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MULTILEVEL ENSEMBLE KALMAN FILTERING FOR
SPATIO-TEMPORAL PROCESSES

ALEXEY CHERNOV, HAKON HOEL, KODY J. H. LAW, FABIO NOBILE,
AND RAUL TEMPONE

ABSTRACT. This work concerns state-space models, in which the state-space
is an infinite-dimensional spatial field, and the evolution is in continuous time,
hence requiring approximation in space and time. The multilevel Monte Carlo
(MLMC) sampling strategy is leveraged in the Monte Carlo step of the en-
semble Kalman filter (EnKF), thereby yielding a multilevel ensemble Kalman
filter (MLEnKF) for spatio-temporal models, which has provably superior as-
ymptotic error/cost ratio. A practically relevant stochastic partial differential
equation (SPDE) example is presented, and numerical experiments with this
example support our theoretical findings.

Key words: Monte Carlo, multilevel, filtering, Kalman filter, ensemble Kalman
filter, partial differential equations (PDE).

AMS subject classification: 65C30, 65Y20

1. INTRODUCTION

Filtering refers to the sequential estimation of the state v and/or parameters p
of a system through sequential incorporation of online data y. The most complete
estimation of the state v, at time n is given by its probability distribution condi-
tional on the observations up to the given time P(dv,|y1, ..., yn) [29, 1]. For linear
Gaussian systems the analytical solution may be given in closed form, via update
formulae for the mean and covariance known as the Kalman filter [33]. However, for
more general cases there are no closed form solution. One must therefore resort to
either algorithms which approximate the probabilistic solution by leveraging ideas
from control theory in the data assimilation community [34, 29], or Monte Carlo
methods to approximate the filtering distribution itself [1, 16, 12]. The ensemble
Kalman filter (EnKF) [10, 18] combines elements of both approaches. In the lin-
ear Gaussian case it converges to the Kalman filter solution [43], and even in the
nonlinear case, under suitable assumptions it converges [41, 40] to a limit which
is optimal among those which incorporate the data linearly and uses a single up-
date iteration [40, 42, 46]. In the case of spatially extended models approximated
on a numerical grid, the state space itself may become very high-dimensional and
even the linear solves may become intractable. Therefore, one may be inclined
to use the EnKF filter even for linear Gaussian problems in which the solution is
computationally intractable despite being given in closed form by the Kalman filter.

Herein the underlying problem will admit a hierarchy of approximations with
cost inversely proportional to accuracy, and it will be necessary to approximate the
target for a single prediction step. Very recently, a number of works have emerged
which extend the multilevel Monte Carlo (MLMC) framework to the context of
Monte Carlo algorithms designed for Bayesian inference. Examples include Markov
chain Monte Carlo [15, 25], sequential Monte Carlo samplers [5, 28, 44], particle
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filters [27, 22], and EnKF [26]. See also [24, 20] for seminal works on MLMC and
the recent overview [21].

The filtering papers [27, 22, 26] thusfar consider only finite-dimensional SDE
forward models, with the approximation error only arising from time discretization.

The present work considers multilevel EnKF (MLEnKF) [26] for spatio-temporal
processes. It was mentioned above that the limiting EnKF distribution, the so-
called mean-field EnKF (MFEnKF), is in general not the Bayesian posterior filtering
distribution and has a fixed bias. The error of the EnKF approximation may be
decomposed into MC error and this Gaussian bias as shown in [40]. According
to folklore, small sample sizes are suitable, and it may well be due to minimum
error being limited by the bias. Nonetheless, the latter is difficult to quantify and
deal with, while the MC error can be controlled and minimized. Unfortunately,
scientists are often limited to small ensemble sizes anyway, due to an extremely high-
dimensional underlying state space, which is approximating a spatial field. Within
the MLEnKF framework developed here, a much smaller MC error can be obtained
for the same fixed cost, which will lower the cost requirement for practitioners to
ensure that the MC error is commensurate with the bias. Furthermore, it has
been shown in [35, 49, 50, 36] that signal tracking stability of EnKF is based on a
feedback control mechanism, which can be established for a single member ensemble
in 3DVAR [9, 7, 39, 48, 45, 23, 19]. The greater accuracy of EnKF in comparison
to 3DVAR [38] is afforded presumably by its use of the ensemble statistics, and the
relation to the optimal linear update. Therefore, it is of interest to improve the
MC approximation. Convergence of the square root EnKF in infinite-dimensions
for linear systems was considered in [37]. As in that work, we will require that the
limiting covariance is trace-class.

It is worth mentioning optimal filtering by particle filters here. Typically particle
filters are not used for spatial processes, or even modestly high-dimensional pro-
cesses, due to very bad scaling of importance sampling in high dimensions, which
can even be exponential [6, 2]. There has been some work in the past few years
which overcomes this issue either for particular examples [4] or by allowing for some
bias [3, 52, 47, 53]. However, particle filters cannot yet be considered practically ap-
plicable for high-dimensional problems, let alone general spatial processes. MLMC
has been applied recently to particle filters, in the context where the approximation
arises due to time discretization of a finite-dimensional SDE [27, 22]. It is a very
interesting open problem to design multilevel particle filters for spatial processes.

The rest of the paper will be organized as follows. In section 2 the notation and
problem will be introduced, and the spatio-temporal multilevel EnKF (MLEnKF)
will be introduced in sub-section 2.4. In section 3 it is proven that indeed the spa-
tial MLEnKF inherits almost the same favorable asymptotic “cost-to-error” as the
standard MLMC for a finite time horizon, and its mean-field limiting distribution
is the filtering distribution in the linear and Gaussian case. In section 4 an example
of a practically relevant SPDE and numerical method are given for the purposes of
illustration, and the required assumptions are verified. In section 5 some numerical
experiments are conducted on the example from section 4, and the results of these
experiments corroborate the theory. Finally, conclusions and future directions are
presented in section 6.
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2. KALMAN FILTERING

2.1. General set-up. Let (Q, F,P) be a complete probability space, where €2 is a
set of events, F is a sigma algebra of subsets of {2 and P is the associated probability
measure. Let V be a separable Hilbert space with inner product (-, )y, and norm
|-y = v/, )y. Let further V. C V denote a subspace which is closed in the

topology induced by the stronger norm |- ||y = 1/(:,-)v. For an arbitrary separable

Banach space (K, || - ||x), the associated LP-Bochner space is denoted
LP(Q,K) = {u:Q — K | u is measurable and E[|u|/}] < oo}, for p € [1,00),
with norm [|ul|zso.0) = (E[ulR])/?, or just |jull, when the meaning is clear.

Furthermore, for a pair of arbitrary Banach spaces (7, | - ||7) into (I, ] - ||k), the
complete and linear space of bounded linear operators from the former into the
latter is denoted

L(J,K) = {H :J — K| H is linear and ||H||57 ) < oo},

with associated operator norm

[ Hz||x
(1) [HlL7x) = sup :
zeq\ioy [zl
Consider the general stochastic evolution equation for the random variable u, €
L?(Q,V), with dynamics

(2) Unt1 = U(uy,), for n=0,1,...,N—1.

In particular, we will be concerned herein with the case in which ¥ : LP(Q, V) xQ —
LP(Q,V) is the finite-time evolution of an SPDE or, equivalently, a discrete ran-
dom mapping (possibly nonlinear) of a spatially extended state given as a random
Np>2LP-integrable element of the separable Hilbert space V' C V. Let {¢x}32, C V
be a complete orthonormal basis of V, so that any v € V admits the representation
w=>po (u,¢r)vor. For m € N, we use the notation R,, = (R™,(-,-)) to denote
the m-dimensional Hilbert space with the Euclidean inner product and the induced
norm |- 1w, = (- )1/2.
Given the history of signal observations

(3) Yo = Hup + 10, n=1,2,...,N,

for H € L(V,R.,), ii.d. random variables {n,} with n, ~ N(0,T') and I' € R™*™
symmetric positive definite, the objective is to track the signal u,, given the obser-
vations Y,, where Y, = (y1,%2,...,¥yn). Notice that under the given assumptions

we have a hidden Markov model. That is, the distribution of the random variable
we seek to approximate admits the following sequential structure

1
Z(Yn)

P(dup| Yy 1) = / P(duu |1 YP(dtn 1] Y1),
Up—1EV

1,
Elumion) = exp {51020 — Hu I, }.

2(Y,) = / Ll Bl Vi),

It will be assumed that ¥(-) cannot be evaluated exactly, but that there exists a
hierarchy of accuracy levels at which it can be approximated, each with its associ-
ated cost. The explicit dependence on w will be suppressed where confusion is not
possible. For notational simplicity, we will consider the particular case in which the
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map U(-) does not depend on n. Note that the results easily extend to the non-
autonomous case, provided the assumptions on {¥, }_, are uniform with respect
to n. The specialization is merely for notational convenience. In particular, we will
denote by {¥*: LP(Q, V) x Q — LP(Q,V)}22, a hierarchy of approximations to the
solution ¥ := ¥, First some assumptions must be made.

Assumption 1. For every p > 2, it holds that ¥ : LP(Q,V) x Q — LP(Q, V),
and for all u,v € LP(2,V), the solution operators {\I/é}‘g‘;o satisfy the following
conditions: there exists a constant 0 < cy < oo depending on p such that

(1) [T (u) — T )| Lo <cwllu — v| Lo,y

(i) %)@y < co(+ [[ullr@y))-

2.2. Some details on Hilbert spaces, Hilbert-Schmidt operators, and Cameron-
Martin spaces. Let K; and Ko be two separable Hilbert spaces with respective
inner products (-, ), and (,-)x,, and the induced norms

1/2 1/2
(5) fullic, = (u, w2, and  ullx, = (u,u) .

The tensor product of Ky and K5 is a Hilbert space with the inner product defined
by

6)  (uuv,u @V ek, = (u,u), (v,0)k, Vu,u' € Ky, You,v' € Ko,

for rank-1 tensors, and extended by linearity to arbitrary tensors of finite rank. The
tensor product K; ® Ko is the completion of this set with respect to the induced
norm | - ||, @K, It holds that

(7) lu®vllkiex, = llullk, vk,

Let {¢r} and {ex} be orthonormal bases for Ky and Ko, respectively, and observe
that finite sums of rank-1 tensors of the form X := Zi ; aij¢; ®ej € K1 ® Ko can
be identified with a bounded linear mapping

(8) Tx : K5 — Ky with Tx(f) =Y oi;f(ej)pi, for f € K.

2]
For two bounded linear operators A, B : K5 — K1 we recall the definition of the
Hilbert-Schmidt inner product and norm

9) (A, B)us =Y (Aef, Bei)x,,  |Alus = (4, A) iz,
k

where {e} } is the orthonormal basis of K3 satisfying e (e;) = 0, for all j, k in the
considered index set. A bounded linear operator A : K5 — K; is called a Hilbert-
Schmidt operator if |A|gs < oo and HS(K5, K1) is the space of all such operators.
In view of (8),

Tx|hs = <Z aijer(e;)di, Zai'j'ei(ej')¢i/>
k i g’
= ol
i

= ||X||K1®’C2‘

K1

By completion, the tensor product space K1 ® Ko is isometrically isomorphic to
HS(K5,K1) (and to HS(K2,K1) by the Riesz representation theorem). For an
element A € 1 ® Ko we identify the norms

(10) Al ek, = [Alms,
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and such elements will interchangeably be considered either as members of 1 ® Ko
or of HS(K3,K1). When viewed as A € HS(K%,K1), the mapping A : K5 — Ky is
defined by
Af = Aijf(ej)di, for f €K,
i,
where A;; := (¢;, Aej)k,, and when viewed as A € K1 ® K2, we use tensor-basis
representation
A= Ao @ej.
]
The covariance matrix for a pair of random variables Z, X € L?(Q,V) will be
denoted
CoviZ,X] =E[(Z-E[Z) @ (X —E[X])]eVeV
with the shorthand Cov[Z] := Cov[Z, Z].
Consider the Gaussian random variable u ~ pg := N(0, C') with the trace-class
covariance C' = Cov[u] € V ® V. The associated covariance operator C : V. — V
has an eigen-basis which is orthonormal with respect to V, in the sense that

Cor = MOk, (D), 0r)v = djx, and ZM < 00,
k=0
for a monotonically decreasing non-negative sequence of eigenvalues {\;}. It is easy
to see that u € V' pg-almost surely. The space D(C~1/?) := {v € V;||C~Y %0y <
oo} is known as the Cameron-Martin space, and by Kolmogorov’s three series the-
orem [11], it follows that u ~ pg = u ¢ D(C~1/2) almost surely. In fact,

D) cV e (DE),
where (D(C~'/2))* denotes the dual of D(C~1/2) with respect to the inner product
(,)v, and C : (D(C7Y/2))* = D(C~1/?).
Proposition 1. If u € L2(Q,V), then C :== E[(u —E[u)) @ (u —E[u))] e VRV
and C : V — D(CY), where D(C~1) :={v € V | |C~ ||y < oo} € D(C~/?).
Proof. Observe first that if u € L*(Q,V), then E[u] € L*(Q, V) since by Jensen’s
inequality, [[Efu] |3 < E[Jul}2]. Furthermore,
ICllvev = IE[(u - E[u]) ® (u - E[u))] [vev

<E[l(u-E[u)® (u-E[u)lygy]

= [ju — ]E[U]||2L2(Q,v)

= lull2,v) = IER]I < oo
Observe next that C~1(CV) C V implies that CV C D(C~!). And since the

eigenvalue sequence {\} is monotonically decreasing and non-negative, it is clear
that D(C~') ¢ D(C~1/?). O

2.3. EnKF. EnKF uses an ensemble of particles to estimate means and covariance
matrices appearing in the Kalman filter. However, the framework can be general-
ized to non-Gaussian models. Let vy, ;, 9y, ; respectively denote the prediction and
update of the i-th particle at simulation time n. One EnKF two-step transition
consists of the propagation of an ensemble {?,, ;}M; — {9,41,}*,. The two steps
of the transition are the predict and the update. In the predict step, M particle
paths are computed over one interval, i.e.,

(11) Un+41,: :\I](/On,%wi)a 1= 1527"'5Ma



6 A. CHERNOV, H. HOEL, K. J. H. LAW, F. NOBILE, AND R. TEMPONE

where 0, ; € ﬂ]‘;°>2Lp(Q, V) and ¥(-,w;) denotes the forward map using the driving
noise realization w; € €. For this presentation it suffices to assume a single infinite
precision map, however there indeed may also be numerical approximation errors,
i.e., WX may be used in place of ¥ for some satisfactory resolution L. The predic-
tion step is completed by using the particle paths to compute sample mean and
covariance operator:

m’ﬂMfl = EM[UTL+1] B
CYG = Covar[vns]

with the unbiased sample moments

LM
(12) Enfon] := 57 Zvn,i :

and

(13) Cov s [tn, vy] i= M (Err[un ® vn] — Enrun] @ Enrlvn])

M—-1

and the shorthand Covpslu,] := Covpslun, uy,]. The update step consists of com-
puting i.) auxiliary operators

(1) MG = HONSH® + T and KNS = (CNSH") (8Y9) ",
where H* € L(R,,, V") is the adjoint of the operator H, defined by

(H*a)(w) = (a, Hw)g, for all a € Ry, and w € V;
11.) measurement corrected particle paths for i = 1,2,..., M,

Yn+1,i = Yn+1 + Tt

~ MC MC ~
Opt1,i = (I = K H) v + K5 On i

where the sequence {1, 41}, is i.i.d. with 7,411 ~ N(0,T). This last procedure
may appear somewhat ad-hoc. Indeed it was originally introduced in [10] to correct
the statistical error induced in its absence in implementations following the original
formulation of the ensemble Kalman filter in [17]. It has become known as the
perturbed observation implementation. Due to the form of the update, all ensemble
members are correlated to one another after the first update. So, even in the
linear Gaussian case, the ensemble is no longer Gaussian after the first update.
Nonetheless, it has been shown that the limiting ensemble converges to the correct
Gaussian in the linear and finite-dimensional case [43, 41], with the rate O(N~1/2)
in LP for Lipschitz functionals with polynomial growth at infinity. Furthermore, it
converges with the same rate in the nonlinear Lipschitzian case of Assumption 1
to a limiting distribution which will be discussed further in the subsection 2.7,
cf. [41, 40]. The measurement corrected sample mean and covariance, would be
given by:

mnfl = EM [@n-‘rl]v

CME = Covar[int]-

For later computing quantities of interest, we introduce the following notation
for the empirical measure of the EnKF ensemble {0, ;}}£,:

M
. 1
(15) M%C = M Z‘Sf)n,m
1=1
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and for any ¢ : V — R, let

1 M
i () = / pdiin© = 55> p(in,i)-
i:l

This section is concluded with a comment regarding the required computation
of auxiliary operators (14). Introduce the orthonormal bases R,, = span{e;}",
V = span{¢;} and V* = span{¢}} with ¢ (¢;) = d;; for all 1 <i <m and j € N.
Since H € L(V,R.,), it can be represented by

i=1 j=1

with Hij = (ei, Hp;)wr,,, and ||[H| rv =,,) < oo implies the constraint

> Hyg¢; eV, forallic{l,2,...,m}.

j=1
For the covariance matrix, it holds almost surely that CMG € V@V C V®V, so
it may be represented by

oo

Cn-i-l - Z n+1 zj¢l ® (ij where Crlyl-i-l Ry <¢17 +1¢ >
1,j=1

For the auxiliary operator, it holds almost surely that

R7L+1 = Cn-{—lH* € L(RTI’H V)
so it can be represented by
(16) +1 = Z Z R +1 z]d)i ® €5, where RnM—El,ij Z C +1 zkHJk
1=1 j=1

Lastly, for the operators in (14) it holds that (SM)~! € L(R., R) and almost
surely that KM€ € L(R,,,V), so they can respectively be represented by

( ) Sn+1 Ky <Z HZkR7z+1 k]) +F'L] and K +1 aj ZRnJ’-l ik ((Sn-i-l) )k:j .
k=1

k=1

2.4. Multilevel EnKF. Herein a hierarchy of subspaces are introduced V, =
span{¢y }n’,, where { N} is an exponentially increasing sequence of natural num-
bers further described in Assumption 2. By construction, Vo C V; C --- C V. In
correspondence with this hierarchy of subspaces, define a sequence of orthogonal
projection operators {P; : V — V,;} by
N
(18) Pevi=> (¢, 0)vé; €V,
j=1
for v € V. It trivially follows that V), is isometrically isomorphic to Ry,, so that
any element v € V, will, when convenient, be viewed as the unique corresponding
element of Ry, whose k-th component is given by (¢, v*)y for k € {1,2,..., N,}.
In view of practical construction of numerical methods, it is worth introducing
a second sequence of projection operators {Il, : V — V,} as, e.g., interpolant
operators for which II,V = P,V = Vy. Furthermore, {II,} is assumed to be close to
the corresponding orthogonal projectors in operator norm and the computational
cost of applying II; to any v € V is O(Ny), cf. Assumption 2. This framework
can accommodate spectral methods, for which typically II, = P, as well as finite
element type approximations, for which II; more commonly will be taken as an
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interpolant operator. In the latter case, the basis {¢;} will be a hierarchical finite
element basis, cf. [51, 8].

MLEnKF computes particle paths on a hierarchy of function spaces with accu-
racy levels determined by the solvers {W¢ : LP(Q,V) x Q — LP(2,V,)}s. The case
where the accuracy levels are given by refinement of the temporal discretization
has already been covered for finite-dimensional state spaces in [26]. Let vf, o/
respectively denote the prediction and update of a particle on solution level E and
at simulation time n. A solution on level £ is computed by the numerical integrator

vl 1= = U¥(9!). Furthermore, let the increment operator for level £ be given by
Apv, =05 =07l £=0,1,...,L,

n

with the convention that v, L:= 0 for all » > 0. Then the transition from ap-
proximation of the conditional distribution w,|Y; to the conditional distribution
Un41|Ynt1 in the MLEnKF framework consists of the predict/update step of gen-
erating pairwise coupled particle realizations on a set of levels £ = 0,1,..., L. How-
ever, it is important to note that here one has correlation between realization pairs
and also between levels due to the update, unlike the standard MLMC in which all
realization pairs are independent. We return to this point in the next section.
Similarly as for EnKF, the mapping {(?;, Zl,ﬁfl IML e {(AfH_l1 zv@£+1 DML

represents the transition of the MLEnKF ensemble over one predmt update step.
In the predict step, particle paths are first computed one step on a hierarchy of
levels. That is, the particle paths are computed one step forward by

-1 e—1/p0-1
Upy1; =970

n+1, nz ’weyi)?

(19) A
vfl-‘rl,i = \Ije(vfz,iv we,i)v

for the levels £ = 0,1, ..., L and particles i = 1,2, ..., My, with the convention that
o, == v, 1 =0 for all n > 0. Here the driving noise in the second argument of
the U1 and W¢ are correlated only within pairs, and are otherwise independent.
Thereafter, sample mean and covariance matrices are computed as a sum of sample

moments of increments over all levels:

n+1 - ZEM/ AZ’UTLJrl)]

(20) =0

-1
n+1 _§ COVMe n+1 COVMz[rUn-&-l]v

where we recall the sample moment notation (12) and (13). Recalling the isometric
isomorphism between V,; and Ry,, and defining

1 ¢ ¢ ¢ ¢
(21) XM@ = W ([Un-i—l,la Up+1,25- - 7/UTL+1,]\/I(] - EMZ [Un+1]1) 5
where 1 is a row vector of M, ones, it holds almost surely that Xj;,, € RNexMe,
and the sample covariance Covyy, [v4 41) can be represented by the matrix

(22) COVMz [’Ufz-i-l} = XMZXI\—EI[

Recalling (14) and (17), it is necessary for the stability of the algorithm that the
matrix HRMU appearing in the denominator of the gain (where RM: = CMb H*
is the multilevel version of the operator defined in the Monte Carlo context in
equation (16)) is positive semi-definite, a condition which is not guaranteed for
multilevel estimators. This will therefore be imposed in the algorithm, similarly to
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the strategy in the recent work [26]. Let
m
HRY'" =" Nigiq]

denote the eigenvalue decomposition of HRML. Notice that the multilevel covari-
ance does not ensure min;(A;) > 0. Define

(23) (HRM)* Z Nigiq) .
i=1;0;>0

In the update step the multilevel Kalman gain is defined as follows
(24) K}g}l = n+1(Sn+1) ; where Sn+l = (H Rn+l) +1I.

Next, all particle paths are corrected according to measurements and perturbed
observations are added:

?Jﬁﬂ i = Ynt1 + nf;ﬂ i
(25) Afhtll i (I H@ 1KML H) n+1 7 + Hé 1Kn+1yn+1 [
Un+1 [ (I HZK +1H) n+1,1 + HeKn—i-lyn-i-l i)

where the sequence {n} M s iid. with 77;{1-4-}1 1 ~ N(0,T). It is in this step
that the particle pairs {( fwl, by, DML all become correlated and the situation
becomes significantly more comphcated than classical MLMC settings, where all
increment pairs typically are independently distributed. This is the conclusion of

the MLEnKF update step.

Proposition 2. Assume that for any £ > 0, the computational cost of applying I,
to any element of V is proportional to Ny. Then the cost arising from level £ in the
construction of the My sample updates (25) is proportional to m x Ny x M.

Proof. Two separate operations are required at each level ¢. The first arises in the
construction of the multilevel gain KMY 1 in (24). Now shall become apparent the
impetus for 1ntr0ducmg the operator RMI = CMY H* in (16). Notice that at no
point is the full CM +1 required in order to build the MLEnKF Kalman gain, but
rather only
L

(26) Ry +1 = Z (COVMz [’UfL-‘rl?vaL—‘rl} Covay, v n+17HU£+11]>

£=0
The level ¢ contribution to this is dominated by the operation X7, (HXyy,) ", where
Xy, is defined in (21). The cost of constructing HX s, € R™*M¢ is proportional
to m x Ny x My, and so the cost of constructing Xy, (HXyy,) ' is proportional to
2 x m x Ny x My. There is also an insignificant one time cost of constructing and
inverting SM that can be bounded by O(m?Ny).

The second operation at level ¢ arises from actually computing the update (25)
using I, KM% . Since we have assumed that the cost of applying Iy is O(Ny), the
cost of obtaining I, KM from KMY is negligible and it is clear that each sample
incurs a cost m x Ny. O

2.5. MLEnKF algorithms. A subtlety with computing (26) efficiently is that the
summands will be elements of different sized tensor spaces since for £ =1,2,... it
almost surely holds that

Covag, v, Hol 1 € RNe-ixm

while
Covay, [v8, Ho' | € RNexm,
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Algorithm 1 efficiently computes (26) through performing all arithmetic operations
in the tensor space of lowest possible dimension. The computational cost of the
algorithm is O(m ZzL:o My Ny).

Algorithm 1 Computing the auxiliary variable RM

Input: Observation H € L(V,R,,) and prediction ensemble {(v: 1, vf )MV

Output: RM-. ’ ’
Initialize RML = 0 € RNz xm,
for /{=0to L—-1do

Update the submatrix RMU(1: Ny, :) € RNeX™ consisting of the N first rows

and all columns of RML as follows:

RMU(1: Ngyt) = RM™(1: Ny, :) + Covay, [vl, Hvb) — Covag, [0, Hub).
end for
Lastly, add finest level sample covariance:
RML — RML 4 Covyy, [vk, HoL).

return RML.

In Algorithm 2, we summarize the main steps for one prediction-update cycle of
MLEnKF.

Algorithm 2 MLEnKF prediction-update cycle

Input: Dynamics {II; : V — V;}, observation H € L(V,R,,), observation noise

I', and multilevel update ensemble {(¢ T’;Zl, ot OMaL

Output: multilevel update ensemble {(o fl+11 O, IMenL
Prediction:
for /=0to L do
for i =0 to M, do
Compute particle pair paths (v n+1 i+ Vh41,;) according to (19).
end for
end for
Update:
Compute RMF by Algorithm 1, and S} and K} by (23) and (24).
for /=0to L do
for i =0 to M, do
Generate the perturbed observation gﬁ +1,; and update the particle pair
(Aijrl Ix n+1 z) by (25)
end for
end for

return {( ,H_“, fLH i 11}£L:0'

2.6. MLEnKF empirical measure. The following notation denotes the (signed)

empirical measure of the multilevel ensemble {(o f”17 oY IMe L

(27) aME = Z w0+ XL: L %(5% —8.0-1)
n M pot M, Pt Vn,i Vi 7’

and for any ¢ : V — R, let
L M,

o) = [ it =30 S Y (el — (i)
=0

¢ i=1
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2.7. Nonlinear Kalman filtering. It will be useful to introduce the limiting
process, in the case of (2) being a nonlinear non-Gaussian forward model. The
following process defines the MFEnKF [40]:

'Dn-i-l = \Il(ﬁn>7
(28) Prediction { mny1 = E[0n41],
Cnt1 =E[(Unt1 — Mnt1) @ (Tng1 — Mnt1)]

Spt1 = (HCpy1)H* +T
Kn+1 = (Cn-i-lH*)Sr:-il-l
Unt1 = Ynt1 Tt -
U1 = — Kp1H)ng1 + Kpy1Gn1-
Here 7, are ii.d. draws from N(0,T'). It is easy to see that in the linear Gauss-
ian case, the mean and variance of the above process correspond to the mean and
variance of the filtering distribution [38]. Moreover, it was shown in [43, 41] that
for finite-dimensional state-space the single level EnKF converges to the Kalman
filtering distribution with the standard rate O(M~1/2) in this case. It was further
shown in [41] and [40] that for nonlinear Gaussian state-space models and fully
non-Gaussian models (2), respectively, the EnKF converges to the above process
with the same rate as long as the models satisfy a Lipschitz criterion as in Assump-
tion 1. The work of [26] illustrated that the MLEnKF converges as well, and with
an asymptotic cost-to-accuracy which is strictly smaller than its single level EnKF
counterpart. The work of [37] extended convergence results to infinite-dimensional
state-space for square root filters. In this work, the aim is to prove convergence of
the MLEnKF for infinite-dimensional state-space, with the same favorable asymp-
totic cost-to-accuracy performance.

The following fact will be necessary in the subsequent section.

Proposition 3. Consider the hidden Markov model defined by (2) and (3), and
assume the initial data ug € Np>2LP (V). Then the MFEnKF process (28)—(29)
satisfies U, Un € Np>2LP(Q, V) and || Ky | L(r,, vy < 00 for alln € N.

(29) Update

Proof. Since ¥y = ug, the property clearly holds for n = 0. Given v, € LP(Q, V),
Assumption 1 guarantees v,1 € LP(2, V). By Proposition 1, Cy,11 € V®V. Since
HCpi1H* >0 and T > 0, it follows that H*S, || € L(Ry,, V*) as

IH* S, 5 LR vy < TH LR v 190 E LR R

<NHl e r IT LR R
< Q.

Furthermore, since V* C V* it also holds that |H*S,}4||L(r,, v-) < oo and

I Kns1llLmon,v) < ICnstlloeve ) IHH* S i LR, ve)

<N ComrllvevlIH* S, LR ve)
< Q.
The result follows by recalling that V' C V and the triangle inequality:
[Ont1llLe @) < lontilloe,v)
+ 1 Kns1llor, vy (IHY Lo @ R, + 19041l L0 @ R00))
< Ont1lle,v)
1 EKns1llnrn vy (H ez 10041 2o @) + 1041l Lo @, 00))
< 0.
O
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3. THEORETICAL RESULTS

In this section we derive theoretical results on the approximation error and com-
putational cost of weakly approximating the MFEnKF filtering distribution by
MLEnKEF. Let us first state some assumptions used throughout this section.

Assumption 2. Consider the hidden Markov model defined by (2) and (3) and
assume the initial data satisfies ug € Np>2LP(Q, V). Assume the sequence of reso-
lution dimensions {N,} fulfills the exponential growth constraint Ny = k* for some
Kk > 1, where the notation Ny =~ f(¢) means there exist positive scalars C > ¢ > 0
such that c|f(€)] < Ny < C|f(0)| holds for all £ € NU {0}. Assume further that
Assumption 1 holds for the considered hierarchy of solution operators {W*} which
on level ¢ has spatial resolution parameter hy = N[l/d and temporal resolution
parameter Aty = h)*, for some v > 0. For a gien set of constants 3,75,y > 0,

assume the following conditions are fulfilled for all £ > 0:

. 2
@) 9 u) = ©(u) Loy < (1 + ull o)y,
forallp>2 and uw € Np>2LP(,V),
(ii) for allu eV,

I = Peyully < llullvhy”®  and || = Po)ully < lullvhg”,

(iii) the computational cost of applying I, to any element of V is O(Ny) and
that of applying ¢ to any element of V is

COSt(\I}Z) = h[—(d’Yz-i-’Yt),

where d denotes the dimension of the spatial domain of elements in V, and
d’)/z + Yt 2 d.

Remark 1. The constraint dy, + v > d in Assumption 2(iii) ensures that the
computational cost of the forward simulation, Cost(¥') = hz(d%+%), s at least
linear in Ny. Therefore, in view of Proposition 2, the share of the total cost of
a single prediction and update step assigned to level € is proportional to My x
Cost(W"). However, it is important to observe that in settings with high dimensional
observations, m > Ny, the MLEnKF algorithm presented in the preceding section
will need to be modified to be efficient in the non-asymptotic regime, i.e., when the
accuracy constraint €, relatively speaking, is large.

The next corollary states direct consequences of the above assumption which will
be useful for later reference.

Proposition 4. If Assumption 2 holds, then for all £ > 0, u,v € Np>2LP(Q, V),
and globally Lipschitz continuous quantities of interest (Qol) ¢ : V — R,
(@) 1) = U @)l oy S A+ [0l eyy)hy ", for all p > 2,

(ii) |E[p(® () — o(T@)]] S lu—v]lov) + (L + [ulloy)hS>, for all
p=>2,

(it)) (7 =) Cullvey S 19 (En-1)ll 2@k
Proof. Property (i) follows from Assumption 2(i) and the triangle inequality. Prop-
erty (ii) follows from the Lipschitz continuity of ¢ followed by the triangle inequality,
Assumption 1(i), and Assumption 2(i). For property (iii), Proposition 3, Jensen’s
inequality, definition (7), and Hoélder’s inequality implies that
I( = ) Callvey = |E[( = TLe)(0n — E[0n]) ® (Tn — E[a])] vy
<N =) (0n — Elon]) 22(0,v) 100 — E[0n] [|L2(0,v)
SN = 1e)vnl[ 2@ 10nllL2(0,v)-
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Since (I — Py)vy, = (I — Py)¥(0,_1), Assumption 2(ii) implies that
(I = TL) @ (1)l L22,v) < (T = Pe) P (0n-1)ll 20,0y + [[(Te = Pe) W (0n-1) || 22(0,v)
< 2 W (Fns) | p2cvy ke
O

We now state the main theorem of this paper. It gives an upper bound for the
computational cost of achieving a sought accuracy in LP(£2)-norm when using the
MLEnKF method to approximate the expectation of a Qol. The theorem may be
considered an extension to spatially extended models of the earlier work [26].

Theorem 1 (MLEnKF accuracy vs. cost). Consider a Lipschitz continuous Qol
@V —= R, and suppose Assumptions 1 and 2 hold. For a given € > 0, let L and
{M}E_, be defined under the constraints L = [2dlog,.(¢~*)/B] and

ety el if B> dys+m,
(30) M, = hgﬁer%:Jr’Yt)/QLQhZ,B7 Zf ﬁ — d')/ac + v,
héﬁer’YzﬂL'Yt)/2h2(5+d7x+7t)/27 if B < dve + Y.

Then, for anyp > 2 andn € N,
(31) ™ (@) = Fin ()| o) S |log(e)[,

where MY denotes the multilevel empirical measure defined in (27) whose parti-
cle evolution is given by the multilevel predict (19) and update (25) formulae, ap-
prozimating the time n mean-field EnKF distribution [i,, (the filtering distribution
fin = N (1, Cr) in the linear Gaussian case).

The computational cost of the MLEnKFE estimator over the time sequence be-
comes

e72, if B> dve+
(32) Cost (MLEnKF) = ¢ £72 |log(5)\3 . if B=dv. + v,
eHIAWID, < et

Following [26] and [41, 40, 43], we introduce the mean-field multilevel ensem-
ble {(17fb7_il,17fl,i)i1‘i‘1 L ,» where every particle pair (Uf;il,ff)fm) evolves by the re-
spective forward mappings U¢~! and U¢ using the same driving noise realization

as the corresponding MLEnKF particle pair (vfl;‘lmﬁ,i), but in the update of the

mean-field multilevel ensemble, the limiting covariance C,, and the limiting Kalman
gain K, are used. In other words, the evolution mean-field multilevel ensemble

{(17[71 ot )ﬁﬁ }2L=0 is described by the following equations running over all ensem-

n,i ) Un,t
ble indices £ =0,1,...,Land i =1,2,...,M; and with = =971 :=0:
—0—1 (—1/20—1
(33)Prediction { ??Jrl,z ' Ae(’Un,z 7w€,z)7
Upg1,; =V (Un,ivwl,i)v
:qi;,—i—l,i = Y1 + Moy 1s , -
(34) Update{ 0,1, = =T 1Ko H)0p 3 + o1 Kpa G

éfz—&-l,i = (I - HZKn-i-lH)@ﬁ-H,i + HZRnH?jfLH,i-
1

Note that by similar reasoning as in Proposition 3, it also holds that ©’, v/ €
Np>2LP(R, V) for any £ € NU {0} and n € NU {0}.
Before estimating error in between the multilevel and mean-field Kalman gains,

let us recall that the multilevel Kalman gain is given by

R = RM(HR) 4 T)
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where

(35) (HRM)* Z Azqqu ,

for eigenpairs {\;, ¢;} of HRML.

Lemma 1 (Multilevel covariance approximation error). For the operator (H RMY)*
R — R defined by (35), it holds that

(36) [[(HRY™)" = HRYM o oo < IHIE ) 1ON™ = Cull gy -

Proof. The representation (35) implies that (HRMM)* — HRMY © R, — R,, is
self-adjoint and positive semi-definite and

IR = HRY||

(R Rom) 08X 4 “(HRY™)" — HR3™)q

llgll® =1

= max(— min \;,0).
mX( jf?}iloﬂ’)

If {j | Aj <0} =0 then

IR = HRY L =,y =0

m;Rm)

and inequality (36) holds. It remains to verify the lemma for the setting {j | \; <
0} # 0. Let the normalized eigenvector associated to the eigenvalue ming;.x; <oy Aj

be denoted ¢max. Then, since (HRM")¥¢pax = 0 and the mean-field covariance C,

is self-adjoint and positive semi-definite,

[(HRY™ )Y = HRY'™M|| = Gra (HRY®)T — HRY™ ) gra
< Grax HCn H Gaxe — Gmax HCY™ H* g
<|HCn = CEH w0
< HH”L(V,’Rm) |Cn = O |L(V*,V)

< HHHZL(V,RM) Hén - Cfl)/lL”V@V'

O

The next step is to bound the Kalman gain error in terms of the covariance error.

Lemma 2 (Kalman gain error). There exists a positive constant ¢, < oo, depending
on |H povr,,) - 1T~ and HK"HL(RM,V)’ such that

! HL(Rm,Rm)’

(37) KN — K

"HL(RM,V) <Cn HCQ&L -C

Callvgy -

Proof. Introducing the auxiliary operator R,, := C,, H* and observing that HR,, is
positive semi-definite, we have

K, — KN =R, (HR, +T)~" = RN ((HRN")* +T)~!
=R,((HR, +T)"" = (HRM)* +T)7})
+(Cp — CRMH(HRY™M) T +1) 7

Using the equality

(HR,+T) ™ =((HRY) " 4T) ™! = (H Ry + 1) ((HRY™Y) " = H Ry (HRY™) 1) 7
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we further obtain
K, — KM= R, (HR, +T) ' (HRY™)™ — HR,,)(HRM")* +T)7!
+(Cp — CNYH*(HRN) T 4+ 1)~
= K, ((HRY™)" — HR,)(HRY™)" +T) 7
+(Cp — CN)H*(HRY™)T +1)~*
Next, since (HRMY)* and T' respectively are positive semi-definite and positive
definite,

[(HR™)T +T) 1HL(72 Rom Hr_lHL(Rm,Rm) < 00
And it follows by inequality (36), and
|(H Ry R"HL(RM,R,")
= ” R%L) - Her\z/[LHL(Rm,Rm) + HH(RrI\z/IL - n)HL(Rm,Rm)
= [HE) " = HR L =, + [HCL = Co)H|

L(Rm,Rm)’
that
1K= KNy < (121Kl iy 1)
(38) <P L r oy M oy 1C0 = R [[ e ) -
<llen-cin,,,

O

The next theorem bounds the distance between the MLEnKF and MFEnKF

prediction covariance matrices. For that purpose, let us first recall the dynamics for

the mean-field multilevel ensemble {(z°!, 7 )f‘/f ‘Y5, described in equations (33)

and (34), and introduce
(39) CML . — Z Covay, [0°] — Covpg, [0571].

Theorem 2. Suppose Assumptions 1 and 2 hold and for any ¢ > 0, let L and
{Me}zL:o be defined as in Theorem 1. Then the following inequality holds for any
p>2andn €N,

(40) ICA™ = CullLr@vev) S € + 103" = CY Lo @@, vev)-
Proof. Introducing the auxiliary covariance matrix
CL := Cov[vk]
and using the triangle inequality,
1) G = Cullp < IC7 = Cully + ICY™ = Cllp + 1R = Co™ .
The proof of the theorem is concluded by Lemmas 3 and 4 below. O

Lemma 3. Suppose Assumptions 1 and 2 hold and for any € > 0, let L be defined
as in Theorem 1. Then the following inequalities hold for any n € N and p > 2,

— — o o 2
(42) max (|75 = Tl o), 184 — Ballocany) S hY/2,
(43) max (|| — 04 M Loy, 105 — 05 e y)) S hf/z, Ve eN,

(44) ICy = Cullvey S e
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Proof. The initial data of the limit mean-field methods is given by vy = 1o and on
level ¢ by v§ := [yug. Assumption 2(ii) implies that
o o 2o 2
150 — 561l 2o vy S ol Loy hy
By Assumptions 1(i) and 2(i),
_ _ 2~ ~ ~ 2
[0 = Oyl oy S 10n-1 = Op_illze@) + (1 + ||Un—1||Lp(Q,v))hf/ 5
and by Proposition 4(iii),
[|on, — f’fz”LP(Q,V) <|I- KnHHL(V’V) oy, — UnllLe ) + (1 — 1) K, (Hol, + Un)llLr(@,v)
< c (195 = Oallpey) + 1 = o) Crllvxy)
_ _ ~ 2
<158 — Ballri,vy + 19 Gamt) |20,y by

Inequality (42) consequently holds by induction, and thus also (43) by the triangle
inequality. To prove inequality (44),

ICr = Cullvev

= |E[(@} - E[0}]) ® (0F —E[vF]) — (0, — E[v,]) ® (B, — E[0s] )N vy
= [[E[(7; —E[5;]) ® (0 = E[5n]) = (0n —E[55]) ® (00 — E[0a])] ||, 0,
< ||(77£ _E[T)ﬁ]) ® (v — E[tn]) — (0n — E[UTLL]) ® (vn — Elv )HLI Q,V8V)
< ([loy —E[55] ll2 + [|(0n — E[Ga])lI2) |55 — nll2

<eg

We next derive a bound for ||[CME — CL||,,.

Lemma 4 (Multilevel i.i.d. sample covariance error). Suppose Assumptions 1 and 2
hold and for any € > 0, let L and {Mg}%zo be defined as in Theorem 1. Then the
following inequality holds for any n € N and p > 2,

(45) IC™ = CRllr,ver) S €
where we recall that CE := Cov[vL].

Proof. Since the sample covariances in (39) are unbiased,
E[CM] = Cov[o Z Covl[vh] — Cov[oh ],
and therefore

(46) HOrI;/IL _C_’rﬂlp = HCVrIY[L_E[CVrI:/IL} ||p-

Next, introduce the linear centering operator YT : L'(Q,V ® V) — LY(Q,V @ V),
defined by T (Y) =Y — E[Y]. Then, by equation (39),

(47)
L
[CYY —E[CYM] ], = || Y Y (Covag, [05] — Covag, [051])
=0 P
L
= Z H (COVMZ[ n] = Covag, [0 [_1]) Hp

~
Il

0

Mh

(I (Covar, [, Aewal) ||, + [T (Cova, [Actn, 0571 |],)

T
o
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where we recall that Ao, = v, — 9571, and that

(COVM, n,Aﬂ)n) Covypy, [0 o, Ayt,) — Cov[Tl,, AgTy),
T (Covag, [Aetn, 05 1)) = Covag, [Artn, 05 1] — Cov[AeD,, 051
By Lemmas 3 and 9,
L

HC':;/IL CML Hp Z fz||2p + ||5fl_1||2p)||Awn”2p

L L

1 _ ~1/2,8/2

Z [Atnll2p < ZMe hy'” Se.
— VM. =0

O

The previous two lemmas complete the proof of Theorem 2. We now turn to
bounding the last term of the right-hand side of inequality (40).

Lemma 5. Suppose Assumptions 1 and 2 hold and for any ¢ > 0, let L and
{M}E_, be defined as in Theorem 1. Then, for any p > 2 and n € N,
(48)
L
ICY™ = CY™ | v @.vav) SSZ o, — 05|l L2r 0y 10k | L2r .0y + 1051 L20 (2,0)-
1=0
Proof. From the definitions of the sample covariance (13) and multilevel sample
covariance (20), one obtains the bounds

L
Jea = My < 3 (IICovas, [vh] — Covag, [
=0
+ [[Covar, [v5™"] = Covag, [0 ),
and
—0 M, ¢ ¢ 0 o
HCOVMz[ ] COVM[[ }Hp < M, — 1 HEMZ[’Un ® vn] - EMZ [Un ®vn]”p
M,
+ M, — ||EMe ®EM2[ ] EM@[ }®EMe[ ]H
= I1 + .[2.
The bilinearity of the sample covariance yields that
(49) Iy < 2||Eag, [(vg, — 9) @ wp]|],, + 2| Bn, [0, @ (v, = 3,)] ],
and

I < 2|| B, [(v;, = 5)] @ B, [v ]|, + 2 || Ba, 5] @ Bag, (v, — 9], -

For bounding I; we use Jensen’s and Hoélder’s inequalities:

| a0t — 28 @ ][[2 = E[[[ Bar (0, — 08) @ w81

< [Bun o, o 4]

=E[|jof, - o4, o417

< flen = ol

21|P
llap [0

”HZp'

The second summand of inequality (49) is bounded similarly, and we obtain

1< 2ol =y, (ot ll, + 156 ],,) -
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The I, term can also be bounded with similar steps as in the preceding argument
so that also
0 ¢ .,
I <2 ol = 54, ([oh ], + 1751, -

The proof is finished by summing the contributions of I; and I over all levels. [

The propagation of error in update steps of MLEnKF is governed by the magni-
tude ||C,, — CML|, i.e., the distance between the MFEnKF predict covariance and
the MLEnKF predict covariance. The next lemma uses Lemma 5 in combination
with an induction argument to control the distance between the mean-field multi-
level ensemble { (031, 0% ;) M4 V5, and the MLEnKF ensemble { (%7, 9% ,)M4}E :

’I'LZ7 ’rLl ’I’LZ7 TLZZ

Lemma 6 (Distance between ensembles.). Suppose Assumptions 1 and 2 hold and
for any e > 0, let L and {Me}éLzo be defined as in Theorem 1. Then the following
inequality holds for any n € N and p > 2,

L

(50) D l19% = Bnlleeo,ry S [log(e)|"e
£=0

Proof. We will use an induction argument to show that for arbitrary fixed N € N
and p > 2, it holds for all n < N that

Z 155, — ﬁﬁHLp’(Q,v) < [log(e)[™e,  Vp' <4V "p,

The result then follows by the arbitrariness of N and p.
Notice first that by definition 9§ = 0§ := Iyug, hence for any p’ > 2,

L
Z ||”Dg — Ul = 0.
£=0
Fix p > 2 and N € N, and assume that
(51) Y Moot = nall,, S [log(e)" e, Wp' < 4NFTp,
Then, by Assumption 1(i),

L L
0 =0 0 20 - -
(52) S foh — ol < eallth g — 94l S llog(e)|" e, V! < 4Ny,
=0

Furthermore, by Lemma 2,

(53) o = ol < 1T =LKL H| 0 06 = 55,
& [|CN = ol 154 — HVE ||

for all £=0,..., L. Holder’s inequality then implies

~0 2 7% V4 —0
(54) an - Un”p/ < HI - HKKHHHL(V’V) an - UnHP/

~ ~ ~( L
+ Y™ = Cull Lo (@ ey (lnll2er + IH oy =, I1onll2p)-

Plugging (52) into the right-hand side of the inequality (48) and using Theorem 2,
we obtain that for all p’ < 4V ="p.

L
ICYT = O llay S e+ llon = Tnllap (logllap + 1157 lap)

=0
[log(e)["e.

A
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Summing over the levels in (54), it holds for all p’ < 4N ~"p that

L L
~f ~ ? 0 — ~0 4
1o = 6l S D7 {1k = Shlr + 10(e) "<l law + 1H v ., 06 l2o) }
£=0 £=0

L
< Nog(@)" e (14 (17 oy + 1H v, 108 20))
=0

S [log(e)["e.
O

Induction is complete on the distance between the multilevel ensemble and its
ii.d. shadow in LP(2,V), and we are finally ready to prove the main result.

Proof of Theorem 1. By the triangle inequality,
12" (9) = (@) lp < lin (@) = fin = (@)l + lin () = fi (©) 15
(55) + 117 (@) = fin ()

where MY denotes the empirical measure associated to the mean-field multilevel
ensemble { (v}, ", 0% )M} o, and ik denotes the probability measure associated
to vL. Before treating each term separately, we note that the two first summands
of the right-hand side of the inequality relate to the statistical error, whereas the
last relates to the bias.

By the Lipschitz continuity of the Qol ¢, the triangle inequality, and Lemma 6,

the first term satisfies the following bound

i () = i o (0)]], =

L
D Ea, [p(07) — (@Y = (ol(07) — o(05,71)]
£=0

P

L
- <> (el = p@, + o™ — @I, )

=0

L
e 3 (I =20, + ol =27,
£=0

< [log(e)]e.

IN

For the second summand of (55), notice that we can write 1% = Zﬁ:o b — bt

where /1% is the measure associated to the level ¢ limiting process v* and fi;; := 0.
Then, by virtue of Lemmas 3 and 8 and the Lipschitz continuity of ¢,

|

) -l < Y |2 0@ — 0@ ~ Elet@t) —o@ 7] ]|
£=0

L
<M (i) — p(@5h)||
(57) =0

—1/2 2 ~p_
M6 - B,
0

IN

PZAN
o
WEENVN

M;7YPRI? < e
(=

(e}

Finally, the bias term in (55) satisfies

(58) 5 (@) = fin(@)llp = liik (0) = fin(@)| = [E[e(0r) — o(in)]| S e,
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where the last step follows from the Lipschitz continuity of the Qol and Lemma 3.
Inequalities (56), (57), and (58) together with inequality (55) complete the proof.
(|

Remark 2. Theorem 1 shows the cost-to-accuracy performance of MLEnKF. The
geometrically growing logarithmic penalty in the error (31) is disconcerting. The
same penalty appears in the work [26], yet the numerical results there indicate a
time-uniform rate of convergence, and this may be an artifact of the rough bounds
used in the proof. We suspect ergodicity of the MFEnKF process may allow us to
obtain linear growth or even a uniform bound. There has been much recent work in
this general direction. The interested reader is referred to the works [13, 14, 49].

We conclude this section with a result on the cost-to-accuracy performance of
EnKF. It shows that MLEnKF generally outperforms EnKF.

Theorem 3 (EnKF accuracy vs. cost). Consider a Lipschitz continuous Qol ¢ :
Y — R, and suppose Assumptions 1 and 2 hold. For a given € > 0, let L and M be
defined under the respective constraints L = [2dlog, (¢71)/B8] and M = e=2. Then,
for anyn € N and p > 2,

(59) 1an' () = Bn(@)lLr @) S e,

where M€ denotes the EnKEF empirical measure, cf. equation (15), with particle
evolution given by the EnKF predict and update formulae at resolution level L (i.e.,
using the numerical approzimant WX in the prediction and the projection operator
I}, in the update).

The computational cost of the EnKF estimator over the time sequence becomes

(60) Cost (EnKF) = e~ 2(1H(@dva+7)/8)

Sketch of proof. By the triangle inequality,

”ﬁn(@) - ﬂ%c(Qp)”LP(Q) < ﬁn(@) - ﬁvLL(Qa)HLp(Q) + mL(W) - ﬁ}r\fc(QO)HLp(Q)
) — )y = 14 1T+ 1T,

where iMC denotes the empirical measure associated to the EnKF ensemble {f}ﬁl M,

and jiZ denotes the empirical measure associated to vZ. It follows by inequality (58)
that I <e.

For the second term, the Lipschitz continuity of the Qol ¢ implies there exists
a positive scalar ¢, such that |o(z)| < ¢, (1 + ||z]|,,). Since v € LP(2, V) for any
n € N and p > 2, it follows by Lemma 8 (on the Hilbert space R) that

11 < || Exlp@0)] = E[p@0)] || iy < M7 2¢,

AL

Un, ||LP(Q,V) Se
For the last term, let us first assume that for any p > 2 and n € N,

(61)

v

n,l ﬁn11||LP(Q7V) 5 &,

for the single particle dynamics ﬁﬁﬁl and 55’1 respectively associated to the EnKF

ensemble {f)fgz M. and the mean-field EnKF ensemble {f}ﬁl M., Then the Lips-

chitz continuity of ¢, the fact that 0% ,,0%, € LP(Q,V) for any n € N and p > 2
holds (when assuming (61)), and the triangle inequality yield that

I = ||EM[90(@£:) - @(@I{)]HL;?(Q) <cp ||'f)£ - 22}rLLHLP(QVV) Se.

All that remains is to verify (61), but we omit this as it can be done by similar
steps as for the proof of inequality (50).
O
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4. EXAMPLE AND NUMERICAL METHOD

4.1. The stochastic evolution equation. We consider the following one-dimensional
stochastic partial differential equation (SPDE)
du = (Au+ f(u))dt + BdW, (t,z) € (0,7] x (0,1),
(62) U(O, ) = Uy,
u(t,0) = u(t,1) =0, vt € (0,77,
where T > 0 and the mapping f, the cylindrical Wiener process W and the linear
smoothing operator B will be introduced below. Our base-space is K = L?(0, 1),
we denote by A : D(A) = H?(0,1) N H}(0,1) — K the Laplace operator A with
zero-valued Dirichlet boundary conditions and H¥(0,1) denotes the Sobolev space
of order £ € N. A spectral decomposition of —A yields the sequence of eigenpairs
{(\j,#;)}jen where —A¢; = \;¢; with ¢; := V2sin(jrz) and \; = 7252, K =
span{¢,}, it follows that
Av =" =X;(¢;,v)x0;, Vv € D(A),
JEN

and eigenpairs of the spectral decomposition give rise to the following interpolation
Hilbert space for any r € R

K, = D((—A)") = {U :0,1] = R |v is B([0, 1])/B(R)-measurable

(63)
and A [(¢5,v)x|* < 00}7
jEN
with norm || - ||, := |[(—A)"(")|lxc. Associated with the probability space (2, F,P)

and normal filtration {F;};ep0,77, the Ix-cylindrical Wiener process is defined by

W(tv ) = Z Wj (t)¢ja

JEN
where {W; : [0,T] x @ — R} en is a sequence of independent {F;};cqo,7/B(R)-
adapted standard Wiener processes. The smoothing operator is defined by
(64) B := Z AP ® 6y,
jEN

with b > 0. We assume the Hilbert spaces V' C V considered in the filtering
problems below are of the form V = K., and V' = K., with ry < ro < b+ 1/4, that

the initial data is {Fo}/B(V)-measurable and satisfies ug € Np>2LP(€2, V') and that
f € Lip(K,,, K;,) NLip(K,,, Ky, ), where

Lip(K,., KC,) = {f e C(K,, K,)

wp Hf(u)—f(wnmm},

w,WEK .  uFv Hu - UH’Q

Under these assumptions, there exists for any r < b+ 1/4 an up to modifications
unique (2, F, P, {F;}iejo,r)) mild solution of (62) that is an {F;}icjo,r/B(K;)-
adapted stochastic process satisfying

(65) u(t) = e*u(0) + /t eAt=9) f(u(s))ds + /t A=) qwy,,
0 0

almost surely for all ¢ € [0,7]. Moreover, for any p > 2 and r < b+ 1/4,

(66) [T, )l Le e,y < CO A [luollLee.k,))s
where C' > 0 depends on r and p, cf. [30].
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Remark 3. The Dirichlet zero-valued boundary conditions imposed in (62) only
make pointwise sense provided u(t,-) € Ky o45 for some 6 >0 and all t € (0,T],
P-almost surely. In settings with lower regularity solutions the boundary condition
should be interpreted in mild rather than pointwise form.

4.2. The filtering problem. Let ¥(u,) € N,>2LP(€2, V') denote the mild solution
of (62) at time 7' with initial data u,, € Ny>2LP(2,V), and recall the underlying
dynamics

Unt+1 = ¥(u,), for n=0,1,...,N -1

As V C K, the mild solution may be written u,; = Z]EN ug}rl@-, where
)y = (i1, 85)c-
The finite-dimensional observation of the underlying dynamics at time n is of

the form
(67) Yn = Htp + 1, 1~ N(0,T) iid. L uy,

where Hu = [Hy(u), ..., Hy,(w)]" with H; € V* fori=1,2,...,m.

4.2.1. Spatial truncation. Before introducing a fully discrete approximation method
for MLEnKF applications, let us first have a quick look at exact-in-time-truncated-
in-space approximation method. It consists of the hierarchy of subspaces V, =
PeV = span({¢r} ), I, = P and

N¢
\Ile(un) = Potipt1 = Zugfll¢j, for any wu, € V.
j=1

We recall that we assume that r; < re < b+1/4, sothat V = K,, and V = K,.,, and
note that since the approximation method integrates exactly in time, v, = 0, but the
spatial discretization yields a spatial cost rate v, = 1 and d = 1, c¢f. Assumption 2.

To verify that the approximation method may be incorporated into the MLEnKF
framework, it remains to verify that Assumptions 1 and 2 hold. By definition (65),
that f € Lip(K,,, K,,), that for any » € R and ¢t > 0,

At
(68) sup  Mevle o
vek {0} lvlic,

and Jensen’s inequality, it follows that for any p > 2, there exists a C' > 0 such that
19 (o) — T (vo)ll Lo,y < 1¥(u0) — ¥ (v0) | Lr(,v)

.A A9 (f(u(s)) — F(u(s)))ds

< luo — voll e (a,vy +

LP(Q,V)

T
Smwwﬂmmw+l|mw$%f@@mmmm%

T
= o = vollra) +C [ u(s) = o) uremyds
Hence by Gronwall’s inequality,

10 (wo) — T (v0) | Lo (0,v) < Clluo — vol o),
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which verifies Assumption 1(i). Assumption 1(ii) follows from (66). To verify that
Assumption 2(i) holds with rate 8 = 4(ry — r1), observe that for any p > 2,

194 (o) — ¥ (uo) | Loy = Il Y A?uﬁ”%llmm,m
J>Ng
< )\]—Vgrz—Tl)H Z )‘gzugj)d)jHLP(Q,IC)
J>Ne¢
S N[%Tn) lutll e ,v)
S+ ”uO”LP(Q,V))h?(TZ_Tl),

where the last inequality follows from (66) and h; = N, [1. It follows straightfor-
wardly that Assumptions 2(ii) and (iii) also hold.

4.3. A fully discrete approximation method. The fully discrete approxima-
tion method consists of Galerkin approximation of space in combination with nu-
merical integration in time by the exponential Euler scheme, cf. [31, 32]. Given a
timestep Aty = T'/Jy, let {Ue,k};{io C Vp with Upo = Peug denote £-th resolution
numerical approximation of the SPDE (62) given by the scheme

Uppr = X810+ A7 (e2 — 1) fo(Up )

(k+1)Ate
+P€/ eA((k+1)Atz—s)Bdw(s)7
kAty

=Ry r
where Ay := Py A and fp := Py f. The j-th mode of the scheme Ug) = Uik, 0j)k
for j =1,2,..., Ny, is given by

Aj

. L . e—Ailte ) )
(70) UG, = e duul) ¢ = (f(Una))? + RY),

for k=0,1,...,J, — 1 with {Ré?g}gyk’j being the following i.i.d. sequence of Gaus-
sians

. 1 _ e—QAjAtg
(71) RY) ~ N (0’ 1+2b> )
! 2]

for all £ = 0,1,..., j € {1,2,...,N;} and k € {0,1,...,J, — 1}. In view of the
mode-wise numerical solution, the ¢-th level solution operator for the fully discrete
approximation method is defined by

Ny
V(ug) == > UY) 6.

j=1
Coupling of levels. In our implementation of MLEnKF we will use a hierarchy of
temporal resolutions {At, = T//J,} with J, = 2¢Jy. Pairwise correlated particles
(U (ug), U¥(ug)) are generated by first computing W¥(ug) by (70) and thereafter
conditioning on the fine level driving noise { Ry i } , when computing the coarse level
solution; ¥~ (ug)|{Rex}x- Since Jo/Jo—1 = 2, the scheme for W =1 (ug)|{ Ry }x
becomes
Up—1 jp1 = eM=1 8010,y + AT (eA“lAt“l —1I) fo-1(Up—1,5)

(72)
n 6A5_1Ate7;€_1R€72k + Po—1 Ry 2k41-
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for k =0,1,...,J,—1 — 1, and with initial condition Uy_19 = Pr_1up. That the
correct coupled coarse level scheme is given by (72) follows from

(k+1)Aty_1
Pra / eARFDAL—1=9) BTy ()

(2k+1) Aty
_ eAK_lAtZ’PZ_l 6A((2k+1)Atgfs)Bdw(s)
2kAty

2(k+1) Aty

+P571/ AR+D A=) By ().
(2k+1)At,

which further implies that

Ay 1At
Réfl,k‘(RéQkaRé,%Jrl) = e 10N Py_1 Ry op + Pe—1 Ry k41

In conclusion, the scheme for the j-th mode of the coarse level solution is given by
. . 1— e—)\jAt[,1 i

U(],) _ e—/\jAtzflU(Ji) + (fo1(Up_y k))(])

(73) £—1,k+1 -1,k )\J s
—\A j j

e Al Ré?z)k + Ré?Q)k'+17

forj=1,2,...,Ny_; and k =0,1,...,J,_1 — 1, and the coarse level solution takes

the form
Ny

{f’e*l(UO) = Z Ug(i)lszfl(bj'
=1

Assumptions and convergence rates. To show that the fully discrete numerical
method is compatible with MLEnKF, it remains to verify that Assumptions 1 and 2
are fulfilled for the considered filtering problem described in sections 4.1 and 4.2.

Assumption 1(i): Let Uy and Ug’k denote solutions at time ¢t = kAt, of the
scheme (70) with respective initial data Uy g = Prug and Upg = Povg, and ug, vo €
LP(Q,V). Then, by (68), and the properties (a) for all £ > 0 and v € V,

Aty
/ eAuds
0 v

and (b) by f € Lip(V, V), there exists a C' > 0 such that
1Ue,7, = Ut sl Leov) < (L+ CAL)||Up,g,—1 — Upgp—1l Lo 0,v)
< (1+ CAL) /2% Py(ug — v0) | Lo (,v)

< e“Tug — voll e (0,v)-

Aty
(74) A (e — Doy = = / le**vllyds < o]y At,
0

Consequently, for every p > 2, there exists a ¢y > 0 such that
|9 (o) = ¥ o) < e fluo — v,
P

holds for all £ > 0 and ug, vy € LP(Q, V).
Assumption 1(ii): Under the regularity constraints in section 4.1, it holds for all
¢ €N and Uy == N, U) ¢y, that
(75) max
ke{0,1,...,J¢}
where C' > 0 depends on 7 and p, but not on ¢, cf. [30, Lemma 8.2.21].
Assumption 2(i): To verify this result we first introduce the ¢-th level exact-in-
time Galerkin approximation defined by

||U[7k||Lp(Q,)C7,) <C(1+ HUOHL:D(Q’K:,’,)), Vp>2andr <b+1/4,

t t
ul(t) := ety —|—/ e f,(ut(s))ds —|—/ A=) qw,, tel0,T),
0 0
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and write \fle(uo) := u*(T). Under the assumptions in section 4.1 it holds for any
p > 2and r < ry that

0] )0+ 0l
SzlzlgH (uo) LP(Q,K,) < (1 feollea,))

cf. [30, Corollary 8.1.12]. By the triangle inequality and (69),
(76)
| w(u0) = (uo)|

< H\I/(uo) _ @f(uo)‘

n H@f(uo) _ Eﬂ(uo)]

LP(Q,V) LP(9,V) LP(Q,V)

Under the assumptions in section 4.1, [30, Corollary 8.1.11-12] implies that for any
p>2and all # < min(ry + 1/2,r9),

H\I’(uo) B (I\IZ(UO)HLP(Q V) S (1 Jluoll o)) N7,

and [30, Theorem 8.2.25] implies that for
1
¢ := max (2 (rl —b+ 4) ,O)
1-¢

B (o) — " (uo) <@ . 7T forall < —2
@[ Bw) @), SO @) forall < =

and any p > 2,

This verifies Assumption 2(i) as it leads to the following bound: for any p > 2, all
7 < min(r; + 1,7r2) and all ¥ < %,

g 2(r1—7 —r
19 (uo) — B (o)l Loy S (1 + [uoll o) (N7 4 J;77).

By straightforward arguments one may verify that the two remaining conditions of
Assumption 2 hold. This shows that our considered problem setting is compatible
with MLEnKF.

4.4. Linear forcing. In what remains we will focus on the linear case f(u) = u
as it is more amenable to numerical studies than nonlinear settings. The exact
solution of the j-th mode is in this setting given by

—2b

(WP, = TG 4 €, €N |0z = )| L),
Notice, however, that the model is still non-trivial as correlations between the modes
{“SJ)A ; will arise from the update (67) unless all the observation dimensions are
of the form H; = ¢} for some j € N.

Since the Galerkin and spatial approximation methods coincide in the linear
setting, i.e., ¥ = \f,e, it holds by (69) that for any p > 2,

(79) H\II(UO) - {I\le(uo)”Lp(Q,v) ,S (1 + ||u0||LP(Q’V))NZ2(T1fT2).

Let us next show that the time discretization convergence rate (77) is improved

from (1 — ¢)/2 in the above nonlinear setting to 1 in the linear setting. We begin

by studying the properties of the sequence {Pg@m(uo)}ﬁﬂ for a fixed ¢ € N. The
j-th mode projected difference of coupled solutions for m > ¢ is given by

) e

(P (T (uo) — T (0)), 655 = {U’“Jm H = N

0 otherwise,

~U

m—1"

and the difference can be bounded as follows:
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Lemma 7. Consider the SPDE (62) with f(u) = u, B given by (64) for some
b >0 and iy € L*(,V), where V = K,, for some r1 < b+ 1/4. Then for any
m € N, the sequence

Imaj = <Pm—1 ({IVIm(’U’O) \Ilm 1( )) ¢]> ) .] = 172a et
can be split in three parts
Imj=TImji1+ Imj2+ Im s,

where Ip, j1,Im j2, and Ip, j3 for every j = 1,2,... is a triplet of mutually in-
dependent random variables and Iy, j1 = Imj2 = Imj3 = 0 for all 5 > Np,_1.
Furthermore, there exists a constant ¢ > 0 that depends on T > 0 and A1 > 1 such
that for any m € N and all j < Np,—1,

Iga| < claf”| Aty

and Ip, jo and I, j 3 are mean zero-valued Gaussians with variance bounded by

2
],]E[12 Atz

(80) max (E[I] mg3)) < C\iven

m,5,2

Proof. See Appendix B. O
By Lemma 7 and the assumptions in section 4.1, there exists a C' > 0 depending

on p, T, \; and b+ 1/4 — ry such that for any m > ¢,

(81)

HPe (‘T’m(uo) - ‘T’mfl(uo))‘ i

Lr(Q,V)
2

2

<[P (B (o) = ¥ (o)) |

Lr(Q,V)

o0

Z mjl T Imj2 + Im ,33)¢

LP(Q,V)

2 2
e}

<3 ZI ,g,1¢j Z ,],2¢j +3 ZIm,j,3¢j

LP(Q,V) i=t Lr(Q,V) J=1 LP(Q,V)

2
< 36At$n HUOHLP(Q,V) +3 ZIrQn,j,2<¢jv¢j>V +3 Z m,j,3 ¢J7¢J
=1 Lp/2(Q) Lp/2(9)

< 3cAty, HUOHiP(Q,V) + 32 (HIEIM’,QHLPM(Q) + ||I'r2n’j52HLP/2(Q)) )‘?Tl
j=1

r1—b)—
< 3eAL, | luoll 3oy +2 Y A0
j=1

2
<C (1+ ol o)) AL,

Here, the sixth inequality follows from I, ;2 and I, ;s being mean zero-valued
Gaussians with variance bounded by (80), which implies that for any p > 2, there
exists a constant C' > 0 depending on p such that

At?
ng)g} H m,j, THLP/2(Q) = g%}g} [ £m.j, THLP(Q) C)\]H%
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holds for all j € N. And the last inequality follows from the assumption r; < b+1/4,

which implies that
Z)\i(b_”)_l < oo.
j=1

From inequality (81) we deduce that {P,¥™ (ug) oo_p 1s LP(Q,V)-Cauchy and
that there exists a constant C' > 0 depending on p, T', A\; and b+ 1/4 —rq such that

1Pe® (uo) — T (uo)l oy < D [Pe(T™ (o) — U™ (uo))l| 2o (2,0
m=~+1
o0
< C(1+ [Juollzr(0,v)) Z Atyy,
(82) m=~¢+1

< C(1+ |luol|zr(a,v))Ate Z 27k
k=1

=C(1+ HUOHLP(Q,V))Je_l-

In view of the preceding inequality and (79) we obtain the following LP-strong
convergence rate for the fully discrete scheme:

Theorem 4. Consider the SPDE (62) with f(u) = u and other assumptions as
stated in section 4.1. Then for allp > 2 and ¢ € NU{0}, there exists a C > 0 such
that

(83) [[W(uo) — ¥ (uo)l ooy < CA+ lluoll o)) (N + 071, vE>0,
where C depends on 1,79 and p, but not on £.

Remark 4. To the best of our knowledge, the LP-strong time discretization conver-
gence rate we derived in (82) is an improvement of that in literature in two ways.
First, for the p = 2 setting, it is slightly higher than O(log(At=1)At), which is the
best rate in literature, cf. [31]. And second, this is the first proof of order 1 LP-strong
time discretization convergence rate for any p > 2 (provided ug € LP(Q,V)).

Error equilibration. To equilibrate the temporal and spatial discretization errors
of (83), one needs to determine the sequence { N, = Nyx*} so that NZZ(“_“) ~J;
This yields x = 21/2(r2="1) and the following LP-strong convergence rate

1@ (uo) — ¥ (uo) | Lo () S (1 + ||u0||Lp(Q’V))h?(T2*T1).

In view of Assumption 2, the fully discrete approximation method can be combined
with MLEnKF, yielding the convergence rate § = 4(ro —r1) and the computational
cost rates v, = 1 and v = 2(rg — 71).

5. NUMERICAL EXAMPLES

The numerical examples here will consider only the linear version of (62), such
that a high-resolution-in-space and exact-in-time approximation can be used as a
benchmark ground truth for verification of the theoretical results.

If we neglect the logarithmic term appearing in (31), as motivated by Remark 2,
then Theorems 1 and 3 respectively imply the following relations between mean
squared error (MSE) and computational cost

min(1, dye+7t ~ S 1 if ﬂ 7& d’yT + Yt
Cost (MLEnKF) ™™ (h /(0 t30) | gML oy — ()3 <9, 07 !
L° if B =dy, + v,

and
Cost (EnKF)*/ (P H=490) | 5MC () G ()3 < 1.
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In other words,

Cost (MLEnKF) ™" if 8> dy, + Y1
84) ™ (%) = fin(@)ll5 S { L3Cost (MLEnKF) ™" if B = dvye + 1,
Cost (MLEnKF) #7179 ig g < gy, 4,
and
(85) 15 (¢) = fin(9)|[3 < Cost (BuKE) /=70,

In the examples below, we numerically verify that both the spatially discrete and the
fully discrete approximation methods fulfill (84) and (85) for the filtering problem
of sections 4.1 and 4.2. For all test problems, we set T'=1/4, N = 40 observation
times, N, = 2¢, when relevant J, = 2¢ (i.e., for the fully discrete method). The ap-
proximation error, which we refer to as the MSE, is estimated by the sum of squared
Qol error over the sequence of observation times averaged over 100 realizations of
the respective filtering methods. That is,

100 N
MSE(MLEnKF) := - Z > |k

i=1 n=0

N () — fin ()|

)

where {iM5(¢)}12] is a sequence of i.i.d. Qol evaluations induced from ii.d. real-

izations of the MLEnKF; and, similarly
100 N

MSE(EnKF) : Z > |k

zan

M) — fin(p)|

The reference sequence { /i, (¢)}2_, is approximated by Kalman filtering computed
on the 2'3 dimensional subspace Vi3 C V. This yields an accurate approximation
of the reference sequence, since when the underlying dynamics (62) is linear with
Gaussian additive noise, the full space Kalman filter distribution equals the refer-
ence MFEnKF distribution ji. Furthermore, corresponding EnKF and MLEnKF
solutions are computed at no higher spatial resolution than V1.

Example 1. Consider the filtering problem with parameters b= 1/4+v, v = 1073,
r1 =0, 719 =1/2, I'=1/4, the observation

H=> (1)1 (2j — 1)/ g5, eV,
JjEN

the Qol

p=) i WG eV,

jeN

and the initial data

uy = Zj—(3/2+v)¢j cvV.

jeN

The convergence rates become 8 = 2, dy, = 1 and v+ = 1 for the fully dis-
crete method and v = 0 for the spatially discrete method. Figure 1 and the
left subplot of Figure 2 present the MSE wversus computational cost, measured
in runtime, for the spatially discrete and fully discrete method, respectively, both
methods used in combination with EnKF and MLEnKF. The observed rates are
consistent with (84) and (85). The right subplot of Figure 2 shows the graph
of (Cost (MLEnKF) , MSE(MLEnKF) x Cost (MLEnKF) /L3), which is consistent
with the constraint

MSE(MLEnKF) x Cost (MLEnKF) /L® < 1,

that is a consequence of (84).
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1075 F k|
—e—EnKF
—*—MLENnKF
-2/3
c,s
10°F ——c¢,s’ i
2
w
%)
=
107 ¢ k|
108 ¢ E
N

10" 10° 10" 102
runtime [s]

F1GURE 1. Comparison of MSE versus computational cost for Ex-
ample 1 using the spatially discrete method.
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FIGURE 2. Left:MSE versus computational cost for Exam-
ple 1 wusing the fully discrete method. Right:Graph of
(Cost (MLEnKF) , MSE(MLEnKF) x Cost (MLEnKF) /L3) for Ex-
ample 1 using the fully discrete method. Cost (MLEnKF) is mea-
sured in runtime.

Example 2. We consider problem with b = 1/2+v, v = 1073, ry = 1/4 +v/2,
ro =3/4+v/2, T =1/4, the observation

H=26y5= \/Ezsin(jwﬂ)qs; eV,

j=1

the Qol
o= 5 eV,
j=1

and the initial data
up = Zj*%rvd)j ev.
JEN
The approximation space V considered here has higher regularity than the corre-
sponding in Example 1 to allow for pointwise observations H. The approxima-
tion rates become B ~ 2 and dvy, = 1, v+ = 1 for the fully discrete method and
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F1GURE 3. MSE versus computational cost for Example 2 using
the spatially discrete method.

v+ = 0 for the spatially discrete method. Figure 3 and the left subplot of Fig-
ure 4 shows the MSE wversus computational cost, measured in runtime, for the
spatially discrete and fully discrete method used in combination with EnKF and
MLEnKF, respectively, and the right subplot of Figure 4 shows that the graph of
(Cost (MLEnKF) , MSE(MLEnKF) x Cost (MLEnKF) /L3). The numerical obser-
vations are consistent with the theoretically predicted asymptotic behavior of (85)

and (84).
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FIGURE 4. Left: MSE versus computational cost for Exam-
ple 2 using the fully discrete method.  Right: Graph of
(Cost (MLEnKF) , MSE(MLEnKF) x Cost (MLEnKF) /L?) for Ex-
ample 2 using the fully discrete method. Cost (MLEnKF) is mea-
sured in runtime.

Remark 5 (Multilevel particle filter). To the best of our knowledge, there does not
exist a multilevel particle filter for SPDE to this date. Provided the effective dimen-
sion on level £ is Ny, the general requirement for particle filters is that the ensemble
size on that level is bounded from below by ce™N¢ particles, for some constant ¢ > 0.
For MLEnKF, on the other hand, the level £ ensemble size is bounded from above by
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(’)(LQNlQB/dN[(ﬂ+d%+%)/(2d)). Therefore, the problems accessible with this method-
ology are substantially larger than those accessible to existing consistent particle
filter technology.

6. CONCLUSION

Multilevel EnKF for spatio-temporal processes are presented here, using a hi-
erarchical decomposition based on the spatial resolution parameter. It is shown
that an optimality rate similar to vanilla MLMC can extend to the case of sequen-
tial inference using EnKF for spatio-temporal models. The results were verified
with several numerical experiments on a practically relevant SPDE model. One
may therefore expect that value can be leveraged, for a fixed computational cost,
by spreading work across a multilevel ensemble associated to models of multiple
spatio-temporal resolutions rather than restricting to an ensemble associated only
to the finest resolution model and using one very small ensemble. This has potential
for broad impact across application areas in which there has been a recent explosion
of interest in EnKF, for example weather prediction and subsurface exploration.

APPENDIX A. MARCINKIEWICZ-ZYGMUND INEQUALITIES FOR HILBERT SPACES
For closing the proof of Lemma 4 we make use a couple of lemmas extending the

Marcinkiewicz—Zygmund inequality to separable Banach spaces.

Lemma 8. [37, Theorem 5.2] Let 2 < p < co and X; € LP(Q,V) be i.i.d. samples
of X € LP(Q,V). Then

C
L || X —E[X]||ze,v)

(86) [Em[X] = E[X]||roy) < NiTi

where ¢, only depends on p.

Proof. Let r1,r9,... denote a sequence of real-valued i.i.d. random variables with
P(r; = £1) = 1/2. A Banach space K is said to be of R-type ¢ if there exists a
¢ > 0 such that for every 7 € N and for all (deterministic) 21, zs, ..., 25 € K,

E

n 1/q
J e (Smr)
i=1

It is clear that all Hilbert spaces (and for our interest V, in particular) are of R-
type 2, since their norms are induced by an inner product. Following the proofs
of [54, Proposition 2.1 and Corollary 2.1], let { X/} denote an additional sequence of
ii.d. samples of X € LP(€2, V') which fulfills that X and X; are mutually indepen-
dent (and identically distributed) for any 4, j € N. Introducing the symmetrization
X, = (X; — X]), and noting that almost surely,

n
H Z TiZ;
i=1

E{f(z \ X?',:| =X; —E[X],
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we derive by the conditional Jensen’s inequality that

]El zﬁ:Xi_E[X <E E[iz {Xi}?_11 ]
i=1 Y - i:71 Y
<E E[ Zn:)? {Xi}?—lu
L L=y
Lili=1 v
(87) ] ?
=E||> rX; ]
LIli= v
L p/2
<a|(x]<];)

n P/2
< R (Dx CEx nv)

And by another application of Holder’s inequality,

M X, —E[X] o i
ZT < éMPE ZHX —EX]|3

i=1
< eMPPE[|IX - E[X]|I}].

p

E

v

O

Lemma 9. Suppose X,Y € LP(Q,V), p > 2. Then, for 1 < r,s < oo satisfying
1/r+1/s =1, it holds that

(88) |[Covar[X, Y] = Cov[X, Y]l r(avev) < rHXHLm @Y llrs 1)

CprCps + 1

only depends
VM ) v

M
where the upper bound for the constant ¢ = U1 (20,, +

onr,s and p.

Proof. Since Cov[X,Y] = Cov[X —E[X],Y —E[Y]] and Covy[X,Y] = Covy[X —
E[X],Y — E[Y]], cf. (13), we may without loss of generality assume that E[X] =
E[Y] = 0. Using the triangle inequality,

(59)
M—-1
S| Cova [X, Y] = Cov[X, Y]]l
1
< | BulX © Y] ~E[X @], + | Eu[X] ® Bul¥]l, + - IEX © V] [vev.

Estimate (86) and Holder’s inequality yield

c
[EmX @ Y] -EX Y], < \/”—IIX®Y -EX Y],
2c 2c
\/i||X®YHp \/%IIXHWIIYIIPS-
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Similarly, since E[X] = E[Y] = 0 by assumption, we obtain by (86) and Holder’s
inequality

CprCps
(90) 1EmX] @ Ex[Y]llp < 1Ex [XTlpr1Ea [Yllps < =7 1X Tor Y llps:
And, finally, for the last term
1
*H]E[X@)Y] lvey < *HX @Y vey) < ”XHLW oY llzes,v)-

APPENDIX B. PROOF OF LEMMA 7
Proof. Introducing the function g : (1,00) x (0,00) — R defined by

1—e s
)\ )

consecutive iterations of the scheme (70) for j < N, yield

g\, s) =e M+

Ur(rz)Jm = g(\j, Atm)U, m)J 1+ Rmg,—1
= (g()\j, Atn))? Uﬁi)Jm—Q +g(A;, At )R%)J”—z +RY

my,Jm—1
(91)
Jm—1 )
30 U+ 3 a3

where we recall that the initial data is given by U, o = Pptio with @g € L2(2,V).
And since J,,, = 2J,,_1, consecutive iterations of the coupled coarse scheme (73)
for j < Ny, yield

Ur(rzl1,Jm_1 =9(\j, Atmfl)Ug) Lmo1—1 T eiAjAt’mR’E?i?Jm72 + Rfvjz?qu
= (9(\j, Aty )) m— 1 T —1—2
g(Aj, Aty 1) ( N AtmR -4t Rq(vj;?‘lmf:s)

(92) +e A AtmR o 72+RmJ _1

= (g(Nj, Atypr)) " U
m 1— 1

4 Z /\],Atm 1))Jm—1_(k+1) (efAjAtng?% + Rg?%Jrl) .

The j-th mode final time difference of the coupled solutions for j < N,,_1 thus
becomes

(93)

UL = Uy = (90, At)?7 0 = (g0, Aty 1)) ™) U
J7n—1_1

30 (00 Aw)™ = (90 At )P B o

k=0

Z ( (g At )™ g\, Atin) = (900, Aty1)) e Atm)“& _a(k)

=: Im,y,l + L2 + Im 3
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For bounding these three terms, we need to estimate the difference between powers
of (g(/\j,Atm))2 and g(A;, At,,—1). Note first that

1 — o= NiAtm 1 — e—Xiltm 2
(900, Aty))E = =280 g Nibtn 12€ T ( e )
Aj Aj

1— ef}\jAtm 2
Aj > '

(94)
1 _ ef)\jAtm—l
—e A (1)) (
Aj
Since infjen \; = Ay > 1, it holds for all j € N that (g(\;, Aty))? < g(Aj, Aty 1)
and
2 VI —)\ At
(90 Atm))? = g0 Aty 1)| < (1= e H80) ZE < (1= e N30 AL,
J
where the last inequality follows from (74). By the mean-value theorem, it holds
for any j,k > 1 that
(95)
‘(g()‘]a Atm>)2k - (g<)‘J7 Atmfl))k‘ < (g()‘Ja Atmfl))k_l k (1 - e_AjAtm) Atm
Let us further note that since
0 O 14+ (A=1e “As 4+ As+ e —1
79()\7 S) - ( ) — ( 5 ) ,
oA o\ A A
it follows that

ago\,s) <0, Vs> 0and A > 1.
Consequently, for any s > 0,
(96) sup g(\,5) < g(A1,s) < 1.
A>)

And we also have
1

(97) sup de M < e—, for any s> 0.
A>A s

By (95), (96), (97), the mean-value theorem and recalling that At,,_1 = 2At,,, it
holds for any 1 < k < J,,,—1 and j > 1 and some 6, € [0, 1] that
(98)
2% k k-1 1 — e A An
(G0, At = (900, Aw-1))*| < (900, A1) By (—5—— ) At
j
1 — e XAty k1
< <6>‘jAt’"1 + > kN A2,
s
j
< e MDAt EN AL
1 —_ e_AjAtmfl

+ (e_AJ'Atml +0]k
Aj

k—2
) (k — 1)kAt,, 1At

ek T2

< — " A 4+ Aty
S DAL, T

1 2
<A

2
From (98), we conclude that for j < N,,_1,
1+T% 14+T%

(99) gl € —5— U |A L, = —5— a5 | At
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For bounding the terms I,,, ;> and I, ; 3, note by (93) that both terms are linear
combinations of i.i.d. Gaussians from the sequence

RV, ~ N (0,

cf. (71), and hence, both terms mean zero-valued Gaussians. Furthermore, I, ;o
and I, j 3 are mutually independent as any summand of the former term is inde-
pendent of any summand from the latter. Consequently, I, j2 + I, ;3 is a mean
zero-valued Gaussian with variance

E[(Imgjo2 + Imj3)?] =B}, ;o] +E[I7, ;4] -
By the mutual independence of all terms in I, ; 2, it holds for j < IV,;,_; that
(100)

1 — e~ Ailtm

W)), kZO,l,...,Jm—l,
J

Jm—1—1

2 . 2
E[2,00 = 3 (00, 6% = (90, Aty 1))*) E [(Rggglm%ﬂ) }
k=0
1— e—)\JAtm S 9
< S 2 (00, )™ = (900 At-1))F)
J k=0
1 — e AilAtm X n ok
= 2 | 005, M) 4 (90, At))
J k=0

9 ((g(Aj, At))? g(\;, Atm_1)>k] .

By the strict inequality (96), we are dealing with three sums of geometric series,
an observation which in combination with (94) yields that

( ()‘jaAtm))z ()\j,Atm, ) = 7
kZ:() ( ’ ’ 1 ) 1- (g(Ajv Atmfl) (g()\j, Atm))z)
1

1- (g()‘j’ Atm>)4

(90N, Atyn)) ™ =

M

~
Il
=]

1

1= (907, Aty))? (gw» Atyot) + (1= ) ()> |

1

‘ 2k
9O At = A

(e £

=~
Il
<

1

1= 0. At) (000 M) = 1= 3) (=52

The mean value theorem applied to functions of the form (c+z)~! up to second
order, equation (96) and g(\;, Aty,) < g(Aj, Atym—1) < 1 yields

(9N, At )™ + (9(Nj, Atyy—q))
k=0
< 2 3 (1- e_)‘J'AtM)4

1= (g(/\j7 Atm—l) (g()‘j’ Atm))2> ’ (1 - g()‘jv Atm—l))g )\?
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It follows from (100) that for all j < N,,_1,

: 3 (et
E[I;, ;2] < 3 B2
(1—g(Aj, Atyp1)) ¥
A3 (1—eMAtm)?
(101) <3 N1 : AL \3 L2 At
(A =13 (1 — e riBtm) j

3 M P A2,
- )\1 -1 )\}+2b'

The last term is bounded by a similar argument: For all j < N,,_1,

) Jm,—l_l ok AR 1 _ e*)\jAtm
E [Im,j,B] = Z (g(Aﬁ Atm)) e T 4 )\7]
k=0

2
, 2
— (g(A;, Atmq))k 6/\jAt"L> E [(Rq(vjz?]mZ(kJrl)) }

(102) 1 — Bt & ok 2
SQwZ ((9(/\j,Atm)) *(9(/\j,Atm_1))>
J k=0
_ )\jAt-m 2
+(g(Aj, Atyn))* (16) 1
Aj

g M 5 AL2
- )\1 -1 )\;+2b'

Here, the last inequality follows by observing that as for E [I?n’jg],

_ XAty X , , .
167 Z ((g(/\j7Atm))2k - (g()\j,Atm_l))k> <3 ( A1 > At2

1420 _ 1+2b°
Aj k=0 M=)
and
(1= hdem)? & o () 2
T y3+20 Z (g()‘j7 Atm)) < 1420 — - Aty
A; =0 A 1—g(Aj, Aty,)
< (1 —etittm) Aj A2
TR Oy - D)1 — Ay T
A1 A2,
- )\1 -1 )\]l+2b

A\ A2
S )\1 _ 1 >\1+2b :
J

O

Remark 6. Equation (94) shows that to leading order the additive noise from two
consecutive iterations of the fine level scheme equals the additive noise from the the
corresponding single iteration of the coupled coarse scheme. This cancellation, and
thus the correct coupling of the coarse and fine schemes, is crucial for achieving the

order 1 a priori time discretization convergence rate.
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