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Theory of spin-density profile and lattice distortion in the magnetization plateaus of SrCu2„BO3…2
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The two-dimensional spin-gap system SrCu2(BO3)2 shows unique physical properties due to the low-
dimensionality character and the strong quantum fluctuations. Experimentally, 1/8, 1/4, and 1/3 plateaus have
been observed in the magnetization curve under magnetic fields up to 70 T, and the 1/2 plateau is expected to
be stabilized at higher magnetic fields. We argue that spin-lattice effects are necessary to describe the spin
density profile at the plateaus, and we propose a simple microscopic model of spins interacting adiabatically
with the lattice to reproduce the main features of the recent experimental results by nuclear magnetic reso-
nance.
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I. INTRODUCTION

The possibility to obtain low-dimensional quantum sp
systems that do not order magnetically at very low tempe
ture, or even down to zero temperature, is currently a sub
of great interest. Although there are many examples of o
dimensional~1D! or quasi-1D systems such as SrCu2O3 (S
51/2 ladder!,1 Y2BaNiO5 ~Haldane chain!,2 CuGeO3 and
LiV 2O5 ~prototype of frustratedS51/2 chains!,3,4 for some
time, the only example of a two-dimensional~2D! system
with a singlet ground state and a finite gap to magnetic
citations was the vanadium oxide CaV4O9 ~Refs. 5–7!.
Therefore, the recent discovery of SrCu2(BO3)2 ~Ref. 8! rep-
resents a breakthrough in this direction, and paves the
for further research on this unconventional state of mat
This compound has a layered structure where stacking la
of CuBO3 are intercalated by magnetically inert layers of S
A spin S51/2 resides on each Cu21 ion, forming a 2D or-
thogonal dimer lattice8 ~see Fig. 1!. It turns out that the mag
netic properties of SrCu2(BO3)2 are very well described by
the 2D orthogonal dimer Heisenberg model,9,10 which is to-
pologically equivalent to the 2D Shastry-Sutherland mode11

H5J (
(n.n.)

Si•Sj1J8 (
(n.n.n.)

Si•Sj ; ~1!

hereSi5(Si
x ,Si

y ,Si
z) is the spin-1/2 operator at the sitei and

the notations (n.n.) and (n.n.n.) stand for nearest-neigh
and next-nearest-neighbor sites, respectively. In the par
eter rangeJ8/J,0.68 ~Ref. 12! the ground state is exactl
known to be the product of dimer singlets:11

uC&5)
a

1

A2
~ u↑↓&a2u↓↑&a), ~2!

wherea indicates the dimer bond connected by the super
change couplingJ. In Ref. 13, it was shown that the value
of the antiferromagnetic superexchange are such thatJ8/J
50.635, withJ585 K, indicating that SrCu2(BO3)2 can be
described by a 2D spin system whose ground state is exa
known.
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The very particular nature of the ground state induc
unique features in the spin excitations at low temperatu
First of all, there is a finite gap to the magnetic excitatio
This spin gap has been observed in several experiments
was estimated to be about 35 K.14–17 Moreover, the triplet
excitations have an almost localized nature because of
orthogonality of theJ bonds.9 Such a behavior was reveale
experimentally, using inelastic neutron scattering,15 as an al-
most flat triplet dispersion.

The localized nature of the triplet excitation leads also
the most spectacular phenomenon of this system: When
external magnetic field, up to 70 T, is applied, the syst
shows magnetization plateaus corresponding to 1/8, 1/4,
1/3 of the full Cu21 moment~another plateau at 1/2 of th
full Cu21 moment is likely to be stabilized at even high
magnetic fields!.8,18 By applying an external magnetic field
the density of the triplets can be tuned and it is found that
magnetization stays constant for particular ranges of the
ternal field. It is expected that the plateaus are due to a c

FIG. 1. The orthogonal dimer lattice. The continuous a
dashed lines indicate the antiferromagnetic interactions and
elastic couplings for nearest neighbor and next-nearest neig
sites, respectively. The nearest neighbor and the next-nearest n
bor equilibrium distances are indicated byd0 andd08 , respectively.
The 16-site square cluster and 24-site rectangular cluster used i
calculations are shown by thin solid lines. The transferred hyper
couplingsB andC ~see Sec. IV! are also shown. The arrows defin
the direction from the sitei to the sitej for the Dzyaloshinsky-
Moriya interaction~see Sec. IV B!.
©2003 The American Physical Society01-1
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tallization of the triplets for particular commensurate valu
of the magnetization and are due to the small ratio betw
the kinetic and the interaction energy of the triplets. To o
knowledge, SrCu2(BO3)2 is the first example of a 2D quan
tum spin system which shows magnetization plateaus.

So far, the magnetization plateaus have been stu
mostly in 1D systems.19–22 In particular, Yamanaka
Oshikawa, and Affleck23 have found a simple necessary co
dition for the existence of plateaus in 1D systems. Denot
by l the period of the ground state in the presence of
external field, byS the magnitude of the spin, and bym the
magnetization per site~in units ofgmB), the occurrence of a
magnetization plateau is only possible when the conditio

l ~S2m!5 integer, ~3!

is satisfied. It is important to mention thatl can be different
from the period of the lattice. The first example of a magn
tization plateau accompanied by such a symmetry brea
is aS51/2 Heisenberg chain with next-nearest-neighbor a
alternating nearest-neighbor interactions.24,25

Recently, Oshikawa extended the Lieb-Schultz-Mattis
gument to quantum many-particle systems with a conser
particle number on a periodic lattice in arbitrary dimensio
and showed that the condition of Eq.~3! for the plateau is
still valid in arbitrary dimensions.26 Indeed, several theoret
ical works concerning the plateaus for SrCu2(BO3)2 indicate
that the criterion of Eq.~3! is satisfied and, except for th
plateau at 1/2, the ground states at the plateaus are acco
nied by a breaking of the translational symmetry.27–32

Recently, Kodama and collaborators33 performed a
nuclear magnetic resonance~NMR! measurement at the 1/
plateau, for an external magnetic fieldH527.6 T and a tem-
perature of 35 mK, and observed the presence of at leas
different sites ~i.e., different values of the local magnetiz
tion!, indicating a clear breaking of the translational symm
try. So far, from a theoretical point of view, the superstru
tures at the plateaus have been studied only by an effec
hard-core boson model. In this approximation, the trip
with Sz51 is represented by a hard-core boson and
dimer singlet by a vacancy. An effective Hamiltonian is d
rived by perturbation theory and the magnetization curve
superstructures have been calculated by solving it.27–31 In
this picture, two different unit cells with 16 sites have be
proposed to describe this plateau:~i! a 16-site square uni
cell, and ~ii ! a rhomboid unit cell.29 However, the ground
state at the 1/8 plateau is described by a state where on
the eight singlets is promoted to a triplet within the unit ce
Thus there are only two different sites, corresponding to
singlet and the triplet states, and it cannot reproduce the
rich texture of the magnetization observed in NMR expe
ments. Therefore, in order to reproduce the experime
data, the simple hard-core boson model is not sufficient
it is necessary to consider the original spin Hamiltonian.

From the results of the hard-core boson calculations
well as from the result of Ref. 26, it is expected that t
translational symmetry is broken inside the plateaux, and
the ground state is degenerate, except for the 1/2 plat
However, a local quantity such as magnetization^Si

z&, which
02440
s
n
r

ed

g
e

-
g
d

r-
d

s

pa-

11

-
-
ve
t
e
-
d

of
.
e
ry
-
al
d

s

at
u.

is directly accessible in NMR, will only be observed if a
extra mechanism selects one of the ground states, since l
combinations of the ground states can lead to anarbitrary
magnetization even if the translational symmetry is brok
For instance, a uniform linear combination would lead to
uniform magnetization. In the real material, this mechani
coulda priori be due to pinning by impurities, or to a lattic
distortion. Actually, a strong motivation for considering la
tice effects in SrCu2(BO3)2 is given by the pronounced soft
ening of the sound velocity observed at the edges of
magnetization plateau.34,35On the theoretical side, one coul
try to select a magnetization texture by imposing an exter
very small symmetry breaking field, as is often done
instance for the dimerized state in a spin-Peierls syst
However, in the present case, we do not knowa priori the
magnetization texture, and imposing a specific field wo
bias the results. Therefore, we prefer the more physical w
which consists in coupling the system to phonons.

The paper is organized as follows. In Sec. II, we introdu
the spin-phonon Hamiltonian and explain the method.
Sec. III, we present the results for the superstructures at
1/4, 1/3, and 1/2 plateaus. In Sec. IV we compare our th
retical results for the 1/8 plateau to the experimental on
including in addition the effects of interlayer coupling an
Dzyaloshinsky-Moriya interaction. Finally, Sec. V is devote
to the conclusions and the discussion.

II. MODEL AND METHOD

In this section we introduce the spin-phonon Hamiltoni
and we describe the method that we use to characterize
spin texture of the different magnetization plateaus. We c
sider theS51/2 orthogonal dimer model coupled to adi
batic phonons that we study by exact diagonalizations
finite clusters with a self-consistent Lanczos algorithm.
this approach, the adiabatic phonons are described by cl
cal variables, related to the displacements of the lattice s
The full spin-phonon Hamiltonian is defined on a 2D o
thogonal dimer lattice ofN sites by

H5 (
(n.n.)

H J~di j !Si•Sj1
K

2 S idr i2dr j i

di j
0 D 2J

1 (
(n.n.n.)

H J8~di j !Si•Sj1
K8

2 S idr i2dr j i

di j
0 D 2J ; ~4!

here J(di j ) and J8(di j ) are the antiferromagnetic supere
change couplings, which depend on the relative distancedi j

5iRi
01dr i2Rj

02dr j i between sitesi and j. K and K8 are
the elastic coupling constants,ddi j 5di j 2di j

0 , anddi j
0 5iRi

0

2Rj
0i is the equilibrium distances between Copper sites.

For small displacements of the Cu sites, it is possible
linearize the antiferromagnetic couplings around their eq
librium values, ddi j .(Ri

02Rj
0)•(dr i2dr j ), and therefore

we expect that in general:36

J~di j !5JS di j
0

di j
D a

.JS 12a
ddi j

di j
0 D . ~5!
1-2
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THEORY OF SPIN-DENSITY PROFILE AND LATTICE . . . PHYSICAL REVIEW B 68, 024401 ~2003!
In the following, we will denote bya and a8 the two ~in
principle different! exponents forJ(di j ) andJ8(di j ), respec-
tively.

With a self-consistent Lanczos diagonalization of fin
clusters, one can find the optimal configuration of the bo
lengths and local spin configurations for given values of
coupling parameters (a, a8, K andK8) and given total spin
S quite easily: Starting from a random choice of the atom
displacements, one just has to improve iteratively the to
energy by changing the lattice parameters until a station
configuration is reached. In all cases, we have verified
this configuration is stable and unique~up to trivial symme-
try operations! by starting from different initial distributions
so it must be the global minimum. This method has be
already used for other 1D, quasi-1D, and 2D spin syste
interacting adiabatically with the lattice.37,38 With respect to
other approximate approaches, this method has the grea
vantage that it gives unbiased results even for strongly f
trated systems, where other numerical methods can be hi
questionable. It is worth noting that, in our self-consiste
Lanczos method, the only approximation is to consider
adiabatic limit for the phonons. Once we restrict our calc
lation to this case, we obtain exact results for the latt
distortions on the chosen finite cluster.

In the following, we consider unit cells containingN
516 sites or, in some case, up toN524 sites with periodic
boundary conditions~see Fig. 1!. In our simple microscopic
model, we assume that the magnetic field directly couple
the total spin of the system, stabilizing the states with hig
total spin. Because of the finiteness of our cluster, in orde
study the plateau at 1/n, we assume that the external field
able to stabilize a state with a given magnetization and we
the total spin of the cluster~by fixing Stot

z 5( iSi
z5N/2n). It

is worth mentioning that, within our self-consistent Lancz
method, we are not able to study the actual width of
magnetization plateau in the thermodynamic limit. Nonet
less, once the existence of a given plateau is assumed
can produce important insight into the local structure of
spins inside the cell.

In the following calculations, we consider the case
a851.75a andK5K85750J8, but we want to stress that a
the results are not specific of this particular choice a
qualitatively, we found similar results also for different va
ues of these parameters. The parametersK andK8 are only
effective parameters that cannot be directly matched to
phonon dispersion. An appropriate model of elastic consta
should include the springs between all nearest neighbo
oms, but this does not improve the calculation because
dependence of the spring constants on the actual positio
all atoms is not exactly known. Nevertheless, the order
magnitude of the elastic constants is expected to be simila
all oxides. For instance, for CuGeO3, in order to have rela-
tive displacements smaller than a percent — as obse
experimentally in the spin-Peierls phase – the values of
elastic constants are required to be of the order
100000 K.39 Finally, superexchange theory suggests t
typical value fora in oxides are in the range 6-14~Ref. 36!.

The bond length of nearest neighbor bondd0 is taken as
the unit of the length, which is 2.91 Å at 100 K, and th
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length of next-nearest neighbor bondd08 is assumed to be
given byd0851.75d0 ~Ref. 40!. Finally, we note that Hamil-
tonian ~4! is invariant under the rescalinga→la, a8
→la8, K→l2K, K8→l2K8, anddr i→dr i /l, wherel is
the rescaling parameter. This allows us to fix one param
amonga, a8, K and K8. Note that the physical values o
the magnetic couplings are unaffected by this transformat

III. EFFECT OF SPIN-PHONON COUPLING AT
PLATEAUS

A. 1Õ8 plateau

In order to describe the two most probable triplet patte
that were previously suggested for the 1/8-plateau by
hard-core boson approach,29 we have diagonalized Hamil
tonian ~4! on two 16-site clusters corresponding to differe
unit cells, the 16-site square cluster and the rhomboid clu
in the sector withStot

z 51 ~see Figs. 2 and 3!. The results for
the two cases turn out to be qualitatively different: In t
square cluster we find that the ground state has only
different sites, that is six different values of the local ma
netization ^Si

z& ~see Fig. 2!, whereas the rhomboid cluste
contains eight different sites with different local magnetiz
tion ~see Fig. 3!. The energy difference between these tw
states is very small~of the order of 1025–1026 J per site!. In
both cases, the magnetization is centered around one stro
polarized dimer, that, in the following, we will denote b
‘‘triplet,’’ with Friedel-like oscillations in the spin amplitude
It is worth noting that we obtain both positive and negati
magnetizations, and in particular, in both clusters, there
large negative spin, just near to the strongly polarized dim

One of the main features of these results is the existe
of two sites with large and positive polarization and one s
with large and negative polarization, which is in agreem
with the NMR experimental finding.33 The Friedel-like oscil-

FIG. 2. Spin density profile for the 1/8 plateau for the 16-s
square cluster. Full~empty! circles indicate sites with magnetizatio
along ~opposite to! the external field and the size of the circles
proportional to the spin amplitude. The bond lengths fora510 are
also shown.
1-3



t’
on
a

re
ru

d
ne
bl
w

e
p
th
a
e
tw
te
i

a
e

om
th
c
i

lu
he
f
ly

si

the
our
-
a

ell

rtu-
at-

we
me

all

e-
of

’’

nd

id
i-
e
fo

e
pin-

he
in-
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lations decay quite fast in space, and far from the ‘‘triple
dimer the local magnetization is very small. For this reas
we expect rather small size effects for our finite cluster c
culation and we believe that even the 16-site lattice can
resent quite well the real system. Of course, we cannot
out that a larger number of different sites~with very small
magnetizations! exists when a bigger cluster is considere
but the very fast decay in the oscillation of the local mag
tization clearly indicates that our small 16-site cluster is a
to capture the main ingredients of the true ground state: T
sites with large and positivêSi

z&, one site with large and
negativê Si

z& and a bunch of sites with rather small~positive
and negative! magnetizations. Unfortunately, the fact that w
do not want to impose any external constraint on the s
pattern prevents us from using the lattice symmetries in
Lanczos diagonalization, and, in order to obtain the optim
lattice ~and spin! configuration, it is necessary to perform th
diagonalization several times up to convergence. These
facts make the calculation very heavy, and the next clus
with 32 sites, which is consistent with the 1/8 plateau,
beyond the present computational possibilities.

In the optimized lattice configuration, all the translation
symmetries are broken. The ground state is eightfold deg
erate for the square unit cell. On the other hand, in the rh
boid case, two types of unit cell are possible and so
ground state is 16 fold degenerate. The behavior of the lo
magnetization as a function of the spin-phonon coupling
reported in Figs. 4 and 5 for the square and rhomboid c
ters, respectively. Notice that below a critical value of t
spin-phonon couplinga, a state with a different number o
sites is stabilized~four sites for the square cluster and on
one for the rhomboid cluster!. This is due to the fact that in
the 16-site square~rhomboid! cluster without spin-phonon
coupling, the ground state is fourfold~twofold! degenerate,
and the other low-lying states are separated by a finite-

FIG. 3. Spin density profile for the 1/8 plateau for the rhombo
cluster of 16 sites. Full~empty! circles indicate sites with magnet
zation along~opposite to! the external field and the size of th
circles is proportional to the spin amplitude. The bond lengths
a510 are also shown.
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gap. Thus for a small enough spin-phonon coupling,
ground state corresponds to a linear combination of only f
~two! states, and it is only possible to mix all the eight low
lying states with a sufficiently large coupling, resulting in
state with six~eight! different sites. The critical value of the
spin-phonon coupling is much larger for the rhomboid c
~of the order of 5! than for the square unit cell~between 1
and 2!; see Figs. 4 and 5. As in the spin-Peierls case,39 it is
expected to decrease by enlarging the lattice size; unfo
nately, for reasons given just above, it is impossible to
tempt a size scaling of this value. For both unit cells,
recover the hard-core boson results of Ref. 29 in the extre
limit of infinite spin-phonon coupling (a→`), where all the
magnetization is carried by a localized triplet dimer, and
the other dimers are perfect singlets.

Finally, we want to make a remark on the lattice displac
ments. The magnetic energy gain is related to a shrinking
the bond length of the ‘‘singlets,’’ whereas the ‘‘triplet
dimers enlarge their bond length. The bond lengths fora
510 for square~rhomboid! unit cell are shown in Fig. 2~Fig.
3!. However, for realistic values of the elastic constants a

r

FIG. 4. Local magnetization for the six different sites of th
16-site square cluster for the 1/8 plateau as function of the s
phonon couplinga.

FIG. 5. Local magnetization for the eight different sites of t
rhomboid cluster for the 1/8 plateau as a function of the sp
phonon couplinga.
1-4
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the spin-phonon coupling, these displacements are v
small — of the order of 1 % or less — and we do not thi
that there is any chance at the moment to detect such a
structural distortion with x rays in a field of 27.6 T.

B. 1Õ4 plateau

Experimentally the next magnetization plateau is at 1/4
the total Cu21 moment. From the hard-core boso
calculations,29 it comes out that the unit cell is just half of th
previous 16-site square cluster. Therefore, for this plate
we consider the 16-site square lattice and we perform
self-consistent Lanczos method in the sectorStot

z 52. More-
over, we also report some results for a larger 24-site rec
gular lattice withStot

z 53.
The typical outcome of our exact calculation is shown

Fig. 6: We find four different sites, three with a positiv
magnetization and one with a negative magnetization. A
in this case, the ‘‘triplet’’ dimer is almost localized and th
system shows Friedel-like oscillations on the spin amplitu
the nearest site to the ‘‘triplet’’ having negative^Sz&. The
ground state is eight-fold degenerate and the eight state
found to be connected by simple symmetry operations of
lattice, like translations and/or reflections. The behavior
the local magnetization as a function of the spin-phonon c
pling is reported in Fig. 7 and it clearly indicates that,
increasinga, the total magnetization concentrates progr
sively in the ‘‘triplet’’ dimer and the local magnetizations o
the other dimers tend to zero. In the extreme limit ofa
→`, the picture corresponds to the hard-core boson appr
mation, where there is only one triplet that carries all t
magnetization.29,31

Notice that the spin texture is built up by diagonal strip
of strongly polarized dimers, i.e., ‘‘triplets,’’ intercalated b
dimers with a small polarization. This picture comes o
from the fact that there are repulsive interactions between
triplets, which make the stripe structure stable~this can be
seen, for example, in the perturbation theory29,31!.

FIG. 6. Spin density profile for the 1/4 plateau. Full~empty!
circles indicate sites with magnetization along~opposite to! the ex-
ternal field and the size of the circles is proportional to the s
amplitude. The bond lengths fora510 are also shown.
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C. 1Õ3 plateau

In order to study the 1/3 plateau, we are forced to consi
a 24-site cluster withStot

z 54 because in the 16-site cluste
the corresponding spin sector is not present. It is worth n
ing that this cluster breaks the reflection symmetries of
original orthogonal dimer lattice; on the other hand, t
shape of this cluster fits well the pattern suggested in pr
ous hard-core boson calculations.27–30 For this plateau, the
Lanczos results display three different values of the lo
spin~see Fig. 8!: A large and positive site, which correspond
to the strongly polarized ‘‘triplet’’ dimer, and two small site
~one positive and one negative!, building up the other ‘‘sin-
glet’’ dimers. The local value of the magnetization as a fun
tion of the spin-phonon coupling is reported in Fig. 9. T
spin texture has a rectangular shape, contains 12 sites, a
12 fold degenerate.

As for the other cases, the Lanczos results for infin
spin-phonon coupling coincide with the hard-core bos
ones. As in the case of the 1/4 plateau, the spin texture c

n

FIG. 7. Local magnetization for four different sites for the 1
plateau as a function of the spin-phonon couplinga. The full dots
indicate the results for the 16-site cluster and the empty square
results for the 24-site one ata510.

FIG. 8. Spin density profile for the 1/3 plateau. Full~empty!
circles indicate sites with magnetization along~opposite to! the ex-
ternal field and the size of the circles is proportional to the s
amplitude. The bond lengths fora510 are also shown.
1-5
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SHIN MIYAHARA, FEDERICO BECCA, AND FRÉDÉRIC MILA PHYSICAL REVIEW B 68, 024401 ~2003!
figuration shows diagonal ‘‘triplet’’ stripes, and this config
ration is stabilized by the repulsion between strongly po
ized dimers.27–30

D. 1Õ2 plateau

For completeness, we finally consider the calculations
the 1/2 plateau, by taking the 16-site cluster withStot

z 54.
The typical spin configuration is shown in Fig. 10; here,
have only two different sites, both with positive magnetiz
tion, corresponding to two different dimers: A ‘‘triplet,
strongly polarized, and a ‘‘singlet,’’ with a small magnetiz
tion. Hence, we obtain a square unit cell that contains o
four sites. The evolution of the two local polarizations as
function of the spin-phonon coupling is reported in Fig. 1
In this case, only the symmetry which interchange the ‘‘tr
let’’ with the ‘‘singlet’’ is broken, whereas the translationa
symmetry is preserved. Therefore, the ground state is o
twofold degenerate, corresponding to the two poss
choices of the ‘‘triplet’’ position in the unit cell.

FIG. 9. Local magnetization for the three different sites for t
1/3 plateau as a function of the spin-phonon couplinga.

FIG. 10. Spin density profile for 1/2 plateau. Full circles ind
cate sites with magnetization along the external field, and the siz
the circles is proportional to the spin amplitude. The bond leng
for a510 are also shown.
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IV. COMPARISON WITH NMR EXPERIMENTS
AT 1Õ8 PLATEAU

As stated previously, at present, due to the very high m
netic field and the low temperature needed to stabilize
plateaus, it is only possible to perform accurate NMR expe
ments for the 1/8 plateau, which can give useful insight in
the local spin texture.33 Therefore, in the following, we make
a more detailed analysis of our numerical results for t
magnetization plateau.

The Cu NMR spectra was measured at 35 mK in a field
27.6 T, corresponding to the 1/8 plateau. The overall shap
the spectra can be well reproduced assuming at least 11
tinct sites@see Fig. 12~e!#. If we consider only the on-site
dominant hyperfine coupling, the hyperfine field is written
Hn5Acgc^Sz&, where^Sz& is the time-averaged local mag
netization. The coupling constantAc andgc values are deter-
mined asAc5223.8 T/mB and gc52.28 by electron spin
resonance~ESR! and NMR measurements.14,41 Thus, the 11
sites observed in NMR indicate the existence of 11 disti
spin sites in the 1/8 plateau. Two large positive^Sz& sites
~two negative hyperfine field sites! and one large negative
^Sz& site ~one positive hyperfine field site! can be read off
from Fig. 12~e!. In addition to them, several sites spre
around zero.

In this plateau, two types of unit cells~square and rhom-
boid cells! have been proposed theoretically and so we c
culated the spin textures in both unit cells as discussed
Sec. III A. In both cases, there are two large positive s
sites and one large negative spin site, which hardly dep
on the shape of the unit cell. However, the distribution of t
expectation values of the spin component^Sz& on the other
sites is different in the two cases. In the square unit cell,
values^Sz& are concentrated around zero. On the other ha
in the rhomboid one, the expectation values spread fur
away from zero. These facts indicate that the results
rhomboid cell are qualitatively consistent with the results
NMR. Hyperfine fields assuming the on-site hyperfine co
pling A5Ac5223.8 T/mB are shown in Fig. 12~a! @Fig.
12~c!# for a square~rhomboid! unit cell, in the case ofa
510. Following Ref. 33, the hyperfine fields including th

of
s

FIG. 11. Local magnetization for the two different sites for t
1/2 plateau as a function of the spin-phonon couplinga.
1-6
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THEORY OF SPIN-DENSITY PROFILE AND LATTICE . . . PHYSICAL REVIEW B 68, 024401 ~2003!
effects of transferred hyperfine couplingsB andC ~see Fig.
1! with the square~rhomboid! unit cell are also shown in Fig
12~b! @Fig. 12~d!#. Here the parametersB andC are chosen
to reproduce the two large positive sites reported in the
periments. These results support the realization of the rh
boid cell. However, it is difficult to estimate the realist
values of the transferred hyperfine couplings, and there
the agreement of the rhomboid cell with the experimen
only indicative.

It seems that the superstructure in the rhomboid unit
is qualitatively consistent with the state observed by NM
There are still quantitative differences though. For exam
the numbers of different spin sites are not consistent: in
rhomboid cell, there are eight different spin sites~see Fig. 3!
and in the experiments at least 11 sites exist. On the o
hand, there are only six different spin sites in the square
cell. In the following we will discuss the possible effects
the inter-layer coupling and of the Dzyaloshinsky-Moriya i
teraction on the local spin structure and we emphasize
possible role of interlayer coupling to achieve a more qu
titative agreement.

FIG. 12. Histogram of the hyperfine field̂Hn&. ~a! The spin
distribution in the square unit cell assuming only the on-site hyp
fine couplingA5Ac5223.8 T/mB . ~b! The spin distribution in the
square unit cell assuming the transferred hyperfine couplingB and
C. The on-site hyperfine coupling isA5Ac24B2C. ~c! The spin
distribution in the rhomboid unit cell assuming only the on-s
hyperfine couplingA5Ac5223.8 T/mB . ~d! The spin distribution
in the rhomboid unit cell assuming the transferred hyperfine c
plings B andC. ~e! The hyperfine field observed in NMR measur
ments~Ref. 33!.
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A. Interlayer coupling

The three-dimensional~3D! structure of SrCu2(BO3)2
consists of CuBO3 layers, intercalated by magnetically ine
Sr layers. The magnetic ions Cu21 form a three-dimensiona
lattice structure shown in Fig. 13 and we denote the in
layer coupling byJ9. However, we expect that antiferromag
netic couplingJ9 is much smaller than the intra layer inte
actionsJ andJ8 because of the presence of the Sr layers. I
worth noting that, for smallJ9/J, the product of the dimer
singlet,@Eq. ~2!#, is the ground state also for the 3D orthog
nal dimer model.42,43 In addition, in this limit, the magnitude
of the triplet excitations and their dispersion relation do n
depend on the interlayer interactionJ9.13 These facts further
support the hypothesis that the magnetic properties
SrCu2(BO3)2 can be very well described by the 2D orthog
nal dimer model. However, the interlayer interactionJ9 may
affect the magnetic properties at high temperatures or un
external magnetic fields. For instance, the inclusion ofJ9 is
necessary to correctly reproduce the behavior of the m
netic susceptibility at high temperatures.13

Therefore, the effects of the interlayer coupling might a
fect the superstructures at the plateaus. Although it is
presently possible to perform an exact calculation by La
zos diagonalization which includes a full 3D lattice, we try
combine the previous exact results with the perturbat
theory based on the hard-core bosons to extract some
clusion on the possible 3D spin texture and on the possib
to obtain more than eight sites inside the unit cell. Therefo
let us begin by considering the hard-core boson picture, a
following Refs. 27–29, we calculate the interlayer intera
tions between triplets in two neighboring layers~which we
denote by A and B planes; see Fig. 14! by using the pertur-
bation theory in the limitsJ8/J!1 and J9/J!1. Starting
from a state where one of the singlets is promoted to a tri
on each layer, up to fifth order inJ8/J, the triplets are com-
pletely localized and the excitation energy is given by

E52D1Wk , ~6!

whereD is the spin gap energy for one triplet andWk the
interaction between the two triplets at distancek, see Fig. 14.
Up to third order, the spin gap energy is written asD5J@1
2(J8/J)221/2(J8/J)3# and the interaction energies a
given by

r-

-

FIG. 13. The 3D orthogonal dimer model for SrCu2(BO3)2.
1-7
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W1

J
5

J9

J
1S J8

J D 2 J9

J
, ~7!

W2

J
5

1

2 S J8

J D 2J9

J
, ~8!

W28

J
50. ~9!

The interaction energies vanish fork.2. Note that, similarly
to what happens in the third-neighbor intralayer interacti
the interactions fork52 strongly depend on the relative po
sition of the triplets.27–29

In the following, we consider the case of the rhombo
unit cell, which seems to be a better condition to repres
the real compound. We remind that, in this case, we h
eight different sites, and therefore in each unit cell there
two equivalent sites. From the hard-core boson calculat
we can assume that the triplets on the B layer are locate
far as possible from the triplets on the A layer. In this a
sumption, the stacking pattern for the 1/8 plateau is given
Fig. 15. When the interlayer coupling is considered, the t
triplets of the cell repel each other and the two equival
dimers in the cell of the A layer face twodifferentdimers in
the cell of the B layer. Therefore, because of the interla
couplings, the two equivalent sites in a given plane can s
into two different local spins: Assuming the stacking patte
of Fig. 15, we expect 14 different spin states per unit cell.
general, if we consider long-range interactions between
neighboring planes, we can obtain up to 16 different sp
per unit cell. However, the splitting for the sites indicated
1 and 2 in Fig. 15 may be negligible because the differe
originates from long-range interactions.

Therefore, from this analysis, it comes out that the inc
sion of the interlayer coupling can give rise to 14–16 diffe
ent spin sites, which is in closer agreement with the NM
results, that indicate at least 11 different sites per unit c
Note that in the square unit cell the number of different s
sites remains six, even including the effect of interlayer c
pling J9.

FIG. 14. Interlayer interactions between the triplet excitatio
The nearest-neighbor interactionW1, and the next-nearest-neighbo
interactionsW2 andW28 are shown.
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B. Dzyaloshinsky-Moriya interaction

Finally, we consider the effect of the Dzyaloshinsk
Moriya interaction on the spin texture. Indeed, this term
relevant for SrCu2(BO3)2: ESR and inelastic neutron scatte
ing experiments show an anisotropic behavior of the s
gap, which depends on the direction of the external field,14,44

and such a behavior can be explained by considering
Dzyaloshinsky-Moriya interaction.44,45

If, following Ref. 44, we assume in first approximatio
that the CuBO3 layer is a mirror plane, there is
Dzyaloshinsky-Moriya term only on theJ8 bonds and its
component is perpendicular to the plane. In that case,
Hamiltonian for the Dzyaloshinsky-Moriya coupling is

HDM5Dz (
(n.n.n.)

~Si
xSj

y2Si
ySj

x!. ~10!

Note that Dzyaloshinsky-Moriya termHDM is odd under the
exchangei↔ j and, therefore, we have to fix the directio
from i to j for a pair i , j , as shown in Fig. 1.

Strictly speaking, in the real compound, there is a slig
buckling of the CuBO3 plane,40 and so other higher compo
nents of Dzyaloshinsky-Moriya interaction can appear. Ho
ever, the magnitude of this buckling is very small and the
fore the higher terms might be neglected with respect to
one given by Eq. 10. In practice, we have included t
Dzyaloshinsky-Moriya interaction, Eq.~10!, in the original
Hamiltonian @Eq. ~4!# and we have performed our sel
consistent Lanczos diagonalization of the 2D cluster. T
results for the rhomboid cluster withDz /J50.02 and 0.04
are shown in Fig. 16 and compared with the ones

.

FIG. 15. A stacking pattern for two neighboring layers. Bla
circles are in the A plane whereas white circles are in the B pla
The numbers indicate the different spins within the unit cell~see
Fig. 3!; the primed numbers are used to distinguish the spins m
fied by the interlayer interaction.
1-8
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Dz50. The inclusion of the Dzyaloshinsky-Moriya intera
tion makes the uniform state more stable for small sp
phonon coupling, and the inhomogeneous state appears
spin-phonon coupling larger that the one we obtain with
this interaction. The reason for this shift is due to the f
that the Dzyaloshinsky-Moriya term favors the hopping
the triplet. On the other hand, for strong enough spin-pho
couplings, i.e.,a*7, the values of the local spins are on
slightly modified by the Dzyaloshinsky-Moriya interactio
and the number of different spins is always equal to 8. The
fore, we can infer that the Dzyaloshinsky-Moriya interacti
is not a fundamental ingredient in determining the spin t
ture at the magnetization plateau, and, in a first approxi
tion, can be neglected.

V. CONCLUSION

In this paper, we have considered the effect of adiab
phonons on the 2D orthogonal dimer model by using a s
consistent Lanczos diagonalization of small clusters. T
study is directly related to the properties of SrCu2(BO3)2, a
new spin gapped material, under magnetic field. From
experimental point of view, at present, the only availa
informations about the magnetic texture are about the
plateau, which is stabilized for magnetic fields around 2
T. Our theoretical results for this plateau indicate that
spin-phonon coupling is able to stabilize two possible can
dates for the local spin texture:~i! a square unit cell of 16
sites with six different values of the spins, and~ii ! a rhom-
boid unit cell of 16 sites with eight different values of th
spins. Although the energy difference between the two c
figurations is very small, the rhomboid cell contains a larg

FIG. 16. Local magnetization for the eight different sites in t
rhomboid unit cell for the 1/8 plateau as a function of the sp
phonon coupling for different values of the Dzyaloshinsky-Mori
interactionDz .
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number of different spins and therefore it describes better
experimental finding. A closer agreement with the NMR r
sults can be achieved by the inclusion of the interlayer c
pling, that can split equivalent sites, whereas t
Dzyaloshinsky-Moriya interaction does not seem to play
important role in determining the actual values of the lo
spins. From our calculations, it comes out that the sup
structure at the 1/8 plateau is qualitatively consistent with
NMR results, but it is still an open question to make a mo
quantitative comparison. The main limitation of our Lancz
calculations is the presence of finite size effects. As we
ready emphasized previously, the finite size effects migh
small because the decay of the Friedel-like oscillation of
local spins is quite fast. However, in a small cluster, t
uniform state is easily stabilized, and, therefore, the sp
phonon coupling required might be bigger than the realis
value~in the thermodynamic limit!. Second, as mentioned i
Sec. IV, the inclusion of the transferred hyperfine couplin
to neighboring spins is probably needed to reach a be
agreement. Indeed we showed that the inclusion of the tra
ferred hyperfine coupling to the nearest- and next-nea
neighbors improves the agreement between experiments
theoretical results. Moreover, it might be necessary to
clude also transferred hyperfine couplings from sites
neighboring layers. Assuming the stacking pattern in Fig.
such hyperfine couplings can induce different hyperfi
fields at two equivalent sites of a given plane. Thus th
hyperfine couplings enhance the effects of the interlayer c
plings which we discussed in Sec. IV A. However, it is d
ficult to obtain reliable estimates of the transferred hyperfi
couplings, and this discussion can be only indicative.

Although at present, there are no experimental results
the higher plateaus, we studied also the effects of the s
phonon coupling for 1/4, 1/3, and 1/2 plateaus, with the ho
that in the near future it will be possible to have experimen
insight into the local magnetization of these plateaus~or at
least some of them!. Our results indicate that stripelike su
perstructures are realized at the 1/3 and 1/4 plateaus, whe
a structure with a square unit cell is stabilized at the
plateau. It is worth noting that all the results regarding t
shape of the unit cells are consistent with the hard-core
son picture, although within this hard-core boson approxim
tion it is not possible to obtain more than two different site
In this respect, our Lanczos results give valuable insight i
the real magnetization pattern that appears in the fascina
regions of the magnetization plateaus.
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