(¢) (3.5.2)
cos (¥ +20) cos(§-20)
_ (8sin?20 o Li
= (m) F(c) =: Mj;F(c) force € " [Gs].

In addition, its square satisfies

2 -
PR ) - A@Zfl:()’F(x+z”g)| +ZB@|62F|2(x) xe F[Qs]\ {as,...,an} 559
; ’ 5.
~A X |F(x+i8)| - Bolo:F[P () xe¥ 105\ (@ +0)

Figure 3.5.1 - Using holomorphicity to get harmonicity. Blue differences (laplacian) are turned
into red, which telescope. Left: in the presence of a branch cut (orange). Right: simple planar
case.
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2(v2cos(Z-20)-1) _ 1
\/Ecos2®cos2(%+2®)’ 0= 2v2cos2@"

where Ag =

Proof. For the first line in (3.5.1), note that by massive s-holomorphicity we have the edge val-
ues F (%) = e 1@ [F(ry)+ F(i2)] and F(%) = l® [F(i+) + F(r-)]. Since F is s-holomorphic

at the A-corner ¢, which is adjacent to both of them, writing

e~ 1OProj,i0 g F (%) = ¢'®Proj,-ie ;g F (%), equivalent to

5 (6@ (F(ry) + F(iL)) +ie*® (F(ry) - F(i-)] = 5 [e*'® (F(iy) + F(r)) + ie % (- F(i}) + F(r_))),
and rearranging gives the result. For the second line, notice that iF is (—®)-massive s-
holomorphic if we move to the dual graph G5 (i.e. 7 (Gy) := #(Gs)). Since this duality
transformation converts A-corners into A-corners, we can use the previous calculation.

For (3.5.2), suppose c is a real corner. Take four copies of the previous result (3.5.1) (see Figure
3.5.1) around for each of the four middle corners ¢ + %. Each of them involve ¢ and one of
the four neighbouring real corners ¢ + (6 + i6); summing the four equations with scalar factors
so that the coefficients of F (c + (§ + i0)) in each equation is 1, the result is straightforward.
The case where c is imaginary is immediate from duality as above.

nAié

V2
can be reconstructed from two of the four corners x+ %s_ Explicitly, inverting s-holomorphicity

For (3.5.3), take x € & [Gs] and note that the value at each of the neighbouring edges x + i
projections give
A8 o Iy o n+1
cos(z +2®) Ai"+1F(x+ i”—) =e'F (x+ 1—6) -e OF (x+ 1—5)
4 V2 2 2

in

. in . in+1
e'®F (x+ %5) — e 9F (x+ 175)] .

noting that F(x+ %6) = —i”F(x+ %6)
So multiplying the two lines
A5 \?
cos? (E + 2@) i2"+2/12F(x+ i"—) =
4 V2

in in+l
F(x+ —5) F(x+ 5)

2 2

in+1
F(x+ 6)]
2

2

2 2
_.n | ,2i0 + l-e—21®

B in+1 B in
5)F(x+ 5)—iF(x+—6
2 2

in+l
F(x+ 6)
2

2
+ie

in+1
X+ 6)]
2

-2i0

So
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3 2
2 (T O r (12 — cos2 (T j e
cos (Z+2®)65F(x) = cos (4+2®)HZ::01”/1F(3C+1” )

-1 ( 2i0 21@)2’

i jnt+l
+217! Z i"“F(x+?6)F(x+ > 6)

n=0
3 in 2 3 in in+1
—2003(——2@))2 (x+— ) +2AIZi"+1F(x+—6)F(x+ 6).
n=0 n=0 2 2

Now reuse the first relation

N

o L -n+1
e’gF(x+l—6)—e_’®F(x+ ! 6)]
2 2

Ao
cos(% +2®) )L_li_"F(x+ znﬁ) ="

_ 15 . 7 . -n+1
cos(z +2®)M"F(x+ i"—) = (1) e OF|x+ 1—6) - e®F (x+ ! 6)]
4 V2 2 2
cos(§+2®)azﬁ(x) - (e )Z( 1)”+1F(x+ 2)
4 =0 2

:200382(—1)"+1F

i"(S)
X+—].
n=0 2

Taking squares

i"5\|?
F(x+ —)
2

>

n=0

cos’ (% + 2@)) |02F (x) |2 =4c0s’° O

n

i"o i -
_ _1n+1F
X+ > )( )

X+
2
i"5\|?
F(x+ —)
2

i”6) ( i"’5)]
x+—|F ,
2 2

but i” F (x + %) F (x + #) € iR if |[n— n'| = 2. The remaining 8 combinations of n, n’ all give

+Re Y (-D"*'F

n#n'

3
>
n=0

~Re Y ()" "' F

n#n'

=4c0s’° O
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rise to purely real terms, and resumming gives

Re ) (—1)"+"’i”’P(x+ in_a) F
2

n#n’

in' 3 20 in+1
Xt 6):—2(1 +l"+1)F(x+%)F(x+l 6)

2 = 2
3 ins 2
Z F(x+—)

2

cos® (% + 2@) |02F (x) |2 =4c0s’O

n=0
3 ins -n+16
+Z\/§i"+1/1_1F(x+l—)F x+? )
=0 2 2
Comparing the two expressions
cos? (% + 2@)) [2\/§c0s2 ©-0%F (x)% - |0:F (x) |2]
3 in 2
=4(\/§cos(z—2®)—l) Z F(x+— ) R
4 n=0
we have the full result given duality. O

Remark 3.5.2. (3.5.1) is equivalent to massive s-holomorphicity in the sense that if we have
such values of F on €11 [Gs] then it is easy to see from the proof that we have enough data to
extend the values s-holomorphically first to & [Gs] and then the A, A-corners. In other words,
bound on €% is equivalent to a global bound in an s-holomorphic function. On & [Gs], (3.5.1)

becomes
a‘;F(x):: i inei”/4F(x+lnezn/4 6 )
n=0 \/z
=si ; o
_sm®sec( +2®) Z (x+lnem ﬁ)’

i.e. a discretised version of 8; f = mf given © ~ m—5

Lemma 3.5.3. Suppose Q' < Q are smooth simply connected domains. Any function Hy on
V [(@\Q')s] which is harmonic and takes the boundary value 0 on ¥ [Qs] and 1 on 0V [Q]
satisfies 0 < Hy(ain) < C(Q, Q)6 on any ain €V [(Q\ Q') ;| adjacent to 0V [Q5) for a constant
cQ,QN.

Proof. We believe this lemma is standard. One possible proof would proceed by mapping
Q\ Q' to the annulus B; \ By, for some ry > 0 using a Riemann map which smoothly extends
to B\ By,.
the Riemann map is (continuous) superharmonic on Q\ Q'; the restriction to 7 [(Q2\ Q') ;] is

is superharmonic, so its composition with

discrete superharmonic for small enough 6 since the discrete laplacian (suitably renormalised)
and continuous laplacian are uniformly close on smooth functions, and we can use it to upper
bound Hj. O
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Chapter 3. Massive Scaling Limit

We frequently have local L?-bounds for our function F; it turns out that thanks to massive
harmonicity, this is sufficient for equicontinuity.

We estimate massive harmonic functions by using the massive random walk, a simple random

. -1,
walk which is extinguished at each step with probability (1 + if)lsrilé?) ch)lsné;é)?' Recall that
the massive harmonic measure hm (z|®) for a discrete domain A, z € A, and a € AU A
is the probability of a massive random walk started at z hitting a before 0 A\ {a}. It is the

unique ©-massive harmonic function on A which takes the boundary value 1 at a and 0 on

0A\{a}. In the scaling limité | 0 and © ~ mT‘s, the massive random walk is extinguished after an

exponential step of mean ﬁ. Taking into account the square-root scaling for the random
i i 1 _ 1
walk, this corresponds to a distance of order v/26 Tams = Tl

than below, we refer to [BATR17].

For more precise asymptotics

Proposition 3.5.4. There are constants C,C’,c > 0 such that, for a real massive harmonic
function F: 61 [(Bg)s| — C (where§ < £) with A°F = M%,(©)F,

0 L
‘F(——) <Ce™Ry | =, (3.5.4)
2 R
0 0 L
51 F(—+i5)—F(——) <ClemRy | —
2 R3
where L =Y. cco1((8y)51 | F(C)I* 62
Proof. For the first bound, note that F? > ( is subharmonic:
) 2 M?—I 2 1 2
ATFH(e) = | 2Mpy+ — = | FA (0 + 5 Y [Fx)-Fy)]”. (3.5.5)
c~X,y

So we can use the mean value property for harmonic functions: for 0 < r < R, write the discrete
circle S, = 6 [(Br)s] N (Br+45 \ By)

-3

multiplying by 6 and summing over the O(5) discrete circles S, such that their union equals
Br\Bg2
2] 2
Fl-- Fl-=
2 2

For the desired bounds, note that by first applying (3.5.6) to smaller balls of radii R/2 we can

2 st
<

<— Y |F (0?6,

ceS,

2 cst
<

_?Z

ceEBR\Bg/>

cst-L
R

2
6% <

(3.5.6)
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3.5. Appendix: Harmonicity Estimates

opt for a bound of the form

< cst- e max|F|, (3.5.7)

Bri2

-3
oz )-#[3

Consider the first estimate. By the maximum and minimum principles, we may bound

cmR MAXBg |F|
R/2

571 <cst-e

—maxIFIhmj’;}”2 <F< maxIFIhng’z.
BR/Z R/2 BR/2 R/2

The massive harmonic measure hmiﬁ’é (c) is the hitting probability of Sg/» of the massive

random walk started at c. For the bound at —g, simply note that the probability of a massive

random walk reaching a box at distance d decays exponentially fast in |m|d. (see e.g. the

projection argument in the proof of Proposition 3.3.4).

For the second, by decomposing F(c) = ¥ ces,), hmg;/}z(c)F(c’) for ¢ € Bgj2, with hmgg’z =

hm}{;}j2 (-|lm) being the massive harmonic function on Bg/» whose boundary value is 0 on

Srio\{c'Yand 1 at ¢’ € Sg/», it suffices to show hmgil}z(% +id) - hng//}z(—g) <cst- 62;CZMR. We

know that the hitting probability for the simple random walk (i.e. the harmonic measure of the

point ¢/, with m = 0) satisfies the desired estimate (e.g. [ChSm11, Proposition 2.7]): as § — 0,
the difference of the probabilities P;, P, of simple random walk started at neighbouring points
near 0 reaching ¢’ before other points in Sg,2 is bounded above by cst- P; - % <cst- g—i. For the
massive random walk, these instances (say, coupled with the same exponential clock) need
to survive to contribute to the difference; therefore the difference decays by an additional
exponential factor. O

Remark 3.5.5. The second bound in (3.5.4) is valid for differences in other directions as well,
since massive harmonicity and the bound are rotationally invariant. By considering smaller
balls within Bg, we in fact deduce uniform bounds for F and its discrete derivative in, say,
Bry2. Then, defining D{F(c) := F(c +6 +i6) — F(c), D‘;F(c) := F(c+8—i8) — F(¢), which are
massive harmonic functions uniformly bounded in Bg/2, and using the bound (3.5.7) on them,
we actually have bound on discrete derivatives of second order in, say, Br/4. Recursively, we
see that derivatives of any order can be locally bounded.
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Conclusion

We conclude by reviewing contributions made in this thesis and outlining potential future
directions of development.

4.1 Lattice Local Fields and Spin Patterns

Correlations of the energy density €, := g — 0,0, ,5 and the spin 0,5 converge to those
predicted by Conformal Field Theory. These lattice fields correspond to two so-called noncon-
stant primary local fields of the Ising CFT [DMS97], obeying precise predictions verified by
[HoSm13, CHI15].

However, in the discrete model, there are clearly more observable local quantities, i.e. lattice
local fields: for example, the product of three spins in a row. How do these lattice local fields fit
into the CFT correspondence? The second chapter of this thesis provides a convergence result
that may serve as a partial answer to this question. Concretely, it proves that the quantities in
a bounded simply connected domain Q

[EEC,Q6 [000521 T 052211]

’

Ef 0§z 082, |, and
Be, Qs [ 21 Zzn] [EEC,Qé [00]

where 0, z,..., 22, € Qs=1, converge in the scaling limit at first order to explicit quantities
independent of 2, while the second order O(9) correction depends explicitly on the conformal
geometry of Q. Such even- and odd-correlations form a basis for any local function of the spin
configuration o. Convergence for the correlations in fact implies a similar convergence for the
probability of any specific spin pattern p € {+1}® for some finite set of sites B. Here the scaling
of 1/8 amounts to breaking the o — —o symmetry, so with explicit Cp, Cj, we have
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Chapter 4. Conclusion

Pgm% [olsp =+p] = PEDZZ [olg=+p]+Cp(A p, Q)5 +0(5),
P50, [0los = p] =P} . [0ls=p]+Cp(4,p, 25" + 06",
1

’gr
be considered as the one-point functions of the corresponding (truncated then renormalised)

The coefficients Cp, C}, are conformally covariant with dimensions 1, g, and they could in fact
fields. The results of this chapter suggest that the product of an even number of local spins
scales like the energy and the product of an odd number of local spins scales like the spin, at
least at the one-point correlation level. Given the representation of the Virasoro algebra at the
lattice level [HKV17], it seems natural to expect that all the CFT local fields can be realised in
terms of lattice local fields by applying the discrete Virasoro generators to the spin-products
treated by our result. This suggests the following conjecture (page 20): any nonzero lattice
local field, suitably renormalised, converge to a continuous field in the Ising CFT, and all
continuous fields are obtained this way.

In addition, the results also highlight the richness of the discrete theory. The explicit quantities
in the full plane 72 and the correction terms are not found in the continuous CFT, but are
obtained through analysis of the discrete fermion. A simple consequence of our analysis is a
scheme to explicitly calculate any finite dimensional distribution in the Ising measure in Z2.

A crucial ingredient in enabling such calculation is the explicit identification of the discrete
harmonic measure of the tip of the slit plane, which gives the hitting measure of the point 0 by
a simple random walk on the lattice §(1 + i)Z? \ R<q. Beyond its random walk interpretation, it
has yielded an explicit formula for a normalisation factor implicitly used in the proof of the
spin correlation result of [CHI15]. Furthermore, this result is important in the construction of
lattice representations in [HKV17].

The harmonic measure in turn can be used to construct discrete versions of the inverse
complex square root and square root functions. Although the discrete square root involves a
definition in terms of an infinite sum, we have succeeded in developing an algorithm based on
s-holomorphicity and rotational symmetry to compute it exactly using recursion. What makes
the subsequent use of the discrete square root in this chapter original is that it identifies two
discrete counterparts of the function i+/z (see also [Dub15]); they must be balanced in a very
nontrivial manner to yield the precise convergence result obtained.

4.2 Massive Limit in Bounded Domains

Given the full-plane results on massive scaling limit and the emergence of CFT in the critical
scaling limit in general domains, a natural question of a massive scaling limit in general
domains Q arises. Does spin correlation converge, and if it does how is it affected by the
geometry of Q? In the third chapter of this thesis, we answer this question in the case of a
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4.2. Massive Limit in Bounded Domains

subcritical massive scaling limit: scale $(5) = B — %6 with a constant m < 0, then

n/8[E+

< Z1y...,2n >m,Q:=(lsgr3)6 ﬁ((s),Q,;[szr---’Uz‘fl]'

exists in the case where Q is a smooth bounded simply connected domain. This scaling
function depends on the shape of Q) in a much more complex manner than in the critical case,
where it depends on only a finite number of values of the conformal map ¢ and its derivative.
This is indeed expected, since the loss of scale invariance suggests that even a mere dilatation
of the domain would have a highly nontrivial effect on the fields.

As noted in the introduction, the methods that have yielded the convergence results in the
full plane are not readily generalisable to a general domain Q. Our proof instead uses s-
holomorphic analysis of the fermionic observable. While the fact that the discrete fermionic
observables may also be defined in the massive setup and that they satisfy a perturbed notion
of s-holomorpicity has been known and even used to yield significant results, integrability of
the square or its properties have not been investigated before.

Hence, the analysis required a generalisation of the full s-holomorphic analysis of the critical
case into the massive setup. The approximate harmonicity of the integral of the square does
not generalise, and precompactness arguments based on harmonicity need to be replaced by
arguments based on an L?-bound; identification by the appropriate boundary value problem
in the continuum becomes highly nontrivial, lacking the conformal invariance of the Laplace
equation. Furthermore, any continuous limit f satisfies a perturbed notion 8; f = mf of
massive holomorphicity named generalised analyticity [Ber56, Vek62], whose theory is in

many ways parallel to but strictly weaker than the theory of holomorphic functions. A crucial

-1/2
out

both to control the discrete function and uniquely identify the continuous limit.

observation used in the proof relies on exploiting the boundary condition v in a new way

The fermion being a central object in both the discrete and continuous Ising CFT, casting
the massive theory in the fermionic language hints at a massive perturbation of CFT. Indeed,
in the terminology of the previous chapter, all the lattice local fields endure in the form
of local functions of the spin; it is natural to conjecture that they converge to continuous
objects, forming perturbed versions of CFT fields. Cardy and Mussardo [CaMu90] in turn
gave arguments on the existence of a perturbation of the space of CFT fields in the massive
continuous theory. However, it is as of yet unclear whether the existing results in terms
of isomonodromic analysis may be connected to CFT methods. As a step towards a more
substantial investigation, the chapter contains an independent justification of the full-plane
convergence and the emergence of the Painlévé transcendent in the two-point case. While
the continuum analysis is equivalent, it derives the result solely using massive s-holomorphic
fermions and is readily accessible to readers familiar with the s-holomorphic analysis of the
model.
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Chapter 4. Conclusion

4.3 Further Developments

In this thesis, we have tried to further examine and contribute to the understanding of the
correspondence between the Ising model and its continuous Conformal Field Theory beyond
the theory of critical scaling limits of the spin and the energy density. There are many directions
one may pursue in the theme based on the results of this thesis. The question most relevant to
this thesis would be a mixture of the questions considered in the two chapters: what is the
one-point behaviour of lattice local fields in the massive limit? Then we may go further, to
develop a general theory of correlations between lattice local fields centred at distinct points
z1,..., 2y, both in the critical and the massive Ising model. One case that is both simple and
foundational is that of energy density correlation; a massive generalisation of Hongler’s work
[Hon10] should be readily attacked given the ideas presented in this thesis.

Another interesting line of inquiry concerns the limits of the +/— interfaces in the massive
regime, given results [MaSm10, ChWal9, NoWe09] on the massive loop erased random walk
(mLERW) and massive percolation. The primary obstacle here is the lack of explicitness. In
the critical case, limits of the interfaces may be identified in terms of holomorphic fermions
which serve as martingale observables of the growing curves, and convergence in part consists
of showing that the discrete martingale observable converges to the explicit continuous
formula which is conformally covariant. The interfaces in the massive model are much less
tractable in explicit terms without conformal symmetry. Preliminary analysis based on ideas
and techniques established in this thesis suggests that even a continuous heuristic on the
limiting interface is a nontrivial question, since generalised analytic functions are not explicit
in general. Discrete a priori information on the regularity of the interface might be helpful;
some are already available in terms of crossing probability bounds [DGP14]. In contrast, the
discrete analysis (say, the precompactness of the discrete observables) needs to be modified
and developed in specifics but the general strategies of this thesis should still have relevance.

Considering the manifestation of universality highlights many intriguing directions of general-
isation. In this regard, the fact that lattice local fields beyond the spin and the energy density
are inherently tied to the shape of the underlying lattice is interesting. The general framework
of s-holomorphicity is applicable in general isoradial lattices, but there are some arguments
specific to the square lattice which need to be generalised: construction of the discrete square

VS. VS.

Figure 4.3.1 — Comparable lattice local fields on distinct lattices.
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root is one. Assuming a convergence result, a naive yet reasonable theme of inquiry would be
comparisons between lattice local fields which have comparable ‘shape’ overall but defined
on distinct lattices (see Figure 4.3.1). Moreover, ideas of s-holomorphic analysis have been
generalised to even broader classes, to circle patterns [Lis17] and s-embeddings [Chel8]. In
particular, s-embedding sheds a light on the connection between critical Ising weights and
the underlying abstract topological graph; how the massive setup would fit into this picture is
a very interesting question analytically and geometrically.

Perhaps the most natural question given the results of the third chapter is the analysis of
the supercritical case, where m > 0 and 5(6) < B.. Many of the inequalities that worked for
our advantage in the subcritical case switch direction, and we do not even expect to have a
well-defined spin-fermion correlation in the full plane. Preliminarily, we note that the integral
of the square may still be defined, and that it satisfies a maximum/minimum principle.

In fact, the integral of the square is quite a robust construction. It may still be defined in
the case where we have varying temperature §§ on different edges. The fact that the mass m
is a constant was very useful in our analysis, since massive holomorphic functions become
discrete massive harmonic functions; they may be analysed in terms of massive simple random
walk, i.e. a random walk which is extinguished at each step with a given probability. However,
there is a good reason to allow the length scale ¢ to vary spatially. In particular, a simple
change-of-variables argument shows that treating log-harmonic mass m is tantamount to
treating the constant mass case in all simply connected domains. In such a setup, massive
holomorphicity becomes an approximate discrete relation, and the equation Af = m?f is
replaced by a general discrete elliptic equation.
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