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Abstract

This thesis explores various approaches of studying the long-range colour order of antiferro-
magnetic SU(N) Heisenberg models with the linear flavour-wave theory (LFWT). The LFWT
is an extension of the well-known SU(2) spin-wave theory to SU(N), and this semi-classical
method has been used to study SU(N) models with colour-ordered ground states in the
fundamental irreducible representation (irrep). The aim of this thesis is to study various
SU(N) Heisenberg models in different irreps and in various colour configurations, in part by
extending the LFWT method to different irreps of SU(N).

This will be achieved by using three different methods all using different bosonic representa-
tions. First, the LFWT will be performed using the multiboson method that introduces a boson
for each state of a given irrep. Then, a different SU(3) bosonic representation first introduced
by Mathur & Sen will be presented and used to perform the LFWT calculations. Finally, another
way of applying the LFWT will be shown using the bosons first used by Read & Sachdev for
SU(N) irreps with rectangular Young tableaux. The specific models that will be treated by
these methods are the fully antisymmetric SU(N) models on the square, honeycomb, and
triangular lattices with m > 1 particles per site, as well as the bipartite SU(3) Heisenberg chain
in the adjoint irrep to show how the LFWT can be used for mixed symmetries. The last chapter
of the thesis will be dedicated to another problem related to the accidental line of zero modes
in the harmonic spectrum of the antiferromagnetic SU(3) Heisenberg model on the square
lattice with one particle per site in a three-sublattice order. The objective will be to try to lift
the accidental zero modes in the spectrum.

Keywords: condensed matter physics, flavour-wave theory, Heisenberg model, spin-wave
theory, SU(N), irreducible representation.






Résumé

Ce travail présente les différentes fagons d’étudier 'ordre de couleur a longue distance en
utilisant la théorie des ondes de couleur (LFWT) dans les modeles de Heisenberg SU(N)
antiferromagnétiques. La LFWT est une généralisation de la théorie semi-classique des ondes

de spin SU(2) a la symétrie SU(N). Cette théorie a connu son succés dans les études de
systemes SU () avec des configurations de couleurs variées. Toutefois, I'application de cette
théorie a été limitée jusqu’ici a la représentation irréductible (irrep) fondamentale de SU(N),
et il est souhaitable d’avoir a disposition une méthode qui permettrait d’appliquer la LFWT a
d’autres irreps de SU(N). L'objectif de cette these est donc d'y remédier en développant une
telle méthode, et de I'utiliser afin d’étudier les propriétés de basse énergie des modeles SU(N).

Nous présenterons la LFWT en utilisant trois représentations bosoniques différentes : la
représentation multibosonique, la représentation bosonique de Mathur & Sen et la représentation
bosonique de Read & Sachdev. Ces méthodes seront ensuite utilisées dans le cadre des modeles
SU(N) dans les irreps complétement antisymétriques sur le réseau carré, hexagonal et trian-
gulaire avec m > 1 particules par site, puis pour étudier le modele SU(3) dans l'irrep adjointe
ainsi que dans les irreps arbitraires. La derniere partie de cette thése sera consacrée a la
problématique liée aux modes accidentels d’énergie zéro du modele SU(3) sur le réseau carré
avec une particule par site dans une configuration de couleurs a trois sous-réseaux.

Mots-clefs : physique de la matiére condensée, théorie des ondes de couleur, modele de
Heisenberg, théorie des ondes de spin, SU(N), représentation irreductible.
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Zusammenfassung

In dieser Arbeit wird das antiferromagnetische SU(/NV) Heisenberg-Modell mithilfe der soge-
nannten linearen Flavourwellentheorie (LFWT) betrachtet. Die LFWT ist eine Erweiterung
der wohlbekannten Spinwellentheorie, die die Untersuchung der Quantenfluktuationen des
geordneten SU(2)-Spins erlaubt. Die LFWT wird benutzt, um die Anordnung der SU(N)-
Teilchen — die hier Farben oder Flavour genannt werden — in der fundamentalen irreduziblen
Darstellung (Irrep) zu erforschen. Es ist aber noch unklar, wie diese Methode auf weitere Irreps
mit verschiedenen Symmetrien angewandt werden kann. Diese Arbeit priasentiert daher die
Ausweitung der LFWT-Methode auf verschiedene Irreps und die Analyse der Quantenfluktua-
tionen in mehreren Gittermodellen mit verschiedenen Farbkonfigurationen.

Dafiir werden drei bosonische Darstellungen der SU(/V)-Generatoren verwendet. Zuerst wird
die multibosonische Methode vorgestellt, die ein Boson fiir jeden Zustand der SU(N)-Irrep
einfiihrt. Danach wird eine bosonische Darstellung der SU(3) gezeigt, die zuerst von Ma-
thur & Sen eingefiihrt wurde, und schliesslich werden die Read & Sachdev Bosonen présentiert.
Die Modelle, die hier betrachtet werden, sind das quadratische Gitter, das dreieckige Gitter
und das hexagonale Gitter mit m > 1 Teilchen pro Gitterstelle in den vollstdndig antisymmetri-
schen SU(N)-Irreps sowie das eindimensionale Heisenberg-Modell in der adjungierten Irrep
der SU(3) mit einer gemischten Symmetrie. Das letzte Kapitel behandelt eine weitere Fragestel-
lung: Es befasst sich mit den unbeabsichtigten Null-Energie-Moden in dem Energiespektrum
des SU(3)-Modells in der fundamentalen Irrep.

Stichworter: Physik der kondensierten Materie, Flavourwellentheorie, Heisenberg-Modell,
Spinwellentheorie, SU(N), irreduzible Darstellung.
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Introduction

With the development of quantum mechanics in the early 20th century, condensed matter
physics has become one of the most active fields of research in modern physics. It is a field of
research that deals with systems with large number of constituents and the many-body inter-
actions resulting from them, which makes it particularly appealing for potential technological
advancements related to device engineering. This, in part, explains the vast interest in this
field of research. However, it is also about answering fundamental questions in physics related
to the new phases of matter and emergent phenomena arising from the complexity of the
many-body interactions. As Anderson—one of the pioneers of the field—pointed out, “more is
different”: a new level of fundamental complexity arises from a large collection of elementary
particles which needs to be understood [1]. An important subject in this quest is understand-
ing the new phases of matter that emerge at low temperature, and the SU(V)-spin-symmetric
models offer an exciting prospect in this matter thanks to the abundance of interesting phases
and physical phenomena that they can accommodate.

When discussing spin-magnetic systems, one usually refers to the SU(2) spin-degrees of
freedom of the electrons or the ions, and solid-state compounds with such magnetic properties
exist in nature. However, one could imagine extending the SU(2) degrees of freedom to a
more general SU(N) symmetry even though such systems do not exist naturally in a lattice
configuration. The N degrees of freedom are called colours or flavours, whose nomenclature
originates from the SU(3) colour/flavour symmetries in elementary particles. Such quantum
SU(NV)-spin systems represent an interesting setting in which strong correlations can lead to
various exotic ground states due to quantum fluctuations, and have been extensively studied
theoretically in various settings. To briefly mention some notable investigations, the one-
dimensional system in the fundamental irreducible representation (irrep) of SU(NN) has been
solved exactly by Sutherland already in the 70s using the Bethe ansatz [2] showing the ground-
state energy and the spin-wave-like excitations, and other investigations with field-theoretical
methods and abelian bosonisation in 1D has been carried out in the 80s by Affleck [3, 4].
In addition, calculations using the mean-field saddle-point treatment in the large- N limit
have been performed for various irreps [5, 6, 7, 8, 9, 10] in the late 80s and early 90s, a type of



Chapter I. Introduction

valence-bond solid (VBS) ground states have also been investigated for SU(2N) chains [11]
and the list goes on. Most of the studies have been performed on the fundamental irrep or the
completely symmetric (or antisymmetric) irreps of SU(N), as exemplified by Ref [12], but the
field still being active, the irreps with mixed symmetries are also being investigated recently.
Recent efforts are also centered around numerical simulations which offer a very powerful way
of studying the ground-state properties of the SU(V) systems, ranging from the colour-ordered
state to plaquette states, VBS, dimerized states, spin liquids and many more. To name a few,
there is the exact diagonalisation (ED) [13, 14] that can be used for small system sizes, whereas
Quantum Monte Carlo (QMC) methods [15, 16, 17, 18, 19, 20, 21, 22] can be applied to cases
without the sign problem. There are also the variational Monte Carlo method [23, 24, 25, 26, 27]
and the tensor network algorithms such as density matrix renormalization group (DMRG) or
projected entangled-pair states (PEPS) [28, 29, 30, 31, 32] that can yield remarkable results in
1D or 2D.

The most exciting prospect, however, is that the SU(N)-symmetric models do not remain a
purely theoretical exercise anymore thanks to the substantial leap of progress that has been
made in recent years in the field of ultracold atom manipulation in optical lattices [33, 34, 35,
36, 37, 38, 39, 40, 41]. Using sufficiently cooled ytterbium atoms or alkaline-earth atoms and by
loading this ultracold atomic gas in optical lattices created by orthogonal lasers, it is possible
to create a system which then exhibits the SU(N) symmetry. This becomes possible thanks to
the near-complete decoupling of the nuclear spin I and the electronic angular momentum
in the ground state of these atoms. This then imposes the independence of the scattering
parameters of the system from the nuclear spins, after which the Hamiltonian of the system
turns out to be SU(N)-symmetric with N = 27 + 1 [39]. In addition, different irreps of SU(IV)
can be realised by using the exchange process between different energy levels and the Hund
coupling between the SU(NV) colours [42]. As it is reported that up to N < 10 can be realised
with strontium atoms (87Sr) [35], and with potentially several particles per site [38, 39], the
SU(N) has recently risen to prominence again, and its fascinating physics in the context of the
many-body physics could slowly start being revealed in the near future.

Such experimental realisation can be described by the fermionic SU(N) Hubbard model

A==t Y (flfu+He)+U ¥ nigniy, (1.1)
(i) iu<v

with f;f/l, I i being fermionic operators with N degrees of freedom p acting on site i, and

Niy= fiTu fl u This is indeed a generalisation of the conventional SU(2) spin Hubbard model
to N colours. In the Mott insulating phase with one particle per site, the low-energy physics
of this model to second order in ¢/U is captured by the antiferromagnetic SU(NN) Heisenberg
models

=] Y Y 0S8, (1.2)

<i,j>HVv



where the operators S, simply exchanges the SU(N) spins p with v. When having one particle
per site, the spin states are described by the fundamental irrep of SU(/N)—denoted by the
Young tableau with one box ] as we shall see shortly. By contrast, when multiple particles are
present per site, the spin states are described by a different irrep of SU(N) depending on the
colour symmetry that the particles form.

This antiferromagnetic (AFM) SU (V) Heisenberg model with J > 0 will be the main focus of
this thesis, in which the long-range colour-ordered ground states will be investigated. The
theoretical tool that will be used for this purpose is the method called the linear flavour-
wave theory (LFWT). It is essentially a semi-classical method of studying the low-energy
excitations of a colour-ordered system, and it is a generalisation of the well-known SU(2)
spin-wave (SW) theory (that can be found in many textbooks such as Refs. [43, 44]): the spin
wave in SU(2) becomes the flavour wave in SU(N). The theory of antiferromagnetic SU(2)
spin waves has been first developed by Anderson and Kubo [45, 46], for which a nice review
can be found in Ref. [47]. The aim was to study the Néel ground-state configuration [48] of
antiferromagnets with large spin-S. It relies on the assumption that the antiferromagnetically
ordered configuration is indeed the ground state and that quantum fluctuations about the
ordered state are small. If the quantum fluctuations are small, or if S is large—hence the
semi-classical nature of this method—an expansion in powers of % can be justified. Itis a
simple yet powerful method for probing ordered systems, and it surprisingly yields remarkably
accurate results even for S = % which is not a large number [47]. The LFWT applies the same
semi-classical approximation to the SU(N) colours, and it originates from the pioneering
works of Papanicolaou[49, 50] in which he was studying the spin-1 bilinear-biquadratic model
that has a high SU(3) symmetry point. It was further used and developed by Chubukov [51]
and Joshi et al. [52]. More recently, it has been used to assess the possibility a long-range
colour order in 2D lattices with SU(3) or SU(4) symmetries with one particle per site, i.e., in
the fundamental representation [53, 28, 31]. However, it is not clear how to apply the LFWT
with irreps other than the fundamental irrep of SU(N), and it is desirable to have such a
simple and powerful method available for other, more complicated irreps. In 2D and 3D, the
Mermin-Wagner-Coleman theorem [54, 55] allows for the existence of a long-range order at
zero temperature (or at any temperature in 3D), which means that the LFWT can definitely
be a very useful tool. However, it can still be beneficial in 1D where the theorem excludes the
possibility of having long-range colour order at any temperature, as it can, for instance, give a
point of comparison with respect to field-theoretical calculations as in Ref. [12].

This thesis thus aims to address this by developing various ways of dealing with the LFWT in
different irreps. Before diving into the heart of the matter, let us first (very) briefly introduce
some notions on SU(3) that will be important in the subsequent development.
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1.1 The SU(N) Lie algebra

1.1.1 The basic concepts

The Lie algebra su(N) of the Lie group SU(NN)—simply referred to as the SU(V) algebra by
physicists—has a basis consisting of N> — 1 generators T, of SU(N). With the help of the Lie
bracket (or the commutator) and the (completely antisymmetric) structure constants f gy,
the Lie algebra is defined by

[Ta, Tg) = i fapy Ty, (1.3)

where the Einstein summation convention is implied. In the defining representation of SU(N),
the SU(NNV) generators can be given by the N x N generalised Gell-Mann matrices A, which are
a generalised version of the Gell-Mann matrices of SU(3) that span the SU(3) Lie algebra. They
are traceless and hermitian, and they are related to the generators T, by the relation

1
Ta = Eﬂ/a. (1.4)

The rank of this algebra is N — 1, which means that there are N — 1 independent diagonal
matrices among A, . This also means that there are N — 1 independent generators that we call
the Cartan generators H;. The Cartan generators can be simultaneously diagonalised, and the
resulting N — 1 eigenvalues of a state of a given irrep of SU(N) are called weights who can then
be plotted on a N — 1 dimensional weight diagram.

In the basis of Cartan generators, the defining commutation relations of SU(N) (1.3) can be
N(N-1)
2
commutation relations with S;, S;, S_. This is called the Cartan-Weyl basis.

given in terms of the pairs of raising and lowering operators E.j as with the SU(2)

There are two important irreps: the defining irrep (that is often called the fundamental irrep)
and the adjoint irrep. For SU(N), there are N — 1 fundamental irreps which are A¥C (anti-
symmetric tensors with k € {1,..., N — 1}). However, only the defining irrep (k = 1) is usually
referred to as the fundamental irrep. The adjoint irrep is the representation of the algebra
generated by the structure constants themselves. The set of matrices T, is given by

[Talpy = ~i fapy Ty- (1.5)

There also is the conjugate representation (or the dual representation): we can always define
another representation with T, := — T such that

[Ta Tp) = [Ta Tp)" = =ifapy Ty = i fapy Ty- (1.6)

There are of course many other irreps. If we were to form a n-fold tensor product of a CV

lwithout further details, we note that this Cartan-Weyl basis actually covers the complexification of su(N)
which is s[(N, C).



1.1. The SU(N) Lie algebra

vector, there would be n! possible permutations related to different irreducible subspaces of
the permutation group S,. Thanks to the formalism developed by Young [56], these irreducible
subspaces can be easily visualised by the Young tableaux with n boxes, and they can be used
to label the irreps of SU(N).

T ‘

Figure 1.1 — Examples of Young tableaux corresponding to a three-fold tensor product with
different symmetries.

The number of boxes of in a row cannot exceed that of the adjacent row above, and the
number of boxes in a column cannot exceed that of the adjacent column on the left. A column
cannot have more than N — 1 boxes (because N boxes represents the trivial representation).
The boxes placed horizontally denote the symmetrisation, and the boxes placed vertically
denote the antisymmetrisation. The Young tableaux such as Hj has a mixed symmetry, whose
corresponding irreps are neither completely symmetric nor completely antisymmetric under
transpositions.

For instance, let us consider two-particle states with SU(3) particles whose (orthogonal single-
particle) colour states are denoted by A, B and C. We then have the symmetriser S;» and the
antisymmetriser A, defined by

1 1
S12= §(€+P12) A = 5(€—P12), (1.7)
where e is the identity operator of Sy and Py, is the transposition operator. For ¢ = A; By, we
can then have
S 1
Y =Spy= 3 (A1By + B1 Ap) (1.8)

that lives in the irrep [T, or
A 1
Y= Apy = 3 (A1B2 — B1 Ap) 1.9)

that lives in the irrep B These states can be denoted in terms of the Weyl tableau:

v’ — [A]B], ph — . (1.10)

The labels in the Weyl tableaux are such that they are in alphabetical order in each row and
column (the letters can be repeated in each row, but not in each column). The states of a given
irrep can be created in a similar fashion with the symmetrisers or antisymmetrisers and by
orthonormalising the resulting states.?

2 Alternatively, the orthogonal units—also introduced by Young [56]—can be used, which work on the same
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The multiplicity of an irrep can be given by the number of the corresponding standard Young
tableaux which are Young tableaux filled with distinct numbers from 1 to 7 in increasing order
in each row and column. For instance, the Young tableau Hj has multiplicity 2 since there are

1]2] 1]3]
3 and2 .

two possible standard Young tableaux for it:

The dimension D (i.e., the number of states) of a given irrep can be easily computed with
the help of its Young tableau. For this, we first need the hook-length of each box of the Young
tableau. The hook length of a box is given by the number of boxes directly to the right and
below plus the box itself. What we are interested in here is the product of the hook lengths of
all the boxes in a given Young tableau, which we will denote by h. As an example, the hook
length of each box of the following Young tableau in shown as follows:

3|11 — h=5.32.13=45. (1.11)
1

’»—awm

Next, we attribute another number to each box starting with the upper left box by giving it the
number N. Using this as a reference box, one then adds 1 for each box on the right, and one
subtracts 1 for each box below. The numbers of each box are then multiplied together to form

the number H. The dimension of an irrep is then simply given by D = % For instance, the

dimension of a SU(4) irrep J ‘would be calculated as follows:

N VN2l — = (N=2)(N-1)N*’(N+1)(N +2)
N-1| N
N-2 (1.12)
_ 2522-3-42-5-6:64
h 5.32.13 '

Let us show another example: the irrep Hj of SU(3). Its dimension is 8 with a multiplicity
of 2. Its states, well-known in particle physics for describing the hadron symmetry [57], are
listed in Table 1.1. The states are symmetric in particles 1 and 2 in one case, and the states are
antisymmetric in particles 1 and 2 in the other case, showing the double multiplicity of this
irrep.

The fundamental irrep of SU(N) is always denoted by the Young tableau (J. The conjugate irrep
of a given irrep is given by replacing each column containing / boxes by a N — [-box column,
and then flipping it around the vertical axis in the middle. For example, the conjugate irrep of

SU4) Hj is given by

— , (1.13)

principle of (anti)symmetrisation. The details can be found in Ref. [13].



1.1. The SU(N) Lie algebra

1]2] 1[3]
Weyl tableau 3 2]
AlA] L(ACA+CAA—2AAC L (ACA-CAA
<l 75! ) 55! )
g Al —\L@(ABA+BAA—2AAB) \/LQ(ABA—BAA)
g‘B | \/LE(ABB+BAB—ZBBA) \/LE(ABB—BAB)
23‘ \/LE(CBB+BCB—2BBC) —\/LE(BCB—CBB)
é‘c | —\/LE(ACC+ CAC=2CCA) —\%(ACC— CAC)
B c| ~L(BCC + CBC~2CCB) -L(BCC-CBO)
AlE) ~—5(ABC+2BAC~CBA ~1(ACB+BCA-CBA-CAB)
—CAB- ACB - BCA)
Alc) 3}(CAB~CBA+ACB-BCA)  —-(2ABC-2BAC+CBA

—-CAB+ ACB-BCA)

Table 1.1 — The states of the SU(3) adjoint irrep. The particle index is implicit in the order
of the colours. In the first column, the states are symmetric in (12), whereas the states are
antisymmetric in (12).

The adjoint irrep of SU(IV), on the other hand, is given by the Young tableau containing N — 1
boxes in the first column and 1 box in the second column, e.g., Ej for the SU(4) adjoint irrep.

The irreps of SU(N) can also be labelled by their dimension D, e.g., the SU(3) irrep Bj is thus
called the irrep 8. However, there is a nother way of labelling them, which is by using the
Dynkin label. The Dynkin label is a N — 1 tuple,® and the correspondence between the Young
tableaux and the Dynkin labels are given as follows:

Young tableau with row lengths r; with i € {1,..., N -1}
! (1.14)

Dynkin label [r} — 2,12 — 13,...,TNn-1]

As an example,

SU(Z’))Hj ~ [1,1], SU(5) - 10,2,1,0]. (1.15)

3The rank of SU(IV) being N — 1, only N — 1 labels are required to characterise an irrep.
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For more details on the Lie algebras and SU(N) groups, we refer the interested readers to
Refs. [58, 59, 60] and the references therein. Lastly, let us illustrate an example of a weight
diagram by showing that of the SU(2) irrep S = 1 and the fundamental irrep of SU(3) in Fig-
ure 1.2. Both irreps have three states, but the SU(2) irreps have only one pair of ladder operator

B A

] N/

C

Figure 1.2 — The weight diagram of SU(2) S = 1 and the fundamental irrep of SU(3). The weight
diagram of SU(3) fundamental irrep is in two dimensions spanned by H; and Hs.

(§*, §7) whereas SU(3) irreps have three pairs of ladder operators (54, S8, $4, 8¢, SB, §§, SB).
This is shown in its weight diagram by the fact that all the three states are connected by three
vertices in three different directions. In the weight diagram of the SU(2) S = 1 irrep, there is
only one direction along which the states are connected. As N grows, the number of ladder
operators grows as well, which makes the structure of the group more complex as well.* As we
shall see in chapter II, this is the reason why the quantum fluctuations grow as N becomes
large.

1.1.2 From the Cartan-Weyl basis to S,

As we will be working with the SU(N) colour-operators Sff , let us see how they can be trans-
lated from the Cartan-Weyl basis of SU(N). Let us take the example of SU(3). The Gell-Mann

4Apart from the algebraic considerations, the group SU(IN) becomes more complex in the topological sense as
well, as N become large. For instance, SU(2) is diffeomorphic to the three-dimensional sphere $3—it has three
generators—so one could simply think that SU(3) is diffeomorphic to s8. However, SU(3) has a more complex
fibre-bundle structure: it is a $3-bundle over $°.
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matrices Ay (@ €11,...,8}) are given by

010 0 -i O 1 0 O
Ai:=|1 0 0], Ado:i=|i 0 Of, Az:=|0 -1 0f,
0 0 O 0 0 O 0O 0 O
0 0 1 0 0 —i
Ag:=|0 0 O], As:=10 0 0 |, (1.16)
1 00 i 0 0
0 0 O 0 0 O 1 1 0 O
Adg:=|0 0 1], Az:={0 0 -i], Adg:i=—]0 1 O
. V3
010 0 7 O 0 0 -2

There are two Cartan generators H;, H, and three pairs of raising and lowering generators
E.y,Eip, Ev3. They obey the commutation relations

2
[H;, Ex] = ajrEk, [Ex, E—i] = Y_ yri Hi, [Ek, Ei] = NiiEm, (1.17)
i=i

with i € {1,2} and k € {1,2,3}. The coefficients a;, yi, Nx; can be consulted, e.g., in Ref. [60],
and are given by

ik Yki Nii

k| aix ax kv 7Y k|1l m Ny

1| 1 0 1| 2 0 21-1 3 -1 (1.18)
1 3

2| 4 21 2 3 30-2 -1 1

3| -3 1 3/ -1 3 311 2 -1

with the properties that a; _x = —a;x, Y-k i = —Yki» Nix = —Ngg and N_ _; = —Ng.

These generators can be expressed in terms of the Gell-Mann matrices A4:°

1 0 O 1 0 O
Hy: lﬂ 1 0 1 0 H- 1 A 1 01 0
1:=-A3=7 - , 2 =—=A8 =~ ,
2 2 3
0O 0 O \/5 0 0 -2
010 . 000 (1.19)
Eo:=—AM+id)=|o o o, E=3(h-id)={1 0 0 (:EH*),
0 0 O 0 0 O
1 . 1 .
Eizizi(/hil/ls), Eisizi(/lsimﬂ-

5Note that the coefficients in the definition of H; and H can differ depending on the normalisation convention.



Chapter I. Introduction

The generators E41, E+2, E+3 are indeed ladder operators and we can thus define

Sg EE+1! SAE EE‘+27 S)[;EE+3)
A . Ap (1.20)
Sg =E 4, S$ =E_,, Sy =E_s.
To obtain the diagonal operators Sg, Sg, @ with H;, H», we can use the tracelessness condition
N
h SZ = 0 as an extra equation. Solving
u=1
H =821
Hy =385 +185-38) (1.21)
da, OB, &Y _
SG+S 5oy =0
we finally obtain
Sg =H+ %Hg
8 =—Hi+}H, (1.22)
S =—H,.
It can be verified that the commutation relations (1.17) become
|35, 84| = 5984 - 6531 (1.23)

in terms of the operators S‘Vl ,with a, 8, i, v € {A, B, C}. This thus defines the SU(3) commutation
relations in terms of the operators Sf,’ . This construction is of course valid for any SU(N).

1.1.3 Natural bosonic representation of the states and of S;

We already encountered the states of the adjoint irrep of SU(3) in Table 1.1. Using the second
quantisation, we could naturally associate single-particle states to bosons by, 4(i), where p is
the colour index u € {A, B, C} and a is the particle number index a € {1, 2, 3}. This is the most
natural bosonic representation of these states. Let us then use the convention

b}, (Db} ()b ,(D)10) = | vads) = |uvE), (1.24)

with u,v,¢ € {A, B, C}. We will simply omit the particle number knowing that it can be im-
plicitely read off from the order of the colours. Then the state can be written as

1 1
AlA] — — U A A A A
EEE —S(Aca -1CcAm) =5 (b1, 1bE,bh 5 = B 11,11 5100, (1.25)

in terms of these bosons.

10



1.2. Linear flavour-wave theory in the fundamental irrep

Now, what is the expression of the generators S, (i) in this natural bosonic representation? We
know that they permute the colour p and v. Since we have joined three particles with tensor
products, we simply need to permute the colours of all the three particles. If n is the number
of particles per site (here, n = 3), we then have

n
Sy (i) = a; bl ()b, 4 (i) - %6%@), (1.26)
where
N n
i) = Z Z OIS (1.27)
M: :

The second term in Eq. (1.26) is to satisfy
N A
Y S=0, (1.28)
p=1

which is related to the tracelessness of the SU(N) generators. However, the essential part in the
action of this bosonic representation of S/ is the first term, i.e. the permutation of the colours.
The SU(N) commutation relations (1.23) is satisfied with this definition of S}, whether it is
with or without this constant term.

1.2 Linear flavour-wave theory in the fundamental irrep

Let us now show how the LFWT works with a concrete example. We consider the AFM SU(3)
Heisenberg model with one particle per site on the square lattice with a three-sublattice
colour-order as shown in Figure 1.3. As we consider one SU(3)-colour particle per site, we are

Figure 1.3 — The tripartite order considered for the LFWT calculations shown in this section.

dealing with the fundamental irrep. We will closely follow the calculations performed by Bauer

11



Chapter I. Introduction

et al. [31]. The Hamiltonian is given by

=], Y SDS,u", (1.29)
LI wv

where p, v are the flavours A, B and C. As seen in Eq. (1.1.3), the bosonic representation of the
generators S/, can be given by

Sy =bh Db, ), (1.30)
with the constraint that

> bL(Ob,()=n.. (1.31)
ue{A,B,C}

This is in fact a generalisation of the Schwinger bosons in SU(2).

In the large-n, limit with the assumption of an ordered state, the Holstein-Primakoff bosons
can be also used. Let us first consider a site / that belongs to the sublattice of the flavour A
(1 € A4). We then write §4(1) as follows:

S4(D =ne— by (Dbg (D) - ba (DA
=:n.—mu(l). (1.32)

The superscript A indicates the sublattice we are dealing with, whereas the subscript labels
the flavour of the fluctuation. This leads to

Sa) = by bAMD = b (D) ne—ma) (1.33a)
SB() = by Db = Vne = ma) b (D), (1.33b)

whose square roots can be Taylor-expanded in order to get a ni -expansion of the Hamiltonian.

Let us now compute the harmonic spectrum with terms of order 7n.. The Hamiltonian (1.29)
can be written as follows: /# = Y u<v s where u,v € {A, B, C}. We first look at the sub-
Hamiltonian /245 that involves the bonds between [ € A4 and " € Ap:

Y ShSy I =ne [bﬁ*(l)bg‘(n + BN BB + b5 BB + b (DDA () (1.34)
u,v

The Fourier transform with

3 .
b=/ Y bgage (1.35)
Nsites keRBZ

12



1.2. Linear flavour-wave theory in the fundamental irrep

with Niies being the number of sites, gives rise to

(2) _ Bt 1.B At A At Bt * 7 A B
— 2 = z]nck%sz D58+ bt b bl DR Hviba (BT, (36)
€

where z = 2 is the coordination number between two sublattices A 4 and Ag, and

1, . )
yie=5 (€ ). (1.37)
Itis important to note here that only the colours A and B are involved in 44 in this quadratic-

order expansion. This is an important fact that will be observed repeatedly throughout this
thesis.

The sub-Hamiltonians .#p¢ and .#4¢ are also similar, and the Bogoliubov transformation
detailed in Appendix A finally yields the diagonalised quadratic Hamiltonian

=y 1 N
J=z]n, Z Z Z wk(b:tfkb;’k+—)—z]nc— (1.38)
KeRBZ ue{A,B} v ' 2 3

with

w=1\/1-|nd" (1.39)

We briefly note here that there is an accidental line of zero modes related to an infinitely

Figure 1.4 — The dispersion relation wy of the AFM SU(3) Heisenberg model in the tripartite
configuration.

degenerate classical ground-state manifold in the model. We will come back to this later in
chapter VI.

13



Chapter I. Introduction

1.3 Outline of the thesis

The essential concepts having all been introduced, we will gradually present different methods
of applying the LFWT for different irreps. This will be achieved by using three different bosonic
representations of the SU(N) operators S‘V‘ .

The chapter II will first present the LFWT multiboson method where one boson will be
introduced for each state of a given irrep. The completely antisymmetric irreps with multiple
particles per site on the square/honeycomb/triangular lattices will be considered, after which
the SU(3) adjoint irrep will be considered. We will then revisit the LFWT in the SU(3) adjoint
irrep in chapter III by introducing the Mathur & Sen bosonic representation for SU(3). The
chapter IV will then present the Read & Sachdev bosonic representation with which the LFWT
for completely antisymmetric irreps of SU(V) and the adjoint irrep of SU(3) will be performed.
The chapter V is a summary of the differences between the three boson representations. Finally,
the chapter VI treats a somewhat different subject, namely our attempt at lifting the accidental
zero modes (that we saw in Figure 1.4) in the harmonic spectrum of the SU(3) Heisenberg
model on the square lattice with one particle per site. Also, a brief concluding chapter can be
found in chapter VII.

We would like to draw the attention of the readers on the fact® that

¢ The N degrees of SU(N) will be called “colours” throughout the thesis, denoted by the
capital letters A, B, C,... (or bynumbers 1,2,3,... in some rare cases for better readability
or for convenience).

* As is often the case in physics and mathematics, the letter i is used as an index but it
can also mean v —1 in the same equation.

¢ Some abbreviations used in this thesis include

the linear flavour-wave theory (LFWT),
the irreducible representation (irrep),
the spin wave (SW),

the valence bond solid (VBS),

the quantum Monte Carlo (QMC).

6We also note that the Mathematica package for symbolic calculations named “SNEG” [61] has been occasionally
used, when using Mathematica.

14



Multiboson Linear Flavour-Wave
Method

Introduction: colour order, or no colour order?

As the first way of performing the LFWT for a SU(NN) Heisenberg model in any arbitrary
irrep, this Chapter will present the multiboson method, a method set up with Karlo Penc,
Pierre Nataf and Frédéric Mila’s collaboration [62]. This method is based on the multiboson
SW approach that has been used in various SU(2) spin models with S > % by Papanicolaou
[49, 63, 50], Onufrieva [64], Chubukov [51], Masashige et al. [65], Romhdnyi and Penc [66], Penc
et al. [67] among others and thus rests on a solid foundation. The distinctive feature of this
approch in contrast to the conventional SW theory is that it introduces bosonic operators for
higher-order spin operators as well, allowing to probe higher-order excitations of the system.
Although we are not interested in multipolar transitions, the multiboson approach is still of
interest in our case as it allows the LFWT to be applied on irreps other than the fundamental
irrep. This generalisation to arbitrary irreps becomes possible because the multiboson method
introduces a generalised boson for each of the states of a given irrep, after which we can
apply the Holstein-Primakoff transformation as in the traditional SWT or the LFWT in the
fundamental irrep with the help of a large parameter that we introduce.

Ultimately, this method will enables us to calculate the low-energy spectra of a given SU(XN)
system. It also provides us a mean to quantify the quantum fluctuations, hence providing a
way to predict the existence (or the absence) of an ordered state. Let us illustrate the method
by applying it to different SU (V) irreps with increasing complexity: we will first look at a model
in the fully antisymmetric irrep before moving on to the most general case, which is an irrep
with mixed symmetry.

The first section of this Chapter will thus mainly involve the SU(4) Heisenberg model on the
bipartite square lattice in the fully antisymmetric irrep denoted by the Young tableau H, the
simplest model in 2D with a fully antisymmetric irrep void of the frustration problem. Once
we have understood how to implement the method, we will be investigating some physically
interesting questions: is an ordered state a possible ground-state candidate for a 2D square
lattice at zero temperature? Is an ordered ground state also possible in other geometries in 2D

15



Chapter II. Multiboson Linear Flavour-Wave Method

such as the triangular and the honeycomb lattices? If the answer is yes for the square lattice,
then what happens when the system goes from a 2D square lattice to a parallel 1D chains by
turning off the vertical couplings between the sites, for instance? After settling these questions
on the fully antisymmetric case, we will move on to the concluding section of this chapter in
which we will show how to apply the multiboson LFWT on the SU(3) Heisenberg chain in 1D
in the SU(3) adjoint representation (denoted by the Young tableau Hj), which has a mixed
symmetry. The physical interest here will to discover the low-energy spectra of such a one
dimensional system.

2.1 Fully antisymmetric irreps

In this section, we consider the 2D square/honeycomb/triangular lattices with m > 1 particles
per site whose SU(IN) wavefunctions are completely antisymmetric and whose interactions
are given by the AFM SU(N) Heisenberg Hamiltonian

sz’=1<;j>§v§£‘(i)§x(j). 2.1)
Ultimately, we would like to know whether a long-range colour order can exist or not in these
systems, and for which values of N and m this is the case. For the square lattice and the
honeycomb lattice, we will look at the bipartite configuration (ng,, = 2) whereas the triangular
lattice will be in the tripartite configuration (rng,, = 3). In addition, we will be choosing N and
m such that ng,, = % This ensures that we can find a simple colour-ordered ground-state
configuration without frustration.

The motivation for investigating these models come from Refs [68, 69]. Notably, there is a
phase diagram in Ref. [69] that predicts chiral spin liquid and valence cluster states on the
square lattice for large N and m. However, for small N and m, the quantum fluctuations are
relatively small and long-range colour-order can form, and the question is to discover whether
relatively small values of N and m can have a colour order. For m = 1 the stabilisation of the
antiferromagnetically ordered phase has been already reported up to N = 5 for square lattices
and up to N = 3 for triangular lattices with the LFWT and different numerical methods [70,
71, 53, 28, 13, 72]. But what about m = 2? For the SU(4) AFM Heisenberg, the large- N limit
calculations at zero temperature have long predicted a degenerate dimerized ground state
in one dimension [6, 8], with DMRG and VMC also reaching the same conclusion [73, 23]. In
two dimensions on a square lattice, on the other hand, the Néel-ordered configuration has
been suggested as a possible ground state by some numerical simulations such as the VMC
calculations [23] and QMC carried out with system sizes up to 16 x 16 [20, 22]. And although
Assaad [16] seems to suggest the absence of long-range order with the system size of 24 x 24,
his recent computations on system sizes up to 40 x 40 suggest a small local moment in the 2D
model [74]. We will thus attempt to contribute to this discussion with the LFWT here.
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Figure 2.1 — The sketch of the phase diagram for the SU(N) Heisenberg model on the 2D
square lattice, shown by Hermele and Gurarie in Ref. [69]. The shaded regions indicate that the
ground state is known or that there is a convincing ground-state candidate with substantial
evidence. The magnetic order (MO), the valence-bond solid (VBS), the valence cluster state
(VCS) and the Abelian chiral spin liquid (ACSL) are present here. The dash-dotted line shows
the experimentally realisable parameters. It can be seen that the magnetically ordered region
is on m =1 and for small values of N = ng,,m. Our aim is to see if the magnetically ordered
region can be slightly extended to other small values of m and N.

2.1.1 Two SU(4) particles per site on the square lattice

Let us imagine that we have a square lattice on which we have two (m = 2) SU(4) particles per
site whose interactions are Heisenberg-like with their nearest neighbours. Furthermore, the
particles on each site form a wavefunction that belongs to the fully antisymmetric irrep [0, 1, 0]
denoted by the Young tableau H (it contains m vertical boxes). If we assume that this system
has a colour order at zero temperature, we can easily conclude that one of the classical ground
state configurations is the one depicted in Figure 2.2, where the square lattice is in a bipartite
configuration with two different colors on one sublattice and the two remaining colors sit on
the second sublattice. We would like to study the low-energy spectra of the system related to
the quantum fluctuations by using the LFWT just as in section 1.2 with the fundamental irrep.
Now that we have more than one particle per site with different colours, how do we perform
the semi-classical approximation?

One way to proceed is to think in terms of the “composite particles”, i.e., in terms of the
states of the irrep rather than the individual colours they are composed of. Previously, we had
been expressing the SU(N) generators in terms of bosons representing N colours, as it is the
natural representation of the N degrees of freedom of SU(N). However, one could also use a
different bosonic representation of the SU(N) generators: we could write them in terms of
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(a) Two particles per site. (b) Wavefunction (or composite particle) of
each site.

Figure 2.2 — A bipartite 2D square lattice with two particles per site. The flavours A, B,C,D
are represented by the colors blue, yellow, red, green respectively. The lattice is in an ordered
configuration where two different colours are on one sublattice and the two remaining colours
are on the other sublattice.

bosons representing the individual composite states of the irrep H This effectively amounts to
having an anisotropic SU(6) Hamiltonian, in the sense that the Hamiltonian can be written
in terms of SU(6) operators without being fully SU(6)-symmetric. As we will shortly see, this
will provide us with a natural and easy way of approaching the semi-classical limit with the
Holstein-Primakoff bosons.

The linear flavour-wave theory of SU(4) m = 2 square

Let uslabel the four degrees of freedom of SU(3) by A, B, C and D. The irrep H is six-dimensional,
and its basis can be given by

{i(<|AB>—|BA>) (146 ~1C1 42)), ~= (1D1 A2y — 1 41D2))

\/z 102 1412/}, > 1L2 1412 ’\/z 1412 172 (22)
1 1 1 :
—(IB,Cy) — |C1B,)), — (1B D») — | D1 Bs)), — (1CLD2) — ID1C)) L,

\/§(| 1C2) —C1By)) \/E(l 1D2) — D1 By)) \/EU 1D2) — | Dy 2))}

where the states are labelled with the four SU(4) colours and the particle subscripts 1,2. These
states are indeed created with bosons introduced in subsection 1.1.3. The states are antisym-
metric in the particle indices. For convenience, let us denote these states by the following
elements of the set

I''={AB, AC,DA,BC,BD,CD}. (2.3)

d,-d

DA’ d

Let us attribute a boson to each of these states. In other words, the bosons d BC

AB’ "AC’
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2.1. Fully antisymmetric irreps

dgp, dp and their adjoint counterparts will be used to create and annihilate these six states.
The idea now is to express the SU(4) generators S/, in terms of these bosons.

We know that the generators S, have the effect of permuting colour p with colour v. So if we
choose to act 5‘2 on the state AC, we should obtain the state BC. Furthermore, the action of
the generators is closed, which means that the resulting state should still belong to the same
irrep. We can thus conclude that §g should contain a term such as d};cd 1c- Taking another
example, the application of §é on the state AB should yield CB. The state CB is not exactly
an element of our set I" in which we defined all the possible states of our irrep, but it does
correspond however to BC with a minus sign if we trace back their definitions to Eq. (2.2).
This could be shown more rigorously by using the natural bosonic representation of the
generators S!, (Eq. (1.26) in subsection 1.1.3), and it will be shown for a more general irrep later
in section 2.2. Here, we will simply check the validity of our logic by checking the commutation
relations of S in their new bosonic expressions with bosons d. This is sufficient to show that
our construction respects the SU(4) symmetry as it should. Following our construction, the
generators S}, are finally given by

SA ._ g7 t 6B ._ ramT
SB = dBCdAC_dBDdDA’ SA'_ (SB) )
GA . _ t T aC ._ oAt
Sc-— _dBCdAB_dCDdDA’ SA'_ (Sc) )
GA . _ t T aD ._ (e T
SD-— _dBDdAB_dCDdAC’ SA T (SD) ’
8B ._ gt T aC ._ (eByt
Sc=depdgp+d,cdyg, S5:=(8¢)
&B ._ _ gt + aD ._ (eB\T 2.4
SD'_ _dCDdBC_dDAdAB’ SB = (SD) ’ 24
aC ._ gt i oD ._ roCyT
SD'_ dBDdBC_dDAdAC’ SC = (SD) ’
$h=dt d vdt d+d d -N $Bmdl . vd d +d d—N
AT %a%aB T @actac T YpapaT 0 B~ %ap%ap ™ pcBc T “pp%BD T
Comdl d. vd d+d do -~ =gl 4 wdl 4 sdl 4. -
¢ = %ac%acT CpcBCc T %cpcp T 5 D= %pa“pa™ 4pp4Bp T cp%cp T
where
Ni=d' d,,+d d, +d ,d,,+d. dp-+d der+d. d (2.5)
T O gApRp T ApclpcTUpplpa T dpclpe T gplpp T Uoplcep- .
One can check that these definitions satisfy the SU(/N) commutation relation
[S;’;,S’j] =508k - 5481, 2.6)

thus showing that the suggested bosonic representation of the SU(4) generators is legitimate.

. N
Note that the terms — % in Eq. (2.4) have been introduced solely to satisfy the relation - Sﬁ =0.
=1

which is related to the tracelessness of the SU(NN) generators. However, the operator N simply
counts the number of composite particles per site, and its expectation value should always be
equal to 1 if we were to stay within our irrep B Consequently, we can safely ignore these terms

19



Chapter II. Multiboson Linear Flavour-Wave Method

AB

CD

(a) Weight diagram of the irrep [0,1,0] of SU(4). (b) Action of the generators
in the weight diagram.

Figure 2.3 — The weight diagram of the six-dimensional antisymmetric SU(4) irrep. The weight
diagram is in three dimensions in the Cartan-generator basis {H;, H», H3}, as SU(4) is a group
of rank 3. The triangle with thicker lines pointing downwards is above the other triangle
pointing upwards in the weight diagram. The vertices have been coloured to help recognize
the corresponding ladder operators of SU(4) depicted in (b). The red, green and blue (solid)
vertices are in the H;-H, plane, whereas the three other (dotted) colours have a H3 component.

in the following calculations: they do not alter their outcome. It is also worth noting that the
SU(INV) commutation relations (2.6) remain true even without the terms — % in Egs. (2.4).

The transitions between states induced by Sf,‘ , described in the bosonic language in Egs. (2.4),

can be nicely seen in the weight diagram of H of SU(4) illustrated in Figure 2.3. The filled
N(Z\zl—l) -6
directions in which the weights are connected, and these directions are associated to the 6

or unfilled circles represent the weights (or the states in this case). There are

pairs of generators (or ladder operators) of SU(4). For instance, we can see that the transition
between the states AC and BC are related to S7 and S5.

We can introduce a more compact way of writing Egs. (2.4). We can write S, as

D
S=Y dl,dg, 2.7)
a=A

tx;é_,u,v

where the (antisymmetric) indices gy Or oy Of the bosons are ordered in such a way that
they correspond to the labels of the states in I. When reordering the indices, the sign of the

permutations needs to be taken into account, i.e., diﬂ =—d

L to reflect the antisymmetry of

the states of this irrep.

Lastly, it should be noted that the choice of basis in (2.2) is somewhat arbitrary. For instance,

we could have chosen the state \/LE (|A1D2> - |D1A2)) as a basis element instead of the state
%@(IDlAg) — IAng)) used in (2.2). These two states differ by a minus sign, which would
have induced a minus sign in certain terms of the generators S}, in (2.4) and give us the
label AD instead of the label D A (the generator Sg‘ = d};cd c™ d; pdp, would have become
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2.1. Fully antisymmetric irreps

53 = d};cd a2t d}; pd,p)- But the commutation relations (1.23) would still be satisfied, and
the subsequent physical conclusions would remain the same.

Without loss of generality, the classical ground-state Néel order can be assumed to be com-
posed of the state AB on sublattice A 4 and the state CD on sublattice Acp as depicted in
Figure 2.2. Note that these two states are as far apart as possible from one another in the
weight diagram in Figure 2.3.

It is important to remember that there is a constraint imposed by the model on every site i of
the lattice, given by

Y dy(Ddy (i) = n, (2.8)
ner
where n, = 1 for each site. Note that the boson index i € I' now refers to the composite states
in I'. With the assumption of small fluctuations around our presumed colour order, we can
use the Holstein-Primakoff prescription by considering the limit n, — oco. This is equivalent to

the semi-classical approximation in the SU(2) spin-wave theory, where we let S — co. In terms
ne

——
of the Young tableaux, this would correspond to having 7, columns HE{ . HE{ and letting n,
go to infinity. Let us introduce the pair of Holstein-Primakoff bosons a(i) for the sites i € A 4
and b(j) for the sites j € Acp. The constraint (2.8) then becomes

alyDagd=nc— Y al()a,),
nel\{AB}

Co R 2.9
bep(Dbep(D=nc— Y. by(Dby()),
nel\{CD}
from which we derive
1
a;B(i),aAB(iw\/nc— Y aay® =g T aia
nel'\{AB} ¢ nel'\{AB}
1 (2.10)
bgDm,bCD(jwwc— > B (== T B(bG),
nel\{CD} ¢ neI'\{CD}

in the same way as in the SU(2) spin-wave theory. The beauty of this transformation is that the

commutation relations (1.23), Sg, e ] =69 Sg - 6;33, stay valid up to order €(1) in n. even

after this transformation.

Expanding the square roots in 1/ 7. allows us to a obtain a decomposition of the Hamiltonian
in powers of /7.:

1
H =0 + 720 + 7@ L 6(n?). (2.11)

Here, the term .Y is equal to zero since we started the expansion from a classical ground
state, and the term #© is a constant. We are thus interested in the quadratic Hamiltonian
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#® which is given by
#9 =Jn. ¥ Y |26l (0 acp@) + 2D, () bag()
i€R s ()
+aly (i) aac (@) + bl () bpp () + aly (1) bl () + aac (@) bgp(j)
+al,, () app (@) + bl () bac() + al, (O bl () + app(@) by () 212
+al, (i) apa(i) + by () bpc(j) + ab, ,()) by () + apa(i) by (j)
+ ab(i) apc(i) + bl () bpa(j) + al () b, , () + apc(@) bp 4 () | -
We observe here that a different choice of basis mentioned above (AD instead of D A) would
have induced a minus sign in front of the terms aEA(i) b};c(j), apa(i) bBC(j), agc(i) bEA(j)
and apc(i) bD 4(J). However, the result of the subsequent diagonalisation would have re-
mained the same, yielding the same dispersion relations at the end.

We now perform the Fourier transform,

| 2 , [ 2 .
a, (i) = Y a e ™ b ()= Y b ek, (2.13)
Niites KeRBZ Nites keRBZ

with the state index a € I and the number of sites Ngjtes. The sum runs over the reduced
Brillouin zone (RBZ). The Hamiltonian in k-space is then given by

P = 77 + 767 + 76 + 72 + 7P (2.14)

where

=Jne ) 2As [ T kbAB,k] ,
keRBZ

T T T
Apcxack™ bBD K bBD) +Bsqk (aAC,k bpp-kt Aack bBD,—k)] .

1.
Wy Bpxt Ve ACk)J’Bqu(“ pxbhe 1+ appicbac, k)]

@ _ t t
A7 =Jne ) ‘ASQ(aDAkaDAk+bBCk BCk)+Bqu(aDAk ek T 4pakbac, k)]

keRBZ
keRBZ
2 _ T T
S, = ]nck%az Asq|gc1 ek PpaxPpa k) + Bgq k (a BCK DA ktagcx bDA__k)] ,
€
(2.15)
in which the sums run over the reduced magnetic Brillouin zone and
1

Asq:=4, Bsgk =4Ysqko  Vsqk:= 5 (cosky +cosky). (2.16)

¥sqk is called the geometrical factor as it encodes the geometry of the lattice. Note that the
value of Agq actually corresponds to the coordination number between two sublattices zsq = 4,
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2.1. Fully antisymmetric irreps

and that Bsq = ZsqYsqk- It is also important to note that all the terms in %@ are of the same or-
der in our expansion parameter .. Now that the expansion has been done, we can reestablish
the constraint (2.8) by setting n, = 1 (but we will keep writing the variable 7, in the equations
(2)

for general considerations). The terms " ,in Eq. (2.15) can be diagonalized separately with

1,
the Bogoliubov transformation described in Appendix section 1.1 in an identical fashion. For

instance, the diagonalisation of bosons a,c k, bppk in Jfl(z) can be performed with

~t t
(flAC'k ) = (uk Vk) ( “ack ) (2.17)
bgp,—x vk i) \bpp,

where
1(A
e = _(iﬂ),
2 Wsq,k
_ [a2 2
wsq'k— ‘Asq_Bsq,k'

Hence, the diagonalized quadratic Hamiltonian finally reads as

N =
—_——

Wsqk )’ 2.18)

7@

1 1 = 1
Jo T
{ Z £5q(K) (an,kan,k + 5) + (bn,kbn,k + E)
keRBZ | neT\{AB,CD} (2.19)

+8Jne (aIZD,k Aepit bZB,kbAB,k) } — 8/ Niites Ttc,

where we defined

€sq(K) :=Jncwsq(k)

=Jnc\[ASq = Be i =4Tne\ /1= Y2k (2.20)

2
=4Jn.\/1-

The dimensionless energy spectrum wsq (k) is shown in Figure 2.4. There are 8 dispersive

1
> (cosky +cosk,y)

modes and 2 localised modes of energy 8/n.. We see that the dispersive modes come from
the bosons of the Bogoliubov transformation in Eq. (2.17) whereas the flat localised modes
originate from the bosons acp(i), bag(j).

Let us investigate the flat modes more closely, starting with the mode SaE pAcp- This term
stems from Sg(i)ﬁg(j) and §g(i)§B(j) (.e., aED(i)aCD(i)bTCD(j)bCD(j)) of the Hamiltonian
before the square-root expansion. The presence of the boson acp (i) on the site i € A 4p actually
implies that we have the state CD on the site i, which would only be possible had there been
two colour exchanges from our initial state AB, by applying two successive ladder operators
(see Figure 2.3). The same reasoning also applies to the second flat mode 8qu3 b, from the
perspective of the sublattice Acp. We see that these flat modes in fact stem from multipolar
transitions requiring more than one flavour exchanges. These multipolar excitations do not
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w(ky, ky)
4 4F ]
3 L ]
w 92 L i
0
7T 1 |
k, 0
(0,0) (m,0) (m,m) (0,0)
k
(a) Energy spectrum of the dispersive modes. (b) 2D cut of the energy spectrum.

Figure 2.4 — The energy spectrum of the dispersive modes of the SU(4) m = 2 square lattice,
plotted in the extended Brillouin zone. Figure adapted from Ref [62] with the permission of
the APS, © 2017 American Physical Society.

interact in the quadratic order of our expansion in n. [66, 67, 62], in which only excitations
with one colour exchange interact. As these excitations are local and do not propagate, they
thus appear as flat modes here.”

The 8 dispersive modes given by the dipersion relation (2.57), on the other hand, come from
the exchange of one colour from the initial states AB or CD. There are four ways of exchanging
one colour from AB, the initial state of the first sublattice: A— C,A— D,B— Cand B— D
(the exchange A — B is forbidden by antisymmetry). This is illustrated in the weight diagram,
Figure 2.3, by the fact that there are four vertices connecting AB to its four adjacent points.
Similarly, there are also four ways of achieving this from CD. These 4 + 4 = 8 transitions are
the dynamics described by the 8 dispersive modes in Eq. (2.19). It is worthwhile nothing these
(degenerate) dispersive modes are identical to the dispersion relation of the SU(2) spin-wave
theory on the square lattice. The only difference is the larger number of modes in our model,
which is due to the larger number of possible colour transitions mentioned above.

For future reference, we observe that the Hamiltonian in the extended (structural) Brillouin
zone can be given as follows:

4 4 1
AP = Z { Z €s5q(k) (fg,kf(,k + E) * 8]"Cng,kaD,k} — 8/ Nsites M- (2.21)
keBZ | (=1

Here, we introduced bosons f,, for the dispersive modes and f for the flat modes, all defined

7An example of a physically accessible multipolar mode gaining a dispersion with anisotropy terms in a SU(2)
Hamiltonian can be found in Ref. [66].
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2.1. Fully antisymmetric irreps

on the extended Brillouin zone. We then have 4 dispersive modes and 1 flat mode.

As a last side remark, we also note that the energy per site originating from the quantum
fluctuations is

k
=—8]nc+4'<gsqz( )>

= -1.264/n,. (2.22)

Ordered moment of the SU(4) square lattice

Now that we have the low-energy spectra of the system, we can think about calculating the
ordered moment—the “magnetisation” so to speak—of the system. Since we assume a large
condensate of the state AB on sublattice A 45, we can define the ordered color moment on it
as

i == (al (D, 0)

(o

) + (2.23)
=n—(nc—< > an(t)an(1)>),

c nel'\{AB}

so that the fully polarised classical Néel state is m; = 1. On the other hand, if there is no colour
order, then m; = 0. Note that we can define m; for the sublattice Acp in the same way,

1 . .

mjzn—c<bTCDu)bCD(])>

1

:n—(nc—< Y h;;(j)bn(j)>), (2.24)

¢ neS\{CD}

and that m; = m; since the structure of both sublattices is the same. The reduction of the
ordered moment due to quantum fluctuations is the second term in Eq. (2.23),

Amy=— < )3 a;(i)an(i)>

e \pesviaB}
1(A (2.25)
2 sq
=4<Uk> =4<5 ((Usq - 1)>
= 0.786,

where we used the fact that

(ay™ (hay@)) = (vp), (2.26a)

<“é?(i)aég(i)> =0, <a§§*(i)a,§§’(i)> =0 (2.26b)
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forn € S\{CD} as a consequence of the Bogoliubov transformation. This reflects the impossibil-
ity for the state AB to fluctuate into the state CD with the bilinear Heisenberg exchange in the
harmonic order, and we see that there is no contribution to the ordered moment calculation
from the flat localised modes found in our harmonic-order Hamiltonian. Finally, the ordered
moment is given by

m; =1-Am; =0.214. 2.27)

As expected, the quantum fluctuations perturb the colour order, so m; is smaller than 1, the
value of the fully polarised state. However, it is still greater than zero, m; > 0, meaning that the
LFWT predicts that our model can potentially retain a long-range colour order. It should be
noted though that the correction is rather big—the reduction of the order is close to 80%.

Let us point out that there is an alternative way of defining the ordered moment. Ref. [22], for
instance, defines the ordred moment of any site i of a SU(N) bipartite lattice as

alt 2 2 Mo N Mo
mit = Y Sy - Y Sy, (2.28)
p=1 ,u:g+1

yielding an ordered moment of m; = £1 for the fully ordered Néel configuration. Here, the
sign of m; depends on the sublattice. This definition is in fact equivalent to the definition of
Eq. (2.23) in the harmonic order, up to a sign that depends on the sublattice:

it =2 ((34)+(89) - (3) - (3B))
1 T ; tos . to. .
- 5(<dAB(z)dAB(z) +d, (i) d 4o (i) +dDA(’)dDA(l)>
+(dl (0 d () + dfy (Do) + df (D ()
—(dl iy (D) + df (D (i) + dlp (e (D)) (2.29)

—{d}y (D 4 )+ iy ()l (1) + ng(i)dCD(i)>)

" (i) 0)) = (D)
=0.214,

where the we took into account the fact that the condensate of the site i is formed by the state
AB.
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2.1. Fully antisymmetric irreps

Figure 2.5 — The ordered bipartite hexagonal configuration with two colours per site.

2.1.2 Two SU(4) particles per site on the honeycomb lattice
The linear flavour-wave theory of SU(4) m = 2 honeycomb lattice

Now that we have sorted out how to apply the LFWT on the square lattice with two particles
per site, we can easily perform the same calculations for the honeycomb lattice with two
particles SU(4) particles per site by following the method in subsection 2.1.1. The number of
colours N and the number of sublattices remain the same, so we assume two sublattices A 45
and Acp,and ' ={AB, AC,DA, BC,BD, CD} as before. The only difference will be the factors
that depend on the geometry, like the geometrical factor ypop k. The calculations are otherwise
identical. The assumed colour order is illustrated in Fig. 2.5. From this, we can derive the
harmonic Hamiltonian for the bipartite honeycomb lattice:

1\ (-1 - 1
7? — > { Y ehon® (Ef kdnk+—)+(bT kbnk+—)
KkeBZ | nen\{AB,CD} et 2 et 2 (2.30)

+6/nc (“ED,k Acpxt bTﬁlB,kbAB,k) } — 67 Nsites 1c-

The sums with k run over the structural Brillouin zone of the honeycomb lattice, i.e. we have
doubly degenerate modes. The dispersion relation of the dispersive (“magnetic”) branch (see
Figure 2.6) is given by

€hon(K) :=Jn:when (k)

=716\ Anon — Bron 12 = AnonT11e\/ 1~ |Yhon 10 2.31)
=3/nc\/ 1= |Yhon®)|*
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(a) Energy spectrum of the dispersive modes. (b) 2D cut of the energy spectrum.

Figure 2.6 — The energy spectrum of the dispersive modes of the SU(4) m = 2 hexagonal lattice.
Figure adapted from Ref [62] with the permission of the APS, © 2017 American Physical Society.

with
Anon =3, Bhon = 3Yhon,k
Yhon (K) := E (eiky + ei(gkx_%ky) + ei(_égk’“_éky]). (2:52)
3

The energy contribution of the quantum fluctuations is

K
E/Nyios = —6J 1 +4- <£h"T“()>

=-1.259]n,.

Ordered moment of the SU(/N) honeycomb

The formula for the reduction of the ordered moment is the same as in Eq. (2.25) as we also
deal with the bipartite SU(4) configuration with two particles per site:

Am=i< )y @m%m>

Ne \pesS\iAB)

(o3
2 \ Whon

=1.0328,
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Figure 2.7 — The ordered tripartite triangular configuration with two colours per site.

The reduction is larger than 1, indicating that it is thus unlikely that a colour order exists for this
model. We observe, however, that the reduction is only marginally above the full-polarization
value (it exceeds it by 3%, to be precise). Hence, it cannot be absolutely excluded that a small
ordered moment might survive quantum fluctuations.

2.1.3 Two SU(6) particles per site on the triangular lattice
The linear flavour-wave theory of SU(6) m = 2 triangular lattice

Let us now consider the triangular lattice with an antiferromagnetic coupling. The simplest
colour configuration without frustration and with more than one particle per site is the three
sublattice order with two different SU(6) colour particles per site, depicted in Figure 2.7. We
thus have an AFM SU (6) Hamiltonian in the irrep H

Even though the symmetry of the Hamiltonian is SU(6) instead of SU(4), and even though we
now have a three-sublattice order rather than the two sublattice order, the physical mecha-
nism of the LFWT and its method remain identical to what we have seen in subsection 2.1.1
and subsection 2.1.2. Following the construction with the SU(4) models, we use the letters
A,B,C,D,E and F to label the 6 colours of SU(6). The irrep in question is 15 dimensional,
whose basis I" will be written in the same way as in Eq. (2.3):

I':={AB, AC,AD,AE,AF,BC,BD,BE,BF,CD,CE,CF, DE,DF,EF}. (2.33)

As in previous SU(4) models, we attribute a bosonic operator d,, for each state n € I'. The
Hamiltonian of our model is then given by Eq. (2.1) written in terms of these bosons d by using
Eq. (2.7).

We now choose the lattice colour configuration such that there is a large condensate of
the state AB on the first sublattice A g, the state CD on the second sublattice A¢p and
the state EF on the third sublattice Agr. As in section 1.2, we will divide the Hamiltonian
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into sub-Hamiltonians containing the bonds between different pairs of sublattices: # =

JEpB,cD + Hch,EF + FERAB- From the constraint ). dT(z)d (i) = n¢ in (2.8), we obtain the
nel’
Holstein-Primakoff bosons

a;B(i),aAB(i)a\/nc— Y ahiay),

nel'\{AB}

b*CD(j),bCD(j)a\/nc— > bk, (), (2.34)
nel\{CD}

c}F(k),cEF(k)—»\/nc— Y e, ),

nel\(EF}

where i € Az, j € Acp and k € Agg. Using the Holstein-Primkoff bosons in the Hamiltonian,
the quadratic Hamiltonian #® is obtained. Here, we will show #() ».cp only, as the structure
of the other sub-Hamiltonians is the same. After the Fourier transform,

a, (i) = Y a,Mge b () =1/ Y bye ™,
Nsnes keRBZ Nsnes keRBZ

(2.35)
co (k) = Y cple ik,
NSItes KERBZ
the quadratic Hamiltonian Jz,"/g 1; cp 18 given by
) (2)
Hap.cp= Z 7 4B.CDia (2.36)
where
(2) —
Hagcpo =T 2 [Zﬂm ( Acpx%epit bAB «bas, k)
KERBZ
T T t
Aui ( Acpx%cek T Acpkcrk T Appk YDEX T ApEK ADE K
+
+bAE kbarict UapacPark* Phpa peit Dhps bBF,k)]
@ = toot
T B,cD1 ]”Ck%gz Auila AC k@ack™ bBD K bBD) +Buik ( ApcxPppxt Aack bBD,—k)] :
€
@ = toot
Z 4p,co2 ]nck%az Aui (“ DkaBDk+bACkbACk) +Btrlk( appxlac,—kt aspxbac, k) :
€
@) = i at
Z aB,cD;3 ]”ck%gz Aui (“ ADk @Ak T Ppc bBC,k) ~ Buik (“AD,k bpc, -t apk bBC,—k) :
€
(2) +
Hapcpa=Tnc 2 Atn(“ BCk aBCk+bDAk DAk) Btrlk( BCkbAD xtascxlap, k) .

keRBZ
(2.37)

It is very similar to the SU(4) Hamiltonian in (2.15), albeit with more flat modes in #%) 'AB,CD0"

It can be seen that only bosons involving colours A, B, C, D are present. Since the Hamiltonian
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r K M r
k

(a) Energy spectrum of the dispersive modes. (b) 2D cut of the energy spectrum.

Figure 2.8 — The energy spectrum of the dispersive modes of the SU(6) m = 2 triangular lattice.
Figure adapted from Ref [62] with the permission of the APS, © 2017 American Physical Society.

Jfﬁ cp only involves the bonds bewteen the sublattices A 4 and Acp, it is not possible to
have the colours E, F by exchanging one colour particle between these two sublattices from
the fully polarised initial condensate. This would be only possible with higher-order exchange
processes, i.e. if we would use the next-order terms in the Hamiltonian expansion.

The sub-Hamiltonians ]ﬁfé cD:
identical to that of the SU(4) Hamiltonian, we can use the Bogoliubov transformation in (2.17).
Each of these Jt‘ﬁ; CcD;q Vields two diagonalized modes, so we will obtain 8 modes for Jf/({z];’ ch
Hence, by

o L €11,...,4}, need diagonalisation. Since their structure is

from this Bogoliubov transformation. The same applies to Jé’g[)) pp and ﬂfﬁl AR

gathering the flat modes carefully, the full Hamiltonian #® is given by

keRBZ

1 —r = 1 1
. t .
> (an’kanyk+§)+ > (bn,kbn,k+§)+ > (Cn.kcn,k+§)

nel ap nelep nel'gr

. T T T T +
+2AuiS ne (“CD,k“CD,k + g Aprx T il apx t PppilErK T CapKCaBK

T T T T _ .
+CpxCepk Z ay Ay ic* Z by Pyt Z Cp ik 12] Niites e,
nel'ap nel'cp nelgr

(2.38)
where the dispersion relation (see Fig. 2.8) is given by
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Eri(K) =T n.wyi (k)

i=J 1\ Aui — 1B 0 = AgiTne\/1 - |y W) (2.39)
=3Jn, V1- |7tri(k) |2

with

Apri=3, Biri= 3Y triko

1/ : .1 3 (2.40)
Yl := 3 (elk" +2e 2k cog %ky) .

Furthermore, the following sets have been used for ease of notation:

[':=T\{AB,CD,EF},
I'4p:={CE,CFE,DE,DF}, T'cp:=1{AE, AF,BE,BF}, I'rr:={AC,AD,BC,BD},
T ap:=T\T 45 ={AC,AD, AE, AF,BC,BD, BE, BF}, (2.41)
I'cp:=T\T¢p={AC,AD,BC,BD,CE,CF,DE,DF},
I'gp:=T\Tgr = {AE, AF,BE, BF,CE,CF,DE, DF}.

The similarity between the geometrical factors of the honeycomb lattice and the triangular
lattice in (2.32) and (2.40) is due to the fact that the geometric bonds linking two sublattices in
both cases have the same angle.

Let us now look at the number of modes that we obtain in this case. As before, we will concen-
trate on the sublattice A 4g and thus look at the bosons a(i) in the Hamiltonian (2.38), as the
reasoning will be identical for the two remaining sublattices. We obtain 8 dispersive modes,

a Zzn « With n € T 4, that are all associated to permuting one colour in the initial state AB. As

1,k
we can change either A or B to C, D, E, F without violating the antisymmetry of our irrep, we
obtain 8 modes. The 6 states in I 43, on the other hand, are obtained by exchanging both A
and B (in the initial state AB) with a different colour, and they correspond precisely to the flat

modes that we obtain in the Hamiltonian (2.38).

As the structure of the sub-Hamiltonian is the same for A¢cp and Agr, we can unfold the
modes into the extended (structural) Brillouin zone, as in Hamiltonian (2.21), by introducing
the bosons f;, for the dispersive modes and bosons fp for the flat modes. We then have

79 =Y
k

8 5 B 1 6
Wil Y (fj () f 0 + 5) +2Auine Y [0 fo() | —12]n,. (2.42)
(=1 p=1

We then have 8 dispersive modes corresponding to the possible colour transitions and 6 flat
modes, as explained above.
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Lastly, we observe that the energy per site originating from the quantum fluctuations is

( <wtri(k) >)
E/IN=]Jn,(-12+8- 5

= —2.518/n,. (2.43)

Ordered moment of the SU(6) m = 2 triangular lattice

We compute the ordered moment m; = n% <aTAB(i)aAB(i)> as defined in Eq. (2.23). The com-

putation of the reduction of the ordered moment shows that

szi< > @m%m>

Re \p=r\{AB}
1 1 3
ne 2 \Jncwyi(k)
= 2.066, (2.44)

where we see again that the flat modes do not contribute to the reduction of the order. As the
reduction is far greater than 1, we can thus conclude that the color order is verly likely to be
destroyed by quantum fluctuations.

2.1.4 General considerations: m particles per site

Let us briefly wrap up what we have seen until here. At the harmonic level of the Hamiltonian
expansion, we have seen that the dispersive modes come from permuting one colour between
two neighbouring sites from the initial condensate states. In the weight diagram, this amounts
to counting the number of weights connected adjacently to the state of the initial condensate.
This is because the only off-diagonal quadratic terms that generate the dispersiveness of the
modes come from such exchange terms in the Heisenberg Hamiltonian (2.1). If we are dealing
with the geometries considered above (bipartite square/honeycomb and tripartite triangular
lattices) with m = % particles per site in the fully antisymmetric irrep, then this will always
be the case as a consequence of the structure of SU() irreps and the Holstein-Primakoff
condensate (2.10) and (2.34) from which we only collect terms of the order n.. At this order, it
turns out that the terms that will yield the dispersive modes necessarily come from S‘Vl (i )S:’t( J)
in which p and v will both be one of the colours of the initial condensates.

We have also seen that the exchange processes requiring more that one colour-exchange
result in flat modes at the end of the calculations in the quadratic order. The flat modes come
from the terms S (i)Sx (j) and Sﬁ(i)Sﬁ (j) where neither the colour p nor v # u is present
in the initial condensates of the sites i and j. And careful inspection of the Hamiltonian
structure allows us to conclude that the energy of the flat band will be at n,AJn., where
np € {2,..., m} is the number of colour permutations required from the original condensate (A
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is the coordination number between two sublattices that was introduced in Egs. (2.16), (2.32)
and (2.40)).

Hence, the physical picture is very clear here. The states that are attainable by one colour per-
mutation between two neighbouring sites in the initial condensate yield dispersive branches,
and all other states requiring n;, number of colour-exchanges from the initial state will produce
flat bands in the quadratic Hamiltonian. This behaviour is indeed also observed in the SU(2)
spin-S spin-wave calculations using the multiboson method in Ref. [66]. At the harmonic
order of the expansion, 25 modes emerge in the (extended) Brillouin zone, from which all
but one mode are flat. The sole dispersive branch corresponds to the conventional spin-wave
mode, and it corresponds to flipping one spin—% from the neighboring sites (it corresponds to
changing the fully polarised spin state Spax = =S by one quantum AS; = 1/2). The rest of the
modes (that are all flat) correspond to higher-order transitions requiring more than one spin
permutation (reducing the polarisation by more than one quantum).

The origin of the terms of order n. from the Hamiltonian (2.1) allows us to write the harmonic
LFWT Hamiltonian of any SU(/N) model of one of the three lattice geometries studied above
with the according value of m, by counting the number of possible colour-exchanges. We only
need to adapt the number of modes according to the geometry we are considering (we know,
for instance, that the honeycomb lattice has twice as many modes as the square lattice due to
the difference in the unit cell). Let us now write down explicitly the general expression of a
harmonic SU(N) LFWT Hamiltonian for any N in one of the configurations above.

For a given (fully) antisymmetric SU(N) irrep, the generators S. on a given site i can be
expressed as

S‘ff(i) = alzam sgn(oi)sgn(oy) d;y(al...amv) (i)daz-(al...amu) (1), (2.45)
A1y A #E LV
where the indices a;,...,a,, run over the N colors and 01,0, are permutation operators that
order the letters in alphabetical order. This is of course a direct generalisation of Eq. (2.7).
It permutes the color u with v while taking care of the sign change in order to respect the
antisymmetry of the states.

N

After following the procedures described in subsection 2.1.1 for the square lattice with m = 3

and subsection 2.1.3 for the triangular lattice with m = %, the Hamiltonian will be given by
m(N—-m) 5 B 1 m (’:70) (N"_pm)
AP =Y { esqui) Y (1}T Wf 00+ |+ Y nphqui/ne L fi0f,00
K (=1 n,=2 p=1 (2.46)
m(N —m)
- Tﬂsq/tri]ncN,

where the sum runs over the extended Brillouin zone. The coordination number between
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2.1. Fully antisymmetric irreps

sublattices are Asq = 4 for the square lattice and Ay = 3 for the triangular lattice (see Egs. (2.16)
and (2.40)) and the dispersion relations are given by Egs. (2.20) and (2.39).

This is simply because there exists (r’l'; ) (N,;pm

tations from the initial state. So these transitions will be expressed as flat modes at energy
npAsqiwi . As for the dispersive branches, there are (7) N 1"") = m(N — m) of them. When
counting these numbers, one should remember that the dimension of the antisymmetric

accessible states by applying ), colour permu-
ibl by applying n,, col

irrep we are considering is (%) and that the use of the Holstein-Primakoff prescription means
that one boson will be replaced by a number, resulting in (%) — 1 branches in the structural
Brillouin zone in total. Since N and m are not independent (m = %), we can even simplify the
numbers further: the square lattice will actually have m? (or NTZ) dispersive branches and the
triangular lattice will have 2m? (or %) branches. Knowing this, we can compute the ordered
colour moment of the system for a given number of particles per site m, as the reduction
of the magnetisation Am; only comes from the dispersive modes, i.e., from the permitted
fluctuation channels from the initial condensate. The quantity Am; is then given by

As
Ams.q(m) =m? <l (—q - 1)>
i 2 {wsq ) (2.47)
=0.197m?

for the square lattice, and

Amt-ri(m)=2m2<l( Aui —1)>
! 2 \wyik)

=0.516m?

(2.48)

for the triangular lattice.

The same conclusion also applies for the honeycomb lattice, with the only difference being
the number of branches that is doubled in the structural Brillouin zone. Introducing an index
y to account for the doubling of the branches, we obtain

. e

2 m(N-m) ( _ 1
A=Y Y {enon®0 Y| 00f, 00+ )+ Y npAnnTne Y, 3,00, 00
k x=1 =1 ' 2} ny=2 p=1
N —
— M-Ahon]nc‘]v

(2.49)

for the honeycomb lattice, with Apq, = 3. The reduction of the magnetisation as a function of
m is now given by

hon 2 1( Ahon . )>
A ) =m <2 Oron0

= 0.258m>.
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hon,tri
i

larger than 1 for the smallest non-trivial value m = 2 on the honeycomb and triangular lattices,
it seems unlikely that such color-ordered states would be the ground state of these systems. For

the square lattice, it can be seen from Eq. (2.47) that Am?q > 1 for m = 3. The only configuration

Since we have seen previously that the reduction of the magnetisation Am is already

that could possibly retain a long-range finite color-order as a ground state according to the
multiboson LFWT calculations is the SU(4) m = 2 square lattice. This conclusion indeed
corresponds to the physical picture that quantum fluctuations grow as N becomes larger
(remember that there are N(N —1)/2 pairs of ladder operators (S}, i # v) foragiven N, i.e., the
potential number of possible colour-permutation grows as N becomes larger). As N becomes
greater (and, consequently, m as well), there are more and more colour permutations: the
number of possible colour permutations from the initial state grows as m(N — m), so there are
more and more fluctuation channels that destroy the potential long-range order.

We can thus conclude that the only candidate for persisting colour long-range order is the
bipartite square lattice with two SU (4) particles per site, filling the corresponding point missing
in the phase diagram of the SU(V) square lattice in Ref. [69]. In the bipartite honeycomb
configuration, the same SU (4)-symmetry particles have stronger quantum fluctuations and
destroys the colour order, and this is due to the lower coordination number z of the honeycomb
lattice that bolsters the quantum fluctuations. This is a phenomenon also observed with
the SU(2) spin—% particles in the Néel configuration: the magnetic moment is smaller in the
honeycomb lattice than in the square lattice. Taking the values of the reduction of the magnetic
moment of these two lattices from Refs. [45, 75], one finds the following ratio of Am between
the square lattice and the honeycomb lattice: 0.1966/0.2582 = 0.7614. This ratio is the same in
our SU(4) m = 2 models: 0.7864/1.0328 = 0.7614. In both cases, the difference of the magnetic
moments come from the geometry since the particle symmetry is the same in both cases.

It is interesting to note that the data extracted from a pinning-field QMC study [22] shows that
the SU(4) Hubbard model at half-filling on the square lattice indeed seems to retain a finite
magnetisation value in the Heisenberg limit (m = 0.125 +0.044) [74], although it is smaller
than our value in Eq. (2.27). This QMC result is indeed in line with the more recent auxiliary
field QMC results with a larger system size in Ref. [74]: m = 0.11.

2.1.5 Dimensional crossover of the 2D square lattice to 1D chains

This subsection stems from the collaboration with Fakher Assaad, Karlo Penc and Frédéric
Mila [74]. Now that a possible long-range colour order as been established for the SU(4) m =2
square lattice, we can ask ourselves what the LFWT can tell us about the dimensional crossover,
i.e., when one starts to weaken the vertical bonds of the square lattice to go from the 2D square
lattice to a collection of 1D chains, since it is believed that the ground state of the 1D SU(4)
m = 2 chain is the valence-bond solid (VBS) state. Fakher Assaad’s results of the auxiliary
field QMC simulations with system sizes up to 40 x 40 show a small local moment in the 2D
model and supports a continuous transition between the Néel state and the VBS state during
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o000 >
000 OO

(a) Néel (b) VBS

Figure 2.9 — (a) An illustration of the Néel-like configuration with two particles per site with an
ordering vector q = (7, 7). The flavours A, B, C, D are represented by the colors blue, yellow,
red, green respectively. (b) A VBS configuration with two particles per site with an ordering
vector q = (1,0). The horizontal lines represent the intra-chain coupling /, whereas the vertical
dashed lines represent the inter-chain coupling J, that controls the dimensional crossover.

the dimensional transition. The ground-state candidates in 2D and 1D, namely the Néel-like
configuration and the VBS configuration, are shown in Fig. 2.9.

We first define the anisotropic SU(4) AFM Heisenberg model in 2D with the intra-chain
coupling J, and the inter-chain coupling J,,

F=Y Y TS DS, (2.50)
@n v
The site indices (7, J) run over the nearest neighbours, and the indices u, v € {A, B, C, D} label
the flavours. The nearest-neighbour coupling J;; is given by

Jx forintra-chain bonds (horizontal),
Jij= . . . (251
Jy forinter-chain bonds (vertical).

At the isotropic point J; = Jy, the model describes the square lattice in subsection 2.1.1

whereas the regime % = 0 corresponds to decoupled chains. The rest of the calculations

is nearly identical to the LFWT procedure in subsection 2.1.1, so we will only show some

4
important intermediate equations. The harmonic Hamiltonian #® = Y} %éz) after the
a=0
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Holstein-Primakoff prescription is given by

Zﬂi CDkaCDk+bABkbAEkL

keRBZ
2
KERBZ
762 = A
2 = Ile Z
keRBZ
P = A
3 = Ne Z
keRBZ
2
AP =n. Y
keRBZ
with
A:=2]+2],,

(
[
[

a

1.
BD,k

A(“LCkaACk"'bBDkaD)-'_Bk( @} 1B+ Aaci P, k)]

aBDk+bACk ACk)+Bk(a Dk AC _ktpibac, k)] (2.52)

Apak “DAk+bBCk BCk) k(“ Ak BC kT 4paxbsc, k)]

Alpex aBCk+bDAkaA,k)+3k(a Ck DA —kt apcxbpa, k)]

(2.53)

By:=2]xcosky+2],cosky.

The constraint can now be reset to n. = 1. To diagonalize terms Jfl(z) 4 we use the Bogoliubov

transformation as follows:

~f t
~aAC,k — Uk Uk aAC,k (254)
bpp-i) \Vk ) \byp i
with
1(A 1(A
Uk =1/ = —+1 vk=1\/=|—-1],
2 2 \wg (2.55)
Wk = \/.Az - 'Bi
Hence, the diagonalized quadratic Hamiltonian finally reads as
1 - 1
@ _ =t = T -
S = { £k (an,kan,k + 2) (bT7 kbn,k + 2)
keRBZ | nel'\{AB,CD} (2.56)
+8 ( AcpxPcpit bAB kbAB,k)} + const.,
with
Wk = \/.Az - Bi
(2.57)

ﬂmmm1{

2]xcosky +2]ycosky 2

2]x+2]y ) '

The spectrum of the isotropic (J = J, = 1) case is plotted in Figure 2.4.
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(a) The ordered moment as a function of Jy. (b) The reduction of the order as a function of Jy.

Figure 2.10 - The magnetisation and the reduction of it as a function of J,. The magnetisation
below Jj = 0.279 is negative, suggesting that the order is completely destroyed below this
value.

Let us now study the magnetisation and the dimensional crossover of the system. Using the
definition of the ordered moment in Eq. (2.23), we obtain

1 B D
miUx, Jy) = E(Z SHOEDY sﬁ(i))
u=A pu=C

=1- ¥ <aj,(i)an(i)> (2.58)

neT\{AB}
“1-a(s}),

where we used the fact that <aTCD(i)aC D(i)> =0, i.e. the localised band does not contribute to
the reduction of the magnetisation. Let us now fix the value of the intra-chain coupling J, =1
for simplicity. In the isotropic case, J, = 1, it has already been concluded in subsection 2.1.1
that the magnetic moment retains a finite value, m = 0.214, and that this would suggest a
potential flavour order of the system. From this isotropic point, we can now investigate the
dimensional crossover by searching for the value of Jj, such that m = 0. The magnetisation m
vanishes when

]; =0.279. (2.59)

as shown in Figure 2.9, in which the ordered moment and its reduction are plotted. Below this
value of ], quantum fluctuations completely destroy the flavour order, indicating a possible
phase transition. Hence, the LFWT indeed predicts a phase transition from the Néel ordered
state when sliding into a 1D system, in line with the auxiliary field QMC results in Ref. [74].
However, the Néel-like phase appears to be much more robust within the LFWT calculations,
as the value of J§, = 0.279 is much lower than the QMC prediction Jj = 0.74 - 0.78 [74].
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2.2 SU(3) adjoint irreducible representation

We have seen how to use the LFWT with the multiboson approach in the fully antisymmetric
irreps. The nice aspect we did not mention about these antisymmetric irreps is that the weights
are not degenerate, i.e., the states of these irreps do not belong to a multi-dimensional space in
the weight space. These made things “easy” when we were trying to figure out the transitions
between the states induced by the generators S’V‘ in Eq (2.4). However, for a general irrep with
a potentially mixed symmetry, there exists degenerate weights—some states share the same
weight in the weight diagram. This makes the process of deriving the multibosonic expression
of 8! as in Eq (2.4) less straightforward. In this section, we will apply the steps in section 2.1
to the SU(3) adjoint irrep which has a degenerate zero-weight. The SU(3) adjoint irrep has
a mixed symmetry, and in a way, can be considered a “minimal model” in the SU(N) world:
it contains all the particular and distinctive features of SU(N) irreps. Once we know how to
apply the multiboson LFWT with this irrep, we will hold a general recipe for the multiboson
LFWT theory for any arbitrary irrep.

For this, we need a plausible theoretical model involving a colour-order. We thus consider
the antiferromagnetic bipartite chain on which we put three SU(3) particles per site whose
wavefunction lives in Hj The Hamiltonian of this model is given by

FE=] Y, Y S8 () (2.60)
<i,j>HVv ’
with the colour indices p, v € {A, B, C}, and we assume a classical ground-state configuration
such that we have on one sublattice and E on the other sublattice.®

The choice of this model is not fortuitous as there is a physical motivation behind it, but we
will come to this in the next chapter and focus on the methodology of the multiboson LFWT
here.

81t is indeed shown in Ref. [76], using the coherent states that Mathur & Sen introduces in Ref. [77], that this
configuration is indeed a ground state. For a given SU(3) irrep of p, g1, the coherent states are given by

1
p'q!

@-ahP-b"H7)0)

12, @) (p,q) =

;

with the tracelessness condition Z- i = 0 and the normalisation condition |Z|2 = |@|? = 1. In the case of the

adjoint irrep p = g = 1, the expectation of the generators are given by (Z, ﬁ/IS‘gl‘z’, Wy =p**z 6~ w* wg), and our

Hamiltonian using these coherent states are then given by

2 =% = 2 -k 2 =7 2 - = 2
A =Ip°Y (12} - Zi|” +10] - W17 = 1Z; - Wi ™ =105 Z4117].
i

The classical ground state would then be given by Zpp, = @0}, , | = #! and Wy, =Zon+1 = ¢2 such that ¢! and ¢2
are two (normalised) orthogonal fields. In terms of the SU(3) fundamental irrep basis {[4],[B],[c]} and its conjugate

irrep basis {,,} ={A, B, C}, the bipartite configuration of 44 and E indeed satisfies these conditions.
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2.2. SU(3) adjoint irreducible representation

2.2.1 General method for deriving the action of the generators

First things first: let us quickly show again the states of the eight-dimensional SU(3) adjoint
irrep that we saw in Table 1.1 in section 1.1. Since there are two such eight-dimensional
irreps, and , we will use that is antisymmetric in (12). The specific choice of the
equivalent irreps does not matter, as they all obey the same SU(IV) transformation rules.

The states of the SU(3) adjoint irrep in Table 1.1 are presented here once more in Table 2.1
(in the bosonic language) as follows:

= L(laca-ican) = L(1ABA) - |BAN)

418l = L(|ABB)-|BAB)) = -J(BCB)-ICBB))

= -L(1BcO)-ICBO)) = -X(laco) -1ca0)

E = -1(1ACB)+IBCA) = 5(21ABC)-2|BAC) +|CBA)
—|CBA)-|CAB)) —|CAB)+|ACB) —|BCA))

Table 2.1 — The states of the SU(3) adjoint irrep.

Now, let us recall the expression of the generators S, (i) = Z b a(Dby () — %6’51& in Eq. (1.26),

a=1

and see what happens when we apply Sﬁ to the state 4 .

sB Zb

1
—(IABB) - |BAB
\/EU )= | )

)] = i(|ABA> —|BAA))
V2 (2.61)

This is similar to what we have seen in subsection 2.1.1 with the antisymmetric SU(4) states,
and this is somehow natural and expected when looking at the weight diagram in Figure 2.11.
However, there is a situation that we have not encountered yet: what happens when there
are potentially two states that can be obtained by applying a ladder operator, as is the case
with the two zero-weight states in the middle of the weight diagram in Figure 2.11 ? Let us first

observe what happens when we apply Sg‘ onto :
1
—(lACA) - |CAA)) ]

S = Zb “| 7

=—|(|BCA ACB)—-|CBA)-|CAB
\/z(' )+|ACB) ~|CBA) ~|CAB))

In this case, the colour permutation yields only one of the two states in the zero-weight, i.e.,

(2.62)
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Figure 2.11 — Weight diagram of the irrep 8 of SU(3) and the direction in which the three pairs
of ladder operators (S}, with i # v) operate.

the matrix element of the other state is zero:

() sa1A4) = 0. (2.63)

Furthermore, it is interesting to observe that we have the factor —v/2 popping out (which we

did not have in the antisymmetric case), thus yielding a state whose norm is equal to v/2. In
the opposite direction, the results are similar:

GA[A[B] _ _/5[BIB] GA[A[C] _
ShaE= —v2[BpE) Spc=o. (2.64)

The opposite transition in the other direction from the opposite state in the weight diagram is
also similar:

3B [BIE) _ /3 [ATB)
Sier=vaie”

B [A[B] _ $B[A[C] _

So far, we have looked at one of the three pairs of ladder operators, so let us now look at the

(2.65)

two other directions:

Sc_l\f SAA- IE.I f
SR GEP- GRS PR

(2.66)
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So we see that there is a difference with respect to $4, SAf‘: here, we obtain a superposition of
both zero-weight states. But the norm of the resulting superposition state is also equal to v/2.
Note that the pair of ladder operators that generate only one of the two zero-weight states
(as in Eq. (2.64)) can change if we use different basis states for the irrep than the ones used
in Table 2.1. However, the two other pairs of ladder operators will always generate a linear
superposition of both states with the same coefficients as in Eq. (2.66). This is simply the
consequence of the symmetry of SU(3).

The rest of the relations involving the rest of the generators and states are more trivial and
can be derived similarly, together with the fact that 32; = (S’V‘)Jr Now that we know how the
generators act on the states, let us assign a boson to each state of our irrep as done in chapter I.
We will then express the SU(3) Hamiltonian in terms of these bosons. For convenience, we
first label the eight states of the irrep by colors of their normal product state or by numbers:

— state ACA or 1 — state ABA or 2
E — state ABB or 3 — state BCB or 4
(2.67)
— state BCC or 5 — state ACC or 6
[A[B] | N
state ACB or 7 3] state ABC or 8

The labels are antisymmetric in the first two letters. We associate a boson to each of these
(composite) states, which yields eight pairs of bosons d;, d, withae{l,...,8}.

We can start defining the SU(3) operators S, in terms of these bosons d with the help of
Egs. (2.61) to (2.66). For instance, we can infer from Eq. (2.61), Sg = , that Sﬁ has to
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contain the term d', . ,d

ABA All things considered, we obtain

ABB*

84 1= dlgadapp + dyccdpoe = V2dicadacy + V2dcpdpep

Sa:=(85)"

86 = ~djcadace + drppdpep+ dyga (\/gdACB + \/gdABC) + ( oyt %d:[\BC) dgcc
Sd:=(89)'

85 = dygadaca+dpcpdpce+ dygp (_\/gdACB + \/gdABC) + (\/gdleB - \/gdj:uac) dacc
S8:=(85)'

Shi=2d) g d gy +2dycpdacy+ dippdypp+ dyccdace+ dacpdac + dipedype =1
= dIlBAdABA + dj:lCAdACA - d;rBCCdBCC - dIBCB dBCB
Spi=2d)ppd gy +2dhcpdpcg+dhpadyga+ diccdpoe+ dicgdacy + dhpedape—h
= dIlBB dABB + d;recs dBCB - dj:lCAdACA - d;cchcc
S¢i=2d)ccdyce+2dhecdpoe+ dycadaca + dhepdpes + dycpdacs + dapcdape =1
= dIXCCdACC + d;rzcchcc - dIXBAdABA - dIXBB dABB
(2.68)
where
n :dLBAdABA + dLBB dupp+ dzzcg dgcp + dzzcchCC (2.69)

T T T T
+dycclacct Ay pdacat dycplace+Appciape

i.e., the sum of the number operators of each state. This is to satisfy the tracelessness condition

> Sﬁ = 0. Without the number operator 71, we see that the diagonal generators Sﬁ simply count
u
the number of the colour p of each state in the irrep.

The definitions in Egs. (2.68) obey all the SU(3) commutation relations (1.23). The Hamilto-
nian (2.60) can now be written in terms of the bosons d using Eqgs. (2.68) straightaway.

Before continuing, there are two important remarks to be made here. The first is that this
construction, although tedious, gives a general method of writing S}, in terms of bosons
representing each state of an irrep, whatever the irrep that is considered. The second remark
is that since we are working with the adjoint irrep, there is another way of figuring out the
expressions of $, in terms of the bosons d.

2.2.2 Derive the action of S/, for the adjoint irrep

The N? -1 states of the adjoint irrep correspond to the N -1 generators T, (a € {1,...,N* - 1})
because the weights of the SU(N) adjoint irrep correspond to the roots of SU(N), and a state
that corresponds to a generator T, is given by the generator itself, | T,;). For more details,
references on Lie algebras or group theory such as Refs. [58, 59, 60] can be consulted. The only
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Figure 2.12 — Roots of the irrep 8 of SU(3). The name of the states and the corresponding gen-
erators S are indicated. The generators in the Cartan-Weyl basis are also given in parenthesis.
Note that $4 = Hy + 3 Hy, S5 = —Hy + } H> and 8¢ = — H,, see subsection 1.1.2.

properties that matter in this case are as follows:
alTa)+ BTy = |aTa+ BTy), Ta|Tp) = [Ta, Tp)), (2.70)

with @,fe€ Cand a,be{],...,8}. So a generator can be associated to a state. This means that
the expressions of S, that we want can be read off directly from the commutation relations of
SU(3). Here is how.

Let us first associate each of the eight generators in the Cartan-Weyl basis to each of the eight
state of our irrep. Since the expression we want for the generators are in terms of the spherical
generators S’Vl , we need to translate the Cartan-Weyl basis elements to the states |S’Vl ) (which
are our reference states and which are normalized per definition) using Egs. (1.21) and (1.22).
We thus get the following correspondence between the states and the generators:

Eq ~ A4 = |88y, =By B~ BE = |shy,

Bz~ 5 = I55). N ]
a7 - Is) £a -9 - 1)

(2.71)
1 31
i~ [ = vz (s -|sE)  H ~ (B9 = \E-E(IS£>+IS§>—2|SS>)

(= v2iH) (z \/§|H2))

Note that there is a normalization factor in front of | H;) and | H») in contrast to the other states
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of the Cartan-Weyl basis |E4 n), because they are not normalised (remember that the basis
states | S} ) are the ones that are normalised). From this, all we have to do is derive S/, in terms
of the bosons d with the help of the defining commutation relations of SU(3) and Eq. (2.71).
For instance,

SGIEC = $G ISy = [8G, SE] = [Eua, E-a]

3
=H1+EH2—\/_(\/_IH1> \/7(\/7|H2>) (2.72a)
1 3
_ [A]B] 2 [A[c]
_\/§+\/;,

. 1 2
=52 L shest)) = [mavam] =L,
' 2 2 2.72b)
_ __~ [B][C]
el
SABICI_ |y 4 = H) SAN = [Hy, E_y] + = [Hp, E_o] = —E_
A 1+ He | c> [Hy, E_2] [ 2 1= 2 2.720)

_[B[C]
.

These expressions correspond to what we have derived in Egs. (2.66) and (2.68).

2.2.3 The Holstein-Primakoff prescription with the SU(3) adjoint irrep

We now assume that we have a large condensate of state 1 () on the first sublattice A aca
and a large condensate of state 4 () on the second sublattice Agcg. We now introduce
the expansion parameter 7, that will allow us to perform the semiclassical limit 7, — co.”
Physically, it corresponds to the number of composite particles per site, and since we have
one composite particle per site, it will be set back to 1 at the end of the calculations. Since we

have n. particles per site, we can write
8 8
Zl () d, (i) = ne, 21 dh(j)d,(j) = ne, (2.73)
n= n=

for Vi € Asca and Vj € Apcp. We now replace the bosons d,, introduce the Holstein-Primakoff
bosons a(i) and b(j) for the sublattices Aac4 and Apcp respectively. The assumption of a
large condensate of state 1 on A 4c4 and state 4 on Agcp means that the equations above can

9In terms of the Young tableaux, having the number ¢ = 2 would correspond to BE\:D, and having the number

n¢ = 3 would correspond to HEE\:D:‘ etc. As a consequence, an example of the condensates in the limit n; — co
ne ne ne ne

PN, PEEGER
would be [4]...[4][4]...[4] and [B]...[B]B]...[B] .
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2.2. SU(3) adjoint irreducible representation

be written as

al(Ya, () =nc.— Y alDay@),  by(Nby(j)=nc— Y b ()b, (), ©.74)
n#l n#4

and in the limit where n, — oo, we can use the Holstein-Primakoff prescription:

tos . tos .
a,(i),a,(i) — _ [nc— ) ap(a,(i) = /nc -
1 1 o] n n 2\/_1#1 275
bi(j), by () —  [ne=Y. bl(j)b,(j) = vne 1 ()b, ()
4 * n#4 7 7 2\/_77;64

The truncation of the Taylor series at this order is sufficient to obtain all the terms of the
quadratic Hamiltonian of the order n.. It is also worthwhile noting that the commutation
relations (1.23) stay valid up to order G (1) even after this transformation. Gathering all the

3
terms of the order 7., we obtain the quadratic Hamiltonian .#? = ¥ Jféz):
a=0

HP = 7P + 767 + 767 + 767 where

P =In; Y Z[2a8(z)a8(z)+2b*(])b8(])+3a3(z)a3(z)+3a5(z)a5(z)
lEAACA<]>

+3b§(j)b2(j)+3bg(j)b6(j)+4a}(i)a4(i)+4b{(j)b1(j)]

(2.76)

HP=]n. Y Y ag(i)az(i)+b§(j)b5(j>+a;(i)b§(j)+a2(i)b5(j)]
1€Apca<j>
7 =Jn; Y Y ag(z‘)as(i)+b§<j)b3<j)—ag(i)b§(j)—aﬁ(i)b3(j)]
1€Apca<j>
HP=]n. Y Y 2a;(i)a7(z')+2b§(j)b7(j)—2a§(i)b;(j)—2a7(i)b7(j)].
1€Apca<j>

After Fourier-transforming,

. 2 —ikr . 2 —ikrs
an(,):,/N_ Y ayke i, )=y — X byke™, 2.77)
sites keRBZ sites keRBZ

with the state index n € {1,...,8} and the number of sites Ngj;es, the harmonic Hamiltonian in
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Chapter II. Multiboson Linear Flavour-Wave Method

Fourier space is then given by

HP =]n; Y. [4a;<k) ag (k) + 4D} (k) by (k) + 6a (k) as (k) + 6a] (k) a5 (k)
keRBZ

+6b} (k) b, (k) + 6D (k) bg (k) +8al (k) a, (k) + 8B (k) b, (k)

tu
o= ne 3 (o e

keRBZ 1,—k (2.78)

u

2 2k
A2 = Jne Y (ll;k,uz'_k)Mk(t 2k,
keRBZ Wk

‘u
7 =Jne Y (ug,k’uS—k) 2M (tufg'k )

keRBZ 3,—k
where
ul = (a0, BlW0),  uy = (a0, by(-R),
ul = (al), ph), o, = (ag- k), by(- ), (2.79a)
= (al ), bhw0),  uy = (@R, by (- ),
od B 1 0 0
M, ::( k), of = ( ), By = ( Yk), (2.79b)
@k o 01 Yk 0
with the geometrical factor
Yk :=cosk. (2.80)

As the structure of the sub-Hamiltonians in subsection 2.1.1 are the same, we can use the
Bogoliubov transformation (2.17). By introducing the new Bogoliubov bosons f; with { €
{1,...,6}, the diagonalized quadratic Hamiltonian is finally given by to simplify

P =]n; Y.
keRBZ

6 1
‘;w((k) (fg(k) o+ 5)

+4a} (k) ag (k) + 4b} (k) by (k) + 6l (k) az (k) + 6a] (k) as (k)

(2.81)

+6b5 (k) b, (k) + 6] (k) b (k) +8al (k) a, (k) +8b] (k) b, (k) | + const.

up to a constant, where

w1,23,.4(k) =21 -cos?(k),
(2.82)
ws,6(k) =4V 1-cos?(k).

These dispersion relations are plotted in Figure 2.13.
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Wy, 4(/€) Ws,ﬁ(k’)
4 4
3 3
21 2
1 1
-1 0 3 —3 0 B

Figure 2.13 — The dispersion relations w, ¢ of the bipartite chain.

.....

Let us now look at the modes more closely. There are in total six dispersive modes, fi,..., fs,
four of which have the same dispersion relation w; 2 3 4(k) = 2v/1 — cos? (k). These modes come
from the sub-Hamiltonians Jfl(z) and sz(z) involving the state 2 (), state 3 (), state 4 ( ,
and state 5 (). These states are the ones that can be obtained by one colour permutation
between neighbours of the initial condensates, and they lead to dispersive modes as in models
with the antisymmetric irreps in 2.1. There is one more state that can be attained with one
colour permutation from both sublattices, however, and that is the state 7 (). The transition
to this state yields the modes w5 (k) stemming from the sub-Hamiltonian Jé’(z), and these
modes have a factor 2 compared to the other modes w12 3,4(k). This is related to Eq. (2.62),
where we have seen that such a transition yields a state whose norm is equal to sqr 2.

We had also seen in Eq. (2.63) that we cannnot reach the state 8 () by one colour permutation
starting from the state 1 or 4 that we are condensing, although it looks possible in principle
according to the weight diagram in Figure 2.11. It acutally turns out that

1 CqA _ Ay [A[A] _[4]C
% (28558 - sp) {44 =141 (2.83)
so getting the state 8 requires two colour permutations. Hence, in our harmonic-order Hamil-
tonian in the n.-expansion, the modes ag ag and bg b, related to the state 8 are flat. The value
of this flat energy mode is 4, just like the maximum value of the modes ws g of the state 7.

Equally, the other transitions requiring more than one coulour permutation yield flat modes.
The values of these flat modes are larger when more colour permutations are needed. For
example, from the perspective of the state 1 of the sublattice Asca, the state 4 is further
away than the state 5. This translates into the terms 8a2; a, and 6a§ as in the final harmonic
Hamiltonian.
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In conclusion, the states attainable with one colour permutation from the initial condensates
yield the six dispersive modes (with two different velocities), all of whom are linear in k for
small values of k.

2.2.4 Considering different states as condensates

If we decide to use a condensate of the state 2 () on the first sublattice and a condensate of
the state 5 () on the second sublattice, the resulting quadratic Hamiltonian right after the
expansion in 7, has a different structure than Eq. (2.76). However, after the diagonalisation,
the resulting dispersion relations will be identical to Eq. (2.82). This is what we show in the
following.

Using the same recipe as above, we use the Holstein-Primakoff bosons a and b on the sites of
the sublattices A 4p4 and Apgcc, respectively,

tos . tos .
a,(i),a,(i) — [nc— ) ap(Day(i) =+/nc ay (i) a,(i),
e - 3 e = - zrn;

L), bs(j) —  [nc= Y BY()Dby(j) = Vi — —= Y bl ()b, ()),
n#5 \/_17#4

(2.84)

after which we obtain the quadratic Hamiltonian by gathering all the terms of the order n.:

FP = 72 + 72 + 762 + 767 where

P =]n; Y Z[3a1(z‘)a4(i)+3ag(i)a6(z')+4a§(i)a5(i)

iEAABA<j>
+3b](j)by () +3b5(Dbs () +4b} (Db, ()]
P =Jn. Y. Y ai(z‘)al(mb}(j)b4(j)+a{(i)bl(j)+a1(i)b4(j)],

i€Aaga <j>

y (2.85)
67 =Jne Y. Y ag(i)ag(mbg(j)bﬁ(j)—ag(i)bg(j)—ag(i)be(j)],
i€AABA<j>

HP=Jn. Y Y |2al(i)a, (i) +2al (D) ag(i) + 265 (7)b; () +2b5 () by ()

i€ABa <j>

1 1 3 3
+ Ea;(i)bi(j) + a7 )by () + Eaguwgm + 5 ag(D)bg())

3 3
+ %ai(i)bg(j) + %aﬂi)bgm + £as(z)b*u) + £agu)b (])]
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After the Fourier transform, we obtain
(2) _ T T T
Sy~ = Ine Z [6a4(k)a4(k)+6a6(k)a6(k)+8a5(k)a5(k)
keRBZ
+6b! (k) by (k) +6b] (k) by (k) + 8L (k) b, (k) |,

‘u
Jfl(z):]nc > (“I,k’“l.—k)Ml,k(tu#’k ’

keRBZ 1,—k (2.86)
A2 = In Z (uT u )M tuz’k
2 = c 2,k Y2—k 2,k tuT ’
keRBZ 2,-k
8 =n. Y (uT u )M i
3 = c 3,k "3,—k 3,k tllT )
keRBZ 3~k
where
ul =(alth), b)), u, o= (a,(=k), by(-k)),
1,k 1 4 —k
u} = (af k), Bi0), u, ;= (a3(=k), b(=k)), (2.87a)
ul 1= (al k), & (o), bl (), by (k) u, = (a;(=k), ag(—k), by (—k), bg(—k)),
- Bk 10 0 1
My = ™, of] = , By = ,
Mz,k::Ml,k)
5 0 0 0 0 o L &) @8
v3 3
oty By 0200 o o ¥ 2
M = ’ , d:: , % = 2 2 ,
3,k (933,k dg) 3 00 2 0 3,k =Yk % ? 0 0
V3 3
0 0 0 2 £33 o0 0
with the geometrical factor
Yk :=cosk. (2.88)

The generalised Bogoliubov transformation can be used to diagonalize the system, and the
matrix that has to be diagonalized is then

, d, B
M, = O TR aeq1,2,3) (2.89)
’ _t%a,k _da

Its positive eigenvalues yield the frequencies w,, of the diagonalized Hamiltonian. More details
on the generalised Bogoliubov transformation can be found in Appendix A. All in all, we obtain
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8 1
Py T

keRBZ | ¢=1
+6a] (k) a, (k) +6al (k) ag (k) + 8a] (k) as (k) (2.90)
+ 6B (k) b, (k) + 6D (k) by (k) + 8B} (k) bz(k)} +const.,
with
w1,234(k) =2v1-cos?(k),
ws 6(k) =4v/1—cos?(k), (2.91)

w78 =4,
that are plotted in Figure 2.14.

We indeed see that this Hamiltonian has the same dispersion relations as the Hamilto-
nian (2.81). As in the previous case with a different condensate, the transition to the zero-
weight states (see Eq. (2.66)) from the sub-Hamiltonian Jféz) yields the dispersive mode with
the higher velocity, w4 5. This is seen clearly if we re-express the Hamiltonian (2.76) a bit by
redefining the bosons a bit. Let us define the bosons f and g as follows,

f(i):%a7(i)+\/§ag(i), f(j)=%a7(j)+\/§as(j),
(i)—\/ga (l')—id () (')_\/ga(')—ia(')
g—47 \/ZB' 81—47] \/18];

such that they satisfy the bosonic commutation relations [f, fT] = 1,[g,g"] =1,[f,g™] = 0.
We then see that the harmonic Hamiltonian in (2.76) can be written as

(2.92)

%352) =Jne y Z {2gT(i)g(i)+2gT(j)g(j)
i S (2.93)

w2[ffafa+Fpra+ oo+ raro)}

The terms involving the new bosons f (i), f(j) have the same structure as Jfl(z) and %2(2) with
a factor 2, and they evidently give the dispersive modes with twice the velocity of the other
dispersive modes. From the definition of the boson f in Eq. (2.92), we see that it corresponds
to the transition to the zero-weight states Sé or Sg described in Eq. (2.66). The new
bosons g(i), g(j) correspond to the states orthogonal to those represented by the bosons
f(@), f(j), and they generate flat modes.
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wi,...a(k) ws,6(k)
44 n
31 3
21 91
11 1-
-3 0 5 =5 0 2
w778(k:)
3,
2,
1,
—3 0 >

Figure 2.14 — The dispersion relations w;,.._g.
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Linear Flavour-Wave with Mathur and
Sen Bosons

Introduction: low-energy spectra of the SU(3) models

A general prescription for applying the LFWT for any SU(N) irrep has been described (2.2.1).
However, it can be a bit tedious to derive the representation of the operators, especially if we
are only interested in the dispersive low-energy modes related to the Goldstone modes. Could
there be a different possibility of performing the LFWT? A different bosonic representation for
the generators S}, paves a different way, and this is what we will explore further in this chapter.
We will use the bosons introduced by Mathur and Sen [77] for SU(3) and further used and

developed by others [78, 79, 80]. We will subsequently name these bosons the “Mathur & Sen’
bosons.

The model we will first look at is the bipartite SU(3) chain in the self-conjugate irreps, in
particular the adjoint irrep model introduced in section 2.2. It is a model for which we are
interested in the low-energy spectrum for investigating interesting physical properties, and it
will also allow us to develop a method for performing the LFW expansion using the Mathur
& Sen bosons. It will be shown that the spectra yielded by this bosonic representation are
the same as those derived previously in section 2.2. Once we know how to deal with the
self-conjugate irreps, we will then try to study the low-energy behaviour of the bipartite SU(3)
chain in an arbitrary SU(3) irrep. Although we treat the one-dimensional case only, we note
that it is easily generalisable to any dimensions.

3.1 TheSU(3) chain in the self-conjugate irreducible representations

This chapter is the fruit of the collaboration with Kyle Warmer, Mikl6s Lajké, Frédéric Mila
and Ian Affleck [76]. The reason why we are particularly interested in the self-conjugate SU(3)
irreps is because of the Lieb-Schulz-Mattis-Affleck theorem. The theorem states that a one-
dimensional chain with half-integer SU(2) spin per unit cell is either gapless or has a ground
state degeneracy, and there exists a generalised version of it for the SU(N) symmetry. In the
case of SU(3) chains in the symmetric irrep [p, 0] that was studied in Ref. [12], it implies that
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Chapter III. Linear Flavour-Wave with Mathur and Sen Bosons

this model must either be gapless or have spontaneously broken translation symmetry for all
values of p that are not a multiple of 3. The case of the self-conjugate irreps [p, p], however, had
not been studied. Consequently, Wamer et al. [76] started working on the self-conjugate SU(3)
irrep chains with field-theoretical calculations to show that the Lieb-Schulz-Mattis-Affleck
theorem fails in this case as the number of boxes is always a multiple of 3, and the system is
always gapped for any [p, p] with an additional feature that the 22-symmetry (parity) is broken
for odd values of p only. Some AKLT-type ground states are presented in Ref. [76].

The long-range colour order is thus obviously not a ground state of the SU(3) [p, p] 1D chain—
the Mermin-Wagner-Coleman theorem [54, 55] would forbid it anyway. But it is a useful
assumption to make, as it gives a starting point for field-theoretical calculations. As a con-
sequence, the LFWT calculations were used in the first part of this project to provide an
alternative way of obtaining the low-energy spectra of the system. With this, it was shown that
the model posesses six Goldstone modes and that they have unequal velocities, all of them
being in complete agreement with the results of the field theory.

3.1.1 Mathur & Sen’s bosonic representation

Let us introduce another bosonic representation for the SU(3) irreps which is described
in [77, 79]. We will closely follow the notation in these articles.

The group SU(3) has rank 2, which means that the states in SU(3) can be written by using two
triplets of bosonic operators

| al] =6, |5y b} | = 6, |, b,| = [a,, b} =0, (3.1

where y,v € {A, B, C} are the color degrees of freedom. The vacuum state can then be denoted
by |ﬁa,ﬁb) = |0), and we can define the following number operators

C C C C
Na:=Y Nou=Y ala, Np=Y Nyu,=Y blb, 3.2)
u=A pu=A u=A u=A

C C
whose eigenvalues will be denoted by n, = 3. ngyand ny = ). npy.
'u:A y:A

With the help of these bosons and the Gell-Mann matrices A (k € {1,...,8}), we can now define
the following operators

C
Qr= ZA aL T a,- bL " b,, (3.3)
wv=

where T} are the generators of SU(3) given by Ty := %/lk. As they are constructed from the
Gell-Mann matrices, they automatically satisfy the tracelessness condition. Since A and A},
are being used, it is clear that the three states aL |0) = |u) = |.) represent the states of the
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fundamental irrep (OJ or 3) and that the three states bI |0y = |¥) = |") represent the states of
its conjugate irrep (H or 3), with g, v{A, B, C}. From this, it is possible to build states in any
other irrep. For instance, the states in the irrep Hj (or 8) will satisfy n, = 1 and nj = 1. This
construction is related to the tensor method that is well explained in Ref. [59]. It is based on the
fact that a representation Ty of the generators of a Lie algebra that satisfies [T, T;] = i fi;™ T
admits a representation T} := — T} such that

(Ti, T = [T, T = =i fid" Ty = i fid ™ T, (3.4)

and that a state from the fundamental irrep of SU(3) can form a singlet with the state from its
conjugate irrep. We can then write the states of any SU(3) irreps using the tensorial notations
with covariant and contravariant indices and use the contraction of indices like in general
relativity. In this construction, these indices are translated into the bosons a;, and b,. One
important aspect is that it has to satisfy the tracelessness condition related to the traceless-
ness of the SU(3) generators. If we write a generic SU(3) state using the Einstein summation

convention,
M-l T ot _ —Mp V1V
vibral eal, bl bl 10y = v [, 3.5)

then the coefficients v of a state belonging to the irrep [p, gl have to satisfy
Sy vy =0, (3.6)
where a € {1,...,min(p, 9)}.

Let us see what this concretely means by taking the example of the adjoint irrep. The states of
the adjoint irrep have to satisfy n, = n, = 1, so we could naively use one boson aL and one
boson bI to create the states of the adjoint irrep. This yields nine states:

|AB),|AC),|BC),|BA),|CA),|CB),|AA),|BB),|CC). 3.7)

This actually corresponds to (® H (or 3 x 3) as we are using one bosons a and one boson b.
However, we know that this tensor product contains not only the adjoint irrep, but also the
trivial irrep:

nDeH=He- (3.8)

The traceless condition (3.6) precisely corresponds to excluding the singlet of the trivial irrep
|AA)+|BB)+|CC) (up to a normalisation constant). Linear combinations of states in Eq. (3.7)
(namely |AA), |BB ,|CC)) yield either the singlet or the two zero-weight states of the adjoint
irrep: the states —= |AA —|BB)) and L (|JAA)+|BB)-2|CC)), see Figure 3.1. They indeed

belong to the ad]01nt irrep as they are orthogonal to the smglet ( |AA)+|BB)+|CC)).

For our purposes, it is more convenient to express the generators in terms of the raising and
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Dor 3 Hor 3
B A G
A B
C
Hor8
BC AC
75(AA - BB)
BA % AB
J5(AA+ BB —200)

CA CB
Figure 3.1 — Weight diagram of the irreps 3, 3 and 8. Out of the nine states from 3®3, the singlet
\/ié (AA+ BB+ CC) can be constructed, which is a state annihilated by all the raising operators.

The eight states in 8 can be obtained by enforcing the tracelessness condition, or by acting the
lowering operators on the highest-weight state of 8 which is AC.

lowering operators S, Following the construction in subsection 1.1.2, we define

S3:= Qi +iQs, $5:=Qi—iQ

86 = Qu+iQs, $8:=Qu-iQs

SC 1= Qe +1iQy, $B:=Qs—iQ; (3.9)

S‘vA._Q+ 1Q S‘vB._ Q+ IQ SC._ 2Q

A" 3 \/§ 8» B- 3 \/§ 8 C:* \/§ 8

which, after simplification of the expressions, lead to

= (aba, —bib,) - 6" (K- N 3.10
v dvau uv v3( a b)r ( . )

with u,v € {1,2,3} (= {A, B, C}). This construction naturally satisfies all the commutation rela-
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p p
(@) AAA\A\ ) BBB\B\
cle cle
P P

Figure 3.2 — An example of the states involved in the ground state configuration for p = 2. (a)
The state of sublattice A; with p times B and p times A. (b) The state of sublattice A, with p
times A and p times B.

Sg, S‘Vl] =09 Sg - 6g S% and the tracelessness condition Y. Sﬁ =0.
I

tions

Henceforth, the bosons ay, a», as will be associated to the colors A, B, C, and the bosons b,
b, bz will be associated to the colors A, B, and C (or , and ).

3.1.2 The LFWT with Mathur & Sen bosons

We are now ready to apply the LFWT on the SU(3) antiferromagnetic Heisenberg chain whose
Hamiltonian reads as

C
F=] Y. Y SO, (3.11)
<i,j>u,v=A

The states on each site will be in the self-conjugate irreps represented by the Young tableaux
with p two-box columns and p one-box columns, i.e., irreps given by the Dynkin label [p, p].

As in subsection 2.2.3, we can choose the classical Néel ground state configuration that is
given by p times A and p times B on the sites i in the sublattice A 4c 4,

1 p -
— INAVANE —
|gs); == ol (aA(l)bB(l)) |0y = (AB)®P, (3.12)
and p times B and p times A on sites j in the other sublattice Agcp:

1 -
l85)+= (apb)" 10 = BA®P. (3.13)

These two states are depicted in terms of the Weyl tableaux in Figure 3.2.

These states satisfy the following constraints
c c .
Y a,a,=p, ) bib,=p, (3.14)
n=A pu=A

where p = 1. By taking the semi-classical limit p — oo according to our aforementioned
assumption of condensates (AB)®P oni € Asca and (BA)®? on J € Apcp, these constraints
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become

al\(a, (@) =p - lay()ag (D) + a.(Dac ()],
bl ()b (i) =p — [b', ()b, (i) + bL (1) b ()],

to. . tos , T, . (3.15)
ag(ag(j) =p—la,(jla,(j)+a-(Hac(H],
bl (Nb4(j) =p— (b5 ()bg () + bL(N b ().
From this, we can perform the Holstein-Primakoff transformation
al(@,a,i) — [p-Y al(Da,l) = \/_—— Y al(ay,(),
u#A 2\/_u;éA
b, by() —  [p= Y bli()b,(i) = \/_—— > bl()b, (),
ez 2P iz "
(3.16)
ab(.az() — [p- Y al(pa,(j)= \/‘—— > al(a,j),
u#B 2\/_;#3
bL(ba() — [p= Y bL(Dbu(j)~ \/_—— > bh()b, ).
UtA 2\/_,u¢A

This approximation is justified by the expectation values of the coherent states shown in
Eq. (57) in Ref. [77], namely that

5 |k - _ k
(Ray10) <z,w)Q |z, w>(nmnh)—nazuﬂth —npwy Ay, w, (3.17)

i.e. the expectation value of the “L“u and bLbH with respect to the coherent states are given by
Na,u and ny,,, respectively.

The truncation of the Taylor series at this order is sufficient to obtain all the terms of the
quadratic Hamiltonian of the order p. It is also worthwhile noting that the SU(3) commutation
relations (1.23) stay valid up to order (1) in p even after this tranformation.

We can now apply this transformation on the Hamiltonian (3.11) written with the bosonic
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operators (3.10), which gives the quadratic Hamiltonian #® of the order @ (p):

H9 = 767 + 767 + 767 where

#P =1 ¥ Y plabpaci)+bLibe(d - bLDal()~bebac(],

i€ Gy

iEAACA<j) )
A2 =] Y Zp[ZaE(i)aB(i)+2a:r4(j)aA(j)+2bT4(i)bA(i)+2b};(j)bB(j)

iEAACA<j)

+al(a',(j) - al bl (j) - b (Da', () + bl Db ()
+aB(i)aA(j) - aB(l)bB(]) _bA(i)aA(j) +bA(l)bB(]) .

The Fourier transform can be applied with

a,(i) = > oaye ™, a, ()= Y ake ™,
Nsnes keRBZ Nsnes keRBZ (3 19)

ROERY by(kye ¥, b, (j)= AT
'u NSlteS ke%gz u ] NSlteS k€%32

where k runs over the reduced Brillouin zone, Ng;ees is the number of sites and the superscripts
1 and ? keep track of the sublattices A a4c4 and Apcp respectively. The quadratric Hamilto-
nian (3.18) is then given by

3 3 tu .

AP =Y P =pY ] Y ( ul u, k)Mak(t W )] (3.20)
a=1 a=1| keRBZ W,k

where

ul :=(ag! k), B (k) u, _=(ab-k), ()

1,k * C 'Y C ) 1,-k* C M C ’

“z,k:(“?(k%bg(k)), ug,_k:=(a%(—k),b};(—k)), 3.21)

u;k::(ag(k),blT(k),aiT(k),bZT(k)), usv_k:=(a}3(—k),bh(—k),ai(—k),b%(—k)),
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and
o Bk -1
M= ™, of1:=1,, By = ,
1,k (%l,k o 1 2 Lk =Yk 1 o0
My i =M
0o 0 1 -1 (3.22)
oy Bsy 0 -1 1
M. 1, of3:=2- 1y, B 1= ,
3,k (%gk o 3 4 3,k =Yk 1 0 o0
-1 1 0 0
where the geometrical factor
Yk :=cosk (3.23)

has been introduced. The Hamiltonian can then be diagonalised by using the generalised
Bogoliubov transformation, after which the diagonalised Hamiltonian is given by

8 1
H9=] Y {Z we (k) (f;(k)f((k) + 5) } + const. (3.24)

keRBZ (=1

up to a constant, where the bosons fﬂ are the new Bogoliubov bosons, and

w (k) =2p]|sink], wse(k) =4p|sink],
1,2,3,4 p 5,6 p (3.25)
w7,8(k) = 4p.

We obtain 6 dispersive Goldstone modes with two different velocities, and 2 flat modes. The
plots of the dispersion relations for p = 1 can be found in Figure 3.3.

It can be seen that the dispersion relations here are identical to those obtained with the
multiboson method in section 2.2. The physical process of these modes is a bit less obvious
here, so let us look at what is happening more closely.

The six Goldstone modes w;,._ ¢ can each be associated to one of the six off-diagonal gen-
erators acting on the initial condensate. For instance, the modes w; » stemming from the
sub-Hamiltonian Jfl(z) arise from the Holstein-Primakoff bosons alg and b?. These bosons
correspond to the action of the generator Sé‘ on | gs)i on sublattice A oc 4 or the action of Sg on
| gs) jon sublattice Apcp. This yields another state of the irrep which differs from the original
condensate by one color. Similarly, the modes w3 4 from the sub-Hamiltonian %2(2) come from
bosons agT and by that correspond to acting Sg on |gs>l. and acting Sg on |gs> i These modes
are thus of the same nature as the dispersive modes we had found in the fully antisymmetric

models in section 2.1.
The case of bosons a};, b}:, af, b? in the sub-Hamiltonian Jf?fz) is, however, a bit different.

For a better understanding, let us formally rewrite JL”SEZ) using the new bosons f and g defined
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Wy, 4(/€) Ws 6(k)

4 4

3 3

2 2

1 1

-z 0 3 —3 0 2
w778(k:)
3,
2,
1,
3 0 >

Figure 3.3 — The dispersion relations w; g for p = 1 (adjoint irrep).

.....

as
£ = —=[abti) - BL()], ) = —= @) - B3],
\{E \? (3.26)
gl = % [ah () +bY ()], g (j) = % (@4 () + b5 ()]

The sub-Hamiltonian %3(2) in (3.18) can then be written as

0 =1 Y Y plegig ) +2g" (Hg*()
i€Aaca (]) (3.27)

w2 o+ A oo+ Mot o+ Foroll
where the new g!, g2 bosons clearly give non-dispersive flat modes.
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Chapter III. Linear Flavour-Wave with Mathur and Sen Bosons

Let us set p = 1 for a second and consider the adjoint irrep with the help of the weight diagram
in Figure 3.1. The generators S and S& applied on our initial condensates |gs); or |gs) j create
the state AA — BB that belongs to a two-dimensional subspace in the weight diagram with
zero weights. In terms of the Holstein-Primakoff bosons—remember that we are gathering the
terms linear in p only—this state corresponds to f! on sublattice A 4c4 and f2' on sublattice
Apcp up to a factor:

Sg(i)|AB>i:|BB>i_|AA>i
= (ajbh) - a @Bl )1 == p(aho-plo) 0 +opY (.28
~V2pfl|oy,

T
v}

Sg(j)|BA>j:|AA>j_|BB>j
= (a,()BhG) - ah(PBED)Iy == p(al(h - B5())10)+ @ (p°) (3.28b)
~V2pf2(j)l0).

This corresponds precisely to Egs. (2.62) and (2.65) in the multiboson representation. These
will give the remaining two propagating Goldstone modes w; > that come from the sub-
Hamiltonian Jféz). The reason why these modes have a velocity two times larger than the
others is because the states created by Sf and Sé from our initial condensate have a squared
norm twice as large as the states created by the other generators, an aspect we already encoun-
tered again Egs. (2.62) and (2.65). This is also seen in the factor V2in Egs. (3.28).

The two remaining (flat) modes w7 g come from the bosons g! and g? who simply generate
the states orthogonal to those corresponding to f! and f? in the matrix Mj3 as the result of the
diagonalisation of the matrix. The states related to the bosons g' and g2 are |[AA), +|BB); and
|AA> it |Bl§'> i respectively, and they are a mixture of the state of the irrep [1,1] and of the
singlet of the trivial irrep of SU(3). This happens partly because the Hilbert space is enlarged
with the Mathur & Sen bosons—there are 9 bosons although there are only 8 states in our irrep
in question—and also because of the truncation of our Hamiltonian in the expansion. When
applying the generator S}, on a state of the irrep [1, 1], the resulting state always remains in
the same irrep as it should (even though the Mathur & Sen bosons enlarges the Hilbert space).
However, the truncation of these generators to a certain order results in some states having an
overlap with the trivial irrep.

We would like to point out, however, that these flat-mode bosons g! and g2 obtained from
768 could also be related to the other remaining zero-weight state %6 (AA+BB-2CC) of the
irrep [1, 1] that cannot be obtained by a single colour flip from |gs>i or |gs> i (see Eq. (2.63)). As
already mentioned in Eq. (2.83), what we need is at least two colour permutations:

(25558~ 53)|AB), = (ahay+ bl by ~2b].byala,) |4B), 3.29)
=|AA), +|BB), -2|CC),. |
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3.1. The SU(3) chain in the self-conjugate irreducible representations

Hence, it could be that this state (that is orthogonal to AA— BB) appears as flat modes, just
as in subsection 2.2.3, and the modes w7 g do not correspond to Goldstone modes. In terms
of the Holstein-Primakoff bosons, this state corresponds to the boson g! (i) if we gather the
terms with one colour permutation only:

|AA), + |BB), ~2|CC), = (ah(a, () + b, ()by(i) - 2L Dby (D al (D a, ) | AB),
—  vp(ahw-pho)io (3.30)
~ Vpg'10).

Note that we need two colour permutations to obtain |CC); from |gs); or |gs) j+ Then, what
we obtain here is exactly what we see in Eq. (3.27).

For p > 1, the logic is the same. The states we obtain by applying the generators Sg and Sﬁ
applied on our initial condensates |gs(i)) or |gs(j)) is the state (AA— BB)(AB)®*”~V up to
a factor, and it belongs to a two-dimensional subspace in the weight diagram,'? just like in
the adjoint irrep. The other state that lives in this two-dimensional subspace, i.e., (AA+ BB —
2CC)(AB)®P~V, requires at least two colour permutations and manifests itself as flat modes.
All in all, the degenerate points in the weight diagram will always yield flat modes after the
diagonalisation of the Hamiltonian. It is to be noted, however, that there are less flat (localised)
multipolar modes here than with the multiboson method.

Hence, it can be finally concluded that the dispersion relations related to the Goldstone modes
are w1, ¢ for any p, and the velocities of these six Goldstone modes are given by

C1:=C:=c3:=C1:=2pJ], c5:=ce:=4p]J. (3.31)
These velocities are in complete agreement with the field-theoretical calculations in Ref.[76].

It should be noted here that the dispersive modes are obtained more easily than with the
multiboson method as we did not need to derive the expressions of S, separately for the adjoint
irrep. As we will see in the next section, we can easily extend this calculation to a generic SU(3)
irrep [p, g] with the Mathur & Sen bosons. With the multiboson method, however, it would
be very cumbersome to carry out the calculations for a generic irrep [p, gl as the number of
bosons become large.

10For p>1, these states indeed belong to a two-dimensional subspace in the weight diagram, but are not zero-
weight states anymore: the weight is # 0 for these states.
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Chapter III. Linear Flavour-Wave with Mathur and Sen Bosons

3.2 The SU(3) model in irreducible representation [p, g] on the bi-
partite d-dimensional lattice

Let us now consider a general d-dimensional bipartite system (1D chain, 2D square, 3D cubic,
etc.) with states in any SU(3) irrep [p, g, whose Hamiltonian is given by

C
=] 3y Y SOS). (3.32)

<i,j>p,v=A

If we assume a bipartite configuration in d dimensions with the coordination number 2d, we
want to condense two opposite states in the weight diagram. Without loss of generality, we
can choose to have a condensate of p times A and g times B (e.g. for p=2,g=1) onthe

sublattice A; and p times B and ¢ times A (e.g. EE for p =2, q =1) on the other sublattice
A, as we did for the adjoint irrep (see footnote 8 on page 40).

These states satisfy the following constraits
C ; C ;
Y aa,=p, ) byb,=q. (3.33)
'u:A u:A

The semi-classical limit can then be taken to be p, ¢ — oo according to our aforementioned
assumption of condensates A, BonieA; and B,Aon J € Ay. The constraints thus become

al\(ia, () =p - la()ay (D) + aL(Dac ()],
bl ()b (i) =q — (b, ()b, (D) + bL.(D) b ()],

T . T . to . (3.34)
ag(Nag(j) =p—la,(as(j) +be(ac()l,
bl ()b () =q - [bL()bg(j) + bL(D b ().
From this, we can perform the Holstein-Primakoff transformation
al,a,i) — [p=Y aDa,)~yp-=—= Y al(Da,),
UtA \/_y¢A
bh(i),by() —  [q= Y bli(i)bu()~ G- =—= Y bl()b,(),
u#B 2\/_p;£B
(3.35)
al(,ag() — [p-Y aL(j)a,J(j)z\/_—— Y al(Hay,(),
fres 2P 78 "
bl ba() — Ja- Y bi(Dbu(j)~ \/‘—— > bL()b, ().
U#A 2\/_y7fA

The truncation of the Taylor series at this order is sufficient to obtain all the terms of the
quadratic Hamiltonian of the order p and of the order g.
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lattice

We can now apply this transformation to the SU(3) AFM Hamiltonian (3.36) which yields the
quadratic Hamiltonian of the order @ (n,):

769 = 762 + 767 + 767 where

AP =7V % [qaz(j)ac(j) + pbl.()be (i) - Vpabl(hal(j) - \/ﬁbc(i)ac(j)] :

iehs (j
AP =7y Y [qag(i)ac(i) + pbL()be () - VPGal (Db () - \/Wacmbc(j)] :
i€ (j
AP =]Y Zp[(p+q)ag(i)a3(i)+(p+q)a1(j)aA(j)+ (p+ Db (Db o)+ (p+ L ()Hbg()
iehs (j

+ paly(i)aly(j) — vPaay ()bl (j) - vpab' (D a',(j) + gbl ()b} ()
+pag(ia,(j)—v/pqag(Dbg(j) —vVpPab,(Da,(j)+qb,(D)bg(j)|.

(3.36)
After Fourier-transforming,
N 2 1 1y p—ikeri o 2 2 1) o= KT
a) =\ 57— 2 a@e™™ ", a, ()= ) a,de,
sites keRBZ sites keRBZ (3.37)
. 2 —ikr; . 2 —ikr;
b=\ X buMe ", b=/ ¥ Bide Y,
sites keRBZ sites keRBZ
with the sublattice index !,2 keeping track of the sublattices Aj, Ay, we obtain
3 ‘u
woer 5 F (] -
keRBZ a=1 U, x
where
(1t 2t 2 1
uf o= 00, a5 0, b o, b o), u, = (ap(-k), a4 (=K, by (-k), by (<L),
uly = (g 09, 52 10), u, o= (ab (-1, A (1), (3.39)
ul = (ad 09, bl 10), ug = (ac(-k), be(-K),
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o B 0 0 -/
Ml,k:: ! 1’k), o :=2d (q ), B x =2dyk (—\/ﬁ Opq),

(3.40)

5
I}
Y
&

0

A =2d(p+q)ly, B\ = 2dyx P
’ —vPq

0

with the geometrical factor

cosky,

3(cosky +cosky),

’)/k . (341)

3(cosky +cosky +cosk;), d=

for the 1D chain, the 2D square lattice, the 3D cubic lattice etc. The generalised Bogoliubov
transformation can be used to diagonalise the system, after which the diagonalised Hamilto-
nian is given by

8 1
HAP=7 Y { Y wr® (f(T (&) f, (k) + E) } + const. (3.42)

keRBZ ((=1

up to a constant, where the bosons fu are the new Bogoliubov bosons, and

w1200 =d(\/(p+ @2 -4pay-p+a),

w3400 =d(\/(p+9? ~4payz +p-q),

(3.43)
ws,6(k) =2d(p+ @)\ /1-72,
a)7,8(k) = Zd(p + 6])
Note that ws 456(k) =0, since
\/(p—q)2 = \/(p+q)2—4pq
(3.44)

= (p-q) < \/(p +q)? ~4pqy;.
Let us now concentrate on the 1D case (d = 1) in order to compare the results with the self-
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lattice
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Figure 3.4 — The dispersion relations of the bipartite chain for p =2, g =1.

conjugate irrep calculations done in subsection 3.1.2. For the self-conjugate irreps p = g, the
dispersive spectra become

w1,2k) =2plsink|, w3,4(k) =2p|sink|. (3.45)
ws,6(k) = 4p|sink|, w7,8(k) = 4p, '

matching the dispersion relations we had in Eq. (3.25). However, for general p and g, that
is not the case. In general, it is possible to have linear dispersion and quadratic dispersion
simultaneously. The Figure 3.4 shows the dispersion relations for p =2, g =1 as an example.

We see that there are two dispersive modes ws g linear in k for small values of k, and four
quadratic modes w1,2,34. Two of them, w; », are gapless whereas w3 4 are gapped. The be-
haviour of these quadratic modes is reminiscent of the ferrimagnetic models like the antiferro-
magnetic Heisenberg alternating-spin chains with two different spins, S and s. More details
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Chapter III. Linear Flavour-Wave with Mathur and Sen Bosons

on these can be found, for example, in Refs. [81, 82, 83]. These models exhibit one gapless
quadratic mode exactly like w1 » and one gapped quadratic mode exactly like w3 4, where p, g
take the role of S, s. The gapless branch is called the ferromagnetic branch as it reduces the
magnetisation of the system, and the gapped branch is called the antiferromagnetic branch
has it enhances the magnetisation. These ferrimagnetic systems thus show both ferromag-
netic and antiferromagnetic characteristics. Our SU(3) [p, g] model is physically similar to
the ferrimagnetic models: the modes w3 4 5 6 coming from the generators SB, Sg, ﬁé, Sg exhibit
a ferrimagnetic behaviour, because the asymmetry of p, g is similar to having two different
spins S, 5. In addition, the generators $4, Sﬁ show a purely antiferromagnetic behaviour by
yielding linearly dispersive modes: exchanging one colour A in the initial condensate
with a colour B of a neighbouring site is purely antisymmetric in nature as there is no colour B
initially in the condensate.

This model thus has a very unique property of possessing both a ferrimagnetic and an antifer-
romagnetic behaviour. These characteristics have also been confirmed by Kyle Warmer and
Ian Affleck by obtaining the low-energy behaviour of this model using field-theoretical calcula-
tions. It would be worth investigating this model further as there are lots of interesting physical
questions arising from the mixture of ferrimagnetic and antiferromagnetic characteristics.

This concludes the use of the Mathur & Sen bosons for the application of LFWT for arbitrary
SU(3) irreps [p, g]. With this bosonic representation, the process of obtaining the dispersion
relations seems a little easier than with the multiboson method and it yields significantly
less flat modes in which we are not interested in our physical models. However, we have only
discussed the case N = 3 so far. How would things work for N > 32

3.3 What about N > 32

The construction of Mathur & Sen rely on the fact that[Jand H are conjugate to each other
and that their tensor products can form any other irrep of SU(3). For SU(3), this is great as one
can build states of any irrep easily by using more products of bosons a and b representing
the Young diagrams (J and H, i.e., by “gluing” both types of boxes together next to each other,
as the SU(3) Young tableaux can only have two rows of boxes at most. If we were to consider
SU(4), however, the fundamental irrep [J and its conjugate irrep E are not enough to cover
all the irreps of SU(4), in this logic of putting the Young tableaux together one next to each
other: the self-conjugate antisymmetric irrep H would also be needed, which is completely

antisymmetric like @

In fact, there are N—1 completely antisymmetric irreps (with one column in the Young tableau)
in SU(N) in general, and we thus need N — 1 families of bosons a,, by, ...who represent the
states of each of the N —1 completely antisymmetric irrep, as explained in a subsequent article
by Mathur and Mani [78] and in Georgi [59]’s book as well. Hence, the construction we used
for SU(3) can be generalised for any N by introducing more boson families, but the bosonic
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representation of S, has to be found for the irreps H, E etc. unlike the irrep [J and its conjugate

irrep for which the generators S/, are easily expressed.

Coming back to the example of N = 4, we would have the bosons a for (] and the bosons b

for @, similarly to the SU(3) case. In addition, if we were to generalise Eq. (3.3) for SU(4), the

representation of the generators T (k € {1,..., N? —1}) in the irrep H would be needed to be
found for the new boson family c;, ..., cs describing the six states of H as well. This is, however,
nothing else than the multiboson approach we used in subsection 2.1.1: this is exactly what
we did in (2.4). The conclusion is that the LFWT expansion using the Mathur & Sen bosons
differ from the multiboson approach in general, e.g., with mixed irreps. But if we were to apply
the LFWT with Mathur & Sen bosons for SU(4) H model in in subsection 2.1.1, it would be
identical to the multiboson method.

We have now seen the multiboson method and the Mathur & Sen boson method. They deliver
arobust way of performing LFWT, but the calculations can be cumbersome for SU(N) irreps
with many boxes in the Young tableau. One can then ask the following question: is there
a better-suited bosonic representation for performing the LFWT in general SU(N) irreps?
Luckily, Mathur and his collaborators have already thought of a bosonic representation that is
more adequate to our need in Ref. [80], and this will be the subject of the next chapter.
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|IAYA Linear Flavour-Wave with Read and

Sachdev Bosons

Introduction: yet another bosonic representation

This chapter is the result of the collaboration with Karlo Penc, Pierre Nataf and Frédéric
Mila [62], along with some useful discussions with Ian Affleck. This time, the harmonic quan-
tum fluctuations will be considered using a different bosonic representation to express the
SU(N) generators. This bosonic representation is briefly mentioned by Read and Sachdev in
Ref. [8] for SU(N) irreps corresponding to rectangular Young diagrams (e.g. H}) with m rows
and 7, columns. It is also mentioned in a different mathematical context by Mathur and his
collaborators in Ref. [80] in a more general way for any general SU(N) irrep. It is a bosonic
representation that extends the well-known Schwinger bosons in SU(2), and it incorporates
the symmetry of the Young tableaux.

In this chapter, we will name the new bosons the Read & Sachdev bosons. As we shall see, the
computation of the dispersive modes are easier with these bosons for N in general, the way in
which we implement the condensate has to be adapted for different irreps.

4.1 Read and Sachdev bosonic representation for rectangular Young
tableaux

Before proceeding to the general case, let us first settle with SU(V) irreps with rectangular
Young diagram containing m lines and n, columns. The method will be nearly identical for
arbitrary irreps as well, but this will allow for a clearer presentation.

In this bosonic representation, we attribute a boson to each colour and each line of the Young
tableau.!! Which means that in our rectangular case, we will have bosons dy o with the colour
index u € {A,B,...} = 1...,N and the row index a € {1,..., m}. The SU(N) generators S, can

U Note that this is different from the boson representation introduced in subsection 1.1.3. In that case, the bosons
had a colour index and a particle index (related to the number of particles per site).
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then be written as

m n
X:: va IJG N MV’ (4.1)

where

Il
1l agE:
>
Q

m N
=3 3 diud (42
a=1pu=1

is the total number operator, the Greek letters p, v are the color indices and the Latin letters
a,b e {l,...,m} are the row indices. The second term in Eq. (4.1) is to satisfy ZS“ 0 and

can be dropped for the subsequent discussion. This construction naturally satlsfy the SU(N)
commutation relations (1.23).

If we are working in a given irrep, a set of constraints have to be imposed to ensure that the
states indeed belong to the irrep in question:

Z dw b= NcBab, (4.3)

These constraints are a generalisation of the constraints of the SU(2) Schwinger bosons. Here,
the constraints involving different rows enforce the antisymmetry of the irrep.

Finally, the Heisenberg Hamiltonian in this bosonic representation can be given by
N A A
=]y Y S8,
<i,j>pv=1

N m
=] Y Y X dhdyd),(Dd,, ().

<i,j>pmv=1la,b=1

(4.4)

4.1.1 SU(4) m =2 on the square lattice

Let us now reconsider the SU(4) m = 2, n. = 1 square lattice model that we already explored in
subsection 2.1.1, with the Read & Sachdev bosons this time. It would be instructive to see how
the states of the irrep with m vertical boxes can be created. Let us define the antisymmetric
tensor operator

t azam gt gt t
A,Ul,uz Z Z Z Eal o d 1a1dyga2 'd,umam (4.5)

al la,=2 a,=1

in which the fully antisymmetrical Levi-Civita tensor e*'“2""%n js used. This tensor operator
contains a sum of m bosonic creation operators. This tensor thus creates a state defined in the
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antisymmetric irrep with m rows when applied on the vacuum, e.g.

A 100 = = () = ). «6)

Coincidentally, the Read & Sachdev bosons for such a fully antisymmetric irrep are identical to
the defining bosons in subsection 1.1.3.

Moving on to the colour order configuration, we consider, as before, the ordered bipartite
configuration on the square lattice with the colours A and B on the sublattice A 45 and the
colours C and D on the sublattice A¢p. Our expansion parameter here is n., and we go to the
semi-classical limit n, — oo in which there is the assumption of a condensate composed of
colors A, B on the sites i € A 4p and a condensate of colors C, D on the sites j € Acp. To apply
the Holstein-Primakoff in this setting of condensates is, however, somewhat tricky because
there are four condensates which are not independent of one another: for A 43, there is the
condensate related to the boson b 41, but also those who are related to the bosons bg1, bas and
bps. This is because number operators {7i41), {7ip1), {(fia2) and (fig,) are all equally dominant
in the limit of n, — oo, see Appendix B for more details. If we were to apply the Holstein-
Primakoff prescription with these, one would need to take the constraints involving the same
row indices in Eq. (4.3),

N N
Ly = e, L oy = e %)
p= p=

and gather somehow the terms that are large for the square-root expansion to be well-defined.
In addition, in order to apply the Holstein-Primakoff prescription consistently, the commuta-
tion relations (1.23) should ideally be satisfied up to order ©'(1) (this has always been true in the
previous cases). Unfortunately, there is no consistent way of choosing one Holstein-Primakoff
expansion satisfying all the aforementioned requirements, and they all lead to different results
at the end. We hence turn to the Bogoliubov substitution, namely the substitution of the con-
densed bosons with c-numbers, in the spirit of Bogoliubov’s calculations of superfluidity [84].
Since the expectation of (7141), (71.42), {7ig1), (7ip1) are large with respect to the others for A 4
(and {7ic1), {(ic2), {Aip1), {Aip2) for Acp), the c-number substitution in our model is then

d\ (D) — 24,  dy,()— 2z, ws)

de(D =260 Apa(D) = 2he '

for any i € Aap, j € Acp, and a € {1,...,2}. It is worthwhile noting that the conventional
spin-wave calculations of SU(2) using the Holstein-Primakoff bosons in the harmonic order
amounts to using the c-number replacement for condensed bosons.
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With this, the constraints (4.3) for the sublattice A 45 to order @ (n.) are reduced to

* * _
Za1%a1 1 Zp12p1 = Ne
* * _
Zp2%p0 t ZppZpy = e (4.9)

* * _
Zp1%02 1 Zp12p, =0

It is to be noted that the complex-conjugate counterpart of the third equation has been
dropped as both are equivalent. These constraints can be neatly written in a matrix form Uyxp
by defining

Zua = VN [UaBlpa (4.10)

with p € {A, B} (i.e,, the first % colors) and a € {1,..., m}. What is nice about this is that the
constraints (4.9) is translated into a unitarity condition on the matrix Uap. One side remark
here: optionally, it is possible to parametrise the matrix elements of U,p as vectors on the
Bloch sphere. We can write the constraints (4.3) as

Yab Zzaéa,bzAb +2ab Zgaéa,szb =2nc,

4.11
Yopzt 0Pz +Y 2zt oWz =0 @1
ab“Aa® a,p*Ab ab<ga® qp“Bb ~ ’
with the Pauli matrices U;“I)) (a = x, y,z), or equivalently,
z57,+2%-2,=2n,
A 4aT4p LB ¢ (4.12)

*

g@ ., * L g, , =
Z,-0 Z,+23-0 zB—O.

We can then consider (zju, zzz) and (zgl, zgz) as two SU(2) spinors, and they can be parametrized

as
ixas VB IXAB o3 DaB —ipap
Za1 =+V/Nce cosT, Zao =+/Nce smTe ,
9 9 (4.13)
. UaB AB
zp1 = V/T¢ smT, zZpo = —\/7i¢ cosTe 1Pas

This ends the consideration of the constraints for the sublattice A 4g. The same consideration
naturally applies to the remaining sublattice A¢p. In the limit of large n., we again start from
the constraints (4.3) to obtain

* * _
Zc1%c1 T 2p12p1 = Ne
* * _
ZcaZcy T 2ppZpy = Ne (4.14)

* * _
Zc1%c2 Y 2p12pe =0,
which can be rewritten further in a (unitary) matrix form U¢p,

Zya =: VN [Ucplua (4.15)

76



4.1. Read and Sachdev bosonic representation for rectangular Young tableaux

with u € {C, D} (i.e., the remaining g colors) and a € {1,2} = {1,..., m}. Alternately, the z,,
can be parametrised as

; dcp iven . 9CD i
zc1 = /N e'*P cos — zc2 = \/nc e’ sin — e 1¥eo,
9 9 (4.16)
. 9cp CcD _j
2p1 = Ve sin—=, Zp2 = —\/"¢ cos —=e Mpco

We are finally ready to replace the bosons dAa(i), dBa(i), dCa(j), dDa(j) (with a € {1,2}) and
their adjoint counterparts in the Hamiltonian Eq. (4.4) by the corresponding c-numbers
above. This yields the harmonic Hamiltonian .%#® of the order @ (n.). We can first apply the
Fourier transform by introducing the bosons a,,, (k) for the sublattice A ac4 and b, (k) for the
sublattice Agcp,

2 , 2 ,
i) = Y ale ™, Bualj) = > bu0e ™, (4.17)
Niites keRBZ Niites keRBZ

with Ngjes being the number of sites. The quadratic Hamiltonian %@ is then given by

qu]nc

u
0= Y (ufu) M (tu”rk ) ~2zeqJneN, (4.18)

2 KéRBZ K

with zgq = 4 the coordination number and

ul. =(at, 00, al, 00, aly, 0, a}, 00, b}, 00, b}, 00, b, 40, b, 0),

— ls % (4.19)
2\l 1)
0 Al
%kz qu,k .
Ysq kU 0

The geometrical factor yq k = %(cos ky + cos ky) is the one defined in Eq. (2.16). The matrix U
comes from Uag and Ucp, i.e., Uag ® Ug p with permuted columns, and is thus also unitary:

ZA12C1 <RA22C1 <A1Z2D1 RA2ZD1
ZA12C2 RA2Z2C2 ZA1ZD2 RA2ZD2

U= . (4.20)
ZB14C1 <B2Z2C1 <B14D1 <B2ZD1

ZB142C2 XB2Z2C2 ZB1ZD2 <ZB2ZD2

Itis important to note that this structure of U and of M is a consequence of the structure of the
Hamiltonian in Eq. (4.18) inherited from the Bogoliubov prescription and the constraints (4.9)
and (4.14), and it remains true in general for any values of N and corresponding m. For
example, the diagonal entries in My being proportional to 1 is a direct consequence of the
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constraints involving the same row indices. For a different value of m, the only change will be
the size of the matrices Uap and Ucp, but the unitarity condition will still remain, and this
general structure of My will not change.

We can now diagonalize the matrix by using the generalised Bogoliubov transformation. As
explained in section 1.2, the matrix Y = 0, ® 1g is used in the Bogoliubov transformation, and
the eigenvalues of the matrix Y My yield the dispersion relations wy. The eigenvalues A; in this
case can be found easily thanks to the simple block structure of Y My and by observing that

2
1 0
i — |[Ysaid T 421
L ( 0 Ysqxl s @20

for any unitary matrix U. From this, it follows that

1
YMkYMk:Z(1—|Yk|2)]116 (4.22)
=1%116,

from which we can conclude that the eigenvalues A,

1
Ae=£54/1- Ysqxl*- (4.23)

By regrouping all the terms and by labelling the new Bogoliubov bosons f;, diagonalized
quadratic Hamiltonian can be finally given by

8 1
H=]n; Y. wsqk) Y ( f; () f; (1) + —) —2zJn.N, (4.24)
keRBZ (=1 2

where the eight-fold degenerate dispersion relation wyq k is given by

wsq1) = Zsq\/ 1= [ Ysqi|*- (4.25)

The dispersion relation obtained here is identical to the dispersion relation (2.20) obtained
with the multiboson method in 2.1.1, which is reassuring. Since we started from mN = NTZ
bosons for each sublattice and condensed half of the bosons in each sublattice afterwards,
we end up with NTZ 212 = NTZ = 8 modes in the reduced Brillouin zone (or NTZ in the extended
Brillouin zone), which also corresponds to the number of modes obtained with the multiboson
method. Furthermore, there is an added bonus that the multipolar flat modes (in which we

were not interested for our physical problem) are absent when using this method.

Let us briefly draw the reader’s attention to the fact the derivation of the dispersion rela-
tion (4.25) above shows that the dispersion relation does not depend on the choice of the
values of z;,, as long as they satisfy the constraints (4.9) and (4.14) of the semi-classical limit.
The constraints here, as we have seen, is equivalent to the unitarity condition of the matrices
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4.1. Read and Sachdev bosonic representation for rectangular Young tableaux

Uap and Ucp. If we use the parametrisation (4.13) and (4.16) for simplicity, this means that
the dispersion relation will be the same whatever the choice of values for the set of parameters
4B, 9 AB, X AB O Icp, YD, Xcp: there exists a gauge degree of freedom for each sublattice.

4.1.2 SU(6) m =2 on the triangular lattice

We know from previous considerations that the structure of the Hamiltonian does not funda-
mentally change with the geometry of the lattices considered in section 2.1, since we always
regroup the bonds between two different pairs of sublattices. Hence, this method can be
identically used for the square, honeycomb and triangular lattices in the two-sublattice or
three-sublattice configuration. To briefly illustrate this, let us come back to the the SU(6) m =2
Heisenberg model on the tripartite triangular lattice subsection 2.1.3. With colours A, B on
the sublattice A 4p, C,D on Acp and E, F on Agr, let us decompose the Hamiltonian ./ into
three sub-Hamiltonians, namely,

S = SEAp—cD + FCD-EF + SCEF- AB» (4.26)

where H g contains the bonds between A 45 and A¢p etc. If we now concentrate on #4g_cp,
we arrive to the conclusion that the semi-classical approximation and the Bogoliubov pre-
scription leads to the constraints

Z;l(l‘)ZAl(i) + Z;l(i)ZBl(i) = n(,‘
ZZz(i)ZAz(i) + zgz(i)sz(i) =n, (4.27)

25 (D)2, (D) + 25, (D25 (D) = 0
forie Aap, and

260 (Nze (N + 25, (Nzp, () = ne

280 (N2 () + 25, ()21, () = nc (4.28)

201 (DNze, () + 21, (Nzp, () =0,
for j € Acp, which are identical to Egs. (4.27) and (4.28). Following the same procedure in sub-
section 4.1.1, one can replace the condensate bosons by c-numbers satisfying the constraints
above. In this case with the three-sublattice order, higher-order terms are generated in the

Hamiltonian, unlike in the two-sublattice order calculations where the resulting Hamiltonian
is purely quadratic. In other words, the c-number replacement will generate

0= 709 1 709 1 709 (4.29)

1
where #®? «x G (n.), #V O(nZ) and Y  0(1). However, once we truncate the Hamil-
tonian to keep the dominant term of the order & (n.) only, the rest of the calculations are, in
fact, identical. The only differences are the factors that depend on the geometry of the lattice
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. .1 . .
such as zyi =3 and yyix = % (e’kx +2e 3k cog ‘/7§ ky). Using the Fourier transform,

2 s _ 2 _ ik,
d,q(i) = Y a,,le ™, d(j) = Y bue ™, (4.30)
Niites KERBZ Niites keRBZ

as before with bosons a and b defined on two different sublattices. All in all we obtain an

identical sub-Hamiltonian up to geometrical factors:
8 ( 1
Fap-cp=Tne Y 0uilk) ) ( ;W f00+ 5) + const.. (4.31)
keRBZ (=1

with

0 = zai\/ 1~ [ Yuik] - (4.32)

As for the calculations of #¢cp_gr and #gr-4p involving the sites | € Agr, we need the
constraints,

z2p Nz (D) +zp (Dzp (1) = ne
ZEZ(Z)ZE2 + zl’gz(l)ze(l) =n; (4.33)

2p (DNzgy + 25 (Dzg, (1) =0,

and the Fourier transform

2 .
dgD=1/~—— Y c e ™, (4.34)
Nsites kerBZ

We see that the calculations will also be identical as in 4.1.1, but with different bosons. Finally,
the sum of all the sub-Hamiltonians yields

+ const. (4.35)

7=y

) 1
. i Z
Wi (k) (221 (f( (k)f((k) + >

in the extended Brillouin zone. As in the multiboson method, we obtain 8 modes in the
extended Brillouin zone with the same dispersion relation, again without the flat multipolar
modes. The terms that contribute in the order & (n.) from this sub-Hamiltonian #45_cp
are the terms that involve the color permutations A, B — C, D, i.e., the permutation of the
colours that are present in the initial condensate—this is also the case in the multiboson
approach. As we see here, the lattice geometry just needs to be adapted once we have the
method established.

In the next subsection, we briefly present the explicit solutions of the constraints for an
arbitrary m and the corresponding value N.
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4.1. Read and Sachdev bosonic representation for rectangular Young tableaux

4.1.3 Arbitrary m

As explained in the derivation of the dispersion relation of the SU(4) m = 2 square lattice
model, the analysis in subsection 4.1.1 can be straightforwardly applied to any arbitrary m
(and to the corresponding N) for a given lattice, thanks to the preservation of the structure
of the Hamiltonian (4.18). It has also been pointed out that the resulting dispersion relation
is identical whatever the values of the c-numbers z,,, as long as they satisfy the generalized
Schwinger constraints. For practical purposes, however, we can also simply use a definite
value for z;,, when calculating the dispersion relation. We thus present here a possible general
solution for the constraints for any value of m and show that it indeed yields the dispersion
relation obtained above in a general way.

For a given m (or corresponding N), let us assume that we have the color-ordered ground
states we considered in the previous cases (square/honeycomb/triangular lattices). We will
designate the number of the sublattices by ng,,, and each sublattice will be denoted by
le{l,..., ngp}. The colours of the condensate on the sublattice [ will be indexed by p. Since
there are m particles per site, they will take a value between 1 and m. There will also be row
indices a, b € {1,..., m}. After the Bogoliubov prescription in the limit . — oo, the generalised
Schwinger constraints become

m
Y zLZsz =6 apne. (4.36)
p=1

for each sublattice / with corresponding condensate colors p.

n-1 i
Using the identity ) e b = 0, where n € N>, and g € {1,...,n — 1}, it can be easily

Ngub=0
verified that
2 =gl ) = U (4.37)
ua (ppa m . cMuar :

with the phase (p/lm(m) defined by
Pla(m) = e” 1@ VH, (4.38)

is a particular solution of the constraints (4.36). An example of the phases for four condensed
bosons per site (m = 4) is shown in Table 4.1. This corresponds to the SU(8) model on the
square/honeycomb lattice or the SU(12) model on the triangular lattice. If we take the values
of Table 4.1 for the square lattice model as an example, we can easily perform the generalised
Bogoliubov transformation and obtain

+ const., (4.39)

#=y

16 1
wsq) Y. ( £ f 00+ 5)
(=1
i.e. 16 modes in the extended Brillouin zone with the same dispersion relation as in Eq. (4.25).
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pe{AB,C,D} | a=1 a=2 a=3 a=4
A 0 el e—21x e—3lx
B 0 e—2ix e—4ix e—6ix
C 0 e—3ix e—six e—9ix
D 0 e—4ix e—8ix e—lzix

Table 4.1 - Phases ¢,,,(m) of the numbers replacing the condensed bosons that satisfy the

antisymmetry constraints for m = 4. The phase ¢, for a given p and a can be read from the

Table, in which x := %’

This, again, agrees with the results of the multiboson calculations (2.46) without the flat modes.

In general, there are Nm bosons per site with the Read & Sachdev bosons, from which

N
Nsub
to diagonalise the Hamiltonian, this procedure yields Nm — m

m = m? bosons are replaced by complex numbers. After the Bogoliubov transformation
2 = m(N - m) modes in the
extended Brillouin zone: this corresponds to the number of dispersive modes we have found

with the multiboson approach, see. Eq. (2.46) and subsection 2.1.4.

4.1.4 The magnetisation

We have figured out how to derive the low-energy spectra of these models using the Read &
Sachdev bosons, but it would be neat to be able to compute the ordered colour moment as
well. Let us take the SU(4) model with m = 2 on the square lattice, and try to calculate the
ordered moment by using the definition in Eq. (2.28):

1 B D
m; = E(Z Sh -y Sk |,
p=A pu=C

1

= §(<ﬁA1 + Lp2) +{fig1 + Aipz) — (Aic1 + Aic2) — (Ap1 + ﬁDz))
1

= 5 (¢han+ ) + G + o) = i + i) = (n + ) (4.40)
1

=5 [(1=<Ac1) = (Ap1)) + (1 = (Ac2) — (Ap2))

—{fic1 + Aice) — {fip1 + lip2)]

=1- ((ﬁm) +(fip1) +{fic2) + (lez))-

Here, the constraints (4.3) and the assumption of a large condensate of (71 41), {7ig1),{fia2), {fig2)
have been used in the forth line. The expectation values in the last line depend on the result of
the Bogoliubov transformation which depends on the initial values of z,,.
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If we choose the values

20(0), 250 (i) — V/ne, Z3 (1), 25 () = Ve,

(4.41)
299(0), 250 (1) — 0, 25(), 250 () — 0

that satisfy our constraints and that correspond to having A on the first row and B on the
second row for i € A 4p (and similarly with C and D for A¢p), then the Hamiltonian we obtain

4
JC =) Hyisgiven by
a=1

_ T
Fo=nc ), |zsq|d dC1k+dA1k +Z8q78qk(d01k at,—k T derian, k)

)
)

(46,

S =ne Y ZSQ(dEz,kdcsz“dmk 1k) T %sqYsqk (d 281+ Ao, k)
(
(5,

|

|

Hy=nc Y. |2sa(dhyscprsct dhpdaos) * Zsa¥sak (@i s o+ i, k)]
i+ 2savsak (Tl s+ il i) |

The structure of the Hamiltonian is identical to the one obtained with the multiboson method,
Eq. (2.15), without the flat modes. Then we can use the same Bogoliubov transformation as
in Eq. (2.17) for each of the sub-Hamiltonians. For instance, we define the new Bogoliubov
bosons d for 7 as

7t T
dAl,—k vk ) \dyy g
where
l qu " 1 ’ 1 qu _ ,
2 Wsq,k 2 Wsq,k (4.44)

wsq(k) = zsq\/1 - |qu,k|2-

The expectation values in Eq. (4.40) can then be computed:
(fic1) = {fip1) = (Ace) = (fip2) = (Vlz(> (4.45)

This is identical to what we had found in Eq. (2.26) with the multiboson method. We can then
conclude that
_ 2
mi=1-4 < Uk)
=0.214,

(4.46)

which is consistent with the multiboson approach, see Eq. (2.27).

We can thus conclude that the choice of values for z,,, in Eq. (4.41) indeed yields the colour
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magnetisation value that is identical to the value found with the multiboson approach. Such
choice of condensates (putting different colours on different rows) works for the other cases as
well, e.g., the SU(6) m = 3 model on the square lattice, and the calculations are again the same
as in the multiboson method. It should be checked whether this is the case for any solutions
of the constraints (4.36), but we believe that this is true for any solutions.

This wraps up our discussion on the fully antisymmetric irreps using the Read & Sachdev
bosons. Let us now investigate how these bosons could be used in irreps with mixed symme-
tries by taking the SU(3) adjoint model once again.

4.2 The SU(3) adjoint irrep

As an example of the use of the bosonic representation of Read & Sachdev on non-rectangular
irreps, let us come back to the irrep Hj of SU(3) from section 2.2 and chapter III, which
is of dimension 8. To describe the states of this irrep, we will thus need bosons d,,, where
pe{A, B,C}and a € {1,2} since there are maximum two rows in Hj We will denote the maximal
row-length of the Young diagram of a given irrep by m, so m = 2 in our case. As before, the
states of this irrep have to satisfy the generalized Schwinger constraints

t t T _

dyydyy +dpdp, +dedey =2
T T T _

dy,d o+ dg,dg, + dczdcz =1 (4.47)
t t T _

dyydpy+dg dg, +dcyde, =0,

The antisymmetry of the rows 1 and 2 is implemented through the last equation of (4.47). Note
that the conjugate of the last equation is not part of the constraints anymore, in contrast to
the irreps with rectangular Young tableaux. The expression of the generators S remains the
same as in Eq. (4.2),

A

m

A n

Sf/t = 2 \, diadﬂﬂ - N6[JVr (448)
a=1

even though the Young diagram of the irrep is not rectangular. We will, once again, drop the
second term that does not influence the rest of our calculations.

4.2.1 Constructing the states with the Read & Sachdev Bosons

Although it is not necessary to have an explicit expression of the states of our irrep in terms of
the Read & Sachdev bosons to perform the LFWT expansion, it is still instructive to look at the
construction of the states.

Following the footsteps in subsection 4.1.1, we could try something similar to Egs. (4.5)
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and (4.6). To construct the state = ACA, we could do
A[Al_ at 3t _ abgt gt ot
= Apcby =€ dy,Acydy 10). (4.49)

in which we used the Einstein summation convention. As with the other bosonic representa-
tions we have seen in this thesis, such a construction works well for the states that have no
degeneracy in the weight diagram, but there is a freedom in the choice of the states of the
doubly degenerate zero-weight states (the two states involving three colours and ). To
use the same choice of basis as in the rest of the thesis (and this also presents a systematic way
of creating these states with this Read & Sachdev bosonic language), we can take the basis we
had in Table 1.1, and translate it into the Read & Sachdev bosons. For example, let us recall
from Eq. (1.25) that

1
A[A] _ _ [t 3t Al T
= S(ACH) -IcAD) = (b f b, bl b A,Z) bl 5 10) (4.50)

if we use the natural bosonic representation in subsection 1.1.3. The first two colour particles
are antisymmetric, and the third colour comes with the particle index 3 indicating that it
is the third particle. In the Weyl diagram, the third particle sits in the second column that
contains one row only. In the Read & Sachdev language, this means that this third colour
particle A should be represented by d 41, i.e., with the row index ;. Proceeding this way and
by adapting the normalisation constant, we can translate all the states in Table 2.1 into the
bosonic representation of Read & Sachdev, the result of which is given as follows in Table 4.2:

el = e
A5 = Leavd b i 10) = - 5edy,dy,dy, 10)
- et P = e
&7 = —gle bl = 35 A0

veabd) dl dl )i0)

Table 4.2 — The states of the SU(3) adjoint irrep.

These states obey the constraints (4.47) as it should, and it can be verified that the action
of the generators on one of these states generate the states of this adjoint irrep only, thus
showing that the action of the generators is closed as it should. Also, all the transitions and
their coefficients are identical to those found in subsection 2.2.1 as it should.
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4.2.2 LFWT on a bipartite 1D chain

We now proceed to the computation of the spectrum using the LFWT. Using the SU(3) opera-
tors in the Read & Sachdev bosonic representation (4.48), we obtain the Heisenberg Hamilto-
nian in this representation

3
=] Yy Y S@OS())
<i,j>p,v=1

(4.51)

m

3
=] Y Y Y dlhd,,)d),()Hd,,)

<i,j>uv=1la,b=1

up to a constant.

The constraints of this irrep are given by
St
IEI clﬂldﬂ1 =2n,

3
15 dlyd,,=ne (4.52)

3t
u§1 d“ldﬂz =0,

where p is the color index, and 7 is our expansion parameter as before, which will be set to 1
at the end.

As before, we assume a bipartite system with on the sublattice A 4c4 and on the other
sublattice Agcp, i.e. we consider

lgs(D) = C e} (hl, (Ddl, (0] 10),
(4.53)
|gs()):=C

el (dl,(Ddl, ()] 10,

forany i€ Aaca, j € Apcp and a € {1,2}, with C being the normalisation constant. In the limit
n. — oo, the dominant numbers are

(dfydn@)=2n,,  (bL,(dc2d) = ne,

(4.54)
<d};1(]‘)d31(j)> =2n,, <d22(j)dc2(j)> = n,,

and other quadratic combinations of bosons are small compared to these values, see sec-
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tion 2.2. Hence, we can use the Holstein-Primakoff approach:

di (),dy() —  [2n.— Y bl (Dd () =20, - ———= LDy, (@),

Al Al \/ [J;A ul ul 2\/2—[:”;14 ul

dl, (i), dc, (i) — \/nc—ZdLZ(i)duz(i)z dl,()dy, (D),
pu#C ﬂ#C

(4.55)

df, () dg () — \/2nc ;Bdmmdmm V2ne— oo \/2_ ;Bdgl(j)dm(j),
7 Ne

A&, (D, de, () — [ne= Y dl,(Dd, () = dfy (D, ().
u#C

,u;éc

The truncation of the Taylor series at this order is sufficient to obtain all the terms of the
quadratic Hamiltonian of the order n.. As in the other cases where we have used the Holstein-

Primakoff bosons, the commutation relations (1.23) stay valid up to order & (1) even after this
transformation.

Note that the ground states (4.53) (trivially) satisfy the constraints (4.47) in the limit n, — oo:

3
Py d' (Dd,, (D ]gs(D) =2nc|gs(D)),

az(l)daz(l) |gs(D)) = nc|gs(D), (4.56)

quwu

Y dl (Dd,, (D ]|gs(D) =0,

a:

for any site /.

By using the Holstein-Primakoff bosons, we finally obtain the quadratic Hamiltonian

AP = Jfl(z) + %2(2) + %3(2) where

22 =Ine > % |2}, (D, () +2d (g () + 2 (D, () + 24, (Dl ()],
1€Aaca (j

7,7 =Ine. AZ %[_djaz(i)dAz(i)+djaz(f)dA2(f)+dgl(i)d(31(i) (4.57)
i€Maca(j ‘

+d', (0)d 4o () + dly () d g (D) + V2dL (D, () + \/EdCl(i)dAz(j)] )

P =n. AZ % |- b, (g () + (Do () + L (e ()
1€Aaca (j

+ dly (D) dp, () + db, (D dg, () + V2dL, (D, () + ﬁde(i)dCl(j)] .
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After Fourier-transforming,

2 . 2 ;
dyq(i) = Y aygke ™, D=\ 2 buake™, (458
Niites k€ERBZ Niites keRBZ

with the k-space bosons a and b for sublattices A sc4 and Apcp, respectively, and Ngjies being

the number of sites, the Hamiltonian is then given by

3 y
22 =Tn; ¥ Z(u;k,ua,_k)Ma,k(tuﬁ"“) (4.59)

keRBZa=1 a,—k

where
[ T
ul:k'_(aBl(k)’bAl(k))’ Wk =(ag,(=k), by (=0)),
uf = (aTAz(k), b, k), azl(k)), u, = (au(=k), by (k) ac, (-K)), (4.60a)
u;k:=(b22(k),6122(k),b21(k)), u3,—k::(sz(_k)’aBZ(_k)’bCI(_k))’
A Bik 0 vk
My = o Arp:=2-1 Big:= ,
1k (Bl,k A 1 2 1Lk ye 0
-1 7 0 0 0 0
A B (4.60b)
Mz’k::(Bz ;’k), Az:=|yr 1 0], Bor:=|0 0 vV2yi |,
2k 2 0 0 1 0 V2yr O
MS,IC::MZ,]CI
with the geometrical factor of a bipartite chain
Yk :=cosk. (4.61)

Using the generalized Bogoliubov transformation, i.e. by calculating the positive eigenvalues
of

oo A B (4.62)
L W S '

we finally obtain the diagonalised Hamiltonian

6 1
29 =Jn, ¥ { Y wuk) (fJ(k)fu(k) + 5) +w7 £ (k) f7(k) + wg £ (K) fy (K) } +const.
keRBZ | u=1

(4.63)
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4.2. The SU(3) adjoint irrep

Wy, 4(/€) Ws 6(k)

4 4

3 3

2 2

1 1

-3 0 5 -3 0 5
w778(k:)
4,
3,
1,
3 0 >

Figure 4.1 — The dispersion relations w; g for p = 1 (adjoint irrep).

.....

where the bosons f,, are the new Bogoliubov bosons, and

w1,23,4(k) =21 -cos?(k),
ws,6(k) =4v/1-cos?(k), (4.64)
w78 = 2.
The dispersion relations are plotted in Figure 4.1. The dispersive modes w;, ¢ are identical to

the dispersive modes obtained with the multiboson method in Eq. (2.82) and with the Mathur
& Sen bosons in Eq. (3.25).

The matrix M in the Hamiltonian (4.59) that yields the dispersives modes with higher velocity
comes from the exchange terms S4(1)S5(j), S$8(i)S4(j), S4(1)84(j) and SB(i)SE(j) in the
Hamiltonian, just as in the two other methods used in this thesis. This also indicates that this
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Chapter IV. Linear Flavour-Wave with Read and Sachdev Bosons

dispersive mode with higher velocity is related to the transition from the condensate states
[A[B] [B[B] [ AlB] ; i ; : ;
to (or from to ), as explained in subsection 2.2.3 with the multiboson method.

The matrices M, that yield half of the remaining dispersive modes come from Sé(i)ﬁg( 7,
Sg(i)ﬁé(j), Sﬁ(i)gﬁ(j) and Sg(i)ﬁg(j), again in line with the two other methods. This corre-
sponds to the transition to the other adjacent states in the weight diagram. The same can be
said about Mj3. The remaining subspaces of M, and M3 after the diagonalisation are revealed
as flat modes as with the Mathur & Sen bosons. The Read & Sachdev bosons also seem to yield
flat modes after the diagonalisation of the Hamiltonian when degenerate points are present in
the weight diagram, due to the expression of the states (in terms of Read & Sachdev bosons) in
these degenerate points. However, the exact nature of the flat modes is difficult to extract here
in terms of the Read & Sachdev bosons. We know, though, that these flat modes come from the
colour permutation of A — C and B — C, whereas the flat modes obtained with the Mathur &
Sen bosons came from A — B. They thus correspond to different multipolar transitions, and
this would explain why the energy of the flat modes differ by a factor 2 in both methods, see
Eq. (4.64).

4.3 The SU(3) model in irreducible representation [p, g] on the bi-
partite d-dimensional lattice

Now that the calculation method is known for the adjoint irrep Bj of SU(3), it is easy to
extend the calculations to the irrep [p, g] in a d-dimensional bipartite system. We admit the
same ground state as in section 3.2. As an example, for p =2, q =1, it would be on the
sublattice A; and on the other sublattice A,. The coordinate number z here is given by
z=2d.

The following steps are nearly identical to the calculations of the adjoint irrep. First, the
constraints of this irrep are given by

&

;EA dyydyy = (p+q)
C

1Ll =1 (4.65)
Z /Jl /~‘2 =0,

where 1 is the color index. Then, the semi-classical limit of the bosons of the first row (namely
(l) dm (j)) can be taken to be (p + g) — oo, and the bosons of the second row (namely
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4.3. The SU(3) model in irreducible representation [p, g] on the bipartite d-dimensional
lattice

dg (1) 5 (D), d ( J)) can be taken to be g — oco. The Holstein-Primakoff approach can then be used:

. . N 1
di (i),dy @ — \/(p+q)—y§Ad;1(l)dm(l)z\/(p+6/)—2— Y. dldy, (),

(P+q) pza
dl, (i), dc,(D) — l;cduz(z)dﬂz(zw q—ﬁgdz(i)dﬂm,
dl (), dg () — \/(p+q) ugBdﬂl(])dﬂlu) \/m—mu%dglmdmm,
A Drdali) — 4= T A= q_%_ﬁg d',()d,50)).

(4.66)

By using the Holstein-Primkaoff bosons, we finally obtain the quadratic Hamiltonian of the
order G (n.)

2 = 762 + 767 + 767 where

#P =] Y Y |~adly0d 00 + pdly(Dd () +qdly (de, ()

ik, ()
+qdl&2(i)dA2(]')+Cld£2(j)dA2(i)
+Valp+@d, ()d,(j)+ \/7q(p+q)dC1(i)dA2(j)]’
7, =] ZA % [_qdlgz(j)de(f) + pd}, (D) dg, (i) + qd}-, ()dc, () 4.67)
ieA (j

+ qd}, (D dpy () + (e, ()
+Vap+@dl,HdL, () +vValp+ _q)de(i)dCI(j)] ,

762 = ]-ZA % [(p+ Ddy, (g, () + (p+ @y (Nd g ()
1€\ ]

Hp+ Dy (D () + (p+ @l Dl ()]

After Fourier-transforming,

2 . 2 ,
d(i) =1/ > au.te e, () =1 Y bylke ™M, (4.68)
Niites KeRBZ Niites keRBZ

by introducing two different bosons a and b for sublattices A; and Ay, respectively, the
Hamiltonian is then given by

3 tu
22=1d Y Y (u;k,uay_k) M, (t T’“‘) (4.69)

keRBZ a=1 W, x
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Chapter IV. Linear Flavour-Wave with Read and Sachdev Bosons

where
ul o= (al,00,0,,00,al,00),  wy L i=(a (10, by (-1, ag,(-10),
uly = (bh,00,a5,00,b5,00),  u,  i=(By(-K), @y (-1, by (<K, (4.70)
“g,k = (“}Tn(k)’ bl (k)) ’ Us g ::(aBl (-k), bAl(_k))’

Ak B -9 qyk O 0 0 0
Ml'k::(BT'k Ar’k), Aj=lare p 0|, By :=|0 0 Vap+a@yx|,
1, 1,—

0 0 g 0 valp+aqyk 0

M,y =M,
A B + 0 0 +
My, = 1‘3 3+k v Agp= P v Byyi= P+ 4 )
' By A; ’ 0 p+gq P+ Pyx 0
(4.71)
with the geometrical factor
CoSs Ky, d=1
1
=(cosky +cosky), d=2
Yic:= 2 (Cos ks y) (4.72)
1
3(cosky+cosky+cosk;), d=3

The generalized Bogoliubov transformation then yields the diagonalized Hamiltonian

8 1
A9=] Y {Zw“(k) (fg(k)fu(k)+5

keRBZ (pu=1

} + const. (4.73)

where the bosons f;, are the new Bogoliubov bosons, and

w12(k) = d(\/(p+ 9*=4pqyi-p+a),
w3 4(k) = d(\/(p+ 9° = Apqyi+p - q),

ws,6(K) =2d(p+ /1 -3,
w7,3(k) = 2dq

(4.74)

As noted with the help of Eq. (3.44), w1 23,4 (k) are always positive as it should. Encouragingly,
the dispersive spectra w;, ¢ are identical to those obtained with the method using the Mathur
& Sen bosonic representation. However, the localised w7 g, again, do not match exactly.
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4.3. The SU(3) model in irreducible representation [p, g] on the bipartite d-dimensional
lattice

In 1D (d = 1), if the parameters are again set to be p =2, g = 1 to take an example of a non-self-
conjugate irrep, we again find linear dispersion relations and quadratic dispersion relations
simultaneously, see Figure 3.4.

This concludes this chapter on the use of Read & Sachdev bosons in the LFWT. The dispersive
spectra obtained with this method are identical to the the ones obtained with the other
methods we used in this thesis. However, the flat modes obtained here do not match exactly
with the other methods, and the way of translating the condensate to a number differs from
one irrep to another in this method.

We have now explored three different boson representations that leading to different schemes
of applying the LFWT. Let us now present a summary of the differences between the boson
representations in the next chapter.
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\4 Recapitulation of the Boson Represen-
tations

The three different boson representations of SU(N) that we have encountered in this work—
the multiboson representation, the Mathur & Sen representation and the Read & Sachdev
representation—all present different advantages and inconveniences when performing the
LFWT with them. We will briefly discuss them in this Chapter.

Let us look at the number of bosons of each of the boson representation first. With the multi-
boson method, in a given irrep, there is a one-to-one correspondence between a boson species
and a state of the irrep. Hence, new bosons are introduced each time one considers a different
irrep, as the bosons are tied to the states of each irrep. For instance, the bosons used for SU(3)
Hj will not be the same as those for SU(3) HEE{ For an SU(N) irrep of dimension D, the num-
ber of boson species will be D. This means that the number of bosons can be very large if D is
large (even for a small N). For obtaining the dispersion relations, the method is straightforward
to apply for any irrep of SU(IV), and the colour transition corresponding to a mode is clear to
see since a boson is directly related to a state in this multiboson representation. However, the
caveat is that it generates many flat modes corresponding to multipolar transitions. As the
dimension of the irrep D increases, the number of flat modes increases as well. For instance,
in the model with the SU(3) adjoint irrep in section 2.2, this method yielded 8 flat modes in the
reduced Brillouin zone although we are only interested in the low-energy Goldstone modes.
The calculations with this method can also be cumbersome as the bosonic representation of
SY must be found each time that one considers a different irrep.

In terms of the Young tableau, the Mathur & Sen representation introduces a boson for each
state of the fully antisymmetric irreps with one column such as [, H, etc. In a way, we think in
terms of the columns of the Young tableaux in this boson representation. For instance, in the
model with the SU(3) adjoint irrep Bj that we considered, we used 3 bosons a,, corresponding
to the 3 states of(J and 3 bosons b, corresponding to the 3 states of H, with the constraint that
ng = 1and ny, = 1in addition to the tracelessness condition, see Eq. (3.6). The bosons a,, and
b, then allow us to construct the states of any generic irrep [p, g] of SU(3) for arbitrary values
of p and g with the corresponding constraints (n, = p and nj, = q) and the tracelessness
condition. If one would extend this logic to SU(4), the states of any given irrep of SU(4) could
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Chapter V. Recapitulation of the Boson Representations

then be described with the 4 bosons a,, of the fundamental irrep (], the 4 bosons b, of its

conjugate irrep E and the 6 bosons ¢, of the self-conjugate irrep H For a general N, we would

N-1
need ) (%) =2N —2 boson species at most, since a fully antisymmetric irrep with m boxes
m=1

in the Young tableau with one column has a dimension of (IIX) Depending on the irrep that
is considered, the span of these bosons can be larger than the Hilbert space of the irrep, as
it was the case with the SU(3) adjoint irrep we treated in previous chapters: the irrep Hj has
dimension D = 8, but the use of one boson g, and one boson b, together yields 9 states in
total. This is thus the reason why the tracelessness condition has to be enforced. We also saw
that there is a certain degree of freedom in the choice of the states that are degenerate in the
weight diagram, see Figure 3.1. For generic models with SU(3) irreps [p, g1, the Mathur & Sen
bosons are, in most cases, the best choice to work with, because the calculations are much
more efficient than the multiboson method and it involves only the bosons of the fundamental
irrep and of its conjugate irrep which are simple to deal with. In addition, the number of flat
modes obtained with this method is smaller than in the multiboson method: for the SU(3)
model with the adjoint irrep in subsection 3.1.2, we only had 2 flat modes (that came from
the colour transition to the state that belongs to the degenerate weight in the weight diagram
of Hj). In fact, we saw in section 3.2 that the number of flat modes stays constant (2) for any
SU(@3) irrep [p, g1.

For N > 4, however, the calculations of the dispersion relations can be performed much more
efficiently with the Read & Sachdev bosons. In this formalism, for a given SU(V) irrep, a boson
dyq is introduced for each colour u and for each row a of the Young tableau. Since an irrep
of SU(N) can have a maximum of N — 1 rows in the Young tableau, it is possible to describe
the states of any given irrep using N(NN — 1) boson species at most in conjunction with the
adequate constraints enforcing the symmetry of the irrep (see below). For instance, for the
SU(3) model in the adjoint irrep Hj, the bosons d 1, dg1,dc1 and daz, dpo, dcs were used for
the three colours of SU(3) and the two rows of the Young tableau. Hence, there is no one-to-one
correspondence between a boson species and a state as it was the case with the multiboson
method, and there is a certain degree of freedom in the choice of the states that are degenerate
in the weight diagram with this boson representation. For any irrep and any N, the calculations
of the dispersion relations are very efficient with this method, and it yields less flat modes
than the multiboson method: for fully antisymmetric models in section 4.1 that contained no
degenerate point in the weight diagram, it yielded no flat modes, and it yielded 2 flat modes
only (due to the degenerate point in the weight diagram) for the SU(3) model in the adjoint
irrep, see section 4.2. However, there is a certain ambiguity in the treatment of the condensate,
depending on the irrep. As an example, the conventional Holstein-Primakoff could not be
used for fully antisymmetric irreps, so the constraints of the irrep had to be implemented
differently into the calculations of the LFWT. But the Holstein-Primakoff could be used for the
SU(3) adjoint irrep. Another caveat of this method is that the nature of the flat modes are not
clear within this framework.

Here is a listed summary of the characteristics of each method:
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. Multiboson method

e NUMBER OF BOSON SPECIES: D for an SU(N) irrep of dimension D
« EXPRESSION OF Sb: varies with each irrep
e NUMBER OF MODES

» Bipartite square in fully antisymmetric SU(N) irreps with g particles per site:

NTZ dispersive branches in the extended Brillouin zone,
( NI\/IZ) -1- NTZ flat modes in the extended Brillouin zone.
» Bipartite chain in SU(3) adjoint irrep:

6 dispersive branches in the reduced Brillouin zone,

8 flat modes in the reduced Brillouin zone.
. Mathur & Sen bosons

o NUMBER OF BOSON SPECIES: 2V —2 for irreps of SU(N)
« EXPRESSION OF 8} Sy =ala, - b}b,
up to a constant for SU(3), with u,v € {A, B, C}

e CONSTRAINTS FOR A GIVEN IRREP

» For SU(3) irreps [p, q1:

C C
Ng= Y Ngu=p and np= 3 np,=q
/.L:A },L:A
» Tracelessness condition

Ha  H1Hp _
5\/: le...vq =0

where a € {1, ...,min(p, q)}, and the coefficients v are given by
Fuekp 4 F ot oy o HeHp [Vt
Uvivg By "'a,u,,bvl "'bvq 0)=v #1"'#n>'

’

Vl...Vq

¢ NUMBER OF MODES

» Bipartite chain in SU(3) adjoint irrep:
6 dispersive branches in the reduced Brillouin zone,
2 flat modes in the reduced Brillouin zone.

. Read & Sachdev bosons

« NUMBER OF BOSON SPECIES: Maximum N(N — 1) for irreps of SU(NN)
i, ol _ gt
* EXPRESSION OF S,: S, = ¥ dyadua
a=1
up to a constant for SU(N) irreps with m rows in Young tableau
o CONSTRAINTS FOR A GIVEN IRREP

» For irreps with rectangular Young tableaux with m rows and rn, columns
(a, b are row indices and p is the colour index):

Nt
£ dhadyy=nedar
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Chapter V. Recapitulation of the Boson Representations

» For the SU(3) adjoint irrep H-:

Z] ul #1 - 2nC
{ Z #2 'ug =nc (5.1)
Z yl ,uZ =0

e NUMBER OF MODES

> Blpartlte square in fully antisymmetric SU(N) irreps with & > particles per site:
T dispersive branches in the extended Brillouin zone,
No flat modes.
» Bipartite chain in SU(3) adjoint irrep:
6 dispersive branches in the reduced Brillouin zone,
2 flat modes in the reduced Brillouin zone.

We now turn our attention to a somewhat different subject in the next chapter.
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\4§ Lifting the Line of Zero-Modes

Introduction: how to lift the accidental zero-modes?

Breaking with the continuity of the subject of the previous chapters, this chapter briefly
presents the attempts made to lift the accidental zero-modes that are present in the dispersion
relations of the AFM SU(3) Heisenberg model in the three-sublattice order in 2D with an
infinitely large classical ground-state degeneracy. These accidental zero-modes are somewhat
problematic when calculating the magnetisation of the system as it always diverges to —oo,
suggesting that the system is not ordered. However, this is an artifact originating from an
extended ground-state degeneracy that can be parametrised by one parameter.

First, a method of establishing a self-consistent equation for the new dispersion relation
using the perturbation theory and some physical assumptions will be presented. As the
perturbation theory is in principle ill-defined when a line of zero-modes is present in the
harmonic spectrum, this attempt will try to address this issue. Such an attempt yields a
magnetisation value that is in reasonable agreement with the existing numerical results.
However, there is a certain arbitrariness in establishing these self-consistent equations.

In the second part, we will present different calculation methods that yield the same result as
the LFWT and pave a path for future investigations—establish the equations of motions of the
system by correctly identifying the variables and their conjugate variables.

6.1 The line of zero-modes: the root of the problem

The model we are interested in is the AFM SU(3) nearest-neighbour Heisenberg model,

VS IDISWHONAGE 6.1)
(i.jy kv

on the 2D square lattice. Classically, the model possesses a huge number of ground states—the
ground state degeneracy is, in fact, infinite. This can be seen easily by assuming a (normalised)
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Chapter VI. Lifting the Line of Zero-Modes

Figure 6.1 — The three-sublattice configuration that minimises the zero-point energy, and the
two-sublattice configuration that yields the same energy classically.

wave function of the form
R C
|gi):=3 &), 6.2)
u=A

for each site i of the system. The energy of a bond is then given by
- o - o > =2

Eij=(pi® ;| #ij|pi®p;) =T |fi- i 6.3)

It can be seen that the only condition for the ground state is then to have orthogonal states on
adjacent sites. There are thus an infinite number of possibilities to achieve this: if we fix a colour
A on one site, the adjacent site can take any linear combination of B and C, and this degree
of freedom exists for every bond on the lattice. The Néel-like bipartite configuration or the
diagonal-striped tripartite configuration depicted in Figure 6.1, which we already introduced

in section 1.2, are notable examples of classical ground-state configurations of our system.

As seen in section 1.2, there is a line of zero-modes in the spectrum obtained with the LFWT
calculations of this three-sublattice order.!? Its existence suggests that there should exist a
manifold of classical ground states with wave vectors corresponding to this line. Téth et al.
[53] indeed showed that one can parametrise this family of classical ground states with one
parameter and that it connects continuously the Néel two-sublattice configuration and the
three-sublattice configuration. In other words, there is a whole class of “helical” states that
allows one to go from one configuration to the other continuously along a rotation parameter
6.!3 They also show that the three-sublattice order has the lowest zero-point energy Ezp =
2¥k % (the constant term of the harmonic oscillator term in (1.38))—in particular among

121t is worthwhile noting that the presence of lines of zero-modes depends on the nature of the ground-state
manifold, which itself depends on the choice of the symmetry (irrep) of the system. As seen in section 3.2, Eq. (3.43),
the classical ground state of the SU(3) adjoint model is the bipartite configuration whose dispersion relations do
not feature any line of zero-modes.

13 A5 with the SU(2) spin-wave theory, the LFWT can also be applied to such helical ground states as well by
applying a rotation to the local frame. See Ref. [53] for an example of calculations on a helical state in SU(3).
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the ground states parametrised by 8, see Figure 6.2— hence concluding that the quantum

Ezp(0)
1.7

1.6

ST
Q)

Figure 6.2 — The zero point energy Ezp(0) =2} x ‘”“T(m as a function of the helcal parameter 6.
The calculations have first been done by Té6th et al. [53]. Here, 8 =0, 7, ... correspond to the
two-sublattice order whereas 6 = %, ... correspond to the three-sublattice order. This shows
that the tripartite configuration is the true quantum ground state.

fluctuations stabilise the three-sublattice order in this system. Since the tripartite configuration
is confirmed as the true ground state, one could attempt to compute the magnetisation of this
configuration using the LFWT to determine whether the colour-order survives the quantum
fluctuations or not. However, as pointed out by Bauer et al. [31], the computation of the
magnetisation involves calculating [ wlkdk, an ill-defined 2D integral in the presence of a line
of zeros in the spectrum wy. This would in principle mean that quantum fluctuations would
destroy the long-range order. However, the line of zero-modes are accidental in the sense
that they come from a specific family of helical (classical) ground states, and since the true
quantum ground state is selected by quantum fluctuations, we could expect that quantum
fluctuations would lift the zero-modes in the true spectrum of the system, in which case the
magnetisation could be finite and positive. Thus, what we ultimately aim to find is a method
to obtain somehow the true (or renormalised) spectrum.

6.2 Self-consistent method

Since the LFWT with Holstein-Primakoff bosons yield an expansion in n,, the perturbation
theory naturally springs to mind when trying to obtain the renormalised spectrum. The pertur-
bation theory, however, cannot be used in this situation due to the aforementioned problem
related to the zero-modes. So if perturbation theory is not well-defined in this problem, what
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Chapter VI. Lifting the Line of Zero-Modes

can we try to solve it?

What we know is that there should be Goldstone modes in the spectrum, due to the sponta-
neous symmetry breaking, at pitch vectors qp =0 and q4; = + (%”, %”) related to our three-
sublattice order. The final renormalised spectrum that we could expect, as shown qualitatively
in Figure 6.3, is then to have the zero-modes lifted between these wave vectors q; and to have
alinear dispersion relation near q; as required by the Goldstone modes for antiferromagnetic

systems. We can thus use this information and take an educated guess for the renormalised

+7t

q-1 o q+1
k

Figure 6.3 — An example of a qualitative behaviour of the expected renormalised spectrum
@ of the AFM SU(3) tripartite configuration. The Goldstone modes are expected at qp = 0

andqi; =+ (%”, %”), and the other zero-modes along the diagonal of the Brillouin zone are
expected to be lifted.

spectrum with some parameters. We can then equate this to the renormalised spectrum re-
sulting from the perturbation theory applied on our original model (under the provisional
assumption that the perturbation is well-defined), which will result in a self-consistent equa-
tions that have to be solved with respect to the initial parameters.

The easiest way to generate a spectrum with the properties (namely the Goldstone modes at
g;) that we wish to have is to incorporate one further-neighbour coupling,

Hng, =l Y, SOSD+Tn Y. SYDS,GN, (6.4)
(i) ()

where J, designates the nth-nearest-neighbour coupling and j' sums over the nth-nearest-
neighbour sites with respect to the site i. In our subsequent calculations, we will be using three
different couplings that accomodate our tripartite ground-state configuration: J3 >0, J¢ <0
and anisotropic J,. This additional term in the Hamiltonian lifts the classical degeneracy and
leaves the Goldstone modes at q; as the only zero-modes in the harmonic spectrum ¢;, (k) of
the the tripartite configuration. With one further-neighbour coupling J,, we get one parameter
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for which the self-consistent equation needs to be solved. In principle, the equations from
the Dyson equations without the on-shell approximation need to be solved for each point
in the k-space, and the solutions depend on the integration involving the solution we are
looking for. It is hence naive perhaps to establish a self-consistent equation with only one
parameter. However, the hope is that this will already give a good approximation to the true
solution, given the complicated nature of the equations involved (even in the case where the
perturbation theory is well-defined). After all, the important physical features such as the
Goldstone modes are qualitatively taken into account in the elaboration of our self-consistent
equation. It should hence give a fairly good approximation to the renormalised spectrum.

The first step of the calculations is to come back to the original nearest-neighbour Heisenberg
model and to calculate the perturbative terms using the Rayleigh-Schrodinger perturbation
theory, ignoring the fact that the integrals are ill-defined. To simplify the perturbation calcula-
tions significantly, one can map the antiferromagnetic classical ground state to a ferromagnetic
ground state before applying the LFWT, a procedure often used in SU(2) systems.

6.2.1 Mapping to the ferromagnetic state — rotation of local frames

The aim is choose the local basis for each site i such that the local colour | A;) is the colour of
the condensate on the site i. In other words, this means that we perform a local SU(3) rotation
on the local frame such that the condensed flavour on each site is relabelled as A. For instance,
on the sites of the sublattice Ag on which the condensate colour is B, the colour B will become
the basis element | A).

This mapping of the AFM configuration to the ferromagnetic configuration'* is given by

#=hny Y Y SRS+ 1R). (6.5)
i jelitey, hv
i+é)}

where the rotation R is given by

(6.6)

~

Il
S = O
- O O
oS O -

The site j will be the neighbouring site on the top and on the right of i, as it was the case in our
original calculations in section 1.2 (we are supposed to sum over the bonds between two given
sublattices). This will thus be the form of the Hamiltonian that will be used subsequently.

14 guppose that a SU(3) basis A; is given by a SU(3) rotation R on the reference (absolute) basis 7. The action of
this rotation R on the generators Sff (i) is given by the adjoint transformation (i.e., the conjugation). In other words,
it is the adjoint representation of the group SU(3) (in the basis 1;):

Adp8H =RSHRL.
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Chapter VI. Lifting the Line of Zero-Modes

Ultimately, instead of having three bosons for each of the three sublattices — totalling nine
bosons — the rotation of the local frames will result in three bosons only, in total.

6.2.2 Hamiltonian in the rotated frame

The subsequent computations are much simpler in the locally rotated frame. Now that our
antiferromagnetic configuration is mapped into a ferromagnetic configuration, the only bo-
son that is condensated is the boson b4 on each site. Hence, after the Holstein-Primakoff
prescription, only bg and b¢ remain.

Up to order © (ng), our nearest-neighbour Hamiltonian ./ is then given by

%:%(2)+%(3)+%(4)+@(”i
ne

ﬂmzhmz.;ﬂpymmnﬂﬁpmm+%m%m+mmmuu
1 jeli+éy,
i+é)}
A9 =v/ne ). ; | bl b ) b() + bEGEDbB() + By ()b (Dbe(d) + By (Nbebe (),
i je{i+éy,
i+ey}
79 =], Z]{; % [bg(i)bg(i)bB(i)bc(j) +bL(ObL()BE() be(j) + bL () bL()BL () b (j)
i+é)}

+ b (DL ()L ()b i) + L)L ()b (D) be () + b ()b (7)bs (/)b (i)
+2bL ()bl (j)bs (D) be(j) = bL(D L () be(i)bs(j) +h.c. |

where

(6.7)

Notice the appearance of the cubic terms . unlike in the collinear antiferromagnetic SU(2)
models. The reason why the development of . was carried out to the quartic terms .#® is
because the quartic terms in the first order of the perturbation theory will yield corrections to
the harmonic spectrum which is of the order ~ n%' just like the cubic terms A% in the second

2
order of the perturbation theory that will give corrections of the order ~ ‘/:Z =1,

c ne

We first start by diagonalising .#® using the Bogoliubov transformation to obtain the har-
monic energy spectrum ¢x. The procedure here is very similar to the one in section 1.2 (it
is in fact the same as the Bogoliubov transformation used for the sub-Hamiltonians Hyy in
section 1.2). Using the Fourier transform

b, (D) = \/%Zbu(k)e_ik”, (6.8)
k
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6.2. Self-consistent method

with u € {B, C}, we now denote the new Bogoliubov bosons by 7, which are given by

bl = uinl.(0) - vien 5 (K,
be®) = u, k) - v,k (k)

: ; 6.9)
by = —v, 1 (=K + u,nyK),
by ) = —v, nh(=K) + 1 5 ().
As in Appendix A, we have the following relations:
ex=1\/A2— Byl (6.10)
A B
gl + 02 = =, 2y = =X, (6.10b)
€k €k
1 . 1 .
ux=1/= A + 1) elagBe = [Z (£ + 1) e 18k (6.10c)
2 \ek 2 \ &k
1(A
v = —L——ly (6.10d)
2\ &k
with
= l(eikx ek,
2 (6.11)
A=2]n, Bx=2/1ncyK

and the number z = 2 is the coordination number (the number of links) between two sublat-
tices. The spectrum obtained here is identical to that in section 1.2 as it should. Note that we
have the properties that

U_i = Uy, V_k = Uy, (6.12a)

Y-k= ylt, W_k = Wk. (6.12b)
We now look for the renormalised spectrum £y, that will have the following form:

El) =e) + =¥ W) + W k). (6.13)

This is in fact the Dyson equation. The self-energy ® (k) is the corrections coming from #®
and the self-energy =™ (k) is the corrections coming from .#®. Let us first look at the quartic
contributions.
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Chapter VI. Lifting the Line of Zero-Modes

6.2.3 The corrections from .#®

The quartic Hamiltonian can be written as #* = §E® + §.#? + #® . The uniform energy
shift S E™ can be ignored for our purpose, as well as the two-particle scattering process 2.
The term 6 7@ is the term of our interest: it is the corrections to the harmonic spectrum that
comes from the quartic term.

We perform the Wick decoupling to calculate the quadratic average in real-space to simplify
the calculations, as done in Ref. [85] whose calculation method we will closely follow and adapt
to our SU(3) calculations. The details of the calculations in this subsection can be consulted in
Appendix C. As an example, let us show here the computation of one of the possible averages
of a pair of bosons, <b£ (i) by (i )>. By using the ground state of .#?) which is the Bogoliubov
vacuum |0), we obtain

1
(bli)by () —<0 3 bl (i) by (i) > <0 Y bl (0 by k) 0>
N N\ |4
1 ; .
=5 (0 Z( Ui (= k)+uknB(k))(—vknc(—k)+uk173(k)) 0
k
1
N<0 > Ve, > (6.14)
1 2
— 1%
N%‘ k
R el
—Y =& -1
N%" 2 \wg
=n.

Similarly, we also obtain <bTC(j)bC(j)> = <bj;(j)bB(j)> = <bTC(i)bC(i)> = n. The other non-
zero possible Hartree-Fock average is given by
t oozt WESAPT . . . . 1 |Bk|
(L @BLGY) = (bLGIbE) ) = (be(Dby(i)) = (ba(Dbc()) = - N% rid e 615
=:Ay.

We can now use them to compute §.7#?. The Wick theorem states that the term 6.7 in
which we are interested is the sum of the normal-ordered quartic terms : #® : with one
contraction (in all possible combinations). As an example, let us just take the first term of .7
in Eq. (6.7), b;(i)bB (i)bB(i)bC(j), without the numerical factor —%:

Y Y bL(bg()bg(i)be())
i jefi+éy,
i+éy}
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"

Figure 6.4 — The corrections 8{(4).

_.Z Z [ bTE(z)bF(t)bB(z)bC(]) +: bE(z)bB(z)bF(z)bC(]) +: b};(z)bB(z)bB(t)bQ(]):
i je{i+eéy,
i+e)}

+ :bE(i)bE(i)bF(i)bC(j): + :bg(i)bE(z‘)bB(i)b?(j): + :b;(i)bB(i)bE(i)bg(j):
=2Y" | nyy :bp(-R0b00: +nyy by (-0 (0: +0
k
+0+ A b} (-0 b (—10: +A7 b} (- by (—ko: |
=2Y[2n7} b5 (-10be00: +2A; 1} (-l by (-k):].
k
(6.16)

By doing this with all the terms of the quartic Hamiltonian and by expressing them in terms of
the Bogoliubov bosons ny, the term 5.7 is then given by

572 :2]2 [wﬁl)ngkan"'wk anan+Bk 773 k77c1<+31(<4)771é kan]
_V (@t )* BW T ©.17)
_; K "Bkan+5k anan+]Z( x B-xTck™ Py Mg, kan)]
where
5A:=-3(n+Ay), 8By :=—yk(3n+24,),
o = (| |* + v}) 64— 2Re (w3 v, 5B, (6.18)

4 ._ (4)
£ .—2]1cuk .

The two last terms involving Bl(:l), i.e., two-particle scattering process, can be ignored for the
magnetisation calculations: we only keep track of e{f) which corresponds to the first-order
magnon energy correction, depicted in terms of the Feynmann diagram in Figure 6.4. The
self-energy = (k) that renormalises the harmonic spectrum is then simpliy given by e\

2@ =gl (6.19)
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6.2.4 The corrections from #®

Let us now look at the cubic terms. After the Fourier transform and with the Bogoliubov bosons
n, the cubic Hamiltonian .#® is given by

T - _
79 =211vne\ |+ Y | TP ak-qlonl gl nsic+ TF @ k= lonf ol
kq

(6.20)
+ 7@ k- lng 0\ nex+T5 @ -k—-qlon nf g, +he.
with
7 =T7 =~ y-klgl-kUk-q—Yq Uye_qU-kVq~YqV-kVk-qVq
+Yq-k ul’z_q Ug Uk + YklUqV-kVk-q + ¥ -qllqV-kVk—q»
T3 =T5 =yquy v_k—qUq — Y-kl Ug V-k—q- (6.21)

These terms are symmetric in B and C. We now symmetrise I'; (q, k — q; k) with respect to q and
k- q, and I'»(q,k — q,k) with respect to q, k— q and k, as it is easier to apply the second-order
perturbation theory with symmetrised terms. We finally obtain

1

1 1
@ _ aant ot Tt t
S =2]1y/n¢ N g} 5 I(q k=g )¢ My o1BK+ QFZ (@, -k=qK)ng np 1 My

1 1
+ o Ti@k=qlong nh et 5 T2(@ k=@ RNk gl gt +he. .
6.22)

The diagrammatic representation of the I'; » are depicted in Figure 6.5.

< =

(a) Vertex I'y in 3. (b) Source vertex I'y in #£®.

- O

2nd

(c) Normal self-energies from the 2"“-order perturbation theory with the cubic vertices I'; .

Figure 6.5 — Diagrammatic representation of the cubic vertices I'y » and their contribution to
the renormalised spectrum ®.
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6.2. Self-consistent method

From this expression of #®, its contribution to the renormalised spectrum can be finally
obtained with the second-order perturbation theory:

11 Iy (g 10|
ooz (1L |
W =2l 55w ) clo—e@-ck-q
Bz , (6.23)
11 C2(g; k)|

2 UBZBZ ek)+e(q +ek+q)

The factor opz is the surface of the Brillouin zone. This expression also corresponds to the
Dyson equation with the on-shell approximation. This completes the expression of the renor-
malised spectrum ¢y that we are looking for, é(k) = e(k) + > (k) + @ k), with the self-energies
2® (k) and =¥ (k).

As a side remark, we highlight the fact that Goldstone modes are preserved to all orders of the
perturbation. If the harmonic spectrum € has a Goldstone mode at q, then Z® (q), =™ (q) all
diverge because £ = 0. However, the divergency of = is exactly cancelled by £, yielding
£(q) = 0 as it should. This non-trivial cancellation could have been used as a small sanity check
for our perturbation calculations if these calculations had been well-defined—this is of course
not the case here. However, the AFM J; — J3 model does not have any lines of zero-modes in
the harmonic spectrum. This means that the perturbation calculations can be carried out
without any problems, and we thus checked numerically that Z(jgl‘) I, k) + Z(ﬁ)’ I, (k)—0ask—q,
as it should for this model. As the colour-configuration of the J3-neighbours are similar to
that of the J;-neighbours, the perturbative terms A9 ., 7D

J1,J3°<7J1,J3
identical to those of the original /1 model: only the sum over the third-nearest neighbors has

in the real-space are nearly

to be added. In this sense, checking the preservation of the Goldstone modes with the J; — J3
model can also serve as a small sanity check for the calculations of the perturbative terms of
our J; model, to some degree. Albeit very indirectly.

6.2.5 Using J, to get the renormalised spectrum

The expression that is sought after is &k, i.e., the LHS of Eq. (6.13). However, as mentioned
earlier, the RHS of this equation that we obtained is, in fact, infrared-divergent. Thus, the
idea is to establish a self-consistent equation with it by using our physical knowledge that the
authentic quantum spectrum would most certainly lift the line of zero-modes except at qg +1
where the linear Goldstone modes are expected. As we expect that renormalised spectrum
will qualitatively resemble the harmonic spectrum of the J; — J;, model due to quantum
fluctuations, we thus make the assumption that the renormalized spectrum on the LHS is
given by the bare spectrum of the J; — J;, model, & = €}, ;,. We also replace all the bare spectra
e(k) in the expressions of the self-energies 2@, = on the RHS by ¢, ;, (k) which does not
possess any line of zero-modes to treat the divergence problem. This yields a self-consistent
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Chapter VI. Lifting the Line of Zero-Modes

equation that can be solved for J, for a specific value of k:
Fl) =)+ +2? K
|

£10, 06 Tn) = €00 +2P (U 1) + 250 (0 J)
(k).

(6.24)

We note that this replacement also applies to the expressions of uy and vy in the self-energies,
as they also depend implicitly on €y, see Egs. (6.10):

1 A ;
, / 1| eiare® ®) 6.25
Uy uls J,) 5 (5]1,],,( ) )e ( a)

1 A
— vl =1/ | ————-1]. 6.25b
o vialu 2(61],1"(1() ) (6:200)

All in all, the new self-consistent self energies on the RHS will be given by

11 T (gkeg, ;)|
1Jn 2 UBZBZ en, K —¢€57 (@ —¢€5,5 (k—q)
11 T2 (g k7,7, 1) | (6.26)

)

2 U_BZBZ eng,K+ep,@+ep, 7, (k+q)

Z(]zi),fn (k) =2/ wr) (gjly]n (k)) ’

where the dependence on 5,5, (k) ofI';, I', and wgf) come from their dependence on u(k; ;)
and v(k; J,).

As there is only have one parameter J, in this self-consistent equation, we cannot hope to
obtain one universal solution J, for all the values of k. We will thus take one particular point
in the Brillouin zone, k = (%, %) to solve this equation. In this sense, it is a very crude approach.
However, this has the advantage that the infrared divergency is eliminated and that it is very
simple to solve. The reason for this particular choice of k is because it is supposedly the point
at which the gap is the largest, thus endowing it with a certain significance in our attempt
of creating a gap in the spectrum. Furthermore, the self consistent equation not being an
exact perturbation calculations, the cancellation of the divergencies is not achieved at the
Goldstone points qg +1, S0 it is desirable to solve the equation at the furthest possible point
from the Goldstone points, which is precisely the point k.

With this in mind, we start with the calculations of the harmonic spectrum of the J; — J,
models."

15Note that the application of the LFWT to the further-neighbour coupling is identical to the nearest-neighbour
Hamiltonian.
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6.2. Self-consistent method

The J; — /3 model

Let us first include the third-furthest-neighbour coupling J3 (coupling between a site and its
second-nearest horizontal/vertical neighbours). If J3 > 0, it then stabilises the three-sublattice

Figure 6.6 — The antiferromagnetic J3-coupling with the three-sublattice order.

configuration. The colour configuration of the third-furthest neighbours is similar to the
nearest-neighbours, only spatially inverted with respect to the reference site. Hence, the diag-
onalisation of 175](12)]3 can be carried out in a similar fashion to that of #® in subsection 6.2.2.

The dispersion relation of Jf}lz)k is then be given by

€5 &) :=n, \/ -Ai - |B]3 (k)|2) (6.27)

where

A]3 :4(]] +]3))
B, (k) =401 YK+ J37-2K)-

(6.28)

The J; — Js model

It is also possible to include the ferromagnetic sixth-nearest-neighbour coupling Js < 0 (or
the third-nearest horizontal/vertical neighbours) to stabilise our tripartite configuration, see
Figure 6.7: As we already have the quadratic Hamiltonian of the initial /;-model, we only
need to take care of the Jg-part of the J; — J¢ Hamiltonian. All the J;-bonds connect one
sublattice with itself, since the Js-coupling is ferromagnetic. As we only derived the expression
of the quadratic Hamiltonian for antiferromagnetic bonds until now, we need to derive the
expression of the quadratic Hamiltonian for ferromagnetic bonds using the Holstein-Primakoff
bosons by replacing b4 (i) by /.. This is simply given by

1
A2 =Jgne- =Y Y [bB(i)bg(j’)+bc(i)bg(j')+bg(i)b3(j')+b*c(i)bc(j’)
6 24 &
SO, (6.29)

~bL()by (i) - bl (j) by (j)) = bL() b (i) - BL( b ().
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Chapter VI. Lifting the Line of Zero-Modes

Figure 6.7 — The ferromagnetic Js-coupling with the three-sublattice order.

The {(j')) refers to the sixth-nearest-neighbours of i. The Fourier transform yields
A2 =Jsn, ; [(4y 75 () —4) bl (10 by (k) + (47, () — 4) bl.(K) bc(k)] +cst, (6.30)
with
1
Y& = E(COS?)kx +c0s3ky). (6.31)
We can now add these terms with the terms from the J;-Hamiltonian, Eq. (1.36), and perform

the Bogoliubov transformation to obtain the dispersion relation of the J; — J¢ model. The
resulting dispersion relation ¢, is given by

ALY :=nc\/ Aj 02— | B, )%, (6.32)
with

Aj k) =2]1 +4Js(ys, () - 1),

(6.33)
B ) =2/1 Y-

The J; — J» model

The choice of the sign of the second-next-nearest-neighbour coupling J, should not be
isotropic in the sense that the sign of the coupling must depend on the direction of the
coupling to stabilise our tripartite configuration. Two of the diagonal couplings are ferro-
magnetic whereas the two other directions are antiferromagnetic: the north-west/south-east
bonds should be ferromagnetic whereas the north-east/south-west bonds should be antifer-
romagnetic, see Figure 6.1. By convention, let us choose the value of J» to be positive. Using
Eq. (1.36) for antiferromagnetic bonds and Eq. (6.29) for ferromagnetic bonds, it is straightfor-
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Figure 6.8 — The J,-coupling with the three-sublattice order. The black dotted lines represent
the antiferromagnetic bonds and the red dotted lines represent the ferromagnetic bonds.

ward to compute the dispersion relation. The result of the diagonalisation of the J; — J» model
is given by

£,1,00 =nc\/ A, (02 - B, 00, 6.34)
with

Aj, ) =2] + [Jo— 2] (cos(ky — k) —1)],

* (6.35)
Br, & =2]1y, + Yy

6.2.6 Magnetisation depending on the /,

We now solve the equation ¢, j, (k; J n) S e(k) + 2(131) 7, k; J n) + Z(;f) 7, (k; J n) for J, at the k-point
k= (J_r%, J_r%) as mentioned before, where the gap is supposed to be the largest. For this, we set
the value of the nearest-neighbour coupling /; = 1. For different J,, couplings, we obtain the

solutions as follows:

.
[
Il

8]1,]3 nd ]3 ~ (0.0689
€0 — Jo~—0.0324 (6.36)

.
(1
Il

o EEF,‘]IJZ — ]2:01334
They are depicted in Figure 6.9 below.

Once we have the renormalised spectrum & = €}, ; , we can compute the corrected value of
the magnetisation m = my, ;, as in Ref. [31], but using the harmonic spectrum of the J; - J,
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X €Nk (k)

(c) Dispersion relation ¢, j, of the J; — Jg model. (d) Dispersion relation ¢, j, of the J1 — J> model.

Figure 6.9 — The spectrum ¢ of the original /; model and the dispersion relations ¢;,,;, with
the solutions J, of the self-consistent equations. The spectra are all doubly degenerate in the
extended Brillouin zone. We thus have 6 Goldstone modes in all the models.

model, as follows:
m=($4(0))
= ne— (b (bji) + b (b)) 6.37)
= ne—2{vl; J»)?).

The resulting results for the ordered moment are

(]
o

=€5,)5 nd m=0.220
o E=¢5,), — m=~0.242 (6.38)

e E=¢j5,;, — m=0301
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B

@ with 5 @ with 5
m with ; €,1,K) g sitn h
S [
m ? 0 _g o
ky
@eg,; and 11,76 (b) €T3 and €Nz

Figure 6.10 — Comparing the spectra ¢, ;, with €, ;. and €, 5, with the solutions J3 = 0.0689,
Je = —0.0324, J» = 0.1334 of the respective self-consistent equations.

The value of my, ;, all vary, but they lie between 0.220 — 0.301. They are all larger than zero,
suggesting that the long-range colour-order would survive quantum fluctuations. These esti-
mates of m are all within the numerical estimates 0.2 — 0.4 suggested by the iPEPS and DMRG
calculations in Ref. [31]. The linear fit of the largest system-size results of the iPEPS simulations
seems to suggest the lower range of the estimate (0.2), so our estimates of m seem to be fairly
consistent with these numerical results, given the rather basic nature of our calculations.

We would nonetheless point out the fact that the choice of J, is very arbitrary, since any
choice of J, stabilising our tripartite configuration would be justified. Hence, it would be
desirable to render these self-consistent equations more systematic in some way—perhaps by
including more parameters. It could be conceivable to think that the true solution could be
approached by adding more further-neighbour couplings. However, our attempt to solve the
self-consistent equation based on the J; — J, — J3 model in order to have two parameters has
been hampered by numerical problems and has not been successful, probably due to the very
crude nature of this self-consistent equation which makes it somewhat inconsistent with two
such parameters.

It is however interesting to observe that the corrected magnetisation value is roughly similar
between the three J,, that was used here, ], /3, Js. Indeed, it can be seen in Figure 6.10 that
the dispersion relations of €, ;,, €7, 7, and €, ;, seem to be quite similar. More precisely, if
we compare the velocity of the Goldstone modes of each of the €}, ; , it can be seen that the
velocities are similar. By denoting the velocity in the direction ky = k), (i.e., in the direction of
the line of zero-modes in the original model) by ¢; and the velocity of the orthogonal direction
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kx = —ky by c2, we find that

* &) C{I']3=3\/§\/]1]3=1.114 ]1’]3 =2 ]2+5]1]3+4]2—1651
e et =6y T1sl = 1.080 e =v2\ /12 +18111J6l = 1779 (6.39)
« et " =3VN2=10 ¢ =\[2]2 +9]1 o + 4] = 1.809

where we used J; = 1 and the solutions of J, obtained in Eq. (6.36) for the values of J,. The
reduction of the magnetisation is proportional to [ —] dk, thus the largest contribution to
the magnetisation comes from the vicinity of the Goldstone modes. Since the velocities of the
Goldstone modes are similar in all the three models, the magnetisation value m also turn out
to be comparable in all three cases.

6.3 Different methods also show the line of zero-modes

As pointed out earlier, the line of zero-modes that appear in the quadratic spectrum of the
SU(3) J1-Hamiltonian in the three-sublattice configuration is due to the infinite classical
ground-state degeneracy: it is not an artifact related to the LFWT method itself. To show this,
we will derive the velocities of the Goldstone modes with two different calculations: first using
the nonlinear sigma model (NLoM), and then by solving the quantum equations of motion of
the generators S, i.e., SHOESY (7,85 ().

The equivalence of the velocity of the Goldstone modes obtained will all these methods is
already known with the AFM SU(2) spin models. Indeed, the O(3) nonlinear sigma model [86]
and the computation of the equations of motions of the spin operator S; all yield the same
velocity as the conventional spin-wave theory.'® We will show here that it is also the case with
our SU(3) model.

6.3.1 Non-linear 0 model

The aim is to derive the velocities of the Goldstone modes from the action S in the continuum
limit. For this, we closely follow the procedure used in [87, 12] for the SU(3) irreps with one
row in the Young tableau (which includes the fundamental irrep we are considering).

The 2D SU(3) colour configuration considered here is the tripartite configuration. We first
define the three-sublattice the unit cell as shown in Figure 6.11. With this in hand, we then
define the primitive translation vectors

a; =(3,0)a & az=(-1,1a (6.40)

where a is the lattice spacing (that we will set to 1). From here onwards, we can write the

16Ref. [43] shows how to solve the equations of motions of the spin operator for the ferromagnetic case. The
antiferromagnetic case can be consulted in the Appendix E.
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position of a unit cell as a two-dimensional vector (i, j) € N? in the basis {a;,az}. We now
express the ground-state colour configuration of each of the three sites in the unit cell (i, j)
with the three-dimensional complex vectors @1 (i, j), $2 (i, j), 93 (i, j). Since the fields @123

Figure 6.11 — The unit cell at the position (i, j) is depicted by the dashed box. The three
orthogonal colours of the ground states ¢ (i, j), ¢2 (i, j) and 3 (i, j) are shown. The translation
vectors aj and ap are shown by the arrows.

describe the ground-state configuration, they are all orthogonal to each other. In addition, in
our ground-state configuration, there is a remaining U(1) x U(1) symmetry that has no effect
on the energy of the bonds in the unit cell. Hence, the three vectors ¢ » 3 form together a
matrix U € SU(3) \ (U(1) x U(1)). This means that the matrix U can then be generated from the
six non-diagonal Gell-Mann matrices'” of SU(3) out of the eight Gell-Mann matrices that exist,

010 00 1 000
A:i=|1 0 0|, Ax:=|0 0 0|, Az:=[0 0 1],
000 1 0 0 010
0 —i 0 00 —i 00 0
Ai=|i 0o of, /15(00 of, As:=|0 0 -i|, (6.41)
0 0 0 i 0 0 0 i 0
1 0 0 L[t
Az:=lo -1 o], Agi=—[0 1 o],
0 0 0 V3lo 0 -2

since the two diagonal matrices 17 g are related to the remaining U(1) x U(1) symmetry. We
thus conclude that

6
U:= exp(i > Hk(i,j,r)/lk) (6.42)
k=1

17Note that the numbering order of the Gell-Mann matrices are different from the one used in subsection 1.1.2
for practical purposes.
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and

P, j,1)="¢ U, j,1). (6.43)

Note here that the symmetry of our system is reduced to H := U(1) x U(1) in our tripartite
configuration from the initial G := SU(3) symmetry.'® The number of Goldstone modes is then
given by

dim(G \ H) — dim(G) — dim(H)
- dim(SU(s)) —dirn(U(l) x U(l)) —8-2 (6.44)

=6.

This indeed corresponds to the number of Goldstone modes that we expect in the case where
the accidental zero-modes are lifted, see Figure 6.9.

To allow the fluctuations from our ground-state configuration, we define the L matrices

cosl; sinl; O cosl, 0 sinl 1 0 0
Ly:=|sinl; cosly 0|, Ly:= 0 1 0 |, L3:=|0 cosls sinlz],
0 0 1 sinl, 0 cosl 0 sinlz cosls
cosly isinly O cosls 0 —isinls 1 0 0
Ly:=|-isinly cosly 0, Ls:= 0 1 0 , Lg:=|0 coslg isinlg].
0 0 1 isinls; 0 cosls 0 —isinlg coslg

(6.45)

We can then generate a general fluctuation matrix L by multiplying all the L together. Before
doing this, let us first attach the factor % to the /i to explicitly make the fluctuations small,
where p is the number of horizontal boxes of the Young tableaux (3,73, T17... which corre-
sponds to our expansion parameter that allows us to reach the classical limit, p — oo (p will
be set to 1 at the end of our calculations). To the order ;—z, L is then given by

6
L) = [T LeUp)

k=1
2
\/1—%(IL12|2+|L13|2) %le %Lw
(6.46)
= %LTZ \/I—Z—§(|L12IZ+|L23|2) %L23
* * 2
%LIS %ng \/1—%(|L13|Z+|L23I2)

:L(L12, Lo3, L13),

where we now parametrise L with its matrix elements defined by L :=I; + l4, Lp3 := I3+ I5

18The remaining symmetry group H is what is known as the little group in physics. In algebraic mathematics, it
is called a stabiliser.
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6.3. Different methods also show the line of zero-modes

and L3 := [y + IZ to simplify the subsequent calculations. This matrix skews any pair of axes
out of the three axes in the three dimensional complex space. Hence, it allows us to generate
states departing from the ground state. A state ¢p; from an arbitrary configuration is then given
by

‘$i(i, j,7) =€ LUG, j, 7). (6.47)

We are now ready to write down the action S of our system. With appropriately defined
spin coherent states and the Haas measure, whose details can be found in Ref. [87, 12], the
imaginary-time partition function can be given as

p
Tr(e’ﬁj‘a) :f@[(ﬁ] exp —fdr
0

(®<><Z>’(z', j;r)l)if(® |<}E(z',j;r)>) +Y pd* i, j;1)0: P, j;T)
ij ij Lj

:f@[(ﬁ]e—S[{[;]
(6.48)

using the standard field-theoretical calculation techniques with the Lie-Trotter decomposition.
The last term is the Berry phase. The SU(3) Hamiltonian that will be considered here is the
J1 — J3 Hamiltonian,

=1 Y, SSOS(N+Tz Y. S,DS,(. (6.49)
(@0 (€I

This will allow us to derive the velocity of the Goldstone modes of the J; — /3 model as well as
the J; model in which we are interested. The action S of our discrete 2D lattice model with the
J1 — J3 couplings is then given by

p
Szf 2 {”zh["’37(i»f)'</32(i’f)|2+|<7>§(i,f)-<53(i,j)|2+|<75§(i,j)-</31(i+1,j)|2
0 i,jeN
+|<75T(l"f)'<75z(i,j+1)|2+|<73§(l',j)-<Z;3(i,j+1)|2+|<Z>'§(i,j)-<731(i+1,j+1)|2]
+p213[|<7>1‘(i,j)~</33(i,j)|2+ 1G5, ) By G+1, DI+ B ) - Boli+1, )]
+|</3T(iyj)'$3(i,j+2)|2+|</3§(i,j)-</31(i+1,j+2)|2+|q3§(i,j).(§2(i+1,j+2)|2]
3
NI 'Grén(i.j)}dr,
n=1
6.50)

where the 7-dependency is implicit and the individual terms come from each bond of the
unit cell. In the continuum limit, the fluctuations Ly, L3, L13 can be integrated out, after
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Chapter VI. Lifting the Line of Zero-Modes

6

which the fields ¢ can be linearised in 8y—remember that U :=exp |i Y 0(i, j, T)Ax |—such
k=1

that we can obtain the low-energy behaviour of our system. Furthermore, we now consider a

coordinate basis {x', '} rotated by 7 such that we can conveniently calculate the velocities of
the Goldstone modes in the direction of the line of zero-modes in the Brillouin zone (ky = ky)
and in its orthogonal direction k, = —ky. The details of all these calculations can be found in
Appendix D. All in all, the linearised action Sy (0] is given by

6

Sol0] = fdx’dy’dr;’f = f ax'dy'dry " (x10:0:1* + p11010;1* + p21020;1%) (6.51)
i=1
with 0; = 6ix” 0y = aiy, and
X = —1 p1:= 9a2p2 (——]3 +]3) P2 := a2p2 (J1+4J3). (6.52)
2(h+J3) N+7Js ’

We will now set a = 1 and p = 1. The Euler-Lagrange equations of our action Sy[6] yield the
equations of motion,

0L \ 6%
z ( ) =0 = (x07+p107+0203) =0, (6.53)

00,00)) 86,

with p € {x/,y’,7}. They can be solved with the ansatz 0; = C; (e’®*™¥ix + c.c.), yielding the
solution for w; :

= Wik= _P1k2’+_)02 K2,
) X y
X X

_. [212 212
=: clkx,+czky,,

where i € {1,...,6}. The velocities of the Goldstone modes ¢

(6.54)

J1,J3

1]"] *and ¢,"” are then given by

C{IJS — {% = ap?)\/i\/ ]1]3’
i /% = apV2\/J2 +5]1 J5 +4]2

for each of the 6 modes w;. We thus obtain 6 Goldstone modes related the broken rotational

symmetries 1; __g. The c{l’] % and cgl'] ® indeed correspond to the velocities of the J; — J3 model

.....

obtained with the LFWT in Eq. (6.39) in section 6.1. In particular, the velocity of the J; model
(i.e., J3 = 0) in the ks direction is 0 as it should according to the LFWT:

(6.55)

'=o, o) =V2]. (6.56)
We also note that (6.54) is reminiscent of the hydrodynamic investigation of the magnetic spin
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6.3. Different methods also show the line of zero-modes

systems where the spin-wave velocity c is indeed given by ¢ = \/g [88, 89, 90, 91] in isotropic
Goldstone modes, with p being the stiffness constant and y the magnetic susceptibility.

6.3.2 The Liouville equation

Let us now compute the velocities of the Goldstone modes using the quantum version of the
Liouville equation. It yields a system of differential equations (equations of motion) to solve. It
can be instructive to first perform these calculations for the conventional AFM SU(2) spins on
the square lattice—details of which can be found in the Appendix E. Here, we start with our
usual SU(3) Hamiltonian

VI DISWAONAGE (6.57)
Gjyry

where p,v are the colour indices. One should note that the Hamiltonian is written using 9
generators instead of 8 generators (i.e., they are not all independent) and that they are written
in terms of ladder operators.

For ease of readability, we will exceptionally use the numbers 1,2,3 instead of the letters
A, B, C to designate the three SU(3) colours in this subsection, and we will also omit the hat
symbol " from the operators S}. The sites in each of the three sublattices of our ground-state
configuration will be denoted by i € Aj, j € Ay, k € A3. Furthermore, the colour indices will be
denoted by «, 8, u, v € {1,2,3}.

Using the SU(3) commutation relations, let us calculate the Liouville equation for Sg(i) for
any a,f€{l,2,3}and i € A;:

Sa() =i [Jf $4(i)

3
=iJ Yy Y |SVM),S50)
B

3
S+l Y Y Shk)

SHGRAG]

(jelevey}) pv=1 (ke{-ey,—e,}) V=1
2 (6.58)
=iJ 3 {Z(agsﬁ(i)—azsg(i))s;(j)+Zs‘v‘(k) (5;5;';(1')_535;(,-))}
wv=11(j) (k)
3
:ijﬂzz:l{%(Sg(i)Sg(j)—Sg(i)Sfj(j))+<%(Sg(k)8ff(i)—Sff(k)Sg(i))}.

Due to the symmetry of the order we consider, the Liouville equations for Sg (j) and Sg(k) are
identical to (6.58) up to a cyclic rotation of the site indices i, j, k.

We now consider the colours on each site to be €3 vectors with length n, (just as we would
assume that the spin has length S in the SU(2) calculations). Given a C3 basis {e;, e,, e3}, we
can assume that the colour of the sublattice A, is given by n e, with a € {1,2,3}. Taking into
account the action of the generators on these vectors, we can conclude that the generators
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can be approximated by

S§(E; 1) = nedY Sy +6S5 (05 1),

SEU; D) = ned3 65 +8SE (5 1), (6.59)
SEk; 1) = ned38 5 +8S5(k; 1).

Plugging this approximation into Eq. (6.58) yields

085(i) = i]nc{%> [673 0S5 (i) +8F 8Sp(j) -85 6S5(i) — b5 53;*(1‘)]

1 3 o sl _ 3
+ 2 (01 05} + 03 655 )~ 6} 057 5gasﬁ(z)]},
538()j) = i]nc{;k) |63 553(j) +5% 652 (k) — 5% 653()) - 62 655 (k) | -
+2

(i)

: _ 1 30y 1oy _ 83 .
558 (k) = z]nc{%[éﬁés‘f(kHégéSﬁ(l) 5% 584 (k) - 6% 653 ()]

85 6S3(1) + 8} 65T(j) ~ 8% 53 (1) ~ 5% 5} ()] }

«a 33 2 o _ 83 ariy_ sSa 2
'z |65 683(j) + 8% 653 (k) - 53 685 (j) - 6% 6S2(K) | }
up to order G(5S?). The time dependence is implicit in these equations as a matter of conve-
nience.
Taking advantage of the periodicity of the order, we can go to the Fourier space to help to solve

the equations. Let us define the Fourier transform

8S5,(p) = 3 Y. 8S5e PR, (6.61)
' N IEAI

and the coordination number between two sublattices z = 2 as well as the geometrical factor

Yie= 5 (e +e'). (6.62)

1
2
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Then, the equations (6.60) become'?

583' MOE 53; NOE 533 ip)= 5Sj = 55;) ip®= 55’5, k)= 55‘% fpH =0,
65';,1.4,(0 =+iJn.z 5S§,ilp(t) +p 55;,].@(0 +7p 6Sé,k'p(t) :
6S'il.yp(t) =-iJn.z 5Siilp(t) +p 55?1“,(0 +7p 6Sik'p(t) :
6S§’iyp(t) =+iJn.z 5S§'i’p(t) +p 55}5,]@(0 +7p 5S§'k_p(t) :
6S'il.yp(t) =—ijn.z 6Sil.yp(t) +Yp 5Si].,p(t) +7p 68?’k,p(t) :
6S§’j'p(t) =+iJn.z 6S§yj'p(t) +p 5s§,k'p(t) +7p 6S§yi’p(t) ,
3 65’3,“,(0 =—iJnc.z 583'“,(1‘) +7p 8S; PRGOS 6sg'i’p(t) ,
GS'ij’p(t) =+iJn.z 6Sijvp(t) +p 6Sik‘p(t) +7p 5Siiyp(t) ,
éSéyj’p(t) =—iJn.z 6Séyj'p(t) +7p 68;‘k'p(t) +7p 6S£yi’p(t) ,
as'i pp(t)=+incz 6511{ PRORS 5Sil.,p(t) +7p 6Sij’p(t) ,
&Sy pp(t)=—1Jncz &Sy PROES 885, NOES 633{'].’1,(1‘) ,
55’3’ kp(f)=+inez 653 PRGOS 6S§'i,p(t) +7p 683“)(1‘) ,
683 kp()=—1Jncz 683 PRORS 6S§'i,p(t) +7p 6S§yj’p(t) :

(6.63)

We will use a compacter notation § S?g * for & Sg l(p) and 6 Si l(p) whose expressions have

opposite signs. The notation & S?ﬁ * thus designates two equations. We may, however, drop the
superscript * in certain equations for ease of notation.

We now proceed to solving the equations to obtain the frequency w. The structure of the
differential equations are not exactly the same as in the SU(2) case in Appendix E due to
the more complex structure of SU(3). For instance, one can observe that § S}’ZP is coupled to
0 S}i, and6S i,zp unlike in the SU(2) calculations. However, the most important fact here is that
the first line in Eq. (6.63) implies that 6 S}fp is a constant in time. We thus have a system of

19The fact that
6$§,i,p(t) = 6S§,i,p(t) = 53?:]:[’(” = 6S§,]’,p(t) = 65’%,]6,[)(1’) = 6S.ik,p(t) =0

are zero is reminiscent of the fact that the exponential map of the SU(3) manifold—which is a first-order
approximation—considers geodesics along the “longitudinal lines” of the manifold starting from the origin.
The “latitudinal lines” are not described by the first-order terms of the exponential map.
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inhomogeneous differential equations to solve, and the Ansétze?’
5S12% (5 = 5§12+ plop 1 coPt
iL,p —UYip ip ’

5512 (p) = 6812 + eiw;’ﬁit+c;tﬁi,

(6.64)
% +(t) Ilczpi,
can be used. This then yields
lw125812 +l]ncz{ 5S}i+yp 55}?1) ety Cilf)JrYpC]l',szrY; 5812p },
lw%f&S}i) op't = ii]ncz{ 581.2 +7; 6812 el 4 le',2p+7/pcil,i)+7/p (SS}CZP },
. - me . me
< lw%,35$§ielf"li2t:il]ncZ{ 55113 +7p 5813 e"wl’l;+ Cl.1;+ypcllc? +7p 6SL, },
iR 681 e n = Fijnez{|5S1 +, 5551, e+ [ CB +y,Cl3 vy 658 |,
iw235323 iw23t=il]ncz{ 582.3 p 7D 58%?’1) el 4 Cz.3 +pr23 +7p 6523 },
lw235823 FiJncz { 5823 >t 7D 68?1 el 'l 4 C23 +)pr23 +Yp 65?3 },
(6.65)

i.e., a system of 12 equations in subsets of 2 equations. The inhomogeneous parts and the
homogeneous parts are to be solved separately. The solutions of the inhomogeneous parts can
be found in the Appendix E. Here, we only concentrate on the time-dependent homogeneous
part that will yield wy. Looking at the first subset of (6.65), we have

6 12 + 1 5812 +
12+ (99ip Yp i,p 6.66
wp (551,2p+) _]ncz(_Y; _1) (6S}ii (6.66)

Finczyy,  FInez—wyt*

= (]ncz—wllz.zi)(—]ncz—wuiH|Yp| =0
> w$2i:]”cz\/1_|7/p|2

The other subsets of equations are similar and yield the same characteristic polynomial. We
hence obtain the following 6 degenerate modes:

(i]ncz—wllfi +nczy, )_0

w3 (p) = W3 (p) = Wi(p) = W3(p) = W3 (P) = Wi (P) = Tnez\/1-|yp| | (6.67)

The dispersion relation obtained here is indeed identical to those calculated with the LFWT,
see Eqg. (1.39). In both methods, we obtain 6 degenerate modes that come from the exchange
of two neighbouring colours, as suggested by the indices wg used here (with a # ). From this

20Note that the solution of a simple inhomogeneous differential equation a—5— df )

+ bf(x)+ ¢ =0is given by
fx) = Ae” Zx—ﬁ.
b
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[e4

expression of 8

we have obtained here, we finally find that

'=0, o' =v2) (6.68)
along the diagonal lines of the Brillouin zone, again in agreement with the LFWT.

This concludes our comparison of different calculation methods for finding the velocity of
the Goldstone modes. We indeed see that all of the methods show that the velocity is indeed
zero along the diagonal line of the Brillouin zone. The accidental zeros related to the infinite
ground-state degeneracy are not an artifact related to a method.

6.4 The path forward

A different way of generating a finite velocity must be found to circumvent the accidental zero-
modes in the system. Rau et al. [92] recently showed that the accidental degeneracies can be
lifted by computing the curvature of the classical and quantum zero-point energy manifolds in
the variable 8 that parametrises the classically degenerate manifold and its conjugate variable
¢, and the resulting spectrum is in agreement with the renormalised spectrum obtained
with the perturbation theory. Unfortunately, this cannot be applied in our case as numerical

calculations of Ezp(0) (see Figure 6.2) of our system suggest that 6;55" seems to be ill-defined

z
2

defining the variables 0 and ¢ in our three-sublattice configuration of the SU(3) model, it

at the three-sublattice configuration point 6 = Z.2! However, by correctly identifying and

could pave the way to establishing a set of equations of motion in a similar fashion to Ref. [93],
whose solutions would correctly generate the true Goldstone velocity.

21We note that this is also the case with the SU(2) J; — J» model at J, = ]—21 with the variable 6 that parametrises a
family of helical ground states, connecting notably the Néel configuration (the true quantum minimum) and the
spin-columnar configuration. At the minimum of Eyp, its second derivative with respect to 6 is ill-defined.
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\41§ Conclusion

This concludes our investigation of the LFWT on AFM SU () Heisenberg models with long-
range colour-ordered ground states. As the recent progress in experimental techniques of ultra-
cold atomic gas manipulations in optical lattices make it possible to realise SU(/V)-symmetric
models, it is crucial to have a simple yet useful analytical method such as the LFWT to investi-
gate the low-energy properties of such models.

First, the multiboson method of LFWT has been introduced in chapter II. This method intro-
duces one bosonic species for each state in a given irrep. This allows to perform the Holstein-
Primakoff expansion with ease as in the SU(2) spin-wave theory, yielding the low-energy
spectra of the Heisenberg Hamiltonian and allowing the computation of the ordered moment
of the system. The method yields the dispersive energy modes containing the Goldstone
modes which are linear in k in the low-energy limit in the absence of frustration, and it also
yields multipolar energy modes that appear as flat modes in the harmonic order of the Hamil-
tonian expansion. The method was applied on the square/honeycomb/triangular lattices
in the bipartite/tripartite colour configuration for various SU(N) particles with m > 1 par-
ticle per site in completely antisymmetric irreps. It was found that the LFWT supports the
long-range colour order for only one model, namely the AFM SU(4) Heisenberg model on the
square lattice with two particles per site, for which the quantum corrections to the ordered
moment is already large (~ 79%) with respect to the classical value. For N >4 and m > 2,
and for other lattice geometries, the quantum fluctuations become large as N or m increases,
thus destroying the long-range colour order. The multiboson method was also used to derive
the energy spectra of the AFM SU(3) Heisenberg chain in the adjoint irrep and in a bipartite
configuration. It showed that the model yields Goldstone modes with two different velocities,
a feature inherited from the algebraic group structure of SU(3).

The Mathur & Sen bosons were then introduced in chapter III for SU(3). Two sets of boson
triplets were introduced: one for the fundamental irrep and one for its conjugate irrep. These
bosons also allow us to apply the Holstein-Primakoff prescription consistently, and we have
found for the AFM SU(3) Heisenberg chain in the adjoint irrep that they yield identical dis-
persive modes to those obtained with the multiboson method in chapter II. This method also
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yields multipolar flat modes, whose nature is slightly different from the ones with the multi-
boson method: the flat modes obtained here come only from the states that are degenerate
in the weight-diagram, and their nature is not completely clear. The Mathur & Sen bosonic
method can easily generalise the adjoint irrep model to any arbitrary irrep [p, g] of SU(3). Con-
sequently, it was found that the energy spectra of the model in non-self-conjugate irreps show
linear and quadratic behaviour in small k, exhibiting ferromagnetic and antiferromagnetic
behaviour simultaneously as in SU(2) ferrimagnetic models.

We also included one last bosonic representation in chapter IV: the Read & Sachdev bosons. In
this bosonic representation, there is one boson per colour and per row of the Young tableau.
The semi-classical expansion of the condensate bosons is not straightforward in this case, but
the computation of the energy modes is easier than with the other methods for general irreps
of SU(N). The models in chapter IT and chapter III were treated using the Read & Sachdev
bosons, and the resulting dispersive energy modes were identical to those found with the two
previous methods. They also yield flat modes whose nature is similar to the flat modes of the
Mathur & Sen bosonic method.

We briefly mention here that only the boson representations have been used in this work,
as we were interested in studying the low-energy excitation spectra of long-range colour-
ordered states, in which case the bosons are well adapted to the study the flavour waves with a
large condensate as it is the case with the SU(2) spin waves. However, it is worth noting that
the fermion representations can be more adapted for other types of ground states, such as
the valence cluster states (VCS) comprising of singlets formed across multiple sites [69] or
disordered states such as SU(N) chiral spin liquids (CSL) for which the fermion representation
works well [69, 94]. It is also interesting to know that Read & Sachdev [8] indeed introduced
a fermion representation for SU(NV) generators already for the % expansion they perform by
taking N — oo with m o< N and n. fixed. They point out that the boson representation is more
useful when taking the other large- NV limit where n, « N and m fixed as in Ref. [95], and that
the properties of the Hamiltonian does not depend on the choice of bosonic or fermionic
operators.

The chapter VI was dedicated to the attempt of lifting the accidental zero-modes that exist in
the harmonic spectrum of the SU(3) Heisenberg model on the square lattice with one particle
per site and in a tripartite configuration. The line of zero-modes in the spectrum is related to
an infinite number of ground-states that are related by a helical rotation, and such accidental
modes can also be found in SU(2) models such as the J; — J» model. We showed that the
accidental zero modes are not an artifact related to the LFWT, as field-theoretical calculations
and quantum equations of motion also show the same feature. Such lines of zero modes in
the harmonic spectrum lead to computations showing an absence of long-range colour order,
but such conclusions can be premature as the zero modes are accidental. We thus established
self-consistent equations using qualitative physical arguments that allowed us to estimate
the ordered moment of the system, and the resulting magnetisation was in line with existing
numerical simulations. Our approximation method is however very simple and needs to be
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more systematic. As a further perspective to solve this problem of accidental zero modes, one
could possibly try to set up a different way of establishing the set of equations of motions in
the SU(3) manifold in the vein of Refs. [92, 93].

129






:\The Bogoliubov transformation

1.1 The Bogoliubov transformation with two bosons

Let us take the following Hamiltonian #45 in section 1.2 as an example on which we will
perform the Bogoliubov transformation:

Hopg=2ne ¥ [bhibh i+ i b b DO vibs (] (L1)
keRBZ

The factor z = 2 is the coordination number between two sublattices, i.e., the number of bonds
connecting a site from the sublattice A 4 to the sites from the sublattice Ap. In addition, the
geometrical factor yy is given by

1/ . .
Yk:z(elkx'i'elky). (1.2)
The Bogoliubov transformation is given by
7Bt Bt
) ()
b i) \Vk ) \Dp
———
=M
We now define the inverse Bogoliubov transformation:

Bt * 7Bt
Patc | | e )| Dok (1.4)
A LA : :
bB,—k — Uk Uk bB,—k
—_———

=M1

Since MM = (Jul* - v?)1 2 1, it follows that we can write 1 = |yl e’ = coshfy e!’ and
vk = sinhf@y, i.e. ux € C, v € R. The phase '’ will turn out to be equal to the phase of y(k)
(ela18Yk),
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We can now diagonalise #4p. Let and A := 1, By := y. Then
Hag=zIne Y.

* Bt
CA )(1 Yk)(bf,k)—l
emsz [V Bk 1 by

A B[ bB N
— At ,
=zine ¥ (M b5l (Bk f:() (béqkk)_zmcg

keRBZ
* 7Bt
- - A B 1 bax N
=zin; Y. ka pAT (M 1)( k)M (~ K2 n.— (1.5)
keRBZ( A B k)‘ B A ) bg,—k 3
(D O
lo* D
- - D o\(b% N
=zJn. Z ka bAT_ . ~A'k)—z]nc—,
keRBZ( A B k) o D bg,—k 3
where
D:=A(lul®+v*) -2|B||ul v,
O:=e''[-2A ulv+B(ul®+ v?)],
From the requirement that O L 0and D L wy, we obtain
D = wy
_ )P vg=
2|l e =2
= wi = \/ A2 - Byl (1.6)
leading us finally to

7 Bt
~ - Wi 0 b K N
FCag = 2] ¢ Z bB bAT_ ( )(~A’ )—z]nc—
keRBZ( Ak B, k) 0 wx bﬁ,—k 3

~ ~ - g~ N
_ Bt 7B At 7 At
= E wk(bA,kbA,k+bB,ka,k+1)_Z]”6_3
keRBZ

| N
=zjne Yy, Y, ). wk(b;jrkb;’k+§)—z]nc§. (1.7)
keRBZ pe{A,B}v#pu

The Bogoliubov transformation can also be achieved by demanding that

[#,b5(-K)]| = —zJn.0(-K) by (—k). (1.8)
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1.2. The generalised Bogoliubov transformation

Since

(7, bg(—10] = 2T (~Abg(~k) - Byb}y 10,

(1.9)
|7, 5,00 = 27nc (Ab} 00 + Byby(-10),
we conclude that
(7, bg(—10] = [ 7, vy b 00 + uy by(-T0 |
= (Avy - Biug) bl () + (B vy — Aug) bp(-K) (1.10)

2~ 2Jnew(-K) by (-K) = —zJ new(-k) (v;; b 10 + u,’;bB(—k)) .

By comparing the coefficients of the bosons bTA (k) and bB(—k), we finally obtain the same

spectrum as in (1.6):

{—v;w(—k):Av;—Bkul’z . (—A B11) (uli)z_w(_k)(uljf) (1.11)

—uyw(-k) = —Aug +Br vy -B Ay Vi

=  w=\/A2-|Byl>. (1.12)

Note that from the first equation of (1.11), namely vy (A +w_g) = Yk ul’i, we infer that

1(A ;
=4[5 ;+1)e’arg7"‘, (1.13a)
Kk
1(A
vy = E(__l)' (1.13b)
Wk

1.2 The generalised Bogoliubov transformation

When having more than two bosons, the method commonly known as the generalised Bo-
goliubov transformation can be used, the details of which can be found in Ref. [96]. A generic
Hamiltonian can be written as

N
@ = gt w gt gt v
T _%#VZ_I [Ak dﬂ,kdv,k+(Bk ' al_ + By duykdv,_k)], (1.14)

in which there are n boson species and the indices , v label the boson species.We will write
it in a more suitable form for the transformation by doubling the number of bosons in the

grading of the matrix My:

1 d
2% =Y (df,d_ —Mk( k), (1.15)
%( k k)z th_k
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where
t t
d ='(df 0, ..., dw), = (di (D), ..., du(-K),
M - (.Ak Bk) (.Ak Bk) (1.16)
k= T = * * .
By Afk B AT

Note that the equalities

AL =A;, Bl =B (1.17)
hold in general. The dispersion relations of such a Hamiltonian is then given by the diagonali-
sation of

1 0\[Ax B A B
YMk::( ]1) ook l=l T, ) (1.18)
0 -1J\B, Al -B, -AZ,

as we shall see.

The aim is to find a transformation Uy for the bosons dy that would diagonalise M. Let us
consider new bosons dﬂ that satisfy

~ t
d =Uyidy + Upped?,

gt U gt Ut
:>d_k— U1,—kd—k+ Uz,—kdk

— ( d, ) _( Uk U ) ( d, ) (1.19)
' - * * T »
d—k U2,—k Ul,—k d_k
—_—

=T

in which we have defined

U U.
Tk‘1:=( K 2") (1.20)
Uy x Ul x
They also have to satisfy
|y dlp| = 6, |y dup| = |40 dlp| =0 (1.21)
”yk; V,p HV kp» H’k; V,p ,Lt,k' V'p . .

Using the Einstein summation convention without distinguishing between the covariant and
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1.2. The generalised Bogoliubov transformation

contravariant indices, we note that Egs. (1.21) imply

[du,k’ diyp = [[Ul,k]up dpx+ Uyl up d;,—k’ [Ul*,p]VU d;p + [Uz*,p]wda,—p]
= Uy uo Ui plve | 410 @8 p| +(Un o Uz plvo [ o do ]
—— —_———
=6po0ip ==0p001p
=1U} 1o LU plvp Okp = (U gl up (U plvp Oip
N—— N——r
(U5 v U3 v
={ U, Ul i = U5 US i b6
LkY1,pluv 2k“2,p v “kp
!
=0, 0kp
= UpU -~ Upj, =1, (1.22)
as well as
7 7 _|4t 4t | =
(s dip] =|dlie @)y | =0
= U Uy, = U, ‘U, =0 VK, Vp,
= U Uy = Uy Uy =0. (1.23)
After the introduction of the matrix Y,
1 0
Y= , (1.24)
0 -1
Egs. (1.22) and (1.23) can be written compactly as follows:
-1 -1\t — il —
YT, Y(TL,)' =1 < YTkYTk—Il. (1.25)
This finally results in
T =vT 'y (1.26)
k Kk L :
Let us now apply all the results on the Hamiltonian in Eq. (1.15):
72015 (a ) i
_Eg( K’ —k) k td-[;k
1 d
a19l Tt 3 t k
=5 3 (dk,d_k) T, My Tk taik) (1.27)
1 ‘d
1.26 <+ _
(2 )EZ (ald ) Y5 (v M0 T (t&*k ) :
k ———— —k
:IDk
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Appendix A. The Bogoliubov transformation

To this end, T must be the matrix that diagonalise Y M. Without loss of generality, let 7, 1=

U U.
*1 k f’k be a 2n x 2n matrix, and write it as follows:
U, x Ul x
Tk _ 1,k n,k n+1,k 2n,k ) (1.28)
Yik o Yok Yurrk 0 Yonk
X
Thenv, = ”’k) is an eigenvector of Y My with eigenvalue @; , where i € {1, ..., 2n}. Then
1wk
it follows that

AX; 1+ BiY 1 = 051X
Y MV =0ivix < k T"k k T”k HLk (1.29)
B Xix— AL Yik=00;kYik

The conjugation of the latter (along with the properties (1.17)) gives

* ¥ kK o ok * * g * W % *

AX B Y =05 Xy N AX: T BLY; k=07 4 Xk (1.30)
* ® __ mk oy * * ok *

BoaX; j + Ak = —05, Vi BIX; o+ AY; o =—0; Y

Finally, by defining

X k=Y o, Yik:=X_,,
: lk i, i,k (1.31)
a)l,k = wi,—k’
we obtain
AX i x+BY =@ X
_ 1X ik + BiY ik = @} X'k (1.32)

/ 1. — _ oy
BEX ikt A;Y ik= —wi’kY ik

Xik| _ [Yix
Yik Xk
Y My with eigenvalue —@? _, by comparing Eq. (1.30) and Eq. (1.31). The eigenvectors and

Hence, we can immediately infer that the vector is also an eigenvector of
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1.2. The generalised Bogoliubov transformation

eigenvalues of Y My are finally given by

I - Xk o Xnk Yr,—k Y;kz,fk ,
Yik - Yok Xi‘,—k e X
1,k
- (1.33)
@
Dy = nk i
—W _x
_d’;,—k
Ultimately, the Hamiltonian will then have the following form:
1 ‘d
) _ - it g k
7 —Zg(dk,d_k) Y Dx (t&ik)
LS [+ tao i T
=2 % b (614} 104,00 + @} _y d,(~ld] (k)
(1.34)

n
= %‘. > |2Re(@ix) dl0d; 1) + &}
Pl I

=1

N~

::w,;k

n

= ; Zl Re(@; 1) d] K d; (k) +&F | .
i= N——
=iWik

The semi-positivity of the eigenvalues and the existence of matrix Tj are guaranteed by the

fact that M is positive definite when yy # 0, and by the fact that it is semi-positive definite
when yg = 0 (which is the consequence of the Goldstone-symmetry breaking).
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The expectation values with Read and
Sachdev bosons

2.1 CaseofSU(4) m=2irrep

We consider the square lattice and its ordered state in subsection 4.1.1. Let us assume that color
A and B sit on the sublattice A 45 and the color C and D on the sublattice A¢p of the square
lattice (we are considering the irrep with m = 2). We have deliberately broken the symmetry
by choosing specific colors for the sublattice. Then the ground-state can be expressed as

C [T ALz DAL, () 10), 2.1)
ij

iEAl
Je,

where C is a normalisation constant. When assuming a condensate of colors A and B on site
i by taking the semi-classical limit (i.e. by taking the limit M — oo), the ground-state is then

written as
ne¢
lgs)=C I (AZB(”ATCD(J')) |0}, 2.2)
i,
jeh;

with N being the number of sites and C another normalisation factor.
We first observe that

lgs()) :=C(AQB)HC |0)

Aat at —at gt )™
C(dAldBZ_dBldAZ) 10)

=ék§b (A]:I) (dhdﬁz)m_k (_d;;ldjlz)k 107,

(2.3)
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Appendix B. The expectation values with Read and Sachdev bosons

where C = m is the normalisation factor. Then it follows that
— (i) |d d ’ ( ) ! Z k
s(i s()y=———
(80 |l 850)) =Gz
\v/
@4y @4
ne

Hence, we conclude that
(o Dat)) =] df o (Dol g5) =

(2.5)
(da(Ddval)) =(gs

d}o(dvatj)|g5) = %4

with Vi€ Agp, Vj€ Acp and p € {A, B}, v e {C, D}, a € {1,2}. Other quadratic combinations of
bosons yield zero.

2.2 Case of SU(3) adjoint irrep

We refer here to subsection 4.2.2. We now assume that there is a large condensate of the
ground state e“deadEde 4110) on Ay and a large condensate of e“bdlgadgb(frl [0Y on Ay, i.e.,
we consider

lgs() = Clee?d) (nal, dl, 0] 10y,

i n. 2.6)
|gs(j)> =C [eadea(j)dCb(j)dBl(j)] |0},

forany i€ Ay, j € Ay and a € {1,2}, with C being the normalisation constant and 7. being the
control parameter such that n, — co. We will concentrate on the sublattice A; from hereon as
the argument will be identical for the sublattice Ay.

Let us first state two identities will be useful for our subsequent calculations:

& (cnc—k)!  (cnc+1)(cn)!
= (ne—k)!  nlllc—Dne+1]

(cne+1)!
nll(c—1nc+1] .7
e (cn.—k)! 3 cne(ene+1)(cne—1)!
=0 (nc—k)! C(me-D'(c-Dne+1][(c—Dne+2]

B (cne+1)!
C(me=D'(c=Dne+1][(c=Dn.+2]

These equations are true for any non-zero integer c.

140



2.2. Case of SU(3) adjoint irrep

Let us now determine the renormalisation constant C:

Clgsti)) = (e df,dh, )" 1)

= (ahydlydly, —alydipd)) 10
< [n
:kzo(kc) (dJr d&diu) ( d(t‘ldlxzd;u) 10)

B ) e )

k=o (e =
=Y k),k,( DV Eene = IVEVEY (e = 01@ne = k) an, (e, (k) az, (e = K)ca)
k=0 Ut~
Ie Vv (2ne—k)!
=nc ) (—l)kL |2nc — k) a1, (K)c1, (K) a2, (ne — k) c2) -
k=0 (nc—k)!
(2.8)
2nc— k!
= (gs)] gs)) = C*(nchH? Z % =
o O 2.9)
nc
!
— [( c) Z (nc—k)'] .
From Eq. (2.8), it is easy to see that
(gsth|alydy|gsn) =0, (gsti]df,dc,|gsr) =0, (2.10)
and we also trivially obtain
(gs(i)|d} dp,|gs) =0, (gsti)|dh,dp,|gs)) =0, 2.11)
for a € {1,2}. The number expectation value of (n4;) is given by
- X (2ne—k)!
(gsti]aldy| g5)) =C2ne? Y- E =L o,k
k=0 (n c_k)!
@n.=k)!
kzo et
—op, k=0 T 2.12)
(2 2nc—k)! k)‘
(2;7)2’% +3

c-
ne+2
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Appendix B. The expectation values with Read and Sachdev bosons

Similarly, we obtain

@2n;—k)! o (=Rl
gs(z)|dC2dC2’gs(z) Cz(nc) Zc—(nc—k)=nc——k :
(ne—k)! © @n.—k)!
@nhc+1
ne+2 @

n
< 2n—k)!
@n.—k', kzo e or €

52 () =
<gs(z)|dCIdCl|gs(z)> =C?(n.)? Z T T— (2.13)
kEO (ne.—k)!
@n 1 n
T one+2 ¢
2nc—k)!
~2 c
<gs(z)|dA2dA2|gs(z)> =C%(n.N? Zm
en 1 n
Cone+2

However, what we are really interested in is these number expectation values in the limit

N — 00:
1 2n:+3
. + _ c
nhgéon_<dA1dA1> " ne—oo n-+2 -7
¢ Cc ¢ C
lim — (df,de, ) = "Ci; -1,
n.—00 N ne—00 N,
1 ) . 1 (2.14)
lim — <dc1dC1> = lim =0,
ne—0o0 N, Nne—00 N + 2
1 1
lim —(d},d,,) = lim =0,
ne—00 1, ne—oo N+ 2

Hence, all these expectation values indeed justify the Holstein-Primakoff approach in Eq. (4.55):

bl (,by (1) — 2nc—;AdZ1(i)du1(i): 2n - \/_ > (D),
Iz Iz
(2.15)
(D), by (i) — b, ()b,,(0) = Ve b )by, (D).
C2 c2 u;C 2 2 2\/_;#6' u2 2

Furthermore, they show that the expectation values of the LHS of the constraints respect the
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2.2. Case of SU(3) adjoint irrep

constraints (4.47) in the limit n, — oo:

3
< )3 dj,l(l)dal(l)> =2n,,
a=1
3
< )3 dlz(l)daz(l)> =1, (2.16)
a=1

5 T
<a§1 dal(l)daz(l)> =0.
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8] The corrections from the SU(3) quar-
tic terms Y

3.1 Wick decoupling/Hartree-Fock average of the quartic terms

As explained in subsection 6.2.3, the quartic Hamiltonian can be written as #® = §E® +
6762 + 7™, where 6.7 is the term of our interest: it is the renormalisation of the spectrum
that comes from the quartic term. Following the procedure in Ref. [85], we perform the Wick
decoupling to calculate the quadratic average in real-space to simplify. With the coordination
number between two sublattices z = 2, the possible Hartree-Fock averages in #® are given

as follows:
@
1 1
<bg(i)b3(i)>=ﬁ<o 3 bl (Dby() 0> =N<O ;z;g(k)bB(k) 0>
_L 0|3 (- v (=10 + ey, 00 (- viy (~k0) + w530 | 0
=5 w1 (-0 + i}y 1) (~ e (10 + ugn .00
k
=l OZUZT] nT 0 :inz 3.1)
N - k''C,-k''c -k N s k
6101 1 A )]
- N%" Z(O)k !
=n,

and similarly, {b)-())bc()) = (b} (Dbg()) = (BEMb()) = .
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Appendix C. The corrections from the SU(3) quartic terms 7

(i)

<b£(i)b3(j)>=%<0

=0 because f Ykdk = 0, and vy is even in BZ,

and similarly, <bg(j)b3(i)> = <b*c(j)bc(i)> = <bg(i)bc(j)> =0.

(iif)

(bhBL()) =

1
Y, X bl (D) by (j) 0>
i jeli+éy,
i+é)}

(™% + &™) bl () by (k)

’

DN =

%

2 1ibp(0b, )
k

x 2 T
; YY" c,—x"c,—x

BZ

1 ot
o X b () bL() 0>
i jeli+éy,

i+é,}

(e’ + &™) bl (k) b. (k)

DN | =

%

L[ nc 0+ wen}y () (15,00 = v (-0

> (— 7l Vkmc,knTc,k
Kk

and similarly, <bTC(j)b};(i)> =Ny,
(be(j)bg(i)) = (bp(Dbe(j)) = AT,

146

)

1 * 2
o)

)

1
0> = _N%ﬁ/kult Vi
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3.1. Wick decoupling/Hartree-Fock average of the quartic terms

where it is worth noting that

<b;(i)b2(j)>=—i

(6 10

:»Ay

(iv)

(BLOBL) =

N< i < jelité,
i+ey}
L/l Zl(e 1 e )bl b (-1
N\ |¥2
1
-~ (o
N <
1 o i
=N 0 Z(_quk Uk)nB,—knB,—k
K
1 %
=-% ;Yk Uy Uk
=0 becausef}fjidk:o»

and similarly, (by())be(D) = (BL(IbEG) ) = (bo(i)by () =0.

1
Zqufi L — 2 Ind lad v
k

|Bk|

ZI Tl 5o

*

=Ay.

1
ox; X bl (j)|0

)

)

;Y{:(ulﬁnc(k)—vknB(—k))( vknc(k)+uknB( k))

)

(3.4)

)
(3.5
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Appendix C. The corrections from the SU(3) quartic terms 7

W)

(L bk o) = <0 Y bl (0)bL(0) 0> -1 <o Y bl (—kbL0 0>
_1 “ ot .t
- (0 ;(—vknc(k)+uknB(—k))(uknC(k)— b1 |0
1 . ) 1o .
:N 0 ;(—ukvk)ncvknc'k 0)= —N;ukvk
60 _ 1y By (3.6)
1

=0 because f vkdk = 0, and wy is even in BZ,
BZ
and similarly, (b.(i)bg(i)) =0.

vi)
Py ] 1 P
(Bhbe(n) =5 (01X 5 X Bhibe(|o

i jeli+éy,
i+é)}

(™™ + e” ™ )bl (- b (k)

N | =

%

)
3.7
)

1
=N <0 27k (—Vk"c(k) + ultng(_k)) (”knc(k) - an;(_k))
K

and similarly, { bl.(1)b5(j) ) = (b} ()b(@)) =0.
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3.1. Wick decoupling/Hartree-Fock average of the quartic terms

(vii)

1 1
i < jeli+éy,
i+é)}

(e % 1+ e R by (I by (k)

DN =

%

)

=— <0 Y Yk (— Vi (—K) + ulﬁnB(k)) (— Ve (-K) + u{inB(k))
N k

3.8
)

and similarly, (b,()b()) = (b, ()b, (1)) = (bl ()b (i) )
(BLOBL)D) = (bebe) = (BLMBLD ) =o0.

0,

The Wick theorem can now be used. The term §.#® we are looking for is the sum of the
normal-ordered quartic terms : #™ : containing one contraction in all possible combinations.
For each of the quartic terms in ¥ in Eq. (6.7), we obtain the following:

(i)
Y Y bLby(Dbg()be ()
i jefi+eéy,
! i:(?y}

—y ¥ [;b*E(i)bP(i)bB(i)bC(j):+:b*E(i)bB(i)bF(i)bc(j):+:b;(i)bB(i)bB(i)%(j):
i jeli+éy,
i+é)}

+ :b;(i)bﬁ(i)bp(i)bc(j): + :b}(i)bE(i)bB(i)%(j): + :bE(i)bB(i)bE(i)%(j):
:z;[nCl’: b (~K) b (K): +nC :bg(—K) b (9: +0 3.9
+0+ AL D5 (- bp(—10: +AL b} (- by (—K):

=2 [2nGy by(~10b00: +2A7 bl (-l0bg (ko .
k

(ii)
Y Y bLbLGBLG) b))
i jefi+éy,
i+ey}

149



Appendix C. The corrections from the SU(3) quartic terms 7

-y {Z [:bTE(i)bf?(j)b‘LC(j)bc(j):+:bTE(i)bE(j)bT?(j)bc(j):+:b]‘;(i)bz(j)b2(j)b¢(j):
i jeli+eéy,
i+ey}

+ ;bg(i)b*g(j)b;(j)bcu): + :bg(i)b*g(j)b}(j)b:?(j): + :bgmbgu)b;(pb?m:
=z [y :5L00b(0): + Ay :bE00 b 00: +0
k
+0+ Gy :bl (<l 00: +nGC, 10} (KB ()
=z [28, 5L 00: +2nC, bl (-l bl ()],
k

(3.10)

(iii)

Y Y bLbL()HbL (b))
i jeli+éy,
! i+é)}

. ot et (npt (i ot oant st oot oat cnpt o o,
;]E{; [.bE(z)bF(])bB(])bB(]). +:bp (bbb () + bR (bbb ):

i+éy}

+ :bg(i)b*g(j)bT?(j)bB(j): + :bg(i)b*g(j)bg(j)b?(j): + :bg(i)bg(j)b*ﬁ(j)b?(j)z
=2 [Ay b} (- by (-1 +0 +0
k
+0+0+nCy bl (- b |
=23 | Ay bl (~10by (-K): +nC, b} (-l0BL 0%,
k

(3.11)

(vi)

> Y bL@bL()HBLEDbG)
i jeli+éy,
i+é)}
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3.1. Wick decoupling/Hartree-Fock average of the quartic terms

-y {Z [:b*E(i)bT?(j)b*C(i)bC(i):+:b*E(i)bg(j)b*F(i)bc(i):+:b;(i)b2(j)bg(i)bp(i):
i jeli+eéy,
i+e)}

+ .bg(z)b*E(J)b*F(z)bC(z). + .b}(z)bTE(J)bZ(z)bF(z). + .b;(z)bc(])b*g(z)bp(z).
=z;[AY:bE(k)bC(k):+O+O
+0+0-+ nyic:bl (- bl (): |

=Z% [AY :b% (K b (K): +nyic :bg(—k)bg(k);],

(3.12)
)
> Y bLbL()b(i)be()
i jefi+éy,
! i+e}}
. AN ANE ; N o pt vt ; Nt et ; .
;je{iz%[.bE(z)b?(])bc(z)bcu).+.bE(z)bC(])bF(z)bC(]).+.bp(z)bc(])bc(z)%(]).
i+é}}
+ :bz(i)ng(j)bF(i)bC(j): + :bTC(i)bTE(j)bC(i)bg(j): + :bTC(i)bTC(j)bE(i)b?(j):
=zY [0+ n:b}.00b00: +0
k
+0+n:b-K) be(K): +0
:Z;Zn:bz(k)bc(k):,
(3.13)
(vi)

> Y bLbL()by(j)byi)
i jeli+ey,
i+é)}
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Appendix C. The corrections from the SU(3) quartic terms 7

_’Z. {Z [:b*E(i)b*F(j)bB(j)bB(i):+:bTE(i)b;(j)b?(j)bB(i):+:b}3(i)bTB(j)bB(j)bP(i):
i jeli+eéy,
i+e)}

+ :bg(i)b*ﬁ(j)b?(j)bB(i): + :bg(i)bTE(j)bB(j)bF(i): + :b;(i)bg(j)bﬁ(j)bp(i):
=2Y[0+0+n:b} (K by(-Io:
k
+n:b(-K) by (-k):
=222n:b;§(—k)b3(—k):,
k
(3.14)
(vii)

Y Y bL@bL()be(j)bg(i)
i jeli+éy,
! i+é)}

. Byt (i ; Nent ot ; N oot ot o ; .
;,-e{izﬂa [ .bE(z)b?(])bC(])bB(z). + .bE(z)bC(])b§(1)bB(z). + .bB(z)bC(])bC(])bp(z).
i+e‘}}

+ :bg(i)bTE(j)bg(j)bB(i): + :bg(i)bTE(j)bC(j)bF(i): + :bg(i)bg(j)bg(j)bﬁ(i):

:z%[AYc;; b1 by (—K): +0 + 1235} (0 b (0):
+n:b} (- by (-K): +0 + ALCy bl (K) b (K):
:zZ[n :bL (Kb (K): +1:b (- by (—K): +A, Gy :be (K by (—K): +ALCy b b (—K): |
) (3.15)
(viii)

=Y. Y bL@BL()be(Dby())
i jeli+ey,
i+é)}
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3.1. Wick decoupling/Hartree-Fock average of the quartic terms

—-y ¥ [ b*E(z)b*?u)bc(z)b (j): +: bE ()b} (])bF(z)bB(j):+:bg(i)bg(j)bc(i)b,§(j):
i jeli+éy,
i+é)}

+ :b*c(i)b*E(j)bF(i)bB(j): + :bZ(i)bTE(j)bC(i)b?(j): + :b}(i)b;(j)bg(i)b?(j):
== 2Y 8, Gy b B0y (—10): +1 2B} (<K by (—10): +0
k
+0+n:bL b (K): +A%C, bl K bl (—K):
=-zy [n bl () b (): +1:bf (K by (—K): +A, Gy :be (K by (-K): +ALCy b0 b (—K: |
k

(3.16)

By regrouping all these terms and their Hermitian conjugate as well as the overall factor —%
from Eq. (6.7), the term 6.#@ is then given by

5.7 = ]zZ[&ABk b by i +0AC bl by +8By by by +0B bl blc|, 3.17)
where

SAB, =- % (3n+3Ay+h.c)=-Re(3n+3A,)

=-3[n+Re(A,)]
=:0A4,

1
SAL = - 5 (3n+34, +h.c) (3.18)
=54,
1 .
OBy =- > (6nyk +4AY}/k)

=—7YK (3n+2A;).
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Appendix C. The corrections from the SU(3) quartic terms 7

We will now write 5@ in terms of the Bogoliubov bosons iy by using

pt . t J :
by by o=kt u;nBy_k) (0N g+ W g 1):
_ 2. f + | |2 t _ gk T T
=UexMex t Ul Mg _kMB,-x ~ U VkMcxB,-k ~ WYk —xc
A R, | T .
b beac =N e g = Uil p ) hdl e = Uil 1!
_ 2 1 2+ * ot
= || NexMex Vg, _kB,—x ~ UV, ~kMcx ~ WV c k1B, -1 (3.19)
. .. t T .
:bg Doy = =0 ey T i g ) Ul o= Uil g -
_ t t 2t 2
=~ VN ex ™ UM B, -k + Ve B T U B, -k
7 N . o * o F .
beybp = U ey Uidlp ) CUN ot g -

% T o T *2 T t 2
=~ U UM exMox ~ U UM kB, T U Mexp,-x T VkB,-k"ck

We thus obtain
(2) — B .t . C.t . * . A o
5709 = ]z; |64, b}, by +6AC b by +0By by by +8B, b, b ]
(3.20)
_ B4t C@4) t @* 4) 1 t
_]Z% [‘”—k M-8kt O NMexllext B’ MpxMex* By nB,—knC,k] ’
(3.21)
with
2 * *
wf;l(f) = | 6 A8, + vES AC — uy v, 6By — g v, 5 B
2 2
= (|uk| + vk) 5 A—2Re (uy v, 6By)
A B}
= —5A-2Re (—k6Bk)
Wk 2wy

N )

=0y (3.22)

= w;:l)’

2 % *

wlf(‘l) = ve6 AP, +|uy | 6Alf — uy 1, 6By — uy v, 6By

= (|uk|2 + vlz() 5 A—2Re (uy v, 6 By)

— @4
—(Uk .

All in all, we obtain

@ _ @t @t @* @t ot
6 _% € MpxB K T &k nC,knC,k+]Z(Bk Mp-xMckt By nB,—knC,k)]’ (3.23)

where we defined

(4),_ (4)
& =Jzw . (3.24)
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The nonlinear sigma model of
SUB)\ (U(1) xU(1))

From subsection 6.3.1, the action S of the discrete 2D lattice model of the SU(3) J; — J3 Hamil-
tonian is given by

B
s=[ X AP R[I81G.9-Bati D #1850+ By D + 16500,y 1
o ijeN

#1671 o g+ D B30 Gyt j+ DI +1 B3 - B+ 1, j+ D]
_’*.._’..2 Pk e N 1 g .2 Pk e N 1 e .2
+p213[|¢1(z,])-¢3u,1)| +|G3 G NP+ L P+ ]G5 )i+ 1, )
@1 1) Byl j+ 2|+ (B30, ) G141 j+ 2 |83 D) Goli+1,j+2)
3
W AR RIS
n=1
4.1)
where the 7-dependency is implicit. We now go to the continuum limit by using the Riemann
sum
N-1
Jim AA Y. fG, ) — | fx,ydxdy, (4.2)
T 4j=0
in which f(x, y) represents the expression of the Taylor expansion of f(i, j) in x and y, and
AA = 3a? is the volume of the unit cell. In this case,
U(i+1,j) — U(x,y) £3ad,U(x,y) + G (a?),
UGi,j+1) — Ux,y) £ al-0,U(x,y) +0,U(x, )] + O (a®),
U(i,j+2) — Ul(x,y) +2al-0,U(x,y) +0,U(x, y)] +0(a), 4.3)
Ui+1,j+1) — Ux,y) +al20,U(x, ) +3,U(x, )] + O (a®),
UGi+1,j+2)— Ux,y) +ald,U(x, y) +20,U(x,y)] +0(a%).
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Appendix D. The nonlinear sigma model of SU(3) \ (U(1) x U(1))

This gradient expansion can be used on the terms in Eq. (4.1). For instance, the second term is
given by

Tk e . re a2 — * ;=
P2 |Bs G, j)- G5, D] = pP|@TLD* (@&TLU)T|?
2 2
= p? %LIZLT3+2%L§3) (%LTZL13+2%LZS 0(a®) (4.4)

=4a®|Lys* + O (a®)

up to a?. Performing this gradient expansion on on the action S (4.1) up to the the order a2,
and with the help of the A, matrices defined by

A=

S o~
o o o
© o o
-
\S}
Il
©c o o

0
of, 4.5)
1

we obtain the action S[U, L] (remember that U contains the fields ¢) in the continuum limit:
1
SIU, L] = ﬁdedydT(zlz[UyLu] + L3 U, L3 + £13(U, L13] +$U[U]), (4.6)
with

Lo\U, Lol i=a 21120, UU 1 +2L3,0,UU N2 | + @2 [8U1 +J3) 1 L2l?]
+ @ pLiz {1 | -20:UUN21+20,UUN1 | + J3 | -80:UUN21 - 40,00 ||

+a pLi {1 | -200:UM 2 +200, UMz | + J3 | -8W0: U2 - 4Wa, UN
(4.7a)

ZLr3lU, Lp3] :=a [2L23 @:UUN3p + 2L;3(61UUT)23] +a® [8U1 + J3) | Loz ]
+@ plog {1 |-20:UUN32 +20, U032 | + Js | -8(0:UU M52~ 40, UU o | }

+ @ pLy {1 | -200.:UM25+ 200, U3 + J3 | -8(U0.:U 25 - 43, U
(4.7b)

Li3U, Lis) =a 21130 UU 31 + 21750, UU 13| + @ [8U1 + J3) 1113 ]
+a®pLiy {1 [100.0U"13+20,0U" 3] + Js |40 UUN 13 - 40,UUN 5 ||

+@plLis {1 [100,UN31 +2(U0,UN31 | + Js [4W0.U N1 - awWa, UM |,
(4.7¢)
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3
$U[U]:=a2p2{]1 > Y TrlAp1 (U8, UNA,0,UUM)]
re{x,yt n=1

3
- Zl (Tr[An_l(UaxUT)A,,(ayUUT)] +Tr[A,H(UayUT)An(axUU*)])
+12Tr[A3 (U0, UM A1 (0,UUM)]

+3 (Tr[Ag(UaxUT)Al(ayUU*)] +Tr[A3(UayU*)A1(axUU*)])]

3
+J5 Z (10Tr(A -1 (U UM AL @ U U] +4TeA, 1 (U, U A @, UU )

+2 Z (Tr[An_l(UaxUT)A,,(ayUU*)] +Tr[An_l(UayU*)An(axUUT)])

n=1

—6Tr[A3(UdUNA 0, UU)]
-6 (Tr[Ag(UaxUT)Al(ayUU*)] +Tr[A3(UayU*)A1(axUU*)])] }

(4.7d)

The shorthand notation Ay, := Tr [An-1(U8,U") A, (0,UUT)] will be used in the subsequent
calculations for the ease of notation, with 7 € {1,2,3}?2. The L fields describing the fluctuations
can now be integrated out by using

— * * * n
/dz*dze zZ wz+u z+vz ="e¢ao, (48)
w

which yields the action S[U]:

3 1
S[U] :fdxdydr{ ; {a2 6075 +]3)A”
p?+ Al [ (-1 —8]1]3—16]2)+l]1+]39]
X1 6(J, + J3) 373 3
p*+ Ay, ! ———— (-J2+4nT —4]2)+l] +] é]
B +Jp) & LT MBI
+ PP (AL, + A, ! —— (JF+2]1J —8]2)—1] +J 2]
P 60 +J5) CL T AVBTERITRATSS )
p n n n
(A" - A" )+ (AT
d6(]1+]3)[( o }
+p Axx[—] Y (272 =11 )3+ J2) +4J1 - 2]3
1 1 2 4 2
+p (Ayxy + Ayy —(—]1+§]1]3+2]3)+]1—2]3]
1

1 1
+E(Ax, - AL}

22When n = 0, it corresponds to n = 3.
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Appendix D. The nonlinear sigma model of SU(3) \ (U(1) x U(1))

As we are looking for the velocity of the Goldstone modes to compare it with the velocity
obtained with the LFWT along the diagonal of the Brillouin zone (k, = k) along which there
is a line of zero-modes in the J; model, we consider a new (rotated) coordinate basis {x’, y'}:

AN % B VLR B
0x Ox ox' " dx ox' V2 0x'
=1 —(0, —02)
xlzL(x_i_ ) ( 1 2
ity = \/5 (4.10)
S 0 1 0 0
V=05t = — (o5 +5)
6y \/_ ox'  ay
=:—(6 +05)
3 1+02
In this rotated basis, the action S[U] in Eq. (4.9) becomes
2
S[U dx'dy'dr Y | ———A" +9a°p* A}, +J3|+a’p? AlL(J, +4
[ ] f y Z 2(]1+]) 1'7: p ] ] ]3) p 22(]1 ]3)
3
J3 3V2 V2
+fdx'dy’dt{n; ap(A}, —A"l)] +]37+ap(Afz—Agr)? (4.11)
3v2 3v2
—aP(A%T_Ail)T—aP(A —Ap)— 2 }

As we are looking for the low-energy behaviour of our system, we now linearise U (or the fields
{) by truncating the exponential in Eq. (6.42) at the linear order of 8 (x', ', 7):

1 0,+i0y —0,+1i065

6
Ulf] = exp (i Z Hkﬂk) =|—01+1i04 1 O3 +i6g |, or
= 0, + 195 —03 + 196 1
(4.12)
1 —0; +i0, 0, +i05
(_ﬁl = 01 + i94 , (_’52 = 1 , (_ﬁg = —03 + i96 .
—02 + i95 93 + i96 1

After this linearisation, the action S[U] in Eq. (4.11) finally simplies into the linearised action
Sol6]:

6
Sol0] = fdx’dy’dr.,% =fdx’dy’dr Y (x10:0k1* + p11010x1* + p2102041%) (4.13)
k=1
with
x::; p1:= 9azp2 (— I +]3) P2 = a2p2 (J1+4]3). (4.14)
201+J3) J1+73 '
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1M The quantum Liouville equations

5.1 The antiferromagnetic SU(2) model

We start with the Hamiltonian

=] Y. 8i:8;=7T), 3 8i'S), (5.1)
(i.j) i)
where the reduced sum Y. indicates that the sum is taken over one sublattice only, and ()
(1)
indicates the sum over the nearest neighbors of i.
Let us denote the two sublattices by A; and A ;. From hereon, the sites that belong to A; will
be denoted by 7, and the sites belonging to A ; will be denoted by j. What we are interested

in is the equation of motion of the operator S; where i € A;. To this end, we will use the
commutation relation of the spin operators,

SIS} | = ieapyS” @ Six8,=ihS, (5.2)

where a, B,y € {x,y,z} and L € {i, j}.

We are now ready to calculate the equation of motion of S;. According to the quantum Liou-
ville’s theorem, we derive

ds; i
E_h[%ysl]
[7,57] i [S7, 87187 +[87,57] 85 —S787+8; 8%
=i|[7,8]]| = — 2| [SF. 87187 +[85,8]] 8% | =—T Y| Sis}-SiS; (5.3)
(7, 87] ) [$7,87] 8%+ sV, 87] S ) —-SYSt+ STy
IJZS]'XS,'.
')
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Appendix E. The quantum Liouville equations

Similarly, for j € A, we obtain

ds;
—L =i[7,8;]=7) Si xS, (5.4)

leading us finally to a set of equations

ds;
d_st =]<§>Sj><si,
as; (5.5)

o :]ZSiXSj.
(i)

We will work in natural units from hereon so that & = 1.

Let us assume that the spins are classical in the three-dimensional space, aligned along the
z-axis (S = Sez). With the further assumption that the fluctuations are small, we can write

S;(t) =S+06S;(1), Sj(t)I—S+5Sj(t). (5.6)

The equations of motion (5.5) then become

88i= J X [(-Sx58)+(8S;xS)]
‘ ) 5.7
6Sj= JY[(Sx6Sj)+(8Six-9)]

(i)

up to order @ (5S?). The time dependence has been omitted to simplify the notation. We now
perform the Fourier transform

2 , ; 2 ) .
8Six=1/—= Y 68 *R g5 =1/= Y 8Sje kR, (5.8)
N iEAi NjEA]'
to obtain
: — y y
ast, =2JS(68], + oS,
o —
dsl, =-2zJ8(68% + oSy,
{dsi,k =2/[(-S %58 +ne(08uxS)]  _ Jas, =0

, . y ;) 69
dS;x =2J[(S%6S;1) + i (6Six x —S)] ast, =-zJ$ (55ij + Ykasi,k)
asy, =z1S(68%, + oSy
sz, =0
I

where z = 4 is the coordination number and yi = § (cos kx + cos k) is the geometrical factor.

Let us now reexpress the spin operators $¢ in the spherical basis (i.e., in terms of ladder
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5.1. The antiferromagnetic SU(2) model

operators) S*, as we will work in the ladder-operator basis for the SU(3) case. By defining
+ _ s QY
6871 = OS], +18S),, (5.10)

the equations (5.9) become

dst, =FizJS (085 + 1idS%,)
as?, =0
.:,k ' N . (5.11)
dS]—.’k ZilZ]S(é‘S]—.’k+)fk5Sl.—'k)
de’k =0.
We can ignore the trivial equations, thus being left with four equations to solve:
St e + +
{dsi,k = +lz]S(6Sl.yk+7/k6$j’k) (5.12)
dst, =+izJs(65%, +ndSs).

The equations can now be solved in time. We observe that § S;“k is coupled to 6 S}“k and that
85, is coupled to 65, . This allows us to make the ansatz

5SE (1) ox 88T ek, (5.13)

i.e., there is one frequency w, for §S7, and ¢ S}rk. The same applies to their negative counter-
parts. The equations (5.12) are then given by

£ )el“
. N ’;k) it (5.14)
lz]S(6S;k+yk685’k)e ;

Pt
it

{ i0EdSE et =Fi2]S (855 + b
=+

N T

lwdej,ke
+ +

N wi S_l'_’k _ - Z]S Z]S'}/k S_l‘_’k ~0
S]—.'k -zJSyx —-zJSy S;k

+
st
jk

The determinant of the matrix on the LHS finally yields the solutions:

wil

[J_r( ZJS z]SYk)_ :

-zJ]Syx -zJSy

= 0= (21— =0
= wlf:z]S 1—)/12(.

Hence, we obtain two spectra that are identical to that of the spin-wave theory with Holstein-
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Appendix E. The quantum Liouville equations

Primakoff transformation:

) =2zJS\/1-7?
« K (5.15)
wi =2JS\/1-v;

5.2 Theinhomogeneous solutions of the AFM SU(3) model

We first consider the inhomogeneous part of the equations in subsection 6.3.2. We want them
to be equal to zero in order to be able to solve the homogeneous part. Let us consider the first
subset of (6.63) only as the other subsets have similar structures:

12 12 * 12 | _ 12 *
{ (el enChposi)=0 ( : Y") o ) = (_Yp) 8Sp,  (5.16)
— 12 12 12 | _ = — P '

* (ijp +YpCip+7p 6Sk,p) =0 Yo ~U\CH) 1

12 -1 "
N Cll’g) - 1 Yp) (_Yp) 58]1cz
Cip ~Yp -1 +Yp P
12 *
Ciu) T 1=vi\-ve -1 \+rp) 7P
cl2+ — 45512 +_1 (Yz_ *)
- i,p —“kp 1—)/}2, p YP (5.17)
12 + _ 12 +_1 2 ’
Cip = *0Skp 113 (|YP| _YP)
Similarly, the remaining constants from the other subsets
Y, g
{cm =683 5L (| * -7,
pp T TN gp 1-yp TP P
13 + _ 13+ 1 2 *
Cl* =268 * s (113 .
{C?i* = =055 2 (1 - 73
23 + _ 23+ 1 2
CB* = +885%5 L (Irel*-7p)

can be obtained. These (time-)constants are, however, not of interest for us.

If we consider the equations up to order @(5S?) as we did here, we could in fact physically
argue that the (time-)constants

5S5,(p) =555 ,(p) =6S; ;(p) =85} ;(p) =S} ;. (p) = 6S7 . (p) =0

can be set to zero, as they are second-order colour transitions. This is something that we
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5.2. The inhomogeneous solutions of the AFM SU(3) model

had also observed in the LFWT: in the harmonic order, only the colours of the condensate
are involved. This assumption would yield homogeneous equations as in the SU(2) case
which are easier to solve (and lead to the same homogeneous solutions for SU(3) obtained in
subsection 6.3.2). However, our treatment of these constants here is, of course, more general.
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