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Résumé

Soit k un corps algébriquement clos de caractéristique p. Soient Y un groupe algébrique simple
simplement connexe sur k et X un sous-groupe maximal parmi les sous-groupes fermés connexes
simples de Y. A ’exclusion de certaines valeurs de p pour des plongements précis, nous classifions
les représentations irréductibles p-restreintes de Y sur lesquelles X agit avec exactement deux
facteurs de composition. Ce travail s’inscrit dans la continuité de la classification des sous-groupes
irréductibles des groupes exceptionnels donnée par Testerman.

Mots-clés: Théorie des représentations, groupes algébriques, groupes exceptionnels, régles de
branchement.

Abstract

Let Y be a simply connected simple algebraic group over an algebraically closed field k of charac-
teristic p and let X be a maximal closed connected simple subgroup of Y. Excluding some small
primes in specific cases, we classify the p-restricted irreducible representations of Y on which X
acts with exactly two composition factors. This work follows on naturally from the classification of
irreducible subgroups of exceptional algebraic groups given by Testerman.

Key words: Representation theory, algebraic groups, exceptional groups, branching rules.
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For an explanation of the tables containing the data of the Jantzen p-sum formula see p.
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Introduction

Representation theory of algebraic groups. — In this thesis, we focus on the study of
rational representations of connected reductive linear algebraic groups over an algebraically closed
field k of characteristic p > 0, a prime or zero. We will assume henceforth all the groups to be
linear and their representations to be finite-dimensional rational.

Let Y be a reductive algebraic group over k and let ¢ : Y — GL(V) be a representation of
Y. By the Jordan-Hélder theorem, V' admits a well-defined filtration by simple modules called a
composition series. Since the simple modules constitute the building blocks of any kY -module,
the first step towards understanding the representations of Y involves understanding the simple
modules. In positive characteristic, as opposed to characteristic 0, the study of these modules is a
difficult task and has constituted a vast area of research over the last forty years. Recall briefly
that the set of simple kY -modules is in bijection with the set X (7)" of dominant weights of 7.
Under this bijection, a dominant weight A is mapped to Ly (\), the simple module of highest weight
A. By Steinberg’s tensor product theorem, the task of understanding the simple kY -modules is
reduced to that of understanding those with p-restricted highest weights. The good news is that for
a fixed p, the set of p-restricted weights is finite.

The simple module Ly () can be realized as the unique simple quotient of Vi (\), the Weyl
modules of highest weight A\. The dimension of V3 () is given by Weyl’s degree formula and the
dimension of a given weight space in Vy (\) can be recursively computed using Freudenthal’s formula.
However, Vy () is an indecomposable kY -module and its structure is not known in general. Most
of our efforts are focused at understanding the maximal submodule of Vy-(A) in order to gain an
understanding of Ly ().

Over the course of the last years, Williamson and his collaborators made exciting progress
in this area of research. Very recently, in [RW], Williamson and Riche discovered and proved a
character formula for p-restricted simple kY -modules under the assumption that p > 2h — 2, where
h is the Coxeter number of Y. Even though it is now clear from a theoretical point of view which
setting has to be adopted, the computational aspects related to this new character formula are at a
very early stage. None of these new techniques will be discussed in this thesis, instead we will use
and further develop well-established techniques in order to solve the following problem.

The problem considered. — The two first functors which are studied in representation theory
are induction and restriction. These functors provide a way of building new representations and
of deducing particular properties by taking advantage of the subgroup structure of a given group.
Before stating the specific question we answer in this thesis, we will give a brief overview of a

xiii



xiv INTRODUCTION

related question which led to the current work.

Question 1. Let Y be a simply connected simple algebraic group over k and let X be a maximal
closed subgroup of Y. For which p-restricted A € X (Ty )V does X act irreducibly on Ly (\), that is
Ly (X) remains irreducible as a kX-module?

Fix a pair (X,Y) as in the previous question. In [Dyn52a), [Dyn52b|, Dynkin solves this question
over an algebraically closed field of characteristic 0 with the additional assumptions that X is
connected. He determines all the dominant weights A such that X acts on Ly (\) irreducibly. Later
on, Seitz and Testerman extend this classification to fields of arbitrary characteristic, again with
the connectedness hypothesis on X. In [Sei87], Seitz classifies all the triples (X,Y;\), where Y is
of classical type and in [Tes88]|, Testerman classifies the triples (X, Y, \), where Y is of exceptional
type. It should be noted that for Y of type A, the classification was obtained independently by
Suprunenko in [Sup85|. In 2016, while working on this thesis, the author found a triple (X,Y, \)
which did not appear in the classification of Seitz. By a careful verification of Seitz’s argument,
Testerman spotted a gap in the proof of [Sei87, 8.7] and fixed it along with Cavallin in [CT19].

has also been answered in the case of X disconnected. The corresponding classification,
which will be less relevant for us in this thesis, can be found in the following series of papers
[For96, [For99l [Ghal0l BGMT15, BGT16].

A more detailed overview of can be found in [BT17]. In this recent survey, Burness and
Testerman summarize the different approaches and results which lead to the answer of
We now state a natural generalization of the previous question.

Question 2. Let Y be a simply connected simple algebraic group over k and let X be a maximal
closed connected simple subgroup of Y. For which p-restricted weight A € X (Ty)™ does X act on
Ly (X) with ezactly two composition factors?

was first addressed by Cavallin for Y of classical type. In [Cav17bl, he classifies
the triples (X, Y, \), where X = Spin,,, (k) and Y = Spin,,, ,;(k), and in [Cav15, Conjecture 4], he
gives a conjectural answer in the case of X = SOs, (k) and Y = SLy, (k).

In this work, we consider the case where Y is of exceptional type and answer the following
question, excluding small primes for some specific embeddings.

Question 3. Let Y be a simply connected simple algebraic group of exceptional type over k and let
X be a mazimal closed connected simple subgroup of Y. For which p-restricted weight X € X (Ty)™*
does X act on Ly (\) with exzactly two composition factors?

Tackling the problem. — The pairs (X,Y) as in have been classified by Liebeck and
Seitz in LS04, Theorem 1]. Following [LS04, Theorem 1], we regroup these pairs into two families.
The first one consists of pairs (X,Y) with X containing a maximal torus of Y, that is the ranks of
X and Y are equal. Apart from known exceptions occurring when (Y, p) € {(Gs, 3), (Fy,2)}, such
maximal subgroups X are in bijection with the set of closed subsystems of the root system of Y.
They can easily be deduced using the Borel-de Siebenthal algorithm initially exposed in [BdS49]
Section 7]. The second family of pairs are the ones which correspond to maximal subgroups of

non-maximal rank and the construction of these maximal subgroups spans over the following papers
[Sei91l, [Tes89) [Tes92, [LS04].
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For completeness, we retranscribe the list of pairs of maximal rank in [Table 2| from [LS04, Table
10.3] and the ones of non-maximal rank in [Table 3| from [LS04, Table 1].

Y X simple

G2 As (1 class if p # 3, 2 classes if p = 3)
Fy By (pz0),Cs(p=2)

E; A7 (p=0)

Es Dg(p>0), As (p>0)

Table 2: Maximal closed connected simple subgroups of maximal rank

Y X simple

Ga  Ar (p#2,3,5)

F, A (p=0orp>13),Gs (p=7)

Eg Ay (p#2,3),G2(p#7), Fa (p=0),Cy (p#2)
(
(

E; A; (2classes, p=0or p > 17,19, resp.), Az (p # 2,3)
Eg A; (3 classes, p=0or p > 23,29, 31, resp.), Ba (p # 2,3)

Table 3: Maximal closed connected simple subgroups of non-maximal rank

Fix a pair (X,Y) as in Let Bx = UxTx denote a (positive) Borel subgroup of
X and let By = Uy Ty denote a (positive) Borel subgroup of Y such that Bx = By N X. Let
DY), dH(Y), X(Ty), X (Ty)" denote the set of roots, positive roots, characters and dominant
weights corresponding to the choice of By. We adopt similar notations for the root datum attached
to X.

In order to solve we should first manage to compute weight multiplicities occurring
in simple kY and kX-modules. We achieve this by partially computing the characters of specific
simple modules in terms of characters of Weyl modules. Our main tool to perform such a task is the
Jantzen p-sum formula (JSF). Coupling the JSF with some results from the theory of translation
functors and case-by-case arguments depending on the weights considered, we manage to gain
enough information on the characters of the simple modules involved in order to compute the
desired multiplicities. In particular, we are able to eliminate many p-restricted weights A € X (Ty )"
such that X acts on Ly (\) with more than two composition factors. However, apart from specific
cases for which the dimensions of the modules involved are known, we are not able to prove, at this
point, whether for the remaining p-restricted weights, the subgroup X acts on the corresponding
simple kY -modules with exactly two composition factors. This issue also constitutes the reason for
the conjectural status of Cavallin’s aforementioned result in the classical case for the embedding

The main theoretical result in this thesis yields, under some technical hypotheses, a method to
solve the remaining cases. We shall provide here a brief idea of how it can be applied by ignoring the
technical assumptions. For a precise statement of the result, we refer the reader to
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By [Tes88, Theorem (B)], we can select A € X (Ty )" p-restricted such that X acts on Ly (\)
with at least two composition factors. Now Ly ()\) is generated by a maximal vector v € Ly ())
for By of weight \. Since Bx C By, we have that v™ is a maximal vector for Bx of weight A|r, .
Hence A7, affords the highest weight of a composition factor for X acting on Ly (X). Set g = A|py .
Assume v € X (Tx )" is maximal, with respect to the usual ordering on the weights, among the
highest weights of the composition factors of Ly (A)|x/Lx(x). Then (under the omitted technical
assumptions) X acts on Ly (A) with more than two composition factors if and only if a weight of
the form p — alry or v — alr, for a € (V) \ {ap} affords the highest weight of a composition
factor for X acting on Ly ()). Here, oy denotes the largest root in @ (V).

In order to prove that X acts on Ly (\) with exactly two composition factors, we prove that
there is no weight of the form p — a|ry, or v —alr, for a« € @7 (Y)\ {ap} which affords the highest
weight of a composition factor for X acting on Ly (A). This method takes us back to a careful
examination of the weights spaces of Ly (M), Lx(p) and Lx(v), but this time limited to a fixed
range of weights.

Statement of results. — We now give an overview of the main results proved in this thesis,
starting with the main theorem which settles [Question 3| for large enough primes. The classification
appears in which can be found at the end of this thesis.

Theorem 1. Let k be an algebraically closed field of characteristic p > 0. Let (X,Y,p) be as
in[Table 2| and[Table 3| Assume in addition (X,Y,p) & {(As2,G2,{2,3}), (B4, F4,{2,3,5,7,11}),
(Cy, Fy,2),(Fy, Eg,{2,3,5,7,11})}. Let A € X(Ty)™ be a p-restricted weight. Then X acts on
Ly (\) with ezactly two composition factors if and only if X is listed in up to graph
automorphism. Moreover, Ly (\)|x = Lx(p) ® Lx (v) with pn and v given as in[Table A]

A few remarks are in order.

o This result is a combination of [Proposition 2.5.1| and [Proposition 3.0.1} In [Proposition 2.5.1]
we only consider the embedding (X,Y) = (Fy, Eg) and in [Proposition 3.0.1} all the other
embeddings are treated. It is clear, when comparing the number of pages needed for the proof
of both propositions, that the case of (Fy, Eg) is by far the most difficult one to solve.

e In the statement of we exclude certain triples (X,Y,p). This is either because
does not hold for (Y, p) or because p is smaller than the Coxeter number of
Y. Nevertheless, a complete answer can be obtained using a computer program. Indeed, for
a fixed prime, it is in theory possible to compute the dimension of weight spaces in simple
modules by calculating the rank modulo p of a bilinear form, the so-called contravariant form,
introduced in [Stel6, Chapter 12] and in [Won72]. We have implemented such a program and
by using it, we are able to deduce a complete answer for the excluded triples. However, we
have decided not to include the result in this thesis.

o Even though is obtained for an algebraically closed field of positive characteristic,
it also holds for an algebraically closed field of characteristic 0. The cases that apply over an
algebraically closed field of characteristic 0 are the ones in which do not contain any
dependence on p in the weight A.
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¢ In the course of proving [Proposition 2.5.1] we compute precisely many “truncated” characters
and weight multiplicities. The reader interested in this kind of data should have a look at
[able 2.531] on [Page 64] and [Table 2.104] on [Page 117}

We prove [Proposition 2.5.1] by an inductive argument based on inclusions of Levi factors of
parabolic subgroups. Solving two of these inductive steps yields the following propositions. Note
that the same remarks as for about the restrictions on p and the validity of the result in
characteristic 0 also apply.

Proposition 2 (Proposition 2.2.1). Let k be an algebraically closed field of characteristic p > 5.
Let Y be a simply connected simple algebraic group of type As over k and let X be the maximal
closed connected subgroup of type Co of Y given by the fixed points of a graph automorphism of Y.
Let A € X(Ty)™" be a p-restricted weight and set i = N ry,. Then X acts on Ly (\) with ezactly
two composition factors if and only if X is listed in[Table 2.3| up to graph automorphism. Moreover,

Ly(N)|x = Lx(p) ® Lx(v) with v as in[Lable 2.3|

Proposition 3 (Proposition 2.3.1). Let k be an algebraically closed field of characteristic p > 7.
Let Y be a simply connected simple algebraic group of type As over k and let X be the mazimal
closed connected subgroup of type Cs of Y given by the fixed points of a graph automorphism of Y.
Let A € X(Ty)™" be a p-restricted weight and set yn = N1y, . Then X acts on Ly (\) with ezactly
two composition factors if and only if X is listed in[Lable 2.5| up to graph automorphism. Moreover,
Ly(N)|x = Lx(p) ® Lx(v) with v as in[Lable 2.5

We decided to highlight these two propositions, since they represent the first steps towards
solving for the embedding of classical groups Spa,(K) C SLy,(K). Finally, we also
prove a general result for this family of embeddings. The proof relies on the techniques we have
introduced, illustrating how they can be used in a more general, i.e. unbounded rank, setting.

Proposition 4 (Proposition 2.3.2). Let p > 2 and n > 2. Let Y be of type Azpn_1 and X
be a subgroup of type C, of Y given by the fized points of a graph automorphism of Y. If
A =ay\, € X(Ty)" with a, € {1,p— 1}, then X acts on Ly (\) with exactly two composition
factors given by the highest weights |7 and A1y — Bn—1 — Bn, where {B;}1<i<n denotes a basis
of ®(X). Moreover, Ly (A)|x = Lx(Mry) ® Lx(N1y — Bn-1— Bn)-

Use of the computer and external data. — This thesis contains many computations and
we shall provide here an account of how these have been performed. All the computer assisted
calculations were done using GAP [GAP18|, Magma [BCP97] or in a negligible way Chevie.

In order to compute multiplicities in Weyl modules, we apply [Proposition 1.1.12| on [Page §|
along with a computer implementation in GAP of Freudenthal’s formula or the function in Magma
to compute multiplicities. Given two weights A, u € X (T)T, these programs return the multiplicity
of 1 in the Weyl module of highest weight .

All the dimensions of Weyl modules are given by Weyl’s degree formula and all the dimensions
of irreducible modules are taken from the tables in [Lib07].

We discuss now the calculations related to the JSF. For the notations, we refer to
We shall always work with the reformulation of the JSF given by [Proposition 1.3.6| on [Page 12|
Computing the JSF by hand requires meticulous bookkeeping, a task which is prone to producing




xviii INTRODUCTION

errors. We therefore implemented a computer program to keep track of all the intermediary
computations. It works as follows. The user inputs the type of the group Y considered and a
highest weight A. The weight may be a function of the prime p and of some other parameters. For
each positive root « in the root system of Y, the program prints the value of (A + p,a") and the
user inputs the maximal integer which the summation index m can take (where m is as in
on [Page 12)). For each possible value of m, the user then reflects to a weight in D (see [Page 11J).
Once such a weight is hit, the program outputs the weight in question, the difference in terms of
simple roots between the dominant weight obtained and A, and the determinant of the product
of reflections which was applied. Note that each of these steps might depend on p and on the
parameters involved in the definition of A. It would be too long to detail these steps every time,
however we include the final data obtained, so that the readers can verify the rest of the argument
by themselves.

After [Proposition 2.3.1] was established, the author’s advisor received from Jantzen unpublished

computations determining almost all of the characters of the p-restricted simple modules for types
Ay, B3 and C3. These computations were not used by the author and all the methods used to
compute the characters of simple modules appearing in this thesis come either from [Jan03, II.
8.20], from standard arguments or from case-by-case considerations.

Structure of this thesis. — focuses on developing the theory which will be used in
order to solve [Question 3| [Section 1.1| contains an expository background about the representation
theory of reductive algebraic group. introduces the geometry of alcoves which constitute
the framework in which we shall view the weights. It then discusses the Strong Linkage Principle
and some of its consequences. In we start by stating and reformulating Jantzen’s p-sum
formula (JSF) which is the main tool at our disposal to study the structure of Weyl modules. We

explain precisely what are the limitations of the JSF and see how, in some cases, we manage to

overcome them. In [Subsection 1.3.2] we present a truncated version of the JSF along with an

efficient way of algorithmically computing it. We conclude this lengthy and technical section by an

example. contains the core ideas to solve [Question 3] We start by proving results about

self-duality of modules. We then investigate in [Proposition 1.4.4] which weights in the restriction

of a simple kY -module can afford the weight of a maximal vector for By. In|[Proposition 1.4.6|

we establish, under certain conditions, the existence of an additional maximal vector for Bx in
the restriction of a simple KY-module. Finally, combining the previous results, we obtain in
the main method to solve [Question 3} In [Section 1.5, we introduce an inductive
argument to answer by considering Levi factors of parabolic subgroups.

In we start by answering for the pairs (Cs, As), (Cs, As) and partially
investigate the pair (Bs, Ds). We then use the previous considerations to solve for the
pair (Fy, Eg) in [Section 2.5

In[Chapter 3] we solve[Question 3|for the remaining cases in[Table 2|and [Table 3] In[Section 3.2|
we consider the embeddings of maximal subgroups of non-maximal rank and in the

embeddings of maximal subgroups of maximal rank.

In we fix an ordering on the set of positive roots for a root system of type Ay, Bs
and Cj.

The classification obtained by solving [Question o] appears in at the end of this thesis.




Chapter 1

Theoretical background

In this chapter, we start by recalling some well-known notions from the theory of algebraic groups
which will be used in this thesis. For most of the concepts in and we follow the
exposition in [Jan03]. For we follow the ideas presented in [McN9S8| and expanded
further in [Cav15]. Based on these ideas, we develop our own approach in [Subsection 1.3.2| In
we introduce the main theoretical methods we will repeatedly use in order to solve

(Question 3| and in we present an inductive approach to solving [Question 3| using

inclusions of Levi factors of parabolic subgroups.

1.1 General notions

1.1.1 Characters and cocharacters. — Throughout this thesis, let k be an algebraically closed
field of characteristic p > 0. Let G,, and G, denote the multiplicative and additive group of k,
respectively. Let G be a simple linear algebraic group over k. Henceforth, we assume all the groups
to be linear. Fix a maximal torus 7' C G. By definition T' = G, for some n and we say G is of
rank n. Set = n. Denote by = Hom(T,G,,) and Y(T') = Hom(G,,, T), the group of
characters of T' and the group of cocharacters of T', respectively. The composition law on X (T') and
Y (T') is written additively since both are abelian groups. Recall that for any A € X (T') and ¢ € Y/(T'),
there is a unique integer (A, ¢) such that the composition A o ¢ is the map Ao ¢ : G, — Gy,
where A o ¢p(a) = a*?). Moreover, recall that the pairing (—, —) : X(T) x Y(T) — Z is bilinear
and nondegenerate.

1.1.2 Root subgroups. — Let X (T) denote the root system of G with respect to T'. Fix a
set |§| of simple roots and recall that |A| = rank(G). Let denote the set of positive roots with
respect to A. Set &~ = —PT. Let ®* denote the largest root (i.e. the maximal long root)
and let denote the largest short root in ®. Let o € ®. There exists, up to scalar, a unique
morphism of algebraic groups x, : G, — G which induces an isomorphism onto its image, such that
tro(a)t ! = z4(a(t)a) forallt € T, a € G,. We call[U,|= im(z,) the root subgroup corresponding
to a. For a € Gy, set ng(a) = zo(a)r_o(—a"1)zy(a) and aV(a) = na(a)n.(1)~1. We have
na(a) € Ng(T) and oV (a) € T. Note that o € Y(T). We call [a”] the coroot corresponding to
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« and denote by the set of coroots. It turns out that ® along with the map o — " is an
abstract root system in X (T) @z R in the sense of Bourbaki [Bou81l, ch.VI, §1, n°1]. The set ®
along with the map a¥ — « is also an abstract root system in Y (T') ®z R and for each o € ®, we
have (a, V) = 2.

1.1.3 Weyl group. — For each a € ®, denote by s, the reflection corresponding to @ on X (T')
given by
5a(A) = A= (X, a)a.

We extend s, linearly to a reflection on X (T') ®z R. Let the Weyl group of ®, denoted be
the subgroup of GL(X(T) ®z R) generated by the reflections s, for a« € A. There is an explicit
relationship between W and the group G we started with. The action by conjugation of g € Ng(T')
on T induces an action on X (7T') and on Y (T) as g.A\(t) = A(g~'tg) for A € X(T) and t € T, and
as g.¢(c) = go(c)g~* for ¢ € Y(T) and ¢ € G,,, respectively. The element n,(a) € Ng(T) defined
previously acts on X (T') in the same way as s, inducing the following isomorphism.

NG(T) — Ng(T)/T = w

na(l) —  nu(1) —>  Sq
Recall that for w € W and any representative w € Ng(T'), we have
WU~ = Uy (1.1)

For w € W, write w = sq, - Sa;, With a;, € A and ¢ minimal. We call ¢ the length of w. There
exists a unique element W such that the length of wy is maximal. It is also the unique element
in W satisfying wo(®") = &~

1.1.4 Parabolic subgroups. — A subset ®' C ® is called closed if (Z>oa + Z>o8) N @ C P’
for any o, 8 € ®'. It is called unipotent if ® N (—®') = . For & C ® closed and unipotent,
denote by U(®’) the closed subgroup generated by all U, with a € ®’. For example, if I C A
and ®; = ® N ZI, then &+ \ ®; is closed and unipotent. Let U = U(®*), U~ = U(P~) and set
B =UT to be a (positive) Borel subgroup of G and B~ = U~T to be the corresponding negative
Borel subgroup of G.

Remark 1.1.1. In [Jan03], the opposite convention is used, that is B denotes a negative Borel
subgroup.

For I C A, set
L= <T‘7 Uy, U_y OéEI>, Uy :U((I)-‘r\(b])

We call = U;L; the standard parabolic subgroup of G corresponding to I, where U; is the
unipotent radical of P; and the subgroup is called the standard Levi factor of P;. Note that
L is a connected reductive subgroup of G with maximal torus 7', Borel subgroup By = Ly N B
and root system ®;. For more details, we refer to [Spr98| 8.4.1]. Let us denote by L the derived
subgroup of L; which is equal to (U,,U_, : a € I).
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Figure 1.1: Labelled Dynkin diagrams

1.1.5 Dynkin Diagrams. — The labelling of the Dynkin diagrams in [Fig. 1.1|fixes the ordering
on the set of simple roots which we will adopt in this thesis.

1.1.6 Weight lattice. — Since X (T') ®z Q is generated by @, the set A is a basis of X(T') ®z Q
and {a" | @ € A} is a basis of Y(T') @7 Q. To each o; € A, we associate an element \; € X(T)®7Q
satisfying (\;, oz]V> = 0;,; for all j. We call 195” the set of fundamental weights. We say G is
simply connected if \; € X (T') for all ¢, in which case {\; }1<i<y is a Z-basis of X (T).

From now on assume that G is simply connected.

The change of basis matrix from the fundamental weights to the simple roots is given by the Cartan
matrix, an integer matrix. However, the inverse matrix has coeflicients in Q, therefore X (T7')  Z®
in general. We call the elements of X (T') weights. Let A = >""" | a;\;, a; € Z be a weight. We call
A dominant if a; > 0 for all ¢ and denote the set of all dominant weights by For p > 0, we
call a dominant weight p-restricted if a; < p for all ¢ and for p = 0, a weight is p-restricted if it is
dominant. Moreover, for A\, € X(T'), we write , if X —p=>", bia; with b; € Zx for all i.
Note that (X(7T'), =) is a partially ordered set.

1.1.7 Lie algebra of G. — Let D denote the algebra of derivations of the affine k-algebra of
G equipped with the natural G-action on the left and the right. Let [4(G)| be the subalgebra
of D made up of the left invariant derivations. The algebra Z(G) along with the Lie bracket
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[D,D'] = DD’ — D'D is a Lie algebra (c.f. [Spr98|, 4.4]). We call .Z(G) the Lie algebra of G and
as in [Spr98|, 4.8], we identify it with the tangent space of G at the identity.

1.1.8 Rational kG-modules. — A morphism ¢ of algebraic groups ¢ : G — GL(V) with
V' a finite dimensional vector space over k is called a rational representation of G. Similarly, a
kG-module is called rational if its corresponding representation is. Throughout this thesis, we
assume all the representations of G and the kG-modules to be rational.

Let V be a kG-module and let V =V, C V; C--- C V,_; CV,. =0 be a composition series
of V. The simple quotients V;/V;41 for 0 < i < r — 1, which do not depend on the choice of
the filtration by the Jordan-Ho6lder theorem, are called the composition factors of V. We denote
by L(01)™/---/L(fs)™= or simply by the set of composition factors of V', where
0; € X(T)* and m; is the number of times L(f;) appears as a composition factor of V.

Recall that V' decomposes as a kT-module as follows

V= P W,

AEX(T)+

where [V3] = {v € V | tv = A(t)v, V¢t € T}. We say X is a weight of V, if V) # {0} and we call Vy
the weight space of A. Denote the set of weights of V' by and the subset of A(V') consisting of
dominant weights by The dimension dim V) for A € A(V) is called the multiplicity of A in
V and is denoted by Recall that the radical of V', denoted is the smallest submodule
W of V such that V/W is semisimple.

The next classical results describes how root subgroups act on weight spaces. A proof of the
lemma can be found in [MT11, Lemma 15.4].

Lemma 1.1.2. Let V be a kG-module, « € ® and v € A(V). Then for allv € V,,, we have

Ugv Cv+ Z Vitma-

meEZso

1.1.9 Weyl modules. — In order to construct a class of kG-modules called Weyl modules,
we temporarily assume chark = 0. We follow the exposition in [HumO0, Chapter VII]. The
decomposition into weight spaces for the adjoint representation of £(G) is given by

Z(G) =P 2(G)a s 2(T).

acd

Let U denote the universal enveloping algebra of £ (G). Recall that the category of finite dimensional
representations of .Z(G) is semisimple, with simple objects parametrized by the elements of X (T)7.
We denote by V(g (A) the irreducible representation of .2 (G) of highest weight A € X(T)". Fix
A€ X(T)" and set V = V(g (A). Recall that V' is generated by a maximal vector v of weight A,
that is V' = Uv™. Denote by x the Killing form of Z(G). Let a € ® and denote by ¢, € Z(T)
the unique elements in .Z(T) such that a(t) = k(ta,t) for all t € L(T). Set hy = K(fjia). It is
possible to choose (eq,e—q) € L(G)a X Z(G)—q such that

o [ea,e—a] = ha-
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e IfBe® a+ e, e, e8] =capats, then co g =—c_q,_g.

By definition, the set {en,€e_qn,hp | @ € ®T and 8 € A} is a Chevalley basis of £(G) [Hum00),
25.2]. For a € ®*, we denote e_, by fo. Let £(G)z denote the lattice in £ (G) generated by
this Chevalley basis. Fix an ordering (aq, ..., q,) of ®T such that {ay,...,a,} = A. For any
sequences A = (a1,...,am),B = (b1,...,bm) CZZ; and C = (c1,...,¢n) C Z%, let E4, Fp,Hc
denote the following elements of U - -

eal eam
_ aq (03
EA - 1 n; ’
ai- a
fbl bm
(o5} Am,

where (hC”) = h‘”(h‘”71)4'!(%'76#1). Using the PBW Theorem [Hum00, 17.3], we deduce that the
set of all the products E4 FpHc together with 1 form a basis of U. Denote by Uy the lattice in U
with this basis and by U, the subring of U generated by all F together with 1. Then U, v™ is a
lattice in V' which is invariant under Uz. In other words, we view the U-module V' as a Uz-module
using this lattice. For an algebraically closed field K of any characteristic, let M (K) = M ®z K
and Z(G)z(K) = Z(G)z ®z K. Tt is clear that M (K) is an Z(G)z(K)-module.

Let again char k > 0. The algebraic group G can be viewed as a Chevalley group as constructed
in [Stel6l Chapter 3]. With this point of view, M (k) becomes a kG-module called the Weyl module
of highest weight A, denoted We denote A(Vg () by and for p € X(T), the multiplicity

myg(x) (1) by

Definition 1.1.3. Let V be a kG-module. We say v € V is a maximal vector for B of weight
A€ X(T)*, if v e Vy\ {0} and B stabilizes (v).

We refer to [Jan03l, 11.2.13] for more details about the following universal property of Weyl
modules.

Proposition 1.1.4. Any kG-module generated by a mazimal vector for B of weight A € X(T)T is
a homomorphic image of Va(X).

1.1.10 Simple modules. — Let V be a simple kG-module. By the Lie-Kolchin theorem [Hum91l
17.6], there exists a maximal vector v € V for B of weight A € X (T)™. By simplicity, V is generated
by v as a kG-module, and by the weight X is maximal in A(V). In fact, the set of
dominant weights X (7)% is in bijection with the set of isomorphism classes of simple kG-modules.
That is for A € X(T)T, there exists up to isomorphism a unique simple kG-module generated by a
maximal vector for B of weight A\. We call this module the simple kG-module of highest weight A
and denote it by The next result relates the previous construction with [Proposition 1.1.4]
for more details see [Jan03] 11.2.13].

Proposition 1.1.5. For A € X(T)",

VGO\)/ rad VG()\) = Lg()\).
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Remark 1.1.6. When no confusion is possible, we drop the subscript indicating the group
considered in the notation of the representations, e.g. we denote Vg (A) and Lg (M) by V(M) and
L(\), respectively.

The next proposition describes the extensions between two simple kG-modules. We refer to
[Jan03], 11.2.12 and I1.2.14] for more details about how this group is defined and for a proof of the
proposition.

Proposition 1.1.7. Let \,u € X(T)*, then
1) Extg(L(N), L(A)) = 0.
2) Extg(L(N), L(p)) = Extg(L(p), L(X)).
3) If w# A, then Extg(L(N), L(p)) = Homg (radg V/(N), L(p))-

In this thesis, we will mostly be considering simple modules with p-restricted highest weight.
The next theorem due to Steinberg in [Ste63, Theorem 1.1] justifies this choice. In particular, it
implies that if we know the dimensions of all the simple modules with p-restricted highest weight
or the dimensions of the weight spaces of all the p-restricted simple modules, then we have this
information for all the simple modules. For more details about the next theorem, see [MT11]
Theorem 16.12].

Theorem 1.1.8 (Steinberg’s tensor product theorem). Let A € X (1)t and write A = >, p'w;
with w; € X(T)*, p-restricted. Then

L(\) = L(w) @ L(w)? @ - @ L(wn,)®"),

where L(wi)(”i) stands for the kG-module obtained by precomposing the irreducible representation
of highest weight \; with the i power of the Frobenius endomorphism.

The next result tells us that irreducible representations with p-restricted highest weight behave well
with respect to taking their differential. Initially due to Curtis in [Cur60], we refer the reader to
[Jan03|, 11.3.15], where the theorem is stated and proved in the more general framework of Frobenius
kernels.

Theorem 1.1.9 (Curtis). Let A € X(T)". If X is p-restricted, then the simple kG-module Lg(\)
is simple as a kZ(G)-module.

The following result due to Premet in [Pre88, Theorem 1] characterizes the weights of a simple
module under certain weak assumptions on the characteristic.

Theorem 1.1.10 (Premet). Let G be simple and let A € X (T)". Assume that (G,p) & {(Bn,2),
(Cn,2),(Fy,2),(G2,2),(G2,3)}. If X is p-restricted, then A(L(\)) = A(N).

1.1.11 Characters of modules. — Let Z[X (T')] denote the group ring of X (7) with standard
basis given by {e(\)}rex (). Let V be a kG-module and define the formal character of V' as

V= > my(0)e(0).

0eA(V)
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The action of W on X(T) induces an action of W on Z[X(T)]. Recall that for w € W and
6 € A(V), we have my (wf) = my (6), hence chV € Z[X(T)]". For A € X(T), denote by ky the
one-dimensional kB~ -module on which B~ acts via A, i.e. U™ acts trivially and T acts via A. Let
H(\) = R'ind%_ (ky), where R*ind%_ is the i*" right derived functor of the induction from B~
to G, see [Jan03] 1.3.3] for more details. Set

= (~1)fch H'(N).

>0
If X is dominant, then by Kempf’s vanishing theorem, we get that x(\) = ch V(\), the character of
the Weyl module of highest weight A. For a precise statement of Kempf’s vanishing theorem, see

[Jan03, 11.4.5]. Recall that {x(6)}gex )+ and {ch L(0)}gex(m+ are two Z-bases of Z[X (T)]". In
particular, for A € X (T)*

x(A) = Z axgch L(0) (1.2)
0EX(T)+
with ax,¢ € Z>o and
chL(\) = Y baex(0 (1.3)
0exX(T)+

with by g € Z. Let |[Va(\) : Lg(0)]|or [\ : ]| denote the coefficient ay ¢ in (1.2) and similarly let
[(La(A) : V() or [(A : 0) denote the coefficient by g in (1.3). Let S € X (T) be a finite set. We
define the S-truncated character of V as

Tz )
oes

Fix A € X(T)* and define the following condition for S and \.

Condition 1.1.11.
o The set S satisfies S C X(T)*.
e ForpesS, if0 e X(T)" and p <0 <\, then§ € S.

Let S C X(T) and assume [Condition 1.1.11| holds for S and A, then
=Y ma(0)e(0) = arpch L(0)* (1.4)
ves oes

with ay ¢ as in (1.2), where the first equality holds by definition of a truncated character and the
second equality holds since S satisfies [Condition 1.1.11] and since if u,0 € X (T)" with u A 6, then

mg(p) = 0. Similarly,
ChL ZmL )\) ZbA 9X (15)
s 9es
with by ¢ as in (1.3)). For notational simplicity, we will sometimes abbreviate (1.4) by

= Za)\,aa, (1.6)

0esS

and by
ch L(A)S = by ef. (1.7)
6es
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1.1.11.1 Multiplicities in a Weyl module. — We use Freudenthal’s formula to compute
multiplicities in Weyl modules. Most of the weights we consider are given by a linear combination
of fundamental weights whose coefficients are parameters which can be set to a wide range of values.
We therefore need the following result from [Cavi7al Proposition A] which provides a bound on the
values of the parameters for the multiplicity to become uniform. That is, we only need to apply
Freudenthal’s formula for given values of the parameters.

Proposition 1.1.12 (Cavallin). Let A\ = Y.©' ja;\; € X(T)" be a dominant weight and let
w € X(T) be such that p= X\ — 2?21 ciag, for some ci, -+, ¢ € L>q, so that p < X. Also assume
the existence of a non-empty subset J of {1,...,n} such that 0 < ¢; < a; for every j € J and set
N = Zing aiXi + Y iy Cidi, =N — St cioi. Then

my(p) = my (1)

1.1.11.2 Multiplicities in an irreducible module. — Let A € X(7)* and p € A(\). To
compute mp,(xy (1), we need to compute (1.5) with S = {0 € X(T)* | A = 6 = p}. Then

mpoy () =Y baama(p),
ges

and we apply the previous paragraph to compute the multiplicities in the Weyl modules.

1.2 Alcove geometry

1.2.1 Affine Weyl group. — The affine Weyl group (associated to G and p), denoted by is
the subgroup of AGL(X(T) ®z R) generated by all the affine reflections sq ., for &« € ® and r € Z,
where

- Sa()‘) + rpa;,

for A € X(T) @z R. Alternatively W, = pZ® x W with pZ® acting on X (T) ®z R by translation.
Let [o] denote the half-sum of positive roots or equivalently the sum of fundamental weights. From
now on, we let the affine Weyl group act on X (7) via the dot action, namely

= w(A+p)—p
for w e W, and A € X(T).
1.2.2 Alcoves. — For each tuple (ng)aco+ € ZI®"1 we associate a subset C of X(T) @z R

defined by
C={AeX(T)zR|(na—1p< (A+p,a’) <ngp, Ya € dT}.

If C is non-empty, we call C' an alcove. The upper closure and the closure of C' are given, respectively,
by

A=\ e X(T)©2R | (ne — )p < A+ p,a) < nap, Va € 1,
@Z{/\EX(T) RzR| (ne —1)p < (A +p,a") <ngp, Ya € @}
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We have that W, acts simply transitively on the set of alcoves and the closure of any alcove is a
fundamental domain for W), acting on X (7') ®z R. Denote by Cy the alcove associated to the tuple
(1,1,...,1), that is

Cd={\ e X(D) @R |0< (A+p,a¥) <p, Ya € BT},
We call Cy the fundamental alcove. Define the Coxeter number of ®, denoted by [l to be equal to
max{(p,a") + 1| a € ®*}, namely h = (p,ay) + 1. Indeed, if ¥ = >"""_, by, then

n n

(P, a\/> = sz<f),a;/> = Zblv (1.8)

i=1 i=1
and a case-by-case verification shows that the value of is maximal when o is the largest root
in the dual root system, that is when a = é&g. Therefore C'N X (T) # @ for any alcove C' if and only
if Co N X (T) # 0 if and only if 0 € Cy if and only if p > h.
For o € ®* and m € Z, the set

Fom={0eX(TM)@zR| (A +p,a¥) =mp},

is called a wall. For C' an alcove, we say F, ,, is a wall of C if cn Fy.m # 0. We associate to a
wall Fy, ,,, the reflection sp = s4,,. For an alcove C, denote by 3(C') the set of all reflections sp,
where F'is a wall of C. Observe that

2(Co)|= {sa,,a; € AU {sg,,1}-
We denote s,, by [s]and sa,,1 by so.

1.2.3 Linkage principle. — For A\, u € X(T), we say p is linked to X if there exists a sequence
of affine reflections sg, r,,...,$3,r, € W, with 3; € &+ such that

BRSg o = X088, 88 = A

orif u= A
The next crucial proposition was proven by Andersen in [And8(0], for more details about the
proof see [Jan03], I1.6.13].

Proposition 1.2.1 (The Strong Linkage Principle). Let A\, pu € X(T)*". If
[V(A) « L(w)] # 0,
then p is linked to \.

The next result gives a numerical condition to verify the linkage relation. It appears in [Sei87]
(6.2)] in the framework of modules with 1-dimensional weight spaces, but it holds in our setting too.
We normalize the inner product (—, —) on X (7) ® R, so that the long roots have length 1.

Proposition 1.2.2 (Seitz). Let G be simple and A\, u € X (T)T. Assume that p > 2 and that p > 3
if G =Go. Write p =\ — Z?zl c;Bi, where each c¢; > 0. If p is linked to A, then

NN (= ) w2z i G#G
’ (H'D’ZC’B’) (Z_; C’ﬂ“;w’) - {(p/G)Z ifG =G,

i=1
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The following two results are easy corollaries of [Proposition 1.2.1} The first corollary follows
from the fact that the change of basis between the bases {ch L(#)} and {x(6)} of Z[X(T)*]V is
unitriangular.

Corollary 1.2.3. Let \,p € X(T)". If (L(\) : V(n)) # 0, then u is linked to \.

Proof. We prove the corollary by induction on [A(X) N X (T)*|. If [AN) N X(T)*| =1, then N is a
minuscule weight and the result is clear. Assume |A(X\) N X (T)"| > 2. Note that the result holds
C A(

by induction for any v € X(T)" with v <\, since A(v) € A()). Let
XA\ =chL(N)+ > ax,chL(v), (1.9)
veX(T)T\{A}
with ay,, € Z>o and
chLw)= > buux(p) (1.10)
HEX(T)*

with b, ,, € Z. Substituting (1.10) in (1.9) and rearranging the terms, we get

ch L) =x(N) - Y. S aawbuu | x(w)-

peX (Mt \veX(T)T\{1}

By [Proposition 1.2.1] if ay, # 0, then v is linked to A\. Moreover the induction hypothesis implies
that if b, ,, # 0, then p is linked to v. Note that being linked is transitive. Therefore if a b, , # 0,
then g is linked to A, which finishes the proof. O

Corollary 1.2.4. Let A € X(T)*. Assume A € Cy, then V(X) is irreducible.

Proof. Let A € X(T)™ N Co. Assume p € X(T)* is such that [V/(\) : L(u)] # 0. Then p < X and
so by the geometry of alcoves u € X (T)™ N Cy. Moreover, by |Proposition 1.2.1[, we have p € Wpe A
Since W), acts simply transitively on {C' | C' is an alcove}, we get u = X and V() is irreducible. [

The proof of the following proposition can be found in [Jan03 I1.6.24].

Proposition 1.2.5. Let A € X(T)". Suppose that yp € X (T) is mazimal for the property of being
linked to A. If p € X(T)" and p & {\ —pa | a € D1}, then

VO : Lw)] = 1.

1.3 The Jantzen p-sum formula

The Jantzen p-sum formula, abbreviated JSF, is a powerful tool for studying the composition
factors of Weyl modules. As we will see its limitations can be mitigated by introducing a truncated
version of the sum formula and whenever p > h by using results from the theory of translation
functors.

Let for z € Z~ ¢ denote the p-adic valuation of z, that is the exponent of the highest power
of p dividing z. See [Jan03|, I1.8] for a proof of the next theorem.
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Theorem 1.3.1 (Jantzen p-sum formula). For each A € X(T)" there is a filtration of kG-modules

VI =VN)'2VNIDVN2D -, (1.11)
such that A
> ch V(N = > > Vp(mp) X (Samp * A) (1.12)
i>0 aedt 0<mp<(A+p,aV)
and
VNV = L. (1.13)

For A € X(T)*, denote the right-hand side of (1.12)) by |[JSF(\)| that is

JSF()\) = Z Z Vp(mp)X(Sa.mp * \)-

ae®t 0<mp<(Atp,aV)

The reader should keep in mind the following two remarks. In the first one, we explain one of the
benefits of assuming p > h and in the second one, we deduce a straightforward formula for ch L(\)
in terms of the characters of the modules V(\)* appearing in (1.11)).

Remark 1.3.2. Assume A € X (T)" is a p-restricted weight. For o € ®T, we have
AtpaY) <pd (N a¥) =pO_Nia¥) =plp,a”) <p(h—1).
i=1 i=1

Therefore, if p > h, then the p-adic valuation in ([1.12)) is always equal to 1.

Remark 1.3.3. By (1.13)), we have

ch L(A) = x(A) = ch V(A)! = x(A) —=JSF(A) + > _ch V()"
i>1

since ch V(A)! =JSF(A) — 3, ch V(AL

Recall that X (T)" is a fundamental domain for the action of W on X (7). Let[Dl = {\ €
X(T)| A+ p € X(T)"}, then D is a fundamental domain for the dot action of W on X (7). In the
next lemma, we summarize some properties of the Weyl group and the affine Weyl group acting via
the dot action on X (7).

Lemma 1.3.4. Let A € X(T).
1) x(weX) =det(w)x(A), Vw € W.
2) If xe D\ X(T)*, then x(\) = 0.
3) Fora € 1 andr € Z, sqre A= sqe(A—r10).
Proof. The first assertion is proved in [Jan03], 11.5.9]. If A € D\ X (7)™, there exists a € A with

(A +p,a¥) =0. Hence s, s A = X and by the first assertion x(\) = —x()), which implies the second
assertion. The third assertion follows by developing each side of the equality. O
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Let o € Z® and write @ = > ; a;a;. Define the support of o in A to be

fupport(a)] = {i | a; # 0}

We will often use the next lemma to avoid summing over all the roots in ((1.12)), whenever we are
interested in computing the JSF up to a given weight. A proof of this lemma can be found in

[McN98| Lemma 4.5.6].

Lemma 1.3.5. Let \,p € X(T)T, a € ®F and 2 <r < (A+p,aV). If \ —ra and pu are conjugate
by W under the dot action, then a and A — p have equal support in A.

1.3.1 Computing the Jantzen p-sum formula. — Some of the ideas in this subsection are
taken from [McNOg| 4.5]. Let A € X(T)*. We wish to deduce some information about the character

of L(\) using [Remark 1.3.3, Observe that sq,mpe A in (1.12) does not necessarily lie in D. Since D

is a fundamental domain for W acting via the dot action on X (T, there exists wq,mp € W such
that wa mp e (A — mpa) € D. Then, by 1) and 3) of [Lemma 1.3.4} we have

X (Sa,mp s A) = — det(Wa,mp) X (Wa,mp « (A — mpar)),
which shows the following proposition.

Proposition 1.3.6 ([McN98, Remark 4.5.8]). For A € X(T)", we have

JSF(A) = — Z Z vp(mp) det(Wa,mp) X (Wa,mp * (A — mpcy)), (1.14)

a€dt 0<mp<(Atp,aV)
with Wa,mp € W satisfying wa,mp s (A —mpa) € D.
We can combine the coefficients in ([1.14) and apply [2)| of [Lemma 1.3.4| to get

JSEQ) = > exox(®) (1.15)
feX(T)+

with ¢y ¢ € Z. Since JSF () is a sum of characters, namely »,_,ch V()\)¢, we can write it as

JSF(\) = > daochL(0), (1.16)
eX(T)+
where
dro =D [V : L(0)] € Zxo. (1.17)
1>0

Note that obtaining (1.16) is not straightforward and depends upon knowing the decomposition of
x(0) in terms of irreducible characters for all § < A with ¢y g # 0, i.e. knowing the coefficients in
(1.2). We will see how to perform this in an effective way for a truncated version of the JSF in
] TR IR

Using (1.13)), (1.16) and (1.17)), we deduce the following proposition.

Proposition 1.3.7. Let p € X(T)" \ {\}. Then L(u) is a composition factor of V(\) if and only
if dy # 0 in (LI0).
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Remark 1.3.8. Let p € X(T)* \ {\}. By (L.13),
[V : Lw)] = VN = L(w)]. (1.18)

Hence if dy , = 1, then (1.17)) and (1.18)) imply [V L(p)] =0 and [V(N) : L(p)] = 1. However,
if dy, > 1, then the JSF is not Sufﬁ(:lent to determme the value of [V/(A) : L(u)], since it might be

that [V(\)? : L(u)] # 0.

The issue raised in [Remark 1.3.8| appears when we try to determine the character of simple
modules using the JSF. We will see, in the remainder of this section, how to solve it in some specific
cases. The first result in this direction comes from the theory of translation functors. For more
details about the proof, see [Jan03] I11.7.18]

Proposition 1.3.9. Let \g € Co N X(T) and w € W, with we Xy € X(T)*. Let s € X(Cp) with
weAg 2 wseNy. Then

[V(w1 0/\0) : L(w-)\o)] = [V(w150)\0) : L(’LUO/\())}
for all wy € W, such that wy e Ao, wise g € X(T)"

The previous proposition does not apply to A\g € (Co \ Co) N X (T), that is to \g lying on a wall
of the fundamental alcove. For such weights, we first need to apply the following proposition. For
more details about the proof, see [Jan03, I1.7.17].

Proposition 1.3.10. Let Mo, \j, € Co and w € W, with we g € X(T)*. Suppose that we\)
belongs to the upper closure of the alcove containing we Ag.

1) For all wy € W, such that wy e Ao, w1 « X € X (T), we have
[V(w1 0)\0) : L(w-)\o)] = [V(w1 0)\6) : L(’LU-)\E))]
2) If ch L(we Ag) = Zw'ewp Qo X (W' 0 Ao) with almost all ay . =0, then

chL(we))) = Z A X (W 0 AG).
w' €Wy,

We summarize the data required to apply [Propositions 1.3.9and [1.3.10]and their implications in
tables like [Table 2.9 on [Page 471 In the next remarks, we explain how to read these tables and the
results they contain. We refer to the different parts of the table by reading it from top to bottom
and use the same notations as in the propositions.

Remark 1.3.11. The first part of the table gives the elements in W), which reflect the weights
v,n or v/, n’ we are considering, to the weight Ay or A which lies in the closure of the fundamental
alcove. By looking at Ao or (), it is straightforward to check if it lies in the interior or on a wall of
the fundamental alcove.

Remark 1.3.12. The second part of the table only exists if the weights we are considering are
linked to a weight which does not lie in the interior of the fundamental alcove, i.e. A} lies on a
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wall. Whenever this occurs, we choose a weight \¢ in the interior of the fundamental alcove in
order to apply [Proposition 1.3.10] A generic choice is to pick the trivial weight, but we sometimes
need to pick a more specific weight in the interior of the fundamental alcove. In the notations of
|Proposition 1.3.10|, we also exhibit the alcove which contains w e Ao and we A} in its upper closure
by giving the sequence of integers (n,) as in [Subsection 1.2.2}

Remark 1.3.13. In the last part of the table, we provide all the data required to check that the
hypotheses of [Proposition 1.3.9 hold and we state the implications of the proposition.

1.3.2 A truncated version of the Jantzen p-sum formula. — We now describe an inductive
process which we will use repeatedly to compute a truncated version of the JSF, thus obtaining
possible candidates for the linear expression of truncated Weyl characters in terms of truncated
characters of simple modules. The idea of truncating the JSF first appeared in [Cav15]. Let
A € X(T)". The first version of this process assumes that we have the truncated character of x (i)
for each p appearing in the JSF of \. We also describe a modified version of the process which
does not assume that the truncated character of x(u) is known for each p appearing in the JSF of
A, but takes into account various candidates for it. We then prove a result which motivates the use
of the inductive process. Finally, on we give an example on how to apply the inductive
process in order to compute a truncated character. The reader may want to follow the example
which could help to understand the theoretical discussion.

Let A € X(T)*. Recall For a set S satisfying |Condition 1.1.11] for A, define the
S-truncated JSF(A) denoted JSF(\)? to be

JSF(A)® = x(\)® = ch LN+ “(ch V)%, (1.19)
i>1
Note that
ISF(AN)S = exox(0)® =D drgch L(6)%, (1.20)
oesS oesS

where ¢y ¢ and dy ¢ are as in (1.15) and (1.16).

Remark 1.3.14. One of the advantages of the truncated version of the JSF is to reduce the
number of roots over which we sum in (1.14]) by using the description of the set S along with
[Proposition 1.2.2] [Corollary 1.2.3] and [Lemma 1.3.5}

Fix a set S satisfying[Condition 1.1.11|for . We refer to for a description of [Algorithm 1]
We apply this algorithm which returns a set S; C S and for all u € S; the JSF (1),

JSF ()% = > cuox(9)®, (1.21)
0eS,

with ¢, ¢ € Z known. Note that ends, since the set S is finite.
Our goal is to find (L(A) : V(6)) for all § € S;. We proceed inductively using the poset structure
of (S1,=). Note that A is the maximal element in S;. For a minimal element p € S;, we have

JSF (11)% = 0, hence x(1)® = ch L(1)® by (1.12) and (1.19).

Fix p € S7 not minimal. The induction hypothesis is the following.
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Algorithm 1: Computing S; and some JSF.

1 Define Sy = {\}, 51 = 0;

2 while Sy # 57 do

3 for e Sy \ S1 do

4 Compute the version of JSF (u)° using ;
5 SozSOU{9|cu,97é0inforu};

6 51 = Sl U {/,L};

7 end

8 end

9 Return S; and for all u € Sy;

Figure 1.2: Algorithm 1

Step 0« For v with ¢, , # 0 in (1.21), we know the coefficients e 9 € Z>( appearing in

=" e,0ch L(0)%. (1.22)

0e€S,

Note that we have relabelled the coefficients a- g of (1.4) by e, g.

For v € Sy with v X u, we know the coefficients e, , € Z appearing in

ch L(y Z ey, o X (0 (1.23)
0eS,

Similarly as above, note that we have relabelled the coefficients b, ¢ of (1.5) by ep_,.

The inductive step consists in applying [Step 1| and [Step 2| below.

Step 1 Substituting (1.22) in (1.21)) for each v such that ¢, , # 0 yields

JSF(u)® = > dygch L(6 (1.24)
0eS,

where dy g =32 cg) Cury€y0-

Step 2 Recall [Remark 1.3.8 and [Remark 1.3.3] Whenever d,, ¢ > 1 in (1.24), we deduce multiple
possibilities for ch L(u)® as follows. List all the sequences (e, ¢)ses,, denoted by (e, ¢) for
notational simplicity, with min (1,d,9) < eu9 < d,ue and § € S;. We do not understand
V(u)* from which is the key to determining ch L(u)® by . Note that each
sequence (e, g) yields a possibility for (ch V' (u)!)® given by

(ch VI, 0 = X, o) = L), )= Y epoch L(0 (1.25)
6eS;
Rewrite as
X(IJ‘)A(S@H,G) ChL (6 9) = Z be“ GX (126)

0eS,



16 I. THEORETICAL BACKGROUND

where be, , = > cg, €u,y€b, - Formally, we have
X (ke )(eug) =chL(p ) (eno) T Z €M90hL(9) (1.27)
=
h (W), ) = X)) = D ey ox (@ (1.28)
e

We refer to (1.27) and (1.28) as the Weyl character, respectively irreducible character,
corresponding to the sequence (e, ).

Remark 1.3.15. One of the sequences this procedure returns is the correct sequence, namely a
sequence (e, 9) such that [V (u) : L(0)] = e, ¢ for all § € S;. In practice, we will not determine for
each p1 € Sy the correct sequence, since there may exist more than one sequence (e, ) such that
the coefficients b, , in satisty be, , = (L(p) : V(0)) for all 0 € ;. Examples of sequences
illustrating this situation appear in

Let 4 € S;. Assume we have applied the previous steps to all § € S; satisfying 0 < u. If for
all § € S; with 0 < pu, the application of to 6 returned only one sequence (eg,, ), then we
continue applying the steps above to u. If for some 6 € S; with 6 < pu, the application of to
f returned more than one sequence, then we apply the following modified version of the inductive
process to u.

Step 0’ For each v € S; such that ¢, , # 0 in (L.20), choose a sequence (ey,¢) coming from
] applied to v or from described below applied to v, depending on whether we

applied |[Step 2| or [Step 2’| to v. Fixing these sequences, we inductively have a sequence
(evg) for any v € Sp satisfying v < p. That is, we have

X = MLW)E, + D> evoch LO), (1.29)
0esS1

with e, 9 € Z>¢ known and

ch L(v )(e 0) = (eye) Z be,o X (0 (esn) (1.30)
0€S

with b, , € Z known from (1.23), (1.26) or (1.33)).

We repeat the next two steps for each combination of choices in

Step 1’ Substituting (1.29)) for each v such that ¢, # 0 in (L.21)) yields the following version of
the JSF

JSF (1 )(e ) Z du9ChL(9)(ee L (1.31)
6eS,

where d0 =3 g, Cuqey,0. We overline the coefficients dy, ¢ in 1) to emphasize their
dependence on the choice of the sequences in compared to the coefficients d,, g
appearing in ([1.24) which do not depend on any choice.
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Step 2’ Similarly as in [Step 2, we index by (e, ¢) all the possible sequences given by letting e, ¢
range between min (1,d,9) < e, 9 < d,, 9 for 6 € S;. We get formally

X3, 5y =Cch LW,y + Y enoch LO)T, ), (1.32)
6eS,

which we rewrite formally as

ch L()e, oy =Xy = D e, oX (O, ) (1.33)
0esS,

where be, , = > cg, €uybe, -
We inductively apply this process to every element of S;.

Remark 1.3.16. Let (ey ) be a sequence coming from the inductive process applied to A\. To
every such sequence is attached: An inductive choice of sequences (e4,9) from (1.22)) or (1.29) along

with the sequences (b, ,) from (1.23) or (1.30)), a sequence (dy ) or (dye) from (1.24) or (1.31)
from which (e ) is constructed, and a sequence (be, ,) from (1.26]) or (1.33]).

The next result, justifies the introduction of the modified inductive process.
It tells us that we do not always need to pinpoint the correct sequence (ey ) in order to find
(L(X) : V(0)) for every 6 € S;. Before stating the lemma, we introduce some additional notations.
For e S, set S, ={6 € S |6 > u}. Note that S, also satisfies (Condition 1.1.11|for X. Similarly,
let (S1), ={0 € 51|60 > pn}. Let (exp) be a sequence coming from the inductive process applied
to A and let p € S;. We define three conditions depending on p for the sequence (ey g).

(C1) If 6 € (S1)u \ {A}, then b, , = (0 : ).
(C2) If 0 € (S1)u \ {p} with (0 : i) # 0, then ey g = [X: 6].
(C3) If 0 € (S1), \ {A} and (0 : p) # 0, then eq g = [y : 0] for v € (51),.

The conditions (C1) and (C3) are satisfied if (e ¢) comes from the non-modified inductive process
applied to A, since (C1) and (C3) correspond to the choices made in [Step 0] and [Step 0’} Denote by
S, the following set

S ={(exp) | (ex,) comes from the inductive process and satisfies (C1) — (C3) for p}.

Note that the set S, is nonempty, since it contains the correct sequence as mentioned in @
mark 1.3.15

Lemma 1.3.17. Let A € X(T)% and let S be a set satisfying |Condition 1.1.11| for X\. Assume the
output of the inductive process applied to S is available, that is we have the sequences (e, ) and
(be,,) and (dy,) or (dy,) for every vy € Si. Let p € S1. If for every sequence (exg) € Sy the
sequence (dyg) or (dxg) which is attached to it satisfies dx,, € {0,1} or dy, € {0,1}, then for
every sequence (ex) € Sy, we have b, , = (L(\) : V(p)).
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Proof. Note that the S,-truncated version of (|1.19)) is given by

ch L(A)% = x(A\)% = JSF(A)5 + 3 (ch V(A))%". (1.34)

i>1
Since the non-modified version of the inductive process can be viewed as a special case of the
modified version, i.e. applying with only one possibility for the inductive choice of the
sequence (e g), assume the modified version was applied to A. Let (ex9) € S, with all the sequences

attached to it as explained in|Remark 1.3.16] Note that by (1.31) and (1.32), we can write a formal
version of ([1.34) which depends on the choices made in for (ex ) as follows

Sy
S S Su )
h LN = x N, = ISEQ) )+ (Z ch V() ) 7 (1.35)
i>1 (ex,0)

where s
i

(Z ch V(A)’) = > (de- 6>\,9)ChL(9)fE‘;ﬁy). (1.36)

i>1 (6>\,9) GE(SI)M\{X}

Substitute (1.30]) in (1.36) to obtain

Su
(Z ch VZ) = Z (m_ eA,@)bes,WX(’Y)L(S;#W,V)' (137)

=1 (exo)  OE(SDLNN
Using " and " to expand ‘ , we get,
Spu S S, . s,
ch LA ) = X()\)(el,\,e) N Z C,\,WX(W’)(QW) + Z (dxo —exo)be, , X (V). - (1.38)

vE(S1)u 7,0€(S1) . \{\}
The coefficient of x () on the left-hand side of (1.38)) is equal to bc, ,, where b, , is as in (1.30] or
(1.33)). Isolating the coefficient corresponding to x(u) on the right-hand side of (1.38]) yields
be,\yﬂ = —Cxp —+ Z (m — 6,\49)()63’“. (139)
0€(51)u\{A}

Recall that for 6 € S,,, if dy.g € {0,1}, then by definition of ey g, we have dy g = €y 9. We assumed
that dy ,, € {0,1}, hence dy , — ey, = 0. Thus (1.39) becomes
be)\’# = —Cxp =+ Z (m — e/\,Q)bes,u'
0€(S1), \{An}

By conditions (C1) and (C2), we get

ber, = —aut Y (o= V) LEOD@ : ).

0€(S1) \ {1}

Moreover, by definition of the sequence (dy ¢) and (dy ¢) in (1.24) and (1.31), condition (C3) implies
that for 6 € (S1),, \ {\} with (6 : ) # 0, we can replace dy g by dy . Hence

bey , = —Coau+ D (dae— VN LO)O : p). (1.40)
9€(S1), \{ u}
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Note that (1.40)) implies that the coefficient b., , does not depend on the choice of the sequence
(ex,0) € Su. Moreover, the set S, contains the correct sequence (€} ,) satisfying be, L= (X ).

Therefore, any sequence (ex ) € S, satisfies be, , = be; = (A: p), which proves the lemma. [
, "

Remark 1.3.18. If every sequence (ey ¢) obtained from the inductive process satisfies dy , € {0,1}
or dy,, € {0,1} then it is in particular true for all the elements in S,. Whenever this is the case, it
is enough to pick any sequence lying in S, in order to compute (L(X) : V().

Definition 1.3.19. We say p € Sy is a problematic case for A, if there exists a sequence (ey g)
coming from the inductive process for A verifying conditions (C1), (C2) and (C3), with dy , > 1.

Remark 1.3.20. Let A € X(T)*. Observe that once we have applied the inductive process to A,
determining ch L()\)? is the same as solving the problematic cases for .

In the upcoming chapters, we repeatedly use the inductive process in order to compute truncated
characters of simple modules. Whenever the set S; contains weights different from A which are non
minimal in S, we summarize the inductive process in tables like We explain how these
tables should be read in the following remarks and then give a detailed example.

The table is divided into four clear parts separated by horizontal lines, we refer to its different
parts by reading it from top to bottom.

Remark 1.3.21. The first part of the table contains the information about the group considered
and the weight to which we are applying the inductive process.

Remark 1.3.22. For a summary of the output of the inductive process, one should start by
reading the first column of the third part of the table. It contains the nontrivial outputs of
that is the truncated JSF of the non minimal elements of S; in terms of characters of
Weyl modules. The output for the minimal elements of S; is equal to 0, hence omitted. The
elements of S are listed in the fourth part of the table.

Remark 1.3.23. Recall that in order to express the JSF in terms of irreducible characters, we

start with minimal elements and apply the steps [Step 0] to [Step 2| or [Step 07 to [Step 2°] The second
column of the third part of the table contains the expressions or depending on whether
we applied [Step 1| or [Step 1°l One should be able to reconstruct the process starting towards the
bottom of the column with the second to minimal elements of S7, since again the minimal elements
are omitted. Superscripts and subscripts appear in the expressions whenever we apply

They respectively correspond to the maximal and minimal entries ranging over the sequences (d)

defined in (1.31]).

Remark 1.3.24. The second part of the table contains information about the irreducible character
of the weight considered in terms of Weyl modules. The precision of the information depends
on the output of the inductive process, therefore, this part of the table is the most variable. It
sometimes contains more than one possibility with the correct character specified in order to help
the reader follow an argument appearing in the text and sometimes the correct character is not
determined, but we use the different possibilities to bound the multiplicity of a weight. In any case,
the corresponding argument appearing in the text should clarify any confusion.
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w=1(0,0,p—1,0)F,

ChL(,u)2473:,LL7A+B7D+E7F

See argument in [Subsection 2.5.1.3

JSF in Weyl characters: JSF in irreducible characters:
JSF(u)oars =A—B+C+D—E+F JSF(u)oar3 =A+2C+D+L F
JSF(A)aa7s = B+ C + E JSF(A)as7s = B4+ C + E +2F
JSF(B)oa73 = F JSF (B)2a73 = F

JSF(E)2473 = F JSF (E)2473 = F
A=p—0131=(1,1,p—4,1) D = p — 2460 = (0,0,p — 5,6),
B=p—1251 = (0,2,p — 6,3) E =p—0241 = (2,0,p — 4, 2),
C =pu—0363=(3,0,p—4,0) F=p—1361=(1,1,p—6,4)

Table 1.3: An example of the inductive process for the group Fy

Example 1.3.25. Assume p > 13. Let us consider in detail the example covered in
that is let us show how to apply the inductive process in order to compute the truncated character
ch L(p)® for pp=(0,0,p—1,0) = (p—1)A3 € X(Tr,)T and S = {0 € X(Tr,)T | p = 0 = p— 2473},
Here, pn — 2473 is a shorthand for p — 2a7 — 4as — Tas — 3ay, where {ai}?:l is a set of simple roots
of a root system of type Fy. We use the notations defined in and . Moreover, we denote
ch L()® by ch L(u)2473 and for v € S, we denote JSF () by JSF(7)2473-

We start by applying to Sp = {p} and S. The output consists in the set
S = {u,A,B,C,D,E, F} described in the last part of and the truncated character
JSF(0)2475 in terms of characters of Weyl modules, for each 6 € S;. These truncated characters
are listed in the first column of the third part of [Table 1.3] We have that JSF(6)2473 = 0 for
0 € {C, D, F}, hence we omit them in the table and we deduce that the weights C, D, F' are minimal
in Sy. Thus, we get x(0)2473 = ch L(0)2473 for 6 € {C, D, F} and we can apply the non-modified
inductive process to the weights B and E.

Let 8 € {B, E'}. Note that the sequence (dg,, ) can be read off from the second column of the third
part of Since dy,, € {0,1} for v € S, we get only one possibility for the sequence (eg )
which yields ChL(9)2473 = X(9)2473 — X(F)2473. We now have ch L(9)2473 for 0 € {B7 C, D, E‘7 F},
hence we can apply the non-modified inductive process to A. We get da, € {0,1} for v € S1 \ {F'}
and da, p = 2 which implies that we get two sequences (e4 ), one with e4 p = 1 and the other
one with e4 p = 2. These two sequences yield two possibilities for ch L(A)z473 in terms of Weyl

characters. Indeed, recall that by |Remark 1.3.3] we have
ch L(A)2azs = X(A)aars — ch V(A)byry = X(A)aazs — ISF (A)aazs + Y ch V(A)byrs,  (141)

i>1

where the V(A4)? are the submodules occurring in the filtration of V(A) given in [Theorem 1.3.1
Moreover, by (1.17)), we have
dar =Y [V(A): L(F)].

>0
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Our current understanding is not enough to establish the value of [V/(A)! : L(F)], nor consequently
the value of (L(A) : V(F)) =dar — [V(A)' : L(F)]. Since V(A)* D V(A)! D V(A)? D .- and
da,p =2, we have either [V(A)': L(F)] =1 and Y, ,[V(A)": L(F)] =1, or [V(A)' : L(F)] =2
and Y, ,[V(A)" : L(F)] = 0. The sequence with e4 p = 1 corresponds to the case [V(A)! :
L(F)] =1 and the sequence with e4 = 2 corresponds to the case [V (A)! : L(F)] = 2. Considering
each case separately in , we get, the following possibilities for the partial irreducible character

Ch L (A)2473 .

A—B—-C—-E+F for the sequence with eq p =1

ch L(A)oa73 =
(A)zars {A -B-C-F for the sequence with eq p =2

We thus need to apply twice the modified inductive process to u, taking into account the two
possibilities we have obtained for ch L(A)a473 when applying [Step 0} Make S into an ordered set

S1=(u,A,B,C,D,E,F). We deduce from [Table 1.3[that

(0,1,0,2,1,0,0) for the sequence with e4 p =1
(0,1,0,2,1,0,1) for the sequence with e4 p = 2,

(du0)ocs, = {

which yields the following four possibilities for the sequences (e, 9)ses, as in (1.32]).

0,1,0,1,1,0,0 for the sequence with e, c =1 and ey p =1
1, ;
(en0) ~)(0,1,0,2,1,0,0)  for the sequence with e, c =2 and ea r =1
0)6es, =
woIeEs 0,1,0,1,1,0,1 for the sequence with e, c =1 and e p = 2,
I ,
(0,1,0,2,1,0,1) for the sequence with e, c =2 and e r = 2,

Note that F' £ C, hence we do not need to determine [p : C] in order to determine (i : F'). By
[Remark 1.3.18] the value of (i : F') does not depend on the choice of the sequence (e4,9) and we
can deduce the value of (u : F') by taking the opposite of the coefficient of F' in the JSF (11)2473 in
thus (p : F) = —1. Therefore, the inductive process yields two possibilities for ch L(p)2473
depending on the value of e, ¢, namely

u—A+B—-D+FE-F if[p:Cl=1

ch L =
(p)2473 {HAJchDJrEF if [w:C) = 2.

The problematic case C for p is solved in [Subsection 2.5.1.3| on [Page 74}

1.4 Composition factors for the restriction

Let Y be a simply connected simple algebraic group over k. Fix a Borel subgroup By = Uy Ty with
Uy the unipotent radical of By and Ty a maximal torus of Y. Let A(Y) = {a1,...,a,} denote a
base of ®(Y') compatible with the choice of By. Recall that {eq, fa,ha;, | @ € @T(Y),a; € A(Y)}
denotes a Chevalley basis of .Z(Y'). For a,a’ € ®(Y'), let N(4,q+) be the structure constant of .Z(Y")
corresponding to e, and e,. It satisfies [eq, ea/] = N(q,0/)€atar, if @ +a’ € ®(Y) and Ny o) =0
otherwise.
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The next two lemmas are important, as they will imply, whenever needed, self-duality for the
modules we will be considering. The first lemma is a well-known fact about restrictions and the
second one is a more general version of [CT19| Lemma 3.1].

Lemma 1.4.1. Let X <Y be a reductive subgroup of Y. Let V' be a kY -module. If V is self-dual
as a kY -module, then V is self-dual as a kX -module.

Lemma 1.4.2. Let X <Y be the subgroup of fixed points of a graph automorphism o of order two
stabilizing Ty . If V' is an irreducible kY -module, then V is self-dual as a module for X.

Proof. Let wy denote the longest element in Wy, the Weyl group of Y. If wg = —1, then V 2 V*
and the result holds by If not, we have 7V = V* and

Vix) = (V)Ix = (V)Ix =Vlx,
which proves the lemma. O

Lemma 1.4.3. Let V be a self-dual kX -module such that V has two composition factors, that is
V = Lx(n)/Lx(v) for some p,v € X(Tx)™", then

V=Lx(p) e Lx(v). (1.42)

Proof. If 4 = v, then by [Proposition 1.1.7, we have Ext (Lx (), Lx (1)) = 0, which implies (T.42).

Assume p # v and without loss of generality that v ¥ p. Denote by wg the longest element
in the Weyl group of X. If —wgr = u, a case-by-case verification depending on the type of
®(X) implies that v ¢ A(u)™ and so [Vx(u) : Lx(v)] = 0. By [Proposition 1.1.7, we get that
Ext (Lx(p), Lx(v)) = 0 and the result follows. If —wov # u, then both Lx (i) and Ly (v) are
submodules of V', since V= V*. The lemma follows. O

Let X < Y be a maximal closed connected simple subgroup of Y. Let Bx = UxTx be
a Borel subgroup of X with Uy = Uy N X and Tx = Ty N X, so that By = By N X. Let
A(X) ={p1,--.,Bm} denote a base of (X) compatible with the choice of Bx. Let {eg, f3,hs, | B €
Ot (X),B; € A(X)} denote a Chevalley basis of £ (X). Note that £(X) C Z(Y).

We solve in two steps. The first one consists in eliminating all the cases for which
we can establish the existence of a third composition factor for X acting on Ly (\). The second

one consists in proving that X acts on the remaining cases with exactly two composition factors.
The second step turns out to be more difficult than the first one. Under some assumptions on the
embedding of X in Y, the next proposition provides a framework to solve the general problem of
determining the composition factors of the restriction to X of a simple kY -module. It combines
two ideas which have already been applied in [Sei87, [Tes88| [For96l [Cav15l [Cav17h], under specific
assumptions on the embedding of X into Y, in order to determine if the restriction to X of an
irreducible kY -module stays irreducible or has exactly two composition factors.

The first idea from [Sei87, §8] and [Tes88|, (5.4)] is that if one is looking for the highest weight
of an additional composition factor for the restriction of an irreducible module, then it does not lie
“too far” away from the highest weights of the other composition factors. In fact, both weights will
be at most separated by the restriction to T of the highest root in ®*(Y).
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The second idea from [For96, Section 3] and developed in [Cav15l [Cav17h] is that the possible
candidates for the highest weight of an additional composition factor are in close relationship with
the weights which are separated from the highest weights of other composition factors by the
restriction to T'x of a positive root in @ (V).

Proposition 1.4.4. Let X,Y be as above. Let ag and By denote the largest root of ®(Y) and
D(X), respectively. Assume eg, € (€qa,). Let X\ € X(Ty)" be a p-restricted weight and let vT be
a mazimal vector of weight X in Ly ()\) for By. If wt € Ly () \ (v") is a mazimal vector for
Z(Bx) of weight 0 € X (Tx)*t, then there exists a maximal vector in Ly (\) for £ (Bx) of weight
v e X(Tx)t and a positive root o € @ (Y) \ {aw} satisfying 0 = v — a1y .

Proof. By since A is p-restricted, the simple kY -module Ly (\) remains irreducible

when viewed as a module for £ (Y). Moreover, there exists a; € A(Y') such that eq,w™ # 0, since
wh & (vT). Consider the non-empty set

S = {s = eg,, ~'egbzeajw+ | £ € Z>o, B, € A(X),1 <i<lands# 0}.
We first establish the following claim.

Claim: Any s € S is a weight vector for Tx. Moreover, if v € X(Tx) denotes the weight of
s €S, then 0 =~ — Bl for some g€ dH(Y)\ {ao}.

Proof of the claim. Let s € S with s =eg, ---eg,, eq,wt and £ € Zx¢. It is clear that s is a
weight vector for Tx. For the second part of the claim, we prove a more technical statement,
namely that
s = Z raeaw™, where 7, € k and 1o, =0 (1.43)
aCa ) « ag . .
aedt(Y)

Note that if holds, then the claims follows. Indeed, recall that w™ is of Tx-weight 6.
Now, we have that s is a T'x-weight vector of weight «|r, + 60 for any o € @ (Y) with ro #0
in (T.43). In particular, if rore # 0, then alr, = o[z .

Recall that s = eg, ---ep, eq,wt for £ € Z>o. We prove that holds by induction on
£. The case ¢ = 0 is straightforward. Assume the result holds for a fixed ¢ > 0 and let us prove
it for £+ 1. Let s =ep, ---ep . eq,wT € S. By the induction hypothesis we have

boy

+ E +
65b2 [P eBbIH—l ea]_’u) = Ta€qW
acedt(Y)

with 7, = 0. Let eg, =3, cq+(y) dyey With dy € k, then

— + _ +
8= €8y, Z Ta€oW = Z Z Tad,ye,yeaw

acdt(Y) yePH(Y) aedt(Y)
= Z Todyley, ea]w™t + Z Tadyeqeyw™
7,¢€PF(Y) 7,a€QH(Y)

= Z Taly Niy,a)ytaw’ + Z Ta€a €8, W'
——

v, €D+ (Y) acd+(Y) 5
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= ) TadNpaeyraw®.
v,a€PH(Y)

Note that if a 4+ ¢ ®*(Y), then N, ) = 0. Moreover, if a + v = ap, then e,,w™ =
%egouﬂr = 0 for some dy € k*. Therefore 1) holds and the claim follows. |

Consider the following set.
AS)={ye X(Tx) |3 s eSS, aTx-weight vector, with T'x -weight(s) = v}
It is a poset with the partial order inherited from X (7T’x). The claim implies that
A(S) C{O+alry |a e @ (Y)\ {ao}} (1.44)

Recall that e, w* € S, hence (A(S), <) is a non-empty finite poset. Therefore, the set A(S) admits
a maximal element v € A(S) and there exists s € S such that the Tx -weight of s equals v. By
definition of S, we have that s # 0 and by maximality of v, we have eg,s = 0 for all §5; € A(X).
Thus s is a maximal vector for .Z(Bx). Since k£ (X)s C Ly (A) is finite dimensional, the weight
v € X(Tx)" and by (L.44), it is of the desired form. The proposition follows. O

The next corollary reformulates [Proposition 1.4.4] in the setting we will be considering, by
relating the action of Z(X) and the action of X on a simple kY -module.

Corollary 1.4.5. Let X,Y be as above. Let A\ € X(Ty)' be p-restricted and let § € X(Tx)*.
Let vq,...,v. denote the highest weights of the composition factors (with possible repetitions) of
Ly (N)|x with v; = 6. Assume vy,...,v, are p-restricted. Then Lx(0) is a composition factor
for L(X) acting on Ly (\) if and only if Lx(0) is a composition factor for X acting on Ly ().
Moreover, if eg, € (eq,) and 8 affords the weight of a mazimal vector for £ (Bx), then there exists
v; with 1 <i <r which affords the weight of a mazimal vector for £(Bx) and o € ®T(Y) \ {ao}

such that 0 = v; — |y .

Proof. Clearly, the weight 0 affords the highest weight of a composition factor for X acting on Ly ()
if and only if mp ), (0) > Sy (0). By since vy, ...,V are p-restricted, the
irreducible kX-module Ly (v;) is irreducible as a module for £ (X). That is, the weights v; also
yield the highest weights of the composition factors for the action of Z(X) on Ly (A) which are
strictly greater than 6 . Therefore, 6 affords the highest weight of a composition factor for £ (X)
acting on Ly () if and only if mp), (0) > Y27 M, (), which finishes the proof of the first
part of the corollary. The second part of the corollary follows directly from [Proposition 1.4.41 [J

One of the hypotheses of [Proposition 1.4.4|is the existence of a maximal vector for .Z(Bx).
Recall that a maximal vector for Bx is also a maximal vector for .Z(Bx). The following proposition

ensures the existence of a maximal vector for By. Its statement and its proof generalize [Tes88|
(5.5)] and [Cav15, 7.7.18].

Proposition 1.4.6. Let X,Y be as above and let V = Ly (\)|x for A € X(Ty)*. Assume V
admits r composition factors generated by maximal vectors wf', ...,wr €V for Bx with highest
weights pi, pa, - - -, iy € X(Tx)T satisfying
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1) [Vx (pj) « Lx (i)l = 0 for i # j.
2) For ally € A(V)*, if pi <~ for some 1 <i<r, then dimV, = Z;=1 dim Lx (pt5)-

If V is self-dual and has more than r composition factors, then there exists an additional maximal
vector w , € V\ (wy,...,w}) for Bx.

Proof. First observe that pg, ..., u, are distinct by hypothesis 1). Assume (X wj ) is reducible for
some i = 1,...,7. Observe that (Xw;") is an image of Vi (u;) by [Proposition 1.1.4f Moreover, any
irreducible proper submodule of (Xw;") is generated by a maximal vector w;", ; € (Xw;)\ (w;") and
wihy & (wf, .. wl wiy, . wt), since otherwise w)f, | € (w]) for some j # i and [Vx (u:) :
Lx(u;)] # 0 contradicting hypothesis 1). Hence the proposition holds if (Xw;) is reducible for
some 1 < i < r. We can therefore assume (Xw;") 2 Lx(y;) fori=1,... 7.

Set

W= (Xw])+ -+ (Xw/).

Since all the modules in the sum are simple, it is a direct sum of kX-modules. Therefore, we can
assume up to isomorphism that W = @)_; Lx (y;). Since V has more than r composition factors,
the submodule W is proper in V. Let wg denote the longest element of the Weyl group of X and
choose a coset representative wg of wg in Nx(Tx). Write V as a direct sum of Tx-modules as
follows.

.,
V= @(wj) & W
j=1

Define r vectors f1,..., fr in V* by
1 ifv=w]
fiw) = { Lo (1.45)
0 ifved,,w)eW.

Recall that the kX-module structure of V* is given by (xf)(v) = f(z=v) for x € X, f €
V*and v e V.

Claim: u')o_lfi € V* is a maximal vector for Bx of Tx-weight —wou; for 1 <i<r.

Proof of the claim. Fixi € {1,...,r}, aroot 8 € ®T(X) and z3(c) € Us C Bx. Let v € A(V)
and v € V be a T'x-weight vector of weight v. Note that the T'x-weight of wgv is given by wg~y.
Moreover, by there is ¢ € k and 3 € ®T(X) such that z5(—c) = 1y 'z_g (¢ )ig. By
ILemma 1.1.2} we have

(wp(c)ug " fi)(v) = fi (wows(—c)v)
= fi(w—p (¢ )ibov)

= fi | Wov + Z Vwoy—if’ | »

J€Z>0

for some T'x-weight vectors vyy—;s of weight wgy — jf" with j € Z~o. Note that woy—j3" =
wpy. On the one hand, if woy ¥ p; or woy = p;, then we have f; (Ejez>0 vwm_jﬂ/> =0
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by (1.45). On the other hand if woy = p;, then wov € P, Lx(p;) by hypothesis 2) and

so fi (Ej€Z>0 Uwoy—j/a/) = 0. We thus get f; (ZjeZ>0 me—jﬁ') =0 and (ug(c)ig fi)(v) =
(u')o_lfi)(v), which proves that u'/o_lfi is fixed by Ux. Let us compute the Tx-weight of u')o_lfi.
For t € Tx, we have

—ui () fi(v) if v =w)

(tf)(v) = fi(tv) = {0 if ve@ (wh)eVy

so f; is of weight —pu;. Therefore, iy 1, is a maximal vector of weight —wou; and the claim
follows. |

We can now complete the proof of the proposition. Denote the annihilator in V* of W by Ann(W).
Note that (wy " fi) (g w;h) # 0 and 1wy 'w;” € W for all i € {1,...,r}. Hence wpy ' f; ¢ Ann(W)
for all i € {1,...,r} and Ann(W) is a non-zero submodule of V*. Therefore, there is an additional
maximal vector for Bx in Ann(W), that is V* contains r + 1 maximal vectors. By the self-duality
of V', we get the desired result. O

The next corollary constitutes the main tool we will use in order to solve [Question 3|

Corollary 1.4.7. Let A € X(Ty)™" be p-restricted. Assume Ly (\)|x is not irreducible. Let j be
a mazimal element in A(Ly (\)|x)* and let v € X(Tx)T be such that for all v € A(Ly (\)|x)™
with vy = v, mpy ()« () = ML) (Y) and mp, oy (V) > mp (V). Let vi,vs, ... v, denote all
the highest weights of composition factors (with possible repetitions) of Ly (\)|x which are greater
than or equal to p,v,u — a|ry or v — a|py for some a € ®T(Y)\ {ao}. Then p,v € {ve,..., v}
Without loss of generality, set v1 = p and vy = v. Assume the following.

1) Ly (X)|x is self-dual,
2) v#uy forie{3,...,r},

3) [Vx(p) : Lx(v)] =0,

4) €y € (€ao),

5) v; is p-restricted for 1 <i <r.

If Ly (\)|x has more than two composition factors, then r > 3 and there is i € {3,...,r} such that
Vi = —al|ry orv; =v —alr, for some a € ®H(Y)\ {ao}.

Proof. Note that the choice of p implies that p affords the weight of a maximal vector for Bx.
Moreover, it also implies that either v = p or v % u. By hypothesis 3), the latter holds. By
hypotheses 1) to 3), and the choice of p and v, we can apply [Proposition 1.4.6|in order to establish
the existence of a maximal vector w™ € Ly (\) for By of Tx-weight different from the weights
@ and v. Indeed, either v affords the weight of a maximal vector for Bx and [Proposition 1.4.6]
applied to {u, v}, establishes the existence of a third maximal vector for Bx or v does not afford the
weight of a maximal vector for Bx and |Proposition 1.4.6] applied only to u, implies the existence
of a second maximal vector for Bx in Ly (\)|x.
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Let 8 € X(Tx)" be maximal among the weights v € X (T'x )" for which there exists a maximal
vector for £ (Bx) in Ly (\) of Tx-weight ~ different from p and v. By the previous paragraph,
such a weight 6 exists since a maximal vector for Bx is also a maximal vector for .Z(Bx). By
hypothesis 4) and the considerations so far, the hypotheses of [Proposition 1.4.4{ hold. Therefore, by
maximality of 6 and [Proposition 1.4.4] there exists o € ®7(Y) \ {ap} such that 6 = p — a|, or

0 = v — a|r,. Applying [Corollary 1.4.5 using hypotheses 4) and 5), we deduce that § = v; for some
i €{3,...,r}. The result follows. O

Remark 1.4.8. The contrapositive of gives us a way to prove that X acts on a given
simple kY -module with exactly two composition factors. Recall the notations of
and assume hypothesis 1) to 5) hold. If for all s € {3,...,7} and for all « € ®T(Y) \ {ao}, we

have v; # p — a|r, and v; # v — o|r,, then by r = 2 and X acts on Ly (A)
with exactly two composition factors. Now, in order to check that for all < € {3,...,r} we have
vi # p—alr, and v; # v — a|py for all @ € @7 (Y) \ {ao}, let v1,v0,v3,...,v5 with 2 < s <7
denote the highest weights of the composition factors which are not of the form p—a|p, or v—alr,
for a € @T(Y) \ {ap}. We then show

MLy ())x (1= alry) ZmLx@ —alry) (1.46)

and

mLy ()x (v — olry) mey —alry) (1.47)

for all & € ®T(Y) \ {ag}. Therefore, s =r = 2 and X acts on Ly ()\) with exactly two composition
factors.

By the next lemma we can usually considerably reduce the number of weights for which we
have to compute (|1.46]) and ( -

Lemma 1.4.9. Let A € X(Ty)™", let u be a mazimal element in A(Ly (\)|x)T and let v €
X(Tx)" be such that for all v € A(Ly(N)|x)" with v = v, mp, ) (7) = mp(y) and
MLy (3)x (V) >mpy (V). Let vi,vs, ..., vs denote all the highest weights of composition factors
(with possible repetitions) for X acting on Ly (X) which are different from p — |7y, and v — alp,
for alla € @T(Y) \ {ao}. Let

S=X(Tx)" N{p—alry,v —alry fora € @(Y)\ {ao}}.

Assume all the weights in S are p-restricted and (X, p) & {(B2,2),(C3,2), (Fy,2),(Ge,2),(G2,3)}.
Then the equality

MLy (3] (0 Z MLy () (1.48)

holds for all 6 € S if it holds for all the minimal elements 0 € S with respect to .

Proof. By and the general theory of weights, if 71,72 € S satisfies 1 = 72, then
Y2 € A(Lx(71)). Therefore, if (1.48) holds for # = s, then it also holds for # = ;. The result
follows. O
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1.5 Restriction to Levi subgroups

It this section, we study the restriction of an irreducible representation to a Levi factor of a parabolic
subgroup. We will see how these restrictions relate to restrictions to maximal subgroups in order to

solve more efficiently.

Let I C A and recall from the definition of the Levi factor L; of P;. The next
proposition tells us how to obtain a simple kL;-module from a simple kG-module. For a proof of
the proposition, see [Jan03, 11.2.11].

Proposition 1.5.1. Let I C A and A € X(T)*. Then

P La(N)a-w

veZI
is the simple Ly-module with highest weight ).

For A € X(T)*, we denote by the simple kLi-module of highest weight A given by
|Pr0position 1.5.1} Set Ty, =TnN L. In the next proposition, we state without proof a few
properties relating simple modules for L7, L; and G. The second and the third assertions follow

from [Proposition 1.5.1]

Proposition 1.5.2. Let I C A and X € X(T)" with A =Y. a;\;. The following holds.
1) The restriction of the simple kLy,,-module Ly, (\) to L} is given by
LLI(A)|L}::-LL}(A‘TL}%
where /\|TL/I = ier GiNi-
2) The weights of Ly (Alr,, ) are given by
I

ALy, (N, ) = {A =)l |v € 21 and A= v € AL}

8) For v € ZI, we have mp (A —v) = mLL/I(MTL/ y (A = 1/)|TL,I).
I

We will use the next proposition in order to recursively answer using inclusions of
Levi factors of parabolic subgroups. The setup is as follows. Let Y be a simply connected simple
algebraic group and let X be a closed connected simple subgroup of Y. Let By = Uy Ty be a
Borel subgroup of Y, with Uy the unipotent radical of By and Ty a maximal torus of Y. Let
Bx = UxTx be a Borel subgroup of X with Ux =Uy N X and Tx =Ty N X.

Proposition 1.5.3. Let I CA(Y), J C A(X). Assume
1)L, =LnX,

2) for a € ®(Y), a € ZI if and only if o|p, € ZJ.
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Let A€ X(Ty)*. If
LY(A)|X = LX(Vl)mVl/. .. /Lx(l/k)m”k

for v; € X(Tx)*t distinct, then
Ly Nz, )y, = Ly (A, )™ /- [Lp, (Dl )™,

where {v1,...,U;} = {v; such that N\|r, —v; € ZJ}. In particular, if L'} acts with r composition
factors on Ly, (M., ), then X acts with at least r composition factors on Ly (X).
I

Proof. Let V be a kX-module. Let V denote the T'x-module

Vo= P Var, -5
BezJ

and let V; be a T'x-complement of Vj in V. Note that V and V; are L; modules, hence

V|LJ =Voe V.

Claim: Assume V = Lx(y1)™n1 /- /Lx (7)™ with v; € X(Tx)" distinct, then
Volo, = Lo, (7)™ /- [LL, (7)™
with {¥1,...,9s} = {7 such that X7, —v; € ZJ}.

Proof of the claim. We prove the claim by induction on r. If r = 1, then V is irreducible and
so V = Lx(v) for some v € X(Tx)". Note that

{Mrx —BIBeZIyN{y=B|BeZI}#0D

if and only if My, —v € ZJ if and only if {\|r, — 8|58 €ZJ} ={y—0 |5 € ZJ}. By
definition of V and Lz, (v), we have

Lp,(v) ifAMry —v€ZJ
Wlo, =

0 otherwise.

Therefore, the base case of the induction holds. Let r > 1 and assume the result holds for any
kX-module with at most » — 1 composition factors. Let W be a maximal submodule of V.
Assume without loss of generality that V/W = Lx(v1). By the induction hypothesis, we have
W|LJ = W()|LJ D W1|LJ, where W0|LJ = LLJ (’fl)m’y.l 07w //LLJ (,-)75)?71{375{9,71 . We have

Wi Q V; and ‘/;/VVZ = LX('Yl)i- (149)

Since
Lp,(m) if XNy —n €ZJ

0 otherwise,

Lx(m)olz, = {
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restricting (|1.49) to L implies the claim. |

We apply the claim to V = Ly (\)|x and get

(Ly (MIx)ole, = L, ()™ /- /Lr,(v¢)™,

hence by 1) of [Proposition 1.5.2]

(Ly (Mx)olry, = Ly (nlr,, )™ /- /Loy, (Dl )™ (1.50)

Now, since for o € ®(Y), a € ZI if and only if a7, € ZJ, we have

(@ LY(A)M>

a€Zl

= @ Ly (M ajry -5

Tx BEZJ

Moreover, Ly, (A) = @,ezr Ly (Ma—a and (Ly (A)|x)o = Dpezs Ly (M) Az, —p- Since additionally,
L', =L/NnX, we get

L, (Nlz, = (Ly(N)]x)olr,- (1.51)
Applying 1) of [Proposition 1.5.2} to the left-hand side (1.51]) and expanding the right-hand side of
(1.51)) using (|1.50)), we obtain

Ly Nz, ey, = Ly, (Alry, )™ /- [Lpy, (D, )™

which proves the lemma. O

Remark 1.5.4. Recall Definition 1.3.19|of a problematic case. Suppose that L, acts on Lz (Alr,, )
I

with exactly r composition factors known by the induction step, that is X acts on Ly (\) with at least
r composition factors by [Proposition 1.5.3| let us say v1,vs,...,v, € X(Tx)" with A|r, —v; € ZJ.
Let 6§ € X(Tx)™ be a problematic case for v; for some i € {1,...,r}. If A\|;, — 0 € ZJ, then we
can use the following equality in order to solve the problematic case.

mLy(A)|X(9) = ZmLx(w)(e)'
=1

A similar reasoning holds if § € X(Ty )" is a problematic case for A by taking the restriction of 6

to Tx. For an example of how this remark is applied, we refer to [Subsection 2.5.1.9] on [Page 79|




Chapter 2

The embedding (F}, Eg)

The goal of this chapter is to prove the main result of this thesis, namely to answer [Question 3| for
the embedding Fy < Eg. The answer can be found in [Proposition 2.5.1}

2.1 Preliminaries

Let Y be a simply connected simple algebraic group of type Eg. Let By = Uy Ty be a Borel
subgroup of Y. Following [Sei91 Theorem (15.1)], let X be the closed connected simple subgroup
of type Fj given by the fixed point subgroup of a graph automorphism of Y. Let Bx = X N By
be a Borel subgroup of X, with Bx = UxTx, where Tx = X NTy is a maximal torus of X and
Ux = Uy N X is the unipotent radical of Bx. Let A(Y) = {a1,a2,...,as} be a base of &(Y)
corresponding to By and A(X) = {1, B2, 83, B4} be a base of ®(X) corresponding to Bx, where
we label the Dynkin diagrams as in [Subsection 1.1.5] Then .Z(X) embeds into Z(Y") as follows

€81 = €asy €82 = €ays €83 = €az T €as> €8, = €ay T €as;

where e,, € Z(Y)q, and eg, € Z(X)g,. We thus get the following restriction to T'x of the simple
roots in ®(Y")

b1 =02|ry, P2=oaulry, Ps=as|lry =as|re, Pa= |y = oglry- (2.1)

Denote by {A1, A2, ..., A¢} the set of fundamental weights in X (Ty-) corresponding to A(Y') and by
{p1, pho, i3, 14} the set of fundamental weights in X (Tx) corresponding to A(X). The change of
basis from simple roots to fundamental weights and ([2.1)) imply that

pr = Aalry,  p2 = Mlry, 3 = A3lTy = AslTys 4 = Ay = el

Consider a pair (I,J) with (I,J) = ({as, ag, a5}, {B2, 83}), {ag, as, as, a5}, {B1, B2, B3}) or
({on, a3, 04, 5,06}, {B2, B3, Ba}). For each pair (I, J), note that L'; = L7 N X and for a € ZO(Y),
a € ZI if and only if a|r, € ZJ. Therefore, we can solve by recursively applying
[Proposition 1.5.3|to the Levi factors Ly and L; of the standard parabolic subgroups P; of Y and
Pj of X. The inclusions of pairs of subgroups are drawn in where Yiyper,) = L} and

31
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(Xey,Yag)

\

(XC27YA3) (XF47YE6)

\
/

/

(XBgv YD4)

Figure 2.1: Inclusions of pairs of subgroups

Xiype(L,) = L'y denote the derived subgroup of Ly and Ly, respectively. For a pair (H,G) as in
let Ba =TqUg =By NG and By =TyUy = Bx N H.

For a pair (H,G) as in|Fig. 2.1} the next result, from [Sei87, [Tes88, [CT19] and independently
from for G of type A, tells us when H acts irreducibly on an irreducible kG-module.

Theorem 2.1.1. Let (H,G) be as in|Fig. 2.1 and X € X(Tg)" be a p-restricted non trivial weight.
Then H acts irreducibly on Lg(X\) if and only if X is listed in|Table 2.2 up to graph automorphism.

Type of (H,G) Xe X(Tg)*t Conditions
(Co, As) ali 1<a<p-1
a1 + b a+b=p—1,ab#0
(Cs, As) aii 1<a<p-1
aXi +bXiv1, 1€{1,2} a+b=p—-1,a#0ifi=2
(Bs, Dy) cA3 c#0
aA + cA3 a+c+2=0 mod p,ac+#0
bAo + cA3 b+c=p—1,bc#0
al1 + Ao + cAs3 a=ca+b=p—1,ab#0
(Fy4, Eg) M+ (p—2)As
(p—3)\

Table 2.2: Irreducible cases

Let (H,G) be as in Let A € X(Tg)" be p-restricted and assume H does not act
irreducibly on Lg(A), that is A does not appear in up to graph automorphism. Set
= Alr,. The Ty-weight p affords the highest weight of a composition factor for H acting on
Lg(A) since By C Bg. We choose the highest weight v of a second composition factor for H acting
on Lg(A) as follows. By , any weight v € A(Lg(\)|g)) T different from p satisfies v 7 p and p
appears in Lg(A)|g with multiplicity 1. We will thus select v as in That is, in the
context of [Corollary 1.4.7, pu = 1 and v is such that for all v € A(Lg(\)|g)* with v = v, we have

mroe (V) = Mo ()
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and
mroy| g (V) > mL(#)(z/).

Note that in the computations previously performed to find v, we calculate ch L (), where
S={yeX(Tyg)" |v€ALs\)|x)" and v = v}.

In most cases, we also compute [u : v] along the way, which allows us to check if hypothesis 3) of

Corollary 1.4.7|is satisfied. Assume it is, that is [u : ¥] = 0. Additionally, we check that for the
given embeddings, we have eg, € (e,,) for ag and [y the largest root in &+ (G), D+ (H) respectively.

The next remark implies that Lg(M)|g is self-dual and so we can apply [Corollary 1.4.7| whenever it
is needed.

Remark 2.1.2. Let (H,G) be as[Fig. 2.1} The restriction to H of a simple kG-module is self-dual
by [Lemma 1.4.2] since H is obtained from G as the fixed-point subgroup of a graph automorphism
of G.

Let us introduce some notations for the rest of this thesis.

Notation 2.1.3. Let (H,G) be as in [Fig. 2.1} Let A € X(Tg)". Set u = A|r, and let 8 €
Z>o®" (H). Consider the set Sy 3 C X (T¢)" given by

Sxg ={v€ AN NX(Te)" [y = 1 — B}

Note that the set Sy s satisfies [Condition 1.1.11{for A by (2.1). We denote ch L(X)*# by ch L(\)g.
For § € X(Ty)", consider the set Sp 3 C X(Th)" given by

Sop ={ve MONX(Tu)" | v = pn—pB}.

Note that Sy s satisfies [(Condition 1.1.11|for # and we denote ch L(8)¢:5 by ch L(6)4.

For A =>"" , a;\; € X(I¢), we also denote XA = (ay,...,a,). L a=>" ra € Z>0®t(G),
we denote A — « by A — rir9 - - - r,. Finally, set ch L(A\) = 0 if A + p is dominant but A is not. We
adopt the same notations and conventions for the weights in X (Ty).

We now present general results which we will apply repeatedly in this chapter. We start with
an easy lemma describing for a group of type A, the structure of p-restricted Weyl modules.

Lemma 2.1.4. Let G be of type As. Let A = (a,b) € X(T)" be a p-restricted weight. Then
o V(X) is irreducible if a+b+1<p, ora=p—1, orb=p—1,
e V(A) =L(\)/LA—r(a1 + az)) withr =a+ b+ 2 —p otherwise.

Proof. Let A € X(T)" be a p-restricted weight. In type As, there are only two p-restricted alcoves
given by (1,1,1) and (1,1, 2), where the positive roots are ordered as in |Appendix Bl Note that the

intersection of these two alcoves corresponds to the wall Fiy, 44, 1. By if A belongs
to the upper closure of the fundamental alcove, that is @ + b+ 2 < p, then V(\) is irreducible.

Assume A belongs to the upper closure of the alcove given by (1,1,2), thatisp+1 <a+b+2 < 2p.
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By [Proposition 1.2.1| the only weight apart from A which could afford the highest weight of a
composition factor for V(\) is

811)10)\:>\—((l+b+2—p)11.

Ifa=p—1orb=p-—1,then s;11A € X(T)\ X(T)", which implies that V()) is irreducible.
Assume a,b # p — 1. We show that if 4 = s11,1 « A, then the hypotheses of [Proposition 1.2.5are
satisfied. The only hypothesis which is not clear is that p is maximal with the property of being
linked to A\. Any weight v € X(7) linked to A has to be linked to one of the following weights

S11,r1 A=)\ — (a +b+2— 7"1]7)11,

510,75 A= )\— (G, +1-— Tgp)lo,

S01,r5 A=A — (b+1—r3p)01,
with r1, 72,73 € Z. Note that there is no value of ro such that sjg,, ¢ A > 511,1 ¢ A and similarly for
r3. The condition v =< A forces a + b + 2 > r1p, hence r1 < 1. Moreover, if y < v, then r; > 1.

Thus 71 = 1 and g is maximal among the weights linked to A. Therefore, we get [V(A) : L(p)] =1
and the lemma follows. O

The next lemma is a basic result and a proof of it can be found in [Tes88, (1.30)].

Lemma 2.1.5. Let A=Y a;\; € X(T)" be p-restricted. For 1 <i<n,

1 ifo0<r<a,,

0  otherwise.

mpoy (A —rag) = {

The next two lemmas give some information about a specific weight space in irreducible modules

for a simple group G of rank 2 or of type Bs. For a proof of [Lemma 2.1.6 see [Tes88|, (1.35)]. Note
that for G of type Az, the next result is a particular case of

Lemma 2.1.6. Let G be a simple group of rank two. Let A = (a,b) € X(T)" be p-restricted, with
a,b> 0.

1) If G is of type As, then

1 dfa+b+1=p

2  otherwise.

mion- 19 - {

2) If G is of type Bsy, then

if2a+b+2=0 modp

otherwise.

1
mL()\)()\—ll): 9

3) If G is of type Ga, then

ifa+3b+3=0 modp

otherwise.

1
muoy(A =10 = §



PRELIMINARIES 35

Lemma 2.1.7. Let G be of type Bs. If u= (a,0,c) € X(T)" satisfies 2a+c+4=0 mod p, then
V() : L~ 111)] = 1.

Proof. Assume 2a+c+4 =0 mod p. Let 2a+c+4 = rp for some r > 0, then s111 0 (p—111) = p,
hence p — 111 is linked to p. Moreover, if a # p — 1, then g — 111 is maximal with respect to
the weights linked to p. Therefore by [Proposition 1.2.5, [V(p) : L(p — 111)] = 1. If a = p — 1,
then ¢ = p — 2 and both pu — 110, p — 011 are linked to u. Using the JSF, we deduce that
[V(p) : L(p — 111)] = 1 in this case too. O

The following result will be used extensively. It is a consequence of the description for Az of the
characters of p-restricted Weyl modules.

Lemma 2.1.8. Assume p > 3. Let G be of type As. Let A € X(T)T be a p-restricted weight. For
0 AN, if [V(N) : L(0)] £ 0, then [V(N) : L(9)] = 1.

Proof. It X # 0, then [V/(X) : L(#)] = 0. Assume X > 6 and A € W, «0, since otherwise [V (A) :
L(#)] = 0 by [Proposition 1.2.1} Let A = w6 for w € W),. Let ' € X(T4,)" be a weight lying in
the interior of the alcove containing € in its upper closure and replace A by X' = we6’. Since W,

acts simply transitively on the set of closure of alcoves, we get that A lies in the interior of an
alcove. By [Proposition 1.3.10| we have [V/(A) : L(0)] = [V/(XN) : L(¢’)] and we can assume without
loss of generality that A, 6 lie in the interior of alcoves. Using the description of the composition
factors for V() in [Jan03| II. 8.20], we deduce that [V(A) : L(0)] < 1, which proves the result. [

The next lemma gives a first exposition to reasonings used in the proof of [Proposition 2.2.1}

Lemma 2.1.9. Let G be of type As,—1 and H be a subgroup of type C,, of G given by the fized
points of a graph automorphism of G. Let {co;} denote the set of simple roots in ®(G). Let
A=D1 aN € X(Te)t be p-restricted. If there is i € {1,...,n — 1} such that a;az,—; # 0, then
(A = a;)|ry, affords the highest weight of composition factor for H acting on G. Moreover, if H
acts on Lg(X\) with exactly two composition factors, then either a; =1 or ag,—; = 1.

Proof. Let {f3;} denote the simple roots in ®(H). Set u = A|r,. Note that «;|r, = asn—i|lTy, = B
Therefore by we have

Mro)e (= Bi) = mreoy(A —as) +mpgo)(A —agn_) =2,

and my,,, () (1 — B;) < 1. Hence a second composition factor for H on Lg(A) is given by the highest
weight v = p — B;. Similarly, if both a;, as,—; > 1, then

mpo)e (= 26i) = mpg o0 (A = 204) +mpgon (X = 202n—¢) + mpg o) (A — o — aon_i) = 3,

whereas
my,(p—268;) +m,(p—26;) <1+1=2.

Hence X acts on Ly (A) with more than two composition factors. O

The following powerful result proved by Jantzen in his thesis [Jan73, p. 113], tells us precisely
when a p-restricted Weyl module in type A is simple.
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Proposition 2.1.10 (Jantzen). Let G be of type A,. Let X € X(T)" be a p-restricted weight.
Then V(X) is simple if and only if for each positive root o = a; + ajp1 + -+ a; (1<i<j<n)
with (A + p,a") = ap® + bp**! where a,b, s € Z>o and 0 < a < p, there exist integers io =i < iy <
1o < -+ <y < J <ipp1 =7+ 1 such that

p*tt for 1 <v <b-—1 and for one v € {0,b}

Ao, (s, + i1+ Fag,,, 1)) =
A+ p, (i i+l ivar-1)") {aps for the other v € {0,b}.

Corollary 2.1.11. Assume p > 2 and let G be of type A, withn > 2. Let A € X(T)" be such that
A=cA\1+ A for 1 <c<p-—1. Then V(X) is simple if and only if c # p — 2.

Proof. Let A = ¢\ +Ag. If ¢ = p—2, then V3-(A) is reducible by [Lemma 2.1.4{ and [Proposition 1.5.1}
Assume ¢ # p — 2. Recall the notations of [Proposition 2.1.10 Let o € ®(A,,) with a =
o + ajp1 + -+ oy, where 1 <14 < j <n. Assume ¢ > 3, then the condition of [Proposition 2.1.10]
holds for A and ¢, since the trivial Weyl module for A;_;; is irreducible. Similarly, the condition
holds for i = 2, since the Weyl module with highest weight given by the first fundamental weight for
Aj_itq is irreducible. If i = 1 and j = 1, then the Weyl module with highest weight cA; for A; is
irreducible, hence the condition of [Proposition 2.1.10| holds. Let ¢ =1 and j > 2. Write j =q¢p+r
with 0 <r < p and ¢ € Z>¢. Note that (A +p,a¥) =j+c+1=gp+r+c+ 1. The tuple (a,b,s)
of [Proposition 2.1.10]is given as follows.

((¢+1)p,0,0) ifr+c+1l=p
(a,b,5) =< (r+c+1,q,0) ifr+c+l1<p
(r+c+1—-p,g+1,0) ifr+c+1>p

Ifc=p—1,1let
(7;0’2-1;7;27i3a"'aibaib-‘rl) :(1725p+172p+177bp+17bp+r+1)7
Ife#p—1,let

(Lp—e,2p—c,...;bp—c,(b—Dp+r+1) ifr+c+1>p
(t0,915---yip41) = (Lp—c,2p—c¢,...,bp—c,bp + 1+ 1) ifr+c+1l<p
(L,7+1) ifr+c+1=p.

The previous sequences of integers satisfy the condition of [Proposition 2.1.10| and so V(A) is
irreducible. O

The last result of this section is taken from [McN98, Proposition 4.2.2. (h)].
Lemma 2.1.12. Let G be of type Cy,, then V(a\y) is simple for 0 < a <p—1.
Proof. Combining [Sei8T, (1.14)] with [Sei87, (8.1) (c)] proves the lemma. O

The rest of this chapter is devoted to solving for the embedding (Fy, Fg). The reader
can see the methods we have presented so far applied in detail in [Subsection 2.3.1.4.1 on [Page 44}
The rest of the time, we may omit some details, since the arguments are repetitive.
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2.2 (X, Y) - (C2,A3)

The goal of this section is to prove the following proposition.

Proposition 2.2.1. Let k be an algebraically closed field of characteristic p > 5. Let' Y be
a stmply connected simple algebraic group of type Az over k and let X be the maximal closed
connected subgroup of type Co of Y given by the fized points of a graph automorphism of Y. Let
A€ X(Ty)™T be a p-restricted weight and set p = N1y . Then X acts on Ly (\) with exactly two
composition factors if and only if \ is listed in[Table 2.3 up to graph automorphism. Moreover,

Ly(N)|x = Lx(u) ® Lx(v) with v as in|Table 2.5

A Conditions

(a,b,c) abc #0 Y

(0,,0) b=1,p—1 p—11=(0,b—1)

(a,b,0) a#p—2,p—4,b=1 p—11 = (a,0)
a+b=p,3<a<p-—2 pw—11=(a,b—1)

(a,0,c) a=1lc#p—1 pw—10=(c—1,1)

(a,b,e) a=1lb+c=p—1,c#¢1 p—10=(c—1,b+1)

Table 2.3: The case Cy < Aj

Note that the decomposition into a direct sum follows directly from [Lemmas 1.4.2[and [1.4.3]
The rest of the proof of [Proposition 2.2.1| can be found in [Subsection 2.2.1}

2.2, 1 Proof of proposition — Recall the notations introduced in Notatlon 2.1.3 .

and (| related to the truncated characters of simple or Weyl modules. Let {a1,as, a3} be a set
of snnple roots in ®(Y') and {A1, A2, A3} be the corresponding set of fundamental weights in X (Ty).
Similarly, let {1, 52} be a set of simple roots in ®(X) and {u1,u2} be the corresponding set of
fundamental weights in X (T'x). Let A = a1 + bA2 + A3 = (a,b,¢) € X(Ty)*" be a p-restricted
weight. Set A x = p € X(Tx)™, then p = (a + ¢)p1 + bus = (a + ¢,b). We record important
information about the composition factors and the multiplicities in It should be read as
follows. Under the column v lies the linear combination of simple roots in ®(X) which we need to
subtract from A|7, in order to get the highest weight of a second composition factor for X acting
on Ly (A). Similarly, the column under 6 gives the linear combination of simple roots in ®(X) we

need to subtract from A|p, in order to get a weight 6 satisfying
MLy (M\)|x (9) > ML (1) (9) + ML (v) (0)
The multiplicities appear in the columns labelled as follows.
A=) =mryix (=) (=) =mpy (=) v(=) =mpye)(-)

Whenever a multiplicity is preceded by an inequality indexed by V (i.e. , we indicate the
multiplicity in the corresponding Weyl module instead of the irreducible module. This provides a
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bound on the multiplicity in the irreducible module, since the multiplicity of a weight in the Weyl
module is always greater than or equal to its multiplicity in the corresponding irreducible module.
The last column of the table refers to the subsection in which the corresponding case is solved. Note
that (Cs, As) corresponds to the first pair of subgroups in hence to the base case of the
inductive argument relying on [Proposition 1.5.3] We therefore need to consider all the p-restricted
weights A € X(Ty )™ up to graph automorphism. In what follows, whenever X is written as a linear
combination of parameters (i.e. a,b,c), we assume these parameters to be nonzero.

2.2.1.1 A = aA;. — Since A appears in [Table 2.2] X acts irreducibly on Ly (\).

2.2.1.2 XA = bA2. — Note that neither y — 10 nor p — 01 afford the highest weight of a second
composition factor for X acting on Ly ()). Moreover, we have (mp\)|x, ML) (1 —11) = (2,1),
hence a second composition factor for X acting on Ly (\) is given by v = pn — 11 = (0,b — 1).

Let b # 1,p — 1. Applying the JSF to A yields ch L())22 = A, hence we have (mrx)|, ML),
mrpwy)(p—22) = (4,<y 2,<y 1) and X acts on Ly (A) with more than two composition factors.

If b = 1, we have dim(L()\), L(u), L(v)) = (6,5, 1), which proves that X acts on Ly (\) with
exactly two composition factors.

If b = p — 1, we prove that X acts on Ly (\) with exactly two composition factors by applying
That is, we have to show that none of the following weights affords the highest
weight of an additional composition factor for X acting on Ly (X).

By [Lemma 1.4.9] it is enough to consider u—22. Applying the JSF to A, p and v yields ch L(A)22 =
A — (A —=121),ch L(p)22 = p and ch L(v)11 = v, respectively. Therefore (mp x|, mru), MLw))
(u—22) = (3,2,1), which proves that X acts on Ly (\) with exactly two composition factors.

2.2.1.3 aA1 +bAy. — Ifa+b=p—1, then X appears in and so X acts irreducibly on
Ly (\). Henceforth assume a + b # p — 1. Note that v = u — 11 = (a,b — 1) affords the highest
weight of a second composition factor for X acting on Ly (A). We solve this case by separating it
into two subcases depending on whether b =1 or b # 1.

22131b=1. — If a = p—4, implies that v affords the highest weight of
a composition factor for Vy (u). Hence (mp(n),mr(w)(n —11) = (3,1) and v also affords the
highest weight of a third composition factor for X acting on Ly ().

Assume a # p — 4. We prove that X acts on Ly (\) with exactly two composition factors. Let
a =1 (so that p # 5), then dim(L(\), L(p), L(v)) = (20, 16,4) and X acts on Ly (\) with exactly
two composition factors. Let a # 1. We apply and show that none of the following
weights affords the highest weight of an additional composition factor for X acting on Ly ().

w—11 = (a,0) w—21=(a—2,1)

By it is enough to consider the weight p — 21. Moreover by we
deduce that ch L(\)2; = A and by [Proposition 1.2.2} that ch L(u)21 = p and ch L(v)19 = v. Hence
(ML) x> ML), ML) (1 — 21) = (4,3,1), which proves that X acts on Ly ()\) with exactly two
composition factors.
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2.21.32 b > 1. — Let a+2b+2 # 0 mod p and additionally a +b # p if a > 1. By
[Proposition 1.2.2) we get that ch L(A)2a = X. Therefore (mp x|, MLy, Mre)) (1 —22) = (7 —
00,1, <v 4 — a1, <y 2) and X acts on Ly (\) with more than two composition factors.

Ifa+2b+2=0 mod p, then by the weight v affords the highest of a composition
factor for Vx(u). Moreover, by we have ch L(A)11 = A. Hence (mpx), ML)
(1 —11) = (3,1) and v also affords the highest weight of a third composition factor for X acting on
Ly (V).

Let a +b=pand a > 3. Note that we have excluded a = 2, since a + b = p and a = 2 implies
that a +2b4+ 2 =0 mod p. We prove that X acts on Ly (\) with exactly two composition factors

by applying [Corollary 1.4.7} That is, we prove that none of the following weights affords the highest
weight of an additional composition factor for X acting on Ly (X).

By it is enough to consider the weight u — 22. Note that the JSF applied to A,
and v yields the truncated characters ch L(A)aa = A — (A —220), ch L(u)22 = p and ch L(v)11 = v,

respectively. Therefore (mp(x)|, ML), MLw)) (1 — 22) = (6,4,2), which proves that X acts on
Ly (\) with exactly two composition factors.

2.2.1.4 A = a1 + cA3. — By the highest weight of a second composition factor
for X acting on Ly (A) is given by v = p— 10 = (a4+ ¢ —2, 1) and either a = 1 or ¢ = 1. Henceforth,
assume without loss of generality that a = 1.

If ¢ = p— 1, the weight p is not p-restricted and v affords the highest weight of a composition
factor for Vx (u). Therefore (mpx)|x,Mrw), ML) —10) = (2,0,<y 1) and v also affords the
highest weight of a third composition factor for X acting on Ly ().

If ¢ # p — 1, we prove that X acts on Ly (\) with exactly two composition factors by applying
That is, we prove that none of the following weights affords the highest weight of
an additional composition factor for X acting on Ly (A).

p—10=(c—1,1)
pw—20=(c—3,2)
w—21=(c—1,0)

By it is enough to consider the weight u — 21. Applying the JSF to A, 4 and v yields
chL(A)21 = A — dcp—3(A —111), ch L(p)21 = p and ch L(v)11 = v — 0 p—3(v — 11). Therefore

(mL()‘)|X’mL(#)’ mL(l’))(M - 21) = (4 - 60,1)73 - 5c,17 2; 2— 6c,p73 - 60,1)

and X acts on Ly (\) with exactly two composition factors.
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2.2.1.5 A = a1 + bz 4+ cA3. — Repeating the argument appearing at the beginning of
[Subsection 2.2.1.4] a second composition factor for X acting on Ly () is given by v =y — 10 =
(a+c¢—2,b+1) and we can assume without loss of generality that a =1 and ¢ < p — 1.

If b# p—2and b # p—c—1, then by |Proposition 1.2.2) we have ch L(A)11 = A. Thus (mp)|,
mp(uy,mrw))(p—11) = (4, <y 2,<y 1) and X acts on Ly (A) with more than two composition
factors.

If b= p — 2, the JSF applied to A and p yields ch L(A)21 = A — (A — 110) — 6.1 (A — 011) and
ch L(p)21 = p — 6e1(p — 11), respectively. Hence (mp (), ML(u) MLw)) (1 —21) = (6 — 25c,1,3 —
0e1,<v 2—9.1) and X acts on Ly (\) with more than two composition factors.

Ifb+c=p—1and c+#1, we prove that X acts on Ly (\) with exactly two composition factors
by applying [Corollary 1.4.7} That is, we prove that none of the following weights affords the highest
weight of a composition factor for X acting on Ly ().

p—01=(c+3,p—c—3)
u—10=(c—1,p—c)

p—11l=(c+1l,p—c—2)
nw—20=(c—3,p—c+1)
uw—21=(c—-1,p—c—1)

Note that u — 01 is not always p-restricted. Hence, we cannot include it in the usual argument
which consists in applying [Lemma 1.4.9] By comparing multiplicities, we get that © — 01 does not
afford the highest weight of a third composition factor for X acting on Ly (A). For the remaining
weights, it is enough to consider the weight u — 21 by The JSF applied to A, p
and v yields ch L(A)2; = A — (A= 011), ch L(p)21 = p and ch L(v)11 = v, respectively. Therefore,
(ML x> ML), ML) —21) = (5,3,2) and X acts on Ly ()\) with exactly two composition
factors.



Table 2.4: Multiplicities for the proof of [Proposition 2.2.1

A Multiplicities
abe # 0 Conditions v 0 A(0) 1(0) v () Details
a,0,0 irreducible Table 2.2|
0,0, b#1,p—1 11 22 4 <y 2 <y 1 [Subsection 2.2.1.2
b=1 11 two composition factors Subsection 2.2.1.2
b=p-—1 11 two composition factors Subsection 2.2.1.2
(a,,0) b=1 a=p—4 11 11 3 1 <y 1 |Subsection 2.2.1.3.1
a#Zp—4,p—2 11 two composition factors Subsection 2.2.1.3.1
a=p—2 irreducible Table 2.2|
b>1 a+b=p,a>3 11 two composition factors Subsection 2.2.1.3.2
a+2b4+2=0 modp 11 11 3 1 <y 1 [Subsection 2.2.1.3.2
a+b=p—1 irreducible Table 2.2|
otherwise 11 22 76,1 <v4—6d.1 <v2 [Subsection2.2.13.2|
(a,0,¢) a,c>1 10 20 3 <v1 <y 1 |[Subsection 2.2.1.4
a=1 c#Ep—1 10 two composition factors Subsection 2.2.1.4
a=1 c=p—1 10 10 2 0 <y 1 [Subsection 2.2.1.4
(a,b,c) a,c>1 10 20 3 <y1 <y 1 [Subsection 2.2.1.5
a=1 c=p—1 10 10 2 0 <y 1 [Subsection 2.2.1.5
a=1b=p—2 c#x1l,p—1 10 21 6 <v3 <v 2 |[Subsection 2.2.1.5
c=1 10 21 4 2 <y 1 [Subsection 2.2.1.5
a=1b=p—c—1 c#1 10 two composition factors Subsection 2.2.1.5
otherwise 10 11 4 <y 2 <y 1 [Subsection 2.2.1.5

((v ‘20) = (X ‘X)

v
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2.3 (X, Y) - (C3, A5)
The goal of this section is to prove the following proposition.

Proposition 2.3.1. Let k be an algebraically closed field of characteristic p > 7. Let'Y be
a simply connected simple algebraic group of type As over k and let X be the maximal closed
connected subgroup of type Cs of Y given by the fized points of a graph automorphism of Y. Let
A€ X(Ty)™T be a p-restricted weight and set p = N1y . Then X acts on Ly (\) with exactly two
composition factors if and only if X is listed in[Table 2.5 up to graph automorphism. Moreover,

Ly (M)|x = Lx (1) ® Lx (v) with v as in|Table 2.5

A Conditions
(a,b,c,d,e) abcde #0 Y
(0,b,0,0,0) b=1 u—121
(0,0,¢,0,0) c¢=1,p—1 w—011
(a,0,0,0,0) a#p—2,p—6,b=1 w—121
a+b=p,a#4, b>1 uw—121
(a,0,¢,0,0) a=p—3,c=1 w—011
(a,0,0,d,0) a=1,d=p-—1 w—110
a=p—4,d=1 w—110
(a,0,0,0,e) a#p—1le=1 uw— 100
(a,b,¢,0,0) a=1,b+c=p—1,b+#£2 w—111
(a,b,0,d,0) a=2b=p—-3,d=1 w— 010
(a,b,0,0,e) a+b=p—-1le=1 ©— 100
(a,0,¢,d,0) a=1l,c+d=p—1,d#1,p—2 pn—110

Table 2.5: The case C3 < As

Note that the decomposition into a direct sum follows directly from [Cemmas 1.4.2] and [T.4-3]
The rest of the proof of the proposition can be found in [Subsection 2.3.1}

2.3.1 Proof of|Pr0position 2.3.1|. — Recall the notations introduced in|Notation 2.1.3|and 1'

and related to the truncated characters of simple or Weyl modules. Let {a1,...,a5} be a set
of simple roots in ®(Y) and {A1,..., A5} be the corresponding set of fundamental weights in X (Ty-).
Similarly, let {31, 82, B3} be a set of simple roots in ®(X) and {u1, 2, 3} be the corresponding
set of fundamental weights in X (Tx). Let A = (a,b,c,d,e) € X(Ty)" be a p-restricted weight. Set
M1y = i, then p = (a+e,b+d,c). As for the proof of [Proposition 2.2.1) we record information
about the multiplicities and the composition factor in Whenever a multiplicity in
appears with an inequality with subscript BS (i.e , it means we did not determine
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the exact character of the corresponding irreducible module, but we can bound the multiplicity
in the irreducible module. In this proof, we use for the first time the tables which summarize the

inductive process described in and the application of [Propositions 1.3.9] and [I.3.10}
Recall [Remarks 1.3.11] to [I.3.13] and [Remarks 1.3.21] to [I.3.24] which explain how they should be
read.

By [Propositions 1.5.3| and [2.2.1] and [Theorem 2.1.1} if X acts on Ly (\) with exactly two
composition factors, then up to graph automorphism, A appears in Note that the
coefficients a and e in [Table 2.6] satisfy 0 < a,e < p — 1 and by [Cemma 2.1.9) a = 1 or e = 1
if ae # 0. In what follows, whenever A is written as a linear combination of parameters (i.e.
a,b,c,d,e), we assume these parameters to be nonzero.

A Conditions 274 factor
(a,b,c,d,e)  bed #0 for Ly (\)|x
(a,0,0,0,¢) not determined
(a,b,0,0,e) 1<b<p-1 not determined
(a,0,¢,0,e) c=1,p—1 w—011
(a,b,c,0,e) b#p—2,p—4,c=1 ©w—011

b+c=p,3<b<p-—-2 w—011
b+c=p-—1 not determined
(a,b,0,d,e) b=1,d#p—1 w—010
b#p—1,d=1 4 — 010
(a,b,c,dye) b=1l,c+d=p—-1,d#1 p—010
b#1,b+c=p—1,d=1 pu—010

Table 2.6: The weights to consider inductively

2.3.1.1 A = a\;. — The weight X appears in |Table 2.2} hence X acts on Ly () irreducibly.

2.3.1.2 A = bAy. — If b = p— 1, then A appears in and so X acts irreducibly on
Ly (\). Henceforth assume b # p — 1. It is not hard to check that the highest weight of a second
composition factor for X acting on Ly (\) is given by v = p — 121 = (0,b — 1,0).

If b = 1, then (dim Ly (\),dim Lx (p),dim Lx(v)) = (15,14,1) and X acts on Ly (\) with
exactly two composition factors. If b # 1, then the JSF applied to A yields c¢h L(\)a40 = A and the
multiplicities in imply that X acts on Ly (\) with more than two composition factors.

2.3.1.3 A = cA\3. — By|[Table 2.6, either ¢ =1 or ¢ = p — 1 and a second composition factor for
X acting on Ly (A) is given by v = p— 011 = (1,0,¢ — 1). By [Proposition 2.3.2) we have that X
acts on Ly (\) with exactly two composition factors.
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2.3.1.4 A = aA; + b\a. — The case a + b = p — 1 appears in m hence assume
a+b#p—1. Tt is easy to see that a second composition factor for X acting on Ly () is given by
v=p—121=(a,b—1,0).

Assume b = 1. Using Weyl’s degree formula, we get the following.

Lo 19,0 13T o 461, 107

dlmVy(/\):ﬂa 519 51 @ 51 @ +— 1 a+15
1 2 52 809
dim V; — 5a3 — 14
im Vx (p) = 30a +3a +5a° + —-a 2+ 300t
1 1 17 15 137
dim V- - 4 -3 2 - 1
imVx(v) = 120a +8a +24a g + 50 a+

Hence dim Vy-(\) = dim Vx (i) + dim Vx (v). Moreover, by we have that Vy () is
irreducible and by we have that Vx(v) is irreducible. Thus X acts on Ly (\) with
exactly two composition factor if and only if Vx(u) is irreducible. Applying the JSF to u we get
that ch L(p) = pif a # p—6 and ch L(p)121 = p— (p — 121) if a = p — 6. Therefore, X acts on
Ly (\) with exactly two composition factors if and only if a # p — 6.

Assume b > 1 and a+b # p. Let § € X(Ty )" be a weight such that u = |, = u—242. If 6
affords the highest weight of a composition factor for Vy (\), then € has to be dominant and thus
of the form A — ryror300, with r; € Z>¢. Computing the truncated JSF of A up to p — 242 using
we get that ch L(\)a42 = A. Comparing the multiplicities listed in implies

that X acts on Ly (A) with more than two composition factors.

2.3.1.4.1 a+b=p, b >1.— We give a detailed explanations for this case. It is interesting,
since it includes a subcase appearing in

The weight A we are considering comes from an irreducible case in Hence by
[Proposition 1.5.2}

mL()\)\X(lU’fﬂ) :mL(u)(u75)7 (22)
for all § € {Z>of2 + Z>oPs} or using our abbreviated notations for roots, for all 5 of the form
B = Ozy with z,y € Z>o. Let v € Ly(\)x be a maximal vector for By of weight A. Since
Bx C By, the maximal vector v is also a maximal vector for Bx of weight u = A|r,. Hence
Lx(u) is a composition factor of Ly (\)|ry. Note that A does not appear in [Table 2.2) so X does
not act irreducibly on Ly ()\). We start by finding a second composition factor for the action of
X on Ly (A). By (2.2)), the highest weight of a second composition factor has to be of the form
p—xyz with z,y,z € Z>¢ and = # 0. We show that p — 121 affords the highest weight of a second
composition factor for X acting on Ly (A). The dominant weights of the form p = p—zyz = p—121
with « # 0 are as follows.

w—100=(a—2,p—a+1,0)
w—110=(a—1L,p—a—1,1)
—120=(a,p—a—3,2)
—1ll=(a—1,p—a+1,-1)
w—121= (a,p—a—1,0)

We compute the multiplicity of each of these weights in Ly (A\)|x and Lx (u) in order to determine
which one of them affords the highest weight of a second composition factor for X acting on Ly ()).
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Recall the following formula which gives the multiplicity of € X (Tx)" in Ly (\)|x.

mL(/\)\x(a): Z mL(,\)(’Y)

YEA(N)
'Y‘TX =0

@ — 100 There is only one weight in A(\) which restricts to p — 100, namely A — 10000. By
Lemma 2.1.50 we have (mp )|, ML) (i — p —100) = (1,1), hence p — 100 does not afford

the highest weight of a second composition factor.

p — 110, u — 120 Both cases are similar. We apply [Lemma 2.1.4] to prove that ch L(\)120 = A
and ch L(p)120 = p. Moreover, there is only one weight in A(\) which restricts to p — 110

and similarly for 4 — 120. We have (mp )|, ML) (1 — 110) = (2,2) and (mrn)x> ML)
(1 —120) = (2,2), which implies that g — 110 and pu — 120 do not afford the highest weight of
composition factors for X acting on Ly (A).

@ — 111 The only weight in A(X) which restricts to 4 — 111 is A — 11100. We proceed as follows
in order to compute the multiplicity of A — 11100 in Ly ()\). The weights in 6 € A(X)T
with A — 11100 € A(0) are the dominant weights satisfying A — zy200 with 0 < z,y,z <
1. We want to find out if 6 affords the highest weight of a composition factor for V(\).
We apply [Proposition 1.2.2| for each 6 and find that none of them is linked to A\. Hence

mpx) (1 — 111) = my ), (@ — 111) = 2. Applying a similar argument to the weights
0 € A(u)" such that p—111 € A(6) implies that mp,,) (u—111) = m, (u—111) = 2. Therefore
©— 111 does not afford the highest weight of a second composition factor for X acting on
Ly (X).

pn — 121 We apply the JSF to A and p with the goal of computing the truncated character
of Ly (\) and Lx(u) for the set {# € AN N X(Ty)" | Oy, = p — 121} and the set
{0 € A(p) N X(Tx)" | 6 = pu — 121}, respectively. We apply the process explained in
[Subsection 1.3.2]to A and p with the sets above. We get the following truncated characters
ChL()\)lgl = ) and

ChL(/,L)]Ql = u— (5a74(/,6 - 121)

The weights in A(X\) which restrict to 4 — 121 are A — 11110, A — 12100 and A — 01111. Using
[Proposition 1.1.12| and the truncated character formula just computed, we get

mpox (= 121) = my ) (0 — 121)
= mx(A — 12100) 4+ m (A — 11110) 4 m (A — 01111)
=3—-0p1+2+1
=6—0p1-
Similarly,
mp(y(p—121) = my(p — 121) — g ama(p — 121) =5 — 61 — S4,4.

Hence v = p— 121 = (a,p — a — 1, 0) affords the highest weight of a second composition factor
for X acting on Ly (X).



46 II. THE EMBEDDING (Fy, Eg)

If a = 4, then v also affords the highest weight of a third composition factor for X acting on
Ly (XA). Assume from now on that a # 4. We are going to prove that X acts on L(\) with exactly
two composition factors by applying |[Corollary 1.4.7] That is, if no weight of the form u — a|p, or
v —alr, with a € @7 (Y) \ {ao} affords the highest weight of a composition factor for X acting
on Ly (X), then X acts on Ly (\) with exactly two composition factors. We have already shown
that the weights u — a|r, with a € ®7(Y) \ {ap} different from p — 121 do not afford the highest
weight of a third composition factor. The remaining possibilities are listed below.

p—131=(a+1,p—a—3,1)
uw—221=(a—2,p—a,0)
uw—142 = (a+2,p—a—3,0)
u—231=(a—1,p—a—2,1)
p—242 = (a,p — a — 2,0)

By it is enough to consider y — 242. Let us compute the multiplicity of u — 242 in
Ly (MN)|x, Lx(p) and Lx(v). The JSF applied to A yields the following truncated character

ch L(A)242 = A — 0q,1 (A — 22000) — 84,1 (X — 23100),
where (1—4; ;). The computations of the JSF applied to p and v are summarized in [Tables 2.7
and respectively. They yield the truncated character of L(u) up to u — 242 for a # 3 and of

L(v) up to v — 121 for a # 2. We have two problematic cases, namely [p(3) : C] and [v(2) : E],
where p(3) stands for 4 with ¢ = 3 and v(2) for v with a = 2.

[1(3) : C] Set [V(u(3)) : L(C)] =2 — ¢ with ¢ € {0,1}. By[Table 2.9 we have

[V(u(3)) : L(C)] = [V((4,p = 5,0)) : L((3,p = 6,1))]cs-

Note that in C5, we have (4,p — 5,0) — (3,p — 6,1) = 110. Therefore by [Proposition 1.5.1]
and [CommE 2T, we get ¢ = 1.

[v(2) : E] Note that v(2) = sps2535251¢(0,—1,0) and E = spsas3e(0,—1,0). Moreover, the
weight E belongs to the upper closure of the alcove defined by (1,1,1,1,1,2,1,2,2). Note
that C', the weight in the previous problematic case, also belongs to the upper closure of the
alcove (1,1,1,1,1,2,1,2,2). We have u(3) = sps2838251 ¢ (1, —1,0) and C' = sgsas3+ (1, —1,0).
Therefore, by [Proposition 1.3.10| and the resolution of the previous problematic case we have
that [V (v(2)) : L(E)] = 1.

We compute the multiplicities using [Proposition 1.1.12f and obtain

(mL(mx,mL(u),mL(U))(u - 242) = (17 — 25;)72, 14 — 25572, 3).

Thus X acts on Ly (\) with exactly two composition factors if a # 4.
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p=(a,p—a,0)cy

ch L(p)2a2 = pp — 0a,1A — 801 B

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF (p1)242 = 0a,1A + 0a,1B + 04,3C  JSF(p)242 = 04,1 A + 60,1 B + 2,,3C
JSF(A)242 = 511,30 JSF(A)242 = 50.,3C

A=p—-220=(a—2,p—a—2,2) C=p—242 = (a,p—a—2,0)

B=p—241= (a,p—a—4,2)

Table 2.7: JSF of p up to p — 242

v={(a,p—a—10)cy

ch L(l/)121 =v—D

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(V)121 :D+(5a’2E JSF(V)121 :D+25a72E
JSF(D)121 = 5a12E JSF(D)lgl = 6a12E

D=v—-110=(a—1,p—a—2,1) E=v—-121=(a,p—a—2,0)

Table 2.8: JSF of v up to v — 121

X =(1,-1,0) ¢ Co
Y =wieXyg=(3,p—3,0) n =welrj=(3,p—35,0)

w1 = 8082838281 w = 808283

Xo = (0,0,0) € Co
Y =wieXo = (4,p—4,0) n=weXo = (3,p—6,1)

Cn’ =(1,1,1,1,1,2,1,2,2) ¢, =(1,1,1,1,1,2,1,2,2)

|Pr0position 1.3.10| = [ :n]=1[v:n]

S = 81

wseXo = (2,p—6,2)

wseAg —we g =011

|Proposition 1.3.9| = [wiseAg :n] = [y:n], where wise Ao = (4,p —5,0)

Table 2.9: Computing [(3,p — 3,0) : (3,p — 5,0)]cs
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2.3.1.5 A = aA; + cA3. — By either ¢ = 1 or ¢ = p — 1 and the Tx-weight
v=pu—011 = (a+1,0,c — 1) affords the highest weight of a second composition factor for X
acting on Ly (). If a+c+2 # 0 mod p, then ch L(\)111 = X and (mp (x| ML(u) ML) (1 —111)
= (5,<y 3,<y 1), hence X acts on Ly (A) with more than two composition factors. Henceforth,
assume a +c+ 2 =0 mod p.

If a,c = p — 1, then applying the JSF we get ch L(A)111 = A — (A — 11100) and ch L(p)111 =
p— (u—111). The multiplicities in imply that X acts on Ly (\) with more than two
composition factors.

If a = p—3and ¢ =1, we prove that X acts on Ly (\) with exactly two composition factors by

applying We prove that none of the following weights affords the highest weight of
a composition factor for X acting on Ly ().

j—100 = (p—51,1) p—111=(p—4,1,0)

By [Lemma 1.4.9 it is enough to consider p — 111. Applying the JSF, we get ch L(A)111 =
A—(A—11100) and ch L(p)111 = p. Moreover, the Weyl module Vx (v) is irreducible by [Lemma 2.1.12
Therefore, we have

(ML s MLy ML) (0 — 111) = (4,3,1)

and X acts on Ly (\) with exactly two composition factors.

2.3.1.6 A = a\1 + dX\4. — It is easy to check that a second composition factor for X acting on
Ly(\) isgiven by v =p— 110 = (a — 1,d — 1, 1).

If a,d > 1, then (A — a)|r, = p—220 and A — o € A(N) for o € {22000, 00022, 21010, 10021,
11011,20020}. Hence by [Theorem 1.1.10|and [Lemma 2.1.5} we get (m,(x)|x > ML (u)> ML) (1 — 220)
= (6,<y 3,<y 2) and X acts on Ly (\) with more than two composition factors. Henceforth,

assume a = 1 or d = 1.

Ifa+d#p—3ord=#p—1,then ch L(A)12; = A and comparing the multiplicities appearing in
Table 2.31|implies that X acts on Ly (\) with more than two composition factors.

If d = p— 1, we prove that X acts on Ly (\) with exactly two composition factors by applying
We prove that none of the weights below affords the highest weight of a composition
factor for X acting on Ly (A).

w—120=(1,p —4,2)
p—121=(1,p—2,0)
p—131= (2,p—4,1)
n—= 231 = (07p_ 371>

By it is enough to consider u — 231. Applying the JSF, we get ch L(\)231 =
A — (A —00121), ch L(p)231 = p and ch L(v)121 = v — (v — 021). Therefore, we have (mpy)
M), MLew)) (@ —231) = (11,8,3) and X acts on Ly (A) with exactly two composition factors.

If d = p—4, then by the JSF, we have ch L(\)231 = A— (A—11110). Comparing the multiplicities
appearing in implies that X acts on Ly (A) with more than two composition factors.

If a = p — 4, we prove that X acts on Ly (\) with exactly two composition factors. The weights
which could afford the highest weight of a third composition factor generated by a maximal vector

x>
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for Bx are given as follows.
p—210=(p—"7,1,1)
ji— 121 = (p—4,0,0)
p—221=(p—6,1,0)

By it is enough to consider p — 221. Applying the JSF to A, we obtain ch L(A)22; =
A— (A—11110). Applying the JSF to p and v, yields ch L(1)221 = p and ch L(v)111 = v — (v —111),
respectively. Hence,

(ML x s ML) ML) (1 — 221) = (8,6,2)

and X acts on Ly (\) with exactly two composition factors.

2.3.1.7 A = a\; + eAs. — By we have that the highest weight of a second
composition factor for X acting on Ly () is given by v = u— 100 = (e + e — 2,1,0) and that either
a=1or e =1. Assume without loss of generality that e = 1.

If a = p— 1, we have mp, (x|, (# — 100) = 2 by [Theorem 1.1.10| and [Lemma 2.1.5| Moreover,
we have mp () (1 — 100) = 0 by [Theorem 1.1.8} Thus v also affords the highest weight of a third
composition factor for X acting on Ly (A).

If @ # p — 1, we prove that X acts on Ly (\) with exactly two composition factors by applying
We prove that none of the weights listed below affords the highest weight of a
composition factor for X acting on Ly ()).

4 —200 = (a —3,2,0)
- 210 = (a — 2,0,1)
w—221=(a—1,0,0)

By [Lemma 1.4.9] it is enough to consider pu — 221. Applying the JSF to A, we get ch L(\)a21 =

A — 0a,p—5(A — 11111). Moreover, by [Lemma 2.1.12} the Weyl module Vx (u) is irreducible and the
JSF applied to v yields ch L(v)121 = v — 04,p—5(v — 121). Therefore

(mL()\)\X y TV L () mL(U))(M - 221) = (7 - 5a,p75 - 26(1,17 3, 4— 6a,p75 - 260,,1)7

which proves that X acts on Ly (\) with exactly two composition factors.

2.3.1.8 A = by +cA3. — If b+c=p—1, then X appears in [Table 2.2|and so X acts irreducibly
on Ly (A). Assume b+ c # p—1and ) is as in[Table 2.6, Then by [Table 2.6} a second composition
factor for X acting on Ly () is given by v = u — 011 = (1,b,¢ — 1). The JSF applied to A yields
ch L(A)121 = A. Comparing the multiplicities appearing in implies that X acts on Ly (\)
with more than two composition factors.

2.3.1.9 A = bAs + dAg4. — By we can assume b # p— 1 and d = 1 and a second
composition factor for X acting on Ly () is given by v = p— 010 = (1,6 — 1, 1).

If b # p — 3, the JSF yields ch L(A)121 = A. If b= p — 3, then ch L(\)121 = A — (A — 01110) and
ch L(u)121 = p— (w — 121). In both cases, the multiplicities in imply that X acts on
Ly (A) with more than two composition factors.
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2.3.1.10 A = a1 + b2 4+ cA3. — We have three cases to consider by [Table 2.6f We solve all
three of them in different subsections.

231101 b#£#p—2,p—4, c=1.— By a second composition factor is given by
the highest weight v = u — 011 = (a + 1, ,0).

If a+b+3 £ 0 mod p and a+b # p—1, the JSF applied to A yields ch L(A)111 = A. If a+b =p—1,
the JSF applied to A and u yields ch L(\)111 = A — (A — 11000) and chL(,u)lu = /J (u—110),
respectively. If a+ b+ 3 =0 mod p, then JSF applied to A yields ch L(\)132 — (A —11100).
In all three cases, the multiplicities in imply that X acts on Ly () Wlth more than two
composition factors.

2.3.1.10.2 b+c=p, 3<b<p—2. — By a second composition factor is given by
the highest weight  — 011 = (a +1,b,p — b —1).

Let a #p—2and a+b # p— 1, the JSF yields ch L(A)111 = A. Let a+b = p— 1, the JSF
yields ch L(A)111 = A — (A — 11000) and ch L(p)111 = p — (0 — 110). Let a = p — 2, the truncated
character ch L ()22 is computed in where we apply in order to determine
[A: C]. In all these cases, comparing the multiplicities appearing in we get that X acts
on Ly (\) with more than two composition factors.

A=(p—2,b,p—b,0,0) 454

ChL()\)122:)\7AfB+C

Lemma 2.1.8|

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)122 = A+ B JSF(A)122 = A+ B+ 2C
JSF(A)122 = C JSF(A)122 = C

JSF(B)122 = C JSF(B)122 = C

A=X-02200=(p,b—2,p—b—2,2,00022 C=XA—12200=(p—2,b—1,p—b—2,2,0) 122

B=X—11100= (p — 3,b,p— b —1,1,0) 111

Table 2.10: JSF of A up to p — 122

2.3.1.10.3 b4+ c = p — 1. — We first find the highest weight of a second composition factor for
X acting on Ly (A). The truncated character ch L(\)111 is computed in [Table 2.11| and the JSF
applied to p yields

ChL(/,L)lll = u— 5a,p—b—1(/-j/ — 110) — (5(171,_1(/1 — 111)
We deduce the following multiplicities.

(1,1) ifa+b=p—1

m ,m —110 -
(Ly(A)Ix L(“))(u ) {(272) otherwise



(X,Y) = (C3, 45) 51

(4,3) ifa+b=p—1
(mry )ixo> ML) —111) = §(5,3)  ifa=b-1
(5,4) otherwise

Therefore, a second composition factor is given by the highest weight v = p—111 = (a—1,p—c,c—1).
Note that if a = b — 1, then v also affords the highest weight of a third composition factor for X
acting on Ly (\). Henceforth, assume a # b — 1.

This case is complicated. In order to solve it, we split it into several subcases.

A= (a,b,p—b—1,0,0)a,

ch L()\)lll =A—A— éa,p—ble

Lemma 2.1.8

JSF in Weyl characters: JSF in irreducible characters:

JSF(M111 = A+ da,p—b-1B + da,p—1C JSF(M111 = A+ da,p—b-1B + 20a,p—1C
JSF(A)lll = 6a,p_1C JSF(A)lll = 5a,p—lc

A=X-01100=(a4+1,b—1,p—b—2,1,0)0011 C =X—11100= (a —1,b,p — b —2,1,0) 111

B=X—11000= (a—1,b—1,p—b,0,0) 110

Table 2.11: JSF of A up to p — 111

a#l, c#1

Recall that we assume a # b— 1. If a # ¢, ¢+ 1, the truncated character ch L(\)a29 is computed
in where the value of [\ : B] is determined by applying [Lemma 2.1.8] The output of
JSF applied to p appears in Note that it yields multiple possibilities for the truncated
character ch L(u)a22. We select the first one, since it maximizes the multiplicity of pu — 222 in
Lx (p). Comparing the multiplicities in [Table 2.31] implies that X acts on Ly (\) with more than
two composition factors.

If a = ¢, the truncated character ch L(A)222 is computed in where we apply

Lemma 2.1.8| in order to determine [A : C]. Applying the JSF to p and v yields the following
truncated characters.

ch L(p)222 = p— (1 — 110) = dap—2(pt — 021) — 0o p—2(p — 121) — dap(p — 222)
ChL(I/)lll =V — (l/ — 110)

The multiplicities in [Table 2.31| imply that X acts on Ly (A) with more than two composition
factors.
If a = ¢+ 1, the truncated character ch L(\)222 is computed in [Table 2.15, where we apply

Lemma 2.1.8in order to determine [A : B]. The JSF applied to u for a = p — 2 is computed in
Table 2.16, We obtain two possibilities for the truncated character ch L(p)222 and we use the first
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one to bound the multiplicity of u — 222 in ch Lx (). For a # p — 2, the JSF yields the following
truncated character.

ch L(p)222 = pr — dap—1(p — 220) — 6g,p—1(p — 021) — o p—1 (1 — 221).

The multiplicities in [Table 2.31| imply that X acts on Ly (A) with more than two composition
factors.

A=(a,p—c—1,¢0,0)a4

ch L()\)222 =A—A

Lemma 2.1.8§

JSF in Weyl characters: JSF in irreducible characters:
JSF(X)222 = A+ d4,p—1B JSF(N)222 = A+ 284,p-1B
JSF(A)QQQ = 6a7ple JSF(A)222 = 5a,p71B

A=X-01100=(a+1,p—c—2,¢c—1,1,00011 B=A—11100=(a—1,p—c—1,c—1,1,0) 111

Table 2.12: JSF of A up to pu — 222

p=(a,p—c—1,¢)cy

Possibilities

ch L(p)o2e = — A —0daD

ch L(p)222 = p— A —8a,p—2B — 84,6D

ch L(p)222 = p— A —084,p—1C — 84D

ch L(p)aoea = p— A —da,p—2B —0a,p—1C — da,pD

Multiplicity bounded above by the first possibility

JSF in Weyl characters: JSF in irreducible characters:

JSF (pt)222 = A+ da,p—2B + 0a,p-1C + dapD  JSF(p)222 = A+ 204,p—2B 4 20a,p-1C + 60, D

JSF(A)222 = 6a,p—2B + 8a,p—1C JSF(A)222 = 8a,p—2B + 6a,p-1C
A=p—-021=(a+2,p—c—3,¢) C=p—221=(a—2,p—c—1,¢),
B=p—-121=(a,p—c—2,¢) D=p—-22=(a—2,p—c+1,c—2)

Table 2.13: JSF of p up to p — 222

c=1l,a#1

Note that a # p—3, since a # b—1. If a # p—2,p — 1, the truncated characters ch L (\)232 and

ch L(u)a32 are computed in |Tables 2.1 7| and |2.18| for a # 2 and in |Tables 2.19| and |2.20| for a = 2.
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A=(a,p—a—1,a,0,0) a5

ch L()\)gzz =A\—A—-B+ 5a’p_2C

|Lemma 2.1.8|

JSF in Weyl characters: JSF in irreducible characters:
JSF(N\)222 = A+ B JSF(A)222 = A+ B +284,,2C
JSF(A)222 = 64.p_2C JSF(A)222 = 84,p—2C
JSF(B)222 = 8a,p—2C JSF(B)222 = 8a,p—2C

A=X-01100=(a+1,p—a—2,a—1,1,0) 011 C = X-— 12100 = (a,p —a — 3,a,1,0) 121

B=X-11000= (a —1,p—a —2,a +1,0,0) 110

Table 2.14: JSF of A up to p — 222

A=(a,p—a,a—1,0,0) a4

ch L()\)zzz =A—A-— 5&,;}710 - 6a,p,1D

|Lemma 2.1.8

JSF in Weyl characters: JSF in irreducible characters:

JSF(N)a2s = A+ 6a,p—1 B +04,p_1C JSF(N)222 = A+ 28a,p—1B + 8a,p—1C + 8a,p—1 D
JSF(A)222 = 0a,p—1B — 0a,p—1D JSF(A)222 = 0a,p—1B

JSF(B)222 = 6a,p—1D JSF (B)222 = 0a,p—1D

A=X-01100=(a+1,p—a—1,a—2,1,00011 C =X—22000= (a—2,p—a—2,a+1,0,0) 220

B=X—-11100=(a—1,p— a,a — 2,1,0) 111 D=X-22100=(a—2,p—a—1,a—1,1,0) 221

Table 2.15: JSF of A up to p — 222

In both cases, the multiplicities in |Table 2.31|imply that X acts on Ly (A) with more than two
composition factors.

If a = p — 2, the truncated character ch L(\)a32 is computed in [Table 2.21) using [Remark 1.3.18}
The JSF of p is computed in We have two problematic cases, namely C and D. We
do not determine [p : C] nor [u : D], but we use the first possibility for ch L(p)a32 to bound the
multiplicity of ¢ — 232 in Ly (p). The multiplicities in [Table 2.31) imply that X acts on Ly (A) with
more than two composition factors.

If a = p — 1, the truncated character ch L(\)a32 is computed in by applying
[Lemma 2.1.8|and [Remark 1.3.18] We bound the possibilities for the truncated character ch L()a32
appearing in by the possibility maximizing the multiplicity of u — 232 in Lx(u).
Comparing the multiplicities in implies that X acts on Ly (A) with more than two
composition factors.
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p=({P—22,p—3)cy

Possibilities
Ch L(/J,)222 = Hu — A — B
ChL(M)zzzZM—A—B—C

Multiplicity bounded above by the first possibility

JSF in Weyl characters: JSF in irreducible characters:
JSF(#)222:A+B+C JSF(’U.)222:A+B+QC
JSF(B)222 = C JSF(B)222 = C

A=p—-220=(p—-4,0,p—-1) C=p—-121=(p—2,1,p—3)

B =pu—021=(p,0,p—3)

Table 2.16: JSF of p up to p — 222

A=(a,p—2,1,0,0)45

ch L()\)232 =\A\—-A+B

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)232 = A—- B JSF(A)232 = A
JSF(A)232 =B JSF(A)ng =B

A=X-01100=(a+1,p—3,0,1,0)011 B =X—02210 = (a+2,p —4,0,0,1) 032

Table 2.17: JSF of A up to pu — 232

p=(a,p—2,1)cy

ch L(,u)232 =u—A+B

JSF in Weyl characters: JSF in irreducible characters:
JSF(,LL)232 =A—-B JSF(,U,)232 =A
JSF(A)232 =B JSF(A)ng =B

A=p—-021=(a+2,p—4,1) B=p—-032=(a+3,p—4,0)

Table 2.18: JSF of p up to p — 232

a=1
Note that b # 2, since a # b — 1. We prove that X acts on Ly (\) with exactly two composition

factors by applying [Corollary 1.4.7] Let us distinguish between the cases ¢ = 1 and ¢ # 1.
Let ¢ = 1. We prove that none of the following weights affords the highest weight of a composition
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A= (21p - 2’17070)A5

ChL(A)zsg:A—A—B—‘rC—FD

|Lemma 2.1.8|

JSF in Weyl characters:
JSF(A)232 = A+ B—-C
JSF(A)232 = D
JSF(B)232 = C + D

JSF in irreducible characters:
JSF(A)232 = A+ B+ 2D
JSF(A)a32 = D

JSF(B)232 =C + D

A =X\ —22000 = (0,p — 4,3,0,0) 220

B =X—01100 = (3,p — 3,0, 1,0) 011

C =X—02210 = (4,p — 4,0,0,1) 032

D =X-—23100=(1,p—5,2,1,0) 231

Table 2.19: JSF of A up to pu — 232

w=1(2,p—21)cy

ch L(p)2se =p—A+B—-C

JSF in Weyl characters:
JSF(ﬂ)zgg =A-B+C
JSF(C)232 =B

JSF in irreducible characters:
JSF(/,L)ng =A+C
JSF(C)232 =B

A=p—220=(0,p—4,3)

B=p—032=(5p—4,0)

C=p—021=(4,p—4,1)

Table 2.20: JSF of p up to p — 232

A=(p—2,p—2,1,0,0) 44

ch L(A)2z2 =A— A+ B
|Remark 1.3.18|

JSF in Weyl characters:
JSF(A)232 = A— B
JSF(A)232 = B+ C
JSF(B)232 = C

JSF in irreducible characters:
JSF(\)2z2 = A+5 C
JSF(A)232 = B +2C
JSF(B)232 = C

A=X-01100= (p—1,p—3,0,1,0) 011

B =X-—02210 = (p,p—4,0,0,1) 032

C=Xx-12210=(p—2,p—3,0,0,1) 132

Table 2.21: JSF of A up to u — 232

factor for X acting on Ly ().

p—121=(1,p—3,1)
= 132 = (27]7_3,0)
= 232 = (07p_ 270)

55
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p={P—-2,p—2,1)cy4

Possibilities

ch L(p)2ss = p+ A— B

ch L(p)ose =p+A—-B—-C

ch L(p)232 =p+A—-B—-D

ch L(p)232 =p+A—-B—-C+D

Multiplicity bounded above by the first possibility

JSF in Weyl characters:

JSF(’[L)232 =—A+B+C

JSF(A)232 =D
JSF(B)a3a = A+ C
JSF(C)232 =D

JSF in irreducible characters:
JSF(u)232 = B+2C 42 D
JSF (A)a32 = D

JSF(B)232 = A+ C + 2D
JSF(C)as2 = D

A=p—-032=(p+1,p—4,0)

B =p—021=(p,p—4,1)

C=p—-121=(p—2,p—3,1),

D=p-232=(p-3,p-2,0)

Table 2.22: JSF of p up to p — 232

A=(p—-1,p-2,1,0,0) a4

ch L()\)ggg =\—- A+ C

Lemma 2.1.8| and |Remark 1.3.18]

JSF in Weyl characters:
JSF()\)232 =A+B-C-D
JSF A)232 =B+C

JSF in irreducible characters:
JSF(N)232 = A+ 2B +§ D
JSF(A)232 =B+ C+2D

(
JSF(B)232 = D JSF(B)232 = D
(

JSF 0)232 =D JSF(C)ggz =D

A= X-01100 = (p,p — 3,0,1,0) 011 C=X-02210=(p+1,p—4,0,0,1) 032

B=X—-11100= (p—2,p—2,0,1,0) 111 D =X —22210= (p—3,p — 2,0,0,1) 232

Table 2.23: JSF of A up to u — 232

By it is enough to consider p — 232. The truncated character ch L(\)a32 is computed
in [Table 2.25 using[Lemma 2.1.8] The JSF of y is computed in [Table 2.26]and yields two possibilities
for the truncated character ch L(u1)232 depending on the value of [p : D]. By [Table 2.27] we have
that [ : D] = [A : D] and by [Table 2.26] we have [A : D] = 1. The JSF applied to v yields
ch L(v)121 = v. Hence (mp(x) x> ML) MLw)) (1 —232) = (12,9,3) and X acts on Ly (A) with
exactly two composition factors.

Let ¢ # 1. The weights which could afford the highest weight of a third composition factor
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p={@-1,p—2,1)c,4

Possibilities
ch L(,U‘)232 =u+A-B
ChL(H)232:H+A—B_C

Multiplicity bounded above by the first possibility

JSF in Weyl characters: JSF in irreducible characters:
JSF (p)232 = —A+ B+ C JSF(/.L)232 = B +2C
JSF(B)232 = A+ C JSF(B)23z2 = A+ C

A=p—-032=(p+2,p—40) C=p—-221=(p-3,p—2,1)

B=p—-021=(p+1,p—4,1)

Table 2.24: JSF of p up to p — 232

generated by a maximal vector for Bx are given by the following weights.

pu—112=(0,p—c+2,¢—3)
uw—121=(1,p—c—2,¢)
w—122=(1,p—c,c—2)
w—132=2,p—c—2,c—1)
nw—232=0,p—c—1,c—1)

Tt is enough to consider p — 232. The truncated character ch L(\)a32 is computed in
and the JSF applied to p and v yields ch L(p)232 = pp — (u — 021) and ch L(v)121 = v — (v — 021),
respectively. Therefore, (mr )|y, ML(u), ML) —232) = (17,14,3) and X acts on Ly (\) with
exactly two composition factors.

2.3.1.11 A = aA; + bz + dA\y. — By [Table 2.6{ we have that either b =1 and d #p—1
orb# p—1and d =1, and a second composition factor for X acting on Ly (\) is given by
v=p—010=(a+1,b4+d—2,1).

Note that for a € {11000,10010,00011}, we have «|r, = 110. If a + b # p — 1, then by
ILemma 2.1.4 and [Theorem 1.1.10] (mp,(x) > ML(u), MLe)) (e — 110) = (4,2,1), hence X acts on
Ly (\) with more than two composition factors. Henceforth assume a +b =p — 1.

If b=1and d# 1 (recall d # p — 1 too), then JSF yields ch L(A)120 = A — (A — 11000). The
multiplicities listed in imply that X acts on Ly ()\) with more than two composition
factors.

Ifd = 1and a # 2, then the JSF yields ch L())121 = A—(A—11000) and ch L(v)111 = v—(v—110).
Comparing the multiplicities in implies that X acts on Ly (\) with more than two
composition factors.

If d =1 and a = 2, we prove that X acts on Ly (\) with exactly two composition factors by

applying We prove that none of the weights listed below affords the highest weight




58

II. THE EMBEDDING (Fy, Eg)

A=(1,p—2,1,0,0) 44

ChL(A)zsg:A—A—B—QC—FD—‘rE

|Lemma 2.1.8|

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)2s2 =A+B+C—D JSF(A)2sz2 = A+ B+ C +2E
JSF(A)232 = —C+ E JSF(A)oz2 = E

JSF(B)23g2 = —-C+ D+ E JSF(B)232 = D+ E
JSF(E)232 = C JSF(FE)232 = C

A=X—11000 = (0,p — 3,2,0,0) 110 D = X — 02210 = (3,p — 4,0,0, 1) 032
B=X—01100 = (2,p —3,0,1,0) 011 E = X—12100 = (1,p —4,1,1,0) 121
C = X — 23200 = (0,p — 4,0,2,0) 232

Table 2.25: JSF of A up to u — 232

pw=(lL,p—c—1,¢c)cy

ChL(ﬂ)gsz:ﬂ*Aﬁ*B*CJrD

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(u)23e = A—B+C JSF (p)232 = A+ C + 2D
JSF(A)232 = D JSF(A)232 = D

JSF(C)232 = B+ D JSF(C)232 = B+ D

A=p—-110=0,p—c—2,c+1) C=p—-021=3,p—c—3,¢),

B=p—-032=(4,p—c—3,c—1) D=p—-131=2,p—c—4,c+1)

Table 2.26: JSF of p up to p — 232

Xo = (0,0,0) € Co
y=wiedo=(1,p—2,1) n=wedo=(2,p—5,2)

W1 = 80S283828518283 W = 80828385182

S = 81
wseXo = (3,p—4,1)

wseAg — we g = 110

|F‘roposition 1.3.9| = [wiseXo :n] = [y:7], where wise Ao = (0,p — 3,2)

Table 2.27: Computing [(1,p —2,1) : (2,p — 5,2)]cs
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A=(1,p—c—1,¢0,0)a5

ch L()\)gsg =A\—-A+B

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)232 = A— B JSF(A)232 = A
JSF(A)232 =B JSF(A)ng =B

A=X-01100=(2,p—c—2,c—1,1,0)011 B=Xx—02210=(3,p—c—3,c—1,0,1) 032

Table 2.28: JSF of A up to p — 232

of a composition factor for X acting on Ly (A).

=100 = (0,p —1,0)
p—110 = (1,p—3,1)
1 —020 = (4,p — 6,2)
=120 = (2,p—5,2)
p—121=(2,p —3,0)
p—131=(3,p—5,1)

By|Lemma 1.4.9] it is enough to consider y— 131. The JSF applied to p and v yields ch L(p)131 = p
and ch L(v)121 = v — (v — 110) — (v — 011), respectively. Moreover, the output of the JSF applied
to A\ appears in There are two possibilities for the truncated character ch L(\)13;
depending on the value of [A: C]. Let [A: C] =2 — ¢ with ¢ € {0,1}. Note that (mp )|, ML)
mpy)(p—131) = (8 4+ (,6,3). Thus ¢ = 1, since the multiplicity of 4 — 131 in the direct sum
Lx(u) ® Lx(v) cannot be greater than the multiplicity of g — 131 in Ly (\)|x. Therefore X acts
on Ly (A\) with exactly two composition factors.

A=(2,p—3,0,1,0) 454

ChL(A)lglz)\*A*B+C

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)i131 = A+ B JSF(A)131 = A+ B +2C
JSF(A)131 =C JSF(A)131 =C

JSF(B)131 =C JSF(B)131 = C

A=X-11000 = (1,p —4,1,1,0) 110 C =X — 12110 = (2,p—5,1,0,1) 131

B =X—01110 = (3,p — 4,0,0, 1) 021

Table 2.29: JSF of A up to p — 131
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2.3.1.12 XA = a)\; + b2 + eXs. — By a second composition factor for X acting
on Ly(\) isgiven by v = — 100 = (a + e —2,b+1,0) and either a =1 ore=1. f a+ b #p—1,
then a similar argument as in [Subsection 2.3.1.11| implies that (mr\)|x, ML), ML) (@ — 110)
= (4,<y 2,<y 1) and X acts on Ly (A\) with more than two composition factors. Henceforth

assume a+b=p—landa=1ore=1.

If @ = 1 and e # 1, then the JSF applied to A yields ch L(A)210 = A — (A —11000) and comparing
the multiplicities in implies that X acts on Ly ()\) with more than two composition
factors.

If e = 1, we prove that X acts on Ly (\) with exactly two composition factors by applying
We prove that none of the weights below affords the highest weight of a composition
factor for X acting on Ly (\).

pw—110=(a,p—a—2,1)

w—121=(a+1,p—a—2,0
©w—200=(a—3,p—a+1,0
nw—210=(a—2,p—a—1,1

u—221=(a—1,p—a—1,0

)
)
)
)

By it is enough to consider u — 221. We consider two separate cases depending on
whether a # 3 or a = 3.

Assume a # 3. The truncated character ch L())z2; is computed in Moreover the
JSF applied to p and v yields ch L(u)201 = p — (p — 220) and ch L(v)121 = v — a1 (v — 110),
respectively. Hence (mp )|y, ML(u), ML) (1 — 221) = (9,6,3) and X acts on Ly (\) with exactly
two composition factors.

Assume a = 3. The truncated character ch L(\)22; is computed in The partial

character ch L(v)12; appears in |[Table 2.8 The JSF applied to u yields ch L(u)a21 = p — (0 —
220) — (u — 121). Therefore

(ML) x> ML) ML) (1 — 221) = (8,5,3),

which proves that X acts on Ly (\) with exactly two composition factors.

A=(a,p—a—1,0,0,1)44

ch L(A)221 =X — A+ 64,1B — q,3C

JSF in Weyl characters: JSF in irreducible characters:
JSF(/\)QQl =A— 6(1le -+ 60‘,36‘ JSF(}\)QQl = A+ 6a’3C
JSF(A)221 = 5{1’13 JSF(A)221 = Jale

A=X-11000=(a—1,p—a—2,1,0,1)110 C=A—01111=(a+1,p—a—2,0,0,0) 121

B=X—22100=(a—2,p—a—2,0,1,1) 221

Table 2.30: JSF of A up to p — 221
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2.3.1.13 A = aA1 + cAs + dAy. — Tt is easy to check that p— 110 = (e — 1,d — 1,¢ + 1)
affords the highest weight of a composition factor for X acting on Ly (\). We can assume that A
corresponds to an irreducible case in since otherwise X acts on Ly (A) with more than
two composition factors by [Proposition 1.5.3]and [Table 2.6} Therefore, assume from now on that
c+d=p—1andset v=pu—110.

If a,d > 1, then applying the same argument as in [Subsection 2.3.1.6|implies that (mp ),
mru), MLw))(p — 220) = (6, <y 3,<y 2) and X acts on Ly()) with more than two factors.
Henceforth assume either a =1 or d = 1.

If a+d = p—1, the JSF applied to X and to u yields ch L(\)110 = X and ch L(u)110 = p—(u—110),
respectively. The multiplicities in imply that X acts on Ly (A) with more than two
composition factors.

If d =1and a # p — 2, the JSF applied to A yields ch L(A)121 = A — (A —00110) and comparing
the multiplicities in implies that X acts on Ly (\) with more than two composition
factors.

Ifa=1and d#1,p— 2, we prove that X acts on Ly (\) with exactly two composition factors
by applying We prove that none of the following weights affords the highest weight
of a composition factor for X acting on Ly (A).

uw—111=(0,p—c,e—1)

w—120=(I,p—c—4,c+2)

uw—121=(1,p—c—2,¢)

w—131=(2,p—c—4,c+1)
(

nw—231=(0,p—c—3,c+1)

By it is enough to consider p — 231. The JSF applied to A yields ch L(\)231 =
A — (A —=00110) — d.,p—3(A — 11100). Moreover the JSF applied to p and v yields ch L(p)231 =
p—(pp—021) =8¢ p—3(p—111) and ch L(v)121 = v — (v — 021), respectively. Hence (mpx)|, ML),
mpwy)(p—231) = (11 = 6cp-3,8 — dcp-—3,3) and X acts on Ly (A) with exactly two composition
factors.

2.3.1.14 A = a\1 + c\3 + eAs. — By [Table 2.6L we get that X acts on Ly () with at least
two composition factors. Moreover, [Lemma 2.1.9]implies the existence of a third composition factor
for X acting on Ly (\).

2.3.1.15 A = bAs + cA3 + dA\y. — By we must have b+ ¢ =p—1, b # 1 and
d =1 and a second composition factor for X acting on Ly () is given by the highest T'x-weight
v=u—010= (1,b+d—2,c+1). The JSF applied to A yields ch L(\)12;1 = A — (A — 01100)
and comparing the multiplicities in implies that X acts on Ly ()\) with more than two
composition factors.

2.3.1.16 A = a)\; + bAs 4+ cAz + dAy. — By [Table 2.6] we must have b+ c=p—1,b# 1 and
d=1lorc+d=p—1,d#1and b= 1 and the weight v = p—010 = (a+ 1,b+d —2,c+ 1) affords
the highest weight of a second composition factor for X acting on Ly (\).
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If a+b# p—1, then (mpo x> ML), MLe)) (@ — 110) = (4,<y 2,<y 1) and X acts on
Ly (\) with more than two composition factors. Assume from now on that a +b = p — 1. If
b+c=p—1,b#1and d =1, the JSF applied to A yields ch L(\)111 = A— (A —11000) — (A —01100).
Ifc+d=p—1,d# 1and b= 1, the JSF applied to A yields ch L(\)120 = A — (A — 11000). In
both cases, the multiplicities listed in imply that X acts on Ly (\) with more than two
composition factors.

2.3.1.17 A = a); + bAz2 + cAsz + eXs. — By the Tx-weights u — 100 =
(a+e—2,p—c,c) affords the highest weight of a composition factor for X acting on Ly (\) and
either a = 1 or e = 1. Therefore, if A comes inductively from a case with two composition factors,
then X acts on Ly (\) with more than two composition factors. Assume A comes from an irreducible
case appearing in that is b+ c=p—1 and set v = u — 100.

If a # c, then a similar argument as in [Subsection 2.3.1.11| implies that (M), ML(u)> ML)
(u—110) = (4,<y 2,<y 1) and X acts on Ly (\) with more than two composition factors.

Henceforth, assume a = c.

If a =1 and e = p — 3, then the JSF applied to \ yields ch L(\)210 = A — (A — 11000). If
a=p—3and e =1, then the JSF applied to A and v yields ch L(A\)21; = A — (A — 11000) — (A —
01100) — (A — 00111) and ch L(v)111 = v — (v — 110), respectively. If a # p — 3 and e # p — 3, then
the JSF applied to A yields ch L(A)111 = A — (A — 11000) — (A — 01100). In all three cases, the
multiplicities in imply that X acts on Ly (\) with more than two composition factors.

2.3.1.18 A = aA1 + bz + cA3 + dAy + eds. — Tt is clear by [Lemma 2.1.9|that p — 100 and
p — 010 afford the highest weight of a composition factor. Hence X acts on Ly (A\) with more than
two composition factors.

2.3.2 An additional result. —

Proposition 2.3.2. Let p > 2 and n > 2. Let G be of type As,_1 and H be a subgroup of type
Cyn of G given by the fized points of a graph automorphism of G. If A = ap , € X(Tg)™" with
an € {1,p — 1}, then H acts on Lg(\) with exactly two composition factors given by the highest
weights N1, and N1, — Bn—1 — Bn.-

Proof. Let A = ay\, for a, € {1,p—1} and set o = A|7,,. Let n = 2. By[Table 2.3|for p > 3 and by
the tables in [Liib07] for p = 3, we have that H acts on Lg(A) with exactly two composition factors
and the second composition factor is given by v = p — f2 — 53. Let n > 2. By |[Proposition 1.5.3]
we have that v = u — 8,1 — B, affords the highest weight of a second composition factor for

H acting on Lg(\). We prove that H acts on Lg(A) with exactly two composition factors by
applying [Corollary 1.4.7] That is, we prove that the weights of the form p — «|7, or v — |, for
a € P1(GQ) \ {an} do not afford the highest weight of a composition factor for H acting on Lg(\).

Let a, = p— 1. The weights of the form yu — alr, or v — a|r, for a € ®T(G) \ {ap} which
are dominant are given by pu — b,_28,_2 — bp_16n-1 — by By with either b, o = 0, b,—1 < by,
bp—1 € {0,1,2} and b, € {0,1,2} or b,—2 = 1, b,_1 = 2 and b,, = 2. By |Proposition 1.5.3| and
the case n = 2, the weights with b,_2 = 0 do not afford the highest weight of a third composition
factor. We verify that the multiplicity of the weights with b,_o # 0 are equal in Lg(M\)|g and
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Ly(pn) ® Ly (v). Note that by [Proposition 1.5.2) we can set n = 3 and compute these multiplicities
assuming H is of type C5 and G of type As. By [Sei8T, (6.1)], all the weight spaces of L (\) are of
dimension 1, therefore mp, ), (4 — 122) = 4. The JSF applied to p and v yields ch L(p)122 = p
and ch L(v)111 = v — (v — 111), respectively. We have (mp,), mr)) (1 — 122) = (2,2), hence the
result follows for a, =p — 1.

Let a, = 1. Reasoning as in the case a,, = p — 1, the only candidate for the highest weight
of a third composition factor is 4 — 011 and by [Proposition 1.5.3|and the case n = 2 it does not
afford the highest weight of a third composition factor for H acting on Lg(\). The proposition
follows. O




Table 2.31: Multiplicities for the proof of [Proposition 2.3.1
A Conditions Multiplicities
abede # 0 v 0 A(6) 1(8) v(6) Details
(a,0,0,0,0) irreducible
(0,b,0,0,0) b=1 121 two composition factors Subsection
b=p—1 irreducible
b#£1,p—1 121 242 13— &3 — 482 <y 9—6y3— 36 <y 3—6y2 |Subsection 2.3.1.2
(0,0,¢,0,0) c=1 011 two composition factors Subsection 2.3.1.3
c=p—1 011 two composition factors Subsection 2.3.1.3
(a,b,0,0,0) a+b=p—1 irreducible Table 2.2
b=1 a#p—2,p—6 121 two composition factors Subsection 2.3.1.4
a=p—=6 121 121 5 3 <y 1 Subsection 2.3.1.4
24 — 6y 3 — 36a,1 <y 18 — 6,3 — 38a,1 <y 5 Subsection 2.3.1.4
b>1 a+b#p—1,p 121 242
24 — 50p,2 — 384,1 <y 18 — 48y 2 — 34,1 <y 5—3p2 Subsection 2.3.1.4
a=4,b=p—14 121 121 6 4 <y1 Subsection 2.3.1.4
a+b=p, a#4 121 two composition factors Subsection 2.3.1.4
(a,0,c,0,0) c=1,p—1 a+c+2%0 modp 011 111 5 <y 3 <y1 Subsection 2.3.1.5
c=p—1 a=p—1 011 111 4 2 <y 1 Subsection 2.3.1.5
c=1 a=p—3 011 two composition factors Subsection 2.3.1.5
(a,0,0,d,0) a,d>1 110 220 6 <y 3 <y 2 Subsection 2.3.1.6
a+d#p—3,d#p—1 a=1lord=1 110 121 8 — 2041 <y 5—944,1 <v 2-904,1 Subsection 2.3.1.6
a=1,d=p—1 110 two composition factors Subsection 2.3.1.6
a+d=p—-3 a=1 110 231 13 <y 8 <y 4 Subsection 2.3.1.6
d=1 110 two composition factors Subsection 2.3.1.6
(a, *, *, *, e) a,e>1 100 200 3 <y1 <y1 Lemma 24149|
(a,0,0,0,€) a=p—1l,e=1 100 100 2 <y1 Subsection 2.3.1.7
a#p—1le=1 100 two composition factors Subsection 2.3.1.7
(0,b,¢,0,0) b+c=p—1 irreducible Table 2.2|
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(0,5,0,d,0)

(a,b,¢,0,0)

(a,b,0,d,0)

(a,b,0,0,¢)

(a,0,¢,d,0)

b#xp—1,p—2,p—4
b+c=p, b>3
b#p—3,p—1,d=1
b=p—-3,d=1

b#p—2,p—4,c=1

b+c=pand3<b<p-—2

b+c=p—1l,a=b—-1

b+c=p—1l,a#b-1

a+b#p—1
a+b=p-—1
a+b#p—1
a+b=p—1

c+d=p—1

c+d#p—1

e

e

c

a

a,

a+d=p—1l,a=1lord=1

a

a

+b#p—1,p—3,2p—3
+b=p—1

+b4+3=0 mod p
+b#p—l,a#p—2
+b=p—1

=p—2

=c,a#1
=c+1l,a,c#1
#1l,c,ec+1landc#1

=la#1,p—2,p—1

=la=p—-2,p—1

=1
#2,d=1
—2,d=1

—1,d#1,p—1

=1
=1l,e#1
d>1

=1,d#1,p—2

#p-2,d=1

011

011

010

010

011

011

011

011

011

011

111

111

111

111

111

111

111

010

010

010

010

100

100

100

110

110

110

110

011

121

121

121

121

111

111

132

111

111

122

111

222

222

222

232

232

110

121

120

110

210

220

110

121

110

7—6p
9 —0p,1
7
6

5

18 — &p,2 — 53p,1

6
5

14

12
16
17

23 — 2642

23

Sy 4—=90p1
<v 4

<v 3

IA
<
N

3
8 —dap

<ps 11

<Bs 12—-364%

17 — 264,2
<ps 17

two composition factors
<v 2
<v 5

two composition factors
<v 2
<v 2

two composition factors
<v 2
<v 3

1

two composition factors

Sy 12 =60 — 40,1

IN
<
ot

A
<
-

[Subsection

2.3.1.

Subsection

2.3.1.

Subsection

2.3.1.

[Subsection

2.3.1.

Subsection

2.3.

.10

Subsection

2.3.

.10

Subsection

2.3.

.10

[Subsection

2.3.

1.

10

Subsection

2.3.

1.

10

Subsection

2.3.

1.

10

[Subsection

2.3.

1.

10

[Subsection

2.3.

1.

10

Subsection

2.3.

1.

10

Subsection

2.3.

1.

10

[Subsection

2.3.

1.

10

Subsection

2.3.

1.

10

Subsection

2.3.

.10

[Subsection

2.3.

1.

11

[Subsection

2.3.

1.

11

Subsection

2.3.

1.

11

Subsection

2.3.

1.

11

[Subsection

2.3.

1.

12

[Subsection

2.3.

1.

12

Subsection

2.3.

1.

12

Subsection

2.3.

1.

13

[Subsection

2.3.

1.

13

Subsection

2.3.

1.

13

Subsection

2.3.

.13

[Subsection

2.3.

.13

=(X‘X)

(¢V ‘D)

S99
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(a,0,c,0,¢€) c=1,p—1 011 100 2 <y1 <y 0 Subsection 2.3.1.
(0,b,¢,d,0) b+c=p—1,b#1,d=1 010 121 9 <y 4 <y 4 Subsection 2.3.1.
(a, b, c,d,0) b+ec=p—1,b#1,d=1 a+b#p—1 010 110 4 <y 2 <y1 Subsection 2.3.1.
a+b=p—-1 010 111 6 <y 4 <y 1 Subsection 2.3.1.

b=1l,c+td=p—1,d#1 a#p—2 010 110 4 <y 2 <y 1 Subsection 2.3.1.

a=p—2 010 120 5 <y 2 <y 2 Subsection 2.3.1.

(a,b,c,0,¢€) b+ec=p—1 a#canda=1lore=1 100 110 4 <y 2 <y1 Subsection 2.3.1.
a=ce#p—3,a=1 100 111 7 <y 4 <y 2 Subsection 2.3.1.

a=c,a#p—3,e=1 100 111 7 <y 4 <y 2 Subsection 2.3.1.

a=c,a=p—3,e=1 100 211 8 <y 4 3 Subsection 2.3.1.

a=c=1l,e=p—3 100 210 5 <y 2 <y 2 Subsection 2.3.1.

b+c#p—1 011 100 2 <y1 0 Subsection 2.3.1.

(a,b,c,d,e) 010 100 2 <y1 0 Subsection 2.3.1.
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2.4 (X, Y) - (B3, D4)

Recall the notations of [Notation 2.1.3|and (1.6)) and (1.7)). In this section, we consider the pair
of groups (X,Y) = (B3, D,) with the embedding of X into Y fixed in the beginning of this

chapter. It constitutes the last step in the inductive argument we have to carry out before
considering the embedding (Fy, Eg). Let {a;}?_; be a set of simple roots in ®(Y) and {\;}?_; be
the corresponding set of fundamental weights in X (Ty). Similarly, let {3;}?_; be a set of simple
roots in ®(X) and {u;}?_; be the corresponding set of fundamental weights in X (T'x). Note that
for A = (a,b,c,d) € X(Ty)™", we have X, = (a,b,c+ d).

2.4.1 Deducing information. — The goal of this section is to deduce the information listed in
Table 2.32| about the action of X on specific irreducible representations of Y. Let A € X (Ty ). We
write “yes” in the last column of to indicate that X acts on Ly (A) with more than two
composition factors. In case we do not determine whether or not X acts on Ly (A) with more than
two composition factors, we write n.d. for not determined. In what follows, whenever X is written
as a linear combination of parameters (i.e. a,b, ¢, d), we assume these parameters to be nonzero.

A Conditions 274 factor 3rd
(a,b,e,d) abed #0 for Ly (A)|x
(a,0,0,0) a#1,p—2 A7y — 111 yes

a=1,p—2 A7y =111 n.d.
(a,0,0,0) b=1,p—1 Al — 011 yes
(a,0,¢,0) a#1l,p—1l,c=p—1 A7y — 111 yes
a=1l,c=p-1 A7y — 111 n.d.

a+c+2#Z0 modp, 2a4+c+4=0 modp A, —111 yes
a+c+2#0 modp, 2a+c+4#0 modp A, —111 n.d.
(a,b,¢,0) b4+c=p—1,2a+b+3=0 modp, atc A, —111 yes
b+c=p—1,2a+b+3%0 modp, a#c A, —111 n.d.
(a,0,¢,d) a=1l,c=p—-3,d=1 Ay —001  n.d.
a#l,c=p—-3,d=1 Al — 001 yes

Table 2.32: Action of X on Ly ()\)

2.4.1.1 A= (1)\1. — We have (mL(,\”X,mL(M))(,uflOO) = (1, 1), (mL(A)‘X,mL(M),mL(,,))(,ufHO)
= (1,1,0) and (mpn)| x> ML) (e —111) = (2, <y 1,). Hence v = p — 111 = (a — 1,0, 0) affords
the highest weight of a second composition factor for X acting on Vi ()).

Let a # 1,p — 2. The JSF applied to A yields ch L(\)222 = A. Comparing the multiplicities in
implies that X acts on Ly (\) with more than two composition factors.
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2.4.1.2 aA; + bAs. — By a second composition factor for X acting on Ly () is given
byvr=p—-011=(a+1,b—1,0). fb=1anda#p—2orb=p—1and 1 <a <p-—1, then the
JSF applied to A yields ch L(A)111 = A. If a = p — 2 and b = 1, then the JSF applied to A and p
yields ch L(A)122 = A — (A —1100) and ch L(u)122 = g — (@ — 110). In both cases, comparing the
multiplicities appearing in implies that X acts on Ly (\) with more than two composition
factors.

2.4.1.3 aA1+cAz. — Assume a+c+2 % 0 mod p, since otherwise X acts irreducibly on Ly (X)
by The JSF applied to A yields ch L(\);11 = A\. We get the following multiplicities
(ML x ML) (0 — 100) = (1,1), (mroyx ML) (p— 110) = (1,1) and (mpo)), mrgw) (1 —
111) = (4, <y 3). Hence a second composition factor for X acting on Ly ()\) is given by the
weight v = p — 111 = (a — 1,0,¢). If 2a +c+4 = 0 mod p, then we have mp,)(p — 111) = 2
by and v also affords the highest weight of a third composition factor. If c =p —1
and a > 2, then the JSF to A yields ch L(A)222 = A and comparing the multiplicities appearing in
implies that X acts on Ly (\) with more than two composition factors.

2.4.1.4 aA; 4+ bAy + cA3g. — Assume b+c=p—1 and a # c. Applying the JSF to A along with
Wyields ch L(A)111 = A= (A= 0110). We get (mpxy ML) —111) = (5, <y 4) and
v=pu—111= (a—1,b,p—b—1) affords the highest weight of second composition factor for X acting
on Ly (A). If 2a4+b+3 =0 mod p, then the JSF applied to p implies that ch L(p)111 = p— (u—111)
and v affords the highest weight of a third composition factor for X acting on L(\).

2.4.1.5 aA; + cA3g + dA\y. — Assume ¢ = p— 3 and d = 1. By [Table 2.3] we have that
v =p—001 = (a,1,p—4) affords the highest weight of a second composition factor for X acting on

Ly (N\). If a # 1,p — 3, then by [Proposition 1.2.2]and the JSF applied to A, we get ch L(\)111 = A.
The multiplicities listed in [Table 2.33|imply that X acts on Ly (A) with more than two composition
factors. If a = p — 3, then the JSF applied to A yields

ChL(/\)HQ =)\— ()\ — 1101) — ()\ — 0111)

and the JSF applied to v yields ch L(r)111 = v — (v —011). Comparing the dimensions in [Table 2.33
implies that X acts on Ly (\) with more than two composition factors.



A Conditions Multiplicities
ab °
d v 6 X6 wn®) v Details

abed # 0
(a,0,0,0) atl,p—2 111 222 5 <y3 <y 1 [Subsection 2.4.1.1
a=1,p—2 111 Subsection 2.4.1.1
(a,0,0,0) b=1 a#p—2 011 111 4 <y 2 <y 1 [Subsection 2.4.1.2
a=p—2 011 122 3 <y 1 |Subsection 2.4.1.2
b=p-—1 011 111 4 <y 2 <y 1 |Subsection 2.4.1.2
(a,0,¢,0) a#1l,p—1l,c=p—1 111 222 13 <y 9 <y 3 |[Subsection 2.4.1.3
a=1l,c=p-1 111 Subsection 2.4.1.3
2a+c¢c+4=0 mod p,a#p—2 111 111 4 2 <y 1 |Subsection 2.4.1.3
a+c+2#0 modp,2a+c+4#0 modp 111 Subsection 2.4.1.3
(a,b,¢,0) b+c=p—1l,a#c 20+b+3=0 modp 111 111 5 3 <y 1 [Subsection 2.4.1.4
otherwise 111 Subsection 2.4.1.4
(a,0,¢,d) c=p—-3,d=1 a=1 001 Subsection 2.4.1.5
a=p—3 001 112 <yv5 3 Subsection 2.4.1.5
a#1,p—3 001 111 <y 3 <y 2 [Subsection 2.4.1.5

Table 2.33: Multiplicities in order to deduce |Table 2.32

=(X‘X)

(ra ‘tq)
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2.5 (X, Y) - (F4, Eg)

In this section, we solve for the case (X,Y) = (Fy, Fs). We assume p > 13.

Proposition 2.5.1. Let k be an algebraically closed field of characteristic p > 13. Let Y be
a simply connected simple algebraic group of type Eg over k and let X be the maximal closed
connected subgroup of type Fy of Y given by the fixed points of a graph automorphism of Y. Let
A € X(Ty)™ be a p-restricted weight and set u = N1y . Then X acts on Ly (\) with exactly two
composition factors if and only if X is listed in[Table 2.34 up to graph automorphism. Moreover,

Ly (N)|x 2 Lx(n) ® Lx (v) with v given as in|Table 2.5/,

A Conditions

(a,b,c,d,e, f) abedef #0 Y
(a,0,0,0,0,0) a=1,p—2 [ — 1232
(0,6,0,0,0,0) b=1,p—2 4 — 1110
(0,0,¢,0,0,0) c=p-—1 w— 1231
(0,0,0,d,0,0) d=p-—1 w—0110
(a,6,0,0,0,0) a=p—4b=1 4 — 1110
(a,0,0,0,6,0) a=p—4,e=1 w— 0011
(a,b,¢,0,0,0) a=2b=1,c=p—3 pu—1111
(

)
a,0,¢,0,e,0) a=2,c=p—3,e=1 pu—0010

Table 2.34: Two-composition factors weights

Note that the statement about the decomposition into a direct sum follows directly from
[Lemmas 1.4.2| and [1.4.3] The rest of the proof is given in [Subsection 2.5.1]

2.5.1 Proof of |Pr0p0sition 2.5.1|. — Recall the notations introduced in and
and related to the truncated characters of simple or Weyl modules. Let {a;};_; be a set
of simple roots in ®(Y) and {\;}{_; be the corresponding set of fundamental weights in X (7).
Similarly, let {3;}?_; be a set of simple roots in ®(X) and {u;}?_, be the corresponding set of
fundamental weights in X (Tx). Let A = (a,b,c,d,e, f) € X(Ty)" be a p-restricted weight. Set
= A1y, then p = (b,d,c+e,a+ f). As for the proofs of the previous cases, we record information
about the multiplicities and the composition factors in Recall the notations <y and
<Bpg which we introduced at the beginning of and We define an additional notation.

It sometimes happens that we know the precise decomposition of the partial irreducible character

for a set of weights, but we only need a bound on a multiplicity in our argument. Whenever this is
the case, we bound the multiplicity by the irreducible character which gives the greatest multiplicity

and indicate it in [Table 2.104| by a subscript BC' (i.e . For example, in[Table 2.51| on [Page 85|
we obtain the truncated irreducible character in the case a = pT_5, but in |Table 2.104f we include
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this case in the case a < p —4,a # 1,3,7, where we bound the multiplicity by the truncated
irreducible character obtained for a < p —4,a # 1, 3,7, %.

The argument to prove that X acts on Ly (\) with more than two composition factors sometimes
relies on computing the multiplicities for more than just one weight. In these cases, we indicate the
different weights considered along with their multiplicities in For example in the case
A=aM +crz,at+c=p—1landa="71.

We start the proof by combining the results we have obtained in and [2.4] and [The]
lorem 2.1.1| using [Proposition 1.5.3] Let A € X (Ty )" be p-restricted. Recall the notations of the
pairs (X¢,,Ya,) and (Xp,,Yp,) from the beginning of [Chapter 2| Assume X¢, does not act
irreducibly on Ly, ()\|TYA5) and denote by py € X(Tx)' \ {u} the highest weight of a second
composition factor for X acting of Ly () given by [Proposition 1.5.3 Similarly, assume Xp, does
not act irreducibly on Ly, ()\|TYD4) and denote by s € X(Tx)T \ {u} the highest weight of a
second composition factor for X acting of Ly (\) given by [Proposition 1.5.3| If p; # ug, then X
acts on Ly (A) with more than two composition factors.

With the previous considerations in mind, by carefully combining and we
get that if X acts on Ly (\) with at most two composition factors, then A appears up to graph
automorphism in In what follows, whenever X is written as a linear combination of
parameters (i.e. a,b,c,d, e, f), we assume these parameters to be nonzero.

Remark 2.5.2. We will apply [Lemma 1.3.17 and |[Remark 1.3.18| without any explicit reference.

2.5.1.1 A = aX;. — Assume a # p — 3, since otherwise X acts irreducibly on Ly (\) by
The JSF applied to A yields ch L(\)1232 = A. Applying the JSF to u along with
[Proposition 1.2.2) we get ch L(f)1232 = u. Computing multiplicities in Ly (A\) and Lx (u), we get
that the highest weight of a second composition factor for X acting on Ly (\) is given by p — 1232.
Set v =p — 1232 =(0,0,0,a — 1).

If a =1,2,3, then

(27,26,1) ifa=1
dim(L(\), L(p), L(v)) = { (351,324 — 6,13,26) ifa =2
(3003, 2652, 324) if o =3

and X acts on Ly (\) with exactly two composition factors if and only if @ = 1. Assume now
a#1,2,3.

If a # p — 2, then the JSF applied to X yields ch L(\)a464 = A and the multiplicities listed in
imply that X acts on Ly (\) with more than two composition factors.

If a = p — 2, we prove that X acts on Ly (A\) with exactly two composition factors by applying
[Corollary 1.4.7] By [Propositions 1.5.9| and [2.3.1], it is sufficient to prove that none of the weights
listed below affords the highest weight of a third composition factor for X acting on Ly ()).

1 —1232 = (0,0,0,p — 3
1—1233=(0,0,1,p—5
1 —1354 = (1,0,0,p— 5
(

)
)
)
f — 2464 = (0,0,0,p — 4)
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A:(a7b7c’d)e’f)

Conditions with abedef # 0

274 factor for Ly (\)|x

(a,0,0,0,0,0)
(0,0,0,0,0,0)
(0,0,¢,0,0,0)

(0,0,0,d,0,0)
(a,,0,0,0,0)
(a7 07 C? 07 07 O)

(a, 0,0,d,0, 0)
(a,0,0,0,¢,0)

(C”7 07 07 0’ 07 f)
(07 b’ C? 07 O’ ())

(07 07 C? d7 07 0)
(a" b? C’ 07 07 O)

(a7 b7 07 0’ e’ O)

(a,0,¢,d,0,0)
(a,0,¢,0,¢e,0)
(a,0,¢,0,0, f)
(a,0,0,d,¢,0)
(0,b,¢,d,0,0)

(a,b,¢,d,0,0)
(a,b,¢,0,e,0)
(a,b,0,d,e,0)
(a,b,c,0,0, f)

1<a<p-1
b=1,p—2
c=1
c=p—1
d=1,p—1

be{l,p—2}ac{l,...
a#p—2,p—6,c=1
at+c=p, a#dp—1
at+c=p—1
a=p—3,d=1
a=1l,e=p—1

7p_1}

a=p—4,e=1
a#p—1,f=1
b=1,c=p—-1
b=p—1l,c=p—1
b=p—-3,c=1
c+d=p—1
a+c=p—1,b=a—-1

at+c=p—1,b#a—-1,2b+c+4#0 modp

a#p_27p_6>b:p_310:1

a#4p—1,a+c=p b+c+2=0 modp

a=1b=p—1l,e=p—1
a=p—4,b=p—-3,e=1
a=1l,c+d=p—1,c#2
a=2,c=p—3,e=1
a+c=p—1,f=1
a=1l,d+e=p—1le#1,p—2
b=candc+d=p—-1
c+d=p—1,0#¢2b+d+3#0 mod p
a=1l,c+d=p—1,c#2,b=c
a=2b=1c=p—-3,e=1
a=1,b=e,d+e=p—1lande#1,p—2
at+tc=p—1,b=a—-1,f=1

undetermined
w— 1110
w— 0121
undetermined
w— 0110
w— 1110
©n—0121
w— 0121
undetermined
w— 0110
©— 0011
©— 0011
1 — 0001
w— 1110
undetermined
w— 0121
undetermined
undetermined
w— 1110
w— 0121
w—0121
©— 0011
w— 0011
w—0111
w— 0010
1 — 0001
©— 0011
undetermined
w— 1110
p— 0111
©— 0010
u— 0011
1 — 0001

Table 2.35: The weights to consider.
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By it is enough to consider p — 2464. The JSF applied to \,u and v yields
ChL(A)2464 =)\— (/\ — 424420), ch L(,u)2464 =K and

ChL(l/)1232 =V, (23)
respectively. Hence, we have

(mL()\)‘X y mL(M), mL(V))(p — 2464) = (37, 32, 5),

which implies that X acts on Ly (\) with exactly two composition factors.

2.5.1.2 A = bAp. — By|[Table 2.35, we have b=1,p—2 and v = p— 1110 = (b—1,0,0, 1) affords
the highest weight of a second composition factor for X acting on Ly (\).

If b = 1, then dim(L(\), L(u), L(v)) = (78,52,26) and X acts on Ly (\) with exactly two
composition factors.

If b = p — 2, we prove that X acts on Ly (\) with exactly two composition factors by applying
[Corollary 1.4.71 By [Propositions 1.5.9| and [2.3.1] it is sufficient to prove that none of the weights
listed below affords the highest weight of a composition factor for X acting on Ly (\).

p—2110 = (p— 5,1,0,1)
[ — 2220 = (p— 4,0,0,2)
w—2221 = (p—4,0,1,0)
[ — 2342 = (p — 3,0,0,0)

By [Lemma 1.4.9] it is enough to consider p — 2342. Applying the JSF to A, and v yields
ch L(N)a342 = A — (A —021210), ch L(p)2342 = i and ch L(v)1232 = v — (v — 1111), respectively. We
have

(MLxs ML) ML) (B — 2342) = (12,8,4),

which proves that X acts on Ly (\) with exactly two composition factors.

2.5.1.3 A = c\3. — By we havec=1orc=p—1. Let ¢ = 1. By a
second composition factor for X acting on Ly (\) is given by v = u — 0121 = (1,0,¢ — 1,0). Note
that Vy () is irreducible by [Litb07] and the multiplicities in imply that X acts on
Ly (A) with more than two composition factors.

Let ¢ = p— 1. We first find the highest weight of a second composition factor for X acting
on Ly (A). Computing the multiplicity of p — 1231 in Ly (\)|x and Lx(u) using
and we get that p — 1231 affords the highest weight of a second composition factor. Set
v=u—1231 = (0,0,p — 2,1). We prove that X acts on Ly () with exactly two composition
factors by applying [Corollary 1.4.7} By [Propositions 1.5.9) and [2.3.1] it is sufficient to prove that
none of the weights listed below affords the highest weight of an additional composition factor for
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X acting on Ly (\).

p—1231=(0,0,p—2,1
p—1241 = (0,1,p — 4,2
1—1351 = (1,0,p — 4,3
p—1242 = (0,1,p — 3,0
p—1352=(1,0,p—3,1
[ — 2462 = (0,0,p — 3,2
1L — 2463 = (0,0,p — 2,0

)
)
)
)
) (2.4)
)
)
p— 2473 = (0,1,p — 4,1)

By [Lemma 1.4.9] it is enough to consider u — 2473. The computation of ch L(A)a47s, ch L(1)2473
and ch L(v)1242 are summarized in [Tables 2.36| to [2.38] Note that we need to determine the value

of [u:Cl, [A: G] and [v : J].

[ : C] Let [pu: C] =2~ ¢ with ¢ € {0,1}. We have (mp,(x)|, ML) (1 —0363) = (10,94 ¢). By

[Remark 1.5.4] and [Theorem 2.1.1] we have ¢ = 1.

A:G] Let [A : G] = 2 — ¢ with ¢ € {0,1}. We have (mp\)|x, ML), ML) (1 — 2471) =

(38 4+¢,35,4), hence ¢ = 1.

[v:J] Let [v:J]=2—¢ with ¢ € {0,1}. We have

(mL(A)‘me(#),mL(V))(u — 1473) = (57,51,5 + C) (2.5)

We compute the multiplicities of all the weights greater than p — 1473 in Ly (A)|x, Lx (1)
and Lx(v), and then deduce that none of the weights greater than p — 1473 affords the
highest weight of a third composition factor for X acting on Ly (X). Let us consider the
weight J = p — 1473. Recall that our goal is to determine the weights greater than or equal
to pu — 2473 which afford the highest weight of a composition factor for X acting on Ly ()).

Note that from we get
ChL(V)1242 =v—G—-H— I+ CJ
We have to study the following two cases depending on the value of (.

¢ =1 We are in the case [v: J] = 1. By , the weight J does not afford the highest
weight of a third composition factor for X acting on Ly (A). Then, we use the following
partial character of Lx () in order to compute the multiplicities in Lx (v) of the weights
greater than or equal to pu — 2473.

ChL(V)1242:V—G—H—I+J (26)
¢ = 0 We are in the case [v: J] = 2. Note that

ChL(l/)1242 =v—-G-H-1
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By , the weight J affords the highest weight of a third composition factor for X
acting on Ly (). Therefore, in order to determine which weights between J and p— 2473
afford the highest weight of a composition factor for X acting on Ly (A), we need to take
into account the contribution of Ly (1), Lx (v) and Lx(J) when computing multiplicities.
We combine the contribution of Lx(v) and Lx(J) in the same partial character formula
as follows.

ChL(l/)1242 —|—ChL(J)1000 =v—-G-H-1+J (27)

Since the right-hand side of and the right-hand side of are equal, we can assume
without loss of generality, for the purpose of further character and multiplicity computations,
that we are in the case ¢ = 1. In the case ¢ = 0, the weight J affords the highest weight of a
composition factor for X acting on Ly (A). Since our goal is to prove that X acts on Ly ()
with exactly two composition factors, we should also explain why the case { = 0 does not
conflict with our goal. Note that the weight J does not appear in , the list of weights
which can afford the highest weight of a third composition factor generated by a maximal
vector for .Z(Bx). By if X acts on Ly (A) with more than two composition
factors, then there exists a weight in which affords the highest weight of a composition
factor for X acting on Ly (A). Thus, even if ( = 0 and J affords the highest weight of a
composition factor, another weight apart from u,r and J also affords the highest weight of a
composition factor if X acts on Ly (A\) with more than two composition factors, so we can
assume ¢ = 1 for this purpose too.

Using the partial character formulas we have computed, we get
(mL()\)|X y mL(M), mL(l,))(u — 2473) = (95, 83, 12),

which proves that X acts on Ly () with exactly two composition factors and implies that [v : J] = 1.

2.5.1.4 A = d\y. — By |Table 2.35, we haved =1orp—1and v = p— 0110 = (1,d — 1,0,1)

affords the highest weight of a second composition factor for X acting on Ly ().

If d = 1, then V4 (A) is irreducible by [Liib07] and comparing the multiplicities appearing in
implies that X acts on Ly (\) with more than two composition factors.

If d =p— 1, we prove that X acts on Ly (\) with exactly two composition factors by applying
[Corollary 1.4.71 By [Propositions 1.5.3]and [2.3.1] it is sufficient to prove that none of the weights
listed below affords the highest weight of a composition factor for X acting on Ly ()).

4—1210 = (0,p — 3,2, 1)
- 1220 = (0,p — 2,0,2)
41330 = (1,p — 3,0,3)
1 —1221 = (0,p — 2,1,0) (2.8)
p—1331=(1,p—3,1,1)
w—1342 = (1,p —2,0,0)
w—1452 = (2,p — 3,0,1)
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A=(0,0,p—1,0,0,0)p4

ChL()\)2473:A*A%*B%*C*D*E*F%*QG%*H

See argument

JSF in Weyl characters:

JSF(A)oazs =A—-B-C+D+E+F—-G-H
JSF(A)ouzs =B+ C —-—E+ G

JSF(B)2a7s =D -G — H

JSF(C)aurs =D+ E— G

JSF(D)oars = G+ H

JSF(E)2473 = H

JSF(F)2473 = G

JSF in irreducible characters:
JSF(N)oar3 = A+ D+ F +2G +4 H
JSF(A)2a73 = B+ C+2D + G +§ H

JSF(B)aars = D
JSF(C)aars = D + E + 2H
JSF(D)2ars = G + H
JSF(E)gars = H

JSF(F)agrs = G

A= X—102100 = (0,1,p — 3,0, 1,0) 0121
B = X— 113200 = (1,0,p — 4,0,2,0) 1231

C =X—103210 = (1,2,p — 4,0,0,1) 0241

E = X—104321 = (2,3,p — 5,0, 0,0) 0362
F = X — 024420 = (4,0,p — 5, 0,0, 2) 2460

G =\—125420 = (3,0,p — 6, 1,0,2) 2471

D =X-114310 = (2,1,p — 5,0,1,1) 1351 H =X—115421 = (3,2,p — 6,0, 1,0) 1472

Table 2.36: JSF of A up to pu — 2473

u=1(0,0,p—1,0)F,

ChL(/,L)2473:,u,—A+B—D+E—F

See argument

JSF in Weyl characters: JSF in irreducible characters:

JSF(u)2ars =A—B+C+D—-E+F JSF(n)aurs =A+2C+ D+ F
JSF(A)2a7s =B+ C+ E JSF(A)2473 = B+ C + E 4+ 2F
(
(

JSF B)2473 =F JSF(B)2473 =F

JSF E)2473 =F JSF(E)2473 =F

A=p—0131=(1,1,p—4,1) D =y — 2460 = (0,0,p — 5,6),

B=pu—1251 = (0,2,p — 6,3) E =p—0241 = (2,0,p — 4,2),

C = p— 0363 =(3,0,p—4,0) F=pu—1361=(1,1,p—6,4)

Table 2.37: JSF of u up to u — 2473

By |Lemma 1.4.9] it is enough to consider p — 1452. The computations to determine ch L(\)1452,
ch L(p)1452 and ch L(v)1342 are summarized in [Tables 2.39|to [2.41] respectively. We still need to
solve several problematic cases, treated successively below.

[A: F] Let [\ : F] = 2—( with ¢ € {0,1}. We have (mp(x)|y, ML), MLw))(—1320) = (3+¢,3,1),
hence ( = 1.
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v=(0,0,p—2,1)F,

ChL(l/)1242:U7G7H71+J

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(v)1242 =G+ H+1 JSF(V)1242 =G+ H+I1+2J
JSF(G)1242 = J JSF(G)1242 = J
JSF(I)1242 = J JSF(I)1242 = J

G=v-0011=(0,1,p—3,0) I=v—0132=(1,1,p—4,0),

H=v-1230=(0,0,p—4,4) J=v—0242 = (2,0,p—4,1)

Table 2.38: JSF of v up to v — 1242

[v : H] By |[Proposition 1.5.2) we have [v: H] = [(1,p —2,0) : (1,p — 3,0)]g,. By [Table 2.42| we
have [(1,p —2,0): (1,p —3,0)]p, = [(3,p —4,0) : (2,p — 5,2)]p,- Moreover in Bs, we have

(3,p—4,0) — (2,p —5,2) = 110 and [Lemma 2.1.4] implies that [v : H] = 1.

[v: I] Let [v: I] =2~ with ¢ € {0,1}. We have (mp ), ML) MLw))(k—1321) = (6,3,24().
Noticing that I = p — 1321 = v — 1211 does not appear in , the list of weights which
afford the highest weight of a composition factor generated by a maximal vector for Z(Bx),
we apply the same reasoning as for the problematic case [v : J] in [Subsection 2.5.1.3 We
check, by computing multiplicities, that there is no weight greater than I, apart from the
weights p and v, which affords the highest weight of a composition factor. Then, either { =1
and I does not afford the highest weight of a third composition factor for X acting on Ly ()
or ( = 2 and I affords the highest weight of a third composition factor for X acting on
Ly (X). As in[Subsection 2.5.1.3] for the purpose of further character computations, we can
assume without loss of generality that ( = 1, so that I does not afford the highest weight of
composition factor for X acting on Ly (A).

It remains to settle the problematic cases [\ : I], [A: K] and [v : J]. The upcoming argument is
technical and relies on a repetitive application of the reasoning which was conducted in order to
solve the problematic case [v : I]. The idea is as follows and relies on Whenever we
try to solve a problematic case for a weight which does not lie in , the list of weights which
could afford the highest weight of a third composition factor generated by a maximal vector for
Z(Bx), we can add as many composition factors as we need in order to match the multiplicities and
continue the argument until we reach a contradiction. Recall that by [Propositions 1.5.9| and [2.3.1],
there is no weight of the form y — Ozyz with z,y, 2z € Z>¢ apart from p and v which affords the
highest weight of a composition factor for X acting on Ly ()).

[A: I] & [A: K] Note that by symmetry [A: I] = [A: K]. Let [A: I] =2 —( with { € {0,1, 2}.
We compute the multiplicity of the weights greater than p — 1431 in Ly (\)|x, Lx () and
Lx(v), and then deduce that there is no weight greater than p — 1431 apart from g and v
which affords the highest weight of a third composition factor for X acting on Ly (A). We
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have (mr\)|x> ML(u), ML) —1431) = (12 + 2¢, 6,6), hence p — 1431 affords the highest
weight of 2¢ composition factors for X acting on Ly (A\). Note that u — 1431 does not lie
in (2.8)), therefore if X acts on Ly (\) with more than two composition factors, then, by

either p — 1342 or p — 1452 affords the highest weight of a composition factor
for X acting on Ly (\). Let Wigs1 = Lx(u — 1431)%¢ and Wiy3; = 0 if ¢ = 0.

[v:J] Let [v:J] =5—¢& with £ € {0,...,4}. Recall that [v: H| =1 and [v: I] = 1, so using
[TEBIE 201, we get
ChL(l/)1331:l/fF*G*FI*(z*f)J.

We have (mL(,\)|X,mL(H),mL(V))(u — 1441) = (18 + 4(, 9, 7+ §) and MW, 431 (,u - 1441) = 2C
Note that all the dominant weights greater than g — 1441 and not of the form p — Oxyz
with z,y, 2z € Z>¢, are also greater than pu — 1431. Hence, we have already checked in the
previous problematic case that there is no weight greater than p — 1441 which affords the
highest weight of a composition factor for X acting on Ly (A) apart from pu, v and possibly
1 —1431. Let r be the number of composition factors for X acting on Ly () of highest weight
w — 1441. Taking into account the multiplicities that we have computed above, we have
r=184+4¢—9—7—¢—2¢ =242 —£. Reasoning as in the problematic case [v : I], we can
assume without loss of generality that £ = 0 and r = 2 4+ 2(. Set Wigq1 = Lx(u — 1441)".

We now proceed to show that neither p — 1342 nor p — 1452 affords the highest weight of a
composition factor for X acting on Ly (A). The only dominant weights greater than p — 1452 and
not greater than p — 1441 which are not of the form p — Ozyz with x,y,2z € Z>o are p — 1342
and p — 1442. We have (mr,x)|x, ML), ML) (1 — 1342) = (18,11, 7), hence p — 1342 does not
afford the highest weight of a composition factor for X acting on Ly (A). We have (mp\)|, ML),
M) (i — 1442) = (24 4 8¢, 14,8), muw,,,, (1 — 1442) = 4C and my,,, (1 — 1442) = r = 2 4 2C.
Since 24 + 8¢ — 14 — 8 —4¢ — 2 — 2¢ = 2(, we get that u — 1442 affords the highest weight of
2¢ composition factors for X acting on Ly (\). Set Wiqe = Ly (1 — 1442)%¢ and Wygyo = 0 if
¢ = 0. We finally compute the multiplicity of u — 1452 in Ly (A)|x. We have (mp\)|x, ML),
M) (1 — 1452) = (30 4 10¢, 15, 11), mup, ., (1 — 1452) = 4¢, muw,,, (1 — 1452) = 2(2+ 2¢) and
MWy as (b — 1452) = 2¢. Note that 30 + 10¢ — 15 — 11 —4¢ — 4 — 4¢ — 2¢ = 0. Thus, for any value
of ¢ € {0,1,2}, the weight u — 1452 does not afford the highest weight of a composition factor for
X acting on Ly (). Therefore, X acts on Ly (\) with exactly two composition factors. In turn,
this implies ( =0 and £ = 2.

2.5.1.5 A = a)X; + bz, — By we have that b = 1, p — 2 and the highest weight of a
second composition factor for X acting on Ly () is given by v = p— 1110 = (b —1,0,0,a + 1).
If b =1 and a # p — 4, then the JSF applied to A implies that ch L(A);111; = A and the
multiplicities listed in imply that X acts on Ly (\) with more than two composition
factors.
If b=1 and a = p — 4, we show that X acts on Ly (\) with exactly two composition factors by
applying [Corollary 1.4.7] By [Propositions 1.5.3|and [2.3.1] it is sufficient to prove that none of the
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A=(0,0,0,p—1,0,0)p,4

ch L(A)1as52 =A—-A—-B—-C+D+E+2F+G+H—-2I—-J—-2K—-L

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(M1as2=A+B+C—-D—-E—-F—-G-H+I+J+K JSFMNus2=A+B+C+2F+51+5J+K+§ L
JSF(A)ius2 =D+ F —-K—L JSF(A)14520 = D+ F + 21

JSF(B)1as2 =F+G—-I1—-1L JSF(B)1452 = F + G + 2K

JSF(C)ias2 =E+F+H+L JSF(C)1as2 = E+ F + H + 21 + 2J + 2K + 2L
JSF(D)1452 = I JSF(D)1452 = 1

JSF(E)1a52 = I+ J JSF(E)1as2 =1+ J

JSF(F)i452 =1+ K+ L JSF(F)ia52 =1+ K+ L

JSF(G)1452 = K JSF(G)1452 = K

JSF(H)1452 = J + K JSF(H)1452 = J + K

A= X-011200 = (1,0,0,p — 3,2,0) 1210 G = X—010321 = (0,1,3,p — 4,0,0) 1321

B =X - 010210 = (0,0,2,p — 3,0,1) 1210 H =X-001321 = (1,3,1,p — 4,0,0) 0331

C =X -001210 = (1,2,0,p — 3,0,1) 0220 I =X-112410 = (0,2,1,p — 5,2,1) 1431

D = X-112300 = (0,1,0,p — 4, 3,0) 1321 J = X—102421 = (0,4,1,p — 5,1,0) 0442

E =X—102310 = (0,3,0,p — 4,1,1) 0331 K =X—011421 = (1,2,2,p — 5,1,0) 1431
F=X-011310 = (1,1,1,p — 4,1, 1) 1320 L =X— 012420 = (2,2,0,p — 4,0, 2) 1440

Table 2.39: JSF of A\ up to pu — 1452

u=(0,p—1,0,0)p,

ChL(,u.)1452:[L+A—B—C—D+E

JSF in Weyl characters: JSF in irreducible characters:

JSF(u)14s2 = —A+B+C+D—E JSF(u)ias2 = B+5C + D
(

JSF(A)1452 = C JSF(A)1452 = C
JSF(B)1452:A+E JSF(B)1452 =A+4+2C+E
JSF (E)1452 = C JSF(E)1452 = C
A=p—1330=(1,p—3,0,3) D =p—0342 = (3,p — 3,0,0)
B=p—1210= (0,p —3,2,1) E=p—-1321=(1,p—4,3,0)

C=p—1441 = (2,p — 4,1,2)

Table 2.40: JSF of p up to p — 1452

weights listed below affords the highest weight of a composition factor for X acting on Ly ()).
w—1111=(0,0,1,p — 5)
w—1122=(0,1,0,p — 6)
w—1232 = (1,0,0,p — 5)
uw—2342 = (0,0,0,p — 4)
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v=(1,p—20,1)p,

ChL(l/)1342:V7F7G+I

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(v)i342 = F+ G+ H JSF(V)13a2 = F+ G +2H + 21 +5 J
JSF(F)1342 = H+ 1 JSF(F)1342 = H+1+2J
JSF(G)1ga2 =1+ J JSF(G)1342 = 1 +2J

JSF(H)1342 = J JSF(H)1342 = J

JSF (I)1342 = J JSF(I)1342 = J

F=v—1100 = (0,p—3,2,1) I=v—1211=(1,p—4,3,0)
G=v—0111=(2,p—3,1,0) J=v—1331=(2,p—4,1,2)

H=v-1220= (1,p — 3,0,3)

Table 2.41: JSF of v up to v — 1342

Ao =(0,-1,0) & Co
Y =wieAg=(1,p—2,00 7 =werj=(1,p—3,0)

W1 = S0S18283S82S80S1 W = 80S1828382580S2

Xo = (0,0,0) € Co
y=wieXo = (3,p—3,0) n=welo =(2,p—5,2)
Cp=(1,1,1,1,2,3,1,2,2) C, =(1,1,1,1,2,3,1,2,2)

Proposition 1.3.10| = [v' : '] = [y : 1]

S = 81
wseXo = (1,p—5,4)

wseAg —weAg =012

|Proposition 1.3.9| = [wiseXo :n] = [y:7], where wise Ao = (3,p —4,0)

Table 2.42: Computing [(1,p —2,0) : (1,p — 3,0)] 5,

By [Lemma 1.4.9] it is enough to consider the weight y — 2342. The JSF applied to A and y yields
ch L(A)a342 = A — (A — 111100) and ch L(pt)2342 = p — (@ — 1122), respectively. Moreover, by (2.3))
on [Page 73| we have ch L(v)1232 = v. Hence, we get

(ML) x> ML) M) (1 — 2342) = (25,20, 5)

and X acts on Ly (\) with exactly two composition factors.
If b = p — 2, then the JSF applied to A yields ch L(A)1111 = A — 04,p—1(A — 111100) and the
multiplicities in [Table 2.104] imply that X acts on Ly (\) with more than two composition factors.
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2.5.1.6 A = a1 4+ cA3. — By [Table 2.35] we have to consider the three cases which we solve
separately below.

c=1, a# p—2,p— 6. — By[Table 2.3 the weight v =y — 0121 = (1,0,0, a) affords the
highest weight of a second composition factor for X acting on Ly (A). If a # p — 8, the JSF applied
to A yields ch L(A)1231 = A. If a = p—8, the JSF applied to A yields ch L(A)1353 = A — (A —112210).
In both cases, the multiplicities in imply that X acts on Ly (A) with more than two
composition factors.

a+c=p, a#4,p—1.— As in the previous case, by [Table 2.35] the weight v = p — 0121 =
(1,0,p — a — 1,a) affords the highest weight of a second composition factor for X acting on Ly (\).
If a # 2,6, then the JSF applied to A yields ch L(\)1231 = A. If @ = 2, then the JSF applied to
A and p yields
ch L(N)1242 = A — (A — 202000) — (A — 012210)

and ch L(p)1242 = p — (p — 0022) — (u — 1230). The computations to determine the truncated
character v appear in In both cases, the multiplicities in imply that X acts
on Ly (\) with more than two composition factors.

Let a = 6. The JSF applied to u yields ch L(u)1363 = — (#—0022). Moreover, the computations
to determine ch L(\)1363 and ch L(v)1242 appear in[Tables 2.44] and [2.45] We determine [\ : D] and
show that we do not need to determine [v : B] in order to prove that X acts on Ly () with more
than two composition factors. Let [A: D] =2 —( and [v: B] =2 — £ with (,£ € {0,1}. We have

(mL()\”X,mL(M),mL(,,))(,u - 1363) = (114 + 16¢, 100, 22 + 75)

which implies that ¢ = 1. Moreover, for any value of &, we get that X acts on Ly (A) with more
than two composition factors.

v=(1,0,p—3,2)r,

ch L(V)1121 =v—D—F

To determine [v : F], see|Table 2.8 on [Page 47

JSF in Weyl characters: JSF in irreducible characters:
JSF(v)1121 =D+ E+ F JSF(v)1121 = D+ E + 2F
JSF(D)llzl =F JSF(D)llzl =F

D=v—0011=(1,1,p—4,1) F=v—0121=(2,0,p—4,2)

E=v—1120 = (0,1,p — 5,4)

Table 2.43: JSF of v up to v — 1121

a+c=p—1.— Let a # 1, since otherwise X acts irreducibly on Ly (A) by [Theorem 2.1.1

We first determine the highest weight of a second composition factor for X acting on Ly (A). The
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A=(6,0,p—6,0,0,0)p4

ChL()\)1363:)\7A+ch+D7E

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1363 = A—B+C JSF(M)1363 = A+ C+2D +3 E
JSF(A)136s = B+ D JSF(A)1363 = B+ D + 2FE
JSF(B)13eé3 = E JSF(B)13¢3 = E

JSF(C)1363 =D — E JSF(C)i1ze3 = D

JSF(D)1363 = E JSF(D)1363 = E

A =X —202000 = (4,0,p — 8,2,0,0) 0022 D = X\ — 213210 = (5,0,p — 8,1,0,1) 1242
B =X\—2303100 = (3,1,p—8,1,1,0) 0133 E = X— 314310 = (4,1,p — 8,0,1,1) 1353
C = X—112210 = (6,0,p — 7,0,0,1) 1231

Table 2.44: JSF of A up to u — 1363

v=(1,0,p—7,6)r,

Possibilities
ch L(v)i242 = v — A
ch L(V)1242 =v—-—A-B

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF (v)1242 = A+ B JSF(v)1242 = A+ 2B
JSF(A)1242 =B JSF(A)1242 =B

A=v—-0011=(1,1,p—8,5) B=uv—1121=(0,1,p—8,6)

Table 2.45: JSF of v up to v — 1242

computation of ch L(\)1231 and ch L(p1)1231 is summarized in [Tables 2.46] and [2.47] respectively.
We solve the problematic cases as follows.

[ : B] Let a =2 and [p: B] = 2 — ¢ with { € {0,1}. Note that (mz ), mr)(p —0121) =
(3,2 + (). By |Remark 1.5.4|and [Theorem 2.1.1] we get ¢ = 1.

[A:B] Let a =4 and [\ : B] = 2 — ¢ with ¢ € {0,1}. We have (mp ), ML) (n — 1231) =
(8 + ¢, 8). The truncated JSF of A up to p — 1232 is computed in [Table 2.50f We get

ch L(A)1232 = A — (A = 101000) — (A — 202100) — (1 — ¢)(A — 112210).

Moreover, ch L(u)1232 is computed in [Table 2.51] Using these characters to calculate the
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multiplicity of ©—1232 in Ly (\)|x and Lx (i), we get (mx)|x> M) (k—1232) = (10-2¢,9),
which implies that ¢ = 1.

Computing multiplicities, we get that v = u — 1231 = (0,0,p — a — 2,a + 1) affords the highest
weight of a second composition factor for X acting on Ly (\) and that (mp ), mr()(p—1231) =
(9 —304,p—2,8 — 30a,p—2 — q.3)-

Note that 4= (0,0,p —a—1,a) and v = (0,0,p —a — 2,a + 1). Hence if we know the truncated
character of 1 up to some weight 6 € X (Tx)" for a € {2,...,p — 2}, then we know the truncated
character of v up to 0 for a € {1,...,p — 3}.

If a = 3, then v also affords the highest weight of a third composition factor. Assume a = p — 2,
the computations to determine ch L(\)2463 and ch L (j1)2463 are summarized in [Tables 2.48| and [2.49]
Assume a # 3,p — 2, the computations to determine ch L(\)a462 and ch L(pt)2462 are summarized in

[Tables 2.50] and [2.51} In both cases, the multiplicities in [Table 2.104] imply that X acts on Ly ()\)

with more than two composition factors.

A=(a,0,p—a—1,0,0,0)p4

ch L(>\)1231 =A—A

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1231 :A+5a14B JSF(}\)1231 :A+25a14B
JSF(A)1231 = 04,4B JSF(A)1231 = 0q,4B

A=X—-101000= (a —1,0,p—a —2,1,0,0) 0011 B =X\ — 112210 = (a,0,p — a — 2,0,0, 1) 1231

Table 2.46: JSF of A\ up to p — 1231

n=(0,0,p—a—1,a)r,

ch L(p)1231 = p— A —8,,3C

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF (p)1231 = A+ 64,28 + 64,3C JSF (p)1231 = A+ 284,2B + 64,3C
JSF(A)1231 = 5,1’23 JSF(A)1231 = 6:1,23

A=p—0011=(0,1,p—a—2,a—1) C=p—1231=(0,0,p—a—2,a+1)

B =pu—0121 = (1,0,p —a — 2,a)

Table 2.47: JSF of p up to p — 1231

2.5.1.7 A = aA1 + d\y. — By|Table 2.35, we have that a =p—3,d=1and v = — 0110 =
(1,d —1,0,a + 1) affords the highest weight of a second composition factor for X acting on Ly (X).



84 II. THE EMBEDDING (Fy, Eg)

A= (p—2,0,1,0,0,0)5,

ChL()\)2463:)\7A+B707D

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)2a¢3 =A—B+C+ D JSF (A)2463 = A

JSF(A)o463 = B—C — D JSF (A)2463 = B

JSF(B)2463 = C + D JSF(B)246¢3 = C + D

A = X—101000 = (p — 3,0,0,1,0,0) 0011 C =X —313200 = (p —5,0,0,0,2,0) 1233

B =X—202100 = (p—4,1,0,0,1,0) 0122 D = X — 303210 = (p — 5,2,0,0,0,1) 0243

Table 2.48: JSF of A up to pu — 2463

u=1(0,0,1,p—2)F,

ch L(pn)2463 = — A+ B

JSF in Weyl characters: JSF in irreducible characters:
JSF(,LL)2463 =A-B JSF(,U,)2463 =A

A=p—-0011=(0,1,0,p—3) B=p—0133=(1,1,0,p—5)

Table 2.49: JSF of p up to pu — 2463

A=(a,0,p—a—1,0,0,0)g4

ch L()\)2462 =A—A+B

See [Table 2.46| on [Page 83|

JSF in Weyl characters: JSF in irreducible characters:
JSF(}\)2462 =A—-B+ (5(1140 JSF(}\)2462 = A+ 2(5(1140
JSF(A)2452 =B+ 60‘,40 JSF(A)2452 =B+ §ay4C

A=X-101000 = (a —1,0,p—a—2,1,0,0) 0011 C = XA — 112210 = (a,0,p — a — 2,0,0,1) 1231

B =X—202100 = (a—2,1,p—a—2,0,1,0) 0122

Table 2.50: JSF of A up to pu — 2462

The JSF applied to A yields ch L(\)1221 = A — (A — 101100) and the multiplicities in [Table 2.104
imply that X acts on Ly () with more than two composition factors.

2.5.1.8 A = a\1 + e\s. — By|[Table 2.35| either a = 1,e=p—1or a =p—4,e = 1. Moreover,
a second composition factor for X acting on Ly (A) is given by v = 4 — 0011 = (0,1,e — 1,a — 1).
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u=1(0,0,p—a—1,a)r,

Possibilities

ch L(p)2a62 =p— A —=0_ pis D
T2

ch L(p)2a62 = p— A —04,7C =6 _ pys D

See

Table 2.47| on |Page 83|for [u : B].

JSF in Weyl characters: JSF in irreducible characters:

JSF (p)2462 = A+ da,2B + 0q,7C + 6, pts D JSF (p)2462 = A+ 204q,2B +264,7C + 0, pts D
12 v 2

JSF(A)2462 = 6a,2B + 84,7C JSF(A)2462 = a,2B + 84,7C
A=p—0011=(0,1,p—a—2,a—1) C=p—1232=(0,0,p—a—1,a—1),
B =p—0121 = (1,0,p —a — 2,a) D =p—2462 = (0,0,p—a—3,a+2)

Table 2.51: JSF of p up to p — 2462

Assume a =1 and e = p — 1. The truncated character ch L(\)1231 is computed in
The JSF applied to v yields ch L(v)1220 = v — (v — 0120). Comparing the multiplicities appearing
in implies that X acts on Ly (\) with more than two composition factors.

Assume a =p—4 and e = 1. Applying we prove that X acts on Ly (\) with
exactly two composition factors. By [Propositions 1.5.9| and [2.3.1] it is enough to prove that none

of the following weights affords the highest weight of a third composition factor for X acting on
Ly (V).

w—1231=(0,0,0,p — 3)
w—1232 =(0,0,1,p —5)
nw—1233 =(0,0,2,p—7)
w—1243 = (0,1,0,p — 6)
w—1353 = (1,0,0,p — 5)
By|Lemma 1.4.9] it is enough to consider the weight ;1 —1353. The truncated characters ch L(A)1353

and ch L(v)342 are computed in [Tables 2.53| and [2.54] respectively. The JSF applied to p yields
ch L(u)1353 = 1 — (u — 1233). Therefore we have

(mL(A)|X,mL(H),mL(V))(u — 1353) = (65,46, 19),

which proves the result.

2.5.1.9 A = a1 + fA¢. — By |Table 2.35, we have that f =1,a #p—1 and v = u — 0001 =
(0,0,1,a — 1) affords the highest weight of a second composition factor for X acting Ly (A\). If
a =1, then Ly (\) = V3-(A\) by the tables in [Liib07]. Assume a # 1. Applying the JSF to A yields

ChL()\)lggz =\— 5a,p75(>\ - 101111) - 5a,p73()\ - 212210)
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A=(1,0,0,0,p—1,0)p,4

ch L()\)1231 =\A\—-—A+B

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1231 = A—B JSF(A)1231 = A
JSF(A)lggl =B JSF(A)1231 =B

A=x-000121 = (1,1,1,0,p — 3,0) 0121 B = A — 010231 = (1,0,2,0,p — 4,1) 1231

Table 2.52: JSF of X up to p — 1231

A=(p—4,0,0,0,1,0)p54

ch L(A)i13s3 =A—A+ B

JSF in Weyl characters: JSF in irreducible characters:
JSF(}\)1353 =A—-B JSF()\)1353 = A

A=X-101110= (p—5,1,0,0,0,1) 0121 B = A — 202221 = (p — 6, 2,0, 0, 0,0) 0243

Table 2.53: JSF of A up to pu — 1353

v=(0,1,0,p — 5)r,

ch L(V)1342 =v—-—A+B

JSF in Weyl characters: JSF in irreducible characters:
JSF(U)1342 =A—-B JSF(I/)1342 =A
JSF(A)1342 = B JSF(A)1342 = B

A=v—-0111=(1,0,1,p—6) B=uv—0232=(2,0,0,p—6)

Table 2.54: JSF of v up to v — 1342

If @ = p — 5, then the JSF applied to v yields ch L(v)1231 = v — (v — 0121). In all cases, comparing
the multiplicities listed in[Table 2.104|implies that X acts on Ly (A) with more than two composition
factors in all cases.

2.5.1.10 A = bAz2+ch3z. — By we have to consider the cases (b, ¢) € {(p—3,1), (1,p—
,(p—1,p—1)}

If b = p—3,¢c =1, then a second composition factor for X acting on Ly (\) is given by
v=p—0121 = (p—2,0,0,0). The JSF applied to A yields ch L(A)1231 = A — (A — 011100) and
comparing the multiplicities in implies that X acts on Ly (A) with more than two
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composition factors.

If b=1,¢c=p— 1, then a second composition factor is given by v =y — 1110 = (0,0,p — 1, 1).
The JSF applied to A yields ch L())1121 = A — (A — 102100) and the multiplicities in
imply that X acts on Ly (\) with more than two composition factors.

Let b=p—1,¢=p— 1. The computation of ch L(\)2242 and ch L(1)2240 are summarized in
[Tables 2.55|and [2.56] respectively. We prove that v = p—1121 = (p—2,1,p—2,0) affords the highest
weight of a second composition factor and that X acts on Ly (A) with more than two composition
factors by studying the different possibilities for the coefficients [A : F, [u: F], [ : A], (A : G) and

(n: E).

AN:F]& [p:F] Let [A\: F]=2—¢ with ¢ € {0,1} and [ : F] =2 — ¢ with £ € {0,1}. We check
by computing multiplicities in Ly (A)|x, Lx (1) and Lx (v) that there is no weight greater than
w— 1121 apart from g which affords the highest weight of a composition factor for X acting

on Ly ()). Moreover, we have (mp )|y, ML) — 1121) = (6 + ¢,6) and (mr)|x> ML)
(nw—1231) = (11 4+ 4¢, 124+ &). Therefore ¢ = 1 and v affords the highest weight of a second
composition factor for X acting on Ly (X). If § = 0, then (mpx) ¢, Mr(w), ML) (@ — 1131)
= (8,6,1) and X acts with more than two composition factors on Ly (A). Assume from now
on that £ = 1.

[ : A] Let [u: Al =2 — ¢ with ¢ € {0,1}. We have (mp\)|x,mrw) (1 —2220) = (7,6 + (). By
[Remark 1.5.4] and [Theorem 2.1.1f we have { = 1.

The computation of ch L(v)1121 appears in[Table 2.57, We get an additional problematic case given
by [v: H].

[v: H] Let [v: H =2 — ¢ with ¢ € {0,1}. We have
(mL(A)‘X,mL(M),mL(V))(p — 2231) = (22, 19,2 + C)

If { =0, then the weight p — 2231 affords the highest weight of a third composition factor.
Therefore assume ¢ = 1.

AN:G) & (u:FE) Let [ N\:G]=2-Cand [p: E] =2—¢, with (,€ € {0,1,2}. We show that we
can exclude the case & = 0. We have (mpxy, ML), MLw)) (1 — 2242) = (38 4+ 2¢, 31 +¢,5),
thus if € = 0, then X acts on Ly (\) with more than two composition factors. Hence we can
assume that [ : E] € {0,1} and by we get (u: E) = 1. Therefore, (mp )y,
Mp(u), Mrw)) (1 —2242) = (3842¢,32,5) and X acts with more than two composition factors
on Ly ()\).

Therefore, X acts on Ly (A) with more than two composition factors.

2.5.1.11 X = c\3 + dA4. — Note that by we have ¢+ d = p — 1. We first find the
highest weight of a second composition factor for X acting on Ly (A). For convenience, we give
here the truncated character formulas for the simple modules Ly (\) and Lx(u) up to the weight
@ — 1221 which will be computed over the next pages.

ch L(A)1201 = A — (A = 001100) — 64,1 (A — 102200) — §4,—2(X — 012200)
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A= (0,p—1,p—1,0,0,0)5,4

Possibilities

ch L(A)a2ao =A—A—B+C+D+E

ch L(A)22a2 =A—A—-B+D+E+F -G
ch L(A)22a2 =A—A—-—B+D+E+F

See argument

JSF in Weyl characters: JSF in irreducible characters:

JSF(A)2242=A+B—-C—-D-E JSF(A)22a2 = A+ B+§ C+2F +2 G
JSF(A)2242 = —C+ D+ F JSF(A)2242 = D + F + 2G
JSF(B)22a2 = C + E+ F JSF(B)a242 = 2C + E + F + 2G
JSF(D)2242 = G JSF(D)2242 = G
JSF(E)2242 = G JSF(E)2242 = G

JSF(F)2242 =C+G JSF(F)2242 =C+G

A =X —102100 = (0,p,p — 3,0,1,0) 0121
B =X—011100 = (1,p — 2,p — 2,0,1,0) 1110

C =X —122200 = (0,p— 3,p — 2,0,2,0) 2221

E =X—022210 = (2,p—3,p—3,1,0,1) 2230
F =X—112100 = (0,p— 2,p — 3,1,1,0) 1121

G=X-123210 = (1,p—3,p— 4,2,0,1) 2241

D=X-103210= (1,p+1,p — 4,0,0,1) 0241

Table 2.55: JSF of A up to p — 2242

ChL(,u)lggl =M — 6d,p—2(,u - 0120) - 5d,p—3(,u — 1221) - (Sd#,_g(,u — 1220)

Using these formulas, we get that v = p — 1221 = (0,d — 1, p — d, 0) affords the highest weight of a
second factor for X acting on Ly () and that

(mL(,\)|X,mL(H))(,u — 1221) = (9 — 5d71,8 — 6(1,1 — (;d’p_g).

Note that p = (0,d,p —d — 1,0) and v = (0,d — 1,p — d,0). By comparing the coefficients of u
and v we get that if we know truncated character of p up to pu — 2442 for d € {1,...,p — 2}, then
we know the truncated character of v up to pu — 2442 for d € {2,...,p — 1}. We solve this case by

considering the following subcases separately.

d = 1. — We summarize the computation of ch L(\)2452 and ch L(1)2452 in|Tables 2.58 and [2.59]
respectively. Moreover, the JSF applied to v yields ch L(r)1231 = v — (v — 0131). The multiplicities
listed in [Table 2.104] imply that X acts on Ly (\) with more than two composition factors.

d#1,p—4,p— 3,p — 2. — The JSF are computed in [Tables 2.60] and [2.61] and we prove that
X acts on Ly () by studying the problematic cases.

[w:F] Let d =p—06and [pu: F] = 2—( with ¢ € {0,1}. We have (mL(A)‘X,mL(M),mL(,,))
(n—1231) = (12,10 + ¢, 1). If { = 0, then X acts on Ly (\) with more than two composition
factors, hence assume ( = 1.
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u=(p—1,0,p—1,0)p,

Possibilities
ChL(/J,)2242 =pu—B—-C+D+E
ChL([,L)2242 =u—B—-C+D+2F

ChL(M)2242:;LfB*C+D+F

ChL([L)2242:[L—B—C+D+E+F

See argument

JSF in Weyl characters:
JSF(u)2242 =A+B+C—-D—E
JSF(B)2242 = D+ F

JSF(C)2242 = A+ E+ F
JSF(D)2242 = E

JSF(F)2242 = E

JSF in irreducible characters:
JSF(1)2242 = 2A+ B+ C +3 E +2F
JSF(B)a2a2 = D+ 2E+ F
JSF(C)a242 = A+2E+ F
JSF(D)agaz = E

JSF(F)a242 = E

A=p—2220=(p—3,0,p—1,2)
B=p—-0131=(p,1,p—4,1)

C=p—1120=(p—2,1,p—3,2)

D=p—0241= (p+1,0,p — 4,2),
E=p—2241=(p—3,2,p—4,2),

F=p—1131=(p—2,2,p—4,1)

Table 2.56: JSF of p up to pu — 2242

v=(p—-21,p—-20)F,

Possibilities

v—G—-—H-1

ch L(l/)llgl
ch L(w)i121=v—G—-1—-J

See argument

JSF in Weyl characters:
JSF(v)1121 =G+ H+ 1T
JSF(G)1121=H — J
JSF(H)1121 = J

JSF in irreducible characters:
JSF(v)1121 = G+2H+ 1+ J
JSF(G)1121 = H
JSF(H)1121 = J

G =v—1100 = (p — 3,0, p,0)

H=v-1110=(p—3,1,p—2,1)

IT=v-0120=(p—1,1,p —4,2),

J=v—-1121=(p—3,2,p— 3,0)

Table 2.57: JSF of v up to v — 1121

[A:I] Let d=p—"7and [\:I] =2—( with { € {0,1}. We have (m,x)| x> ML(u)> ML) (10— 1342)

= (304 (,28,3), hence ¢ = 1.

[A : H] By [Proposition 1.5.2] we can solve this case in the Levi factor L; of P, where I =
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A=(0,0,p—2,1,0,0)p4

ChL()\)g452:)\*A+B+C7D7E

JSF in Weyl characters: JSF in irreducible characters:
JSF(N)aas2 =A—B—-C+D+E JSF(N)aas2 = A+ D
JSF(A)ous2 =B+ C — E JSF(A)2452 = B+ C + 2D
JSF(B)2452 = D JSF(B)2452 = D

JSF(C)oas2 =D+ E JSF(C)assa = D+ E

A=X-001100 = (1,1,p —3,0,1,0)0110 D = X — 013310 = (3,1,p — 5,0, 1, 1) 1340
B =\—012200 = (2,0,p —4,0,2,0) 1220 E = X — 003321 = (3,3,p — 5,0,0,0) 0351
C =X — 002210 = (2,2,p — 4,0,0,1) 0230

Table 2.58: JSF of A\ up to pu — 2452

u=1(0,1,p—2,0)p,

ChL(u)2452:p+A—B—C+D

JSF in Weyl characters: JSF in irreducible characters:

JSF /,L)2452 =—-A+B+C—-D JSF([L)2452 :(1)B+C+5E

(
JSF(A)2as2 = B+ E JSF(A)zuso = B+ E
JSF(C)2a52 = A+ D+ E JSF(C)2a52 = A+2B+ D +2E
JSF(D)2452 = B JSF(D)z2452 = B

A=p—0230 = (2,0,p—4,3) D =p—1240 = (0,2,p — 6,4)
B=pu—1350=(1,1,p — 6,5) E=p—0241 = (2,1,p — 5,2)

C=p—0120=(1,1,p—4,2)

Table 2.59: JSF of u up to u — 2452

{ai}{1<i<ay. Note that L; is of type Ay. Let 0,6y € X(T4,)" be two weights given by
0= 0,p—d—1,d,0) and 6y = (0,p —d — 3,d —2,0). Let [0 : 6] = 2 — (, with ¢ € {0,1}.
Note that for d € {2,...,p — 4}, the weight 0 lies in the upper closure of the fundamental
alcove and

508515450 ¢ 90 =40

By [Proposition 1.3.10} the value of ¢ is independent of d € {2,...,p —4}. Let d = 2. The
argument in [Table 2.62| implies that [A : H] = [A : H] and by [Table 2.60, we know that

[A: H] = 1. For later use, note that this argument also holds if d = p — 4.

Comparing the multiplicities in [Table 2.104| implies that X acts on Ly (A) with more than two
composition factors. Note that for d = 2, we have already computed ch L(v)1291 in the case d = 1.
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A=(0,0,p—d—1,d,0,0)p4

ChL(}\)2442:A*A+B+C+D7E7F7G+H

See argument

In order for the table to fit in the margins, we omitted JSF(—) = in the second column.
JSF in Weyl characters: JSF in irreducible characters:

JSF(A\)2442 =A—~B—~C —D+E+F+G+084p-7] A+ E+LF+5G+2H +28q,p 71 +584,p—57

JSF(A)pasr = B+ C+ D+ H+ 84l +84p_5] B+C+D+2E+2F +2G+H+ 6411 + 284 557
JSF(B)oaaso = FE+ F — H E+ F

JSF(Closaz = E+G — H E+G

JSF(D)24a2 = F+ G+ 6q,p—5J F+4+G+d4,p-5J

JSF(E)aaaz = H H

A=X-001100 = (1,1,p —d —2,d — 1,1,0) 0110 F=X—103310=(1,3,p—d—3,d—2,1,1) 0341

B =X —102200 = (0,2,p —d — 2,d — 2,2,0) 0221 G=X-013310=(3,1,p—d—4,d—1,1,1) 1340

C = X— 012200 = (2,0,p — d — 3,d — 1,2,0) 1220 H =X — 224400 = (0,0,p — d — 3,d — 2, 4,0) 2442

D =A—002210 = (2,2,p—d — 3,d — 1,0, 1) 0230 I=X—-112321=(0,1,p—d—1,d — 1,0,0) 1342
E=X—113300= (1,1,p — d — 3,d — 2,3,0) 1331 J=X-012321 = (2,1,p —d — 2,d — 1,0,0) 1341

Table 2.60: JSF of A\ up to pu — 2442

w=1(0,dp—d—1,0)p,

Possibilities
ch L(p)2442 :N*A+B+C+5d,2D*5d p—5FE
2

ch L(/,L)2442 =pu—A+B+C+ 5dy2D - 6d BE - 6dyp_6F
L

JSF in Weyl characters: JSF in irreducible characters:

JSF(/,L)2442 =A-B-C-— 5d,2D + 5d ME + 6d,p—6F JSF(U’)2442 =A+ 6d L—SE + 2§d717*6F
v2 v2

JSF(A)2442 = B+ C +684,2D + 64,p—6F JSF(A)2442 = B+ C +684,2D + 64,p—6F
A=p—0120 = (1,d,p — d — 3,2) D=y —0340 = (3,d—2,p — d — 3,4),
B=p—1240= (0,d+1,p— d—5,4) E=p—2442 = (0,d—2,p—d +1,0),
C=p—0241=(2,d,p—d—4,2) F=p—1231= (0,d,p—d—2,1)

Table 2.61: JSF of p up to p — 2442

d = p — 4. — The computation of ch L(\)a452 and ch L(u)a452 are summarized in [Tables 2.63
and respectively. We prove that X acts on Ly () with more than two composition factors by
studying the different possibilities for the values of [ : D], [A: K], (A : M), (A : J),(A:I),(A: N).

[ : D] Let [u : D] = 2 — ¢ with ¢ € {0,1}. We have (mp\)|x,Mrn),mrw))(p — 1342) =



92 II. THE EMBEDDING (Fy, Eg)

Xo = (0,p—5,0,0) € Co
y=wieXo = (0,p—3,2,00 n=welo=(0,p—5,0,0)

w1 = S0S154S0 w = id

S = So
wseXo = (1,p—5,0,1)

wseAg —we g = 1111

Proposition 1.3.9] = [wiseXo : 1] = [v: 1], where wiseXo = (1,p —4,1,1)

Table 2.62: Computing [(0,p — 3,2,0) : (0,p — 5,0,0)] 4,

(31,27 + ¢, 3), hence assume ¢ = 1, since otherwise X acts on Ly (\) with more than two
composition factors.

[A: K] Arguing as in [Subsection 2.5.1.11 for solving the case [A : H] implies that [\ : K] = 1.

We obtain the following possibilities for ch L(\)a452
chL(N)ass2 =A—=A+B+C+D—-E—~F—G—H+1+¢) I+ (~1+¢)J + K +(yN+CuM,

with ¢r, ¢, Cn, Car € Z>o. We prove that X acts on Ly (A) with more than two composition factors
for any choice of the (’s.

(A M) We have (mpx)| > ML), ML) (1 — 2441) = (40 + Car, 35,5), hence if (3 > 0, we get a
third composition factor. Hence assume that {3y = 0.

(A= J) We have (mpn)|x,ML(u), ML) (1 — 2442) = (59 + (5,51, 8), hence if (; > 0, we get a
third composition factor. Hence assume that (; = 0.

(A:T) & (A: N) We have (mpx)x> ML), MLw)) (1 — 1451) = (32 + (1 + (N, 29,3), hence if
either (v > 0 or {; > 0, then X acts with more than two factors on Ly (\). We assume that
(r=Cv=0.

Therefore, the last possibility for ch L(A)2452 is
chL(Nasz=A—A+B+C+D-E—-F—-G-H+I1—-J+K. (2.9)

Using (2.9), we get (mrn)|x,ML(u), ML) (1 — 2452) = (80,70,11) which is impossible. Hence
(2.9) does not yield the correct truncated character, which proves that X acts on Ly (\) with more
than two composition factors.

d = p — 3. — The JSF applied to p yields

ch L(p)1221 = p — (p — 0120) — (p — 1221)

The result of the JSF applied to A appears in [Table 2.65| and we need to determine [\ : D]. Let
[A: D] =2— ¢ with ¢ € {0,1}. We have (mpx)|, M) —1220) = (44, 5), hence ¢ = 1. The
multiplicities in [Table 2.104| imply that X acts on Ly (\) with more than two composition factors.
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A=1(0,0,3,p—4,0,0)E4

See argument

JSF in Weyl characters:

JSF(AN)oaso =A—-B—-C—-D+E+F+G+H-I+J
JSF(A)au52 =B+C+D—-H+K+1L
JSF(B)oase = E+F—-J—-K+ 1L

JSF(C)oasa =E+G—-K+ M

JSF(D)2as2e = F+G+ H+ N

JSF(E)aase = I+ K + M

JSF(F)aus2 = I + N

(G)aas2 =1

JSF(L)2as2 = J + M + N

JSF in irreducible characters

A+ E4§ F+5 G435 T +2J +2K +§ L+5 M +5 N

B+C+D+2E+2F +2G+ST1+J+K+2L+ M +} N

E+F+2I+L+2M +2N
E+G+214+2M

F+G+ H+2I+2N
I+K+ M

I+ N

1

J+ M+ N

A=X-001100 = (1,1,2,p — 5,1,0) 0110
B =\ — 102200 = (0,2,2,p — 6,2,0) 0221
C = X—012200 = (2,0,1,p — 5,2,0) 1220
D =X—002210 = (2,2,1,p — 5,0,1) 0230
E =X—113300 = (1,1,1,p — 6,3,0) 1331
F =X—103310 = (1,3,1,p — 6,1,1) 0341

G =X—013310 = (3,1,0,p — 5,1,1) 1340

H =X —003321 = (3,3,0,p — 5,0,0) 0351
I=X—114410 = (2,2,0,p — 6,2,1) 1451
J =X —122421 = (0,0,4,p — 6,1,0) 2442
K = A — 224400 = (0,0,1,p — 6,4, 0) 2442
L =X-112310= (0,1,3,p — 6,1,1) 1331
M = X —123410 = (1,0,2,p — 6,2, 1) 2441

N =X — 113420 = (1,2,2,p — 6,0, 2) 1451

Table 2.63: JSF of A\ up to pu — 2452

n=(0,p—4,3,0)r,

Possibilities

ch L(p)2452 = — A+ B+C —

ch L(p)oas2 = p— A+ B+ C

D

JSF in Weyl characters:
JSF(p)2a50 = A—B—-C+ D
JSF(A)2452 =B+C+D

JSF in irreducible characters:
JSF () 2452 = A+ 2D
JSF(A)2452 =B+C+D

A=p—0120=(1,p—4,1,2)

B=p—0241 = (2,p — 4,0,2)

C=p—1351=(1,p —4,0,3),

D=p—1342=(1,p—5,3,0)

Table 2.64: JSF of pu up to p — 2452

d =p— 2. — We compute ch L(\)a442 and ch L(u)2442 in[Tables 2.66|and [2.67} We show that X
acts on Ly (A) with more than two composition factors for both possible values of [i : D]. Indeed, if

[t : D] = 2, then (mpx)|x> ML(u)> ML)k —1331) =

(19,16,2) and if [ : D] = 1, then (mpy)

[x>
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A=(0,0,2,p—3,0,0)E

ChL()\)lzgl =A—A+B+C

See argument

JSF in Weyl characters:
JSF(}\)1221 =A-B-C+D
JSF(A)1221 =B+C+D

JSF in irreducible characters:
JSF(}\)lzzl =A+2D
JSF(A)1221 =B + C + D

A =X-001100 = (1,1,1,p — 4,1,0) 0110

B = X —102200 = (0,2,1,p — 5,2,0) 0221

C = X —012200 = (2,0,0,p — 4,2,0) 1220

D =X-011210 = (1,0,2,p — 4,0, 1) 1220

Table 2.65: JSF of A up to p — 1221

ML) mL(V))(:u‘ - 2442) = (60, 5]-, 7)

A=(0,0,1,p —2,0,0)5,

ch L(A\)24a2 =A—A+B+C+D—-E—F —

G

JSF in Weyl characters:

JSF(MN)24a2 =A—-—B—-C—-D+E+F+G
JSF(A)o4ao =B+ C+ D —F

JSF(B)2442 = E

JSF(C)oga2 = E+ F + G

JSF(D)2442 = G

JSF in irreducible characters:
JSF(\)2aa2 = A+ E+5 G
JSF(A)2442 = B+ C+ D +2E +2G
JSF(B)2442 = E

JSF(C)oga2 = E+ F + G
JSF(D)2442 = G

A =X—-001100 = (1,1,0,p — 3,1,0) 0110
B = X — 102200 = (0,2,0,p — 4,2,0) 0221
C =X-012310 = (2,1,0,p — 4,1,1) 1330

D =X —002321 = (2,3,0,p — 4,0, 0) 0341

E =X—113410 = (1,2,0,p — 5,2,1) 1441
F = X\— 022420 = (2,0,1,p — 4,0, 2) 2440

G =X—012421 = (2,2,1,p — 5,1,0) 1441

Table 2.66: JSF of A\ up to pu — 2442

2.5.1.12 A = a\; + bz + cA3. — By [Table 2.35] we have to consider the following cases.

b#a—1ora+c#p—1.— By[Table 2.35 either a #p—2,p—6,b=p—3 and c=1 or
a#4,p—1l,a+c=pandb+c+2=0 modpora+c=p—1landb#a—1.
Ifa#p—2,p—6,b=p—3and c =1, then again by v=p—0121=(p—2,0,0,a)
affords the highest weight of a second composition factor for X acting on Ly (A). The computation of
ch L(A)1121 is summarized in [Table 2.68| Let us determine [\ : B] for a = p—1. By [Proposition 1.2.2]
we have that ch L(p)1121 = p. Set [X: B] =2 — ( with ¢ € {0,1}. We have (mpx)| x> ML(u), ML)
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uw=(0,p—2,1,0)r,

Possibilities
ChL(u)2442 =pu—A-B+C

ChL(M)2442:p—A—B+D

JSF in Weyl characters: JSF in irreducible characters:
JSF ()2aa2 = A+ B —C JSF(1t)2442 = A+ B +{ C + 2D
JSF(A)2442 = C + D JSF (A)2442 =2C + D
JSF(B)2442 = —C + D JSF (B)2442 = D

JSF(D)aga2 = C JSF(D)2442 = C

A=p—1220=(0,p—3,1,2) C =pu—2441=(0,p—4,2,2),

B=p—-0231=(2,p—23,0,1) D=p—1331=(1,p—4,2,1)

Table 2.67: JSF of p up to p — 2442

(p—1121) = (104 ¢,10,1), hence ¢ =1 and [A : B] = 1. Comparing the multiplicities appearing in
implies that X acts on Ly (\) with more than two composition factors.

Ifa#4,p—1l,a+c=pand b+ c+2=0 mod p, then by [Table 2.35] the highest weight of a
second composition factor for X acting on Ly (A) is given by v = p— 0121 = (b+1,0,¢—1,a). The
JSF applied to A yields ch L(A)1111 = A — (A — 011100). The multiplicities in imply
that X acts on Ly (A) with more than two composition factors.

Ifa+c=p—1andb+#a— 1, then by the highest weight of a second composition
factor for X acting on Ly (\) is given by v = p—1110 = (b—1,0,p—a—1,a+1). The computation
of ch L(A\)1111 and ch L(p)1111 is summarized in [Tables 2.69] and 2.70] respectively. If b # p — 2,
then ch L(\)1111 and ch L(p)1111 are known and the multiplicities in imply that X
acts on Ly (A) with more than two composition factors. Assume b =p—2. Let [A\: B] =2 —(
and [p: B] =2 — ¢ with (,& € {0,1}. We will show that X acts on Ly (\) with more than two
composition factors for any choice of the values of ¢, €. Note that (m ), ML), MLw)) (e —1111)
=(54+¢(,3+¢,1). Therefore, we are done if ¢ > £. Assume by contradiction that ( =0 and £ = 1.
Note that by [Proposition 1.5.2) we can work in the Levi factor L; of Py, where I = {a;, 1 <14 <4}
for the computation of [\ : B]. Note that Ly is of type A4. Let § = (a,p —a — 1,0,p — 2), then
for any value of 1 < a < p— 2, the weight § — 1111 = (a — 1,p —a — 1,0, p — 3) lies in the upper
closure of the alcove (1,1,1,1,1,1,1,2,2,2). Moreover, if y = (p — a — 2,0,—1,0), then

505152845382 000 = 9, 80515483 000 =6.

By |[Proposition 1.5.2] we have [0 : § — 1111]4, = 2 — ¢ and by [Proposition 1.3.10} the value of ¢
does not depend on a. Now set a = 2.

We compute ch L(A)1121 and ch L(p)1121 and we get the same linear combination of truncated
characters as for ch L(\)1111 and c¢h L(p)1111, that is

ch L(A)1121 = A — (A — 101000) — (A — 111100)
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and
ChL(/J)llgl e (,U, — 0011)

Moreover, by |Proposition 1.2.2| we have ch L(v)go11 = v. Computing the multiplicities yields
(MrxML(e), ML) (@ —1121) = (9,8,2), which contradicts the choice of ( and £. Therefore, X

acts on Ly (A) with more than two composition factors.

A=(p—1,p—3,1,0,0,0) g4

ch L(>‘)1121 =A—A

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1121 = A+ da,p—1B JSF(A)1121 = A+ 204,p-1B
JSF(A)1121 = 5a,p71B JSF(A)1121 = 6(,‘7;7713

A=X-011100 = (p,p — 4,0,0,1,0) 1110 B =X —111100 = (p — 2,p — 4,1,0,1,0) 1111

Table 2.68: JSF of A up to p — 1121

A= (a,b,p—a—1,0,0,0)p4

Possibilities
ch L(A)llll =A—A
ch L(A)1111 =A— A —6pp—2B

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF()\)1111 :A+§b,p_QB JSF()\)llll = A+2§byp_23
JSF(A)1111 = 0p,p—2B JSF(A)1111 = 0p,p—2B

A=X-101000= (a —1,b,p—a—2,1,0,0)0011 B =X-—111100=(a —1,b—1,p—a —1,0,1,0) 1111

Table 2.69: JSF of A up to p — 1111

b=a—1,a4+c=p—1. — We first determine the highest weight of a second composition
factor for X acting on Ly (A). The JSF applied to A and pu yields

ch L(/\)uu =)\— (/\ — 101000) — ()\ — 011100)

and ch L(p)1111 = p— (p—0011), respectively. Computing multiplicities, we get that v = p—1111 =
(a—2,0,p—a,a — 1) affords the highest weight of a second composition factor. We will distinguish
between the case a # 2 and a = 2.

Assume a # 2. The computations to determine ch L(\)2292 and ch L(p)2292 are summarized
in [Tables 2.71] and [2.72] Moreover, the JSF applied to v yields ch L(v)1111 = v — (v — 0011). Let
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p=(b,0,p—a—1a)r,

Possibilities
ch L(M)llu =p—A

ch L(p)111n =p— A= 08pp—2B

JSF in Weyl characters: JSF in irreducible characters:
JSF(n)1111 = A+ 0p,p—2B JSF(p)1111 = A+ 20 p—2B
JSF(A)1111 = 6p,p—2B JSF(A)1111 = 6p,p—2B

A=p—0011=(b,l,p—a—2,a—1) B=p—1111=(b—-1,0,p —a,a — 1)

Table 2.70: JSF of p up to p — 1111

us determine [A : D] for a #p — 2. Set [A: D] = 2 — ¢ with ¢ € {0,1}, we have (mp\)|<, ML),
mpwy)(p—1121) = (74 ¢, 1,7). Therefore ( = 1 and comparing the multiplicities in [Table 2.104

implies that X acts on Ly (\) with more than two composition factors.

A= (a,a—1,p—a—1,0,0,0)g,

ch L()\)2222 =A—-—A+B-C+ 6a,p72D

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)2220 = A— B+ C JSF(N)2222 = A4+ C 428, p—2D
JSF(A)2200 = B+ 84,p—2D JSF(A)2222 = B+ 64,p—2D
JSF(C)2222 = ba,p—2D JSF(C)a222 = 8q,p—2D

A=Xx-101000=(a—1,a—1,p—a—2,1,0,0) 0011 C =X—011100= (a+1,a —2,p—a —2,0,1,0) 1110

B =\ —202100 = (a — 2,a,p — a — 2,0,1,0) 0122 D=X-112100 = (a,a — 2,p — a — 3,1,1,0) 1121

Table 2.71: JSF of X up to pu — 2222

If a = 2, we prove that X acts on Ly (\) with exactly two composition factors by applying
[Corollary 1.4.71 By [Propositions 1.5.3]and [2.3.1] it is sufficient to prove that none of the following
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p=(a—1,0p—a-1a)p,

Possibilities

ch L(p)2222 = — A — ba,p—2B — 8a,p—2C

ch L(p)2222 = pp— A —68a,p—2B —84,p2C — 6 p—1D
T3

Multiplicity bounded above by the first possibility

JSF in Weyl characters: JSF in irreducible characters:

JSF (p)2222 = A+ da,p—2B + da,p—2C + 6 p-1D JSF (p)2222 = A+ 6a,p—2B + da,p—2C + 26 p-1 D
3 g

JSF(A)zzoo =6 p 1 D JSF(A)zzo0 =6 p 1D

) )
A=p—-0011=(a—1,1,p—a—2,a—1) C=p—-1121=(a—2,1,p —a — 2,a),
B=p—-—1120=(a—2,1,p—a—3,a+2) D=p—-2222=(a—-3,0,p—a+1,a—2)

Table 2.72: JSF of p up to pu — 2222

weights affords the highest weight of a third composition factor for X acting on Ly ().

p—1121 = (0,1,p — 4,2)
1 —1231 = (1,0,p—4,3)
p—1122 = (0,1,p — 3,0)
p—1232 = (1,0,p — 3,1) (2.10)
p—1242 = (1,1,p—5,2)
[t — 2342 = (0,0,p — 3,2)
1 — 2343 = (0,0,p — 2,0)
1—2353 = (0,1,p—4,1)

By it is enough to consider the weight y — 2353. We summarize the computations to
determine ch L(\)2353 and ch L(p)353 in [Tables 2.73| and [2.74] respectively. Note that ch L(v)1242
has already been computed in [Table 2.38| on [Page 77| and is equal to

ch Lya4a(v) =v — (v — 0011) — (v — 1230) — (v — 0132) + (v — 0242).

Let us solve the problematic cases for A and pu.

[w:C] Let [u: C] = 2~ (. We have (mpon ML), MLw)) (@ —0121) = (3,2 + ¢,0) and
[Remark 1.5.4] and [Theorem 2.1.1|implies that { = 1.

[A: F] Let [A: F] =2~ (. Since (mpx)xML(u), MLw))(p—1121) = (74 ¢, 7,1), we have ¢ = 1.

[ : E] Let [p: E] = 2—C with ¢ € {0,1}. We have (mpx)| ML), MLe))(p—1131) = (8,64¢, 1).
We check that there is no weight greater than p — 1131 apart from p and v which affords the
highest weight of a composition factor for X acting on Ly (A). Note that p — 1131 does not
appear in , the list of weights which can afford the highest weight of a third composition
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factor generated by a maximal vector for Bx. Therefore either we assume by contradiction
that ¢ = 0 and that p — 1131 affords the highest weight of a third composition factor or we
assume that ¢ = 1 and that g — 1131 does not afford the highest weight of a third composition
factor. Arguing as in|[Subsection 2.5.1.3] we can assume, without loss of generality, that ¢ = 1.

(w0 : F) The possibilities for ch L(u)1241 are given by
ChL(u>1241 ZM—A—B+D+E+(C—2)F,

with ¢ € Z>o. We have (mpx)| s ML), MLw)) (1 — 1241) = (18,14 + ¢, 2). Since pu — 1241
does not appear in (2.10)), arguing as in the previous case we may assume that { = 2.

Therefore,
(ML) ML(u), ML) (1 — 2353) = (78,66, 12),

and X acts on Ly (\) with exactly two composition factors.

A=(2,1,p—3,0,0,0)g4

ch L(MA)23s3 =A—A+B-C+2D+E+F -G

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(MA)2sss =A—B+C—-D—E JSF()\)2353:A+C+2F+(1JG
JSF(A)2353 =B+ D+ F JSF(A)2353 = B+ D + F 4 2G
JSF(B)asss = —D + G JSF(B)23s3 = G

JSF(C)asss =D+ E+F -G JSF(C)2353 = E+ F
JSF(F)2353 = —D+ G JSF (F)2353 = G

JSF(G)23s3 = D JSF(G)as3s3 = D

A =X—101000 = (1,1,p — 4,1,0,0) 0011 E = X — 023321 = (5,0,p — 6,1, 0,0) 2351
B =\ —202100 = (0,2,p —4,0,1,0) 0122 F = X — 112100 = (2,0,p — 5,1,1,0) 1121
C =X—011100 = (3,0,p —4,0,1,0) 1110 G = X — 213200 = (1,1,p — 5,0, 2,0) 1232
D = X\ — 324300 = (0,0,p — 5,0, 3,0) 2343

Table 2.73: JSF of A up to u — 2353

2.5.1.13 A = a1 + b2 + er5. — By we have that a =1, b=p—1,e=p—1or
a=p—4,b=p—3,e=1. Additionally, we have that v = p— 0011 = (b,1,e — 1,a — 1) affords the
highest weight of a second composition factor for X acting on Ly (A).

If a =1,b=p—1and e = p— 1, we summarize the computations to determine ch L(\)231
and ch L(v)1220 in [Tables 2.75| and [2.76] respectively. Moreover, the JSF applied to p yields
ch L(p)1231 = 1 — (u — 1120). The following argument proves that X acts on Ly (\) with more
than two composition factors. Let [A: C] =2 — ¢ and [v: D] =2 — £ with {,£ € {0,1}. We have

(mL(A)‘X,mL(#),mL(l,))(u — ].121) = (15 + C, 11,4) (211)
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pw=(1,0,p—3,2)F,
ch L(p)23ss =p—A—-B+D+E
See argument
JSF in Weyl characters: JSF in irreducible characters:
JSF(u)ass3 = A+ B+ C—D  JSF(u)asss = A+ B+2C+2E+5 F
JSF(A)23s3 =C+ D+ E JSF(A)2353 =C + D + E +2F
JSF(B)asss = E+ F JSF (B)a3ss = E + 2F
JSF(C)a3s3 = F JSF(C)a3s3 = F
.]SF(E)2353 =F JSF(E)2353 =F
A=p—0011=(1,1,p—4,1) D =p—0243 = (3,0,p — 4,0),
B=p—1120= (0,1,p—5,4) E=pu—1131=(0,2,p —6,3),
C=p—0121=(2,0,p—4,2) F=p—1241=(1,1,p—6,4)

Table 2.74: JSF of u up to u — 2353
and

(ML) x s ML) ML) (@ — 1231) = (28 4 4¢, 22,7 + §).

(2.12)

By (2.12)), we have ( = 1 and we do not determine the value of &, since (2.11]) implies that X acts

on Ly (A) with more than two composition fact

ors.

Ifa=p—4,b=p—3and e =1, the JSF applied to A yields

Ch L(A)1121 = )\ — ()\ —

and the multiplicities in [Table 2.104] imply that

factors.

010110) — (A — 101110)

X acts on Ly (\) with more than two composition

A=(1,p-1,0,0,p—1,0)pq

ChL()\)1231:)\7AfB+C

See argument

JSF in Weyl characters:
JSF(A)1231 = A+ B
JSF(A)1231 = C
JSF(B)1231 = C

JSF in irreducible characters:
JSF(A)1231 = A+ B +2C
JSF(A)1231 = C

JSF(B)1231 = C

A=X-010110 = (1,p — 2,1,0,p — 2,1) 1110

B =X-000121 = (1,p,1,0,p — 3,0) 0121

C =A-010121 = (1,p—2,1,1,p — 3,0) 1121

Table 2.75: JSF

of A up to p — 1231
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v=((p-1,1,p-2,0)r,

Possibilities
ch L(l))lggg =v—-C—-D
ch L(V)1220 =v-C

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(D)1220 =C+ D JSF(V)1220 =C+2D
JSF(C)1220 = D JSF(C)1220 = D

C=v-0120=(p,1,p—4,2) D=v—-1120=(p—2,2,p — 4,2)

Table 2.76: JSF of v up to v — 1220

2.5.1.14 X = a)\; + cA3 + dXg. — By we have that a = 1l,¢+d=p—1,¢# 2 and
v=pu—0111=(1,p—c—2,c+1,a—1) affords the highest weight of a second composition factor for
X acting on Ly (\). If ¢ = 4, then the JSF applied to p and v yields ch L(t)1332 = p — ( — 0120)
and ch L(v)1221 = v— (v —0120), respectively. Moreover, the computations to determine ch L(\)1332
are summarized in [Table 2.77 Let us determine [A : F]. Set [\ : F] = 2 — ¢ with ¢ € {0,1}.
We have (mrx))xs ML) ML) (1 — 1332) = (56 + 2¢,44,13), hence ( = 1. If ¢ # 4, then the
computation of ch L(\)1221 and ch L(p1)1221 is summarized in [Tables 2.78 and 2.79] respectively.
In both cases, the multiplicities in imply that X acts on Ly (A) with more than two
composition factors.

A=(1,0,4,p—5,0,0)p

ch L(A)i332 =A—A+B+C+D—-FE+F

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)i13se =A—B—-C—-D+E JSF(A)1332 = A+ E + 2F
JSF(A)i332 =B+ C+ D+ F JSF(A)i332 =B+ C+ D+ F
JSF(E)1332 = F JSF(FE)1332 = F

A=X-001100 = (2,1,3,p— 6,1,0) 0110 D = X — 002210 = (3,2,2,p — 6,0, 1) 0230
B =)\ —203300 = (0,3,3,p—8,3,0) 0332 E =X— 111210 = (0,0,5,p — 6,0, 1) 1221

C = X—012200 = (3,0,2,p— 6,2,0) 1220 F = X — 112310 = (1,1,4,p — 7,1,1) 1331

Table 2.77: JSF of A\ up to pu — 1332

2.5.1.15 A = aA; + cA3 + eXs. — By |Table 2.35] we have a = 2,¢c = p—3,e = 1 and
v =pu—0010 = (0,1,p — 4, 3) affords the highest weight of a second composition factor for X
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A=(1,0,¢,p—c—1,0,0)Eq4

ch L(A)1221 = A —0c,p—2A — B+ 6.,1C + 6c,p—2D

|Lemma 2.1.8|

JSF in Weyl characters:
JSF(N)1221 = 6¢,p—2A+ B —6..1C
JSF(A)1221 = bc,p—2D
JSF(B)1221 = 8¢,1C + §¢,p—2D

JSF in irreducible characters:
JSF(M)1221 = 8¢,p—2A+ B+380,p—2D
JSF(A)1221 = bc,p—2D

JSF(B)1221 = 3¢,1C + 8¢ p—2D

A =X—101000 = (0,0,c— 1,p — c,0,0) 0011

B =X—001100 = (2,1,c —1,p — c — 2,1,0) 0110

C = X—012200 = (3,0,c — 2,p — ¢ — 2,2, 0) 1220

D =X-—102100 = (1,1,c—2,p—c— 1,1,0) 0121

Table 2.78: JSF of A\ up to p — 1221

p=0,p—c—1,¢,1)F,

ch L(p)1221 = pp — 6c1 A — bc,p—2B — 6c1C — 6 pits D
3

JSF in Weyl characters:
JSF (p)1221 = c,1 A + de,p—2B +6c,1C + 6 prs D
)

JSF in irreducible characters:

JSF(p)1221 = 0c,1 A+ e p—2B +6c1C+ 6, pis D

2

A=p—-0120=(l,p—c—1,c—2,3)

B =pu—0011=(0,p—c,c—1,0)

C=p—1220= (0,p—c — 2,¢,3),

D=p—-1221=(0,p—c—2,c+1,1)

Table 2.79: JSF of p up to p — 1221

acting on Ly (A). We prove that X acts on Ly ()

with exactly two composition factors by applying

|Corollary 1.4.7, By |Propositions 1.5.3| and [2.3.1} it is enough to prove that none the weights listed
below affords the highest weight of a composition factor for X acting on Ly ().

u—1230 = (
- 1231 = (
p— 1241 = (
11232 = (
1242 = (
- 1252 = (
f— 1352 = (

0,0,p—4,5
0,0,p—3,3
0,1,p—5,4
0,0,p—2,1
0,1,p—4,2
0,2,p—-6,3

)
)
)
)
)
)
1,0,p —4,3)

By it is enough to consider p — 1352. We summarize the computation of ch L(X);352
and ch L(v);342 in [Tables 2.80] and [2.81] respectively. Moreover, the JSF applied to p yields
ch L(p)1350 = p—(1—0022) — (u—1230). Note that we can apply |[Remark 1.5.4/and [Proposition 2.3.1
in order to solve all the problematic cases, that is we solve the problematic cases by equalizing the

multiplicities.
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[A: E] Let [\: E] =2—( with ¢ € {0,1}, we have (m(x)| v, ML), MLw))(p—0131) = (8+(,6,3),
hence ¢ = 1.

[v: E] Let [v: E] = 2—( with ¢ € {0, 1}, we have (mp (x|, ML(w), ML) (1—0241) = (13,9, 3+(),
hence ( = 1.

[v: D] Let [v: D] = 2—( with ¢ € {0, 1}, we have (mp(x)| ML) ML) (#—0142) = (12,8, 3+(),
hence ¢ = 1.

[v:C] Let [v:C]=5—¢ with 0 < ¢ <4. We have
ChL(l/)()252ZV—A—B—(?‘)—C)C—FD—FE.
(mL(A)|X,mL(N),mL(V))(u —0252) = (24,16,6 4+ ¢) with ¢ € Z>g, thus ¢ = 2.

Therefore,
(mL(A)|X y mL(#), mL(l,))(u - 1352) = (787 537 25),

which proves that X acts on Ly (\) with exactly two composition factors.

A=(2,0,p—3,0,1,0)5,

ch LA)iss2 =A—A+B-C+D+E—-F -G

See argument

JSF in Weyl characters: JSF in irreducible characters:

JSF(A\)izgs2 =A—-B+C—D JSF(M\)i13s2 = A+ C+2E 4+ F+4 G
JSF(A)1352 =B+ E— F JSF(A)1352 = B+ E + 2G
JSF(B)13s2 = G JSF(B)13s2 = G
JSF(C)izs2 =D+ E -G JSF(C)i3s2 = D + E + 2F
JSF(D)13s52 = F JSF(D)13s2 = F

JSF(E)1352 = F+ G JSF(E) 1352 = F + G

A =X—101000 = (1,0,p — 4,1,1,0) 0011
B = X — 202100 = (0,1,p — 4,0,2,0) 0122

C =X—001110 = (3,1,p — 4,0,0,1) 0120

E =X-—102110 = (2,1,p — 5,1,0,1) 0131
F =X—103221 = (3,2,p — 6, 1,0,0) 0252

G =X—203210 = (1,2,p—5,0,1,1) 0242

D = X\ — 002221 = (4,2,p — 5,0,0,0) 0241

Table 2.80: JSF of A\ up to p — 1352

2.5.1.16 A = a\; + cA3 + fhg. — By we have that a+c=p—1,f =1 and
v=pu—0001=(0,0,p—a,a— 1) affords the highest weight of a second composition factor.

Let a = 1. The computation of ch L(\)1232 is summarized in Moreover, the JSF
applied to p and v yields ch L(ut)1232 = p— (1 —0022) — (u—1230) and ch L(v)1231 = v — (v —0131),
respectively. The multiplicities in imply that X acts on Ly (A) with more than two
composition factors.
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v=1(0,1,p—4,3)F,

ChL(V)1342:l/*AfoC+D+E

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(v)1342 = A+ B+ C JSF(v)1342 = A+ B+ C + 2D +2E
JSF(A)1342 = D+ E JSF(A)1342 =2C+ D+ E
JSF(B)13a2 = D+ E JSF(B)1342 =2C + D+ E
JSF(D)1342 = C JSF(D)1342 = C

JSF(E)1342 = C JSF(E)1342 = C

A=v—-0110=(1,0,p—4,4) D=v—0132=(1,2,p—6,2)
B=v—0011=(0,2,p—5,2) E=uv—0231=(2,0,p—5,4)
C=v-0242=(2,1,p—6,3)

Table 2.81: JSF of v up to v — 1342

Let a = 3. The computation of ch L(A)1232, ch L(i)1232 and ch L(v)1231 is summarized in
[Tables 2.83] to [2.85] respectively. We will now deduce enough information about the problematic
cases for A, u and v to prove that X acts on Ly (\) with more than two composition factors.

[v : E] By [Table 2.8 on [Page 47, we have [v: E] = 1.

AN:D]& [p:C] Let [A: D]=2—¢Cand [pu:C] =2—¢ with (,{ € {0,1}. We have,

(ML)|x s ML) ML) (k= 0132) = (9+(,6 +&,3).

By [Remark 1.5.4|and [Proposition 2.3.1} we have ¢ = ¢. If ((,€) = (1,1), then

(ML) x> ML) ML) (1 — 1232) = (26,17, 8).
If (¢,€) = (0,0), then
(ML) x> ML) ML) (1 — 1232) = (24,15, 8).

Therefore, X acts on Ly (A) with more than two composition factors.

Let a = 4. The JSF applied to p and v yields ch L(u)1232 = p — (p — 0022) and ch L(v)1231 =
v— (v —0011) — (v — 1231). Moreover, the computation of ch L(\)1232 is summarized in
We prove that X acts on Ly (\) with more than two composition factors without determining the
value of [A: C]. Let [A: C] =2 — ¢ with ¢ € {0,1}. We have

(mL(A)|x LIAMD mL(V))(,U' - 1232) = (30 + 2C7 217 7)7

which implies that X acts on Ly (\) with more than two composition factors.
Let a # 1,3,4. The JSF applied to A yields ch L(\)1231 = A— (A —101000) and the multiplicities
in [Table 2.104] imply that X acts on Ly (\) with more than two composition factors.
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A=(1,0,p—2,0,0,1)p4

ChL(}\)1232:)\7A+ch

JSF in Weyl characters: JSF in irreducible characters:
JSF(M1232 =A—-B+C JSF (M) 1232 = A+ C
JSF(A)1232 =B JSF(A)1232 =B

A= X—101000 = (0,0,p — 3,1,0,1) 0011  C = X — 012210 = (3,0, p — 4, 0,0, 2) 1230

B =\ —213200 = (0,0,p —4,0,2,1) 1232

Table 2.82: JSF of A up to pu — 1232

A=(3,0,p—4,0,0,1)g,

Possibilities
ch L(A\)i232 =A—A+B-C
ChL(}\)lzgz =AN—-A+B-C+D

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A\)1232 = A—B+C JSF(A)1232 = A+ C + 2D
JSF(A)1232 = B+ D JSF(A)1232 = B+ D
JSF(C)1232 = D JSF(C)1232 = D

A =X—101000 = (2,0,p — 5,1,0,1) 0011 C = A — 001111 = (4,1,p — 5,0,0,0) 0121

B =X—202100 = (1,1,p—5,0,1,1) 0122 D = X — 102111 = (3,1,p — 6,1,0,0) 0132

Table 2.83: JSF of A\ up to pu — 1232

2.5.1.17 A = a1 +dAs +eXs. — By we have that a = 1,d+e=p—1,e#1,p—2
and v = pu — 0011 = (0,p — e,e — 1,0) affords the highest weight of a second composition factor for
X acting on Ly (\).

Let e # 2,4. We summarize the computation of ch L(\)1221 in Moreover, the JSF
applied to p yields ch L(u)1201 = o — (n — 0120) — (56’1;2;5(,u —1221).

Let e = 2. The truncated characters ch L(A)1232 and ch L(u)1232 are computed in
and Moreover, the JSF applied to v yields ch L(v)1221 = v — (v — 1220). We solve the
problematic cases for A and p as follows.

[A: F] Let [\: F] =2—-¢with ¢ € {0,1}. We have (mp\)|x,ML(w), ML) (p—1220) = (44, 5,0),
hence ¢ = 1.

[A: G] Let [A: G] =2—Cwith ¢ € {0,1}. We have (mpx)|x, ML(u), ML) (p—0221) = (7+¢,6,2),
hence ( =1 .
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w=1(0,0,p—4,4)F,

Possibilities
Ch L(u)lggz = u — A — B
ChL(u)lzgz :M—A—B-I—C

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF (u)1232 = A+ B JSF (p)1232 = A+ B + 2C
JSF(A)1232 = C JSF(A)1232 = C

JSF(B)1232 = C JSF(B)1232 = C

A=p—0022=(0,2,p—6,2) C=pu—0132=(1,1,p—6,3)
B=p—0121 = (1,0,p—5,4)

Table 2.84: JSF of p up to p — 1232

v=(0,0,p—3,2)r,

ch L(l/)lggl =v—D

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(V)1231 =D+ FE JSF(V)1231 =D+ 2F
JSF(D)1231 =F JSF(D)1231 =F

D=v-0011=(0,1,p—4,1) E=v—0121=(1,0,p—4,2)

Table 2.85: JSF of v up to v — 1231

[ : D] If [ : D] = 2—¢ with ¢ € {0,1}. We have (mp(x)| ML) ML) (p—0231) = (11,74, 3).
By [Remark 1.5.4| and [Proposition 2.3.1] we get that ( = 1.

Let e = 4. The JSF applied to p and v yields ch L(p)1231 = 1o — (v — 0120) and ch L(v)1220 =
v — (v — 0120), respectively. Moreover, the computation of ch L(\)1231 is summarized in
Let us determine [A : E]. Set [\ : E] = 2 — (. We have (mp\)|x, ML) MLw)) (1 — 1231)
= (24 + 2¢,21,5), hence ¢ = 1.

In all three cases, the multiplicities listed in imply that X acts on Ly (\) with more
than two composition factors.

2.5.1.18 A = bAz + cAg + dA\y. — By |Table 2.35, we have that ¢ +d = p— 1,b # ¢ and
20+d+3#0 modp,orb=cand c+d=p—1. We solve both of these cases separately.
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A=(4,0,p—5,0,0,1)p4

Possibilities
ChL()\)1232 =)\—A+B—C
ch L()\)lzgz =A\—A+B

JSF in Weyl characters: JSF in irreducible characters:
JSF(}\)1232 =A-B+C JSF()\)1232 = A+ 2C
JSF(A)1232 =B+ C JSF(A)1232 =B+ C

A=X-101000 = (3,0,p — 6,1,0,1) 0011  C = X — 112210 = (4,0,p — 6,0,0,2) 1231
B =\—202100 = (2,1,p — 6,0,1,1) 0122

Table 2.86: JSF of A\ up to pu — 1232

A= (1,0,0,p—e—1,e,0)p,

chL(A)1221 =A— A+ B+C

JSF in Weyl characters: JSF in irreducible characters:
JSF(/\)1221 =A-B-C JSF(}\)lzzl = A
JSF(A)1221 =B+C JSF(A)1221 =B+C

A=X-000110 = (1,1,1,p—e —2,e —1,1) 0110 C = A — 000221 = (1,2,2,p — e — 3,e — 1,0) 0221

B =X—010220 = (1,0,2,p—e — 2,e — 2,2) 1220

Table 2.87: JSF of A up to p — 1221

c+d=p—1,b#c,2b+d+ 3 #0 mod p. — By[Table 2.35] the weight v = p — 1110 =
(b—1,d,c, 1) affords the highest weight of a second composition factor for X acting on Ly (A\). The
computation of ch L(\)112; and ch L(p)112; is summarized in [Tables 2.91] and [2.92] respectively.
Comparing the multiplicities in implies that X acts on Ly (\) with more than two

composition factors.

b=c,c+d=p—1.— Note that by this case comes from an irreducible case
for both embeddings (C3, As) (Bs, D4). Let us find a second composition factor for X acting on

Ly (A). The JSF applied to A yields
ch L(A)1121 = A — (A —010100) — (A — 001100).

Moreover, the computation of ch L(p)119; is summarized in In order to determine
[p: Bl for c =p—2,let [u: B] =2~ ¢ with ¢ € {0,1}. We have (mp(x)|x,ML(u) ML) (1 — 1110)
= (3,2 + ¢,0), which implies that ¢ = 1 by [Theorem 2.1.1] and [Remark 1.5.4 Now, computing
multiplicities for all the values of ¢, we get

(mL(A)|X,mL(H))(p - ].].21) = (7 - (55’1, 6 — 50,1 - 6C,p72)’
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A=(1,0,0,p—3,2,0)E4

ChL(A)1232:>\7AfB+C+D+E+G

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1232 =A+B—-C—-D—-E+F JSF(A)1232 = A+ B+ 2F + 2G
JSF(A)1230 =C+D+E+F+G JSF(A)1232 =C+D+E+F+G
JSF(B)1232 = G JSF(B)1232 = G

A=X—-000110 = (1,1,1,p—4,1,1) 0110 E = A — 000221 = (1,2,2,p — 5, 1,0) 0221
B =X—101100 = (0,1,0,p — 4,3,0) 0111  F = XA — 011210 = (2,0,0,p — 4,2, 1) 1220
C =X—010220 = (1,0,2,p — 4,0,2) 1220 G = A — 101210 = (0,2,1,p — 5,2, 1) 0221

D = X — 001220 = (2,2,0,p — 4,0, 2) 0230

Table 2.88: JSF of A\ up to pu — 1232

pw=(0,p—-3,2,)p,

ch L(p)i232 =p—A—-—B—-C+D

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(u)1232 = A+ B+ C JSF(p)1232 = A+ B+ C +2D
JSF(A)1232 = D JSF(A)1232 = D

JSF(B)1232 = D JSF(B)1232 = D

A=p—0120=(1,p—3,0,3) C=p—1230=(0,p—3,0,4),

B=p—0111=(1,p—4,3,00 D=p—0231=(2,p—4,1,2)

Table 2.89: JSF of p up to p — 1232

Therefore, v = p — 1121 = (¢ — 1,p — ¢, ¢ — 1,0) affords the highest weight of a second composition
factor and if ¢ = p — 2, then v also affords the highest weight of a third composition factor.

Let ¢ = 1. The computation of ch L(\)1231 is summarized in Moreover, the JSF
applied to p1 yields ch L(p)1231 = p— (p—1100) — (1 —0231). The multiplicities listed in[Table 2.104]
imply that X acts on Ly (A\) with more than two composition factors.

Let 2 < ¢ < p—3. Recall that p = (¢,p—c—1,¢,0) and v = (¢ — 1,p — ¢,c — 1,0). By
comparing the coefficients of ;1 and v, we deduce that if we know the truncated character of u up to
a weight 0 € X (Tx)" for c € {1,...,p — 3}, then we know the truncated character of v up to 6 for
c€{2,...,p—2}. The computation of ch L())2242 and ch L(i)2242 is summarized in [Tables 2.95|
and [2.96] respectively. We deduce enough information about the problematic cases in order to
prove that X acts on Ly (\) with more than two composition factors.
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A=(1,0,0,p —5,4,0)pq

ChL()\)lgglz)\—A+B+C+D

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(}\)1231:A—B—C—D+E JSF(}\)1231:A+2E
JSF(A)1231:B+C+D+E JSF(A)1231:B+C+D+E

A=X-000110 = (1,1,1,p — 6,3,1) 0110 D = X — 000221 = (1,2,2,p — 7, 3,0) 0221
B =X-010220 = (1,0,2,p — 6,2,2) 1220 E = A — 111210 = (0,0,1,p — 6,4, 1) 1221

C = X—001220 = (2,2,0,p — 6,2,2) 0230

Table 2.90: JSF of A\ up to p — 1231

A=(0,b,p—d—1,d,0,0) g4

ch L(>\)1121 =A—A
|Lemma 2.1.8

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1121 =A+5b,p,13 JSF(A)1121 =A+25b,p,1B
JSF(A)1121 = 6p,p—1 B JSF(A)1121 = 6 p—1B

A=X-001100= (1,b+1,p—d—2,d—1,1,0) 0110 B =X—011100= (1,b—1,p—d —2,d,1,0) 1110

Table 2.91: JSF of A\ up to p — 1121

p=(bd,p—d—1,0)F,

Possibilities
ch L(p)ii21 =p—A
ch L(p)1121 =p— A — 6y p—1B

Multiplicity bounded above by the first possibility

JSF in Weyl characters: JSF in irreducible characters:
JSF(u)1121 = A+ 6p,p—1B JSF(p)1121 = A+ 26,1 B
JSF(A)1121 = 6p,p—1B JSF(A)1121 = p,p—1 B

A=p—-0120=(b+1,dp—d—3,2) B=p—1120=(b—1,d+1,p—d—3,2)

Table 2.92: JSF of p up to p — 1121

[w:D] Let c = p—3and [u: D] =2—( with ¢ € {0,1}. We have (mpx) ML) ML)
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(1 —1242) = (25,21 4 ¢, 3). Hence assume ¢ = 1, since otherwise X acts on Ly (\) with more
than two composition factors.

: F| By|Lemma 2.1.8] we have [A: F] = 1.

:G] Let c=p—4and [\: G| =2—¢ with ¢ € {0,1}. We have (mp (), ML(), MLw))(—1231)
= (16 + ¢, 15,2), hence ¢ = 1.

:E] Let c = p—5and [p: E] = 2 — ¢ with ¢ € {0,1}. We have (mpx)|,ML(u)s ML)
(p—1231) = (17,14 + ¢, 2) and X acts on Ly (\) with more than two composition factors if
¢ =0. Assume ¢ = 1, then (mp(x)| x> ML(u) ML) (1 — 2242) = (38,31, 6), which also implies
that X acts on Ly (A) with more than two composition factors.

p=(c,p—c—1,¢0)p

ch L(p)1121 = — A = 6.,1C — d¢c,p—2D

See argument

JSF in Weyl characters: JSF in irreducible characters:

JSF ()1121 = A+ e,p—2B + 6c,1C JSF(p)1121 = A+ 20¢,p—2B +6c,1C + 8¢,p—2D
JSF(A)1121 = 6¢,p—2B — e p—2D JSF(A)1121 = dcp—2B

JSF(B)1121 = 8c,p—2D JSF(B)1121 = 8c,p—2D

A=p—-1100=(c—1,p—c—2,¢+2,00 C=p—-0120=(c+1,p—c—1,c—2,2),

B=p—-1110=(¢c—1,p—c—1,¢,1) D=p—-1121=(c—1,p—c,c—1,0)

Table 2.93: JSF of g up to p — 1121

A=(0,1,1,p—2,0,0)p,

ChL(}\)1231:>\—A—B+C+D

|Lemma 2.1.8|

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1231 = A+ B—-C JSF(A)1231 = A+ B+ 2D
JSF(A)1231 = D JSF(A)1231 = D

JSF(B)1231 =C + D JSF(B)1231 = C + D

A =X—010100 = (0,0,2,p — 3,1,0) 1100 C = X — 102200 = (0,3, 0,p — 4, 2,0) 0221

B =X—001100 = (1,2,0,p — 3,1,0) 0110 D = X — 011200 = (1,1,1,p — 4,2,0) 1210

Table 2.94: JSF of X up to pu — 1231
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A=(0,¢,c,p—c—1,0,0)p4

ChL()\)QQ42:)\*A*B+C+D+E+F

See argument

JSF in Weyl characters:

JSF(N)2242 =A+B—-C—D —E+6.,,-4G
JSF(A)a240 = D+ F

JSF(B)22a2 = C + E+ F 4 0c,p-4G

JSF in irreducible characters:
JSF(N)2242 = A+ B+ 2F + 26, ,_4G
JSF(A)2240 = D+ F

JSF(B)2242 =C+ E+ F 4+ 6.,p-4G

A=X-010100= (0,c—1,c+1,p—c—2,1,0) 1100
B=X-001100 = (1,c+1,c—1,p—c—2,1,0) 0110
C =X—102200 = (0,c+2,c—1,p—c—3,2,0) 0221

D = X—020210 = (0,c — 2,c+2,p —c — 2,0, 1) 2210

E=X-002210 = (2,c+2,c—2,p—c—2,0,1) 0230
F =X—011200 = (1,¢,¢,p — c — 3,2,0) 1210

G =X—112210 = (0,c,c—1,p — c— 1,0,1) 1231

Table 2.95: JSF of X up to pu — 2242

pw=(c,p—c—1,¢0)r,

Possibilities

ch L(p)azas =pp— A= B+0:2C -6 p-3F
e

ch L([L)2242 =u—A—-—B+ 6(:’20 — 561,,_3D — 6c p—3 F
2

ch L(/,L)2242 = — A— B+ 56’2C - JC’p75E - 5(: p—3 '
12

ch L(/J,)2242 =u—A—-B+ (SC’QC - 6(_-,;,73D - 551p75E - 5(‘ p—3 F
2

See argument

In order for the table to fit in the margins, we omitted JSF(—) = in the second column.

JSF in Weyl characters:

JSF in irreducible characters:

JSF(p)22a2 = A+ B — 6c2C +0c,p-3D +6cp-5E+5_ p3F A+B +10cp—38D +7 6cpsE + § p-3F
T2 T2

JSF(B)2242 = 0¢,2C + 0c,p—3D + 6 p_s5E

0c,2C +6c,p—3D +dc,p-sE

A=p—1100=(c—1,p—c—2,c¢+2,0)
B=p—-0120=(c+1,p—c—1,c—2,2)

C=p—-0241=(c+2,p—c—1,¢—3,2)

D=p—1242 = (¢,p — ¢,c — 2,0),
E=p—1231=(¢,p—c—1,c—1,1),

F=p—-2242=(c—2,p—c+1,c—2,0)

Table 2.96: JSF of p up to p — 2242

2.5.1.19 X = a); + bz + Az +drg. — By we have that a = 1,b=c,c+d=p—1
and ¢ # 2. Moreover, we get that v = p— 0111 = (¢+ 1,p — ¢ — 2,c+ 1,0) affords the highest
weight of a second composition factor for X acting on Ly ().

Let ¢ # p — 2. The computation of ch L(A)1121 and ch L(p)1121 are summarized in
and 2.98] Let us determine [A : C] for ¢ = p — 3. Set [A : C] = 2 — ¢ with ¢ € {0,1}. We have
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(Mmray)x>ML)(p — 1111) = (6 + ¢,6). Since ¢ # p — 1, v is p-restricted which implies that
mp ) (p —1111) = 1 and thus ¢ = 1 The multiplicities in [Table 2.104] imply that X acts on Ly (A)

with more than two composition factors.

Let ¢ = p — 2. The computation of ch L(A)1232 and ch L(p)1232 are summarized in
and Moreover, the JSF applied to v yields ch L(v)1121 = v — (v — 1120). Denote by L; the
Levi factor of P;, where I = {a;}1<i<4}. Note that L; is of type A4. We solve the problematic
cases for A and p as follows.

[A: F] By|Lemma 2.1.8 we have [\ : F| = 1.

[F : G] Note that [F: G] =1+ [A: G]. We solve the problematic case [A : G] to get the value of
[F': G]. We work in Lj. By [Proposition 1.5.2f and [Table 2.101}

[A : G] = [(0,]?—4,3,]?—4) : (0,]7_5,1,]9_2)]A4

and (0,p—4,3,p—4)— (0,p—5,1,p—2) = 1220 in Ay. The JSF applied to (0,p—4,3,p—4)
in A4 shows that [(0,p—4,3,p—4): (0,p—5,1,p — 2)] 4, = 0, which implies that [A: G] =0
and [F: G] = 1.

[ : P] Let [p: P] = 2—C with ¢ € {0,1}. We have (mp x|, ML), MLw))(p—0131) = (5,34¢, 1).
By [Remark 1.5.4] and |[Proposition 2.3.1} we get that { = 1.

[n: L] Let [p: L] =2—¢ with ¢ € {0,1}. We have (mL(,\)|X,mL(N),mL(,,))([L—lllo) = (3,24¢,0).
By [Remark 1.5.4) and [Theorem 2.1.1} we get that { = 1.

[ : N] Let [u: N] = 2— (¢, with ¢ € {0,1}. We have (mp)| ML), MLw)) (@ — 1230) =
(7,74+¢,0), hence ¢ = 0.

[A: G] We work in L;. By |[Proposition 1.5.2| and [Table 2.102]

[)‘ : G] = [(27p_2717p_4) : (0,}?— 5,17}7_ 2)}144

and (2,p—2,1,p—4) — (0,p—5,1,p — 2) = 3420 in A4. By [Proposition 1.3.7, we have that

[A: G] # 0. We can apply again [Proposition 1.5.3|along with [Lemma 2.1.8|in order to deduce
that [A: G] = 1.

Comparing the multiplicities appearing in |Table 2.104] implies that X acts on Ly (\) with more
than two composition factors.

2.5.1.20 A = a1 + b2 4+ cA3 + eAs. — By |Table 2.35] we have a =2, b=1,c=p—3,e=1
and v = p— 0010 = (1,1, p — 4, 3) affords the highest weight of a second composition factor for X
acting on Ly (A). The JSF applied to A yields

ch L(A)1111 = A — (A — 101000) — (A — 011100).

Comparing the multiplicities listed in [Table 2.104] implies that X acts on Ly (A\) with more than
two composition factors.
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A=(1l,c,c,p—c—1,0,0)p4

ch L()\)1121 =\A\—-A-B

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(/\)1121 =A+ B+ 6C)p,3C JSF(/\)1121 = A+ B+ 25071)730
JSF(A)1121 = dc,p—3C JSF(A)1121 = dc,p—3C

A=X-010100= (1,c—1,c+1,p—c—2,1,0) 1100 C =X — 111100 = (0,c—1,¢,p —c —1,1,0) 1111

B =X—-001100 = (2,c+1,c—1,p—c—2,1,0) 0110

Table 2.97: JSF of A up to p — 1121

p=(cp—c—1lcl)n

Possibilities
ChL(,U.)llzl = p.—A — B —5C p75D
2
ch L(/,L)1121 = Kn — A— B — 5C,T_,74C — 50 p—>5 D
T2

Multiplicity bounded above by the first possibility

JSF in Weyl characters: JSF in irreducible characters:
JSF(u)1121 = A+ B+6cp-aC+06 ps5D JISF(u)rion = A+ B+26cp-4C+0_ psD
) )

JSF(A)1121 = 6c,p,4C JSF(A)1121 = éc,p,4C

A=p—1100=(c—1,p—c—2,c+2,1) C=p—-1111=(c—1,p—c—1,c¢+1,0),

B=p—-0120=(c+1,p—c—1,¢c—2,3) D=p—-1121=(c—1,p—c,c—1,1)

Table 2.98: JSF of p up to p — 1121

2.5.1.21 A = aA; +bA2+dAs4+ eXs. — By|Table 2.35 we havea =1,b=e,e+d=p—1,e #
1,p—2and v =p— 0011 = (b,p — b,b — 1,0) affords the highest weight of a second composition
factor for X acting on Ly (). Assume b # p — 4. The JSF applied to A and p yields

ch L(A)1121 = A — (A — 010100) — (A — 000110) — & 5(X — 101100)

and
ChL(M)HQl = U — (/J, — 1100) — (/j, — 0120) — 5;)72(# — 0111) — 6b7pT75(/,/, — 1121),
respectively. Assume b = p — 4. The JSF applied to A and v yields
ch L(A)1132 = A — (A — 010100) — (A — 000110) — (A — 111110)

and ch L(v)1121 = v — (v — 0120), respectively. Moreover, in [Table 2.103] we determine two

possibilities for ch L(1)1132. In both cases, comparing the multiplicities appearing in [Table 2.104
implies that X acts on Ly (\) with more than two composition factors.
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A=(1,p—2,p—2,1,0,0) 54

ChL()\)lggz:A*A*B*C*2D+E+F+G

See argument

JSF in Weyl characters:
JSF(A)i1232 =A+B+C+D—-E
JSF(A)1232 = —D+ F
JSF(B)1232 = G

JSF(C)i2s2 =—D+E+F+H
JSF(D)1232 = G

JSF(E)1232 = H

JSF(F)1232 =D+ G

JSF in irreducible characters:

JSF(A\)1232 = A+ B+C+D+2F +1 G+ H
JSF(A)1232 = F 44 G

JSF(B)1232 = G

JSF(C)i232 = E+ F +§ G+ 2H

JSF(D)1232 = G

JSF(E)1232 = H

JSF(F)1232 = D + 2G

A= X—101000 = (0,p — 2,p — 3,2,0,0) 0011

B =X—010100 = (1,p —

C =X—-001100 = (2,p—1,p — 3,0,1,0) 0110

D = X — 203200 = (0,p, p — 4,0,2,0) 0232

3,p—1,0,1,0) 1100

E =X — 002210 = (3,p,p — 4,0,0,1) 0230
F=X-102100= (1,p—1,p—4,1,1,0) 0121
G =X—213200= (0,p—2,p — 4,1,2,0) 1232

H =X-012210 = (3,p—2,p — 4,1,0,1) 1230

Table 2.99: JSF of A up to pu — 1232

p=m-21p-21)F,

ch L(p)osa =p—I+J—K—-—M—-N—-O+P

See argument

JSF in Weyl characters:
JSF(pu)i232 =1 —J+ K+ L+ M
JSF(I)1232 =L — N — O
JSF(J)1232 = N

JSF(K)1232 = P

JSF(L)1232 = N + O

JSF(M)1232 =J + N+ P

JSF in irreducible characters:

JSF(u)i2s2 = I+ K+ 2L+ M +2 N + O 4 2P
JSF(I)1232 = L

JSF(J)1232 = N

JSF(K)1232 = P

JSF(L)1232 = N+ O

JSF(M)1232 =J +2N + P

I'=p~—1100=(p—3,0,p,1)
J=p—0230=(p,0,p—4,4)
K=p—0011=(p—2,2,p—3,0)

L=p—1110=(p—3,1,p—2,2)

M=p—-0120=(p—1,1,p—4,3),
N=p—-1230=(p—2,1,p — 4,4),
O=p—1132= (p—3,3,p —4,0),

P=p—-0131=(p—1,2,p—5,2)

Table 2.100: JSF of p up to pu — 1232

2.5.1.22 A = aA1+bAa+cA3+ fAg. — By[Table 2.35] we have that b =a—1,a+c=p—-1,f =1
and v = 1 — 0001 = (a — 1,0,p — a,a — 1) affords the highest weight of a second composition factor
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Ao =(p—4,0,0,—1) € Co
Y =wieXyg=(0,p—3,2,p—2) n =weX;=(0,p—4,1,p—2)

w1 = 808182848380 w = 808182

Ao = (p—15,0,0,0) € Cop

y=wieXo=(1,p—4,3,p—3) n=weX = (0,p—5,1,p—2)

C, =(1,1,1,1,1,1,2,1,2,2) C,=(1,1,1,1,1,1,2,1,2,2)
|Propositi0n 1.3.10| = [ :n]=[v:n]
s = s3

wseXo = (0,p —5,0,p)

wseAg — we Ag = 0001

|Proposition 1.3.9| = [wiseAo : ] = [y: 7], where wiseXg = (0,p —4,3,p—4)

Table 2.101: Computing [(0,p —3,2,p—2): (0,p —4,1,p — 2)] 4,

Ao =(p—4,0,0,-1) ¢ Co
'y':wloAf):(l,pr,l,pr) n’:wn)\g:(O,p74,1,p72)

W1 = 8081528483S8250 w = SpS1S82

Xo = (p—5,0,0,0) € Cop

Yy=wieXo=(2,p—-3,2,p—-3) n=weo=(0,p—-51p-2)

Cpy=(1,1,1,1,1,1,2,1,2,2) Cp=(1,1,1,1,1,1,2,1,2,2)
Proposition 1.3.10| = [y : n'] = [y : 7]
s = s3

wseXo = (0,p —5,0,p)

wseAg —we g = 0001

|Proposition 1.3.9| = [wi1seXo:n] =[y:7n], where wise Ao = (2,p —2,1,p — 4)

Table 2.102: Computing [(1,p —2,1,p—2): (0,p—4,1,p — 2)]4,

for X acting on Ly (). If @ # p — 3, then the JSF applied to A yields
ch L(A)1111 = A — (A — 101000) — (A — 011100).
If a = p — 3, then the JSF applied to A and v yields
ch L(M)1112 = A — (A — 101000) — (A — 011100) — (A — 010111)

and ch L(v)1111 = v — (v —0011), respectively. In both cases, the multiplicities in [Table 2.104| imply
that X acts on Ly (\) with more than two composition factors.
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p=(p—4,3,p—4,1)p,

Possibilities
ch L([,L)1132 =Mt — A—B
ChL(/,L)llgg :[LfA*B*C

Multiplicity bounded above by the first possibility

JSF in Weyl characters: JSF in irreducible characters:
JSF(p)1132 = A+ B+ C JSF (p)1132 = A+ B 4+ 2C
JSF(A)1132 =C JSF(A)1132 =C

A=p—-1100=(p—-5,2,p—2,1) C=p—1111=(p—5,3,p—3,0)

B=pu—0120=(p—3,3,p—6,3)

Table 2.103: JSF of g up to p — 1132



Table 2.104: Multiplicities for the proof of |[Proposition 2.5.1

A Conditions Multiplicities
b
acdef v [ A(0) n(0) v(0) Details

(a,0,0,0,0,0) a=1 1232 two composition factors Subsection 2.5.1.1
a=2,3 1232 more than two composition factors, compare dimensions [Subsection 2.5.1.1
a=p—2 1232 two composition factors [Subsection 2.5.1.1
a>4,a#p—3,p—2 1232 2464 38 <y 32 <y 5 Subsection 2.5.1.1

a=p—3 irreducible Table 2.2
(0,b,0,0,0,0) b=1 1110 two composition factors Subsection 2.5.1.2
b=p—2 1110 two composition factors [Subsection 2.5.1.2
(0,0,¢,0,0,0) ec=1 0121 1231 7 <y 5 <y 1 Subsection 2.5.1.3
c=p—1 1231 two composition factors Subsection 2.5.1.3
(0,0,0,d,0,0) d=1 0110 1221 10 <y 4 <y 4 Subsection 2.5.1.4
d=p—1 0110 two composition factors [Subsection 2.5.1.4
(a,b,0,0,0,0) b=1 a#p—4 1110 1111 6 <y 4 <y 1 Subsection 2.5.1.5
a=p—4 1110 two composition factors Subsection 2.5.1.5
b=p—2 a=p-—1 1110 1111 5 <y 4 0 [Subsection 2.5.1.5
a#p—1 1110 1111 6 <y 4 <y1 [Subsection 2.5.1.5
(a,0,¢,0,0,0) c=1,a#p—2,p—6 a#p—38 0121 1231 10 <y 8 <y 1 Subsection 2.5.1.6
a=p—8 0121 1353 61 <y 48 <y 12 Subsection 2.5.1.6
a+c=p, atdp—1 a#2,6 0121 1231 18 —6qp—2 <y 14—8,p 2 <y 3 Subsection 2.5.1.6
a=2 0121 1242 39 31 7 Subsection 2.5.1.6
a=26 0121 1363 130 100 <Bs 29 Subsection 2.5.1.6

a+c=p-—1 a=1 irreducible Table 2.2
a=3 1231 1231 9 7 1 [Subsection 2.5.1.6
a=1"17 1231 1232/2462 10/62 8/53 1/8 Subsection 2.5.1.6
a=p—4 1231 2462 55 46 8 Subsection 2.5.1.6

o7 ‘7)) = (X‘X)
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(a,0,0,d,0,0)

(a,0,0,0,€,0)

(a,0,0,0,0, f)

(0,b,¢,0,0,0)

(0,0,¢,d,0,0)

(a,b,¢,0,0,0)

(a,b,0,0,¢,0)

a=p—3,d=1
a=1, e=p—1
a=p—4,e=1

a#zp—1, f=1

b=p—-3,c=1

b=1,c=p—1

b=p—1l,c=p—1

c+d=p—1

a+c=p—1, b#a—1

a+c=p—1, b=a—1

b=p—3,c=1
b+c+2=0 modp

a=1,b=p—-—1,e=p—1

a<p-—5,a#1,3,7

a=1

a#1l,p—3,p—5

a=p—3
a=p—5
d=1
d=2
d=3

4<d<p-T7,d=p-—-5

d=p—6
d=p—4
d=p—3
d=p—2

2b+c+4#0 modp

a#2,p—2
a=p—2
a=2

a#p—2,p—6

at+c=p, aFdp-1

1231

1231

1231

0110

0011

0011

0001

0001

0001

0001

0121

1110

1121

1221

1221

1221

1221

1221

1221

1221

1221

1110

1111

1111

1111

0121

0121

0011

2462

2463

2462

1221

1231

1232

1232

1232

1232

1231

1121

1131/2231

2242

2452

2442

2442

2442

1231/2442

37

38

62

14

19

31
32
<Bc 53
<v 9

<v 14

two composition factors

12
15
14
13

12

59
60

12/60

<v5
<v 5
<v 5
<v 5
<v 10
<v 7

6/19

52

44

50
<pc 51

10/51

1/8

more than two composition factors, see argument

1221

1331/2442

1111

2222

2222

1111

1111

1121

9
19/60
6
21

21

7
16/51
<pc 4
<Bs 16

16

two composition factors

7

7

16

<v 6
<v 6

11

2/7

<v1

Subsection 2.5.1.6
[Subsection 2.5.1.6
Subsection 2.5.1.6
Subsection 2.5.1.7
Subsection 2.5.1.8
Subsection 2.5.1.8
Subsection 2.5.1.9
Subsection 2.5.1.9
Subsection 2.5.1.9
Subsection 2.5.1.9
[Subsection 2.5.1.10
Subsection 2.5.1.10
Subsection 2.5.1.10
Subsection 2.5.1.11
Subsection 2.5.1.11
Subsection 2.5.1.11
[Subsection 2.5.1.11
Subsection 2.5.1.11
Subsection 2.5.1.11
Subsection 2.5.1.11
[Subsection 2.5.1.11
Subsection 2.5.1.12
Subsection 2.5.1.12
Subsection 2.5.1.12
Subsection 2.5.1.12
Subsection 2.5.1.12
Subsection 2.5.1.12
[Subsection 2.5.1.13

STT
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(@,0,¢,d,0,0)

(a,0,¢,0,¢€,0)

(a,0,¢,0,0, f)

(a,0,0,d,e,0)

(0,b,¢,d,0,0)

(a,b,¢c,d,0,0)

(a,b,¢,0,€,0)

(a,b,0,d,e,0)

(a,b,¢,0,0, f)

a=p—4, b=p—-3,e=1

a=1l,c+d=p—1, c#2

a=2,c=p—3,e=1

atc=p—1, f=1

=l,d+e=p—1,e#1,p—2

2

c+d=p—1,b#c, 2b+d+3Z0

<o

=c,c+d=p—1

c=4
c=p—2
otherwise
a=1
a=3
a=4

a=2o0or5<a<p-—3

a=p—2
e#2,4
e=2
e=4
mod p
c=1
c=2
c=3
c=p—2
c=p—3
c=p—5
otherwise

a=1,b=c,c+d=p—1, c#2,p—2

a=1,b=c,c+d=p—1, c=p—2

a=2,b=1,¢c=p—3,e=1

a=1,b=e,dt+e=p—1, e#1,p—2,b#p—4

a=1,b=e, d+e=p—1,e#1,p—2,b=p—4

a+c=p—1,b=a—-1, f=1, a#p—3

at+c=p—1,b=a—-1, f=1, a=p—3

0011

0111

0111

0111

0010

0001

0001

0001

0001

0001

0011

0011

0011

1110

1121

1121

1121

1121

1121

1121

1121

0111

0111

0010

0011

0011

0001

0001

1121
1332
1221

1221

1232
1232
1231/1232
1231
1231
1221
1232
1221
1121
1231
2242
2242
1121
1242/2242
1231/2242
2242
1121
1232
1111
1121
1132
1111

1112

13 <y 10

58 44
14 10
20 <pc 15

two composition factors

29 20
{24, 26} {15,17}
19/30 14/21

19 —6q,p—3 <v 14—64p-_3

12 <y 8
19 <pc 15
32 23
19 15
10 — 6c,1 <Bs 7—9dc1
16 14
33 27
37 30
7 5
25/38 21/31
17/38 14/31
38 <pc 31
13 =8¢ <Bc 11 =1
31 24
9 <y 6
16 — 0p 2 <pc 11 —6p 2
24 <ps 16
10 <y 6
11 <y 6

IN N
< <
VoW

IN
<
-

Subsection 2.5.1.13
[Subsection 2.5.1.14
Subsection 2.5.1.14
Subsection 2.5.1.14
Subsection 2.5.1.15
Subsection 2.5.1.16
Subsection 2.5.1.16
Subsection 2.5.1.16
Subsection 2.5.1.16
Subsection 2.5.1.16
Subsection 2.5.1.17
Subsection 2.5.1.17
[Subsection 2.5.1.17
Subsection 2.5.1.18
Subsection 2.5.1.18
Subsection 2.5.1.18
Subsection 2.5.1.18
Subsection 2.5.1.18
Subsection 2.5.1.18
Subsection 2.5.1.18
Subsection 2.5.1.18
Subsection 2.5.1.19
Subsection 2.5.1.19
Subsection 2.5.1.20
Subsection 2.5.1.21
Subsection 2.5.1.21
Subsection 2.5.1.22
Subsection 2.5.1.22

o7 ‘7)) = (X‘X)
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Chapter 3

The other embeddings

The goal of this chapter is to answer for (X,Y) as in [Tables 3.1] and excluding
the case (X,Y) = (Fy, Eg) which has already been solved in and the cases (X,Y,p) €
{(As,G2,{2,3}), (B4, Fy,{2,3,5,7,11}), (Cy, Fy,2)} which we do not consider in this thesis.

G X simple

Gy Ay (1 class if p # 3, 2 classes if p = 3)
Fy By(p>0),Cs(p=2)

E; A7 (p=>0)

Es  Ds (p=0), As (p > 0)

Table 3.1: Maximal closed connected simple subgroups of maximal rank

G X simple

Go A1 (p#2,3,5)

Fy, A (p=0o0orp>13),Gy (p=T7)

Es A2 (p#23),G2 (p#7), Fa (p=0), Ca (p#2)
(
(

E; A; (2classes, p=0or p > 17,19, resp.), Ay (p # 2,3)
Eg A; (3 classes, p=0or p > 23,29,31, resp.), Ba (p # 2,3)

Table 3.2: Maximal closed connected simple subgroups of non-maximal rank

Proposition 3.0.1. Let k be an algebraically closed field of characteristic p > 0. Let (X,Y,p)
be as in [Lable 3.2| and [Table 3.1l Assume in addition (X,Y) # (Fy, FEs) and (X,Y,p) &
{(A2,G2,{2,3}),(By, F4,{2,3,5,7,11}),(Cy, Fy,2)}. Let X € X(Ty)T be a p-restricted weight.
Then X acts on Ly (\) with exactly two composition factors if and only if A is listed in up
to graph automorphism. Moreover, Ly (\)|x = Lx () ® Lx (v) with p and v given as in[Table Al
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122 III. THE OTHER EMBEDDINGS

Throughout this chapter, let Y be a simply connected simple algebraic group of exceptional
type and let X be a maximal closed connected simple subgroup of Y as in the statement of
[Proposition 3.0.1] Let By = UyTy be a Borel subgroup of Y and let Bx = By N X be a Borel
subgroup of X with Ux =Uy N X and Tx =Ty N X.

For A\, u and v as in we first show that if Ly (A)|x & Lx(u)/Lx(v), then Ly (\) =
Lx(u) @ Lx(v). 'Y # Eg, then Ly ()) is self-dual, since —1 € Wy, the Weyl groups of Y. If
(X,Y) = (G, Eg), then —woA = X with wg the longest element of Wy and so Ly (1)) is self-dual.
Now, by we have that Ly ()\)|x is self-dual and by we get Ly (\) &
Lx(p) ® Lx(v). If (X,Y) = (C4, Eg), then using the tables in [Liib07] and [Proposition 1.2.1}
we check that [Vx () : Lx(v)] = 0, hence Ext'(Lx (1), Lx(r)) = 0 by [Proposition 1.1.7] and so
Ly(\) 2 Lx(p) ® Lx(v). The second part of [Proposition 3.0.1| follows.

From now on, we focus on proving the first part of the statement. Let A € X(Ty)" be a
p-restricted weight. In most cases, to prove that X acts on Ly (\) with more than two composition
factors, we bound the multiplicity of a weight in Ly (A)|x by the number of weights in A(Vy (A))
which restrict to it. When it is not straightforward, we list these weights. By
this argument does not depend on p, unless (Y, p) € {(Fy,2), (Gs,2), (G2, 3)}. Note that we have
excluded the latter cases in [Proposition 3.0.1}

In other cases, we compare the dimensions of the irreducible modules using the tables from
[Lib07] or Weyl’s degree formula. When it is not necessary to provide the exact dimension, we bound
the dimension by an inequality. An inequality with subscript V' (i.e. <y) indicates the dimension
of the corresponding Weyl module, an inequality with subscript LB (i.e. or >1p) gives a
bound using the data in [Lib07]. It has two meanings: Either the dimension of the corresponding
module does not appear in [Liib07] and we bound it below by the bound stated in [Liib(07], or the
dimension of the module depends on the characteristic and we bound the dimension below by the
smallest possibility or above by the greatest possibility. This type of argument implicitly takes into
account the characteristic of k.

Finally, we need to keep the choice of p in mind when we apply [Proposition 1.2.2| and the
JSF. In order to apply |Proposition 1.2.2] we need to assume p # 2 and additionally p # 3 for
Y = (5. For the JSF, in view of [Remark 1.3.2] we assume p > h, which is the reason for excluding
p=2,3,5711for (X,Y) = (C4, Fy) in|Proposition 3.0.1]

Notation 3.0.2. Let A(Y) = {«;} be a base of ®(Y) corresponding to By and A(X) = {5;}
be a base of ®(X) corresponding to Bx. Let {\;}, {u:}, denote a set of fundamental weights

with respect to A(Y'), A(X), respectively. As in [Notation 2.1.3] let a sequence of digits abbreviate

a linear combination of simple roots, where each digit corresponds to a coefficient in the linear
combination. From now on, we allow the coefficients to be negative which yields signed sequences.
For example, if |A(Y')| = 4, we abbreviate a3 — 2a3 = a1 + 0az — 2a3 + 0y € ZA(Y') by 10(—2)0.

3.1 Preliminary lemmas

Let 7,0 € X(Tx). Assume v — 6 = Zﬁ(lx)‘ n;B; € ZA(X). Define the level of § with respect to
7y, denoted [lev. (0)] as Zligx)‘ n;. Let A € X(Ty)" and set p = Apy. Let v1,...,1,. € X(Tx)*
be distinet weights such that Ly (\)|x = Lx(v1)%/.../Lx(v.)% for some i1,...,i, € Z>q. Let
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0 € A(Ly (N)|x)*t. Set
my,e = Z mpy(C) — Z s (v,) (6)-

CeEX(Ty) ve s.t.
Clry =0 vsm0

Clearly, my ¢ # 0 if and only if # = v; for some 1 < j < r, in which case my ¢ =1;. Let £ =lev,(0).
Note that we can rewrite my ¢ as

mxe = Z mLy(,\)(C)— Z iSmLx(Vs)(e)'

CeEX(Ty) vs s.t.
Clry =6 lev, (vs)<{

Remark 3.1.1. For a € A(Y), write o|p, = Z‘].A:(lX)l n;B; with n; € Z. Assume ZLAZSX)l n; >0

for all a € A(Y), that is lev,), (0) > 0. Then it is clear that the following holds.

1) For v € A(Ly (\)|x)*, we have lev,, v > 0.

2) If v € A(Ly(N)|x)* and lev,, v = 0, then v = v; for some 1 < j <r.

The next two lemmas are easy and tell us in specific cases when a weight appears with nonzero
multiplicity in a Weyl module.
Lemma 3.1.2. Let Y be of type A,, forn>1. Let X € X(Ta,)t and write X as A =Y, a;\;.

1) Let 1 <i<mn, then A\ —ra € A(Vy (X)) for 0 <r < a;, where a = Z?:iaj-

2) If ajya;, # 0 for some 1 < iy <ip <mn, then A —2a € A(Vy(N)), where a = ?3:3‘1 oy and
l<ji<ii<izg<ja<n.

Lemma 3.1.3. LetY be of type E,, forn € {6,7,8}. Let A € X(Ty)" and write X as X =Y | a;\;.
If ajaj # 0 for some 1 <i<j<mn, then \—2> " a, € A(Vy(N)).

Proof. We prove the lemma using [Proposition 1.1.12| and a computer program. O

3.2 Maximal subgroups of non-maximal rank

The goal of this section is to prove [Proposition 3.0.1|for the pairs (X,Y’) with rank(X) < rank(Y).

3.2.1 (G2, Eg). — Let (X,Y) = (G2, Eg) and note that by we have p # 7. This
embedding was first constructed in [Tes89) (G.1) and (G.2)] with the additional assumption that
p # 2,3. By [LS04, Theorem (6.1)], this assumption on p can be lifted. Moreover, by comparing
[Sei91l Theorem (7.1)] and [LS04] Lemma 6.2.2 and Lemma 6.3.7], we can assume up to conjugacy
that the simple roots of ®(Y") restrict to Tx as

ai‘TX = ,81 for ¢ € {1,2,3,5,6} OZ4|TX = 62 — ,61. (31)

Note that these restrictions imply that the hypothesis on the levels in is satisfied.
Performing a change of basis by multiplying the restrictions in (3.1)) by the Cartan matrix, we
obtain that the fundamental weights in X (Ty )™ restrict to Tx as follows.

ATy = A6l =211 Aol = p1 + o
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A3y = As|Ty = 201 + p2 Adlry = 3po
Let A € X(Ty)™' and write A\ = Z?:1 a;N;. Set = Ar,. We have
w=(2(a1 + as + as + ag) + a2, a2 + a3 + a5 + 3ay).

We start by giving a general argument and then solve the remaining cases by comparing dimensions.

Assume ag4 # 0, then v = (A — a4)|ry = p — (—1)1 affords the highest weight of a second
composition factor for X acting on Ly (A) by since lev, (v) = 0. Note that for a =
ag+ag, i € {2,3,5}, we have (a)|r, = 01 and (mpn)| > Mr(w), Mre))(p—01) = (> 3,<y 1,<y 1).
Hence X acts on Ly (\) with more than two composition factors.

Assume a4 = 0. Let 4,7,k € {1,2,3,5,6} distinct and assume a;a;ar # 0. Then (A — ay)|ry =
p—10 for £ € {i, j,k}. Thus (mpn)x, Mrw)(pw—10) = (> 3, <y 1) and p — 10 affords the highest
weight of a second and a third composition factor for X acting on Ly (A). By symmetry, we are left
to consider the following two cases:

1) A= a;\;, with for ¢ € {1,2,3},
2) A= a;\i +aj);, with a;a; # 0 and (4, 5) € {(1,2),(1,3),(1,5),(1,6),(2,3),(3,5)}.

Consider first case 2). Note that (mpn)|yx, ML) — 10) = (> 2,<y 1), hence a second
composition factor is given by v = p — 10. Let (4,75) € {(1,5),(1,6),(3,5)}. Note that (mpy)
mr(u), ML) (—20) = (>3, <y 1,<y 1), hence X acts on Ly (\) with more than two composition
factors. Let (i,7) € {(1,2),(2,3)}. Note that for o € {110100,101100,011100,0101100,001110}, we
have Ot|TX = 11. Hence (mL()\Nx,mL(M),mL(,}))(u — 11) = (Z 4, SV 2, SV 1) and X acts on Ly(A)
with more than two composition factors. Let (i,j) = (1, 3), then for o € {201100, 102100, 101110,
111100,011110,001111}, we have a|r, = 21. Therefore, we have (mpn)| <, Mr(w), ML) —21)
=(>6,<y 3,<y 2) and X acts on Ly (\) with more than two composition factors.

Consider now case 1), that is A = a;A; with ¢ € {1,2,3}. Let A = aiA;. If a; = 1 and p # 2, then
X acts irreducibly on Ly () by [Tes88|, Table 1]. If a; = 1 and p = 2, using the tables in [Lib07], we
see that X acts on Ly (A) with more than two composition factors. If a; > 2, then (mp ), ML)

[x

(b —20) = (>2,<y 1) and pu — 20 affords the highest weight of a second composition factor for
X acting on Ly (A). The cases a; = 2,3 are solved by comparing the dimensions appearing in
Assume a; > 4, then (mL(,\)‘X,mL(M),mL(,,))(u —40) = (>3,<y 1,<y 1) and X acts
with more than two composition factors on Ly (\).

Let A = agAg. Assume ay = 1, so p = (1,1). The only weights in A(Ly (A\)|x) which are
dominant and greater than p — 21 are p, u — 11. Moreover, (mp\)|x,Mrw)) (4 — 11) = (2,2) and
(Mmrx ML) —21) = (3,2). Hence p — 21 affords the highest weight of a second composition
factor for X acting on Ly ()\). Comparing dimensions in implies that X acts on Ly ()\)
with exactly two composition factors if and only if p # 3. Assume az > 2. We have (mpx)|x, ML(y))
(u—11) = (> 3,<y 2), hence p — 11 affords the highest weight of a second composition factor
for X acting on Ly (A\). If az = 2, we compare dimensions in Assume as > 3. We
have (a)|r, = 21 for a € {030100, 021100, 020110, 111100,010111}, hence (mr(x)|x s ML(u)s ML(w))
(b —21)=(>5,<y 3,<y 1) and X acts with more than two composition factors.

Let A = agA3. Assume az = 1, then (mpny), mrw) (@ —11) = (> 3, <y 2) and p — 11 affords
the highest weight of a second composition factor and we compare dimensions using
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Assume az > 2, then (mp\|, Mrw) (@ —20) = (> 2,<y 1) and v = pu — 20 affords the highest
weight of a second composition factor. Moreover, (1) x»ML(u) ML) (1 — 11) = (> 4,<y 2,0)
and X acts on Ly (A) with more than two composition factors. This completes the argument for
the pair (G, Eg).

A op=Are v dim(Ly (), Lx (1), Lx (v))

2 4 2t (>1p 324, <y 182, <y 77)

3\ 6 %1+ 2us  (>pp 3002, <y 714, <y 729)

A2 p o2 2 (78 — dp,3,64 — 155, 3,14 — 75, 3)
Do 2+ 22 B +pe  (SLp 2429, <y 729, <y 448)

Az 2p1+pe 3 (>1B 324, <y 189, <y 77)

Table 3.3: Some dimensions for (Ga, Fs)

3.2.2 (A2, Eg). — Let (X,Y) = (A2, Es) and note that by [Table 3.2} we have p # 2,3. The
construction in [Tes89L (A1) and (A2)] implies that up to conjugacy the restriction to T'x of the

simple roots in ®(Y) is given by
|ty = P fori € {1,2,3,5,6} aulry = B2 — 251,
which implies the following restriction to Tx for the fundamental weights in X (Ty)*.

ATy = Aol = 21 + 2p2 Ao|Ty = p1 4 4po
As|7e = As|lry =201 + 5o ATy = Ypuz

Let A € X(Ty)™, write A = Z?:l a;\; and set p = A|p,. Assume a4 # 0, then v = p — (=2)1
affords the highest weight of second composition factor for X acting on Ly (\). Moreover, we have
(ML) xs ML), MLw)) (1 — (=1)1) = (> 3,0, <y 1), hence establishing the existence of a third
composition factor for X acting on Ly (\). Henceforth assume a4 = 0.

Let ag # 0 or ag # 0, then v = u — (—1)1 affords the highest weight of a second composition
factor for X acting on Ly (A). If aa = 1 and as = 0, then we have dim(Ly (), Lx(u), Lx (v))
= (78,<y 35,<y 35) where u = (1,4) and v = (4,1). If a3 # 0 or az > 2 or aza; # 0, then
(ML) xs ML), MLw)) (i —01) = (> 3,<y 1, <y 1). Hence, by symmetry, X acts on Ly ()) with
more than two composition factors if either as # 0 or az # 0. By symmetry, this argument also
holds if a5 # 0. Henceforth, assume a3 = a5 = ay = 0.

Assume ajag # 0, then v = p — 10 affords the highest weight of a second composition factor for
X acting on Ly (\). Moreover, (mrx)|xs ML) MLw)) (1 —20) = (= 3,<y 1,<y 1) and X acts
on Ly (\) with more than two composition factors.

By symmetry, the last case to consider is A = a3 A;. If a3 = 1, then by [Tes88| Table 1], we have
that X acts irreducibly on Ly (\). Assume a; > 2. Then v = p — 20 affords the highest weight
of a second composition factor for X acting on Ly (\). Moreover, (mr x|y, ML) ML) (1 — 11)
= (>3,<y 2,0) and X acts on Ly (\) with more than two composition factors. This completes
the argument for the pair (As, Eg).
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3.2.3 (C4, Eg). — Let (X,Y) = (C4, Eg), then by [Table 3.2, we have p # 2. Let X be the

maximal closed connected simple subgroup of type Cy in Y given in the proof of [Tes88| Theorem
(5.0)] as followd}

X = <uj:(a2+a4+a5) (_t)ui(a2+a3+a4) (t)’ Uton (t)uiaa (t)’ Utag (t)uias (t)a Uty (t) ‘ te k">

Let B¢y = By N X be a Borel subgroup of X. The simple roots with respect to a positive set
of roots corresponding to B generate a root system of type Cy and are given by the following
restriction of simple roots in ®*(Y).

B = (a2 +as+ag)lr, = (e +as+as)|lr, By = oulr, = aglry
B3 = aslr, = as|r, By = oulry

Let X denote the subgroup of Y obtained by conjugating X by a coset representative of s, +Sa, N
Ny (Ty). The simple roots of X corresponding to the Borel subgroup Bx = X N By are given by
the following restrictions.

ailry = aglry = P2 az|ry = Ba

as|lry = as|ry = b1 aglry = Ps — B

We deduce the following restriction of the fundamental weights in X (7y)™.

MlTy = Aol = H2 Xo|Ty = a4

As|Te = Aslry = p1 + p3 ATy = 243

Using [Proposition 1.5.3] we can reduce the number of candidates A € X (Ty )™ on which X acts
with exactly two composition factors. Consider the Levi factor L of the parabolic subgroup P; of
Y given by I = {«;}iz2 and note that L; N X = L;, where L is the Levi factor of the parabolic
subgroup Pj of X given by J = {f3;};24. We have that L; is of type A5 and L; of type As (or
equivalently Ds up to relabelling of the Dynkin diagram). Since L, = L} N X and for a € ®(Y),
a € ZI if and only if a|r, € ZJ, we can apply [Proposition 1.5.3| The irreducible kL}-modules
on which L', acts irreducibly are given by L()‘i|TLj,) for i € {1,3,5,6} by [Sei87, Theorem 1].
Moreover, the following result classifies the kL}-irreducible modules on which L', acts with exactly
two composition factors.

Proposition 3.2.1 ([Cavlsl Theorem 5.1]). Let I,J be as above and consider an irreducible
kL’ -module LL/I()\|TL,I) having p-restricted highest weight X € X(Tr,,)*. Then L', has ezactly two

composition factors on LL/I()\|TL, ) if and only if X and p are as in[Table 3.4, where X\ is given up
I
LL(, v Ty
J

to graph automorphism of L. Moreover, Ly, (A|r,, ) = Ly (p|r,, ) ) with u and v as in
I J

[Cable 3.4,

Recall we have assumed p # 2. Combining the irreducible action and those with two composition
factors, we only need to consider A € X (Ty )™, with A appearing in the first column of [Table 3.5
up to graph automorphism.

LCompared to [Tes88, Theorem (5.0)], we have reordered the generators, so that they match our labelling of the
Dynkin diagram of type Cj.
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A nw=2A v w—v P

AL +A3 ot petps p2 111 p#5
A1+ Xg 202 p1 + s 010 p#£2
2\ s 0 121 p#2,3
2M1 + X6 32 p1+p2+pg 010 p="7
3\ 312 12 121 pF#23
A3 M1+ 3 0 111 p=2
Ad 23 2 (=1)01 p#2

Table 3.4: Two composition factors for the pair (A3, As)

A=Y0aik p= Ay v p—v p

At agde+ A3 prtpet+ps+asps pe+ (ag+ 1)pg 1110 p#2,5
AL+ a2da +Xs 2p2 +azpy p1 + p3 + azpiy 0100 pF#2
21 + as Ao 209 + aspiy (ag + 1) g 1210 p#23
2\ + agde + A¢ 3o + aspy 1+ pe + p3 + agpg 0100 p=

3\ + ag A2 3o + asfiy to + (ag + 1)y 1210 p#23
asAa + Ay 2p3 + azfiy 201 + (ag + 1)pg (=1)010 p#2
A1+ agA2 to + asfiy - - p#2
a2 + A3 M1+ 3+ azpy — - pF#2

Table 3.5: Cases from (A3, As)

Let A € X(Ty)™ and p = A|p, be as listed in Let v be as in if its entry is
nonempty in the line corresponding to A. Assume A & {agAa + Mg, A1 + a2ha, azda + A3}, If ag =0,
then we argue by comparing dimensions, these are listed in Note that in this case, X
acts on Ly (\) with exactly two composition factors if and only if A = A; + A3 and p =3. If ag # 0,
then (mro)sML(w), MLw)) (1 — (010100)|7y ) = (> 1,0,0), where (010100)|7, = (—1)011. Hence
X acts on Ly (\) with more than two composition factors.

Let A = ag Ao + Ag. If ag = 0, we compare dimensions using If az # 0, then (mpn)y,
mp (), mrw)) (= (010200)|7) = (> 1,0,0), where (010200)|7, = (—2)021. Hence X acts on
Ly (\) with more than two composition factors.

Let A € {A\1 4+ az)2,a2)s + A3}. Assume ay = 0. If A = Ay, then X acts irreducibly on
Ly ()) by [Tes88|, Table 1]. If A = A3, then p = py + pz. We have that v = p — 0121 = 2y
affords the highest weight of a second composition factor for X acting on Ly (A). Indeed, by
[Proposition 1.5.3] the weights which could afford the highest weight of a second composition factor
between p and g — 0121 are the dominant weights of the form p — Oxyl with z € {0,1} and

y € {0,1,2}. However, none of these weights are dominant apart from g and g — 0121. Moreover,
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for @ € {111210,011211, 112200}, we have a|r, = 0121 and o € A(A\). Combining this with the
tables in [Lib07], we get (mpn)|x» ML) (i —0121) = (3,2 — §,.3). Therefore, p — 0121 affords
the highest weight of a second composition factor for X acting on Ly (\). Note that it also
affords the highest weight of a third composition factor for p = 3. Comparing dimensions, we
get dim(L(X\), L(p), L(v)) = (351,315,36) if p # 3. Hence X acts on Ly (\3) with exactly two
composition factors if and only if p # 3. Assume as # 0. Set v = (A — 010100)1, = p — (—1)011 €
X (Tx)T. Note that v affords the highest weight of a second composition factor for X acting
on Ly (\). The cases with ag = 1 are solved by comparing the dimensions listed in
Assume finally that az > 2. Then (mpn), ML), ML) (@ — (020200)|7y ) = (> 1,0,0), where
(020200)|7, = (—2)022 and so X acts on Ly (\) with more than two composition factors. This
completes the argument for the pair (Cy, Eg).

A I v char. dim(L(X), L(u), L(v))

MAAs et s g+ s p=3 2404, 1891, 513)

(

p#£2,3,5 (5824, <y 4096, <y 792)
M+ As 2 p1 + s p=3 (572, 266, 279)

p#£2,3 (650, <y 308, <y 315)
20 24t 114 p="5 (324,281, <y 42)

p#£2,3,5 (351, <y 308, <y 42)
21+ A6 3y p stz p=T (5994, <y 2184, 3502)
3\ 3po M2+ fig p#2,3 (>1B 3002, <y 2184, <y 792)
Ay 2413 21 + pa D2 (>Lp 2771, <y 825, <y 1155)
A+ Ao o+ g 201 + o p=5 (1377, <y 792, 558)

p#£2,5  (>pp 1701, <y 792, <y 594)
Ao+ s g1t st Bun+ s p#2 (>1p 15822, <y 6237, <1 3696)

Table 3.6: Some dimensions for (Cy, E¢)

3.2.4 (A2, E7). — Let (X,Y) = (A2, E7), then by we have p # 2,3. Using the
description of the embedding of the Lie algebra of X into the Lie algebra of ¥ given in [Sei91 p.
89, (5.8)] for p # 5 and the argument in Lemma 4.1.3] for p = 5, we deduce that up to
conjugacy the simple roots of ®(Y") restrict to T'x as

a1lry = aalry = P2 ol = aslry =1 — B2 sl = P2 — P

(3.2)
aglry = 201 — P2 ar|ry =282 —261.

Whence the following restriction to T'x of the fundamental weights in X (7y)*.

Aty = 4(p1 + p2) Aol = Tpy + 4pio Azl = 9p1 + 6o A1 = 11(p1 + p2)
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As|Ty = Tpa + 102 Xe|rye = 6(p1 + p2)  Ar|rye = 62

Write 237‘:1 a;A; and set p = A7, . Recall the definition of the level of a weight and
Note that implies that the hypothesis of on the level is satisfied. Henceforth,
we assume the level of a Tx-weight to be with respect to u. Let i,k € {2,3,5,7} with ¢ # k.
By if a; # 0, then u — ma; affords the highest weight of a composition factor for
m=1,...,a;. Thus if a;a; # 0 or a; > 2, then X acts on Ly (A) with more than two composition
factors. We assume from now on that 0 < a; <1 and a;ar, =0 for i,k € {2,3,5,7} with i £ k.

Let ag # 0. Let ¢ € {2,3} and assume a; # 0. A second composition factor for X acting
on Ly () is given by v = u — 1(—1). Note that (0000010)|z,, (0111000)|7, = u — 2(—1), hence
(ML x> ML) ML) (1 —2(=1)) = (> 2,0,<y 1) and X acts with more than two composition
factors on Ly (\). Let ¢ € {5,7} and suppose a; # 0, then both p — ;|1 and p — ag|r, afford a
highest weight of a composition factor for X acting on Ly (\), hence X acts on Ly (\) with more
than two composition factors. Therefore, assume a; = 0 for i € {2,3,5,7}. We check that there is
no composition factor with highest weight of level 0 apart from p. Indeed, any weight in A(Ly (\))
different from A is of the form A — Z;Zl rjo; € Z>oA(Y) and the assumption on the coefficients of
A forces one of 11, 74,76 to be nonzero. Hence the level of any weight different from p in A(Ly (N)]x)
is strictly positive. By we deduce that v = p — 2(—1) affords the highest weight of
second composition factor. Moreover, (mpx)|x > ML(u), ML) (1 — (s + as +a7)|ry) = (> 1,0,0),
where (a5 + ag + a7)|ry = (—1)2 and so X acts on Ly (A) with more than two composition factors.
Note that this argument does not depend on the value of a; for i € {1,4}. Therefore, X acts on
Ly (X) with more than two composition factors if ag # 0. Henceforth assume ag = 0.

Let a5 # 0, so ag,az,ay = 0. The highest weight of a second composition factor is given by
v = pu— (—1)1. Moreover, (a4 + as)|ry, (a5 + as + az)|ry = (—=1)2 and (mrx)) ML), MLw))
(u—(=1)2) = (> 2,0,<y 1), hence X acts on Ly () with more than two composition factors.
Henceforth assume as = 0.

Let a7 # 0, so asg,asz,a5 = 0. The highest weight of a second composition factor is given by
v = pi—(—2)2. Assume additionally a; # 0 or aq # 0. Note that (a1)|ry, (a4)|7y, (@6 +a7)|7, = 01,
therefore (mp x|, ML) Mmre))(k —01) = (> 2,<y 1,0) and X acts on Ly (A) with more
than two composition factors. Assume A = azA;. We have already shown that 0 < a; <
1. By comparing dimensions, we get dim(Ly (\), Lx(p), Lx(v)) = (56,28,28) if p # 5 and
dim(Ly (A), Lx (p), Lx (v)) = (56, < 28, < 28) if p = 5. Therefore, X acts on Ly (A7) with exactly
two composition factors if and only if p # 5. Henceforth assume a; = 0.

Let ¢ € {1,4} and j € {2,3} and assume a;a; # 0. We have that a second composition factor
for X acting on Ly ()) is given by v = — 1(—1). Note that aq |7y, |ty , (@2 + ag + a5)|1y, (@3 +
ay + as)|ry = 01. Hence (mpn)| ML), MLw)) (i —01) = (> 2,<y 1,0) and X acts on Ly ()
with more than two composition factors.

We are left to consider the cases A = a1 A1 + ag\q and A = A; for ¢ € {2,3}. Assume A = Xo. A
second composition factor is given by v = p — 1(—1) = 4p1 + Tus. Comparing dimensions yields
dim(Ly (A2), Lx (u), Lx (v)) = (912, <y 260, <y 260), which implies that X acts on Ly (\) with
more than two composition factors.

Suppose A = A3. A second composition factor is given by v = u — 1(—1). Note that («y +
as)|ry, (s + aq)|ry, (Z?:z a;)|lry = 10, therefore (mp(xy ML) Mow))(k —10) = (> 3, <y
1,<y 1) and X acts on Ly () with more than two composition factors.
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Assume A = a1 A1 + a4 \4. Reasoning as in the case ag # 0, we obtain that there are no weights
in A(Ly(N\)|x) of level 0 apart from p. Assume ajaq # 0. Since (1010000)|r,, (0101000)|ry ,
(0011000)|TX = 10, we have that (mL(/\)|X,mL(H))(u - 10) = (Z 3, SV 1) Hence by ,
i — 10 affords the highest weight of a second and third composition factor for X acting on
Ly (A\). Assume A = aghy. Note that (0101000)|r,, (0011000)|7,,(0111100)|7, = 10, hence
(Mmryx>ML)(# —10) = (> 3,<y 1) and X acts on Ly ()) with more than two composition
factors. Assume A = a1, so p = 4aypy + 4aipe. By [Sei9ll Theorem (5.1)] and [LS04, Lemma
4.1.3], if a; = 1, then X acts with exactly two composition factors on Ly (\) and the second
composition factor is given by p — 33. Therefore, assume a; > 2. It is a quick check to see that we
do not have any composition factors of level 1 either. Note that (2000000)|r,,(1011100)|r, = 02,
hence (mrn)| x> ML)k —02) = (> 2,<y 1) and v = p — 02 affords the highest weight of a second
composition factor. Moreover, (2020000)|y , (1111000)|7y = 20. Therefore, we get that (mp|,
M), MLw)) (@ —20) = (> 2,<y 1,0), which implies that X acts on Ly (\) with more than two
composition factors. This completes the argument for the pair (As, E7).

3.2.5 (By, Es). — Let (X,Y) = (By, Es), then by [Table 3.9 we have p # 2,3. Using the
description of the embedding of the Lie algebra of X into the Lie algebra of Y given in [Sei91]
eq. (10) on p. 111] for p # 5 and the proof of [LS04, Lemma 5.1.6] for p = 5, we get that up to
conjugacy the restriction to Tx of the simple roots in ®(Y) is given by

aitlry = aglry =0 2|y = as|ry = as|ry = B2 — 1

as|lry =1 — P |y = arlry = Bi-

From these restrictions, we deduce that the fundamental weights in X (Ty )" restrict to Tx as
follows.

M|y = 4(p1 + p2) Aolry =3p1 + 10ps  As|lry = 8(1 + p2)  Aalry = 91 + 16u0
Aslry = 5p1 + 16p2  Aglre = 4pn + 1202 Al = 31 + 8puz |7y = 6po

Let A € X(Ty)", write A = Zle a;\; and set p = A|lp,. Note that the hypotheses of
hold for this embedding. We assume the level of all the weights to be with respect to
78

Consider first the cases where a; # 0 for some i € {1,2,3,5,6,8}. Note that v = u — ()|,
affords the highest weight of a second composition factor. Let i € {1,3,5,6}, then thereis 1 < j <8
with (a;,a;) # 0, such that (A — a; — a;)|ry is of level 0. By we have that
(A — o — «j)|1y affords the highest weight of a third composition factor for X acting on Ly ().
Let i = 2. Note that a|r, = 01 for a € {01010000,01111000,01111100}. Hence, (mrx)|x, MLy,
mpy)(w—01) = (>3,<y 1,<y 1) and X acts on Ly (\) with more than two composition factors.
Henceforth assume a; = 0 for j € {1,2,3,5,6}. Let ¢ = 8 and assume ag > 2, then p— (—2)2 affords
the highest weight of a third composition factor. If azag # 0, then (mr ), Mr(w), MLw)) (1 — 10)
= (>2,<y 1,0) and X acts with more than two composition factors on Ly (). If agag # 0, then
(ML x> ML) ML) (1 —01) = (>3,<y 1,<y 1) and X acts with more than two composition
factors. If ag = 1 and a; = 0 for 1 < i < 7, then by [Sei91, Theorem (6.1)] and [LS04, Lemma
5.1.6], we have that Ly (\)|x = Lx((0,2))'"%5/Lx((0,6))/Lx((3,2)), which implies that X acts
on Ly (\) with more than two composition factors.



MAXIMAL SUBGROUPS OF NON-MAXIMAL RANK 131

We are left to consider the cases A = ag\y + az\7. We reason as in in order to show
that X acts on Ly (\) with more than two composition factors. We check that there is no weight in
A(Ly (\)|x) apart from p of level 0. Note that (a)|r, = 01 for a € {01010000,00011000,00011100}
and if ay # 0, then (A — a) € A(Ly())). Thus (mpx) . mrw)(@—01) = (> 3, <y 1). Note that
(o) = 01 for o € {00000011,00000111,00001110} and if a7 # 0, then (A — «) € A(Ly (A)). Thus
(ML x> ML) —01) = (> 3,<y 1). Therefore, we get that X acts on Ly ()\) with more than
two composition factors. This completes the argument for the pair (Bs, Eg).

3.2.6 (G2, Fy). — Let (X,Y) = (G2, Fy), then by [Table 3.2} we have p = 7. By the construction
of this embedding in [Tes89l Proposition (F1)], we have that up to conjugacy the restriction to T'x
of the simple roots in ®(Y') is given by

ai|lry = P for i € {1,3,4}  aalry = B2 — B1.

We deduce that the restriction to T'x of the fundamental weights in X (7y)™ is as follows.
Alry = p + po A2|Ty = 3p2 Azl = 241 + 2 Mlry =201

Let A € X(Ty)", write A = Zle a;\; and set p = A|lp,. Note that the hypotheses of
hold for this embedding and we assume the level of a weight to be with respect to u.
If ag # 0, then p — (—1)1 affords the highest weight of a composition factor for X acting on Ly (X).
If ag > 2, then p — (—2)2 affords the highest of a composition factor as well and X acts with more
than two composition factors. Henceforth assume 0 < ap < 1.

Let 4,5 € {1, 3,4} distinct and assume a;a; # 0, then p — 10 affords the highest weight of
a composition factor for X acting on Ly (A). Let 1 < 4,4,k < 4 distinct with a;aja, # 0. If
i,j,k € {1,3,4}, then p — 10 affords the highest weight of a third composition factor for X acting
on Ly (A) and if 4,4,k & {1, 3,4}, then o — (—1)1 does. Hence X acts on Ly (A) with more than
two composition factors. Therefore, assume A = a;\; + a;A;, 1 <i < j <4 with a;a; # 0. Set

p— (=11 ifay #0
V=
w—10 otherwise .

By the previous considerations, v affords the highest weight of a second composition factor for X
acting on Ly (A).

Let (4,7) = (1,2). Recall that az = 1. If a1 # p — 2, then (mp) . MrL(w), MLw)) (@ — 01)
= (3,<y 1,<y 1) and X acts with more than two composition factors. If a; = p—2, then a|r, =11
for v € {2100, 1110,0111,0120}, hence (mr(xy| ML) ML)k —11) = (= 4,<y 2, <y 1) and X
acts with more than two composition factors.

Let (i,7) = (1,3), then (mpx) x> Mru), MLw)) (1 —01) = (> 2,<y 1,0) and X acts with more
than two composition factors.

Let (i,7) = (1,4). If ay > 2 or ag > 2, then (mp ), ML(p), ML) (k—20) = (> 3,<y 1,<y 1)
and X acts with more than two composition factors. If a; = a4 = 1, then comparing dimensions
yields dim(L(\), L(p), L(v)) = (1053, <y 448, <y 286), hence X acts on Ly (A) with more than
two composition factors.
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Let (i,7) = (2,3). Recall that ay = 1. If ag > 2, then (mpx), ML), MLe)) (@ — 20)
= (> 2,<y 1,0) and X acts on Ly (A) with more than two composition factors. Note that
alr, = 11 for o € {1110,0120,0111}. If a3 = 1, then by applying|Proposition 1.2.2) we can show that
mL(,\)()\ — 0120) = m)\(>\ - 0120) = 2. Hence (mL(,\)|X,mL(“),mL(D))(u - 11) = (Z 4, SV 2, SV 1)
and X acts with more than two composition factors.

If (i,5) = (2,4), then (mpn) x> ML(u)> ML) (1 —01) = (> 3,<y 1,<y 1), hence more than

two composition factors.

Let (i,7) = (3,4). If az, a4 > 2, then (mrx)|x> ML(u)> ML) (0—20) = (>3, <y 1,<y 1) and X
acts with more than two composition factors. If az > 2 or ay > 2, and az+a4 # p—1, then (mpy),
mp(u),mrw))(p—20) = (> 3,<y 1,<y 1) and X acts with more than two composition factors.
If (a3,as4) = (1,5) or (az,as) = (5,1), then (mrx) > ML) MLe))(k—30) = (= 3,y 1,<y 1)
and X acts with more than two composition factors. If (a3, as) = (1,1), then p = 4p; + po and
v = 2(pu1 + p2). Comparing dimensions yields dim(L(\), L(u), L(v)) = (2991, <y 924, <y 729),
and so X acts with more than two composition factors on Ly ().

The last cases to consider are A = a;\;. Let A = a; A1, so that u = a1 (1 + pu2). We check by
direct computations that there is no weight of level 0 or 1 which affords the highest weight of a
second composition factor for X acting on Ly (\). The only weights of level 2 in A(Ly (\)|x) are
w—20, p— 02 and p — 11. It is straightforward that u — 20 and p — 02 appear with multiplicity 1
in both Ly (A\)|x and Lx(u). Moreover, u — 11 appears with multiplicity 2 — 0,1 in Ly (A\)|x and
we check that it also the case in Lx(u) by applying [Lemma 2.1.6] Therefore, there is no weight of
level 2 either which affords the highest weight of a second composition factor. Note that a|p, = 12
for a € {3200,2210,1220}. Hence, if a; > 3, then (mpn)|, Mrw) (@ —12) = (= 3, <y 2) and
a second composition factor for X acting on Ly (\) is given by v = p — 12. Moreover, we have
alry, = 21 for a € {3100,2110, 1120, 1111}. Thus (mp x> ML(u)> ML) —21) = (> 4, <y 3,0)
and X acts on Ly (\) with more than two composition factors. If a; = 1,2, then (a)|r, = 21
for @ € {1111,2110,1120} and using the tables in [Lib07], we get (mrx) .y, ML) (e —21) =
(>3 —1084,,1,<v 2 —04,,1)- Thus a second composition factor for X acting on Ly (X) is given by
v=up—21=(a; — 1)p1 + ajp2. Comparing dimensions yields

Aimn(L(). L), L(v)) = {(52’38’ W et
(755,481,248) if a; =2

which implies that X acts on Ly (\) with exactly two composition factors if a; = 1 and with more
than two composition factors if a; = 2.

Let A = azAa. We have already proven that as = 1 and v = p — (—1)1 affords the highest
weight of a second composition factor for X acting on Ly (A). Note that u = 3uz and v = 5u;.
Moreover, (A — a)|ry, = p — 11 for a € {1110,0120,0111}. Hence (mr )|y, ML(u), ML) — 11)
=(>3,<y 1,<y 1) and X acts with more than two composition factors.

If A = az)\s, then by a similar reasoning as in the case A = a1 A1, we prove that there is no weight
of level 0 and 1 apart from g which affords the highest weight of a second composition factor for X
acting on Ly ()). For o € {0111, 1110, 0120}, we have a7, = 11 and so (mp\)|x, M) (n—11) =
(> 3,<y 2,). Hence v = p — 11 affords the highest weight of a second composition factor for X
acting on Ly (A). Note that if az > 2, then (mpx)» M), MLw)) (1 —20) = (> 2, <y 1,0), hence
X acts on Ly () with more than two composition factors. If ag = 1, then p = (2,1), v = (3,0)
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and we get by comparing dimensions dim(L(X), L(u), L(v)) = (273,189, 77), thus establishing the
existence of a third composition factor.
Let A = agAy. If ay = 1, then X acts irreducibly on Ly () by [Tes88, Table 1]. If ay > 2, then
a second composition factor is given by v = u — 20. Note that u = (2a4,0) and v = (2a4 — 4,2). If
a4 = 2,3, then comparing dimensions yields
Gim(LN), (), L(v)) = {(298, <y 182, <y 77) ?f a=2
(2651, <y 714, <y 729) ifa =3,

and X acts on Ly (A) with more than two composition factors. If ay > 4, then we get that (mp\|,
M), MLw))(p—40) = (> 3, <y 1,<y 1), and X acts with more than two composition factors on
Ly (X). This completes the argument for the pair (Ga, Fy).

3.2.7 Maximal A;’s. — We now solve the cases where X = A;. The construction of the
maximal subgroups of type A; can be found in [Tes92]. We will use [Tes92, Lemma 4] which
describes the embedding of the Lie algebra of X into the Lie algebra of Y, in order to find the
restriction to T'x of the simple roots of ®(Y).

Recall from the representation theory of A; that the dimension of a weight space of an irreducible
representation of X is at most 1. Consequently, if there is a weight 6 € A(Ly (\))|ry of multiplicity
greater or equal to 3 in Ly (A)|x, then X acts on Ly (A) with more than two composition factors.
In this subsection, our notation for g — mfB; becomes u — m. Additionally, since X (Tx)™" is a
one-dimensional lattice, for a weight u € X(T'x)™T, there is a € Z such that g = ap; and we denote

p by (a).

3.2.7.1 (A1,G2). — Let (X,Y) = (A1,G3), then by [Table 3.2] we have p # 2,3,5. The simple

roots in ®(Y") restrict to Tx as follows.
ailry = By for i € {1,2}
Thus the fundamental weights in X (Ty )™ restrict to T'x as
ATy = (6) Aol = (10).

Let A € X(Ty)™, write A\ = a1 \; +az) and set = A|7, . Assume a; > 4 or ag > 4, then pu—4
has multiplicity at least 3 in Ly (\)|x. Henceforth assume 0 < a1, as < 3.

Assume ajas # 0. If a1 > 2 and ay > 2, then p — 2 is of multiplicity at least 3 in Ly (A\)|ry . If
a; > 3 or ag > 3, then p — 3 is of multiplicity at least 3 in Ly (A)|r,. If (a1,a2) € {(1,2),(2,1)},
then [Lemma 2.1.6]implies that the multiplicity of ;1 — 2 is at least 3 in Ly (\)|x. If (a1, a2) = (1,1),
then the highest weight of a second composition factor for X acting on Ly (\) is given by v = p— 1.
The dimensions listed in imply that X acts on Ly (A) with more than two composition
factors.

Let us consider the cases A = a;\; for ¢ € {1,2}. If a; = 1, then X acts irreducibly on Ly ()
by [Tes88, Table 1]. If ay = 1, then we check that p — 4 affords the highest weight of a second
composition factor for X acting on Ly (A). Comparing dimensions yields dim(L(X), L(p), L(v)) =
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(14, <y 11, <y 3). Therefore, X acts with exactly two composition factors on Ly ()) if and only if

p#T.
If2<a; <3or2<as <3, asecond composition factor is given by v = u — 2. We solve these

cases by comparing the dimensions listed in

X a v dm(LO) L) L)
2\ (12) (8)  (>LB26,<vy 13,<v9)
3\ (18) (14) (77,<v 19,<y 15)

2o (20) (16) (77,<y 21,<y 17)

3o (30)  (26) (315148, <y 31,<y 27)
At+A2 (16) (14) (=B 38,<v 17,<y 15)

Table 3.7: Some dimensions for (Ay, G3)

3.2.7.2 (A1, F4). — Let (X,Y) = (A1, Fu), then by [Table 3.2 we have p =0 or p > 13. The
restriction to T'x of the simple roots of ®(Y") is given by a;|r, = 81 for 1 < i < 4. We get that the

fundamental weights in X (Ty )™ restrict to T'x as follows.
Ay = (22) Aa|ry = (42) Aslry = (30) Adlry = (16)

Let A € X(Ty)™, write A = Z?:l a;\; and set = A|1,. Let 1 <, 5,k <4 be pairwise distinct
with a;aja, # 0, then the multiplicity of 4 — 1 is at least 3 in Ly (A)|x and so X acts on Ly (X)
with more than two composition factors.

Let (i,7) € {(1,3),(1,4),(2,3),(2,4)} with a;a; # 0, then the multiplicity of y—2 in Ly (\)|x is
at least 3. Let (4,7) € {(1,2),(3,4)} with a;a; #0. If a; > 2 or a; > 2, then p — 2 is of multiplicity
at least 3 in Ly (\)|x. If a; = a; = 1, then by we get that g — 2 is of multiplicity
at least 3 in Ly (A)|x. In all these cases, we have that X acts on Ly (\) with more than two
composition factors.

The last cases to consider are A = a;\; for 1 < i < 4. If a; > 2, then pu — 4 is of multiplicity
at least 3 in Ly (\)|x. Therefore, assume a; = 1. If A = A4, then we check that p — 4 affords the
highest weight of a second composition factor for X acting on Ly (A). Comparing dimensions yields
dim(L(N), L(u), L(v)) = (26,17,9) if p > 17 and dim(L(\), L(p), L(v)) = (26,< 17,9) if p = 13.
Therefore X acts on Ly (\) with exactly two composition factors if and only if p > 17.

Assume A = A; for 1 < i < 3. Note that the highest weight of a composition factor for X acting
on Ly () has to be strictly smaller than p. Therefore, we can bound above the dimension of a
second composition factor by the dimension of Vx (). We solve the remaining cases in
by noticing that dim Ly (A) > 2dim Vx ().

3.2.7.3 (A1, E7). — Let (X,Y) = (A1, E;7). By |Table 3.2| there are two conjugacy classes of
maximal A; subgroups in F7. For the first conjugacy class, we have p = 0 or p > 19. The restriction
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A dim(Ly (A), Vx (1))
A (22)  (52,23)

Ao (42) (1274,43)

A3 (30)  (273,31)

Table 3.8: Some dimensions for (Ay, Fy)

to T'x of the simple roots of ®(Y") in the first class is given by «;|r, = 81 for all 1 <4 < 7. This
implies that the fundamental weights in X (Ty )" restrict to Tx as follows.

Aty = (34) A2|Ty = (49) Az|Ty = (66) AdlTy = (96)
As|ry = (75) Aol = (52) M|y = (27)

Let A € X(Ty)™, write A = 21'721 a;\; and set = A|ry,. If there is ¢ € {3,4,5} with a; # 0,
then p — 3 has multiplicity at least 3 in Ly (\)|x. If there is ¢ € {2,6} with a; # 0, then p — 4 has
multiplicity at least 3 in Ly (\)]x.

We are left with the cases A = a1 A1 + az 7. If a1ay # 0, then p — 2 has multiplicity at least
3in Ly (\)|x. Assume A\ = ajAy. If a3 > 2, then p — 5 has multiplicity at least 3 in Ly (\). If
a; = 1, then using the tables in [Liib07], we get that Ly (\) has a weight with multiplicity at least
3, hence X acts with more than two composition factors of Ly (\). Assume A\ = azA7. If a7 > 2,
then p — 6 has multiplicity at least 3 in Ly (\)|x. If a; = 1, then a second composition factor is
given v = pu — 5. Since (dim(L()\), L(w), L(v)) = (56, <y 28, <y 18), we get that X acts on Ly (\)
with more than two composition factors.

For the second conjugacy class, we have by that p = 0 or p > 17. The simple roots of
®(Y) restrict to T'x as ay|r, = f1 for 1 <4 <7 and i # 4, and as|r, = 0. This implies that the
fundamental weights in X (Ty )™ restrict to T'x as follows.

Aty = (26) A2|Ty = (37) As|7y = (50) ATy = (72)
)\5|Tx = (57), )\6|Tx = (4O>7 )\7‘TX = (21)

Let A € X(Ty)*, write A = 23:1 a;\; and set p = Ap,. Assume aq # 0, then p — 1 has
multiplicity at least 3 in Ly (A)|x. Let ¢ € {3,5} and assume a; # 0, then p — 2 has multiplicity
at least 3 in Ly (\)|x. Let i € {2,6} and assume a; # 0, then p — 3 has multiplicity at least 3
in Ly (A)|x. Assume a; # 0, then p — 4 has multiplicity at least 3 in Ly (\)|x. Assume a7 # 0,
then g — 5 has multiplicity at least 3 in Ly (A)|x. Therefore, X acts on Ly (A) with more that two
composition factors.

3.2.7.4 (A1, Eg). — Assume (X,Y) = (Ay, Fs). By|Table 3.2} there are three classes of maximal
Aj-subgroups in Fg. For the first, we have p = 0 or p > 31. The simple roots of ®(Y") restrict to
Tx as a;|r, = B for 1 <i < 8 and the fundamental weights in X (Ty )™ restrict to Tx as follows

Aty = (92) A2|Ty = (136) Az = (182) Ad|Ty = (270)
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As|T = (220) Ao|Tx = (168) 7|y = (114) As|Ty = (58)

Note that the restriction to T'x of a; for 1 < i < 7 is the same as in the first case of[Subsection 3.2.7.3|
By |Proposition 1.5.2] and the reasoning in [Subsection 3.2.7.3] we can assume that A € X (Ty )" is
of the form A\ = a1 A1 + azA\7 + agAg, with 0 < a1,a7 < 1, if X acts on Ly (A\) with at most two
composition factors.

If a7 = 1, then p — 4 has multiplicity at least 3 in Ly (\), hence X acts on Ly (A) with more
than two composition factors. Henceforth assume a; = 0. If ayag # 0, then p — 2 has multiplicity at
least 3 in Ly (A). Let A = agAs. If ag > 2, then p — 5 has multiplicity at least 3 in Ly (\). Assume
A=\ for i € {1,8}. Using the tables in [Lib(07], we get that in both of these cases Ly (\) has a
weight of multiplicity at least 3. Hence X acts on Ly (\) with more than two composition factors.

For the second class, we have p = 0 or p > 29. The restriction to Tx of the simple roots of ®(Y)
is given by a;|p, = f1 for 1 <i <8 and i # 4, and ay4|r, = 0. We thus get that the fundamental
weights in X (Ty)™ restrict to Tx as follows.

Aty = (72) A2|Ty = (106) Az = (142) |1y = (210)
As|Ty = (172) Aol = (132) A7l = (90) As|Ty = (46)

Let A € X(Ty)™, write A = Z§=1 a;\; and set u = A|r. Notice that as for the first class, the
restriction to T'x of a; for 1 < ¢ < 7 is the same as in the second class of [Subsection 3.2.7.3] By
[Proposition 1.5.2] and the reasoning in [Subsection 3.2.7.3] if X acts on Ly (\) with exactly two
composition factors, then A = agAg. Note that if ag # 0, then g — 6 has multiplicity at least 3 in
Ly (\)|x, hence X acts on Ly (A\) with more than two composition factors.

For the third class, we have p = 0 or p > 23. The restriction to Tx of the simple roots of ®(Y)
is given by ay|r, = f1 for 1 <4 < 8 and ¢ # 4,6, and ou|ry, = ag|lry = 0. This implies that the
fundamental weights in X (Ty )™ restrict to T'x as follows.

Al = (60) Aol = (88) Aslry = (118) Ml = (174)
As|ry = (142) Ag|y = (108) Ml = (74) Aslry = (38)
Let a4 # 0 or ag # 0, then p — 1 has at least multiplicity 3 in Ly (\)|x. Let ¢ € {1,2,3,5,7}
and assume a; # 0, then g — 3 has at least multiplicity 3 in Ly (\)|x. Let ag # 0, then u — 5 has

at least multiplicity 3 in Ly (A)|x. Therefore, X acts on Ly (\) with more than two composition
factors.

3.3 Maximal subgroups of maximal rank

The goal of this section is to prove [Proposition 3.0.1| for the pairs (X,Y") as in excluding
the cases (Y,p) € {(F4,{2,3,5,7,11}),(G2,{2,3})}. Let By = UyTy be a Borel subgroup of Y.
We fix Bx = UxTy to be the Borel subgroup of X, where Ux = Uy N X.

The pairs (X,Y) are in correspondence with the maximal closed subsystems of ®(Y"). Recall
that they can be deduced using a theorem from Borel-de Siebenthal (c.f. [MT11, Theorem 13.12]).
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For each embedding (X,Y’), we start by applying the theorem from Borel-de Siebenthal to find a
base A’(X) of ®(X) C ®(Y). However, if A'(X) € ®F(Y), then A’(X) is not equal to the base
A(X) corresponding to our choice of By. Nevertheless, there is an element w € Wx, the Weyl
group of X, which conjugates A’(X) to A(X) C ®*(Y). In order to distinguish between a linear
expression in terms of simple roots in A(Y) and one in A(X), we add a subscript Y or X. For
example, if rank(Y) = 4, then (1111)x = Z?:l B; denotes a linear expression in terms of the simple
roots in A(X) and (1111)y = Z?Zl a; denotes a linear expression in terms of the simple roots in
A(Y).

Let A € X(Ty)™ and notice that since Ty is a maximal torus of X, it makes sense to consider

Lx(\) and Vx(A). Denote the longest element of Wx by (wp)x. Recall that by [Lemma 1.4.1} the
restriction commutes with taking the dual. Therefore, if Ly (\) is self-dual, then Ly (\)|x is also

self-dual. The next lemma provides in certain cases a method to establish the existence of third
composition factor for X acting on Ly (A).

Lemma 3.3.1. Let A € X(Ty )" and assume v € X(Tx)" affords the highest weight of a second
composition factor for X acting on Ly (\). Assume Ly (\)|x is self-dual. If —(wo)x - A # v and
either —(wg)x - A # X or —(wo)x - v # v, then X acts on Ly (\) with more than two composition
factors.

Proof. The hypotheses imply that a module with composition factors Lx (\)/Lx (v) is not self-dual.
Since Ly (\)|x is self-dual, X acts on Ly (\) with more than two composition factors. O

3.3.1 (Asg, Eg). — Assume (X,Y) = (4s, Eg). Up to conjugacy, the simple roots of a root
system of type Ag in ®(Y) are given by

Bi=ag Po=a; PBz=as PBi=oas
Bs=as Pe=a3 PBr=o1 Pg=a1+3az+3as+day +4das + 3as + 207 + ag

which can be rewritten as

ay = B ag = B¢ ay = Bs as = B4

ag = (3 a7 = B ag = 31

and

g = %(ﬁs — 1 —2B2 — 383 — 454 — 505 — 366 — B7).

We deduce the following linear expressions relating the fundamental weights with respect to A(Y)
to those with respect to A(X).

A1 = pi7 + pig A2 = 3pus A3 = pe + 3us Ay = p5 + Spg
As = pa +4ps Ae = p3 + 3us A7 = p2 + 2ps As = p1 + s

Let A € X(Ty)™" and write A = Zle a;);. Note that

()\—T1QQ+Z(I)(X)) m()\—TQCVQ-l-Z(I)(X)) :(Z) (33)
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for r1,79 € {0,1,2} distinct. Hence by [Lemma 3.1.2] if a; > 2 for some 1 < ¢ < 8, then X acts on
Ly (\) with more than two composition factors. Henceforth assume a; < 1 for all 1 < < 8.

By the following set is nonempty.

8
{’y = Zbiai [0<b; <1, by =1, A=~ € A(Vy(N)), support(y) is connected}

i=1

Let a be an element in this set such that | support(e)| is minimal. By (3.3)), we have that v = A — «
affords the highest weight of a second composition factor for X acting on Ly (\). By
if there are 1 < i < j < 8 such that a;a; # 0, then X — (22222222)y € A(Ly())) and by (3.3),
X acts on Ly (A) with more than two composition factors. Assume A = \; for 1 < i < 8. Since

—1 € Wy, we have that Ly ()) is self-dual and so by we have that Ly (\)|x is
too. Now, we apply in order to show that X acts on Ly (\) with more than two
composition factors. If Lx();) is self-dual, then is ¢ = 8. Note that A\s = 1 + us and v = ug, hence
As # (wo)x - v # v. Therefore, X acts on Ly (A) with more than two composition factors. Assume
Lx()) is not self-dual, that is (wo)x - A # A If —(wo)x - A = v, then A + (wp)x - A = «, that is
(wo)xa = a. A case-by-case verification implies that (wg)x - @ = a never holds. Therefore, we have
(wo)x - A # v and X acts with more than two composition factors on Ly (A).

3.3.2 (Ds, Eg). — Assume (X,Y) = (Ds, Eg). Up to conjugacy, the simple roots of a root
system of type Dg in ®(Y) are given by

b1 = 2a1 + 202 + 3as + dag + 3as + 206 + oz B2 = ag B3 = ay Ba = ag

Bs = as Be =1  Pr=az Ps=a3
which can be written as
= %(51 — B3 — 24 — 3B5 — 486 — 287 — 3f3s)
and

ag = B ag = 3 ay = B¢ as = B5

ag = fB4 a7 = 3 ag = Ba.

We deduce the following linear expressions relating the fundamental weights with respect to
A(Y) to those with respect to A(X).

A1 =2 A2 =2p1 + pr Az = 3p1 + ps Ag = 4p + pe
As = 31 + ps A6 = 21 + pa A7 = p1 + p3 As = p2

Let A € X(Ty)" with A # 0 and write A = 3°°_ a;\;. Note that for r € {0,2}

(A = ras + Z(X)) N (A — as + ZO(X)) = 0. (3.4)
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By [Lemma 3.1.2] the following set is nonempty.

8
{7 = Zbiai [0<b; <1, b =1, A=~ € A(Vy(N)), support(y) is connected}
i=1

Let a be an element in this set with | support(«)| minimal. It is clear that ¥ = A\ — « affords the
highest weight of a second composition factor for X acting on Ly (\).

If a; > 2 for some 1 <7 < 8or asa; #0for 1 <i < j <8, then by|Lemma 3.1.2|or [Lemma 3.1.3]
respectively, the following set is nonempty.

8
{'y = ZQbiai |0<b; <1, by =1, A=~ € A(Vy(N)), support(y) is connected}
i=1
Let o be an element in this set. Then o € A(Lx()\)) and by (3.4), o &€ A(Lx(v)). Hence if
a; > 2 for some 1 < i <8oraa; #0for 1 <i<j<8§, then X acts on Ly (\) with more than
composition factors. Henceforth, we assume that A = \; for some 1 < i < 8.

Consider the following linear combinations of simple roots in terms of A(Y') and in terms of
A(X).

(21221000)y = (10(—1)(=2)(=2)(=2)(=1)(—=1))x (22442222)y = (1210(—1)001) x
(22242222)y = (1210(—1)00(—1))x (22244222)y = (1210100(—1)) x
(22244422)y = (1212100(—1))x (22244442)y = (1232100(—1))x

For v € ((21221000)y, (22442222)y, (22242222)y, (22244222)y, (22244422)y , (22244442)y) and for
i€ (1,3,4,5,6,7), respectively, a computer verification implies that setting A = A;, we have (mp, (x),
ML\ MLxw))(A—7) = (> 1,0,0). Hence X acts on Ly () with more than two composition
factors for ¢ € {1,3,4,5,6,7}. If A\ = \; for i € {2,8}, comparing dimensions yields

(>rp 113243, <y 15360, <y 60060) if i =2

dim(Ly (\), Lx(\), Lx () =
(Ly (), Lx (), Lx () {(248,120—25,,,2,128) ifi=8.

Therefore, we get that X acts on Ly (\) with exactly two composition factors if and only if i = 8
and p # 2. This completes the argument for the pair (As, Eg).

3.3.3 (A7, E7). — Assume (X,Y) = (A7, E7). Up to conjugacy, the simple roots of a root
system of type A7 in ®(Y') are given by

B1 = a1 + 202 + 203 + 3 + 2005 + B2 = ar Bs = o Ba = as

Bs = au Be = a3 Br = oq

which can be written as

ay = By ag = B oy = fs

as = B4 ag = 33 a7 = B
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and

ay = %(51 — B3 — 204 — 365 — 286 — Br).

We deduce the following linear expressions relating the fundamental weights with respect to A(Y)
to those with respect to A(X).

A1 = pa + iy A2 =2 A3 = 241 + e Ag = 31+ ps
As = 2p1 + g A6 = p1 + 3 A7 = g

Let A € X(T)* and write A = ZZ:1 a;\;. By a similar reasoning as in |Subsection 3.3.2|7 it X
acts on Ly () with two composition factors, then we can assume that A = A; for 1 < ¢ < 7 and that
a second composition factor for X acting on Ly () is given by v = A — a, where « is an element of

the following set with | support(«)| minimal.

7
{7 = Zbiai [0<b; <1, by=1, A=~ € A(Vy(N)), support(y) is connected}
i=1

Assume ¢ € {1,7}. Comparing dimensions, we get

(133 — 69,63 — 6,,70) ifi=1

dim(Ly (\;), Lx (Xi), Lx (v)) = {(56,28,28) ifi=7.

Hence X acts on Ly (A1) with exactly two composition factors if ¢ € {1,7}. Assume i # 1,7. Note

that —1 € Wy, hence Ly ()) is self-dual. Applying [Lemma 3.3.1] a simple case-by-case calculation
shows that Ly (A) is not self-dual and that —(wp)x - A # v, hence establishing the existence of a

third composition factor for X acting on Ly ().

3.3.4 (B4, Fy). — Assume (X,Y) = (By, Fy). Recall that we have assumed p # 2,3,5,7,11. Up
to conjugacy, the simple roots of a root system of type By in ®(Y") are given by

B1 = as +2a3 + 2ay B2 = a1 B3 = a Ba = a3
which can be written as
1
ay = B2 ay = 33 ag = Ba a4=§(51—53)—ﬁ4-

We deduce the following linear relation between the fundamental weights with respect to A(Y") and
those with respect to A(X).

A1 = 2 Ao = p1 + s A3 =1 + g Ad =4

Remark 3.3.2. Let A € X(Ty)". Note that hypotheses 1) and 4) of |Corollary 1.4.7| are satisfied.
Indeed, since —1 belongs to the Weyl group of Y, we have that Ly ()) is self-dual, hence Ly (\)|x

is too by [Lemma 1.4.1} Moreover, we check using the embedding of ®(X) C ®(Y") that eg, = doeq,
with dy € k*, where [y, g denote the largest root in ®(X), ®(Y), respectively.
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Recall the notations introduced in ([1.6)), (1.7)) and [Notation 2.1.3| Let A € X (Ty)* and write
A=Yl aidis Set v =X =0 b | 0y @ and note that v € A(Vy(X)). Since

(A+Z®(X)) N (A — aq + ZO(X)) = 0,

we get that v affords the highest weight of a second composition factor for X acting on Ly (\).

Now, if az > 2 or ag > 2, then (mp,(n), MLy (x), MLxw)) (A — (0022)y) = (> 1,0,0) or
(MLy () MLy () MLy ) (A = (0002)y) = (> 1,0,0), respectively. Hence X acts on Ly ()\) with
more than two composition factors and we assume from now on that 0 < ag, a4 < 1.

Let i € {1,2,3}. If a;aq # 0, then (mr, (), ML (0, MLy @) (A — (1112)y) = (> 1,0,0), which
implies that X acts with more than two composition factors. Henceforth assume a;a4 = 0 for
1<i<3.

Let asas # 0 (and 0 < a7). Recall that a3 = 1 and ay = 0, so v = p — %(51 — B3). Note
that (0111)y = %(61 + B3). If ag # ?, then by |Proposition 1.2.2' and |Lemma 2.1.6L we
have that (mr, (x), ML\ MLy@w))(A — (0111)y) = (2,0,1), which establishes the existence of
a third composition factor for X acting on Ly (A). The case a; = 0 and as = ? is solved in
bubsection 3.3.4.21

Assume ajasas # 0. As in the previous paragraph, a3 = 1,a4 = 0,v = p — (0011)y and
moreover, we may assume ag = % if X acts on Ly (\) with at most two composition factors.

Let a; = %. By [Proposition 1.2.2| and |Lemma 2.1.6[, we have

ch LY()‘)(1121)Y =A— ()\ - (0110)y) - ()\ - (1100)Y)

Note that v = %ul + p—;luz + ’72;1;@,. By |Proposition 1.2.2l we have ch Lx (V)o111)x = v,

hence (M (1), MLy (A) MLy ) (A — (1121)y) = (3,0,2) and X acts on Ly (A) with more than two
composition factors.

Let a; # 24+ and set a = a;. Note that A — (1111)y = v — (0110) x. The computations related
to the JSF of V3 (\) up to A — (1111)y appear in [Table 3.9 Let us determine [Vy-()) : Ly (B)] for
a=p-—1, where B=X— (1110)y.

A=(a,—-5+%5,1,0)p,

ch L(A)1111=A—A

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)llll :A+6a,p_1B JSF(A)llll :A+25a1p_1B
JSF(A)1111 = 6a,p—1B JSF(A)1111 = ba,p—1B

A=X-0110=(a+1,-3+2,1,1) B=Xx-1110=(a—1,-3 + £,1,1)

Table 3.9: JSF of A up to p — 1111

Let a = p—1and [Vy()) : Ly(B)] = 2—¢, with ¢ € {0,1}. We have m . ,)(A—(1110)y) = 2+(.
In order to compute ¢, we show that the dimension of the weight space Ly (\)p is at least 3, which
will imply that it is equal to 3. Recall [Theorem 1.1.9(and let us use the k.2 (Y)-module structure of
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Ly (A\). Let v be a maximal vector for By of weight A and let {eq, fa, ha, } be a Chevalley basis
of Z(Y). One checks that my (A — (1110)y) = 4 and

{fl = fa1fa2fa3v+7f2 = foc1+a2fa3v+a fz= fa1+0¢2+0¢3v+7f4 = fa2+a3falv+}

is a basis of Vy(A)g. We prove that {f1, fo, f3} is linearly independent in Ly (), which in turn
implies that ¢ = 1. Note that we do not need to specify structure constants for the upcoming
computation. Let ¢; € k be such that

c1ft +cafa+c3fs =0. (3.5)

Applying eq, to (3.5), we deduce that ¢; = 7’co with 7 € k*. Note that {fa, fas v, far+asv™}
is linearly independent since mz,, (x)(A — 1100) = 2. Applying e,, to and using the linear
independence of {fo, fa, 0", fa;+a,v T}, we deduce that ¢; = 0 and co = r”¢3 with r” € k*. There-
fore, the trivial solution is the only solution to and so ¢ = 1. Hence (mr, (r), MLy (2) MLy (1))
(A—(1111)y) = (3,0,<y 2), and X acts on Ly (\) with more than two composition factors.

Let ajas # 0. We may assume as = a4 = 0 and a3 = 1. Note that u = p1+aypo+pg, v = ajus+
p3 and that A — (0121)y = v — (0011)x. By |[Proposition 1.2.2, we have (mr (x), MLy (A)s MLx (1))
(A—(0121)y) = (2,0,1) and X acts with more than two composition factors.

Assume ajas # 0. Let a1 + as # p — 1. Note that A — (1111)y = v — 55. By [Proposition 1.2.2]
and the JSF, we have ch Ly (A\)(1111), = A, hence (mp, (), ML (0, MLy o)) (A= (1111)y) = (2,0,1)
and X acts with more than two composition factors.

Let a; + a2 = p — 1. Assume az > 2. Note that (0222)y = (1010)x. Using [Proposition 1.2.2|
and the JSF, we get that if a; # }72;17 then (mr, (), MLy ML) (A — (1010)x) = (2,<y 1,0)
and X acts on Ly (\) with more than two composition factors. The case a; = %1 is solved in
] 3343

Now, assume ag = 1 and a3 = p— 2. Note that (1222)y = (1110)x and A = p1 + (p — 2)p2 + p3.
The weight A—(1222)y is conjugate to the dominant weight A—(1220)y . Using|Proposition 1.2.2/and
the JSF, we have ch Ly (A\)(1220), = A — (A — (1100)y ), hence mp, (»)(A — (1220)y) = 3. Moreover,
using the JSF and we get that ch Lx (A\)(1110)x = A — (A = (1100)x ) — (A — (0110) x ).
Therefore, we get that (mr, (x), ML), ML) (A — (1110)x) = (3,2,0) and X acts with more
than two composition factors.

We now consider the cases A = a;\; for 1 <i<4and 0<a; <1ifie {3,4}. Assume A = ),
for 1 < i < 4. Comparing the dimensions appearing below implies that X acts on Ly (\) with
exactly two composition factors if and only if 7 = 1.

(52, 36,16) ifi=1
>pp 1222, <y 594, <y 432) if i =2
dim(Ly (\), Lx (M), Lx (v)) = (>LB <y v ) 1 Z
(273,128, 84) i3
(26,9, 16) ifi=4

Let as # 0 and as > 2. Recall v = (ag — 1)(p1 + p3) + p2 + pa. Assume ag # %71. Note
that (0222)y = (1010)x. The weights in A(Vy (A\))T greater than A — (0222)y are given by X — «
for a € {(0100), (0200), (0110)y-, (0210)y, (0220)y, (0221)y }. Since for a # (0220)y, (0221)y-, the
multiplicity of A — « in V3 (A) is 1, the weight A — o does not afford the highest weight of a
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composition factor for Vy(A). For o = (0220)y, we apply [Proposition 1.2.2] in order to deduce
that A — « does not afford the highest weight of a composition factor for Vy (\). For a = (0221)y,
we apply [Proposition 1.2.2] along with the JSF in order to deduce that A — a does not afford the
highest weight of a composition factor for Vy-(A) either. Hence, ch Ly () p222),, = A. Therefore,
(MLy (3, ML), MLy ) (A = (0222)y) = (2,<y 1,0) and X acts on Ly () with more than
two composition factors. Assume ap = 251, Note that A — (1221)y = v — (0111)x. Applying
[Propositions 1.2.2]and [1.2.5] we get ch Ly ()\)(1221), = A — (A = (0220)y) and ch Lx (v)0111)x =
v — (v —(0011)x). Hence (mr, (x), MLy (n) MLx ) (A — (1221)y) = (4,0,3) which establishes the
existence of a third composition factor for the action of X on Ly (\).

Let A = a1\ and a; > 2. Recall that v = (a; — 1),ug + p4. The case a1 = —3 requires more
work and is solved in |Subsect10n 3.3.4. 1l Assume a; # 5=, Note that (2222)y = (1210)X and that
A —(2222)y is conjugate to the dominant weight \ — (2220) . The weights in A(Vy(A\))* which are
greater than A — (2220)y are A — « for o € {(1000)y, (2000)y, (1100)y, (2100)y, (1110)y, (2110)y }.
Since for any « in the previous list, the multiplicity of A — « in V() is 1, the weight A — o does
not afford the highest weight of a composition factor for Vy-()\) by [Theorem 1.1.10} Moreover, since
we have assumed a; # %, we have by |Proposition 1.2.2| that A — (2220)y does not afford the
highest weight of a composition factor for Vy (A). Hence (mr, (x), MLy (), ML) (A — (1210)x)
= (3,<y 2,0) and X acts with more than two composition factors on Ly (}).

To complete the case By < Fy, it remains to consider the three special cases left aside in the

above arguments. These are treated one by one below.

3.3.4.1 A\ = 3)\1 — Leta= p . Note that A = a\; = aps. Recall |Remark 3.3.2[and that

v=\— (1111)y = (a—1)p2 + pa aﬁords the highest weight of a second composition factor for
X acting on Ly ()\). We prove that X acts on Ly (\) with exactly two composition factors by
applying We prove that none of the following weights afford the highest weight
of a composition factor for X acting on Ly (A). The right-hand side of the equalities correspond
to the coeflicients appearing in the linear combination of the weights in terms of the fundamental
weights 1, pa, s and pug.

— (1000)y = (1,a —2,1,0) A= (1110)y = (1,a — 1,0,0)
A= (1111)y = (0,a — 1,0,1) v — (1000)y = (1,a —3,1,1)
— (1110)y = (1,a —2,0,1) v—(1111)y = (0,a — 2,0,2)
— (1121)y = (0,a —2,1,0) v — (1231)y = (0,a — 1,0,0)

We check that for each weight 6 appearing in the list above, we have either v — (1231)y € A(Lx(6))
or v — (1110)y € A(Lx(0)). Hence by it is enough to consider v — (1110)y and
v — (1231)y. In fact, the reader should keep in mind that v — (1231)y = A — (2342)y <x A and
that v — (1110)y =y v. Therefore by [Corollary 1.4.7} we have that X acts on Ly (\) with exactly
two composition factors if

mp, (v — (1231)y) = mp, (A — (2342)y)

and
mpy, (v — (1110)y) = mp ) (v — (1110)y).
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Applying the JSF to Vy () yields ch Ly ()) (2342), = A— (A —(2220)y). Observe that (1110)y =
(0111)x and (2342)y = (1222)x. Applying the JSF to Vx(u) and Vx (v) yields ch Lx (A)(1222) =
A= ()\ - (0222)){) and ChLX(V)(Olll)X =V — (1/ - (Olll)x) Hence (mLY(A),mLx(k),mLx(V))
(A —(2221)y) = (2,0,2) and (mr, (x), ML (2) MLy () (A — (2342)y) = (5,5,0), which proves the
result.

3.3.4.2 )\ = %)\2 + )\3. e Let a = % Note that )\ = CL)\Q -+ )\3 = (a —+ 1)#1 -+ aps —+ Ha
Recall that v = A — (0011)y = apq + (a + 1)u3 We prove that X acts on Ly (\) with exactly
two composition factors by applying [C The hypotheses of [Corollary 1.4.7  hold by
We prove that none of the followmg Welghts afford the highest weight of a composition
factor for X acting on Ly (A). The right-hand side of the equalities correspond to the coefficients
appearing in the linear combination of the weights in terms of the fundamental weights p1, o, 3

and pug.

A—(0100)y = (a+1,1,a—2,3) A—(0110)y = (a+1,1,a—1,1)
A — (0011)y = (a,0,a + 1,0) A= (0111)y = (a,1,a — 1,2)
A — (0121)y = (a,1,a,0) A= (1220)y = (a+2,0,a — 1,1)
A—(0122)y = (a—1,1,a,1) A—(1221)y = (a+1,0,a — 1,2) 56
A—(1231)y = (a+1,0,4a,0) A —(1222)y = (a,0,a—1,3)
A —(1232)y = (a,0,a,1) A —(1342)y = (a,1,a—1,1)
v—(0122)y = (a—2,1,a+1,0) v— (1222)y = (a—1,0,a 2)
v—(1232)y = (a—1,0,a+1,0) v —(1342)y = (a —1,1,a,0)
We check that for each Welght 0 appearing in the list above, we have either A — (1342)y € A(Lx(0))

or v —(1342)y € A(Lx(6)). By Lemma 1.4.9] it is enough to consider A — (1342)y and v — (1342)y.
The reader should keep in mind that A — (1342)y <y A and v — (1342)y =<y v. Now, we have that
X acts on Ly () with exactly two composition factors if

mr, o)A = (1342)y) = mp o) (A — (1342)y)

and
mry (v — (1342)y) = mp o) (v — (1342)y).
The partial characters ch Ly (A)(1353), and ch Lx())(1122), are computed in {Tables 3.10{and |3.11}

Observe that A — (1342)y = A — (1122)x and v — (1342)y = v — (1122) x. In order to obtain
ch Lx (1) (1122) 5 » we need to solve the problematic case [Vx () : Lx (C)] appearing in
Note that A — (1332)y = A — (1121)x and A — (1332)y cannot afford the highest weight of a
third composition factor generated by a maximal vector for Z(Bx), since it is not listed in .
We check by computing multiplicities in Ly (A) and Lx()A) that there is no weight apart from A
in A(Vy ()T greater than A — (1121)x (with respect to the order involving the roots in A(X)),
which affords the highest weight of a composition factor for X acting on Ly (\). Reasoning as
in [Subsection 2.5.1.3] we can assume that [Vx () : Lx(C)] = 1. Computing the multiplicity of
A — (1342)y in Ly (X) and Lx (A) yields (mpy (x), MLy (A)> MLy () (A — (1342)y) = (5,5,0).
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A= (0,a,1,0)F,

ChL(}\)1353:)\7A+B+C

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1353 =A—-B—-C JSF(A)1353 = A
JSF(A)1353 = B+ C JSF(A)1353 = B+ C

A=Xx-0110=(1,a—1,1,1) C=x—0221=(2,a—2,2,0)

B=X-1330=(1,a—2,1,3)

Table 3.10: JSF of A up to p — 1353

A:((1-‘1-1,0,(1,1)34

ChL()\)llzzz)\—A—B-‘rC

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(}\)HQQ =A+B JSF(A)1122 = A+ B +2C
JSF(B)llgg =C JSF(B)1122 =C
A=X-1110 = (a,0,a — 1, 3) C=X-1121 = (a,1,a — 2,3)

B=A-0011=(a+1,1,a —1,1)

Table 3.11: JSF of X up to p — 1122

Applying the JSF to Vx (v) yields ch Lx (v)(1122)x = ¥ — (v — (0022)x) — (v — (1110) x ), hence
(MLy () ML (), MLy ) (A= (1353)y) = (5,0,5). Therefore, we have that X acts on Ly (A) with
exactly two composition factors.

3.3.4.3 A\ = pT_l()\l + A2). — Let a = 25 and note that A = a(\ + A2) = a(pu + pa + p13).
We apply in order to prove that X acts on Ly () with exactly two composition
factors. Recall that v = X — (0111)y = (a — 1)1 + (@ + D2 + (a — 1)us + pg. We prove that
none of the weights listed below afford the highest weight of a composition factor for X acting on
Ly (XA). The right-hand side of the equalities correspond to the coefficients appearing in the linear
combination of the weights in terms of the fundamental weights p1, p2, u3 and py.

A—(1000)y = (a+1,a—2,a+1,0) A—(0100)y = (a,a+ 1,0 —2,2)
A— (0110)y = (a,a+ 1,a —1,0) A—(1100)y = (a+1,a—1,a—1,2)
A—(1110)y = (a+1,a—1,a,0) A—(0111)y = (a—1,a+1,a—1,1)
A—(1111)y = (a,a —1,a,1) A—(1220)y = (a +1,a,a — 1,0)
A—(0122)y = (a —2,a+1,a,0) A—(1221)y = (a,a,a — 1,1)
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A—(1122)y = (a— L,a— L,a+1,0) A—(1222)y = (a — L,a,a — 1,2)
A—(1232)y = (a — 1,a,a,0) A—(1342)y = (a— L,a+1,a—1,0)
v —(0100)y = (a —1,a+2,a—3,3) v —(0001)y = (a —2,a+1,a—1,2)
v —(1100)y = (a,a,a — 2,3) v—(0110)y = (e — 1,a+2,a — 2,1)
v—(0111)y = (a —2,a+2,a — 2,2) v—(0121)y = (a—2,a+2,a — 1,0)
v —(1220)y = (a,a + 1,a — 2,1) v—(0122)y = (a —3,a+2,a—1,1)
v—(1221)y = (a—1,a+ 1,a —2,2) v—(1122)y = (a — 2,a,a,1)
v—(1222)y = (a —2,a+ 1,a — 2,3) v—(1232)y = (a—2,a+1,a—1,1)
v—(1342)y = (a — 2,a+2,a — 2,1)

We check that each weight 6 in the list above, we have either A — (1342)y € A(Lx(0)) or
v — (1342)y = X — (1453)y € A(Lx(0)). Hence, by [Lemma 1.4.9] in order to prove that X

acts on Ly (\) with exactly two composition factors, we need to show that
mLY()\)(/\ - (1342)y) = mLx()\)()‘ — (1342)y),

and
mLY(A)()\ — (1453)y) = mLX(,,)(/\ — (1453)y).

Note that (1342)y = (1122)x. The partial JSF applied to Vx(A) up to A — (1122)x yields
ch Ly (N iz = A— (A~ (1100)x) — (A — (0110)x) — (A — (0022) ).

The partial JSF of v up to v — (1122) x is computed in [Table 3.12l There is a problematic case,

v=(a—1l,a+1,a—-1,1)p,

ch L(v)1122 =v—A—-B-C

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(v)1120 = A+ B+ C JSF(v)1120 = A+ B+ C + 2D
JSF(B)1122 = D JSF(B)1122 = D

JSF(C)1122 = D JSF(C)1122 = D

A=v—1100 = (a — 2,a,a,1) C=v—-0011=(a—1,a+2,a—2,1),

B =v—-0110 = (a,a,a — 2,3) D =v—-0121 = (a,a+ 1,a — 3,3)

Table 3.12: JSF of v up to v — 1122

namely v — (0121)x. We solve it using [Proposition 1.3.9] and working in the Levi factor L; of
the parabolic subgroup Pr of X of type Bs, where I = {2, 33, 34}. For a weight § € X(Ty)™T,
we denote by 0p, the restriction of 8 to TL/I. Set w = sgs18283 and vy = (%,0, 1). Note that
v lies in the interior of the fundamental alcove. We have v = wsysg e vy, Bp, = wsge vy, Cp, =
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wsg ey, Dp, = wery. We have Bg, — Dp, = 011 and |Pr0p0sition 1.3.9| implies [VL/I (vB,) :

LL/I (DBg)] = [VL/I (CBg,) : LL/I (DBg)]' By Table 312 we have [VL} (CBg) : LLII (DB3)] = 1, which
settles the problematic case.
The result of the partial JSF applied to Vy (\) appears in [Table 3.13  We need to solve

A= (a,a,0,0)r,

ChL(}\)1453:)\7A7B+C7D+E7F

See argument

JSF in Weyl characters: JSF in irreducible characters:
JSF(A)1ass =A+B—-C+D JSF(M)14s3 = A+ B+2E+ F
JSF(A)1as3 = E — F JSF(A)1453 = E

JSF(B)1as3 =C — D+ E JSF(B)1453 = C + E + 2F
JSF(C)iasa = D+ F JSF(C)1as3 =D+ F
JSF(E)1a53 = F JSF(E)1453 = F

A=X-1100=(a—1,a—1,2,0) D=X—0452= (a+4,a—3,0,1),
B=X-0220=(a+2,a—2,0,2) E=X—1320=(a+1,a—3,2,2),

C=X-0331=(a+3,a—3,1,1) F=XA—1431= (a+2,a —4,3,1)

Table 3.13: JSF of A up to pu — 1453

the problematic case [Vy(A) : Ly (E)]. Let [Vy(A) : Ly (E)] = 2 — ¢ with ¢ € {0,1}. We have
mp, (A= (1342)y) = 2 + 3¢ and mp () (A — (1342)y) = 5. Hence mp, (n) (A — (1342)y) is at
least 5, which implies that ( = 1 and both multiplicities agree.

Moreover, mr,, () (A — (1453)y) = 5 and mp (»)(A — (1453)y) = 5, which proves that X acts
on Ly (M) with exactly two composition factors.

3.3.5 (A2,G2). — Let (X,Y) = (A2,G2) and recall we have assumed p > 5. Up to conjugacy,
the simple roots of a root system of type As in ®(Y') are given by

B1 =30 +ay fP2=an

which can be written as 1
ap = 5(51 —B2) gz = fa.
We deduce the following linear expressions relating the fundamental weights with respect to A(Y)
to those with respect to A(X).
/\1=M1 /\2:,U1+,U2

Let A € X(Ty)t with A = a1\ + agA2 = (a1 + a2)py1 + agpe. If a3 # 0, then v = X — (10)y
affords the highest weight of a second composition factor for X acting on Ly (A\). Moreover,
(MLy(3),MLx0),MLx))(A = (21)y) = (= 1,0,0) and X acts on Ly ()\) with more than two
composition factors. So assume a; = 0 and ag # 0. Then v = A — (11)y affords the highest
weight of a second composition factor for X acting on Ly (A). Moreover, (mp, (x), MLy () MLx ()
(A—=(21)y) =(>1,0,0), hence X acts on Ly (A) with more than two composition factors.
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(X,Y) LN)|x = Lx(n)/Lx(v) AeX(Ty)*
1
———>—o —0
(Fy, Es) . [
——e—F—9o —0 ‘
p—2
———e—F—9o —0
(F47E6) p,3 p—2 [
—— ——e———9o o ‘
1 1
———e———9 —0
(Fy, Es) L {
p—2 p—2
(Fy, Eg) P . {
——e¢e————o —0 ‘
p—1
(F47E6) p—2 1 p—1
———>—o —0
p—1
——e—F—9o —0
(F1, Es) 1 p-2 1 -
»
1 p—4 .
———>—o —0
(Fy, Es) b3 -
——e—F—9o —0
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(Fy, Eg)

(F47 EG)

(Fy, Eg)

(G2, Eg)

(A, E7)

(Ag, E7)

(G2, Fy)

(Cy, Es)

(Cy, Es)

(Al’ G2>

1 p—4
——e—F—9o —0
1 p—5
———e—F—9o —0
1 p—3 2
——e—F—9o —0
p—2 1
———>—o —0
p—2 2
————>—o —0
1 p—4 3
———e—>—o —0
1 1
—
1
——
4 4
—o
1 1
—o
6
—o
6
*r—e
1 1
——
1
—
1 1
2
r——o —e—=——»
1 1 1
r——o —e—=——»
1 1
——o —e—=——»
10
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p#3

p#5

p#3

p#FT
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(Ar, Fy) s N p#13
1 /
(Ds, Eg) / I . DPF2
1 1
(A77 E7) 1 1 ]
1
(A7, Er) : [ .
. .
(B4, F4) 1 i—o::»:o—o
———o —e——>—»
p=3
o ——e—>—9 p—3
(B47 F4) p—5 i—o:>:o—o
2 1
———o —e——>—»
p—1 p—3
2z Tz 1
o ——o——» p—3
(B4a F4) p—3 p1 ° 2 ! °
2 2
———0o —e—>—»
p=1 p=1 p—1
2 2 2
o —¢——» p—1 p—1
(B4’ F4) p—3 pt1 p—3 0—0:>:0—02 .







Chapter B
Root system data

B.1 Fixing an ordering on the set of positive roots

Type Roots

Ay (1000,0100,0010,0001,1100,0110,0011,1110,0111,1111)
B;  (100,010,001,110,011,111,012,112,122)
Cs (100,010,001, 110,011,111, 021, 121,221)

Table B.1: Fixing an ordering on the set of positive roots






[And80]

[BCPY7]

[BdS49]

[BGMT15]

[BGT16]

[Bousl]
[BT17]

[Cav15)

[Cav1Ta]

[Cav1Tb]

[CT19]
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