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ABSTRACT

Fiber-based devices with advanced functionalities are emerging as promising solutions for various applications in flexible electronics and
bioengineering. Multimaterial thermal drawing, in particular, has attracted strong interest for its ability to generate fibers with complex
architectures. Thus far, however, the understanding of its fluid dynamics has only been applied to single material preforms for which higher
order effects, such as the radial dependency of the axial velocity, could be neglected. With complex multimaterial preforms, such effects must
be taken into account, as they can affect the architecture and the functional properties of the resulting fiber device. Here, we propose a
versatile model of the thermal drawing of fibers, which takes into account a radially varying axial velocity. Unlike the commonly used cross
section averaged approach, our model is capable of predicting radial variations of functional properties caused by the deformation during
drawing. This is demonstrated for two effects observed, namely, by unraveling the deformation of initially straight, transversal lines in the
preform and the dependence on the draw ratio and radial position of the in-fiber electrical conductivity of polymer nanocomposites, an
important class of materials for emerging fiber devices. This work sets a thus far missing theoretical and practical understanding of multima-
terial fiber processing to better engineer advanced fibers and textiles for sensing, health care, robotics, or bioengineering applications.

VC 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5109469

Thermal drawing is at the heart of the fabrication of telecommu-
nication optical fibers. As illustrated in Figs. 1(a) and 1(b), it consists
in heating a macroscale preform, typically made out of glass or ther-
moplastics, to its softening temperature and pulling it to create a much
thinner and longer fiber that maintains the initial cross-sectional
architecture. From simple glass-based step index structures, the design
of optical fibers was expanded to single-mode waveguiding, photonic
crystals, and Bragg mirror fibers.1–7 This technique has also been used
to make microstructured multimaterial fibers that integrate optical,
electronic, and optoelectronic materials.7–11 These fibers exhibit
advanced functionalities,9,12 making them promising building blocks
for applications in not only optics but also soft electronics,13–16 opto-
electronics,10,11,13,17,18 sensing,16,19 or bioengineering.19–21

While the introduction of different materials in the drawing pro-
cess has triggered much interest to realize innovative fiber-based devices
and smart textiles, subtle effects of the fluid dynamics of multimaterial
codrawing remain to be investigated to better understand and exploit
this approach. In particular, modeling and analytical analysis have
mostly relied on fluid dynamics descriptions that assume a velocity in

the drawing direction that is independent of the radial position.19,22,23

There exist some numerical studies that are not based on such an
assumption, but only in the context of single material, microstructured
optical fibers.23,24 The impact of the nonuniform velocity field in the
cross section in the context of multimaterial drawing is however essen-
tial, albeit yet unexplored. A radially varying velocity field and hence
deformation rate during drawing can influence the targeted architecture
and the resulting properties of the functional materials at the fiber
level. A striking manifestation of this effect is schematically shown in
Fig. 1(a), where initially rectangular domains of polymer nanocompo-
sites deform significantly during drawing. The pattern observed, which
we experimentally show and model below, results from a relative dis-
placement of material at different radial positions. Taking this effect into
account is primordial to realize advanced fiber-based devices with con-
trolled properties.

In this work, we report an in-depth fluid dynamics analysis of the
thermal drawing process that takes into account the radial dependency
of the axial velocity. We propose a model that includes higher order
terms of the velocity field, which enables us to elucidate the
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observation of line deformation shown in Fig. 1(a). From this velocity
field, we can extract a more accurate distribution of the rate of defor-
mation during drawing, which is crucial for many material properties
at the fiber level. In particular, we apply the results of our model to
precisely account for the dependence of electrical conductivity of poly-
mer nanocomposites on the radial position and the draw ratio, i.e., the
ratio of preform to fiber diameters. Conductive polymer composites
form an important class of materials widely used in fiber-based devices
for optoelectronics,10,17,18 bioengineering,20,21 and electromechanical
sensing.15,25 They, however, have a well-known, yet so far unexplained
dependence of their electrical conductivity on the fiber drawing condi-
tions.14 Our model advances the understanding of multimaterial fiber
drawing and opens opportunities for the design of advanced fiber-
based devices and smart textiles with optimum control over the mate-
rial microstructure.

We extend the reduced one-dimensional model for elongating
fibers widely used in the literature26–29 to cover thermal effects and to
access information about the radial distribution of the variables. We
consider only the cladding material in the model, as the functional
materials represent only a small fraction of the fiber cross-sectional
area, and assume an axisymmetric, round fiber. A detailed derivation
of the equations is given in the supplementary material. As shown in
Fig. 1(b), the fiber can be described by its radius R(z) along the main
axis together with the flow velocity field (u, v), with u(r, z) and v(r, z)
denoting the radial and axial velocity components, respectively, as well
as temperature T(r, z) and shear viscosity g(r, z). All variables are
made dimensionless using the initial feeding speed v0, the drawing
length L, maximum air temperature Tmax, and corresponding mini-
mum viscosity gmin as reference values. Assuming a slender fiber,29,30

i.e., a2 ¼ ðR0=LÞ2 � 1, enables us to expand the variables in a2, e.g.,

vðr; zÞ ¼ vð0Þ þ a2vð1Þ þ O a4ð Þ; (1)

with the superscript indicating the order of expansion. Using an effec-
tive drawing length of L¼ 40 cm and an initial radius of R0¼ 1.25 cm,
a2 ¼ Oð10�3Þ.

Following a previous study,31 we assume a parabolic temperature
field in r,

Tð0Þðr; zÞ ¼ Tð0Þ
D E

þ Bi
hTð0Þi � Tair

� �
R

4þ Bi R
1� 2

r2

R2

� �
; (2)

which enables us to calculate the cross section averaged governing
equations. The cross section average is denoted by h�i, and the Biot
number, which compares the heat exchange between the material and
the surrounding air to the heat conduction within the fiber, is defined
by Bi ¼ R0 h=k, with h being the heat transfer coefficient and k the
material heat conductivity. Note that Eq. (2) implicitly assumes that
the preform is primarily heated by the surrounding air, even though
weak radiative heating can be accounted for by using this approach as
well.32 In some thermal drawing processes, radiative heating can lead
to a material temperature higher than the air temperature,33 which
cannot be modeled by this approach. Similarly, some functional mate-
rials may change the mechanical and heat properties of the fiber signif-
icantly, despite their low proportion inside the fiber.

For the description of the surrounding air temperature, we
assume a centered Gaussian profile,

TairðzÞ ¼
K exp � z � 0:5ð Þ2

D2

" #
þ 1

Kþ 1
; (3)

with dimensionless amplitude K and width D.
Utilizing the expansion in a2, the steady state leading order equa-

tions are obtained by cross section averaging the continuity, momen-
tum and heat equations, which yields

@z R2 vð0Þð Þ ¼ 0; (4a)

@z R2 hgð0Þi @zvð0Þ
� �

¼ 0; (4b)

vð0Þ@zhTð0Þi ¼ �St
hTð0Þi � Tair

Rð1þ Bi R=4Þ ; (4c)

with radially independent axial velocity vð0Þ ¼ vð0ÞðzÞ. The Stanton
number St compares the heat transfer between the fiber and the sur-
rounding air with the heat advected by the polymer flow and is given
by St ¼ 2Bi=ða PeÞ, with the Peclet number Pe ¼ q cp v0 R0=k, cp
denoting the heat capacity of the material. The energy equation (4c) is
coupled to the momentum equation (4b) using Arrhenius’ law,

g ¼ exp l
1
T
� 1

� �� �
; (5)

with l being the dimensionless activation energy. The streamwise
boundary conditions are given by the process setup as

vð0Þð0Þ ¼ Rð0Þ ¼ 1; hTð0Þið0Þ ¼ Tairð0Þ; (6a)

vð0Þð1Þ ¼ Dr2; (6b)

with the draw ratio Dr defined by the ratio of preform to fiber diame-
ters. h, K, and D are determined using the experimentally determined
preform-to-fiber radius profile during drawing. A detailed description
of the parameter determination procedure is given in the supplemen-
tary material.

We solve Eqs. (4)–(6), which will also be referred to as the “cross
section averaged model” in the following, by numerical continuation

FIG. 1. (a) Visualization of the thermal drawing of a fiber in a furnace with three
heating zones. We combined a picture of an interrupted draw with a schematic of
the furnace. (b) Sketch of the axisymmetric model. The ambient temperature Tair is
assumed to have a Gaussian shape along the z-axis.
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using AUTO9734 to obtain R, vð0Þ; uð0Þ ¼ �r @zvð0Þ=2; hTð0Þi, and
hgð0Þi. Using these solutions, we then go beyond the usual analysis by
calculating the radially varying Tð0Þ and gð0Þ, as well as investigating
the a2-order of the expanded governing equations, which yield

@r gð0Þr @rv
ð1Þ � r

2
@zzv

ð0Þ
� �� �

¼ �3 r @z gð0Þ@zv
ð0Þ

� �
: (7)

Equation (7) can be solved by numerical integration to obtain vð1Þ and
uð1Þ ¼

Ð r
0 dr ðr @zvð1ÞÞ=r, depending on both r and z.

To demonstrate the importance of this last step, we calculate the
evolution of an initially straight line perpendicular to the drawing
direction during the drawing process. Figure 2(a) shows the line shape
at several axial positions along the fiber within the domain of deforma-
tion. Using only the cross section averaged model (black dashed lines),
an initially straight line remains straight during the entire process,
which is not surprising as the dominating axial velocity does not vary
along the radius at leading order. However, if the higher order terms
uð1Þ and vð1Þ are included in the calculation (red lines), the lines clearly
deform during the drawing, finally looking like an inverted “V.”

In order to visualize this effect experimentally, we fabricate (see
the supplementary material) a polysulfone (PSu) preform of rectangu-
lar cross section (2.5 cm � 1.4 cm) within which 1mm-wide sheets of
carbon-black-loaded polycarbonate (PC) are equidistantly placed,

perpendicular to the drawing direction. The feeding speed is set to
2mm/s, and the draw ratio is Dr¼ 8.31. The furnace has three heating
zones [see Fig. 1(a)], which are set to 200=300=120 �C. The drawing
of this preform is interrupted so that the sheets visualize the deforma-
tion of initially straight, horizontal material lines during drawing, as
shown in Fig. 2(b).

The calculated (red) lines coincide very well with the observed
shape of the sheets in the PSu fiber. Note that this comparison is nev-
ertheless of qualitative nature, as the fiber used in the experiment has a
rectangular cross section, while the model assumes a circular fiber. A
PC fiber is found to yield less quantitative but still qualitative coinci-
dence with the model prediction, which is probably due to the simplifi-
cation of heating mechanisms as discussed above. For both materials,
however, the final shape of the deformed lines is reproduced with high
accuracy. All the parameter values are given in the caption of Fig. 2.
Physically, the nonuniform propagation of fluid elements lying on an
initially straight line is the result of an interplay between a radially
varying viscosity [see Fig. 2(a) and the supplementary material] and
the deformation of the fiber due to drawing.

It is worth mentioning that the significant influence of the higher
order velocity terms is a cumulative effect. At one particular position
in z, the change in velocity introduced by the higher order is at most
only a few percent. This is expected, as the contribution is scaled by a2

according to Eq. (1), with a2 being small at the basis of the expansion.
By following a material point during the drawing, however, we inte-
grate along the fiber length, and by that the order of magnitude
increases from a2 ¼ ðR0=LÞ2 to R2

0=L. For this reason, the widely used
cross section averaged model, Eqs. (4)–(6), is well-suited if one is inter-
ested exclusively in the fiber radius and the averaged velocity field, as it
is the case for single-material fibers, but insufficient if radially distrib-
uted properties come into play, like for multimaterial fibers.

To further highlight the importance of this understanding, we now
investigate the influence of thermal drawing on the electrical conductiv-
ity of nanocomposites. As conductive fillers, we use carbon black (CB)
and carbon nanotubes (CNT). In particular, we fabricate two types of
preform: a PSu cladding with a PC-CNT composite sheet and a PC
cladding with a PC-CB composite sheet. For drawing the preform with
PSu cladding, we use the same settings as above. The preform with PC
cladding has a rectangular cross section (2.5 cm � 2.3 cm), the feeding
speed is set to 2mm/s, and the heating zones of the furnace are set to
120=270=120 �C.

As visible in Figs. 3(a) and 3(b), the nanocomposite sheet is in con-
tact with several metallic ribbons (2mm � 1mm cross section) made of
a bismuth-tin (tin-zinc) alloy for the PC (PSu) cladding. Even though the
ribbons melt during consolidation and drawing, the high viscosities of
the cladding and sheet materials ensure that the cross-sectional architec-
ture is preserved. By polishing away the cladding of the drawn fiber, we
can connect the metallic electrodes to a multimeter to measure the sheet
conductivity perpendicular to the drawing direction [see Fig. 3(a)].

In order to access theoretically the final conductivity, we use a
simple percolation law to link the effective filler concentration pe to
the conductivity r,

r ¼ rin
pe � pc
pin � pc

� �c

; (8)

with rin being the initial conductivity of the undeformed material
having an initial filler concentration pin, critical concentration pc, and

FIG. 2. Effect of higher order terms on the evolution of initially straight material lines
during the drawing process. (a) The black dashed lines are calculated with the
cross section averaged model, while the red lines result from the full model. The
color map shows the logarithm of the dimensionless viscosity. (b) Comparison of
theoretical prediction (red lines) with experimental observation for a PSu fiber.
Parameters: Dr ¼ 8.31, Bi ¼ 1, St ¼ 32, l ¼ 53, K ¼ 0.5, and D ¼ 0.22.
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critical exponent c. To account for the destruction of conductive path-
ways due to deformation during drawing, we propose an empirical
kinetic equation inspired by a previous work,35 which links the effec-
tive filler concentration to the second invariant of the deformation ten-
sor

ffiffiffiffiffiffi
IID
p

(see the supplementary material),

@tpe ¼ �a g
ffiffiffiffiffiffi
IID
p mðpe � pcÞ: (9)

a denotes a destruction rate, and analogous to the previous work,35 we
setm¼ 1.5. Solving Eq. (9) and substituting in (8) then yield

rðrf Þ ¼ rin exp �a c
ð

cðrf Þ

dz
v

ffiffiffiffiffiffi
IID
p m

g

 !
; (10)

with cðrf Þ denoting the trajectory of a material element during draw-
ing with final radial position rf. The values of ac and rin are deter-
mined by fitting the experimental data. Equation (10) yields the radial
distribution of conductivity in the drawn fiber, which can then be used
to calculate the averaged conductivities measured between two electro-
des [see Fig. 3(a)].

Figure 3(c) shows the perpendicular conductivity of the PC-CNT
composite in a PSu fiber, measured between two electrodes placed at
r/R ¼ 60.6 for a large range of draw ratios, and compares it to the

theoretically determined averaged conductivity (red line). The
increased deformation due to a larger draw ratio leads to a change in
conductivity over several orders of magnitude, which is well repro-
duced by our model. Also plotted is the theoretical prediction based
on the cross section averaged model (black dashed line). Both models
lead to practically identical results, which is not surprising as we aver-
age the conductivity over a large part of the fiber radius.

In order to access experimentally the conductivity as a function
of the radial position, we prepare a PC/PC-CB preform with six elec-
trodes placed at equal distances along the fiber width [see Fig. 3(b)].
Figure 4 shows the measured conductivities for two different draw
ratios. The points are placed in the middle of the domain of average,
which has a size of 2.5mm, i.e., 0.25R, corresponding to the distance
between the electrodes. These measurements are compared with the
theoretically obtained moving-averaged distribution (red line). Despite
its simple approach, our model describes the variation of conductivity
along the radial position very well. Note that analogous to the PSu/
PC-CNT fiber, the values of rin and ac are uniquely set, independent
of the draw ratio. Also shown in Fig. 4 is the averaged conductivity dis-
tribution resulting from the cross section averaged model (black
dashed line). Clearly, this model is incapable of predicting such a large
radial variation of the conductivity, emphasizing the need of our
extended model.

The model presented here is able to predict the radial distribution
of material properties in multimaterial fibers fabricated by weakly
radiative thermal drawing, while it maintains the simplicity and
flexibility of the cross section averaged one-dimensional model for

FIG. 3. (a) Optical micrograph of the cross section of a fiber with PSu cladding, PC-
CNTcomposite layer, and two metallic electrodes, which enable us to measure the trans-
versal electrical conductivity for the domain marked by the dashed line. (b) Perspective
view of a fiber with PC cladding, PC-CB composite layer, and six metallic electrodes dis-
tributed in the cross section. (c) Averaged conductivity of the PC-CNT composite sheet
in a multimaterial fiber with a PSu cladding as a function of draw ratio. The perpendicular
conductivity is measured between two electrodes placed at r/R ¼ 60.6, as shown in
(a). Blue points show the experimental data, while the red and black, dashed lines
depict the theoretical prediction of the full and cross section averaged models, respec-
tively. Parameters: Bi ¼ 1, St ¼ 32, lm ¼ 53, K ¼ 0.5, D ¼ 0.22, m¼ 1.5,
rin¼ 9.7 S m�1, ac¼ 3.9� 10�3 (full model), and ac¼ 3.6� 10�3 (cross section
averaged model).

FIG. 4. Dependence of the conductivity on the fiber radius for a PC-CB composite sheet
in a multimaterial fiber with a PC cladding for two draw ratios, (a) Dr¼ 5.126 0.16 and
(b) Dr¼ 7.246 0.13. The blue points depict the experimentally determined conductivi-
ties calculated by averaging 3–10 measurements of the perpendicular conductivity
between two metallic electrodes for each point. The error bars correspond to the
standard deviation. The red line shows the theoretically predicted radial distribution of the
averaged conductivity, and the black, dashed line depicts the distribution obtained using
only the cross section averaged model. Parameters: Bi ¼ 1:5; St ¼ 27; l ¼ 48;
K ¼ 0:45;D ¼ 0:17; m ¼ 1:5; rin ¼ 2 Sm�1; ac ¼ 1:1� 10�2 (full model),
and ac ¼ 9:8� 10�3 (cross section averaged model).
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single-material fibers. Even though assumptions like using a circular
cross section or employing the simple empirical kinetic equation (9)
appear to be rather strong, we are able to reach qualitative and quanti-
tative coincidence with our experimental findings. The flexibility of
the model enables comprehensive parametric studies to find routes to
innovative experimental designs. Our approach improves the under-
standing of multimaterial fiber drawing and opens opportunities for
the design of advanced fiber-based devices with optimum control over
the material microstructure and tailored properties.

See the supplementary material for a detailed derivation of the
thermal drawing model, a description of the materials and experimen-
tal methods used in this work, all parameter values used in the model-
ing, together with a description of how they are obtained, and further
information on the evolution of material temperature, viscosity, and
velocity fields during drawing.
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