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The dynamics of electron-plasma waves are described at arbitrary collisionality by
considering the full Coulomb collision operator. The description is based on a Hermite-
Laguerre decomposition of the velocity dependence of the electron distribution function.
The damping rate, frequency, and eigenmode spectrum of electron-plasma waves are found
as functions of the collision frequency and wavelength. A comparison is made between
the collisionless Landau damping limit, the Lenard-Bernstein and Dougherty collision
operators, and the electron-ion collision operator, finding large deviations in the damping
rates and eigenmode spectra. A purely damped entropy mode, characteristic of a plasma
where pitch-angle scattering effects are dominant with respect to collisionless effects, is
shown to emerge numerically, and its dispersion relation is analytically derived. It is
shown that such a mode is absent when simplified collision operators are used, and that
like-particle collisions strongly influence the damping rate of the entropy mode.

1. Introduction
Electron-plasma waves (EPW), also called Langmuir waves or plasma oscillations, are

oscillations of the electron density at the plasma frequency resulting from the break of local
charge neutrality (Bohm & Gross 1949; Malmberg & Wharton 1966). The displacement of
electrons leads to an electrostatic force that, by pulling electrons back to their equilibrium
position, results into oscillations of the electrostatic potential and electron density. In a
collisionless system, the amplitude of EPW decreases with time due to Landau damping
(Landau 1946). The phenomenon of collisionless Landau damping is well understood, both
linearly and non-linearly (Dawson 1961; O’Neil & Rostoker 1965; Zakharov 1972; Morales
& O’Neil 1972; Mouhot & Villani 2011). When Coulomb collisions are present, although
collisional and Landau damping of EPW are known to act synergistically (Brantov
et al. 2012), the physical mechanisms which dictate their interplay are considerably less
understood. This is despite the fact that plasmas are all characterized by a finite number
of particles in a Debye sphere, N = (4π/3)nλ3D, with n the electron density and λD the
Debye length, and therefore collisional effects are always present. Indeed, understanding
the behavior of EPW with collisions is important since Coulomb collisions significantly
contribute to the behavior of many important laboratory plasmas, such as magnetic
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(Scott 2007) and inertial fusion (Lindl et al. 2004) plasmas, and plasmas for industrial
processing (Lieberman & Lichtenberg 2005). Collisions also influence the dynamics of
EPW in near-earth space plasmas (Jordanova et al. 1996), and can even be the only
source of significant damping of EPW in low-temperature laboratory plasmas (Banks
et al. 2017).

The need for a simplified theoretical framework able to describe Coulomb collisions
at arbitrary collisionality is widely recognized, and has been the subject of considerable
interest over the past few decades (Callen & Kissick 1997; Ji & Held 2010), with a
large effort devoted not only to the study of EPW (Hammett & Perkins 1990; Brantov
et al. 2012; Banks et al. 2016), but also to ion-acoustic waves (Epperlein et al. 1992;
Tracy et al. 1993; Zheng & Yu 2000), and drift-waves (Jorge et al. 2018). The difficulty
associated with an accurate estimate of the collisional damping in a plasma at arbitrary
collisionalities is related to the integro-differential character of the Coulomb collision
operator C(f) (Helander & Sigmar 2005). While progress can be made using fluid models
that rely on the evaluation of the velocity moments of the kinetic equation (Braginskii
1965), the standard formulation of these models based on collisional closures assumes
that typical wave-numbers k of the system are small compared with the inverse mean-free
path 1/λmfpa = νa/vtha, with νa the collision frequency and vtha the thermal velocity of
the species a, and that typical frequencies ω are small compared with νa. This restricts
the application of standard fluid models to highly collisional regimes, therefore excluding
Landau damping effects. In order to incorporate kinetic effects in fluid models, closures
that mimic the linear response of a collisionless plasma have been derived (Hammett et al.
1992, 1993), later extended to include fourth order moments (Hunana et al. 2018), and to
include collisional effects without pitch-angle scattering (Joseph & Dimits 2016).
A possible approach to the study of the kinetic properties of EPW is based on the

development of the distribution function on a convenient basis, and the projection of the
kinetic equation on this basis. Indeed, pseudospectral decompositions that expand the
electron distribution function in an appropriate orthogonal polynomial basis have allowed
a rigorous assessment of the effect of collisional pitch-angle scattering in linear EPW and
ion-acoustic waves by including electron-ion collisions while neglecting electron-electron
collisions (justified in a high-Z regime) (Epperlein et al. 1992; Banks et al. 2016). The
role of self-collisions in the linear regime was investigated in Banks et al. (2017) using a
simplified operator with respect to the full Coulomb operator and in Brantov et al. (2012)
where a simplified form for the high order moments of the like-species Coulomb collision
operator was employed in order to derive an analytic dispersion relation.
In this work, the linear properties of EPW are assessed by using the full linearized

Coulomb electron-electron and electron-ion collision operators at arbitrary collision
frequencies. For this purpose, a pseudospectral decomposition of the electron distribution
function based on a Hermite-Laguerre polynomial basis is used. Leveraging the work in
Jorge et al. (2017, 2018), a moment expansion of the full Coulomb collision operator is
performed at all orders by taking into account both like-species and inter-particle collisions
without simplifying assumptions. The framework used here allows, for the first time, the
evaluation of the frequency and damping rates and, more generally, of the linear spectrum,
of EPW eigenmodes, at arbitrary collisionalities. Among the subdominant modes, we focus
on the analytical and numerical description of the entropy mode, a purely damped mode
that requires the Coulomb collision operator to be properly described (Epperlein 1994;
Banks et al. 2016). The entropy mode can have a damping rate comparable to other modes
in the plasma [such as ion-acoustic waves (Tracy et al. 1993)] and similar wave-numbers,
and it determines the damping rate of the system on collisional time scales. In fact, as we
show, this mode is absent when the kinetic equation is solved using approximate collision
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operators or in one-dimensional velocity space descriptions and, in general, deviations
between the results based on the Coulomb and simplified collision operators (such as
the Lenard-Bernstein, the Dougherty, and the electron-ion operators) are particularly
evident. We remark that the discrepancies in the spectrum observed between different
collision operators may lead to major differences in the nonlinear evolution of EPW.
Indeed, stable modes can be non-linearly excited to a finite amplitude and have a major
role in nonlinear energy dissipation and turbulence saturation, affecting the formation of
turbulent structures, as well as heat and particle transport (Terry et al. 2006; Hatch et al.
2011). As a test of our numerical investigations, the results for the Lenard-Bernstein case
are compared to the eigenmode spectrum resulting from an analytical solution where
the plasma distribution function and the electrostatic potential are decoupled. This also
allows us to gain some insight on previous EPW results using the Lenard-Bernstein
operator (Bratanov et al. 2013; Schekochihin et al. 2016). In addition, we compare our
pseudospectral decomposition to the one based on a Legendre polynomial expansion for
the case of the electron-ion operator.
This paper is organized as follows. Section 2 presents the moment-hierarchy equation

used for the EPW description, deriving it from the kinetic Boltzmann equation by using
a Hermite-Laguerre expansion of the electron distribution function. Section 3 focuses
on the collisionless moment-hierarchy and derives the collisionless dispersion relation.
In Section 4, the oscillation frequency and damping rates of EPW are analyzed and
compared with simplified collision operators. Section 5 derives a dispersion relation for
the entropy mode that shows remarkable agreement with the numerical results. Finally,
Section 6 shows the EPW eigenvalue spectrum using different collision operators and
discretization methods. The conclusions follow.

2. Moment-Hierarchy Formulation of EPW
We briefly describe the Boltzmann-Poisson system, our starting point for the description

of EPW, for an unmagnetized plasma, and derive a moment expansion of the distribution
function that allows its numerical solution. The Boltzmann equation for the evolution of
the electron distribution function f is given by

∂f

∂t
+ v · ∇f +

e

m
∇φ · ∂f

∂v
= Ĉ(f). (2.1)

In Eq. (2.1), e is the elementary charge, m the electron mass, φ the electrostatic potential,
and Ĉ(f) the non-linear Coulomb (also called Landau) collision operator for electrons

Ĉ(f) =
v3th
n

∑
b

νb∂v ·
[
m

mb
(∂vHb)f − ∂v(∂vGb) · ∂vf

]
, (2.2)

where vth =
√
2T/m is the electron thermal velocity with T the electron temperature,

and νb the characteristic collision frequency between electrons and species b (b = e, i for
electrons and ions, respectively), defined by

νe =
8
√
π

3
√
me

nλe4

T 3/2
, (2.3)

with λ the Coulomb logarithm and νi =
√
2νe. Hb = 2

∫
fb(v

′)/|v − v′|dv′ and Gb =∫
fb(v

′)|v − v′|dv′ are the Rosenbluth potentials (Helander & Sigmar 2005). We relate
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the electrostatic potential φ to f using Poisson’s equation

∇2φ = 4πe

(∫
fdv − n0

)
, (2.4)

where the ions are assumed to provide a fixed homogeneous, neutralizing background,
with density n0 and a Maxwellian-Boltzmann equilibrium with the same temperature
as the electrons. An atomic number Z = 1 is considered. Equation (2.1) is linearized by
expressing f as f = fM (1 + δf) with δf � 1 and fM an isotropic Maxwell-Boltzmann
equilibrium distribution with constant density n0 and temperature T0, yielding

fM
∂δf

∂t
+ fMv · ∇δf +

e

m
∇δφ · ∂fM

∂v
= C(fMδf), (2.5)

where we used the fact that Ĉ(fM ) = 0, and C(fMδf) is the linearized version
of the Coulomb collision operator in Eq. (2.2) whose expression can be found in
Helander & Sigmar (2005). The Boltzmann equation, Eq. (2.5), is coupled to the
Poisson equation ∇2δφ = 4πeδn with δn =

∫
fMδfdv the perturbed electron density.

We now rewrite Eq. (2.5) in terms of the Fourier transformed distribution function
δfk =

∫
δf exp(−ik · x)dx as

∂δfk
∂t

+ ik · vδfk + ik · v4πe
2δnk

k2T0
=
C(fMδfk)

fM
, (2.6)

where we used the Fourier transformed Poisson equation −k2δφk = 4πeδnk, with δnk =∫
δn exp(−ik · x)dx and δφk =

∫
δφ exp(−ik · x)dx.

Similarly to previous studies on the collisional damping of EPW (Brantov et al. 2012;
Banks et al. 2016), a three-dimensional cylindrical (v⊥, ϕ, vz) velocity coordinate system
is used, therefore decomposing the velocity vector v as

v = vzez + v⊥(cosϕex + sinϕey), (2.7)

where (ex, ey, ez) are Cartesian unit vectors with z the direction of the wave-vector
k = kez. In this work, we consider the azymuthally isotropic, i.e. ϕ independent, subset
of solutions δfk = δfk(v⊥, vz) of the Boltzmann equation, Eq. (2.6), which further allows
us to reduce our study to the one of a two-dimensional model. This can be done by
applying the averaging operator 〈...〉 defined by

〈g〉 (v⊥, vz) =
1

2π

∫ 2π

0

g(v⊥, ϕ, vz)dϕ, (2.8)

to the Boltzmann equation, Eq. (2.5), yielding

∂ 〈δfk〉
∂t

+ ikvz 〈δfk〉+ ikvz
4πe2δnk
k2T0

=
〈C(fMδfk)〉

fM
. (2.9)

As the linearized Coulomb collision operator satisfies 〈C(fMδfk)〉 = C(fM 〈δfk〉), Eq. (2.9)
can be used to obtain the subset of azimuthally symmetric solutions in velocity space
〈δfk〉, which are decoupled from the azimuthally asymmetric solutions δf̃k = δfk − 〈δfk〉.
Finally, we rewrite Eq. (2.9) by normalizing time to kvth0 with vth0 =

√
2T0/m the

electron thermal velocity, δnk to n0, and vz to vth, yielding

i
∂ 〈δfk〉
∂t

− vz 〈δfk〉 −
vzδnk
αD

= i
〈C(fMδfk)〉

fM
, (2.10)

where we defined αD = k2λ2D with λD =
√
T0/(4πe2n0) the Debye length, and where the
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collision frequency coefficient present in C(fMδfk) is now in units of kvth. Furthermore,
we define ν as the electron-ion collision frequency normalized to kvth, namely

ν =
νi
kvth

. (2.11)

We note that the number of particles in a Debye-sphere N can be cast in terms of ν and
αD as

N =
1

9

√
2

π

λ

ν
√
αD

, (2.12)

where λ is the Coulomb logarithm.
Following Jorge et al. (2017, 2018), we solve the linearized kinetic equation, Eq. (2.10),

at arbitrary collisionalities by expanding the perturbed distribution function 〈δfk〉 into
an orthogonal Hermite-Laguerre polynomial basis of the form

〈δfk〉 =
∞∑

p,j=0

Npj

√
2pp!

Hp (vz)Lj
(
v2⊥
)
, (2.13)

where Hp are physicists’ Hermite polynomials of order p, defined by the Rodrigues’
formula

Hp(x) = (−1)pex
2 dp

dxp
e−x

2

, (2.14)

and normalized via the orthogonality condition based on the scalar product with weight
factor e−x

2 ∫ ∞
−∞

dxHp(x)Hp′(x)e
−x2

= 2pp!
√
πδpp′ , (2.15)

and Lj the Laguerre polynomials of order j, defined by the corresponding Rodrigues’
formula

Lj(x) =
ex

j!

dj

dxj
(e−xxj), (2.16)

and orthonormal with respect to the weight e−x∫ ∞
0

dxLj(x)Lj′(x)e
−x = δjj′ . (2.17)

Due to the orthogonality of the Hermite-Laguerre basis, the coefficients Npj = Npj(k, t)
of the expansion in Eq. (2.13) can be computed via the expression

Npj =

∫
Hp(vz)Lj(v

2
⊥) 〈δfk〉√

2pp!

e−v
2
z−v

2
⊥

√
π

dvzdv
2
⊥. (2.18)

With respect to a grid treatment using collocation points based on orthogonal polynomials
(Belli & Candy 2008; Landreman & Ernst 2013), we note that the Hermite-Laguerre
decomposition used in this work allows us to find the Rosenbluth potentials analytically
as linear combinations of the Npj moments of the distribution function, to find linear and
nonlinear closures at an arbitrary number of moments and mean-free path, and to make
much more evident the role of the parallel and perpendicular phase-mixing processes.
By projecting the Boltzmann equation, Eq. (2.10), onto a Hermite-Laguerre basis, a

system of differential equations (henceforth called moment-hierarchy) for the coefficients
Npj is obtained

i
∂

∂t
Npj =

√
p+ 1

2
Np+1j +

√
p

2
Np−1j +

N00

αD

δp,1δj,0√
2

+ iCpj , (2.19)
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with Cpj the projection of the linearized collision operator onto a Hermite-Laguerre basis

Cpj =

∫
Hp(vz)Lj(v

2
⊥) 〈C(fMδfk)〉√
2pp!

dvzdv
2
⊥. (2.20)

The Coulomb collisional moments Cpj are derived leveraging the result in Ji &
Held (2006), where the collision operator is projected onto a tensorial basis of the
form pls = Pl(c)L

l+1/2
s (c2), with the irreducible tensorial Hermite polynomials defined

by the recurrence Pl+1(c) = cPl(c) − c2∂cP
l(c)/(2l + 1), being P0(c) = 1 with

c = v/vth, and the associated Laguerre polynomials Ll+1/2
s (x) =

∑s
m=0 L

l
smx

m with
Llsm = [(−1)m(l + s+ 1/2)!]/[(s−m)!(l +m+ 1/2)!m!]. Indeed, expanding the distribu-
tion function as δfa =

∑
l,sM

ls
a · pls/σls, and with σls = l!(l + s+ 1/2)!/(2l(l + 1/2)!s!),

Ji and Held showed that the linearized collision operator can be written as

C(fMδf) = fM
∑
b

∞∑
l,s=0

Pl(v̂)

σls
·
(
Mls

e ν
ls,0
eb +Mls

b ν
0,ls
eb

)
. (2.21)

where νls,0eb (v) and ν0,lseb (v) are linear combinations of the error function and its derivatives
[for their expression, see Ji & Held (2006)], and represent the test-particle and field-particle
(back-reaction) parts of the linearized collision operator, respectively. We remark that
a similar expansion in Legendre-Associated Laguerre polynomials was used in Brantov
et al. (2012) in order to derive a simplified dispersion relation applicable to the study of
EPW, ion-acoustic waves, and entropy modes.
In order to evaluate Cpj , we Fourier transform in space and average the operator

C(fMδf) in Eq. (2.21) according to Eq. (2.8), using the averaging identity
〈
Pl(c)

〉
=

clPl(vz/v)P
l(êz), with Pl(x) = ∂lx(x

2 − 1)l/(2ll!) the Legendre polynomials. This yields

〈C(fMδfk)〉 =
∑
b

∞∑
l,s=0

(Cls,0eb + C0,ls
eb ), (2.22)

where Cls,0eb is the averaged test-particle operator

Cls,0eb = fMν
ls,0
eb (v)Pl

(vz
v

)
M ls
e

2l(l!)2

(2l!)
, (2.23)

and C0,ls
eb the field-particle (back-reaction) operator

C0,ls
eb = fMν

0,ls
eb (v)Pl

(vz
v

)
M ls
b

2l(l!)2

(2l!)
, (2.24)

with the fluid moments defined as

M ls
b =

l+2s∑
p=0

s+l/2∑
j=0

T pjls N
pj
b

√
2pp!

σls
. (2.25)

The basis transformation coefficients T pjls in Eq. (2.25) are defined by

vlPl

(vz
v

)
Ll+1/2
s (v2) =

l+2s∑
p=0

s+l/2∑
j=0

T pjls Hp(vz)Lj(v
2
⊥), (2.26)

and their closed form expression can be found in Jorge et al. (2017). While an expansion
in tensorial Hermite polynomials P l(c) allows us to conveniently express the linearized
collision operator in terms of M ls

b moments, the basis transformation of Eq. (2.26) is
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needed to cast the velocity dependence of 〈C(fMδfk)〉 in a Hermite-Laguerre polynomial
basis, and to calculate its velocity moments.
We now use the expression of 〈C(fMδfk)〉 contained in Eq. (2.22) and inject it in

Eq. (2.18). By defining the fluid moments Altseb as

Altseb =

∫
vlL

l+1/2
t (v2)fMν

ls,0
b (v)dv, (2.27)

and Bltseb as

Bltseb =

∫
vlL

l+1/2
t (v2)fMν

0,ls
b (v)dv, (2.28)

the resulting collision operator moments Cpj can be written as

Cpj =
∑
b

∞∑
s=0

p+2j∑
l=0

j+bp/2c∑
t=0

(T−1)ltpj2
l(l!)2

(2l)!σls
√
2pp!

νb
(2l + 1)

(
M ls
e A

lts
eb +M ls

b B
lts
eb

)
, (2.29)

where we introduce the inverse transformation coefficients

(T−1)ltpj = T pjlt

√
π2pp!(l + 1/2)t!

(t+ l + 1/2)!
. (2.30)

The analytical expressions for Altseb and Bltseb suitable for numerical implementation are
given in Ji & Held (2006). The moments of the collision operator, Cpj , correspond to the
ones derived in Jorge et al. (2018) for the study of drift-waves, and can also be obtained
by linearizing the electron collisional moments presented in Jorge et al. (2017).
Besides the Coulomb collision operator, the Hermite-Laguerre expansion described

above can be advantageously applied to describe other collision operators. We consider
here the Lenard-Bernstein (Lenard & Bernstein 1958), the Dougherty (Dougherty 1964),
and the electron-ion collision operators that are used for comparison with the full Coulomb
one. The Lenard-Bernstein and Dougherty operators are implemented in a number of
advanced kinetic codes (Nakata et al. 2016; Grandgirard et al. 2016; Loureiro et al.
2016; Pan et al. 2018), and are frequently used to introduce collisional effects in weakly
collisional plasmas (Zocco & Schekochihin 2011; Zocco et al. 2015; Shi et al. 2017; Mandell
et al. 2018). Therefore, a comparison between the Coulomb and the Lenard-Bernstein and
Dougherty operators, even in simplified systems such as the case of EPW, is important
to determine the accuracy and validity of these operators. The Lenard-Bernstein collision
operator CLB(f), first derived in 1891 by L. Rayleigh (Wax 1954) is of the Fokker-Planck
type. It conserves particle number and satisfies the H-theorem, and it can be written as
(Lenard & Bernstein 1958)

CLB(f) = ν
∂

∂v
·
(
vf +

v2th
2

∂f

∂v

)
. (2.31)

This operator can be derived from the Fokker-Planck equation, Eq. (2.2), by assuming
(m/mb)∂vHb = v and ∂v∂vGb = −Iv2th/2 with I the identity matrix. By projecting the
Lenard-Bernstein operator onto a Hermite-Laguerre basis according to Eq. (2.20), one
obtains

CpjLB = −ν(p+ 2j)Npj . (2.32)
Equation (2.32) can then be used in the moment-hierarchy equation Eq. (2.19), yielding

i
∂

∂t
Npj =

√
p+ 1

2
Np+1j +

√
p

2
Np−1j +

N00

αD

δp,1δj,0√
2
− iν(p+ 2j)Npj . (2.33)
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The linearized Dougherty collision operator CD(f), on the other hand, adds the necessary
field-particle collisional terms to the Lenard-Bernstein operator in order to provide momen-
tum and energy conservation properties. Namely, it sets (m/mb)∂vHb = v − u, with u =∫
vfdvzdv

2
⊥dϕ/n0, and ∂v∂vGb = −IT/ma with T =

∫
m(v − u)2fdvzdv

2
⊥dϕ/(3n0) =

(
√
2N20 − 2N01)/3. The Hermite-Laguerre moments of the linearized Dougherty collision

operator CpjD are given by

CpjD = −ν
[
(p+ 2j)Npj −N10δp1δj0 + T (

√
2δp0δj1 − 2δp2δj0)

]
, (2.34)

yielding the moment-hierarchy equation

i
∂

∂t
Npj =

√
p+ 1

2
Np+1j +

√
p

2
Np−1j +

N00

αD

δp,1δj,0√
2

− iν
[
(p+ 2j)Npj −N10δp1δj0 + T (

√
2δp0δj1 − 2δp2δj0)

]
. (2.35)

We note that the moment-hierarchies with the Lenard-Bernstein or the Dougherty collision
operator, Eq. (2.33) and Eq. (2.35), respectively, do not couple different Laguerre moments
and, therefore, one can focus on obtaining the coefficients Np0 for solving the moment-
hierarchy.
The Hermite-Laguerre expansion procedure can also be applied to the electron-ion

operator Cei(f) that is often used for EPW studies (Epperlein et al. 1992; Banks et al.
2016), that is

Cei(f) =
ν

2v3
∂

∂ξ

[(
1− ξ2

) ∂f
∂ξ

]
, (2.36)

with ξ = vz/v. This operator describes the pitch-angle scattering of electrons due to
collisions with ions. By projecting Eq. (2.36) into a Hermite-Laguerre basis, we obtain
(Jorge et al. 2017)

Cpjei = − ν

8π3/2

p+2j∑
l=0

j+bp/2c∑
f=0

(
T−1

)lf
pj√

2pp!

∞∑
s=0

Alf,sei M ls
e , (2.37)

where the Alf,sei coefficients are given by

Alf,sei =
l(l + 1)

l + 1/2

2l(l!)2

(2l)!

f∑
m=0

s∑
n=0

LlfmL
l
sn√

σls
(l +m+ n− 1)!. (2.38)

As an aside, we note that previous studies on EPW have shown that the solutions of
the linearized Boltzmann equation are, in fact, sensitive to the discretization method used.
For example, it was shown that finite-difference methods, when applied to the problem of
EPW, produce a number of numerical, non-physical modes with a rather small damping
rate that do not lie in the vicinity of the collisionless solutions, even for weak collisionalities
and a very high resolution (Bratanov et al. 2013). On the other hand, a discretization
scheme based on a Hermite-Laguerre polynomial decomposition yields a large number
of roots that lie in the vicinity of the collisionless solution. Since previous EPW studies
using the electron-ion collision operator have been performed using a discretization of
the distribution function into a set of Legendre polynomials, i.e., (Epperlein et al. 1992;
Brantov et al. 2012; Banks et al. 2016)

〈δfk〉 =
∞∑
l=0

al(v)Pl(ξ), (2.39)
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as a test of our approach, we compare in Section 6 our results with the Legendre
decomposition in Eq. (2.39). By projecting the Boltzmann equation, Eq. (2.10), with an
electron-ion collision operator into a Legendre basis, Eq. (2.39), the following moment-
hierarchy equation is obtained

i

v

dal(v)

dt
=

l

2l − 1
al−1(v) +

l + 1

2l + 3
al+1(v) +

δl,1
αD

∫
fMv

2a0(v)dv −
iν

v4
l(l + 1)al. (2.40)

A relation between the Hermite-Laguerre Npj and Legendre moments al can be found by
comparing Eqs. (2.13) and (2.39), yielding

al(v) =

∞∑
p=0

∞∑
j=0

p+2j∑
s=0

j+bp/2c∑
t=0

(T−1)stpj
Npj

√
2pp!

vsL
s+1/2
t (v2)δls, (2.41)

and

Npj =

p+2j∑
s=0

j+bp/2c∑
t=0

(T−1)stpj√
2pp!(2l + 1)

∫
as(v)v

s+2L
s+1/2
t (v2)dv. (2.42)

3. Collisionless Dispersion Relation
As a first step in the analysis of EPW, and for comparison with the results in the

presence of collisions, we derive the EPW dispersion relation in the collisionless limit. We
first Fourier transform in time the collisionless limit of the moment-hierarchy equation,
Eq. (2.19), by imposing δfk ∼ e(γ+iω)t, obtaining

i(γ + iω)Npj =

√
p+ 1

2
Np+1j +

√
p

2
Np−1j +

N00

αD

δp,1δj,0√
2

. (3.1)

A closed form solution of the collisionless moment-hierarchy in Eq. (3.1) can be obtained
by dividing the Boltzmann equation, Eq. (2.10), by the resonant iγ−vz factor, multiplying
it by the Hermite-Laguerre polynomial basis functions and, finally, integrating it over
velocity space. This yields

Npj = −N
00

αD

[
−i(γ + iω)

(−1)p√
2pp!

Z(p) (ω − iγ) + δp,0

]
δj,0, (3.2)

where Z(p) is the pth derivative of the plasma dispersion function Z(0), defined by

Z(p)(u) =
(−1)p√

π

∫ ∞
−∞

Hp(x)e
−x2

x− u
dx. (3.3)

By setting (p, j) = (0, 0) in Eq. (3.2), the collisionless dispersion relation is found

D = 1 + αD − i(γ + iω)Z(ω − iγ) = 0. (3.4)

Alternatively, Eq. (3.4) can be derived from the collisionless limit of the Boltzmann
equation, Eq. (2.10), upon division by the factor iγ − ω − vz and integration with
respect to vz. The numerical solution of Eq. (3.4) is obtained by discretizing γ and
ω into a two-dimensional [ω, γ] grid, evaluating D on the grid, and storing the values
where [Re(D), Im(D)] vanishes. To evaluate Z, we make use of the identity Z(x) =

i
√
πe−x

2

erfc(−ix) with erfc(x) = 1 − erf(x) and erf(x) the error function, and use the
algorithm developed in Gautschi (1970) to numerically compute erf(x) for complex
arguments.

The αD dependence of the least damped solution of Eq. (3.4) is shown in Fig. 1, where
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Figure 1. Collisionless frequency (blue line) and damping rate (red line) of the least damped
solution of the collisionless dispersion relation, Eq. (3.4), as a function of αD, for 0.05 < αD < 0.4.

both its damping rate γ and frequency ω are seen to be monotonic functions of αD, which
is in agreement with previous EPW studies (Banks et al. 2017). In the following, without
loss of generality and similarly to previous studies of collisional damping of EPW (Banks
et al. 2016, 2017), we select the value of αD = 0.09 when fixed αD studies are performed,
which corresponds to kλD =

√
αD = 0.3. While this value of αD is typical for EPW

driven by stimulated Raman scattering (Brunner & Valeo 2004; Winjum et al. 2013), we
add that the particular choice of αD has no quantitative impact on the conclusions we
draw.

4. Temporal Evolution of EPW
In this section, the moment-hierarchy equation, Eq. (2.19), is solved numerically

as a time-evolution problem using an implicit variable-step variable-order solver that
employs backward differentiation formulas (Shampine 2002) with a maximum time-step of
10−6kvth. For the numerical solution, the moment-hierarchy is truncated at a maximum
Hermite-Laguerre index (P, J) by setting

Npj = 0, for (p, j) > (P, J). (4.1)

We consider as initial condition Npj(t = 0) = δp0δj0, such that the perturbed density
and electrostatic potential are initially excited, while higher moments of the distribution
function are set to zero. The initial perturbation of the velocity distribution function is
then taken to be a Maxwellian in velocity space. The temporal evolution of N00 (and
therefore of φ) is shown in Fig. 2 for different collisionalities and αD values. In this
section, we focus on the oscillating initial phase of Fig. 2, where the EPW dominate
the dynamics. We fit the amplitude of N00 to an exponentially damped sinusoidal wave
with real frequency ω and damping rate γ, taking into account a minimum of three
oscillation periods. The later phase, where a purely damped behavior is observed at higher
collisionalities due to the presence of an entropy mode, is investigated in Section 5.

A convergence study with the truncation indices (P, J) is shown in Fig. 3. Convergence
is observed for (P, J) = (18, 2) in the range of collisionalities and αD investigated (a
variation of less than 3% is observed between damping rates evaluated with a truncation
at (P, J) = (18, 2) and a truncation at higher values of P and J). The values of oscillation
frequency ω(αD, ν) and damping rate γ(αD, ν) obtained as a fit of the initial damping
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Figure 2. Time evolution of the absolute value of N00 using a truncation with (P, J) = (18, 2),
evaluated using the full linearized Coulomb collision operator. Different values of ν and αD are
shown.

Figure 3. Comparison of the normalized damping rate γ for αD = 0.09 as a function of the
normalized collision frequency considering a truncation at different values of (P, J) (solid lines)
and using the full linearized Coulomb collision operator. The collisionless least damped Landau
solution is shown for comparison (dashed blue line). All frequencies are normalized to kvth.

phase are shown in Fig. 4 for 0.075 < αD < 0.2 and 0.015 < ν < 0.7 using the Coulomb
collision operator, where a truncation at (P, J) = (18, 2) is used. Such values of (P, J) are
in line with the estimate found in Jorge et al. (2018) which, by underestimating the effect
of the collisional term Cpj in the moment-hierarchy equation leads to P ∼ 4/

√
2ν and

J ∼ 2. For ν ∼ 0.1, this yields (P, J) ∼ (30, 2). The largest deviation of the damping rate
from the collisionless case is seen to occur for large values of collisionality and small αD.
This is expected, as for large ν and small αD the collisional fluid limit is retrieved. The
dependence on αD may be attributed to the decreasing magnitude of the Landau damping
rate for decreasing αD (see Fig. 1). This makes the ratio between the collisional and the
collisionless damping rates increasingly larger. Finally, we remark that the presence of
several competing eigenmodes in the initial transients of the temporal evolution of N00

contribute to the presence of a transition at αD ∼ 0.1 visible in Fig. 4.
Following a long standing tradition established by Jackson (Jackson 1960), and used

in consequent EPW studies (Opher et al. 2002), we also display the frequency and the
damping rate of EPW normalized to the plasma frequency ωpe = vth/λD in Fig. 5 as a
function of kλD for fixed νei/ωpe. We show the results for the collisionless νei/ωpe = 0
and the collisional νei/ωpe = 0.1 case. Consistently with Fig. 4, it is observed that ω/ωpe
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Figure 4. Damping rate γ (left) and oscillation frequency ω (right) of the electron-plasma
wave obtained from the moment-hierarchy equation, Eq. (2.19), as a function of αD and ν for
(P, J) = (18, 2). The full linearized Coulomb collision operator is considered.

Figure 5. Oscillation frequency ωph = ωkvth and damping rate γph = γkvth of EPW in physical
units, normalized to the plasma frequency ωpe for the collisionless νei/ωpe = 0 and collisional
νei/ωpe = 0.1 case.

has a negligible relative variation with the collision frequency when compared with the
relative variation of the damping rate. Furthermore, as observed in Opher et al. (2002), the
damping rate of EPW with finite collision frequency is seen to approach the collisionless
result for high values of kλD. A further comparison of the collisional component of the
damping rate γcoll, obtained with different collision models, is shown in Fig. 6, where
γcoll = γ − γcollisionless with γ the total damping rate and γcollisionless the collisionless
Landau damping. Results considering Lenard-Bernstein, Dougherty, electron-ion, and the
full Coulomb collision operators are shown. We note that when the Lenard-Bernstein
and the Dougherty operator are considered, only self-collisions are taken into account,
and with the electron-ion operator only unlike-particle collisions are included. In general,
the Coulomb operator yields a damping rate smaller than the Lenard-Bernstein and
larger than the Dougherty one, with deviations of up to 50% between different operators.
The use of an electron-ion collision operator is preferable since it yields damping rates
and frequencies similar, just slightly lower, than the Coulomb operator. The collisional
damping rate, γfluid = −0.532ν/2, obtained from a fluid description using the Braginskii
equations (Banks et al. 2017), is also shown for comparison. We remark that the results in
Fig. 6 for the collisional component of the damping rate of the fluid, purely e-i collisions,
and the full Coulomb operator are in close agreement with the findings of Banks et al.
(2017).
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Figure 6. Difference between the collisionless damping rate γ with the one resulting from the
moment-hierarchy equation, Eq. (2.19), with the full Coulomb, Lenard-Bernstein, Dougherty,
and electron-ion collision operators at αD = 0.09 and (P, J) = (18, 2). The collisional damping
rate γfluid = −0.266ν obtained from a fluid description is also shown for comparison.

For ν � 1, it is seen that the damping rates of all solutions approach the collisionless
limit regardless of the collision operator used. When ν is increased, Fig. 6 shows that the
differences between the collision operators still persist. This allows us to draw arguments for
the difference between the different collision operators by using a low number of moments.
The lowest order particle conservation C00 = 0 and collisional friction C10 = −νN10

moments Cpj are the same between the Coulomb, Lenard-Bernstein, and electron-ion
collision operators, while the Dougherty operator has C10

D = 0. This effectively reduces
the damping rate evaluated with the Dougherty operator with respect to the Coulomb
case, as seen in Fig. 6.
On the other hand, only the Coulomb, the Dougherty, and the electron-ion collision

operators are energy conserving, i.e., satisfying (1/2)
∫
m(v2z + v2⊥)C(f)dv = 0 or,

equivalently, C20 =
√
2C01, while the Lenard-Bernstein operator does not conserve energy.

In fact, the energy moments are given by C01
LB = −ν2N01 and C20

LB = −ν2N20, yielding
C01
LB = C20

LB. However, despite the additional conservation properties, the agreement of
the Dougherty operator is rather poor, as seen in Fig. 6. We conclude therefore that the
presence of additional momentum and energy conserving terms in the Dougherty operator
with respect to the Lenard-Bernstein operator does not yield a damping rate closer to the
Coulomb one. This was also pointed out in Jorge et al. (2018), where a similar framework
was used to derive the growth rate of the drift-wave instability.

5. Entropy Mode
We focus on the latter stage of the time evolution of N00 shown in Figs. 2 and 7, where

a purely damped behavior is found at high collisionalities. In order to enhance the role of
the zero-frequency mode, we consider the collision frequency ν = 5, while decreasing the
role of Landau damping by setting αD = 0.01 (the purely damped mode is not affected
by the value of αD, if αD � 1). Indeed, the transition to a purely damped behaviour is
seen to occur at times that decrease with the collision frequency [see Fig. 7 (black)]. The
resulting time traces of |N00| using a full-Coulomb collision operator are shown in Fig. 7
(left) for (P, J) = (18, 0), (P, J) = (18, 2), and (P, J) = (18, 4), while time traces using
the full-Coulomb, electron-ion, Lenard-Bernstein and the Dougherty collision operators
with (P, J) = (18, 2) are shown in Fig. 7 (right). We observe that for the Coulomb and
electron-ion case, there is a transition to a purely damped mode at t ' 7 only when
perpendicular velocity dynamics is introduced, J > 2. At the same time, while for the
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Figure 7. Time evolution of the absolute value of N00 with ν = 5 and αD = 0.01. Left:
convergence study with a full-Coulomb operator and (P, J) = (18, 0) (green), (P, J) = (18, 2)
(red), and (P, J) = (18, 4) (blue). The time evolution of N00 with ν = 3.5 and (P, J) = (18, 4) is
also shown for comparison (black). Right: truncation at (P, J) = (18, 2) using the full-Coulomb
collision operator (red), electron-ion collisions only (green), the Lenard-Bernstein (orange) and
the Dougherty (blue) collision operators.

Coulomb operator, the purely damped mode that sets the late time evolution of the
system in Fig. 7 has a damping rate γ ' −0.202, the electron-ion collision operator yields
a damping rate one order of magnitude smaller, γ ' −0.024. This purely damped decay
is not present when the Lenard-Bernstein or the Dougherty operators are considered.
We therefore conclude that in order to obtain the correct long-term behaviour of the
Boltzmann equation, Coulomb self-collisions must be included in the description.
The long term behaviour observed in Fig. 7 is due to the presence of the entropy

mode (Banks et al. 2016). An analytical framework to model the entropy mode can be
derived by noting that this is a purely damped mode with a damping rate much smaller
than both the plasma and the collision frequencies. Previous studies on the collisional
damping of EPW show that such a mode results from the effect of pitch-angle scattering
at high-collisionality (Banks et al. 2016). Considering that in the high-collisionality limit
only the lowest order terms in the expansion of 〈δfk〉 in Eq. (2.13) play a role and that,
according to Fig. 7, a finite perpendicular velocity-space resolution is an essential element
for the entropy mode, we consider in the moment-hierarchy equation, Eq. (2.19), the six
lowest order Hermite-Laguerre expansion coefficients, namely N00, N10, N20, N30, N01

and N11 with the ordering N30 ∼ N11 ∼ εN20 ∼ εN01 ∼ εφ, with ε the small expansion
parameter

ε ∼ 1

ν
∼ γ, (5.1)

so that the particle mean-free path λmfp = vth/νei is small compared with typical
wavelengths of the perturbed quantities, i.e., kλmfp � 1. Higher order moments are
considered to be O(ε2φ). Charge neutrality is kept up to second order, i.e.,

αD ∼ ε2. (5.2)

Using Poisson’s equation, we find that density perturbations N00 are negligible when
compared with electrostatic fluctuations, namely

N00

φ
= −αD � 1. (5.3)

The moment-hierarchy equation, Eq. (2.19), at (p, j) = (0, 0), shows that N10/N00 ∼ γ.
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Together with the estimate in Eq. (5.3), this yields

N10

φ
∼ γαD � 1 (5.4)

Using the moment-hierarchy equation Eq. (2.19) and neglecting second order terms in the
parallel (p, j) = (2, 0) and perpendicular (p, j) = (0, 1) temperature equations, we find
that

iγN20 '
√

3

2
N30 − iν(0.45N01 + 0.64N20), (5.5)

and

iγN01 ' N11

√
2
− iν(0.32N01 + 0.45N20), (5.6)

respectively. The same procedure in the (p, j) = (3, 0) and (p, j) = (1, 1) moment equations
yields

0 '
√

3

2
N20 − iν(0.15N11 + 1.03N30), (5.7)

and

0 ' N01

√
2
− iν(1.09N11 + 0.15N30), (5.8)

respectively.
As a consequence, the truncated moment-hierarchy equations, Eqs. (5.5)-(5.8), yield

the following dispersion relation

γ2 + 1.96γ

(
1

ν
+ 0.49ν

)
+

0.69

ν2
+ 1.4× 10−5ν2 + 0.88 ' 0 (5.9)

that up to second order in ε yields the solutions γ ' −0.96ν − 1.04/ν and γ ' −0.92/ν.
The least damped solution,which is the one consistent with the ordering γ ∼ 1/ν in
Eq. (5.1), when applied to the ν = 5 case of Fig. 7, leads to γ ' −0.18, which has a
relative difference of 11% with respect to the γ = −0.202 value obtained numerically.
We note that, with the same ordering above, a purely damped solution can also be

obtained from the one-dimensional linearized Braginskii equations (Braginskii 1965). In
this limit, in fact, the following linearized electron temperature equation is found

n0
3

2

∂Te
∂t

+∇z
(
−χe‖∇zTe

)
' 0 (5.10)

where χe‖ = 3.2n0Te/(meνkvth), with the Joule heating term proportional to me/mi

neglected. Equation (5.10) yields the electron Braginskii entropy mode γ ' −1.1/ν,
a value that is close to the estimate above based on the truncated moment-hierarchy
equation.
Finally, we remark that a purely damped mode is only observed in the temporal

evolution of N00 for values of ν & 1, while for ν . 1 a transition from damped oscillations
to a purely damped behaviour is not seen to occur for the range of values of αD considered
here even at later times. The value of ν where a transition from collisional Landau
damping to a purely damped entropy mode occurs after an initial transient is visible
in the time evolution of N00 can be estimated by balancing the damping rate of the
collisional damping of EPW with the damping rate of entropy modes. Estimating the
former as γ ' −0.03 − 0.26ν from Fig. 6, and the latter as γ ' −0.92/ν, the collision
frequency at which the transition occurs is therefore estimated to be ν ' 1.8, in agreement
with the numerical results.
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6. Eigenvalue Spectrum
We now compute the eigenmode spectra of EPW, and highlight the differences between

the spectra of the full Coulomb, electron-ion, and Lenard-Bernstein operators using
a Hermite-Laguerre decomposition, and the electron-ion operator using a Legendre
polynomial decomposition. We note that subdominant and stable modes can be nonlinearly
excited to finite amplitude (Terry et al. 2006; Hatch et al. 2011; Pueschel et al. 2016;
Hatch et al. 2016) and have a major role in nonlinear energy dissipation and turbulence
saturation, affecting structure formation, as well as heat and particle transport. We
note that both the Lenard-Bernstein and the Dougherty collision operators are seen to
yield similar eigenmode spectra. Therefore, we do not consider the Dougherty operator
for this analysis. To compute the Hermite-Laguerre EPW eigenmode spectrum, the
moment-hierarchy equation, Eq. (2.19), is truncated at a maximum index (P, J), Fourier
transformed in time, and the resulting eigenvalue problem solved numerically, yielding
the spectrum of solutions at arbitrary collisionality. In matrix form, this yields

AN = (ω + iγ)N, (6.1)

where N = [N00N01... N0JN10N11...Npj ] is the moment vector and A the (P + 1)(J +
1)× (P + 1)(J + 1) matrix of moment-hierarchy coefficients of elements Amn with m and
n the row and column, respectively

ApJ+jp′J+j′ =

√
p+ 1

2
δp+1,p′δj,j′ +

√
p

2
δp−1,p′δj,j′ +

δp,1δj,0√
2

δp′,0δj′,0
αD

+ iCpJ+jp′J+j′ , (6.2)

which can be written in matrix form as

A =



0 0 . . . 1/
√
2 0 . . .

0 iC01
01 . . . iC01

10 1/
√
2 + iC01

11 . . .
...

... . . .
...

... . . .

(1 + 1/αD)/
√
2 iC10

01 . . . iC10
10 iC10

11 . . .

0 1
√
2 + C11

01 . . . iC11
10 iC11

11 . . .
...

... . . .
...

... . . .


. (6.3)

In Eqs. (6.2) and (6.3), we have defined the collisional coefficients Cpjst in terms of the
collisional moments Cpj as Cpj =

∑
p′,j′ C

pj
p′j′N

p′j′ and CpJ+jp′J+j′ = Cpjp′j′ . The spectrum
of γ and ω is then found by computing the eigenvalues of the matrix A.
The resulting eigenvalue spectrum for the Coulomb collision case is shown in Fig. 8

for ν = 0.1 (a) and ν = 1 (b), with αD = 0.09 and (P, J) = (18, 2), together with the
corresponding collisionless Landau root (red marker), i.e., the least damped solution
of Eq. (3.4). The resulting collisional spectrum is discrete, contrary to the continuous
collisionless Van-Kampen spectrum, as noted in previous studies of weakly collisional
plasma systems (Ng et al. 1999; Bratanov et al. 2013). Figure 8 shows that the damping
rate of the Coulomb eigenmodes decreases with the corresponding frequency, which is
possibly related to the fact that the collisional drag force decreases with the particle
velocity in the Coulomb collision operator. We also note that the least damped Coulomb
eigenvalue in Fig. 8 is not the one closest to the Landau collisionless solution, as there
are modes with higher oscillation frequency ω that are less damped than the collisionless
damping rate. These eigenvalue solutions, however, are related to eigenvectors that
mainly involve moments Npj with large values of p and j, and have therefore a negligible
contribution to the initial damping of N00 and φ.
Finally, the Coulomb eigenmode spectrum in Fig. 8 includes modes with vanishing
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frequency and damping that increases with ν. These modes correspond therefore to purely
damped modes with a damping rate that at low collisionalities can be comparable to
the collisionless Landau one. These zero-frequency solutions have also been previously
observed in the analysis of linear EPW when pitch-angle scattering effects are included
(Epperlein et al. 1992; Banks et al. 2016), and correspond to the entropy mode studied in
Section 5.

As an aside, we note that when the moment-hierarchy equation, Eq. (2.19), is truncated
at a higher P , i.e., using a higher number of Hermite polynomials, the number of
eigenmodes with high frequency and small damping rate increases. On the other hand,
when the number of Laguerre polynomials, hence J , is increased, the eigenmode spectrum
present and increasing number of modes with similar frequencies but increasingly higher
damping rates. However, as shown by Fig. 3, the damping rates γ closest to the collisionless
solution have negligible variation when P and J are increased (for P > 18 and J > 0 the
variation is smaller than 3%).

The eigenmode spectra using a Lenard-Bernstein collision operator are also shown
in Fig. 8 for ν = 0.1 (c) and ν = 1 (d), with αD = 0.09 and (P, J) = (18, 2). A clear
difference is seen between the eigenmode spectra of the Coulomb and Lenard-Bernstein
operators. Contrary to the Coulomb case, the damping rate of the EPW modes increases
with the frequency ω when a Lenard-Bernstein collision operator is used. Also, contrary
to the Coulomb case, the Lenard-Bernstein root closest to the Landau collisionless root
is the least damped one, as also noted in previous weakly-collisional studies of EPW
(Bratanov et al. 2013).

Finally, the eigenvalue spectrum using the electron-ion Coulomb operator introduced in
Eq. (2.36) is shown in Fig. 8 for ν = 0.1 (e) and ν = 1 (f). The spectrum is qualitatively
similar to the Coulomb one, with high frequency modes being less damped than modes
with smaller oscillation frequency. As for the Coulomb collision operator, such frequency
dependence may be due to the dependence of the drag force on the particle velocity.
Indeed, the electron-ion collision operator contains a drag force that decreases with the
particle velocity, similarly to the Coulomb operator.

We now estimate the frequency ω of the modes in Fig. 8 with a damping rate γ different
than the ones closest to the collisionless roots, by noting that the values of ω in Fig. 8 are
seen to be weakly dependent on ν, αD, and the collision operator for the range of values
used. We therefore solve the moment-hierarchy equation, Eq. (2.19), in the φ = 0 limit,
which effectively neglects the roots related to EPW. Furthermore, in order to retrieve
purely oscillatory solutions, the collisional damping terms Cpj in Eq. (2.19) are neglected.
The time Fourier-transformed moment-hierarchy equation in the φ = Cpj = 0 limit reads

ωNpj =

√
p+ 1

2
Np+1j +

√
p

2
Np−1j . (6.4)

We recognize in Eq. (6.4) the recursion relation for the Hermite polynomials

Npj =
Hp(ω)√
2pp!

. (6.5)

The roots ω can be found by applying the truncation condition in Eq. (4.1) to the
solution in Eq. (6.5), yielding

HP+1(ω) = 0. (6.6)
The solutions ω in Eq. (6.6) are purely real, yielding frequencies that closely follow the
ones observed in the eigenvalue spectra (red vertical lines in Fig. 8).
Finally, we present two tests to assess the validity of the results in Fig. 8, first for
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Figure 8. Complete eigenvalue spectrum of the truncated moment-hierarchy equation with
αD = 0.09 and (P, J) = (18, 2) [yielding (P +1)(J +1) = 57 eigenvalues], using the full-Coulomb
collision operator (top), the Lenard-Bernstein operator (middle), and the electron-ion Coulomb
operator only (bottom), with ν = 0.1 (left) and ν = 1 (right). The collisionless least damped
solution is shown as a red marker, and the red vertical lines are the solutions of Eq. (6.6).

the Lenard-Bernstein case and then for the electron-ion case. Focusing on the Lenard-
Bernstein spectrum, we derive a polynomial in γ whose roots closely follow the modes in
Fig. 8 (c) and (d) that appear with damping rates larger than the ones of the two least
damped roots. Fourier transforming the Boltzmann equation, Eq. (2.10), in time and
in velocity-space similarly to Ng et al. (2004), with C(f) the Lenard-Bernstein collision
operator, the following differential equation for g(s) =

∫∞
−∞ exp(isvz−γt+iωt)fMδfkdvzdt

is obtained

g(s)
(
γ + iω +

ν

2
s2
)
+ (1 + νs)

dg(s)

ds
= −s

√
π

2αD
e−

s2

4 g(0). (6.7)
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We solve Eq. (6.7) neglecting the coupling with the electrostatic potential φ by setting
αD � 1 (or, equivalently, setting φ = 0 in the Boltzmann equation), and define λ = ν−2/2
and Γ =

√
2λ(γ + iω)− λ, yielding

g(s) = g(0)
(
1 +

s

2λ

)Γ
e−

s2

4 +sλ. (6.8)

Similarly, Fourier transforming the Hermite-Laguerre expansion of 〈δfk〉 in velocity-space,
we obtain

g(s) =

∞∑
p=0

ipNp0√
2p+1p!

spe−
s2

4 . (6.9)

Equating the two expressions above, we find

Np0 = N00(−i)p
√

2p+1

p!

dp

dsp

[
esλ
(
1 +

s

2λ

)Γ]
s=0

. (6.10)

Therefore, the truncation condition in Eq. (4.1) in the φ = 0 limit is equivalent to imposing

dP

dsP

[
esλ
(
1 +

s

2λ

)Γ]
s=0

= 0. (6.11)

Finally, we can rewrite Eq. (6.11) as a polynomial in γ + iω

P∑
t=0

aPt(λ)(γ + iω)t = 0, (6.12)

with

apt(λ) =

p∑
l=t

p∑
n=l

(
p

n

)(
l

t

)
s(n, l)λp+l−n−t/2(−1)l−t2t/2, (6.13)

where s(n, l) are the Stirling numbers of the first kind (Moser & Wyman 1958; Qi 2014). As
shown in Fig. 9, the polynomial expression in Eq. (6.12) closely reproduces the eigenvalue
spectrum observed in Fig. 8 (c) and (d). Therefore, although the coupling of the electron
distribution function with φ is crucial to reproduce the EPW roots, additional modes in
the eigenmode spectrum are related to solutions decoupled from the electrostatic potential
φ, subject to the truncation condition of the Hermite-Laguerre series, Eq. (4.1), with
frequencies similar to the ones of Eq. (6.6).
As a second test, to assess the validity of the eigenmode spectrum found with an

electron-ion collision operator in Fig. 8, we solve the Boltzmann equation using a different
set of basis functions, namely expanding 〈δfk〉 in Legendre polynomials, Eq. (2.40), and
solving the resulting moment-hierarchy equation, Eq. (2.40), numerically. In this case,
the expansion of 〈δfk〉 in Eq. (2.39) is truncated at lmax = L by setting aL+1 = 0.
The velocity v is discretized over an interval [0, vmax] with an equidistant mesh made of
nv points, and the integral estimated with a composite trapezoidal rule. The resulting
spectrum is shown in Fig. 10. When compared with the Hermite-Laguerre spectrum in
Fig. 8 (e) and (f), the two spectra look qualitatively similar, confirming the validity of the
Hermite-Laguerre approach. However, a higher number of small-damped low-frequency
solutions is observed when a Legendre decomposition is used. The appearance of small-
damped non-physical eigenmodes when using a finite-difference discretization in v was
also noted by Bratanov et al. (2013), leading to the conclusion that, in general, a Hermite
discretization of the distribution function is in fact superior to a finite difference one.
Furthermore, for the values of ν = 0.02 and αD = 0.09 where the Hermite-Laguerre
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Figure 9. Blue dots: roots of the polynomial in Eq. (6.12), which corresponds to the solution
of the Boltzmann equation with a Lenard-Bernstein collision operator where the distribution
function is approximated by a truncated Hermite expansion, for λ = 50 (left) and λ = 0.5 (right)
(corresponding to ν = 0.1 and 1, respectively) at P = 20. Red vertical lines: solutions of Eq. (6.6).
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Figure 10. Eigenvalue spectrum of the truncated moment-hierarchy equation using an
electron-ion Coulomb collision operator for ν = 0.1 (left) and ν = 1.0 (right) with αD = 0.09,
nv = 12 and L = 7, with a Legendre decomposition. The collisionless solution is shown with a
red marker.

formulation with (P + 1)(J + 1) = 19× 3 = 57 polynomials is seen to converge to the
collisionless Landau solution in Fig. 6 with a relative difference of ∼ 16%, when using a
Legendre decomposition, a total of nv × L ' 100 equations is needed to yield a similar
accuracy on γ.

7. Conclusion
In this work, for the first time, the effect of full Coulomb collisions on electron-plasma

waves is studied by taking into account both electron-electron and electron-ion collisions
in their exact form. The analysis is performed using an expansion of the distribution
function and the Coulomb collision operator in a Hermite-Laguerre polynomial basis.
The proposed framework is particularly efficient, as the number of polynomials needed
in order to obtain convergence is low enough to allow multiple scans to be performed,
particularly a comparison between several collision operators at arbitrary collisionalities.
While the use of electron-ion collisions alone is seen to slightly decrease the damping
rate with respect to full Coulomb collisions, the damping rate using a Lenard-Bernstein
or a Dougherty collision operator is seen to yield deviations up to 50% larger with
respect to the Coulomb one. An eigenmode analysis reveals major differences between the
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spectrum of full Coulomb and simplified collision operators. The eigenspectrum reveals
the presence of purely damped modes that, as shown, correspond to the entropy mode.
In the collisional limit, the entropy mode is observed to set the long time behavior of the
system with a damping rate smaller than the Landau damping one. We show that this
mode needs a full-Coulomb collision operator for its proper description. Furthermore, we
find an analytical dispersion relation for the entropy mode that accurately reproduces the
numerical results.
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