EXPONENTIAL INTEGRABILITY IN THE SPIRIT OF
MOSER-TRUDINGER’S INEQUALITIES OF FUNCTIONS WITH FINITE
NON-LOCAL, NON-CONVEX ENERGY

ARKA MALLICK AND HOAI-MINH NGUYEN

ABSTRACT. Let d > 1, p > d, and let Q be a smooth bounded open subset of R%. We prove some
exponential integrability in the spirit of Moser-Trudinger’s inequalities for measurable functions u

defined in €2 such that
/ / _ dz dy < 400
QJa \x - y|d+p '

[u(z)—u(y)|>6
for some 6 > 0. This double integral appeared in characterizations of Sobolev spaces and involved
in improvements of the Sobolev inequaliies, Poincaré inequalities, and Hardy inequalities.

1. INTRODUCTION

Let (p,) be a sequence of non-negative radial functions satisfying

00 +oo
(1.1) lim pn()r¥"tdr=0 VYr>0, and lim pn(r)rN "t dr = 1.
n—oo T n—oo 0
Set
(1.2) Kqp = / lo - e|P do,
gd-1

for some e € S%!, the unit sphere in R%.

Jean Bourgain, Haim Brezis, and Petru Mironescu [10, Theorems 1 and 2] (see also [11] and [8])
proved the following BBM formula:

Proposition 1.1. Let d > 1, p > 1 and let Q be a smooth bounded open subset in R* or Q = R%.
Assume that g € LP(Q2) and let (pn) satzsfy (1. 1) Then g € WHP(RY) if and only if

)P
liminf// [u(z ‘x_y’p dl ——————pn(lz —y|) dzv dy < +o0.

n—oo

Moreover, for g € W1P(Q),

. [u(z) — u(y)[? _ p
Jan [ R (o =yl dady = Ky [ [Vu(@)P e
A variant of Propposition 1.1 for p = 1 involving functions of bounded variations was obtained
by Jean Bourgain, Haim Brezis, and Petru Mironescu [10] and Juan Davila [21]. Further studies
related to this characterizations can be founded in [2, 6, 16, 17, 20, 25, 35, 38, 39, 42, 43, 44].
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2 A. MALLICK AND H.-M. NGUYEN

We next discuss another characterization of Sobolev spaces in the spirit of the BBM formula.
To this end, for d > 1, p > 1, and § > 0, for a measurable subset O of R? and for a measurable
function u defined in O, set

(1.3) Isp(u, O) / / Py ’d+p dz dy.
y)|>4

This quantity has its root in estimates for the topological degree in [13, 12, 29, 34, 45] which has
the motivation from the study of the Ginzburg Landau equation [9].

It was shown [28, Theorems 2 and 5] and [7, Theorem 1] that

Proposition 1.2. Let d > 1 and Q be a smooth bounded open subset in R or Q@ = R% and let p > 1
and g € LP(Q). Then u € W1P(Q) if and only if

h%n_:élf Isp(u, Q) < +o0.
Moreover, for g € WHP(Q),
. 1
(1.4) %1_1}1(1) Isp(u, Q) = pKd’p/Q |Vu(z)? dz,
where Kq,, is defined by (1.2). We also have, for all § >0,
(1.5) Isp(u, ) < C’dyp/ |Vu(z)[Pdz Yue WHP(Q),
RN

for some positive constant Cy ), depending only on d and p.

The case p = 1 is more delicate. One has [28, Theorem 8] (see also [18, Proposition 2]), for
u e WhH(Q),

liminf I5; (u, Q) > Kd71/ |Vu|dx
6—0 Q

and (see [28, Theorem 8] and [7, Theorem 1]) that u € BV(Q) provided that v € L'(Q) and
liminfs o Is1(u,Q2) < +oo. Let B, denote the ball centered at 0 and of radius . An exam-
ple due to Augusto Ponce presented in [28] showed that there exists u € WH1(Bj) such that
lims—0 Is1(u, B1) = +00. When d = 1, there exists u € W11(0,1) [18, Pathology 2] such that

1
Kix / V| d = liminf I5, (u, (0, 1)) < limsup 51 (u, (0,1)) = +o.
0 6—0 5§—0

It turns out that the concept of I'-convergence fits very well this setting. It was shown [30, 32] that
the I'-limit exists for p > 1. Surprisingly, the I'-limit, which is positive, is strictly less than the
pointwise limit [32, 30]. The quantity I5; has a similar form with non-local filters using in denoising
process [19], in particular with Yaroslavsky’s ones [47, 48]. A discussion on a connection between
nonlocal filters using /51 and local ones involving the total variations via the I'-convergence theory
is given in [18, Section 5.2]. Further interesting investigations related to the I'-limit of 5, are given
in [3, 4, 5, 18].

One can obtain new and improved variants of Poincaré’s inequality, Sobolev’s inequality and
Rellich-Kondarachov’s compactness criterion using the information of 15, instead of the one of the
gradient [33, Theorems 1, 2, and 3]. Concerning the Sobolev inequality, one has
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Proposition 1.3. Let 1 < p < d and set ¢ = dp/(d — p) and fix 6 > 0 arbitrary. We have, for
u € LP(RY),

for some positive constants A and C independent of u.
Concerning the Poincaré inequality, one obtains

Proposition 1.4. Let d > 1,p>1, 5 > 0, let B be an open ball of R?, and let u € LP(B). There
exists a positive constant Cg, depending only on d and p such that

(17) [ [ tute) ~ uwlPdady < Cuy, (181 5,0, B) + 715F7).

The proof of Sobolev’s inequality (1.6) is based on the one of Poincaré’s inequality (1.7) and
uses the theory of sharp functions due to Charles Fefferman and Elias Stein [23] and the method of
truncation due to Vladimir Mazya [26]. The proof of Poincaré’s inequality (1.7) has its roots in [7]
and uses John-Nirenberg’s inequality [24].

Remark 1.1. For a measurable function defined in B, by applying (1.7) for us with
ug = min {k, max{u, —k}} and letting £ — 400, one also obtains (1.7) for measurable functions.

With Marco Squassina, the second author also established new and improved variants of Hardy
and Caffarelli, Kohn, Nirenberg’s inequality [35] using the quantity I5,. The approach used in [35]
does not involve the integration-by-parts arguments and can be extended for the fractional Sobolev
spaces [36]. Other investigations related to I, can be found in [14, 18, 31, 33, 36, 37, 38].

Let Q be a smooth bounded open subset of R% and p > d. It follows from (1.7) that u € BMO(Q)
provided that v € L1(2) and I5,(u, Q) < +o00. More precisely, one has, for p > d,

lull Baroe) < Ca (L;,p(u, Q) + 5d>a

where

1
(1.8) lullBymo) == sup — | |u—wup|dz.
pall BcQ | Bl /B

Here, for a given a measurable set O of R? and a function u € L'(O), one sets

(1.9) |O] := meas(0) and wup = ][ udx with ][ udx = 1/ udx.
o o 0] Jo

One can then derive the exponential integrability of u from John-Nirenberg’s inequality:
(1.10) ][ eclu=uzl/lullrom) < ¢,
B

for some positive constant ¢ and C' depending only on d and for any open ball B.

Using the Poincaré inequality, one can prove that u € W1P(Q) then u € BMO(S), this yields the
exponential integrability of u in (1.10). In fact, for u € WLHP(Q) with p > d, one can improve (1.10).
First, Morrey’s inequality (see, e.g., [15]) states that u € C*(2) with o = 1 — d/p if u € Wy*()
for p > d. Second, Moser-Trudinger’s inequality [27, 46, 40, 41] confirms that

d/(d—1
sup eelul*/=Y < C,
H“HWOl,d<Q)§1

for some positive constants « and C' depending only on 2.
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The goal of this paper is to understand whether or not a better integrability property of u than
(1.10) inequality holds when u € LP(Q2) and Isp(u, ) < 4o0. It is worth noting that, for all § > 0,
there exists u € L>®(Q) \ C(Q) such that I5,(u,Q) = 0 for all p > 1. A simple example is the
function v = dlpg in , for some ball B € 2, where 1o denotes the characteristic function of a
subset O of RY. One can also show that there exists a function u such that Is(u, ) < +oo and
u & L®(Q). An example for this is the function u(z) = (InA) " Inln |z|~! for z € Byje and A > p/d
(the verification is given in Section 3).

In this work, we address the gap between the exponential integrability (1.10) and the boundedness
for functions u with I ,(u, Q) < 400 for some 6 > 0 and p > d. Our first result is

Theorem 1.1. Let p >d > 1, § > 0, and let B be a an open ball of RY. We have,
i) for M >0 and « > 0, there ezists a constant 0 < = B(a, M) < 1 depending only on M and
a such that

86~ Hu—upl|
(1.11) sup ][ () "dr < C,
1B "7 501w, By<M B

1) given o > 0, there exists a positive constant My (small) depending only on «, d, and p such
that

)‘S_l‘u*“B|

als

(1.12) sup e

p—d
|7 5015, (w.B) <My P

de < C.

Here C denotes a positive constant depending only on d, p, and a.
As a consequence of Theorem 1.1, we obtain

Proposition 1.5. Let p > d > 1, § > 0, and let Q be a smooth bounded open subset of RY. We
have,

i) for M > 0 and « > 0, there exists a constant 0 < 8 = B(a, M) < 1 depending only on « and
M such that

P B671|u\ P 5571|‘UHL1(Q)
sup / (%) dx < C'Qea(d) ,
§—PI5(u,Q)<M JQ

i1) given o > 0, there exists a positive constant My (small) depending only on «, d, p, and
such that

p)a—lwu\ p)rluuHLl(m

sup / e dr < CQ@O‘(E .
5_pI§7p(u,Q)SMU Q

Here Cq denotes a positive constant depending only on d, p, o, and Q.

Here is a variant of ii) of Theorem 1.1.

Theorem 1.2. Let p=d >1, 6§ >0, and let B be a an open ball of R. Given o > 0, there exists
a positive constant My (small) depending only on o and d such that

(1.13) sup ][ e lumunlgy <
6—s p(u,B)<Mo /B
for some positive constant C' depending only on d and .

Remark 1.2. Inequality (1.13) shares some similarities with John-Nirenberg’s inequality but is
different. In fact, fixing § > 0, as a consequence of (1.7), we have

lull Baros) < C(M +90),
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if I5p(u) < M. Hence |[ul|garo(py does not generally converge to 0 and (1.13) cannot be derived
from (1.10).

As a consequence of Theorem 1.2, we have
Proposition 1.6. Letp=d > 1, § > 0, and let Q be a smooth bounded open subset of R%. Given
a > 0, there exists a positive constant My (small) depending only on a, d, and 2 such that

o1 ad |u

sup / e Ml gy < 0pe® | ”Ll(ﬂ),
5_p15,p(qu)SMO Q

for some positive constant Cq depending only on d, «, and 2.

The exponential growths in (1.12) and (1.13) are optimal. In fact, we have

Proposition 1.7. Letp >d > 1, v > p/d, and a > 0, and let B be a an open ball of R4,
i) If p > d then for any M > 0 there exists u € L'(B) such that

“ly—u
(1.14) Ip(u,B)< M  and / e "Bl gy = 4o
B
i) If p = d then there exists a bounded sequence (u,) C L'(B) such that
_ vy
(1.15) lim Is,(un,B) =0 and lim ea(5 Hun—un ) dx = +o0.
n—-+00 n—+oo Jp

2. PROOFS OF THEOREMS 1.1 AND 1.2

This section contains the proof of the Theorems 1.1 and 1.2. We first establish two lemmas used
in the proof of (1.11), (1.12), and (1.13) and then establish Theorems 1.1 and 1.2.

2.1. Two useful lemmas. For x € R? and p > 0, let B,(x) denote the ball in RY centered at x
and of radius p. We have

Lemma 2.1. Letd > 1, A > 0, and let E C F C R? be measurable subsets of R with 0 < |E| <
|F| < co. Let p >0 be such that |E| = |B,| and let x € R? be such that Bs,(z) C F. Then

d
(2.1) / LN
F\E |z — |

for some positive constant Cq  depending only on d and \. As a consequence, if p > 1, |E| = |B,|
for some p > 0 and, for p > 1, D is measurable subset of F' such that for almost every x € D, the
ball Boy(x) C F, then

dydx
2.2 > C,

for some positive constant Cg ) dependmg only on d and p.

D||E|"4,

Proof. For y € R%, we have
B,(y) = (Bp(y) \ E) U (Bp(y) N E) and F = (E \ Bp(y)) U (E N Bp(y)).
Since |E| = |B,(y)|, it follows that
(2.3) |E\ By(y)| = |By(y) \ B| for y € R%.
Fix x such that By,(z) C F. We have

/ dy _/ dy +/ dy
nely—z* JEeenw ly—2  Jemn(Rew) ly— o
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1 dy

(2.4) > S IF\E)N Byfa >|+/(F\E)Q(F\Bp Ve
Then

(2.5) (F\E) N B,y(x)| "2 1B, () \ B| 2 |E\ B,(2)] "< |(F\ B,(z)) N E].

Combining (2.4) and (2.5) yields

/F dyAZl,\|(F\Bp(x))mE|+/ Ay

(F\E)N(F\B,()) |y — 2

This yields

dy dy dy
A 2 A + A
P\E |y — x| (F\B,(2))nE |y — 2| (F\E)N(F\B,(z)) |y — |

ECF dy  B2p(@)CF dy _
= /F = /B Py ZCd,p’E‘l /\/d7

A
\B, |y_w‘ 20 \Bp ‘y_x‘

which is (2.1).
Integrating (2.1) w.r.t. z in D, we obtain (2.2).

0

Remark 2.1. A similar version of inequality (2.1) has played crucial roles in deriving fractional

versions of Sobolev [22] and Hardy [1] inequalities.

The following simple lemma is also used in the proof of Theorem 1.1.

Lemma 2.2. Letd >1,p> 1,8 >0, and let O be a ball in R%. Let g € L}OC(O). We have, k € N,

o—k(p—1)
20 / / o < / / T
(z) (z)—u(y)|>d

y)|>2k5

Proof. By considering the function u/é and by the recurrence, it suffices to consider the case § = 1

and £ = 1. We have

(ﬂ _dvdy i" _drdy
O><O |z — y|dtP 0x0 |z — y|d+p
u(x) y)|>

2 lu(z)—u(z/24+y/2)fu(z/24+y/2)—u(y)|>1
dx dy //
< R
//ow |z — y|dtP Ox0
[u(z)—u(z/2+y/2)|>1 lu(z/2+y/2)—u(y)|>1

By a change of variables z = /2 + y/2, we obtain

// dx dy < 9—(p-1) // dx dy
O><O |z — y|dte = O><O |z — y|d+P’
y)|> v)|>

2 1

which yields the conclusion for § =1 and k£ = 1.
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2.2. Proof of part i) of Theorem 1.1. In this proof, for notational ease, we denote Is, by Is for
6 > 0. Without loss of generality we can assume B = By, up =0, and § = 1. Define @ in Bg/, by

u(x) itz e By
u(x) = 2 —|z|)x .

U<(’1"‘D> lf.'L'EBS/Q\Bl.
We have, for all 7 > 0,
(2.7) {weBymlal > 7} < c|{z € Bisu = 7}
and, see e.g., [18, Lemma 17],
(28) Il (’LNL, B3/2) < CIl (u, Bl) .
Using John-Nirenberg’s inequality, we have
(2.9) {z € Byyailal = ¢} <178,
if £ > ¢y M for some ¢; > 0.

We claim that, for £ > ¢; M and \ > 2,
%

(2.10) ‘{xezBl:thﬂ;zAﬁ}‘Scah(u,BQ‘{xezBl:hdx)|2(A—— w}

In fact, fix an arbitrary x € Bs/4 and let p be such that |B,(z)| = {z € Bgjo;|ul > (A — 1)£}|.
Since A > 2, it follows from (2.9) that p < 1/8, which yields Ba,(x) C Bsp. Applying Lemma 2.1
with D = {z € Bs ;|| > M} N O, E = {z € Byjo;|t| > (A= 1)f} and F = Bgy, and using (2.7)
and (2.8), we obtain (2.10).

Applying Lemma 2.2, we have, for k € N,

Ly (u, By) < 27¥P=V 1 (4, By) < 27F0—1 pp.
Fix kg be such that for £ > kg, one has o2 k=D pr < e~ which yields

(2.11) CQIQk(u, Bl) < €7a(p/d)3.
Set
1/(p—1
(2.12) by = max{clM, (c;;MeQa) / )}.

Then, for some c3 larger than co,
ly > max{ci M, 2k°}.
Using (2.10), (2.11), and a standard iterative process, we have, for A € N and

(2.13) Hﬂs € By;|u| > )\60}) < emalp/d) {I € By;|u| > EQH.

This implies
/ O/ g < / oo/ g o / e @/D g < )
B1 Bl

B1
lul=¢o lul<to
This implies the conclusion of part i) with B(a, M) = €5 where ¢y is given by (2.12). O

2.3. Proof of part ii) of Theorem 1.1. The proof of part ii) is in the spirit of part 7). In fact,
noting that if M is small enough then (2.13) holds with ¢y = 1. The conclusion then follows. [

2.4. Proof of (1.13) of Theorem 1.2. The proof is similar to the one of part i) of Theorem 1.1
and is omitted. O
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2.5. Proof of Propositions 1.5 and 1.6. Propositions 1.5 and 1.6 can be derived from Theo-
rems 1.1 and 1.2 respectively after using local charts and appropriately extending u in a neighbor-
hood of € (see, e.g., [18, Lemma 17]. The details are omitted. O
3. PROOF OF PROPOSITION 1.7
Without loss of generality, one might assume that B = By, and ¢ = 1.
Proof of assertion (1.14). Fix v > A > p/d > 1, set, for z € By,
u(z) = g(|z])  where g(r) = (In\)"'Inln(1/r) for r € I := (0,1/e).

It is clear that g € L'(I). Using polar coordinates, we have

1/e rl/e d 1 d 1
Il u B d0'1 dUQ d?“l d?“Q.
P 1/6 Sd 1 Jga-1 ’7“10'1 — TQUQ’p+d

lg( Tl) g(r2)[>1

e ife pd—1pd-1
(3.1) < Cy / / ‘7“1 — T2|p+d drq drs.
lg(

g(r1)—g(r2)|>1

We have, for 0 < 7 < ry < e !,

1/A

lg(r1) — g(r2)| > 1 if and only if ro > ] A

and 0 <ry <e 7,
this yields
r1Tro C’I“l
(TQ _ r1)1+p/d - Tg/d =

for some positive constant C' depending only on d, p, and \. It follows that, for 0 < r; < ry < e™!
and |g(r1) — g(r2)| > 1,

d—1
rilingfl T2 1 C
(3'2) Td i1 2 1§ Pi1°
ry — raf? (rg —rp)at ry — ro|dt ry — ro|dt
We derive from (3.1) and (3.2) that
(3'3) Il,p(uv Bl/e) < CIL%(Q,I).
We have
(3.4) Lipalg,I) = // I—rE dry dro
IxI |7”2 — ?”1’
g(r1)—g(r2)|>1
r1<ry

1
< _
C/ ( X Tl)% (e — r1)5> dry < +oo,

since ri/)‘ —ry > C’r}/)‘ and e —r; > C for ry € (O,e_ ).

On the other hand, for any 7 € I, we have, with p = ﬁ:—z -1,
g i a(lo r_l)(l+p) d—1
(3.5) / e dx:/ e*\ %8 r® " dr = +o0,
. 0

since lim, o (log T_I)Hp/log r~1 = +fo00.
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Set, for 0 < 7 < e~ !,
ur(z) = u(rx) for v € Bo-1.

Then
(3.6) Lp(tr, By1) = P70 (U, Bre-1) — 0 as 7 — 0.

Combining (3.5) and (3.6) yields the conclusion since for any M > 0 we can choose 7 > 0 small
enough so that Iy ,(ur, Bo-1) < M. O

Proof of assertion (1.15). Let n € N large and fix 1 < ¢ < v and denote ¢’ = ¢/(¢ — 1). Define

1 1
Inen Hf0<r<—,
n

un(®) = gullal) where ga() =3 11y 4y
- if —<r<-—
Ind n n €

As in (3.3), we have
(37) Il,d(unaBl/e) S CIl,l(g’nw[)a

where I = (0,1/e).
We now estimate I11(gn, ). Denote J,, = (0,1/n), and K, = I\ J,,. We have

(3.8) Iii(gn, 1) =271 + 1.

where
1 1
Il = IR dTl d’l"g and IQ = I ND) d?"l dTQ.
Lixdn  Iri—r2 Joxda  |T1— T2

|gn (r1)—gn (r2)[>1 lgn (r1)—gn (r2)|>1

We next estimate Z; and Zy. We begin with Z;. For (rq,r2) € J, X K,,, we have |g,, (1) —gn(r2)| >
1 if and only if

1
1 In (%) | ellogm)?
Ine n — ——%| > 1, this implies — > ry > ay, 1= ——.
Ind n € n

It follows that

drodry an
) In{ ——— .
(3.9) / /an ‘Tl_r2|2_n<an_1/n>—>0asn—>+oo

We next deal with Zo. For (ri,r2) € K, x K, with ro > r1, we have |gn(r1) — gn(r2)| > 1 if and
only if

1 1
In (7"1) —In (B) .. . 1 1 1 . lnin

T > 1, this implies — > r9 > r1b, and — < r; < — with b,, = ¢
Ine n e n eby,
We then have
1/(eby) 7" 1/(eby) 1
(3.10) 22—2/ / dr1<2/ ——dr; — 0 as n — +oo.
riby (T2 —71)? iy T1(bn—1)

Combining (3.8), (3.9), and (3.10) yields

nh—>ng<> Ii(gn,I) = 0.
which yields, by (3.7),
(3.11) lim Iy 4 (un, Byje) = 0.

n—o0
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We have
1
z1n (2 1 1 1
/2 ng" dr = - <ln(2e)—ln(ne)> — 0 as n — oo.
7 Invn (logn) "
This implies
(3.12) 0< lim updr < lim [ g,dx=0.
n—-+00 Bl/e n—+oo [r
On the other hand, since v > ¢, we have
1
r n 1
(3.13) /rd_leagn > / pd=lean™in _ —deo‘lan” — 400 as n — +o0.
I 0 dn
The conclusion now follows from (3.11), (3.12), and (3.13). O
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