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Abstract

District heating networks are commonly addressed in the literature as one of the most effective solutions for decreasing the 
greenhouse gas emissions from the building sector. These systems require high investments which are returned through the heat
sales. Due to the changed climate conditions and building renovation policies, heat demand in the future could decrease, 
prolonging the investment return period. 
The main scope of this paper is to assess the feasibility of using the heat demand – outdoor temperature function for heat demand 
forecast. The district of Alvalade, located in Lisbon (Portugal), was used as a case study. The district is consisted of 665 
buildings that vary in both construction period and typology. Three weather scenarios (low, medium, high) and three district 
renovation scenarios were developed (shallow, intermediate, deep). To estimate the error, obtained heat demand values were 
compared with results from a dynamic heat demand model, previously developed and validated by the authors.
The results showed that when only weather change is considered, the margin of error could be acceptable for some applications
(the error in annual demand was lower than 20% for all weather scenarios considered). However, after introducing renovation 
scenarios, the error value increased up to 59.5% (depending on the weather and renovation scenarios combination considered). 
The value of slope coefficient increased on average within the range of 3.8% up to 8% per decade, that corresponds to the 
decrease in the number of heating hours of 22-139h during the heating season (depending on the combination of weather and 
renovation scenarios considered). On the other hand, function intercept increased for 7.8-12.7% per decade (depending on the 
coupled scenarios). The values suggested could be used to modify the function parameters for the scenarios considered, and 
improve the accuracy of heat demand estimations.
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Abstract 

Uncertainties of demand, generation and component outage can lead to black-outs in the grid. This study proposes an optimization 
algorithm (based on Benders Decomposition (BD)) to optimize a Power Transmission System (PTS) that is robust to 
aforementioned uncertainties. The applicability of the proposed optimization algorithm is tested using IEEE 14-bus and 24-bus 
networks.  The results of this study show that the novel optimization algorithm can improve the reliability by 23.92% (during 
extreme scenarios) by reorganizing the topology of the network. The proposed model can be extended and used to consider as a 
method to integrated micro-grids into the high-voltage grid. 
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1. Introduction 

Renewable energy integration plays an important role in the fight against climate change and rapid depletion of 
fossil fuel resources [1]. Distributed generation facilitates large scale integration of non-dispatchable renewable 
energy technologies. Maintaining reliability and resilience of the power grid is a main challenge to be faced when 
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integration renewable energy technologies using distributed energy system [2,3]. Therefore, assessing the impact of 
uncertainties and minimizing the vulnerability of the grid to cascade failures play a main role in the energy 
transition. 

Several recent studies focus on power system design from the perspectives of power system reliability and cost. 
For example, Paliwal, et-al [4] optimize the mix of resources for an autonomous hybrid power system while Gharavi, 
et-al [5] optimized an autonomous and grid integrated hybrid green power system to cater specific demands. Lin, et-
al [6] developed an interval parameter mixed integer power management system model to optimize the energy system 
transition. Similarly, there are number of recent studies on network optimization of power systems considering 
uncertainty. Different methods, such as stochastic optimization, robust optimization, etc. have been used to consider 
the uncertainties in Power Transmission System (PTS) optimization. For example, Yang. et-al. [7] and Ruiz, et-al [8] 
optimized the PTS considering the uncertainties of demand and generator location. Yu, et-al. [9] used chance constraint 
method to design PTS considering the uncertainty of both demand and generation. A limited number of generation 
scenarios are considered in this work by using a heuristic optimization algorithm which does not guarantee the 
optimality. [10] optimized the transmission network expansion using Monte Carlo Simulation (MCS) to discretize the 
uncertainty in demand and wind power generation. However, robust operation of the net-work is not guaranteed. In 
general, it can be concluded that there are number of limitations in considering the uncertainties in PTS optimization 
problem which notably hinders the integration of distributed renewable energy technologies. 

Towards addressing some of the limitations in the present state-of-art, this study introduces a novel optimization 
algorithm to design PTSs considering:  

• Uncertainty in demand and generation  
• N-1 Security 
• Robustness in the operation 

in the cost optimization process. The novel method is based on Benders Decomposition (BD) algorithm where the 
network design and power flow are optimized at two different levels. Subsequently, the performance of the proposed 
optimization algorithm is bench-marked using existing optimization algorithm based on deterministic method. 

The manuscript is formulated into following manner. Section 2 describes the power system model used. Section 3 
derives the optimization framework. Finally, Section 4 presents the results obtained. In this paper, terminologies, such 
as network and system, line and edge, node and bus, virtual supply and curtailed demand are used interchangeably. 

2. PTS model 

The mathematical formulation of the power transmission network optimization (PTNO) problem is presented in 
this section. The first part of this section presents the problem formulation. The second part is devoted to considering 
the uncertainties. This formulation is based on the transportation load flow model described in detail in Ref. [11] 

2.1. PTS model without Uncertainty 

Assume a PTS which has a set of nodes 𝑁𝑁 of size 𝑛𝑛, in which each node has a dispatchable generation 𝑔𝑔𝑖𝑖, and a 
demand𝑑𝑑𝑖𝑖 The objective of PTNO is to find, between the nodes, such as node 𝑖𝑖 and node 𝑗𝑗,  the optimal number of 
circuits 𝑥𝑥𝑖𝑖𝑖𝑖  which is an integer bounded by𝑥𝑥𝑖𝑖𝑖𝑖

𝑚𝑚𝑖𝑖𝑛𝑛 and 𝑥𝑥𝑖𝑖𝑖𝑖
𝑚𝑚𝑚𝑚𝑚𝑚. In return, the corresponding circuits add a pre-estimated 

per unit cost 𝑐𝑐𝑖𝑖𝑖𝑖  to the cost function which is optimized subsequently.  In this paper, we denote the line between node 
𝑖𝑖 and node 𝑗𝑗 as line 𝑙𝑙𝑖𝑖𝑖𝑖 , the set that includes all possible lines is denoted as Ω. Then, given that 𝑓𝑓𝑖𝑖𝑖𝑖

𝑐𝑐𝑚𝑚𝑐𝑐is the capacity of 
a single circuit on 𝑙𝑙𝑖𝑖𝑖𝑖 , the power that is allows to flow through 𝑙𝑙𝑖𝑖𝑖𝑖  is denoted as 𝑓𝑓𝑖𝑖𝑖𝑖 which has a relationship with 𝑥𝑥𝑖𝑖𝑖𝑖  as 
|𝑓𝑓𝑖𝑖𝑖𝑖| ≤ 𝑥𝑥𝑖𝑖𝑖𝑖 𝑓𝑓𝑖𝑖𝑖𝑖

𝑐𝑐𝑚𝑚𝑐𝑐. Moreover, a curtailed demand 𝑟𝑟𝑖𝑖 is added to each node 𝑖𝑖 to make power flow model 10. Thus, energy 
conservation relationship at a node can be formulate as ∑ 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖 ∈𝑁𝑁(𝑖𝑖) + 𝑔𝑔𝑖𝑖 +   𝑟𝑟𝑖𝑖 =  𝑑𝑑𝑖𝑖 by ignoring transmission loss. 
𝑁𝑁(𝑖𝑖) represents the set of neighbors of node 𝑖𝑖. Finally, due to the physical limitation of generation in a plant or the 
physical meaning of curtailed demand, we have a range constraint of 𝑔𝑔𝑖𝑖 and 𝑟𝑟𝑖𝑖 as 𝑔𝑔𝑖𝑖  ∈ [𝑔𝑔𝑖𝑖

𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑔𝑔𝑖𝑖
𝑚𝑚𝑚𝑚𝑚𝑚] and  0 ≤ 𝑟𝑟𝑖𝑖 ≤

𝑑𝑑𝑖𝑖.  
In this study, the performance indicator is considered as the cost of the transmission infrastructures as well as the 

curtailed demand penalty which is set large to guarantee that demand is not really curtailed. Thus, the objective 
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integration renewable energy technologies using distributed energy system [2,3]. Therefore, assessing the impact of 
uncertainties and minimizing the vulnerability of the grid to cascade failures play a main role in the energy 
transition. 

Several recent studies focus on power system design from the perspectives of power system reliability and cost. 
For example, Paliwal, et-al [4] optimize the mix of resources for an autonomous hybrid power system while Gharavi, 
et-al [5] optimized an autonomous and grid integrated hybrid green power system to cater specific demands. Lin, et-
al [6] developed an interval parameter mixed integer power management system model to optimize the energy system 
transition. Similarly, there are number of recent studies on network optimization of power systems considering 
uncertainty. Different methods, such as stochastic optimization, robust optimization, etc. have been used to consider 
the uncertainties in Power Transmission System (PTS) optimization. For example, Yang. et-al. [7] and Ruiz, et-al [8] 
optimized the PTS considering the uncertainties of demand and generator location. Yu, et-al. [9] used chance constraint 
method to design PTS considering the uncertainty of both demand and generation. A limited number of generation 
scenarios are considered in this work by using a heuristic optimization algorithm which does not guarantee the 
optimality. [10] optimized the transmission network expansion using Monte Carlo Simulation (MCS) to discretize the 
uncertainty in demand and wind power generation. However, robust operation of the net-work is not guaranteed. In 
general, it can be concluded that there are number of limitations in considering the uncertainties in PTS optimization 
problem which notably hinders the integration of distributed renewable energy technologies. 

Towards addressing some of the limitations in the present state-of-art, this study introduces a novel optimization 
algorithm to design PTSs considering:  

• Uncertainty in demand and generation  
• N-1 Security 
• Robustness in the operation 

in the cost optimization process. The novel method is based on Benders Decomposition (BD) algorithm where the 
network design and power flow are optimized at two different levels. Subsequently, the performance of the proposed 
optimization algorithm is bench-marked using existing optimization algorithm based on deterministic method. 

The manuscript is formulated into following manner. Section 2 describes the power system model used. Section 3 
derives the optimization framework. Finally, Section 4 presents the results obtained. In this paper, terminologies, such 
as network and system, line and edge, node and bus, virtual supply and curtailed demand are used interchangeably. 

2. PTS model 

The mathematical formulation of the power transmission network optimization (PTNO) problem is presented in 
this section. The first part of this section presents the problem formulation. The second part is devoted to considering 
the uncertainties. This formulation is based on the transportation load flow model described in detail in Ref. [11] 

2.1. PTS model without Uncertainty 

Assume a PTS which has a set of nodes 𝑁𝑁 of size 𝑛𝑛, in which each node has a dispatchable generation 𝑔𝑔𝑖𝑖, and a 
demand𝑑𝑑𝑖𝑖 The objective of PTNO is to find, between the nodes, such as node 𝑖𝑖 and node 𝑗𝑗,  the optimal number of 
circuits 𝑥𝑥𝑖𝑖𝑖𝑖  which is an integer bounded by𝑥𝑥𝑖𝑖𝑖𝑖

𝑚𝑚𝑖𝑖𝑛𝑛 and 𝑥𝑥𝑖𝑖𝑖𝑖
𝑚𝑚𝑚𝑚𝑚𝑚. In return, the corresponding circuits add a pre-estimated 
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𝑐𝑐𝑚𝑚𝑐𝑐is the capacity of 
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𝑐𝑐𝑚𝑚𝑐𝑐. Moreover, a curtailed demand 𝑟𝑟𝑖𝑖 is added to each node 𝑖𝑖 to make power flow model 10. Thus, energy 
conservation relationship at a node can be formulate as ∑ 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖 ∈𝑁𝑁(𝑖𝑖) + 𝑔𝑔𝑖𝑖 +   𝑟𝑟𝑖𝑖 =  𝑑𝑑𝑖𝑖 by ignoring transmission loss. 
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𝑚𝑚𝑚𝑚𝑚𝑚] and  0 ≤ 𝑟𝑟𝑖𝑖 ≤

𝑑𝑑𝑖𝑖.  
In this study, the performance indicator is considered as the cost of the transmission infrastructures as well as the 

curtailed demand penalty which is set large to guarantee that demand is not really curtailed. Thus, the objective 
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function can be formulated as Eq. 1.1 where 𝑝𝑝 is the penalty factor.  From now on, we will use a bolder case to 
represent the vector of the corresponding labels, such as 𝐱𝐱 is the vector of grid connection. 

 
n

ij ij iij
i

c x p r    (1) 

2.2. PTS model without Uncertainty 

The uncertainties in PTSs can lead to instabilities and even black outs in the grid resulting huge economic loss and 
consumer dissatisfaction when these are not properly addressed. Uncertainties can be divided into three i.e.: 
uncertainties are energy consumption, generation and grid components. The algorithm proposed in this work can 
address all the uncertainties. In this study, we assume demand 𝑑𝑑𝑖𝑖  is the offset of consumption and distributed 
generations at node 𝑖𝑖 which is confined as 𝑑𝑑𝑖𝑖  ∈ [𝑑𝑑𝑖𝑖

𝑚𝑚𝑖𝑖𝑚𝑚 , 𝑑𝑑𝑖𝑖
𝑚𝑚𝑚𝑚𝑚𝑚]. In a PTS, with higher renewable energy penetration,  

𝑑𝑑𝑖𝑖
𝑚𝑚𝑖𝑖𝑚𝑚  and 𝑑𝑑𝑖𝑖

𝑚𝑚𝑚𝑚𝑚𝑚 can differ significantly. 
In addition to the demand uncertainty, two different classes of component outages i.e. the outage of power plant 

and the outage of transmission lines are considered as well. We denote these outages using a terminology “scenario”. 
For example, scenario 𝑘𝑘 represents the outage of dispatchable generator 𝑘𝑘. Then, for each scenario, the corresponding 
power flow variables are given as 𝒇𝒇𝑘𝑘, 𝒈𝒈𝑘𝑘, 𝒓𝒓𝑘𝑘.  To denote the scenario of the outage of transmission line 𝑙𝑙𝑖𝑖𝑖𝑖  .we use a 
superscript 𝑖𝑖𝑖𝑖. For the length reason, we skip the detailed model of the power transmission system but give a compact 
model as following (2). Where s  represents scenario and d  represents a demand realization. sy is a vector consisted 
of 𝒇𝒇𝑘𝑘, 𝒈𝒈𝑘𝑘, 𝒓𝒓𝑘𝑘. 
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3. Benders decomposition framework optimization algorithm 

3.1. Benders decomposition optimization and duality 

BD has been amply used in PTS design [12] because of its capability to decompose a large optimization problem 
with many decision variables and repeated constraints into different stage of smaller problems. Given a network 𝐱𝐱, 
power flow under different scenarios can be performed independently to minimize the curtailment and check the 
optimality of the solution 𝐱𝐱. Inspired from this property, we apply BD optimization framework to solve this problem. 
The problem can be partitioned into following two-stage problem (3) and (4). 
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In our case, the second stage problems are always feasible due to the introduction of 𝐫𝐫 [9,13,14]. Therefore, it is 
only necessary to verify the optimality of the solution. If the optimal value of 1.4 is greater than first stage variable 𝛾𝛾, 
an optimal cut will be added to the first stage constraint 𝛾𝛾 ≥ 𝑓𝑓(𝐱𝐱). To add the optimal cut, we need to transfer the 
second stage problems into their dual problem [15]. 

However, the parameter 𝐝𝐝 will make the dual objective function bi-linear since it is a random vector. Wu, et-al [16] 
has shown that the worst-case curtailment occurs when 𝐝𝐝 is either the maximum or the minimum in their range. Based 
on this property, Jabr [17] proposed a mixed integer linear programming to circumvent the bi-linearity by introducing 
a vector of binary variable 𝛽𝛽. The final dual problem is given as (5).  Where 𝜆𝜆𝑠𝑠, 𝜙𝜙𝑠𝑠, 𝜂𝜂𝑠𝑠− and 𝜂𝜂𝑠𝑠− are dual variables that 
are corresponding to the constraints in the 𝑠𝑠𝑡𝑡ℎ second stage problem. In addition, 𝐌𝐌 is a large enough value to ensure 
that the magnitude of 𝜂𝜂 is not constrained.  
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3.2. Optimal cut 

The former section has established a BD type optimization framework and a solving method for second stage 
problems. The next step is to connect the first stage problem with second stage problem, i.e. deciding the optimal cut. 
Following the same reasoning in [15,17],  we add cut 𝛾𝛾 ≥ (𝐓𝐓𝐱𝐱𝑠𝑠 − 𝐫𝐫)𝑇𝑇𝜆𝜆𝑠𝑠

∗ − 𝐡𝐡𝑠𝑠
𝑇𝑇𝜙𝜙𝑠𝑠

∗ + 𝐝𝐝∗𝑇𝑇𝜂𝜂𝑠𝑠
∗ to the first stage problem if 

𝛾𝛾𝑠𝑠 > 𝛾𝛾∗.  

4. Application case study 

To evaluate the applicability and the computational efficiency of the developed optimization framework, two case 
studies, based on IEEE 14 and 24 bus networks are performed respectively. The upper and lower bounds of demands, 
locations and capacities of generators, construction costs of candidate lines, etc., are taken from [18,19,20] with certain 
modifications to match with the context. 

he algorithm is implemented in MATLAB 2016b using the "intlinprog" function for solving the mixed integer linear 
programming. The running time of the optimization algorithm for 14-bus network and 24-bus network are 25 seconds 
and 66 seconds (with parallel computing using "parfor" function), respectively on a desktop computer having a CPU 
Inter(R) Core(TM) i7-6700 CPU 3.40 GHz Therefore, the algorithm is effective given the fact that the various 
uncertainties that can be addressed by the proposed algorithm. 

When comparing the two networks obtained from deterministic (Fig. 1) and robust optimization (Fig. 2) algorithms 
we observe that the network obtained using the proposed novel optimization algorithm contains several additional 
cycles. For example, in Fig. 2, bus 23 and bus 13, and bus 14 and bus 11 are connected to base of Figure 1, forming a 
cycle. Furthermore, bus 9, 10, 11, 12, are connected to each other to form a cycle ensuring more secure and reliable 
power transmission. More examples can be found in Figure 2. These cycles contribute to improve the resilience of 
power system during the outage of transmission lines, through connecting to neighboring nodes with the support of 
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function can be formulated as Eq. 1.1 where 𝑝𝑝 is the penalty factor.  From now on, we will use a bolder case to 
represent the vector of the corresponding labels, such as 𝐱𝐱 is the vector of grid connection. 
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3.1. Benders decomposition optimization and duality 

BD has been amply used in PTS design [12] because of its capability to decompose a large optimization problem 
with many decision variables and repeated constraints into different stage of smaller problems. Given a network 𝐱𝐱, 
power flow under different scenarios can be performed independently to minimize the curtailment and check the 
optimality of the solution 𝐱𝐱. Inspired from this property, we apply BD optimization framework to solve this problem. 
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In our case, the second stage problems are always feasible due to the introduction of 𝐫𝐫 [9,13,14]. Therefore, it is 
only necessary to verify the optimality of the solution. If the optimal value of 1.4 is greater than first stage variable 𝛾𝛾, 
an optimal cut will be added to the first stage constraint 𝛾𝛾 ≥ 𝑓𝑓(𝐱𝐱). To add the optimal cut, we need to transfer the 
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However, the parameter 𝐝𝐝 will make the dual objective function bi-linear since it is a random vector. Wu, et-al [16] 
has shown that the worst-case curtailment occurs when 𝐝𝐝 is either the maximum or the minimum in their range. Based 
on this property, Jabr [17] proposed a mixed integer linear programming to circumvent the bi-linearity by introducing 
a vector of binary variable 𝛽𝛽. The final dual problem is given as (5).  Where 𝜆𝜆𝑠𝑠, 𝜙𝜙𝑠𝑠, 𝜂𝜂𝑠𝑠− and 𝜂𝜂𝑠𝑠− are dual variables that 
are corresponding to the constraints in the 𝑠𝑠𝑡𝑡ℎ second stage problem. In addition, 𝐌𝐌 is a large enough value to ensure 
that the magnitude of 𝜂𝜂 is not constrained.  
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3.2. Optimal cut 

The former section has established a BD type optimization framework and a solving method for second stage 
problems. The next step is to connect the first stage problem with second stage problem, i.e. deciding the optimal cut. 
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4. Application case study 

To evaluate the applicability and the computational efficiency of the developed optimization framework, two case 
studies, based on IEEE 14 and 24 bus networks are performed respectively. The upper and lower bounds of demands, 
locations and capacities of generators, construction costs of candidate lines, etc., are taken from [18,19,20] with certain 
modifications to match with the context. 

he algorithm is implemented in MATLAB 2016b using the "intlinprog" function for solving the mixed integer linear 
programming. The running time of the optimization algorithm for 14-bus network and 24-bus network are 25 seconds 
and 66 seconds (with parallel computing using "parfor" function), respectively on a desktop computer having a CPU 
Inter(R) Core(TM) i7-6700 CPU 3.40 GHz Therefore, the algorithm is effective given the fact that the various 
uncertainties that can be addressed by the proposed algorithm. 

When comparing the two networks obtained from deterministic (Fig. 1) and robust optimization (Fig. 2) algorithms 
we observe that the network obtained using the proposed novel optimization algorithm contains several additional 
cycles. For example, in Fig. 2, bus 23 and bus 13, and bus 14 and bus 11 are connected to base of Figure 1, forming a 
cycle. Furthermore, bus 9, 10, 11, 12, are connected to each other to form a cycle ensuring more secure and reliable 
power transmission. More examples can be found in Figure 2. These cycles contribute to improve the resilience of 
power system during the outage of transmission lines, through connecting to neighboring nodes with the support of 
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the cycles formed. The Loss of Load Probability (LOLP) of the nodes were computed during the extreme events in 
order to compare the performance of the novel optimization algorithm with the deterministic model. The comparison 
shows that deterministic model can have a LOLP up to 24% during an extreme event (while the proposed optimization 
algorithm guarantees robust operation without any drop-in power supply). Hence, considering robust operation is vital 
in designing transmission networks specially when considering distributed generation and the proposed optimization 
algorithm is a better way to consider it. 

 

  
Figure 1, Optimal network configuration of 
deterministic optimization 

Figure 2, Optimal network configuration of robust and 
secure optimization 

 
 
Finally, it is important to compare the financial outcomes of the deterministic method and the novel optimization 

algorithm proposed in this study. When moving from deterministic model to the model considering robust operation, 
the cost increases by 81% and 15% for IEEE 14 and 24 systems respectively. However, the cost increases by 102% 
and 129% respectively when considering n-1 security. Hence, improving the security of the network is having a notable 
impact on the initial investment. More importantly, the cost can be further increased when considering the robust-
secure scenario as showed in Table 1. Considering deterministic models to optimize the network will result in having 
unrealistic picture about the investment that has to be made. 

Table 1. Cost of security, robustness, and both. 

Case Security cost (%) Robustness cost (%) Robustness and security cost (%) 

14 bus 129 81 244 

24 bus 102 15 136 

5. Conclusion 

In this paper, a BD optimization framework is proposed to optimize power transmission network under the risk of 
large integration of renewable energy and random component outage. Experiments testify the applicability of such 
optimization framework within a short computation time.  This proposed algorithm makes up the gap in literature 
where the design of power transmission system considering demand uncertainty is heavily addressed but not 
considered together with random component outage. 

Based on the proposed algorithm in this paper, we can obtain an optimal network that is robust to both demand 
uncertainty and random system component outage at the stage of design. The results of the study show that, the robust 
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operation of the network is notably influenced by the topology of the network.  The proposed novel algorithm 
introduces notable changes to the structure of the network by introducing more cycle into the network which improves 
the power supply reliability up to 24% during extreme events. Furthermore, the proposed algorithm presents a much 
realistic picture about the investment cost of the system considering, robust, secure and robust-secure scenarios. 
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