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ABSTRACT: In this contribution, we explore different aspects of the multi-stage fracturing process such as stress interaction between
growing hydraulic fractures, perforation and near-wellbore tortuosity effects as well as the wellbore flow dynamics using a fit-for-
purpose numerical model, which accounts for the full fluid-solid coupling nature of hydraulic fracture propagation, stress interactions
between multiple growing fractures, and the coupling with the wellbore flow via entry friction. We restrict the hydraulic fractures to be
fully contained in the reservoir. After presenting several verifications of this model, we investigate the effect of spatial variation of the
entry friction associated with the near-wellbore fracture tortuosity. We show that, although large perforation friction helps to equalize
the fluid partitioning between fractures, the pressure drop along the length of the stage and, more importantly, spatial variations of the
entry friction due to near-wellbore fracture tortuosity have a more pronounced adverse effect on the fluid partitioning.

1. INTRODUCTION

In multi-stage fracturing where the aim is to propagate si-
multaneously several hydraulic fractures from different per-
foration clusters along the well (between two to six or
more), the actual flow rate entering each fracture at any
given time during the stimulation is actually unknown. The
goal is - of course - to achieve an even splitting of the sur-
face pump rate between all propagating fractures. However,
this is difficult to achieve in practice (Bunger and Lecam-
pion, 2017; Lecampion et al., 2015). The success of the
operation depends on both the stress interaction between
growing hydraulic fractures, the perforation / near-wellbore
tortuosity effects, the possible stress and material hetero-
geneities encountered along the length of the stage as well
as the wellbore flow dynamics.

In this contribution, we explore these different aspects of
the multi-stage fracturing process using a fit-for-purpose nu-
merical model following previous contributions (Olson and
Taleghani (2009); Bunger and Peirce (2014); Lecampion
and Desroches (2015b); Kresse and Weng (2018); Kumar

and Ghassemi (2016) to cite only a few). In particular, the
model accounts for the full fluid-solid coupling nature of
hydraulic fracture propagation, stress interactions between
multiple growing fractures, and the coupling with the well-
bore flow via entry friction. We restrict the hydraulic frac-
tures to be fully contained in the reservoir (e.g. of constant
height) - a limiting case corresponding to a large in-situ
stress (or / and material properties) contrast between the
reservoir and its bounding layers. However, the fractures
can curve in the horizontal plane due to stress interactions
and in-situ stress heterogeneities (see Fig. 1). We pay partic-
ular attention to the coupling between wellbore flow and the
simultaneous propagation of hydraulic fractures - additional
non-linearities that must be properly solved as they directly
control fluid partitioning. We restrict our discussion here to
the zero leak-off case for clarity.

After presenting several verifications of this numerical
model, we move to define and study numerically the param-
eters controlling the growth of multiple hydraulic fractures
during a pumping stage. We perform a series of numerical
simulations on 3 and 4 clusters. Our results confirm that in



any case large entry friction allows to balance more evenly
the fluid partitioning between the different fractures. More
importantly, our results indicate that the pressure drop along
the length of the stage has a more detrimental effect than the
stress interactions between the growing fractures. Then we
investigate the effect of spatial variation of the entry fric-
tion term (pressure drop vs. entry rate) associated with the
near-wellbore fracture tortuosity (thus indirectly account-
ing for near-wellbore stress heterogeneity) using well es-
tablished relations between the entering rate and the entry
pressure drop (Lagrone and Rasmussen, 1963; Economides
and Nolte, 2000) . We perform simulations for several re-
alizations for a specific type of heterogeneity statistics. For
each realization, we study the effects of perforation friction,
stress interactions, and stage length, and then discuss aver-
aged results over each set of realizations. Our results in-
dicate that even for low variation of near-wellbore fracture
tortuosity between clusters, standard deviation of the flow
rate entering different fractures incrases significantly com-
pared to the spatially homogeneous case.

2. MODEL DESCRIPTION

Fig. 1: A schematic view of multiple height contained (blade-
like) hydraulic fractures growing simultaneously from a horizon-
tal well. Scales in meters.

2.1. Solid deformation

In the case of an uniform isotropic elastic medium, the gov-
erning equations of elasticity allow for an integral represen-
tation. Superposing the interaction stress (normal and shear
tractions induced by displacement discontinuities (DD) dis-
tributed over the fracture surface) with the in-situ stress field
σo(x), τo(x) and taking into account the balance of normal
traction with the net fluid pressure p(x)−σo(x), we obtain
the following set of boundary integral equations on all frac-

ture surface S (see e.g. Mogilevskaya (2014)):

p(x)−σ
o(x) =

∫
S

(
Knn(x−x′, H)δ n(x′)

+Kns(x−x′, H)δ s(x′)
)

dx′

−τ
o(x) =

∫
S

(
Ksn(x−x′, H)δ n(x′) (1)

+Kss(x−x′, H)δ s(x′)
)

dx′

where δ n is normal DD (fracture opening), δ s is the shear
DD (shear slip). The right-hand side of eq.1 represents the
interaction stress.

The elastic kernel Kkl(x−x′, H), k, l = n,s used here cor-
responds to a simplified approximation obtained from the
full 3 dimensional kernel for a rectangular DD with ap-
propriate corrections factors to account for a given fracture
height as suggested by Wu and Olson - see Wu and Olson
(2015). It is chosen here as a computational cheap alter-
native to the direct integration of the full 3D kernel (the
fundamental solution corresponding to the so-called dou-
ble layer potential) over the height of the fracture(s). Nor-
mal and shear isplacements (δ n, δ s) and the corresponding
stresses are taken in the horizontal mid-plane. It is how-
ever important to keep in mind that such an approximate
kernel leads to erroneous stress predictions (about 10-15%
difference compared to a full 3D scheme) when the spacing
between hydraulic fractures are lower than 0.25 the fracture
height according to Wu and Olson (2015). We note that an
interesting alternative to the simplified 3D kernel used here
is to enforce the hypothesis of an elliptical cross section of
the fractures as presented in Protasov et al. (2018). The
latter approach will likely lead to better approximation for
lower spacing to height ratios.

2.2. Fluid flow in fracture

The mass conservation averaged over the width of the I-th
fracture in the absence of leak-off reduces to

∂w
∂ t

+ c f w
∂ p
∂ t

+
∂q
∂ s

+ vleak−o f f = Q̃I(t)δ (s− swell) (2)

where s is the curvilinear coordinate along the fracture foot-
print (in horizontal direction), c f is the fluid compressibil-
ity, p is the fluid pressure, w = wo+δ n is the total hydraulic
width of the fracture where wo is a small initial aperture
only active in the initial flaw, Q̃I =

QI
H is the entry volume

rate per unit fracture height, swell denotes the well location
on the fracture, and δ (s− swell) is the Kronecker symbol.
We note that the effect of fluid compressibility is negligible
during propagation. We include it here to properly account
for the initial pressurization of fracture at the beginning of
the stimulation. Assuming laminar flow inside the frac-
ture, the width-averaged fluid momentum balance reduces



to Poiseuille’s law. Then the local fluid flux q(s) is given as

q(s) =− w3

12µ

∂ p
∂ s

(3)

where µ is the dynamic viscosity of the fracturing fluid.

2.3. Fluid flow in the wellbore

In the simultaneous hydraulic fracture propagation prob-
lem, a key part is to properly account for fluid partition-
ing between the different fractures therefore one needs to
model fluid flow inside the wellbore. Neglecting inertial
effects that may be associated with short transient pres-
sure changes (water hammer etc.), the mass and momentum
balance in the wellbore after integration over the wellbore
cross-section are simplified in terms of the curvilinear coor-
dinate s along the well trajectory as:

Ac f
∂ p
∂ t

+
∂AV
∂ s

+AV c f
∂ p
∂ s

= Qpump(t)δ (s) (4)

−
N

∑
I=1

QI(t)δ (s− sI)

and

∂ p
∂ s

=−2πa
A

f (Re,ε)
4

ρV |V |
2

+ρgsinθ(s) (5)

where a is the wellbore radius, A is the cross-section area
(A = πa2), ρ the fracturing fluid density, c f is the fluid
compressibility, V is the average fluid velocity, Qpump(t) is
the volumetric pump rate at the well head (i.e. at s = 0),
QI(t) is the flow rate entering the I-th fracture, f (Re,ε) is
the Darcy friction factor depending on the Reynolds number
Re = 2ρa|V |

µ
and surface roughness ε .

2.4. Coupling between wellbore and fracture flow

We account for a local pressure drop due to entry friction
between the wellbore and the fracture. Following accepted
relation for such entry friction (Lagrone and Rasmussen,
1963; Economides and Nolte, 2000), we relate the pressure
drop between the wellbore and the fracture I and the fluid
flux entering the fracture I as follow:

pw,I − pin,I = fp Q2
I + ft Qβ

I (6)

where pw,I = p(sI) is the fluid pressure inside the wellbore
at the location of the perforations of fracture I and pin,I is
the fluid pressure at the inlet of the fracture I. QI is the total
fluid flux entering the fracture I which is an unknown func-
tion of time resulting from the fluid partitioning between the
different fractures. The first quadratic term in eq.(6) cor-
responds to classic turbulent pressure drop associated with
the perforations connecting the fracture to the well. The

coefficient fp for np perforations per well circumference of
diameter Dp can be estimated using an empirical formula
fp = 0.807249 ρ

n2
pD2

pC2 (see e.g. Crump and Conway (1988))
where the dimensionless discharge coefficient C is typically
between 0.5 and 0.9. The second term in eq.(6) is added to
account for additional pressure drop associated with near-
wellbore fracture tortuosity; ft,i and βi can be estimated
from step-down tests - see Economides and Nolte (2000);
Lecampion and Desroches (2015b); Bunger and Lecampion
(2017) for more details.

2.5. Fracture propagation criteria / tip asymptotic

Under the hypothesis of linear elastic fracture mechanics
(LEFM), the quasi-static fracture propagation condition re-
duces to KI = KIc where KIc is the rock fracture toughness
(yet, KI can be less than KIc for an arrested fracture). Lo-
cally at the fracture tip, we thus assume condition of pure
mode I, such that the fracture width of a propagating frac-
ture result in the well-known linear elastic fracture asymp-
tote:

w =
√

32/π

KIc

E ′

√
ℓ− s; ℓ− s ≪ ℓ (7)

In fact, this near-tip behavior may be visible only over a
very small characteristic length for a propagating hydraulic
fracture where a outer viscous asymptotes may dominate
(lmk =

K′6

E ′4µ ′2V 2
tip

) Garagash et al. (2011). This renders the use

of a sole linear elastic fracture mechanics criteria extremely
demanding computationally as the mesh size must then re-
solve the small lengthscale where the LEFM asymptote is
valid (see Lecampion et al. (2013, 2018) for discussion).
For this reason, we use a so-called “universal” tip asymp-
tote covering toughness-, viscosity-, and leakoff-dominated
regimes near the fracture tip - see Garagash et al. (2011);
Dontsov and Peirce (2015, 2017).

We account for fracture curving (mixed mode) using a
maximum tensile stress direction criteria - which give sim-
ilar predictions that the principle of local symmetry (mini-
mum KII) (Pham et al., 2017).

2.6. Initial / boundary conditions

Initially, prior to the start of the injection, at time t = 0,
the well is under hydrostatic pressure: p(s, t = 0) = ρ gz(s)
and V (s, t = 0) = 0. At the scale of this model which as-
sumes a constant fracture height, the details of fracture ini-
tiation from the perforations can not be properly captured.
We simply assume the existence of a small pre-existing flaw
transverse to the well axis at the location of each perforation
clusters. In other words, each fractures are pre-initiated with
a initial length (ℓI(t = 0) = Lo) and assumed initially closed
prior to the start of injection at t = 0. The fluid flux at the
end of stage (at the location of the bridge plug) is assumed



to be zero at all times V (s = Splug, t) = 0, while we assume
that the surface pump rate is prescribed Q(s = 0, t). We
will notably restrict our discussion to the case of a constant
pump rate.

2.7. Notes on numerical scheme (discrete equations)

For each time step, the elasto-hydrodynamics equations are
solved iteratively assuming the fracture tips locations (these
are iterated for in external loop). So, while iterating for
δ n(x), δ s(x) and p(x) within a time step, the fracture length
is fixed. Yet, the opening δ n in the tip region is imposed
to enforce mass conservation using the universal HF tip
asymptote.

The elasticity equations are discretized using piece-wise
constant (P0) displacement discontinuity elements - see
Crouch and Starfield (1983); Wu and Olson (2015). The
fracture opening and shear as well as the tractions (fluid
pressure and in-situ stress) are given in the middle of each
element. The lubrication equation (2) is integrated over an
element thus resulting in a Finite Volume discretization. For
a given locations of fracture tips (thus, fracture footprint
fixed), the mixed elasto-hydrodynamics system is solved via
fixed-point iterations.

To find the location of each fracture tip we use a 1D im-
plicit level set approach (see e.g. Peirce (2016); Dontsov
and Peirce (2017) for details) - inversion of the asymptote
for opening known at a given cell, the so-called “ribbon”
cell, which we set behind to the one that contained the tip at
the previous time step. Since the universal tip asymptote is
given as an implicit function, the location of the tip is found
from the opening at the corresponding “ribbon” element it-
eratively using Brent technique.

1 i

Channel region Tip regionRibbon
element

New fracture tip
Fracture tip at the
previous time step

i + 1/2i - 1/2

2

Fig. 2: Schematic of the fracture mesh to illustrate fracture propa-
gation: tip region and ribbon element and evolution of the fracture
tip position over a time step. The ribbon element allows to couple
the tip region (where the solution follows the near-tip hydraulic
fracture asymptotes - see Garagash et al. (2011)) with the rest of
the fracture (e.g. channel region). The number of elements in the
tip region can increase during a propagation step. Figure adapted
from Lecampion and Desroches (2015b).

To determine the direction of propagation at each time
step we minimize the dot product of the proposed direction
and the 1st principal stress direction at finite distance from
the tip node (we use 0.5 - 2.5 size of an element). This is
done explicitly at the end of each time step using the same
Brent method routine.

The mass balance equation in the wellbore (4) is dis-
cretized using a Finite Volume approach similar to the one
described above for the lubrication in the fracture(s). One
difference is that the radius and the cross-section of the well
are assumed to not change due to the well pressurization
thus we do not need any hydro-mechanical coupling. An-
other difference is the use of Darcy friction factor approach
to determine the cross-sectional conductivities in laminar,
turbulent, or transient flow regimes. it is a Finite Volume
scheme with piecewise-constant approximation of pressure.
The discretized equation is solved by fixed-point iterations
while back-substituting the cross-section-average velocity
(and Reynolds number) re-calculated via eq.(5) into (4).
The Darcy friction factor is also updated since it depends on
the Reynolds number. In the developed code, various mod-
els for friction factor in transitional and turbulent regimes
are implemented, e.g. Churchill (1977), Haaland (1983),
Maximum drag reduction model for slickwater injection,
Yang and Dou model - an approximation of Nikuradze
experimental data (see Nikuradse (1950), Yang and Dou
(2010); Yang and Joseph (2009); Yang (2009)) with Re-
ichert or Gauckler-Manning-Strickler asymptotes for large
Reynolds numbers. Some models involve inversion of im-
plicit functions of Reynolds number; this is performed using
the same Brent solver routine (see above).

The equation of wellbore / fracture coupling, espe-
cially when considering near-wellbore fracture tortuosity, is
highly nonlinear. Practically, we have observed (similarly
than ) that for this very stiff coupling in relation to fluid par-
titioning, fixed-point iterations do not necessarily converge.
For this reason, we use a quasi-Newton scheme using a fi-
nite difference estimation of the Jacobian matrix (which we
update only every 4 iterations of the quasi-Newton scheme
for efficiency).

3. MODEL VERIFICATIONS

3.1. Toughness- and viscosity-dominated solutions
(KGD geometry)

Two tests have been performed with two fractures of suffi-
ciently large height (100 m) located far enough from each
other (1000 m) to ensure that stress interaction between
them is negligible. The flow rates entering both fractures
were equal (wellbore flow was not considered).



The parameters for the toughness-dominated case
were as follows: E ′ = 10GPa, µ = 0.01Pa.s, KIc =
2MPa.m1/2, Q0 (per unit height)= 0.0001m2/s (which pro-
vide M = 12µQ0E ′3

K′4 = 0.0072). As can be seen on Fig. 3,
the accuracy of the scheme is excellent.

a)

b)

Fig. 3: Toughness-dominated fracture propagation: (a) fracture
length vs. time, numerical (blue dots) vs. analytical solution (red
solid line); (b) inlet pressure vs. time, numerical (blue dots) vs.
analytical solution (red solid line).

For the viscosity-dominated case the parameters were as
follows: E’ = 10GPa, µ = 0.1Pa.s, KIc = 0.5MPa.m1/2 ,
Q0 = 0.0001m2/s (M = 18.5). Fig. 4 display the corre-
sponding results for fracture length and inlet net pressure
evolution with time.

The results of both tests (toughness and viscosity domi-
nated propagation) show good (within 3%) correspondence
with analytical solutions.

3.2. KGD-PKN transition

This test was performed for the case a single hydraulic frac-
ture of constant height H = 10m and initial length L0 = 1m
ensuring the injection time is long enough for the frac-
ture to evolve to final length much larger than the height;
the other used parameters were as follows: rock properties
E = 25GPa, ν = 0.3, KIc = 1Mpa.m1/2, zero leak-off, con-
fining stress σh = 10MPa, σH = 12MPa, injection fluid vis-
cosity µ = 0.01Pa.s, entry rate Q = 0.05m3/s (∼ 20BPM).

As can be seen on Fig. 5, the scheme properly capture the

a)

b)

Fig. 4: Viscosity-dominated fracture propagation: (a) fracture
length vs. time, numerical (blue dots) vs. analytical solution (red
solid line); (b) inlet pressure vs. time, numerical (blue dots) vs.
analytical solution (red solid line)

transition between the KGD geometry solution (where the
height of the fracture is much larger than its length) and the
PKN solution (solution for a constant height fracture very
long compared to its heigth).

4. EFFECTS OF PERFORATION FRICTION ON FLUID
PARTITIONING AND FRACTURE GROWTH LO-
CALIZATION

In this section, we report the studies of the effects of entry
friction, stage length, and stress shadow on fluid partition-
ing and localization of fracture growth. Here we assume
homogeneous perforation friction for all the clusters within
the stage and neglect any wellbore tortuosity friction.

4.1. Main dimensionless parameters

We focus on the two main dimensionless parameters gov-
erning the competition between the interaction stress, the
pressure gradient in the well, and the pressure drop due to
the entry friction.

Following Lecampion and Desroches (2015b), the pa-
rameter Γ expresses the ratio of characteristic interaction
stress σint to the pressure drop due to perforation friction at
the time when the length of the fracture(s) L is of the same
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Fig. 5: KGD to PKN transition (viscosity-dominated regime), nu-
merical vs. analytical solutions: (a) fracture length vs. time; (b)
fracture inlet opening vs. time.

order as spacing S.

Γ =
σint

fpQ2
n
=

E ′ ⟨w⟩LH
4π S3 fp Q2

n
=

E ′ Qn t
4π S3 fp Q2

n

Qn =
Qo

N f rac
(8)

The time t when the length of the fracture(s) L is of the
same order as spacing S can be estimated by order of mag-
nitude from the system parameters using the estimate of L
for a specific geometry and regime of propagation. In the
following, we use the estimate of L vs. t for viscosity-
dominated regime in PKN geometry (L ≫ H)

L ∼
(

E ′ Q3
n

4π3 µ H4

)1/5

t4/5 (9)

and the corresponding estimate of Γ (less the factor of order
1):

Γm =
E ′3/4 µ1/4 H

fp
7/4
n S7/4

(10)

The parameter Π expresses the ratio of the pressure drop
between clusters in the well to the pressure drop due to per-
foration friction. Regarding that the pressure drop along
the well is by order of magnitude ∆P(well) ∼ ρQ2

oS/D5 and
∆P(per f ) ∼ fp(Qo/N f rac)

2 we can estimate Π as

Πβ =
∆P(well)

∆P(per f )
=

ρ SQ2
o Re−β/D5

fp(Qo/N f rac)2

=
ρ SN2

f rac Re−β

D5 fp
; Re =

ρQo

µD
(11)

Here, the power exponent β is defined by the flow regime
in the well and the corresponding behavior of friction factor.
In the following, we consider β = 1/4 corresponding to the
Blasius asymptote (see Blasius (1913)) / smooth turbulent
pipe flow.

4.2. Simultaneous fracture propagation with homoge-
neous perforation friction

In these tests we considered 3 fractures initiated from the
horizontal part of the well at depth of 1km; the hight of
the fracture was taken H = 20m; initial half-length of the
fractures was L0 = 2.5m. The following rock properties
were assumed: E = 25GPa, ν = 0.2, KIc = 1Mpa.m1/2,
zero leak-off. The other parameters are as follows: con-
fining stress σh = 10MPa, σH = 10.1, 12, 20MPa, in-
jection fluid viscosity µ = 0.01Pa.s, pump rate Q =
0.15m3/s (0.05m3/s per fracture), entry friction fp was the
same for each cluster and took values between 102 and
109 Pa.(s/m3)2. Injection time was limited to 5 minutes in
all tests. To account for pressure drop between the clusters
numerically, the mesh density for the well flow solver was
chosen to provide 3 - 12 cells between the clusters in all con-
sidered cases of cluster spacing. The geometry of the well,
location of the clusters, and a typical fracture propagation
pattern can be seen in Fig. 1.

To summarize these results, let’s study the effect of the
most important dimensionless parameters (Γm′ and Πβ ) on
variation (relative standard deviation) of fractures’ length
and injected volumes after given time of injection.
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Fig. 6: Effect of parameter Γm on localization of fracture growth
(relative standard deviation of length after 5 min. of injection).
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Fig. 7: Effect of parameter Γm on fluid partitioning (relative stan-
dard deviation of injected volume after 5 min. of injection).

As one can see from Figs. 6 - 7, in general, at val-
ues of Γm ≪ 1 fracture growth / fluid partitioning is equal-
ized; localized growth / fluid partitioning occurs at values
of Γm > 1; for larger Γm, the values of δL/ < L > and
δQ/ < Q > stay around 25 - 30% showing some noticeable
but minor effect of cluster spacing and in-situ stress con-
trast. Yet, the parameter Γm does not fully account for the
effect of cluster spacing / stage length (and the correspond-
ing pressure gradient in the well) on fracture localization.
For larger spacing, localization occurs at smaller values of
Γm.

Figs. 8 and 9 show the variation of L and Q against the
parameter Πβ (scaled pressure drop between the clusters).
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Fig. 8: Effect of parameter Πβ on localization of fracture growth
(relative standard deviation of length after 5 min. of injection).
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Fig. 9: Effect of parameter Πβ on fluid partitioning (relative stan-
dard deviation of injected volume after 5 min. of injection).

5. EFFECTS OF HETEROGENEOUS TORTUOSITY-
RELATED FRICTION

In this section, we study the effect of near-wellbore stress
heterogeneity (via variation of the tortuosity entry friction
term ft , see eq.(6)) on fluid partitioning and localization of
fractures’ propagation.

We investigated the cases of 2250 m. deep well with 3
and 4 clusters. The other parameters of the problem were
as follows: Fractures’ height H = 35m, spacing: S = 25m,
initial length Lo = 2.5m Rock properties: E = 25GPa, ν =
0.2, KIc = 1MPa m1/2, zero leak-off. In-situ stress: σh =
48MPa, σH = 67MPa. Injection: Slickwater (MDR friction
model), fluid viscosity: µ = 0.05Pa s, pump rate: Q0 =
0.19m3/s, duration: 10 min. Perforation friction (uniform
for all clusters): fp = 8 ·106, 8 ·107, 8 ·108Pa (s/m3)2 In all
cases, we assumed the tortuosity exponent in 6 βt = 0.5.

For each value of fp we consider as a reference a
case with uniform ft for all clusters providing addi-
tional 1MPa pressure drop at nominal rate (correspond-
ingly, ft = 3.97 106Pa (s/m3)1/2 for 3 clusters, ft =
4.59 106Pa (s/m3)1/2 for 4 clusters) and a series of 4 real-
izations with ft normally distributed around the same mean
value with 20% dispersion (±0.2MPa at nominal rate).

In figures 10 - 16 we show fracture paths (top view),
lengths, and fluid partitioning after 10 min. of injection into
4 fractures for equal ft = 4.59 106Pa (s/m3)1/2 in all clus-
ters. In figures 11 - 18 we show fracture paths (top view),
lengths, and fluid partitioning after 10 min. of injection into
4 fractures for two different realizations of varying ft .

The averaged results over each set of realizations are pro-
vided in Tables 1 - 4.
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Fig. 10: Fracture paths (top view) after 10 minutes of injection.
Equal ft in all clusters, fp = 8 ·107. Scales in meters.
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Fig. 11: Fracture paths (top view) after 10 minutes of injection.
Varying ft , case 1, fp = 8 ·107. Scales in meters.
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Fig. 12: Fracture paths (top view) after 10 minutes of injection.
Varying ft , case 2, fp = 8 ·107. Scales in meters.
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Fig. 13: Fractures’ lengths during 10 minutes of injection. Equal
ft in all clusters, fp = 8 ·107.

frac 1

frac 2

frac 3

frac 4

100 200 300 400 500 600
t, s

100

200

300

400

Lfrac, m

Fig. 14: Fractures’ lengths during 10 minutes of injection. Vary-
ing ft , case 1, fp = 8 ·107.
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Fig. 15: Fractures’ lengths during 10 minutes of injection. Vary-
ing ft , case 2, fp = 8 ·107.
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Fig. 16: Fluid partitioning during 10 minutes of injection. Equal
ft in all clusters, fp = 8 ·107.
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Fig. 17: Fluid partitioning during 10 minutes of injection. Vary-
ing ft , case 1, fp = 8 ·107.
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Fig. 18: Fluid partitioning during 10 minutes of injection. Vary-
ing ft , case 2, fp = 8 ·107.

Table 1: Variation of fracture length, 3 clusters, comparison of
equal ft and varying ft cases.

fp 8 ·106 8 ·107 8 ·108

δL/⟨L⟩, equal ft 0.02600 0.01271 0.01261
Average δL/⟨L⟩,

var. ft
0.14201 0.10047 0.02815

Std. dev. of δL/⟨L⟩,
var. ft

0.03651 0.05891 0.00821

Table 2: Variation of entry fluid volume rate, 3 clusters, compari-
son of equal ft and varying ft cases.

fp 8 ·106 8 ·107 8 ·108

δQ/⟨Q⟩, equal ft 0.09706 0.06977 0.01826
Average δQ/⟨Q⟩,

var. ft
0.18917 0.14673 0.03945

Std. dev. of δQ/⟨Q⟩,
var. ft

0.07593 0.08466 0.02639

Table 3: Variation of fracture length, 4 clusters, comparison of
equal ft and varying ft cases.

fp 8 ·106 8 ·107 8 ·108

δL/⟨L⟩, equal ft 0.02414 0.00747 0.01224
Average δL/⟨L⟩,

var. ft
0.12255 0.08514 0.02083

Std. dev. of δL/⟨L⟩,
var. ft

0.02793 0.04948 0.00974

Table 4: Variation of entry fluid volume rate, 4 clusters, compari-
son of equal ft and varying ft cases.

fp 8 ·106 8 ·107 8 ·108

δQ/⟨Q⟩, equal ft 0.09706 0.06977 0.01826
Average δQ/⟨Q⟩,

var. ft
0.18917 0.14673 0.03945

Std. dev. of δQ/⟨Q⟩,
var. ft

0.07593 0.08466 0.02639

In Figs. 19 and 20 we plot the relative variation of the
entry fluid volume rate δ Q/⟨Q⟩ (average over 4 realizations
of varying ft) compared to the variation of Q for equal ft in
all clusters against the parameters Γm and Πβ .
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Fig. 19: Variation of entry fluid volume rate for different Γm.
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Fig. 20: Variation of entry fluid volume rate for different Πβ .

From Figs. 19 - 20 one can see that, on average, the
variation of entry rate increased about 3 times compared
to the homogeneous ft case (equal tortuosity friction in all
clusters) although the input variation of ft was quite small
(20%). Note that, although parameters Γm and Πβ have an
expectable effect on fluid partitioning, the factor in δ Q/⟨Q⟩
due to the variation of ft barely depends on these parame-
ters.

6. CONCLUSIONS

Our results confirm previous studies restricted to the growth
of simultaneous radial hydraulic fractures (see Lecampion
and Desroches (2015b,a)) that were intrinsically confined to
the early stage of growth. Notably, large entry friction ap-
pears to always allow to counteract the detrimental effect of
stress interaction between fractures. Our results also show
that the pressure drop along the stage (i.e. the length of the
stage) has more impact than the stress interaction.

In all cases, large entry friction is beneficial. However,
we have also shown that spatial variations of the entry fric-
tion between fractures / cluster - which are likely due to
variation of near-wellbore fracture tortuosity - have a very
important impact and detrimentally affect the fluid partition-
ing between fractures (more than a factor 2 difference com-
pared to the spatially homogeneous case was observed for
variation of entry friction as low as 20%). This has a pro-
found practical impact as small variations in near-wellbore
fracture geometry are bound to happen (see e.g. Lecampion
et al. (2015) for discussions).
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