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Acoustic rat-race coupler and its applications in non-reciprocal
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Waveguide hybrid junctions, such as Magic-T and rat-race couplers, have been of great interest in
microwave technology not only for their applications in power monitoring, but also for design and
synthesis of various non-reciprocal devices including electromagnetic circulators and isolators.
Here, an acoustic rat-race coupler is designed and demonstrated for the first time, working on the
basis of constructive and destructive interferences between the clockwise and counterclockwise of
a ring resonator. It is then shown how the sound isolation provided by such a coupler enables the
realization of an acoustic four-port circulator, a device which has not been reported as yet. Many
other promising acoustic devices comprising power combiners, power dividers, mixers, and modu-
lators can be envisioned to be implemented based on the proposed rat-race coupler.

© 2019 Acoustical Society of America. https://doi.org/10.1121/1.5115020
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I. INTRODUCTION

In the middle of 20th century, a large variety of micro-
wave directional couplers were proposed including Bethe
hole couplers,' multi-hole waveguide couplers,” T-junction
waveguides,” Wilkinson power dividers,* waveguide magic-
tees, and rat-race couplers.” Such couplers, being capable of
transmitting power over desired directions, then drew a con-
siderable amount of attention for synthesizing a large variety
of microwave components like power dividers,® power
combiners,’ and phase shifters,8 which are now widely used
especially in power monitoring applications.

Among the above-mentioned types of couplers, the so-
called magic-tee (or simply magic-T) hybrid junction and its
alternative, the rat-race coupler, are probably the most
important ones.” The working principle of these devices,
conceptually sketched in Figs. 1(a) and 1(b), is as follows:
when power is fed into port 1, it splits, equally in phase and
amplitude, between ports 2 and 3, while port 4 remains
“magically” isolated from the excitation. On the other hand,
the power injected into port 4 distributes, equally in ampli-
tude but opposite in phase between ports 2 and 3, yet without
coupling to port 1.” Such magic isolation has made these
junctions of large importance not only for power monitoring,
but also for the development of various reciprocal and non-
reciprocal devices like modulators,m four-port circulators,11
duplexers,'2 and mixers,'? to name a few.

Despite the wide-spread promotion of magic-T junctions
in microwave engineering, there exists as yet no report on a
similar junction or component offering a similar functional-
ity for sound or other types of scalar waves. The reason
might stem from the fact that, as more widely discussed in
the following, magic-T hybrid junctions are polarization-
based, while scalar waves are longitudinal and do not pos-
sess a polarization degree of freedom. Consequently, when
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one forms a junction similar to Fig. 1(a) and injects sound,
for example, into one port, the power always distributes
among all other ports without leaving any of them isolated.
Instead, resonant devices such as rat-race couplers, which do
not work based on polarization, may be straightforwardly
transferred from microwave to acoustics to achieve the same
isolation functionality for sound waves.

In this article, we demonstrate, both theoretically and
experimentally, an acoustic rat race coupler. The coupler works
on the basis of constructive and destructive interferences
between clockwise and counterclockwise acoustic modes of a
ring resonator. We describe how the sound isolation provided
by such a coupler enables the realization of an acoustic four-
port circulator, a device which has not been reported so far.
Just like their electromagnetic analogues, such couplers pro-
vide a roadmap for the synthesis of a large variety of reciprocal
and non-reciprocal devices including power dividers, power
combiners, mixers, duplexers, isolators, and modulators.

Il. SCATTERING MATRIX OF MAGIC-TEE HYBRIDS

We start by briefly describing the scattering matrix of
the magic-T hybrid junction shown in Fig. 1(a). In wave-
guide 1, the electric field of the fundamental TE |y, mode is
polarized along y axis. Waveguide 4, however, is reversely
polarized in the sense that its electric field is polarized along
x. Assuming waveguide 1 is excited in its fundamental
mode, the power is then equally split between waveguides 2
and 3 due to the symmetry of the structure, while waveguide
4 remains decoupled. By following the same arguments
when the junction is excited from the other ports, one can
write the scattering matrix of an ideal magic-T as’

O 1 1 0

111 0 0 -1
— 1
Al oo o0 1 M)

0O -1 1 0
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(a) (b)

Magic-tee

Rat-race coupler

FIG. 1. (Color online) Magic tee hybrid junction. (a) A typical magic-T
junction in microwave engineering, consisting of four arms crossing each
other at a single junction. The underlying working principle of the device is
based on the fact that the fundamental TE/, modes have orthogonal polariza-
tion in arms 1 and 4. (b) A typical rat-race coupler mimicking exactly the
behavior of the magic-T. The structure does not rely on polarization effects
but works on the basis of constructive and destructive interferences between
the clockwise and counterclockwise modes in a ring resonator.

It is instructive to underline that, according the obtained
scattering matrix, when ports 2 and 3 are simultaneously
excited, the sum of these two input fields appears at port 1,
while the received signal at port 4 is their difference. In
this regard, ports 1 and 4 are sometimes known as sum and
difference ports, respectively, while the two other ports
are referred to as collinear arms in the literature.

Since the relatively broadband isolation of a microwave
magic-T is rooted into the different polarization of TEg
modes inside the sum and difference arms, the junction does
not provide isolation anymore if used for a wave of scalar
nature such as airborne sound. In this case, an alternative
with narrower bandwidth, namely a rat-race coupler, can be
designed to provide a similar scattering matrix, as we dem-
onstrate below.

lll. ACOUSTIC RAT-RACE COUPLER

The geometry of the proposed rat-race coupler is repre-
sented in Fig. 1(b). It consists of four ports placed around
one half of a ring resonator at 0, 60, 120, and 180 deg. The
distance between the ports at the frequency of optimal oper-
ation is Ao/4, while the total ring circumference is 39/2.
To gain some intuitive insight into the working principle of
the structure, let us assume that an incident sound wave
(with amplitude of ag) is fed into port 1. The injected wave
can couple, with a coupling coefficient of « for instance, to
the clockwise and counterclockwise modes of the ring.
These clockwise and counterclockwise waves excite outgo-
ing signals at ports 2 and 3 with the same phase, while their
interference is destructive at port 4. Therefore, their super-
position gives rise to a zero pressure level at port 4, and a
pressure phasor of —2jkay at ports 2 and 3. Likewise, when
the device is excited from port 2, the clockwise and coun-
terclockwise modes interfere with each other destructively
at port 3 while their constructive interference leads to the
pressure phasors of —2jkap and 2jkag at ports 1 and 4,
respectively. Following the same line of thoughts for the
other two ports, one can obtain the scattering matrix of the
four-port device as

844  J. Acoust. Soc. Am. 146 (1), July 2019

0 1 1 0

1 0 0 -1
S — _2j 2
1y 0 0 1 @

0 -1 1 0

Notice that, in our analysis, we have assumed that the sound
injected into the ports does not reflect back when reaching
the junction. This assumption holds true whenever the char-
acteristic impedance of the ring is /2 times that of the arms
(see Appendix A). It should be further underlined that the
unitary condition for the scattering matrix S implies
kK=1/ 2+/2. Hence, the scattering matrix S reduces to

0O 1 1 o0

jIr 0 0 -1
S =" . 3
V2|1 0 0 1 )

0 -1 1 o0

The obtained scattering matrix is exactly identical to that of
the microwave magic tee: while all ports are connected to each
other through the ring, one of them is always “magically” iso-
lated from the others. Here, we have focused on an intuitive
description of the scattering process, however a rigorous analy-
sis based on the so-called even—odd mode analysis technique’
independently leads to Eq. (3) (see Appendix A).

In order to examine the proper performance of the pro-
posed device, we performed full-wave finite-element numer-
ical simulations of a realistic junction, assuming that it is
excited from port 1 with a time-harmonic plane wave of unit
amplitude at the wavelength 49=15.3 cm, which corresponds
to the resonance frequency of the ring (see Appendix B for
numerical methods and Appendix C for geometrical details).
The acoustic pressure distribution (snapshot in time) is
shown in Fig. 2(a). As expected, the input power couples out
to ports 2 and 3, whereas the outgoing signal at port 4 is
zero. Notably, the transmitted fields to waveguides 2 and 3
are out of phase with respect to the input signal, consistent
with the scattering matrix of Eq. (3). The incident power is
divided equally between ports 2 and 3. For further assertion,
we calculate the frequency spectrum of the magnitude of the
scattering parameters and plot them in Fig. 2(b). As seen in
the figure, S»; and S3; become exactly equal at fy = ¢/ /o,
whereas S4; goes to zero at this frequency. In order to fully
prove the proper functioning of the device, we further inves-
tigate the cases of excitation at other ports. Figures 2(c)-2(e)
report the corresponding pressure field distributions when
ports 2, 3, and 4 are excited, respectively. The obtained field
patterns are in perfect agreement with the scattering matrix
derived for the system.

We have built a prototype of such a coupler and evalu-
ated its functionality using the experimental setup shown in
Fig. 3(a). To probe the scattering behavior of the fabricated
structure, we first excite the rat-race from port 2 with a loud-
speaker driven by a burst noise voltage, and measure the
amount of pressure at ports 1, 3, and 4. Insets of Fig. 3(b)
depict the magnitude (left) and phase (right) of the resulting
transfer functions versus frequency. It is clear that, near the
resonance frequency of the rat-race coupler f;, the
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FIG. 2. (Color online) Demonstration of the proposed acoustic rat-race coupler. (a) An input sound wave is injected into port 1 and the corresponding pressure
profile is calculated using full-wave numerical simulations. The wave is transmitted, with same phase and amplitude, to ports 2 and 3 while port 4 is isolated.
(b) Variation of the scattering parameters versus frequency. The scattering parameters S,; and S3; become exactly equal at the frequency of desire f;, whereas
S41 drops to zero at this frequency. (c)—(e) Same as panel (a) except that the structure is excited from ports 2, 3, 4, respectively.

parameters H4, and H;, become identical in magnitude but
are opposite in phase. One further notices that, as expected,
H3, approaches zero at this frequency. We next put the loud-
speaker at port 1 and measure the magnitude [Fig. 3(c), left]
and phase [Fig. 3(c), right] of the corresponding transfer
functions H;; (i =2,3.,4). It is obvious that H,; and H3; have
the same magnitude and phase over a relatively large fre-
quency range around f; (grey area), whereas Hy; is close to
zero within this frequency range. Our experimental results
are consistent with our prior numerical findings.

IV. ACOUSTIC FOUR-PORT CIRCULATOR

Not only may the sound isolation of the proposed acous-
tic rat-race coupler be of importance for power monitoring
applications, but it also establishes an interesting platform

[H(H)| (Pa/V)

1
3

0 1 2 3 40 1 2 3 4
Frequency (kHz) Frequency (kHz)

for designing a new class of acoustic devices whose realization
have not been possible before. An important example could be
a four-port circulator. As schematically shown in Fig. 4(a), a
four-port circulator is a non-reciprocal device where the power
fed into each port is solely transmitted to the next port in rota-
tion. Such circulators have already been realized for micro-
waves, yet not in acoustics, using two magic-tees and a
gyrator, and have found important applications in radar sys-
tems and networks.!" We already realized the magic-tees
required for transferring the concept to acoustics. Hence, we
now focus our attention on the acoustic gyrator. We realize
such a device by considering a simple acoustic waveguide
filled with a fluid on which a velocity of v = X is applied.
Considering the so-called Doppler effect,'* one can easily
deduce that the signals transmitting from the left to the right
side of such a waveguide will acquire an additional phase shift

*$ Anechoic
/ material
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FIG. 3. (Color online) Experimental demonstration of the acoustic rat-race coupler. (a) Experimental setup used to evaluate the functionality of the fabricated
rat-race coupler. (b) Magnitude (left) and phase (right) of the corresponding transfer functions when the rat race is excited from port 2. (c) Same as panel (b)
except that the excitation is placed at port 1. The experimental results are consistent with our numerical findings.
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FIG. 4. (Color online) Construction of an acoustic four-port circulator based
on the proposed rat-race coupler. (a) Conceptual picture of a four-port circu-
lator. The power fed into each port of the circulator is solely transmitted to
the next port in rotation. (b) An acoustic gyrator, a required ingredient to
realize four-port circulators, is constructed making use of a simple wave-
guide filled with a fluid on which a velocity of v is applied. (c) Proposed
structure serving as an acoustic four-port circulator. The device is composed
of two rat-race couplers whose collinear arms are connected to each other
via a gyrator.

of = 4nfyLvg/c* compared to the signals travelling from
right to left. Assuming { = 7, such a simple configuration
can be treated as an acoustic gyrator with the scattering
matrix of'’

_ i 0 1
S—e {_1 O] )

Now that we have all the required ingredients, we construct

the acoustic four-port circulator represented in Fig. 4(a), tak-
ing inspiration from its microwave counterpart.'' The

(@)

()

Excitation@ @ Excitation

configuration includes two distinct rat-race couplers whose
collinear arms are connected to each other and a gyrator.
When sound is fed into port 1, it splits into two identical sig-
nals arriving in phase and with the same amplitude at the
collinear arms of the second rat-race coupler. These two sig-
nals are then added up to appear at port 2, while their sub-
traction leads to a zero sound pressure at port 4. Notice that
the port 3 is already isolated from the excitation thanks to
the isolation that the first rat-race coupler provides. The
sound injected into port 2 will similarly be split into two
identical signals by the second rat-race coupler. These two
signals, however, arrive out-of-phase at the collinear arms of
the first rat-race coupler due to additional m phase shift
enforced by the gyrator. Consequently, their summation
results in a pressure of zero at port 1, while their subtraction
gives rise to a non-zero pressure level at port 3. By following
the same arguments, one can easily find that the injected
sound into port 3 is received only at port 4, and the sound
injected into port 4 only emerges at port 1.

In order to numerically investigate the proposed circula-
tor, we excite it from port 1 and calculate the pressure field
distribution over the entire structure [Fig. 5(a)]. As observed,
the power is transmitted to port 2 but not ports 3 and 4.
Figures 4(b), 4(c) and 4(d) report the pressure field distribu-
tion when the excitation is placed at ports 2, 3, and 4, respec-
tively. The obtained results confirm that the proposed system
is indeed working as a four-port circulator. We note that the
applicability of the proposed configuration might be hin-
dered by acoustic losses and sensitivity to back reflection at
the sharp turns. Furthermore, considering the fact that the
circulator is built from resonating components and works
based on interference phenomenon, it does not provide a
very large bandwidth of operation and might be sensitive to
geometrical tolerances. Its relatively large size could be
decreased by considering resonant implementations for the
gyrator and coupling waveguides.

(b)

(d)

Isolated

©)

Isolated @

Min

0 Max

FIG. 5. (Color online) Full-wave demonstration of the proposed four-port circulator. (a) When power is injected into port 1, it splits between the two collinear
arms of the first rat-race coupler. These two signals, arriving in phase and with the same amplitude at the collinear arms of the second magic tee, are then
added up to appear at port 2 while their subtraction reduces the pressure level to zero at port 4. (b) When power is injected into port 2, it splits between the two
collinear arms of the second magic tee. These two signals, however, arrive out-of phase at the collinear arms of the first magic tee. Therefore, their summation
reduces to zero at port 1 whereas their subtraction results in a non-zero sound pressure level received at port 3. (c), (d) Pressure profile over the entire structure

when ports 3 and 4 are excited, respectively.

846  J. Acoust. Soc. Am. 146 (1), July 2019

Farzad Zangeneh-Nejad and Romain Fleury



V. CONCLUSION

To conclude, we proposed an acoustic rat-race coupler
mimicking the scattering behavior of microwave magic-tees. In
contrast to magic-T hybrid waveguides, the proper functional-
ity of the proposed rat-race coupler is well understood on the
basis of constructive and destructive interferences between the
clockwise and counterclockwise modes of a ring resonator. An
acoustic four-port circulator was also designed and demon-
strated leveraging the proposed acoustic rat-race coupler. Full
wave simulations were provided to confirm the proper behavior
of the proposed devices. We believe that the peculiar isolation
offered by such junctions can open a plethora of new opportu-
nities for transporting a large variety of well-known microwave
devices such as duplexers, mixers, power combiners, power
dividers, switches, and modulators to acoustics, expanding the
toolkit of modern acoustic engineering.'®*’
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APPENDIX A: EVEN—-ODD MODE ANALYSIS

Here, we describe the even—odd mode analysis of the
proposed acoustic rat-race coupler. Assume that a sound wave
of unit amplitude is injected into port 1 of the rat-race coupler.
Suppose further that the characteristic impedance of the ring
resonator is v/2 times that of the arm waveguides. Employing
the even—odd mode analysis technique,” we can decompose
the configuration into the superposition of two transmission
line models and excitations as depicted in Fig. 6(a). One can
then readily write the corresponding scattered pressure fields
of the form

1 1
Sll =R, + _Rm

2 2
S —lT-l-lT
2]_26 20;
1 1
S31 - ERe - ER())
1 1
Sy ==T, —=T,, Al
a=37 > (A1)

Open Circuit Open Circuit

Short Circuit Short Circuit

Open Circuit Open Circuit

Short Circuit

Short Circuit

FIG. 6. (Color online) Even—odd mode analysis for the proposed acoustic rat race coupler. (a) Assume sound wave of unit amplitude is injected into port 1 of
the rat-race coupler. The corresponding scattering parameters can be obtained by decomposing the problem into the even (top panel) and odd (bottom panel)
transmission lines and excitations. (b) Same as panel (a) except that the excitation is assumed to be placed at port 4.
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where R.(T,), and R,(T,) are the reflection (transmission)
coefficients of the transmission lines associated with the
even and odd modes, respectively, which are of the form

J
Re:__v
V2
J
Te: T =
V2
J
R, =",
V2
T,=—-L_. (A2)

J
Su=--1,
o V2
J
Su=--1,
o \/§
S41 =0, (A3)

which forms the first row and column of the scattering
matrix presented in Eq. (3). Next suppose the rat-race cou-
pler is excited from port 4. Similar to the previous case, one
can decompose this case into two simpler transmission lines
and excitation as shown in Fig. 6(b), from which the ampli-
tudes of the scattered waves can be obtained as

S —1T lT
14*2 e ) 05
1 1
S24 = ERe - ERov
1 1
S =-Te + =T,
¥ =5 +2
Su— LR+ 1R (A4)
44—2 e ) 05
in which
J
Re:_7
V2
J
Te:__v
V2
J
Roz__v
V2
J
T,=———. AS
NG (A5)

Substituting Eq. (AS) into Eq. (A4) then results in the fol-
lowing scattering parameters:

S14 =0,

SZ4 = \/L§7

534 = %7

S4 =0, (A6)
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which forms the fourth row and column of the scattering
matrix given in Eq. (3). The remaining elements of the scat-
tering matrix can be easily obtained from symmetry
arguments.

APPENDIX B: NUMERICAL METHODS

The simulations throughout the manuscript were per-
formed using Comsol Multiphysics 5.3, acoustic module,
solving the acoustic wave equation using finite element
method (FEM). Sound hard walls boundary conditions
(Neumann boundary condition for the pressure field) were
applied to the walls of the rat-race. We obtained the fre-
quency spectrum of the scattering parameters by exciting the
rat-race from one port with a plane wave of unit amplitude,
and recording the sound pressure levels at other ports.

APPENDIX C: GEOMETRICAL DETAILS

The rat-race coupler is composed of a ring resonator
with the inner radius of 3 cm and the outer radius of 4.4 cm,
which is connected to four square waveguides with the side
length of 2cm. Notice that, in order to achieve perfect
matching between the waveguides and the ring, the side
length of the waveguide is designed to be v/2 times the dif-
ference between the inner and outer radii of the ring.
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