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Abstract 

In 1960, Kinnunen and Nylander presented a mechanical approach for calculating the punching resistance 

of slab-column connections. That approach accounted for the response of a slab sector and considered 

failure to occur on the basis of the strains developing in the soffit of the slab. The model constituted a major 

step forward in the understanding of the punching phenomenon, being the most advanced mechanical 

theory at that time. Based on similar considerations, the Critical Shear Crack Theory (CSCT) was proposed 

by Muttoni and Schwartz in 1991 considering also the behaviour of a slab sector but defining the capacity 

to carry shear forces as a function of the opening and roughness of a crack developing in the shear-critical 

region. This approach has shown to be physically-consistent, allowing to account for the influence of both 

rotations and shear deformations on the punching strength. In this paper, the historical development of the 

CSCT and of its theoretical model is reviewed, highlighting a number of recent improvements and findings. 

It is also shown that suitable closed-form design expressions for code provisions can be derived from the 

general mechanical model. Finally, the different possible approaches for design and assessment according 

to the CSCT are discussed and compared. 

 
Keywords:  Critical Shear Crack Theory, Punching shear, Members without transverse reinforcement, 

Mechanical model, Design expressions 

1. Introduction 

The high complexity of the phenomena involved in punching shear failures of concrete slabs required 

significant research efforts before rational design approaches appeared. Amongst the first rational punching 

models, the one presented by Kinnunen & Nylander in 1960 constituted a significant step forward with 

respect to the empirical formulae used at that time. According to Kinnunen & Nylander (1960), shear is 

carried by an inclined strut and punching failures occur for a load at which a given value of the tangential 

strain in the soffit of the slab develops. This failure criterion, relating the deformation and the load-carrying 

capacity, was defined based on experimental results. For the slab response, the authors considered a 

simplified model for a slab sector, allowing to calculate both the punching strength and the rotation 

(deformation capacity) at failure.  

Based on the pioneer ideas of Kinnunen & Nylander (1960) and extending its mechanical approach, the 

Critical Shear Crack Theory (CSCT) was first developed for punching failures of slab-column connections 

without shear reinforcement (Muttoni & Schwartz 1991). The theory was later extended to failures in shear 

of one-way slabs without shear reinforcement (Muttoni 2003) and to punching failures in two-way slabs 

equipped with shear reinforcement (Fernández Ruiz & Muttoni 2009). Thereafter, several studies on the 

CSCT demonstrated its applicability to other cases (as membrane effects and continuous slabs (Einpaul, 

Fernández Ruiz & Muttoni 2015), prestressed slabs (Clément & al. 2014), or concentrated loads in linearly 

supported slabs (Natário & al. 2014)). The theory has also been shown to be simple for its use in practice 

and grounds currently the shear and punching shear provisions of the Swiss Code for Concrete Structures 

(SIA 262, 2013) and the punching provisions of fib’s Model Code 2010. Furthermore, this theory is also 

used in the current draft of the shear and punching shear provisions for the next generation of Eurocode 2 

(prEN 1992-1-1:2018-04, 2018).  



The objective of the present work is to present a brief historical review of the development of the CSCT for 

punching failures of structural members without shear reinforcement. This review will focus on its 

mechanical model, highlighting the fundamentals of the theory and explaining the most recent theoretical 

improvements introduced in the theory. Finally, it is also explained how the theory can be simplified in 

order to obtain simple expressions, yet accurate and general, for punching shear design. 

2. Historical development of the Critical Shear Crack Theory for punching 

At its origin, the CSCT was developed in the frame of the revision of the punching design provisions for 

the Swiss Code for Concrete Structures in the 1990’s (SIA 162, 1993), where some principles of the theory 

(Muttoni & Schwartz 1991) were used to prepare the punching provisions of the Draft Code Proposal 

(Muttoni 1985). According to the CSCT, the punching strength and its associated deformation capacity at 

failure can be calculated by intersecting the load-deformation relationship of a slab with a punching failure 

criterion. This approach is presented in Figure 1(a) for a slender slab, where the deformation of the slab is 

characterized by its rotation.  

 

Figure 1.  (a) Punching strength given by intersection of load-rotation curve and failure criterion; 

(b) experimental results of Bollinger (1985) with ring reinforcements (adapted from Muttoni 

(2008)); (c) experimental results of Kinnunen & Nylander (1960): load-rotation relationships for 

different flexural reinforcement ratios (adapted from Muttoni (2008)); (d) theoretical principles of 

the mechanical model of the CSCT (adapted from Muttoni, Fernández Ruiz & Simões (2017)). 

 

 



2.1 Slab response 

The slab response can be calculated based on different approaches. An analytical load-deformation 

relationship can be computed based on the equilibrium conditions of a slab sector, provided that a simplified 

kinematics (compatibility conditions) and sectional response (moment-curvature relationship) are adopted 

(Muttoni 2008). This approach can also be numerically performed allowing the use of refined moment-

curvature relationships and the consideration of advanced kinematics (e.g. Guandalini 2005; Einpaul, 

Fernández Ruiz & Muttoni 2015). Another possible approach, becoming increasingly popular for cases with 

complex geometries or for the assessment of existing structures, consists on the calculation of the load-

deformation relationship by means of finite elements (e.g. Belletti & al. 2015).  

For design purposes, Muttoni (2008) proposed a simplified formulation of the load-rotation relationship 

based on the analytical formulation (see the complete derivation in Muttoni & al. (2013)):  
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where rs is the radial distance between the axis of the column and the location of the zero radial bending 

moment, d is the effective depth, fy is the yielding strength, Es is the modulus of elasticity, V is the applied 

load and Vflex is the flexural capacity. The parameter km is a factor whose value can be taken as 1.2 when a 

refined estimate of the previous physical parameters is known and 1.5 otherwise (Muttoni & al., 2013). 

2.2 Failure criterion 

Differently to the model of Kinnunen & Nylander (1960) and other approaches inspired on it (Broms, 1990; 

Hallgren, 1996), the failure criterion of the CSCT is not based on the tangential strains developing in the 

soffit of the slab, but it is related to the opening of a crack with flexural origin developing in the shear-

critical region. The main principles of the failure criterion of the CSCT for punching were already introduced 

by Muttoni & Schwartz (1991) (see also Muttoni (2003, 2008)): 

(1) a critical shear crack (CSC) develops in the vicinity of the column, disturbing the concrete strut 

carrying shear and consequently influencing the punching strength. This principle was originally 

grounded on the tests of Bollinger (1985), Figure 1(b), which showed that the development of a 

crack in the shear-critical region (enforced by placing tangential reinforcement for these tests) 

decreases the punching strength; 

(2) the punching strength decays with increasing opening of the CSC. This principle was evidenced by 

the experimental results of Kinnunen & Nylander (1960) which indicated that specimens with 

smaller reinforcement ratios failed at significantly larger deformations but at lower load levels, refer 

to Figure 1(c). 

The failure criterion of the CSCT can thus be calculated on the basis of the two previously stated ideas. The 

punching strength associated to a given crack opening can be evaluated by integration of the stresses 

developing along the CSC, which may be calculated for an adopted location, shape and kinematics. Since 

an analytical integration of stresses is not suitable for design purposes, Muttoni & Schwartz (1991) proposed 

a semi-empirical failure criterion for slender slabs based on the assumption that the opening of the CSC can 

be correlated to the product of the rotation (ψ) times the effective depth (d) as w d   (SI Units [N, mm]): 
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where VR is the punching strength, b0 the control perimeter at d/2 from the column edge and fc the cylinders 

concrete compressive strength.  

This expression was later refined to account for the influence of the size of the aggregate on the punching 

strength. This consideration is grounded on the interlock model of Walraven (1981) and considers that, for 

the same opening of a CSC, a larger amount of shear forces can be transferred for rougher surfaces 



(characterized by larger aggregate sizes). On that basis, Muttoni (2003,2008) proposed the following failure 

criterion (SI Units [N, mm]): 
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Where the parameter ddg refers to the roughness of the crack. This roughness parameter was proposed to be 

estimated as ddg = 16 [mm] + dg (dg being the maximum aggregate size, consistently with the formulation 

originally proposed by Vecchio & Collins (1986)). Recent refinements of the theory (Cavagnis, Fernández 

Ruiz & Muttoni 2018; Muttoni, Fernández Ruiz & Simões 2018) have shown that more consistent values 

of this parameter may be obtained by considering the influence of concrete strength in the roughness 

(fracture surface developing through the aggregates (e.g. Collins & Kuchma, 1999)) and the limited 

influence of the size of the aggregate on the shear strength (Sherwood, Bentz & Collins 2007), yielding to 

the following expression (SI Units [N, mm]):  

  2
16 min 60 / ,1 40 mmdg g cd d f            (4) 

Despite its simplicity, the failure criterion of Eq. (3) has shown to be robust and physically-consistent 

(Muttoni, 2008, Muttoni & Fernández Ruiz 2017). In the last years, a number of theoretical works have 

been published (Muttoni, Fernández Ruiz & Simões 2018; Simões, Fernández Ruiz & Muttoni 2018) 

describing a comprehensive mechanical model based on the CSCT principles and whose direct integration 

of the stresses developing at the CSC allows justifying the shape of this failure criterion. These works are 

briefly presented and discussed in the following section. 

3 Validation of the failure criterion of the CSCT for punching failures 

3.1 The theoretical principles of the CSCT 

A refined calculation of the failure criterion can be carried out on the basis of the theoretical principles of the 

CSCT. According to this theory, a tangential crack with flexural origin develops in the shear-critical region 

and propagates in an inclined manner due to the presence of shear forces (Muttoni, 2008). As previously 

discussed, the development of this crack in the shear-critical region disturbs the concrete strut carrying the 

shear force (Muttoni, 2008). Its location, shape and kinematics are thus critical for the punching strength. 

According to the principles of the theory, the failure criterion can be calculated adopting an appropriate 

location, shape and kinematics of the CSC (for instance based on experimental observations). 

A first refined calculation of the failure criterion of the CSCT was presented by Guidotti (2010), who 

considered some simplified assumptions for the location and shape of the CSC (straight and inclined at 45°), 

as well as for the governing shear-transfer actions (aggregate interlocking and residual tensile strength). 

Some refinements were later introduced by Clément (2012). A more complete mechanical model was 

recently presented by Simões, Fernández Ruiz & Muttoni (2018). This approach is briefly presented in the 

following and some of the main results are used to discuss on the suitability of the analytical failure criterion 

of the CSCT. 

3.2 Direct calculation of the failure criterion according to Simões, Fernández Ruiz & 

Muttoni (2018) 

3.2.1 Basic assumptions from the CSCT 

The main hypotheses of the refined calculation of the failure criterion presented by Simões, Fernández Ruiz 

& Muttoni (2018) are based on the principles of the CSCT and grounded on experimental evidences (Figure 

2(a)): 

- Tangential cracks develop on the tension side due to the flexural response of the slab. The 

principal flexural cracks are considered to have an approximately constant spacing; 



- A CSC, corresponding to a tangential crack with flexural origin, propagates through the height 

of the slab in an inclined manner due to the shear forces (Muttoni, 2008). According to Muttoni, 

Fernández Ruiz & Simões (2018), this crack can be assumed to have two different 

phenomenological behaviours: localized and smeared cracking on the tension and compression 

side, respectively; 

- The kinematics of the CSC consists of flexural and shear deformations (as already stated by 

Guidotti (2010) and in accordance with the experimental results of Clément (2012));  

- The location of the CSC is considered to be variable, in accordance with the experimental 

results of Guandalini, Burdet & Muttoni (2009) and to the interpretation of crack patterns by 

Simões, Fernández Ruiz & Muttoni (2018). 

3.2.2 Regions of the slab and shape of the critical shear crack 

As shown in Figure 2(b), the inner portion of the slab (inside r0), where primary flexural cracks develop, 

deforms following a spherical shape (already considered by Kinnunen & Nylander (1960)). The outer 

portion of the slab, corresponding to slab sectors divided by the formation of radial cracks, deforms 

following a conical shape (as also originally considered by Kinnunen & Nylander (1960)). Finally, a 

deformable region is considered below the neutral axis in the vicinity of the column (shaded triangular area 

in Figure 2(b)). This region accommodates the negative radial displacements associated to the flexural 

deformations, in analogy with the considerations of Kanelloupolos (1986) for beams in bending 

(compressive displacements smeared in a given region). The CSC thus defines the transition between the 

inner and outer regions of the slab (on the tension side) or between the inner and deformable regions (on the 

compression side). 

Based on experimental observations and theoretical considerations (Braestrup & al., 1976; Yankelevsky & 

Leibowitz, 1999), Simões, Fernández Ruiz & Muttoni (2018) adopted a third-degree parabola for the 

geometry of the CSC and considered additionally a variable location of the CSC at the height of the flexural 

reinforcement (based on a nominal level of shear stress). 

 

 

Figure 2. Mechanical model of Simões, Fernández Ruiz & Muttoni (2018): (a) main assumptions; 

(b) different regions of the slab; (c) hypotheses for geometry of the critical shear crack and location 

of the centre of rotation associated with flexural deformations; figure adapted from Simões, 

Fernández Ruiz & Muttoni (2018). 

 

3.2.3 Kinematics and resulting displacement field along the critical shear crack 

Simões, Fernández Ruiz & Muttoni (2018) considered that the displacements along the CSC result from the 

vector sum of the flexural and shear deformations (grounded on the experimental observations of Clément 

(2012) and consistently with the work of e.g. Guidotti (2010)). As depicted in Figure 3(a), the displacements 

associated with the flexural deformation results from a rotation ψCSC around a centre of rotation (with 

coordinates (rCR,zCR)). The rotation at the CSC may thus be calculated by diving the total rotation by the 

total number of cracks (considering an equal distribution of the rotation in the principal flexural cracks; as 

assumed by Guidotti (2010)). The centre of rotation associated with the flexural deformation is considered 



to be located at the edge of the support area (in accordance with the experimental results of Clément (2012)) 

and at the height of the neutral axis (as adopted by e.g. Hallgren (1996)). The flexural deformation at the 

CSC is followed prior to failure by a shear deformation (see Figure 3(b)), characterized by a constant shear 

displacement along the CSC (δs) with a minimum angle with respect to it (γ0). The displacement field along 

the CSC is eventually calculated as the vector sum of the flexural and shear deformations, refer to Figure 

3(c) and to Simões, Fernández Ruiz & Muttoni (2018) for further details. 

 

 

Figure 3. Calculated displacement field along the critical shear crack: (a) flexural deformation; (b) 

vector sum of flexural and shear deformation; (c) calculation of associated displacements. 

 

3.2.4 Resulting stresses along the critical shear crack 

For the calculation of the stresses along the CSC, Simões, Fernández Ruiz & Muttoni (2018) considered 

two distinct regions with different phenomenological behaviours (as suggested by Muttoni, Fernández Ruiz 

& Simões (2018)): a region with localized cracking on the tension side and a region with smeared cracking 

on the compression side, refer to Figure 4. The stresses in the region with localized cracking are calculated 

combining the approach of Cavagnis, Fernández Ruiz & Muttoni (2018) for the aggregate interlock 

engagement stresses (σagg,0, τagg,0) with the approach of Hordijk (1992) for the residual tensile stresses (σfct). 

In the region of smeared crack (σsb and τsb in Figure 4), the concept of shear band used by Jensen (1975) was 

combined with a realistic strain-stress relationship representing the response of the concrete in this region. 

For that purpose, the triaxial behaviour of concrete presented by Guidotti, Fernández Ruiz & Muttoni (2011) 

was simplified in order to obtain a simple strain-stress relationship accounting for the effects of biaxial 

compression (Kupfer, Hilsdorf & Rusch 1969, effect associated with the tangential bending) and strain-

softening (Vecchio & Collins 1986; effect resulting from the presence of tensile strains). With respect to the 

transition between the localized and smeared cracking regions, Simões, Fernández Ruiz & Muttoni (2018) 

adopted three simplified displacement-based criteria based on the experimental findings of Jacobsen, Olesen 

& Poulsen (2012).  

 

Figure 4.  Calculated displacements and stresses: (a) geometry; displacement (b) normal and (c) 

parallel to the CSC; (d) normal and (e) shear stresses. 

 



In addition to the resulting stresses along the CSC, also the dowel action of the flexural reinforcement was 

included as potential shear-transfer action (VDA). This was performed using a similar approach to one 

followed by Einpaul (2016), consisting on the combination of different works on the topic (Rasmussen 

1963; Millard & Johnson 1984; Fernández Ruiz, Plumey & Muttoni 2010; Fernández Ruiz, Mirzaei & 

Muttoni 2013; Randl 2013; Cavagnis, Fernández Ruiz & Muttoni 2018). 

3.2.5 Calculation of the punching strength and associated deformation capacity 

Following the approach of the CSCT, the punching strength and associated deformation capacity are 

calculated by intersection of the load-rotation relationship describing the slab response and the calculated 

failure criterion. In this work, the load-rotation relationship is calculated as suggested by Muttoni (2008), 

by integration of a quadri-linear moment-curvature relationship accounting for tension-stiffening effects. 

On the other hand, the punching strength (Vc) associated to a given state of deformations (considering both 

rotations and shear deformations) is given by the sum of the different shear-transfer actions as follows: 
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The failure criterion is eventually calculated by maximizing the punching strength (increasing the shear 

deformation) for a given level of rotation. 

3.3 Brief discussion on the results of the refined mechanical model 

Figure 5(a) depicts the results of the refined mechanical model of Simões, Fernández Ruiz & Muttoni 

(2018) for an investigated case where the flexural reinforcement ratio is the only parameter varied. The 

results of the model are in accordance to the well-known influence of the flexural reinforcement ratio on 

the punching strength, yielding larger influences for lower values of this parameter. Figure 5(b) shows also 

the punching strength represented as a function of the calculated rotation at failure (multiplied by the 

effective depth and divided by the reference value of the roughness of the CSC) corresponding to the case 

investigated in Figure 5(a). A clear trend of decreasing punching strength with increasing rotation at failure 

results, in accordance with experimental results (refer for instance to the results of Kinnunen & Nylander 

(1960) shown in Figure 1(c)). In addition, also the contributions of the different shear-transfer actions 

(smeared cracking representing the direct strut action, localized cracking corresponding to the aggregate 

interlock action and dowel action of the flexural reinforcement) are represented in Figure 5. The results 

show that the relative contribution of localized cracking to the punching strength is higher for failures 

associated with large rotations (corresponding to low flexural reinforcement ratios). This is justified by the 

larger crack openings, which decrease the extent of the region of the CSC under smeared cracking 

conditions. Figure 5(b) also shows that the contribution of all shear-transfer actions decrease with increasing 

rotations at failure. Again, this result is justified by the larger crack openings occurring in these cases, 

limiting the development of aggregate interlock stresses, softening the concrete and leading to yielding of 

the flexural reinforcement (thus limiting the potential dowelling action of the reinforcement). 



 
Figure 5.  Numerical results of the punching strength calculated with the refined mechanical model 

as a function of the: (a) flexural reinforcement ratio; (b) calculated rotation at failure. 

 

To investigate the accuracy of the refined mechanical model, Simões, Fernández Ruiz & Muttoni (2018) 

compared it against a database of experimental results and individual tests series. The comparison revealed 

a fine and consistent agreement between theoretical and experimental results. Moreover, the refined 

mechanical model was shown to consistently capture the influence of the main parameters on the punching 

strength. 

As also shown in Simões, Fernández Ruiz & Muttoni (2018), when the numerical results of the normalized 

punching strength are depicted as a function of the calculated normalized rotation, all results remain within 

a narrow band, refer to Figure 6(a). The rather limited width of this band justifies that the calculation of the 

punching strength by integration of the stresses along the CSC (refined calculation of the failure criterion) 

may be replaced by the use of a single analytical failure criterion without a significant loss of accuracy. As 

shown in Figure 6(a), the hyperbolic failure criterion of the CSCT (Muttoni 2008) fairly well agrees with 

the band where all results concentrate.  

 

 
Figure 6.  Results of the refined mechanical model corresponding to the tested specimens of a 

database with 133 specimens (database used by Simões, Fernández Ruiz & Muttoni (2018), dots 

represent calculated values): (a) normalized punching strength as a function of normalized rotation; 

(b) normalized crack opening at d/2 from the soffit of the slab as a function of the normalized 

rotation; figure adapted from Simões, Fernández Ruiz & Muttoni (2018). 



 

Another interesting result from the refined model confirming the validity of the simplified assumptions for 

derivation of the analytical failure criterion of the CSCT (Eq. (3)) is also shown in Figure 6(b). That figure 

plots the normalized crack opening at failure (calculated at d/2 from the soffit of the slab) as a function of 

the normalized rotation for all the investigated experimental tests (Simões, Fernández Ruiz & Muttoni 

(2018)). The results of the detailed model confirm that the opening of the CSC is correlated to the product 

of the rotation times the effective depth (following an almost linear relationship), validating thus the original 

assumption of Muttoni & Schwartz (1991). 

 

Figure 7.  Parametric study of the normalized punching strength as a function of the normalized 

rotation based on the refined mechanical model (Simões, Fernández Ruiz & Muttoni 2018) and 

comparison with failure criteria of the CSCT (Muttoni, 2008; Muttoni, Fernández Ruiz & Simões 

2018) by varying: (a) column radius-to-effective depth ratio; (b) slab radius-to-effective depth ratio. 

Finally, by performing parametric studies with the refined mechanical model, the validity of the analytical 

failure criterion of the CSCT can also be validated for cases other than those corresponding to the 

experimental tests. Some results are for instance shown in Figure 7, where different numerically calculated 

failure criteria (by varying the flexural reinforcement ratio) are presented corresponding to different (a) 

columns sizes and (b) slenderness. The results depicted in Figure 7 show that, for the investigated cases, all 

failure criteria remain again within a narrow band and are well represented by the hyperbolic failure 

criterion, thus confirming the validity of the analytical failure criterion of the CSCT (Eq. (3)).  

4 Simplification of the mechanical model of the CSCT for design and assessment 

Practical design for punching according to the CSCT is usually performed by considering the simplified 

load-rotation relationship of Eq. (1) and the hyperbolic failure criterion (with characteristic values and 

partial safety factors, refer to Muttoni & al. (2013)). This formulation is very convenient for design of new 

structures as the punching strength can be checked directly by determining the rotation associated to the 

acting load and verifying that the punching strength corresponding to this rotation is larger than the acting 

load. However, when the failure load (defined as the intersection between the load-rotation curve and the 

failure criterion) needs to be calculated, an iterative procedure is usually required, which can be time-

consuming. 

As discussed by Muttoni, Fernández Ruiz & Simões (2018), it is not possible to derive a closed-form 

expression for the punching strength by combining Eq. (1) and Eq. (3). For that purpose, Muttoni & 

Fernández Ruiz (2017) suggested that the hyperbolic failure criterion of the CSCT may be suitably replaced 

by a power-law failure criterion as follows: 
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where VRc,0 represents the maximum achievable punching strength (which can be approximated to 

,0 00.55Rc cV b d f     for design purposes) and corresponds to a failure mechanism governed by shear 

deformations (Muttoni, Fernández Ruiz & Simões 2018). As discussed in Simões, Fernández Ruiz & 

Muttoni (2018), refer to Figure 7, this power-law criterion provides also consistent estimates of the failure 

criterion when compared to the refined mechanical model. In addition, such failure criterion has the 

advantage of allowing the analytical derivation of closed-form expressions for the punching strength and 

deformation capacity (Muttoni and Fernández Ruiz, 2016; Muttoni, Fernández Ruiz & Simões 2018).  

As shown by Muttoni & Fernández Ruiz (2017), a closed-form expression for the punching shear design 

can be obtained by combining Eqs. (6) (power-law failure criterion) and (1) (simplified load-rotation 

relationship), leading to the following relationship: 
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Eq. (7) considers explicitly the flexural strength of the slab on the punching strength, as well as the 

slenderness and size effects or the concrete and reinforcement types. The influence of each parameter 

depends both upon the adopted failure criterion and load-rotation relationship (potential refinements on 

these laws may slightly influence the closed-form formula). By adopting some additional considerations, 

Eq. (7) can be further simplified. This work was performed by Muttoni, Fernández Ruiz & Simões (2018) 

by considering that: 
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with k1=0.75 and k2=0.9.  Introducing Eq. (8) in Eq. (7), rounding some exponents and considering that 

Es=200´000 MPa, Eq. (7) finally leads to: 
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where kb refers to a shear-gradient enhancement factor, calculated as follows: 

18
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It can be noted that this latter parameter tends to one (decreases) when the control perimeter length-to-

effective depth ratio increases (cases physically closer to one-way slab responses). 

5 Discussion on the different approaches for punching design and assessment 

According to what is presented in this paper, different approaches may be used to apply the CSCT. The 

choice of the approach to be used for a given case is mainly related to the needs discussed in Figure 8 and 

summarized in the following: 

- Research: Very detailed analyses can be performed for research purposes, providing detailed 

information on the stress field and associated displacement field of a member. The refined mechanical 

model can be used to evaluate the punching strength of complex cases as well as to assess the 

applicability, to validate or to propose improvements of the analytical failure criterion of the CSCT 

(e.g. Simões, Fernández Ruiz & Muttoni (2018)). This criterion can be used in combination with a 

refined load-rotation relationship to compare the theory against experimental results (Muttoni 2008). 

 



 

Figure 8. Different approaches for using the CSCT for design and assessment. 

- Assessment of existing structures or design of complex structures: The assessment of existing 

structures can be performed using the closed-form solutions as a function of the flexural capacity of 

the slab (Muttoni & Fernández Ruiz 2017). For complex structures, the assessment or even the design 

may require the combination of load-rotation relationships calculated with linear or non-linear finite 

element methods and of the analytical failure criterion (considering characteristic values and partial 

safety factors) (see Muttoni 2008). The procedure required in this latter case approaches the one used 

in research to evaluate the punching strength of tested specimens. 

- Simplified design of new structures: The design of new structures according to the CSCT may be 

performed using the closed-form design expression as a function of the flexural resistance (Eq. (7)) or 

of the flexural reinforcement ratio (Eq. (9), Muttoni, Fernández Ruiz & Simões 2018). The latter 

constitutes a very simple approach which remains valid for a wide range of cases (provided that the 

value of a=Vflex/mR is suitability estimated). 

Figure 9 depicts the punching strength obtained with the different approaches for an investigated case with 

varying (a) flexural reinforcement ratio, (b) concrete compressive strength and (c) slab radius-to-effective 

depth ratio. The results show that all approaches lead to similar and consistent results.  

 
Figure 9. Comparison of the results of the refined mechanical model with the different approaches 

of the CSCT for a given case and as a function of the: (a) flexural reinforcement ratio; (b) concrete 

compressive strength; (c) slenderness-to-effective depth ratio. 



6 Conclusions 

This work presents the fundamental theoretical aspects of the Critical Shear Crack Theory (CSCT) as well 

as its recent developments. The main conclusions of this paper are the following: 

1. The CSCT is a mechanical model that extends the ideas of the approach by Kinnunen & Nylander 

(1960). It is nevertheless based on a different consideration with respect to the failure criterion, 

considering that failure is governed by the formation and propagation of a critical shear crack (CSC; 

tangential crack with flexural origin developing in the shear-critical region); 

2. Failures in punching occur when the shear demand at the CSC equals its capacity to transfer shear 

stresses. This capacity depends on the opening of the CSC and thus on the level of deformation of 

the member. The punching strength and its associated deformation capacity can thus be calculated 

by intersecting the load-deformation relationship of a slab and a failure criterion defining the 

maximum shear strength associated to a given state of deformations. The failure criterion may be 

calculated by integration of the stresses developing at the CSC by considering a realistic shape of 

the CSC and kinematics of the slab as well as suitable constitutive material laws; 

3. The CSCT shows that the increase of rotations at failure decrease the contributions of all shear-

transfer actions. This is a result of the larger crack openings which reduce the aggregate interlocking 

stresses, softens the concrete and increases the level of utilization of the flexural reinforcement 

(yielding of the reinforcement limiting the shear-transfer by dowel action) 

4. A parametric study based on a refined model shows that the calculation of the failure criterion by 

integration of stresses can be replaced by the use of an analytical failure criterion without a 

significant loss of accuracy; 

5. The mechanical model of the CSCT for punching may be applied following different approaches. 

A refined approach, to be applied for research purposes or for complex structures, includes the 

calculation of the intersection of a suitable load-rotation relationship (by means of refined analytical 

expressions or numerical analyses) and a failure criterion calculated by integration of the stresses 

at the CSC. A simpler approach, suited for the design of new structures and assessment of 

conventional structures, consists on the calculation of the punching strength by means of analytical 

expressions defining the failure criterion and load-rotation relationship or even by using closed-

form design expressions (providing directly the intersection of these relationships) 

6. The refined approach of the CSCT has the advantage to be general and applicable to complex cases. 

On the other hand, the application of analytical expressions for punching design (as intersection of 

a load-rotation curve and an analytical failure criterion or alternatively by using closed-form 

expressions) within the framework of the CSCT has the advantage to be very simple. When applied 

to conventional cases (regular rectangular flat slabs) for which the closed-form expressions are 

suited, all possible approaches yield similar and consistent results. 

References 

Belletti B., Walraven J. C., Trapani F., Evaluation of compressive membrane action effects on 
punching shear resistance of reinforced concrete slabs, Engineering Structures, Vol. 95, 2015, pp. 
25-39. 

Braestrup M. W., Nielsen M. P., Jensen B. C., Bach F., Axisymmetric punching of plain and 
reinforced concrete, Technical University of Denmark, Report No 75, 1976, 33 pp. 

Broms, C. E., “Concrete flat slabs and footings: design method for punching and detailing for 
ductility”, PhD Thesis, Royal Institute of Technology, Stockholm, Sweden, 2006, 114 pp. 

Bollinger, K., “Load-carrying behaviour and reinforcement of axisymmetrically loaded reinforced 
concrete plates”, PhD Thesis, Abteilung Bauwesen der Universität Dortmund, Dortmund, 
Germany, 1985, 262 pp. (in German). 

Cavagnis F., Fernández Ruiz M., Muttoni A., A mechanical model for failures in shear of members 
without transverse reinforcement based on development of a critical shear crack, Engineering 
Structures, Vol. 157, 2018, pp. 300-315. 



Clément T., Influence de la précontrainte sur la résistance au poinçonnement de dalles en béton 
armé, PhD Thesis, EPFL, Lausanne, Switzerland, No 5516, 2012, 222 p. 

Clément T., Pinho Ramos A., Fernández Ruiz M., Muttoni A, Influence of prestressing on the 
punching strength of post-tensionned slabs, Engineering Structures, Vol. 72, 2014, pp. 59-69. 

Collins M. P., Kuchma D., How safe are our large, lightly reinforced concrete beams, slabs, and 
footings?, ACI Structural Journal, Vol. 96, No. 4, 1999, pp. 482-490. 

Einpaul, J., Fernández Ruiz, M., Muttoni, A., Influence of moment redistribution and compressive 
membrane action on punching strength of flat slabs, Engineering Structures, Vol. 86, 2015, pp. 43-
57 

Einpaul J., “Punching Strength of Continuous Flat Slabs”, PhD Thesis, EPFL, Lausanne, 
Switzerland, No 6928, 2016, 209 p. 

Eurocode 2. Design of Concrete Structures—General Rules and Rules for Buildings, prEN 1992-
1-1:2018-04. Brussels, Belgium: CEN European Committee for Standardization; 2018, 285 p. 

Fédération internationale du béton, fib Model Code for Concrete Structures 2010, Ernst & Sohn, 
Germany, 2013, 434 p. 

Fernández Ruiz, M., Muttoni, A., Applications of the critical shear crack theory to punching of 
R/C slabs with transverse reinforcement, ACI Structural Journal, Vol. 106, No. 4, 2009, pp. 485-
494 

Fernández Ruiz M., Plumey S., Muttoni A., Interaction between bond and deviation forces in 
spalling failures of arch-shaped members without transverse reinforcement, ACI Structural 
Journal, Vol. 107, 2010, pp. 346-354. 

Fernández Ruiz M., Mirzaei Y., Muttoni A., Post-punching behavior of flat slabs, ACI Structural 
Journal, Vol. 110, 2013, pp. 801-812. 

Guandalini S., “Poinçonnement symétrique des dalles en béton armé”, PhD Thesis, EPFL, 
Lausanne, Switzerland, No 3380, 2005, 289 p. 

Guandalini S., Burdet O., Muttoni A., Punching tests of slabs with low reinforcement ratios, ACI 
Structural Journal, V. 106, No 1, 2009, pp. 87-95 

Guidotti R., “Poinçonnement des planchers-dalles avec colonnes superposées fortement 
sollicitées”, PhD Thesis, EPFL, Lausanne, Switzerland, No 4812, 2010, 230 p. 

Guidotti R., Fernández Ruiz M., Muttoni A., Crushing and Flexural Strength of Slab-Column 
Joints, Engineering structures, Vol. 33, No 3, 2011, pp. 855-867. 

Hallgren, M., “Punching shear capacity of reinforced high strength concrete slabs,” doctoral thesis, 
PhD Thesis, Royal Institute of Technology, Stockholm, Sweden, 1996, 206 pp. 

Hordijk D. A., Tensile and tensile fatigue behaviour of concrete, experiments, modelling and 
analyses, Heron,Vol. 37, No 1, 1992, 79 p. 

Jacobsen J. S., Olesen J. F., Poulsen P. N., “Constitutive Mixed Mode Behavior of Cracks in 
Concrete: Experimental Investigations of Material Modeling”, Kgs. Lyngby: Technical University 
of Denmark. (BYGDTU Report), 2012, 169 p. 

Jensen B. C., Lines of discontinuity for displacements in the theory of plasticity of plain and 
reinforced concrete, Magazine of Concrete Research, Vol. 2, No 2, 1975, pp. 143-150. 

Kanellopoulos A., „Zum unelastischen Verhalten und Bruch von Stahlbeton“, PhD Thesis, ETHZ, 
Zürich, Switzerland, 1986, 86 p. 

Kinnunen S., Nylander H., “Punching of concrete slabs without shear reinforcement,” 
Transactions of the Royal Institute of Technology, No. 158, Stockholm, Sweden, 1960, 112 pp. 

Kupfer H., Hubert K. H., Rusch H., Behavior of concrete under biaxial stresses, ACI Journal 
Proceedings, Vol. 66, No 52, 1969, pp. 656-666. 

Millard S. G., Johnson R. P., Shear transfer across cracks in reinforced concrete due to aggregate 
interlock and to dowel action, Magazine of Concrete Research, Vol. 36, No 126 1984, pp. 9-21. 



Muttoni, A. Punching shear – Draft code proposal, SIA 162, Working Group 5, Swiss Society of 
Engineers and Architects, Zürich, 1985, 15 p. 

Muttoni A., Schwartz J., Behaviour of Beams and Punching in Slabs without Shear Reinforcement, 
IABSE Colloquium, V. 62, Stuttgart, Switzerland, 1991, pp. 703-708. 

Muttoni A., “Shear and punching strength of slabs without shear reinforcement“, (in German, 
“Schubfestigkeit und Durchstanzen von Platten ohne Querkraftbewehrung”), Beton und 
Stahlbetonbau, Vol. 98, 2003, pp. 74-84. 

Muttoni A., Punching shear strength of reinforced concrete slabs without transverse reinforcement, 
ACI Structural Journal, Vol. 105, No 4, 2008, pp. 440-450. 

Muttoni A., Fernández Ruiz M., Bentz E., Foster S.J., Sigrist V., Background to the Model Code 
2010 Shear Provisions - Part II Punching Shear, Structural Concrete, Vol. 14, No. 3, 2013, pp. 
195-203. 

Muttoni A, Fernández Ruiz M., The Critical Shear Crack Theory for punching design: from a 
Mechanical Model to Closed-Form Design Expressions. In: Punching shear test of structural 
concrete slabs: Honoring Neil M. Hawkins, ACI-fib International Symposium, fib Bulletin 81, 
2017, 237-252. 

Muttoni A., Fernández Ruiz M., Simões J. T., The theoretical principles of the critical shear crack 
theory for punching shear failures and derivation of consistent closed-form design expressions. 
Structural Concrete, Vol. 19, 2018, pp. 174–190, https://doi.org/10.1002/suco.201700088 

Natário, F., Fernández Ruiz, M., Muttoni, A., Shear strength of RC slabs under concentrated loads 
near linear supports, Engineering Structures,  Vol. 76, 2014, pp. 10-23 

Randl N., Design recommendations for interface shear transfer in fib Model Code 2010, Structural 
Concrete, Vol.14, 2013, pp. 230-241. 

Rasmussen B. H., Betonindstøbte, tværbelastede boltes og dornes bæreevne (in Danish), 
Bygningsstatiske Meddelelser, Vol. 34, No 2, 1963, pp. 39-55. 

SIA, Code 162 for Concrete Structures, Swiss Society of Engineers and Architects, Zürich, 1993, 
86 p. 

SIA, Code 262 for Concrete Structures, Swiss Society of Engineers and Architects, Zürich, 2013, 
102 p. 

Simões J. T., Fernández Ruiz M., Muttoni A., Validation of the Critical Shear Crack Theory for 
punching of slabs without transverse reinforcement by means of a refined mechanical model, 
Structural Concrete, Vol. 19, 2018, pp. 191–216, https://doi.org/10.1002/suco.201700280 

Sherwood E. G., Bentz E. C., Collins M. P., Effect of aggregate size on beam-shear strength of 
thick slabs, ACI Structural Journal,Vol. 104, No. 2, 2007, pp. 180-190. 

Vecchio F. J., Collins M. P., The modified compression-field theory for reinforced concrete 
elements subjected to shear, ACI Journal,Vol. 83, No 2, 1986, pp. 219-231.  

Walraven J. C., Fundamental Analysis of Aggregate Interlock, ASCE Journal of Structural 
Engineering, Vol. 107, No 11, 1981, pp. 2245-2270. 

Yankelevsky D. Z., Leibowitz O., Punching shear in concrete slabs. International Journal of 
Mechanical Sciences, Vol. 41, 1999, pp. 1-15. 

https://doi.org/10.1002/suco.201700088
https://doi.org/10.1002/suco.201700280

