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Abstract

We investigate the growth of a hydraulic fracture assuming a power-law dependence of ma-
terial toughness with fracture length for plane strain and radial geometries. Such a toughness
fracture length dependence models in a simple manner a toughening mechanism for rocks. We de-
velop an efficient numerical method for the hydraulic fracture growth problem combining Gauss-
Chebyshev quadrature and Barycentric Lagrange interpolation techniques. Scaling and numerical
results demonstrate that the transition from the viscosity to the toughness dominated regime occurs
earlier. The toughness dominated regime always governs growth at large time for both geometries.
In all cases, larger net pressure and shorter length are obtained. The solution is very well approxi-
mated by the existing constant toughness solutions using the instantaneous value of toughness. If
the apparent fracture toughness saturates beyond a given length scale, the solution transitions back
to the constant toughness solutions.

Keywords: Hydraulic fracture, Fluid-solid coupling, Apparent toughness, Gauss-Chebyshev

methods

1. Introduction

The propagation of a hydraulic fracture (HF) in an impermeable elastic solid is relatively well
understood, with theoretical predictions matching laboratory scale experiments in model material

(e.g. PMMA, glass, cement) at least for simple planar fracture geometries [1, 2, 3]. In particular,
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the ratio between the energy dissipated in the creation of fracture surfaces (fracture energy) versus
the energy dissipated in fluid flow [4, 5] governs HF growth, leading to either toughness dominated
or viscosity dominated propagation.

Despite the relatively good agreement of hydraulic fracture mechanics predictions with labo-
ratory experiments performed in brittle/fine-grained materials, deviations from theoretical predic-
tions have been reported in field observations and micro-HF treatments in vertical wells [6, 7, 8, 9].
Apart from a possible increase of fracture energy! in the field compared to the laboratory scale,
such deviations, in particular a larger propagation net pressure (the difference between the fluid
pressure and the confining stress) might also be explained by other factors such as the additional
frictional losses associated with near well-bore fracture tortuosity [10, 11]. In any case, these field
observations indicate a higher energy demand for larger scale fractures, and hint to further study
of the HF growth in quasi-brittle materials.

A process zone develops around the fracture tip in quasi-brittle materials, where non-elastic
processes such as micro-cracking and plastic deformations are present. The size of the process
zone acts as a good indicator of the apparent fracture energy. Rubin [12] has investigated theoreti-
cally a propagating HF under high confining stress adopting a cohesive zone model. He argues that
the tip cavity (fluid lag) generated by viscous fluid flow grows with the fracture and results in an
increase of the process zone size and energy consumption via the perturbation of the near-tip stress
field. Numerical studies [13, 14, 15, 16, 17] accounting for plastic dissipation of a propagating
hydraulic fracture have shown a higher net pressure and wider inlet opening, implying an increase
of the apparent fracture toughness? up to more than one order of magnitude [13, 15]. Hashida et
al. [18] have reported hydraulic fracturing experiments on lidate granite spanning fracture radius
between a few millimeters up to 20 centimeters (on specimen size up to metric scale). These tests
clearly show an increase of the toughness with fracture radius following approximately a power
law (see Fig. 1-right). In plaster blocks, Van Dam et al. [19] have reported a development of the

fracture tip bluntness, indicating an increase of the process zone size.

"We define the fracture energy Gy as the energy spent in the creation of unit (nominal) fracture surface.
’The fracture toughness K. is calculated from Irwin’s equation using the fracture energy K;. = VGgE’, where E’

is the plane-strain elastic modulus defined.
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Fig. 1: Sketch of a hydraulic fracture with fracture length dependent apparent toughness (left) and the evolution of
apparent toughness with fracture radius in hydraulic fracturing tests in lidate granite from [18] (right). The evolution
of the apparent toughness can be fitted by a power-law Kj. o« £!/° for £ < 100 mm. The deviation for £ > 150 mm
might be possibly due to multiple reasons, such as the full development of the non-linear zone around the fracture tip

and the restriction of the limited specimen size on the continuous growth of the apparent toughness.

Another line of observations comes from the analysis of magmatic dikes. Dikes are natural
hydraulic fractures driven by magma, spanning a range of scale up to tens of kilometers. A recent
review on dike propagation [20] reports that apparent fracture toughness values in the range 100-
4000 MPa.m'/? are often needed to reconcile field observations [21, 22, 23, 24, 25]. These ranges

2 measured in the

of toughness are larger by 2-3 orders of magnitude than values O(1) MPa.m'/
laboratory rock fracture [26, 27]. Moreover, field observations indicate that the process zone of
dikes can be much larger than those produced at the tips of tensile fractures at the laboratory scale
and exhibit a direct proportionality with fracture dimension [20, 28, 29, 30]. Such observations
imply further a scale-dependent or fracture length dependent characteristic of the apparent fracture
energy. Scholtz [31] analyses the emplacement of dikes [32] and finds that a linear displacement-
length scaling provides a better fit to the data rather than a square-root scaling [22, 21, 33, 32],
from which he infers that the fracture toughness scales with the square-root of fracture length
instead of being a constant rock property. The proposed linear scaling of mode I natural fractures
happens to be consistent with the well known linear relation between fault length and accumulated

slip (and damage zone) for shear type fractures (mode II/III) in the earth crust [34].

There is not yet a clear consensus among researchers regarding the evolution of fracture tough-
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ness at large scales in quasi-brittle rocks in the upper earth crust [31, 35]. The complexity of
various physical mechanisms contributes to multiple possible explanations [20, 35]: in-situ stress
[12, 36, 37], rock tensile strength [12], rock mass scale [29], temperature [33, 37] and the enhanced
viscous losses due to roughness [38] are all reported more or less responsible for higher apparent
toughness in hydraulic fractures at a larger scale. The goal of this paper is to quantify the impact
of an increase of fracture energy with fracture length on HF propagation without presuming the
exact toughening mechanism. We restrict ourselves to the case of an impermeable material and

the injection at a constant rate Q, of a Newtonian fluid of viscosity u.

2. A power-law-like fracture length dependent toughness with a possible saturation

2.1. R-curve behaviour and its size effect

Numerous toughness measurements of quasi-brittle materials in the lab present a power-law
like evolution of the fracture growth resistance as the fracture advances. Such increase then ap-
proaches a critical value — an evolution referred to as the "R-curve" [39]. This critical fracture
growth resistance is commonly considered as a material property, which is presumed measurable
when the specimen is large compared to the intrinsic material length scale (e.g. process zone size,
which may possibly be much larger than typical laboratory samples). A size effect of the R-curve,
though rarely mentioned in literature, has been reported in some experiments with specimen di-
mensions much larger than the ones typically used in the laboratory. Dempsey et al. [40] report a
series of toughness measurements on sea ice plates, spanning from the common laboratory cm-m
scale up to 80 m X 80 m, with the same plate width of 1.8 m for all specimens. The authors report
an increase of the apparent fracture toughness with specimen dimensions up to 3 m X 3 m X 1.8
m with a value nearly twice the one measured on smaller specimens (0.5 m X 0.5 m X 1.8 m).
Morel et al. findings [41] on wood also report a size effect of the R-curve behaviour. They show
that the critical fracture resistance scales with the width of the cracked-through plate specimen
and follows a power-law-like evolution with specimen width. Different from the observations on
sea ice [40], no plateau value is reported in the evolution of the critical fracture resistance with
specimen width, with a maximum thickness of 60 mm for all the geometrically self-similar spec-

imens in their experiments. These findings, combined with observations from lab HF tests [18]
4
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and dikes [31], imply a possible power-law evolution of the apparent fracture toughness and an

existence of a finite toughness value beyond a certain length scale.

2.2. A power-law dependence of apparent fracture toughness

In this paper, we investigate the case where the apparent fracture energy follows a power-law-
like fracture length dependence. We assume that the underlying increase of the process zone that
results in the macroscopic increase of the apparent fracture toughness remains small compared to
the fracture length. This hypothesis of small scale yielding [42] allows to approximate the fracture
growth within the principles of linear elastic fracture mechanics (i.e. a single fracture characterised

by the apparent fracture toughness). In terms of material toughness, we write

K,
K, =Al", A= 7o (1)

where K, is the apparent fracture toughness measured at a given fracture length scale of ¢, and «
the power-law scaling exponent. Such a power-law dependence does not introduce any new length
scale as the pair of £, and K., is selected so as to characterise the fracture length dependence of
the toughness. Noticeably, such fracture length dependence of the apparent toughness is different
from the one observed in a R-curve. In the R-curve, the evolution of the fracture growth resistance
does not depend on the initial fracture length £, but is a function of the fracture extension length
Al = € — ¢, (the difference of the fracture length £ with respect to its initial value ¢,).

Different toughening mechanisms are embedded into such a power-law dependence model.
The scaling exponent « is most likely function of material properties and in-situ conditions. Ac-
cording to [13, 43], the increase of the apparent toughness during the growth of a planar and
smooth HF in weak formations is related to the size of plastic zone and depends on the level of
in-situ stress, the rock strength and elastic modulus as well as the pumping parameters. It is there-
fore very likely that the power-law scaling exponent is function of these parameters as there are
practical implications that the apparent fracture toughness will be higher when the fracture front
propagates in the vertical than the horizontal directions [16, 43, 44, 45]. Such argument is consis-
tent with the findings of [37] who report a dependence of the rock toughness on confining stresses.

Morel et al. [41] also argue that the scaling exponent is material-dependent and is closely related to

5
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self-affine fracture surfaces and their anomalous roughening characteristic. The through-the-plate
fracture in their experiments initiates at a small length scale such that the initial fracture length in
the propagation direction is much smaller than the length (perimeter) ¢ of the fracture front (given
by the plate thickness). In this case, the magnitude of the roughness increases as a function of
the fracture length ¢ (case a). This results in an increasing discrepancy between the real fracture
surface area at the micro scale and the nominal fracture surface at the macro scale. As a result,
the fracture energy increases with the fracture length and presents a relation similar to Eq. (1),
where « is function of self-affine scaling exponents of fracture surfaces. When the fracture length
becomes comparable to the specimen width ¢, in [41], the magnitude of the roughness saturates
at a value dependent on ¢ (case b). The toughness scaling changes to K;. « ¢;" , where a,,
also material-dependent and function of the self-affine scaling exponents, characterises the frac-
ture roughness growth within the length of the fracture front £;. These observations (a and b)
suggest different power-law scaling exponents for different fracture geometries. For a plane-strain
hydraulic fracture in an infinite medium, the fracture front is infinite (£, = o), which suggests the
apparent toughness scaling with the fracture length K. o« £“ as in case (a). For a radial fracture,
the fracture length (radius) is comparable to the front length ({; = 2x{), suggesting the apparent
toughness scaling with fracture radius, K;. o €%, as in case (b). We compile different power-law
scaling exponents of different materials from the literature in Table 1. The exponents for granite
and mortar are obtained based on the argument of [41] and roughness self-affine scaling exponents
in [46, 47]. Moreover, a power-law scaling exponent of @ ~ 1/2 is suggested [32] based on the
field observations of emplacement scaling on dikes and a value of @ = 0.1 for Nevada Tuff is also

reported [35] from laboratory measurements [48].

2.3. Possible appearance of a finite apparent toughness beyond a length scale

The exact evolution of apparent fracture toughness with fracture length remains an open ques-
tion. As reported in the previously mentioned experiments [18, 40], the toughening effect is likely
curtailed beyond a certain length scale ¢, (fracture length beyond which the apparent toughness
reaches an asymptotic value). Such an upper limit of the increase of apparent toughness may result

from different mechanisms. Papanastasiou [13, 15] examines the apparent fracture toughness of a
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Table 1: Power-law scaling exponents for the evolution of apparent fracture toughness for different materials and
geometries. The power-law exponents for plane-strain and axisymmetric fractures are estimated by using Eq. (4.6)
and Eq. (4.7) in [41] respectively and using the roughness self-affine scaling exponents in [41] for pine and spruce,

[46] for granite and [47] for mortar.

Material | Plane-strain (@) | Axisymmetric (@,)
Pine 0.062-0.183 0.365
Spruce 0.055-0.131 0.235
Granite 0.171 0.205
Mortar 0.039 0.275

smooth plane-strain HF in an infinite domain using a coupled elasto-plastic finite element model
with cohesive interface elements for propagation criterion. The author shows that the apparent
toughness increases initially with fracture length following approximately a power law, and then
reaches an asymptotic value. The author owes the observed plateau of the apparent toughness to
the full development of plastic(or process) zones that shield the tip. However, the appearance of
the finite toughness is also possibly due to the restraints of the specimen(or crust) dimensions. If
we account for the fracture roughness and extend the findings in [41] to large scale fractures, a
potentially unabated fracture toughening with fracture growth is expected for an unbounded do-
main. However, when the fracture grows close to the specimen (or earth crust) dimensions in the
lab (or at depth), a finite apparent toughness may also appear due to such dimension limit on the
continuous growth of apparent toughness. It may be likely that the saturation length scale ¢; can
be potentially large given that the large toughness values reported in dikes [21, 22, 23, 24, 25]
correspond to a fracture length of the order of kilometers.

In the following, we investigate the growth of a fluid-driven fracture assuming a power-law
dependence of toughness with fracture length as described by Eq. (1) and also account for a pos-
sible saturation of the fracture toughness above a given scale. We focus on both plane-strain and
axisymmetric (radial) fracture geometries. We first perform a dimensional analysis to describe
the solution structure as well as the governing dimensionless parameters. We then solve the com-

plete evolution problem numerically. We notably develop a scheme combining a Gauss-Chebyshev
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quadrature with Barycentric Lagrange interpolation and differentiation techniques [49]. In Section
3,4,6,7.1 and 7.2, we assume that the saturation length scale ¢; is very large (£{; — o0) so that
the toughness follows a power-law-like evolution without reaching the asymptotic value (¢ < £;).
We then discuss the effect of the plateau of apparent fracture toughness beyond a saturation length

scale £, in Section 7.3.

3. Mathematical model

We introduce a parameter d in order to represent the governing equations for a plane-strain
(d = 1) and an axisymmetric hydraulic fracture (d = 2) simultaneously. In view of the problem
symmetry, we write the governing equations for the fracture half-length £(¢) in plane-strain, and
also denote the fracture radius as £(¢) for the axisymmetric / radial geometry. Following [50, 51],

we use the following set of effective material parameters for clarity:

32 E
K ==K, E=——"0 =12 )
n 1 -2

where E is the solid elastic modulus, v Poisson’s ratio, u the fluid viscosity, and K, the reference

apparent fracture toughness measured at £ = ¢..

3.1. Elasticity

For a strictly Mode I fracture, the elasticity equations reduce to a single boundary integral
equation relating the fracture opening w and the net pressure p defined as p = p; — o, where o,

is the in-situ compressive stress normal to the fracture plane (the minimum stress) [52]:

11 [ L ow ]
E?L Gulé. €155 = Top. €€ [-L1] 3)

where ¢ = x/{ is the dimensionless spatial coordinate in the fracture. G, is the elastic kernel,

representing the stress component normal to the fracture plane induced by a unit dislocation. It is

function of the fracture geometry:

e In plane-strain (d = 1)

Gi(&,&) =
8

4
oy “4)
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1 1
sign(£€) : —§’E(k) - EK(k) . €] < Ié
Gé&) =1 | ®)
E(1/k), ¢
g E0/0, 1> 1

where k = ¢’ /£ and E(k) and K(k) denote the complete elliptic integrals. The axisymmetric kernel

is obtained from the solution for a ring dislocation at & € [0,1] [53, 54], and the symmetric

continuation onto & € [—1,0].

3.2. Lubrication flow
The elastic compliance of an open fracture is much larger than the fluid compressibility [55].
As a result, under the assumption of an impermeable medium (zero leak-off) and zero fluid lag,

the width-averaged fluid mass conservation reduces to volume conservation:

ow |
E + Fa ()C Q) =0 (6)
Similarly, for laminar flow conditions, the width averaged fluid balance of momentum reduces to
Poiseuille law relating the local fluid flux ¢ to the local pressure gradient [56]:

w3
g=-=2F )
W oox

where we have implicitly assumed that the in-situ compressive stress o, is uniform.

3.3. Boundary conditions
The fluid is injected at the fracture center x = O either as a line (d = 1) or a point (d = 2)
source. We assume a constant injection rate Q, in the following. A zero fluid flux and zero

fracture opening conditions apply at the fracture tip x = € [57]:
2 l/ifmo(M)d_lq =00 q0)=0, w)=0 8)

3.4. Global continuity equation
The integration of the lubrication equation (6) combined with the previous boundary conditions

(8) yield a global fluid continuity equation:

A
2 f () 'wdx = Q,t 9)
0
9
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3.5. Propagation criterion

Under the assumption of small scale yielding, the process zone size is much smaller than the
fracture length and linear elastic fracture mechanics is valid to describe the fracture propagation.
The propagation criterion of a quasi-static hydraulic fracture translates into the classical square-
root asymptote near the fracture tip [42], with the mode I stress intensity factor K; equal to the
fracture toughness K, at all time: K; = Kj;.. In view of the fracture length dependent evolu-
tion of the toughness described by the power law in Eq. (1), the linear elastic fracture mechanics

asymptote for fracture width near the tip becomes:

K (¢\"
W~Ej‘(z) -7 t-x<¢ (10)

4. Scalings and Structure of the solution for a fracture-length-dependent toughness

4.1. Viscosity and toughness scaling

The propagation of plane-strain and radial hydraulic fractures are well understood for the case
of fracture length independent fracture toughness. Solutions [58, 59, 50] have been obtained in
limiting propagation regimes where either the dissipation associated with fluid viscous flow (vis-
cosity dominated - M—regime) or with the creation of new fracture surfaces (toughness dominated
- K—regime). For the case of a plane-strain hydraulic fracture in an impermeable medium, the
propagation is actually always self-similar and is defined by a single dimensionless parameter
characterising the relative importance of toughness versus viscous forces: e.g. a dimensionless
toughness K. The radial fracture geometry yields a different solution structure. Indeed, as the
perimeter of the fracture increases with time, the energy associated with the creation of new sur-
faces increases and eventually dominates over viscous forces at large time. As a result, for a radial
fracture, the dimensionless toughness K increases with time: the propagation transitions from the
M—regime to the K—regime. In what follows, using similar procedures, we investigate the scaling
of the solution for both geometries in the case of a fracture length dependent fracture toughness
and discuss the corresponding modifications of the structure of the propagation of a hydraulic

fracture in an impermeable medium.

10



212 We introduce a dimensionless fracture opening €2, net pressure 11, and fracture half-length or

2

s fracture radius vy as follows:

0 = Lay(&,G), w1 =e®LOQE, G),  pxn) —o, = eOETIE, G) (11)

212 In these definitions, €(¢) is a small dimensionless number capturing the fact that the fracture char-

215 acteristic scale W(¥) is much smaller than the characteristic length L(¢). Similarly the characteristic

216 net pressure P(f) = e(t)E’ is much smaller than the rock elastic modulus. G(¢) denotes additional

217 dimensionless parameters of which the solution depends on. All yet to be defined and possibly

218 dependent on time to reflect the moving boundary nature of the hydraulic fracture problem.

219 With such a scaling, we thus obtain the following dimensionless form of the governing equa-
220 tions.
221 e FElasticity
11 aQ
—— Gy (&€ =11 12
4ﬂy11 d(f‘f)af,df () (12)
220 e Lubrication flow (Reynold’s equation obtained combining fluid continuity and Poiseuille
223 law) written in the moving coordinates system (£ = x/{(t)):
et Lt Lt 0Q . [0Q dy 0Q 1 1 o oIl
@y L0 (02 ) 110 faagedT) g3
L L~ ¢ 0G ydG 05| Gny*Et'og 0¢
224 e Global continuity equation
1
2ty f £10d¢ = G, (14)
0
225 e Propagation condition (in terms of the fracture width near-tip asymptote) for the case of a
226 power-law dependence of the fracture toughness on the fracture length (Eq. (1)):
Q~Gy"'P1-9"7 1-é<1 (15)

227 In these dimensionless equations, G,,, G, and G, are three independent dimensionless groups

22s emerging from lubrication flow, global continuity and propagation criterion respectively, whose

N

229 €Xpressions are given by:

gm:

' : K. (LY
7 Ot ({I;) (16)

cer 9T qer 9T e
11
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Table 2: Viscosity and toughness scaling for plane-strain (d = 1) and radial (d = 2) hydraulic fractures in the case of

a power-law dependence of fracture toughness with fracture length.

Scaling Viscosity Toughness
T/(a+d+1/2
) 0] (KT
m E't k E,d+l Q(1)/2—a€*a(d+1)t1/2_a
, 1/(3(d+1
L . ( E Qﬁt“ /(3(d+1)) . ( 0,E'(.%1 1/(a+d+1/2)
m = p=|——
’ K;
Iu/dQ3t3_d 1/(3(d+1)) K4 a+1/2ta+1/2 1/(a+d+1/2)
wo | was(2) ()
E/Z/J/ 1/3 K’dil 1/(a+d+1/2)
P(t) Pm = ( p ) Pk = (EII/Z_QQ})/Z05*(1(d+1)l1/2_a)
Qm =1 gm =M= (t/tmk)—(d—1+4a)/(a+d+1/2)
G(1) g = (d—1+4a)/(3(d+1)) -1
G =K = (t/ty) G =

In order to define a particular scaling, we set two of these dimensionless groups to unity and
solve for the corresponding e(¢) and L(#). For an impermeable medium, the fracture volume always
equals the injected volume, i.e. G, = 1. Two scalings are therefore obtained by assuming that
either viscous forces (G,, = 1) or toughness (G, = 1) dominate. It results in a viscosity and a
toughness scaling respectively. Table 2 lists the different characteristic scales and dimensionless
parameters in these two scalings as functions of the material parameters, injection rate, time and
fracture geometry.

In the viscosity scaling, G = Gy is the only remaining dimensionless parameter appearing in
the set of governing equations which we rename as dimensionless toughness K. It characterises
the relative importance of the solid apparent toughness compared to viscosity on the propagation
of a hydraulic fracture. In the toughness scaling, we define similarly the dimensionless viscosity

M from G = G,,. The scalings are of course related to one another - via the following relations:

«:(i

Lk

E_m — (K—(d+1)/(a+d+1/2) ﬁ — 7(1/(a+d+1/2)

M = J¢3+D/@rd+172)
& Ly

b

)(d—1+4a)/(3(1+d))

(17)
In the previous relation, we have introduced a timescale ?,,;, which corresponds to the time when
the characteristic fracture scales in the two scalings are equal, i.e. L, = Ly att = f,;. Such a

12
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timescale quantifies the time of transition from the M —regime to the K—regime. We can define the

corresponding transitional characteristic scales L, = L(t,x), Wy = W(t,), and P = P(t,) :

t (lJ/d+a+1/2 3/2_30E’2d_a+5/2fia(d+1) 1/(4a+d-1) . /J, Q0E13€ja 1/(4a+d-1)
k= » mk = ’
K30+ K*
ot /2Q“+1 12 s 2=d=a aG-d) 1/(da+d-1) K7d+1 1/(4a+d-1)
o * *
Wi = ( K3 ) > P = ( e Ql/Z—a 13123 fa(d+1))
Ed 0 *

(18)

It is worthwhile to note that the viscosity scaling does not depend on fracture toughness. The
expressions obtained are similar to the ones derived in [58, 50]. Only the toughness dominated
scaling is modified compared to the case of the fracture length independent toughness. By setting
a = 0, we obviously recover the well-known scalings for the case of the fracture length indepen-
dent fracture toughness [58, 59, 50]. For example, in a plane-strain fracture (d = 1), when the
fracture toughness is fracture length independent @ = 0 , the dimensionless toughness K becomes

time-independent

(19)

E 1/4
EI

KI
d=1: K@=0)=—=
(@=0) (u’Qo

coincident with the expression obtained in [58, 59].

4.2. Zero-viscosity / toughness dominated solutions

The fracture propagation problem reduces to a self-similar problem at small (K < 1) and large
time (K > 1). The early-time viscosity dominated solutions already available in the literature are
of course also valid for the case of fracture length dependent toughness ( fracture toughness does
not play a role in the viscosity dominated regime). We derive here large-toughness solutions in a
similar manner as in the case of fracture length independent toughness [60, 50, 58]. These zero
viscosity solutions are expressed in the toughness scalings, and the corresponding dimensionless
opening, length and net pressure are referred with a subscript ko in reference to the zero-viscosity
solutions. As the viscosity is negligible, the net pressure is uniform in the fracture. The governing

equations reduce to the elastic solution for a uniformly pressurized fracture, global volume balance
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and fracture propagation condition, i.e.:

o) d-1
Qko = 4( ) )/konko \Y 1 - é:Z (20)

T

1
2y, f (€)' Qpde = 1 (21)
0
Qo ~ YA -9, 1-£<1 (22)

where Qy,, v, and II;, are the dimensionless fracture opening, fracture half-length (d = 1) or

fracture radius (d = 2), and net pressure. The solutions for a plane-strain fracture are thus

1/(a+3/2)
Yo = (2#5) 1 VI—2 (23

2/(a+3/2) o)
s Hko = ~_ (_)
2n\2+2

’Q():_ - =
" ﬂ(zx/i

)1/(a/+3/2)

T

and for an axisymmetric fracture:
3 1/(a+5/2) 3 (1 \/5 3/(a+5/2) 3 (r \/§ 2/(a+5/2)
o = | ——= aHOZ__ aQOZ__ 1_2 24
Yk (7r \/5) k TAEE ko= 5173 VI-§& (24)
We recover the zero-viscosity solutions for fracture length independent fracture toughness [59,

50] when setting @ = 0 in (23) and (24).

4.3. Effect of fracture length dependent toughness

One important difference brought by the fracture length dependent toughness (@ > 0) is that
the dimensionless toughness increases with time in both geometries. This notably changes the
partition between the viscous and the fracture energy dissipation during the growth of a hydraulic
fracture even for a plane-strain fracture. In both geometries, as the fracture toughness increases
with length, the energy spent in the creation of new fracture surface necessarily increases with time
and ultimately dominates. This constitutes a qualitative change in the evolution of plane-strain HF
from the case with fracture length independent toughness, when the dissipation partition is time-
invariant. A plane-strain hydraulic fracture will eventually transition to the toughness dominated
regime for the case of unabated increase of the apparent fracture toughness, even if it is initially
dominated by viscosity.

For a radial fracture, the transition from the viscosity to the toughness dominated regime is

accelerated due to the increase of the fracture toughness with fracture length. Larger a implies a
14



283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

faster increase of the energy dissipated in the solid and leads to a smaller value of the transition
timescale #,,. The increase of the fracture energy results in a higher net pressure required to drive
the fracture propagation. Smaller fracture length and wider fracture opening are obtained for the
same volume of the injected fluid.

It is interesting to note that when a = 1/2, K o (t/t,x)'/?, for both geometries (Table 2).
Notably for that particular value of «, the characteristic pressure scale P (¢) becomes independent
of time, i.e. the propagation is driven by a constant pressure at large time: this pressure exactly
balance the toughness increase with length. For values of the power-law scaling exponent « larger
than 1/2, we observe that the characteristic toughness dominated pressure Py (¢) increases with time
for both geometries. This is a significant difference compared to the fracture length independent
toughness case. In other words, for @ > 1/2, the increase of the stress intensity with fracture
length (in o« P £'/?) is not sufficient to compensate the increase of the toughness with length (in
oc £¢ from Eq. (1)). Classically in hydraulic fracturing, a net pressure increase with time is related
to the propagation of a height contained / blade-like fracture (also referred to as the PKN geometry)
under the assumption of a fracture length independent toughness [61]. Existing field observations
of net pressure increases are usually relatable to contained-height hydraulic fracture growth (PKN
fracture) as monitored by micro-seismicity [62]. It is thus interesting to contrast such a behaviour
for very different fracture geometry (radial or plane-strain) for a power-law dependent toughness
with @ > 1/2. We therefore see that in the field in order to decipher between these two possible

causes, independent measurements of fracture geometry and pressure are required.

5. Numerical algorithm

We now describe a numerical method for the solution of the complete evolution problem from
a given initial state - e.g. the viscosity dominated solution which is valid for time smaller than
ta(@). Our method is based on a non-uniform moving mesh discretized using a Gauss-Chebyshev
quadrature and a collocation method [63, 49].

Extrapolation, integration, and differentiation operations are simplified as matrix multiplica-
tions using Barycentric techniques [64, 49]. We turn the fully coupled hydraulic fracture propa-

gation problem into a system of ordinary differential equations in time that can be integrated with
15
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classical methods for ordinary differential equations.

We first present the Gauss-Chebyshev quadratures associated with the discretization of the
elastic equation. We then select the corresponding Barycentric operators listed in [49] and show
how they can be applied to the discretization of a radial and plane-strain fracture. The correspond-

ing vector and matrix are denoted respectively by bold type and blackboard bold type.

5.1. Gauss-Chebyshev quadrature

Gauss-Chebyshev quadrature methods for the solution of boundary integral equation arising
in fracture mechanics is a classical technique [63]. The method makes use of a primary s =
{sj},j = 1,...,n, and a complimentary z = {z;},i = 1,...,m, sets of nodes, discretizing the fracture
interval (—1,1), which corresponds to the roots of the respective Chebyshev polynomials denoted
as ¢,(s) and ¥,,(z) respectively [63]. The choice of ¢,(s), ¥,,(z) and corresponding sets of nodes
s and z stems from the type of the dislocation density singularity at the fracture tips. Specifically,
the square-root singularity of linear elastic fracture mechanics can be directly embedded in the

discretization. The dislocation density is expressed as:

d_w =w(F(s), w(s)=
ds

(25)

— 52

where w(s) is a weight function with the required tip singularity and F'(s) an unknown non-singular
function.

For the type of singularity embedded in Eq. (25), the primary and complimentary polynomials
are the Chebyshev’s of the first ¢,,(s) = T,(s), and second ¢,,(z) = U,,(z) (with m = n — 1) kinds
respectively; and the two sets of spatial nodes are given by:

i 1/2 )
§j=cos (M),j =1,.,n;, x;=cos (ﬂ),i =1,.,n-1, (26)
n n

5.2. Hilbert transform operator for the dislocation density

The Hilbert transform

1
Hw]l(z) = lf ! a—st 27

nJ_1z—s50s
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is evaluated on the complimentary z—set of nodes using representation (25) of the dislocation

density on the s—set, {F(s;)}. This results in the following:

& I 1
HIwl(z) = ) HyF(s)), Hij=~

= I’ZZ,'—Sj

(28)

5.3. Operators for extrapolation, differentiation and integration

The unknown function F representing the unknown dislocation density as Eq. (25) can be

extrapolated from the Gauss-Chebyshev nodes to the fracture tip:

F(=1)= Y PiF(s), F(I)= ) Q;F(s)) (29)

j=1 j=1
where, according to Table 3 of [49].

tan(arccos(s;)/2)

P;=(-1) - , Q;=-(=1

i -cot(arccos(s;)/2)

(30)

Integration operators can be defined on either grid with the result of integration on the same
or the other grid. For example, consider the integration of a regular function g(s) defined on the

z—grid, {g(z;)}, with the result evaluated on the same grid:

Zi m m—1
f g@dz = Tigz), T = ) [Pi(z) — PuO)]1By (31)
0 =1 k=0

where, from Table 2 in [49], W,(z) is the indefinite integral of the complimentary set of Cheby-

shev’s polynomials (i.e. ¥, = Ui(z)),

< k+1)8
Y(z) = f Yi(z2)dz = M, 0 = arccos(z) (32)
k+1
and
2 ’ DY’
B = sin s sin M (33)
m+1 m+1 m+1

For another example, consider integration of the dislocation density dw/ds = w(s)F(s), with

F(s) defined on the s—grid, {F(s;)}, and results evaluated on the z—grid [49]:

+1 a n-l
f _st = Z SiiF(sp), Si= Z[(Dk(zi) — Ox(1)]By; (34)
Zi k=0
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ss  where, from Table 2 in [49],

¢ sinkf
Dy (2) = f Pi(s)ds = — T (35)
a7 and
1
— k=0
By=18% i1 (36)
2 s(”—(f / )), k>0
n n
348 Specifically, the integration matrix {S;;} simplifies to a vector {S 4;} on the integration interval
a9 [—1,1] and simplifies to {S 4} on [0,1].
+1 ow n—1
5ods= Z SAiF(s),  Saj= ) [@(1) = D(~1)]By (37)
-1 k=0
+1 ow n—1
f ods = Z SuiF(s), Suj= ) [®i(l) = Du(O)]By; (38)
k=0
350 A differentiation operator can be defined on either grid. In the following, we utilize differenti-
st ation on the z—grid. For a regular function g(z), we obtain
C Wy [ Wi . C
g(z) ~ ZDii/g(Zi); Dy = / , L#FT; Dy=- Z D (39)
=1 S P
sz where w; = (—1)'sin?(ri/n) (see Table 3 in [49]).
s J.4. Discretized governing equations
354 Using the previously defined operators, we discretize the governing equations of the problem
s as follows.
s J.4.1. Elasticity
357 The elasticity equation (3) after discretization reads:
4¢ 1
D@ = Zl ~GulzinsF(s)) (40)
s written in the matrix form as:
4¢
—p=G,;-F 41
7P = b 41)
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1
where p = {p(z)}, F = {F(s;)} are unknown vectors and G, = {=Gy(z;,s,)} is the elasticity
n
quadrature matrix.
The quadrature (40) has spectral accuracy for the plane-strain fracture [49, 63], when kernel

I 1
}.

is the Cauchy one, and the corresponding quadrature matrix G; = H = {—
For an axisymmetric fracture, the kernel is to the leading order of the Cauchy type, but it also

GI(Z’S):
=S nz —s;

contains a weaker logarithm singularity. We therefore write it as:

1 Inlz—
Go(z.5) = LIRS AGGs) (42)
Z—S 27

where AG(z,s) corresponds to the non-singular part of G,(z,s). In order to maintain the accuracy of

the quadrature in this case, we represent the logarithm-term as an integral of the Cauchy-like term,
dz

Inz—sl= [
imdl= b =
the elasticity integral). Using integration on the z—grid for the logarithm-term, the final elasticity

+ Ins, where the latter term is inconsequential (i.e. it gives zero contribution to

matrix for the axisymmetric fracture case becomes:
1
GZ:H+2—T'H+AG (43)
zZ
1
where T = {7} is the z—grid integration matrix and AG = {-AG(z;,s;)}.
" :

5.4.2. Lubrication flow
We integrate the lubrication equation (6) from the z—grid nodes to the fracture tip accounting

for the tip boundary condition w(¢ = 1) = 0 (Eq. (8)):

ow; d | £ 3317
(8td’ 8tdf§ ) ff '52’ harTI “4)

where w; is the fracture opening evaluated at z;. The discretization of these terms is obtained in the

following by using the integration operator S = {S;;} and differentiation operator D = {D;;} and

by back-substituting the discretized elasticity equation (40).

ow; 1 1
{ o d° } d" E(S ) 45)
1
(o] <5} -ste e
1 d— p — E 3,d-1
{ P W% }—4 nE @G- F) (47)
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577 We then obtain the final discretized (n — 1) lubrication equations:

1 10 ¢
-z a—(S F) + da(S~(S‘IF))+Z(S-(s"F)):

,53(8 F)’z (DG, - F) (48)

ars 5.5. Global continuity equation

379 The global continuity equation reduces to the following using the integration operators S, =

{Saj} or Sy = {S y;} defined above:

3

@
S

381 e Plane-strain
1
6w Q,)l Qnt
—dé+ =S, -(SF) + =0 49
Ilf&ff 7 A (F)+= (49)
ae2 e Axisymmetry
Qot _
fg =Sy - (S°F) + =5 =0 (50)
s J.6. Propagation criterion
384 The opening asymptote near the tip (10) indicates a square root singularity of the disloca-

ses tion density at the tip as shown in Eq. (51), which is already embedded in the Gauss-Chebyshev

s quadrature (25):

3

@

dw dwde  KOP [\ 1
lim & = fim S0 o 20 (L |
ald ededz | E 2 \&) = vio: oD
lim S = tim w()F(s) = 2 lim — (52)
lm_ = lma) S )
—1 dz \/_ 1/

7 By setting the coefficients before the singularity in Eq. (51) and Eq. (52) equal to each other and

3

®

s applying the extrapolation operator Q = {Q;}, the propagation condition for a fracture length

@

0 dependent toughness simplifies to

1 K[V (¢
Fl)~Q -F=-—— — 53
(H~Q- 5 ( &) (53)
390 We therefore get a set of discretized equations (48), (49) or (50) depending on the geometry,

1 and (53), all of which are function of £ and F. By differentiating Eq. (49) or (50), and Eq. (53)

3

©

sz With respect to 7, we finally get a system of ODEs that can be schematically written as:

M(Y,t)% =F(Y,0) (54)
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where Y = {¢, F} is the unknown vector and M and # are the matrix and vector functions of Y and
t which follow from the above differentiation.

On the account of the problem symmetry for a plane-strain fracture, choosing an even n, we
set

F = {Fl’F27 ceey Fn/27 _Fn/27 teey _FQ’ _Fl} (55)

The first (n/2 — 1) equations of Eq. (48) are thus equivalent to the last (n/2 — 1) equations. By
taking advantage of the symmetry, we account for the first (n/2 — 1) equations in Eq. (48) when
building the ODEs of Eq. (54).

For a radial fracture, we select an odd » since the choice of an even n would result in infinite

values of the elasticity matrix (43). We therefore set:
F={F,Fs..Fu1)20,-Fu1y,..,.—F,—F} (56)

Similarly, we take the first ((n — 1)/2 — 1) equations of Eq. (48) to build the ODE system.

The final non-linear system of ODEs (54) can be solved using appropriate numerical algo-
rithms. We have used the built-in ODE solver of Mathematica 11.0 [65]. In terms of initial
conditions, assuming a fracture length dependent toughness of Eq. (1), the fracture propagation
for both geometries starts from a viscosity dominated solution®. We therefore use the solutions of
the self-similar problem with K < 1 for a plane-strain fracture (see Appendix A for more details)
and the zero-toughness solution for a radial fracture [50]. In the latter, we initialize the fracture
growth at time ¢, < t,.(@) with a fracture radius of ¢, < L,;(@) and a fracture toughness of
K.(€,/€.)".

We use n = 100 for a plane-strain fracture and n = 101 for a radial fracture for all the simula-
tions presented in this paper. The computational cost using the default settings of the Mathematica

ODE solver is of several seconds for a simulation spanning 6-15 decades of time (e.g. two sec-

3If we account for a non-zero toughness at initiation, the approximation of zero-toughness solutions for a radial
fracture is still valid at early time, since the energy dissipation in the solid is limited by the small geometry and
viscosity dominates the fracture growth. However, this may differ for a plane-strain fracture: any state between the

viscosity or toughness dominated regimes can serve as an initial condition, see Section 7.2 for more discussions.
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Fig. 2: Evolution of the dimensionless fracture radius and inlet opening with dimensionless time for the case of a
fracture length independent toughness (@ = 0). Dashed curves indicate numerical solutions while the orange and gray

lines correspond to zero-toughness (K = 0) and zero-viscosity (M = 0) solutions respectively.

onds for the case of Fig. 2, around 30 seconds for the case of Fig. 12)* on a personal computer

(MacBook Pro, 2015, 2.9 GHz Intel Core i5).

5.7. Numerical verification - fracture length independent fracture toughness case

We first benchmark our numerical solver for the case of a fracture length independent fracture
toughness for which a number of (semi-) analytical solutions are known. The solver is able to
reproduce all propagation regimes for both geometries in a very efficient manner.

We present here comparisons for a radial fracture for which the solution evolves from viscosity
to toughness dominated regime with time for a fracture length independent toughness.

The fracture behaviour is characterised by different power laws in the M— and K—regime, as
illustrated in Fig. 2, where the departure from the viscosity dominated regime is observed to start
at t,,. The profiles of the fracture opening and net pressure for K = 0.32,2.7, 5.0 are displayed in
Fig. 3, showing an excellent match with the zero-toughness (% = 0) and large-toughness (M < 1)

solutions [50] respectively.

4The computational cost is related to the complexity and non-linearity of the system. The system of Fig. 12 is
more non-linear due to a smoothed toughness saturation function and is thus more time-consuming than the case of

Fig. 2.
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Fig. 3: Profile of fracture opening and net pressure in a radial fracture for the case of a fracture length independent
toughness (@ = 0) with K = (¢t/t,u(a = 0N'° = 0.32,2.7,5.0, scaled separately by viscosity scaling Q,,, I1,, and
toughness scaling €, II;. The near M—vertex solution (K = 0.32 < 1 [50]) can be approximated the by zero-
toughness solution which is indicated by the orange curve. The gray curves indicate the corresponding large-toughness

solutions [50] with K = 2.7,5.0 respectively.

6. Results for fracture length dependent toughness

We now discuss the effect of a fracture length dependent toughness on the growth of hydraulic
fractures for a € [0, 1].

We first discuss the plane-strain geometry. Fig. 4 displays the evolution of fracture half-length,
net pressure and width at the fracture inlet for different values of @. As observed from the scaling
considerations discussed in Section 4, the hydraulic fracture propagation evolves from the viscos-
ity to the toughness dominated regime. We observe from the simulation that the transition starts at
time larger than t,,(@) in line with the scaling arguments. At large time, the numerical solutions
approximately coincide with the large toughness / zero viscosity asymptotes (blue lines on Fig. 4).
A power-law dependence toughness leads to a shorter fracture length and larger net pressure in the
toughness dominated regime. We observe a propagation under constant net pressure for @ = 1/2
and even an increase of net pressure with time for @ > 1/2 as expected.

Similar evolutions are observed for a radial hydraulic fracture. The time evolution of the
fracture radius and inlet width are displayed in Fig. 5 for different a.

It is interesting to re-scale these numerical results using the viscosity scaling and to redefine

the dimensionless toughness by using the current value of toughness K.(£/¢.)* as function of the
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Fig. 4: Evolution of the dimensionless fracture half-length (up-left), inlet opening (up-right) and net pressure at the
inlet (down) with dimensionless time in a plane-strain fracture, dashed curves indicate the numerical simulations while

the blue solid lines indicate the fracture length dependent zero-viscosity solutions and orange solid lines the viscosity

dominated solutions.
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Fig. 5: Evolution of the dimensionless fracture radius (left) and inlet opening (right) with dimensionless time for a

radial fracture. Dashed lines indicate the numerical simulations while the blue solid lines indicate the fracture length

dependent zero-viscosity solutions and orange solid lines the zero-toughness solution.
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Fig. 6: Dependence of the dimensionless half-length v,, (left) and inlet opening €, (right) in the viscosity scaling
on the scale-related dimensionless toughness %;. Numerical solutions of @ = 1/4,1/2,3/4, 1 approximately coincide
with the small-toughness [58] and small-viscosity [59] solutions (@ = 0) with first-order corrections, the previous
numerical results (gray empty squares) [58] as well as the self-similar solutions (disks) calculated via the procedures

in Appendix A.

current fracture length i.e.:

e Plane-strain (d = 1)

_ K[ E N\ e\
K =— — 57
-%lia) (7] 5
e Axisymmetric (d = 2)
K (ESR\ e\
o)1
/’l, Q() 5*

Such a definition explicitly embeds the fracture length dependence of the fracture toughness in
the same dimensionless parameter as the fracture length independent toughness case [60]. After
doing so, the dimensionless solution for any value of @ expressed as function of % approximately
collapses on the same curve as the solution for fracture length independent toughness - see Figs 6,
7 for the dimensionless length and inlet opening. Fig. 8 presents the relative difference of the di-
mensionless length between the fracture length dependent and fracture length independent cases.
The difference is null in both viscosity (K, = 0) and toughness dominated (K; — o0) regimes.
Both end-member regimes are described by the fracture length independent solution with instan-

taneous value of toughness exactly, e.g. at large time, from Eq. (23), Eq. (24) and Eq. (17), the
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with the fracture length independent toughness solution (@ = 0) and the previous numerical solutions (gray empty

squares) reported in [66] for the case of a fracture length independent toughness.

evolution of dimensionless fracture length with %; becomes independent of «:

23

2/3 3 2/5
= ] ;  Axisymmetric, y,, & ( ) (59)
7T7(1

V2K,

The relative difference in the transient regime is not zero but remains very small with a maximum

Plane-strain, y,, = (

value of less than 2% as illustrated in Fig. 8.

For a € [0,1], the change of apparent toughness has therefore a nearly instantaneous impact on
the propagation of a plane-strain or axisymmetric fracture. The propagation of a hydraulic frac-
ture can be therefore approximately dominated by one master curve, no matter how the apparent
fracture toughness evolves in different scales and all solutions can be obtained from the fracture
length independent toughness solution. It indicates that the solution obtained here numerically
could be obtained from the fracture length independent toughness solution and a non-linear root

finding scheme to determine the current length embedded in the definition of %K.

7. Discussions

7.1. Emplacement scaling

The displacement to length or emplacement scaling is often used in geology to discuss the

physics of the fracture propagation of magmatic dikes and natural fractures. Field observations of
26
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Fig. 8: Evolution of the relative difference of the dimensionless fracture length/radius vy,, (between the fracture length

independent and fracture length dependent cases) with the instantaneous dimensionless toughness %;. At the same

value of K, a non-zero a results in a shorter fracture radius in the axisymmetric geometry, but a longer fracture length

in the plane-strain geometry than the case of @ = 0 (fracture length independent). Such a discrepancy of a plane-strain

fracture is due to the fact that K;(a = 0) stays constant during the fracture growth instead of increasing as in the

case of a radial fracture. For & > 0, in order to reach the same value of K;(> K) for a plane-strain fracture in the

fracture length dependent and -independent cases, the fracture toughness increases in the fracture length dependent

cases before reaching such value of (> K). During this period of toughness increase, the instantaneous fracture

toughness in the fracture length dependent case is smaller than that of the fracture length independent case, therefore

indicates less energy dissipation in the creation of fracture surfaces and a longer fracture length.
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displacement-length scaling have nourished discussions about the fracture length dependence of
fracture toughness [31, 35]. In this section, we discuss the obtained displacement-length scaling
for axisymmetric and plane-strain geometries for the power-law fracture length dependent tough-
ness model.

The dimensional analysis reveals that both fracture opening and fracture length evolve with
time and are related to the propagation regime associated with the principal source of energy

dissipation. From Table 2, we obtain
M —regime, W oc L&D K —regime, W oc L**!/? (60)

At early time, when the fracture toughness has a negligible influence, the emplacement scaling
is only geometry-dependent. At large time, for toughness dominated fractures, the emplacement
scaling becomes independent of the geometry and is solely function of a: the larger « is, the larger

the emplacement scaling W/ L.

Fig. 9 illustrates the complete evolution of the emplacement scaling from the early time M—regime

to the large time K—regime. For a plane-strain fracture with fracture length independent tough-
ness, the scaling parameter happens to remain the same in all propagation regimes. For a fracture
length dependent fracture toughness, the emplacement scaling increases from a lower value in the
M—regime to a geometry-independent value in the K—regime at large time in both geometries.
The displacement-length ratio reflects the evolution of the partitioning of energy between viscous
flow and the creation of fracture surfaces during propagation.

A square-root emplacement scaling corresponds to the fracture length independent toughness
as reported in the literature [21, 32, 33]. The linear emplacement scaling W o L reported from
field studies [31] corresponds to the case of a square-root fracture length dependent toughness
(o = 1/2). It is therefore interesting that, although debate exists in regards to the emplacement
scaling observed in the field (either 1/2 or linear), emplacement scaling ratio larger than one have
not been reported. This seems to indicate that a power-law exponent larger than @ = 1/2 for the

fracture length dependent toughness is unlikely.
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Fig. 9: Evolution of displacement-length scaling in two geometries: plane-strain (left) and axisymmetric (right) for

different « values, scaled respectively by W, and L.

7.2. Difference brought by the fracture length dependent toughness

The apparent fracture toughness may exhibit a lower cut-off K, within a cross-over length scale
{.. For most quasi-brittle materials, £, is of the same order of magnitude as specimen dimensions in
the lab. In order to grasp the difference brought by an increasing toughness, it is natural to choose
a reference state corresponding to a fracture toughness K, ~ K. measured at a laboratory length
scale £, ~ (.. In this section, we analyse the difference brought by the power-law dependence
compared with the fracture length independent case assuming £; — oo.

When ¢ < ¢, the fracture energy reduces to a constant and does not vary with the fracture
length. The growth of hydraulic fractures is the same as the case of the fracture length independent
toughness with K;. = K,. We define ¢, as the time for the fracture to propagate with a constant
toughness K, in order to reach a fracture length of £.. When ¢ > £,, the apparent toughness scales
with the fracture length and the propagation transitions to large toughness solutions as discussed
in Section 6. The ratio between the large toughness solutions of the fracture length dependent and
independent cases are shown in Table 3, where the corresponding power laws can be recovered
at large time by the numerical solutions as illustrated in Figs 10 and 11. The evolution of the
difference ratio depends strongly on the reference state where the apparent toughness starts to
scale with the fracture length. Such a reference state can be characterised by ¢./L, (@ = 0) for a
radial fracture and by K(¢ = {.,a = 0) for a plane-strain fracture. As shown in Fig. 10, a transition

of principal energy dissipation from viscosity to toughness appears if the viscosity happens to
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Table 3: Time dependence of the difference ratio between the large toughness solutions for fracture length dependent
toughness and fracture length independent toughness, respectively. Such difference ratios of inlet opening, net pressure
and fracture length scale are power laws of the dimensionless time (¢/¢,x(@ = 0))? for an axisymmetric fracture and
(t/t.)P for a plane-strain fracture, with the exponent 8 a function of the geometry index d and toughness power-law

scaling exponent a.

Time power-law exponent 8
Geometry
Plane-strain (d = 1) | Axisymmetric (d = 2)
w(0,a)/w(0,a = 0) 2a/Ba +9/2) da/(5a +25/2)
p0,a)/p(0,a = 0) 4a/Ba +9/2) 6a/(5a +25/2)
a)/l(a = 0) —2a/Ba +9/2) —2a/(Sa +25/2)

dominate the fracture growth at the reference state. Both a smaller length scale for the initiation of
the toughening effect and a larger value of the power-law exponent « result in a more pronounced
difference as illustrated in Fig. 10 and Fig. 11.

Using values for material and injection parameters - representative of an industrial fracturing
treatment, we quantify the departure of the solution from the fracture length independent tough-
ness case for a radial fracture in Table 4. The characteristic net pressure increases with @ while the
characteristic length, as well as, the characteristic transition time from the viscosity to the tough-
ness dominated regime, decreases with @. The relative difference of the fracture radius can go up

to 40% after long injection duration for & = 1/2.

7.3. Effect of a finite apparent fracture toughness beyond a given length scale

The fracture toughness might reach an asymptotic value beyond a certain length scale £, pos-
sibly due to the saturation of the process zone size or the limits of the constraints of the medium
dimensions (earth crust). In this section, we model such possible saturation of the fracture tough-

ness (£, < o0) as follows:
Kie = K. (€/€)* (1 = f((£ = €5)/ L)) + K f (€ =€) /L), K = K. (€,/L.)° (61)

Here f is a smoothed Heaviside step function f(m) = 1/(1 + exp(—2hm)), where h is a positive

dimensionless number controlling the smoothing of the approximation (a smaller value entails a
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Fig. 10: Evolution of the difference ratio of net pressure at the inlet with dimensionless time in a plane-strain fracture
for K(¢ = {.,a = 0) = 0.063 (left), 2.50 (right), dashed lines indicate the numerical simulations while the blue solid

lines indicate the fracture length dependent zero-viscosity solutions.
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Fig. 11: Evolution of the difference ratio of fracture radius (left) and inlet opening (right) with dimensionless time in
a radial fracture (¢./L,x(a = 0) = 0.008), dashed lines indicate the numerical simulations while the blue solid lines

indicate the fracture length dependent zero-viscosity solutions.
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Table 4: Characteristic scales and difference ratio values for different values of the toughness power-law scaling
exponent a in the axisymmetric geometry (E’ = 20GPa, Q, = 2 X 102m3/s, ' = 3Pas, K, = 1.5MPa.m'/?,
¢, =0.1mand €./L(a@ = 0) = 1.03 x 107%)

a=0 a=1/4 | a=1)2
ti (@) (3) 3.56 x 1014 | 3.67 x 10° | 3.70 x 102
Ly(@) (m) 9.84x 10° | 9.97x 10> |  46.5
P,(e) (kPa) 0.150 | 1.48x 10% | 1.48 x 103
R/R(a = 0) (¢ = 90 min) 1 1.00 0.88
w(0)/w(a = 0) (£ = 90 min) 1 1.00 1.14
R/R(@=0) (t=3d) 1 0.98 0.60
w(0)/w(a = 0) (t = 3 d) 1 1.01 2.26

"smoother step" - we have used 4 = 130 here). Under the same assumption that £, ~ £, as in
Section 7.2, the saturation length scale is comparable to or larger than the reference length scale:
s > L. (€s/L.)" therefore describes the difference of apparent toughness between the reference
and final state whereas a characterises the slope of the power law branch. When ¢; > ¢,, the
saturated apparent toughness K, can be exceedingly large compared to K..

As illustrated in Fig. 12 (for @« = 1/2 and different values of ¢;/L,(@)), the hydraulic frac-
ture evolves by first following the solution obtained previously for the power-law fracture length
dependent toughness and then transitions back to the fracture length independent toughness so-
lution (@ = 0 with K;. = K;) when the fracture reaches the saturation length scale £ = ¢;. The
impact of the toughness evolution on fracture growth is nearly instantaneous for a € [0, 1] in both
geometries as previously shown in Figs. 6 and 7, however, the transition towards the toughness
dominated solution at large timescale with a fracture length independent toughness (o = 0 with
K;. = K;) can be much more gradual for a radial fracture when ¢,/L,(a) < 1 in Fig. 12.

The effect of the toughness saturation on the propagation of a hydraulic fracture with fracture
length dependent toughness up to £; can be summarized in the propagation diagram of Fig. 13.
A plane-strain hydraulic fracture evolves initially from the reference state which can be either

viscosity or toughness dominated towards the fracture length dependent toughness edge (M — K,,)
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Fig. 12: Evolution of the difference ratio of dimensionless fracture radius (left) and fracture half-length (right) with
dimensionless time where @ = 1/2. Dashed curves indicate the numerical transition and blue solid lines refer to

Zero-viscosity solutions.

Axisymmetric 2

Plane-strain
A

es > Lmk: (a)

N\

Qe

s > Lmk(a)

s K Lmk(a)

gs =/,
Mo—+ . — K Me > K

Fig. 13: Propagation diagram illustrating the propagation of a hydraulic fracture in a material exhibiting a fracture
length dependent toughness with a saturated length scale ¢, for plane-strain and axisymmetric geometries. K, signifies

the fracture length dependent toughness dominated regime.
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(see Fig. 13-left), and, as soon as the fracture half-length ¢ reaches ¢;, the propagation switches
to the fracture length independent toughness, plane-strain self-similar solution characterised by a
constant dimensionless toughness K (£ = £,) from Eq. (57). Depending on the value of K; (¢ = £,),
any state between the M— and K-regime is possible at large time for a plane-strain hydraulic
fracture. The effect of toughness saturation for the radial hydraulic fracture is similar pending the
fact that due to the geometry, the propagation always ends up being toughness dominated at large

time - with the final toughness K, governing the characteristic scales (see Fig. 13-right).

8. Conclusions

We have investigated theoretically the growth of a plane-strain and axisymmetric hydraulic
fracture, assuming a power-law dependence of the fracture toughness with fracture length K. oc £¢.
We have posed the hydraulic fracture propagation problem based on the usual assumptions of
linear elastic fracture mechanics, assuming that the small scale yielding approximation remains
always valid and that the fracture is much larger than the process zone size.

In order to solve such a HF problem, we have developed a highly efficient and accurate numeri-
cal scheme based on the combination of Gauss-Chebyshev quadrature with barycentric differentia-
tion and interpolation. Using such a spatial discretization allows to recast the non-linear, non-local
hydraulic fracture evolution problem into a system of non-linear ordinary differential equations
(ODEy) that can be solved by existing ODE integration schemes. The scheme performs extremely
well against the published hydraulic fracture growth solutions for constant fracture toughness.

Our numerical results quantify precisely the impact of a power-law fracture length dependent
toughness on HF growth. The increase of fracture energy with fracture length yields shorter and
wider hydraulic fracture, and larger net fluid pressure. Our results demonstrate a shortening of
the viscosity dominated to toughness dominated propagation for a radial fracture and show the
existence of a viscosity to-toughness transition for a plane-strain fracture, a transition which does
not exist in the case of a constant fracture toughness. The hydraulic fracture growth with a power-
law toughness can be always very accurately approximated by the constant toughness solution
when using the instantaneous value of toughness (function of the current fracture length), as per

Eq. (§7) and Eq. (58). If the fracture toughness saturates beyond a given scale ¢;, the hydraulic
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fracture propagation transitions back to the constant toughness solution as soon as £ > £, - as
depicted in Fig. 12.

Our results obviously depend on the value of the power-law scaling exponent «, with large
changes between a < 1/2 and @ > 1/2. The predicted emplacement scaling (ratio of displacement
to length) is geometry-dependent in the viscosity dominated regime: W o L'/? for plane-strain,
W o LY* for axisymmetric geometry. It is however solely dependent on « in the toughness
dominated regime with W o« L!'/2*®  Compared to these theoretical predictions, emplacement W/L
observations of dikes tend to indicate that the power-law scaling exponent o should at most be
equal to 1/2 [31]. Such a limit appears consistent with available experimental evidences (Table 1)
pointing to values of @ lower than 1/2.

More field and experimental studies are needed in order to better quantify the importance
of a possible fracture length dependence of fracture energy in relation to industrial as well as
natural hydraulic fractures. The scalings and numerical results derived here could help decipher
the validity of the power-law dependence hypothesis of apparent fracture toughness and guide

further investigations.
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Appendix A. Discretization for the plane-strain self-similar problem

For a plane-strain hydraulic fracture, the dimensionless toughness K determines the solution
of the self-similar problem. We rewrite the dimensionless governing equations in the viscosity

scaling by introducing a new dimensionless opening [58].
Q=Q/y (A.1)

The governing equations becomes:
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Elasticity

597

1 (o o
41T = —f -G1(£,¢)d¢ (A.2)
T J-1 (9.5
598 e Lubrication flow
| s
0Q 2 - .dII
—dE+ 20+ QP — =0 (A.3)
ff 0é 3 dé
599 e Global continuity equation
1
- 1
f Qd¢ = — (A4)
-1 Y
600 e Propagation criterion
- K
Q~—(1-9'"" (A.5)
VY
601 We select the Gauss-Chebyshev polynomials of the first type T, for discretization.
0Q
— =w(sF(s), w(s)= (A.6)
Os -2
sz The discretized equations reduce to
AMl =G, -F (A7)
2
-z(S-F)+S-(sF) + gz(S "F)+@S-F)MD-M=0 (A.8)
1
Si-(sF)+—==0 (A9)
Y
1 K
QF+——=0 (A.10)
V2V
603 By back-substituting the elasticity (A.7) into the lubrication equations (A.8), we get (n + 1)

s« equations including the global continuity (A.9) and the propagation criterion (A.10). On the ac-
sos count of the problem symmetry as in Eq. (55), the first (n/2—1) equations of Eq. (48) are equivalent
sos to the last (n/2 — 1) equations. We hence account for the first (n/2 — 1) equations of Eq. (A.8)
so7 together with Eq. (A.9) and (A.10) and solve the solutions of {y, F} using the Mathematica built-in
s function FindRoot. As illustrated in Fig. 6, the numerical results fit well the small-toughness and

s0o small-viscosity solutions [58, 59], and also the previous numerical solutions [58].
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