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Abstract

In this thesis we consider inverse problems involving multiscale elliptic partial differential
equations. The name multiscale indicates that these models are characterized by the presence
of parameters which vary on different spatial scales (macroscopic, microscopic, mesoscopic,
etc.). The variations at the smallest scales make these equations very difficult to approximate
also when considering forward problems, since classical numerical methods require a mesh
resolution at the finest scales, hence a computational cost that is often prohibitive. For
this reason one prefers to apply homogenization or effective methods which, neglecting
what happens at the smallest scales, are able to provide accurate macroscopic solutions
to the problem. For what concerns the solution of inverse problems, we propose then a
new numerical algorithm based on homogenization techniques, model order reduction and
regularization methods.

First, we consider elliptic operators whose tensor varies on a microscopic scale. Under the
assumption that the nature of its micro structure is known, we aim at recovering a macroscopic
parameterization of the tensor from measurements originating from the full multiscale model,
using homogenization. Practical examples include multi-phase media whose constituents are
known, but their respective volume fraction is unknown. We consider the Calderén’s formula-
tion of the inverse problem. We prove that, under some regularity assumptions on the fine
scale tensor, the effective inverse problem, with observed data consisting of the homogenized
Dirichlet to Neumann (DtN) map, is also well-posed. We then solve the problem by consider-
ing finite measurements of the multiscale DtN map and using Tikhonov regularization, and
we establish a convergence result of the solution by means of G-convergence.

In a second stage, we consider a Bayesian approach which allows for uncertainty quan-
tification of the results. We prove existence and well-posedness of the effective posterior
probability measure, obtained by homogenization of the observation operator. By means of
G-convergence we characterize the discrepancy between the fine scale and the homogenized
model, and we prove convergence of the effective posterior towards the fine scale posterior
in terms of the Hellinger distance. We also propose a numerical procedure to estimate the
homogenization error statistics, which, if included in the inversion process, allow to account
for approximation errors.

Finally, we deal with multiscale inverse problems for the linear elasticity equation. In this
context we assume that the heterogeneity of the material is determined by its geometry
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Abstract

rather than by the coefficients of the equation. In particular, we consider porous media with
random perforations and, following the Bayesian approach, we solve the inverse problem
of determining the elastic properties of an hypothetical isotropic material. We prove the
existence and well-posedness of the effective posterior measure, as well as its convergence in
the fine scale limit by means of G-convergence. We conclude by describing a new probabilistic
numerical method which computes a new posterior measure that accounts for approximation
errors and reveals the uncertainty intrinsic in the numerical method.

Key words: multiscale, homogenization, heterogeneous multiscale method, reduced basis,
inverse problems, uncertainty quantification, penalization methods, Bayesian methods, prob-
abilistic numerical method, linear elasticity.
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Résumé

Dans cette these, nous examinons la solution de problemes inverses pour des équations aux
dérivées partielles multi-échelles de type elliptique. Le terme multi-échelles indique que ces
modéles sont caractérisés par des parametres présentant des variations a différentes échelles
spatiales (macroscopique, microscopique, mésoscopique, etc.). Les variations aux plus petites
échelles rendent I'approximation de ces équations difficile méme dans le cas de problémes
directs, car les méthodes numériques classiques exigent une discrétisation spatiale assez fine
pour capturer ces variations, nécessitant ainsi un cotit de calcul prohibitif. Pour cette raison,
il est souvent préférable de recourir a des méthodes dites d’homogénéisation ou effectives
qui, tout en négligeant les caractéristiques du modeéle aux plus fines échelles, sont capables de
fournir des solutions macroscopiques au probleme. Afin de résoudre les problemes inverses
dans le régime multi-échelles, nous proposons donc un nouvel algorithme numérique basé
sur les techniques d’homogénéisation, de bases réduites, et les méthodes de régularisation.

Premierement, nous considérons les opérateurs elliptiques dont le tenseur présente des
variations a I'échelle microscopique. En supposant connaitre la nature de sa structure micro-
scopique, notre objectif est de déterminer une paramétrisation macroscopique du tenseur a
partir d’observations provenant du modele multi-échelles, mais en utilisant des méthodes
d’homogénéisation. Un exemple typique est fourni par les matériaux composites, dont nous
connaissons les constituants mais pas leur fraction volumétrique respective. Nous prenons en
considération le probléme inverse comme formulé par Calder6n. Sous certaines hypotheses
de régularité sur le tenseur multi-échelles, nous démontrons que le probléme inverse ef-
fectif, ou les observations sont représentées par 1'opérateur Dirichlet to Neumann (DtN)
homogénéisé, est bien posé. Nous résolvons le probleme en considérant un nombre fini de
mesures de I'opérateur DtN multi-échelle et en utilisant la méthode de Tikhonov pour sa
régularisation, et nous établissons un résultat de convergence pour la solution en utilisant la
G-convergence.

Dans un deuxiéme temps, nous considérons la méthode bayésienne qui permet de quanti-
fier I'incertitude des résultats du probleme inverse. Nous montrons que la mesure effective
de probabilité a posteriori, obtenue par homogénéisation de I'opérateur d’observation, ex-
iste et est bien posée. En utilisant la G-convergence, nous caractérisons la différence entre
les modeles multi-échelle et effectif. De plus, nous démontrons la convergence entre les
deux mesures de probabilité a posteriori respectives en termes de distance de Hellinger.
Nous proposons également un schéma numérique pour estimer a priori les statistiques de
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lerreur d’homogénéisation, et nous observons numériquement que, si elles sont incluses
dans le processus d’inversion, ces statistiques permettent de prendre en compte les erreurs
d’approximation, qui pourraient sinon altérer les résultats.

Enfin, nous traitons des problemes inverses multi-échelles pour ’équation de 1'élasticité
linéaire, en supposant que 'hétérogénéité du matériau est déterminée par sa géométrie plutodt
que par les coefficients de 'équation. En particulier, nous considérons des materiaux poreux
avec des vides répartis aléatoirement et, en utilisant la méthode bayésienne, nous résolvons
le probleme inverse pour déterminer les propriétés élastiques d’'un matériau isotrope hy-
pothétique. Nous montrons que la mesure effective de probabilité a posteriori existe et est
bien posée et que, en utilisant la G-convergence, elle converge vers la mesure multi-échelle
en termes de distance de Hellinger. Nous concluons en décrivant une nouvelle méthode
numeérique probabiliste permettant de calculer une nouvelle mesure effective a posteriori qui,
en tenant compte des erreurs d’approximation, permet de révéler I'incertitude inhérente a la
méthode numérique.

Mots clefs: multi-échelles, homogénéisation, méthode hétérogene multi-échelles, bases
réduites, problémes inverses, quantification de I'incertitude, méthodes de pénalisation, méth-
odes bayésiennes, méthodes numériques probabilistes, élasticité linéaire.
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Notation

Problem setting
d

G

Abbreviations
PDE
FE
FEM
DOF
HMM
RB
EIM
DtN
KL
MCMC
MH

Common indices
mac
mic

dimension of the problem, d € {1,2,3}

fine scale size of the two-scale model, € > 0

macroscopic domain in R¢

unit cube in R?, Y = (0,1)¢

generic constant whose value can change at any occurrence

partial differential equation
finite element

finite element method

degree of freedom
heterogeneous multiscale method
reduced basis

empirical interpolation method
Dirichlet to Neumann
Karhunen-Loéve

Markov chain Monte Carlo
Metropolis-Hastings

macro
micro

Standard sets of numbers

N
No
Z
R

set of positive integers {1,2,...}

set of non-negative integers {0, 1,2,...}
set of integers

set of real numbers



Notation

Functional spaces

ck(D)
C°(D)

Cher(Y)
LP(D)
WP (D)
H*(D)
H, (D)
HL(D)
Hg,er(Y)
X/

Il x
(0x

In

PMK)
S"(D,TH)

A,’j
Il Allp
Il Alloo
b;
I1bll2
Sym

n
el

M(a, B, D)

k-times continuously differentiable functions D - R, 0 < k < oo
infinitely continuously differentiable functions D — R with com-
pact support on D

subset of Y-periodic functions in C k(D)

the usual Lebesgue space with 1 < p < oo

the usual Sobolev space with ke Nand p € [1,00]

the Hilbert space W*2(D)

subspace of H'!(D) with a vanishing trace on 0D
subspace of H'(D) with a vanishing trace on T < 0D
closure of C3,(Y) in the norm H' ()

dual space of a vector space X

standard norm in any normed linear space X
standard inner product in any inner product space X

Finite element spaces

a triangular or tetrahedral mesh consisting of elements K € Iy
the mesh size H = maxy. T diam(K)

vector space of polynomials in K of degree at most n € Ny
continuous finite element space in D on mesh 9 of degree n
SM(D,Ty) ={q" € H'(D): q"|x € 2" (K), VK € Ty}

Vectors and matrices

coefficients of a matrix A € R"*"

Frobenius norm of a matrix A € R"*™

max norm of a matrix A € R"*™

elements of a vector b € R"

Euclidean norm of a vector b € R”

class of n x n real valued symmetric matrices
the i-th canonical basis vector in R”

{Ae (I°(D)"": albl>< A(x)b-b,

|A(x)b| < B|b],VbeR", and a.e. on D}



|§ Introduction

Many applications in engineering and the sciences, such as heat conduction, geoscience
and medical imaging [36, 65], require solving inverse problems involving partial differential
equations (PDEs). In this thesis we are interested in inverse problems for PDEs that vary on a
very fine scale describing, e.g., heterogeneity of the medium. Our goal is to find a parameter
o of a certain mathematical model, from a measurement z originating from the model itself.
The problem to solve can be represented as

given z=G*(0") e V, find o € U such that G*(0) = z, (1.1

where U and V are two Banach spaces, ¢* is the exact solution, and G® : U — V is referred to
as the observation or forward operator. The superscript € emphasizes the multiscale nature
of G, which is assumed to be defined via a PDE whose inputs vary on a fine scale €, much
smaller than the size of the physical domain. Assuming that the nature of the micro structure
in the model is known, we search for an unknown macroscopic parameterization of such a
fine scale structure given measurements originating from the full multiscale model. A typical
example is a multi-phase medium, whose constituents are known, but whose volume fraction
or macroscopic orientation are unknown. Another example may come from a linear elasticity
model defined on a multiscale porous medium, whose microscopic configuration is known,
but whose elastic properties such as Young’s modulus or Poisson’s ratio are unknown. In
all of the cases above, classical approaches such as the finite element method (FEM) or the
finite difference method (FDM) would require the evaluation of the forward operator on a
mesh resolving the finest scale €. In addition, when solving inverse problems via penalization
methods [50, 86] or Bayesian sampling [64, 84, 41], the repeated solution of such high dimen-
sional problems represents a formidable computational challenge and is often not tractable in
practice. The goal of the thesis is to show how one can overcome these computational issues
for classes of multiscale problems by combining efficient inverse algorithm, coarse graining
techniques and model order reduction.



Chapter 1. Introduction

Parameterized multiscale inverse elliptic problems. We start by introducing the following
multiscale scalar elliptic problem. Let D c R%, d < 3, be an open, bounded, connected set
with sufficiently smooth boundary 4D, and consider the problem of finding the weak solution

uf € H'(D) such that
~V-(A5.Vuf)=0 inD,
(1.2)
u‘=g ondD,
where g € H'/?(0D). The tensor A%, = A%, (x), x € D, belongs to the class of matrix functions
M(a, B, D), where

M(a,B,D) = {A e (LD ab? < A(X)b-b,|A(x)b| < BIb],YbeR?, and a.e. on D} .

The tensor A{. varies on a fine scale €. In turn, the solution of (1.2) itself has variations on
the same micro scale. Moreover, the subscript ¢* denotes the existence of a low dimensional
parameter o : D — R such that A?. (x) = A(c™(x),x/€). An example of low dimensional
parameterization of a multiscale tensor is given graphically in Figure 1.1.

The inverse problem we consider consists in recovering the coefficients of the tensor Af. in
D. A first rigorous formulation of this type of inverse problem (in the single scale setting)
dates back to the 1980s, and is due to Calderén [26]. In Calderén’s formulation of the inverse
problem the question is if the knowledge of the Dirichlet to Neumann (DtN) map associated
to (1.2), which is defined as the linear operator A A, HY20D) — H~Y2(6D) given by

g— AS.Vuf-visp,

where v denotes the exterior unit normal to 4D, is sufficient to determine the conductivity
tensor, i.e. A%., in the domain’s interior. This question gained great popularity in the recent
decades and many authors have contributed to its analysis by providing results on uniqueness,
continuity and stability of such problem [66, 85, 71, 20].

In this thesis we are mainly interested in a class of parameterized anisotropic multiscale
tensors of the form Af. (x) = A(c™(x), x/€). We assume that the map (z, x) — A(t, x/¢), t€R, is
known and thus that only the function o* : D — R has to be determined in order to recover the
full tensor AZ.. For tensors that do not exhibit a multiscale variation, i.e., for (z, x) — A(z, x),
uniqueness and stability at the boundary for the Calderén inverse problem were proved
by G. Alessandrini and R. Gaburro [16], under some regularity assumptions on the map
(¢,x) — A(t, x). This result is still valid for highly heterogeneous tensors, but the stability
estimate depends then on a constant that scales as @ (). Homogenization theory [21, 33, 63]
guarantees the existence of an effective tensor Ag* such that (up to a subsequence) the solution
of (1.2) converges in a weak sense to a homogenized solution u° € H' (D) satisfying the elliptic

problem

-v-(A%.vu’)=0 inD,
o (1.3)
u =g ondD.



In this work, we show how the homogenized model (1.3) can be exploited in order to retrieve a
hidden macroscopic parameterization of AZ., based on observations obtained from the full

-
= |

multiscale model (1.2).

n2.5

1 il

Macroscopic parameter-
ization. Multiscale conductivity.

0.5

Figure 1.1: An example of a macroscopic spatial field controlling the orientation of the micro
oscillations in the multiscale conductivity. This picture is taken from a numerical experiment
in Chapter 4.

Application in linear elasticity with multiscale perforated domains. A natural extension of
parameterized multiscale inverse problems associated to the scalar elliptic model of type (1.2)
is given by inverse problems in linear elasticity with multiscale perforated domains. In this
setting the multiscale nature of the problem is due to the computational domain rather than
the elliptic operator. Given an open bounded set D c R?, d < 3, we consider a perforated
domain D? c D, whose degree of fineness is inversely proportional to €. We assume that D*
is connected and that dD < dD*. A graphic representation of this setting can be found in
Figure 1.2. GivenI'y cdD, ', c 0D, such that [T'1],|T2| >0, T1nT> =@, M ul', =0D,he L[%(T9),
we consider the linear elasticity problem

0 ouf o
_a_xj'(Aijlmﬂ):O in D*,
u = only,
6”? (1.4)
Az]lmax ]—h only,
6u
Aijlmaxmvj =0 on GDE\OD,
fori=1,...,d, where v is the unit outward normal at the boundary, and A = {A; j;;m}1<i,j,1,m=a>

Ajjim € R, is a constant fourth-order tensor. Note that the Einstein summation convention
is used in (1.4). If the material is assumed to be isotropic the tensor A depends only on two
scalar coefficients, e.g., the Young’s modulus and the Poisson’s ratio. In this work we assume
that these two coefficients are unknown and we wish to estimate their values through the
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knowledge of measurements coming from (1.4) and by employing the homogenized equation

o o Gu(l) )
—a—xj Aijlmm =0 lnD,

u’=0 onTj, (1.5)
0 ou)
Aijlmmvfzhi onTl'y,

where A° = {A(l.’j =i j L m=d> A(i)j ;,m € R, is the homogenized fourth-order tensor. The prob-
lem (1.5) is defined on a much simpler geometry and is a good approximation of (1.4) in the
limit € — 0.

efloocoool ¢[00QO0
OO0OO0OO0O0 0O 0o
OOO0OO0OO 0 O0 OO0
OO0OO0OO0O0 0 So 0o
OO0OO0OO0O0 SEQNINNG;

Figure 1.2: Domain D and two examples of multiscale perforated domains, one periodic and
one random.

Tikhonov regularization of inverse problems. Having introduced the PDE models we will
use in this thesis, we now return to the more abstract setting of (1.1) and briefly outline how
homogenization techniques can enter into the solution of such problem. Consider the inverse
problem introduced in (1.1) and let G° : U — V be the homogenized observation operator
associated to G*. A coarse graining approach to the inverse problem (1.1) consists in solving
the problem:

given z=G*(0") eV, find o € U such that G°(0) = z. (1.6)

Thanks to the homogeneous nature of G° this problem is often less computationally expensive
than solving (1.1). However, it is typical of inverse problems as (1.1) or (1.6) to be ill-posed:
their solution is neither guaranteed to exist, nor to be unique, nor to be stable with respect
to the measurement z. Moreover, when solving (1.6) additional difficulties arise from the
discrepancy between the model generating the data and the one used to reproduce them.
In what follows we focus on the solution of the homogenized inverse problem (1.6). One
approach to solve (1.6) is to consider the optimization problem of finding

argmin ||z — GO(U)H%/.
oelU



However this minimization problem may possess minimizing sequences which do not con-
verge, or even exhibit multiple minima. One way to ensure uniqueness and convergence of
the solution is to consider the regularized Tikhonov minimization problem [88] which aims at
finding

argmin|z— G’ (@) +llo — ool
geW
where W is a Banach space compactly embedded into U and oy € W. This regularization
strategy aims at producing a reasonable estimate of the quantity of interest based on the
observations available, the space W and the point 0. However, in some cases a simple point
estimate of the unknown could not be satisfactory. Moreover, the choice of the norms | - |
and |- |lv and of the point o are arbitrary and in many cases difficult to establish a priori.

Bayesian regularization of inverse problems. An alternative technique for regularizing the
inverse problems (1.1) and (1.6) is represented by the Bayesian approach [64, 84, 39, 40, 41].
In the Bayesian approach for inverse problems every quantity is treated as a random variable,
and the solution of the problem consists of a probability distribution over the quantity of
interest rather than a single point estimate. Let us assume that the space of the observations
is finite dimensional, i.e., V = R”, and that the measurements are polluted by a source of
noise { € R" whose actual value is unknown, but which is distributed accordingly to a known
probability measure. A typical example of the measurement model is given by

z=G(@")+{, {(~N0,Cp), (1.7)

where C; is a given covariance matrix. Hence the probability distribution of z given o is
equal to A (G%(0), C¢) for any value o € U. Another essential assumption underlying Bayesian
regularization is that all our prior knowledge about the parameters of interest can be encoded
by a probability measure, the prior, which we denote by uy,,. Then, Bayes’ formula yields the
probability measure of o given the measurement z, which is denoted by uf(o|z) and referred
to as the posterior measure, i.e., the posterior is related to the prior measure through the
Radon-Nikodym derivative

dut(olz)

1
- -—llz-G* 21, 1.8
dipr(0) & OP| 3 lem @l (1.8)

where |- ||, is the norm induced by the scalar product
Goe = GG,

Since the proportionality constant in (1.8) is unknown, one needs to sample from the poste-
rior measure through Markov chain Monte Carlo (MCMC) methods, which allow to obtain
a Markov chain whose stationary distribution is given by u®(g|z). Obtaining a whole distri-
bution instead of a single point estimate as for the Tikhonov regularization, allows for the
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uncertainty quantification of the parameters of interest. However, we emphasize again that
the dependence of uf on the observation operator G?, which depends on a fine scale €, implies
a computational expense which in most cases could be not affordable. Hence, according to
the coarse graining approach, we sample from the posterior measure defined by

duo (0|2)

1
= " xexp|-=lz-G’ ()% |. (1.9)
d/Jpr(O') P 2 &

This measure is independent of the small scale € and can thus be approximated efficiently.
However, we emphasize that the mismatch between multiscale and homogenized models
gives rise to a source of error which can not be neglected far from the asymptotic regime £ — 0.
Let us furthermore remark that the observation operator can not be reproduced exactly and
in practice is always replaced by an appropriate approximation (obtained by means of finite
element methods (FEMs) or finite difference methods (FDMs) for example), which yields
additional sources of errors that have to be taken into account in the inversion process. Even
if such errors would converge asymptotically to zero as we refine the approximation, they
can not be made arbitrarily small with a fixed computational budget. Thus, it can happen to
have to face approximation errors which are relatively large, and that can propagate into the
posterior measure and cause incorrect predictions. In the literature this problem has been
treated in several studies and we recognize basically two different ways of proceeding. One
approach is to try to empirically estimate the approximation error by a probability distribution
and include it in the definition of the posterior measure to account for model discrepancy
(see [28, 27]). Other works as [60, 38, 68, 12] illustrate how the use of probabilistic models
(obtained considering a random space or time discretization for example) for solving inverse
problems gives rise to a posterior measure which is more robust to failure and which better
reflects the uncertainty in the solution due to the approximate model.

1.1 Literature overview

In the following we briefly review the literature related to this thesis. In particular we give an
overview of the state-of-the-art in numerical multiscale methods and selected works which
faced multiscale inverse problems.

Finite element multiscale heterogeneous multiscale method. The approach we suggest
to solve multiscale inverse problems is based on homogenized models. Given a multiscale
problem, an explicit form of the corresponding homogenized model is usually not known
and can only be recovered at some points of the computational domain. This is the basic
idea behind the heterogeneous multiscale method (HMM) which was introduced by E and
Engquist [47] (see also [11] for a complete overview of the method). The method aims at
recovering input data of the homogenized problem by relying only on the data defining the
fine scale problem, which is achieved by solving appropriate micro problems on sampling
domains.
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When finite elements are used as macro and micro solvers the method goes under the name
of finite element heterogeneous multiscale method (FE-HMM). This method introduces a
macro and a micro finite element space, and given a macro quadrature formula, it proceeds
by recovering the homogenized problem only on the given macro quadrature points. It has
been applied to a large category of problems and applications, such as diffusion problems [47],
parabolic problems [10], the wave equation [13], the Stokes equation [5] and linear elasticity
problems [2, 49]. We also mention [61] for a description of the method when dealing with
elliptic problems defined on multiscale and periodic perforated domains. A priori error
estimates [1, 3, 48] guarantee theoretically the quality of the FE-HMM which makes it an
extremely attractive method for multiscale PDEs.

Reduced basis finite element heterogeneous multiscale method. The main cost of the FE-
HMM is represented by the solution of the micro problems, whose number and degrees of
freedom increase as we refine both macro and micro discretizations. It is important to remark
that such micro problems could be solved in parallel, since they are mutually independent.
However, we can further reduce the computational cost by employing reduced basis (RB)
techniques [80, 79] to obtain a small number of precomputed micro solutions which can then
be appropriately interpolated when solving the forward problem. The combination of RB and
the FE-HMM is developed in [4] for elliptic equations and in [5] for Stokes problems.

The main idea of the RB methodology is to approximate the solution of a parameter depen-
dent problem by projecting it onto a low dimensional solution space, which is spanned by
precomputed solutions of the original problem corresponding to a small set of parameter’s
values. In particular in the FE-HMM setting it is often the case that the micro problems are
parameterized by the given macro quadrature points. The RB-FE-HMM is then based on two
stages. At first, during what is called the offline stage, the method is trained on a set of different
input locations and a small number of micro functions are selected to construct the reduced
space by using a greedy algorithm. Then, this new small set of basis functions is used to obtain
fast evaluations of micro problems during the online stage.

Multiscale inverse problems. Parameterized multiscale inverse conductivity problems of
Calderén’s type have first been introduced in [54], where it is assumed that the multiscale
tensor is of the form A®(c*(x),x/€), and ¢* : D — R has to be recovered. It is shown via
numerical experiments that numerical homogenization can be used for the considered class
of multiscale inverse problems by assuming that * is parametrized by a small number of
piecewise smooth coefficients. In Chapter 3 we generalize the applicability of the numerical
homogenization to generic scalar fields and without any formal assumptions on the map
(t,x) — A(t,x/¢), (t,x) € Rx D. Hence, we provide a theoretical investigation of both the
model problem and the computational approach for the coarse graining strategy. We mention
also that inverse conductivity problems in the multiscale regime have been already treated
in [73]. However there the problem’s setting is different from the one we consider, as well
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as the theoretical and numerical results. Indeed the authors, given some measurements of
the fine scale solution u?, are interested in recovering the effective tensor rather than the full
multiscale tensor, and, for this reason, no use of numerical homogenization is employed. In
our setting numerical homogenization is instead necessary to retrieve the low dimensional
parameters needed to recover the full multiscale tensor. We also mention the work [43], where
a geometric framework for homogenization and inverse homogenization is introduced. The
numerical method builds on harmonic coordinate transformations which require one to solve
multiple fine scale problems over the whole domain. Again this setting differs from the one
we propose in this thesis.

1.2 Main contributions and outline of the thesis

In this thesis we develop new numerical strategies based on homogenization and model order
reduction to solve efficiently multiscale inverse problems. We consider both Tikhonov and
Bayesian regularization of inverse problems. In what follows we outline the structure of the
thesis and we highlight our main contributions.

In Chapter 2 we recall homogenization theory and numerical methods for scalar elliptic
multiscale problems. We give a detailed description of the FE-HMM and the RB-FE-HMM
which will be used later in the thesis to build the numerical method we propose. A new
numerical scheme to compute effective boundary fluxes is described, and a priori error
estimates for this method are provided. In particular, this part of the chapter is based on
results obtained in [9].

In Chapter 3 we consider parameterized multiscale inverse problems of Calderén’s type. We
assume that the multiscale tensor is locally periodic and of the form Af. (x) = A(o™ (x), x/¢),
where ¢* : D — R. By assuming that the fine scale problem is well-posed in the sense of [16],
we show that the effective inverse problem, with observed data consisting of the homogenized
DtN map, is also well-posed, and we establish stability results independent of the small scale
€. As the full DtN map is usually not available, we discuss a numerical strategy based on finite
measurements of this map. The inverse problem requires regularization to be solved, and thus
we opt for Tikhonov regularization. Moreover, by means of G-convergence we characterize the
convergence of the solution of the effective inverse problem with multiscale observations as
& — 0. Finally, we provide a new numerical strategy based on the HMM framework and RB
techniques for solving the inverse problem. The convergence of the discrete optimization
problem is established and various numerical results are presented to test our theoretical
findings. The content of this chapter is essentially based on [9].

Departing from the preceding chapter, where in order to ensure well-posedness we solved
the problem by means of Tikhonov regularization, we recast in Chapter 4 the problem into a
statistical framework, and develop a multiscale numerical method based on Bayesian tech-
niques. The prohibitive cost of sampling from the multiscale posterior measure, forces us to
introduce an effective forward operator and a related effective posterior measure. We give a
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rigorous Bayesian formulation of the problem, and prove the well-posedness of the effective
posterior measure, considering log-Gaussian and level set priors. We establish a link between
the effective posterior measure and the fine scale model in terms of Hellinger distance, using
G-convergence, to quantify the homogenization error introduced in this framework. The
numerical method builds on the RB-FE-HMM. Inspired by [28] we provide an offline algo-
rithm to approximate numerically the homogenization error distribution and to correct for
the model discrepancy. Numerical experiments that illustrate our multiscale inverse method
and confirm our theoretical conclusions are also presented. This chapter is based on [7].

In Chapter 5 we give a rigorous formulation of the RB-FE-HMM for solving linear elasticity
problems in multiscale perforated domains. In particular we consider random perforations. Af-
ter having derived homogenization results for our model problem, by following ideas from [24]
we describe how in practice the coefficients of the effective tensor are approximated. We pro-
vide a priori error estimates for the method and we conclude the chapter with some numerical
experiments. The content of the chapter is based on [8].

In Chapter 6 we consider inverse problems in linear elasticity with multiscale random perfo-
rated domains. We develop a method based on homogenization and Bayesian regularization.
By extending the results obtained in Chapter 4 into the context of linear elasticity, we prove
existence and well-posedness of the effective posterior measure. Using G-convergence, the
convergence of the effective posterior measure towards the fine scale posterior is established
in terms of the Hellinger distance. The numerical method is based on the RB-FE-HMM and
since the multiscale model is randomly defined, we have to deal with an additional source of
error which is inversely proportional to the size of the micro sampling domains. This error
propagates into the effective posterior often leading to overconfident and misleading predic-
tions. Therefore, we develop a probabilistic numerical method which allows to account for
the impact of the modeling error in the forward solver and which gives rise to a new effective
posterior measure which reflects the uncertainty in the approximate solution due to the nu-
merical method. This new effective posterior measure converges nonetheless asymptotically
with respect to the size of the micro domains. The content of this chapter is based on [6].

Finally we end with Chapter 7, where conclusions, future perspectives of research, and devel-
opments related to the topic of the thesis are discussed.






YA Homogenization and multiscale meth-
ods for elliptic equations

In this chapter we recall homogenization theory and numerical methods for the approximation
of multiscale second order elliptic PDEs. Let D be an open bounded domain in R?, d < 3.
Given fe H —1(D) and geH 1123 D), we are interested in finding the weak solution u® € H 1))

which solves
—-V-(A°VuS)=f inD,
(2.1)
ut=g ondD,
where Af is a highly heterogeneous tensor which presents variations at a very fine scale
€ < 1. To ensure the well-posedness of (2.1), we assume A¢ to be elliptic and bounded, i.e.,

Af € M(a, B, D), where
M(a, B,D) = {A e (L°DN* : a|b|? < A(x)b-b,|A(X)b| < BIb],¥heR?, and a.e. on D} .

For simplicity, in what follows we will always assume A? to be symmetric and we will consider
only Dirichlet conditions at the boundary. However the results presented can be generalized
to non-symmetric tensors and other choices of boundary conditions.

Outline. The outline of the chapter is as follows. In Section 2.1 we recall homogenization
results for elliptic scalar equations. In Section 2.2 we describe the finite element heterogeneous
multiscale method (FE-HMM), and provide a priori error estimates. Moreover we introduce
a numerical method based on the FE-HMM to approximate the homogenized flux at the
boundary. We report partly the analysis of the method, which was obtained in [9]. In Section 2.3
we illustrate the reduced basis finite element heterogeneous multiscale method (RB-FE-
HMM), which combines the FE-HMM and reduced basis techniques to reduce further the
computational cost of the FE-HMM.

11
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2.1 Homogenization of elliptic equations

Homogenization theory [21, 33, 63, 77, 87] aims at describing the asymptotic behavior of
multiscale PDEs. Concerning (2.1), it is well-known that there exists an effective tensor A°
such that the solution to problem (2.1) converges (in a weak sense) as € — 0 to a homogenized
solution u°, which solves the problem

-v-A%u®)=f inD,

0 (2.2)
u =g ondD.

Locally periodic case. One often assumes to have scale separation between the slow and
the fast variables, i.e., the tensor can be written as

Af(x) = A(x, x/e),
where x/e denotes the fast variable. In the case of locally periodic tensors, i.e,
Ajj(x,xle) = A;jj(x,y), Aij(x,-)is Y-periodic, VxeD,Vi,j=1,...,d,

where Y = (0,1)4 denotes the domain of periodicity, it is possible to give a formal expression
for the coefficients of the homogenized matrix A°. Indeed they are defined as

A(i)j(x):fA(x,y)ei-(ej—Vy)(j)dy, Vi,j=1,...,d. 2.3)
Y

In (2.3), the micro functions )(j ,j=1,...,d, are defined to be the unique solutions of the cell
problems: find y/ (x,-) € W, (Y) such that

fA(x,y)Vy)(j-Vyvdy:fA(x,y)ej-Vyvdy VUEWI}er(Y), (2.4)
Y Y

where {e/ }?: is the canonical basis of R% and

Wier (V) = { V€ Hper (V) : /Udyz 0} ,
Y

and H!,.(Y) is defined as the closure of C3,(Y) for the H'(Y)-norm (where Cper(Y) denotes

per per
the subset of C*®(R%) of periodic functions in Y). We recall that the quantity

l U”wpler(y) =IVulzzy

defines a norm on Wr}er(Y). From (2.3) and (2.4) one can show that the homogenized tensor
AV is uniformly bounded and elliptic (see [33] for example). We remark that for globally

12
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periodic tensors, i.e., A*(x) = A(x/e) = A(y) Y-periodic in the y variable, the corresponding
homogenized tensor A° is constant on the whole domain.

For which concerns the convergence of uf towards u° it can be shown that (see [21, 81] for
example)
uf — u° weakly in H' (D),

ASVuE — A°Vu®  weakly in (L2(D))?.

Extension to the non-periodic case. When considering non-periodic tensors, it is not pos-
sible to charcaterize formally the coefficients of the tensor A% as in (2.3). However, from
the theoretical point of view we can rely on the concepts of G-convergence [83, 42] in the
symmetric case, and H-convergence [70]. Let us recall the definition of G-convergence.

Definition 2.1.1. Let {A®}.-¢ be a sequence of symmetric matrices in M(a, §, D). We say that
{A%}.>0 G-converges to the symmetric matrix AYe M(a, B, D) if and only if for every function
fe H (D), g€ H2(8D), the solution uf of

~V-(AVuS)=f inD,
u‘=g ondD,

is such that

u® —u’ weaklyin H (D),
where ©? is the unique solution of

-vV-(A°Vvu’)=f inD,
=g ondD.

A consequence of G-convergence is the weak convergence of the flux

ASVUE — A°Vu®  weakly in (L2(D))?.

The G-convergence possesses the following main properties (see [33] for example).

1. The G-limit of a G-converging sequence {A%}¢~¢ in M(a, 8, D) is unique.

2. Let {A%},~0 and {B%}.~( be two sequences of symmetric matrices in M(a, 8, D) which
G-converge respectively to A? and B. If for some subset X c D one has

A =Bf inX Ve>0,

13



Chapter 2. Homogenization and multiscale methods for elliptic equations

then
A°=B% inX.

3. Let {A%}¢>0 be a sequence of symmetric matrices in M(a, 8, D). Then there exists a
subsequence {AE’}8/>0 and a matrix A° € M(a, B, D) such that {Ag/}5r>0 G-converges to
A°,

4. Asequence {Af}.~¢ of symmetric matrices in M(a, 8, D) G-converges if and only if all its
G-converging subsequences have the same limit.

In practice the homogenized tensor is usually not known analytically (for both the locally
periodic and non-periodic case) and therefore numerical homogenization is needed. The idea
is to approximate the values of the homogenized tensor on given locations x € D by solving
appropriate cell problems such as (2.4) on sampling domains. This is the strategy behind the
FE-HMM which we will describe in next section.

2.2 Finite element heterogeneous multiscale method (FE-HMM)

Given f € H"(D) and g € H'?(dD), we consider the problem of finding the weak solution

ut € HY(D) such that
_V-(A*Vuf)=f inD,

. (2.5)
u =g ondD.

If we denote u® = i + Rg, where ii° € H; (D) and Rg is an appropriate Dirichlet lift of g, the
variational formulation of problem (2.5) reads: find i € H& (D) such that

B (11°,v) = F(v) = B¢(Rg, V) VUEH&(D), (2.6)
where B, is the bilinear form defined as

B:(v,w) = fAEVv-dex,
D

and F is the continuous functional

F)=<f, V) 1), 0} (D) -

Lax-Milgram theorem ensures the existence of a family of solutions {#*}.¢, which is bounded
in H& (D) independently of €. Trying to approximate (2.6) by means of standard numerical
techniques such as the finite element method (FEM) is prohibitive in terms of computational
cost, since they require mesh resolution at the finest scale.

The FE-HMM is a numerical homogenization method which aims at approximating the

0

effective solution u” corresponding to (2.5). It has been studied extensively in the literature

14
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Figure 2.1: Macro and micro domains for the FE-HMM. Micro sampling domains K, located
around the quadrature nodes xg; of the macro mesh.

and we refer the reader to [1, 3, 48, 74] for more details. The method is based on a macroscopic
partition of the domain D, on which a macro quadrature formula is given. The idea is to
approximate the values of the homogenized tensor only on the given macro quadrature points
by solving PDEs on micro domains centered at the given macro quadrature points. Let us
remark that even if we consider the model problem (2.5), the method can be applied to a large
class of problems. Moreover it does not require particular structures in the oscillating tensor
such as periodicity, and relies only on input data given by the fine scale model. However, we
still assume to have scale separation between slow and fast variables so that A*(x) = A(x, x/¢).

2.2.1 The numerical method

The FE-HMM is based on a macro finite element space S(l) (D,9x) defined as
sy, i) ={v" € Hy(D) : v € 2! (10, YK € T},

where 9 is a partition of D in simplicial or quadrilateral elements K of diameter Hg, and
2!(K) is the space of polynomials on K of total degree at most [ if K is a simplicial element,
while if K is a quadrilateral element 2 (K) is the space of polynomials on K of degree at most
! in each variable. For the given mesh 9, we define

H = max Hg,
K€3_H

and we allow H to be much larger than €. We will always assume that the partition 9 is
admissible and shape regular, i.e.,

* the intersection of two elements is either empty, exactly one vertex, or a common face,
and Ugeg;,, K = D;

* YK € Jy,3x >0 such that Hx/pk < x, where pg is the diameter of the largest sphere
contained in K.
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For each element K € 93 we consider a reference element K, such that K = Fx(K), where Fx
is a C!-diffeomorphism. We assume that a quadrature formula {% @ j}§:1 on K is given, and
that it satisfies @; > 0 and

] * A
fﬁ(fc)dfc: Y aipi) vpe?' (K, 2.7)
% =l
where [* = max{2]/ -2, [} if K isa simplicial element, or [* = max{2/—1,+ 1} ifKisa quadri-
lateral element. Note that the transformation Fx induces a quadrature formula {ij yWK; }521
on K, such that XK; = Fk(X;) and wg; = @ j|det(0Fk)| > 0, which satisfies

fp(x) dx =
X J

wk,plxg,) YpeP' (K). (2.8)
1

J
Given the macro finite element space Sé (D, ), one could think of applying directly the finite
element method to the problem (2.2) by finding u®# = ®H + Rg, where > € S)(D, T3) is
the unique solution of

Bo,u (@, vy = Fw™) - Bou(Rg, v™) Vv e S\(D, T, (2.9)
where
H H / 0 H H
Bou(w",w)y= ) Y wrA k) Vo' (xx) - Vw' (xx,), (2.10)
Keg'Hj:l

and Ry is a Dirichlet lift properly chosen. However, as already mentioned, the value of Alis
usually not known. Then we introduce micro problems to evaluate the homogenized tensor
on the macro quadrature points. To do so, for each macro element K € 9, and for each macro
quadrature point XK;, We define a micro domain ng = XK; + (=8/2,6/2)%, 5 = €. Then, for a
sampling domain Ks; we introduce the micro finite element space

S9(Ks,, Ti) = {zh € W(Ks,) : 2"|r e PUT),VT e 3‘h} :
where
W (Ks)) = Wer(K,) 2.11)
in case of periodic coupling, or

W (Ks)) = Hy (Ks)) (2.12)
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for a coupling with Dirichlet boundary conditions. We define the bilinear form

H . Hy _ Lo
By, w™ =) )

Kegy j=1 |

K
d f Af () Vol . Vwl dx, (2.13)
K, i ]
K,

where vI@ (respectively wl}g) denotes the solution to the micro problem: find UI@ such that
] ] ]

h _ ,H q a-
Vi, vhnijS (Ks;»Tn) and

f A Vg -Veldx=0 Vz"eSUK;, ), (2.14)
ng

where v{;lj(x) = vH(ij) +(x— ij) -VUH(ij). Finally the FE-HMM solution is given by
ul = gH 4 Rg, where e S(l) (D, Jg) is the unique solution of

By (@, v™) = F(w™) - Bu(Rg, v™) Vv e SL(D,Tm).

Reformulation of the FE-HMM. The values of the homogenized tensor can be computed
during the assembly process by findingfor Ke Iy, 1< j<J,1<i=<d, )Z;(]h € Sq(ng,th) such
that

fAE(x)V)Z%l-Vzhdx:fAs(x)ei-Vzhdx vz e S7(Ks,, Tr). (2.15)
Kg]. ng

Once the functions ﬁ(h have been computed, the coefficients of the numerical homogenized
]
tensor can be approximated as

1
0,h _ € ! m ~m,h

Alm(ij)_@fA (x)e - (e —V)(Kj )dx. (2.16)

j Kaj
The bilinear form (2.13) can then be rewritten in the equivalent form [4]
H  H / h H H
Bu",why= 3 3wk A" (xx) Vol (xx,) - V' (xk), (2.17)
Kegy j=1

which reminds to the bilinear form (2.10), but differs from it since the unknown value of
AO(ij) is replaced by its numerical approximation.

2.2.2 A priori error analysis

In this section we provide a priori estimates for the error between the exact homogenized
solution u° of (2.2) and its approximation 1!’ obtained by means of the FE-HMM. A complete
proof of the convergence rates is provided in [1, 3], while here we limit ourselves to reporting
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the results given there.

Let us in introduce the semi-discrete bilinear form

()&
- f Af(X)Vg, - Vwg, dx, (2.18)
Ks; |
Ks;

J
By, wh="% )

Kegy j=1 I

where VK; (respectively w ;) is the exact solution of (2.14) in the Sobolev space W(Ks,). Hence

we define i = 4 + Rg, where afle SL(D, Ip) is the unique solution of

B (@, v = Fw™) - Bu(Rg, v™) Vv e S§(D,Tm).

Note that (2.18) can be rewritten in a similar form as (2.17)

. J ~
B, wy= Y Y w0k A (xx) Vo (xk) - V' (k). (2.19)
Kegy j=1

In this case the coefficients of A° are computed as in (2.16), with the difference that the micro

functions )Z}(]h € S‘7(K5j,f/‘ 1) are replaced by the exact solutions of (2.15) ﬁq € W(ng).

Using the triangle inequality, we decompose the global error as

0 H
lu” —u’ll g py < llemacll g oy + lemod | 11 (D) + Il €micll 1oy » (2.20)

where we have used the notation

0,H H _~H

_ .0 A _ .0 _ ~H H
€mac=U —U" ", €mod=U —Uu -, emic=U —U .

Note that the function u%
scale finite element method to the problem (2.2), as defined in (2.9). Hence, the macro error
emac can be bounded by using standard FEM error estimates [31]. Assume (2.7) holds and let
u®e H"*(D) and A}, e W'*'(D), 1<, j < d. Then we have that

is the numerical solution obtained by applying the standard single

0 H 1
lu” —u”llgpy < CH" + llémod |l 51 (D) + Il emicll 11 (py »

where C is a generic constant independent of H, h, € and . Note that from (2.10), (2.17)
and (2.19) we get the following bounds for ep,q and epmjc:

lemodll 1 (py < C sup sup A% (xx;) = A°(x) g,
Kegyl=sj=<]

lemicll g (py < C sup sup 1A% (xk,) — A" (x)lIg,
Kegylsj<]

where || - || is the Frobenius norm. To estimate the quantity en;c we need to make necessary as-
sumptions about the regularity of 7% € W (Ks,). In particular, we assume that §% € H"! (K ))
J J
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and that

|X}<j|Hq+1(K5j) < Cg_q‘ / |K6j|’

where C is a constant independent of 7, j, K, € and 6 (see Remark 4.6 in [11] for a justification
of this assumption). Under these assumptions it can be proved that for both periodic and
Dirichlet coupling we have

h\?4
lemicllgiipy = C{ =] -
€

Finally, explicit error estimates for the modeling error can be provided in the case of locally
periodic data, i.e.

Af(x) = A(x, x/€),
and
Ajj(x,xle) = Ajj(x,y), Ajjx,-)is Y-periodic, VxeD,Vi,j=1,...,d.

By replacing A¢(x) with A(ij ,x/€) in (2.13), (2.14) we get [48, 14]

. 1 0
llemodll g1 (py =0 if W(K5;) = Wper(K5,) and p eN,
€
lemoall s () < C5 if W(Ks,) = Hy(Ks,) and 6 > €.
Remark 2.2.1. Let us emphasize that for a given accuracy, the computational cost for solving

the micro problems is independent of €. Let Nipac and N be the degrees of freedom in each
direction for the macro domain and the micro domain respectively, so that

H=0(N,l.), h=0G@GN_1).

mic
Since 6 = ne, n€N, n> 0, we obtain
lemicll < Ch*7,
where C is independent of €. Then we obtain

11 = uM ) < CONhe + Nope) + llemodll 11 (1 -
Hence, by choosing Nipac = N, Npic = N 1124 gop optimal convergence, the total complexity is
6(N90+1129) 1y where J denotes the number of sampling domains per macro element K € I,
for an accuracy of @(N~'). Finally, we emphasize that the micro problems are independent
one from another and they can be solved in parallel. Hence the complexity of the method can
be further reduced.
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2.2.3 Approximation of the effective normal flux at the boundary

In this section we describe the numerical scheme to approximate the normal flux at the
boundary for the homogenized PDE (2.2). We will denote the flux with the help of the Dirichlet
to Neumann map associated to the tensor A?, i.e.

Ago:ge H?@D)— AVu -vigp e HV?(0D),

where v denotes the exterior unit normal to dD. The method is based on a Galerkin pro-
jection [30], and is analyzed in detail in [78] in its classical finite element formulation. In
particular, it allows us to obtain super-convergence of the approximate flux in the L?(4D)-
norm, and we aim at showing how such a super-convergence result can be extended in the
context of the FE-HMM. In what follows we assume D to be a polygonal domain. The method
is described and analyzed for the case of piecewise simplicial macro and micro finite elements.
Moreover we consider locally periodic tensors of the form A (x) = A(x, x/¢),

Aijj(x,xle) = Ajj(x,y), Ajj(x,-)is Y-periodic, VxeD,Vi,j=1,...,d,

and we assume to have periodic coupling for the micro problems. Under these assumptions it
is possible to collocate the slow variable of A®(x) at the macro quadrature points xx. Hence
the bilinear forms (2.10), (2.13), (2.18) respectively become

Bouw", why =Y |KIA(xx) Vo (x) - VwH (xx),

KEf/*H
H  H K] h h
Bu", w"y=) — | Alxk,x/e)Vvg-Vwidx,
KEg"H|K()‘|K5
= H o H K]
Byw", w™y= ) — | Alxk,x/e)Vvg-Vwgdx,
Kef]"H |K§|K5

where vk (respectively wg) is the exact solution to the micro problem (2.14) in the space
of functions Wr}er(K(;) with A®(x) and K, replaced by A(xk, x/€) and K; respectively. Let us
introduce the following subspaces of S' (D, 9%) :

SHD,Tw) = {v € SY(D,Ty) : v = 0 at the corners of D},
S}(D,J"—H) = {vH € SL(D,Ty) : v™ = 0 at the interior nodes of D} .

Assume that the forcing term f € L?(D) and that the flux is in L2(dD). Using integration by
parts we have the following relation for the flux

fAAogvds:Bo(uO,v)—ffvdx VYve H(D), (2.21)
oD D
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2.2. Finite element heterogeneous multiscale method (FE-HMM)

where

By (v, w) :fAOVv-dex.
D

Let us denote by S1(0D, Jy) the finite dimensional space of functions which are restrictions
to the boundary of functions living in Sé(D, 9 1). Hence by following [30, 78] we define the

numerical flux by constructing a function Afa ,& € S1(0D,J7;) such that

fAfjo,hgqus:BH(uH, UH)—fvadx vovl e LD, ), (2.22)
oD D

where the value of the flux at the corners of D is assumed to be known, as specified by direct
calculations from the given Dirichlet conditions. Let us remark that ' has already been
computed, and so solving (2.22) reduces to solving a linear system whose unknowns are the
values of the flux on the nodes of 8D, except for the corners. To obtain an error estimate for
the approximate flux, we recall the following inverse inequality, which relates the functions in
S}(D,TH) to their traces on dD.

Lemma2.2.2. Let X = X(D,9y) denote a strip of elements in Iy, with each element having at
least one vertex on 0D, and let v € S}(D, Ip). Then

H —1/2y ., H
||Vl) ||L2(X)SCH / ”U ”Lz(ﬁD)'

Lemma 2.2.3 (See [78]). Consider a quasi-uniform family of macroscopic triangulations
(T} 0. Let the solution u® of the effective problem be in H3(D), f € H*(D), A® € (W>*°(D))?*4,
Let v¥ € SH(D, Iy). Then

1Bo(u®, v) = Bo, g (u®H, v < CH32 (161l g3 .oy + 1 Fl 2 o) 1 v 129 -
Let .# A 4 g be the linear interpolation of A 4 g on dD.
Lemma2.2.4. Letv/ e S} (D, T ). Then the following interpolation error estimate holds:

(Mg —FTN g v 26p) < CH 160N s iy v 11 2 01 -

Proof. A complete proof of this result is given in [78]. It is a consequence of the Bramble-
Hilbert lemma, which yields

”AA"g_*]HAAOg”LZ(aD) < CH3/2||AA0g||H3/2(0D) .

O

Following [78], we can then obtain the following theorem, which establishes convergence
rates for the numerical flux in the L?(0D)-norm.
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Chapter 2. Homogenization and multiscale methods for elliptic equations

Theorem 2.2.5. Consider a quasi-uniform family of macroscopic triangulations {9} g>o.
Assume that the coupling between macro and micro meshes satisfies H = O (h/¢€), and that the
micro sampling domain has size 5 = ne, where n € N, n> 0. Let the solution u® of the effective
problem be in H*(D) and A° € (W2 (D))4*4. Then the approximate boundary flux computed
by means of (2.22) satisfies

h

3/2
||AAog_A,Ic_110,hg”L2(6D) = C(H3/2 i (;) ) ’

where C is a constant independent on H, h, and €.

Proof. Subtracting (2.22) from (2.21), we obtain
(Mg — A8 v 2oy = Bow®, ™) = By, v™) Vv € S{(D, TH). (2.23)

Since for each function v € S} (D, 9x), there exist two functions wH e S(l) (D,9x) and zHe
S} (D, 9 ) such that v = wH + zH and hence (2.23) can be rewritten as

(Apog— Afo,hg) VH>L2(0D) =h+1L+1s,
where

I = By, z) — By y(u®H, z1),
I = By g (u®H, 2z - By (@i, z'),

Iy = By(@", z") - By(u,z").
From Lemma 2.2.3 we have that
\h < CH1 2" 29D -

On the other hand, it is well-known [1, 3] that

]’l 2
| I3] sC(;) Vel 2oy IV2 1 2 s

where C is a constant which is independent of 6 and xg. The term I, captures the modeling
error, which vanishes under the assumptions that the locally periodic tensor admits explicit
scale separation between slow and fast variables, that the slow variable is collocated at the
quadrature point, and that 6 = ne, with n € N, n > 0. Hence, from the bounds for I; and I3,
and using the fact that I = 0 together with Lemma 2.2.2, we obtain that

h\?
<AA0g_AZIO,thZH>L2(aD)SC(H3/2+( ) H 1/2) ”ZH”LZ(aD) VZHES}(D,LO/—H).

£
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2.2. Finite element heterogeneous multiscale method (FE-HMM)

We note that

(A pg— A8 2™ poap) =M wg - I Awg, 2") 120
+(ITA pg- Afo.h 82" r20m)

where .# is the linear interpolation operator which appears in Lemma 2.2.4. Then

(ITNpg— A8, 2" 2y =(A g — A 8.2 2 ap)
+(IHN g —Apg 2™ 20p) -

By choosing z/' = #H A jog - AIA{O,hg, thus we obtain that
h 2
197N pog = AL gll2omy < C (Hw + (;) H_m) :

Finally from the triangle inequality and the fact that H = @' (h/€) we conclude that

3/ (h 3/2)
H'+|— . (2.24)

1A 08— A gllopy < C .

O

Remark 2.2.6. Again we emphasize that the computational cost for solving the micro prob-
lems is independent of ¢, since the size of the micro domain é = ¢ is proportional to €. Let
Nmac and Npic be the degrees of freedom in one direction for the macro domain and the micro
domain, respectively. Then (2.24) can be rewritten as

A8 — Azlo,hg”Lz(aD) < C(Npac + Npin?) -

mic

Hence, by choosing Ny = Nmic = N for optimal convergence, the total complexity is O (N?)
for an accuracy of G(N3/?).

Numerical experiments. We perform some numerical experiments to test the convergence
of the method and to observe how the micro error affects the approximate flux. We consider
the elliptic problem

-V-(A*Vu®) =0 inD,

u‘*=g ondD.

The domain D is defined as
D={x=(x1,x2):0< x5, X2 <1},
while

g =sin(m(x1 + x2)).
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Chapter 2. Homogenization and multiscale methods for elliptic equations

We perform two numerical tests for two different choices of A®. In the first experiment we
consider the locally periodic tensor

X

At (x, x1€) = (16063 — x1) (o - x2) + 1) [cos? (21 +1),

€
X;

Aga (x, x1£) = (16(x% — x1) (2 - x2) + 1) [sin (27[;2) +2),

App(x,x/e) = As1(x,x/€) =0.
We compute the approximate flux on the boundary nodes by means of the FE-HMM. We solve
the problem for different choices of H and h/e. To compute the error we use a reference

solution computed with H = h/e = 1/64. The size of the micro domain is such that § = ¢.
Numerical results are shown in Table 2.1 and Figure 2.2.

H=1/4 | H=1/8 | H=1/16 | H=1/32 | H=1/64
hle=1/4 | 3.0276 1.0388 0.5654 0.4689 0.4485
hle=1/8 | 2.6499 0.7069 0.1962 0.0715 0.0469
hle=1/16 | 2.6154 | 0.6803 0.1700 0.0395 0.0093
hle=1/32 | 2.6086 | 0.6751 0.1653 0.0346 0.0019
hle=1/64 | 2.6069 0.6738 0.1642 0.0335

Table 2.1: First experiment, error [|A g — Afo,h gllz2op) for different choices of H and h/e
(5 =g, ”AAOg”LZ(aD) =11.2655).

10" 10
6—e—o—"9
_10° ~10% —a & o
3 S
5 A
S 107 =107
:<<r m<«c
5107 o [ehe=1/4 107 loH =1/4 |
= o sh/e = 1/8 = o H = 1/8
= Ah)e =1/16 = 4 / AH =1/16
102 ‘ oh/e = 1/32] 10 oH =
wh/e =1/64 H =1/64
--o(?) 4 --0((h/2)?)
107 ' 107 = 0
1072 107 10° 10 10 10
H h/e

Figure 2.2: First experiment, convergence of the error ||A g — Afo'h 8l 120p) with respect to
macro and micro discretizations (6 = €).
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2.2. Finite element heterogeneous multiscale method (FE-HMM)

In the second experiment we consider the same setting, changing the tensor to

A (x,x/e) = (\/(x% +sin (271%) + 1.2) (x1x2 +sin (471%) + 1'5))_1 ,

Axp(x,x/€) = ((xle + sin (57:%) + 1.2) (x% Ccos (Zn%) +x1 + 1.5))_1 ,

Ajp(x,x/e) = Ax1(x,x/€)=0.

As shown in Tables 2.1 and 2.2 and Figures 2.2 and 2.3, in both experiments the error converges
quadratically as we decrease both H and h/e. In particular, for the problems considered, the
global error seems to depend more on the macro mesh. For the micro error we can observe
quadratic convergence only for smaller values of H, while for larger values the micro error
saturates due to the dominant macro error. This emphasizes that a simultaneous refinement of
micro and macro meshes is needed for convergence. Finally, let us mention that the quadratic
convergence was observed also in [30] for the FEM formulation of the method, suggesting that
the error estimate obtained in [78] may not be sharp.

H=1/4 | H=1/8 | H=1/16 | H=1/32 | H=1/64
hle=1/4 | 0.6143 0.1900 0.0956 0.0845 0.0841
h/e=1/8 | 0.5818 | 0.1613 0.0488 0.0251 0.0222
hl/e=1/16 | 0.5743 0.1563 0.0420 0.0131 0.0080
hle=1/32 | 0.5714 | 0.1545 0.0402 0.0096 0.0016
h/e=1/64 | 0.5707 | 0.1541 0.0399 0.0092

Table 2.2: Second experiment, error [|A g g — Aﬁ,yh gl 12ap) for different choices of H and h/e
(6 =g, ”AAOg”LZ(ﬁD) = 28920)

10° : 10°
s107} 5107
E =
=102 351072
|
le 9]1/821/4 =
% - ‘=2h/e =1/8 by L
= 4073t ’ ah/e = 1/164 =403 ’ A H = 1/16}
S-h/e =1/32 OH =1/32
2h/e = 1/64 vH =1/64
. --0(?) o O Boep)
10 - - .
107 0" 10° 107 10" 10°
H h/e

Figure 2.3: Second experiment, convergence of the error || A 4o g — AZIM 8l 12op) With respect to
macro and micro discretizations (6 = €).

25



Chapter 2. Homogenization and multiscale methods for elliptic equations

2.3 Reduced basis finite element heterogeneous multiscale method
(RB-FE-HMM)

The FE-HMM introduced in the previous section is able to provide effective solutions to the
problem (2.5) at a cost which is independent of € which is already a great improvement with
respect to classical FEMs. However, the repeated computation of micro problems for each
macro element and each macro quadrature point, whose number and size increase as we
refine both the macro and the micro meshes for an appropriate approximation of the effective
solution, is still computationally very expensive. These cell problems vary on each macro
element and are parameterized by the macro quadrature point. We note that the presence of
repeated solutions of parameterized PDEs is the natural environment where to apply some
model order reduction techniques. Hence, we combine reduced basis techniques with the
FE-HMM, to design a new efficient method which drastically reduces the computational effort,
by avoiding the repeated solutions of a large number of cell problems. The method goes under
the name of reduced basis finite element heterogeneous multiscale method (RB-FE-HMM)
and for a detailed analysis of the method we refer to [4].

2.3.1 Parameterized micro problems and model order reduction

Let us start with the following reformulation of the FE-HMM where we map the micro prob-
lems (2.15) into the reference cell Y = (0,1)4. For each macro element K € 93 and each macro
quadrature point xx, we can map the sampling domain K5, into the reference domain Y
through x = Gij ) = XK; +6(y—1/2). Hencefor K€ 9, 1< j<J,1<i<d,weconsider the

solution )(;qh € S9(Y, ﬂ‘ﬁ), where h = h/6, such that

foKj (y)vx;gﬂvZf’dy:foKj (e -Vzldy vilesi(v,d7), (2.25)
Y Y

where we have used the notation AxK]_ (y) = AE(GXKJ_ (). Note that the coefficients of the
numerical homogenized tensor can be approximated now as

A (x,) :foKj (y)e’ - (™ —V)(I’?j’h)dy.
Y

Having to solve (2.25) for each macro quadrature point can be prohibitively expensive. How-
ever, given this parameterization of the micro solutions, we can think now to apply model
order reduction techniques to speed up the computation of the effective macroscopic tensor.
The main idea is the following: instead of computing the micro solutions in each macro
element at the given macro quadrature points, we select a small number of carefully precom-
puted micro solutions to construct a small subspace of functions living in S7(Y, 97). This
is called the offline stage. Then in the online stage each micro solution is obtained as linear
combination of the precomputed micro functions.
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x yl

| -

v}

w =
X
X
X
X
X
:\

Figure 2.4: Representation of the first three iterations of the offline stage in the RB-FE-HMM.
The training points are randomly distributed into the computational domain.

The offline stage. The variational problem (2.25) is parameterized by the macro variable
xk; € D and the index i, 1 = i < d. Therefore we define the space of parameters as = =
D x{1,...,d}. Given an element ¢ = (x, i) € Z, we denote the corresponding micro function as
)(? which satisfies the variational equation (2.25) associated to the mapping Gy, i.e.,

bl " = fehe vl esiy ),
where

b(zfl,wh;f)=fo(y)Vzh~thdy,
Y
and
f(Zfl;f) :fo(y)ei-Vzhdy.
Y

In the offline stage, using a greedy procedure which will be described later in the section, we
construct a reduced space of precomputed micro functions denoted by

SN(Y) :span{w{’,...,u/f{,},

where N « dim(S9(Y, J; i) Then, during the online stage, the problem (2.25) is projected and
solved into the functions space SV (Y). For each ¢ € = we obtain a RB approximation of X? by
searching for )(év € SN(Y) such that

b(xév,wﬁ;f) = fwlo) Yn=1,..,N.
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Chapter 2. Homogenization and multiscale methods for elliptic equations

Before describing the greedy algorithm to identify the N reduced basis, we remark that a
crucial assumption to deal efficiently with the problem is that the tensor A, (y) = A% (G«(})) is
available in the affine form

Q
Ax() =Y 071x)A9y), VYyeY, (2.26)
=1

where ©9: D — R. If A,(y) is not directly available in the affine form (2.26), the empirical
interpolation method (EIM) [57] can be applied to obtain an affine approximation of A, (y) of
the type

M
Aﬁ\c/[(y) = Z Pm(X)pm(y).

m=1

The idea of EIM is to approximate Ay (y) by a linear combination of snapshots {p,( y)}i‘n/[:l.

For an arbitrary x € D, the approximation of A, is based on the interpolation points { ym}%zl,

¥m € Y. The interpolation points and the snapshots are determined offline using a greedy
algorithm controlled by an a posteriori error estimate. We refer to [57] for a detailed description
of the method. In the online stage, given x € D, A,(y) is approximated numerically by the
following steps.

1. Evaluate A,(y) at the interpolation points { ym}%zl.

2. Solve the M x M linear system

M
Y om @) pmYm) = Ax(Ym)
m=1

to determine the coefficients {¢ m(x)}%zl.

The affine representation of the tensor is necessary to perform an efficient a posteriori error
estimate during the offline stage while adding new basis functions to the reduced space. We
refer to [80] for more details, while here we limit ourselves to a brief description of the main
ideas. Foragiven ¢ € £, let

N_ .N_ .k
€ =Xg —Xe-
From (2.25) follows the identity
by, 20 =br, 29 - f("8 Ve sty Tp).

Hence by Riesz’s theorem we know the existence of a unique Eév € S91(Y,T; i) such that

@, 2w = bel,2"¢) vesiy, gy, (2.27)
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where (-,-)w (), defined as

<Z, w>w(y) =sz-dey,
Y

denotes the inner product in the space W (Y) corresponding to (2.11) or (2.12). The error
estimate Eév can be computed by solving (2.27). This can be done very efficiently thanks to
the affine representation of the tensor A, (y), since it allows to decompose the right hand side
of (2.27), which is parameter dependent, into several bilinear forms which are independent of
x and i, and therefore can be precomputed. Finally the a posteriori error estimate is defined as

=N
N_ ez lwy
¢ VLB

where a3 is a lower bound for the coercivity constant of the bilinear form b(:, ;).

In what follows we briefly list the several steps to perform the greedy offline stage. Input
parameters are Nyy,in (the size of the training set), tolgg (a prescribed tolerance used as
stopping criterion), and Ngp (the maximum number of reduced basis functions allowed).

1. Randomly define (by a Monte Carlo method for example) the training set Eqyain € =
Etrain ={€n = (Xn,in) 1 1 <0< Nypain, xp€D,1<i,<d}.

2. Select randomly one element from Zrp,ip, i.e. {1, and compute X?I such that

bk, 20 = flehen v e sy, ;).
Set

h
1

? X

i

W1 = i ’
Ixe Twan

and initialize the space as S!(Y) = span {w{’}

3. For 2 < j < Ngp perform the following steps.
(a) For each &, € Eqrain compute the corresponding micro function )(gl € SI7L(Y) by
solving

b(xglﬂlfﬁ;fn) =f(1//£l;6n) Vk=1,...,j-1,

and the corresponding residual Ag_l.
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(b) Select the new reduced basis by choosing

_ j-1
§j= max Afn .

£ = .
6 n €= Train

(o If (Aé_l)2 < tolgg the algorithm ends, otherwise compute x? such that
J J
bxg,2"¢) = fe"Ep V" esTy, ).

Set

h
R;

Vi=—F)
IIR;?IIW(Y)

where
Woon 3
Rj :ij _I;I<X5jrwk>W(Y)wk-
) Sf(Y)zsf—l(Y)uspan{w?}.

The online stage. Having computed the reduced space SV (Y), we can now introduce a new
macro bilinear form similar to (2.17) which reads

J
Burs(w, w) = Y Y wi, AN (k) Vol (xk) - V' (xg,) (2.28)
Kegy j=1

where

APN (xg,) = f A, (e’ " =Tyt dy,
Y

and XI’?j’N is the solution of (2.25) in the reduced space SV (Y). Thanks to the affine represen-
tation of the tensor A,(y), computing each micro solution online reduces in solvinga N x N
linear system leading to a significant saving of computational effort. During the online stage
indeed, given a new ¢ = (x, 1) € Z we need to solve the problem of finding X?’ e SV (Y) such
that

fo(y)V)(éVVi//Zdy:fo(y)ei~V1//ﬁdy vn=1,...,N. (2.29)
Y Y
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The function x?’ can be represented as

S S

)

N N
Xe =) any
n=1

where a, €R, 1 < n < N. Thanks to the affine representation of A.(y) solving (2.29) reduces in
finding (ay,...,ay) ' € RN such that

Q N . X Q .
Y Z@q(x)aanq(y)wﬁ-wZ,dyz Z@”(x)qu(y)e’-Vl//Z,dy vn'=1,...,N,
g=1n=1 q=1
Y Y
(2.30)

where the integrals in (2.30) are parameter independent and can then be precomputed. Finally
the effective macro solution to the problem (2.5), computed by means of the RB-FE-HMM, is
given by uTf8 = 3HRB R, where '8 € Sl (D, %) satisfies

B (@88, vy = Fw™) - By e (Rg, v™) Vo € SK(D,Tm).

2.3.2 Apriori error analysis
The reduced basis method approximates the solution manifold
(v, 7 ={xl cezf,

with linear subspaces of SY(Y,J; 3] of dimension N. The approximability of .4 (Y,J; i) is
described by what is referred to as the Kolmogorov N-width of .4 (Y, J; i) defined as

dy(#)= inf  sup dist()(?,SN),
SNESq )(@E./ﬂ
dim(SM)=N""*

where

dist()(?,SN)z min ||)(?—X?/]||W(Y)-

XyGSN

In [22] it is proved that for coercive problems, there exists y € (0, 1] such that:

1. If there are two constants C;, a > 0 such that dy(#) < CiN~% VN =0, then
dist(y}, SM) = QLGN

where C, depends of y and a only.
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2. If there are Cy, a, b > 0 such that dy(#) < Crexp(—-bN%) VN =0, then
dist()(?,SN) < C1Coexp(—cNY @ty
where C, and ¢ depend on y and a only.

We are interested in the error due to the reduced basis approach with respect to N. Similarly
to (2.20), the error between the exact homogenized solution ©° and its approximation z/"RB
obtained by means of the RB-FE-HMM can be decomposed as

0_ uH,RB”Hl(

lu D) = llemacll g1 (D) + 1émodll g1 (o) + Il émicll g1 (py + llerll 11 (D) -

The results obtained in Section 2.2.2 for emac, €mod and emjc are still valid, and to give a
complete a priori error estimate for the RB-FE-HMM we need to consider the new error term
€RB = ul — y™RB From (2.17) and (2.28) we obtain that

lersll 1 (py < C sup sup A" (xg) = AN (xg ) I,
Kegylsj=<]

which can in turn be bounded by the decay of the Kolmogorov N-width of . (Y, J7). We can
not give a priori estimate of the Kolmogorov N-width of the micro solutions manifold. However
if it is decaying exponentially, so it will do the error due to the reduced basis approach.
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8] Numerical method for solving multi-
scale inverse problems via Tikhonov
regularization

In this chapter we consider inverse conductivity problems for multiscale scalar elliptic partial
differential equations. Let D c RY d <3,bean open, bounded, connected set with sufficiently
smooth boundary 0D and consider the problem of finding the weak solution uf € H L(D) to

~V-(A5.Vuf)=0 inD,

u‘=g ondD, G-D
where g € H'/2(0D), and A%. € M(a, $, D) is defined as
AL.(x) = A(o™ (x),x/¢),
where 0* : D — R and
Ajj(0*(x),x/€) = Ajj(0"(x),y), A;ij(0*(x),)is Y-periodic,
VxeD,Vi,j=1,...,d. The tensor AZ* is a highly oscillatory anisotropic tensor which varies

on a microscopic scale €, and which is parameterized by a scalar function ¢* : D — R. Moreover
e .
we assume A/ . to be symmetric.

In Chapter 2 we have introduced homogenization theory and multiscale methods to obtain in
an efficient way effective macroscopic solutions to PDEs of the type as (3.1).

Now, we treat the inverse problem of determining A? . from the knowledge of the Dirichlet to
Neumann (DtN) map associated to the boundary value problem (3.1). The DtN map is defined
as the linear operator A ¢, : H'/?(0D) — H~'/*(3D) given by

g— AL.Vu -visp,

where v denotes the exterior unit normal to 0D, and u® solves (3.1). The assumption we make
is that the map (¢, x) — A(t,x/¢€), t € R, x € D, is known and ¢* has to be determined. Stan-
dard numerical approaches (such as FEM) for solving such problem would require multiple
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evaluations of the model (3.1) with mesh resolution at the finest scale. Then, solving the
inverse problem for small € represents a formidable computational challenge and is often
not tractable. Hence, in this chapter we propose a coarse graining strategy which relies on
numerical homogenization and model order reduction to overcome this computational issue.

Outline. The outline of the chapter is as follows. In Section 3.1 we recall briefly results of
uniqueness and stability for the class of inverse problems that we consider. In Section 3.2,
assuming that the fine scale inverse problem is well-posed, we prove that the effective inverse
problem, with observed data consisting of the homogenized Dirichlet to Neumann map,
is also well-posed. In Section 3.3 we establish a convergence result for the solution to the
inverse problem in the context of Tikhonov regularization. In Section 3.4 we describe how
the multiscale inverse problem is solved numerically, and we provide a convergence analysis
of the discrete solution of the inverse problem. In Section 3.5 we present some numerical
results to test our theoretical findings and illustrate the viability of our numerical method. The
content of this chapter is essentially taken from [9].

3.1 Stability and uniqueness results for inverse problems with pa-
rameterized tensors

Let D be an open bounded set in R?. We consider a multiscale tensor A¢. of the form AZ. (x) =
A(o* (x),x/€), where o* : D — R is a scalar function with range in [0~,0*]. The problem we
are interested in is to recover Af. from measurements of the Dirichlet to Neumann map. The
inverse conductivity problem was first introduced by Calderén [26], while inverse conductivity
problems for special anisotropic tensors of the form Ag«(x) = A(o*(x),x) are analyzed in
details in [16]. In particular in [16] results on uniqueness and stability at the boundary for the
inverse problem are proved in the case where some prior knowledge on the map (z, x) — A(¢, x)
is assumed. The goal of this section is to recall such preliminary results, which will be then
used to establish similar results for our problem of interest.

In [16] it is required that the tensor A(t,x), t € [0~,07], x € D, belongs to some special class of
matrix functions that we recall below. In what follows we will use the norms

1/p

d d

IAllLr (D) = Y Y IAjjlPdx| , 1sp<oo,
2 i=1j=1

| Allzo(p) = max esssup|A;;(x)], p =oo.

1=<i,j=d x€D
for a matrix A(x) = {A;j(x)}<i,j<a, X € D.

Definition 3.1.1 (Definition 2.2 in [16]). Given p >d, a, 8, E1 >0, and denoting by Sym, the
class of d x d real valued symmetric matrices, we say that A: [0~,0%] x D — Sym_ belongs to

A if the following conditions hold for all € [c~,07].
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1. Ae W'P([o7,0%] x D,Sym,).
2. 0;Ae W'P([o7,0%] x D,Sym,).

3. esssup (|A(L, ) rpy + IV AL, I rpy + 10 AL, )l LDy + 10V AL, ) | Lr (D))
telo~,0%]

<E.

4. Condition of uniform ellipticity:

albl®> < A(t,x)b-b,|A(t,x)b| < BIb|, fora.e.xeD
andVte[o ,0"], beRY.

5. Condition of monotonicity with respect to the variable ¢:

0:A(t,x)b-b=E;'|b]>, fora.e. xeD
andVte[o ,0"],beRY.

In [16] the following stability result at the boundary for the unknown function o* has been
shown, in the case where Ay« (x) = A(0*(x), x), 0* € WLP(D), A(:,-) € H.

Theorem 3.1.2 (See Theorem 2.1 in [16]). Given p > d, let D be a bounded domain with
Lipschitz boundary. Given E >0, let 01, 0 satisfy

o <01(x),02(x) < ot foreveryxeD, (3.2)
and
lovllwrepy, lo2llwiepy < E. (3.3)
Let Ay, (x) = A(o1(x), X), Ag, (x) = A(02(x), x), and A(-,-) € #. Then we have
Ao, = Ao, lz@D) < CliAA,, = Aa,, I £(H120D), H-12(6D)) »
where C dependsono~,0", E, E1, p, and D.

A uniqueness result is also provided in [16].

Theorem 3.1.3 (See Theorem 2.4 in [16]). Given E >0, let o1 and o, be two scalar functions
satisfying (3.2) and (3.3) with p = oo, and A(:,-) € /€. Moreover, assume A € wleo([g™,07] x
D,Sym,). In addition, suppose that D can be partitioned into a finite number of Lipschitz
domains {D j}j.V: 1 such that o, — o, is analytic on each D j- If

AA(Ul(x),X) = AA(Uz(x),x)
then we have
A(o1(x),x) = A(o2(x),x) inD.
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The same results hold for matrix functions of the type Af.(x) = A(c*(x), x/¢) for fixed &.
However, in this case the constant E; in Definition 3.1.1 scales as 1/¢, and therefore, as € — 0,
such results may become useless. Moreover, in numerical experiments, when ¢ is very small,
trying to solve the problem numerically by using an approximation of (3.1) as model for
inversion is prohibitive in terms of computational cost, and therefore a different strategy is
preferred. Then the motivation for a coarse graining approach, which we obtain by using the
framework of homogenization, becomes clear.

3.2 Stability and uniqueness results for the fine scale and the effec-
tive inverse problem

In Definition 3.1.1 we have listed the regularity properties that the map (¢, x) — A(¢, x/¢) has
to satisfy to ensure stability and uniqueness of the inverse problem. However, we already
mentioned that for the class of problems we are interested in, results obtained in [16] are
dependent on ¢, and a new strategy based on homogenization is preferred. As first step we
want to analyze under which conditions on (¢, x) — A(t, x/¢) the map ¢ — A°(¢) satisfies the
regularity properties to ensure stability and uniqueness for the homogenized inverse problem.
First, let us introduce as a corollary of Theorems 3.1.2 and 3.1.3 the conditions that t — A%(p)
must satisfy to ensure stability and uniqueness.

Corollary 3.2.1. Given «, 3, E» >0 and p > d, let us consider a d x d symmetric matrix valued
function t — A(t), t € [0~,0*], satisfying the following conditions.

10: A1) + |02 A(D)| < Ea, Vielo ,o']. (3.4)
albl?> < A(H)b-b,|A(t)b| < BIb|, Vtelo 0], beR?. (3.5)
0:A(t)b-b= E;'|bl?, Vielo ,07],beR?. (3.6)

Let 01 and o, be two scalar functions satisfying (3.2) and (3.3). Let Ay, (x) = A(o1(x)) and
Ag,(x) = A(o2(x)). Then we have the following results.

1. The following estimate holds:

IAg, — Ao, lz@D) = ClIA 4, — A4, | o(m120D), H-120D)) »

where C dependsono~,0", E, E2, p, and D.

2. Let 0y and o, satisfy (3.2) and (3.3) with p = co. In addition, suppose that D can be
partitioned into a finite number of Lipschitz domains {D j}j.V: such that oy -0 is analytic
on each D i If

Nao,(x)) = Mo, (x)
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3.2. Stability and uniqueness results for the fine scale and the effective inverse problem

then we have

A(o1(x)) = A(o2(x)) inD.

We also mention the following lemma, which establishes a regularity result for the solutions of
the cell problems with respect to the variable ¢ [15].

Lemma 3.2.2. Assume that A(t, x/¢) is uniformly elliptic and the map t — A(t, x/¢) is of class
Cl(lo~,07]). Letx/e = ¥, yeY =(0, 4. Consider the microfunctionsxi, j=1,...,d, unique
solutions of the following problem: find y! € Wr}er(Y) such that
fA(r,y)vx{-deyzfA(r yel -Vudy VveWl(Y). 3.7)
Y Y

Thenthemap t€ o™, 0%] — )({ € Wpe, (Y) is of class Cl(lo~,0")) and satisfies

duxl=¢), 0,Vy]=V¢], (3.8)
where c/)t € Wpler(Y) satisfies
fA(t,y)Vd){-Vvdy:fatA(t,y)(ej—V)d)-Vvdy VUEWpler(Y) (3.9
Y Y

Proof. Consider problem (3.7) for the tensors A(¢,y) and A(t + At, y). We have that

fA(t,y)(vX{w—vx{)-wdy
Y

:f(A(HAt,y)—A(t,y))(ef—v;({wywdy Vv € W (). (3.10)

From Lax- Mllgram theorem and the fact that £ — A(t, y) is of class C L({o~,0%]), we obtain that
”Xtmt Xt I g1(v) — 0 as At — 0. Now consider the identity (3.10), divide it by A¢, and subtract
equation (3.9). We obtain

1 . . ,
Eff‘“'y)(v%iw—vxb-Vvdy—fA(t,y)w{-wdy
Y Y
1 i i . .
:Ef(A(”“'”‘A“*”)(e’—VXLM)-Vvdy—fatA(r,y)(ef—in)-wdy.
Y Y

By taking the limit A# — 0 we obtain (3.8). O

Then we can establish the following theorem.
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Theorem 3.2.3. Letx/e=y,y€Y = (0, D4. Given a, B, E1 >0, p > d, consider the class of d x d
symmetric matrix functions (t,y) — A(t, y), where A; j is Y -periodic,Vi,j=1,...,d, t€ [0~,07].

Assume that A satisfies the following conditions.

Ae W' ([o7,0%1x Y,Sym,), 08;Ae W'([o~,0"]x Y,Sym,),

1Al (0~ o 1iz2o(v)) + 107 All 1o 10,0+ 322 (v)) + 107 All 100 04120 (v)) < E1»
albl®> < A(t,y)b-b,|A(x)b| < BIbl, forae yeYandVtelo ,0%],be R%.
0:A(t,y)b-b=E ' bl?, forae yeYandvVtelo ,0"],beR%

Then the homogenized map t — A°(t) satisfies (3.4)-(3.6).

(3.11)
(3.12)

(3.13)

Proof. We start by showing (3.4). Note that the homogenized coefficients can be rewritten in

the form

A(i)j(t):fA(t,y)(ej—V)({)-(ei—Vx’;)dJ/-
Y

(3.14)

Differentiating (3.14) with respect to the variable ¢, we obtain after a straightforward calcula-

tion

0:A%, (1) = f 0, AL, y)(e - V) - (' ~Vy)dy.
Y

Then from Holder’s inequality we get
esssup IatA?j(t)l
telo~,0t]

< esssup 0, A(t, )l zoylle! = Vyllizopllet =Vl

telo~,0%]

and by using Lax-Milgram theorem, the triangle inequality, and (3.12) we obtain
esssup IGIA?j(t)I
telo~,0%]

< esssup |10 A(t, )| zo(r) (1 + @ | A(2, ) e/ Il zoo(v)) (1 + @~ M A(t, ) el l 2o (v))
telo~,0%]

<E(+a'EDN?=0C.
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3.2. Stability and uniqueness results for the fine scale and the effective inverse problem

Now, let t,s € [0~,0*]. From (3.15) and Hoélder’s inequality we have
10, A7;(1) =0, AY;(9)]
< 10:A(t,) = 0:A(s, )l o(v) €)= Vil rzerylle’ = Vil 2oy
+ 10, A 1o IV = x DIz lle’ = Vaklizzy
+10: A, oy 1€ = X2l 2o IV = 2D 2y -
Now, from the weak definition of the solution of the micro problems, we derive for each

i=1,...dstelo”,0"],Yve Wk (Y)

fA(t, YV —xh-Vedy :f(A(r, y)—A(s,p)e’ -Vudy
Y Y

+f(A(s, y) - AL, y)VxL-Vudy.
Y

By choosing v = X’[ —x, using Holder’s inequality and (3.12) we obtain

IV = xDl20r) < @ M 10 All Lo (o0 1:2000ry) (1 + @ ILACS, el [l poev)) £ = s
<a 'Ey(1+a 'E)|t-s]

=Colt-s].
Using this latter result and (3.12) gives

10,43, =0, A7;(8)| = (C1 +2E (L + @ EN) Gl £ = s
=Ci(1+2a 'E)lt—s|=Cslt—sl,

and (3.4) follows.
The condition of uniform ellipticity, namely

albl> < A°(0)b-b,|A°()b| < BIb|, forae. telo”,0%],beR?,

follows from a well-known property of the homogenized tensor (see for example Theorem 6.1
in [33]).

Finally we show that the condition of monotonicity with respect to the variable ¢ holds. From
(3.15), by using the notation ¢’ = (e’ — V)(‘;), i=1,...,d, wehave that

atA?j(t) :fatA(t, .V)(Pj '(pidy'
Y
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Since 8, A(t, y) is symmetric, 0;A%(#) is also symmetric. Then, given b € RY,
0, A°()b-b=0"0,A°(1)b

d d - ,
= ZZbi(p’ 0:A(t,y)bjp’ dy

9 j=1i=1
d AT d .
i=1 i=1
Y
J 2
zEl_lf Y big'| dy=0, foranybeR?.
i=1

Y

In particular this inequality implies that
3;A°()b-b>0, foranybeR% b#0, (3.16)

as can be shown by contradiction using a simple argument. Indeed, if this was not true, one
would have some b # 0 such that
=0.

da ; .
Y bie'-Vy)
=1

d
Y by’
o1

This means that

d .
)" bi(yi - x}) = constant,
i=1

and then

d d ,
Y biyi=)_bix;+constant,
i=1 i=1
which is impossible since the right hand side is periodic by definition and b # 0. From (3.16)
we easily derive (3.6), and the proof is complete. O

Theorem 3.2.3 shows that under appropriate regularity assumptions on (f, x) — A(t, x/¢), the
homogenized real valued tensor ¢t — A°(t) satisfies the assumptions of Corollary 3.2.1. Hence,
we established stability and uniqueness for the inverse conductivity problem in the case where
the measurements at the boundary consist of the homogenized Dirichlet to Neumann map.
However, as already mentioned in the introduction to this chapter, this is not the case we
are interested in, since we aim at solving the inverse problem when the data consist of the
multiscale Dirichlet to Neumann map A A¢, . Moreover, in real experiments we do not have
full knowledge of the map A A Indeed, we would have to know the results of all possible
boundary measurements for any Dirichlet boundary condition g, which is impossible. In
practice, we consider a set of L experiments, described by a finite set of Dirichlet conditions
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3.3. Tikhonov regularization: multiscale and coarse grained minimizers

{g/}%_, € H'"2(3D), and for each of them we measure the corresponding boundary flux. Let us
define

U={oeW"™®D):0” <o(x) <"},
Uad = {Ue U: ”UHWI,OO(D) SE,E>0} .

Then we would like to solve the following minimization problem
. 2
inf Z ”AAZ* gl - AA?, gl ” H—l/z(aD) )
0€Uqq =1
subject to
~-V-(A2vu" =0 inD,
0 (3.17)
u =g onoD,

where A%(x) = A°(0(x)) is the homogenized tensor corresponding to A% (x) = A(o(x), x/€).
It is important to remark that G-convergence of A(o*(x), x/¢€) to A°(c*(x)) does not imply
convergence of the corresponding fluxes at the boundary in the H~!/2(dD)-norm, but only
weak* convergence, as stated in the following lemma.

Lemma 3.2.4. Let us consider a sequence of symmetric tensors { A5 }.~o in M(a, B, D) which G-
converges to Ag € M(a, B, D) ase — 0. Then {A s g}¢>o converges weakly* to AAgg in HY20D)
forallge HY2(0D) ase — 0.

Proof. From the definition of G-convergence we have that, for any v € H LD,
fD(AgVuf - A%Vu®) - Vydx—0 ase—0.
Then, using integration by parts, we obtain that
(A8~ Ny &V -12p),m20p) — 0 ase—0,
for each g,w € H'2(0D). Then

Apcg—NAyg weakly*in H'(0D).

3.3 Tikhonov regularization: multiscale and coarse grained mini-
mizers

Due to the difficulties of working with fractional-order Sobolev spaces when performing
numerical experiments, we will consider the L?(dD)-norm to evaluate the distance between
data and numerical results produced by the homogenized model.
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Assumption 3.3.1. We assume that the boundary conditions g; of problem (3.17) satisfy
g € H¥?@D) for I = 1,...,L and that the corresponding solution u°(0,-) € H?(D) for any
ogeU.

Let ¢ : U — R be defined as
L 2
?¢(0) = 121 IAA:, 81— Do 8ill25p)
and let us consider the minimization problem

@ = inf ®%(0). (3.18)

0e€Uy

Since U,q is a closed, convex and bounded set in W*°(D), it is possible to prove that any
minimizing sequence {0 },-¢ for (3.18) contains a subsequence which weakly converges in
HY(D) to ¢, for which we have ®¢ = ®¢(¢¢). This follows from the fact that H' (D) embeds
compactly into L (D), r < oo in two dimensions, r < 6 in three dimensions, and that ®¢ :
U — R" is continuous with respect to the L" (D)-norm. This continuity result is stated in the
Lemma 3.3.3. Before proving such a lemma, let us recall Meyer’s theorem on regularity of
elliptic problems.

Theorem 3.3.2 (N. G. Meyers, 1963, [69, 55]). LetD € R4 be a bounded open set, with a Lipschitz
continuous boundary. Let A€ M(a, B, D). There exists a constant q, > 2, dependingond, D, «a,
and 3 only, such that if u is the unique weak solution of

~-V-(AVw)=f inD,
u=g ondD,

and f e W19 (D), ge W99D),1/g'+1/g =1, g € [2, q1), then u € W9 (D) and there exists
a constant Cy, depending on d, D, a, 3, and q only, such that

lullwrapy < CrllRgllwrapy + ||f||W71.q'(D)),

where Rg denotes the extension of g onto wha(D).

Lemma 3.3.3. Let A°(-) € Wb°([g™, U+],Symd) and satisfy (3.4)-(3.5). If a sequence {0 ,} n>0
in U converges to someo € U in L' (D), r = 1, then the sequence {A A9 gln>o0 converges to A A8
in HY2(6D). Under Assumption 3.3.1, the sequence {AAg gln>0 converges to AAgg in L2(0D).

Proof. It follows from the weak formulation of u°(c,,) and u°(0) that, Vv € H} (D), we have

f(AgVuO(a) - AY Vu’(0,))-Vvdx=0.
D
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Then

fA?,n V(o) -Vul(o,)-Vrdx = f(Agn - AVl -Vodx.
D D

By choosing v = u°(0) - u®(0 ) € H} (D), and using Holder’s inequality, we obtain

IV’ (0) = Vil (@)l z2p) < @' CLIAY — Ay ooy | Rg lwa )
<a 'CiEillo - oulr )| Rglwram) (3.19)

=Cllo-onllrrmy,

where g € [2, q1), C; comes from Theorem 3.3.2, and p satisfies 1/p +1/q = 1/2. We then set
w = AYVu’(0) - A} Vu®(o,) and obtain

flwlzdx:/Agn(Vuo(a)—Vuo(an))-wdx
D D

+[(A2 - Agn)VuO(a) ~wdx
D
<I1AY 1oy IVUl (@) = VUl (o)l 2y 1wl 12
+11AY = AY oy VUl @) ey lwll 2y »
and hence, by using (3.19) we get

1AV’ (0) - AY Vul (0 n)ll12p) < (E1 + @) Collo — 0l Lo () (3.20)
<Cllo—onlrp)-

Observing that w € H(D,div) and using the continuity of the map w € H(D,div) — w-v €
H~'2(0D), we can finally conclude that

IA408 = Aag 8ll-129p) < C3Callo =0 nlirrp)-

The desired assertion follows immediately if r = p. Otherwise, if r < p, we can exploit the
L*°(D) bound of the set U, i.e., for any o € U we have

flalpdxs (0+)p_rf|0|rdx.
D D

Assume u° € H2(D). Then, due to the regularity assumptions on A%(1), the admissible set U,
and 1°, we have that the sequence {Ag”VuO (0 n)}n>o is uniformly bounded in (H 1(D))?. Then,
there exists a subsequence {Agn,Vuo (0 1)} >0 such that

A) Vu'(op) —q weaklyin (H' (D))
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for some g € (H'(D))4, and hence
Agn,VuO(onr) — g strongly in (L2 (D).
But from (3.20) all subsequences {Agn, Vul (0 ,)} >0 must converge to the same limit, hence
AS V(o) — AQVu’(0) weaklyin (H'(D))?,
hence
A5 Vu'(g,)-v— AYVu(0)-v weaklyin H'/?(0D),
or
AAgng — AAgg weakly in HUZ(OD).
Finally, the compact injection H Y23D) « [2(0D) yields
AgnVuO (@) v— A2Vu’(0)-v stronglyin L*(6D),
or
Ap 8= NApg strongly in L?(dD).

O

Let us return to the problem (3.18). In numerical experiments we may prefer to adopt indirect
methods to ensure stability of the inverse problem instead of directly imposing a constraint
during the minimization procedure. Among the possible methods to regularize inverse prob-
lems, we choose Tikhonov regularization (see for example [50, 53]). Tikhonov regularization
ensures well-posedness by adding to the cost functional a convex variational penalty, so that
the new minimization problem reads

Y = inf ¥¢(0), (3.21)

oeU

where
¥¢(0) = ®°(0) + YR(0),

where v is the regularization parameter, and R is the penalty term. Such penalty term induces
2

H'(D)’
where 0 is a prior guess of 0 *. The regularization parameter controls the trade-off between the

a priori knowledge on expected conductivity. In what follows we consider R(o) = [0 — 0oyl

®f and R, and has to be properly chosen. The choice of y represents a problem of considerable
interest and will affect how much oscillation is allowed in any minimizing sequence. As the
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regularization parameter y varies, we obtain different regularized solutions having properties
that vary with y. However, how to choose v is not the main subject of study of this particular
work. For the sake of completeness we mention that several methods have been proposed
in the literature, such as the Morozov’s discrepancy principle [64, 82] or the L-curve method
[58, 59]. Let us introduce the functional ¥° : U — R, such that

PO — inf ¥0(g), (3.22)
oelU
where
0 _ &0 2
and
0 L 2
®°(0) = IZ 1A p0, 81— A2 81ll725p)
=1

Remark 3.3.4. From the non-negativity of ¥¢(o) and WO (g), it follows that W (U) and ¥°(U)
are subsets of R*, and therefore there exist minimizing sequences {5} >0 and {02},»0 such
that

W¥e = liminf ¥¢(0%) = inf ¥¢(0),

n—o0 oeU

WO = 1iminf¥°(¢?) = inf ¥°(0).
n—o0 oeU

The following lemma is an adaptation of a classical result in non-linear Tikhonov regularization
theory (see [52] for example).

Lemma 3.3.5. Under Assumption 3.3.1 consider a minimizing sequence {0%},»0 for (3.22).
Then it contains a weakly convergent subsequence in H' (D) with limitc° € U which attains
the infimum, i.e., Y0 = o).

Proof. The set U is a non-empty closed convex subset of H! (D), hence sequentially weakly
closed. From the minimizing property of {o%},~ and the non-negativity of ®° (o) it follows
that {09} ;>0 is bounded in H'(D). Indeed if this is not the case, there exists a subsequence
{09 } >0 such that 69|l 1 () — co as n’ — oo, hence

0,0 0 2
v (Unl) ZY”o-n’ _UO||H1(D) — 00,

and therefore ¥° = co. Then {U%} >0 admits a subsequence {U%,} »>o such that a(r)l, —~g°

weakly in H! (D). Since ®° : L" (D) N U — R™ is continuous (Lemma 3.3.3) and the H' (D)-norm
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is weakly lower semi-continuous we have that

Y0 @) <liminfw(0?) = ¥O.
n'—oo
Since WO (EO )= @, the result follows. O

Using the same arguments, we can prove the following lemma.

Lemma 3.3.6. Consider ut(c*) € H*(D) foreach g;, 1 =1,...,L. Under Assumption 3.3.1
consider a minimizing sequence {0%} >0 for (3.21). Then it contains a weakly convergent
subsequence in H' (D) with limit&° € U which attains the infimum, i.e., V€ = V¢ (G°).

We now state the main result, which quantifies (in a weak sense) the link between the min-
imization problem (3.21) involving the fine scale Dirichlet to Neumann map A 4¢, and the
homogenized map A 4, and problem (3.22) involving only homogenized maps.

Theorem 3.3.7. Let the assumptions of Theorem 3.2.3 and Assumption 3.3.1 hold. Consider the
sequence of minimization problems of type (3.21) for e — 0. Then the sequence of minimizers
(0%} es0, such that Ve = WE(G°) for all e > 0, contains a weakly convergent subsequence T 10
in H' (D) with limit € U which attains the infimum, i.e., w0 = 9O (). Moreover any weakly
convergent subsequence {EE/}81>0 in HY(D) with limito € U satisﬁes@ =v0@).

Proof. The minimizing property of {o¢}.>¢ and the non-negativity of ®° (o) imply that the
sequence {G%1s>0 is bounded in H' (D). Indeed we have that for each £ > 0, ¥¢ (%) is bounded
by W¢(c*), which is in turn bounded with respect to €. From calculations similar to those in
the proof of Lemma 3.3.3 we obtain

L

Er ¥y _ 2 * 2
(o )—I_ZI||AA;*gz—AAg*gl||L2@D)+y||o =00l p)

L
<Y 282081l pnpy + YT = 00l3n g, - (3.23)
=1

Then {°}¢-0 admits a subsequence {EE/}£/>0 which converges weakly in H (D) to some o € U.
For any subsequence {G¢ }¢/>0 which converges weakly in H' (D) to some & € U we have that

PG ) <PE @) Ve >0. (3.24)
Moreover, for each o € U and ¢ > 0 the following identity holds:

W(0) =0°(0™) + @°(0) +yllo - 0ol 3y

L (3.25)
+2) (A, 81—Nyp 81 Ap 81— A8 12oD) -
l:l g o
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Inserting (3.25) into (3.24), we obtain
) L
‘PO(EE )< ‘PO(EO) +2 Z(AAg/* g —AAo* gl,AAo 81— AAQOgl>L2(6D) .
I=1 4 7 G° g

From Lemma 3.3.3 and the weak lower semi-continuity of the H 1(D)-norm we have that
¥ (@) <lim i(r)lf\yo(a“-")
e'—

L
<liminf vo@Y +2) (M 81— A g Ay 81— Ay &) 120D)
- I=1 4 7 ¢ 4

<y

+hmsup22(AAg 81— Ap, gl,AAo ,8112D)
&'—0 I=1

+11mSgPZZ<AAs’ 81— Ao 8—Ayp 81120D)-
&= 1 T

Using G-convergence of A(g* (x), x/¢) to A°(c* (x)), we obtain that
@) <¥°@")
+limsup?2 Z (AAE 81— AAo gl,AAo gl>L2(aD

e'—0 1=
<y

+11msupZZ<AAe 81—=Ap 8, M08 120D
£'—0 =1

+11m5101p22(/\,45’ 81— Ay, gerAO , 81— A0 81 12(0D)
- 1
0
<v'@Y
+11msup4zﬁllglllHafz(@D)llAAo g - AAogllle(aD)
&'—0 1=1

¢ 5% = o,

Since ¥°(o) = @, the result follows. O

As a consequence we then have that ¥°(o¢) — W°(c°) up to a subsequence when € — 0. Hence
we have established a link between the solutions to the multiscale problem (3.21) and the
solutions to the coarse grained minimization problem (3.22).
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3.4 Reduced basis method for the solution of the regularized multi-
scale inverse problem

This section is devoted to illustrating how the problem (3.21) is solved numerically. The
multiscale method we define is based on the numerical homogenization methods introduced
in the previous chapter (FE-HMM and RB-FE-HMM) and a suitable optimization scheme.
Given o € U, we have to be able to evaluate numerically ¥* (o), and hence the following steps
are required.

1. Solveforl<lI<L

-v-(A2vu" =0 inD,
0 (3.26)
u =g onoD,

where AY is the homogenized tensor corresponding to the locally periodic tensor
AL (x) = A(o(x), x/€).

2. Compute the normal fluxes at the boundary A o g; for 1 </ < L.

FE-HMM setting. In the FE-HMM framework, we discretize the domain by using simplicial
elements, and we approximate both macro and micro finite element spaces with piecewise
linear polynomials. Hence we introduce

St (D, Tw) = {v e HY (D) : vP|x e 21 (K), VK € T},

where 97 is a partition of D in simplicial elements K of diameter Hy, and 22! (K) is the space
of linear polynomials on K. For each macro element, an approximation of the homogenized
tensor on each integration point xx is needed. Such approximation is obtained by solving
a micro problem defined on the sampling domains K5 = xg + (—6/2, 5/2)% with § = €. Fora
sampling domain K5 we define a micro finite element space

SY (K, T5,) = {zh e Wl (Ks): 2"r E?)”l(T),VTeﬂ—h} ,

per
where
Wpler(K5) =4 <2€ Héer(K(s) : fzdx =0
Ks

Let ufl be the approximate solution to the effective PDE (3.26) for some /. It is computed by
finding uf{ = ulH + Rg,, where u{l € S(l) (D, 9g) satisfies

Bu(@', v") = -Bu(Rg, v™) Vv e S{(D,Tm),
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where Rg isa suitable Dirichlet lift of g;, and

By, wh="Y LG

A0 (xx), x/€) Vit -Vwit dx. (3.27)
KeTy |K§|K5

In (3.27) vl}é (respectively wl}é) denotes the solution to the micro problem: find vl}é such that
vl —vH e SY(K5,T7,) and

f Ao (xx), xIe)VuE-Vzdx=0 Vz'e S\ (Ks,7). (3.28)
Ks

Note that since the multiscale tensor is assumed to be locally periodic and admits explicit scale
separation, the slow variable of the tensor A (x) has been collocated at the macro quadrature
point in (3.27), (3.28), so that the modeling error vanishes. Let

SHD,Tg) = {vHE SYD,J7) : v = 0 at the corners of D},

and S' (8D, 9p) the finite dimensional space of functions which are restrictions to the bound-
ary of functions living in S!(D, 9%). The numerical flux is computed by constructing a function
Aih g1 € SY(0D, ) such that

fAZIo,thVHdSZ By, v volle Si(D,ﬁ”H),
oD

where the value of the flux at the corners of D is assumed to be known, as specified by direct
calculations from the given Dirichlet conditions. Let

Ut ={o"es' (DI : 0" <o <o}
be the admissible set for the discrete solution to the inverse problem, where
SY D, T = {v e H (D) : v |x € 21 (K), VK € Ty} .
Given the set of boundary values
g 1=sl=<IL,
the discrete minimization problem reads as follows: find oo € UM such that

v, @™ = 3nlf]H we ), (3.29)
oge
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where

L

H H 2 H 2
W@ = Y 1A, 81— AP, gl o) + Y10~ 0002,
1=1 oH

— HE H H 2
_(DH,h(U )+Y”O— _UOHHI(D)-

Optimization scheme. The minimization problem is solved by means of the interior point
algorithm (see for example [25]). Let Ny be the number of macro DOFs associated to the finite
element space SY(D, 7). The unknown variable o 7 can be then represented as

Ny
o)=Y oipi(x), (3.30)
i=1

where o = (01,...,0 Nh)T € RV is the vector containing the unknown coefficients, and ¢;,
1 < i = Ny, are the Lagrange basis functions for the space SY(D,J%). The minimization

problem (3.29) can be then rewritten in the equivalent form

inf ‘I/i[,h(aH) such that c(o) =0, (3.31)

oeRNH

where c(0) = (¢1(0), c2(0)), c1, 2 : RVE — RN are defined as
cql@)=0 -0, co)=c-0".

Following [25] we consider the approximate minimization problem

M
inf ‘Pfq'h(aH) —u Z In(s;) such thatc(o)+s=0, (3.32)

o cRNH seRM i=1

where M = 2Ny is the number of inequality constraints in (3.31). The logarithmic term is
referred to as barrier function, the coefficient > 0 is the barrier parameter, and the variable
s$=(s1,..., sM)T is assumed to be larger than zero, so that In(s;) remains bounded Vi, 1 <i < M.
We have transformed the inequality constrained problem (3.31) into an equality constrained
problem. Note that if we let @ — 0 the solution of problem (3.32) should converge to the
solution of problem (3.31). The idea is then to solve problem (3.32) for a sequence of barrier
parameters {{;,..., Uy}, so that u, > un41 Vn, uy = 0. To characterize the solution of (3.32)
we introduce the corresponding Lagrangian

M

L(0,8,0) =9, (0" -p) Ins)+AT(cl0)+9),
i=1
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where A € RM is the vector of Lagrange multipliers. The Karush-Kuhn-Tucker (KKT) optimality
conditions for the problem (3.32) lead to solving the following system of equations

Vo l(0,5,A) =V ¥, (0™ +T50) A=0,
VsZL(0,s,A) = —udiag(s) le+ A =0,
VaiZ(o,s,A)=c(o)+s=0,

where J¢ is the Jacobian matrix of ¢ computed with respect to o, and e = (1,..., DTeRM, A
Newton iteration on the KKT conditions leads to the following linear system

Voo (@, Aold) 0 US@)T\ [ Aa ) (-Va¥&, (0l
0 pdiag(sy) I As | =| pdiag(sp)~'e |,
],c; (ok) I 0 Anew —c(og) — sk

(O k+1,Sk+1) = (@ +Ad, s+ As), where V2 . % denotes the Hessian matrix of £ with respect to
the variable . In order to measure the optimality conditions we introduce the merit function

F(o,s;p) =max{|Va Z (0,5, A2, IVsZ(0,8,A) 2, IVaZL (0,5, A)2}.

Then, given a starting point (o, So), a sequence of barrier parameters {y;,..., ty}, so that
Kn > M1 VY0, uy =0, and corresponding tolerances {rol,,,..., tol,}, tol,, > tol,,  Vn,the
algorithm is given by the following steps.

1. For 1 < n < N perform the following operations.
(a) Starting from o € RN#, sy € RM, use Newton to find o € RV#, s € RM such that

F(a,s;uy) < tol,, .

(b) Setog=0,sy=s.

2. Seto‘ =0.

Finally accordingly to (3.29) and (3.30) we define the discrete solution to the inverse problem
as

Ny
7o) =) i),
i=1

where o“ = @7,...,0%, ) " € RV

Convergence analysis with respect to macro and micro discretization. The set U™ is finite
dimensional and uniformly bounded. Thus the existence of a minimizer 7" e UM to the
discrete optimization problem (3.29) is ensured for any H > 0 by compactness and continuity
of ‘P% »- One question we would like to answer, is whether the sequence (@} 1> of discrete
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solutions converges to a minimizer ¢° of the continuous problem as we refine the mesh. To
this end we first state a discrete analogue of Lemma 3.3.3.

Lemma 3.4.1. Suppose the assumptions of Theorem 2.2.5 and Lemma 3.3.3 hold, and let the
sequence {01} o in UM c U converge in L' (D), r = 1, to some o € U as H — 0. Then the

sequence of approximations {AZIO,h 8} H>0 converges to A y g in L?(@D) as H— 0.
oH

Proof. The desired assertion easily follows from Lemma 3.3.3 and the estimate (2.24). O

Now, thanks to Lemma 3.4.1 we can state the convergence of the discrete approximate so-
lutions {EE’H }i>0. Let o be a solution of the regularized inverse problem in the infinite
dimension, so that

YEé(@°) = inf ¥¢(0), (3.33)

oeU

where

L

VE0) = ) 1A, 81— Do &1l opy + YN0 =00l
=1

— Dt 2
=0 (0) +Y||U_UO||H1(D)'

Theorem 3.4.2. Suppose the assumptions of Theorem 2.2.5 hold, and consider the sequence
of minimization problems of type (3.29) for H — 0. The sequence of minimizers @M yso
contains a subsequence that converges weakly in H' (D) to a minimizer 6 of problem (3.33) as
H— 0.

Proof. Our proof is inspired from [56]. Here we briefly sketch the main steps to obtain the
desired result. Let #/ = U — U™ be the linear interpolation operator. We start by noting that
the minimizing properties of oM o imply that for each H, h > 0, ‘P‘;{ h(Eg'H ) is bounded
by ‘I";{ L H5*¢), which, thanks to (3.23) is in turn bounded independently of H and h. Then,

Al >0 admits a subsequence {EE'H'} >0 which weakly converges to some 6 in H LDy 1t
remains now to show that ¢ is indeed a minimizer of problem (3.33). Since C*°(D) is dense
in H'(D), we have that for any o € U there exists a sequence {0} ;>0 in C*® (D) N U such that

lim ”O'n—O'”Hl(D):O (334)
n—oo
The minimizing properties of @& >0 imply that
ve, @) s we, (o) vn>o.
Letting H' — 0, we obtain from the approximation properties of .#/ and Lemma 3.4.1 that

WE(6%) < WE(g,) VYn>O0.
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By letting 1 — oo, we deduce from (3.34) and Lemma 3.3.3 that
YE65) <P (o) VYoeU,

and the desired assertion follows. O

Model order reduction. Having to solve (3.29) requires a large number of evaluations of the

: £
function ¥ Ho

each macro quadrature point. If we map each micro problem into the reference cell Y = (0,1)¢

and so multiple computations of micro solutions, for each macro element and

through x = Gy, () = xx +6(y — 1/2), with 6 = ne, n €N, n >0, we can define an alternative
version of (3.27) as

By, wfy =Y |KIA" (o) Vvl (xx) - V' (xg),

Kegy

where

Ao = f Al (xi0), e’ - e/ =y dy,
Y

where /1 = h!/6, and )d;’h e Sl(y, J3,) is the solution of

fA(a(xK),y)vXQﬁ-vZﬁdyzfA(a(xK),y)ef-vZfldy Vel e S\, 7). (3.35)
Y Y

We note that each micro solution )d('h is parameterized by the value of o (xx), and so, in the
spirit of Section 2.3, we build during an offline stage a reduced space of precomputed micro
functions, to perform fast evaluations of the micro problems when solving the inverse problem
online. Similarly to Section 2.3 we define the space of parametersas == [0~ ,0"] x {1,...,d}.
Given an element ¢ = (¢,1) € E, the corresponding micro solution is denoted by )(? and satisfies

bl = flhe v es Ty,

where

b(z", w6 = f Alt, )V vilidy,
Y

and

f(Zfl;f) =fA(t,y)ei-Vzﬁdy.
Y
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Then starting from a training set randomly defined
ETrain = {fn =(tn,in) : 1 =N = Nruain, In € [0'_»0'+],1 Sip< d} ,
we perform the greedy offline stage described in Section 2.3 to build the reduced space

sNy) = span{u/il,... ,1//1}(,} .
We make the assumption that the tensor A(t, y) is available in the affine form

Q
A, y) =) 04(0)Aq(y), VyeY,
q=1
where O, : R — R. Otherwise, we apply the empirical interpolation method to obtain an affine
approximation of A(¢, y). Once the offline stage is concluded, we can define the new macro
bilinear form

Bursw™, why= Y A"N(oxx) Vv (xx) - Vw (xx),
KEf'/—H

where

AN o)) = f A (i), et - e/ =V dy,
Y

and )({(’N is the solution of (3.35) computed on the reduced space S"V(Y). Hence the approxi-
mated macro solution of problem (3.26) computed by means of the RB-FE-HMM is given by

H,RB _ o H,RB H,RB

u; " =11, + Rg;, where i, € Sj(D, Ip) satisfies

By ("™, v") = By pe(Rg,, v™)  VuH € S§(D, T),

where Ryg, is a Dirichlet lift of g; properly chosen. The corresponding normal flux at the
boundary is given by AZ{), v81 € SY(AD, Ig) such that

[Anggldes =By re(u"", v v e SLD, ).

oD

Remark 3.4.3. In the RB-FE-HMM framework the discrete inverse problem we need to solve
is

¥, v@ = 3nlf]H‘I’iz,N(0H) (3.36)
o' e
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where

L

£ Hy _ H 2 H 2
\PH,N(U )_l_zl”AA;*gl_AA(),ggl”LZ(aD)+Y||U _UO||H1(D)

H H 2
:q)‘}:{yN(o' )+Y||U _UO”HI(D)-

The convergence results established in Lemma 3.4.1 and Theorem 3.4.2 still hold. In the
convergence analysis we need to take into account the error due to the model order reduc-
tion. This error is based on the distance between the reduced space SV (Y) and the space
Sy, 7). Such distance can be quantified by means of the notion of Kolmogorov N-width
(see Chapter 2).

Summary of the multiscale method to solve the inverse problem. The numerical method
to solve the discrete inverse problem (3.36) can be summarized as follows.
1. During the offline stage construct a reduced space of micro functions SV (Y).

2. For each new guess o € U" in order to evaluate ¥¢, , (") while performing the
interior point algorithm, for 1 < / < L we do the following operations.
. H,RB _ o H,RB o HRB _ o1/ o= .
(a) Find u, =1, + Rg,, where 1 ] € §y(D, I y) satisfies

o H,RB UH)

Bure(i,""®, v") = =By rs(Rg, v')  Yv' € S§(D,Tm),

where Ry, is a Dirichlet lift of g; properly chosen, and

Bursw®, why= Y AN (xx) Vot (xx) - Ve (xx),
Kegy

where

AN 0 () = f A" (x0), e -~V dy,
Y

and )d('N is a micro solution computed on the reduced space SNy).

(b) Find AZ{LN g1 € SY(0D, T3) such that

oH
fAZI"'Q’gl vHds = BH,RB(qu’RB, vy vl e Si(D,Q*H).

oD

3.5 Numerical experiments

In this section we present numerical experiments that illustrate the behavior of the proposed
numerical method for solving inverse problems. We first explain how we define the Dirichlet
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conditions {g;}}_, and how we collect multiscale observations. Then, we solve the inverse
problem for two different types of macroscopic parameterizations: an affine parameterization
which controls the amplitude of the micro oscillations characterizing A?., and a non-affine
parameterization controlling their orientation. In particular, for the first parameterization, we
perform different numerical tests to observe the sensitivity of the results with respect to the
several parameters involved (y, €, H, L) and assess our theoretical findings. For the second
parameterization, we fix the values of such parameters and we report the solution obtained by
means of the proposed algorithm for solving multiscale inverse problems. To conclude, we
remark that the forward homogenized problem is computed by means of the RB-FE-HMM,
and the offline stage is performed for the following choice of the parameters: h/e =1/64,0 =¢,
tolgg = 107!, where tolgg is the prescribed tolerance used as stopping criterion for the greedy
process we use to select the micro basis functions.

3.5.1 Setup

The setup of the numerical experiments is as follows. The domain D is defined as
D={x=(x1,%x2):0<x1,x20<1}.

hobs

We then compute the multiscale fluxes A ¢ g; for different Dirichlet conditions {gl}lL:1 by

means of FEM, using a mesh size h,ps <« €. In particular we take {gl}lL:1 = {\/A_lq)l}lL:l, where
{(A, (pl)}lL:1 are the L eigenpairs corresponding to the smallest L eigenvalues of the one di-
mensional discrete Laplacian operator. Each g; is then interpolated on the boundary D to
define the respective Dirichlet condition. This procedure ensures that the functions { gl}lL:1 are
smooth and orthonormal, so that each contribution is independent from the others. Moreover
IVgill12op) < C, where C is a constant independent of L. In Figure 3.1 the first five g; functions
are shown.

0.1

91—92—93—94—G5

0.05 |

-0.05

-01 ¢+

-0.15

0 0.5 1

Figure 3.1: First five Dirichlet conditions used for the numerical experiments.
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3.5.2 AZ2D affinely parameterized tensor
For the first parameterization we consider a tensor A{. given by
* * 2 X1 2 X2
An(o™ (x),xle)=0" (x) (cos (271—) + 1) +cos (27[—) ,
€ €
Ax (0¥ (x),x/€) =0*(x) (sin (2712) + 2) + cos? (Znﬂ) ,
€ €
Ap2(07 (x),x/€) = A1 (0" (x),x/€) =0
where

0% (xX) = 16(x% — x1) (x5 — x2) + 1.

For this first set of numerical experiments ¢* is a simple smooth parabola, and its profile,

together with that of A%, is shown in Figure 3.2.

o*?

~

w » U1 O

B R |
R R |
‘ee
‘R R
‘XX
R R
‘R X |
R R
R R ;

R
I
R R R R O

N

¥ (x). Ap(o*(x),x/e). Agy (07" (x),x/€).

Figure 3.2: The true field * and the two components A;; (0" (x), x/€) and Ay (0* (x), x/€) of
the multiscale tensor (¢ = 1/8).

Sensitivity with respect to y. We start by observing how the solution to the problem

—eHy _ H
‘I’?{,N(Uf )= ;n[f]H‘P%'N(U )
g'e

0obs hns H 2
= ;anE IIA bg -4 bAAONgzIILz(aD)+~y||a =00l py»
oHeUt |=1

behaves as we vary the regularization parameter y, where .# hObSAHO v g1 is the linear extension

of AHONgl on S' (0D, 7, ) Wesetog=1,whilec™ and o™ are chosen to be equal to 0.5 and

2.5 respectlvely We fix ¢ = 1/64, H = 1/16, L = 20, and we solve the problem for different
values of y. The optimization problem is solved by means of the interior point method, with
initial guess equal to og. The relative error we obtain is shown in Figure 3.3 for different norms
and different values of y. As it can been observed, the approximated solutions we obtain have
different properties which vary with the regularization parameter y. The larger is vy, the more
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regularized is the inverse problem. Thus, if y is too large, the solution is too regularized, and it
can be far from the true scalar field we want to retrieve. On the other hand, when y becomes
too small, the problem becomes more unstable, and many more oscillations are allowed in
the reconstructed scalar field. For our problem we observe that the L?(D)-error is minimum
wheny € [2.5x1074,5x 1074].

10"

lelo* - EE'gHLZ(D)/HU*HL?(D)
&l — 7oy /llo | mp)

100[W

1074 1072
¥

Figure 3.3: Error behavior with respect to the regularization parameter 7.

Convergence with respectto . In this other numerical test we set y = 5x 1074, and we verify
the statement of Theorem 3.3.7. Moreover, we check the convergence of the approximated
solution towards o, which is the approximated solution of the discrete version of prob-
lem (3.22). Other parameters such as H and L are the same as in the previous numerical
test. From Figure 3.4 we can see that the error |\P(1)LI, N(EO'H )— ‘I"}{ N(EE'H )| converges to zero as

€ — 0, as expected from Theorem 3.3.7. Relative errors between o2 and ! are also shown

in Figure 3.4 for both L%(D)- and H!(D)-norms. We can observe convergence of 7o to gOH
as € — 0, in agreement with Theorem 3.3.7. For relatively large values of ¢, namely € > H, the
error we obtain is relatively large and no convergence is observed. This is due to the fact that,
since € > H, the approximate homogenized flux, which approximates at best the multiscale
flux, is capable of capturing its typical oscillations. Hence, such oscillations will affect the

retrieved solution as well.

Convergence with respect to H. To verify convergence with respect to discretization, we
fixy =5x 1074, £ = 1/64, L = 20 and use the discrete minimizer 5 obtained on the finest
discretization as reference solution. In Figure 3.5 we show the numerical errors obtained, and
the picture agrees with what is stated in Theorem 3.4.2.
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1 1
10 ey =
10 o[ — |2y /1[0 | 12y
&7 — 77| iy /110" || ()
10°
-2
10
10"
1073
1072
10 4 Ie“I’UH_NI(EO’H) - 'I’?J,N(?’H)” 10 -3 .
1072 10" 10° 1072 107 10°
e 13

Figure 3.4: Error convergence as € — 0.

10

ol — 55'g||L2(D)/HEEHL2(D)
&[7° — 7m0/ 17| z(D)

100_ B/Z/B\EI

102 107" 100
H

Figure 3.5: Error convergence as H — 0.

Sensitivity with respect to L. Finally we let vary the number L of different Dirichlet con-
ditions used to define the inverse problem, and check if a larger value of L leads to a better
approximated solution. For this experiment y =5 x 1074, £ =1/64, H = 1/16, while we allow
L to vary between 1 and 20. We can observe in Figure 3.6 that the relative error between
the exact function ¢* and our approximation decreases as L becomes larger. However, it is
also important to mention that as L increases, we should decrease H since the functions g;
becomes more and more oscillating as L — co, and therefore we need a small mesh size to
approximate them well. This could also be the reason why the H'D)1-error increases for the

last larger values of L.

Finally in Figure 3.7 we show the conductivity tensor we retrieve with e = 1/64, y =5 x 1074,
H =1/16, L =20. It is important to remark that the results showed in Figure 3.2 are obtained

for e = 1/64 (hence we obtain oot , € = 1/64). However, in order to visualize the results well
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10° &Eﬂﬂéﬁﬁﬂﬂ;ﬂﬂﬂﬂgﬁﬁaal

107}
GHU* - Eg’ZHLZ(D)/HU*HLZ(D)
1072 Blle” =7 lmwp)/llo" |l )
0 5 10 15 20

L

Figure 3.6: Error behavior with respect of the number of Dirichlet conditions L.

and compare the profile of the multiscale tensor with the one shown in Figure 3.2, we plot
A@®H (x), x/€'), where ¢’ = 1/8. We can see a good agreement between our solution shown in
Figure 3.7 and the true tensor shown in Figure 3.2.

2 7

1.8 : .- 6
3 54 A R R L R L

1.6 : 33 fesseReeRe 5

14 : :: R T T T TR 4
: 23 T IrL e

1.2 : :4 3
3 34 AR & & L L L

1 '4 ’4 2

0.8 1

e €9} An@ef(x), xle"). A @ (x), x1€").

Figure 3.7: The approximated solution ! and the two components Ay, (@5, x/¢') and
Agp (@@ x1€') of the multiscale tensor (H =1/16, ¢ = 1/64, ¢’ =1/8).

3.5.3 A 2D non-affinely parameterized tensor

For the second experiment we consider a non-affine parameterization of the multiscale tensor.
In this case the function o* controls the orientation of the oscillations of the full tensor A¢.,
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which is defined as follows,

N . ZnelTQx
A11(07 (x),x/€) =4|sin T +1.5],

N ( (ZnelTQx) )
Ag (07 (x),x/€) =4|cos — +1.5],

A0 (x), x/€) = Ay (0™ (x),x/€) =0,
where Q = Q(0*(x)) is a rotation matrix depending on o* and is defined as

0- ( cos(2ro*(x)) sin (Zna*(x)))

—sin(2no*(x)) cos@mo*(x))
with
o*(x)=1.05+0.15x; .

Let us remark that for this parameterization the monotonicity assumption (3.13) in Theo-
rem 3.2.3 does not hold. However, Theorem 3.3.7 and Theorem 3.4.2 are still valid. The exact
function 6%, and the components of Af. are shown in Figure 3.8, for £ = 1/8. For solving the

10
1.2 — ‘
\ i \ °
1.15 8 8
7 7
11 6 6
5 5
1.05 4 4
3 3
i [ — 4

g*(x). App(o*(x),x/€). A (0% (x),x/€).

Figure 3.8: The true field * and the two components A;; (6" (x), x/€) and Ay (0* (x), x/€) of
the multiscale tensor for the non-affine parameterization (e = 1/8).

problem we sete =1/64, H=1/16, L=8,0~ =1, 0" =1.25, 0 = 1.05. For this experiment we
slightly modify the regularization term. The exact field we want to retrieve changes only with
respect to the variable x;. Then we assume to know this qualitative property of the unknown
and we define the regularization term such that variations with respect to the x, direction are
more penalized than variations with respect to the x; direction. Observe that

lo = 00l3ppy = 10 =00l 72y + 105, @ = T0) 72 ) + 105, (0 =072y - (B:37)

Then, instead of multiplying the three addends on the right hand side of (3.37) by the same
parameter y, we use different weights for each of the three addends. The new penalty term is
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then defined as
Y110 = 000172 + 120105, (0 = 00) 72y + V31102, =00 172y »

and for the experiment we are considering we adopt y; = 0.1, y2 = 0.1, y3 = 4. Let us remark
that all the theoretical conclusions are still valid under this regularization term, since it
represents a norm equivalent to the H!(D)-norm. As the parameterization is non-affine,
in the offline stage we apply the empirical interpolation method (EIM) to obtain an affine
approximation of the tensor, using tolgn = 10714, where tolgpy is a prescribed tolerance used
as stopping criterion for the a posteriori error control in the EIM algorithm. In Figure 3.9
we show convergence of the residuals in the EIM approximation, and for the reduced basis
approximation. In total we get 21 affine terms for A{,, and 20 affine terms for AS,, while the
reduced space is spanned by N = 47 precomputed micro solutions. Therefore for each new
value of the unknown, approximating the new homogenized tensor at a macro quadrature
point reduces in solving a 47 x47 linear system instead of a 4096 x 4096 linear system, leading to
a great saving of computational time. In Figure 3.10 we show the approximated solution we get

5 , , 0
10 oA, 107
= A3,
2 8
T o
= 5] 10 51
- -
2 g
g 5
@ 2
% a 10
S10° 7T
= m
= ~
-15 . . -15 . .
1 1
0 0 10 20 30 0 0 20 40 60
Number affine terms Number reduced basis

Figure 3.9: Residuals for the a posteriori error control in the offline stage.

using our proposed method. Again we note that we show the conductivity tensor we retrieve
when € = 1/64 (hence we obtain oot , € = 1/64). However, in order to better visualize the
results and compare the profile of the multiscale tensor to the one shown in Figure 3.8, we plot
A(E”"H (x),x/€"), where &' = 1/8. We can notice that the orientation of the micro oscillations
is well captured for most part of the computational domain. As an additional measure of
accuracy we also mention that the relative error between the two corresponding homogenized

tensors, i.e., A°(c*) and A°(@©"), is about 6%.
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9

8

7

6

5

4

3

An@" (x), x/e). Ap @ (x), x1€").

Figure 3.10: The approximated solution 7o and the two components Aj; @“H, x/¢") and
Azg @°H x/€') of the multiscale tensor for the non-affine parameterization (H =1/16, £ = 1/64,

e'=1/8).
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Numerical method for solving multi-
scale inverse problems via Bayesian
techniques

In Chapter 4 we consider the same class of parameterized multiscale inverse problems treated
in the preceding chapter, but we recast them into a statistical framework, and develop an
efficient multiscale numerical method based on homogenization and Bayesian techniques.
We still deal with elliptic inverse problems for a class of parameterized multiscale symmetric
tensors AY., of the form

AL (x)=A(0"(x),x/€),
where * : D — R and
Ajj(0*(x),x/e) = Ajj(0™(x),y), Ajj(0"(x),)is Y-periodic,
VxeD, Vi, j=1,...,d.

Given the PDE
—V~(A2*Vu£):O inD, @)
u‘*=g ondD, '
and assuming that the map (¢, x) — A(t, x/€) is known, the goal is to determine the macro-
scopic parameterization o * : D — R based on the knowledge of the Dirichlet to Neumann map

Age. : HY2(0D) — H™V2(dD) defined as
§— Ag-Vu'-vlop, (4.2)

where v denotes the exterior unit normal to dD. Since standard numerical techniques which re-
quire mesh resolution at the finest scale are not appropriate to approximate (4.1), we describe
a coarse graining strategy based on numerical homogenization and model order reduction.
Moreover, in order to ensure well-posedness, we solve the problem following the Bayesian
approach.
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Outline. The outline of the chapter is as follows. In Section 4.1 we describe our setting for
the inverse problem and we recall some useful tools for the Bayesian approach to inverse
problems. Our main results are presented in Section 4.2. We state some preliminary results
on well-posedness of the posterior measure and we introduce two types of prior measures
that we will use throughout the work. Hence, we prove existence and well-posedness of
the effective posterior, and establish the convergence of the Hellinger distance between the
effective posterior and the posterior measure based on the full fine scale model. In Section 4.3
we give a brief survey on the algorithm used to sample from the posterior distribution, which is
based on Markov chain Monte Carlo (MCMC) methods. In Section 4.4 we explain how to solve
the problem numerically by means of RB-FE-HMM. Numerical experiments that illustrate our
multiscale inverse method and confirm our theoretical findings are presented in Section 4.5.
The content of this chapter is essentially taken from [7].

4.1 An elliptic multiscale inverse problem with finite observations

Let D be an open and bounded set in R%. We consider a class of parameterized multiscale
locally periodic tensors of the type A%.(x) = A(o™(x),x/¢€), where 0* : D — R. Given g €
H'?(8D), our aim is to recover A? .. from measurements originating from the model

-V-(A%.-Vuf)=0 inD,
=g ondD.

Our unknown is represented by o*, while we assume to know the map (t, y) — A(t,y), t€ R,
ye Y, where y=x/e, ye Y = (0,1)4 and Y is the periodicity cell. In this chapter we will
consider the family of parameterized tensors (¢, y) — A(t, y) such that, forany0 <o~ <ot <
oo, t— A(t,y) is of class C!([o~,0"]) and there exist &[5~ +], Bio-,0+] > 0 such that

ao- o+ < Alt,)b-b, |A(t, )bl < Bio-o+Ibl, forae yeYandVielo ,0'], be RY.
4.3)

Hence, we say that a macroscopic function o : D — R will be admissible if there exist two
constantsg” and o*,0< 0~ <ot < oo, such that

o <o(x)<o* VxeD.

In what follows we will denote as U the set of all such functions. We consider J € N boundary
portions of 0D, and we denote them asT'j cdD, j=1,...,J,T;nI'; = ¢ for i # j. These
portions of the boundary represent the locations at which the measurements are carried out.
Moreover, the same experiment is reproduced for L € N different Dirichlet data, which we
denote by g;, I = 1,...,L. Hence we have J x L observations. Then, we may introduce the
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forward operator F¢: U — R’L, F¢(0) = vec({ T@hs<js),
1=i<L

]'EI(U):<AA§gl’¢j>H‘1/2(0D),H”2(0D)’ j:1,...,],l:1,...,L, (44)

where A 4 is the Dirichlet to Neumann map (4.2) associated to the tensor Af (x) = A(o(x), x/¢),
and ¢; € H'?2(0D) such that supp(¢;) =T for all j = 1,...,J. In the following setting, we

L

Figure 4.1: Picture representing the computational domain D and the boundary portions T’
used to compute the observations.

assume to dispose of a finite number of observations, corrupted by some noise, so that
z=F(0")+{, {~HN(0,Cp), (4.5)

where C; is a given covariance matrix. Based on these measurements we would like to recover
o*. Let X be a Banach space, and P some map P:60 € X — ¢ € U. The introduction of X and
P will be useful later on to build different kind of prior measures on the admissible set U.
Introducing this abstract framework is also useful to perform a rigorous analysis about the
validity of our approach, which will be carried out in Section 4.2. Let us define the potential
function ®¢ : X x R’ — R, which measures the distance between the observed data and the
values produced by the observation model for some 6 € X as

1
®°(0,2) = Z12- GO, (4.6)
1
= 5<Z_ Ge(e);z_ G£(0)>C(
= %(z— G°0) ' C;'(z-G°0)),

where G¢ = FfoP. Simply trying to minimize (4.6) leads to an ill-posed problem. To ensure well-
posedness we may add some regularization term (e.g. Tikhonov regularization) or recast the
problem into a statistical framework, where all the quantities involved are treated as random
variables (Bayesian approach). Differently from standard regularization techniques, which
produce as solution a single point estimate of the unknown, with the statistical approach the
solution is represented by a probability measure, so called the posterior probability measure.
The posterior measure can then be used to infer about the parameter values and quantify their
uncertainties. In Bayesian theory, it is assumed that all the prior information we dispose about
the unknown we are seeking for, can be described by what is called the prior measure, which
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we denote here as ;. Using (4.5) and applying Bayes’ formula we obtain that the posterior
measure of 6 given z, denoted by u®(0|z), is related to uy, through the Radon-Nikodym
derivative

dut6|z)

M — ¢
e 0) x exp(—d°(0,2). 4.7

Unfortunately trying to explore uf(0|z) via sampling techniques as Markov chain Monte Carlo
(MCMC) methods is infeasible, due to the high computational effort needed to evaluate the
model G* even for few realizations of 8 € X. Hence, to drastically reduce the computational
cost, we combine the inverse problem with a coarse graining strategy.

Using homogenization theory, we may introduce the operator F°: U — R/, defined as F°(0) =

VeC({f]pl(O')}lsjs])y
1=l<L

]01(0') = (AAggl,(pj)H—IIZ(aD)YHl/Z(aD), j: 1,...,],l: 1,...,L,

where A y is the Dirichlet to Neumann map associated to the tensor A%, the homogenized
tensor corresponding to AZ. Then, we can define a new potential function ®°: X x R/ — R as

1
2°(0,2) = Slz- GO, (4.8)

where G° : FOo P, and P is a map such that P: X — U. As for the full fine scale model, we
can invoke Bayes’ formula to define a posterior measure u°(0|z) associated to the potential
function (4.8) which satisfies

du’@|2)

ap-\viz) a0
e ) x exp(—d7(0,2)). (4.9)

We note that this new measure is much easier to explore via sampling techniques since the
homogenized forward model F° : U — R/! can be approximated efficiently and independently
of €.

4.2 Well-posedness and convergence of the effective posterior mea-
sure

We recall some theoretical results about existence and well-posedness of the posterior measure.
It is important to underline that existence and well-posedness of the posterior measure
is typically determined from continuity properties of the forward operator entering in the
definition of the potential function. Then, it is necessary to build prior measures such that
every proposal lies in the function space on which the continuity properties of the forward
operator are satisfied. Hence, some analysis on regularity properties of the forward operator
is needed. This is carried on in what follows. We assume to have a prior Gaussian measure
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4.2. Well-posedness and convergence of the effective posterior measure

Hpr = A (Bpr, Cpy) defined on a Banach space X, such that up,,(X) = 1. Let 1°(0]z) be a posterior
measure that we assume as in Section 4.1 to satisfy

dp’®lz) 1
dupe(0) — C%(z)

exp(-0°(8, 2)), (4.10)

where ®°(8, z) is the potential defined in (4.8) and CY(z) is the normalization constant

C%z) = f exp(—d>°(9,Z))upr(d9),
X

so that u°(0|z) is actually a probability measure.

Definition 4.2.1. Let u! and u? be two probability measures on a Banach space X. Assume
that u! and p? are both absolutely continuous with respect to a common reference measure g,
defined on the same measure space. Then the Hellinger distance between u! and 2 is defined

2
1 du! du?
A (' 1) = —f( — —\/ | du-
2 d d
J\Vde V du

The next theorem gives sufficient conditions on ®° : X x R’ — R and Upr for the posterior

as

measure defined in (4.10) to be well-defined. We refer to [84] and [41] for a complete overview
of the Bayesian approach to inverse problems. For a rigorous Bayesian formulation of the
inverse conductivity problem, known also as electrical impedance tomography (EIT), we also
mention [46].

Theorem 4.2.2 (See [84] or [41]). Assume that iy, is a Gaussian measure on the Banach space
X such that p, (X) = 1. In addition, assume that the function ®°: X x R’L — R and the measure
Upr satisfy the following properties:

1. Foreveryr >0 thereis a K = K(r) such that for all @ € X and for all z € R'" such that
max{l|0lx, zllc} <r

0<2°0,z) <K.

2. For any fixed z € R'" the function ®°(-, z) : X — R is continuous Mpr -almost surely.

3. For z1,z> € R'L with max{|| z; e, lz2llc,} < r and for every € X, there is M = M(r, 0] x),
M :R* x R* — R*, monotonic non-decreasing, such that

10°(0,21) - @°(0, 22)| = M(r, |01l )l 21 — 22, -

Then the posterior measure ji° given by (4.10) is a well-defined probability measure.
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4. Moreover, if
2
M |- lix) € Ly, (X)),

then ° is Lipschitz in the data z, with respect to the Hellinger distance: if u°(0|z;) and
u0(0|Z2) are two measures corresponding to data z) and z,, then there is a constant
C = C(r) > 0 such that, for all z1, zp with max{||z; e lzliet<r,

den(1°0121), 1 0122)) < Cllz1 - 22l -

We consider the case where pp; is a Gaussian probability measure on the Banach space
X = C°%(D), and we will show that the assumptions of Theorem 4.2.2 are satisfied by Hpr
and ®° given in (4.8), with G =F% P, where P:0 € C°(D) — o € U is some map such that
if |6 —0,ll1opy — O, then P(6,) — P(0) either uniformly or in measure. In particular, we
consider two different definitions of P, which we denote by P, and P,, described in what
follows.

Log-Gaussian prior. The map P; is simply defined as P; (8) = exp(6). We note that for any
o =exp(0), 0 € C°(D), we have that

exp(—=10lr~m)) < o(x) =exp(lOll ) VxeD.

Hence P; does map into the admissible set U. In the conditions (4.3) we can take 0~ =
-1

lo7,07]
Bio-,0+) can be described as monotonic non-decreasing functions of [|0]| ;~(p), and we will use

exp(—10lz(py) and 6™ = exp(||0]l1~(p)). We can hence note that the quantities a and

the notation

Alo=,0*] = X)0| 100y » IB[U_vUﬂ = IBHQHLOO(D) . (4.11)

Finally, we remark that from continuity of P; we see that if 6 € C%(D) and {0 ntn>0 is a sequence
in C%(D) such that || — 0, llzopy — 0, then || P1(0) — P1(0,) |l L~p) — 0. Let us also remark that
since 6 is distributed according to a Gaussian measure, P; () is distributed according to a
log-Gaussian measure.

Level set prior. The map P, which in [62] is referred to as level set prior, is defined instead
in the following way. Let n € N and fix constants —co= ¢y <... < ¢, =o0. Given 6 : D — R, we
define D; € D as

Di={xeD:ci.1<0x)<c¢}, i=1,...,n,
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sothat D = U?ZIE,- and D;nD; =@ fori# j. Let us also define the level sets

D’=D;,NnDj;1={xeD:0x)=¢;}, i=1...,n—1.

1

Now given some strictly positive functions fj,..., f, € C%(D), we define the map Py : c'(D)—-U
as

n
Py0) =) filp,.
i=1

In particular we will consider f; which are constant on D. Hence, each o = P»(0) will be
uniformly bounded below and above, and so also the quantities @[s- ¢+ and Bjs- o+ are
uniformly bounded with respect to 8. For the continuity of the map P, we have the following
proposition given in [62] (we denote by | D ;| the measure of D).

Proposition 4.2.3 (See Proposition 2.6 and Proposition 2.8 in [62]). Let {6,},>0 € C%(D) con-
verge to some 0 € C%(D) uniformly. Then {P»(0,)} >0 converges to P»(0) in LY(D), 1 < g < oo,
if and only if |D‘l.)| =0foralli=1,...,n—1. Let up, be a Gaussian probability measure on Cc'(D)
and let 6 ~ pp;. Then ID?I =0 ppr-almost surely fori =1,...,n—1.

4.2.1 Well-posedness of the effective posterior measure

In what follows we study the continuity of the forward operator G°: C°(D) — R/L.

Lemma 4.2.4. Let x/e =y, y € Y = (0,1)%. Consider the class of d x d symmetric matrix
functions (t,y) — A(t,y), where A;(t,-) is Y -periodic, Vi, j =1,...,d, t € [067,07],0<0™ <
0" < oo. Assume that the map t — A(t, y) is of class CY([o~,0™"]) and that there exist Ao~
and Po- o+ > 0 such that (4.3) holds. Then the homogenized map t — A%(1) satisfies

aio-o1Ib2 < A°(0)b-b, |A°(1)b| < Bio-o+|bl, Vielo,0%],beR?, 4.12)
and there exists a constant E|s- 5+ > 0 such that

10:A()| < Ejg- o+, Ytelo ,0']. (4.13)
Proof. The statement of the lemma is contained in what stated by Theorem 3.2.3. Therefore
see Theorem 3.2.3 for the proof. O

Lemma 4.2.5. Let the assumptions of Lemma 4.2.4 be satisfied. Let o € U and the sequence
{ontn>o in U be such that:

1. Either{o}n>0 converges to o uniformly.

2. Or{ou}ln>0 converges to o in the Lebesgue measure and there exist 0~ and o*, with
0<0~ <0" <oo,suchthato™ <o,(x)<o* forall xe D and forall n> 0.

Then the sequence {A 5 g}n>o convergesto A p g in H™''>(D).
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Proof. The first part of the result has been proved in Lemma 3.3.3. For convenience we briefly
recall the arguments. Let us define w = A Vu®(0) — A V(o). Observing that w € H(D, div)
and using the continuity of the map w € H(D,div) — w-v € H""2(dD) we know that

lw-vlg-126p) < lwlzmp)-

Note that if {0 ,,} ;>0 converges to o € U uniformly, then we have that there exist 0~ and 6™ such
that for every n sufficiently large 0~ < 0,(x) <0 Vx € D, and so a(o- o+], Bio-,0*]» Elo-,0*]
are uniformly bounded with respect to n. The same is true for sequences converging in the
Lebesgue measure since they are uniformly bounded by assumption. Hence in what follows we
will just refer to such quantities as a, B, E. Using Cauchy-Schwarz inequality and (4.13)-(4.12)
we obtain

flwlzdx:ngn(Vuo(a)—Vuo(an))~wdx
D D

+f(A?, - A )WVl (0) - wdx
D

<BIVL’ (@) - Vil (o)l 2 | Wl 12 ()
1/2

+E flo—anIZIVuO(U)Izdx lwll 2oy - (4.14)
D

It follows from the weak formulation of u° (o) and u°(0,,) that, for all v € H& (D), we have that

f(Agw"(a) - Ay Vu’(0,))-Vvdx=0.
D

Then

ng(VuO(a)—Vuo(an))-Vvdxzf(Agn—Ag)VuO(an)Vvdx Vve Hy(D).
D D

By choosing v = u0)-ul(o,) € H& (D), using Cauchy-Schwarz inequality, (4.13) and (4.12),
we obtain

1/2

IVul (o) = Vul @)l 2y < @ 'E f|0—0n|2|Vu0(an)|2dx : (4.15)
D
Inserting (4.15) into (4.14) we obtain

1/2

lwl g < EQ+a™'p) f|a—an|2|Vu°(a)|2dx ) (4.16)
D
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and by using Holder’s inequality and Lax-Milgram we finally obtain

lwlzpy < EQ+a ™' B)llo = ol VUl (@)l 2 (p)

<Ea'BA+a ' Blglmrepllo—onliem)- 4.17)

Now, if ||o — o4l =) — 0 the result follows from (4.17). On the other hand if [0 —0,| — 0
in measure, since |D| < oo and Vu°(0) € (L*(D))¢, we have also that the integrand of (4.16)
lo —0,1?|Vu®(0)|? — 0 in measure (see Corollary 2.2.6 in [23] for example). Now, since |0 — 0 |
is uniformly bounded by assumptions, the whole integrand is bounded by a scalar multiple of
|Vu®(0)|2. Therefore by applying the Lebesgue’s dominated convergence theorem, we obtain
that |0 —0,1%|1Vu®(0)|> — 0 in L} (D), and the result follows. O

Remark 4.2.6. The Lebesgue’s dominated convergence theorem is stated for sequences con-
verging almost everywhere. However, convergence almost everywhere can be replaced in this
case by convergence in measure, since |D| < co.

By using the results given in Lemma 4.2.4 and Lemma 4.2.5 we can deduce the following
lemma that establishes the continuity of the effective forward operator F°: U — R/L,

Lemma 4.2.7. Let the assumptions of Lemma 4.2.5 be satisfied. Then the sequence {F°(0 )} >0
converges to F 0 (o).

Proof. We have that

J L
IF0) - Flolc,<CY. Y IK(A g9 = A g 181, Pj) H112(0D), 112 0D
j=1i=1

= Csup ” (AAS _AAS )gl ”H—l/Z(aD) sup ”(P] ”H”Z(aD)’
! " J

and the result follows from Lemma 4.2.5. O

Hence, we can establish that the posterior measure (4.10) based on the potential function ®°
is well-defined and Lipschitz continuous in the data with respect to the Hellinger distance.

Theorem 4.2.8. Let the assumptions of Lemma 4.2.4 be satisfied. Let iy be a Gaussian probabil-
ity measure on C%(D), andletP:0 € C°(D) — g € U be defined as P; or P, previously introduced.
Then, the function 0 COD)xR/E - R defined in (4.8), with G'=FP:C°D) - R/L, satisfies
assumptions 1-3 of Theorem 4.2.2. In case where P = P, also assumption 4 of Theorem 4.2.2 is
satisfied. In the case where P = Py, assumption 4 holds if

i oo, € Ly, (CO(D)). (4.18)

11l ooy Fll-l oo )
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Proof. Let o be an admissible functions in U. We have that

J L
0
I (@), =C Y IZ (A 4081, ) 126D, 112 0) |
==

< Csup ”AA?; gl ”H—I/Z(aD) ” Sup ”(p] ||H1/2(5D)
! j
2 -1

< Cﬂ[07,0+]a[07,0_+] Sl.llp “gl"Hl/Z(aD)

2 -1
= C'B[a‘ﬂ*]ala‘,a*] :

-1
o,0"]
monotonic non-decreasing functions of [0 ;~p) (see (4.11)). Thus we obtain

In case where P = Py then o = exp(§), where 6 € C°(D), and . @ is a positive and

0 2 -1
<
1G" Ol = Bio) 000, X161 000, -

If P = P,, |Gl is bounded by a constant Y6 € C°(D) since P, is uniformly bounded.
Using the triangle inequality we have that

©°(6,2) < Cllizllg, + 1G°O)1Z,),
and therefore assumption 1 follows. To fulfill assumption 3 we note that we have
10°(0,21) - @°(0, 25)| = %Kzl +2,-2G%(0), 21 - 22) |
s Cllzlic, + 22l ¢, +2||G0(0)||C()||Zl -2l -
Let r such that max{l z1 llc,, llz2lic,;} < r. Hence we obtain

10°(0,21) - 2°(0, 22)| = C2r + 2| GBI c)) 121 — 22l c,

<M1, 101l 1=p) 121 — 22l ¢, ,
with
M(r, |01l (p)) = C2r +2[1G° @)l ) -

If P = Py, M(r, 101l 1(p)) is positive and monotonic non-decreasing, and uniformly bounded
with respect to |0~ (p). Hence, assumptions 3 and 4 follow. In the case P = P; we have that

M(r, 101l L= (p)) ZC(2r+2ﬁﬁ9nm aj ).

D) 000 (p)

We note that M(r, 0]~ p)) is positive and monotonic non-decreasing, hence assumption 3
follows. Moreover if

2 -1 2 0 7
Bil-lsoi F-liomy € Ly (€ (D)),
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then
M, - lpy) € L, (CO(D)).

It remains to show that assumption 2 is also satisfied. Assume that P = P;. If |0 =0, ||z (p) — 0
then P(68,) — P(0) uniformly. Then by Lemma 4.2.7 we have that G° = F%6 P is continuous at
0. Assume now P = P,. If |6 — 0, || 1~ (p) — 0, then by Proposition 4.2.3 P(8,) — P(0) in LY(D),
1 = g < oo, at the points where the level sets have measure zero. However since we are assuming
0 ~ ppr and pp; is a Gaussian probability measure on C%(D), it follows from Proposition 4.2.3
that 6 has up,-almost surely this property. Finally since P (6, (x)) is uniformly bounded for
all x € D and all n > 0, by Lemma 4.2.5 we have that assumption 2 is satisfied also in the case
where P = P». O

Remark 4.2.9. The result in Lemma 4.2.7 can be proved in a similar way also for the sequence
{Aa, 8tn>0. It can also be proved that when P = P; also for G*(6) we have that

£ < 2 -1
1G" @) lic; = CBigy 00, F 1011000

while when P = P,, |G (0)|| C is bounded by a constant independent of 6. Hence, under the
assumptions of Theorem 4.2.8 the posterior measure (4.7) based on the potential function
®¢ is also well-defined and Lipschitz continuous in the data with respect to the Hellinger
distance.

4.2.2 Convergence of the fine scale posterior towards the effective posterior

Before moving to the numerical aspects of the problem, an investigation of the validity of our
approach is necessary. First we observe that (4.5) can be rewritten as

z=FY 0"+ {5 (0")+(, (~N(0,Cp), (4.19)
where
(E(0%) = FE(0™*) - FO(o™).

The quantity {*(0*) represents the homogenization error capturing the mismatch between
the full multiscale model and the homogenized one. In particular, (4.19) suggests that the
observed data originating from the full multiscale model can be seen as data originating
from the homogenized model, which are affected by two sources of errors: the noise and
the homogenization error. Both sources of errors can affect our predictions and we must
take them into account when solving inverse problems to obtain good approximations of the
unknown, especially when ¢ is relatively large. For the homogenization error we can show that
we have in our case that {¢(g) — 0 as € — 0 for every o € U, as stated in the following theorem.

Theorem 4.2.10. Let o be a function in U and let { A} ¢~o be a sequence of symmetric matrices
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in M(@(o- 5+, Blo-,0+], D) which G-converges to the matrix AS € M(a (- 5+), Blo-0+), D), and
let (¢ (o) zvec({f‘?l(a)}lsjsj), where
/ 1<iI<L
{510) = (M as = A ) 81D opy, eepys J =Ly T I=1,00,L,
whereT'j<dD forall j=1,...,L,T;nTj=9@ fori # j,and ¢, g € H”Z(OD)forallj =1,...,J,
supp(pj) T forallj=1,...,]. Then ||C£(O')||C( —0ase—0.

Proof. We have that for arbitrary j and [ and Vo € U

510) = (A ag = A o) 81, ) -112(0D), 12 0D) -

Using integration by parts we have that

& o) = f (VU - A0V i) -V, dx, (4.20)
D

where ¢ j is some function in H 1(D) whose trace is ¢ j- From G-convergence of A to A% we
know that (4.20) converges to zero as € — 0. O

Theorem 4.2.11. Let u€ and u° be defined as in (4.7) and (4.9) respectively. Let the assumptions
of Theorem 4.2.8 be satisfied, together with (4.18). Then we have that

lim dygen (1°, 1) = 0.
e—0

Proof. From the definition of the Hellinger distance we have that

2
du® dus
R N e Pt
1 1

C'(D)

1 1 2
- f (ﬁexp(—ECDO(G,z))—ﬁexp(—éq)g(e,z))) ppr(d0),  (4.21)

C°(D)

where C? and C? are the two normalization constants such that ,uo (012) and u®(f|z) are proba-
bility measures, i.e.,

c’= f exp(—0°(0, 2)) pr(d9), C° = f exp(—0° (0, 2)) pr (d6).
Co(D) Cco(D)
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Let us notice that
IC°-C*| = f lexp(—0°(8, 2)) — exp(—D° (8, 2))| ppr(d6)
C°(D)

< f |2°(6, 2) — @° (0, 2)| ppr (dO) .

Co(D)
From (4.21) we get that

25 (10, 1) < i+ I,

where
1 1.0 L pe ’
h=5 exp| =5 @7(0,2) | - exp| ~S@°(0,2) || ppr(dO),
co(D)
I —(_1 L )Zcf
*“\Veo veEl T
We have that
L [ @02 -0 2)2u.d0)
1< 75 ( ,Z »2)) Upr )
Co(D)
and

I < }lmax{(Co)_s, (€573~ CH)?

<C f (@°(8, 2) — D°(0, 2))* pr (dO) ,

(D)

where we have used (4.22). Using the definition of ®° and ®¢ we find

24z, (W ) =C f (@°(6, 2) — D (0, 2))? pipr (dO)
C°(D)

=C f Clizllc, +1G° @) lc, + 1G° ) lc)*1G°(0) = G (O) I, ipr (d6)

Co(D)

(4.22)

From Theorem 4.2.10 we have that lin(l) 1G° @) — GE(O) llc, = 0. We also have that (see Theo-
E—

rem 4.2.8) if P = Py, then |G (0)| c, (respectively [|G*(0) | c,) is bounded by some scalar mul-

-1

. 2
tiple of By . 416} 000

) which is square integrable with respect to pp,. Otherwise if P = P

both [|G°@)| ¢, and [|G*(0) I, are bounded by a constant since P, is uniformly bounded, and
again square integrability follows. Then by the Lebesgue’s dominated convergence theorem it

follows that dgen (u°, u€) — 0 as € — 0.

O
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Offline approximation of the homogenization error distribution. The interpretation of
the result is that when ¢ is small we can neglect the homogenization error, since it will be close
to zero, and we do not need to take into account its probability distribution in the inversion
process. However, for larger values of €, the mismatch between the observations and the data
produced by the homogenized model might not be negligible, and using the coarse graining
approach without taking into account the homogenization error distribution may lead to bad
predictions. In order to avoid that, we can correct the likelihood function, by approximating
the probability distribution of the homogenization error. In [28] a strategy for approximating
the first two moments of the distribution of the discretization error caused by FEM is proposed.
Hence, by following [28], we derive an algorithm which aims at approximating the mean ZE
and the covariance C;- of the homogenization error distribution. Given the prior measure gy,
on C%(D), the map P : C°(D) — U, and a sample size M, the numerical procedure is given by
the following steps.

1. Draw from the prior measure a sample of realizations S = {01, ...,0}.

2. For1=i=< M compute
(5= G501 - G°0;) = F*(P(#:) - F'(P(6,).
- 1 g
3. ¢ = Mz?il(i'
1 — —
4. Cre= XM @ =T T

. e S —e
We assume a Gaussian distribution for the homogenization error, so that (¢ ~ A ({, C;<) for
all o, and we can rewrite (4.19) as

2=F ")+, O~ N ,Cr+Cp). (4.23)

We emphasize that the homogenization error distribution is approximated offline. Only M
evaluations of the full multiscale model are needed. Hence, we use this approximation to
modify the potential function as in (4.24), and sample from the posterior by evaluating only
the coarse homogenized model. We note that in (4.23) to apply the Bayesian framework for
inverse problem, we still assume the independence of {* and 8, despite the introduction of
the homogenization error in {*. Nevertheless, the practical uselfulness of such algorithm has
been shown in numerous works (see [19, 28]). Then, we may define the new likelihood as

1 _
0°0,2) = SI7- GO +cpe (4.24)
wherez =z — ZE. Note that conclusions about existence and well-posedness of the posterior
measure are still valid under this definition of the potential function, which is equivalent to

the one in (4.8), apart from the fact that observations z are shifted by ZE, and the covariance
matrix is given by C; + Cee.
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4.3 Sampling from the effective posterior measure

The output of the Bayesian approach consists in the posterior measure. However, in prac-
tice numerical sampling is needed to approximate the distribution, in order to obtain some
meaningful information (such as expected value and variance of the unknown, or confi-
dence intervals). We consider as prior a Gaussian measure pp; = A (Opr, Cpr) on the Hilbert
space L[%(D). The random variable 6 ~ A (Opr, Cpr) can be written using the Karhunen-Loeve
expansion as

0(x) = Opr(X) + Y VAN i@r(x),
k=1

where {¢, A}, is an orthonormal set of eigenfunctions and eigenvalues of Cpy, and {n}?2
is an i.i.d. sequence with n; ~ A4(0,1). Since we defined the push forward maps as P; :
C%(D) — U, i = 1,2, we may ask which condition the prior measure has to satisfy so that
each sample from pp, is in C%(D). For the Matérn covariance operator that we will use in the
numerical examples, we will ensure that draws from A4 (0}, Cp;) are continuous (see Section
4.5.1).

In numerical experiments to reduce the dimension of the unknown we use a truncated
Karhunen-Loéve expansion

K
0% (x) = Opr () + Y vV Arnik @i (),
k=1

where {@g, A k}Ik(:l is the orthonormal set of eigenfunctions and eigenvalues of Cp,; correspond-
ing to the K largest eigenvalues. The unknown parameter is then parameterized by the K
coefficients {n k}lk(:l’ which are a priorii.i.d. as A4(0,1). In what follows, we will denote some-
times the unknown parameter as H,If to emphasize its dependence on g = (11,...,1x) . Hence,
the inverse problem consists in approximating the posterior distribution of the K coefficients
by sampling from the posterior density 7°(n|z) which is given by

1 1
7 (q12) o< exp| =112 = G Op)llc, — 510y ~Opelc, | (4.25)
where [| - [|¢,, is the norm induced by the scalar product
Y0 = (Gt P, Gt P D 2y

and for any 8 € L2(D) and any « € R we have that

Cor(6) = kz A0, 01 12 (D) Pk -
=1

79



Chapter 4. Numerical method for solving multiscale inverse problems via Bayesian
techniques

2 ¢ 2 ) )

To sample from the posterior density we employ the Markov chain Monte Carlo (MCMC) tech-
niques. Many algorithms belonging to the family of MCMC sampling methods are available in
the literature. We decide to use the Metropolis-Hastings (MH) algorithm, which we illustrate
just below. With this approach, at each iteration we generate a new candidate 5 € RX from a
proposal density g(5/,7), g : RX x RK — R*, where 7/ is the current value of the variable. This
new candidate is accepted with probability

(4.27)

n%qummﬁ}

a( j, ):min{l, y -
e 70mi1z)gml,n)

Otherwise, the candidate is rejected and the chain remains at the current position /. Note
that if the proposal density is symmetric, i.e. g(/,1) = g(5,97), (4.27) reduces to

n%mm}

J,p)=min{1, ———
an’,n) mln{ T e

In our experiments we consider the random walk proposal distribution to explore the density.
Then

1 1 . .
x(—zgm—nhTm—nh), (4.28)

m/,p) = ————e
qn’,n —(Znsz)K p

which is symmetric, and leads to the following algorithm. Given the target distribution 7° (5| 2),
a starting point 5! € RX, a desired number of samples Nsample, and a symmetric proposal
density 4 (0, s2I), we perform the following steps.

1. Setj=1,%=nq'.
2. For 2 = j < Ngample perform the following operations.
@ n=n/+sw, w~N0,D.

- 7°(gl2)
J = mi - ' -
(b) a(n’/,m) mln{l,ﬂﬂmﬂz) }

(c) Draw u ~%([0,1]), and if a(y/,n) > u accept 5 and set /!
the proposed step and set /™1 =7/,
d) L=FLun/tl,

3. Return .&.

= 7). Otherwise reject

The approximation of the target distribution improves as the number of samples Nsample
increases, and asymptotic convergence is guaranteed as Ngample — 0o under certain regularity
properties of the target distribution and the proposal density. Therefore, the results may be
strongly dependent on the number of samples required, but also on the proposal density. In

80



4.4. Areduced basis method for the solution of the Bayesian multiscale inverse problem

particular, it is a difficult task to establish when a sample is large enough. At the same time,
another general issue for the MH algorithm is the choice of s in (4.28), whose magnitude affects
the speed at which the posterior distribution is explored and the number of rejected realiza-
tions. We can easily deduce that if s is too small, the probability distribution will be explored
very slowly, and we might need a large number of samples to have a good approximation. On
the other hand, if s is larger we may explore the distribution faster, but at each iteration the
probability to have to reject a new realization will be higher. In particular, multiple rejections
of some candidate are undesirable, since they may increase the autocorrelation between the
realized paths, and reduce the efficiency of the algorithm. To find an optimal value for s we
could perform some pilot simulations for different values of s, and hence observe for which
value we have a good sampling of the target distribution.

4.4 Areduced basis method for the solution of the Bayesian multi-
scale inverse problem

In order to sample from the posterior density defined in (4.26), we need an efficient numerical
method to compute G° (9,17( ), where 7 is a proposed step by the MH algorithm. Let us recall
that G° = F%o P, where P: C°(D) — U is one of the maps introduced in Section 4.2. Then, the
following operations are required.

1. Solveforl<l<L
~-V-(A2vu" =0 inD,
0 (4.29)
u =g onoD,
where o = P(Q,I; ), and A? is the homogenized tensor corresponding to the locally peri-
odic tensor A% (x) = A(o(x), x/¢€).

2. Compute the normal fluxes at the boundary A A0 81 for 1 <[ < L, and evaluate F°(o).

To do so we rely on RB-FE-HMM which has been extensively described in Chapter 2. As for
the Tikhonov inverse problem, we choose to use macro and micro piecewise linear simplicial
elements. In this setting the RB-FE-HMM for parameterized PDEs of type (4.29) has been
discussed in Section 3.4.

Convergence analysis. It is interesting to analyze how the numerical error intrinsic in the
forward model affects the numerical posterior. To this end we will assume the forward model
is approximated using FE-HMM (no model order reduction). In this case the numerical flux is
given by AI:O, ,&1 € SY(0D, T ) where

faDAfo'hgldeS: BH(uf[, vy volle Si(D,STH).

81



Chapter 4. Numerical method for solving multiscale inverse problems via Bayesian
techniques

Hence, we define the operator F" : U — R/L, Fh(g) = vec({f 1 I (U)}1<]<]),
1=i<L

H,h .
‘fjl (0)=<Afggl,(Pj)H—UZ(aD)’Hl/Z(aD), ]:1,...,],l=1,...,L,

and the corresponding potential function ®" : C%(D) x R’ — R given by
1
H,h — . ~Hhpgy 2
"0,2) = 2 lz=G™ @),

where GP"* : Filh o P, and P is one of the map introduced in Section 4.2. We denote by
u(0|z) the numerical posterior given by

d,uH’h(le)

o Wik _&Hh
s 0) x exp(—d "0, z)). (4.30)

The following theorem establishes the convergence rate of the numerical posterior towards
the true posterior u°(0|z) in the Hellinger metric. In particular, the rate is the same as the one
for the error in the approximated forward model. Since convergence rates for the forward
model are available only in the case where o € Wb (D), we assume in what follows that each
draw from the prior up; is in wbh(D), and that P: 0 — o is P1(-) = exp(+).

Theorem 4.4.1. Let 1i° and u™" be defined as in (4.10) and (4.30) respectively. Let the assump-
tions of Theorem 4.2.8 be satisfied together with (4.18). Assume that A°(P(0(-))) € W1*(D,Sym,),
and P(0) = P1(0) = exp(0). Furthermore, assume that p, (W' (D)) = 1, and that u® € H*(D)
foreachl=1,...,L. Then we have that

h 2
dien (10, u?M < € (H+ (;) ) ,

where C is a constant independent of H, h, and ¢.

Proof. From the definition of the Hellinger distance we have that

2yl = (\/dupr d pr) Horld9)
W1°°(D)

2
1.9 1 1 omn )
f ( exp( -0, z)) mexp( 2d> 0, 2) ) Hpr(dO),

Wloo(D)

CH,h

where C° and are the two normalization constants such that u°(6|z) and u"(8|z) are

probability measures, i.e.,

= f exp(~0°(6, 2))pipr(dB), CHN = f exp(—7 (0, 2)) e (d0).

Wiee (D) Wlee (D)
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By computations similar to the ones in the proof of Theorem 4.2.11 we obtain that

2d% W, p = C f @°(0,2) - D176, 2))? e (d6)
Wl,oo(ﬁ)
<C f @lzlc +1G°O)lc, +1G™" @) 1c)*1G°©) = G O)IF, e (d6).

Wl,oo(ﬁ)
(4.31)

We know that (see Theorem 4.2.8) if P = Py, ||G°(0) llc, and || GHh@g) llc, are bounded by some
-1

: 2
scalar multiple of ﬁ” Ol o) a Bl

g which is square integrable with respect to up,. Moreover,
we also have that

J L
1G°©0) - GH'h(H)Ilc( <C) ) |<(AA°pl(g) _AZI(),h )81,Pj) H-112(3D), HV2(8D) -
j=1i=1

P1O)
Using integration by parts together with Cauchy-Schwarz inequality we get

1G°©) -G @)¢, < Csup 1A°(P10))Vu® = A% (P1 @)V u" Il 2(py sup IVl 2 p)
J

where ¢ j is some function in H 1(D) whose trace is ¢ j- Using standard FE-HMM a priori error
estimates (see [1] for example) we obtain

2
1G°©) - G*" @), = C (H+ (%) ) : (4.32)

where C is independent of H, h, and €. Hence, using (4.31) and (4.32) together with the
Lebesgue’s dominated convergence theorem the result follows. O

Corollary 4.4.2. Let A°(P(6()) € W*>*°(D,Sym,), P(0) = P1(0) = exp(®), ppr(W>*°(D)) = 1,
and u® € H3(D) for each | = 1,...,L. Then, we can establish a faster convergence rate for the
Hellinger distance between the two measures by using the error estimate for the L?>(0D) -norm of
the boundary flux obtained in [9], namely

h 3/2
dpen(p®, p" < C(H?”2 + (;) ) :

Remark 4.4.3. If the forward model is approximated by means of the RB-FE-HMM, the
error due to the micro discretization is usally negligible as the reduced space is built with
precomputed micro functions computed on a very fine discretization. However, a new error
enters into the estimate, namely the error due to the model order reduction. This error is
based on the distance between the reduced space S (Y) and S' (Y, J; 7). Such distance can be
quantified by means of the notion of Kolmogorov N-width (see Chapter 2).
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Summary of the numerical scheme. Let us give a brief summary of the numerical scheme.
We denote by 9y the macro triangulation, and as Ny the number of macro DOFs. In
the discrete setting, the prior measure pp; = A (0pr, Cyy) is replaced by A (65, Cg), where
055 = #"6,:, #M is the linear interpolation operator, and Cj} € RN#"*N# is a symmetric pos-
itive matrix which approximate the covariance operator C,;. We denote by {(pf , )Lf }ivfl the
orthonormal set of eigenvectors and eigenvalues of Cg. Each 87 ~ (05{, Cg) can be then
represented as

Ny
0" (x) =0+ Y /ANy (x),
k=1

where {n k}jljjl is ani.i.d. sequence with n; ~ A(0, 1). If we truncate the KL expansion at the K
largest eigenvalues we obtain

K
0" (x) =050+ Y \[AH e (x).
i

In what follows, we will use the notation 9,17{ X to emphasize the dependence on the vector
17=m1,...,nx)". Given the perturbed observations z € R/, the numerical scheme for solving
the Bayesian multiscale inverse problem can be then summarized as follows.

1. Compute in an offline stage a reduced space of micro functions SV (Y) as described in
Section 3.4.

2. Compute in an offline stage the set {(pkH , AkH }Ik{:1 of eigenvectors and eigenvalues of the

prior covariance C!Z, so that for a point € RX we have that

pr’
K

05 0 =0l + Y \AInpl (x).
k=1

3. Sample online from the posterior distribution using the MH algorithm. In particular, for
anew realization i € RX, in order to evaluate no(zln), for 1 < I < L the following steps
are required.

(a) Find qu’RB = i’tf[’RB + Rg,, where L"tlH’RB € S(l) (D, 9y) satisfies
Buge(it,"™", v") = By re(Rg,, v™) Vv € S{(D, T,
where Rg, is a Dirichlet lift of g; properly chosen, and

Bursw™, wh)y =Y A"N(oxx) Vv (xx) - Vw (xx),
Kegy

where

AN o) = f A (xi), et - e/ =V dy,
Y
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where o = P(H,I,{’K ), P: C%(D) — U is one of the maps introduced in Section 4.2,

and )d(’N is a micro solution computed on the reduced space SN (Y).

(b) Find AZIOW g1 € S' (0D, Iy) such that

fAi%Ngl vids=Burs(u,""®, v") Vo eSUD,Tm).

oD

4.5 Numerical experiments

In this section we will present some numerical experiments to illustrate our multiscale
Bayesian algorithm for inverse problems. We start by explaining how observed data are
collected. We then solve the inverse problem for different macroscopic parameterizations. At
first, we consider an affine parameterization of the form A?(x) = ¢*(x)B%(x) = 0" (x) B(x/¢€),
so that the function o* controls the amplitude of the characteristic micro oscillations. Let
us point out that, for this choice, we have that A%(x) = 0*(x) BY, and thus the use of reduced
basis methods for solving the forward problem is not required. This simple problem allows
us to perform numerous tests to quantify the sensitivity of the method with respect to the
several parameters involved in the approximation, such as ¢, the size of the microscopic
oscillations, K, the number of terms in the truncated Karhunen-Loéve expansion, and L, the
number Dirichlet data. Then, we will consider two different non-affine macroscopic param-
eterizations, one controlling the orientation of the micro oscillations, the other the volume
fraction of a hypothetical layered material. For these problems, we make the following choice
of parameters for the RB-FE-HMM offline stage: h/e =1/64,0 = ¢, tolgp = 10711, where tolgg
is a prescribed tolerance used as stopping criterion for the greedy algorithm employed to
select the reduced basis functions.

4.5.1 Setup

The computational domain is the unit square
D={x=(x1,x2) : 0<x1,x <1}.

We approximate the solution to problem (4.1) by means of the finite element method (FEM)
using a very fine discretization h,,s < €. The forward homogenized problem is instead
computed using a macro mesh size H = 1/64. The problem is solved for different Dirichlet
conditions {gl}le. In particular we take {gl}lL:1 = {\/A_l(pl}lel, where {(Al,(pl)}lel are the L
eigenpairs corresponding to the L smallest eigenvalues associated to the one dimensional
discrete Laplacian operator. Each g; is then projected on the boundary 0D to define the
corresponding Dirichlet condition. This procedure ensures that the functions {gl}lL:1 are
smooth and orthonormal, so that each experiment contributes differently one from another.
Moreover Vg;ll;2op) < C, where C is a constant independent of L. Finally, we consider
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J =12 boundary portions I'j = dD, three for each side of the computational domain as shown
in Figure 4.1. Each I'; has length equal to 0.2. The functions ¢; appearing in (4.4) are hat
functions with supp(¢;) = I';, and which take value one at the midpoint of each I';. Once
the observed data have been computed, they are perturbed by the noise given by { = 10~ w,
w ~ A(0,I). Let p; and p; be two nodes of the macro triangulation 97y, and let Ny the
total number of nodes defining 9. Note that Ny = H ~2_ The covariance matrix in the prior

measure fpy = A (65, Cg) is then Cg € RNu*Nu defined as

_llpi=pjl

7 ) y,AeR", (4.33)

(Cfr),-j =yexp (
while the prior mean is 65{ = gH Opr, where 6, is some function in C%(D). We set different
values for y, A and 6, depending on the macroscopic parameterization we want to retrieve.
In particular, A > 0 is a correlation length that describes how the values at different positions
of the functions supported by the prior measure are related, while y > 0 is the amplitude
scaling factor. Let us point out that the covariance matrix Cg belongs to the family of Matérn
covariances. In particular, we have that each draw from 4 (8], C;1) with C[I defined as
in (4.33) is a.s. s-Holder continuous with 0 < s < 1/2 for 95 sufficiently regular (see [72] for
more details).

4.5.2 AZ2D affinely parameterized tensor (amplitude of micro oscillations)

In this first set of numerical experiments we consider the tensor A?. given by

A1 (0™ (x),x/e) =0™(x) (cos2 (@) + 1) ,

* * . (270
Axp(o™ (x),xle)=0 (x)(sm( . )+2),

A (0™ (x),x/€) = Ag1 (0" (x),x/€) =0,
where
0" (x) =1.3+0.315 — 0415 ,

and
Dy ={x=(x1,%) : (x1 —5/16)* + (xp — 11/16)* < 0.025},
Dy ={x=(x1,%2) : (x1 —11/16)* + (x2 —5/16)* < 0.025} .

The task of the problem is to retrieve the function ¢*, which is shown together with the
component Af, of the tensor, £ = 1/64, in Figure 4.2.

Sensitivity with respect to e. We start by studying how different choices of ¢ can affect our
predictions. The computations are reported in Figure 4.4. We briefly describe the setting.
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o*. A% e=1/64.

Figure 4.2: Representation of the true spatial field o* and the first component of the highly
oscillating tensor for the problem considered in Section 4.5.2.

We compute numerically by means of a resolved FEM synthetic observations for different
values of e ={1/4,1/8,1/16,1/8,1/64}, for L = 6 different Dirichlet conditions. We consider a
truncated Karhunen-Loéve expansion with K = 60. The only assumption we make on g™ is
the one of 0* be positive. hence we consider a log-Gaussian prior for this first set of numerical
tests. We remark that the condition (4.18) holds under the choice made for (¢, y) — A(t, y).
The prior measure pipy on 6 € C° (D) is N (95{, Cg), with 6, =log1.3 and Cg defined in (4.33)
with y = 0.05 and A = 0.5. In particular, the choice of 8, =1og1.3 is such that the resulting
log-Gaussian distribution on the admissible set U has median 1.3. We then push each draw 6
into the admissible set through the function P; : 8 — exp(6). Example of realizations from the

log-Gaussian prior are shown in Figure 4.3. We draw then 2 x 10° samples from the posterior

1.4
1.2 .
1

Figure 4.3: Four samples from the prior density used in the problem considered in Sec-
tion 4.5.2.

distribution (4.26) using the MH algorithm. The parameter s is set to 0.01. The starting
point is 7' = 0 € RX, With this choice of the parameters we obtain an acceptance rate of
about 27% for all choices of ¢. In Figure 4.4 we plot for each ¢ the quantities P; (E[0""X]),
E[P; (0HX)], and the variance Var[P; (07X)]. The first quantity is produced by computing first
the mean on the Banach space C°(D) and then pushing it into the admissible set U through
Py : C°(D) — U. Moreover, we also show the approximation of the posterior density for the
first three coefficients in the truncated Karhunen-Loéve expansion. We can observe that as €
gets smaller, these densities stabilize and converge to the same posterior. We notice that with
€ =1/4 we get inaccurate predictions about the quantity of interest, while already with e =1/8
the approximation of the posterior mean is in good agreement with Figure 4.2. The source of
error for large € comes from the discrepancy between the multiscale model from where the
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observations are obtained and the homogenized model used for solving the inverse problem.

Approximation of the homogenization error distribution. As seen in Figure 4.4 for large
values of € the homogenization error (the discrepancy between the fine scale and the homog-
enized problems) pollutes the posterior prediction. Therefore, we perform again the same
experiment for € = 1/4, but taking into account the homogenization error as described in
Section 4.2.2. We approximate the homogenization error distribution, by computing its mean
and covariance offline as explained in Section 4.2.2, and we include these quantities into
the posterior density definition according to (4.24). We perform the experiment for various
number of sample sizes M to approximate the homogenization error distribution, namely
M ={5,10,20}. The parameters such as K and L are identical to the previous numerical test.
Numerical results are shown in Figure 4.5. In particular we can observe how already with
M =5 we can manage to significantly improve the results reported in Figure 4.4 for e = 1/4.

Sensitivity with respect to L (number of Dirichlet data). Next, we investigate the sensitivity
of the approximated solution with respect to the parameter L, denoting the number of different
Dirichlet conditions used to produce the observations. The setting is the same as in the
previous numerical experiments, except that ¢ is fixed and equal to 1/64, while L = {2,4,6}.
Numerical results are shown in Figure 4.6. We notice that for L = 2 the variance is significantly
larger than for L = 4 or L = 6, which indicates more uncertainty about the approximated
solution. This is also visible from the approximation of the posterior density obtained for the
three first coefficients of the Karhunen-Loéve expansion.

Sensitivity with respect to K (number of terms in the truncated KL expansion). Finally,
we examine how the size of the truncated Karhunen-Loéve expansion affects our predictions.
We perform experiments for K = {10, 20,30,40, 50,60}, while L and ¢ are fixed, set to 6 and
1/64 respectively. The results shown in Figure 4.7 illustrate that by increasing the number of
eigenvalues/eigenfunctions we obtain a better sampling of the quantity of interest. However
we note that for smaller K, a coarser mesh can be used for the forward discrete problem,
leading to a significant saving of the computational cost. Hence, we suggest the possibility of
investigating the implementation of a Metropolis-Hastings algorithm on multiple levels, with
an approximation of the distribution of the lowest modes on a coarse mesh, while performing
fewer samples for the highest modes on a finer mesh to guarantee a proper sample of the
posterior density, as described in [44].
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Figure 4.4: Comparison of numerical approximations of the posterior density for the prob-
lem considered in Section 4.5.2, obtained with different values of €. From left to right the
plotted quantities are P; (E[0HKY, E[P; (CLEESIR Var[P; (0HX)), and the posterior density of
the three first coefficients of the truncated Karhunen-Loéve expansion, corresponding to
£=1{1/4,1/8,1/16,1/32,1/64}. The length scale € decreases from the top to the bottom. The

other parameters are H =1/64, L =6, K = 60.
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Figure 4.5: Comparison of numerical approximations of the posterior density for the problem
considered in Section 4.5.2 obtained with € = 1/4, for different values of M, the sample size
used to approximate the homogenization error distribution. From left to right the plotted
quantities are P (E[0K]), E[P,(0K)], Var[P;(0"X)], and the posterior density of the three
first coefficients of the truncated Karhunen-Loéve expansion. The value of M is 5 in the first
row, 10 in the second one, and 20 in the third row. The other parameters are H =1/64, L =6,
K =60.
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0 05 1 1.5

Figure 4.6: Comparison of numerical approximations of the posterior density for the problem
considered in Section 4.5.2 obtained for different values of L, the number of Dirichlet data.
From left to right the plotted quantities are P; (E[0™X]), E[P; (0X)], Var[P; (6'K)], and the
posterior density of the three first coefficients of the truncated Karhunen-Loéve expansion.
In the first row L = 2, in the second one L = 4. For L = 6 see last row in Figure 4.4. The other
parameters are H = 1/64, e =1/64, K = 60.
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Figure 4.7: Comparison of numerical approximations of the posterior density for the problem
considered in Section 4.5.2 obtained for different values of K, the number of coefficients
in the truncated Karhunen-Loéve expansion. From left to right the plotted quantities are
Py (E[OFK)), E[P, (0TK)], Var[P; (07K)], and the posterior density of the three first coefficients
of the truncated Karhunen-Loeéve expansion, corresponding to K = {10,20,30,40,50}. The
parameter K increases from the top to the bottom. For K = 60 see last row in Figure 4.4. The
other parameters are H =1/64,=1/64, L=6.
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4.5.3 A 2D non-affinely parameterized tensor (orientation of micro oscillations)
Now we consider the case where the function ¢* controls the angle of the oscillations which

characterize the full tensor Ag*. The tensor is defined as

. . [4me' Qx
Aj1(0" (x),x/e) =sin| ——— |+ 1.5,
€

2T 434
Az (0% (x), x/€) = cos? (M)+l, (4.34)

£

A2(0" (x),x/€) = A21 (0" (%), x/€) =0

where Q = Q(0o*(x)) is a rotation matrix dependingono* : D — R

(4.35)

cos(2no*(x)) sin(2mo*(x))
—sin2ro*(x)) cos@ro*(x))’

Qo™ (%) = (
and
0" (x) =a+blg, DcD,abeR.
We consider the case where D is the circle defined as

D={x=(x1,%) : (x1 — 1/3)* + (x2 — 1/3)* < 0.05} .

In Figure 4.8 we show the function ¢* and the first component of the tensor Ai 1- From (4.34),

=

I
o Af ,e=1/64.

0.5

Figure 4.8: Representation of the true spatial field o* and the first component of the highly os-
cillating tensor for the non-affine case considered in Section 4.5.3 (orientation of oscillations).

(4.35) it can be observed that different values of @ and b for 0* can lead to the same rotation
of the oscillations, and in general to the same tensor AZ.. To ensure uniqueness we assume
to know a priori the values of a and b. We take a =1 and b = 0.25. Our task is thus to recover
the region D c D. To do so, we consider a level set prior for the unknown, defined using the
function P, : C°(D) — U introduced in Section 4.2. The prior measure on C%(D) is defined as
in (4.33) with 6, = 1, Y = 0.025, and A = 0.5. Hence, we apply the map P, to each draw from
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Upr to obtain a level set sample, i.e.,
P2(6) = 11p, +1.251p,,
where
Di={xeD:-00<0(x)<1}, Dy={xeD:1<0(x)<oo},

so that D = Dy U Dy, D; N D> = @. Four examples of draws from the level set prior are reported
in Figure 4.9. We obtain data for € = 1/64 and we approximate the homogenization error

nl.25 nl.25 1.25 1.25
1.2 1.2 | 1.2 1.2
1.15 1.15 ' 1.15 1.15
11 1.1 . 11 1.1
1.05 1.05 “ 1.05 1.05

1 ‘ 1

Figure 4.9: Four samples from the level set prior used in the problem considered in Sec-
tion 4.5.3.

distribution as described in Section 4.2.2 using M = 20. The parameters K and L are set to
60 and 6 respectively. Then, we approximate the posterior by using the MH algorithm by
drawing 4 x 10° samples using s = 0.02. For this choice of the parameters, we get an acceptance
ratio during the sampling of about 73%. In Figure 4.10 we plot the quantities P, (E[0"K]),
E[P, OH7X)], and Var[P, (0 HKy] In particular P, (E[67K) preserves the binary field property
of the admissible set, while the estimate E[P, (CLES) gives a better understanding of the
uncertainty across the interface where the discontinuity takes place. This uncertainty is also
reflected by the plot of the variance Var[P, (0HK)]. The numerical results show good agreement
with Figure 4.8.

Figure 4.10: Numerical results for the non-affine parameterization considered in Sec-
tion 4.5.3 (orientation of oscillations). From left to right the plotted quantities are P, (E[0KY),
E[P,(0K)], Var[P,(61X)], and the posterior density of the three first coefficients of the trun-
cated Karhunen-Loéve expansion. The values of the parameters are H = 1/64, € = 1/64,
M =20,L=6, K=60.
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4.5.4 A 2D non-affinely parameterized tensor (volume fraction of two phase lay-
ered material)

We conclude the numerical experiments by considering the case where A?. represents the
conductivity of a hypothetical two phase layered material. In this case the macroscopic
function ¢* : D — [0, 1] determines the volume fraction of each component. Then tensor is
defined as

2if0< (xo mode)/e<o™(x)

lifo*(x) < (x, mode)/e<1, (4.36)

A (o™ (x),x/€) = App (07 (1), x/€) =

A12(0" (%), x/€) = A21 (0" (x),x/€) =0.

We consider the case where ¢* is defined as

o*(x) = i cilp, DicD,cielo,1],
i=1
DinDj=gfori# j, u" D;=D. Again, we assume to know a priori the values {c;}" that
the function ¢ can take, and our goal is to recover the different regions {D;}"_;. We note that
knowing the range of possible values for o* allows us to efficiently use the RB method and in
particular the EIM algorithm. For our problem we set n =4, ¢; =0.8,¢c, =0.6,c3 =0.4,¢c4 = 0.2,
and we make the following choice for the sets (D i}‘l.lzlz

Dy =1{x=(x1,%) : 0<x; <0.25},
Dy ={x=(x1,X2) : 0.25< x; < 0.5},
D3 = {x = (x1, %) : 0.5< x; <0.75} ,

Dy={x=(x1,x2):0.75< x; < 1}.

The true field 0* and the first component of the multiscale tensor are shown in Figure 4.11. We

og*. A%, e=1/64.

Figure 4.11: Representation of the true spatial field o* and the first component of the highly
oscillating tensor for the non-affine case considered in Section 4.5.4 (volume fraction).

consider for this last numerical experiment a macro discretization with mesh size H = 1/32,
and a level set prior. The Gaussian prior measure i, on C%(D) is the same used in the

95



Chapter 4. Numerical method for solving multiscale inverse problems via Bayesian
techniques

previous numerical tests, with 6 = 0.5, ¥ = 0.05, A = 0.5. The function P, : C° (D) — U, is
instead defined as

Pg(@) = Cﬂ]D1 + C21]D2 + CgﬂD3 + C41]D4 ,

where
Dy={xeD:0.6<0(x)<oo},
D,={xeD:04<60(x)<0.6},
D3={xeD:02<0(x)<0.4},
Dy={xeD:-oco<0(x)=<0.2}.

Four samples from the considered level set prior are shown in Figure 4.12. To solve the

0.8 0.8
0.6 .
0.4 .
0.2 0.2

Figure 4.12: Four samples from the level set prior used in the problem considered in Sec-
tion 4.5.4.

problem the observations are obtained for € = 1/64. The homogenization error distribution is
approximated offline as described in Section 4.2.2 using M = 20. The parameter K and L are
set to 60 and 6 respectively. We draw 4 x 10° samples from the posterior distribution using the
MH algorithm with s = 0.01, which leads to an acceptance ratio of 44%. The numerical results
are shown in Figure 4.13, and are in good agreement with Figure 4.11.

-3
%10 5 .
15 =7 (mlz)
. ()
- (ns]2)
10 3

Figure 4.13: Numerical results for the non-affine parameterization considered in Section 4.5.4
(volume fraction). From left to right the plotted quantities are P, (E[6'K]), E[P, (07 X)],
Var[P,(0"K)], and the posterior density of the three first coefficients of the truncated
Karhunen-Loeve expansion. H=1/32,e=1/64, M =20, L=6, K=60
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Homogenization and multiscale meth-
ods for linear elasticity problems in
random perforated domains

In this chapter we consider homogenization in linear elasticity with random porous media. We
review the theory of homogenization in the context of linear elasticity with random perforated
domains, and we give a rigorous formulation of the RB-FE-HMM in this setting, providing
a priori error estimates. Extension and analysis of the FE-HMM in the context of linear
elasticity appeared first in [2], while in [49] some numerical experiments are presented in
order to verify numerically the theoretical findings given in [2]. In both [2] and [49] only
problems in linear elasticity with multiscale periodic tensors are considered, while problems
in perforated domains are not addressed. Extension of the FE-HMM for scalar valued elliptic
problems in periodic perforated domains is presented in [61], while in [5] the use of the
RB-FE-HMM for solving the Stokes problem in periodic porous media is described. Hence,
to the best of our knowledge, studies on the use of the FE-HMM for solving linear elasticity
problems in perforated (periodic and random) domains are not available in the literature,
and are presented in this chapter. In addition, we combine the FE-HMM with reduced basis
techniques to speed up the overall computational time. Finally, let us point out that we adopt
the Einstein summation convention, i.e., we sum over repeated indices.

Outline. The outline of the chapter is as follows. In Section 5.1 we start by recalling some
preliminary definitions and results on homogenization of random tensors in linear elasticity.
In Section 5.2 we define random perforated domains in R, and we provide practical examples.
We derive then homogenization results in linear elasticity with random perforated domains,
and explain how in practice the coefficients of the effective tensor are approximated. In Sec-
tion 5.3 we describe the FE-HMM and the RB-FE-HMM in the context of linear elasticity with
random perforated domains. We derive stability results and provide a priori error estimates for
the numerical methods. Finally, in Section 5.4 we conclude with some numerical experiments
to assert our theoretical findings. The contents of this chapter are essentially taken from [8].
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random perforated domains

5.1 Homogenization in random linear elasticity

Homogenization of elliptic operators in perforated random domains is related to the theory
of homogenization of elliptic operators with random coefficients. The literature treating
homogenization of random structures is vast. Some foundational works can be found in
[67, 76, 89, 63]. Let D be an open bounded set in R% d<3.LetT; cdD and ', < dD be two
disjoint sets with positive measure such that I'y UT'» = 8D, and consider the problem of finding
u®=(uf,..., ufi) such that, given fe (L2(D)% and h € (L2(T'»))4, it satisfies

o (., Ou )
_a_xj(Aiﬂm@):fi inD,
u‘=0 only, (5.1)
oy
Aijlmmvf:hi onl,,
fori=1,...,d,where v=(vy,...,vy) is the unit outward normal at the boundary. We assume
that the fourth-order tensor A®(x) = {A‘;jlm(x)}lsi,j,l_msd, A?jlm € L®°(D), A%(x) = A(x/¢) =

A(y), y = xl¢, is statistically stationary with respect to the spatial variable y € R4, or equiva-
lently that it is a particular realization of a stationary random field. Moreover it is assumed
that

A?jlm:Aiilm :Atlsmij fOI‘anyi,j,l,m: 1,...,d, (5.2)
all mII% < A*m-m for any symmetric d x d matrix m, (5.3)
|A*m|g < Bllmlg for any symmetric d x d matrix m, (5.4)

where «, f > 0 and for any d x d symmetric matrices m, i we have that

£

€ € R ~
A m:{(Aijlmmlm)ij}lsi,jsd» A m-m—A,jlmmlmmij~

We introduce the strain tensor e and the stress tensor o defined as

£ £ € 1 6”? 6”?
e(u®) = {e,'j(ll )}1si,j5dr eij(u )= 5 a_xj 0x; ) ’
o) ={o;j(u < j<a, 0ij°) = A7, 5_“?

si,jsd> M A x,,

The space of admissible weak solutions for the problem (5.1) is represented by (H}1 (D)4,
which is a Hilbert space for the norm

1/2

d avi 2 d )
IVl 5 oy = Z (—) dx+ Zf v;dx
D

ij=1% 0x; i=1
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The weak formulation of problem (5.1) reads: find u® € (H%1 (D))4 such that
Be(u,v) = F(v) Vve(Hy, (D)Y, (5.5)
where

B:(v,w) :fAE(x)e(v):e(w) dx,
D

and

F(v):/f-vdx+fh-vds.
D T,

From the Korn’s inequality

1/2
IVl r2(p) < C( f |e(v)|2dx) :
D

which holds Vv e (Hll1 (D))d, and Lax-Milgram theorem we obtain existence and uniqueness
of the solution of (5.5) and the a priori estimate

||ll£||H1(D) < CUIfll z2(py + ||h||L2(r2))-

For a complete review of homogenization in linear elasticity with tensors with random co-
efficients we mention [63]. Hence, we briefly report some notions presented in [63], before
considering the case of perforated random domains.

5.1.1 Ergodic theory and G-convergence of random tensors

As mentioned, we assume that A®(x) = A(x/¢€) = A(y), y = x/¢, is statistically stationary with
respect to the spatial variable y € R?. We start by defining stationary random fields. Let
(Q,%, u) be a probability space. Assume that for each x € R a random variable w(x) is given.
Then the family of random variables w(x) = w(x,w), w € Q, assumed to be defined on the
same probability space (Q, %, 1), defines a random process on R which is called a random
field. The random field is said to be stationary if, for any set of points {xy,..., x;} and any
h € R, the distribution of the vector {w(x; + h), ..., w(xg + h)} does not depend on h. For
an arbitrary random variable v(w), we define w(x,w) = v(Ty(w)), where Ty : Q — Q is a map
parameterized by x € R4 which preserves the measure p on Q. Then it follows that w(x,w) isa
stationary random field.

Dynamical systems on probability spaces. We define T, : QO — Q, x € R?, as a dynamical
system possessing the following properties.
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1. To=1d, Ty +x, = Ta, Ty, VX1, X2 € RY.

2. The mapping T : Q — Q preserves the measure pon Q, i.e. u(Tx(F)) = u(F), Vx e [Rd,
V& e 2.

3. For any measurable function f(w), w € Q, the function f(Ty(w)) defined on Q x R4 is
also measurable.

Given the dynamical system T : Q — Q, we can introduce a wide class of random fields. Let f
a measurable function defined on Q. For a fixed w € Q we say that the function f(Tx(w)) of
argument x € R? is a realization of f.

Ergodic theory. Next, we introduce the concept of ergodicity. A measurable function f is
said invariant under Ty if f(Ty(w)) = f(w) for any x € R% almost everywhere in Q. Then, the
dynamical system Ty is said ergodic if all the invariant functions under T are constant almost
everywhere in Q. An equivalent definition is that T is ergodic if for any invariant subset & € £
under Ty, we have p(%) =1 or u(%#) =0, where & is invariant under T if & = T (%) for any
x € R%. Let us emphasize that homogenization results remain valid for non-ergodic maps. The
ergodicity assumption on T allows to simplify the calculations, and therefore in what follows
we will always assume T to be an ergodic dynamical system.

An important tool of ergodic theory is the Birkhoff’s ergodic theorem, which, for a measurable
function f on Q, establishes the equivalence between the average of f computed on the events
space Q, and the average of a particular realization f(Ty(w)) computed on the space R?, while
w € Q is fixed. In order to give a rigorous formulation of the theorem, let us introduce the
notion of mean value for a function defined in R?. Let f € Llloc(lR%d). We denote the mean value
of f as M(f) which is given by

lir%[f(x/e)dleKlM(f), (5.6)
E—
K

for any Lebesgue measurable set K < R%. Under some additional assumptions, the mean value
of a function can be also expressed in terms of weak convergence. It suffices to take a family
of functions f(x/¢) which is bounded in Ll’z) C([de), p = 1. Hence, from the definition of weak
convergence we have thatas e — 0

flxie) = M(f) weaklyin LI R?) (5.7)

if and only if

1ir%ff(x/e)<pdx=fM(f)cpdx Vel ®%Y,
£—
R4 Rd

where 1/p’ = 1-1/p. The result follows from (5.6) and the fact that linear combinations
of characteristic functions of the sets K < R? are dense in Ll’z) C(I]Qid). We can now state the
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Birkhoff’s ergodic theorem. For more details see for example [45].

Theorem 5.1.1 (Birkhoff’s ergodic theorem). Let f € LP(Q), p = 1. Then for almost all w € Q
the realization f(Tx(w)) possesses a mean value in the sense of (5.7), i.e.,

f(Tyse(@) = M(f) weaklyin LI’Z’C(R”’).

Moreover, the mean value M(f (Tx(w)), considered as a function of w, is invariant under Ty, i.e.,
[ r@au= [ Monan.
Q Q

In particular, if the dynamical system T, is ergodic, then

M(f(Tx())) =ff(w) du foralmostallwe Q.
Q

Homogenization with random tensors. In order to formulate homogenization results in
linear elasticity with random tensors, we introduce some spaces of functions defined on
the probability space (2, Z, ). We say that a symmetric tensor field v(x) = {v;;j(X)}1<i,j,<d
ve (leoC (R%))4*4 is a potential tensor field if it admits a representation of the form v = e(u),
for some vector field u € (Hlloc([RRd))d. On the other hand, a symmetric tensor field v is said to

be a solenoidal if

fv:e((p)dxzo Vg e (CCRY)Y, (5.8)
Rd

where (Cg"([Rid))d is the space of vector fields which are infinitely differentiable and which
have compact support in R%. Note that (5.8) is equivalent to the condition

0
—ij=0 Vi=1,...,d.
ax]'

Now, a symmetric random tensor v(w) = {vij (w)}lsi,jsd, ve (I? (Q))dXd

, is said to be potential

(resp. solenoidal), if almost all its realizations v(Ty(w)) are potential (resp. solenoidal) tensor
d

fields on R“. We denote by szot(Q) (resp. VSZO |

symmetric matrices having zero mean value. The two spaces are complete and mutually

orthogonal. It can be shown [63] that the space L?>(Q,Sym,) consisting of d x d real valued

symmetric matrix functions can be decomposed as

(Q)) the space of all potential (resp. solenoidal)

L*(Q,Sym,) = Vi (Q) @ V2 (Q) & Sym,,,

where Sym; denotes the class of d x d real valued symmetric matrices.
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G-convergence in linear elasticity. Theory of G-convergence in linear elasticity is similar to
the one for elliptic scalar PDEs. Here we recall the definition of G-convergence for fourth-order
tensor valued functions.

Definition 5.1.2. Let A¢ and A° be two tensors satisfying (5.2), (5.3), (5.4) in adomain D c R4,
We say that the sequence {A}.~o G-converges to the tensor A° in D if and only if for any
fe (H (D)% and any ge (HY2(0D))? the solution uf of

0 . auf
_6_( ijlmm
&

u =g ondD,

)zfi inD,

Yi=1,...,d,is such that
u® —u’ weaklyin (H'(D))?,

where u® is the unique solution of

0
o (.0 9y
-— A, —|=f; inD,
oxj\ Y Imax,, fi
u=¢g ondD,
Vi=1,...,d. A consequence of G-convergence is the weak convergence of the stresses

ouf) = Afeu) — o(u®) = A’em®) weaklyin (L?(D))4*¢.

Properties such as uniqueness of the G-limit, locality and compactness results we mentioned
for elliptic scalar PDEs in Chapter 2 extend also to the case of linear elasticity problems. The
following theorem is proved in [63].

Theorem 5.1.3. Let A= A(w) be a measurable tensor valued function defined in Q and satisfy-
ing (5.2), (5.3), (5.4). Set

AR (x) = Axle) = A(y), A(y) = A(Ty ().

Then there exists a tensor A°, independent of x and w, such that A¢ G-converges to A® in any
domain D cR?. Foranym e Sym,,;, the tensor A° is defined by

m:Am=inf f(m+ v): A(m+v)dy.

veVZ,(Q) a

Remark 5.1.4. The same results of convergence can also be extended to the case of sequences
of locally periodic tensors. We refer to [75] for a complete review on homogenization in
elasticity problems.
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5.2 The case of random perforated domains

Let (Q,3, ) be a probability space and Ty : Q — Q, x € R, a dynamical system as defined
in Section 5.1. Let us fix a measurable set & € X and w € Q. The random stationary set
Q = Q(w) c R is obtained from % and it is given by

Q) = {xe RY : Ty (w) eg} :

Its density or concentration is defined as the mean value of its characteristic function. Theo-
rem 5.1.1 shows that the density of Q exists for almost all w € Q and it is equal to u(&). Let D
be an open bounded set in R?. We define the set Q¢ homothetic to Q with ratio € as

Qf:{xeRd:x/eeQ}.

By removing the set D n Q¢ from D we obtain a perforated domain which we call D?, whose
degree of fineness is inversely proportional to €. Note that, as it is defined, D? could be not
connected. Moreover, it could exhibit a fine grained boundary. Hence, in what follows we
make the additional assumptions that D¢ is connected and that D c dD?. LetT'; « 8D and
I'y € 8D be two disjoint sets with positive measure such that I'y uTl', = dD. The goal of this
section is to provide homogenization results for the problem of finding the weak solution
ue = (uf, ..., uf) € (Hf (D) such that, given f€ (L*(D))? and h € (I?(T2)?, it satisfies

0 ouj -
——NAjijn— 1= fi in D%,
Oxj( ””"axm) /i
u=0 only,
6u‘lg (5.9
Ai]lmﬁvj:hi only,
m
Ouf
Aijlma—"j =0 on dD®\dD,
Xm
fori =1,...,d, where v = (v1,...,vy4) is the unit outward normal at the boundary, and

A(x) = {A;jim(X)}t1<i j1,m=a is a fourth-order tensor. We assume A;;;,, € L°°(D) and that
it satisfies (5.2), (5.3), (5.4). Note that in the definition of problem (5.9) we assume to have
homogeneous Neumann boundary conditions on the boundary delimited by the inner holes.
The problem of homogenization for PDEs in perforated domains (periodic and random) has
been studied by several authors and for different types of boundary conditions on the inner
holes. Some foundational works can be found in [35, 34, 37, 29, 32, 89].

5.2.1 Definition of random perforated domains and examples

In what follows, using ideas from [17], some practical examples of random sets in R? are
provided.

103



Chapter 5. Homogenization and multiscale methods for linear elasticity problems in
random perforated domains

d

O O O
O O O
O O O
O O O
O O O

O O O O O
O O O O O

Figure 5.1: Set D® with periodic spherical holes of constant radius.

Example 1: periodic spheres in R?.  As first example we consider the simple periodic set of
spherical holes with constant radius, as depicted in Figure 5.1. We set the probability space as

(Q,Z,1) =(Y,B(Y),Leb),

where Y = (0,1)4, B(Y) is the Borel o-algebra on Y, and Leb is the Lebesgue measure. We
define the dynamical system Ty : Q — Q, x € R? as

Ty(w)=x+w-|x+w],

where for any x € R?, | x] is the vector whose elements are the greatest integers less or equal
to the corresponding elements of x. It is easy to observe that T satisfies the three properties
characterizing the dynamical system defined in Section 5.1. Given a radius r > 0, chosen
so that the ball centered in Y is contained in Y, i.e. 0 < r < 1/2, let us define the function
[f:Q-R,

flw)=lw-1/2e|/r,
wheree=(1,...,1)T € R%. Hence we define the subset & € X as
F={weQ: flw) <1}.
Therefore given w € Q we obtain the set Q = Q(w) as
Q) = {xeRd T () eg},

consisting of Y-periodic and disjoint spherical sets, whose radius is r. In Figure 5.1 we plot
the domain D? = D\(D n Q¢), where

ng{xeRd:x/eeQ},

obtained for D = (0,1)%, r =1/4, e =1/5.

Example 2: ellipses in R?> with random axes and angle of rotation. In this second example
we consider the random set depicted in Figure 5.2, consisting of ellipses in R?, whose minor
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and major axes and angle of rotation are random variables. We denote by I, = [a~,a*] <R the

][00 Q00
OO 0o
0 O0Oo0
)0 So Qo
QO 0 OO0

Figure 5.2: Set D with ellipses whose axes and angle of rotation are random.

set of admissible values for the minor axis, I, = [b~, b"] < R the set of admissible values for the

major axis, and Ip = [0,0] c R the set of rotation angles. Then, we introduce three probability
spaces defined as

(Ia, B(1a), % (1a)),
(Ip, BIp), %% (1p)),
(Ip, B(Ip), % (Ip)),

where B(I,;) (resp. B(I}), B(Ip)) is the Borel g-algebra on I, (resp. Iy, Ip), and % (I,) (resp

U (Ip), % (Ip)) the uniform probability measure on I, (resp. Ij, Ip). Let us then define the
space

(8,25, ) = ®zez2(La x Ip x Iy, B1a) ® B(Ip) ® B(lp), %% (1) x 2 (I},) x U (Ip))

where X is the product o-algebra, and p; is the product measure. Finally we define the space
(Q,%, ) as

(QZ,1) = (S, Zs, us) ® (Y, B(Y), Leb),

where Y = (0,1)2. Then each element w € Q is defined as

w=(5Y)=USz}lez2, V), Sz= (az,bz,Hz)T elyxIyxIg,yeY.

We define the dynamical system T : Q — Q as

Ty(w) =Tx(s,y)
=Ty({s2}zez2, ¥)

= {Sz+lx+y)tzezzs X+ Yy — X+ y]).

We remark that T satisfies the three properties characterizing a dynamical system defined in
Section 5.1. Let us define the function f: I, xIpyxIgxY —Ras

Flsay) = ((y1 —1/2) cos(0;) — (y2 — 1/2)sin(6,))* . ((y1 = 1/2)sin(@,) + (y2 — 1/2) cos(6,))> |

2 b%

az
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Hence we define the function f: Q — R as

fl) = f(s0,y), forw=(s,y)=Uszez2¥),
so that

[(Tx(w) = f(Tx(s,y))
= f({Sz+1x+y)}zezz, x+y—lx+y])

= f(slx+yj,x+y— [x+y]).
Then we define the subset & € X as
F={weQ: flw) <1}.
Finally given w € Q we obtain the set Q = Q(w) as
Q) = {xeR?: Ty(w) € F},

consisting of disjoint ellipses in R?, whose axes and angle of rotation are randomly defined.
In Figure 5.2 we plot the domain D¢ obtained for D = (0, l)d, 1,=1,=1[1/8,3/8], Iy = [0, 7],
e=1/5.

5.2.2 Homogenization results

We can now illustrate homogenization results for the problem (5.9). In what follows we will
assume the fourth-order tensor to be constant, i.e., A = {A; jim}1<i,j,1,m<d> Aijim € R. Extension
to the case where A is a tensor valued function with A; j;,,, € L°(D), can be obtained using
two-scale convergence techniques for example [18]. The proof of the homogenization results
is done following the lines of the proof of Theroem 8.1 in [63], where homogenization of the
Poisson’s equation in random perforated domains is considered. We consider the problem

0 ous
——|A° —L|=f inD,
Oxj( wlmaxm) fi
w =0 onTy, (5.10)
out
p L. —p.
ijlmmvf = hl on Fz,
fori=1,...,d, where the fourth-order tensor A” is defined as

A xeRNQE,
AP (x) =
el x€eQf,

where p >0, 1= 6,-l5jmei ®e/ ®e! ®e™ is the fourth-order identity tensor, so that Im = m,

m € Sym,. Note that problem (5.10) is related to (5.9) in the sense that it is dependent of
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the random stationary set Q°. However, (5.10) corresponds to a linear elasticity problem
with random coefficients defined on the whole domain D (which is not perforated) and can
therefore be treated using the theory illustrated in Section 5.1. Let us denote by A% the
homogenized tensor corresponding to A°. From Theorem 5.1.3 for any m € Sym,; we have
that

m:A"m=inf (m+v): AP(m+v)du

veVZ,(Q) o

0

= inf f(m+v):A(m+v)du+pf|m+vlzdp .
VeV @ \oig 7

If we consider the sequence {ADP} p>0, we can verify that the limit lin}) AP exists and it is given
p—>

by

lim A% = A, (5.11)
p—0
where A° satisfies
m:A’m=inf (m+v): Aim+v)du. (5.12)
veV2 (Q)
pot S Y0\

Indeed we have that

m: A% m= inf f(m+v):A(m+v)dp+pf|m+vlzdp
F

veEVE(Q) g
> inf (m+v): Am+v)du+ inf p | |m+viPdu
vt—:Vlfm(Q)Q\ & veVE(Q) P

>m:A%m+ Cip,
hence

limiglf(m A" m)=m: Am. (5.13)
p—»

On the other hand, by taking v € szot(Q) in (5.12) such that the infimum is attained within
7 >0, we have that

m: A% m< f (m+v):A(m+v)dy+pf|m+v|2du
o\F F

< inf f (m+v): Aim+v)du+1+Cop
uevgm(Q)Q\ 7

=m:Am+71+Cop.
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Hence,

limsup (m: A%’ m)<m: A’m+7.
p—0

Since T can be chosen arbitrarily small, and in view of (5.13), we have that (5.11) and (5.12)
hold.

Hence, we can state the main theorem which defines the weak limit of the solution to prob-
lem (5.9). Let us recall that for a probability space (Q, Z, 1) we denote by & an element of %,
andas T, : Q—Q, x€ [Rd, a dynamical system. Moreover, we denote by Q = Q(w) R% the
random stationary set obtained from & as

Q) = {x eR?: To(w) e 9‘} :
and as Q¢ its homothetic transformation with ratio €. We assume that

0 = wWQ\F) >0,

[Rd\Q(w) is open and connected for almost all w € Q.
We note also that from Theorem 5.1.1 we have that

loc

Tgay e ﬂfﬂg\g du=pQ\F) =0 weaklyin L? R, (5.14)
Q

where Tga, e is the characteristic function of the set R4\ Q. Finally, if D is an open bounded
set in R4, we define D¢ = D\(D n Q%) to be the random perforated domain obtained from D.
In what follows we will need this lemma given in [63].

Lemma5.2.1. Let v = v(w) be a function such that

vel?Q), vlgz=0, fv(w)du=0.
Q

Let v (x) = v(Ty(w)), where y = x/ €, and assume that {¢®}¢-o is a sequence of functions such
that ¢* € C3°(D) and

limsup [[¢° | g1 (pey < 00.
e—0

Then

lim | v%¢®dx=0.
e—0
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Theorem 5.2.2. Let {iif} >, G € (C®°(D))?, be a sequence of functions such that
{ﬂRd\QsﬁE}g>0 ’ {ﬂRd\Qe Ae(ﬁg)}£>0 ,

are bounded in (L*>(D))? and (L?(D))%*4 respectively, where Tpa, Q° is the characteristic function
of the set R\QE, and A = {Aijimhi<i,jm=d> Aijim € R, satisfies (5.2), (5.3), (5.4). LetT'y <dD
andT'y c 8D be two disjoint sets with positive measure such thatT';Ul'y = 0D. Givenfe (L2(D))4,
he (L2(I'2)4, assume that ¢ satisfies

Be(&°,v) = Fe(v) Vve(CR(D), (5.15)
where
B:(v,w) = [Ae(v) ce(w)dx,
DE
and

Fg(v)sz-vderfh-vds,
Dt T,

and (Ccr’?(D))d is the space of infinitely differentiable functions from D to R® which vanish
onT';. Let us denote the weak limit Of{ﬂRd\Qgﬁg}g>() in (L2(D)? as 0u®, and the weak limit of
{Tpa\ge Ae(@®)} >0 in (L2(D))**? as p°. Then we have that p° = A’e(u’), where A° is indepen-
dent of x and w and given by (5.12), and u® is the unique solution in (H L D)4 which satisfies

] ou°
——(AO ’)zef,- inD,

0x; ijlmay,,

u’ =0 onTly, (5.16)
o 0

Aijlmmvj:hi onls,

fori=1,...,d, wheref = u(Q\%).

Proof. The proofis adapted from the proof of Theorem 8.1 in [63], where a similar convergence
result is established for the Poisson’s equation. We first write (5.12) as

m: A°m = inf (m+v): Aim+v)dy, (5.17)

veX
O\F

0]
variational problem (5.17) is unique and satisfies the problem of finding v € X such that

where X denotes the closure in L*(Q\%) of Vg {(Q) and m € Sym,. The solution of the

fA(m+v):wd,u=0 Vi € Vo (Q). (5.18)

O\F
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From (5.8) this implies that the matrix

g=Am+v) € (L2, (@)%,

sol

where (m + v)’ denotes the zero extension of m + v to the whole domain Q. Let v € X be the
solution to the problem (5.18). We have that

m:Am = f (m+v):Aim+v)du
o\F

= f m:A(m+v)d,u+fv:A(m+v)du
o\F o\F

:fm:qd;wo
Q
:m:fqd,u,
Q
and then

Aom:fqdu.
Q

From the definition of the space X we have that for each v € X there exists a sequence {v°} -

in Vlfot(Q) such that

lim f v — v5|2dy =0.
6—0
Og
For a typical point w € Q, let us set
vé(x) = v(Ty(w)),

v¥0 (x) = 10 (T (),
g°(x) = Am+ v(Ty(w)))',

where we have used the change of variable y = x/e. Note that v¢ is defined only on R\ Q?,
since v is the solution of (5.17). By construction we have that

Vx 22 =0, limlim [ |v¢-v®%?dx=0, (5.19)
5—0e—0
DE
4 loe =0, iq?:o inR?,vi=1,...,d, (5.20)
axj 1

qEA/qdu:Aom weakly in (L2(D))%*¢,
Q
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Let p© = Tga\ g Ae(°) so that (5.15) can be rewritten as

fpg:e(v)dx:fﬂRd\ng-vdx+fh-vds Vve (Cl?‘l’(D))d. (5.21)
D D I,

Taking the limit € — 0 in (5.21) and using (5.14) we obtain

fpo:e(v)dx=f0f-vdx+fh-vds VVE(C‘r’f(D))d.
D D I,

In order to obtain (5.16), it remains to show that pO = A% (u"). To do so let us define
zZ£=pf:(m+0vo,

where (m + v%)' is the zero extension of m + v¢ to the whole R?. Note that due to the symmetry
of A we have that

2f=p°:(m+v°)
= ﬂRd\QeAe(ﬁE) (m+ UE),

= Tpa\ g €(0°) : Tpay e A(m + 1)’

= ﬂRd\Qge(ﬁf) 1q°. (5.22)
In what follows we prove that
lirr(l) @zfdx =f(pp0 :mdx :f(pAOe(uO) :mdx Ve Cgo(D), (5.23)
E—
D D D

where C3°(D) is the space of functions which are infinitely differentiable and have compact
support in D. Since C3°(D) is dense in L?(D) and any matrix function in L*(D, Sym) can be
represented as a linear combination of matrix functions ¢pm, ¢ € L>(D), m € Sym;, the two
identities in (5.23) imply the assertion of Theorem 5.2.2. Let us start by noticing that

f<pz£dx=11£+1§+1§,
D
where
Ifzf(pp‘s:mdx,
D
I =[(pp£: v¥9dx,
D

I :f(ppg () — ¥ dx,
D
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and (v%)’ is the zero extension of v¢ to the whole D. Since p® — p° weakly in (L?(D))4*4 we
have that

lim IT =f(pp0 :mdx.
e—0
D

Let us consider v®? for a fixed § > 0. Let us recall that v®° (x) = v5(Ty (w)), y = x/¢, for a typical
point w € Q, and that 1° € szot(Q). Therefore v¥ is a potential tensor field in R%, and by
Theorem 5.1.1

loc

y5’5~fv5du:0 weakly in (L2 (R9))?*4,
Q

&9 is a potential tensor field, there exists a vector field w* such that v5 = e(w?). In

particular, we can choose w* such that

fwfdxzo,
D

where D is a set containing D. Then from Poincaré inequality and Korn’s inequality we obtain
that

Since v

||W£||L2(B) = CHVWEHLZ(E)) = C”e(WE)HLZ(ﬁ);

and hence the sequence {w’}¢ is bounded in (H'(D))¢. By definition w* — 0 weakly in
(H'(D))4, and hence by Sobolev embedding theorem

1‘1_11% ”nglLZ(ﬁ) =0. (5.24)
Thus
I§z[¢p5:e(mr£)dx
D

=[p£:e((pwg)dx—%fpgz(WE(V(p)T+V(p(WE)T)dX
D D

:ff-(pwgdx+fh-<pw£ds—%fpgz(w‘?(V(p)T+V(p(w£)T)dx,
D | D

which, because of (5.24), converges to zero as € — 0. Finally we have that
I = f(ppf (v - v®0)dx
DE

0
< @l o9 ||P£||L2(D€) v®—v® I r2(pe

0
< C” Vg - Vg ||L2(D5) ,
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and thus by (5.19)
limlim I = 0.

6—0e—0

Hence, the first identity in (5.23) is proved. Note that from (5.22) we have that
f(ng dx =f(p1]Rd\Qge(ﬁ£) :q°dx
D D

= f pe(@®): g°dx.
DS

Using integration by parts, by (5.20) and the fact that ¢ = 0 on 8D, we have that

f(pz‘gdxz—fqeﬁg-Wpdx
D De

= _fqgﬂRd\QgﬁE'V(pdx,
D
for any ¢ € Ci°(D). Hence we have
—fqgﬂRd\QgﬁE-V(pdx: —fH_lAOmﬂRd\QgﬁE-V(pdx—[(qg—G_IAOm)ﬂRd\Qgﬁg-V(pdx.
D D D

Passing to the limit as € — 0, we get

lin’(l) pzfdx = —fAOmuO~V¢dx—liH6fﬂRd\Qg q° -0 A%t -Vepdx.
e— e—
D D D

By assumption,

e 0p .
ufa—xjecgo(D), Vi,j=1,...,d.

Moreover by noticing that 1g\# g = g, from Theorem 5.1.1 we have that

fﬂg\g(q(w) -07'Am)du=0.
Q

Therefore, by Lemma 5.2.1 we can conclude that

limf Tgavge (° — 07" A°m)d® - Vo dx =0.
e—0
D
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Hence, we have obtained that

/(ppozmdx:—[Aomuo-V(pdx
D D

:f(pe(uo) :Amdx
D

= f (pAOe(uO) :mdx,
D

which concludes the proof. O

Remark 5.2.3. In case of more complex boundary conditions, as non-homogeneous Dirichlet
or periodic, the assertion of Theorem 5.2.2 is still valid. For example if@* =gon Ty, g€
(HY2(I'1))4, then Theorem 5.2.2 still holds and u® = g on I';. See [63] for example.

Remark 5.2.4. It is possible to verify that the assumptions of Theorem 5.2.2 hold for the
problem (5.9) using Korn’s inequality and a method based on extension properties [51, 63, 35].
Using extension properties we obtain that the weak solution u® to (5.9) is bounded in the norm
I - Il g (pey uniformly with respect to €, and that there exists an extension a® such that

16\ g2 py < C,

where C is independent of e. Hence we can extract a subsequence {{i°},~o which admits a
weak limit in (H!(D))%. Note that the sequence of extensions {ﬂRd\Qeﬁg }e>0 converges to ou’
weakly in (L2(D))?. Hence, given the sequence of weak solutions {u®}.~(, we can conclude by
straightforward calculations that there exists a sequence of extensions {{i®}¢~¢ such that

@ —u’ weaklyin (H'(D))?.

5.2.3 Computable approximation of the effective tensor

Theorem 5.2.2 establishes that the problem (5.9) admits an effective PDE which is given
by (5.16), where the homogenized tensor is defined by (5.12). However, (5.12) is stated in an
abstract space and does not allow for a direct computational procedure. In [24] the authors
deal with the problem of approximating the coefficients of a homogenized tensor correspond-
ing to a multiscale tensor with random coefficients. They use a cut-off technique, where the
homogenized coefficients are computed by solving PDEs on bounded domains in R? of size 5.
Moreover, convergence of the approximation error as 0 — oo is established for different types
of boundary conditions. The goal of this section is to extend these results in the context of
linear elasticity with multiscale random perforated domains.

Let us consider the problem (5.9). In what follows we come back to the initial hypothesis where
Ais a tensor valued function, i.e., A(x) = {A;jim(X)}1<i,j,1,m<d> Aijim € LC(D). Given x € R%,
we are interested in finding an approximation of the homogenized tensor A°(x). We introduce
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the two sets X5 = (0,8)%, and X5 = X5\(Xs n Q). Note that X5 < R\ Q¢ is a random perforated
domain of size §, whose degree of fineness is inversely proportional to . We assume that X
is connected and does not exhibit a fine grained boundary, i.e., dXs < dX5. Let Y = (0, 4. We
map X into Y through the change of variable x = §y. We denote by Y? the transformation of
X through the same change of variable, i.e.

Yo={yev:8yeXt}.

Let us introduce the functions space (W (Y?))4 which, in case of periodic coupling, is defined
as

(W(Y2)? = (W (YO = {ze (Hper (YO : le- dy=0,i= 1,...,d} :
Yo

where (H!..(Y?))% is the closure of (C32,(Y))? for the H'(Y?)-norm. We recall that the quantity

per per

1/2
1zl ) = (f|e(z)|2dy)
Yo

defines a norm for (Wpler(Y‘S))d. Otherwise in case of Dirichlet coupling we set
W% = (H), (Y°)4,

where (H ;Y(Y‘s )¢ denotes the space of functions in (H' (Y?))? which vanish on dY but not
necessarily on the boundary of the interior holes. Let y*/™(x,-) € (W(Y?))? be the unique
solution to

fA(x)ey(f"’”):ey(z)dy:—fA(x)ey(I’m):ey(z)dy vze (W(Y%)?, (5.25)
Yo yo

where /™ = {Iém}lspgd is a function given by
I’lg’" =¥mbpi, 0Op is the Kronecker symbol.

Note that problem (5.25) is well-posed. Well-posedness is obtained by using extension proper-
ties (see Remark 5.2.4), Lax-Milgram theorem and Korn’s inequality, i.e.,

1/2
IIVzlle(Ys)sC(fley(z)lzdy) :
Yo
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We approximate the coefficients of the homogenized tensor as

A1 =fA(x)ey()(5’lm + 1) ey (I') dy. (5.26)
Ve

5,lm 5,lm

Let w +I'™ hence

=X
E?j,m(x)=fA(x)ey(w5’lm):ey(Iij)dy-
Y5

Note that w? '™ satisfies w® '™ — ' € (W (Y %)),

f Axey(w®'™ e (z)dy=0 vze W(Y%)9.

Yo

Theorem 5.2.5. Consider an open bounded domain D c R%, d < 3. Consider the problem (5.9),
where A(x) = {A;jim(X)h<i,j,i,m=d> Aijim € L°(D), and A satisfies (5.2), (5.3), (5.4). Let x € D,
and consider the tensor A°(x) defined by (5.26). Then A%x) — A%x) a.s. as & — oo, where A°(x)
is the value in x of the homogenized tensor associated to problem (5.9).

Proof. Let us consider the case where (W (Y %)% = (Wr}er(Y‘s))d. The problems (5.25) are well-
posed and the solutions y%!”* are bounded in (H'(Y?))? independently of & for almost all
w € Q, and so are the functions w®!™. Let us denote by (w®!™)’ and (ey(w5’lm))’ the zero
extensions in ¥ of w®!™ and ey(w5'lm) respectively. Hence the sequences {(w®!")'} 55 and
{Aley (w®'™))}550 are bounded in (L?(Y))4 and (L?(Y))4*¥ respectively, and therefore admit
a.s. a weak limit. Let us denote by w°>"" and p™ their weak limits. From Theorem 5.2.2
we have that p™ = A%(x) ey(w"o'lm) where w°!™ satisfies the problem: find w M guch that
wlm — 1M e (W, (Y)? and

fAO(x)ey(woo'lm) tey(@)dy=0 Vze Wy ()9, (5.27)

Y

Note that (5.27) is equivalent in finding y*!™ € (Wper( Y))4 such that

fAO(x)ey(xoo’lm):ey(z) dy:—fAO(x)ey(Ilm):ey(z) dy Vze (Wi (YD (5.28)
Y Y

The problem (5.28) is well-posed, and the solution y*!™ is unique. In particular, the only
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1™ e (WL, (V)4 such that (5.28) is satisfied is ¥/ = 0. We have then that

per

m A

lim A, (x) = lim Ax)ey (W™ : e, (1) dy
—00

—00
Yo

= lim A(x) (ey (w?'™) s e, (I') dy

Y
:on(x)ey(w"o'lm):ey(Iij)dy
Y
:on(x)ey()(oo'lm+Ilm):ey(Iij)dy
Y
= A1)

This complete the proof in the case where (W (Y?))4 = (Wpler(Y‘S))d. The assertion of Theo-

rem 5.2.5 in the case of Dirichlet coupling can be proved in a similar way. O

5.3 Numerical homogenization of multiscale linear elasticity prob-
lems in random perforated domains

This section is devoted to illustrating the numerical procedure to approximate the solution
of problem (5.16) by relying only on data defining the fine scale problem. We recall that the
analysis of the HMM in periodic perforated domains has been addressed in [61]. We extend
the FE-HMM defined in Chapter 2 to the context of linear elasticity with random perforated
domains. This is carried out in the first part of this section. Later we will apply model order
reduction to speed up the computational procedure. In what follows we will take (5.9) as a
model problem and hence we will describe and analyze the numerical method for mixed
boundary conditions.

5.3.1 FE-HMM in linear elasticity with random perforated domains

To describe the FE-HMM and the RB-FE-HMM in the context of linear elasticity we follow the
framework introduced in Chapter 2. Let us consider the problem (5.9) and assume that D is a
convex polygon. Let us define the macro finite element space

St, (D, 7i) = {v" e (H}, (D) : v € (@ (KD, VK € T},

where I is a partition of D in simplicial or quadrilateral elements K of diameter Hg, and
(2! (K))4 is the space of polynomial vector fields on K of total degree at most [ if K is a simpli-
cial element. Otherwise, if K is a quadrilateral element, (2/(K))¢ is the space of polynomial
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vector fields of degree at most [ in each variable. For a given 9 we define

H = max Hg,
KELO/_H

and we allow H to be much larger than €. As for the scalar elliptic case, we assume I to
be admissible and shape regular. Assume that on each macro element K € 9 a quadrature
formula {ij,w Kj}§:1 satisfying (2.8) is given. In order to evaluate the effective tensor, which
is unknown at the macro quadrature points xk;, the solution of micro problems is required.
For each macro element K € 9, and for each macro quadrature point XK;, We define a micro
domain ng =Ks5;\(K5, N Qf), where K, = xk; + (=612,86/2)%, and § = €. As usual, we assume
that for each K € 9y and for each XK ng is connected and does not exhibit a fine grained
boundary. Hence for a micro domain K gj we consider the micro finite element space

$9(Ks, Ti) = {zh € (W(ng))d 2l e (@I(T)? VT e 37,1} :
where
(W K5 ) = (Wper (K5 )
in case of periodic coupling, or
(WS ) = (Hy, (K5 )
for Dirichlet coupling. We introduce the bilinear form

w

J .
By wh= ¥ Y - fA(x)e(v,fg_):e(w,’g)dx, (5.29)
KeTy j=1 |K§j|K€ ! !
5

]
where vlh(, (respectively th<_) denotes the solution to the micro problem: find th( such that
] J ]

h _H qg(we o
VKj vhn'jES (Kj,Jh) and

f Ae(vy ) e@dx=0 V2" eSI(Ks , ),

Kn‘:
9j

where vlli{l ].(x) =vH (ij) +(x— ij)e(VH ) K;» where e(vH) K = e(vt) (ij). Finally, the FE-HMM

solution to problem (5.9) is given by ufle Sll-l (D, 9g) such that

By v"y=Fw") whesl (D,Tm),
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where

FrvH) :f@f-dex+fh-des.

Reformulation of the FE-HMM. As for the scalar elliptic problem, we can think of comput-
ing the values of the homogenized tensor during the assembly process. For each K € 9 and
each xg;, we consider the micro problem of finding le e sq(k 5 »Jn) such that

]

f AWe(t™ : ez dx =~ f Awe'™ :e@" dx vz e SIKS T, (5.30)
K )
where I ,l?m = Xm0 p; and 6, is the Kronecker symbol. By solving (5.30) we can then approxi-
mate the coefficients of the homogenized tensor as

ijlm

A (x Kj)=|K—2|fA(x)e(;zj<’”h + 1My e(1'V) dx. (5.31)
J

Thus, we have an equivalent expression for (5.29) which reads

J
By wh= Y 3w A% (e )k, ew ),
K€f’/_Hj:1

Having to solve (5.30) for each K € 9, and for each Xk;, Yepresents the bottleneck for the
FE-HMM. To speed up the algorithm, as for the elliptic scalar problem, we employ model
order reduction techniques to build a reduced space of micro functions which allows for
fast solutions of (5.30). The procedure is similar to the one described in Section 2.3, and is
illustrated in the next section.

5.3.2 RB-FE-HMM in linear elasticity with random perforated domains

We can note from (5.30) that each micro solution is parameterized by the macro quadrature
point xk; and the indices [, m, 1 < [, m < d. In particular, the micro problem (5.30) is defined
so that for each XK; a different micro domain K ¢ is considered. Hence, (5.30) does not allow
directly for model order reduction, since in our case to build a reduced space of solutions it
is necessary that the micro functions are defined on the same domain. Hence, we consider
a generic reference perforated random domain Kg K5\ (K5 N Qf), where for example K5 =
(—=8/2,6/2)%. We give then a different formulation of the FE-HMM based on the bilinear form

J
= —0,h
Buv,wihy= 3 3 oA (xx)ew N, : ew ), (5.32)
Kegy j=1
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where

—0,h 1 _ .
A (xx) = @fA(ij + x)e(xg?”’ +1'"™) eIy dx, (5.33)
K5

and ﬁ("_m € S9(K5, ) solves
J

f Alxg; + 0T s e@" dx = - f Alxg, +x)e(I"™) ez dx  Vz"e ST(KE,T7). (5.34)

K5 K5
Note that Theorem 5.2.5 implies that (5.31) and (5.33) converge to the same value as § — oo.
We denote by ule Sll_1 (D, 9 g) the solution to

By@” v =Fo') wiesl (D,Tm).

Note that by (5.34) all the micro problems are defined on the same micro domain. However,
each solution depends on the macro quadrature point xg;, so the solution of multiple micro
problems is still required.

Parameterized micro problems. We map K into Y = (0, 4 through the change of variable
x=06(y—1/2). We denote by Y? the transformation of K 5 under the same change of variable.

Hence, for each K € 9y and each Xk;, We consider the problem of finding Xé(’j”l € S9(Y%, T i)
such that

foKj (y)e(xf,(’]’?ﬁ):e(zﬁ) dy:—foKj e ez dy vz2'esi(¥®,T3),  (535)
Yo 'd

where [ ,lgm = Ym0 pi, Op1 is the Kronecker symbol and h = h/5. Note that we have used the
notation Aij (y) = A(Gij ), x= Gij (¥) = xk; +6(y — 1/2). Consequently we approximate
the coefficients of the homogenized tensor as

—O,h 7 ..
A (xK) = foKj Welr " + 1) etI')dy.
Yo

We assemble a reduced space of micro functions by using a greedy procedure. We define
the space of parameters = = D x {1,..., d}?. Given an element ¢ = (x,1,m) € =, we denote
the corresponding micro function as X? which satisfies the weak problem of finding )(? €
S9(Y?, 9}) such that

bkl 20 = f32"5) Vel e ST, ), (5.36)
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where

bs (2" wh; &) = f A(yeE : ewh dy,
Y§

and

f3@"6) = —bsI'™, 2"6).

Offline stage. In the offline stage we build the reduced space of micro functions
sNy%) = span{w{l,... ,1//];{,} ,

where N « dim(Sq(Y‘s,ffh)). Hence, given the reduced space SN(Y5) and a £ € Z we can
obtain a RB approximation of the problem (5.36) by finding )(év e SN (Y5) such that

b w6 = rwlio Vi=1,..,N. (5.37)

As in Section 2.3, we remark that an affine representation of the tensor A,(y) such as

Q
A=) 0T)A9(y) VyeY,
q=1

where ©7 : D — R, is necessary for the efficiency of the method, otherwise we can appeal to the
empirical interpolation method (EIM). Indeed, thanks to the affine representation of A, (y), it
is possible to perform fast estimations of the a posteriori error. For a given ¢ € =, let us define
the error

& =N -al,
where xév is the solution of (5.37), and X? is the solution of (5.36). From (5.36) we have that
byl 2"6) = b (rY, 256 + f@0) v €SI, ),
and hence by Riesz’s theorem we know the existence of a unique Eév € S9(Y°,T; ;) such that
@, 2" oy = bs@Y 2156 vl e s9(Y0, 75, (5.38)

where (-, ")y (ys), defined as

(Z, W)y (y9) :fe(z):e(w)dy,
Y&
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denotes the inner product in the space (W (Y?))4. We remark that the error estimate Eév can
be computed very efficiently, since the affine representation of the tensor A,(y) allows to
decompose the right hand side of (5.38) into several parameter independent bilinear forms,
which can be precomputed. Finally, the a posteriori error estimate is defined as

=N
N ||€§ ||W(y5)

¢ Va1B '
where a1 3 is a lower bound for the coercivity constant of the bilinear form bs(-, ;).

Next, we summarize the list of operations to perform the greedy offline stage. Input parameters
are Nrpaipn (the size of the training set), folgg (a prescribed tolerance used as stopping criterion),
and Ngp (the maximum number of reduced basis functions allowed).

1. Randomly define (by a Monte Carlo method for example) the training set Eqpain € =
Evain = 1€ = (x5, 15, m;) : 1<i < Npuin,X; €D,1<1;,m; <d}.
2. Select randomly one element from Ety,ip, i.e. {1, and compute )(?1 such that
bs(xg,zf‘;s‘l) = ~f3e¢) vl esiyo, 7).
Set
h

Xe

—=

i= o
||X§1||W(y5)

and initialize the space as S!(Y?) = span {wi’}

3. For 2 < j < Npg perform the following steps.
(a) Foreach ¢; € E1,in compute the corresponding micro function )(é__l € SI71(y?%) by
solving

bl W) = fwise) VE=1,..,j-1,

and the corresponding residual Aé_l.

(b) Select the new reduced basis by choosing

§j= max A

j-1
EiEETrain !

¢

(o If (Agf1)2 < tolgg the algorithm ends, otherwise compute )(i} such that
J J

b} 2"5E) =~ fralsep) vl e STV, ).
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Set
) Rh
h ]
V=
”Rj”W(Y5)
where
= fl
Rj =X~ Z<X§j’1//k>W(Y5)1//k-
k=1

@ si(v% :sf—l(Yﬁ)uspan{wf.l}.

Online stage. Based on the reduced space SN(Y9), we define the new macro bilinear form

J
Bugsv",wh= 3 Y wr, A%V (xk ek, :ew g, (5.39)
KEg'H ]:1
where

ijlm ™~
Vd

AON —foKj (y)e(xgj’_"Nu””):e(ﬂf)dy,

and )(Z;?N is the solution of (5.35) computed in the reduced space SN (Y?). In particular given

&= (x,1,m) € E, we look for X?’ € SV(Y?) such that

fo(y)e(XfQ’):e(w?)dyz—fo(y)e(I’m):e(w?)dy Vi=1,...,N.  (5.40)
y?o y?o

Note that )(év can be represented as

2

h
aiy;,
1

xe =,

1

where a; € R, 1 <i < N. Thanks to the affine representation of the tensor A,(y), solving (5.40)
is equal to finding (ay,...,ay) " € RV such that

Q N i i Q i

3 Z@q(x)a,-qu(y)e(u/?) e(piydy=-Y | Al(ped"™ :e(yt)dy Vi'=1,...,N,

qg=li=1 gq=1
Yo 4

(5.41)
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where the integrals in (5.41) are parameter independent and then can be precomputed. Finally,
we retrieve the macro solution by finding u/"®® ¢ S%l (D, 97) such that

Burs™™® v =Fw') wv'e S%l (D,TH).

A priori error analysis. We give a priori error estimates for the error between the exact
homogenized solution to (5.16), i.e. u®, and its numerical approximation uflRB
means of the RB-FE-HMM. We decompose the global error into four different parts, and we

consider each source of error separately. Let us consider u”* which is the FEM approximation

obtained by

of problem (5.16), under the assumption that we know the exact homogenized tensor. The
FEM approximation is defined as the unique u®’ e Sfl (D, Jy) such that

Bo,n®? vy = Fv") wi e sl (D, T,

where

J
Bouw,wy= 3 3w, A’(xx)e(w™, : ew ), . (5.42)
Kegy j=1

Let us introduce also the bilinear form

_ U
By wh= 3 3 wk Ak ev g, s ew (5.43)
KEfrHj:l

where the coefficients of A° are computed as in (5.33) with the difference that the micro
functions ﬁ(j oh solving (5.34) are replaced by the exact solutions ﬁ(’? € (W(K; )¢. The corre-

sponding macro solution is ufl e S%l (D, Jg) such that
By@" v =Fw") wesl (D,Tm).

Using the triangle inequality we split the global error as

0_

H,RB
la™ —a™™ | i (py = llemacll i (o) + 1€mod ll g1 () + Il emicll g1 (py + lerBll 71 Dy »

where

0 0,H _.,00H =~H _~H —=H _—=H H,RB
€mac=uU —UW’"°, €pod=uU’" —U , €pjc=U —U , egp=u —u .

The macro error emac can be bounded using standard FEM error estimates. By assuming
u’e (H"'(D)?and A}, € WH'(D), 1<, j,1,m < d, we obtain that

0 _ 4 HRB

I
lu Iz oy = CH' + llémod l 51 (D) + llémicll 51 (py + llersll g1(py »
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where C is a generic constant independent of H, h, € and 6. Moreover from (5.32), (5.39),
(5.42), (5.43) and the well-posedness of problem (5.16), we obtain the following bounds for
€mod» €mic, and egg:

0 0
lemodll gi(py = C sup sup  sup  |A;, . (Xk;) = Ay, 0 (XK1,
Kegyl=sj<jls<l,m,st<d

~0 —0,h
”emic”H1 D) = C sup sup sup |Almst(ij) - AlmSt(fo)l ’
Kegyl=sj<jl<lm,s,t<d

—0.h 0,N
lersllgipy = C sup sup — sup  |Aj,(xk)—A

K lmst(ij)|'
Kegylsj<sjl<l,m,s,t<d

To estimate epjc some sufficient regularity of the micro solutions %f(’]” is required. In particular
we assume that ﬁg]” € (H7*1(K%))? and that

XK w1 ey =< Ce™1V/1K3,
where C is independent of K, j, € and 0 (see Remark 4.6 in [11] for a justification of this

assumption). Then, for both periodic and Dirichlet coupling it can be proved that

h\?4
lemicllpiipy = C{ =] -
€

The quantity egg can be bounded by the decay of the Kolmogorov N-width of . (Y?,J; 3]
(see Section 2.3.2). A priori error estimates of the Kolmogorov N-with of the micro solutions
manifold are not available in general. However, exponential decay is often observed in practice.
For what concerns the modeling error ey,qq, if the perforated domain is periodic and the slow
variable of the tensor A is collocated at the macro quadrature points, following [1, 48] we get

0
lemodllpn(py =0 if (W(KEN? = (Wpe (K§)“ and €N,
&
lemodll oy < C5 if (WK = (H (K§)? and & > ¢.

On the other hand, explicit error estimates for the case of random perforated domains are not
available. However, we can rely on Theorem 5.2.5 to conclude that, if we collocate the slow
variable of the tensor at the macro quadrature points, we have that

lemodll gi(py — 0 as. as 6 —oo.

5.4 Numerical experiments

In this last section we present some numerical experiments to verify the theoretical findings
about our proposed numerical method and demonstrate its efficiency. We consider a three
dimensional beam with length /; = 500mm, height /; = 100mm, and thickness /, = 10mm.
We assume the material under plane stress condition, so that a two dimensional model is

125



Chapter 5. Homogenization and multiscale methods for linear elasticity problems in
random perforated domains

P 5000

O 00O
O 00O
2 O 00O

I

Figure 5.3: Geometry and boundary conditions for the numerical experiment.

considered. We apply a vertical load on the upper edge equal to h = (0, —50) N/mm?, while the
displacement on left edge of the beam is constrained to zero, as sketched in Figure 5.3. We
consider an orthotropic fourth-order tensor, so that

E;
Auin=———,
1-viavo
_ Ewvy
Az =7—""—,
1-vi2vor
E,
Apppp = ————,
1-vi2va
A1212 = G2,

A1112 = A2212 =0,

where E; is the Young’s modulus along the axis i, v;; is the Poisson’s ratio that corresponds
to a contraction in direction j when an extension is applied in direction i, and G;; is the
shear modulus in direction j on the plane whose normal is in direction i. We let these elastic
properties vary with respect to the space variable x as

1
E;(x) = 100000 + zxf +50x, [N/mm?],

1
E»(x) = 40000 + 2x5 + S X1%2 [N/mm?],

vi2(x) =0.3,
_Ex(x)
v21(x) = El(x)hz(x),

1
G2 (x) = 50000 + > %1% [N/mm?].

5.4.1 The periodic case

We start by considering the case where the beam exhibits circular holes which appear periodi-
cally in the medium, as sketched in Figure 5.3. The set Q = Q(w) is obtained by following the
description of the first example of random set given in Section 5.2.1 by using as radius r = 1/4.
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Figure 5.4: Micro reference cell for the periodic perforated domain.

Hence the multiscale random set is obtained by considering the homothetic transformation
of Q with ratio €. The perforated reference cell looks like the one depicted in Figure 5.4. We fix
6 = €. Note that for this choice of 6 the modeling error vanishes, since we are considering a
periodic medium and we collocate the tensor at the macro quadrature points. We perform
some numerical experiments to observe how the error behaves accordingly to the macro and
the micro discretization considered, and the number of reduced basis functions used in the
online stage. In particular, we use piecewise linear simplicial elements for both macro and
micro finite element spaces. The numerical error can be decomposed as

0_ ..HRB
" —a™™ | g (py < llemacll 1 () + lémicll g oy + llersll 51 oy »

where
0 0,H
€mac=u —u’,
0H —H
€mic=u’ —u ,
eRB = l_lH - uH’RB .

Since we do not dispose of the functions u®, u®#, u’l, we approximate them as follows (see

also Table 5.1 for a summary).

1. ufis approximated using the RB-FE-HMM with the complete reduced space SNmax (Y?),

where Nypay = 52, but with the same macro and micro mesh used to compute u"RB,

0.H js approximated using the RB-FE-HMM with the complete reduced space §Vmax (Y9),

where Ny ¢ = 52, the finest micro mesh containing approximately 10000 micro elements,
H,RB

2. u

but with the same macro mesh used to compute u

3. u’ is approximated using the RB-FE-HMM with the complete reduced space $Vmax(Y9),
where Ny ¢ = 52, the finest micro mesh containing approximately 10000 micro elements,
and the finest macro mesh containing 40960 macro elements.

Periodic case: coarse micro mesh and small RB space. We perform a first experiment
where we compute the solution u/’®® for four different macro discretizations, which are
structured triangulations of the geometry depicted in Figure 5.3, possessing respectively 160,
640, 2560, and 10240 macro elements, while we adopt as micro mesh the one depicted in
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W [ 0 Nz 7
Elsmac | (ElSmac)max | ElSmac Elsmac
Elsmic | (Elsmic)max | (ElSmic)max | ElSmic
N Nmax Nmax Nmax

Table 5.1: Details about how the different functions u®, u®#, u*! are computed. Given a macro

(resp. micro) discretization we denote by Elspac (resp. Elsmic) the corresponding number
of macro (resp. micro) elements. In particular (ElSmac)max = 40960, (ElSmic)max = 10000,
Npax = 52.

Figure 5.5, which possesses approximately 150 micro elements. The micro problems are solved
online by using a reduced space consisting of only N = 5 basis functions. In Figure 5.5 we
show the decay of the a posteriori error estimate as we increase N. The relative errors for both
L?(D)-norm and H' (D)-seminorm are shown in Figure 5.6. We can observe how the micro
error becomes soon dominant, while the one due to the reduced basis approach is already
small, even with only N =5 basis function.

—_
o
o

—-
o
o

—_
o
A

RB a posteriori error estimate

-
o
&

20 40 60
N

o

Figure 5.5: Micro triangulation used for the first numerical experiment, and decay of the a
posteriori error estimate.

Periodic case: refined micro mesh and small RB space. We perform the same numerical
experiment, but this time we use a finer micro discretization, which possesses approximately
600 micro elements, depicted in Figure 5.7 together with the decay of the a posteriori error
estimate due to the reduced basis approach. In particular we can observe that the decay of the
reduced basis error is not affected by the finer discretization. The number of reduced basis
functions used in the online stage is still equal to 5. Numerical errors are shown in Figure 5.8.
We can observe that the micro error decreases, but is still the main reason for saturation of the
global error.
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Figure 5.6: L?(D)-norm and H'(D)-seminorm of relative errors for Elsmic ~ 150 and N = 5.
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Figure 5.7: Micro triangulation used for the second numerical experiment, and decay of the a
posteriori error estimate.

Periodic case: highly refined micro mesh and small RB space. We refine further the micro
discretization, so composed now by approximately 2500 triangles, as depicted in Figure 5.9.
For N =5 reduced basis for the online computation, we can observe in Figure 5.10 how now
the micro error has a magnitude comparable to the one associated to the reduced basis error.
In particular, we have no saturation of the global error. Finally, in Figure 5.11 we show
the horizontal and the vertical displacement obtained by means of the RB-FE-HMM, using
the finest macro and micro meshes (40960 macro elements and approximately 10000 micro
elements), and a reduced space consisting of 52 basis functions. In Figure 5.12 instead we
show the stresses 011, 022, 012 together with the deformed geometry.
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Figure 5.8: L[?(D)-norm and H!(D)-seminorm of the relative errors for Elsmic ~ 600 and N = 5.
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Figure 5.9: Micro triangulation used for the third numerical experiment, and decay of the a
posteriori error estimate.

5.4.2 Therandom case

Now we consider the case of random perforated domains. We assume that the holes are ellipses
in R?, whose axes and angle of rotation are random variables. The construction of the random
domain Q(w) is described in the second example of Section 5.2.1. In particular, we assume
the major and the minor axes are uniformly distributed in the interval [1/8,3/8], while each
ellipse can rotate of an angle uniformly distributed between 0 and 7. Once Q is assembled
we consider its homothetic transformation with ratio ¢ to define the multiscale medium.
Since we are no more in the periodic framework, we have to deal with an additional source of
error when approximating the homogenized solution u’. We have described in Section 5.2.3
how to approximate the homogenized tensor for perforated random domains, and we have
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Figure 5.10: L?(D)-norm and H'!(D)-seminorm of the relative errors for Elsmi. =~ 2500 and

N =5.
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Figure 5.11: Displacement u/"RB obtained with the finest macro and micro meshes, and
reduced space of 52 basis functions.
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Figure 5.12: Stresses 0 j obtained with the finest macro and micro meshes, and reduced space
of 52 basis functions.
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Figure 5.13: Sample of micro domains for different values of 6.

proved that the approximation improves as the micro cell’s size § — co. We consider then
three different micro reference cells for § = {¢, 3¢, 5¢}, and we observe how the numerical
error behaves as § increases. To this end, we will consider a relatively fine micro mesh, and
alarge number of reduced basis functions, so that the dominant numerical error will be the
modeling error proportional to §. Let us denote by u/’*® the approximated homogenized
solution obtained by means of the RB-FE-HMM. The global error can be decomposed as

0 H,RB
[u” —u Il e (py < lémacll g1 (py + lemodl 1 (py + lemicll i1 oy + lerBll 11 (D) »

where
_..0_ .0H
€mac=u —u’,

0H ~H
emod =u -u,

~H —H
€mic=u —u ,

eRB = ﬁH - llH'RB .
From Section 5.2.3 we know that [emedll ;1 (p) should converge to zero a.s. as § — oo. In
Figure 5.13 are shown three samples of micro domains for § = {¢, 3¢, 5¢}.

0 ,0,H

Since we do not dispose of the functions u®, u®#, a’!

,ull we approximate them as follows

(see also Table 5.2 for a summary).
1. u” is approximated using the RB-FE-HMM with the same § used to compute u/"RB,
The complete reduced space $™Vm=x(Y?) for the particular choice of § is used, while the

H,RB

same macro and micro meshes used to compute u are employed.

2. u'! is approximated using the RB-FE-HMM with the same & used to compute u/"RB, The
complete reduced space $max(Y?) for the particular choice of § is used, while the same

macro mesh used to compute u"RB

is employed. The micro discretization is given by
the finest mesh for the particular choice of §, i.e., the micro mesh possesses the highest

ratio (approximately equal to 5000) between the number of micro elements and (6/ €)2.

3. u"is approximated using the RB-FE-HMM with the highest 6 (Omax = 7€). The com-
plete reduced space SNmaX(Y‘s) for the choice § = 0 ax is used, while the same macro
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mesh used to compute u/’'RB

finest mesh for the choice 6 = 6 nay, i.€., the micro mesh possesses the highest ratio
(approximately equal to 5000) between the number of micro elements and (5/¢).

is employed. The micro discretization is given by the

4. u® is approximated using the RB-FE-HMM with the highest § (Omax = 7€). The com-
plete reduced space SNmax(y9) for the choice § = 8max is used. The finest macro mesh
containing 40960 macro elements is employed. The micro discretization is given by
the finest mesh for the choice § = 6y, i.e., the micro mesh possesses the highest ratio
(approximately equal to 5000) between the number of micro elements and (6/ €)2.

uH,RB uO uO,H ﬁH ﬁH
Elsmac (Elsmac)max | ElSmac Elsmac Elsmac
o Omax O max 0 0

ElSmic ElSmic Elsmic ElSmic ElSmic
((5/5)2) ((5/5)2 )max ((5/8)2 )max ((5/8)2 )max ((5/8)2)
N Nmax Nmax Nmax Nmax

Table 5.2: Details about how the different functions u®, u®#, ¥, u” are computed. Given

a macro (resp. micro) discretization we denote by Elsmac (resp. Elsmic) the correspond-
ing number of macro (resp. micro) elements. In particular (ElSmac)max = 40960, 6 max = 7€,
(Elsmic! (6/€)*)max = 5000, 56 < Nypax < 59 depending on 6.

Fine micro mesh, large RB space, § =¢. We start by setting § = €. We solve the problem for
different macro discretizations. In particular the same structured grids used in the preceding
periodic case are considered. On the other side, the number of micro elements and the
number of reduced basis functions are fixed. In Figure 5.14 we show the micro mesh used for
this numerical test and the decay of the a posteriori reduced basis error estimate computed
during the offline stage. The micro mesh possesses about 1000 micro elements, while the
number of reduced basis is fixed to 25. The numerical errors are reported in Figure 5.15 for
both the L2(D)-norm and the H!(D)-seminorm. We can observe that § = £ does not represent
a good choice. The value of e,q is too large, and we do not get convergence as we increase
the number of macro elements.

Fine micro mesh, large RB space, 6 = 3. We redo the experiment with § = 3¢. The ratio
between the number of micro elements and (5/¢)? is approximately the same as the one used
for 6 = ¢, so that the contribution of the micro error to the global error is comparable to the
one obtained in the preceding experiment. The number of reduced basis is still equal to 25.
In Figure 5.16 we show the micro mesh and the decay of the a posteriori reduced basis error
estimate. The numerical errors are reported in Figure 5.17 for both the L?(D)-norm and the
H'(D)-seminorm. This time we can observe convergence of the global error as we increase
the number of macro elements. The modeling error is indeed lower than the one observed for
6 = 3¢. However, it is still the main reason for the saturation of the global error.
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RB a posteriori error estimate
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Figure 5.14: Micro triangulation used for the numerical experiment with random perforated
domain (6 = €), and decay of the a posteriori error estimate.
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Figure 5.15: L?(D)-norm and H'(D)-seminorm of the relative errors for § = €.

Fine micro mesh, large RB space, 6 = 5¢. Finally, we select § = 5¢. In Figure 5.18 we show
the micro mesh and the decay of the a posteriori reduced basis error estimate. Again the
ratio between the number of micro elements and (§/¢)? is approximately the same as the
one used in the previous numerical tests, and the number of reduced basis function is set
to 25. The numerical errors are reported in Figure 5.19 for both the L?(D)-norm and the
H'(D)-seminorm. We now observe that the error due to § is not anymore the main cause for
saturation of the global error since its magnitude is smaller than the micro error.
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Figure 5.16: Micro triangulation used for the numerical experiment with random perforated
domain (6 = 3¢), and decay of the a posteriori error estimate.
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Figure 5.17: L?(D)-norm and H' (D)-seminorm of the relative errors for § = 3¢.
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Figure 5.18: Micro triangulation used for the numerical experiment with random perforated
domain (6 = 5¢), and decay of the a posteriori error estimate.
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Figure 5.19: L?(D)-norm and H' (D)-seminorm of the relative errors for § = 5¢.
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Uncertainty quantification for inverse
linear elastic problems in random
perforated domains

In this chapter we consider the problem of determining elastic properties of materials which
exhibit high heterogeneity. In particular we look at random multiscale perforated domains,
and we want to recover the elastic properties characterizing the material from measurements
of the displacement u?, by using an efficient and coarse graining approach based on Bayesian
analysis, homogenization and model order reduction. In the preceding chapter we have
described how different sources of error affect our forward model: the geometry discretization,
the number of reduced basis functions, the size of the micro sampling domains. All these
errors converge asymptotically to zero as we refine the forward model. However, when solving
inverse problems, one typically needs multiple evaluations of the forward model, and therefore
highly accurate models are usually not appropriate for this scope. On the other hand, the
numerical errors propagate into the numerical posterior, and if relatively large they can lead
to overconfident or misleading predictions. In what follows we are mostly concerned with
the effect of the size of the micro sampling domain, i.e., the modeling error. We develop a
probabilistic numerical method which allows us to account for the impact of the error in the
forward solver, and gives rise to a posterior distribution which is more robust to numerical
errors and reveals the uncertainty in the approximate solution due to the numerical method.
Moreover, asymptotic convergence with respect to the size of the micro domain is preserved.
Finally, let us point out that we adopt the Einstein summation convention, i.e., we sum over
repeated indices.

Outline. The outline of the chapter is as follows. In Section 6.1 we describe the setting
of the inverse elastic problem that we will consider through the chapter. Section 6.2 is de-
voted to studying the validity of our approach. We prove existence and well-posedness of the
probabilistc effective posterior probability measure, and we provide convergence results. In
Section 6.3 we describe the numerical algorithm used to solve the inverse problem. In Sec-
tion 6.4 we illustrate through some numerical tests the efficiency of the suggested probabilistic
approach. The content of this chapter is essentially taken from [6].
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perforated domains

6.1 Setting of the Bayesian linear elastic inverse problem

Model problem. Let us recall the definition of multiscale random perforated domains in
RY. Let (Q,3, u) a probability space and Ty : Q — Q, x € R?, a dynamical system satisfying the
following properties.

1. To=1d, Ty +x, = Ta, Tx,, VX1, X2 € RY.

2. The mapping Ty : Q — Q preserves the measure p on Q, i.e. p(Ty(F)) = u(F), Vx € R,
V& eXZ.

3. For any measurable function f(w), w € Q, the function f(Ty(w)) defined on Q x R is
also measurable.

Let us fix a measurable set & € ¥ and w € Q. We obtain a random stationary set Q(w) c R?
from & by setting

Q) = {xe R : T, (w) e 35} .
We then define the set Q° homothetic to Q with ratio € as
ng{xeRd : x/seQ}.

Given D c R%, we set D¢ = D\(Dn Q%), and we assume that D¢ is connected for almost all
w € Q and such that 0D < dD¢. LetI'; c 0D, I's < 0D, such that |I'1],IT2| >0, 1 nTs = @,
I'y Ul = 0D. Given h € L?(I'»), consider the linear elasticity problem

0 ouj o
_T%(Aijlmﬁ)zo in D%,
ut = only,
aui (6.1)
Aijlmﬁvj:hi Ol’lrg,
ou; :
Aijlmﬁvjzo ondD \aD,
fori=1,...,d, where v is the unit outward normal at the boundary, and A = {A; jim}1<i,j 1,m=d>

Ajjim €R, is a constant fourth-order tensor which satisfies
AijlmzAjilm =Almij foranyi,j,l,m= 1,...,d. (6.2)

Based on observations of the displacement u?, our goal is to retrieve A. Throughout this
chapter we will assume that the considered material is isotropic. Hence the coefficients of A
can be characterized as function of only two scalar parameters, e.g. the Young’s modulus E
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and the Poisson’s ratio v, as follows:

A = EOY i

itm (B, V) = ———— i=j=1=m,

ijim 1+v)(1—2v) J

A; i (Eov) Ev = il=mi#l 6.3)
i i V)=——, i1=7j,l=m,i , .
ijim A+v1-2v) J

Ajjim(E,v) = i=Lj=mi#j.

20 +v)’

All the other coefficients are zero. In what follows, we will denote by 7 the vector of unknown
parameters we want to determine, e.g. = (E,v) for our setting. Moreover, n* = (E*,v*) will
denote the exact value of the unknown parameters. Let us note that for any 5 = (E, v) such
that 0 < E and -1 <v < 0.5, we have that there exist two positive constants a; and ; such
that the following two conditions hold:

a,,llmll%sA(n)m:m Vme Sym,, (6.4)
A mllg < Byllmllg  VmeSym,, (6.5)

where for any d x d symmetric matrices m, m we have that
Am ={(AijimMim)ijhsijsd, AM:M=AjjimMymm;;.
The admissible set of parameters is hence defined as a subset of R? given by
U={n=(Ev)eR*:0<Ev svsv'}, (6.6)

with —1 <v~ <v* <0.5. Let us remark that all the theoretical arguments and algorithms we
will present throughout this chapter can be extended to the case of more complex situations,
e.g. orthotropic or anisotropic materials, or to the case where the unknown A is varying in
space. Let us introduce the strain tensor e and the stress tensor o defined as

€ € £ 1 aulg auj
e’) ={e;j(h<ijza, €;j) =7 ox;  ox; |’
ué‘
o) ={o;j(hsijca, i) = Ajjimo -
0Xm

For any 17 € U the parameterized problem (6.1) admits an unique weak solution uf € (H%1 (D)4
which satisfies

B:(u®,v;n)) =F(v) Vve (Hll1 (DE))d, 6.7)
where

Be(v,w; 1) = fA(n)e(V) re(w)dx,
DE
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and

Fw) :fh-vds.
I,

Bayesian setting. According to the Bayesian approach, let us introduce the prior probability
density 7p; which reflects our prior knowledge about the two parameters of interest. Since
E>0andve [v",v*], we consider the case where the prior probability measure, denoted as
pr, is given by the combination of a log-Gaussian distribution for the Young’s modulus E, and
a uniform distribution for the Poisson’s ratio v. In particular, we take the unknown vector to
be 0 = (k,v) € V, with k ~ ﬂ(%,ak), v ~%([v_,v"]), and E = exp(k). Hence we denote the
map (k,v) € V— (exp(k),v) € U as P, and we write g = P(#). The probability density for the
random variable 8 = (k, v) reads
(k—k)?

1 1
— exp|- Tpy-y (V). 6.8)
orV2m p( 202 )v+—V‘ o]

ﬂpr(o) =

Moreover by noticing that
exp(—|k|) <exp(k) <exp(lk]) VkeR,

and using the fact that any admissible v is uniformly bounded, we have that for any n =
(exp(k),v) there exists a constant ¢ such that

ap<c lexp(-lkl), By<cexp(lkl. (6.9)

We take as observations the average displacement measured at J € N different locations along
I',. Then we may introduce the forward operator G¢ : V — R/¢ defined as

G*(0) = vec({g;; (0)}1<i<a), (6.10)
1=j<J

with

5,0 = [ usponds,
Sj

where u? (P(8)) is the i component of the solution to (6.7) withn = P(@), and S; I, S;nS; =
@ if i # j. In the following setting we denote the measurements as z and, according to the
Bayesian approach to inverse problems, we assume that they are corrupted by some Gaussian
noise, so that

z=G*O0")+(, (~N(0,Cp), (6.11)
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where 6 = (log(E™),v*), and C; is the covariance matrix of the multivariate normal distribu-
tion of the noise. We denote by @ : V x R’4 — R the potential or likelihood function which
measures the distance between the measured values and the values produced by the forward
model defined for any 8 € V, as

£ _ 1 £ 2
(0,2 = 512~ GO,
1
= 5(2_ GE(O))Z_ G£(0)>C(7
= -G O)TC e GEO)).

Bayes’ theorem yields the posterior probability density of 8 given the measurements z, which
reads

n°0|z) = exp(—D°(0, 2)) e (0), (6.12)

Ct(2)
where C?(z) is the normalization constant and is given by
C(2) :[exp(—fbg(ﬂ,z)),upr(de).
R2

Classical results in Bayesian analysis ensure that the posterior distribution 7¢(0|z) converges
to the Dirac distribution 6 (@ — 0*) in the small noise limit [84]. Note that the relation (6.12)
can be rewritten also in terms of probability measures using the Radon-Nikodym derivative

dut(@|z) 1
dpp:(0)  Cé(2)

exp(—®°(0,z)). (6.13)

In general, the posterior distribution is not available in closed form, hence it is necessary
to approximate it using sampling techniques such as Markov chain Monte Carlo (MCMC)
methods. To do so, with the help of a numerical solver, the forward model G? has to be
evaluated multiple times for different realizations of the parameters of interest, and the results
have to be compared with the observed data to determine which values are the more plausible.
We can then see that standard numerical techniques such as the finite element methods
(FEMs) are not suited for our problem, since they require mesh resolution at the smallest scale
€ and their computational cost becomes prohibitive in the limit € — 0. To overcome this issue,
an alternative way of approximating G? is required. Let u® be the weak solution of (6.1) with
A= A(n), for some 1 € U. From homogenization theory [63, 35] (see also Theorem 5.2.2 and
Remark 5.2.4) we know that there exists an extension of u® in the whole domain D that admits
a.s. a weak limit u’ € (H}, (D))? which solves the problem

Bo(u’,v;m) =F(v) Vve (H} (D),
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where

Bo(v,w; ) = f A’ (me(v) : e(w)dx,
D

and A%(n), the effective or homogenized tensor corresponding to A(1), has constant coeffi-
cients, is positive definite, and is non-random. Hence we may introduce the homogenized
forward operator G°: v - R4

G°(0) = vec(ig}; @hi<i<a), (6.14)

1=j<J

with

g0 = f ul(P(0))ds.
S

Hence a new potential function ®°: V x R/¢ — R can be defined as
1
©°(0,2) = 712-G*O)lg, -

Finally, as for the full fine scale model, using the Bayes’ formula we can define the effective
posterior probability density 7°(8|z) which is given by

71°@|z) =

Col(z) exp(—0°(0, 2)) 7 (6), (6.15)

with
C%z2) = f exp(—0°(0, 2)) ppr (d6) .
RZ
Also in this case it is possible to rewrite (6.15) in terms of probability measures as

dp’@lz) 1

@0
dup:@)  C°(2) exp(=®"(6, 2)). 6.16)

This new posterior is much more easier to explore via sampling techniques since the homog-
enized problem can be approximated numerically at a cost independent of €. However, in
practice it is difficult to deal directly with the effective posterior (6.15) since the homogenized
tensor is usually not known and has to be approximated. Following Chapter 5 we can approxi-
mate its coefficients by solving micro problems on a bounded domain X5 c R? of size § = €.
We define X5 = (0,6)% and X5 () = X5\(Xs N Q°(w)), and we assume that X{ is connected
and that 0 X5 c Xg . Using the change of variable x = § y, we map X5 and Xg into Y = (0,1)¢
and Y‘s(w) c Y respectively. Let us introduce the functions space (W(Y‘s))d which, in case of
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periodic coupling, is defined as

(W(YO)? = (Wi (YO = {ze (Hper (YD : fzi dy=0i= 1,...,d} :
Yo

where (ngr( Y%))4 is the closure of (ngr(Y))d for the H'(Y?)-norm. Otherwise in case of

Dirichlet coupling we set
W(Y°n4 = (H), (YO)4.
Hence we look for y*!™ e (W (Y?))? which is the unique solution to
fA(n)e(X5’lm) ce(z)dy = —/A(n)e(ﬂ’") ce(dy Vze (W(Y%)4, (6.17)
Yé y?

where [/ = {Iém}lspgd is a function given by
I’lg’" =¥mbpi, Op isthe Kronecker symbol.

The problem (6.17) admits an unique solution bounded in (H'(Y?))¢ uniformly with respect
to 0 for almost all w € Q (we refer to [63] for a complete overview on homogenization in
perforated random domains). Then we approximate the coefficients of the homogenized
tensor as

A :fA(n)e(X&lm + 1) e(I')dy. (6.18)
Yo

In the previous chapter we have shown that A%(#) converges to A°(1) a.s. as § — co. The
tensor A° is positive definite and satisfies (6.2), (6.4), (6.5). However its value, in contrast to
AL, is not deterministic but is a random variable depending on the particular realization of X H
(or equivalently ' ). Given (6.18) we define the forward operator

G*(0) = vec(ig]; @)h1=i<a) (6.19)
1<j<J

with

g?f @) = f i; (P(6))ds,
Sj

where @i’ € (H}1 (D))? denotes the unique solution to

Bo@,v;m) =F(v) Vve (H} (D), (6.20)
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where = P(@) and

Bo(v,w;m) =fﬁo(n)e(v):e(w) dx.
D

The corresponding potential function is denoted by ®*9 and it is defined as
~ 1 ~
0,6 _ L, _ 70812
®~°(0,2) = 2 lz—G™°(0) IIC(. (6.21)

Finally, as for the full fine scale model, using the Bayes’ formula, we can define an effective
posterior probability density 7%° (8| z) which is given by

70(0z) = exp(-0°° (0, 2)) 1, (0), (6.22)

C09(z)

where C%9(z) is the normalization constant and is given by
C%%(z) = f exp(-®%% (8, 2)) pr (dB) .
RZ
Note that the relation (6.22) can be rewritten also in terms of probability measures as

da’°@lz)
d/Jpr )] B Cco0.0 (2)

exp(-0%%(0, 2)). (6.23)

We remark that since A° is a random variable (it depends on the realization of X g (w)), also the
forward operator G*? is random, as well as the functional ®*?, and consequently the measure
19 too. Hence in what follows we will refer sometimes to fi®® as a random measure.

6.2 Well-posedness and convergence of the effective posterior mea-
sure

In this section we discuss existence and well-posedness of the effective posterior measure

(6.23). Existence and well-posedness are determined from continuity properties of the likeli-

hood function as established by the following theorem which is an adaptation of Theorem 4.2.2
to our problem.

Theorem 6.2.1 (See [84] or [41]). Assume that pip, is a measure on'V such that p, (V) = 1. In
addition, assume that the random function ®°° : V x R’4 — R and the probability measure Hpr
satisfy the following properties for almost all w € Q and V6 > 0:

1. Foreveryr >0 there is a K = K(r) such that for all@ € V and for all z € R’% such that
max{[|@ll2,Izllc} <7

0<d%90,z) <K.
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2. For any fixed z € R’? the function ®°°(-,z) : V — R is continuous Mpr -almost surely.

3. For z1,2y € R with max{llzi ¢, lz2llc}t < r and for every 0 € V, there exists M =
M(r,012), M:R* x R* — R*, monotonic non-decreasing, such that

10%9(0,21) — D2 (0, 22)| = M(r, 10112) 121 — 22 -

Then the posterior measure fi>® given by (6.23) is a well-defined probability measure for
almostallw € Q and Vo > 0.

4. Moreover, if
2
M(r | -12) € Lupr(V)’

then [i®? is Lipschitz in the data z, with respect to the Hellinger distance, for almostall w €
QandVé >0: if ﬁ0’5(0|z1) and ﬁ‘m (@1z2) are two measures corresponding to data z, and
z, then there is a constant C = C(r) > 0 such that, for all z,, zp with max{|| z e, llzllic} <
r,

dren (10 0121), i*° (0122)) < Cllz1 - 22l -

6.2.1 Well-posedness of the effective posterior measure

Consider a fourth-order tensor A which depends on a parameter ¢ € R (the parameter ¢ could
represent the Young’s modulus E or the Poisson’s ratio v). The following lemma establishes a
regularity result for the solutions of the cell problems (6.17) with respect to the variable ¢. It is
an extension of Lemma 3.2.2 to the context of linear elasticity.

Lemma 6.2.2. Let t — A(t) be of class C YT, where T is a subset of R, and assume that A(t)

satisfies (6.2), (6.4), (6.5), Vt € T. Consider the micro functions )(f’lm unique solutions of: find

X?’lm e W(Y%)? such that

fA(t)e(X‘Z’lm):e(z) dy:—fA(t)e(Ilm):e(z) dy VZE(W(Y5))d. (6.24)
Yo yo

Then themapte T — X‘Z'lm e W (Y®)? is of class C'(T) and satisfies
dx?" =g, 0™ = e@?"™ (6.25)

where (,b‘z'lm e W(Y%)? satisfies

fA(t)e((,bf‘lm):e(z)dy:—fatA(t)e()(‘Z'lm+Ilm):e(z)dy vze W(Y%)4.  (6.26)
y? y?

Proof. Consider the problem (6.24) for the tensors A(¢) and A(t + At), and denote the corre-
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sponding solutions as X?’lm and X‘;rl . We have that Yz e (W' (Y?))4
f AWDe(Oln —42im) : ez)dy = f(A(t) ~ A +ADeRS + 1™ e dy.  (6.27)
yo yo

Using Korn's inequality and the fact that ¢ — A(¢) is of class C!(T), we obtain that | )(‘Z;rlglt -

)(?’lm I g1 (ysy — 0 as At — 0. Now consider the identity (6.27), divide it by A¢, and subtract
equation (6.26). We obtain

1
A—th(t)e(X‘ffﬁ—x‘f'l’"):e(z)dy—fA(t)e((pf"’"):e(z)dy

Yo Yo
1
== [(A(t) — At +AD)e(r O + 1) : e(z) dy + f 0, Ae(>'™ + 1) e(z)dy.
Yo '
By taking the limit Af — 0 we deduce (6.25). O

Lemma 6.2.3. Let t — A(t) be of class C L(T), where T is a subset ofR. Let s € T and assume
that there exist two positive constants as and 35 such that

aslmli<A(s)m:m VYmeSym,,

IA(s)mllg < Bsllmlg  YmeSym,.
Then for almost allw € Q and V6 >0

asllmlllzgsﬁo"s(s)m:m Vme Sym,, (6.28)

| A% (symlle < Bslimlle  VmeSymg,, (6.29)
and there exists a constanty; > 0 such that

1A% () 1Ig + 10, A% (5)[lp <y (6.30)

Proof. The conditions (6.28) and (6.29) are classical results in homogenization theory (see
[33] for example). The components of the approximated homogenized tensor satisfy

A p9) = fA(s)e()(f'lm + 1) ey + 1Y) dy. (6.31)

Yo

The functions )(f’l ™ solve (6.24) with ¢ = s and are bounded in (H I(Y‘s))d uniformly with
respect to § for almost all w € Q. Moreover, differentiating with respect to ¢, and using (6.26)
we have that

00 Aj1m(5) = farA(s)e(xf"’"H”") ce(r>' + 1) dy,
Yo
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and therefore (6.30) follows. O

We can next state the following corollary which establishes an analogous result to the one
given in Lemma 6.2.3, but which is adapted to our particular case of interest.

Corollary 6.2.4. Letn = (E,v) € U, where U is defined as in (6.6). Let A(n) be defined as in (6.3).
Then there exist ay, By, Yy Such that the tensor A%(n)) defined in (6.18) satisfies for almost all
weQandVé>0

anllmlllz; < ﬁ0’5(17)m: m VYmeSym,,
1A% )y mlg < Byllmlp ¥meSym,,
1A% () g + 110 A% () lIg + 10, A% () Ik < vy -

The following Lemma provides a regularity result for the solution @’ to problem (6.20) with
respect to the parameter 7.

Lemma 6.2.5. Let the assumptions of Corollary 6.2.4 be satisfied. Let {n,},>0 = {(En, Vi)l n>o
be a sequence in U such that converges to somen = (E,v) € U. Then for almost allw € Q and
V& > 0 we have that the sequence P (m,)}n>0 converges to a’ (minH L(D).

Proof. From (6.20) we have that

f A me@ @) -a°m,)) : e(v)dx
D

= f (A°(n,) — A°()e@(1,,))) : e(v) dx
D

Vve (Hlll (D). Since 1 , converges to 1, we have that for n sufficiently large the quantities
@y, By, Yy, are uniformly bounded with respect to n. Hence we will denote such quantities
simply as a, § and y. Taking v =1°()) — i°(n,,) and using Korn’s inequality we obtain

10 () = T @)l i ()

<a T m) Il 1A°@,) - A@)llg.
Let {n,,}n>0 = {(E,Vi)}n>0. We then obtain using Corollary 6.2.4

16 () = 8@, ) 1l 12 oy
<a 'Em) gyl Am,) - 2@ + A°a@) - Al
< Ca?(1A%m,) - 2@ e+ 1 A°@) - Am)lp)
< Ca ?y(|E - Ex| +|vi —val)
<Ca *ylln-n,l2, (6.32)
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and the desired result follows. O

Finally, we can now prove that the likelihood function P VxR - R given in (6.21) and the
probability measure uyp, associated to the density (6.8) satisfy the conditions of Theorem 6.2.1.

Lemma 6.2.6. Let the assumptions of Corollary 6.2.4 be satisfied. Let i, be the prior probability
measure associated to the probability density (6.8). Then function ®*° : V x R/4 — R defined
in (6.21) satisfies for almost allw € Q and ¥ > 0 the assumptions 1-4 of Theorem 6.2.1.

Proof. For any n = P(0) € U we have that

N J d
IG*° @l =CY. me?(P(e)nds
j:1i:151

< ClIE° Wl 29p)
< Ca,‘,l

=Cexp(l0132),

where we have used (6.9) and the fact that |k| < [|1@]|, for any 8 = (k,v) € V. From the triangle
inequality we have that

~ 1 ~
B 0,2) = S (l2lig, + G OIF,),

and therefore the first assumption of Theorem 6.2.1 is satisfied. The second assumption of
Theorem 6.2.1 can be verified by using Lemma 6.2.5. Indeed for any 8; € V and 8, € V we
have that

~ ~ 1 ~ ~ ~ ~
18°9(81,2) - ®°°(0,,2)| = §|<G°'5(01) +G*(8,) —22,G%°(01) - G*°(02)) .|

and assumption 2 follows from continuity of G at @ € V. Finally, given two measurements
z1, 2 € R/ 4 we have that

~ ~ 1 ~
18%9(8,21) — D0 (0, 2)| = Sz + 2z -2G"(0),21 - 22))¢,|
< Cllaillc, + I z2lic, +2G*° @)l 21 - 22 i, -
Let r such that max{l z1 llc,, llz2lc,} < r. Hence we obtain

10790, 21) - @ (0, 25)| < C2r +2G*° @)l 21 - 22

=M1, 1002121 - z2llc,
with

M(r, [10112) = C2r +2exp(l|01]2)) -
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We note that M(r, [|@]2) is positive, monotonic non-decreasing, and satisfies M(r,| - ||2) €
Lipr (V), hence assumptions 3 and 4 of Theorem 6.2.1 follow. O

Remark 6.2.7. Using similar arguments as in the proof of Lemma 6.2.6 it can be shown that
the posterior measures uf and u°, based on the potential functions ®¢ and ®° respectively,
are also well-defined and Lipschitz in the data.

6.2.2 Convergence of the effective posterior measure towards the fine scale pos-
terior

We note that the observations (6.11) can be rewritten as
2=G" 0"+ 0"+ 0"+,
where
{~N0,C), (F0)=G0")-G0"), (*B")=G"0")-G"©0").

The quantity (¢ represents the error due to the mismatch between the full multiscale model
and the homogenized one. The quantity {® quantifies the error between the homogenized
model and its approximation obtained by homogenization on a sampling domain of size 6.
For both errors we can show that they converge to zero when € — 0 and 6 — oo respectively.

Lemma6.2.8. LetG¢:U — R/ and G®: U — R4 pe defined as in (6.10) and (6.14), respectively.
Let (£(0) = GE(0) — G°(0). Then we have

lim (@), =0 as. VOeU.
e—0
Proof. For any @ € V we have that

J d
1@l <CY Y f |us (P6)) - u0(P(6))]ds
j:li:lsj

< Cllu®(P8)) —u’(PO)) ;20p) -

From homogenization theory [63, 35] we know that there exists an extension @ of u® into D
such that

a° —u’ as weaklyin (H' (D)4 VP@)eU.
Therefore by compactness we have that
a° —u’ as. stronglyin (I2(0D))¢ VneU.
Since ¢ = uf on AD, the result follows. O
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Lemma 6.2.9. LetG*: V — R4 and G*° : V — R/? defined as in (6.14) and (6.19), respectively.
Let{%(0) = G°(0) — G*°(0). Then we have

lim 1°@)llc, =0 as. VOeU.
6—o00

Proof. For any 0 € V we have that

J d
1°®@)lc =C Z Yo | 1w P@) - & (@) ds

j=li=1
lS]

< Clu’P@) -T (PO 120p)
< Cllu’(P(©) - T (PO 1 () -

We know that A°(P(0)) — A°(P(@)) a.s. as § — oo. This implies that G°(P(8)) — u’(P(#))
strongly in (H' (D))¢ a.s. as § — oo, and hence the desired result follows. O

Lemma 6.2.10. Let uf and p° be defined as in (6.13) and (6.16), respectively. Let the assump-
tions of Lemma 6.2.6 be satisfied. Then we have

liI% duen (s, 1) =0 as.
g—)

Proof. From the definition of the Hellinger distance we have that

d d
21 (1, 1) = (\/ dﬁ \/ s ) Lpr(d6)
pr

1 2
= ——exp|—=d%(0, z))——ex (——<I) @, z))) (da), (6.33)
R[( TE p( oo p Hp

where C¢ and C° are the two normalization constants such that 1(0]z) and ,u0 (B|z) are
probability measures, i.e.,

Ct = f exp(—®° (0, 2)) upr(d0), C°= f exp(—0°(0, 2)) pipr (d) .

Let us notice that

[ on Sf|eXp(—q>£(0,Z)) —exp(—0°(8, 2)) | ppr (d6)
RZ

< f |0°(0,2) - @°(0, 2)| ppr (dB) . (6.34)

R2
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From (6.33) we get that

25 (W5 1) < I+ I,

where
—if( (—lcbf(a ))—ex (—ld)o(ﬂ )))2 (d9)
- C exp 2 » & P 2 » & /Jpr ’
R2
( 1 1 )ch.
VCE  V/CO
We have that
Ls—s f (@°(8,2) — ©°(8, 2))* e (dO) ,
and

I < imax{(CE)_g, (€73} ce-c?

<C f (@°(0,2) — 0°(8, 2))* 1 (dO)
RZ

where we have used (6.34). Using the definition of ®¢ and ®° we find

ZdI%Iell(IJ'E’ ,uo) = Cf(‘DE(O, Z) - q)o(e, Z))Z'Ll,pr(de)

<C f @lzllc, +1G°@)llc, + I1G° @l c)*1G(0) = G @) I, kpe (dO).

From Lemma 6.2.8 we have that a.s. liné |GE (@) — G°(0) llc, = 0. We also have (see Lemma 6.2.6
E—»

and Remark 6.2.7) thatfor any 8 € V both || GY@)| C and |GE (O]l ¢, are bounded by some scalar
multiple of exp(||@]|2). Since exp(]l - |I2) € Lipr (V), by the Lebesgue’s dominated convergence
theorem, it follows that dep (1€, u°%) — 0 a.s. as € — 0. O

The following lemma establishes the convergence between 1° and the random measure ji%°

Lemma 6.2.11. Let u° and i®° be defined as in (6.16) and (6.23), respectively. Let the assump-
tions of Lemma 6.2.6 be satisfied. Then we have

hm dHeu(,u uo 5) =0 a.s.
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Proof. From the definition of the Hellinger distance we have that

B d d ~0,0
20} (W0, 1) = (\/ dﬁpr \/ il )upr(do)

2
1 1~
= —exp|--2°0, z)) ex (——(DO"S(B,Z))) :(d0),
Di[( o P( Fos p 5 Hp

where C° and C%9 are the two normalization constants such that ,uO (@|z) and ﬁ0’5 (B|z) are

probability measures. Using arguments similar to the ones employed in the proof of Lemma
6.2.10 we obtain that

2d% (W, 1" <C f @zl +1G*° @)llc, + 1G° @)1 c)*1G°(0) — G2 O) 17, 1pr(dB).
RZ

From Lemma 6.2.9 we have that (Slim 1G°(@) — G (@) IIC( =0 a.s. We also have (see Lemma
— 00

6.2.6 and Remark 6.2.7) that for any @ € V both | G°(8)||¢, and [|G*°(8)l|¢, are bounded by
some scalar multiple of exp(||@]|2). Since exp(]| - ||2) € Lf,pr(V), by the Lebesgue’s dominated
convergence theorem, it follows that dHeu(uO, ﬁo,d) —0a.s. as d — oo. O

Finally, we can establish convergence between the fine scale posterior u® and the random
measure i%0

Theorem 6.2.12. Let i and [i>? be defined as in (6.13) and (6.23), respectively. Let the assump-
tions of Lemma 6.2.6 be satisfied. Then we have

hm hm dHeu(,u ,uo 9y =0 as.,

0‘S) =0 a.s.

Jim lim digen (1,

Proof. Using the triangle inequality we get
lim lim dyen (1, i) < lim dgen (€, 1°) + Him dygen (1, 1%).
£—05—00 e—0 5—00

Note that the same holds by changing the order of the limits of the left hand side, i.e.,
lim 1im dyen(u, %) < lim digen (, 1°) + lim dizen(u®, ).
§—c0e—0 =0 5—00

The assertion of the lemma follows from Lemma 6.2.10 and Lemma 6.2.11. O
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6.2.3 Convergence of the probabilistic effective posterior measure towards the
fine scale posterior

We have proved that if we let § — oo the random measure i concentrates towards the
effective measure u’, which in turn is a good approximation of uf when ¢ < 1. However, in
practice it is infeasible to let § — co in numerical experiments. Indeed, trying to approximate
the density fi®? for large values of § requires a computational cost comparable to the one
needed for approximating the measure . On the other hand, if § is too small, our method
could be biased due to the excessively large modeling error, and therefore lead to misleading
predictions, as we will illustrate with some numerical experiments. To overcome this issue
and account for the impact of the modeling error, we then propose a probabilistic numerical
method which aims at approximating the expected probability density 7%9 with respect to
the measure y, where p is the measure of the probability space (Q, %, ) used to construct the
random set Qf (w). The expected probability density 729 is defined as

7%(012) = Ey [0 (812)]. (6.35)

We denote the probability measure associated to 729 as ﬁoﬁ which satisfies

da**612) _ 1 s
Tdup®  *[ 608z exp(-0"°(8,2)) | . (6.36)

We remark that the expected measure ﬁw is not a random measure, but represents a deter-
ministic approximation of the measure p°. Moreover, as we will illustrate in the numerical
experiments, it allows to better quantify the uncertainty due to the intrinsic modeling error
caused by the truncation of the micro domain. Finally, it is important to remark that conver-
gence results established for the random measure fi*? are valid also for the measure ﬁ0’5 as
stated by what follows.

Lemma 6.2.13. Let u° and ﬁ0'5 be defined as in (6.16) and (6.36), respectively. Then we have

lim dyen(1’, 1*°) =0,
6—00

Proof. From the definition of the Hellinger distance, Jensen’s inequality and Fubini’s theorem
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we have that

2
A (10, %) = f (\/E —\/ﬁ‘m) pr (d6)
RZ
2
=f(\/ﬁ—\/mﬂ[ﬁ°’51) pr (d6)
f £ | (V0 -V

f(\/ﬁ— \/%)Zﬂpr(de)

RZ
=Ey [dglell(/”t

,Upr(da)

=E,

We note that dye (uo, ﬁo,é) is itself a random variable depending on the particular realization
of the random perforated micro domain X§. As established in Lemma 6.2.11 the random
variable dyep (10, %) converges to 0 a.s., and it is bounded by 1 by definition. Hence we also
have that Ey[d?_, (u°, i*°)] — 0 as 6 — oo, and the proof is complete. O

We conclude this section with the following theorem which establishes the convergence
between uf and ﬁ0'5

Theorem 6.2.14. Let (i and i %% be defined as in (6.13) and (6.36), respectively. Then we have

lim lim dell (;f,ﬁo"s) =0 a.s.,

hm lim dHell(M p ) a.s.

S—o00€e—0

Proof. The result follows from Lemma 6.2.10, Lemma 6.2.13 and the triangle inequality. O

6.3 Probabilisticnumerical method for the solution of the Bayesian
linear elastic inverse problem
In this section we discuss the numerical solution of a Bayesian linear elastic inverse problem in

random perforated domains by means of a probabilistic numerical method. We approximate
the density (6.35) by the Monte Carlo method, i.e.,

— 1 &
Tyic(012) = = 3. 777 612), 6.37)

i=1

where each ﬁ?’5 is a probability density defined as in (6.22) for a typical realization of the micro
random perforated domain X5 ., i =1,..., R. We then combine all the samples together to ob-
tain a representation of the density (6.35), as illustrated by the following algorithm. Inputs are
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the target distribution 70 (0z), a starting point 0' € V, a desired number of samples Nsample
in the Metropolis-Hastings routine, the number R in the Monte Carlo approximation (6.37),
and a symmetric proposal density A (0, s*I).
1. Draw R realizations of the sampling domain {Xg i}?:l'
2. Set L =¢.
3. For 1 =i < R do the following.
(@) Setk=1,%=0".
(b) For 2 < k < Nsample perform the following steps.
i 0=05+sw, w~N0,D.
o [ 7012
ii. a(@",0)=min-+ 1, oo
;" (0%2)

iii. Draw u ~2([0,1]), and if a(ﬂk,ﬂ) > u accept @ and set 0%+ = 9. Otherwise
reject the proposed step and set 0%+ = 9k,
iv. =008
() =S USA.
4. Return &.

Numerical approximation of the forward model. Given a typical realization of the micro
domain Xg = X5\(X5 N Q%), X5 = (0,6)%, to sample from the posterior density 799 we need an
efficient numerical algorithm to evaluate the forward operator G*9 : R> — R/4, Let us consider
macro and micro finite element spaces involving only piecewise linear simplicial elements
and periodic coupling. The macro finite element space is defined as

St, = {VH e (HE (D) : | e @' (k)4 VK € ffH} ,

where J7 is a triangulation of the domain in simplicial elements K and (2! (K))¢ is the space
of linear polynomial vector fields on K. Since we have assumed the tensor A to be constant on
the whole domain, the corresponding homogenized tensor is constant too, and therefore its
value does not have to be computed for all the macro quadrature points, but only once. Hence
for the micro domain X§ we we consider the micro finite element space

SYXE, T = {zh € (Wper (X507 1 2" e (21 (1) VT € ffh} :

We map the domain X§ into Y? < (0,1)? using the change of variable x = §y. Given 0 € V we
introduce the parameterized bilinear form

Bpw",whim = Y IKIAY" ek ew i, (6.38)
KE«TH

155



Chapter 6. Uncertainty quantification for inverse linear elastic problems in random
perforated domains

where n = P(@), and

ijlm

A = [ Aaet™ - 1 ey,
Yo

and Xf;m'ﬁ € SL(Y%,97), h = h/3, is the solution of
f Ame(rimhy : ez dy = - f Ame('™) ez dy vi'es'(v°,T7), (6.39)
Y5 Yﬁ

where 1 ’l,’" = ¥mOpi, and 6, is the Kronecker symbol. Finally, we can evaluate the forward
model by computing ufle S%l (D, 9x) such that

By v";m) = F') ww'est (D,Ty). (6.40)

Model order reduction. The Metropolis-Hastings algorithm requires the solution of (6.40)
multiple times for different values of 5. For every new value of 7 a new micro problem of
type (6.39) has to be solved, whose computational cost increases as we refine the micro mesh
and increase 8. Hence, despite being independent of €, solving the inverse problem using (6.40)
as forward model is still computationally very expensive. To speed up the algorithm we
exploit the parametrization of the micro problems to build a reduced space of precomputed
micro functions which enables us to perform fast evaluation of (6.40) at a cost which is
independent of § and h. We define the space of parameters == U x {1,..., d}?, and for a given
¢ = (n,1, m) € Z we denote the corresponding micro solution as X? es! (Y5, T; 3] which satisfies
bs(x}, 256 = f5@"8) va'e s (¥, 77,
where
by(@" W5 ¢) = f Ame@"): et dy,
Yo

and
o, &) = ~bs " 2",
Following the algorithm described in Chapter 5, we randomly define a training set
Erain = {€n = M, I, Mp) : 1 <0< Nigain, 1, €U, 1 < I, my, < d},
and perform a greedy offline stage to build the reduced space

sN(y?) = span{w{’,... ,wf{,} .
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Thus we introduce the parameterized macro bilinear form defined upon the reduced space

BursWwhim= Y A"Napew)k:ew )k,
K€3_H

where

A?}.’lvm(q): f Ame(ry™N + 1) e(1V) dy, (6.41)
Y(5

and )(f,m‘N is the solution of (6.39) computed in the reduced space SV (Y?). Hence we compute

the solution u™*® € S (D, I) by solving

Burs® vy = Fv') v e SL (D, Tm). (6.42)

Summary of the probabilistic method. Given the noisy observation z € R’4, the probabilis-
tic numerical method for solving the multiscale Bayesian linear elastic inverse problem in
random perforated media can be summarized as follows.

1. Draw randomly (for example by using a Monte Carlo method) R realizations of the micro
domains {Xg i}le.
2. Set S =9@.

3. For 1 =i < R do the following.
(a) Perform an offline stage to construct the reduced space SN (Yf), where Yl.‘S cY-=
0,1 is the perforated reference domain corresponding to Xg ;-

(b) By using the Metropolis-Hastings algorithm draw the sample .%#; from the posterior

ﬁ?’a corresponding to the micro domain realization X .. In particular, given a new

point @ € V, to evaluate ﬁ?"s(nlz), compute (6.41) and solve(6.42) with = P(0).
() =L UHA.
4. Return .#.

6.4 Numerical experiments

In this section we present some numerical experiments to verify our theoretical findings and
illustrate the efficiency of our proposed method. The domain D is the two dimensional unit
square

D={x=(x1,x2) : 0<x1,x <1}.

We define two different configurations of multiscale perforated domain. In particular, in the
first test we consider a periodic perforated domain (no modeling error), and in the second
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experiment a random perforated domain (presence of modeling error). The model problem
reads

9 A 6u‘l€ 0 in D*
- iilm—— | = n ,
6xj( ””"axm)
u£:0 onl"l,
6uf (6.43)
Aijlm—ax ijl’l,' onl’,
m
ous
AijlmWVjZO onaDE\OD,
m

fori=1,...,d, where

I1={x=(1,x)eR*:x,=0,0<x <1},

I'y =0D\T,

and where the function h is defined as

he 0,-1) if0<x;<landx;=1,
(0,0) elsewhere.

The exact value of the unknown is p* = (E*,v*) = (7.3,0.35). We define the observations
according to (6.11), with /=30 and {S j}§:1 equally spaced boundary portions on I'y, each of
length 0.05, as depicted in Figure 6.1 and Figure 6.4. We compute synthetic observations by
means of FEM, using a mesh size much smaller than €. We then corrupt these observations
with an additive source of zero-mean Gaussian noise { ~ .4 (0, C;), where the covariance is
defined as C; = 1081 which leads to a mean error on the data of about 5% for the horizontal
displacement, and of about 1% for the vertical displacement. The density of the prior is
defined as in (6.8) with k =0, or=1,v =0,vF=0.5.

6.4.1 The periodic case

In this first numerical test we consider the case of multiscale periodic perforated domains.
The holes are circles whose centers are distributed periodically with equal spacing ¢, and
whose radii are chosen so that 77%/&?> = 0.2. The domain is depicted in Figure 6.1 for the
choice € = 1/5. Since the medium is periodic there is no modeling error due to the truncation
of the micro domain and therefore there is no need to perform Monte Carlo iterations over
the Metropolis-Hastings algorithm, i.e. no need for a probabilistic method. We approximate
the homogenized model with a structured macro triangulation with mesh size H = 1/64
(4096 macro DOFs). The micro reference cell depicted in Figure 6.2 is discretized using a
triangulation composed of 5209 micro DOFs. In the offline stage we compute the reduced
space of micro functions by fixing 10~ as tolerance for the control of the a posteriori error,
which yields a reduced space consisting of 9 basis functions. The Bayesian inverse problem
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Figure 6.1: Scheme of the model problem from where the data are obtained (periodic case).

Figure 6.2: Micro reference cell for the periodic perforated domain.

is solved for different choices of ¢, namely € = {1/5,1/10,1/20,1/50}, to verify the theoretical
result given in Lemma 6.2.10. The effective posterior is approximated by drawing a sample
of 10000 realizations using Metropolis-Hastings, where a Gaussian proposal with standard
deviation equal to 0.001 is employed. Once samples from the effective posterior are collected
we push them in U through P : @ — 7, in order to approximate the posterior for the unknown
1. Results are shown in Figure 6.3. It is possible to observe how, according to Lemma 6.2.10,
the effective posterior moves towards the exact values of E and v as € gets smaller.

Homogenization error. We recall that the observation can be rewritten as
z=G"0") + 70" +° 0"+,
where
(~HO0,C), (FO)=G0"-G"0"), (*B")=6"0")-G"©0").

Let (*(0) = (¢(0) + (5(0), 0 € V. At a fixed scale, if € is relatively large, we can correct the
posterior by including the distribution of the homogenization and the modeling error (see
[28, 7]). Given the prior measure pp; and a sample size M, the numerical procedure is given by
the following steps.

1. Draw from the prior measure a sample of realizations S = {01, ...,0}.
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2. For1=i=< M compute
(;=G"0)-G"®)).

—

1 *
3.¢ ZMZ?@Q-
1 —% —x%
4, C(*ZA—/IZ?/:Il(( _(f)(( _(?)T-

Since the homogenized model G is replaced by G*, this scheme actually approximates
the mean and the covariance of an approximation error given by the combination of both
the homogenization and the modeling error. However, in the periodic setting the modeling
error vanishes, and thus the algorithm computes only the statistics corresponding to the
homogenization error. We assume a Gaussian distribution for {*, so that {* ~ A (Z*, Cy+), for
all @ € V. Then, we may define the new likelihood as

~ _ |
80,2 = S1Z- G O .c..»

wherez =z —Z*. Note that conclusions about existence and well-posedness of the posterior
measure are still valid under this definition of the potential function. We remark that the cost
of this offline stage depends on ¢, and becomes prohibitive as € — 0. On the other hand, for
small values of ¢, the homogenization error vanishes (see Figure 6.3) and can be neglected.
Let us finally remark that for relatively large values of ¢, it would be possible to solve the
inverse problem simply using FEM and reduced basis. Indeed, this approach would require
an offline stage whose computational cost is comparable to the one needed to obtain the
homogenization error distribution. However, this would be true only for this particular inverse
problem, where the quantity of interest is represented by a few scalar parameters. In more
complicated problems, where the quantity of interest is given for example by scalar fields,
homogenization becomes necessary.

6.4.2 Therandom case

We consider now the case of random perforated domains, where we wish to observe how the
size of the micro domains affects the solution of the inverse problem. In this experiment, holes
are given by ellipses which are periodically distributed as the circles in the previous test, but
whose axes and angle of rotation are random variables. Both axes are uniformly distributed in
the interval [r/2,3r/2], where nr2/e2 = 0.2, and the angle is uniformly distributed between 0
and 7. An illustration of the resulting random set is depicted in Figure 6.4 for ¢ = 1/5. Let us
start by fixing € = 1/50. Due to the choice of ¢, the homogenization error is negligible, and we
study how different choices of §, the size of the micro domain, can affect our predictions. The
macro domain is discretized with the same degree of refinement as in the periodic case, i.e.,
with a structured triangulation of mesh size H = 1/64. We then consider three different values
of 8, 6 = {€,3¢,5¢}. For each value of § we draw R = 100 realizations of the micro domain

160



6.4. Numerical experiments
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Figure 6.3: On the left, the convergence of the posterior distribution as € — 0 in the periodic
setting is plotted. On the right, we compare the posterior distribution obtained for € = 1/10,
with and without the approximation of the homogenization error statistics. For approximating
the homogenization error distribution the sample size M is set equal to 100.
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Figure 6.4: Scheme of the model problem from where the data are obtained (random case).
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Figure 6.5: Three micro domains for different values of 6.

{X g}i}le. Each micro domain is mapped to the corresponding reference micro domain Yf.
In Figure 6.5 we show three typical realizations of the micro domain Yl.‘s, one for each value
of 4. Each micro domain Yf is discretized with a triangulation composed of approximately
5000 x (8/€)? micro DOFs. Each X g,l. yields a different posterior ﬁ?’5. We compare the results

obtained using the probabilistic numerical method, which approximates the density 7°9 as

R
70012 = Y 7 @12),
i=1
with the results predicted by a single posterior ﬁ(l.m chosen at random. In the offline stage we
assemble a reduced space of micro functions for each Yi‘s, 0 ={e,3¢,5¢}, 1 =i <R, choosing
the tolerance 10~* for the stopping criterion. For each Yf we obtain areduced space whose size
is comprised between 9 and 12, independently of §. In Figure 6.6 we show the results. We first
sample from the random posterior ﬁ?’5 with § = {&,3¢,5¢} and i = 1. We draw 2000 samples
employing the Metropolis-Hastings algorithm with a Gaussian proposal whose standard
deviation is equal to 0.001. Hence, we push the samples into the space U to observe the
random posterior of the unknown 7. From the left picture of Figure 6.6, we can observe that
none of these densities manages to identify the exact values of the unknowns, as the modeling
error is so large that the posterior distributions are overconfident on incorrect values. This
is a common outcome when the mismatch between the model used to obtain the data and
the forward model used to reproduce them is higher than the noise in the measurements.
Moreover, also convergence with respect to 6 is not clear. On the right picture of Figure 6.6 we
show the results obtained using the probabilistic method. We sample from ﬁg/ﬁ:’ by performing
R =100 independent parallel runs of the Metropolis-Hastings, each providing a sample of 2000
realizations. We note how the expected posterior densities better reflect the uncertainty due to
the modeling error. Convergence with respect to ¢ is now clearly seen, since as § increases the
expected posterior concentrates on the exact values of the unknown parameters. Moreover, the
posterior variances are larger than the ones obtained without using the probabilistic method,
and provide a better quantification of the modeling error in the approximated forward model.
Finally, using the same parameters, we repeat the same experiment for € = 1/10. The results,
depicted in Figure 6.7, are similar to the ones obtained for € = 1/50 (compare with Figure 6.6).
However, even though the posterior measure obtained with the probabilistic method reflects
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Figure 6.6: Comparison between the random effective posterior, which is obtained by perform-
ing a single run of the Metropolis-Hastings algorithm (left figure), and the expected effective
posterior obtained with the probabilistic method (right figure). For this experiment € = 1/50.
The second distribution provides better quantification of the uncertainty due to the modeling
€error.

the uncertainty due to the modeling error, it seems to converge to a distribution which does
not contain the exact value of the quantity of interest. This negative outcome may be due
to the larger value of the homogenization error. The probabilistic method indeed accounts
only for the modeling error which is intrinsic in the numerical approximation, but not for the
homogenization error which is due to the discrepancy between the forward model and the
data. Nevertheless, for the chosen value of ¢, it may be preferable to approximate offline the
approximation error distribution as described for the periodic setting, and perform only one
run of the Metropolis-Hastings algorithm instead of using the probabilistic method. Results are
shown in Figure 6.8. We see that the offline strategy is able to correct for both homogenization
and modeling error. Let us emphasize that this type of correction becomes computationally
expensive as € — 0.
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Figure 6.7: Comparison between the random effective posterior, which is obtained by perform-
ing a single run of the Metropolis-Hastings algorithm (left figure), and the expected effective
posterior obtained with the probabilistic method (right figure). For this experiment € = 1/10.
The second distribution provides better quantification of the uncertainty due to the modeling
€error.
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Figure 6.8: The random effective posterior, obtained by performing a single run of the
Metropolis-Hastings algorithm, with (right figure) and without (left figure) the approximation
of the homogenization error statistics. For this experiment € = 1/10.
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rd Conclusion and outlook

7.1 Conclusion

In this thesis we have considered inverse problems for multiscale elliptic partial differential
equations. Since in this context classical forward solvers require mesh resolution at the finest
scale, we suggested a coarse graining method based on homogenization which is independent
of the small scale of the original model.

In the first part of the thesis, we considered elliptic scalar problems where our goal was to
recover the full fine scale tensor under the assumption that its microscopic structure of the fine
scale tensor is known to us but its macroscopic behavior is unknown. Practical examples in-
clude multi-phase media, whose constituents are known, but their respective volume fraction
or macroscopic orientation are unknown. We considered the inverse conductivity problem
as formulated by Calderén and we showed that if the fine scale problem is well-posed, then
the effective inverse problem, with observed data consisting of the homogenized DtN map, is
also well-posed. Considering finite measurements of the DtN map, we solved the problem
by means of Tikhonov regularization and we established a convergence result of the solution
of the effective inverse problem with multiscale observations by means of G-convergence.
The numerical strategy we proposed is based on numerical homogenization and model order
reduction. Finally, we illustrated with several numerical experiments the efficiency of our
scheme.

In the second part of the thesis, we introduced a new numerical method based on Bayesian
analysis and numerical homogenization. We proved the existence and well-posedness of the
effective posterior measure obtained by homogenization of the forward operator. By means of
G-convergence we showed that the fine scale posterior measure converges to the homogenized
posterior measure. At fixed size of the microstructure, we discussed a procedure to account
for the homogenization error. We also proposed an efficient algorithm to sample from the
posterior measure combining numerical homogenization and reduced basis techniques.
Several numerical examples illustrating the efficiency of the proposed method and confirming
our theoretical findings were also given.
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Chapter 7. Conclusion and outlook

Finally, we considered multiscale inverse problems in linear elasticity. In this setting we
assumed that the multiscale nature of the problem was determined by the domain’s geometry
rather than by the coefficients of the equation. Hence, we considered multiscale porous
domains and we allowed for random perforations. We introduced a new forward solver for
this problem based on numerical homogenization and reduced basis techniques, and we
provided a priori error estimates. We solved the inverse problem following the Bayesian
approach. We proved existence and well-posedness of the effective posterior measure, as
well as its convergence in the fine scale limit by means of G-convergence. Moreover, we
introduced a new probabilistic numerical method which allows to define a new posterior
measure accounting for the modeling error due to the (random) approximation of the effective
elastic tensor.

7.2 Outlook

The strategy we proposed for solving elliptic multiscale inverse problems, based on general
theory of homogenization, can be seen as foundation for many possible extensions and
interesting applications. We could consider for example to extend the method to parabolic
problems, fluid dynamics or wave equations. Considering the wave equation would let us
deal with applications in seismic analysis or medical imaging which are of crucial interest
nowadays. We also mention possible extensions to problems defined on multiple scales,
since not every application could fit in the two-scale framework. Last but not least a deeper
investigation on the behavior of the model discrepancy between the fine scale model and
homogenized model could be carried on, for a better understanding of how to account for
approximation errors in the inversion process. It is likely that in certain cases, the assumption
on the homogenization error being Gaussian could be proved to be true.
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