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Abstract

We propose a simulation-based decision strategy for the proactive maintenance of complex structures with
a particular application to structural health monitoring (SHM). The strategy is based on a data-driven ap-
proach which exploits an offline-online decomposition. A synthetic dataset is constructed offline by solving
a parametric time-dependent partial differential equation for multiple input parameters, sampled from their
probability distributions of natural variation. The collected time-signals, extracted at sensor locations, are
used to train classifiers at such sensor locations, thus constructing multiple databases of healthy configu-
rations. These datasets are then used to train one class Support Vector Machines (OC-SVMs) to detect
anomalies. During the online stage, a new measurement, possibly obtained from a damaged configuration,
is evaluated using the classifiers. Information on damage is provided in a hierarchical manner: first, using
a binary feedback, the entire structure response is either classified as inlier (healthy) or outlier (damaged).
Then, for the outliers, we exploit the outputs of multiple classifiers to retrieve information both on the
severity and the spatial location of the damages. Because of the large number of signals needed to construct
the datasets offline, a model order reduction strategy is implemented to reduce the computational burden.
We apply this strategy to both 2D and 3D problems to mimic the vibrational behavior of complex structures
under the effect of an active source and show the effectiveness of the approach for detecting and localizing
cracks.

Keywords: Structural Health Monitoring, Digital Twin, Crack Detection, Reduced Order Modeling,
Anomaly Detection, One-Class Classification

1. Overview

Structural Health Monitoring (SHM) refers to automated monitoring procedures that aim at assessing the
state of damage of aerospace, civil or mechanical structures [16]. An early detection of faults, e.g., cracks or
corrosion, has the potential to greatly reduce the maintenance cost over the life time of a structure and may
help prevent catastrophic events. The combined advent of low-cost sensor technologies and digital twins, i.e.,
accurate virtual representations of complex heavy industry assets, have helped in the transition from classical
time-based maintenance with scheduled periodic inspections to condition-based maintenance for large-scale
structural systems. The combination of parametrized mathematical models with experimental data is crucial
to guarantee reliable monitoring of the lifecycle phases of a structure. We focus here on applications where
the physical system can be modeled by parametric partial differential equations (pPDEs), e.g., offshore wind
turbines and concrete oil-rigs, or smaller components such as wind turbine blades or composite pipes.

We present a general data-driven methodology that, by combining physics-based models with experimental
observations, allows us to make predictions on the state of damage of a structure of interest [16]. Mathe-
matical numerical models are exploited to approximate the propagation of waves in the structure under the
effect of an active source. However, a continuous source, used to mimic the effect of tides or wind, could also
be considered. The goal is to compare the measurements of a network of sensors, placed on the structure,
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with equivalent quantities of interests obtained from numerical simulations. By introducing suitable approx-
imations, we recreate the geometry of the structure with its material properties and boundary conditions
to emulate the time-signals recovered from sensors, e.g., local displacements, accelerations or strains in a
specified time frame. Then, under the assumption that the received signals from a healthy or damaged
structure will encode substantial differences, we aim to identify structural flaws. We rely on reduced order
modeling techniques to accelerate the process of constructing the database and machine learning techniques
to build a classifier.

This process fully exploits an offline-online decomposition of tasks. The offline phase consists in building
a synthetic database of time-signals which represent the behavior of the structure of interest under normal
operational conditions and healthy variations. These time-signals are an approximation of the real time-
signals collected from the sensors placed on heathy structure. During the online phase, real experimental
time-signals, either collected from sensors placed on a damaged or a healthy structure, are compared with
those simulated offline using the classifier. This approach differs from a model-based methodology, where
the goal is to estimate the parameters that minimize the difference between the model response and the
new sensor measurements. Such inverse-problem approach is often ill-posed and requires many online PDE
solves, which is therefore not suitable for real-time damage assessment [16].

1.1. A short review of existing methods for damage identification

Data-driven SHM is a very broad topic and has been studied from many different points of view in the civil
engineering and aerospace communities. Non-destructive evaluation and testing (NDE/NDT) technologies
are often classified in two categories: wave-based or vibration-based. We highlight the works related to diag-
nostics Lamb waves and wavelet transforms, which are often integrated with piezoelectric sensors/actuators
(see e.g., [25, 32, 21, 50]). This line of work focuses primarily on diagnostic signal generation and signal
processing and it aims at measuring the change in the received signals after sending diagnostic stress or
ultrasonic waves along the structures. Alternatively, works considering the changes in natural frequencies
and mode shape as a consequence of flaws in structures under ambient excitations, as for example [12, 30, 43],
are worth mentioning.

Despite the numerous works related to structural damage identification, only few combine machine learn-
ing techniques with numerical simulations. In [63], the authors propose to use a neural network classifier to
measure the size of cracks by using synthetic data generated with 2D finite element models of cracked rivet
holes under the propagation of longitudinal wave modes. The performance is tested on experimental data of
specimens containing similarly sized cracks. Similarly, in [34] simulations are used to generate waveforms,
which are then used to train a neural network to either classify crack types or identify their locations. Both
the training and test sets are obtained by extracting a few relevant features from the synthetic response
to better distinguish salient characteristics of different flaw classes. Aerospace applications are presented
in [31], where real time sensor information are compared to simulation data from precomputed damaged
scenarios to update the estimates of vehicle capabilities using a Bayesian classification process. In the recent
work [54], the authors propose a simulation-based procedure for classification by comparing the performance
of four machine learning techniques. The dataset is generated by exploiting parametric model order reduc-
tion techniques to make the computational effort of constructing the synthetic database affordable, while
an experimental apparatus is used for testing. An a priori error analysis is provided to link the nominal
performance on synthetic data to experimental performance.

While novelty detection is popular in the structural damage identification community (see e.g., [36, 10, 3]),
it has, to the authors knowledge, never been studied when combined with synthetic datasets.

1.2. Our contribution and outline
The main contributions of this paper are:

e By making the realistic assumption that real sensors measure time signals of a predefined quantity,
e.g., displacement or accelerations, we solve the PDEs in the whole domain and create a dataset of time
signals, extracted at the sensors locations. Instead of considering a time discretization, we solve the
PDE in the frequency domain and reconstruct the time-signals by using a numerical inverse Laplace
transform. The latter allows us to recover information of the transient phase, which is a key feature
for the classification phase.
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e Since machine learning algorithms are well-known to behave better when using a large dataset [5], col-
lecting a synthetic database requires a model order reduction approach to overcome the computational
burden involved in the repeated solution of pPDEs. As employed in other works of simulation-based
SHM [54, 31], we use the Reduced Basis method, a projection-based method whose key idea is to
reconstruct the solution for a new parameter as a linear combination of suitable basis functions gener-
ated from the high-fidelity problem. In particular, for stability reasons, we rely on a proper symplectic
decomposition with a symplectic Galerkin projection.

e We propose an anomaly detection procedure where the database is constructed from synthetic sensor

data obtained from undamaged configurations only. Features are then extracted from this baseline
system. Any subsequent data, which may originate from either a healthy or a damaged configuration,
can be tested to verify if it conforms with the generated dataset. This allows a binary classification:
it either belongs to the cluster of previously considered healthy signals, i.e., it is an inlier, or it is an
outlier. This corresponds to a semi-supervised learning approach, also called one-class classification
method, where labelled data, belonging to the “normal” class, are used in the training phase and
unlabelled data from both classes are used in the test phase to identify abnormal data which deviate
from the normal model [46, 19]. With one-class algorithms it is possible to locate the damage by
training a different classifier for each sensor, based on the measurements collected at this sensor (see
e.g., [36]).
This procedure is sometimes called novelty or outlier detection and is an alternative to supervised
or unsupervised anomaly detection techniques. In the former case, the training set is composed of
fully labelled data, obtained from both healthy and damaged structures by predefining a number of
exhaustive configuration classes for the described system. The classifier then maps each new sensor
data to one of the anticipated classes. The advantage of our approach over supervised learning methods
is substantial as there is no need to model all possible types of damage in a structure. This represents
a significant gain in terms of development cost and computational time, e.g., we can consider physical
parametrizations only, without having to include complex geometrical parametrizations in the Reduced
Basis model. Furthermore, it is unrealistic to anticipate all types of damage and the number of different
classification labels may grow rapidly. Unsupervised learning, instead, does not require any label and
it does no distinction between training and test phases. The anomaly detection algorithm is based
solely on intrinsic properties of the dataset, typically using a distance- or density-based approach [19].
This alternative is not an option for our simulation-based approach, where labels of generated data are
always available.

e In addition to 2D studies, we also present 3D digital twins examples, where experimental data from
damaged and undamaged structures are replaced with noisy synthetic data. However, the presented
methodology is general and permits the incorporation of experimental data, after providing a suitable
model calibration.

The reminder of the paper is organized as follows. Section 2 presents the general data-driven approach and
highlights the decomposition of tasks into two phases: expensive offline simulations to fully characterize the
response of healthy structures, followed by the training of a classifier to be used for rapid online testing
of new experimental sensor responses. These concepts are further developed in Sections 3 and 4. In the
former, we provide the mathematical details to construct the database by emphasizing the important role
of MOR and, in the latter, we illustrate the classification strategy and the choice of features which act as
damage indicators. Numerical examples in 2 and 3 dimensions with quantitative and qualitative analysis are
presented in Section 5. Conclusions, remarks, and future developments are offered in Section 6.

2. A data-driven offline-online decomposition

In this section, we describe the general setup for our data-driven approach. As mentioned previously, a
data-based strategy comprises two phases: an offline expensive phase consisting in the collection of a dataset
used to train a classifier followed by a fast online phase where the classifier is employed to monitor the struc-
ture based on new measurements. For SHM procedures, the assembly of the database can be done either
by using experimental data from the structure or similar structures, or by performing synthetic experiments
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based on a parametrized model, approximating the structural dynamics under the effect of a source [16]. In
this work, we rely solely on synthetic measurements to demonstrate the overall workflow. Furthermore, accu-
rate datasets based on physical experiments are rarely available and often lack a comprehensive description
of the natural variations of the structure of interest [16]. Here, we generate synthetic sensors measurements
from healthy structures only, without the ambition of representing all possible system configurations. Indeed,
our goal is to capture the baseline (uncertain) operational and environmental conditions, to create a robust
database of signals reflecting healthy structure behaviors. The parameters that express such variations are
physical and are typically related to the material properties, the boundary or initial conditions or the source
term. Geometric parameterizations are not included here as we only consider one healthy structure at a
time with the assumption that its geometrical properties are not uncertain. However, this is not an essential
assumption.

In practice, let Q@ C R? with d = {2,3}, be an open bounded domain associated with the structure
of interest, [0,7] the time domain related to the temporal measurements and P C RP the parameter
space with p being the number of parameters used to characterize the model. Given a generic parametric
model with suitable boundary and initial conditions, for a given p € P, we seek the vector-valued solution
u = u(z, t;p) : Q x [0,T] x P — R? such that

Pu g ou
amp . 1l = h(t: . 1
9z L [& ,u] + L [u; p] = h(t; p)s(x; p) (1)
and evaluate a relevant output of interest
gi(t; ) = L(u(x;, t;pu);p), fori=1,..., N, and ¢ € [0,T]. (2)

In (1), Edamp[~, p] and L[, pu] are linear operators, representing damping and elasticity, respectively, while
h:RxP — R?and s: Q x P — R represent the source dependencies with respect to time and space,
respectively. In particular, h(t; ) is often called a control function and, in this study, it mimics the effect of
an active source on the structure, possibly excited by piezoelectric actuators or shakers (see e.g., [54, 65]).
Moreover, the parameter-dependent output functional ¢ : R x P — R? maps the time-signals, evaluated
at locations x; € (), into ¢-dimensional vectors that emulate the real sensor measurements, e.g., local
displacements, accelerations, or strains. The spatial locations {wz}fig ! represent an approximation to
the position of each of the N, sensors attached to the structure. In this framework, the time-dependent
experimental sensor measurements g; ©(t) : R — R? are given by

9;P(t) =gi(t; )+, fori=1,...,Ns, and ¢t € [0,T],

where &; ~ N'(0,7?) and ; € R is a priori unknown.

The first goal of the offline phase is to generate N, (one per sensor) synthetic time-signals by evaluating
(2) for many values of the input parameters g € P. With the aim of representing the natural variation of
healthy configurations under normal behavior, we generate a set of Ny, parameters

=N = {a b 3)

obtained by either uniformly sampling from the parameter space P or by leveraging a Bayesian approach.
Here, for model calibration, we assume the probability distribution of such model parameters to be known
a priori, e.g., provided by engineering experience. For the sake of simplicity, but without loss of generality,
only uniform distributions are considered. The numerical solutions, obtained by solving (1) Ny, times, once
per each parameter in 2V¢", are evaluated at the sensor locations to obtain the outputs of interest (2).
Assuming the interval [0, 7] is partitioned into N; equal subintervals, the discrete time-signals are obtained
by evaluating the output of interest (2) at time ¢, := ant for n =0,..., Ny, i.e.,

g =19 (to; o )s i (E1; )5 - - Gi(EN 3 )] fori=1,..., Ns, and m =1,..., Ng,. (4)

We observe that gi"* € R2*(Ne+1) and, in the following, we use the interchangeable notation g = gi(i,,)-
The synthetic datasets correspond to the collection of these time signals, i.e.,

DN = (g} fori=1,...,N,. (5)

m=1>
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We remark that DNt € RNtrxax (Net1),

The second part of the offline phase consists in the training of Ny one-class classifiers based on the
database of synthetic healthy signals (5). More specifically, from each sample we first extract @ € R
engineering-based features, assumed to be damage-sensitive indicators, by using an ad-hoc feature function
F : RexWNetl) 5 RQ . In practice, let }'iN” € RN *@ he the feature-based database of signals at location
x;, obtained by applying F to each sample of vat’”, ie.,

FNo = {F (gi(pp)) e, fori=1,...,N,. (6)

m=1"

Then, each classifier f*" : R? — R is constructed as
[fNe] .= oc-ML (]—';V") , fori=1,...,N,, (7)

where 0C-ML is a one-class Machine Learning (OC-ML) technique.

Finally, during the online phase, these classifiers are used to detect possible anomalies in new sensor
data. The classifier will be able to distinguish data generated from an undamaged structure from data
generated from a damaged one. Indeed, a new datum g} := [g;""(t0),...,g; " (tn,)] is classified as outlier if
N (F(gr)) < 0and as an inlier otherwise. More precisely, by looking at which sensor signals g} are classified
as outliers, we can retrieve information about the position of the damage and its severity. For major damages,
many sensors will be classified as outliers, while for minor, localized damages, only the signals obtained by
evaluating the solution at sensors close to the damage will be classified as outliers. Moreover, the absolute
value of f\" (F (gF)) gives information about the uncertainty of belonging to one of the two classes: higher
values correspond to a higher confidence on the output. In practice, we replace real experimental sensor
data with noisy simulated data using new, unseen sampled parameters, i.e., FhNtest = {u;ﬁn}ﬁtgﬁt € P. We
expect fiN” (gi(px) + ;) to be positive for all m = 1,..., Niesr and all i = 1,..., N, if the variance v2 of
the additional noise is sufficiently small. To simulate the response of damaged structures we replace the
domain, used to generate the healthy database, with different faulty domains, i.e., we modify the domain
Q to include cracks of different sizes and located at different positions. We expect fZN (gi(p*) 4+ €;) to be
negative if g; (u*) is generated by solving (1) for u* € P over a damaged domain with a crack close to the i-th
sensor. Signals obtained on healthy domains, but generated using an input parameter outside the baseline
operational range P, are also expected to be classified as outliers. However, in this work, only geometrical
flaws are considered.

To summarize, the flow chart in Figure 1 gives an overview of the data-driven one-class classification

problem with synthetic data and highlights the separation of the offline and online phases.
3. A database of time series using a parametrized mathematical model

3.1. Problem setup: the acoustic-elastic wave equation

Throughout this work, we consider (1) to be the acoustic-elastic wave PDE and Q a d-dimensional domain
approximating a healthy structure of interest. The acoustic-elastic wave equation in strong form, equipped
with suitable boundary conditions on the piecewise smooth boundary I' = 92 and initial conditions for both
the displacement field and its derivative, is expressed as:

0%u ou )
P o + g~ V-o(u;p) =h(t;p)s(z; ) in Qx (0,7
u=gp(x,t;pn) on I'p x (0,7
o(u;p)-n=gy(xt;uw) on 'y x (0,77, (8)
uli=0 = uo(x; p) in Q
Ju .
E‘t:o: vo(x; p) in

where u represents the displacement field, p is the density coefficient, 7 is a non-dimensional damping
coefficient, h := h(t; p) and s := s(x; p) are the source functions, describing the time and space dependency,
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online ==-============--- '
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anew p* € P, using either
or Qdamaged - oyaluate (2) and

add noise, i.e., g = gi(p*) +¢

l

Testing classifiers

Database collection
1. Sample {g,,}Nr, uniformly in
P and collect a set of parame-

ters ENVtr

2. For each element of 2Nt solve
(1) and evaluate the output of
interest (2) to get the discrete
time signals gi" (4)

3. Construct Ns databases va" for
i=1,...,N,

For alli =1,..., Ny, apply F to
g} and evaluate fV' (F(g}))
to locate damages, i.e.,
Ve (F(gr)) <0, — outlier
N (F(gr) >0,  — inlier

]

New experimen-
tal sensor datum g

Training classifiers

1. Identify damage-indicators
and apply the feature function
F to each sample as in (6) —

2. Train N, OC classifiers and,
using (7), obtain the anomaly
score function fiN”

Figure 1: Workflow chart to synthesize the offline and online phases of simulation-based SHM procedure.

respectively, and o := o (u; p) is the stress tensor
o =2pue(u) + Mr (e(u)) I, (9)
where I is the d dimensional identity matrix, tr(-) is the trace operator applied to the strain tensor

e(u) = M7

and the Lamé constants p and A are immediately derived by FE, the Young’s modulus, and v, the non-
dimensional Poisson’s ratio, as
E Ev
=—— and A= —— ——. 10
F= 501 1+ v)(1—2v) (10)
In (8), i is the outward normal vector to I'. T'p and I'y are such that Tp UTy =T and TpNTy = 0 and
they represent the portions of the surface of Q0 where displacement boundary conditions g, = gp(x,t; 1)
and stress boundary conditions through the traction vector g, = gy (x,t; ) are applied, respectively. We
note that, alternatively, one could prescribe free slip boundary conditions:

0
an

u -

on 092, (11)

R
I

(o-7)-

where 7 is the tangential vector to I'. For the sake of simplicity and consistent with the numerical tests,
we consider zero Dirichlet and Neumann data; the non-homogeneous case can be treated similarly. Finally,
ug = up(x; ) and vy = vo(x; u) describe the initial displacement and velocity in space, respectively.

In the remaining section we consider g to be a generic parameter which can be related to the material
properties, the boundary conditions, the initial conditions or the source functions h and s. In a real setup, the
choice of these physical parameters together with their probability distribution is inferred by experimental
results and prior engineering knowledge.
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3.2. The discretized problem in time domain

To provide the discrete form of (8) with homogenous boundary conditions, i.e., g, = 0 and g = 0, we intro-
duce its weak formulation. For a fixed parameter p € P and a fixed ¢t € (0,7], find
u(t;p) €V i={w € [H} (R4 : w|r, = 0} 2 such that

0%u Ou(t;
(0 ) o (PG ) ettt i) = W), (2)
for all ¥ € V with u(0) = ug and 8" t) = vg. In (12), the bilinear forms m(-,-) and a(-,-; ) and the

functional £(-: z2) have the following expressions
miu ) = [ ultin) b, (13)
a(u, ¥; p) = /Qa(u(t;u);u) 2 Vap dQ
= [ netuts ) : ) + XV - ults ))(V - 45) a2
fwim) = [ () -wao

where, in the definition of a(-, -; i), we have used the definition of the stress tensor (9) and the fact that

e(u) : Vip = e(u) : e(vp)

and
tr(e(w)l: Vi = (V- u)l: Vip = (V- u)(V-9).

The weak formulation is discretized in space by introducing an approximation for the displacement in a
finite-dimensional subspace to obtain a linear system of ordinary differential equations. Let us introduce a
triangulation 7, of the domain Q, i.e., K non-overlapping triangles (d = 2) or tetrahedra (d = 3) and
the FE space X; = {w, € C°%Q) : wy|x € P.VK € T}, where h represents the mesh size?, i.e.,
hi = diam(K) < h,VK € Tj,. Consider V}, :== V N X} as a conforming finite-dimensional subspace of
V and {p; € Rd}?’:}"l as a basis for V},, we define

(z,t;p) Zm (t; ) (z (14)

where N, := dim(V},) is the number of degrees of freedom (DOFs) which depends on the number of physical
variables, the underlying mesh and the polynomial order r of the FE discretization. Moreover, if we denote
by uy(t; ) € RV the vector having as components the unknown coefficients w;(t; p) then, at the algebraic
level, we obtain the discrete system

8 up 8uh
M (550 1 6 ) + A 5 ) = 63100 (15)
where M € RV»*Nn is the mass matrix with elements M;; = m(g;,®;), A = A(u) € RNNn s the

stiffness matrix with elements A;; = a(p;,;;p) and f = f(u) € RV is the vector with components
fi = f(eis 1)

2Note that throughout this work we slightly abuse the notation by considering u(t) € V for all ¢ € (0, T], while it would be
more precise to consider u € C2 ([0, T]; [L?(£;R4)]4) N C° ([0, T], V). Moreover, we note that when one seeks to solve (8) with
free slip boundary conditions (11), V' has to be replaced with V¢, = {w € [H}(;R%)]¢ : w - A = 0}.

3The mesh size h should not be confused with the time-dependent source function h := h(t; u).
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To obtain a fully discretized system, we use the classic Newmark method, defined in [42], for the time
discretization of the second order initial value problem (15). Let us first consider a partition of the interval
[0,7T] in N; subintervals of equal size At = L such that t, = nAt, Yn =0, ..., N,. Moreover, we denote

Ft’
by uj(p) = up(tn; 1) the displacement, v (p) = Wh:t the velocity, and a}(u) = %h:t, the
acceleration vectors at time t,,, respectively. The Newmark method is defined as ’
1-2
up =l + Atvy + (At)? ( ajtt + 3 Baﬁ) , (16a)
vith = v+ At (Caj ! + (1 - Q)ay) (16b)

where 8 and ( are constant parameters. This method is implicit unless § = ¢ = 0 and it is unconditionally
stable if 28 > ( > % In this work we fix { = 28 = %, which corresponds to a popular second order method,
even if spurious oscillatory solutions may arise for long time intervals (see e.g., [48, 64]).

If in (15) we replace up(¢; ) and % with the expressions in (16a) and (16b), respectively, and solve

for aZH(u) € RMr, we obtain the fully discrete linear system:

K(pay ™ (n) = " (), (17)
where K = K(u) € RV»*Nu and "+ = "+ () € RV have the following expression
K = p(1+n¢At) M+ B(At)* A(p),
Q"= B () () — A(p)ag () — (oM + AtA(p))v} (1)

- (- oan s I a2 am ) a

where h™ () = h(t,; ). Hence, the semi-discrete variational problem (15) is equivalent to the following
statement: for n =0, ..., N;—1, solve (17) for a} "' (u1) and update u} ™ (u) and v;'**(p) using the Newmark
method (16). We observe that both m(-,-) and a(-, -; u) are symmetric and coercive bilinear forms, where, for
the coerciveness of a, we have used Korn’s inequality [23]. This guarantees that K is invertible. Moreover,

note that the initial conditions for uf(p) and v (p) are given, while af(p) must be recovered by solving
(17) with q°(p) = h°(p)f ().

3.83. The need for a reduced order model

As introduced in Section 2, our goal is to construct N synthetic databases va”,i =1,..., Ny as defined in
(5). In the numerical examples, the generic output of interest (2) will be given by the local displacement,
i.e., the solution of (8) at the sensors locations:

gz(t’ru l‘l'm) = uh(whtn; IJ‘m) € Rd? (18)

with wp (-, -; p) defined in (14). In the literature, sensor measurements often correspond to displacements or
accelerations, see e.g., [36]. Moreover, we highlight that the location of the i-th sensor, i.e., ; € ), may not
belong to the triangularization 7j introduced in the previous section, i.e., x; is not necessarily a DOF. The
construction of such databases requires the solution of (8) Ny times, using Ny, different input parameters
W, € P. In particular, the linear system (17) with N, DOFs has to be solved Ny, N; times. This suggests
that, in a many-query context when either the number of DOF's or the number of time steps is large, solving
the full-order model is not affordable. Indeed, in our damage-detection setting, we need many samples to
build robust classifiers.

We therefore introduce a strategy that, on one hand, reduces the number of times we need to solve the
linear system (17), and, on the other hand, replaces the original FE high-fidelity problem with a reduced
order model without compromising the overall accuracy. The former point is achieved by replacing the time
domain with the frequency domain, combined with the use of the Laplace transform of the displacement as
unknown field, described in detail in Section 3.4. Since we are also interested in reconstructing the time
history of the displacement, we employ a numerical inverse Laplace transform strategy, the details of which
are provided in Section 3.5. The reduced order model in space is obtained using the reduced basis method,
discussed in Section 3.6.
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3.4. The Laplace domain

When considering the translation of a time-dependent PDE into frequency domain, we face the choice of the
transform to use. Popular choices in the structural damage detection field are the Fourier transform (see e.g.,
[54]) or the Laplace transform as in [65], where the authors model the behavior of smart structures combined
with piezoelectric actuators and sensors using the boundary element method applied to the elastodynamics
equation. Here, we also choose the Laplace transform to allow the study of the transient response of damaged
structures when using active sources to excite the structure. The Fourier transform is a suitable alternative
if we study the periodic behavior of the vibrations of a structure under the effect of continuous sources, e.g.,
wind, waves or tides. The choice of the Laplace transform will be better motivated in Section 4.2, where we
discuss the damage sensitive features extracted from raw time signals.

Given a fixed frequency z € C and a fixed input parameter p € P, by multiplying the acoustic-elastic wave
equation (8) by e™*! and integrating in time over the infinite interval [0, c0), the time-dependent problem re-
duces to the computation of the Laplace transform of w evaluated at 2z, ie., find
@ = u(x,z; ) : 2 x C x P — C? such that

p(2* + )i — V- o(@; p) = h(z; p)s(z;p)  in Q
@=0 onTp, (19)
o(a;p) - n=0 on 'y

where, for the sake of simplicity, we have assumed homogenous boundary conditions and zero initial condi-
tions. In (19) h = B(z, p) : C x P — C? is the Laplace transform of the time-dependent part of the source
function h(t; p).

Since both u and u have the same dependency on the space variable & € (), the space discretization
derived in Section 3.2 applies here. Given V = {w € [H'(Q;C%)]? : w|r, = 0} as the corresponding Hilbert
space in frequency domain, the approximate Galerkin problem becomes: for all z € C and all u € P find
@n(2; 1) € Vi, =V N X} such that

p (2% +nz) m(n (2 ), v0) + aliin (2 ), vp; ) = bz ) f(vp; ), Yop € Vi, (20)

where @, is the Galerkin approximation of @, while the bilinear forms m(-,), a(-,-; u) and the functional
f(:; ) are defined in (13). The discrete problem (20) is equivalent to a system of linear equations. In
order to provide an algebraic formulation analogous to the time-dependent one in (15), we first introduce
a complex canonical basis @, € C9 for j = 1,..., Ny, for the finite-dimensional space V,. Note that each
complex basis @; is either purely real or purely imaginary and all the mixed terms are obtained by their
linear combinations. The N}, basis are therefore given by N, /2 purely real basis and N}, /2 purely imaginary

basis, i.e.,

‘15_7 = ¢]Hj§% +Z.1/}N;L—j+1]lj>%’ fOI‘j = 17"'7Nha (21)
where 7 is the imaginary constant. Moreover, let
Nh
(@, 2 ) = Y ity (25 1)@ (). (22)
j=1

If we denote by 1y, (#; ) the vector having as components the unknown coefficients 4, (z; pt), solving problem
(20) is equivalent to: find iy (z; ) € CNr such that

[,o (2 +nz) M + A(u)} Tiy,(2; 1) = h(z; (), (23)

where M € CN»*Nr is the complex mass matrix with elements M,; = m(@;, P:); A = A(p) € CN»x N g
the stiffness matrix with elements A;; = a(@;, P;; ) and f = f(u) € CM is the vector with components

f; = f(p;; ). This system can be split into a set of 2N}, real equations such that, for a given z == a + iy,
the solution of (23) can be rewritten as @, (z; p) == 4§ (p) + i), (p). This splitting is especially important
for implementation purposes and, by simple manipulations, we obtain

ot woon | ] = (S )
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where _ B B
= 0M* —0YMY + A%(u

) )

) = O“MY + OYM® + AY(p),
(z, ) :fz (2 E* (1) = 1Y (z; ) EY (),
n) =
(

I
®

(25)

q’(z WY (23 E® (1) + 1 (23 )Y ().

Here, ©% := p (o — y* + na), ©Y == py 2o+ 1) and O +iOV = p(2% +1nz). In (24) and (25) we have used
the following notation: M e RN nXNnand MY € RVe*Nn gre the real and imaginary parts of the mass
matrix M, respectively, with components

M% = m(’j)ja’pi)ﬂ{i’jg%} - m(d’Nh—jﬂa ¢Nh7i+1)]1{i7j>%},
M?j = m(¢ja¢Nh—i+1)H{jS%7i>%} + m(th—j-Hv¢i)ﬂ{i§%7j>%}a

where the real basis 9, is introduced in (21). We observe that, given MNr/2 ¢ RN#/2XN0/2 a5 the mass

matrix with half degrees of freedom and components Mgh/ 2 m(v;,v,), M and MY have a block diagonal

structure: N /2 N /2
~ro MAR 0 - 0 MAn
ME=1" —1\"/[Nh/2} , M¥= [MNh/2 0 }

The real and imaginary parts of the stiffness matrix A have the same expressions as the mass matrix by
simply replacing m(-,-) with a(-,-;u). For the right-hand-side, we define h*(z; p) and hy(z ) to be the
real and imaginary parts of h(z; u), respectively, and 2 == £7(p ) € RVr with components fp f(@?; p) for

p€{a,y}.
3.5. Recovering the time-dependent signals using the Weeks method

To recover the time signals (18) at all sensors locations we need to compute the inverse Laplace transform
on the solution of (23) or (24). This corresponds to an integration over the infinite imaginary axis in the

complex plane:
at

(oo}
u(t) = e—/ ea(a +iy)dy, t>0, a> a, (26)
— 00

where a € R is a free parameter greater than ag*, which is the rightmost real number for which @(-) is
defined. This integral, known as the Bromwich integral, is difficult to evaluate analytically, especially since
a(+) is here replaced with

9i(253 ) = @ (@i, 25 ) € C7 (27)
where @, (-, -; p) is defined in (22) and the expansion coefficients are obtained by solving (23) at discrete
points z; = o + ty;. Therefore, we need to approximate (26) by resorting to numerical inverse Laplace

transform strategies.

Among three numerical inverse Laplace transform methods, reviewed in [14], i.e., the trapezoidal rule
[13], Talbot’s method [55] and the expansion in the Laguerre’s polynomials, also known as the Weeks method
[60, 37], we choose the latter one. Indeed, the former two are unfeasible: the complex inversion integral is
obtained by a numerical quadrature where the nodes depend on the independent variable . This means that,
to reconstruct the entire discrete time series g, introduced in (18), we need to solve (23) as many times
as the number of time steps. As a result, the computational cost would be greater than solving the direct
problem with the Newmark method. Instead, the Weeks method is obtained as an expansion in terms of
the Laguerre’s polynomials. The main advantage is that, once the expansion coefficients are determined, the
Laplace transform and the inverse can be obtained at any value t,, by means of a simple series summation.
We mention that there exists variants of the trapezoidal rule, relying on added correction terms (see e.g.,

4Note that this parameter is usually denoted by oo in the literature, but here we choose ag to avoid confusion with the
stress tensor.
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[9, 15]), where the Laplace transform does not depend on time. These variants have been successfully used
to reconstruct time histories with a time interval of T of the order of 1074,107° seconds in [65]. However,
they often become oscillatory and deviate from the right solution when T is large.

We briefly recall the Weeks method to retrieve a generic time signal, beginning with the representation

u(t) = el " @y Ly(2bt), (28)
k=0

where b € R is a free parameter and Ly(-) denotes the Laguerre polynomial of degree k. The expansion
coefficients ay, which depend on the Laplace transform #(z), are defined by a Maclaurin series

2 1
G(w;a,b) = %'& (a 1tz> Zakw

where w = zzlg Using the Cauchy’s formula one can show that
1 G(w;a,b) 1 (7 0 —ik6
= ———dw = — G(e";a,b)e™ "™ dl 29
= o / I R (%5, ble ’ (29)

where the change of variable w = €% has been used. To approximate this integral, we follow [61], where it is
suggested to use the midpoint rule instead of the trapezoidal rule because both § = 0 and 6 = 27 would map
to w = 1in (29), which would require one to evaluate @(z) at infinity. The coefficients ar, k =0,..., N, —1,
are therefore approximated as

N.—1

R 1 0 - ek 1+ ei+1/2
— Wit1/ —RYy = — —_—
a ‘= SN j ZN G(e%i+1/2; o, b)e +1/2 — N ; 19J+1/2 a+ b eyl (30)

where we have used a midpoint discretization based on 2N, intervals with 6; = jn/N,. It is easy to see
that, by evaluating G(-; , b) at e%i+1/2 the frequencies at which 4(-) has to be evaluated have the following
simplified expression

0.
L ::oz—l—z'bcot%l/2 for j=—-N,,...,N, — 1. (31)

We note that only the imaginary part varies with the discretization index, while the real part « remains
fixed. Finally, the time signal, based on a N,—term truncation of the Laguerre series (28), becomes

N,—1
a(t) = e N " ag Ly (2bt), (32)
k=0

where L (-) can be computed recursively using, e.g., the Clenshaw’s algorithm [7].

As mentioned in Section 3.3, our goal is to recover the (discrete) time signals at sensors locations, so we
replace @(z;) in the definition of the Weeks coefficients (30) with §;(z;; p,,,) defined in (27), thus obtaining
the expansion coefficients

N.—1 ;
b et emitkOitin
ak7h :FZ Z mg,(zj,um), k:O,7NZ—1, (33)
Jj=—N-
where the additional subscript h indicates that the Laplace transform is the solution of a PDE using a FE
discretization. Then, by replacing aj, with @y p in (32), we obtain the discrete displacement vectors at point

x; and at time %,,:

N,—1
Gi(tni pyy) = €7D0 N ay Ly (2bt,), foralli=1,...,Nyandalln=1,...,N,. (34)
k=0

We thus obtain the full discrete time history g7 = [§;(to; ty,)s - - - » Gi (EN,5 B )], 1-€., the Weeks approxima-
tion of the discrete time signals g!™, defined in (18), for all sensors locations.
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Remark 1. (Halving the number of solutions) By observing that 0;,1/5 = —fan, _(j+1/2)+1 for all
Jj = —N_,...,—1 and exploiting trigonometric identities, one can show that z; = Zn, _j41) In (31), where
Z is the complex conjugate of z. Moreover, it is easy to prove that if @1}, is the complex solution of (23) for

z = z;j then its conjugate ﬁi; is the solution of (23) for z := Z;. This halves the number of times we need to
N.—1

solve the linear system (23) to compute {g;(2;; p,,) };=" . and the coefficients @y, in (33).

Remark 2. (The free parameters a and b) The Weeks method contains two free parameters, & € R and
b € RT, and it has been observed that the accuracy of this algorithm depends critically on the choice of
these. There exists several rules of thumb in the literature (see, e.g., [60, 45, 17]), where an estimate for
« and b often requires the user to know at least the real part of the rightmost singularity of the Laplace
transform «g. In these studies, larger values of b correspond to faster convergence of the series, but at the
same time a smaller value is preferable for large time intervals 7. A more systematic study is presented in
[18], where the authors define the optimal b for a given « and a particular class of transforms. However,
to apply this we would need to determine the location of the singularities (and in particular «g) of the
solution of (23), evaluated at the sensors locations, i.e., @y (@, 2j; ,,,) defined in (22). This is challenging
because this quantity is expensive to compute and thus it would be available only at few frequency locations.
Moreover, it would be complex to verify that this Laplace transform fulfils the properties required to belong
to the class defined in [18].

Two additional strategies to find the optimal values are proposed in [61]. While the second one requires
no information of the location of the singularities, both algorithms assume ¢ to be fixed and require as input
the analytical expression of the Laplace transform. While one may overcome the first issue by observing that
the optimal parameters a and b are, to a large degree, independent of ¢ for large IV,, no alternative is known
for the case in which the Laplace transform is not known analytically. Indeed, o and b are obtained by
performing a minimization on a truncation error which is based on the evaluation of the Laplace transform
at multiple frequency locations. When the Laplace transform is the unknown solution of a PDE, the Weeks
method is ideal to retrieve the entire time signal at the cost of solving N, times the linear system (23).
Unfortunately, the solutions proposed in [61] to identify optimal values of o and b are not suitable as they
would require many additional solutions of (23).

Instead, we choose these hyper-parameters using a different approach: for a fixed p* € P and a fixed
resolution NNV,, we solve (23) for few input values in the ansatz intervals o € [, anr] and b € [by,, bar]. Then,
using a fixed number of time steps N;, we choose as optimal the values for which the ||-||2 error between the
recovered time signals and the corresponding Newmark solutions at all sensors locations is minimized, i.e.,

> (g -8l

2

; (35)

a®Pt poP! .= min
a,b

where gF and g} are defined in (18) and (34), respectively. We remark that only g} depends on the parameters
a and b.

Algorithm 1 summarizes the Weeks method and how it is connected to the solution of the acoustic-elastic
wave equation in the frequency domain. Clearly, the Weeks method, applied to the solutions of (23), is
advantageous with respect to solving the PDE in time only if the number of frequencies, needed to generate
an adequate numerical inverse Laplace transform, are significantly less than the number of time steps to
generate the discrete time signal, i.e., N, < N;.

3.6. The Reduced Basis method

We present a reduced-order approach that significantly reduces the computational burden of repeatedly
solving the parametrized problem (19) by exploiting the p-dependence of the solution. Indeed, solving the
high-fidelity complex linear system (23), or its real counterpart (24), for many input parameters is essential to
construct databases and robust classifiers to detect anomalies in unseen data. Even though the translation
to frequency domain described in the previous sections reduces the computational effort to generate the
datasets of discrete time signals, a substantial speedup can still be achieved by applying reduced order
modelling (ROM) techniques. Projection-based ROM techniques, and in particular the well-known reduced
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Algorithm 1 Construction of Ny synthetic databases of time signals by solving PDE in frequency domain

1: procedure CONSTRUCTDATABASES({z; € Q)N+, EV o, b, N, Ny)
2 for m =1 to Ny do

3 for j=0to N, —1do

4 Compute y; = Im(z;) defined in (31)

5: Solve the linear system (23) for z = o+ iy; and p,,

6 Evaluate the solution at all the N, sensors’ locations and obtain §;(2;; i1,,,) € C? using (27)
7 Obtain the remaining {g;(z;; l*l’m)}j_:l—Nz by complex conjugation Vi =0,..., N,

8 for ¢ =1 to N, do

9 Compute the coefficients {ay , € R4}, =" using (33)

10: Retrieve the full time series g/ € ]Rdx(NfH) by expansion in the Laguerre’s polynomials (34)
11: return YA)ZN" = {ggﬂ}%ﬁ;l,w =1,..., N,

basis (RB) method, have been applied extensively to efficiently replace large algebraic parametric systems
with much smaller ones in many-query contexts for design, real-time control, optimization or uncertainty
quantification, and others. We refer the interested reader to [47, 22, 49] and the references therein for an
in-depth overview of RB methods.

The main idea of RB methods is to generate an approximate solution to (20) for any choice of the
parameter within the given parameter set at a cost that is independent of the cost of the original high-
fidelity problem. In particular, the reduced solution @y belongs to a low-dimensional subspace Vn C Wy of
dimension N < Nj,. The smaller N, the cheaper it will be to solve the reduced system. To restrict the trial
and test space Vj, introduced in Section 3.4, to a low-dimensional subspace VN, we construct the reduced basis
associated to Vi, obtained by orthonormalization of a set of high-fidelity solutions, called snapshots, and
computed for a small set of parameter values. Then, a Galerkin projection onto this subspace is performed to
construct the RB problem. The generic RB method relies on an offline-online decomposition of tasks: offline
we compute the snapshots for different parameter values and use them to generate the N basis functions,
while online, for a new parameter, we solve an algebraic system of dimension IV, whose solution is then
projected onto the original high-fidelity space by a linear combination of the precomputed basis.

We use the proper orthogonal decomposition (POD) to generate the low-dimensional subspace where the
RB solution is sought. Let us generate the snapshot matrix whose columns are the high-fidelity solutions of
(23), obtained for ny < N}, different values of the input frequency z € C and the physical parameter p € P:

S = [@n (20; o) | - - [8n (2ng—1; B, _1)] € TN, (36)

For a prescribed dimension N < ng, the POD relies on the singular value decomposition (SVD) of S to iden-
tify the N-dimensional subspace which best approximates the snapshots among all possible N-dimensional
subspaces. Let

S =0Uxz",
where U € CN»*Nn and Z € C™*"+ are two orthogonal matrices and ¥ = diag(1, . ..,0,,) € CN*¥" with
01 > 09 > - > 0,.. The POD basis V € CN2*N of dimension N is defined as the set of the first N left
singular vectors of U.

These basis minimizes the 2-norm of the projection error of the snapshot vectors (see e.g., Proposition
6.1 of [47]). However, since i (2; 1) € Vi C V, it is natural to consider the SVD with respect to a scalar
product induced by the Xj,-norm, where X; € CN+*Nn ig the matrix associated with the scalar product
defined on V4, i.e.,

|al* = m(a, @) + a(a, @; p),

where m(-,-) and a(-,-; p) are defined in (13) for unit values of the Lamé constants (10). By considering
the SVD of X'/2§ we obtain a basis that is X,-orthonormal. Similarly, the POD basis can conveniently be
obtained by computing the first NV eigenvectors of the correlation matriz C = STXhS ie. C’l/) = 021/1
Therefore, the POD basis can also be seen as the set of vectors

- 1=- .
= ;jsqu, j=1,...,N. (37)
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In practice, the number of basis N is not chosen a priori, but for a prescribed tolerance epop, given as the
smallest integer such that

2
= ZTZQ >1—¢pop, (38)

i.e., the energy retained by the last ny — N modes is equal or smaller than epop. I(INV), called the relative
information content of the POD basis, represents the percentage of energy of the snapshots captured by the
first N POD modes [47].

Given the particular setting described in Section 3.5, to recover the time-dependent signals using the
Weeks method for a new parameter u € P, we have to solve N, reduced systems of size N. Hence, we
perform a reduction not only on the parameter space P, but also on the frequency set (31). However, as
these frequencies are fixed®, the frequency z (or equivalently its imaginary part y) does not have to be
considered as an additional parameter per se as done in (36). Instead, by choosing the number of snapshots
ns to be a multiple of the number of frequencies IV,, we fix the snapshots to be computed for those exact
frequencies that will be needed online. In practice, given k., € R, we sample ng, = k. N, < N, parameters
p € P and pair them with the N, frequencies so that the snapshot matrix (36) becomes

S = [ain (205 0) |- [n (2n 15 1) |l (205 06—y ) 1o (v ey ) [0 (39)

where z; are defined in (31) for j = 0,...,N, — 1. Provided N, is sufficiently large to ensure that the
high-fidelity time signals, retrieved with the Weeks method, are a good approximation of the high-fidelity
time signals that could have been obtained with the Newmark method, N, parameters u € P may not be
enough to provide a good representative basis of dimension N for complex problems. When the solution in
p is non smooth and/or P is too large, large values of k, should be used. Alternatively, one could consider
N, different RB problems with N, different snapshot matrices S; € CNwxns for j =0,...,N, — 1. In this
case, each frequency might be associated with a different number of basis /N;. This option is more laborious,
but, at the same time, it may result in more stable approximations.
From a practical perspective, we solve (24), instead of the complex (23). Hence, the snapshot matrix
(39) is rewritten as
Sa
S = [gy] € RANnxkNz, (40)
where SP € RN»*k=N= for p = {a,y} is defined as

87 i= [, (23 o) |- 8] (13 o) | 185 (203 gy, ) 1o i (o) |2 (41)

where @ (z;; p;) for p = {e,y} is the solution of (24) for a fixed parameter p; and for z; = a + y; defined
n (31) for j =0,...,N, —1 and i = 0,...,k.N, — 1. The correlation matrix C € RF=N=*k=N- ig then
constructed as follows

~ T ~ -
_aT _ S« X, O S« _ |ga,T &Gy,T XS _ [ga, Ga |, &y, T &
C:=87X,,S = [Sy o x| |gv|= [s &y ] & = [s X, S* + Sv xhsy},

where Xy, € R2VrX2Nn ig the symmetric positive definite matrix associated with the scalar product in
the real space Vj of dimension 2N,. Xsp is a block diagonal matrix with two equal blocks X;, where
X, € RV»XNe - We solve the eigenvalue problem

Cy, =o2ap,, i=1,...,k.N, (42)

and construct the POD basis as the set of 2/N,-dimensional vectors (37) by replacing S with S and 1,51 with
;. Let V = [VQ’T,V?/’T]T € R?2MnXN e the so-defined POD basis with V¥, VY € RVN»XN_ Then, the

5Indeed, the frequencies z; only depend on the parameters a and b, which are fixed (see Remark 2) and the number of
frequencies N, which can be chosen to be the same offline and online.
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reduced algebraic problem (24) becomes

where
T
= Vet K (p) —KY(p)| [V®
—v7T —
Ky =V K(p)V = [Vy] [K-”(u) Ko(p) | |VY
—VoT (K*(u) V™ — KY () V) + V7 (KY () VO + K () V),
~O .
.:VT (3 (Z7N):| ,
w [qy(Z; p)
where K(g) is the matrix on the left-hand-side of (24) and §*(z; ), and §¥(z; ) are defined in (25). We
notice that the reduced matrix Ky fails to preserve the structure of the high-fidelity matrix K(u), which
causes the reduced solutions to be unstable. To overcome this loss of structure, we resort to a proper

symplectic decomposition (PSD) with a symplectic Galerkin projection, and apply the cotangent-lift method
introduced in [44], where the snapshot matrix (40) is considered in extended form, i.e.,

gel . {ga,gy} € RNnx2k:N:

where S and S¥ are defined in (41). The corresponding correlation matrix becomes

S*TX,Sv S*TX,Sv

Svrx,§¢ §vTX,Sv

Then, as before, we solve (42) by replacing C with C and, for any N < k.N., the POD basis

& = [¢¢]...|¢%] € RV»XN of dimension N is defined, similarly to (37), as the set of Nj-dimensional
vectors

ot = [50.8] X, [87.8] = [

1
¢ = ;s%gl, i=1,...,N.

Finally, the symplectic basis is constructed as

® 0

o _ 2N}, x2N

Ve = { 0 @] eR . (43)
We observe that, by construction, ®7X;,® = Iy. Therefore, V¢ is Xj-orthonormal, i.e.,
VATX,, Ve = Iyy. With this particular choice of basis, the structure of the system is preserved and

the reduced solutions are stable. In particular, for a new parameter p we need to solve the following reduced
system of dimension 2/NV:
Kcl ‘}%(Zaﬂ)} — cl’ 44
N L?fv(zﬁl) an ( )
where
T « (6%
K vty — [® 0] K —Kr()] [@ 0] _[#TK (0@ —8TK(u)®
N H 0 & |[KV(n) Ko(u)|[0 & [@TK!()® &TK(u)® |’
cl cl, T Ela<z7 l'l')
=V | 2 .
v [qy(Z; u)}
Algorithm 2 summarizes the cotangent lift method to construct a symplectic RB basis.
Algorithm 1 can be updated to include the RB approach by simply modifying lines 5 and 6, provided that
the symplectic basis (43) is previously constructed. In line 5 we need to solve the reduced linear system

(44) instead of (24) and in line 6 the output of interests g;(z;; i,,) are obtained by evaluating the real and
imaginary part of the solution separately, i.e.,

N N
Gz ) = S @z mC (@) +i S @ () (@), j=1...,N,
j=1 j=1
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Algorithm 2 Construct a symplectic basis using on the cotangent lift method

1: procedure CONSTRUCTRB(S"7 SY, X, k., N,, €poOD)
2: Form the snapshot matrix S¢ := [S*, SY|

3: Form the correlation matrix C* = (S¢)7X,;,S

4: Solve the eigenvalue problem C¢ap§' = o245, i =1...,k, N,

5 Set ¢ = U%Sdz,bfl,i =1,...,N where N is the minimum integer that satisfies (38)
6 et ®—[¢]..| ¢
7 return V¢ defined in (43)

where @ (2;p) is the j-th entry and @f(z; p) is the j 4+ N-th of the solution of the linear system (44),
respectively. Finally, we note that both the offline and the online phases of the RB method belong to the
database construction phase, which corresponds to one of the offline steps of the anomaly-detection process
(see Figure 1).

4. The one-class classification problem

Anomaly (or novelty) detection indicates the task of identifying substantial differences in the test dataset
when compared to the data available during training [46]. Such method is applied to contexts where there
is an abundance of “normal” (or positive) examples and abnormal examples (or negative) are scarce or non-
existent. Intrusions in electronic security systems, video surveillance, medical diagnostic problems, industrial
or structural faults and failure detection are examples of some of the applications involving unbalanced
training datasets. The scarcity of anomalous data can be explained by three principal reasons: (i) occurrence
of abnormal events is not expected or difficult to model, (ii) even if such examples are available for training, it
is difficult to cover every possible abnormal event, and (iii) acquisition of abnormal events is costly [11]. Since
our training dataset is a simulated one, the last two reasons motivate us to opt for a one-class classification
approach instead of a supervised one.

The anomaly detection problem can be treated as a one-class classification task by considering the
semi-supervised counterpart of several classical supervised machine learning algorithms. These methods
learn a description of the healthy training data offline and detect if a previously unseen object reflects this
description by means of an online novelty score. Among many possibilities (see e.g., the reported summaries
in [11, 46, 19, 2]) we highlight three well-known strategies: the Isolation Forest [33], based on the principles
of the Random Forest method, the Local Outlier Factor [6], a nearest-neighbors based approach, and the
One Class Support Vector Machine (OC-SVM) [52, 8], with details given in Section 4.1. Motivated by the
use of the latter one in several SHM-related studies (see e.g., [36, 10, 3]), we rely on this for our approach.

We also mention autoencoders, a particular type of neural networks, trained to attempt to copy their
inputs to their outputs, which have gained particular notoriety in the framework of anomaly detection
(see e.g., [26, 38, 41]). By the combination of two networks, called encoder and decoder, an autoencoder
learns the underling salient features, which are sufficient to describe and reconstruct the input. In doing
so, the autoencoder exploits the idea that the training data (positive examples) concentrate around a low-
dimensional manifold, learned by redundancy compression. Then, the reconstruction error, i.e., the norm of
the difference between a new datum and its reconstruction, is used as a novelty score under the assumption
that positive instances are expected to be reconstructed accurately, while negative instances, i.e., abnormal
data, are not. The main advantage of using a reconstruction-based anomaly detection approach like the
autoencoders lies in the fact that specific engineering-based, damage indicator features do not need to be
specified, different from others one-class methods mentioned above. We refer the interested readers to
Chapter 14 of [20] and references therein for an overview on autoencoders.

4.1. One Class SVM

The One Class SVM method is derived as a simple modification of the well-known supervised SVM method
[8], used in several SHM applications (see e.g., [24, 54]). Binary classification SVMs are successful learning
techniques that, given two-class input data, map them into a high dimensional, non-linear feature space
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where it is possible to construct a linear separation boundary, i.e., a hyperplane [58]. Given X, the set of
the input training data, and F', the feature space of dimension greater than X, the idea behind this method
is known as the kernel trick, i.e., the transformation function ® : X — F' is not computed explicitly. Instead
it is defined by a kernel to project the data into a higher dimensional space. The simple evaluation of this
kernel gives the dot product in the feature map

k(z,y) = ®(x) - D(y). (45)

A common choice is the Gaussian kernel
2
r—Y
K(x,y) = eXP{—H&zH}7 (46)

where 6 € R is a free parameter.

OC-SVMs, introduced in [52, 51], apply the same binary technique to find the optimal hyperplane that
separates all the healthy training data from the origin with maximum margin. The origin (in feature space)
is used as a proxy for the unrepresented anomalous data.

Let F : R&*(Vet1) 4 RQ he a function which extracts @ damage-indicator features from Ny, recovered
signals (34) and let FN'" = [F(gl),..., F(&"*)] € RNerX@ be the so obtained training database of feature-
valued signals at location @;, which will be defined in (52). The hyperplane, described by the parameters
w; € F and the bias b; € R, is obtained by the minimization problem

Nir

] 1 ;
—b
W T T, 2 b

subject to: w; - ¢ (F(EM)) > by — €m, &m >0, form=1,..., N,

where &,, € R,m = 1,..., Ny, are non-zero slack variables that allow soft margins, i.e., large values of &;
allow the m-th data point to lie on the wrong side of the decision boundary. The tradeoff between the
number of misclassified training examples and the smoothness of the margin, identified by w;, is controlled
by the regularization parameter o €]0,1]. Given the separating hyperplane

pZN” (x) = w; - ®(x) — b;, (47)

the OC-SVM algorithm returns a function fZN r : RQ — {—1,1} that, for each sensor, evaluates every new
data point to determine on which side of the hyperplane it falls in features space. Hence, the decision
function

£ (@) = sgn (pi()) (48)

will take values +1 for most of the training samples. The problem can be transformed to a dual form using
Lagrangian multipliers and the kernel trick (45) as

min Y amank (F(&]"), F(&]))
«
m,n=1
1 Nip
subject to: 0 < a,, < m,Vm =1,..., Ny and Z =1,
m=1
where the non-zero «,, are the support vectors (SVs). The latter are required to evaluate any new datum

using the SV expansion of the hyperplane (47), which becomes

Nir
prr(@) = ) amk (z, F(&]") — b (49)

With this expression, it can be proven that © is an upper bound on the fraction of outliers, i.e., misclassified
training samples, and a lower bound on the fraction of SVs [52]. A smaller value of ¥ implies fewer SVs and
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therefore a smooth, crude decision boundary, while a larger value of ¥ leads to more SVs and therefore to
a curvy decision boundary. The optimal value of o should be large enough to capture the data distribution
and small enough to avoid overfitting. In our experiments we choose ¥ := 0.65.

As mentioned in [2, 29], a continuous outlier score reveals more information than a simple binary label
as the output (48). Indeed, the absolute value of (49) gives information on the distance of the point @ from
the hyperplane: larger values are farther away from the hyperplane. Larger negative values are not only
associated with more severe damages, but also with a greater confidence on the binary output (48). The
choice of using (48), or another anomaly score based on (49), as decision strategy depends on the importance
given to misclassification errors, i.e., false negative and false positive predictions. The formers, also called
false alarms, arise when a healthy structure is classified as damaged and false positive predictions when
damaged structures are classified as healthy. Ideally, one would like to keep both rates low, but in practice
one of the two will be more frequent. This choice translates in the relative position of the hyperplane:
moving the hyperplane towards the origin (in feature space) will increase the false positive rate and, vice-
versa, moving the hyperplane towards the training set will increase the number of false negative test data.
A relative approach is applied here to compute the anomaly score, i.e., we follow the strategy presented in
[2], where, given p; the maximum distance between the training data and the decision boundary for the i-th
sensor, the score (49) is scaled as

¥ () = PP (D) (50)
3
Therefore, the points classified as outliers outliers are identified with scores greater than 1.

Finally, a large amount of experiments have demonstrated that the choice of the free parameter & in
(46) may severely impact the generalization performance of OC-SVMs. Indeed, an inappropriate choice of
& may lead to overfitting (small values) or under-fitting (large values). In semi-supervised or unsupervised
frameworks, this hyper-parameter can not be estimated using classical strategies for model parameters
selection, such as cross validation. Indeed, since only positive examples exist in the training set, it is
impossible to estimate the misclassification error of the OC-SVM model. In the past decades, several
strategies have been proposed to overcome this issue: for example a training error based approach in [57],
a geometry based approach in [28], a tightness detection strategy, based on the spatial locations of the
interior and edge samples [62, 3] and an approach based on the Fisher linear discrimination [59]. The first
three strategies are observed to be equivalently succesful to detect various damage scenarios on a laboratory
structure in [36]. The authors also report that the least computationally expensive method, which does not
require repeated training, is the geometric approach where & is chosen based on the the maximum distance
between the two least similar training points [28]. This strategy is used also in this work, where the Kernel
factor becomes

d; 1
62 = —2_ whered =

Y /~Ind’ Ne(1—D)+ 1’

where d; is the Euclidean distance between the two least similar training points for the i-th dataset.

4.2. Feature Extraction

The displacement time series at each sensor location, g = [g/(to),...,&"(tn,)] € RIXWNetD) for
m = 1,..., Ny, acquired using Algorithm 1, including the appropriate modifications to leverage the
RB framework described in Section 3.6, need to be pre-processed before being used to train the one-class
classifiers. The ideal features for a robust structural damage detection and localization system should be
sensitive to the presence of damage, but insensitive to the operational and environmental variability in a
normal range [16]. Common choices for the damage-sensitive features can be found for example in [36, 34].

In this work, the raw displacement signals are processed into a ()-dimensional feature vectors with
Q@ = 6d. We consider the following characteristic values: the d—dimensional crest factor, which indicates
how extreme the peaks are in a waveform, the maximum and minimum values of the d-dimensional response,
the corresponding arrival times, i.e., the onset, and the number of peaks and valleys in the signals. Indeed,
it has already been observed (see e.g., [65, 34]) that, in the presence of a crack, which acts as an obstacle
dissipating some of the energy carried by the transmitted waves, the signal becomes more attenuated and
the time of arrival becomes longer because of the extra distance between the source and the sensor due to
the discontinuity of the material.
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For each sample g7, the crest factor C7* € R? is defined as

A~ o1 — o1
cmo— |gzm‘peak7 where {|gz |;D€ak = Iaxy |gi (tn)| (51)

5 5m . Nt Am 2
(&), s (&) = /o7 T (B1"(1))

The arrival time A™ € R? the number of peaks P™ € R? and valleys V" € R? are defined using the
peakfinder Matlab function [39]. Precisely, A™ € R¢ is defined as the time step corresponding to the first
peak or valley. The two hyper-parameters of the peakfinder function, i.e., sel and thresh, are defined as a
percentage of the maximum amplitude of 30 randomly chosen healthy training signals for the first N, = 20’000
steps, sensor by sensor and component by component. In particular we choose sel, which gives information
on the peak value, relative to surrounding data, to be identified as the 3% or 7% of the maximum amplitude
of the healthy signals, for the 2D and 3D problems, respectively. The threshold thresh, i.e., the value for
which peaks must exceed to be a maxima or a minima, is fixed to 5.5% or 9% of the maximum amplitude,
for the 2D and 3D problems, respectively. These values are chosen experimentally by visually inspecting the
position of the onset values over a set of signals. We note that, for the 3D problem, using higher percentages
of the maximum amplitude of the healthy signals leads to a choice of these hyper-parameters, which can
better distinguish between the effective signal arrival and spurious oscillations. Moreover, we observe that
the classification results obtained using peakfinder are more robust and less prone to be affected by artefacts
generated by the numerical inverse Laplace transform reconstruction with respect to finding the onset based
only on a sensor-dependent threshold &; of the signal values, i.e., A" := argmin,, {|&7(¢,)] > &;}.

Therefore, for all i = 1,..., Ns, the feature-based database becomes
c
N
Fler = []-'(gil),...,f(“fv”)} ,  where F(g]") = Sfm form=1,..., Ng. (52)

max,, g7 (t,)
min, g7 (t,)

We observe that, features extracted directly from the raw signals in frequency domain, i.e., before apply-
ing the Weeks method for reconstruction, are not considered here. Nevertheless, such features (e.g., the
transmissibility defined for example in [36]), could be also included either by direct extraction for simulated
samples or by pre-applying a Laplace transform for experimental sensor signals, which are available only in
time domain.

4.3. Dimensionality reduction

Among the @ selected features, dimensionality reduction is needed to generate robust classifiers. Indeed,
we observe that the OC-SVM strategy does not capture anomalies well if applied directly to the feature-
based datasets (52). It has been shown (see e.g., [56]) that using too many features may introduce too much
noise in the dataset and leadi to overfitting. In general, classic feature selection strategies do not guarantee
the best classification performances when applied to highly unbalanced training datasets, i.e., retaining only
the high-variance directions may not provide informative results on the features that are most sensitive to
damage. Even though there exist several studies (see e.g., [40, 27]) in which the information carried by low-
variance directions is emphasized, in many cases removing redundant features by projecting the data on the
high-variance directions remains beneficial. Principal component analysis (PCA) and random projections
(RP) are two widely used compression methods. While for very large datasets RP are known to achieve best
performances (see e.g., [1]), given our choice of relatively few features, i.e., @ := 6d, PCA transformation is
more appropriate.

In practice, we first normalize the training data so that each feature has zero mean and unit standard
deviation among the training samples. We remark that the scaling required to achieve this transformation
is then applied to the test dataset before class prediction. Then, we apply the PCA and store the principal
coefficients Ppc 4 € R2**Pca In this work, for all sensors we observe a rapid decay of the PCA eigenvalues,
which motivates our choice of retaining only 1 principal component, i.e., kpca = 1. Finally, we apply the
OC-SVM approach to fiN”PPCA for all ¢ = 1,..., N;. The same transformation is applied to the test
datasets.
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Figure 2: Healthy meshes for the 2D (left) and 3D (right) problems. The former represents the section of a simplified beam
and the latter is obtained by extruding a similar 2D domain, but with larger holes, along the third direction. The 2D problem
has normalized dimensions 1 x 1, while the 3D one has dimensions 1 x 1 x 0.1.

4.4. Hierarchical classification

Training separate models for each sensor allows for both detection and localization of damages. We identify
three levels of damage identification. First of all, a structure is considered damaged if at least one sensor is
classified as an outlier, i.e., the anomaly score (50) is greater than 1. Secondly, as the anomaly score is a
continuous value, one can additionally deduce information about the severity of the damage, distinguishing
between strong outliers, i.e., values much bigger than 1, and mild outliers, i.e., values slightly above unity.
Indeed, if a structure presents many strong outliers, we expect a severe damage. Finally, damage localization
is achieved by observing that damage is expected to be closer to those sensors which are classified as outliers.

5. Numerical results

In this section we first present the geometrical domain with its sensors and source definition, the values and
distribution of the input parameters and the parameters used for the numerical inverse Laplace transform
reconstruction. Then, we describe the construction of the training and test datasets for both the 2D and
3D problems and highlight the classification results. In our experiments, FEniCS [35] is employed for the
implementation of the high fidelity solver, while the open source library RBniCS [4, 22], that implements
several reduced order modeling techniques, is used to implement the reduced basis solver. The numerical
inverse Laplace reconstruction is implemented with ad hoc Python functions, while the feature extraction,
dimensionality reduction, and classification steps are carried out in Matlab [39], employing, in particular,
the built-in functions peakfinder, pca, and fitcsvm.

The mesh for the healthy domain Q C R? is reproduced in Figure 2 for d = 2, 3. The domain is discretized
using tetrahedral cells; a FE approximation by P; elements is used, resulting in 30’912 and 217’344 DOF's
for d = 2,3, respectively. We remark that, since we solve (24), half of the DOF's represent the real part and
the other half the imaginary part of the d—dimensional solution. Indeed, the number of DOF's required to
solve the same problem in time domain (15) is halved, provided the same mesh is used.

5.1. The parameter space

In the following numerical experiments we use the homogenous free-slip boundary conditions (11), i.e.,
gy = 0, and we choose the density and damping coeflicients as p := 1 and 5 := 0.1, respectively. All the
other parameters are defined below and in the following subsections.

20



660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

40 : : \ : 40 —
—n(k), k=19 —h(k), k=19
30 \ —h(k), k =1.95| 30 L—— A¥(k), k =1.9 i ]
\ h(k), k =2 o (k), k =1.95 ,4“\“‘\
20 h(k), k =2.05| o0 |- — WV(k), k =1.95 Iy ]
h(k), k =2.1 __ja _ ly
10k = il (k)7 k=2 'I] |
. = 10 H—— hY(k), k =2 Iy A 1
) s 10 = i 5
£ 0 n —h*(k), k =2.05 '/:' N
= s oH-- h¥(k), k=2.05 U ‘\\\\
10t = —Ro(k), k =2.1 < Il S=
A0 H- — AY(K), k=21 ]
0l 10
-40 L L L L -30 L L L L
0 1 2 3 4 5 -25 -20 -15 -10 5 0
t Yy

Figure 3: Source function for various values of the parameter k. The source function h(t; k) is plotted as a function of time
(left) and its corresponding Laplace transform, split in its real (full lines) and imaginary (dashed lines) components, is plotted
as a function of y, i.e., the imaginary part of frequency z for a fixed a value (right).

Aiming at representing the different environmental and operational conditions, necessary to make reliable
damage predictions, we choose three parameters of variation, i.e., pp = [E,v,k] € P C RP with p=3. E is
the Young’s Modulus, v the Poisson’s ratio which determines the Lamé constants (10) and k is a parameter
of the source function h(t; i) (or equivalently iL(Z, 1)), whose expression is defined in the following section.
In the generation of the dataset, the parameter set (3) is based on uniform random samples. We choose

EN = By U, k7 € P, with P = [0.999, 1.001] x [0.329,0.331] x [1.9,2.1]. (53)

A more realistic parameter space could be provided by relying on model calibration, based on the combination
of experimental data with prior knowledge. However, this goes beyond the scope of this paper.

5.2. The source term and the sensors locations

The excitation of the structure is necessary to generate waveforms which propagate in the structure and
are measured at sensors for signal diagnostic. In this work, we consider active sources, as an alternative to
passive continuous sources such as wind or tides. In several vibration-based non-destructive evaluation tests,
electromechanical shakers are used to inject pure white Gaussian noise (see e.g., [36, 43]). Alternatively,
sources based on sinusoidal waves are also used (see e.g., [54, 65]), which we also focus on. Moreover, in
the SHM framework, short pulse impulses are often used for non-destructive evaluation and testing (see
e.g., the more sophisticated Hanning-windowed sinusoidal tone-bursts used in [65]) in combination with the
damage-sensitive features described in Subsection 4.2. In particular, it is observed that damaged structures
produce greater attenuation for signals with higher frequency, i.e., signals with higher frequency are more
sensitive to the presence of damage sites as explained in [12, 32].

In this work, the source functions s(x; p) and h(t; p) of (19) are chosen as

2
exXp {_ Z?:l (%25?1) } . _t
95d , h(t; ) = kg sin(knt) te™",

where & := 0.01 represents the width of a Gaussian centered at p := [0.55,0.125] and g := [0.51,0.06, 0] in
2D and 3D, respectively. Since these values are fixed for all numerical examples, the space source function
is independent of the parameter p. For the time-dependent source function, we choose the scaling factor
ks = 100, such that h only depends on one parameter, k, which controls the number of cycles before
Oh(tim) = 0, which provides a solution that is coherent with

s(x; p) =

attenuation. Moreover, our choice guarantees

ot lt=0"" -
the homogenous initial conditions, i.e., ug = vg = 0. The corresponding Laplace transform of h is
~ 2rk 1
Rz k) = o 2Tz D) (54)

(T2k2 + (2 + 1)2)2
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Figure 4: Sketch of sensors numbering system and source placement for the 2D problem. Numbered filled circles represent the
15 sensor locations, while the triangle represents the source position @ = [0.55,0.125].

Given z = « + iy, (54) can be split in its real and imaginary parts, i.e., fLo‘(a +dy; k) and ﬁy(oz + iy k),
required in (25). Figure 3 shows the source function in time and frequency domain when the real part of the
frequency z is fixed, i.e., @ = 0.26, and for different values of k € [1.9,2.1].

We consider a total of Ny = 15 sensors for the 2D problem and Ng = 46 for the 3D problem. For
the 2D model, the sensor locations & = (z;,y;), sketched in Figure 4, are obtained by all combina-
tions 4, j, where z; € [0.1,0.275,0.5,0.725,0.9],y; € [0.11,0.5,0.925]. In 3D, for practical engineering
purposes, sensors embedded in the structure are excluded and the sensors location are restricted to the
model surface, i.e., © = (x;,y;, 2x), represented in Figure 5, is given by all combinations 4, j, k, where
x; € [0,0.1,0.275,0.5,0.725,0.9,1],y; € [0,0.075,0.5,0.925,1] and z; € [0,0.5,1]. We observe that, in 3D,
because of the homogenous free-slip boundary conditions, for each sensor on the surface, one of three dis-
placement components (i.e., the one normal to the surface) is identically zero. This implies that 6 of the
18 features, extracted from each sensor signal and defined in 4.2, are identically zero. Hence, for the 3D
problem with no embedded sensor we consider @ = 6(d — 1), i.e., @ = 12 for both the 2D and 3D case.

5.8. The free parameters in the Weeks method

As explained in Remark 2, to apply the Weeks method to reconstruct the solution in time, we need to define
the free parameters « and b, which are obtained by applying (35). In particular, when g7, i..., N in (35) are
the high-fidelity signals obtained by applying Algorithm 1 to the 2D problem with p* = [1,0.33,2], N, = 200,
At = le—3 and N; = 30’000, we obtain a®?* = 0.26 and b°P! = 6.5, as shown in Figure 6. For simplicity,
these hyper-parameters are also used for all the other problems considered here and for all input parameters
(53). Figure 7 shows that, for these optimal values, the error of the reconstructed solution in 2D decreases
with second order of convergence as the number of coefficients IV, in the Laugerre’s expansion increases.
In all our 2D simulations, we use N, = 200, which guarantees good results as shown in Figure 8, where
the behavior of the time-dependent solutions (displacements in the x— and y— directions) recovered at the
6" sensor of coordinates xg = (0.275,0.925), using either the Newmark method or the Weeks method, are
presented. As time increases, we observe a matching degradation between the solutions in time domain and
the reconstructed solution in frequency domain, which is expected considering the expansion in the Laguerre’s
polynomials. For the 3D simulations, the number of frequencies NV, is increased to 500 to guarantee better
alignement with the Newmark solution, considered as a reference solution, and avoid spurious oscillations
before the signal arrival. Additionally, in 3D, we consider a reduced time frame of N; = 22/500 time steps
to discard incorrect oscillations caused by the Weeks method.

5.4. The training set

We present here the details to construct the training set for the2D and 3D problems, whose geometries,
sensors and source locations are shown in Figures 4 and 5, respectively. For both problems, we primarily

22



718

719

720

721

722

724

725

726

27

728

729

730

731

732

733

734

736

737

738

739

740

741

742

743

744

Figure 5: Sketch of sensors numbering system and source placement for the 3D problem. Numbered filled black semi-spheres
represent the 46 surface sensors, while the larger green semi-sphere represents the source position, i.e., i = [0.51,0.06,0]. The
face with coordinate z = 0 is shown on the left, while the face with coordinate z = 0.1 is shown on the right.

generate a dataset using the RB strategy presented in Section 3.6. For this, we set kpop = le — 11 and
k, = 3. Having chosen N, = 200 and N, = 500 for the 2D and 3D problems, respectively, we consider a
total of ny = 600 and ns = 1500 snapshots, respectively. To generate such snapshots, the input parameters
{1 i, are uniformly sampled from P and the N, input frequencies are defined in (31). By applying
Algorithm 2, we obtain N = 159 basis for the 2D problem and N = 251 basis for the 3D case. Setting
Ny = 1000 for both problems, the training datasets DiN 7 are constructed by solving the reduced problem
N, N, times and by applying Algorithm 1 for ¢ =1,..., N,.

Finally, after extracting the damage-indicator features as explained in Section 4.2 and applying the PCA
reduction to the normalized dataset (see Section 4.3), the OC-SVMs are trained on the reduced-feature-based
datasets .EN”PPCA fori=1,...,Ns.

5.5. The test set

The test set is composed of both healthy and damaged synthetic sensor measurements. The discrete time
signals are obtained by solving the high fidelity problem (24) for Ny.s; new input parameters, sampled from
the same parameter distribution used offline. As explained in Section 2, we add zero-mean random Gaussian
noise to all time steps of all test signals. In particular, for each component of the reconstructed test signals
g7, we add noise ¢; € N'(0,~42), where ~, corresponds to 0.01% of the maximum amplitude of 30 randomly
chosen training healthy signals over the first N; = 20’000 steps, component by component. Different from
the training set, some of the signals are obtained by solving the PDE on faulty geometries. In particular,
in 2D, we consider 9 damage scenarios, sketched in Figure 9, of which 4 are considered major damages
(a —d), 4 as minor damages (e — h) and 1 (i) is obtained by combining two major damages. For the healthy
configuration and each damaged configuration we consider 10 samples for a total of Nz = 100 test samples.
In 3D, the test set is composed of 1 healthy and 3 damaged configurations (2 major damages and 1 minor
damage) for a total of Nyes; = 40 test samples, i.e., again 10 samples for each configuration are considered.
The geometries are shown in Figure 13.

We compare the high-fidelity solutions obtained in Laplace domain, before and after applying the Weeks
method, for healthy and damaged structures in 2D. In particular, the signals retrieved at the 9" sensor,
ie., ®g = (0.5,9.25), are provided in Figure 10. The graphs compare two healthy solutions obtained with
two input parameters p*, u** € P and a solution obtained when the beam located between the 8" and 9t"
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Figure 6: Contour plot of the error obtained using 9 equally spaced points for a € [0.1,0.9] and 13 equally spaced points
for b € [1,16], leading to a°P* = 0.2 and b°P! = 7.25 indicated by the white dot (left). Additional refinement in the region
a € [0.1,0.4] and b € [4.5,9.25] for 16 and 20 equally spaced points, respectively, leading to the optimal values a°P* = 0.26 and
boPt = 6.5 (right).
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Figure 7: Loglog plot of the error ||EZ (g; - g:‘)H;, where the reconstructed high-fidelity signals g; are obtained using
aPt = 0.26 and b°P! = 6.5 for increasing values of N,. Both g} and g are obtained using Ny = 30’000 time steps of
size At = le—3 and for input parameter p* = [1,0.33,2].
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and gf are obtained using Ny = 30’000 time steps of size At = le—3 and for input parameter u* = [1,0.33,2]. The first (left)
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Figure 9: Sketch of 9 damage configurations. Figures (a-d) correspond to major damages, while (e-h) correspond to minor
damages. Figure (i) is a superposition of two major damages, i.e., (a) and (c).

25

sensor when using the Newmark method (black circled



746

747

748

749

750

751

752

753

754

755

756

757

758

759

760

761

1t component 27 component

30l ‘ ‘ : ‘ ‘ .
20+ 5
2]
ERCI
2 |
%) 1o
0
§ 0
5
S0t |
| | ey H "¢ [-e g (Healthy)
-20 5 3 :l : o gg* (Healthy)
16 49 —— g} (Damaged
300 ‘ ‘ ‘ ‘ ‘ | o ‘ ‘ & ( mag )
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t
15+ ] —+ |Go(2; p*)| (Healthy)
£ o |go(z p**)| (Healthy) $
< =~ B
g 6 === 19a(z: 1")| (Damaged) Q‘F? i
=]
3 qT
g ’ bt
3, 4 i p
3 38 4
F My
2 ’ I ot
.0 3
w0
0 6-o-e-000e « : A 4
-25 -20 -15 -10 -5 0 -25 -20 -15 -10 -5 0

Figure 10: Comparison of 2D signals retrieved at the 9*" sensor, obtained from the healthy structure or form a structure with a
damage between the 8" and 9'" sensor (i.e., damage (a) in Figure 9). From left to right, the first row shows the reconstructed
signals obtained using the Weeks method on the first and second component, respectively. The second row shows the absolute
value of the raw solutions in Laplace domain. For the four plots, we show two healthy signals, obtained with two different
parameters are shown, i.e., u* = [1,0.33,2] (blue dashed line with filled dots), and p** = [0.9993,0.3307,2.07] (orange dotted
line with empty diamonds), and a damaged signal, obtained with p* (black line with empty dots).

sensor is broken (see Fig. 9a) using p* as input parameter. Especially for the second component of the
solution in Laplace domain and the consequent reconstructed signals, we can observe significant differences
between the two healthy signals and the damaged ones. This visual inspection confirms our assumption:
signals generated from damaged structure differ from those generated from healthy structures. For this type
of damage, signals retrieved at the 9—th sensor happens to be the most affected ones. This can be explained
by considering the relative positions of the source, the sensor and the damage, i.e., the damage lies between
the source and the receiver, which implies that the signals has to negotiate around the damage to reach the
sensor, giving rise to a modified and delayed signal. The same reconstructed solutions, retrieved at sensors 6,
8 and 12, are shown in Figure 11. Qualitatively, we observe some differences between the two healthy signals
and the damaged one: damaged signals at sensors 6 and 12 appear to be delayed with respect to the healthy
signals, while the signals at sensor 8 are very close for few time-steps and then diverge. These observations
can once again be explained by looking at the relative positions of the source, sensors, and damage. Indeed,
signals retrieved at sensor 8 begin to diverge when the signals get reflected at the crack. Moreover, after
computing the crest factor (51) and arrival time of these signals, we observe that these values are significantly
different when looking at the damaged signals or the healthy ones (see Table 1). This observation supports
our choice of using, among others, the crest factor and arrival time as damage-indicator features.
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Figure 11: Comparison of the second component of 2D reconstructed signals retrieved at the 6t 80 and 12t sensors, obtained
from the healthy structure or form a structure with a damage between the 8" and 9'" sensor. For the three plots, we show
two healthy signals, obtained with two different parameters are shown, i.e., p* = [1,0.33,2] (blue dashed line with filled dots),
and p** = [0.9993,0.3307,2.07] (orange dotted line with empty diamonds), and a damaged signal, obtained with p* (black line
with empty dots).

Sensor CF; ATy CF, AT, Parameter Structure Type
number
304 1352 3.41 1005 w Healthy
6 3.16 1354 3.26 1003 wr Healthy
3.74 1868 3.08 1442 s Damaged
3.16 649 235 637 n* Healthy
8 3.04 647 229 631 ur Healthy
330 651 3.31 638 un* Damaged
3.04 2024 278 913 nr Healthy
9 3.15 2017 2.85 909 [T Healthy
3.04 2016 3.43 1960 n* Damaged
314 1389 3.29 1016 w Healthy
12 3.16 1381 3.11 1013 [T Healthy
3.15 2554 3.67 1750 nr Damaged

Table 1: Comparison of crest factor (C'F) and arrival time (AT') for high-fidelity reconstructed 2D signals at four different
sensor locations for the healthy structure (see Fig. 4) and a damaged (see Fig. 9a) configuration. The retrieved signals are
obtained using two input parameters, i.e. p* = [1,0.33,2] and p** = [0.9993,0.3307,2.07]. The subscript indicates the signal
component.
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Sensor || Healthy Damage Damage Damage Damage Minor Minor Minor Minor Combined

a (b) (c) (d) damage (¢) damage (f) damage (g) damage (h) damage (i)
1 0 0.4 0.4 0 0.1 0.1 0 0 0.1 0.1
2 0 0.5 1 1 0 0.2 0 0 0.5 1
3 0 0.7 0.1 0.7 0 0 0 0 0.1 0.3
4 0 0 0.9 0.4 0 0.1 0.5 0.1 0.1 0.1
5 0 0 1 1 1 0.2 0 1 0 1
6 0 1 1 0 0 1 0 0 0 1
7 0 0.1 1 0 0 0 0 0 0 0.1
8 0 0.3 1 1 0 0.1 0.5 0.1 0.1 1
9 0 1 1 0 0 0.1 0.1 0 0 1
10 0 0 0 0.3 0.1 0.1 0 0.2 0.1 0.1
11 0 0.1 1 0.1 1 0 0 0.2 0 0
12 0.1 1 1 0 0.1 0.5 1 0 0 1
13 0 0.1 0 0.1 0 0 0 0 0.3 0.1
14 0 0.1 1 0.1 1 0.2 0 0.1 0.1 0.8
15 0 1 1 0.1 0.1 1 0 0 0.1 1

Table 2: Fractions of test samples for the 2D problem classified as outliers (i.e., with anomaly score (50) greater than 1) for the
healthy configuration (see Fig. 4) and 9 damaged configurations (see Fig. 9). A set of 10 uniformly sampled input parameters
{u:n}},?zl € P is used to construct 10 test samples per configuration.

5.6. Classification results

We present here the one-class classification results on the test sets, sensor by sensor. In 2D, the test set is
composed of Nies = 100 samples, i.e., 10 samples for each one of the 10 configurations (1 healthy and 9
damaged). In 3D, Ny.s: = 40 samples, i.e., 10 samples for each one of the 4 configurations (1 healthy and
3 damaged), compose the test set. In both cases, each one of the 10 samples is obtained by solving the
high fidelity problem with different input parameters p. Tables 2 and 3 show, for each type of damage, the
fraction of test samples classified as outliers, i.e., with an anomaly score greater than 1, while the mean values
for each damaged configurations are shown in Figures 12 and 13, for the 2D and 3D problems, respectively.
Sensors whose average anomaly score is greater than 1 are represented with red markers, while blue markers
identify the sensors with average anomaly score smaller than 1. For visualization purposes, we introduce an
arbitrary value to additionally differentiate between strong and mild outliers; i.e., strong outliers are those
with mean anomaly score greater or equal than 2, while mild outliers have mean anomaly score greater than
or equal to 1, but smaller 2. Strong outliers are represented with red squares, while mild outliers with red
asterisks in 2D and red semi-spheres in 3D.

We observe that, both in 2D and 3D, on average, damages are always detected, i.e., at least one sensor
is classified as outlier if the structure is damaged, and that, in most of the cases, damages are close to the
sensors that are classified as strong outliers. Even if not reported in Figure 12, all sensors of 2D healthy
configuration are, on average, classified as inliers, while the average result for the 3D healthy configuration
(Figure 13 a) presents 1 misclassified sensors. In general, the 3D results present a slightly higher false alarm
rate than the 2D problem, even though it is still possible to identify a macro-region where the damage is
located (see Figure 13).

The relative position of source, sensors and damage is important to successfully use this approach to
locate the damage. Indeed, in 2D, for the major damages (a,c,d, ), only the sensor “behind” the damage
are classified as outliers, allowing for localization. Instead, with the 2D damage (b) positioned too close
to the source, 11 out of 15 sensors are, on average, classified as outliers, thus preventing localization. A
similar behavior is observed in the 3D results. The combination of solutions obtained with different active
sources at different locations is likely to address this issue. For example, we refer to [53], where piezoelectric
transducers are used as both sensors and actuators for Lamb wave propagation. In this work, once the
damaged path-ways between each couple of sensor/actuator have been determined, the location of damages
is identified with the regions with higher number of intersecting damaged pathways. Alternative solutions
are reported in [16].

6. Conclusion

We propose a data-driven approach for SHM which leverages the physics-based representation of the
structure of interest. From a mathematical standpoint, the goal of data-driven approaches is classification,
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(a) (b) (e)

(d) (e) (f)

(2) (h) @)
Figure 12: Sketch to summarize of the one-class classification average results on test data for 9 damaged configurations. Red
filled squares correspond to sensors classified as outliers with an average score fiN tr > 2 (strong outliers), red asterisks to sensors
classified as outliers with an average score fiN tr € [1,2[ (mild outliers), and blue empty circles to sensors classified as inliers,
i.e., with an average score fiN tr < 1. The black triangles labeled with the letter S indicate the source position. For all types of
damages we can identify at least one sensor classified as a outlier. With the exception of damage (b), a clear proximity between
the location of the damages and the sensors classified as outliers can be observed. The position of the source plays an important
role in classification and therefore, to localize damage (b), the source should be placed differently. For major damages (a, ¢, d),
3 to 4 sensors are classified as strong outliers and at most 1 as as mild outlier with a maximum total of 5 sensors classified as

outliers. For minor damages (e, f, g, h) from 1 to 3 sensors are classified as outliers. For the combined damage (i) 7 sensors are
classified as strong outliers and 1 as mild outlier.
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as opposed to model-based approaches where the goal is to solve an inverse problem and estimate the
(unknown) input parameters.

Damage detection and localization is carried out on a sensor-by-sensor basis by constructing synthetic
training data emulating the sensor response of the structure to active sources, i.e., we analyze the structural
response to the propagation of guided waves. These training databases are constructed offline by repeatedly
solving PDEs in the frequency domain for different input parameters and by exploiting MOR techniques
for speedup. The reconstruction of time signals is carried out using the Weeks method, a numerical inverse
Laplace transform. The set of input parameters used to generate the dataset represents the natural variations
of the structure, i.e., the environmental and operational conditions, and provides the baseline variability.
After extracting damage-sensitive engineering-based features from the raw discrete signals, we employ one-
class classifiers, the OC-SVM algorithm, to compare the healthy training dataset with new blind test data.
The latter are obtained by extracting the same features from high-fidelity signals obtained by solving the
PDEs for unseen input parameters and by possibly modifying the geometry to include cracks of different
sizes and at different locations. Noise is added to the test signals to emulate the unknown experimental
Sensor response.

This approach is successful in both detecting and localizing damages for 2D and 3D digital twins test
problems. The method is highly generalizable to other examples and more realistic experiments will be
carried out within a laboratory environment to validate our approach. We observe that, using active sources,
localization is possible only for damages which are sufficiently far from the source. To address this limitation,
we will investigate the possibility of introducing a network of sources placed at different locations. The source
location could be used as additional input parameter to construct the RB model and the combination of
different classification results could help gain insight on damages on the entire domain. Moreover, the offline-
online decoupling of tasks and the MOR techniques allow us to compute the sensor response under different
operational and environmental conditions in a fast and inexpensive manner. By exploiting this advantage,
we aim to study the optimal placement of sensors needed to both retrieve maximum information about
the potential structure damages and guarantee a robust network of sensors, which aims to maintain the
stability of the network even when some sensors malfunction. Finally, alternative passive periodic sources,
mimicking the effect of tides or wind, could be integrated in the model by replacing the Laplace transform
with the Fourier transform. In this case, the features used as damage-indicators would need to be adapted or
alternative anomaly detection strategies like the autoencoders should be employed to automatically identify
the underling characteristics of healthy signals.
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Figure 13: Sketch to summarize the geometries of the 4 configurations used in the test set for the 3D problem, together with
the one-class classification average results. For each configuration, sensors represented by red squares indicate that the mean
classification score is above 2 (i.e., the sensor is classified as strong outlier on average), red semi-spheres indicate sensors classified
as mild outliers, , i.e. with mean anomaly score between 1 and 2, and blue semi-spheres represent sensors classified as inliers,
i.e. with mean anomaly score below 1. The green larger semi-sphere indicates the source position. The left and right plots
show the front (z = 0) and rear (z = 0.1) of the 3D configurations. For the damaged configurations, a correlation between
sensors classified as outliers and location of damage can be identified. A low false positive error is observed for both the healthy
and damaged configurations: 1 sensor is misclassified in the healthy configuration a and few sensors, far from the damages, are
mistakenly classified as mild outliers, especially for the damaged configuration d.
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Sensor || Healthy Damage Minor Damage

(a) (b) damage (c) (d)
1 0 0 0.2 0
2 0 0 0.1 1
3 0 0 0 1
4 0 0 0 0
5 0.4 0 0 1
6 0 0 0 1
7 0 0 0 0
8 0 1 0.3 0
9 0 1 1 1
10 0 0 0 0
11 0 0.1 0 0
12 0 0 0 1
13 0 0 0 0.6
14 0 0 0 0
15 0 0 0 0
16 0 0 0 0
17 0 0 0.3 1
18 0 0 0 1
19 0 0.3 0 0
20 0 0 0 0
21 0 0.3 0 1
22 0 0 0 0
23 0 0 0 0
24 0 1 1 0
25 0 0 0 0
26 0 0 0 0.9
27 0 1 0 1
28 0 0 0 0.6
29 0 0 0 0
30 0 0 0 0
31 0 0 0 0.2
32 0 0 0.3 1
33 0 0 0 0
34 0 0 0 0.3
35 0.6 0 0 0
36 0 0 0 0
37 0 0 0 0
38 0 0.3 0 0.1
39 0 0 0 0
40 0 1 0 0
41 0.7 0 0 0
42 0 0 0 1
43 0 0.4 0 1
44 0 1 0 1
45 0 1 0.8 1
46 0.6 0 0.1 0

Table 3: Fractions of test samples for the 3D problem classified as outliers (i.e., with anomaly score (50) greater than 1) for
the healthy configuration and the 3 damaged configurations (see Fig. 13). A set of 10 uniformly sampled input parameters
{pk, },?:1 € P is used to construct 10 test samples per configuration.
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